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Sobolev classes of functions valued in a monotone family of Banach spaces = Introduction

Problems in non-cylindrical domains

{u(t,x) + A(t)u(t, x) = f(t,x)
u(0, x) = up(x)
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Sobolev classes of functions valued in a monotone family of Banach spaces = Introduction

m /=0, T] C Ris an interval

m V — Vector space

m semi-norms {|| - ||¢}¢epo, 7]

m X; is a completion V//ker(]| - ||¢)
m ||v]¢yg > ||v]|¢, whenever t; < to.

Fi0,TI— |J X, f(t)eX
te[0,T]

L,-direct integral of Banach spaces

Fewr (X = (" xedt) < (JIF0I dt)» < oo

¥ R. Haydon, M. Levy, Y. Raynaud, Randomly normed spaces,
Hermann, Paris, 1991.
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Sobolev classes of functions valued in a monotone family of Banach spaces = Introduction

m V = Step([0, T]), | - lle = Il - leeqe,1—¢)
m V= S5tep([0, T]), |- lle = Il - |l L2/e(o,)
m V=Co([0,1]), |- lle = I - lwrpgea—r)
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How to define the Sobolev space WP ?

Say u € WYP(1,{X;}) if u € LP(I,{X;}) and there exists a function
g € LP(I,R) such that

Ju(t) — u(to)le < /tg(s) ds.

to

(g is a p-integrable upper gradient of u)

lullep = lluller {x3) + inggHLp(T,R),
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Say u € WYP(1,{X;}) if u € LP(I,{X;}) and there exists a function
g € LP(I,R) such that

Ju(t) — u(to)le < /tg(s) ds.

to

(g is a p-integrable upper gradient of u)

lullep = lluller {x3) + inggHLp(T,R),

What can we say about function g?
Is it |/(t)|?
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Calculus of {X;}-valued functions

m There are 'embedding’ operators P(t1, t2) : Xy — Xi,.
m If x; € Xy, and xp € X;, define

x1+ xp == P(t1, t2)x1 + X2

[ ] P(tl, tQ)P(tQ, t3) = P(tl, t3)

(U Xe, +) — vector space (but not normed)
tel

JL”?O f(t) =€ € Xy if |[F(t) = &llve = 0.
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Calculus of {X;}-valued functions. Integral

m locally integrable section: for every compact there exist a sequence
of simple sections s. t.

/IHXJ(t) fF(t) — se(t)||e dt = 0 for k — oo.

= local Bochner integral: [, f dt := klim J; s(t) dt = x € X+, where
—00
t* =supJ.
m f is a locally integrable section < ||f(t)|: € L% (/)

loc
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Sobolev classes of functions valued in a monotone family of Banach spaces = Sobolev space
Weak derivative

Let £ € L} _(I,{X¢}). A function h € L} _(I,{X;}) is a weak derivative of

loc loc

f if for any ¢ € C3°(/,R)

where t* = sup{supp ¢(t)}.

=0,

t*

/gp’(t)f(t) dt + /gp(t)h(t) dt

l l
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Weak derivative

Let f € L} _(/,{X¢}). A function h € L} _(/,{X¢}) is a weak derivative of
f if for any ¢ € C3°(/,R)

where t* = sup{supp ¢(t)}.

Theorem

/gp’(t)f(t) dt + /gp(t)h(t) dt

l l

=0,

t*

Let {X:} be a monotone family of reflexive Banach spaces.
Ifue WHP(T, {X;}) = 3 v(t) € LP(T,{X¢})
s. t. ||v(t)||c — upper gradient of u and ||v| p(T %) = igf lglle(T )-

Answering our question: g(t) = ||v/(¢t)|+
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Theorem (the approach of Yu. G. Reshetnyak)

If u:l— {X;} is a measurable section and :
(A) for any v € V the function v, (t) = ||u(t) — v||; € WLP(I,R),

(B) the family of derivatives {|,(t)},cv has a majorant ¢’ € LP(I,R),
then u € WYP(1,{X;}).

The converse does not hold in general.
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Sobolev classes of functions valued in a monotone family of Banach spaces = Sobolev space
Example

vV =C(0,1), I =10,1].

semi-norms

sup [x(s)], 0<t<05
(0,1)

sup |x(s)|, 05<t<1,
(0,1/2)

Ix1[e =
D ={(C(0,2), [ - le)}eeT-
function u(t)(s) = s belongs to WP([0,1],D), /(t) = 0. On the other

hand
1, 0<t<05
Ju(t)][e =
0.5, 05<t<1,

is obviously out of space W1(0,1).
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Thank you for attention!
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