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INTRODUCTION

INTRODUCTION

Let Q@ C R", V be a Banach space, and X(£2) be a Banach function space.

WiX(Q; V)

\E%Vm WIJQJZZ/C, Mﬂ/?sfzj ;
Ry, /% ...
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PRELIMINARIES

KOTHE-BOCHNER FUNCTION SPACE

o Banach function space X() is a set of functions uv: Q — R s.t.
;) l)f’ ng an;i g€ X(Qlj fe X(S;) and ||f|[x@) < lgllx@
<f, a.e., = ||fn -
3; 0= X{Q), i O(|)| Ix@) /" Ifllx(@) Ldle: 17725
4) [Ifll2ay < Callf - xallx(@), f € X(Q), Al < o0
o V is a Banach space. We define X(£; V) as a set of measurable (in
the Bochner sense) u: Q — V s.t. |u(-)|lv € X(Q)

@ L. Pick, A. Kufner, O. John, S. Fugik, Function spaces. Volume 1. 2nd
revised and extended ed., 2nd Edition, Vol. 14, Berlin: de Gruyter, 2013.

@ P.-K. Lin, Kéthe-Bochner function spaces., Boston, MA: Birkhauser, 2004.
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PRELIMINARIES

THE RADON-NIKODYM PROPERTY (RNP)

V has the Radon-Nikodym property if the Radon-Nikodym theorem holds
for vector measures. However, for our purposes we make use of equivalent

descriptions for this property: LP
wples [, 1cpeo=
THEOREM Exople’ -

For any Banach space V/, the following assertions are equivalent:
o V has the Radon-Nikodym property;
o every locally Lipschitz continuous function f : R — V s differentiable
almost everywhere.
o every locally absolutely continuous function f : R — V' is
differentiable almost everywhere;

> T Hytonen, J. van Neerven, M. Veraar, L. Weis, Analysis in Banach spaces.
Volume |. Martingales and Littlewood-Paley theory., Vol. 63, Cham:

Springer, 2016.
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SOBOLEV SPACE

SOBOLEV SPACE

u€ L} (V). Afunction v € L} (Q; V) is said to be a weak partial
derivative of u if [q g—)‘g(x) u(x )dx = — Jo p(x)v(x) dx for all ¢ € C5°(Q).

WIX(Q; V) = {ue X( V)| Vue X(Q V)} )

THE MEYERS-SERRIN THEOREM (W. FARKAS, 1995)

If the norm || - || x is absolutely continuous and has the translation
inequality property then C>(Q; V) N W1X(Q; V) is dense in
WiX(Q; V).

AoS .ok u{.jfﬂknxao when A&
Lips Th=ae) I g uly & [, s vravgiment cupgpnt => 1P
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RESHETNYAK-SOBOLEV SPACE

RESHETNYAK-SOBOLEV SPACE

R1X(Q; V) is a class of functions u € X(; V) s.t.
(A) for every v* € V*, ||v¥| <1, we have (v*, u(-)) € W1X(Q);
(B) there is a non-negative g € X(Q) s.t.

IV{vi,u)| < g ae. onQ

for every v* € V* with ||v¥|| < 1.

Yu. Reshetnyak (1997) provided this definition for metric settings.

QUESTION
RIX(Q; V)= WiX(Q; V) ?

NikiTa Evseev (IM RAS & HIT) VECTOR-VALUED SOBOLEV SPACES PRAGUE ONLINE 2021

6/20



RIX(Q; V) = WIX(Q; V) ?

THEOREM (P. HAajtAsz AND J. TYSON, 2008)

IfQ C R" is open, V = Y* is dual to a separable Banach space, then
RYP(Q; V) = WHP(Q; V) and ||f[|gue < [|fllwre< V/nlf| g1s-
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RIX(Q; V) = WIX(Q; V) ?

THEOREM (P. HAajtAsz AND J. TYSON, 2008)

IfQ C R" is open, V = Y* is dual to a separable Banach space, then
RUP(Q; V) = WHP(Q; V) and ||f[|gue < [|flwre< V/nlf| g1p-

Sernmdolednol => LV P
THEOREM

1) If ue WEX(Q; V), then u € RIX(Q; V).
2) If V has the RNP and u € R*X(; V), then u € W1X(Q; V).

PROOF.

1) straightforward
2) « fle QU( =D VJ=""’\ 3 n a_bsD[u(ej ccm\é"tmoms o (.‘m.g {J "y

NP =2 Fobevvdives = ne wk .
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RESHETNYAK-SOBOLEV SPACE

RIX(Q; V) = WIX(Q; V) ?

THEOREM
A Banach space V' has the RNP if and only if R X(Q; V) = W1X(Q; V). J
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RESHETNYAK-SOBOLEV SPACE

RIX(Q; V) = WIX(Q; V) ?

THEOREM

A Banach space V' has the RNP if and only if R X(Q; V) = W1X(Q; V).

v

THEOREM (I. CAAMANO, J. A. JARAMILLO, A. PRIETO, AND
A. Ruiz, 2020)

RYP(Q; V) = WLP(Q; V) if, and only if, the space V has the RNP.
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NEWTONIAN SPACE

NEWTONIAN SPACE

NX(Q; V) consists of all functions u € X(; V) for which there is a
non-negative Borel function p € X(Q) such that

1u((0)) — u(v(h))lv < / »ds

~

for x-a.e. curve 7y in Q.

NYP(Q; M) - J. Heinonen, P. Koskela, N. Shanmugalingam, J. T. Tyson (2017)
NIX(2; M) - L. Maly (2013, 2016)

THEOREM (SCALAR CASE V=R)

1If u e N*X(Q), then u € W1X(Q).

2) Suppose norm || - ||x is absolutely continuous and has the translation inequality
property. If u € W'X(Q), then there is a representative i € N*X(Q).
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NEWTONIAN SPACE

THEOREM (VECTOR CASE)
1) Ifue N'X(Q; V), then u € RUX(Q; V).
2) Suppose norm || - ||x is absolutely continuous and has the translation

inequality property. If u € R*X(; V), then there is a representative
i€ NLX(Q; V).
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NEWTONIAN SPACE

THEOREM (VECTOR CASE)
1) Ifue N'X(Q; V), then u € RUX(Q; V).
2) Suppose norm || - ||x is absolutely continuous and has the translation

inequality property. If u € R*X(Q; V), then there is a representative
i€ NLX(Q; V).

RA/P
W= RXEWX
WX e RX <X
0y a.c Atip
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DIFFERENCE QUOTIENTS
DESCRIPTION VIA DIFFERENCE QUOTIENTS

THEOREM
1) Assume u € WYP(Q), 1 < p < co. Then for every w € Q, we have
lu(-+h) = u()llrw) < IVullri)lhl

for all 0 < |h| < dist(w, 0%2).
2)Ifue lP(Q), 1< p< oo, and there is a constant c such that

lu(- +h) = u()llp(wy < clhl

whenever 0 < |h| < dist(w,dQ), then u € WP(Q) and ||Vu| 1pq) < c.
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DIFFERENCE QUOTIENTS

DESCRIPTION VIA DIFFERENCE QUOTIENTS

THEOREM

1) Assume u € WYP(Q), 1 < p < co. Then for every w € Q, we have
lu(-+h) = u()llrw) < IVullri)lhl

for all 0 < |h| < dist(w, 0%2).
2)Ifue lP(Q), 1< p< oo, and there is a constant c such that

lu(- +h) = u()llp(wy < clhl

whenever 0 < |h| < dist(w,dQ), then u € WP(Q) and ||Vu| 1pq) < c.

THEOREM (W. ARENDT, M. KREUTER, 2018)

Let 1 < p < oo. A Banach space V' has the RNP if and only if the
Difference Quotient Criterion characterizes the space W1P(; V).
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DIFFERENCE QUOTIENTS

DESCRIPTION VIA DIFFERENCE QUOTIENTS

THEOREM (SCALAR CASE V=R)

Let X(2) have the RNP. If u € X(Q2) and there is a constant C € [0, c0)
such that

[ Tte;u — Tseullx(wy) < Clt —s|, j€1,....n (1)
then u € W1X(Q) and ||Vul|xq) < nC.
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DIFFERENCE QUOTIENTS

DESCRIPTION VIA DIFFERENCE QUOTIENTS

THEOREM (SCALAR CASE V=R)

Let X(2) have the RNP. If u € X(Q2) and there is a constant C € [0, c0)
such that

[|Teeju — Tyl x(w) < Clt —s|, jel,....n (1)
then u € W1X(Q) and ||Vul|xq) < nC.

THEOREM (VECTOR CASE)

Let X(2) have the RNP. If u € X(2; V) and (1) holds, then
ue RIX(Q; V).
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DIFFERENCE QUOTIENTS

THEOREM

1) Suppose norm || - ||x is absolutely continuous and has the translation
inequality property. If u € W1X(Q; V), then

”Tteju - 7-SejuHX(w;V) < ”8juHX(Q;V)|t —s|, j€l,....n (2)

2) Suppose X and V' have the RNP. If u € X(2; V') and there is a
constant C € [0, 00) such that

| Tte; — Tse; Ul x(wivy < Clt —s|, j€1,...,n (3)

then u € WX(Q; V) and ||Vul|x@q) < nC.
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DIFFERENCE QUOTIENTS

THEOREM

1) Suppose norm || - ||x is absolutely continuous and has the translation
inequality property. If u € W1X(Q; V), then

”Tteju - 7-SejuHX(w;V) < ”8juHX(Q;V)|t —s|, j€l,....n (2)

2) Suppose X and V' have the RNP. If u € X(2; V') and there is a
constant C € [0, 00) such that

| Tte; — Tse; Ul x(wivy < Clt —s|, j€1,...,n (3)

then u € WX(Q; V) and ||Vul|x@q) < nC.

OPEN PROBLEM

If the difference quotient criterion (1) characterizes the space W!X(Q),
thenthe Banach function space X () has the Radon-Nikodym property.

6 L\DQD{S ot £
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MAXIMAL FUNCTION

A MAXIMAL FUNCTION CHARACTERIZATION

THEOREM

Let X(S2) have the RNP, and norm || - | x(q) have the translation inequality
property. If u € X(K; V) and there is a non-negative function h € X()
such that

Ju(x) —u(y)llv < Ix = yl(h(x) + h(y)), a.e onQ, (4)

then u € RIX(Q; V) and ||g|x(q) < 2nl|hllx(q), where g is some
Reshetnyak upper gradient of u.

In the assumptions of the above theorem suppose that V has the RNP.
Then it follows that u € W1X(Q; V) and IVullx) < 2nllhlx@)-
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MAXIMAL FUNCTION

THEOREM

Let Q C R", V be a Banach space, X(2) be a Banach function space
such that the Hardy-Littlewood maximal operator M is bounded in X(2).
If ue WIX(Q; V), then

lu(x) = u() v < Clx = y[(M(IVu)(x) + M([Vul)(y))

holds for some constant C and almost all x,y € Q with
B(x,3|x —y|) C Q.

P. Jain, A. Molchanova, M. Singh, and S. Vodopyanov (2020) obtained
the above result for the real-valued case.
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MAPPING THEOREMS

MAPPING THEOREMS

foue N'X(Q; Z) whenever u € N*X(Q; V)

Let f : V — Z be Lipschitz continuous and f(0) = 0 if |Q2| = oc.
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MAPPING THEOREMS

foue N'X(Q; Z) whenever u € N*X(Q; V)

Let f : V — Z be Lipschitz continuous and f(0) = 0 if |Q2| = oc. )
THEOREM
Z has the RNP = f o u € WX(Q; Z) for any u € WX(Q; V). J
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MAPPING THEOREMS

foue N'X(Q; Z) whenever u € N*X(Q; V)

Let f : V — Z be Lipschitz continuous and f(0) = 0 if |Q2| = oc. )

THEOREM
Z has the RNP = f o u € WX(Q; Z) for any u € WX(Q; V).

THEOREM
fouc RlX(Q; Z) whenever u € RlX(Q; V).
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MAPPING THEOREMS

MAPPING THEOREMS

foue N'X(Q; Z) whenever u € N*X(Q; V)

Let f : V — Z be Lipschitz continuous and f(0) = 0 if |Q2| = oc.

THEOREM
Z has the RNP = f o u € WX(Q; Z) for any u € WX(Q; V).

THEOREM
fouc RlX(Q; Z) whenever u € RlX(Q; V).

THEOREM

If for any Lipschitz function f : V — Z f o u €\y'X(Q; Z) whenever
u eWIX(Q; V), then Z has the RNP.
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MAPPING THEOREMS

EMBEDDING

THEOREM
W1X(Q) = Y(Q) = W1X(Q; V)= Y(Q; V) J

oo { - by € W) =5 i, e i) = neY(L) (10, V=K Lgshte )

(i = n\ﬁw): [ tan, “WMSC J vagy il W'rcif C o ”""”W‘Xm;u] )
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CONCLUSIONS

Of’fro;??fv{f?/% \A/‘)((SL,V)
@ C[«mfmcﬂmézm O wﬂo&i o@z; Wtéd\/%

WX (Q ) | neye\/

(@Mw[a&_ . vaﬂméfa% P®E$)
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