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1This work can be regarded as a natural continuation
of the studies started in [1–5] and deals with the fol�
lowing problem: what metric and analytic properties
does a measurable mapping ϕ inducing an isomor�

phism ϕ* by the rule ϕ*(f) = f ° ϕ, f ∈  have. In the
mentioned papers there were obtained various proofs
of the following assertion: if the composition operator
ϕ* is an isomorphism then � is quasiconformal or
quasi�isometric in the metric of a domain, adequate to
the geometry of function space, in dependence of the
relations between the smoothness, the summability
and Hausdorff dimension of the domain.

The goal of this article consists in describing the
solution of a similar question for measurable mappings
on a Carnot group inducing an isomorphism of hori�
zontal Sobolev spaces. In the paper [6] we provide a
detailed history of this subject, an exhaustive bibliog�
raphy and a partial solution to the problem.

1. A Carnot group � is a connected, simply con�
nected stratified nilpotent Lie group. It means that Lie
algebra � of � admits the decomposition into direct
sum of vector subspaces: � = V1 ⊕ … ⊕ Vm such that
[V1, Vj] = Vj + 1 for j = 1, 2, …, m – 1 and [V1, Vm] = {0}.
Let ni = dimVi. Below, we use the following notation
n = n1. Let X1, …, Xn be vector fields constituting an
orthonormal basis of the horizontal subspace V1.

1 The article was translated by the authors.

Lp
1

An absolutely continuous piecewise smooth curve
γ: [a, b] → � whose tangent vector (t) is in V1 for a.e.
t ∈ [a, b], is called a horizontal curve. The length of a
horizontal curve γ: [a, b] → � is defined by the for�

mula l(γ) = dt (| (t)| is the length of the tan�

gent vector).
Carnot�Carathéodory metric d(x, y) on a group �

is defined as the infimum of the lengths over all hori�
zontal curves with endpoints x and y. The Hausdorff
dimension of the group � equals ν = n1 + 2n2 + 3n3 +
… + mnm.

2. Sobolev classes on a Carnot group. Let D be an
open set on a Carnot group �. The Sobolev space

(D) consists of all locally summable functions f:
D → � whose generalized derivatives Xi f ∈ Lp(D), i =

1, 2, … n. A seminorm in (D) is defined as

where ∇� f(x) = (X1 f(x), …, Xn f(x)) is the general�
ized subgradient of a function f at the point x ∈ D

and |∇�f(x)| = .

A mapping ϕ: D → � belongs to the Sobolev class

(D) if and only if it can changed on a negligible
set in such a way that

(1) for every z ∈ � the function [ϕ]z: D � x �
d(ϕ(x), z) belongs to Lp, loc(D);

(2) the mapping ϕ: D → � is absolutely continuous
on almost all integral lines of the horizontal vector
fields Xj, j = 1, 2, …, n (ϕ ∈ ACL(D));
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(3) the derivative Xjϕ(x) = (ϕ(x)–1ϕ(exp tXj))

belongs to V1(ϕ(x)) a.e., moreover |Xjϕ| ∈ Lp, loc(D)
for all j.

Recall that a mapping ϕ: D → � is called absolutely
continuous on almost all integral lines of the horizon�
tal vector fields Xj, j = 1, 2, …, n, if for every open set
U � D, and fibration Γj determined by the left�invari�
ant vector field Xj (j = 1, 2, …, n), the mapping is abso�
lutely continuous on γ ∩ U with respect to one�dimen�
sional Hausdorff measure for dγ�almost all γ ∈ Γj. For
such mapping the derivative Xjϕ (j = 1, 2, …, n) exists
a.e. in D (see various proofs of this fact in [7–9]).

The symbol Dϕ denotes the approximative differ�
ential of a mapping ϕ [10], whereas Dhϕ: V1 → V1 is the
horizontal part of this differential. For the Jacobian
detDϕ of a mapping ϕ we use the notation J(x, ϕ).

Definition 1. A homeomorphism Φ: D → D'

belonging to (D), is called quasiconformal if

there is a constant K such that |DΦ(x)|ν ≤ K|J(x, Φ)| a.e.
in D.

Definition 2. A homeomorphism Φ: D → D' of

(D) is called quasi�isometric, if |DΦ(x)| ≤ M and
0 < α ≤ |J(x, Φ)| for almost all x ∈ D, constants M and
α are independent of x.

Definition 3. Two open sets D1 and D2 are said to be
(1, p)�equivalent if the restriction operators ri:

(D1 ∪ D2) → (Di), ri(f) = , f ∈ (D1 ∪ D2),

are isomorphisms.
Properties of (1, p)�equivalent domains are studied

in [11] for the Euclidean spaces, and in [12] for the
Carnot groups.

3. Capacity in the space (D). Let F ⊂ D be a
closed set of positive measure without isolated points.
Consider a family of functions

Note that (D) is a closed subspace of

(D) and a normed space with the following norm

||u | (D)|| = ||u| (D)||. One could prove that

(D) is a Banach space. Denote DF = D\F.

A capacity Cap(K; (D)) of a compact K ⊂ DF

in the space (D) is the value Cap(K; (D)) =

inf||g | (D)||ν, where the infimum is taken over all

continuous functions g ∈ (D) such that g ≥ 1 on K.

For an arbitrary set E ⊂ DF its interior capacity

equals (E; (D)) = sup{Cap(K; (D)): K ⊂
E, K is compact}, while its outer capacity equals

δ
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(E; (D)) = inf{ (U; (D)): E ⊂ U, U ⊂
DF is open}. A set E is called measurable with respect

to capacity if (E; (D)) = (E; (D)).

Note [4] that the capacity in the space (D) is a
Choquet capacity [13].

We say that a certain property holds quasievery�
where, if it holds everywhere except of a set of zero
capacity.

Definition 4. A function f, defined quasieverywhere
on DF , is called quasicontinuous if for every ε > 0 there

is an open set Uε ⊂ DF such that (Uε; (D)) < ε
and the restriction of the function f to DF\Uε is contin�
uous.

(For more details with respect to other functional
spaces see [3, 4, 12].)

4. The composition operator and mappings of the

class I . In [6] we have introduced the main object of

the research: the class I  of mappings on a Carnot
group.

Definition 5. Let D, D' be domains on a Carnot
group �. A measurable mapping ϕ: D → D' belongs to

I , p ∈ [1, ∞], whenever ϕ induces the composition
operator of Sobolev spaces

(1)

such that

(1) following inequalities K–1|| f | (D')|| ≤

||ϕ*( f )| (D)|| ≤ K|| f | (D')|| hold for every function

f ∈ (D') ∩ C∞(D') where the constant K is indepen�
dent of the choice of f;

(2) the image ϕ*( (D') ∩ C∞(D')) is dense in

(D).

In [6] it is shown that condition 2 is independent of
condition 1.

The mappings I  possess the following proper�
ties [6].

Proposition 1. (1) The domain of a mapping ϕ could
be reduced to a set T = , |D\T| = 0, where {Tk} is

an increasing sequence of bounded sets of positive mea�
sure, which contain the points of nonzero density only;

(2) the mapping ϕ is continuous on every Tk;
(3) the mapping enjoys Lusin’s ��property and �–1�

property on T;
(4) the mapping ϕ: T → D' is injective;
(5) the image ϕ(T) is dense in D' and |D'\ϕ(T)| = 0.
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The operator (1) extends onto (D) and keeps
properties of a composition operator:

Lemma 1 [6, Lemma 10]. Let a measurable mapping ϕ:

D → D' belongs to I . Then the operator ϕ*: (D') ∩

C∞(D') → (D) extends by the continuity to the opera�

tor : (D') → (D) enjoying the following proper�
ties:

(1) the value of the operator : (D') → (D)

on a given class [ f ] ∈ (D') can be found as follows:

(2) K–1|| f  | (D')|| ≤ || ( f )| (D)|| ≤ K|| f | (D')||;

(3) : (D') → (D) is an isomorphism.

5. The case p ≠ ν. A complete description of mea�
surable mappings on a Carnot group inducing isomor�

phisms of Sobolev spaces  in the sense of definition 5
provided p ≠ ν is given in [6].

Theorem 1 [6, Theorem 1]. Let p ≥ 1, p ≠ ν, and D,
D' be domains on a Carnot group � (ν is the Hausdorff
dimension of �). A measurable mapping ϕ: D → D'

belongs to I  if and only if ϕ coincides with some quasi�
isometry Φ: D → Φ(D) almost everywhere for which
domains Φ(D) and D' are (1, p)�equivalent.

6. The case p = ν. The main result provided p = ν is
the following.

Theorem 2. Let D, D' be domains on a Carnot group
�, ν be the Hausdorff dimension of the group �. A mea�

surable mapping ϕ: D → D' belongs to I  if and only if
ϕ coincides with a quasiconformal mapping Φ: D\{x0} →
� almost everywhere such that the domains Φ(D\{x0})

and D' are (1, ν)�equivalent, where a point x0 ∈  (
is the one�point compactification of �).

The proof of the sufficiency is similar to the corre�
sponding part of the proof of [6, Theorem 1]. The
proof of the necessity is splitted into several assertions
formulated below.

Lemma 2. There are a set Sϕ ⊂ DF of measure zero

and a quasicontinuous mapping ϕ0: DF\Sϕ →  such
that ϕ0 coincides with ϕ a.e. on DF . The mapping ϕ0 sat�
isfies the following estimate

(2)
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≤ K ν–
Cap Bj; Lν F,

1 D( )( )

for any ball

(3)

from a countable system, which form a base of topology
of DF. Here  = D'\ϕ(F).

From [14, Proposition 5] we get the following
result.

Proposition 2. (1) The mapping ϕ0 is continuous on
S(x, r) for a.e. r ∈ (0, dist(x, ∂DF)).

(2) The mapping ϕ0 is continuous on almost all inte�
gral lines of horizontal vector fields: for any ball B(x, r) ⊂
DF and almost all integral lines γ ⊂ B(x, r) of a horizon�
tal vector field Xi, i = 1, 2, …, n, the mapping ϕ0 is con�
tinuous on integral line γ.

Let x ∈ T ∩ DF (T is a set from Proposition 1).
Denote

(4)

Lemma 2 is a crucial tool in the proof of the follow�
ing statement.

Lemma 3. Let {rk} be a sequence of positive numbers
converging to zero as k → ∞. Assume further that x ∈ DF

and there is a sequence uk ∈ (x, rk) ∩ DF for which

ϕ0(uk) → y ∈  as k → ∞ where y is some point. Then

the images ϕ0( (x, rk)) shrink to the point y ⊂  k → ∞:

(5)

Proof. Obviously (5) is equivalent to the following:

(6)

as k → ∞. To the contrary, suppose (6) is not valid.
Then there are a number ϑ > 0 and a sequence of radii
κk ∈ (0, rk)\ , where the measure of the set  ⊂
(0, rk) equals zero, such that

(7)

Since uk ∈ (x, rk) ∩ DF, then uk ∈ S(x, τk), where τk ∈
(0, rk)\ , and τk → 0 as k → ∞.

It is clear that collection (3) could be chosen in
such a way that every ball B(x, rk) under k large enough
would be contained in a ball Bj = B(xj, ρj) from (3) such
that xj ∈ B(x, rk) and ρj > 2rk (the last inequality
implies the inclusion B(x, rk) ⊂ B(xj, ρj)); moreover,
ρj → 0 as k → ∞ (it means that decreasing rk to zero
implies decreasing ρj to zero).

Bj � DF

DF'

B̂ x r,( ) S x ρ,( )  the mapping 
ρ 0 r,( )∈

∪
⎩
⎨
⎧

=

��ϕ0: S x ρ,( ) � is continuous→
⎭
⎬
⎫

DF.⊂
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B̂ DF'
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∩ DF' .∈=

d ϕ0 z( ) y,( )
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For any k ∈ �, consider a continuous curve γk ⊂
B(xj, ρj) with endpoints in a ball B(x, min(τk, κk)) and
in the complement B(xj, ρj)\B(x, rk). Assume the map�
ping is well defined and continuous on this curve (the
existence of a curve with these properties can be
proved with help of Proposition 2).

By symbol Kk denote the following compact set
S(x, τk) ∪ S(x, κk) ∪ γk. We have the inclusion Kk ⊂
B(xj, ρj). The compact is connected, and the mapping

ϕ0: Kk →  is continuous.

By the choice of the compact Kk and balls Bj = B(xj,
ρj) satisfying relation (2), we have the chain of inequal�
ities below:

(8)

as k → ∞. From (8) we get (ϕ0(Kk) ∩ ;

(D')) → 0 as k → ∞. Well known properties of
capacity imply diam ϕ0(Kk) → 0 as k → ∞. With the

condition ϕ0(uk) → y ∈  as k → ∞ we obtain
diam({y} ∩ ϕ0(Kk)) → 0 as k → ∞. The last contra�
dicts (7), because S(x, κk) ⊂ Kk. Lemma 3 is thereby
proved.

The lemma above is a statement and plays the prin�
cipal role in the proof of continuity of ϕ0.

Let x ∈ T ∩ DF. For ρ > 0 small enough we find a

number δx, ρ > 0 such that the inclusion ϕ0( (x, δx, ρ)) ⊂
B(ϕ0(x), ρ) ⊂  holds. A point y ∈ B(x, δx, ρ) either
belongs to the intersection T ∩ DF, or does not. In the
first case we have (z) = ϕ0(y), δ1 is a

positive number small enough. Otherwise the value of
mapping ϕ0 in y is not defined, but there is a limit lim

(z) ∈  which we take as ϕ0(y) (again

δ2 is a positive number small enough).
Proposition 3. The mapping

ϕ0: B(x, δx, ρ) →  ⊂  

is continuous in the points of x ∈ T ∩ DF.
Proposition 4. Mappings 

ϕ0: B(x, δx, ρ) →  ,

and 

ϕ0: B(y, δy, ρ) → , 

coincide on a non empty intersection B(x, δx, ρ) ⊂
B(y, δy, ρ) provided x, y ∈ T ∩ DF.
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lim DF'

B ϕ0 x( ) ρ,( ) DF'

B ϕ0 x( ) ρ,( )

B ϕ0 x( ) ρ,( )

For points x ∈ T ∩ DF we consider the collection of
balls B(x, δx, ρ) ⊂ DF. On the following open set

by means of Proposition 4 one can define correctly a
continuous mapping which we denote by , wherein
U ⊂ DF and |DF\U| = 0.

It is obvious that the mapping : U →  is an

extension of the mapping ϕ0: T ∩ DF →  by the
continuity on the set U. Since T ∩ DF is dense in U this
extension is unique.

Proposition 5. The mapping : U →  is an
homeomorphism.

Lemma 4. Let D, D' ⊂ �. If a mapping ϕ: D → D'

belongs to I  then  ∈ (U).

Denote (U) = V. From [15] we obtain

Proposition 6. The mapping : U → V is quasicon�
formal.

Denote S = DF\U. Let x ∈ S. Then there are two
cases:

(1) there exists r0 > 0 such that  ⊂ 
whenever r < r0;

(2) (S(x, rk)) ∩ ∂  ≠  for some sequence rk → 0.

If the case (1) holds one can define the value of the
mapping  at the point x assuming

This approach allows to define the value of the map�
ping  not only at the point x, but also in points of

some ball B(x, δx, ρ). The mapping : B(x, δx, ρ) → 
is continuous on the ball B(x, δx, ρ) (as in Proposition 3).
Thus domains U and V can be extended, while the set
S can be shrunk.

Assume further that for every point x ∈ S the
case (2) holds. In such a way there is a sequence
{xk ∈ U} converging to x such that (xk) → ∂D ' pro�
vided k → ∞. This justifies the following result.

Lemma 5. For any ball B(x, r) ⊂ DF (B(y, r) ⊂ )
centered at x ∈ S (x ∈ ϕ0(S)), an intersection B(x, r) ∩
U (B(y, r) ∩ V) is a connected set.

Proposition 7. The mapping : U → V can be
extended by the continuity to points x ∈ S for which there
is a sequence {xn ∈ U} converging to x such that the

sequence of images (xn) converges to a point z ∈ ∂ .
The extended mapping is injective.

Lemma 6. There exists at most one point xinv ∈ S such
that for any subsequence {xn} ⊂ U converging to xinv, we

U B x δx ρ,,( )
x T∈ DF∩

∪=

ϕ̃0
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DF'
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have d( (xn)) → ∞ as n → ∞ (the case of inversion
transformation).

Proposition 8. The mapping : DF\{xinv} → � is
quasiconformal.

Choosing another closed set F1 ⊂ DF of positive
measure without isolated points, we obtain quasicon�
formality of the original mapping : D\{xinv} → �.

For a Euclidean space Theorem 2 was proved in [1]
by a different method, assuming that D' is a bounded
domain.

ACKNOWLEDGMENTS

This work was partially supported by Grant of the
Russian Federation for the State Support of
Researches (agreement no. 14.B25.31.0029) and the
Leading Scientific Schools of the Russian Federation
(grant no. NSh�2263.2014.1).

REFERENCES

1. S. K. Vodop’yanov and V. M. Gol’dshtein, Sib. Math. J.
16 (2), 174–189 (1975).

2. S. K. Vodop’yanov and V. M. Gol’dshtein, Sib. Math. J.
17 (3), 399–411 (1976).

3. A. S. Romanov, “On change of variables in Bessel and
Riesz potential spaces,” Functional Analysis and Math�
ematical Physics (Sib. Otd. Akad. Nauk SSSR, Novosi�
birsk, 1985), pp. 117–133 [in Russian].

4. S. K. Vodop’yanov, “Potential Lp�theory and quasicon�
formal mappings on homogeneous groups,” in Modern
Problems in Geometry and Analysis (Nauka, Novosi�
birsk, 1989), pp. 45–89 [in Russian].

5. S. K. Vodop’yanov, Contemp. Math. 382, 327–342
(2005).

6. S. K. Vodop’yanov and N. A. Evseev, Sib. Math. J. 55
(5), 817–848 (2014).

7. P. Pansu, Ann. Math. 129 (1), 1–60 (1989).
8. S. K. Vodop’yanov, Dokl. Math. 74 (2), 686–691

(2006).
9. S. Vodopyanov, “Geometry of Carnot–Carathéodory

spaces and differentiability of mappings,” in The Inter�
action of Analysis and Geometry: Contemporary Mathe�
matics (Am. Math. Soc., Providence, RI, 2007),
Vol. 424, pp. 247–301.

10. S. K. Vodopyanov, “��differentiability on Carnot
groups in different topologies and related topics,” in
Proceedings on Analysis and Geometry, Ed. by
S. K. Vodop’yanov (Inst. Mat., Novosibirsk, 2000),
pp. 603–670.

11. S. K. Vodop’yanov and V. M. Gol’dshtein, Sib. Math. J.
18 (1), 35–50 (1977).

12. S. K. Vodop’yanov and V. M. Chernikov, Sib. Adv.
Math. 6 (3), 27–67 (1996).

13. G. Choquet, Ann. Inst. Fourier (Grenoble) 9, 83–89
(1959).

14. S. K. Vodop’yanov and N. A. Kudryavtseva, Sib. Math.
J. 50 (5), 803–819 (2009).

15. S. K. Vodop’yanov, Sib. Math. J. 37 (6), 1113–1136
(1996). 

ϕ̃0

ϕ̃0

ϕ̃0


