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BBE/IEHUE

OmHuM U3 TPAJAWIIMOHHBIX MeTO/I0B (DYHKIIMOHAJIHLHOTO aHAJIN3A SIBJASIETCS TMOCTPOe-
HUEe aHAJNTHYECKUX TPEeJICTABICHUIl PA3INIHbIX aOCTPAKTHBIX MPOCTPAHCTB (BEKTOPHBIX
PEIIETOK, HOPMUPOBAHHBIX AJITe6p U Jp.) U JeHCTBYIONNX B HUX OMEPAaTOPOB (JHHEHHbIX,
MOHOTOHHBIX, HEIIPEPBIBHBIX U T. II.). DTO 00YCIOBIEHO MPEK/IE BCEIO TeM, YTO HATHIHE Y
00'beKTa TOr0 MJIM MHOTO aHAJTUTHYECKOI'O MPE/ICTaB/IeHUs 3HAYUTEILHO 00Jierdaer pado-
Ty ¢ HuM. Hampumep, BMecTo crucKa abCcTpaKTHBIX CBOMCTB OIEepaTopa MOXKHO MOy IYUTh
ero BhIpakKeHHe B BU/Ie KOHKPETHOH (hOPMYJIbl, B KOTOPYIO aBTOMATUIECKU 3aI0ZKEHbBI BCE
sru cBoficTBa. (Takoit opmysoii MoxKeT OBITH MATPHIA, HHTETPAJ C SJIPOM, ONEPATOD
B3BEIIEHHOTO CJBHIa M TaK Jjajee.) AHAJIOMMYHOE MPENMYIIECTBO MEepe]i aKCHOMATHYIe-
CKUM OIMCAaHUeM aJIreOpamvdecKux CUCTeM UMeeT WX KOHKPeTHas peasnu3allys, HallpuMep,
B BHUJE Kakoro-ambo mpocrpancrBa dyuknmit. K Tomy Ke, BecTn peub 00 aHATIATHUE-
CKOM TIPEJICTABICHUN OIepATOpPa MOYKHO JIUIIb IIOCJe TOTO, KaK 00ObEeKThI, B KOTOPHIX OH
JeficTBYeT, MoIydaT HaIeKaILyIo peaan3aIuo.

C apyroit CTOPOHBI, €CTECTBEHHBIM SIBJISAETCA W IPOTUBOIOIOKHOE CTPEMJICHHE —
HaTU CHUCOK aOCTPAKTHBIX CBOMCTB IMPOCTPAHCTBA WJIM ONEPATOPA, SKBUBAJEHTHBIN Ha-
JIMYUIO Y HEr0 KOHKPETHOTO aHAJUTUYIECKOIO MpejcTaBieHns. B 1mepByo odepeb, TaKOn
CIUCOK HUCHOJIB3YeTCs JIJIsi TOTO, 9TOObI ITPOBEPUTH, UMEET JIU JIAHHbI 00'beKT paccMmat-
puBaeMoe mpejictapienue. Kpome Toro, abcrpakTHOe ONMKMCAHUE COCPEJIOTOUYMBAET B cede
CBOICTBa MHOT'UX n3y4vaeMbIX O6’beKTOB n TeM CaMbIM ITIO3BOJIAET COKOHOMHUTDL BpeM#d, 3a-
TpaduBaeMOe Ha UCCJIeJ0BaHNe KazKJ0I'o U3 HUX B OTA€JIbHOCTU, CKOHIIEHTPUPOBAB YCUJIUA
Ha pa3BuUTUU O0IIEil Teopuu.

Omnuncanubie TPaJAUIUHA B TIOJHON Mepe CBONCTBEHHBI TEOPUH BEKTOPHBIX DEIIeTOK U (B
qactHocTH) K-npocrpancrs. [oustne K-mpocrpancrsa, BBegennoe JI. B. KantopoBuduem
B 1935 ., HECOMHEHHO SBUJIOCH PE3YIbTaToOM abCTPaKTHOTO 0OOOIIEHUs H3BECTHBIX K TO-
My BpeMeHH IPOCTPAHCTB HEIIPEPHIBHBIX U U3MEPHUMBIX BEIIECTBEHHBIX (DYHKIMIT, a TaKKe
JMHEeHHBIX (DYHKIIMOHATIOB Ha 9TUX IMpocTpancTBax. llocaemoBaBiiee 3aTeM pa3BUTHE TEO-
pUU BEKTOPHBIX PEIIETOK IMPHUBEIO K ToMy, uTo B 40-e roasl B. 3. Byauxom n He3aBucuMo
T. OracaBapoii OBLTO MOJTYYEHO TpeaCTaBIeHHe MPOU3BOILHOIO K-IPOCTPAHCTBA B BHJE
dbynramenta BexkTopHOit perreTk Coo(()) pACIIHPEHHBIX HEMPEPBIBHBIX (DYHKITHI HA IKC-
TpeMaJIbHO HecBA3HOM KoMiakTe (). Takum 0bpaszom, Teopust K-pocTpaHCTB 3aBepIinia

<IIOJIHBIU TAKJI>:

KOHKDETHBIE IIPUMEPBl —
abCTpakTHOE MOHATHE —

YVHUBepCaTbHAS PeaTn3alis (%)
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— U JlaJla Ha4YaJI0 HOBOMY JTally T€OPETHUYECKUX MCCJIeJIOBAHUI: HOMCKY aHAJIUTUYECKUX
HpeJCTaBIeHHIl I PA3JIHIHBIX KJIACCOB OMEPATOPOB, TEHCTBYIONINX B aOCTPAKTHBIX BeK-
TOPHBIX pelIeTKax.

Ec/i paceMOTpeTh TEOPHIO PENIeTOYHO HOpMUpOBaHHbIX ipocrpancts (PHIT), cocpe-
JIOTOYMBAs BHUMAHUE HA UX aHAJIMTUYECKOM IIPEJICTABICHUM, TO MOYXKHO HPUIITH K BBIBO/LY,
gyTo ncropusg PHII B o6mux yeprax moBropseT cxeMy pa3BUTHS TEOPUH BEKTOPHBIX peIlle-
tok. [Ipexe Bcero, nonsrue PHII moxuo paccmarpuBarh kak abcTpakTHOE 0000I1IEHNE
IPOCTPAHCTB HENPEPBIBHBIX U M3MEePUMBIX (DYHKIUN, TPHHIMAIOIIAX 3HAYEHUS B HOPMU-
poBanHoM npocrpancrse. (Bupouewm, JI. B. Kanroposud, BBojg nonsirue PHIT Bce B Tom
ke 1935 1., eBa Jim PyKOBOJICTBOBAJICA MMEHHO STHM COOOParKeHHEM: CHUCTEMATHIECKOe
HCCJIe/I0BAHIEe BeKTOP-DYHKINI B TO BpeMsl TOZKe HAXO/MJIOCh B CTa/ UK 3apozkieHust.) Ec-
JIN AHAJIUTHYECKOe TpeJicTaBlenne K-TpocTpaHCTB OBLIO MOJTYyYeHO CPABHUTETHLHO Yepe3
KOpPOTKOe BpeMms nocJie ux seejenus, 1o PHII jgosroe Bpemsi octasasinch 6e3 ynupepcasib-
HOll pyHKIHOHAJbHON peanu3anun. Jlumb B 1987 . A.I'. Kycpaes u B. 3. CtpuxeBckuii
HOJIYYUJ/IU [IePBbII pe3ysbraT B 3ToM Hanpas/jenun: Besikoe PHII npejcrasisercs B Buje
IPOCTPAHCTBA KJIACCOB SKBUBAJEHTHOCTU HENPEPBIBHBIX CEYeHUil HEKOTOPOro OGaHaXoBa
paccioenust [95].

Peanusanuonnast reopema Kycpaesa — CTpuKeBCKOro, 3aBepiiiasi MUKJ (%) IpHMe-
HureibHO K Teopun PHIT u Tem camMbiM nMest HECOMHEHHYTO METO/I0JIOITYECKY O IEHHOCTD,
00a/1aeT TeM He MeHee JBYMs OYeBHIHBIMU TeXHWYECKHMH HeJIOCTaTKaMu. Bo-nepBbIX,
B HEll YIIOMUHAIOTCS KJIACChl 9KBUBAJIEHTHOCTHU, HE CBOMCTBEHHBIE IPOCTPAHCTBAM Helpe-
puIBHBIX byHKIHit. Bo-BTOphIX, 6aHAXOBO paccioeHne B MPUBEIEHHONH (DOPMYIHPOBKE
He SIBJISETCS eJIMHCTBEHHBIM (¢ TouHOCTBIO 10 n3omerpun). A.T. Kycpaes cam nocrasui
3a/1a9y WMCIPABJIEHUs YKA3aHHBIX HEJIOCTATKOB, KOTOpas SIBUJIACH UCTOKOM TEOPHH MPO-
CTOPHBIX OAHAXOBBIX PACCJIOEHUN M M3MEPUMbIX OAHAXOBBIX PACCJIOCHUN C JIMPTUHIOM.
CucreMaTn4ecKOMY HM3JIOZKEHUIO 9TON TeOPUH TJIABHBIM 00pAa30M U MOCBLIIEHA JaHHASI
JIMCCEePTAIUS.

Marepuan auccepranuu pa3doUT HA ceMb IJIaB, KazK/1asd U3 KOTOPBIX, B CBOIO OUYepe/ib,
COJIEP2KUT HECKOJIbKO naparpados. [1aBa 0 npejcrasiisier coboit 0030p pe3y/1bTaToB, W3-
JIOKEHHBIX B OCTAJTBHBIX ITECTH TyiaBaX. [v1aBa 1 cOMep:KUT ompejieleHus U IIPeIBapH-
TeJIbHbIE CBejleHusi 00 OCHOBHBIX O0'beKTax, (purypupylomux B jguccepranuu. K npejBa-
PUTEJTLHBIM CBEJEHUSIM MOYKHO OTHECTH M HECKOJIHBKO maparpadoB IaBbl 2, BKIIOYAONIEil
nndopMaInio 00IIero Xxapakrepa O HellPpepPbIBHBIX DaHAXOBbIX paccjioenusx. [iasa 3 sB-
JIeTcs MeHTPAJTBHON KaK 10 PACIOTIOKEHNI0, TAK U 110 COIePYKAHUIO: B Heil cocpeoToueH
MarTepuaJl, Kacalomuiics npocToOpHbIX DaHaxoBbIX paccsoenuit u peasnsamnuu PHII B Buje
IPOCTPAHCTB cedennii. B rnaBe 4 pa3BuBaercs TeOpus M3MePUMbBIX OAHAXOBBIX PACCIOe-
Huil myrem mepenoca cxembl [1. [lanusss wa ciygait cedenuii. 3amernm, 910 3Ta U HE
woBa (H./lunky/eany BbicKa3biBaJ ee emie B 1966 r.), OHAKO HAM HE W3BECTHBI MyOJId-

Kallii, pean3yolme YIIOMSIHYThIH 110/IX0/1 ¢ JIOCTATOYHO CHCTeMaTUuIHOCThIO. B 3Toit
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JKe [JIaBe BBOJIMTCS M UCCJIEIYeTCs NOHATHE JU(PTUHTA B IPOCTPAHCTBE U3MEPUMBIX Cede-
HUil, a TaKKe MPUBOJATCS PE3YIbTATHI UCIOJb30BAHIS T€OPHH MPOCTOPHBIX OAHAXOBBIX
PACCIOEHU B UCCAEOBAHNN W3MEPUMBIX paccjoeHuil. [1aBa 5 COAEPKUT MPUIOKEHUST
Pe3y/IbTAaTOB MPEbAYIINX IVIaB K Pa3HOOOPA3HbIM IIPOCTPAHCTBAM HENPEPBIBHBIX U H3-
MepuUMBIX BeKTop-byuknuii. Hakoner, rmaBa 6 mocBsIneHa UCCIe0BAHUIO COXPAHIIONTNX
JIU3BIOHKTHOCTD OTIEPATOPOB U MOCTPOEHUIO X AHATUTUIECKUX MPe/ICTABICHUII.

Hano ckazarb, 4uTo 0000IIeHNE yCTAHABJIMBAEMBIX PE3YyJIBTATOB Ha CJAyYail MpOu3-
BOJIbHBIX BEKTOPHBIX PENIETOK W PEIeTOYHO HOPMHUPOBAHHBIX MPOCTPAHCTB HE BXOJIUT B
HAIK TIJTAHBI, U MBI, KaK MPAaBUJIO, OIPAHUYUBAEMCS PACCMOTpeHneM K-pOCTPAHCTB U
npocrpancTB banaxa — KanToposmnua.

Mbr cTpeMuINCh OTBETUTH HA, BCE €CTECTBEHHBIE BOMPOCHI, BOSHUKAOIINE MO MTOBOLY
BBOJIUMbBIX MOHATUN 1 (DOPMYyJIMPYEMBIX PE3Yy/IbTaTOB. Tak, BCJIEJ 3a JI0KA3aTE/ILCTBOM
TeOpPeMBbI YacTO CJIeIyeT ee 0OCYKIeHne B BUJe Psjia MPUMEPOB U YTBEPZKIeHHii, 000CHO-
BBIBAIOIIIX TOYHOCTH (DOPMYINPOBKHU (HAITPUMED, HEYCTPAHUMOCTH T€X WJIH WHBIX JIOMOJI-
HUTEJIbHBIX Tpe/nosozKennii). OCHOBHbBIE ONpe/ieJieH s, BKIOYAIONINEe HECKOJIbKO YCJI0-
BUii, CHAOXKAIOTCA 0OOCHOBAHUEM HE3aBUCUMOCTHU ITUX YCJOBUU APYT OT APYyTa, & CXOXKUE
HOHATHS YTOYHSIOTCS MPUMepPAMU, OObIACHSIIONMUMY DAY MeZK/Ty HIMHU.

Asrop tiiyboko Onaromapen A.I. KycpaeBy, KoTopbiil mo3HaAKOMMJI €ro ¢ Teopueit
PHIT u npepjoxkui unrepecubie 3aja4du. ABTOP TaKKe BbIPAZXKAeT CBOIO IPU3HATE/Ib-
Hocth FO. A. A6pamosuuy, C. K. Bomonbanosy, 9. HO. Emensanosy, A.I. Kaayposckomy,
E. B. Kosecuukony, C. C. Kyrarenanze, C. A. Mamtoruny, /1. E. Tlagsaynosy, An. A. Pyba-
uy u B.I. Tpounkomy 3a 1mioj0TBOpHbIE 00CYK/IEHUS HEKOTOPBIX BOIPOCOB, BOSHUKIITUX

B X0Jie pabOThHI HAJ MATePUATIOM IUCCEPTAIUMN.
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I'maBa 0. OB30OP PE3VJIBTATOB

[losy4uuTsb JOCTATOYHO TOYHOE IIpEeJ/ICTaBIeHUe O CTPYKTYype OCHOBHOTO TEKCTa JIHC-
cepTaiyn MOYKHO C MOMOIIIBIO MTPUBEJIEHHOTO BHITIE TOIPOOHOrO orjiaBiaeHus. B sToit ke
rJlaBe ImpejjiaraeTcs 0630p OCHOBHBIX PE3yJIbTATOB, MPU3BAHHBIN 0003HAYUTH MX MECTO B
pamkax oO1ieit Teopui.

O0630p pasout Ha jBe YacTu. B mepnoii vacTu 00CYKIAI0TCS PE3YAbTATHL 0 (hyHKIH-
OHAJILHOM IIP€/ICTAaBJIEHUU OCHOBHBIX OO'EKTOB TEOPUU PEIIETOYHO HOPMUPOBAHHBIX MPO-
crpaHcTB. Bropasi yacTh nocssiiena peajin3anuu JIMHEHHbIX OIepaToOpoOB, JAeHCTBYIONUX
B 9TUX 00bEKTaX.

Crpykrypa neppoit gactu o63opa (§0.1-0.6) B 11eJ10M COOTBETCTBYET CTPYKTYDE JHC-
cepramuu. O630p B §0.1 HAYMHAETCS ¢ ONMHCAHUS OCHOBHBIX PACCMATPUBAEMBIX B JIHC-
cepTamuu 00beKTOB: OyJIeBBIX aJredp, BEKTOPHBIX PENIeTOK, PEIIeTOYHO HOPMUPOBAHHBIX
IpocTpaHcTB U ap. 3areM B §0.2 MBI oOpalmaeMcs K peaan3aluoOHHBIM (DaKTaM TOIO-
JIOTHYECKOT0 XapaKTepa — K IIPeJICTABICHUI0 OCHOBHBIX OOBEKTOB C ITOMOIIBIO TOIOJIO-
I'IYECKUX MPOCTPAHCTB, OTKPBITHIX MHOXKECTB M HeHpepbIBHBIX (byHKIuil. OO6CYXKIeHUTO
I3MEePUMBIX peaju3aruii mocssiner §0.3, B KOTOPOM HJIET pedb O IpeICTaBJIeHnn 00beK-
TOB MOCPEJCTBOM IIPOCTPAHCTB C MEPOil, H3MEPUMBIX MHOXKECTB U U3MEPUMBIX (DYHKITHIA.
JIudTunr, Kak 0JIMH U3 OCHOBHBIX WHCTPYMEHTOB MCCJIEIOBAHUS M3MEPUMBIX peasn3alui,
obcyxmaercs B §0.4. [Ipumenenne 3T0ro MHCTPYMEHTA K YCTAHOBIEHUIO CBSI3U MEKLY W3-
MEPUMBIMI U TOMOJOTHIECKUME KOHCTPYKIusiMu jgemounctpupyercs B §0.5. B §0.6 wmer
pedb 06 MHTEepHpeTanuu HEKOTOPBIX CBONCTB OObEKTOB B TEPMUHAX UX PEAJTH3AIUIA.

Eciau crpykrypa neppoii yacru B 1eoMm (Ha ypoBHe maparpadgoB) cOOTBETCTBYeT
CTPYKTYPpe JIMCCepTalliK, TO CTPYKTYPa KaxKJioro u3 naparpados B OT/1eJIbHOCTH HE UMe-
eT Takoro coorsercrBusd. [lopsilok orpejesieHuit n yTBEPKIEHUNH B TEKCTe JIUCCePTAIU
00yCJIOBJIEH, B MEPBYIO OY€PE/ib, COOOPArKEHUSME JOIMYECKOr0 Xapakrepa (HUCrosb3ye-
Mag uHGOpPMAIHS TOMKHA OBITH M3TOZKEHA JIO MOMEHTa UCTMOJb30BaHusg). [lis ob63opa
JKe MBI COWIN OoJiee TPUEMIEMBIM MOPSAJI0K BO3PACTAHUS CJIOKHOCTH PACCMATPUBAEMBIX
00beKTOB. VIMEHHO 3TOT MOPANIOK OTparKeH B HA3BAHUSAX Pa3/Iel0B KarKJIOTO U3 Iapa-
rpacdos 0.1-0.6: Mbl HaUMHAEM ¢ Gysesbix aare6p (0.1.1, 0.2.1, 0.3.1, 0.4.1, 0.5.1, 0.6.1),
nepexosiuM K BeKTopHbIM pemerkam (0.1.2, 0.2.3, 0.2.4, 0.3.2, 0.4.2, 0.5.2, 0.6.2), 3aTem
paccMarpuBaeM mpocTpancTBa BekTop-byukmuit (0.1.3, 0.2.5, 0.3.3, 0.4.3, 0.5.3) u, Ha-
KOHeII, PeleTouyHo HopMupoBanHubie mpoctpancTsa (0.1.4, 0.2.6, 0.2.7, 0.2.8, 0.2.9, 0.3.4,
0.4.4, 0.5.4, 0.6.3).

[Topsi/I0K <OT MPOCTOrO K CJI0KHOMY> COXPAHSIETCsT M BO BTOPOit gacTu 0630pa (§0.8—
0.11), mocBsieHHO# onepaTopaM, COXPAHSIONNM U3 bIOHKTHOCTh, W UX (DYHKIMOHAIb-
HbIM peasm3anusam. CHadasia paccMmarpuBatorcsi Oyiessl romomopduambl (§0.8), 3aTem
opromopduzmbr (§0.9), ciaegom oneparopsr casura (§0.10), u, HaKOHeI, OIEPATOPHI B3Be-

mennoro casura (§0.11).
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B kaxk oM naparpade Hapsiiy ¢ aHAJIM30M HOBBIX PE3yJIBTATOB MPUBEIEH KPATKUIl
0630p JIUTEPATYPBHI IO COOTBETCTBYIONEMY Bompocy. (EcrecTBeHHO, MO Mepe Tepexoja oT
MPOCTHIX KJIACCHYECKUX 00HEKTOB K 00Jiee CJIOKHBIM COBPEMEHHBIM, 00CYZKIeHNE HOBBIX
pe3yJIbTaToOB HavYMHAET Hpeobsajiarh Haj 0630paMu crapbixX.) IlOCKOJBKY BCe pesyiib-
TATBl ABTOPA MO TeMe JUCCEPTAIUU OIyOJIUKOBAHBl CPABHUTENLHO HEJaBHO (CM. [47-53,
152-155]) 1, KpoMe TOro, SIBHO BKJIIOUEHBI B TEKCT JIMCCEPTAIIMI BMECTE C TIOIPOOHBIMU J10-
Ka3aTeIbCTBAMU, MbI MTOCYUTAIN U3/TUITHAM YIOMUHATH COOTBETCTBYIOIINE IIyOITUKAIUN

B 0030pax JiuTeparyphl.
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YACTDb 1. PEAJINSAIINA OB'BEKTOB

[IpejicraBiienue B Bujie HPOCTPAHCTB (DYHKIUIN SBJIS€TCS MOIIHBIM CPEJICTBOM HCCJIe-
JOBaHUs BEKTOPHBIX PElIeTOK U PelleTOYHO HOPMUPOBAHHBLIX IIPOCTPAHCTB, & TaKKe UC-
TOYHUKOM Pa3HOOOPA3HBIX CBSA3€H COOTBETCTBYIONIEH TEOPUU C TeOpUeil MHOXKECTB, TOTIO-
jorueit u Teopueit Mmepol. [eHHOCTH (DYHKIIMOHAIBHBIX pean3aluii BEKTOPHBIX PEIIeTOK
cTasa odeBuHA yzKe B 30-e roabl U ObLIa MPOJIEMOHCTPUPOBAHA HA MpUMepe GAHAXOBBIX
anreOp u 6aHaxoBbIx pemerok M. Croyaom u jp. Opaum u3 Hambosee dyHIaAMEHTATb-
HbIX (PaKTOB Teopuu K-MpocTpaHCcTB SBU/IACH TEOPEMa O MPEJICTABJICHUN B BUJIE PEIIETKH
HEIPEPbIBHLIX (DYHKIUNA HA IKCTPEMAJIbHO HECBI3HOM KOMIIAKTE. De3yCc/JIOBHO BarKHYIO
pOJIb UI'paeT TaKzKe pealu3alid BeKTOPHBIX PEIIeTOK B BHUJE IIPOCTPAHCTB KJIACCOB U3-
MepuUMbIX GyHKIu. (OueBHIHBIE MPUIOKEHUS K TEOPUU PEMIeTOTHO HOPMUPOBAHHBIX
HPOCTPAHCTB UMEET TeOPUs HEIPEPBhIBHBIX M U3MEPUMbIX BEKTOP-(DYHKINA, MOy IUBIIAS
B TIOCJIeTHEe BPeMs MOITHOE Pa3BUTHe. DA IUIMOHHbIE DEAJTH3AINI MHOTHX aarebpande-
CKUX OOBEKTOB B BU/Ie MyYKOB WJIM CeUYeHU PACCIOEHUI TaKyKe HAXOIdAT MPUMEHEeHWs B
HCCJIEIOBAHUN IIPOCTPAHCTB ¢ BEKTOPHOW HOPMOI.

DT U Apyrue moaxo/bl K (DyHKIMOHAIBHON pean3aluu OCHOBHBIX 00bEKTOB TEOPHUH
BEKTOPHBIX PeNIeTOK U PelleTOYHO HOPMUPOBAHHBLIX IPOCTPAHCTB PAaCCMaTPUBAIOTCH B

[IepPBOil YacTH JIAHHOIO 0030pa.
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8§ 0.1. OcHOBHBIE 00BEKTHI

OcHOBHBIMU OOBEKTAMU, PACCMATPUBAEMBIMUI B TUCCEPTAIMH, SIBJISIOTCS OYJI€BBI al-
reOpbl, BEKTOPHbIE PEIIeTKHU, HPOCTPAHCTBA BEKTOP-(DYHKIIUI, PEIIeTOYHO HOPMUPOBAaH-
HbI€ TTPOCTPAHCTBA M JICHCTBYIONINE B HUX JIMHEiTHbIe ornepaTopbl. KaxKipiii u3 nepevunc-
JIBHHBIX OO'b€KTOB MMeeT COOCTBEHHYIO OoraTyio pesysabratamu Teopuio. He BraBasich B
JIeTaJIN U He CTPEMSICH K TOJHOTE, MBI JIUIIH OXapaKTepu3yeM Te (hparMeHThl STUX TeOPHii,

KOTOpbI€ UMEIOT OTHOIIEHHE K PaCCMaTPpUBaA€MOMY HaMM KPYI'y BOIIPOCOB.

0.1.1. Byanesv. arzebpol

Kak1p1it 3 0CHOBHBIX OO'bEKTOB, U3yYaeMbIX B JaHHOW paboTe, TaK WM WHAYE CBSI-
3aH ¢ OysieBbiME ajrebpamu. Pedb maer o Oy/eBoil ajrebOpe KOMIOHEHT BEKTOPHOI pe-
IeTKH, Oy/eBoil ajredpe MOpsIKOBLIX ITPOEKTOPOB B PEIIETOYHO HOPMHPOBAHHOM ITPO-
cTpaHCcTBe, OyJieBoil ajirebpe OCKOJIKOB HOJIOZKHUTE/IbHOIO U MayKOPUPYEMOIo Olleparopa u
Ap.

Kak u OyneBbl aarebpbl, Bce YIOMAHYTbIE OOBEKTHI UMEIOT MPSIMOe OTHOIIEHHEe K
Teopun pererok (n K Gosiee 0OIIel TeOPUU YHOPSJIOYEHHBIX MHOZXKECTB), KOTOpas, 0e3-
YCJIOBHO, HE OI'PAHMYUBAECTCS PACCMOTPEHHEM TOJILKO 3TUX 00bekToB. lMeercsi MHOXKe-
CTBO JIPYT'UX aKTUBHO PA3BUBAIOIIMXCS BETBEH 3TOi 00/IacTH MaTeMaTUKU, UCCIELYIOTTIX
Takne OObEKThI, KaK JUCTPUOYTHBHBIE PEIIeTKH, IMOJTYPEIIeTKH C MCeBI00TOTHEHUSIM,
p-aJreOphl, PEIIeTKH ¢ OPTOMAONOTHEHUAMHI, NUINHIPUIECKHE U MOJUAIAIECKe aared-
pbl, ajrebpst [locra u Jlykacesuua, aiarebpst Leiitunra, ajiredpst jie Moprana, KBanToBbIe
Jioruku, ajaredpsl Menrepa, Mo1y/ispHbIe ¥ OPTOMO/LYJ/IsIpDHbIE PEITETKH, MYJIbTUILTUKATHB-
HbIE PEINeTKU, MOy PEIeTKA U JpyTrue 00OOIIeHNsT PereToK.

BecbMa 06beMHBII U 110JIHBIH 0030p yOJIMKAIMiT, KACAIOIIUXCS TEOPUU YIIOPSI0YeH-
HBIX MHOZXKECTB M DeleTok, mveercss B Kaurax [68, 69]. Cwm. takxke [9, 46]. OcHoBHbIE
CBEJICHHUS O KJIACCUYECKUX MOHATHUSIX TEOPHUH YIOPSAJTOUYEHHBIX MHOXKECTB U UX 00O0OIeHH-
X MPEKPaCcHO U3JI0KeHbl B [5—7]. Best HeoOxomumast Ham urbopMarus 06 abCTpaKTHBIX
OymeBbIX anrebpax mMeercs, Hampumep, B [29, 100, 156]. Hekoropsie cBegenns u3 obrmeit
Teopun OyseBbIX ajreOp npuBejeHbl Takzxke B [7, 33, 60, 83, 91, 233].

HeobxomumMbie HaM cBefeHus O OYJIeBBIX anaredpax mpuBeaeHbl B § 1.2 mannoil padbo-
Tol. Pazjesnr 1.2.1-1.2.7 cojsepakar cBejieHns abCTPAKTHOIO XapaKTepa, OCTaJibHash 9acTh

naparpada MmocBsIieHa peaan3aiioOHHbIM BOITPOCAM.

0.1.2. Bexmopnuie pewemru

Teopust BEKTOPHBIX PEIIETOK ABJSIETCS OJJHUM M3 OCHOBHBIX HAIlpaBJIeHUIl COBpEMeH-
HOTO (DYHKIIMOHATBHOTO aHamn3a. Pa3HooOpasHble acleKThl ITOH TEOPHH OTParKeHBI B
MHOIOYHCJIeHHBIX MOHOTpadusx, cm. [7, 24, 33, 59, 60, 72, 83, 90, 112, 113, 130, 142, 168,
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187, 189, 190, 194, 214, 219, 225, 226, 255, 257]. Becbma obuupuas 6ubsmorpadus nve-
erca B 0030pax A.B.Byxsamosa [20-23]. VcTopust BOSHUKHOBEHUSI U PA3BUTHSI TEOPHU
BEKTODHBIX DEIIETOK MPEKPACHO W3JI0XKeHa BO BBeJeHuu ob63opa [21]. Uneiinas u me-
TOJ0JIOTHYecKas MeHHOCTh BBeJennoro JI. B. KantopoBuuem nomstusa K-mpocrpaHcTBa
obcykaaercs B [89)].

Bce ocnoBHBIe HEOOXOMMbIE HAM CBeJIEHUsI O BEKTOPHBIX peleTkax m K-npocrpaH-

CTBaX KOHCHEKTUBHO u3JioxKeHbl B 1.3.1-1.3.4.

0.1.3. IIpocmparcmesa sexmop-dyrruui

B pabore paccmaTpuBaloTcs MIPOCTPAHCTBA HEIIPEPBIBHBIX, CJ1a00 HENPEPBIBHBIX, H3-
MEpPUMBIX U cJIab0 M3MepUMbIX BeKTop-pyukmuit. HemgaBuee cyrecTBenHoe 1po/iBu-
JKEeHUe B WCCJIeJOBAHMM TAKUX ITPOCTPAHCTB CBA3aHO IJIABHBIM 00pa3oM ¢ paboramu
A.B.Byxsasosa [10, 11, 15-21, 24] u A.T. Kycpaesa [24, 83, 84, 87,93-95, 183-186]. Kpo-
M€ TOI'0, B PAMKaX HCCJIeJ0OBAHUS HEIPEPbIBHLIX BEKTOP-(PYHKIHUI 3HAYUTE/IHHOE MECTO
3aHMMaeT TaK Ha3bIBaeMasl TeOpHs B3BEIIEeHHOM alllpoKcuMaIuu, ocHoBaHHas B 1960-x ro-
nax JI. HaxomnoMm u moJsiyumBInas 3aTteM MomiHoe pa3putue B pabotax K. /I. Buepcreara,
E. Bpeitma, K.B. Jlaypcena, H.B.Ilexepcena, P.K.Baka, P. A. ®onrenora, C. Mauao,
Jx. B. IIpoausr, B. X. Cammepca u ap. [121, 123, 124, 140, 195, 196, 202-204, 220223,
245].

[TockoJibKYy Jij1st IPOCTPAHCTB BEKTOP-(hYHKIMI He pa3padorana cleluajibHas aKCuo-
MaTH4IecKas TeOpUs, Mbl PACCMATPUBaEM UX KaK PEATU3AINN PENTeTOTHO HOPMUPOBAHHBIX
IIPOCTPAHCTB U 00CYZKIaeM HHUKe B COOTBETCTBYIOINX pasenax o63opa (cm. 0.2.5, 0.3.3,
0.4.3 u 0.5.3).

0.1.4. Pewemouro HopMUPoSaHHbie NPOCTPAHCMEA

B o61ieM Bujie pererouno HOpMUPOBAHHbBIE IPOCTPAHCTBA BIIEPBble BOSHUK/IU B Pabo-
re JI. B. Kautoposuua [57], rjie OHI OBLITH HA3BAHBI <IPOCTPAHCTBAMU, HOPMUPOBAHHBIMU
C TIOMOTIHIO 3JIEMEHTOB MOIYYIOPSII0IeHHOTO TPOCTPancTBa>. MoTupamnueii 115 paccMOT-
peHUs TaKUX MPOCTPAHCTB MOCIYZKHUJIO IMOCTpOeHne 00OOIIEeHHOro MeTo1a MazKopanT Ko-
U JI7IsT pertenns: (DYHKIMOHAJIBHBIX ypaBuenuit. A. B. ByxBajioB BmepBbie ncmom30Bal
PeNnieToYHO HOPMUPOBAHHBIE TTPOCTPAHCTBA JIJIsi BEIPAOOTKU ODIIEro MOJAX0/a K HCCJIe/0-
BAHUIO PA3HOPOJHBLIX 00BEKTOB (PYHKIIMOHAJBHOIO aHAJM3a, TAK WJIM UHAYE CBA3AHHDBIX
¢ BekTopHbIMEH HOpMamu. I[lo3xke A.I.KycpaeB m ero y4eHHKH IOCTPOWIH PA3BUTYIO
TEOPUIO0 PEIIeTOYHO HOPMUPOBAHHBIX IPOCTPAHCTB, BKIIOYAIONIYIO ITyOOKYIO pa3paboTKy
MOHSITHsI MayKOpUpyeMoro omeparopa [67, 76-78, 80-84, 87-91, 93-95, 183-186].

CoBpeMeHHBI CIIUCOK IPUMEPOB PEIIeTOYHO HOPMUPOBAHHBIX IPOCTPAHCTB BEChbMa
OONIUPEH M BKJIIOYAET TaKue 00beKThI, KaK IMPOCTPAHCTBA HEIPEPHIBHLIX U €JIab0 Hemnpe-

PBIBHBIX BEKTOP-(DYHKIUI, IPOCTPAHCTBA U3MEPUMBbIX U CJIa00 U3MEPUMBIX BEKTOP-(yHK-
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uil, IPOCTPAHCTBO cyMMEUpPYyeMbiX 110 Boxuepy BexkTop-dyHKIWMiT, TPOCTPAHCTBO MOPS/I-
KOBO OIPDAHUYEHHBIX PEIIeTOYHO3HAYHBIX (DYHKINN, IPOCTPAHCTBO BEKTOPHBIX Mep Orpa-
HUYEHHOW BapHaId, ITPOCTPAHCTBO PEIIETOTHOZHATHBIX Mep, TPOCTPAHCTBO OMEPATOPOB
¢ abCTpaKTHON HOPMOii, TPOCTPAHCTBA JOMUHUPOBAHHBIX U MayKOPHUPYEMBIX OIEPATOPOB
(cMm. [83: 4.1.6]). Permerounsie HOPMBI B CKPBITOM BHJIE PUCYTCTBYIOT TaKKe B 0000IIEH-
HbixX npocrpancTBax Opimda [180] u TeH30PHBIX NMPOM3BEIEHUAX HOPMHPOBAHHBIX MPO-
CTPAHCTB U BEKTOPHBIX perreTok [97]. 3amena B omnpejesnenun npocrpanctsa Cobosesa
BEIECTBEHHO3HATHBIX (DYHKINIT HA BEKTOPHO3HAYHBIE MIPUBOIUAT K PEIIETOYHO HOPMHUPO-
BAHHBIM IPOCTPAHCTBAM. AHATOTHYHBIE TPOCTPAHCTBA CBA3AHBI ¢ (DYHKIIMOHATHHBIMI
npocrpanctBamu Jlunmuna, Jlnysuans, Codosea — Opanua, Hukosnckoro, Becosa,
JIuzopkuna — Tpubesst u 1. ;1. VnTepecuble 1 BaKHble KJIACCHI PENIETOYHO HOPMUPOBAH-
HBIX MPOCTPAHCTB CBS3aHBI C CeYeHUsIME OaHAXOBbIX pacciaoenuii (cm. 0.2.9, 0.3.4).

Teopusi pemrerodH0 HOPMUPOBAHHBIX TPOCTPAHCTB IMPOJIO/IKAET AKTUBHO Pa3BU-
BaThca.  OJHUM H3 TOCJHEJIHUX JOCTUKEHUH B STOH 006JIacTH SBUJIOCH CO3JIAHUE
A.T.KycpaeBbiM TeOpH# TPOCTPAHCTB CO CMEMIAHHONW HOPMOii (CM. Ompe/ie/ieH s, OCHOB-
Hble CBOWCTBA, Kpurepuu (ByHKIMOHAJbHON upejcraBumoctu B [84: §4]). Um xke wno-
JIO?KEHO HAYaJI0 TEOPHH MayKOPHUPYEMBIX OIIEpPaTOpOB B IPOCTPAHCTBAX CO CMEIIaHHOM
HOopMoit [84: §5].

[TonyunTs npejicTaBieHne O COBPEMEHHOM COCTOSHUM TEOPHUHU PEIIeTOYHO HOPMHUPO-
BAHHBIX IPOCTPAHCTB  MazKOPHPYEMBIX OIIEPATOPOB MOYKHO, 0OPATHUBIINCH K paboram [24,
67,83, 84, 87,90, 95, 183-186].

Heobxoanmbie Ham onpeiesiennst 1 0003HAYEHNS, CBSI3aHHBIE C TTOHATHEM PEeINIeTOIHO

HOPMHMPOBAHHOI'O 1POCTPAHCTBA, LIpUBeIeHbl B § 1.4 qucceprainuu.

0.1.5. Konuenuus nopadkosots annpokcumatyus

EcrecTBeHHO, 9TO B TEOPUH PEIIETOYHO HOPMHPOBAHHBIX IPOCTPAHCTB BazKHYIO POJIb
I/IFpaeT IIOHATHEe HOpHﬂKOBOﬁ CXOAMMOCTHU MJIN O-CXOJUMOCTH. TeM HE MeHee, HeKOTOpre
KJIIOYEBBIE TIPOOJIEMBI, CBA3AHHBIE C 9TUM IIOHATHEM, A0 CHUX IIOD He ObLIM PEIleHbI.

COBOKYITHOCTH BCEBO3MOKHBIX O-TIPEJEIOB CETeil, COCTABIEHHBIX W3 3JIEMEHTOB HEKO-
TOPOI'O HOJAMHOYKECTBA PEIIETOYHO HOPMUPOBAHHOI'O IIPOCTPAHCTBA, HA3BIBAETCHA O-3aMbl-
KaHHeM 5TOr0 IOJMHOKECTBa. BO3HHKaeT eCTeCTBEHHBIH BOIIPOC: SBISIETCS JIH O-3aMbl-
KaHHue O—SaMKHyTbIM, T. €. BepHO JIN, qT0 HOBTOpHOG 0O-3aMbIKaHUE HE ﬂO6aBﬂﬂ€T HOBBIX
9JIEMEHTOB?

[ToCcKOJIBKY 0-CXOAMMOCTH He TOMOJIOTHYHA, ITOT BOIMPOC JaJeKO He TPUBHAIEH U 0
CUux HOp HE 6bIJI peIHeH JdazKe 1Jid KOHEYHO-IUKJIMYHbIX MHO)KeCTB, KOTOpre Yallle BCero
pPaccMaTpUBAIOTCS B BOIPOCAX MOIOTHEHUSI U IPOI0KeHns. [1pn mocTpoeHnn 0-3aMKHY-

TOI 000JI0YKHU aBTOPBI ObLJIN BBIHYK/IEHbI pacCMaTpUBATh Bope/ieBcKue HaJICTPOiiKu, T. €.
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HPUCOEUHSTH K JJAHHOMY MHOYKECTBY O-TIPEJIEJIbl €0 3JIEMEHTOB, 3aTeM O-TIPeJIe bl O-11Pe-
JesioB u . 1. (M. [60]). Boiaykaennas unayknus (v gazxke TpanchUHUTHAS WHIYKILUS)
Jles1ajia Bce J0Ka3aTeIbCTBA M MOCTPOEHUs JTIOBOJILHO TPOMO3IKuMEU. Hampumep, teope-
Ma 00 O-TIOMOJIHEHUH PENIeTOYHO HOPMHUPOBAHHOIO MPOCTPAHCTBA MMeJIa BEChbMa Hey100-
HYTO JIJIst TpuJiozKeHuii hbopmyanpoBky [83: reopema 1.4.11], a mocrpoenne o-momoIHeHHst
COCTOSITIO U3 HECKOJBKUX TOCJIe0BATEIBHBIX PACITHPEHNii (9acTh KOTOPHIX, KaK BBISC-
HUJIOCH, ObLIa HEHYKHA): IepeMeIluBaHusl, T'-IOMOJHEeHHsI U HOBTOPHOIO MepeMelnBa-
mug [95: 3.6-3.11].

[Ipu /10BOJILHO OOIIUX HPEJIIOJIOKEHUAX B paboTe JI0OKa3aHO, YTO HOBTOPHOE 0-3aMbl-
KaHue He J00aBJ/IsieT HOBBIX 3JIEMEHTOB, T. €. ePBOE 0-3aMbIKAHUE YIKe SIBJISeTCS O-3a-
MKHYTBIM (cM. 1.5.3, a Takxke [24: ciaeacrsue 1.6.7 (3)]). Pemnrs npobiemy o-3aMblKaHust
Y/IAJI0Ch C TOMOIIBIO HOBOW KOHIIETIINH MTOPSIIKOBOM allllPOKCUMAINHN, PAa3PabOTKe KOTOPOit
nocesitien § 1.5 nanuoii aucceprannu. Ilocie mokasarenbeTBa oCHOBHOM JeMMbl (1.5.1) n
HCCJIEIOBAHNS 9JIeMEHTAPHBIX CBOICTB ammpokcumanuu (1.5.2) ycraHABIUBAETCS KITIOUe-
BOit pesysbrar (1.5.3): HOPSIKOBO allPOKCUMUPYEMbIe 3JIeMEHTHI MOTYT GBITh MOJTY YeHbI
KaK IpPe/IeJIbl CeTell 3/IEMEeHTOB allllPOKCUMUPYIOIIEro MHOKecTBa. Kak yzKe ObLI0 oTMete-
HO BBIIIIE, 3TOT (aKT He ObLT U3BeCTeH. B Jureparype MOABISINCH JIUIIHb €r0 €IMHIIHbIE
IPOSIBJIEHNST B BECbMa YACTHBIX CIydasx (cMm., Hampumep, [83: mpemioxenue 4.1.8 (6)]).
Jlanee onmcaHbl CIIOCOOBI MPUOIUZKEHUSA AMNPOKCUMUPYEMBIX 3JIEMEHTOB PA3HOIO POJIA
upejeamu: B repmuHax o-cxogumoctu (1.5.4), pasaomepnoii cxopumoctu (1.5.5-1.5.7),
r-cxogumocru (1.5.8, 1.5.9).

B wactHocTH, moJsydena OoJiee ympoOHast (GOPMYINPOBKA TEOPEMbI 00 O-TIOTIOJTHEHWHN
PEIIEeTOYHO HOPMHUPOBAHHOTO MpOCTpaHcTBa [52: 2.8|, MOKa3aHO, YTO OJHO U3 HepeMe-
muBaHuil B nporecce monosnenus [95: 3.6-3.11] aBiagercsd JUITHAM, ¥ YCTAHOBJIEHO, YTO

I[IOII0JIHEHHE OCYIIECTBUMO 3a OJHH IIal' — OJHOKPATHBIM IIPpUCOCIMHEHUEM O-IIPEAEIOB.

0.1.6. Ilopadkoso oeparuveHnHble ONEPAMOPLL

B ocHOBe moHATHS MaKOpPUPYEMOTO OlepaTopa JeKUT MPOCTasd HAesI, BOCXOISINASI,
110 Kpaiineii mepe, K merojy Mazkopant Komu. B o0mux deprax ee MOXKHO BbIPa3HTh
caejytonuM obpazom. Eciim paccMarpuBaemblil omeparop MayKOpPUPYeTcs JIPYTUM Olie-
paToOpoOM, Ha3bIBAEMbIM MarKOPaHTOI, TO CBONCTBA MOC/IEHETO CYIIECTBEHHO BJIUSIOT HA
cBoiicTBa 1epBoro. TakuMm 0Opa3oM, orepaTop, UMEIOIIHi B TOM WJIM HHOM CMBbIC/I€ KBaJIN-
GUIUPOBAHHYIO MazKOPAHTY, CaM J0JKeH ObITh KBaJU(MUIIMPOBAHHBIM. MaTtemaTudecKuit
almapat, B paMKax KOTOPOI'O Hjiesd MazkKOpalluy MPUHAMAET eCTeCTBEHHY IO H 3aKOHYCHHY IO
dbopmy, 6611 nipepioxen J1. B. Kanroposudem B 1935-36 1. (em. [57,60]).

B nocseayroniue rojibl MHOInE aBTOPbHI U3Yy4aJiM PA3JIUYHbIE YACTHBIE CJIydau pere-
TOYHO-HOPMHUPOBAHHBIX IPOCTPAHCTB M HAXKOPUPYEMBIX O11epaTopoB. OIHAKO 9TH HCCJIe-

A0BaHU A TPOBOJAUJINCH B PaMKaX U B JIyXe TEOPUU BEKTOPHBIX U HOPMHUPOBAaHHBIX PEHIETOK,
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BCJICJCTBHE 4ero BarkKHeilllne CTPYKTYPHbIE CBORCTBA MaXKOPUPYEMbIX OLEPATOPOB ObLIU
n3ydeHbl JINIIb B IOCIeHee BpeMs. HempaBHee cylmecTBeHHOE IPOIBUZKEHNE B 9TOil 00./1a-
CTH CBsI3aHO TVIaBHBIM o6pasom ¢ paboramu A.T. Kycpaesa u ero yuenukos (cMm. [67, 83,
84, 87, 90, 95, 183-186]). Heobxomumbie HAM CBeJEHHsI O PETYISPHBIX H MAayKOPHPYEMbIX
onepaTopax HnpuBeJieHbl B pasjeax 1.6.7-1.6.10 nannoii jguccepranuu.

C moHATHEM MazKOPHPYEMOTO OIIEPATOPA TECHO CBA3AHBI TAK HA3BIBAEMBIE TOPSIKOBO
OlPpAHMYEHHBIE OLEPATOPbI, T. €. OIePATOPbI, IEPEBOJMIIKMe HOPAIKOBO OIPDAHUYEHHbIE
MHOKECTBa, B IOPSIKOBO OrpaHUYeHHbIe. BO MHOIUX C/Iydasax 9TH JABa KJIacCa OMepaTopoB
copraaor (cM., Hanpumep, 6.1.12).

V13 Teopun TOIMOTOTHYECKIX BEKTOPHBIX IIPOCTPAHCTB XOPOIIO U3BECTHO, U9TO Ta HJIH
MHAsl HENPEPBIBHOCTD JIMHEHHOIO OllepaTopa 4acTo SKBUBAJIEHTHA KaKOii-1ubo ero orpa-
HUYEHHOCTH, T. €. er0 CBOICTBY MEePeBOAUTH OrpaHUYEeHHbIE (B ONPeIeJEHHOM CMBICTIE)
MHOXKECTBa, B orpanuuennbie. CrpemjieHue CBeCTH BOLUPOCHI HEIIPEPbIBHOCTH K OIPAHM-
YeHHOCTH MOTHUBHPOBAHBI T€M, UTO OIPAHHYEHHOCTD OLE€PATOpa IPEeJICTaBIsIeT COOOH TexX-
HUYECKH MEHee eMKoe u DoJiee JIENKO IpoBepsieMoe cBoicTBO. Ecim ara njes npoHusbiBa-
eT BCIO TEOPHUIO OMEePATOPOB B HOPMHPOBAHHBIX IPOCTPAHCTBAX, TO B TEOPUH PEIIETOTHO
HOPMHMPOBAaHHBIX IIPOCTPAHCTB OHA ocTajach 0e3 BHuUMaHus. OrdacTu 3TUM 00bACHHAET-
¢ U TOT (haKT, IYTO CBSA3b MEXKIy PAa3HBIMH THIIAMH HempepbsiBHOCTH omeparopoB B PHII
TOXKE 0CTAJACh MO-CYIIECTBY He HCCae0BaHHO. JlaHHOE 0OCTOSTEIbCTBO BbhIPpAZKAETCs,
HAIpUMep, BO BceoOImeM 3a0/1y2KIeHIHI 10 IIOBOIY CeKBEHIIHATLHOCTH 7 -HEIPEPBIBHOCTI
(onpeiesieHre 0-HENPEPHIBHOCTH JAI0T B TEDMUHAX CeTell, a T-HeIPePbIBHOCTH — BCEra
B TepMUHAX TOCJIe0BaTebHOCTeli). Hampumep, B [257: Teopema 85.3] Gesycrernnast mo-
LBITKA BLIBECTH OI'PAHUYEHHOCTD U3 CEKBEHLIMAJILHOI T-HeIPEePLIBHOCTY LIPUBEJIa K CyIlle-
CTBEHHOMY OTDAHUYIEHHIO PACCMATPUBAEMON cuTyanuu (TeopemMa chOpMyJIupOBAHA JIUIIE
Jtst QYHKIMOHAIIA).

Jlesto B TOM, 9TO 7-CXOAUMOCTD JIEHCTBATE/IHHO CeKBEHITNAIbHA, HO TAKOBOI He ABJIsI-
eTCs r-HelIPePbhIBHOCTD. B jlanHoii pabore, B 4aCTHOCTH, J0KA3aHO, YTO I'-HEIIPEPbIBHOCTH
1 CeKBeHIHAJbHAs 7-HEeIPEePLIBHOCTH — CYIIECTBEHHO pa3HbIe CBOMCTBa omeparopa. bo-
Jlee TOrO, CUeTHas T-HEIPEePbIBHOCTH OTJMYAETCA OT KaXKJI0r0 U3 ITUX JIBYX CBOICTB U
3aHHMAET CTPOTO IMPOMEKYTOTHOE IMOJIOKEHIe MEK/Iy HIMI.

D1 pe3yabrarhl (KaK U HECKOJIBKO JIPYIHX PE3YJbTATOB TOIO YK€ XapaKTepa) MoJLy-
YeHbl BO MHOI'OM OJ1arojaps yCTAHOBJIEHUIO TECHBIX CBsI3€il MeXKIy MOHATHUIMHU 7-Helpe-
puiBHOCTH ¥ orpanudennocTd. CHauvajia Mbl BBEIU B paccMOTpeHue 12 BUIOB OIpaHM-
deHHOCTH MHOXKecTB (cM. 1.6.1). JlasbHeiilmee uccsiegoBanne MOKA3aio, 4TO HEKOTOPbIE
U3 HUX 9KBUBAJIEHTHBLI. B 4acTHOCTH, KJACCHYeCKas IOPSJIKOBasd OIPAHMYEHHOCTb OKa-
3aJ1aCh YKBHBAJEHTHA TaK HA3BIBAEMOIl OIpaHHYINBAEMOCTH, O-aHHYJIHPYEMOCTH W JIaZKe
r-aHHyIupyeMocTu. B KoHie KOHIOB Bce 12 onpeje/ieHuil paciaiuch Ha YeTbipe IPYIIIbI
(reopema 1.6.1), omuchiBatoIue yzKe MOMAPHO PA3JIUIHbIE MOHITHS (MMEIOTCS BCE HEOO-

XOJIUMbIe TIpUMEpHI, cM. 1.6.2).
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Barem Mbl paccmorpeian 21 THI OrpAaHUYEHHOCTH (= HEIPEPBIBHOCTH) OIEPATOPA,
KOTODPBIe, KaK U CJIeJI0BAJIO OXKHUJIATh, PacClajJiCh Ha YeTbIpe TI'PYINIbl IKBUBAJEHTHBIX
cpoiicti (Teopema 1.6.3). CiioyKHee MPOBEPHUTH, YTO BCE YETHIPE THIA ONPAHWYEHHOCTH

olieparopa MonapHO pa3/udyHbl. TeM He MeHee, HeOOXOIUMbIe IPUMEPbI ObLJIA TOCTPOEHBI
(em. 1.6.4-1.6.6).

0.1.7. Kpumepuu nopadkosoti 02paHuU4eHHOCTNU

B crarbe [84] A.T. Kycpaes copmyaupoas psij mpobsiem, periieHre KOTOPHIX, ¢ ero
TOYKM 3PeHus, clocobCTBOBAJIO Obl Jla/ibHeleMy PA3BUTUIO T€OPUU PElIeTOYHO HOPMU-
POBAHHBIX IIPOCTPAHCTB U MazKOPUPYEMBIX onepaTopoB. OjHa U3 3TUX IpobeM — MIpo-
osiema 6 — 3BYUHT CJIEYIONIUM 00Pa30M: HAWTHU JIETKO MTPOBEPsieMblie Ha MPaKTUKE O0IIHe
KPUTEPUU MaKOPUPYEMOCTH IIMPOKUX KJIACCOB OLEpaToOpoB. B KadyecTBe COOTBETCTBYIO-
mero npuMepa B [84: 6.4] npuBeieH KpUTEPHilt MasKOPUPYEMOCTH PA3JIOZKUMOTO OTIePATOPA
co 3HaveHuaAME B K T -mpocTpaHCcTBe, yTBepzK AUl YTO I/Id MazKOPUPYEMOCTH TaKOTO
oreparopa JIOCTaTOYHA CeKBEHIUAIbHAs 1-0-HelPepPbIBHOCTD. [[0CKOIBKY Jij1s gocTaTou-
HO HIMPOKOI'O KJ/AcCa OIEPaTOpPOB MarKOPUPYEMOCTb U OIPDAHUYEHHOCTH KBUBAJIEHTHDI
(cM., HampuMep, mpejtoxkenne 6.1.12), HAIIK KPATEPUU OrPAHUYEHHOCTH, CHOPMYTHPO-
BaHHbIe B Teopeme 1.6.3 (cm. Takzke 0.1.6), paboTatoT B HAIIPABJIEHUH PEITEHNsT YKA3AHHOM
1POOJIEMBbI.

[Ipobaema 7 u3 [84: 6.5] craBuT BOmpoC GoJiee Y3KO U COMEPIKHUT 3aJ1a4y O Ha-
XOKJIEHUH JTOCTATOYHBIX YCJIOBHIl MaKOPUPYEMOCTH JI/I COXPAHAIONINX U3 bIOHKTHOCTD
OIepaToOpOB, JIEUCTBYIOMIMX B PENIETOYHO HOPMUPOBAHHBIX IMPOCTPAHCTBAX. YCJIOBHE
FO. A. A6pamosuua (R), durypupymomee B dpopmymposke reopemsr A u3z [108], siBusiocnh
NCTOPUYIECKH TIEPBBIM SKBUBAJEHTOM OTPAHUYEHHOCTH COXPAHSIONIETO IU3BIOHKTHOCTH
orieparopa, 0oJiee cJlabbiM, YeM CeKBEHIIMAIbHAs 7"-0-HelPepbIBHOCTH. [103ke 1 310 ycio-
sue 6bL10 ocaabiaeno. I1.T.H MaxIloaun u A.B. Bukcren mokasamu [199: Teopema 2.1],
YTO IS OTPAHUYEHHOCTH COXPAHAIONIETO JTU3BIOHKTHOCTH OMEpaTopa B BEKTOPHBIX pe-
MIeTKAX JOCTATOYHO I'-[OJIYHEIPEPBIBHOCTH (9TOT TEPMUH BBeJieH B pasjese 1.6.3).

[Torbrrku 0600muTH Kputepuit Abpamosuda — MakIlonnna — Bukcrea na ciyaaii
OIIepPaTOPOB B PEHIETOYHO HOPMUPOBAHHBIX ITPOCTPAHCTBAX HE MOI'YT HPUBECTU K YCIEXY,
TaK KaK BCe pacCMOTpeHHBbIe B 1.6.3 4eTwhIpe THMA OTPAHUIEHHOCTH MOTMAPHO Pa3JTHIHBI
JlazKe J1JIsi OlepATOPOB, COXPAHSIIONIUNX U3 BIOHKTHOCTD (COOTBETCTBYOIINE IIPUMEPbI HMe-
forest B 1.6.4-1.6.6). Orako, ecin 061acTh ONpe/ie/ieHust OllepaTopa — BEKTOPHAsI PerieT-
Ka, a He TMPOU3BOJHHOE PEIeTOYHO HOPMUPOBAHHOE MPOCTPAHCTBO, TO BCEe YETHIPE THUIIA
orpaHmdYeHHOCTH coBIagaoT (Teopema 6.1.10). Kpowme Toro, B pabore yCTaHOBIEHO, 4TO
BCE THUIIHI OTPAHUYEHHOCTH COBIAJIAIOT JJ/Isi HEPACITUPSIONINX ONEePaTOPOB, AEHCTBYIONIIX

B [IPOU3BOJILHBIX PEIIETOYHO HOPMUPOBAHHBIX IPOCTpaHcTBax (Teopema 6.2.11).
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§ 0.2. Tomosioruveckue peaan3anuu

B stom mnaparpade MbI cocpegoToynBaeM BHUMaHHWE HA PEAJTU3ANMSIX OIMMCAHHBIX
B §0.1 OCHOBHBIX OOBEKTOB MOCPEICTBOM TOIOJOTHIECKUX MPOCTPAHCTB, OTKPBITBIX MHO-
JKECTB, HEIIPEPBIBHBIX BEIIECTBEHHO3HAYHBIX (DYHKITUI, HEPEPBHIBHBIX U CJ1A00 HEITPEPhIB-

HBIX BEKTOP-(DYHKIINI U HENPEPBIBHBIX CeueHHil 6aHAXOBBIX PACCIOCHHII.

0.2.1. OmEpumo-3aMEHYMBLE U PERYAAPHBLE MHOHCECTNEE

ByneBnl anredpsl, Kak U BCe OCHOBHBIE OOBEKTHI, MBI pPACCMATPHUBAEM TIABHBIM 00-
pa3oM ¢ peasim3alMOHHOI TOUKM 3peHus. B manuoit pabore aBe peasun3aiun Oy/1eBOi aji-
reOpbl Yalle BCEro OKA3BIBAIOTCS B IMEHTPe BHUMAHMS — TOMOJOIHYECKas W M3MepHMas.
[TepBasi u rylaBHAS M3 HUX — TOMOJIOTHYECKAS — 3AKJ/IIOYAETCS B MPEJCTABICHUH OYI€BOit
asnreOpel B Bujie aare6psl Clop(Q)) OTKPBITO-3aMKHY THIX TIO[MHOYKECTB BIIOJTHE HECBSZHOTO
kommakTa (. Kiaccuueckas reopema Croyua [244] yreepzxkuaer, aro Clop((Q)) npencras-
asterT coboii obuuit Bu Gysresoii anre6pel. (PopMyTHPOBKA TOrO pe3ysbraTa IpPUBeIeHA
B 1.2.8.) [dokasaresbcrsa Teopembl Croyna umernrcs takxke B [33: reopema 11.9.1, 233:
Teopema 16.2.3, 194: reopema 6.6].

O61re TOMOJIOrMYECKHe CBONCTBA BIOJHE HECBSI3HBIX (H, B OCOOEHHOCTH, IKCTpPe-
MaJIbHO HECBSI3HBIX) KOMIAKTOB IIOAPOOHO 06cyxKaaores B [233]. Ceenenus 06 anredpe
Clop(Q) moxkno HaiiTi B MoHOTpadusx [33, 100, 233].

Bynesa anre6pa Clop(Q)) BJsleTCsT YaCTHBIM CJIydYaeM eIle OJHOTO THIHYHOTO MpPU-
Mepa OyseBoil aiarebpbr — aarebpbl Rop(X) pery/isipabiX OTKPBITBIX IIOJMHOKECTB pe-
IyJISPHOTO Tonosorndeckoro npocrpancrea X (em. 1.2.9). OcnoBHble cBeeHus 06 9TOM
anreGpe mMmerorca B [233].  U3BectHo, uro Gymea anrebpa Rop(X) sBisiercs mosHoi
(em. [233: 16.1]).

Coraacuo Teopeme Croyna anrebpa Rop(X) uzomopdua Clop(Q) mis noaxosgiie-
r0 BIIOJIHE HECBS3HOTO KoMmakTa (). Bompoc o cBa3m KommakTa () ¢ MpOCTPAHCTBOM X
pemraercst caemayomuM obpaszom: () smiasiercs kommnaktudukanueit mo Croyny — Yexy
abcorora X, a ecIu IpocTpaHcTBO X KOMIAKTHO, TO () aBaserca abcomoroMm X . OcHOB-
Hble hakThl 00 abCOTIOTAX W WJIEH UX JOKA3aTeahcTB MOKHO Hajitu B [8: ria. VI, §6]. Tam
Ke mMeercs moipobHas uadopmarus 06 aGCOMOTHBIX (= COBEPIIeHHBIX HEIPUBOINMBIX )
0TODparKEeHUsIX, a TaKzKe O JIPYTIUX TONOJIOIHIYeCKUX 00beKTax, CBA3aHHBIX C aDCOII0TAMMU.
B nmamnoit pabore nmongarue adbcosora obcyxkaaerca B pazaenax 1.1.7, 1.2.9-1.2.11.

ADGcoIoT yUacTByeT Tak:kKe W B peaJM3allid IOIOJHeHus OyseBoii aaredpbl. Hc-
au X — BIIOJIHE HECBSI3HBI KOMIAKT, TO monosHenue Oysesoii anre6psr Clop(X) uzo-
mopduo Clop(Q), tae @ — abcomor X (em. 1.2.11).

Kiaccuueckas KoHcTpyKIims abcosora (eM. [8: rur. V1) siBisiercst BecbMa rpOMO3IKOi

U TPYIAHO 0003pUMOii ¢ Oy/1eBO-aaredpamvecKkoiil Mo3uIun. JTO 0OCTOATETHCTBO TPUBEJIO
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K TOMY, 9TO aOCOJIFOT MOMPOCTY BBIMAJ U3 MOJIA 3PEHUs CHENUAJIUCTOB 110 PeATH3AUSIM
OyseBbix anreOp. Hampmmep, Takoit Kaaccuk B 00JIACTH peaHM3allMOHHBIX METOJOB, KaK
P. Cukopckuii, paccmarpusast nonosnenune aare6psl Clop(X), orxoaur or Tpagunuu u
CTPOWT TOTOJIHEHNE He W3 OTKPBITO-3aMKHYTHIX MOJIMHOXKECTB abcosora X, a u3 pery-
JSPHBIX OTKPHITHIX noaMuokecTB X [100: § 22, mpumep 2K; § 35, npumep B win naxke u3
KJIACCOB DOPesIeBCKUX moaMHOkKecTB X 10 mjaeasy romux Muoxkecrs [100: §35].

B namnoit pabore mpejoxKeHa KOHCTPYKIUs aDCOJIIOTa, OoJIee MOIX0IdMast JIIs pe-

.
aJIM3AIMOHHBIX TeJIeil u, ¢ Hameil Touku 3penus, Oosee npocras. Abcosor X npocrpan-
cTBa X paccMaTpuBaeTcsd KaK BCIOAY IJIOTHOE MOJIMHOYKECTBO CTOYHOBCKOTO KOMMIAKTA
.

oymesoii anrebpel Rop(X). EcrecrBenno Bosnukatomniee orobpaxkenne a: X — X oka3sbi-
BaeTCd YA0OHBIM MOCTUKOM MEYKIY TOMOJOTHYECKHM TPOCTPAHCTBOM UM €ro abCOTIOTOM.

Heobxoanmblie Ham KaTeropubie cBoiicTBa oToOparkenusi v yctanorjensl B 1.2.10.

0.2.2. Cywecmeosanue 0 -u30AUPOBAHHHLT TOYER

[TousiTre ¢-N30JUPOBAHHON TOUKY win P-rouku (cM. 1.1.8) urpaer KJI0UeByO poJib
B T€OPWUH BEKTOPHBIX PENMIETOK W MOJOKUTETHHBIX OMEPATOPOB B TEX BOIMPOCAX, IJe CTa-
HOBUTCS CYIIECTBEHHBIM pa3/IMdue MeK/1y CBOHCTBAMU IOJIHOTHI U CYETHOI MOJHOTHI UJIN
MEZK/Iy CBOHCTBAMHU HEIPEPBIBHOCTU U CEKBEHIHMAJIbHONW HENPEPBIBHOCTUH. DTO MOHATHE
HPUBJIEK/IO Hallle BHUMAHUE U IIPU U3YYEHUU HEKOTOPBIX ACIEKTOB Teopu:u OaHAXOBbBIX
paccaoennii (cm. 0.9.5, 3.3.5). B ganHOM cydae BO3HUK BOIPOC O CYIIECTBOBAHUY O -U30-
JINPOBAHHOMN, HO HE W30JIMPOBAHHON TOYKH SKCTPEMAJJbHO HECBI3HOIO KOMIaKTa. B Tep-
MUHAX OyJIeBbIX aJiredp ITOT BOLPOC 3BYUYUT TAaK: MOXKeT JiM 10JiHas Oysesa aJjredpa
COJIepKaTh HErJIABHBIN 0 -TOJTHBIH YabTpaduaIbTp?

B pabore ycranoBiieHO, 9TO OTPUIATEJbHBIf OTBET Ha IOCTABJIEHHBIH BOIPOC HE
3aBucHT OT akcnoM ZFC u 9KBUBaJIEHTEH OTCYTCTBUIO H3MEPUMBIX KapanHaaos (cm. 1.1.9).

Kaxk n3BecTHO, epBHIil HEM3MEPUMBIH KapANHAJ CHJIBHO HeJOCTHKUM [74: 11. 9, § 3],
T. €. B <0003pUMOii> 4acTu yHUBEPCYMa U3MEPUMbIX Kap/uHaJ/0B HeT. boJiee Toro, npe/-
MOJIOZKeHNEe O TMOJHOM OTCYTCTBUU W3MEPUMBIX KapJAMHAJIOB HE MPOTUBOPEYUT AKCHOMAM
reopun MuoxkecTB ZFC [56: §13]. Takum 06pa3oM, MOKHO CYUTATH, 9TO MOHATUS W30JIU-
POBAHHOI W 0-U30JIMPOBAHHON TOYEK COBIIAIAIOT.

Pesynbrarsi, 6imskne 1.1.9, umetorcst B [257: § 87| u uaeitHO BOCXOJAT K pa3MbIIILIe-

HusiM JIIokceMBypra 110 1oBo/y CEeKBEHIMAJbHO Pa3phIBHBIX MHTErpasios [192].

0.2.3. Henpepuisrvie Gynkuuy Ha IKCMPEMAALHO HECBAZHOM KOMNAKME

[IpejicraBienune B Buje TPOCTPAHCTB (DYHKIUI SIBJSETCS MOITHBIM CPEJICTBOM HCCJIe-
JO0BaHUA K—HpOCTpaHCTB 1 BEKTOPHBLIX PEHIETOK, a TaKzKe MCTOYHHUKOM MHOI'OYMCJIEHHBIX
CBsi3eil TEOpPHH BEKTOPHBIX DENIeTOK ¢ TOMOJOTHed M Teopuell MHOMKECTB (CM., HAIpH-

Mep, [253]). Peanmsannonnbie METOIBI B TEOPHH BEKTOPHBIX DENIETOK PA3BHBAIOTCS y7Ke
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naguo. Eme B 30-e rogpr Hekoropbie Maremaruku (M. CToyH u JAp.) BBLABHHYJIN HJIEIO
0 TOM, YTO OIpeje/eHHble DAHAXOBbI HMPOCTPAHCTBA MOIYT OBITH IIPEJICTABJIEHLI B BH-
e C(Q), rue @ — xommakT. B nocsemyiomue rofpl 9ra ujesi Npruodpesia akKCHOMATH e~
ckoe obocHoBaHue. DBbLI0 mOKa3zaHo, 4To Jobasg GaHAXOBa PEIIeTKa, YI0BJIETBOPSIONIAS
OIPEJIEJIEHHBIM YCJIOBUSIM, KaHOHM4Yecku u3oMopdua npocrpancty C(Q,R), a srobas
KOMILTEKCHas GaHaxoBa ajredpa, TaK:Ke YIOBJIEeTBOPAIOINIAs HEKOTOPHIM YCJIOBHUSM, H30-
mopdua C(Q, C).

Hamnpumep, KpuTepuu mpecTaBuMoOCTd O6aHaXoBbIX peinerok B Buge C((Q)) nmerorcs
B [233: §13; 189: Teopema I1.2.2; 225: rumasa II, Teopema 7.4; riasa III, reopema 5.3].
B [194] npuBeneHo 10Ka3aTENbCTBO peaTH3aNUOHHON TeopeMbl Vocuapl st BEKTOPHOM
pemterky ¢ CuabHON exuuuneii (§45) u st 1pou3BOABHON (apXUMeEI0BOI) BEeKTOPHOIL
pemerkn (Teopema 46.1), mokasana Teopema OracaBapbl — Maebl 0 peaju3anuy Bek-
TOPHOW penteTKu co (cna60171) HOPAJAKOBON equHuIell nau C JU3bIOHKTHBIM ITOPAJIKOBBIM
basucom (§50), a TakKe HpUBeJeHA pealu3alMoOHHas TeopeMa HakaHO u MpPOBe/IeH aHa-
a3 KoHcerpykin Hakano B ero cpaBHenunn ¢ apyrumu nojaxogamu (§51). B crarse [170]
00CY2KIAI0TCS Pa3IndIHble IMOAXOAbI K (DYHKIMOHAJILHON peajn3aluid BEKTOPHBIX pelle-
TOK U UX B3aUMOCBs3b (cM. Takxke [194: reopema 44.4]). CoBmecTHast pean3alus BeK-
TOPHOMN pEIeTKn U peryispHbiX (byHKIMOHAIOB Ha Hell mocTpoeHa B [254: Teopema 2.3].
Crarps [257] Briaovaer peanusanuio AM -npocrpancrsa B Buje nogpemerku C((Q) (reo-
pema 121.1).

3. Cemajienn B cBoeii Besmkosennoii Mmonorpaduu [233] odenb mogapobHO U OCHOBA-
TEJbHO U3JI0KUJI TEOpUio (DYHKIMOHAJBHBIX IpeIcTaBIeHnli 6aHAXOBBIX IPOCTPAHCTB B
BUJIE IIPOCTPAHCTB HENPEPHIBHBIX (DYHKITHIA.

Onaum u3 Hambosiee (pyHIaMeHTAIbHBIX (PAKTOB TeOpUU K-IPOCTPAHCTB SBJIAETCA
TeopeMa O HpejcraBiaeHun Jitoboro K-npocrpaHcrsa B Buje (GyHIAMEHTa B IIPOCTPAH-
crBe Coo(Q)) pACHIUPEHHBIX HENPePbIBHBIX (QYHKIU HA IKCTPEMATBHO HECBSI3HOM KOM-
nakre (). DTOT JIOBOJILHO PAHHUIN pPE3yJIbTaT UMEETCs YK€ B OCHOBOIOJIAraIoIeil MOHO-
rpadun [60: rmasa XIII| (em. Takxke [33: raBa V]). Tam ke mMeeTcs npeKpacHas JeMOH-
cTpaIysi yIPOIIEHUs JIOKA3aTeJbCTB ¢ MOMOIIBIO peajn3anuontoi Texuanku (riasa XIIT,
paszen 3.2).

Kaxk u3Bectro, K-pocTpaHcTBO OrpaHUYEHHbIX 91eMeHTOB peanusyercs B Buje C(Q)
[33: Treopema V.3.1]. Ecim Q — DHK, 10 Co(Q)) — pacuupennoe K-npoctpanctso [60:
rinasa XIII, reopema 2.23; 33: Teopembr V.2.1 u V.2.2; 194: reopema 47.4]. Nndopmarus
o K-upocrpancree Coo(()) umMeercss takxke B [24, 83]. IIpomsBosbHOe K-mpoCTpaHCTBO
npesncrasisiercs B Buje dynmaventa Co(Q) [60: rasa XIII, Teopema 3.11; 33: Teope-
ma V.3.1; 233: reopema 26.2.8; 7: Teopema 9(4.1)]. Pacmupennoe K-mpocTpaHCTBO pea-
syercst B Bujie Coo(Q)) [33: Teopema V.5.1 u ee caencrsue]. Peasmusanuonubliii KoMIakT
K-mpocrpancrsa equncrsen [60: rmasa XIII, reopema 3.14]. JlroGast BeKTOpHAs peleTka

peasimsyercsi Kak HopstIkoBo miorHas mozaperterka Coo(Q)) [33: Teopema V.7.1].
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B pasznenax 1.3.5-1.3.8 auccepranuu coOpaHbl OCHOBHbIE CBejieHUsI O K-1pocTpaH-
CTBaX HENpEepBIBHBIX (DYHKINI. BHUMaHME cOCpeIoTOYeHO Ha OMUCAHUNA TOYHBIX TDAHMUIIL,
HOPSA/TKOBOI CXOJUMOCTH U HOPLAJKOBBIX ITPOEKTOPOB. OCHOBHAas peain3aIluoHHas Teope-

ma Bynuxa — Oracasapsr npuseena B 1.3.7.

0.2.4. Henpepushnovie pyrrxuuy Ha 63p0BCKOM NPOCMPAHCMEE

[Iycth X — ©3poBCcKOe peryjsipHoe TOHOJOIHYecKoe MpOCTpaHcTBO.  MuOKe-
crBo C(X) npejcrapisier coboil BEKTOPHYIO PEIIeTKY, KOTOpast, BOOOIIE TOBODsI, He sIBJIsi-
ercss K-upocrpancrsoM. K orBery Ha ecrecTBeHHBIH BOIPOC 00 yCTPORCTBE O-110TIO/IHEHU ST
pemmerkn C'(X) MOXKHO mo0#TH ¢ pa3HbIX mo3utuii. OJUH U3 BO3SMOXKHBIX OTBETOB JaeT
TeopeMa 0 TOMOJOTHIECKOll peayn3auu BeKTOpHOi pemerkn [33: reopema V.7.1]. C sroii
TOYKHM 3peHust nonosHennem Bekroproit perrerku C(X) sBisiercst K-npocrpanctso C(Q)
HEIPePbIBHLIX (DYHKIUNH HA COOTBETCTBYIONEM CTOYHOBCKOM Kommnakte (). Ilo cyru mena

TOT 7Ke OTBeT JaeT KOHCTpyKuus abcosora: BekTopHasi perretka C(X) HempepbIBHBIX

.
dyuKmuit HA abcosore X TOMOJOTHYECKOrO HMpOcTpaHcTBA X m30MOpdHA O-TOMOJIHe-
auto C'(X).

O6e ymoMstHyTBHIE peaJiM3alluy TTOMOJTHEHUsT UMEIOT OOIIU HeJ0CTATOK: TOIOJIOTH-
4eCKOe MPOCTPAHCTBO, Ha KOTOPOM OIpe/ie/ieHbl (DYHKIMK, peau3yIoliue IONOJTHeHNe,
OTJIMYAETCS OT O0JIACTU OIPeJIe/IeHus] UCXOAHBIX (DYHKIUA. DTO CYHIECTBEHHBIN HEI0-
cratok. V3BecTHO, HATpPUMED, YTO BayKHEHIIUM JTOCTHZXKEHUEM Teopuu .Jlebera sBisgercs
byrKIHOHaTbHA peannsanua monoHennsa L' () HOpMHPOBAHHOTO HPOCTPAHCTBA IIPO-
cThiX (PyHKIWI B Buje YHKINI, ONPe/IeIeHHBIX HA MpeykHeM 6a30BOM mpocTpaHcTBe ().

Crpemienne coXpaHuTh 6a3y mpu nonosHeHnn BeKTopHOii pemerku C(X) npuBoaur
HEKOTOPBIX aBTOPOB (CM., Haupumep, [83, 100]) Kk HeecTecTBeHHOH KOHCTPYKIMHU (haKkTOp-
npocrpancrsa 6openesckux dbyukmuit Bo(X) mo ugeany dyHKIME ¢ TOMUME HOCUTEISIMH.
(910 OTHOCUTCS M K MPOCTPAHCTBAM BeKTOP-YHKIHUIT 1 ceveHuii. )

[IpuanunuaabHo HOBOE pertenne mpobsiembl peanusamun nonoanenust C'(X) maer
teopema 1.1.1, yrBepkaatomas, aro j0das HenpepbiBHAs (GyHKIUs f, OnpeeeHHas Ha
BCIOJLY IJIOTHOM MOJAMHOZKecTBe X, uMeeT HauboJibinee (B CMbICIe 00JIaCTH OlPe/IeJIeHus )
HelpepbIBHOE TPoJoKerne ext(f), Ha3pBaeMOoe MAKCUMAJIbHBIM PACIIUPEHHEM f.

Unes MakcuMaIbHOTO PACHIMPEHHS MO3BOJISET I JII0OOT0 OIPOBCKOTO TOMOJIOTHU-
dqeckoro mpocrpancTBa X BBectn B paccmorpenue K-npoctpancTBo Coo(X) pacmmpen-
HbIX DYHKIHA, T. €. HPYHKIHI, COBIAIAIONINX CO CBOUMU MAKCUMAJIbHBIMA PACITUPEHUSIMI
(em. 1.1.2, 1.3.5). [o cux nop 9ot Kjiaacc K-npocTpancTs ecjii U He HTHOPUPYETCsl ClIeln-
ajucTaMu B 00JIaCTH BEKTOPHBIX PEIIeTOK, TO, IO KpaifHeil Mepe, ocTaeTcs 6e3 KaKoi-11u00
3aMETHO! 3KCIIyaTaluu.

EcrecrBenno, ecam () — croynosekuii komnakt pemierkun C(X), mo K-npocrpan-

crBa Coo(X) 1 Coo(Q) m3omopdubr. M3oMopdusm Mexkiy HUMH MOXKET ObITH BBIDAXKEH
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SIBHO € TIOMOIIBIO DyHKIu abconorusanun oy (em. 1.1.7, 1.2.9, 1.2.10). Tak, suneiinbiit

1 opsiikoBbiil n3oMopduam Mexk Iy Coo(X) 1 Coo(X) ocymiecTBiisieTcst BecbMa MPOCTO:
f—=ext(foa) (cm. 1.3.8).

0.2.5. Henpepwvishoie sexmop-dynruuu

[IpocTpaHcTBa HENPEPBIBHBIX BEKTOP-(DYHKIWI SBISIOTCSI OJHUM M3 KJIACCHIECKUX
IPUMEPOB PENIeTOYHO HOPMHUPOBAHHBIX TPOCTpaHcTB. He mpegcrabiss coboii peannsa-
WO KAKOTO-JTNGO0 N3BECTHOIO AKCHOMATHIECKHU OITPEJIEIEHHOT0 KIacca MPOCTPAHCTB (ecim
He CYMTaTh TAKOBBIM KJACC TEH30PHBIX IPOM3BEACHUI BEKTOPHBIX PENIETOK W HOPMHUPO-
BAHHBIX IPOCTPAHCTB U UX HOPSIIIKOBBIX MOMOJIHEHNUT), OHU 3aHUMAIOT IPOMEZKYTOTHOE T10-
JIOZKEHHEe MeZKJIy POCTPAHCTBAME HEIPEPHIBHBIX BelecTBeHHO3HAUHbIX (yHKuii (0.2.3,
0.2.4) 1 IPOCTPAHCTBAMYU HENPEPBIBHBIX cedenuii banaxoBbix pacciaoenuii (0.2.9).

B ornuune or msmepumbix BekTop-yHknuii (cm. 0.3.3) mjeasbHbIe MPOCTPAHCTBA
HelpepbIBHLIX BEKTOP-(MyHKIUI ObliiM BBEJIECHBI B paccMOTpenue copcem Hepasuo. OpHoi
U3 MEPBBIX paboT, MOCBSAIIEHHBIX ITHM MpocTpaHcTBaM sBisercs cratbs A. . Kycpaesa
u B. 3. Crpuzkesckoro [93], B KOTOPOIi ONpeIesiioTcs ujiealbHble TPOCTPAHCTBA HEIpe-
PBIBHBIX U C1a60 HEIPEPBIBHBIX BEKTOP-(YHKINMA, HCCIEIYIOTCSA BOIPOCH! UX HOPSIKOBOM
IIOJIHOTHI U CBSI3H C TEH30DHBIME IPOU3BEIeHUAME (MHOIHE PE3YIbTATHI ITON CTATHHU MPO-
qy6aupoBanbl B [95]). 3aMeTnM, 4TO mpe/IeCTBeHHUKAME PeIIeTOYHO HOPMUPOBAHHBIX
IPOCTPAHCTB HEMPEPBIBHBIX BEKTOP-(DYHKIHI IBHINCH TOMOJOIMYECKHe BEKTOPHBIE IIPO-
crpancTBa, PYHKIMHA CO 3HAMEHUSMH B JIOKAJIBHO BBIIYKJIOM TIPOCTPAHCTBE, PACCMOTPEH-
uble panee A. B. Byxsasossim [10].

o cnx nop naeanbubie npoctpancTBa Co (@), X) KOHCTPYHPOBATINCH HE W3 OTIEb-
HbIX GyHKuii, Kak B caydae Coo((Q)), a U3 KIACCOB IKBHBAJIEHTHOCTH X-3HAYHBIX HEIpe-
PBIBHBIX (DYHKIHI, ONPEe/IeJIeHHBIX Ha KOTOIUX IMOAMHO)KecTBax () (11071 9KBUBATEHTHO-
crbio QYHKIHUIT MOHMMAETCsS WX COBIAJEHHE HA IlepecevdeHun obsacreii onpe/esieHust).
VMeHHO TaK ONPEessioTcs NPOCTPAHCTBA HENPEPBIBHBIX BEKTOP-(PYHKIUNA B OCHOBOIIO-
naraiomux paborax [93: pasmen 2; 83: 1.1.12, mpumep 4.1.6 (n); 24: npumep 1.6.4 (5)].
Ecnu xoHCTpYKINS (haKTOP-MPOCTPAHCTBA OOBIYHA I H3MEPUMBIX (DYHKITHIT, TO B CJIy-
Jae HeNpephIBHBIX (DYHKIWI OHA MpeJICTaB/IseTcss HaM HeecTecTBeHHOM. [Ipenmmymecrsa
IPOCTPAHCTB, COCTOSIUX U3 OTAENbHBIX (DYHKIHUT, oueBUIHBI. [IpeKpacHBIM aprymen-
TOM B I0JTb3Y TAKUX MPOCTPAHCTB sIBJIsIeTCs caM (DaKT CYIeCTBOBAHUS TeOPUHU JTHMDTUHTA
(CM. 0.4). BaaropoaHoit 11e/1610 3T0i MOIIHOW W KPACHBOI TEOPUN SIBSIETCST HE 9TO WHOE,
Kak TpeBpaiienne (pakTOPU30BaAHHBIX aIrebpandecknx CUCTEM B CUCTEMBbI, COCTOSIINE U3
OTJEJBHBIX MPEJACTABATENCH KJIACCOB SKBUBAJICHTHOCTH.

BeposiTHOl TIpUYUHOIT BO3HUKHOBEHUSI ONMUCAHHOTO BHINIE MOAXOAA K MOCTPOCHUIO
IPOCTPAHCTB HENPEPHIBHBIX BEKTOP-(YHKIMIA ABUI0CH HE3HAHUE NI UTHOPUPOBAHHUE BO3-

MOZKHOCTH TPOJIOJIZKEHUSI HEIIPEPBIBHON BEKTOP-(YHKIUN Ha HAUOOJIbINYIO0 00/1aCTh Olpe-
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nestennsi. O Takoit BO3MOZKHOCTH MbI y2Ke ropopuJin B pasjeste 0.2.4. U nest MmakcumaibHO-
ro pacrmpenusi GyHKIMI pacnpocTpaHsercss U Ha ciaydaii Bekrop-byukimmit (cm. 5.1.1):
mobas HempepbIBHAS BeKTOP-(DYHKINS U, ONpeJieleHHas Ha BCIOMY MJIOTHOM TOIMHOYKEe-
crBe 6a30BOr0 TOMOJOIHYECKOIO IIPOCTPAHCTBA, MMeeT Haubosibiiee (B CMbIC/Ie 00JacTi
ONpeJIesIeHNsT) HelPEPhIBHOE TPOIOJIKeHne ext(u), mpuaem 06JacTh onpejeaenus ext(u)
ABJIETCI KOTOIIE.

B kadectBe anmbrepHaTHBB MakcuMaabHOMY pacmupenuio . CenTuiaec ncnoyib3o-
BaJI B [235] npoioJIZKeHNe OrpaHUYeHHON HelpephIBHOI BeKTOP-MYHKIMN Ha Bee Ha30BOe
TOTIOJIOTHYECKOEe ITPOCTPAHCTBO 70 ¢/1ab0™ HempepbIBHO (DYHKITUN CO 3HAYEHUSIME BO BTO-
POM COTIPSIZKEHHOM TPOCTPAHCTBE.

Bo3mokHOCTH TPOIOIKEHNS HA HAHOOJIBITYIO 00JIACTH ONMpEeIeTeHIs COXPAHIETCS U
Jtst cy1abo HenmpepbiBHBIX BekTop dyukimii (cM. 5.1.4). OpHako B OTJwdYue OT CHJIb-
HO HENpEepBIBHLIX (DYHKIUI 00/1acTh ONpejeeHns MaKCHMAJIbHOIO €1a00 HeMPEPBIBHOTO
paciimpenust MOKeT He ObITh KOTOIIEH U jiazke MOKeT okaszarbcs tomeit. CoorBeTcTBy-
foruii npumep npusejied B H.1.5. [loaromy jjisi TOro, 4TodHl Ha, KAKOM-/T100 MHOYKECTBE
c71a00 HEeNpepbIBHLIX (DYHKIUN MOXKHO OBLIO €CTeCTBEHHBIM 0Opa30M BBECTH CTPYKTY-
py XOTs Obl BEKTOPHOI'O IIPOCTPAHCTBA, Mbl BbIHYZKJIEHbl HAKJIA/IbIBATH JOIOJHUTE/IbHbIE
orpaHuyeHusi Ha 00JIaCTH Omnpejie/ieHns: (DYHKINI U3 3TOTO0 MHOYXKeCTBa. Bcesikoe orpanu-
YeHre TAKOTO PO/ia B ONPE/IeIEHHOM CMBICJIe UCKYCCTBeHHO. Bo3MoxkHO, Oosee mpesno-
ITUTEIbHBIM ObLIO Obl HaJOKeHue ycjaoBus Ha napy (X, YY), npu cobiogernn KoToporo
MaKCUMaJIbHbIEe Y-c/1ab0 HempepbIiBHbIe X-3HAUHbIE PACHIUPEHUST aBTOMATUYECCKU UMEJIH
OBl JIOCTATOYHO ITHPOKUE 00JacTu onpejaenerns. OTHAKO B JaHHON paboTe BBIOpaH mep-
BBIIT 1T10/IX0/1, KaK OoJiee 00Iuii: paccMOTpeHUe OrpaHnInuBaeTCs (PYHKIUAME C KOTOIUME

obJIacTAMU OIIpe/Ie/IeHUS.

0.2.6. Paccaoerue — mpadutuoHHbll peasudaruortoill UHCMPYMEHM AHANUSE

Pacciioennst TpaIuIIMOHHO UCIIOJIB3YIOTCS B MaTeMaTHYECKOM aHAJIn3e JJIsi peasin3a-
IIIH Pa3HOOOPA3HBIX ajrebpanmdeckKux cucteM. [IoJHBIT CIMCOK COOTBETCTBYIOMIUX ITPHU-
MEPOB BeCbMa 00'bEMEH M He pa3 HOCJLYKHJI II0OBOJOM /Il HAIMCaHUs 0630pOB (CM., Ha-
npumep, [141, 159]). Peanuzanmonnasi TeXHUKa PACCIOCHUN TPUMEHSIACH B UCCIIEI0BA-
HUHM TAaKAX aJre0pamdecKuX CHCTeM, KaK OAHAXOBBI MPOCTPAHCTBA, OAHAXOBLI DEITeTKH,
C*-ayirebpbi, GaHAXOBbI MOJLYJIH, TPOCTpaHCTBA adhdUHHBIX (DYHKIUI, KOJIbIA, IPYIIIOU-
JIbI U T. JI.

Peanuzanum HEKOTOPHIX aarebpanveckKux CHCTEM B BUJIE CEYEHUIl TMOCTYKUIH OCHO-
BOIi JIJTsI CAMOCTOATENbHBIX Teopuii. Tak, Hampumep, BOZHUKIA Teopust LP-cTpyKTypsl u

M -cTtpykTypbl 6aHaxoBa HPOCTPAHCTBA, IEHTPAJbHLIM PE3YJIbTATOM KOTOPOW SIBJISETCS
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npejicrasjienre 6aHaxoBa HPOCTPAHCTBA B BU/IE IIPOCTPAHCTBA, ceveHuit HaHaxoBa paccJio-
eHnst TAaKUM 00pa3oM, 9T0 LP-poeKTOphl CTAaHOBATCI MOPSTKOBBIMU IPOEKTOPAMHU B pe-
anusanuu [119: mepBast 4acThb TIaBBI 3|, & 3JIEMEHTHI IeHTPATH3ATOPa — OPTOMOpdU3Ma-
mu [118: raBa 4]. BaHaxoBO MPOCTPAHCTBO MOYKHO PACCTIOUTD TAaK, UTO CJIOU OYIyT UMETh
GoJtee IPOCTYIO CTPYKTYPY HeHTpa [162: 7.3, 7.8] win ke Tak, 9ro B 6a3y paccaoenus Oy-
JIyT BbITeCHeHbl TpuMuTHBHbIe M -umeanst [144: §13-14]. JlokanbHo BeIyKIas GaHaXoBa
perieTka HaJi IPOCTPAHCTBOM HENPEPbIBHBIX (DYHKIUI peanu3yercs B BHJE PEIIeTKU ce-
qeHnil paccioennst 6aHaxoBbiX pemreTok [144: reopema 7.28|, a unbekTuBHAS OaHAXOBA
peIlleTKa — B BHIE PEIIETKH CEUeHHH PACCIOeHHs abCcTpakTHHIX L!-mpocTpamcTs [162:
7.9]. BamaxoBy asire6py n C*-airebpy MOXKHO MpeJCTABATH B BUJIE TPOCTPAHCTBA Cede-
Huii pacciaoenns C*-anre6p ¢ Gojiee pocThIM TeHTpOM [125: Teopema 3.4; 162: 7.5-7.7;
144: 7.26, 14.10-14.12], cm. makxke [208]. K ympormennio meHTpa MPUBOANT U peaTn3a-
st NpocTpaHcTBa adMUHHBIX HENPEPHIBHBIX (DYHKIUN Ha BBITYKJIOM KOMIIAKTE B BU-
Jie TIPOCTPAHCTBA cedeHnit paccaoenusi abGUHHBIX QYyHKIMOHAIBHBIX TPOCTPAHCTB [162:
reopema 7.4]. Hlupokuii Kiaacc 6aHaxoBbIX MojyJ/eil Haj GaHaXOBbIMH ajrebpamu pea-
JIM3YeTCsl B BHUJIE MPOCTPAHCTB CedeHui GaHAXOBBIX pacciaoenuit [177; 144: Teopema 7.19
u caejgcreue 10.11]. Bosee obuuil pe3yabrar Jisi JIOKAJBHO BBIIYKJIBIX MOJYJIEH HaT
KOJIBIIOM HelpepbiBHbIX (byHKIM umeercst B [144: reopema 7.16]. IlpemcraBienne rusib-
GeproBeix Mogyselt 1 AW -Momysieit B Bue mpocTpaHCTB cedennii obcyxkmaercs B [210,
211, 246]. TlpencraBienusi B BHJE CHCTEM CeYeHHH MMEIOT TaKKe KOJIbIa Pa3HOW KBa-
madukarmpu [129; 201: reopembt 4.1-4.6], Tonosorudeckue rpynmonjabt [229] u apyrue
ajirebpanvyeckue CUCTEMBbI.

Hapsiy ¢ pacciioenusiMu B KadecTBe peasin3alMOHHbIX UHCTPYMEHTOB IPUMEHSIOTCsH
U Jpyrue ujeiHo Ou3Kue OOBLeKTHI: MYUYKH aJreOpanvecKuX CHCTEM, aJredpamdecKue
CHUCTEMBI B TOIIOCE MYYKOB HAJI TOHOJOIMYECKHM MPOCTPAHCTBOM, MOJY/IU HAJ KOJBIIOM
HenpepbIBHBIX (YHKIUNA 1 T. . OJHAKO C KATErOpHOW TOYKH 3PEHHS BCE STH HHCTPY-
MEHTHI PaBHOIEHHBI. Hampumep, n3BecTHO, 9TO J1/IsT JTFOOOTO KOMTAKTA, () SKBUBAJEHTHHI

caenytomue kareropun (em. [162: pazmen 6.7; 125: reopemsr 2.1, 2.3 u 3.3]):

(1) xareropusi 6aHAXOBBIX paccaoeHuii HAJ ()

(2) kareropus 6aHAXOBBIX MYYKOB HaJ ()

(3) kareropust 6aHAXOBBIX TPOCTPAHCTB B TOMOCE MY9IKOB HAJ ();

(4) xareropusi C'(Q))-HOpMHPOBAHHBIX T-TIOJHBIX Moyeii Hax C(Q);

(5) kareropus 1y4koB GAHAXOBBIX MOJYJIEil HAJ MyYKOM ajrebp JIOKAJIbHBIX Herpe-

poiBHBIX (DyHKIMHA Ha ()]
(6) kareropus BmoJHE OGOCHOBAHHBIX IMy4KOB Moyeir Hax C(Q);

(7) kareropus JIOKAJHHO BBIMYKJIBIX GaHAXOBBIX Moyseii Hax C(Q).



Inaga 0. OB30P PE3YJ/IbBTATOB 35
§0.2. Tonoaozuveckue pearu3ayu

0.2.7. Ionamue HenpepuieHo20 OAHATOBG PACCAOEHUSA

HenpepbiBHOE OaHAXOBO paCCIOECHUE HAJ TOMOJOTHIECKUM TPOCTPAHCTBOM () SIBJISI-
eTcs (DOPMATBbHBIM IKBUBAJIEHTOM HHTYHUTUBHOTO MPEJICTABIEHHS O ceMelicTBe OAHAXOBBIX
npocTpancTB (Xy)qeQ, HEIPEPLIBHO M3MEHSIONMUXCA OT TOUYKU K TOUYKe IPOCTPAHCTBA ().
Nz00peTenne GaHaXOBBIX PACCJIOCHUIT TPUHATO CBA3BIBATH ¢ nMeneM /J[xk. bon Heiimana,
koTopblit B 1937-1938 rr. BhiCcKa3a/l HEKOTOPBIE HJIeH, KAaCAIOIINeCs ePeMEeHHbIX DaHaxo-
BBIX IIPOCTPAHCTB (pedb UjeT 0 KOHIENnun npsiMoro uarerpasa [206]). Coorsercryoniue
dbopMabHbIe ONUCAHUs BOSHUKIN Tpubau3ureabuo B 1950 r. B padorax P. Togemana [145,
146], 1. Kamtauckoro [176], 1. M. Teapdanna nu M. A. Haiimapka [99] (cm. Takzke [55]).
Cerojas Teopusl HEIPEPBIBHBIX OAHAXOBBIX PACCJIOCHHUI ITpejcTaB/isgeT coboit BecbMa 00-
MIUPHYIO 00JacTh uccaepoBanuii (cm. mpuvepsl B §0.2.6). AjgekBaTHOe mpecTaB/IeHie
O COBPEMEHHOM COCTOSIHUHU JTON TEOPUU MOYKHO TOJYIUTh, OOPATUBINKUCH K JIATEPATYP-
HbIM 0030paM U ccbliikaM, uMerommmest B [141]. Monorpadus [144] comepkut noapobubie
00CyXKIeHns OOJIBIMTUHCTBA HEOOXOIUMBIX HAM MOHSTHII, CBSI3aHHBIX ¢ OAHAXOBBIMHU pac-
CTIOEHUSIMU.

Uctopnyecku nepBas dpopMaamsanys KOHIENUN OAHAXOBA PACCIOEHUs ITPUHA/JIE-
xut P.Togemany [145, 146]. B ocuHoBe onpenesenust pacciaoenus o LojeMany J€KUT HO-
HSITHE HETTPEPBIBHOW CTPYKTYPHI — BEKTOPHOTO MPOCTPAHCTBA CEUEHUH, NMEIONUX Helpe-
PBIBHBIE TIOTOYEYHBIE HOPMbI U BBICEKAIOIINE B KAaKJIOM CJIO€ BCIOAY ILJIOTHBIE OIPO-
crparcTBa (cM. Takxke [227: 1.1, 1.4-1.12]). Ilo3ke MOSBUINCH AKCHOMATHIECKHE OIH-
canns 0AHAXOBBIX PACCIOEHUI, COOTBETCTBYIONINE TaK HA3LIBAEMBIM PACCIOEHHBIM MPO-
CTPAHCTBAM, B KOTOPBIX IMEPBUYHBLIM $IBJISETCS TOMOJOTUYECKOE MPOCTPAHCTBO, O0beIH-
HSIOIee BCe CJIOW, B Mape ¢ orepainueil mpoekTupoBanus wa 6azy [129, 134, 160, 161].
N3moxenne 000UX yIOMSIHYTBIX METO/OB, & TakzKe ODOCHOBAaHWE WX IKBUBAJTEHTHOCTU
MOXKHO HaiiTu B MoHOrpadun [144].

Bropoii (6oJiee coBpeMeHHBIH) HOAXO0/ K ONpe/IeJIeHII0 HaHAaX0BA PACCIOCHHs] YI100eH
C TOTIOJIOTHYECKON TOYKH 3PEHHUs, HO COBEPIIEeHHO He a/IeKBATeH HAIMM 3aMbicaM. Jlero
B TOM, YTO OJHOW W3 HAIUX OCHOBHBIX 3371a4 ABJISIETCS TOCTPOEHUE PACCTOeHHS, I KO-
TOPOTO MPOCTPAHCTBO HEMPEPLIBHBIX ceveHnil 001a/1aeT Halepe 3aJaHHBIMH CBOIICTBAMU.
B coBpemennoMm ke MOAXO/e K ONPEIETEHUIO PACCIOCHUST CeUeHUST 3aHUMAIOT HEYI00HOe
POMEZKYTOYHOE TMOJIOKEHUE: TMEePBUIHON SIBJISIETCSI TOMOJIOTHsT HA OObeJMHEHUN CJIOEB,
OHa 3aTeM IOPOZK/IAeT HEIPEPhIBHbIE CedeHus, TPyOKU BOKPYT KOTOPBIX, B CBOIO OYepe/ib,
00s13aHBI MOPOKIATH UCXOTHYIO TONOJIOTHIO. [lo3TOMY MBI pemuiu BIOpaTh noaxom L'ome-
MaHa, B KOTOPOM CEYeHHsI UTPAIOT YeTKO BBIJICJICHHYIO ONPeIesonyo poab (cm. 2.1.1-
2.1.2). Tonosoruyeckuii moX0/1 B AKCHOMATHIECKOii hopMe He TPUBe/IeH, OTHAKO YKa3aH
MeXaHWU3M HCIOJIb30BaHNsI er0 OYeBHIHBIX MpenmytnecTs (cm. 2.1.3-2.1.7).

BesycsioBHO, pa3ubie HeMpepbIBHBIE CTPYKTYPHI [ 0eMana MOTyT jlaBaTh OJWH U TOT

JKe HaDOp HelpepbIBHBIX cedeHuil. Takue CTPYKTYpPbl HA3bIBAIOTCS IKBUBAJIEHTHBIMH U,
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1o cyTH Jiesia, He pasiaudaorcs (cm. 2.1.9). Hamu ycranosiien ogun Jio0onbITHbIH hakT:
HU OJIHA, W3 HENPEPBIBHBIX CTPYKTYP HE MOYKeT 1aTh OOJIbIe HEMPEPHIBHBIX CeYeHMUIl,
dem jipyras (mpesgioxkenue 2.1.8). HecMoTps Ha TPOCTOTY JIOKA3ATENbCTBA, TOT (haKT,
o Bceii BugmmocTd, He TpumajgeH. Hampumep, B monorpadun U. [llokermana [227:
onpeesnenue 1.21] BBoguTCs (Kak Temepb CTAajIo SCHO, OeCCcojep:KaTeIbHOe) OTHOIIEHIe
HOPSAJ/IKA HA HEIPEPBIBHBIX CTPYKTYPAX B 3aBUCUMOCTH OT KOJUIECTBA MOPOZK TAEMbIX UMHU
HEIPEePHIBHBIX CEYeHUll, TPUIeM aHA/I0T HAIIero npe/ioxenus 2.1.8 10Ka3biBaeTcst JIUITh
JIJIST TIOCTOSTHHBIX PACCJI0CHMIT.

OcHoBHBIE CBejleHUsT 0 DAHAXOBBIX paccjioeHusx npusegenst B § 1.7, 2.1, 2.2, Tlousrue

HEeIIPePBIBHOTO CedeHns 0DaHAXOBa PaCcCJI0eHns 00CcyzKaaercs B §2.3.

0.2.8. IIpocmopnvie 6aHaT06bL PACCAOEHUA

HernpepbiBublie BelecTBEHHO3HAYHbIE (DYHKIIMY HA IKCTPEMAJIbLHO HECBI3HOM KOMIIAK-
Te 00JAJAOT OTHUM 3aMedaTeTbHBIM CBOUCTBOM: BCdKas OTDAHWYeHHAs HepepbIBHAI
dbyukud, ompesesenHas Ha BCIOAY MJIOTHOM MHOYKECTBE, MPOIOIKAETCS HA BECh KOM-
HAaKT C COXpaHeHueM HernpepbiBHOCTU. Hu HenpepbiBHBIE BeKTOP-(pyHKIMH, HU TeM 0O-
Jlee HeTpepbIBHbIE cedeHns] OAHAXOBBIX PACCJIOEHUil, BOOOIIe roBOps, He 00JaJal0T ITUM
cBoiictBoM. OObIuHbIe OAHAXOBBI PACC/AOCHUST HE 00ECIEeYUBAIOT JIOCTATOYHBIN HPOCTOD
JIJIST IPOJIOJIzKeHnHt cBonx cedenniti. (aHako cpean ODAHAXOBHIX PACCJIOEHWI ecTh W Ta-
KHe, KOTOPBIe 3TOT MPOCTOP 0becnednBaioT. Mbl HA3BAIU 3TU PACCTOCHUS TPOCTOPHBIMUI
(em. 3.1.1). Ompejesienne, SKBUBATEHTHbBIE OMUCAHUsI W OOCYZK/IEHHEe OCHOBHBIX CBOHCTB
IPOCTOPHBLIX PACCJIOEHUI MpUBeIeHbl B pa3aenax 3.1.1-3.1.4.

[IpocTropHoe GaHaXOBO PacC/IOEHUE TOX0KE HAa IKCTPEMAJbHO HECBA3HBIH KOMIIAKT
TeM, 9TO OHO siBJisieTcst pooszkenneM mo Ctoyny — Yexy 1100010 ¢BOEro CyzkKeHusl Ha
BCIOJly IJIOTHOE MOAMHOXKecTBO 6asbl. (IloHgTue mpooszKenust GaHAXOBA PACCIOEHUS MO
Croyny — Yexy BBegeno B 2.5.10. Tam ke J0Ka3aHO U €ro CyIecTBOBAHHE. )

Hackompko gacTo BcTpedaroTces mpocTopuble paccaoenud! [locTosnnoe paccioenne
SIBJISEeTCS MPOCTOPHBIM KpaiiHe peKo — TOJIBKO B TOM CJIydae, KOTJIa ero CJI0W KOHeTHO-
MepHbI 1in 6a30BbIii KOMIakT KoHedeH (Teopema 5.1.3). Tem He Menee, Besikoe GaHAXOBO
paccioenne X MOKHO PACIIMPHTE JO0 MPOCTOPHOTO pacciaoeHmss X, cojpepzxamero X B
Ka4yecTBe BCIOJLy IJIOTHOTO Hojpaccyoerus (Teopema 3.1.5; HOHSTHE HJIOTHOTO MOPACCIO-
enus onncano B 2.5.8). Takoe pacciioenne X MBI Ha3HIBAEM MPOCTOPHO#T 000/109KOI X .

3aMeTuM, 9TO TPOCTOpHASA ODOJOYKA TOCTOSHHOTO PACCIOCHHS SBJISETCS TeM WH-
CTPYMEHTOM, C IIOMOIIBIO KOTOPOTO YJIAeTCs MPUJI0KHUTH OCHOBHBIE (paKThl pa3BUTOI Ha-
MU TEOPHUH TPOCTOPHBIX PACCIOEHHIT K MPOCTPAHCTBAM HENPEPHIBHBIX BEKTOP-(QyHKITII
(em. §5.1).

[IpocTopHOCTH UTpaeT B Kjacce 6aHAXOBBIX PACCA0CHUT TPUOIU3UTETIHHO TY 2Ke POJIb,
9TO U MOJHOTA B KJIacce HOPMUPOBAHHBIX MpocTpaHcTB. [lomgarume ke mpocTopHoit 000-

JIOUYKH CPOJIHM ITONOJIHEHNI0O HOPMUPOBAHHOTO ITpocTpaHcTBa. Hanpumep, mojapacciioenne
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HPOCTOPHOT'O PACCJI0EHUS SBJISETCS MPOCTOPHBIM TOT/Ia U TOJBKO TOT/A, KOIJA OHO 3a-
MKHYTO, & €CJIU MOJPAacC/JOeHne He 3aMKHYTO, TO 3aMbIKaHUe SBJISIETCS ero MpOCTOPHOM
o6os0ukoii (peiozkenwe 3.1.6). Besikuit romomopduam Mezk 1y 6aHAXOBBIMU PACCIOEHH-
SIMH €JIMHCTBEHHBIM 00PAa30M ITPOJIOJIZKAETCS JI0 TOMOMOPGU3Ma MEXK/1y UX ITPOCTOPHBIMU
060JI0UKAMH, TPUYEM, B OIPEJICTEHHOM CMBIC/IE, ¢ COXpaHeHneM HOpMbI (Teopema 3.1.8).
D10 Ke oTHOCHTCS U K u3oMerpusM (cieacrsue 3.1.10).

[HeHHOCTH IPOCTOPHBIX PACC/JIOEHUIN OLPEJIe/IAeTCsd He TOJIBKO 3HAYUTEJbHBIM yIIPO-
IeHneM TeXHUKH MO0 CPABHEHWIO ¢ OOBIYHBIMU pacciaoeHusMu. VIMEeHHO TpOCTOpHBIE pac-
cjaoenust 06pa3yIoT KJ1acC €JIMHCTBEHHOCTH JIJIsI PeATU3alii PEIeTOYHO HOPMUPOBAHHBIX
npocrpancts (eMm. §0.2.9). Kpome Toro, npocTopHOCTH PACCIOCHUsT OKA3BIBACTCST HEODXO0-
JIIMOI JIJTsI CYTIeCTBOBAHUS 6AHAXOBA PACCIOEHUS MPOCTPAHCTB onepaTopos (cM. 0.9.4) u
COMpsiZKEHHOTO OaHaxoBa pacciaoenus (cM. 0.9.5), KOTOpbIe HUKOI/IA paHee He PacCMaTpu-

BaJIUCb.

0.2.9. HenpepuieHnvie ceveHus

OCHOBHBIM MEXaHH3MOM IOCTPOEHUS MPOCTPAHCTB CeUeHHH GAHAXOBBIX PACCIOCHMUIt
SBJISIETCs UJles MAKCUMAJIbHOTO pacumupenns Gyuknuii (cm. 0.2.4), KoTopas pacmpoctpa-
HseTCs He TOJIbKO Ha cydaii Bekrop-yuknuii (cm. 0.2.5), HO 1 Ha ciydaii cedeHuii: JIio-
60e HempepbLbIBHOE CeUYeHUE U, ONPEIEJeHHOe Ha BCIOAY ILIOTHOM MOJAMHOMKECTBE 6Aa30BOIO
TOMOJIOTHYECKOTO MPOCTPAHCTBA, UMeeT HauboJIbInee (B CMBICIE 0DJACTH ONpe/Ie/IeHN)
HeNpPephIBHOE TPOJIOJIZKeHne ext(u), mpudem obacTh onpejesenus ext(u) siBisiercs: Ko-
romeit (lemma 2.5.1 u ciaegcrsue 2.5.2).

Iiess MaKCHMAaJIbHOIO DACIIUPEHHs [O3BOJISET BBECTH B PACCMOTPEHHE PEIIeTou-
HO HOpMHUPOBaHHOe MPOCTPAHCTBO Coo (), X') pacimpeHHbIX HENPEePBIBHBIX CeYeHU pac-
croenuss X, T. €. cedeHMH, COBIAJAIONMX CO CBOMMHU MAKCHMMAJbHBIMU DPACIIMPEHUAMU
(em. 2.5.2). Kak BBISICHIIOCH, HMEHHO TaKOe MPOCTPAHCTBO (TOYHEe, ero Ujeas) Ipej-
craBaser coboil 00IMit BU PENIETOMHO HOPMUPOBAHHOIO MPOCTPAHCTBA.

A.T.Kycpaes n B.3. CrpuxeBckuii ObLjiv MEPBBIMHU, KTO [MOJIYYHJ IIPEJICTABICHUE
IIPOU3BOJIHLHOTO PEIIETOYHO HOPMHPOBAHHOIO MPOCTPAHCTBA B BHJE IPOCTPAHCTBA Ce-
dennii GamaxoBa pacciaoenusi [95: meopema 5.5]. Bamermm, 4To mpemioxkenHas B [95]
peasm3anus ujeitno 6m3Ka aHagorudHomy npejcrapiennio C((Q))-BbILyKJIbIX MOyJIei
(cM. 0.2.6) u, KaK BUJIHO W3 MPHUBEJIEHHOIO TaM JOKA3aTeIbCTBA, MOXKET OBITH IOJyUYeHA
Ha OCHOBe 3TOTO TpejcTanienus. [lo amamorun ¢ Bektop-pyuknusavu A.[. Kycpaes n
B. 3. CrpukeBckuii HOCTPOUIN CBOE Pean3aluOHHOe IIPOCTPAHCTBO HE U3 OTAEJbHbBIX Ce-
YeHUil, a U3 UX KJIACCOB SKBUBATEHTHOCTH (cp. [93: pazgen 2; 83: 1.1.12, npumep 4.1.6 (x);
24: mpumep 1.6.4 (5)]). Hamr moaxos K MOCTPOEHHIO peATH3ANUN AT — € TOYHOCTHIO

JIO U30MOPGU3Ma — TOT Ke Pe3yJIbTaT U (PaKTUIeCKH sBJIseTCs JUMTUHTOM Peau3aIuu
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Kycpaea — CrpukeBCKOro, T. €. 3aKJII0YAETCS B BBIJIEJICEHUNA B KayK/IOM KJIACCE KBH-
BAJIEHTHOCTH 110 TPEJICTABUTENO ¢ HanbosbIeil obaacrtbio ompenenenus (cp. 0.2.5, cu.
rakxke 2.5.5 n 2.5.6).

[Tepexo/isi K 0OCYXK/IEHUIO KOHKPETHBIX peain3almOHHbIX (DAKTOB, 3aMeTUM HPEeZK/ie
BCETO, UTO PEIIeTOYHO HOPMHUPOBAHHOE TPOCTPAHCTBO Coo(Q), X) pACIIUPEHHBIX CedeHui
aBJgercd o-moaHbiM (Teopema 2.5.3). EcTecTBeHHO, TAKOBBIM SBJSETCS U JIOOOH €ro
unean E(X) (em. 2.5.4). Jlas Toro, 9To6bl TEXHUYECKH PA3rPY3UTh PEATH3AIMIO MPO-
M3BOJIBHOIO O-1IOJTHOT'O PEIeTOYHO HOPMUPOBAHHOIO npocrpancrBa B Bujge E(X), Obli
IpEeJIJIOYKeH TPOCTOH MeXaHH3M KOHCTPYHUPOBAaHUsS OAHAXOBBIX PACCIOEHUH € ITOMOIIHIO
MYJIBTHHOPMHPOBAHHBIX HPOCTPAHCTB: BCAKOE MYJIBTHHOPMUPOBAHHOE IPOCTPAHCTBO C
HENPEePbIBHON MYyJIBTHHOPMOH TIOPOZXK/IaeT HEKOTOPOe (eMHCTBEHHOE ¢ TOYHOCTHIO JI0 H30-
mMerpun) 6anaxoBo pacciaoerue (cm. 2.2.7 u 2.4.13). C noMoIIbi0 3T0ro MexaHu3Ma u Obljiu
MOJTyYeHBbl OCHOBHBIE peau3aInoHuble TeopeMbl 3.4.2-3.4.4.

Bonpoc 0 eInHCTBeHHOCTH pean3aliOHHOTO PACCIOeHusT B He OblI 3aTpoHyT [93].
910 00bsICHSIETCS TeM, 4TO0 OaHAXOBO paccjoeHme X, jafoinee mpejcraBieHue [-Hop-
MHUPOBAHHOTO TIpocTpancTBa B Bujie F(X), BooGIIe TroBops HEe eIUHCTBEHHO. B JaHHON
pabote ycranosieno (npemioxenue 3.4.1), 4To cpeau BCeX peaTu3aluOHHbIX OAHAXOBBIX
PaCCI0eHU JTAHHOTO PEITeTOYHO HOPMHUPOBAHHOTO MPOCTPAHCTBA UMEETCS POBHO OJHO
POCTOPHOE.

HTepecHO OTMETHTD, YTO MPOCTPAHCTBO ¢1a60 HenpepbiBHLIX GyHKIHi Coo (Q, X|Y)
SIBJISIETCSI O-TIOJIHBIM PEIeTOYHO HOPMUPOBAHHBIM TTPOCTPAHCTBOM H ITOITOMY TOYKE PEAJTH-
syercst B Bujie Cog(Q), Z) J71s1 HEKOTOPOro HpocTopHOro banaxosa paccaoenust Z. CTpyk-
Typa TaKoro paccjoennsa Z omnucana B 5.1.8 u 5.1.9.

B zaksiouenwe oTMeTuM, UTO MpOOJIEMYy H3YUEHHS CTPYKTYPbI PEIIeTOYHO HOP-
MUPOBAHHBIX MPOCTPAHCTB CeYeHWit OAHAXOBBIX PACCJIOEHUi, CHOPMYIUPOBAHHYIO
A.T.Kycpaesbim B [84: 6.12, npobiema 22|, Ha HAII B3IJIsijl, MOXKHO TEI€Pb CYUTATH Pe-
menHoit. Ilo kpaiineit Mepe, HOATOTOBJIEHHBI HAME apceHaJI CPeJICTB, BIIOJIHE JJOCTATOUYEH
JUTST PETeHust 33249 00 aHAJIUTHIECKOM MpPeCTABIeHUN JTUHEHHBIX OTePaTOPOB B pere-

TOYHO HOPMHPOBAHHBIX MTPOCTPAHCTBAX (CM. BTOPYIO 9acTh JAHHOTO 0030pa).
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§ 0.3. IzamepumMblie pean3aiumu

B sTom maparpade MBI cocpeoTOUnBaeM BHUMaHHE Ha Pea3alugX OIMUCAHHBIX B
§0.1 OCHOBHBIX OOBEKTOB MOCPEJICTBOM HPOCTPAHCTB C MEpOii, M3MEPHUMBIX MHOKECTB,
U3MEpPHUMBIX BeIeCTBEHHO3HAYHBIX (DYHKIUi, U3MEPUMBIX H €/1ab60 H3MEPUMBIX BEKTOP-

GYHKIUN 1 U3MEpUMBIX cedeHuil HaHAXOBBIX PaCcC/IOCHUII.

0.3.1. Hsmepumwvie MHOAHCECNEE

Croynosckoe npejcraierue 1.2.8 Oy/ieBbIX aareOp siB/IsSI€TCsl YHUBEPCAJIbHOI, HO HE
e/IMHCTBEHHON MX peajiu3alnueii, paccMaTpuBaemMoil B Teopun (PyHKIUOHAJIBHBIX BEKTOP-
HbIX pemieTok. MHorouuc/ieHHble TPUJIOKEHHUST UMeeT TakykKe peasusaius JIomuca —
Cuxopckoro [191, 238] (cm. makxke [100: §8, 24, 29, 35; 233: reopema 16.6.4]). I3me-
PUMBIiT BAPHAHT 3TOTO MPEJICTABIEHUS SIBJISETCS BTOPOl OCHOBHOII peasim3anueii 6y 1eBbIX
asreOp, paccMaTpuBaeMoii B janHoii pabore. Peub uier o Gysesoit aarebpe B(2) kiaacco
9KBUBAJEHTHOCTH M3MEPHUMbBIX MOJMHOZXKECTB MPOCTPAHCTBA ¢ Mepoit 2.

Pazsiudnble MOAXO0/bI K OMPEIeIeHIIO MEPBI i HHTErPaJia MoJApoOHO U3102KeHbl B [169)].
B [59] mpocTpascTBa ¢ MEpOit pacCMOTPEHBI, NOXKalyii, ¢ Hanbosee GJM3KONH HAM TOYKH
spennsi. Hekoropeie cpoiicTa Gy/ieBoit aarebpsr B(2) paccmorpensl Takxke B [166].

OcHoBHBIE OmpejeieHns 1 0003HAYEHUsI, CBsI3aHHBIE ¢ Mepoii, npuBeaensl B 1.1.11—
1.1.12. Paszgen 1.2.12 Bkaovaer undopmaimio o noianore aarebpsl B()) n npasuiax

BblYHC/IEHUA COOTBETCTBYIOIIUX TOYHbLIX I'DAHUILL.

0.3.2. Uzmepumvie Gyrruyuy

Kaxk u B ciyuae OysieBbIX anrebp, yHUBepcaibHasg TOMOIOIHYecKas peanunsanus 1.3.7
He SBJISETCS eJUHCTBEHHBIM (DYHKIUOHAJIBHBIM IIpeJCTaBaeHneM K-IpoCTpaHCTB, pac-
CMaTPUBAEMbIM B TEOPUH BEKTOPHBIX pemieToK. He MeHee BayKHYIO POJIb UTPAET PeaJii-
3alnst BEKTOPHOIT pereTky B Bue npocrpancTBa M (€)) KIaccoB W3MePUMbIX BeIecTBeH-
HBIX (DYHKIMIA, ONpeJeeHHbIX Ha IPocTpancTBe ¢ Mepoit ). TIpocTpancTBa M3MepUMBIX
dbyukuii (koTopele, moKamyii, Jaxe 6osiee TMOMYIAPHBI B KJIACCHIECKOM (DYHKIHOHATb-
HOM aHa/u3e, 4eM IPOCTPAHCTBA HENPEPbIBHBIX (DYHKIMI) OJMIETBOPAIOT BTOPYIO U3
JIBYX OCHOBHBIX peajmnsanuii K-npocrpaHcrs.

Kak u3BecTHO, He KayKaoe K-IpoCcTpaHCTBO MOYKHO IIPEJCTABATL B BUJE HIEATb-
HOTO MPOCTPAHCTBA W3MepUMBIX (yuknuii (1. e. B Buge umeana M(Q2)). U3 pesyiabra-
toB [60] (pasmen 1.3 rmasel XI u §4 rnasbr XIII) BeITEKaeT BO3MOKHOCTH TAKOIl peasiu-
3aIUU JIJisl IIPOU3BOJIBHOTO K -IIPOCTPAaHCTBa, COEp:KaIero GyHIaMeHT ¢ JOCTATOYHBIM
IHCJIOM O-HENPEePhIBHBIX (DYHKIMOHAIOB (MT037Ke Takne K-IpOCTpaHCTBa CTAIW HA3HIBAThH
npocrpancrBavn Kanrtoposuda — Ilnrckepa). BosHukaroriee mpu 3TOM MPOCTPAHCTBO
¢ Mepoii ) obsagaer cpoiicrBoM mpsimoii cymmbr (em. 1.1.14). Teopema 06 mamepumoit

peanusanuu nmpocrpancrBa Kanroposuua — Ilunckepa npusegena B 1.3.12.
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CymrecTByoT pa3sHooOpa3Hble KPUTEPHUH MPEJICTABUMOCTH BEKTOPHBIX U OAHAXOBBIX
peIeToK B BUJIE HJIeaTbHBIX MpocTpaHcTB. Cpeau HUX UMEIOTCS KPUTEPUH pPeaTu3yeMo-
cru Ganaxosoii permerku B Bujge LP(Q2), 1 < p < oo [189: teopema 11.2.1; 225: ruasa 11,
reopema 8.5], B Tom umciie kpurepuit Jlungennrrpaycca — Hadpupu [189: reopembr 11.2.3/
u I1.2.4'], kpurepnu Borenbmocra n Auno npeacrapumocts B Buge LP(Q) uwmm co(T) [189:
reopembl 11.2.3 u 11.2.4]. B srux u apyrux paborax dburypupyor noHsTHsi aGCTPAKTHOTO
LP-rpocTpancTBa U abCTpaKTHOrO M -IpOCTPaHCTBA U MPHUBOIATCI KPUTEPHUU Pean3y-
eMOCTHU PEIIeTOK B BHJE PA3HOI'O pojia IPOCTPAHCTB (DYHKIMHA U IMOCJEI0BATEIbHOCTE
[190: rmaBa 1, §1.b; 233: pasmen 26.3; 257: Teopembr 120.8, 120.10, 120.11].

B paznenax 1.3.9-1.3.12 auccepraruu codpaHbl OCHOBHBIE CBeJieHUsI 0 K ;-TIpocTpaH-
crBe M (§2) K1accoB SKBHBAJEHTHOCTH M3MePHMBIX (DYHKIHH Ha MPOCTPAHCTBE € MepOi
Q. Cwm. Takxke [59, 166, 169].

0.3.3. Usmepumvie sexmop-pyrruyuu

[IpocTpancTBa M3MEPUMBIX BEKTOP-(DYHKIUN SBJIAIOTCH KJIACCUYECKUM ITPUMEpPOM
PeIIeToYHO HOPMHUPOBAHHBIX TPOCTPAHCTB. Kak M mpocTpaHCTBa HENPEPBIBHBIX BEKTOP-
GYHKIUH, OHU HE HPeJICTaBIAI0T COOO pean3aIuio KaKoro-jimdo n3BeCTHOTO aKCHOMa-
THUYECKH OINPEJIEIEHHOI0 KJIacca MPOCTPAHCTB (ec/id He MPUHUMATH BO BHUMAHUE TaKHe
daxkrel, kak, manpumep, kpurepuit A.T.Kycpaesa [84: Teopema 4.10] mzomerpuunocTu
bamaxoBa mpocTpaHcTBa LP-mpocTpaHCTBY M3MEpUMbIX BeKTOP-(YHKIMI) W 3aHUMAIOT
IIPOMEZKYTOYHOE 1IOJIOZKEHUE MEZKAY HPOCTPAHCTBAMU U3MEPUMbBIX BEIIECCTBEHHO3HAYHbIX
dbyuxuii (0.3.2) 1 mpocTpaHCTBAMEI U3MEPUMbBIX cedeHuil GanaxoBbix paccaoenuii (0.3.4).

Ompeiesienne n ocHOBHBIE cBoiicTBa poctpancTsa M (€2, X) KIaccoB H3MEPUMBIX 110
Boxuepy X-3uaunbix dyukuuit u npocrpanctsa M (€, X|Y) knaccoB Y-cnabo usmepu-
MbIX X-3HA4YHBIX (DYHKIUN HpUBEJIEHbI B pasjenax 5.2.1, 5.2.5-5.2.7 nauHoii auccepra-
muu (31ech 2 — TMPOCTPAHCTBO ¢ Mepoit, a X u Y — TpuBeJIeHHbIE B JIBOWCTBEHHOCTH
OAHAXOBBI MPOCTPAHCTBA). BHYyIIATEIHHOE KOJNUECTBO (DAKTOB, CBI3AHHBIX C TOHSITHSI-
MH U3MepuMOil U c1abo m3MepuMoil BeKTop-dbyHKIMN, MOKHO Haiitu B [131: riasa II u
nasee|. Cm. Taxxke [132].

BanaxosBbl LP-npocTpancTBa n3MepuMbIX 110 BoxHepy BeKTOp-(MYHKINN yzKe JTaBHO
SIBJISTIOTCST KJIACCHIECKUM 00'heKTOM WCC/IeI0BaHust B (DyHKIMOHAIBLHOM aHaau3e (M. [54,
107,131, 133]). HeumaBuue cymuiecrBeHHbIe HPOJABHKEHUST B U3YYEHUH HPOCTPAHCTB CHJIb-
HO U CJab0 U3MEPHUMBIX BEKTOP-(YHKIUH C TOUYKH 3pEHUs HHTepecyolneil Hac Teo-
pUU PENeToYHO HOPMHUPOBAHHBIX MPOCTPAHCTB TJIABHBIM 00Pa30M CBs3aHbl ¢ pabOoTaMu
A.B.Byxsasosa [10, 11, 15-21, 24] u A.T. Kycpaesa (24, 83, 84, 93-95].

B orcyTrcTBun onbita paboThl ¢ HENPEPBIBHBIME BEKTOP-(DYHKIUIAMHA BOIIPOC 00 OIIpe-

JleJIeHnn BEKTOPHON HOpMbI Ha npocrpancree M (Q, X|Y) nanexo ne rpusnasien. Aunanus
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TEeXHUYECKUX IPUEMOB, MCIOJIb3yEeMbIX U3BECTHBIMH MCCJIEJI0BATENSIME NPOCTPAHCTB H3-
MepHUMBIX BeKTOp-byHKnmii (takux, kak k. Tucrensb, k. /Ix. Vi, /1. Centuiiec u
Jp.), TIOKa3bIBAET, YTO HAJIMYUE B UX apCeHaJe MOAXOAsMIeii BEKTOPHON HOPMbI Ha MPO-
CTpaHCcTBE €1a60 M3MEPUMbIX BEKTOP-(DYHKIUIT MOIJIO Obl HPUBECTH K CYILECTBEHHOMY
YIPOIIEHUIO MHOIHX JIOKA3aTeIbCTB U KOHCTPYKITHIA.

Kak u3BectHo, BekTopHast HopMma Kiaacca u € M(Q, X |Y') onpezensiercst ciemyonum
obpasom: sup {(uly) : y € Y, |ly[| < 1}. 3amernm, 4T0 BOmpOC 0 CyIIECTBOBAHHH 9TO-
ro cynpemyma (T. e. 06 OrpaHHIEHHOCTH MHOXKeCTBa KJIaccoB (u|y)) HECMOTpsT Ha CBOO
IIPOCTOTY KAKUM-TO 00PA30M BBINAJ M3 110JIsl 3DEHUs CIEnuaaucToB. Hanpumep, omnpe-
JieJIeHre BEKTOPHOH HOPMBI ¢J1abo u3MepnMoil BekTop-byHkiun B [24: npuvep 1.6.4 (4)]
6e3 Kakoii-1u0b0 apryMeHTanu cuabykaercs JOMOJTHUTEIbHBIM TPeOOBAHUEM CYIIECTBOBA~
HHs CyIpeMyMa B COOTBeTCTByoHIeH dopmyse. B aelicTBUTENIbHOCTH 2Ke 9TOT CyIPeMyM
cymectByer Beerma (M. 5.2.6).

Nurepecuo ormerutsb, uro HepaBeHcTBoM |u| < JJu|| (nourn Beogy wa ) nomaso-
CTHIO MCUYEPIbIBaeTCS CBsi3b Mexkiay dbyukmusyu |u| u |ul: dysakmus |ul moxer 6p1TH
HEM3MEepPUMONl 1 BO3MOXKHA cuTyanus, mpu Koropoii |u| ~ 0, mo |Ju|| = 1. Ilogobubivu
IATOJIOTUSIMH, BO3MOKHO, 00bACHSACTCA TOT (DAKT, 9TO eCTeCTBeHHAas BEKTOpHAas HOPMa B
npocrpancrse M (Q, X|Y) 6biia obHApY:KeHA JHIIb HEJIABHO.

Ouernanoe Briaodenne M(Q, X) C M(Q, X|Y) eme He maer oCHOBaHWs BIOKHUThH
M(Q,X) B M(Q, X|Y), nockosbKy ciabo skBuBajieHTHbIE QYHKIMU HEe 00A3aHbl COBLA-
JIATh OYTH BCIOJY U MO9TOMY pasHuble Kiaaccsl u3 M (2, X)) B npuHIUIIEe MOTYT CKICATHCS
B omuH Kaace n3 M (Q, X|Y'). Ussectno, aro B cyuae Y = X' rakas ckieiika He mponcxo-
qut. CTaHgapTHOe J0Ka3aTeTbCTBO 9TOr0 (hakTa MCIONb3YeT TeopeMy XHJIIe O IMepecTa-
HOBOYHOCTHU MHTerpaJjia BoxHepa i OrpaHIueHHOr0 OepaTopa U CYIIEeCTBEHHO OMUPAETCS
na pasetcTso Y = X', C nomompio udTuHra yaaercs JIerko yCTaHOBUTL 00JIee CHUJIb-
HBIil pe3y/IbTaT, 0000IINB CUTYAINIO HA CJIyYail TPOU3BOJILHOIO DaHAX0OBA MIPOCTPAHCTBA Y
(memma 5.2.5).

0.3.4. Hamepumuvie cevenus

[Iycte X — HempepbIBHOEe 6AHAXOBO pACCJOEHHE HAJl JOKAJHHO KOMIAKTHBIM IIPO-
crpanctBoM ) ¢ mepoii Pagona. Cevenne u € S(Q, X') HazbiBaeTCst N3MEPUMBIM, €CJIN
JUIS Kazk1oro KoMiakTa K C {2 cyimecTByer moc/ie10BaTeJilbHOCTh HEIPEPBIBHBIX C€YeHU
up € C(, X), cxongmasicss K u nouru Beoay Ha K. Takoil mMOIX0x K OMpeIeeHI0 13-
MEPHUMOCTH CEYEHUIl 10 CUX MOP SABJAJICI €CJIM He eNHCTBEHHBIM, TO, BO BCIKOM CJIydae,
rOCHOJICTBYIOLIMM B JIMTEpaType 0 GAHAXOBBIX paccjioeHusx (cM., Haipumep, [227: §3]).

OHako B HaIeil CHTyaIun OKa3aJ/Ics YMEeCTHBIM HECKOJIBKO MHOM 1moaxoa. Mbl omnpe-

AeJideM U3MepUuMble CeUeHUud KaK IIpe/esibl IIOYTU BCIOAY (Ha IHOAMHOZKECTBaX KOHEYHO
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MEDbI) TOCJIEI0BATEBLHOCTEH 9JIEMEHTOB HEKOTOPOIO AaKCHOMATHYECKH BbIJICJIEHHOIO MHO-
JKECTBA CeYEHUI, HA3bIBAEMOT'O U3MepuMOii cTpyKTypoit. Takoit crtocob BBeieHNsT U3MeEpH-
MBIX CeYeHUil aHaJOTuIeH KOHCTPYKIuu Jlauwmsig u asiasgercd (popMaabHO Hosaee o0Tmm
[0 CPABHEHHIO C TPAJUIIMOHHBIM TOIOJOTHYECKUM moj1xo/ oM. Hajo ckazarh, 4To wjes
M3MepUMOil CTPYKTYphI Oblia Bhickazana H. uukymeany eme B 1966 r. (cm. [133: pas-
nes <Notes and remarkss, 3amedanue 8|), a KoHIENTyaJbHO On3Kast eif ujes MPsSMOro
unrerpaia k. don Helimana narupyercs 1937-1938 rr. (cm. [206]). Oanako ¢ Tex mop
KOHIIEIIIUS U3MEPUMOI CTPYKTYPbl B 0AHAXOBOM PACC/IOEHUU TaK U He ObljIa 1OJ[BEPIrHYTA
JIOCTATOYHO [IeTAJTbHOMY PACCMOTDPEHHUIO.

C dopmasibHOiT TOUKHE 3peHns Bce BO3HUKAOINIHE B § 4.1 moHaTus u (haKThl SIBISIOTCS
HOBBIMU, XOTs HPUHIUINAJIBHON HOBU3HBI 3/1eCh HET: HEKOTOPbIE U3 IPUBEJIEHHBIX 3/1€Ch
OCHOBHBIX CBOWCTB M3MEPHUMBIX C€YeHUNl TaK WJIM WHaUYe U3BECTHBI U3 T€OPUU HelpPepPhIB-
HBIX HAHAXOBBIX paccjoeHuit Ha I mpocTpancTBamu ¢ Mepoit Pajona. [locne onpenenenus
MOHSITHsT U3MepUMOil ¢cTPYKTYphl (4.1.1) W COOTBETCTBYIOIIErO TOHSITHSI W3MEPUMOrO Ce-
derust (4.1.2), MBI yCTaHABINBAEM OCHOBHBIE CBOHCTBA M3MEPUMBIX CeYeHHUH U PA3HOOO-
pazubie Kpurepun uzmepumoctu (4.1.3-4.1.8). Kpurepuit 4.1.9 usmepumoctu mopsiiKoBO
AMIIPOKCUMUPYEMOTO CeUeHUs SBJISeTCS HOBBIM He TOJBKO /I CeYeHUil, HO U JJIs BeK-
Top-DyHKIMI U JlazKe JijIsd BelecTBeHHO3HAYHbIX (pyHknuit. Kak cjejicrBue mnosydaer-
cs JIIOOOIBITHBIN TOPAIKOBBINA Kputepuii m3mepumoctu cedennii 4.1.10. Ilo amasoruu c
HEIIPEPBIBHBIMU CTPYKTYPaMU BBOJAUTCS IOHATHE YKBUBAJEHTHBIX U3MEPUMBIX CTPYKTYD
(4.1.11). B meopeme 4.1.12 gaHo BHyTpeHHee ONUCAHNE MHOKECTBA N3MEPUMbIX CeYeHuii:
yKa3aHbl CBOWCTBAa MHOXKECTBA CeUeHWil, SKBUBAJEHTHBIE TOMY, YTO OHO SIBJISETCS MHO-
JKECTBOM BCEX M3MEPUMBIX CEYEHUN OTHOCHTE/IHHO KAKON-IMO0 M3MEPUMON CTPYKTYPHI.
MoxkHO cuuTaTh, 9T0o TeopeMa 4.1.12 mpeajiaraeT moaxol K OIpeaeeHuI0 U3MEPHUMOCTH,
UCKJIIOYAIONNiT U3MePUMYIO CTPYKTYPY KaK MOHATHE, — IOJX0/I, 3aKJIIOYAIONANCST B SIB-
HOM yKa3aHUH MHOYXKECTBA BCEX M3MEPUMBIX cedenuil. B §4.2 mpuBesieHbl mpuMepbl u3Me-
pUMbIX OAHAXOBBIX PACCJIOEHUN U HEKOTOPBIX OLEPAIUil, HO3BOJISIONIUX 110/1y4aTh HOBbIE
n3MepuMble PACCTOEHUS.

CHmcok mpuIoyKeHni Pa3BUTOI HAMU TEOPUU M3MEPUMBIX DAHAXOBBIX PACCIOEHUN K
TEOPUHU PENeTOYHO HOPMHUPOBAHHBIX ITPOCTPAHCTB HAYMHAETCS € IMOCTPOEHUs TPOCTPaH-
crBa M (€2, X') KIaccoB S5KBUBAJIEHTHOCTH W3MEPUMBIX ceveHnii paccioennst X (em. 4.1.13),
KOTOPOE OKA3BIBAETCS O-TIOJHBIM DPEIIETOYHO HOPMHPOBAHHBIM MPOCTPAHCTBOM (Teope-
ma 4.1.14), kax u ero nueanst E(X) (cm. 4.1.15). Ocnosuast Teopema 4.4.8 06 m3mepu-
MOii peaJu3aIuy PemeTOYHO HOPMUPOBAHHBIX TPOCTPAHCTB, B KOTOPOl 00beINHEHO CPa3y
ITh peajn3alMoOHHbIX (PaKTOB, MOJydYeHa HAMK OJiarojiaps CBSA3U MEK/Ly U3MEePUMbIMU
U HeNpPepbIBHBIMU GaHaxoBbIMU paccioerusMu (em. 0.5.4).

B 3akmodenne oTMeTHM, 9TO MPOOJIEMY U3YUeHUs CTPYKTYPBI PEIeTOYHO HOPMHUPO-

BAHHBIX MMPOCTPAHCTB CcedeHuii GaHaxoBbIX pacciaoenuit (cm. [84: 6.12, npobuema 22]), Ha
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Halll B31JIsLJ, MOKHO CUYATATh PEIIeHHON KaK /IJisl HelIPEPbIBHbIX, TaK U JIJI U3MEPUMbIX
cedyennii. Bo Bcakom ciydae, mpeanpuHATad HAMI pa3padbOTKa MOHATUS H3MEPUMOro Oa-
HAXOBa PACCIOCHUS TPUBEJA K CO3JAHUI0 TeXHUUIECKOH 0a3bl, JIOCTATOYHO PA3BUTOMN JIJIst
perieHus 3aja4u 00 MHTEI'PAJIHLHOM IPEJICTAaBICHUN JUHEHHBIX ONEPATOPOB B IMPOCTPAH-

CTBAX M3MEPUMBIX ceueHnii 6aHaxoBbIX paccioenuii (cm. [84: 6.12, mpobaema 23]).
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§0.4. JInudpTunr

JIudTHHT B IpocTpaHCTBe C MePOii ABJIdETCS OTHIM U3 TeX CYNECTBEHHO HEKOHCTPYK-
TUBHBIX O0'bEKTOB, HCIIO/Ib30BaHUE KOTOPBIX SBJISETCS BECbMa YJI00OHBIM U 11JI0/I0TBOPHBIM.
B srom cmbicae mudtuar cpogan 6asucy lamens. VrnopupoBanue mudTuHTa 3a9acTyIO
HPUBOJIUT K HEOLPABJIAHHO I'POMO3JIKUM KOHCTPYKIUSM, PE3KOMY YCJIOKHEHUIO JI0Ka3a-
TEeJILCTB U TI0TePe MHTYUTUBHON SICHOCTH.

Unesa nudTuHra 10CTATOYHO MPOCTA U €CTECTBEHHO BO3HUKAET MpH M3ydeHuu dak-
TOPU30BAHHBbIX ajirebpandeckux cucrem. Jludrunr ocymecrsiiser BbIOOp B Kaxk/J0M (hak-
TOP-KJIAacce MO MPeCTABUTENI0, TPUYEM TaK, 9TO 3TOT BBIOOD COTJIACYETCS € OTepaIusMn

paccMaTpuBaeMoil anrredbpandecKoil CHCTeMBL.

0.4.1. Jluppmumne 6 anrzebpe UBMEPUMBLE MHOHCECTNE

[oBopst 0 JiudpruHre B IpOCTPAHCTBE ¢ MEPOil, Mbl UMEeM B BHUJy BBIOOD B KazKJ/IOM
KJIacCe SKBHUBAJEHTHBIX M3MEPHUMBIX MHOXKECTB IO IPEJICTABUTENI0 ¢ COXPAHEHHEM BCEX
onepanuii Oysnesoii anre6per (cm. 1.1.13).

[Ipobsiema cymiecTBoBanusi JiMpTUHTA HA BeIIECTBEHHOU mnpsMoit ¢ mepoii Jle-
Oera ObLTa BHepBble BBABHHYTa A. XaapoM U IOJOXKHTETHLHO pemeHa B 1931 1
Jxk. dou Heitmarom  [205]. B unociaegyromux 3arem paborax JIxk.doun Heiimana,
M. Croyna n JI:x. /IpeionHe 00CyKIAIUCh pa3IUdHbIe aJredOpanvecKue aciueKThl U 0000-
meHus upodsieMbl jiudrunra. [lonbirku pemmmts 3Ty npodsemy Jijist HpOU3BOJIBLHOIO TPO-
CTPAHCTBA C MepOoil JIOJI0 OCTAaBAJHMCh OE3YCIEIIHbIMU, HECMOTPS Ha IJIyOOKHE CBS3HU C
Jpyrumu orpacismu maremaruku. Haxkowner, B 1958 r. /I. Marapam ycranoBu/ia ¢ 1omo-
IO BEChMa W3OIIPEHHOI TEeXHWKW, 9TO JUMTUHT CYIECTBYET B JTIOOOM TTPOCTPAHCTBE C
o-KoHeuHOl Mepoit (cMm. [197: meopema 3]). JIpyroe Memnee rpoOMO3JKOE JIOKA3ATETbCTBO
cymiecTBoBanust udrunra 66110 3areM nosrydero A.u K. Monecky Tymua [165]. Bapuant
9TOro JI0Ka3aTeJbcTBa npubejeH B [166: raasa IV, Teopema 3]. Tlociaeqnum m OKOHYA-
TEJILHBIM JIOCTUZKEHUEM Ha, Iy THU PerteHust mpobieMbl JU(TUHTA SBJISETCS KPUTEPU ero
CYIIeCTBOBAaHU, BbIPAaKeHHBIII B TaK HA3bIBAEMOM CBOWCTBE NMPAMOIl CYMMBbI WJIA CTPOrOit
aokasmsyemocru (cm. 1.1.14).

CymrectBoBanune Ju(TUHTA UMEET MHOTOYHMC/IEHHbIE MPUJIOXKEHUS — B TOM YHCJIE,
K HHTEerpaJbHOMY IpPEeJICTABJICHHUIO JUHEHHBIX OIEpaTopoB, K MpobJeMe Ie3bIHTerPUpPO-
BaHUS Mep W 9ProJUYIecKOil Teopuu, K CTOXACTUIECKUM IIPOIECCaM U K aHAJTUTUICCKOMY
pecTaBJIeHno n3oMopdu3mMoB LP-mpocTpaHcTs.

Teopust mudrurra mogApo6HO u3I0kKeHa B MoHorpaduu [166]. Jludrunry nocssmen
§ 11 kuurn [133], e TakKe BOCIPOU3BEIEHO TOKA3ATEIBCTBO OCHOBHOTO KPUTEPHS CYIIe-
crBoBauus JudTuHra (Teopembr 1 u 2). 13 cboprnka [181] MOXKHO MOTYyYUTH HPEICTAB-

JIeHWe O JajbHeiieM passutuu Teopun gudrunra (crp. 220-260).
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0.4.2. Jlugpmune 6 npocmparcmee udmMepumvls GyYHKUUT

Nnest smmdrunra, 0e3ycJOBHO, NPUMEHHMa K HPOCTPAHCTBY KJACCOB M3MEPHUMbIX
dyukmnuii. Bosee Toro, pa3puTue Teopun JUGTUHTA IPOUCXOTUTIO KMEHHO C IO TTOCTIe-
JIYIOIIEro NMPUJIOKeHUs K (pyHKIHOHAIBHBIM (haKTOp-TIpocTpancTBaM. ['oBops o JnudTuH-
re B MPOCTpaHCTBe (DYHKIIMI, MBI IMEeM B BHJIY BBHIOOD B KaxKJIOM KJAaCCe SKBUBAJTEHTHBIX
U3MEepUMBIX (DYHKIIHIT 110 IPEJICTABUTENIO C COXpAaHEHUEM BCEX Ollepalldii PereToYHo YIIo-
psitodennoii anre6psr (cm. 1.1.13). Kak u smudrunr B bakrop-airebpe u3MepuMbIX MHO-
KecTB, PYHKINOHATBHBI TUMTHHT M0APO6HO paceMoTped B MoHorpadun [166] (cm. Tak-
xke [133: §11;181: crp. 220-260]).

OrMeTnmM, 9TO cpeau BcexX KjaaccumueckKnX LP-mpocTpaHcTB JTUMTUHT UMEET TOJILKO
npoctpancTBo L ( [166: riasa IV, reopema 6]). Tewm ue menee, mudTumr 310ro mpoctpan-
CTBa C ycIexoM paboTaeT W B APYIUX HeadbHBIX ImpocTpaHcTBax. Hampuwmep, B 1.3.10
[IOKAa3aHO, KaK y4acTBYeT JUMTUHI B BHIYUCJICHUH TOYHBIX I'DAHUIL TPOU3BOJbHBIX IIO/I-

muoxxecrs M ().

0.4.3. Jlugpmune 6 npocmparcmee usMepumvls 8eKmop-PyHKy U

EcrectBennasi peasiusanus ujied JUTUHTA [TPUMEHUTEIBHO K I[IPOCTPAHCTBY
L>(Q, X)) K1acCOB CYIIECTBEHHO OIPAHUYEHHBIX M3MEPUMBIX 10 Boxuepy X-3HAUHBIX
dyHKIMI 3aKII09aeTCsd B TAKOM BbIOOpE IIpejcTaBuTeseil KJIacCoB, KOTOPBIH cOXpaHs-
eT KOHCTAHTBI U COLVIACYETCS C ONMepaIUsIMH PEeIIeTOYHO HOPMHPOBAHHOIO MOV, T. €.
COXpaHSeT PENIeTOTHYI0 HOPMY, CYMMY W YMHOYKEHHE Ha CKaJspHble KJaacchl (cM. 5.2.2).
O HAKO TOMBITKA PA3BUTh TEOPUIO TAKOTO <CUJIBLHOTO> JIMDTUHTA MPUBOIUT K HEyIade:
cubHbli udrunr B L°(€), X) cymecTByer Torga u TOJIBKO TOIJIA, KO MPOCTPAHCTBO
¢ Mepoii 2 aromMHO nam GaHaxoBO mMpocTpaHcTBo X KoHedHOMepHO (Teopema 5.2.2). Ilo-
3TOMY MbI BBIHYZKJIEHBI OIPAHUYUTELCSI PACCMOTpEHNeM c1adbixX JudTunros (cm. 5.3.11).

Nnest cnaboro andruHra B NPOCTPAHCTBAX CA1a00 M3MEPUMBIX BEKTOP-(DYHKINN j1a-
neko He HoBa. Kiaccmueckas monorpadus A.u K. Monecky Tymua [166] yxke comeput
HECKOJIBKO Pe3yJIbTaTOB B 3TOM HallpaBJieHWH. B JlaHHOM cjydae pedb UJIET O cjaaboMm
JUTUHTE B IPOCTPAHCTBE CKAJISPHO U3MEPUMbBIX a0CTPAKTHO3HAYHBIX (DYHKIIUI ¢ OTHO-
CHTEJIbHO KOMIIAKTHBIME oOpaszamu [166: riasa IV, Teopema 7| u o ciabom nudrunre B
HPOCTPAHCTRBE €/1a00 U3MEPUMbIX BEKTOP-(DYHKIINNA C OTHOCUTE/IHHO €J1a00 KOMIAKTHBIMU
obpaszamu [166: rmasa VI, mpemmoxenne 1]. Cm. Takxke [166: VI, §4-7]. 13 xkuurn [181]
MOZKHO TIOJIYYHUTh TIPeJICTaBIeHne O JajbHeiiem passurun Teopuu judrunra (crp. 220
260).

Hama ocHoBHag Teopema o cymiecTBoBaHuU caa0bix JudTuHros (reopema 5.3.12)
Oblj1a 1OJIyY€HA, C HOMOIIHIO CBSI3U MEZK/IYy U3MEPUMBbIMU U HEIIPEPHIBHBIMU BEKTOP-(YyHK-
musivu (em. 0.5.3). 13 910ii TeopeMbl MOXKHO BBIBECTH CYIIECTBOBaHUE JTU(MTUHIOB PAZHOM

CUJIbI B Pa3HoOOpa3HbIX MPOCTPAHCTBAX BeKTOp-pyHkuuii. B pazesne 5.3.13 npusejeno 7
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HOJIO0HBIX CJIeACTBUIT: JTUMTUHT TOIO UM HHOTO BUJja uMeeTcst B ipoctpancTBax L(€, X),

L5(Q, X), Lo(Q, X'), LE(Q, X|Y), Lo(Q, X|Y), Lo(Q, X'|X) u L®(, X|X).

0.4.4. Jlupmune 6 npocmparncmee usMepumMbls ceeHull

Jluprunr B dakTOp-IpoCTpaHCTBE U3MEPHUMBIX CevYeHUi HGaHAXOBAa PACCJIOEHUST —
HOBasi Kounenmus. Jlo cux mop camoii o0Iieit curyarmeii, B KOTOPOil paccMaTpPUBAJICs
JUMTHHT, OBLIO MPOCTPAHCTBO M3MEPUMBIX BEKTOP-(MYHKIHU, MpudyeM pedb ILIa O TaK
HA3bIBAEMbBIX CJIa0BIX JUPTUHTAX — JUPTUHTAX, COTJIACOBAHHBIX CO CKAJIAPHBIM JIH(D-
THHTOM MOCPeJICTBOM jBoiicTBenHOCTH (cM. 0.4.3).

Paccmorpenne simdpruHra B HPOCTPAHCTBAX M3MEPHUMBIX CeYeHHi O0YC/JIOBICHO He
TOJIBKO OYEBU/IHBIM YI0OCTBOM U HMPUKJIAIHON MOIIBIO 3TOTO MOHATUA. /lesio B TOM, 9TO
HaJIM9re JIN(PTUHTA SBJISIETCS TeM aeKBATHBIM (DUIBTPOM, KOTOPBIl OTCEHBAET BCEBO3-
MOXKHBIE MATOJOTHIYECKHE CIydal — TaKue, Kak, HAIpuMep, U3MepuMoe ODaHaXOBO pac-
CJI0EHUE C U3MEPUMOil CTPYKTYPOil, COCTOsIIEH W3 TOYTH BCIO/ILY 3aHYJISIONUXCS CeIeHnit
(SICHO, YTO PEIIETOYHO HOPMHPOBAHHOE MPOCTPAHCTBO COOTBETCTBYIONINX KJIACCOB H3Me-
PUMBIX CEYeHWil SIBJISIETCS HYJIeBbIM BHE 3aBHCHMOCTH OT CJIOEB PACCMATPUBAEMOTO Pac-
CJIOCHHUST).

EcrecrBennast peasusarnusi wujgen JU(THHTA HTPUMEHUTEJIHHO K MPOCTPAHCTBY
L>(Q, X') KJIacCOB CYMECTBEHHO OMPAHNYEHHBIX U3MEPUMBIX CeUeHUil 6aHAXOBA PACCII0e-
Hust X 3aKJIH09aeTcsi B BRIOOpe pejcTaBuTeist py (1) B KaxK/I0M KjIacce U TakuM 06pa3oMm,
YTOOBI COXPAHUIHCH BCE OMEPAINU PEHIeTOYHO HOPMUPOBAHHOTO MOIY/Id, T. €. PeIIeToq-

HYI0 HOPMY, CYMMY U YMHOKEHHe Ha CKaJspHble Kaacchl (cM. 4.3.1):

(a) px(u) € undompy(u) =

©) llox()l = p(lal);

(8) px(u+v)=px(a)+px(v);

(r) px(eu) = p(e)px(u).
O/ 1HaKO yzKe IOBEePXHOCTHBII aHaJIU3 TAKOI'O MOHATHS [T0Ka3aJl, YTO OHO He PabOTOCIIOCO0-
HO: ycaoBus (a)—(r) He rapaHTUPYIOT JOCTATOYHO HPEJACTABUTEIbHbIH JJisl MPHIOZKEH I
obpa3 yindrunra. Ecim B ciaydae CKaaspHBIX U BEKTOPHO3ZHAYHBIX (DYHKIMH peicTaBu-
TeJbHOCTH 00pa3a JudTuHra rapaHTHPOBaHA HAJUINEM B 3TOM 00pa3e MOCTOSHHBIX (DYHK-
1uii, TO B CIydae cedeHuil moJ00H0i rapaHTHH HET, IIOCKOJIBKY CaMO HOHSITHE <ITOCTOSHHOE
cedeHne> B 00IIEM CJIydae DeCCMBICIEHHO. AHA/IM3 MPUIOKEHU JTuTUHTA TO3BOJIT BbI-

JIeJIUTH HeJOCTAOIIEe YCIOBUe:
(m) wmuOkecTBO {pyx(u):u € L®(Q, X)} nocnoitro mwiotHo B X.

Orpunare/bHBI OTBET HAa €CTECTBEHHBI BONPOC O TOM, HE CJIeJyer Jin ycjaosue (i) u3
(a)—(r), maercs TPUBHAIBHBIM MPUMEPOM H3MEDPHMON CTPYKTYDBI HOYTH BCIOJY 3aHYJIs-

IOLIMXCs cedenuii u HyjeBoro <judrunras). OIHAKO ITOT NPUMED JEMOHCTPHDYET He
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CTOJIBKO yIIEePOHOCTH JIM(PTUHTA, CKOJIBKO HEIOCTATOK CAMOIO PACCJIOEHUs: B TAKOM W3-
MEpPHUMOM PACCJIOEHUH BOOOINE HET HU OJHOTO JU(TUHTA, YIOBJIETBOPSIONIEIO YCIOBUAM
(a)—(m). Bomee rpomosakuii mpumep 4.3.2 (2) ykaspiBaeT Ha HE3aBHCHMOCTH yCJI0Bust (1)
Jlazke B TOM CJiydae, KOrjla PaccJ0eHue UMeeT JPYroil — <IpaBu/ibHbIil> — judTunr. B
9TOM TIpAMeEpe YCIOBHE (/) HAPYIIAETCS B OIHOMN BBIJAEIEHHON ToUKe. B jeificTBUTEILHO-
CTH HAC CIIACJI0 OBl IPEJIITOI0KEHNE O MOCIONHON IJIOTHOCTH oOpa3a JudTHHTA He BCIOLY,
a xors Obl mouTu Bciogay. Ho emre Oosiee ciaoxubiii ipumep 4.4.9 mokas3piBaeT, 4TO yCJIO-
Bus (a)—(I) COBMECTHMBL C NOCAOUHbLM OTPUIAHUEM (1), W TOXKe HPU HAJTUIHE BTOPOIO
<MpaBWJILHOTO> Judruara. Takum obpasoM, ycjioBue (1) 06S3aHO TPUCYTCTBOBATH B
omnpejesennn judgrunra. Torma, KcTaTu roBopsi, OHO aBTOMATUYECKH OY/eT BBIIIOJIHEHO B
6ostee cuibHOI bopme: 06pa3 smdrunra {py(u) : u € L*(Q, X)} nosmocreio 3anonnser
Bce cston paccaoenust X (npejgioxkenne 4.4.1).

Hackosibko gacTo BecTpedatoTes paccioenus ¢ audrtuarom? Ilocrosuuoe paccioenne
obs1aiaeT UG TUHTOM KpaiiHe PeKo — TOJBKO B TOM CJIydae, KOTJa ero CJIOW KOHETHO-
MepHbI WK 6a30BOe MPOCTPAHCTBO ¢ Mepoit aroMHO (Teopema 5.2.2). Ecim B paccioe-
Hud X MOXKHO BBIOpATh M3MEPUMYIO CTPYKTYPY, COCTOSIIYIO U3 CeYeHUil ¢ MOTOUETHBIMHE
HOpMaMH B 00pa3e CKaJsipHOro JUMTHHTA (& 9TO BO3MOXKHO, HANPUMED, B MOCTOSHHOM
paccyioernu), 70 X MOXKHO PACHIUPUTH 10 PACCIOeHHs ¢ JUDTHHTOM, cojepzkainiero X
B Ka4ecTBe BCIOJY IJIOTHOIO Hojpaccsioenust (reopema 4.4.5; MOHATHE MIOTHOIO MOJAPAC-
caoenns onucano B 4.2.3). Takum o6pa3oM TpPOBaJ MPH MONBITKE BBECTH JU(MTUHT B
npocrpancTie BekTop-byukmmit L, X) (cMm. 5.2.2) HECKOIBKO KOMIIEHCHPYeTCsT: HEKO-
TOPOE PACIIUPEHUE CJI0EB, He JTO0ABJISIONIEe HOBBIX K/JIACCOB M3MEDPUMBIX CeYeHwuil, obec-

MEeYUBACT JOCTATOYHBIH TPOCTOD IS CyIIecTBOBaHus JudTunra (Teopema 5.2.3).
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8 0.5. CBa3b MKy U3MEPUMBIMU U TOMOJOTUYECKUMU PEATUIANUAMU

Nnes nudrtuara B (GaKTOp-TIPOCTPAHCTBE U3MEPHUMBIX (DYHKIHH HMeeT HemocpeI-
CTBEHHOE OTHOIIEHHE K YCTAHOBJIEHHUIO CBA3M MEXKJIy H3MEPUMBIMU U HENPEePBIBHBIMH
dyukmuamu. C oIHOI CTOPOHBI, HAIUYHE JTUMTHHTA TO3BOJIAET IIOCTPOUTH HU30MOPhU3M
IPOCTPAHCTBAa U3MEPUMBIX (DYHKIUI Ha IIPOCTPAHCTBO HENpepbiBHBIX. llpudem 31ech
pedb HJEeT O CaMOM IEHHOM U3 U30MOPMU3MOB — m30MOpdU3ME, MOPOKJJIEHHOM 3aMe-
HOli mepemenHoit. C JApyroil CTOPOHBI, 3aMeHa TepeMeHHOI, n30MOPGHO TEePeBOIsIIas
HenpepbiBHbIE (DYHKIMKE B U3MEPUMbIE, T03BOJISIET MOCTPOUTH JIUMTUHT B COOTBETCTBYIO-
meM IpocTpaHcTBe uaMepumbix dyakmnuit. O6e CTOPOHBI yKa3aHHBIX B3aMMOOTHOIIECHUT
UMEIOT CBOM HPUJIOKEHHSI B TEOPUH PEIIETOYHO HOPMUPOBAHHBIX HpocTpaHcTB. OO 3THX

IPUJIOKEHUSIX U MOIIeT pedb B JaHHOM maparpade.

0.5.1. C8a3vb meotcody usmMePUMBMU U OMEPIMO-3GMEHYMBLMU MHOHCECNEAMU

Coraacuo Teopeme Croyna 1.2.8, 6ysiea anre6pa Clop(Q)) OTKpBITO-3aMKHYTHIX TI0/I-
MHOZKECTB BIIOJTHE HECBSA3HOTO KOMITAKTa () mpejcTaBiser coboii oOmmuii Bu 1 OyIeBoii aJi-
rebpel. B wacrrocTu, anre6pa B()) KJIaccoB M3MepUMbBIX MOJAMHOXKECTB MPOCTPAHCTBA
¢ mepoit © uzomopdua Clop(Q) st moaxomsimero kommnakta (). Hannune sudrunra B
B(€2) no3Bosisier BoIpa3uTh cBsi3b Mexkiy airebpamu B(2) u Clop(Q) 6osee siBHO — 110~
CPeJCTBOM KAHOHHYECKOro morpyzenus 7: £ — @ (em. [166: 1.V, §3]). Unpes raxoit
CBsI3U BO3HUKJIA 110 Kpaitneit mepe 30 Jier Ha3aj|, HO C TEX MOP TaK U HE OblLjIa OIEHEHA
0 JOCTOMHCTBY. MBI eIe 3aTpoHeM STOT BOIPOC MPHU OOCYKIACHUN CBI3U MEXKIY H3Me-
PUMBIMHU U HEIIPEPBIBHBIMU (DYHKITHSIMU.

[TocTpoenne KaHOHHYECKOrO IOrpyzKenmst 7: ) — () BOCIPOU3BEIEHO B pasje-
je 1.2.13 mpuccepramuu. Tam ke ycTaHOB/IEHBI OCHOBHBIE CBOIiCTBa 3Toi (bynkmuu. Pas-
HOOOpa3HBIE MOTPAHUIHBIE BOMPOCHI, 3aTPArUBAIOIINE MePy W TOMOJOTHIO, PACCMOTPEHBI

B kuure [215] (cm., Hanpumep, §22).

0.5.2. (C8a3vb mestcody usmMepuMvbLMU U HENPEPBIBHOLMY PYHKUUAMU

[Iycte €2 — mnpocTrpaHCcTBO ¢ Mepoi, obJiajaroriee CBOMCTBOM MPAMONR CYMMBI
(em. 1.1.14). Cormacuo Teopeme Byiuxa — Oracasapsr Coo(Q)) upencrasisier coboit 06-
muii B (pacumpenroro) K-npoctpancrsa. [losromy BekTopHas pemerka M () kiaacco
u3MepuMbiX byHkimit Ha € uzomopdua Coo(Q)) JJIst MOAXOAAIIEr0 IKCTPEMATBHO HECBSI3-
HOTO KOMITakTa ().

Takast CBA3b MeKJy U3MEPHMBIMU U HEHPEPBIBHBIMU (DYHKIMAME H3BECTHA JABHO,
eM. [133: §18, Teopema 2; 100: §44; 147]). O6pa3 nzmepnmoii GyHKIMH npu w30Mopdus-
me M () na Cx(Q)) HA3BIBAETCS €€ CTOYHOBCKUM TIpeobpa3oBaHneM. DTOT TEPMUH OBLT
seesien 1. CeHTIecoM, OCBATUBIINM MHOTHE CBOM PAbOThI MCCICI0BAHUIO CBI3UH MerK-

JIy TOTIOJOTHIECKUMH W U3MEPUMBIME KOHCTPYKIMsIMU (CM., Hanpumep, [147,234-237]).
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[To cyTu jieqia, croyHOBCKOE 1peobpa3oBaHme IIPeJIcTaB/sier co00i He CTOJIbKO CBSA3b
MexK Ty DYHKIUIME, CKOJTBKO CBSI3b MeZKJIy MpocTpaHcTBamMu 3Tux GyHKiui. Tem Gosee
37IeCh HE UJET Pedb 0 KaKOil-imO0 MPOCTOil aHAJIUTHIECKO (hOpMyJIe TUIIA 3aMEHBI Tiepe-
mennoit. Cam /1. Cenruiiiec 3amerns B [235], 410 ¢TOyHOBCKOE Ipe0Opa30BaHue HE HMEeT
oIpeIe/IeHusl IIOCPEICTBOM TOYETHOr0 oToOpazkeHus () B (), TaK KaK TOYKH ) TepsoTCs
B (). OaHAKO Uess IMEHHO TAaKOW CBS3M 3apOUIACh B Teopuu JUTUHTA. Y2Ke B KJIaCCH-
deckoii Mororpadun [166] HaMedeH MOAX0/ K PeaTn3aiu CBA3M MEXK/ly H3MEePHUMbIMU 1
HEIPEePBIBHBIMU (DYHKIUAME TOCPEICTBOM 3aMEHbI MepEeMEeHHOU, MOPOXK AeHHO TudhTHH-
rom (cu. [166: rmasa V, § 3]). Ilockoabky /1. CenTniiiec He HCIOIB30Ba JTUMTHHT B CBOUX
HOCTPOEHUSIX, €r0 CTOYHOBCKOE MpeoOpa3oBaHie MMeeT TOPa3/l0 MeHee siBHBIH XapakTep.
Kpome Toro — u 310 rmaBuoe — urnopuposanue /I. CeHTH/116COM TAKOTO MOIIHOTO WH-
CTPYMEHTa, KaK JIM(PTUHT, IPUBEIO K PE3KOMY YCJIOKHEHUIO BCEX €ro JTI0Ka3aTeIbCTB.

Hano ckasars, aro . Cenruinrec npekpacHo 3HaJ O CylnecTBoBaHuu JudTuHra. Tak,
B [235: § 3], mBITAsACH penTuTh TPOOIEMY TOUEUHON TeHePAIlUH CTOYHOBCKOTO Peobpa3oBa-
HUs [T 9acTHOrO ciydas §) = [—1, 1], on ucnob3osar uaeo audruara. OgHAKO BMECTO
HOJTHOIIEHHOTO JInpTUHTa Oblja B3sdTa Jiuiib JleberoBckas mjioTHocTh. B pesysbrare ne
BO3HMKJIO U IIOJIHOIEHHOe TodedHoe orobpaxkenue us 2 B (). Bmecro Hero 1osBujioch
coorBercrue w — C, (rme C, — 3aMKHYTble HHUIJIE HEe ILUIOTHBIE MOJAMHOKecTBa (), a
BMeCTe C HIM U MHOYKECTBO TEeXHUIECKUX mpodsem. Vaest mocTpoeHnst CTOYHOBCKOTO TIpe-
obpa3oBaHusl B BHUJIE 3aMEHbI [I€PEMEHHOM, MOPOXKJIEHHON JInPTUHIOM, POMETbKHYJIA U
B cTarThe [236: cMm. pasgen III], HO MIIb B KaYeCTBe MLTIOCTPAIHH.

B pazzgene 1.3.13 amccepranuu HpWBeIeHO sIBHOE OIHUCAHWE W30MOPQU3IMa, MeK-
ay M(Q) n Cx(Q) B TepMuHAX KAHOHHYECKOTO MOrpyzKeHust 7: 2 — (), Olpe/IeJIeHHOro

B 1.2.13 ¢ momortpio JudTuHra.

0.5.3. (Csa3vb mestcdy usmMepumvlmu U HENPEPHLEHLLMU EKMOP-HYHKUUAMU

CroynoBckoe mpeobpa3oBanme, oboraTupinee apceHaa (PyHKIHOHAIHLHOTO AHAJIN3A
oaromapst J1. Cenrmiiecy [147, 234-237], umeer ¢BOM OCHOBHbIE NPUJIOKEHUST B 0OJ1a-
cTu BeKTOp-dyHKIMi. Vmed ycTaHOBIeHHS CBA3U MeXK/y MU3MEDPUMBIMHU U HENpPePHIBHbI-
MU abCTPaKTHO3HAYHBIMY (DYHKIMSIMU OblIa M3BECTHA JIOBOJILHO JjlaBHO. Hampuwmep, B
monorpaduu [166: riaBa V, teopema 4] nMeEOTCS Pe3yJbTATHI O TECHON CBS3H MEZKIY
HePePBhIBHBIMA (DYHKIHUAME U U3MEPUMBIMA (DYHKITUSIMHA ¢ OTHOCUTETHHO KOMIAKTHBIMA
obpazamu. Ojguako nvenuo /. Centusiec BO3BeJ CTOYHOBCKOE Npeobpa3oBaHue B paHT
MOIIHOTO WHCTPYMEHTA JIJIsl UCCJICIOBAHNS N3MEPUMbIX W — TJIABHBIM 00pa3oM — CJ1abo
U3MEPUMBIX BeKTOP-(DYHKITHII.

Ompenenennoe B [234, 235] croyHoBCKoe mpeoGpa3oBanne W3MepuMoil mo Boxwe-

Py BeKTOP-(PYHKIUHU, MO3BOJISIET YCTAHOBUTDH PENIETOYHO-U30METPUUeCKuilt nu3oMmopdusm
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mexkiy npocrpanctBamu M (2, X) u Coo(Q, X) (cm. [235: Teopema 2.9; 75: Teope-
ma 4.1.15]).

B [236] . CenTmiiecoMm BBEJEHO MOHITHE CTOYHOBCKOTO MPeoOpPA30BAHUS U3MEPHU-
Moit o Bapy dyHKIUM cO 3HAUEHUAMHI B IIPOU3BOJILHOM BIIOJIHE PErYJISPHOM TOMOJIOTHU-
JeCcKOM IPOCTPAHCTBE. 3HAUYEHHsI CTOYHOBCKOIO ITpeoOpa3oBaHns (DYHKIINN JeKaT B KOM-
Hak TUUKAIMU [TPOCTPAHCTBA 00Ppa30B ncxoHoi dpyukiuu. IIpumenuresibHo K c1abo n3-
MepuMOil BEKTOP-(DYHKIIMN CTOYHOBCKOE 1Ipeobpa3oBanue jaeT PyHKIMIO CO 3HAYEHUSIMU
BO BTOpoM conpsizkennoM npocrpanctse. (. Cenrnmiec uccnemyer toabko X | X' -uzme-
pumMble (DYHKIMH, U3MEPUMOCTh OTHOCUTEIbHO KAKOH-IM00 JIPyroil JIBOWCTBEHHOCTH B €0
paboTax He PacCMATPHBAETCs. )

BHaueHUsT CTOYHOBCKOTO TPeodpazoBaHust n3MepuMoil (byHKIUN (KaK U 3HAYCHUS ee
audTUHTA) ABISIOTCS B HHTYUTUBHOM CMbICJIE <UCTHHHBIMU> 3HAYCHUSIMU PACCMATPUBA-
emoit pyukiuu. Hanpumep, <ucrnopyeHHast> Ha MHOYKECTBE HYJIEBOW MepbI MOCTOSTHHAST
byHKIHS TOCIe TPUMEHEHHUsT CTOYHOBCKOTO peobpasoBanus (uin audTUHTa) BHOBb CTa-
HOBUTCS TOCTOsTHHON. DyHKIMsS MOXKeT OBITh MCIOPYEHA HACTOJIBKO, 9TO OHa He Oyaer
NPUHUMATH HU OJHOTO CBOEr0 WCTHHHOIO 3HAYEHWs. bDe3HaIeKHO WCTOPYEHHBIMU STB-
JIAI0TCSA (PYHKIMH, BCe UCTUHHBIE 3HAUYECHUSA KOTOPBLIX BOOOIE He JieXKaT B MPOCTPAHCTBE
obpasa, a HaXOJATCs JIUIIb B €ro JIOMOJHEHUU 10 BTOporo conpszkennoro. I Centuiiec
Ha3biBaeT Takue (bYHKIUU IuCTO caabo m3MepuMbivu [236: onpenenenune 2.3]. Kaxgas
c1ab0 m3MepuMasg BeKTOpP-(DYHKINA pas3jaraercs B ¢1ab0 IU3BIOHKTHYIO CYMMY CHJIBHO
U3MepUMOil 1 qucTo cjaabo uamepumoit dbyukimit [236: reopema 2.5]. CroyHOBCKOE Hpe-
obpa3zoBaHme 3a9aCTyIO MO3BOJISIET ONUCATH T€ WJIU UHBIE CBOWCTBA W3MEPUMBIX BEKTOPD-
dyHKIHUi B 00JIee MPOCTHIX TOMOJOIMYECKHX TepMuHaX. Hampumep, ciaeayer 0KuaaTh,
910 PYHKIUN, HICTUHHBIE 3HAYEHHST KOTOPHIX MOYTH BO BCEX TOUKAX HE BBIXOIAT 38 PAMKH
MPOCTPAHCTBA 00pa3a, He SIBISIOTCS OYeHb UCTIOPYEHHBIMU. B 1eficTBUTeThHOCTH OKa3hi-
BAaeTCsl, YTO 9TO B TOYHOCTU Te (PYHKIUU, KOTOPbIe CJIa00 SKBUBAJEHTHBI CUILHO H3Me-
pumbiM [236: Teopema 2.2]. CTOYHOBCKOe mpeoGpa3oBaHie MOMOTAeT TaKyKe BBIICHUTD,
ABJIsleTCs Jin c1abo u3MepuMast BeKTop-dyHKIus nurerpupyemoit mo I[errucy (em. [237]).

Bce Bumpl croynoBckoro mpeobpasosanus, onpeenerubie /1. Centuiiecom, He TO-
POXKIAIOTCS TIOTOYEUHBIM OTOOparkeHneM 0a30BBIX MPOCTPAHCTB, a WHAYIHPYyeTCs ab-
crpakTHbIM n3oMopduzmoMm Mexay L(Q) u C(Q). Ucnonabp3oBaB TEOPUIO TPOCTOPHBIX
OaHAXOBLIX PACCJOEHUN U ee MPUIOKEHHA K U3MEPUMBIM PACCIOCHHSM, MOYXKHO peaJiu-
30BaTh CTOYHOBCKOE Ipeobpa3oBaHue B BUJIe 0TOOparKeHHUs 3aMeHbI IepeMeHHoil. Takas
peam3alug OCyIeCTBUMA 1 H30MOpdu3Ma MeXKIy CJASAYIONUME HapaMH PeIIeTOTHO

HOPMHUPOBAaHHbIX IIPOCTPAHCTB:

o M(Q,X)uCx(Q,X) (Teopema 5.3.2);
o L°(Q,X)uC(Q,X) (cnexcrsue 5.3.4 (1));
o L5 (Q,X)uCx(Q,X)NC(Q, X]Y) (crencrsue 5.3.4(2));
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o L5(Q,X)uC(Q,X|X") (caencrsue 5.3.6);

o M(Q,X'|X)u Cu(Q,X'|X) (Teopema 5.3.7);

o LY, X|Y)n C(Q,X]|Y) (caencrsue 5.3.9);

o L®(Q,X'|X)n C(Q,X'|X) (BoiTexaer n3 5.3.9).

[Hennocth u30MOpdU3Ma, MOPOKIECHHOTO 3aMEHOIl TepEeMEeHHON, 3aKJ/II0YaeTcs He
TOJIBKO B €r0 SIBHOM M yJIOOHOM aHaJMTUYECKOM lpejicrasjienun. Kak yxke ObLIO OT-
MEeYEeHO BBIIIEe, TaKad peaau3alys H30MOopdu3Ma MeK/1y MPOCTPAHCTBAMI U3MEPUMBIX H
HEeIPePbIBHLIX (DYHKIUI I03BOJISET IIOCTPOUTDH COOTBETCTBYIONMUI TUuTHHT. VIMEHHO 3TOT
npueM ObLJT UCIOJIb30BaH HAMU JIJIsd JIOKA3aTEJIbCTBA BCEX TEOPEM TEOpeM O CYIIeCTBOBa-

Huu JuTUHIA B IPOCTPAHCTBAX U3MEPUMbIX BeKTOp-byHKuuii (cm. 0.4.3; 5.3.11-5.3.13).

0.5.4. (C8a3b MeAHCOY USMEPUMBLMU U HENPEPBLEHBIMU CEUEHUAMU

3mepumbie paccioenus ¢ JUGTUHTOM B KJIacCe BCEX M3MEPUMbBIX OAHAXOBBIX pac-
CJIOEHUIT 3aHUMAIOT TO K€ MECTO, YTO U HPOCTOPHbIE PACC/IOEHUS B KJIACCE BCeX HelPepPbiB-
HBIX OAHAXOBBIX PACCJOEHUN. DTOT TE3UC HAXOIUT MOJATBEPXKJEHHE B MHOIOYHCJIEHHBIX
AHAJIOTHSX, BOSHUKAIOINX B PE3y/IbTaTe CPABHEHHS M3MEPUMBIX U TOMOJOTHYECKUX pea-
Jn3anuoHHbIX (pakToB. Takme aHa/JOrMu HE CJIyYaiiHbl, TOCKOJIbKY MeK/y U3MEPUMBIMU
PACCJIOCHUSAMH C JIM(PTUHIOM U HEIPEPBIBHBIMU MPOCTOPHBIME PACCTOCHUSIMEA UMEETCS STB-
HO BBbIPazKeHHAasl CBS3b.

B dopmynmposke Teopembr 4.3.4 npuBeaeH KOHKPETHBI Crocod mpeoOpasoBaHUsI
HPOCTOPHOI'O HENPEPBbIBHOI'O PACC/I0EHUs B uU3MepuMoe paccjoeHue ¢ judrunrom. He
BJ/IaBasICh B MOJAPOOHOCTH, MOYKHO CKa3aTh, YTO 3TO IpeoOpa30BaHHe OCYIIECTB/IAETCI C
IIOMOIIBIO 3aMeHbl nepeMenHoit. Teopema 4.3.5 ycuimBaeT CBA3b MEXK/Iy U3MEPUMBIMH H
HEIPEPBIBHBIMU PACCJOCHUSIMU, YTBEPXKIAsl, YTO KazKJ/I0e U3MepuMoe DaHaxOBO paccJioe-
HIe C JTU(MTUHIOM MOXKET OBITH MOJTYYIEeHO OMUCAHHBIM B TeopeMe 4.3.4 crmocoboM.

Takum obpazoMm, MeKITy U3MEPUMBIMU PACCIOCHUSIMHU C JIM(PTUHIOM HAJI IPOCTPAH-
CTBOM C Mepoit {) ¥ TPOCTOPHBIMU HEMPEPHIBHBIME PACCIOCHUSIMA HAJT CTOYHOBCKUM KOM-
makToM ajarebpsl B(£2) nmeercs KOHKpeTHast KOHCTPYKTHBHAst 6uekist. C HOMOIIBIO 9TOM
OMEKINN BeCh Oarazk pe3y/1bTaToOB, HAKOILTEHHBIH /IS TPOCTOPHBIX HEMPEPBIBHBIX PACCJIO-

eHHUIi, ¢ JIEPKOCTHIO TIEPEHOCUTCS Ha M3MepHUMble paccyioerus ¢ gudruarom (em. §4.4).
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8 0.6. Inrepniperariusg CBOICTB 00bEKTOB B TEPMUHAX UX PeaTu3aInuaii

I3MeprMast Wi TOMOJOrnYeckas peanusanusa oobekta (em. §0.2, 0.3) npegoctaniisi-
eT BO3MOKHOCTb MHTEPIPETUPOBATH €r0 CBOICTBA, BhIParKeHHbIE Ha S3bIKe abCTPaKTHOI
aJreOpamvIecKoil CUCTeMbl, B TEPMUHAX KOHKPETHOr0 (DYHKITMOHAJIHLHOTO IIPE/ICTaBICHUSI.
[lomobHyI0 HHTEpIIPETAIMIO UMEIOT TaKKe U Pa3sHoOOpa3HbIe OIepali HaJl pean3yeMbl-
MHn O6’beKTaMI/I U "X dJIEeMEHTAMMN. OHbIT MMOKa3bIBaA€T, YTO Ta WJIM HHasdA KOHIECIIHWA B
CBOEI peaM3aIMOHHON WHTEePIpeTAlNN 3a9aCTyI0 OKa3bIiBaeTCs O0J1ee MPOCTOi MIn XOPO-

110 U3Y4YEHHOM.

0.6.1. Humepnpemayus ceoticme 6yaeeoti arzebpul

Peanuzanus 6yneBoit anredpbl B BUIE aareOpbl OTKPHITO-3aMKHYTHIX HIH H3MEPUMBIX
MHOKECTB I03BOJIIeT HHTEPIPETHPOBATEL T€ W HHBIE €€ MOPSIKOBbIE U aaredpandecKue
CBOIICTBAa B T€PMHHAX COOTBETCTBYIOIIETO BIIOJIHE HECBAZHOTO KOMIIAKTA WU IIPOCTPAH-
cTBa ¢ Mepoii. Hanbosiee n3BeCTHOI B 9TOM CMBIC/IE SIBJISETCS HHTEPIIPETAIMS TOPSIIKOBO
OJTHOTHI OyJIeBoli asre6psl, moaydentnas 1. Oracasapoii [214]: GyreBa anrebpa siBiisierTcst
MOJIHOM TOrJa U TOJBKO TOI'Zla, KOr'Ja ee CToyHOBCKI/Iﬁ KOMITaKT 9KCTPEMaAJIbHO HECBA3CH
(em. 1.2.8, a Takzke [60: rmaa XIII, Teopema 1.35; 33: Teopema 11.9.2])).

Bynesa anrebpa B({2) KjiaccoB H3MePUMBIX MHOKECTB SIBJISETCS TIOJHOM B TOM CJIy-
qae, e/ IIPOCTPAHCTBO ¢ Mepoii €2 obsraaeT cBoiicTBOM npsMoit cymmsbr (eMm. 1.2.12 u [166:
riasa I, §8]).

Omnucanne HEKOTOPBIX CBOMCTB OyJieBoit aarebpbl n OysieBa romoMopdu3Ma B TePMHE-

HaX ux peanusanuii umeercs B [100: §11, 22, 25].

0.6.2. Hwnwmepnpemayus ceolicme 6ekmopHoti peuLemxy

MHOro4nC/IeHHbI CHUCOK peajn3aluOHHbIX HHTEPIpeTaluii CBORCTB BEKTOPHBIX pe-
MIETOK MbI TPOUJLIIOCTPUPYEM JIHITH HECKOJIBKUME KJIACCAIECKUME puMepamu. VHTep-
npeTanus MOJTHOTEI OyJieBoit aiareOpwr, nosyuennas T. OracaBapoii, mmeer ¢Boe (hpyHKITHO-
HaJIbHOE BBbIDarKeHHWe: YCJOBHAs TOPsIKOBasi MOJTHOTA BeKTOPHO# pemterku C(()) paBHO-
CHJIbHA IKCTPEMAIbHON HecBs3HOCTH KoMmakTa () (em. [60: ruasa XIII, reopema 2.18]).
Kpowme Toro, u3 sxcrpeMajbHOll (KBA3HIKCTPEMAJIBbHOI) HECB3HOCTH KOMIAKTa () CJie-
ayer, uto pemntetka Coo((Q)) aBasIeTcss pacmuperubiM K-npoctpanctsom (K, -pocTpan-
crBom) (em. [60: rraBa XIII, reopema 2.23; 33: Teopemb V.2.1 u V.2.2]). CpoiicTBO mpsaMoii
CYMMBI IIPOCTPAHCTBA ¢ MEpOil 06eCcleunBaeT O-MOJHOTY COOTBETCTBYIONIUX HEAJbHBIX
IIPOCTPAHCTB W3MepUMBIX (byHKIuii [166]. OyHKIHOHATbHAS HHTEPIPETAIIUS O-CXOINMO-
cti B BeKTOpHOI perrerke nana B [60: raasa XIII, pasmen 2.3]. Crarbs [25] nocssimena
OIMCAHWIO BEKTOPHBIX PEIIETOK ¢ IPOEKIUSMU | C IJIABHBIME TPOEKIUSIME B TEDMUHAX UX
dbyukunOHAIBHBIX peasu3anuil. Peajm3annontoe onucanue pa3HooOpa3HbIX CBOMCTB BEK-

TOPHBIX pereTok umeercst B [194: § 43; 7: upemioxenne 111 pazaena 1.4.2, reopema 7 (4.1)].
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Hekoropsie coiicTBa 6aHAXOBBIX PEIIETOK TPOMHTEPIPETHPOBaHbl B [225: raasa 11, npe-

noxkenust 7.5 u 7.7, reopema 9.3; rnasa 111, npenoxenne 5.6; 190: npempioxenne 1.a.4].

0.6.3. HUwnmepnpemayua c60licme peuLemowHo HOPMUPOBAHHO20 NPOCMPAHCINEN

Basy a5t narepuperanuu CBOMCTB PENIETOYHO HOPMUPOBAHHBIX MMPOCTPAHCTB U CBsi-
3aHHBIX C HUMU KOHIETIIHIT IPeI0CTAB/ISIOT PeAJM3alii B BUE IPOCTPAHCTB HENPEPbIB-
ubix (cMm. §0.2.9) u usmepumbix (cm. §0.3.4) cevennit 6aHAXOBBIX PACCIOCHHIA.

Ecmu () — croyHoBCKUi KoMIAakT 6a3bl K-tnipocrpanctsa F, 1o, Kak u3BecTHO, Coo (Q))
SIBJIZETCS MaKCHMAJbHBIM pacimuperneM F. AHATOrHYHO peajn3yercs MaKCHMAaJbHOEe
pacIupeHne peIeToIH0 HOPMHPOBAHHOTO MpocTpancTBa U: ecianm () — CTOYHOBCKHIA
koMmakT U, a X — ero peaamsanuonHoe ODaHaxoBO paccioenne, T0 Coo(Q, X') — Mak-
cumasbHoe pacuupenue U (npemioxenne 3.4.6).

[Ipeioxkenne 3.4.7 onuchiBaeT pean3aluio O-MOJHBIX PEIIETOYHO HOPMUPOBAHHbBIX
HOJIIIPOCTPAHCTB B TEPMUHAX IIPOCTOPHBIX MOJPACCTOEHUIA.

Kak u ce10BaIo 0XKuIaTh, CONpsizKenHoe paccaoenne (cMm. 0.9.5) peanusyer compsi-
JKeHHOE PEIeTOYHO HOPMUPOBAHHOE MPOCTPAHCTBO (TeopeMa 3.4.8).

[TopsiikoBasi amIpPOKCUMAIAA B PEIIETOYHO HOPMHPOBAHHOM IIPOCTPAHCTBE HMEET
CJICJIYIONTY 10 MHTEPIIPETAINIO: MHOYXKECTBO cedeHuil U ABJsieTCs MOPsIKOBO aIlllpOKCHMU-
pytommm B Coo(Q, X') TOrma u TOJBKO TOTJA, KOTJIa MHOXKECTBO 3HAYEHWUiT d1eMeHTOB U
BCIOJLy TJIOTHO B oObemunennu ciaoeB X (teopema 2.5.7). (CoorBercrBylomiasi WHTEP-
nperanys B TePMUHAX M3MEPHUMBIX cedeHuii jgaercs reopemoil 4.4.4.) YauBuTebHO, 4TO
TUIIYHO MOPSIKOBAasl KOHIEMINA ANMPOKCUMAIIINA UMEeT TaKOil MpOCTOil YMCTO TOIOJIO-
rmJecKnii anajaor. B 3ToMm cMmbice mocsennmii pe3yabTaT cxoxK ¢ Teopemoit CtoyHa —
Beiteprirpacca, ynpoIieHnbiii aHaJI0r KOTOPOii JIjIst 9KCTPEeMaIbHO HECBSA3HOW 6a3bl Mpu-

BeJeH B Teopeme 2.5.9 (cp. [144: 4.2]).

0.6.4. 3Jameuanue o 6YAe803HANHBLL PEGNUIAGUUAL

B nocseaneM pas/esie mepBoii 9acTH, MOCBSIEHHON peaTn3aIisM OCHOBHBIX O0bHEK-
TOB TEOPUH DPEIIeTOYHO HOPMUPOBAHHBIX HMPOCTPAHCTB, MBI OOCYJUM eIlle OJUH BeChMa
BaZKHBIH BUJ peaJn3alyu. 3HAYUTEIBHBII MPOrpece B Teopun K-POCTPAHCTB CBA3AH C
OyJIeBO3HAYHBIM aHAJIN30M. Tak Ha3BIBAIOT pa3/ies aHAJIN3a, UCHOJIb3YIOIIUIl Cleuah-
HYI0 TEOPETHKO-MOJIEJIbHYI0 TeXHUKY — OyJEeBO3HAUHBIE MOJIE/JM TEOPUH MHOKECTB, —
OCHOBBI KOTOPOil ObLH 3a/m0Kenbl B cepeanne 1960-x romos I1. Bomenkoii, /1. CkoTTOM 1
P. Conoseem (cm. [56, 120, 247, 252]). 3a pa3zbscHeHHEM OCHOBHBIX MOHSATHI OyI€BO3HAY-
HOI'O aHAJIM3a MBI OTCBLIAEM YUTATeNs KO BTOpOil yactu Monorpaduu [91].

Ha BO3MOKHOCTH TPHJIOKEHHIT OyJICeBO3HAYHBIX MOJeJIeil B aHAJIM3e BIEPBbIE 00-
parun Bummanue JI. Crorr (cm. [228, 247]). Bcesen 3a mnm I Takeyrn magan cucre-

MaTHYeCKOe M3y4YeHHe U3MePUMbIX (PYHKIMIT ¥ CaAaMOCOIPSZKEHHBIX OIEPATOPOB B I'MJIb-
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0epTOBOM IPOCTPAHCTBE, UCIOJIb3Ys Oy/IeBO3HAYHBIE MOJIE/IN C IOJIHOHM OyJieBoil aJireb-
pOii TPOEKTOPOB WM MU3MEPHMBbIX MHOXKeCTB (cM. [247-252]). Barem mociaenoBaau pa-
6orer E. . Topnona [34-45], A.T. Kycpaera [76-78, 80, 83, 88, 91], M. Ozaswr [216, 217],
X. Hummumyper [207-213] u ap.

Ecmu cnyck snementa X Oy/eBO3HAUHON MOAETN H30MOPGEH HEKOTOPOMY OO0beK-
Ty X, To X Ha3biBaeTcsa Oy/aeBo3HAUYHON peanu3anueir X. Bo MHoOrmx ciydasx oka3bl-
BaeTcs, 4YTO OyJieBO3HAYHAST pean3alus UMeeT 3HaYUTe/IbHO 0oJiee MPOCTOe YCTPOUCTBO,
a 3a4acryio lpejcrapjisger coboit xoponio usydenubiit 00bekT. [lepBast peasimzanuonnas
Teopema ykaszanuHoro tuna 6buia moiaydena P.Cososeem u C. Tennenbaymom [240] mist
OysieBBIX anarebp. 3arTeM pe3yJabTaThl O Oy/JIeBO3HAYHOI pean3aryy ObLIH YCTAHOBJIEHbBI
E. . Topaonom it pacimmpeHubix K-1pocTpaHCcTB, MOy HEPBUYHBIX KOJIEI, UWHbHEKTHB-
HbIx MojyJieit [34, 37,39, 41], E. 1. Topuonom u B. A. JTroGenkum jijist pa3/iMuHblX KJIACCOB
paBHOMEDHBIX ¢TPYKTYp [43,44], T. Takeyru jjis anre6p dbon HeiiMaHa n HEKOTOPBIX TH-
o C*-anre6p [250, 251], M. Ozasoii u X. Hummumypoit st ruib6epToBbix Mojy/iei u
AW*-monyneii [208, 210, 211, 216, 217].

Ocobo ormeTnM cieyolnee BaxkKHOe HaOoaeHne, npuHaatexKariee E. . lopgony:
Oy/ieBO3HAUHAS peasin3alus pPacIIupeHHoro K-mpocTpaHcTBa IpeJcTaB/igeT coboil 1moJie
BeleCTBeHHBIX unce [34: Teopema 2]. JlokazaTeabCTBO 9TOr0 pe3ysbraTta IIPUBEIEHO
Takzke B [83: Teopema 3.3.2; 24: reopema 1.3.2]. Pasurue teopemsr Lopaona nossossier
IOJIYYUTh GYJI€BO3HATHYIO PEATU3AINI0 BEKTOPHBIX pereTok [24: Teopema 1.3.6].

Psan 3amgad BekTOpHOl 1BOiICTBEHHOCTH (Hpo6,neMbl BHYTPEHHEN XapaKTepu3anuu
OIIOPHBIX MHOZKECTB, JE3bIHTEIPUPOBAHUS U JP.), KOTOPbIe HE MO/IABAJIUCH DENIeHHIO
TPaJUIMOHHBIME cpejicTBamu, ObL1 pemen A.T. Kycpaessim [83]. UM 6blna paspabora-
Ha O0IIMas cXeMa peau3aloOHHOr0 MEeTo/a U OyJeBO3HAYHAdA pean3alus psia BarKHbIX
00beKTOB 00bEKTOB (PYHKIIMOHAJIHHOIO aHAJIM3a — B TOM YHCJIe TPOCTPAHCTB banaxa —
Kanroposuua u pemerok Banaxa — Kanroposuua (cMm. [83: reopema 3.4.4; 24: Teope-
ma 1.6.5; 83: Teopema 3.4.6]).

Meto Oy/1€BO3HATHBIX Pean3alinii MoIe3eH TaKyKe W TTPU U3yIeHN: JUHEHHBIX Ore-
pPaToOpoOB B BEKTOPHBIX pemieTkax. [yiybokue pe3ysibTaThl B 9TOM HAINPABIEHUN UMEIOTCS,
nHanpumep, B [35, 36, 38, 42, 79, 83, 92]. AmnajormuHble MpPUEMbl HCIOJIL3YIOTCA W HPU

aHaJIM3e HeJMHEHHBIX oneparopos (cM. [83,90]).
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Omneparopbl, COXpaHAOIIHE JU3bIOHKTHOCTh, KMEIOT COOCTBEHHYIO OOraryio pesy/ib-
TaTaMH TEOPHIO, BKJIIOYAIOIIYI0 TaKHe BOIPOCHI, KAK OIPAHHYEHHOCTDH, HEIPEPLIBHOCTD,
CIIEKTpaJIbHbIEC U T€OMETPUYIECKHUE CBOI'_/'ICTBa;7 MYJIBTUTTIJINKATUBHOCTH, KOMITaAKTHOCTH U IP.
Crumcok paboT, MOCBSIIIEHHBIX UCC/IE0BAHUIO COXPAHSIONINX JIM3BIOHKTHOCTH OIIEPATOPOB,
HACTOJBKO BEJIMK, UTO MOT OBl MOCJYKHTH IOBOJOM I OTAeJTbHOro ob3opa. OcraBuUB
6e3 paccMOTpeHUs] MHOTHE BeCbMa HHTEPEeCHbIe HAIIPABICHUs UCCIe0BAHUI, MBI COCPEIO0-
TOYHUM BHHUMAaHHUE JIMITb Ha HOUCKE aHAJUTUYIECKOTO IpEeACTaBJICHUA. O,ZLHI/IM U3 NepBbIX
samHTEepecoBasics 3ruM BonpocoM B. 3. Byiux ([30-32]). B gasbheiimem k 91oit mpobiie-
maTuke moakaounanchk FO. A. Abpamosud, E. JI. Apencon, A. . Bekciep, A. B. Bukcresn,
A. K. 3aanen, A. K. Kurosep, A.B. Komaynos, I1. T. H. Makmosun, /1. P. XapT u mHOrme
apyrue (cm., Hanpumep, [1-4, 61-64, 108-111, 158, 163, 164, 178, 179, 194, 199, 254, 256,
257]). OTMeTnM TakzKe, 9TO K BOMPOCY 00 AHAJIUTHICCKOM MPEICTABICHUN ONEPATOPOB,
COXPAHSIONUX JU3bIOHKTHOCTb, OTHOCHTCS TaKOe MOIIHOe HAIpaBIeHHe, KaK OMNCAHNE
M30MeTPHIi TPOCTPAHCTB M3MEPUMbIX BeKTOP-DYHKINI (Tak Ha3biBaeMble TeopeMbl Ba-
naxa — Croyna) [1, 65,109, 118,126,127, 139, 148-151, 167, 188, 241].

VcTopus mccie10BaHmil OIEepaToOpoOB, COXPAHSIONINX JIN3bIOHKTHOCTD, ITPOCTHPAET-
cst OT mepBoro ux paccmorpenus B. 3. Bymuxom [32: 33°] mo pabor FO. A. AGpamosuua,
E.JI. Apencona u A. K. Kutosepa, B KOTOPBIX HCC/IEIYETCS] AHAJIOT COXPAHSAIONIETO U3 b-
IOHKTHOCTH omeparopa B bamaxoBbix C(Q)-momymax (cm. [2: Teopema 4; 109: ompemene-
uug 4.4 u 4.5]). 3amerum, uro nousTre banaxosa C(Q))-Moy/as aBisieTcs 6osee OOIINM,
geM PEereToYHO HOPMHUPOBAHHOE MPOCTPaHCTBO. (OIHAKO JTOCTATOYHO J00ABHTH K HEMY
yCJIOBHE JIOKAJILHOI BBIIYKJIOCTH U MbI yzKe Oy/ieM HMeTb JieJI0 C POCTPAHCTBOM Ceue-
HUil 6aHAXOBA PACCJIOEHUS, & 3HAYUT C PEIIETOTHO HOPMUPOBAHHBIM MPOCTPAHCTBOM (TO
BeITeKaeT u3 [125: reopemsbr 2.1, 2.3 u 3.3; 162: 6.7], cm. 0.2.6).

Pasrosop 00 omneparopax, COXpaHSIONNX JIU3bIOHKTHOCTH, MBI BO300HOBUM B § (.8,
a CJIeJIyIONuil Jlajiee BCTYyHUTe/IbHbINA naparpad BTOPOW 4acTu 1OCBsIeH 0030py pe3yJib-
TaTOB 00 AaHAJUTUYECKHUX MPEICTABICHUAX MPOM3BOJBHBIX JHHEHHBIX OIMEPATOPOB B BEK-
TOPHBIX perieTKax, MPOCTPAHCTBAX BEKTOP-(PYHKINI U perneToOYHO HOPMUPOBAHHBIX TTPO-

CTPAHCTBaX.
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8 0.7. AnmasimTu4eckoe mpe/CTaBJIeHNe JUHEHHBIX OIIEPaTOPOB

Ananuruyueckoe onucaHue pazTHIHBIX KJIACCOB JUHEHHBIX OMEPATOPOB SBJISETCS O/l
HOU W3 JABHUX W TPAJUINHMOHHBIX 33734 (DYyHKIMOHATHLHOTO aHaam3a. He BiaBasch B
JeTaIu U He CTPeMsCh K MOJHOTE, MBI JIUIIb TPOWIIIOCTPUPYEM ITOT TE3UC HECKOJIbKHU-
MU npumepamu. V3BecTHble peaiM3allMOHHbIE JJOCTUKEHUS] MOZKHO YCJIOBHO PAa3JIeJIMTh
Ha TPH I'PYIIIBL [PEJCTABICHHE OIIEPATOPOB B BEKTOPHBIX DEIIeTKax (B IPOCTPAHCTBAX
BEIIECTBEHHO 3HAYHBIX (DYHKIMIT), B HPOCTPAHCTBAX BEKTOP-(MYHKIMI U B PEHIETOYHO

HOPMHPOBAHHBIX MPOCTPAHCTBAX (IIPOCTPAHCTBAX CeYeHHH ODAHAXOBBIX PACCIOCHHIA).

0.7.1. Onepamopvl 6 6EKMOPHVIT PEULEMKAL

Pasrosop o peajinzaiusx oneparopoB B BEKTOPHbIX PelIeTKaX eCTeCTBEHHO Ha4YaTh C
obcyxkjenus pesysibraros JI. B. Kantoposuua. Ilennocrs ero jjocruzkenuii B 31oit obJia-
CTH BBICOKA ellle U IOTOMY, YTO OHM ObLJIU CJI€JIAHO B TO BPEMs, KOIJa 3aI1ac KOHKPETHbIX
¢dakTOB 0 cTpOEHUU JINHEHHBIX (DYHKIIMOHAJIOB M OLEPATOPOB B TUIUYHBIX KJIACCaX Helpe-
PBIBHBIX M MHTErpupyeMbiX (hyHKIui Obl1 Kpaitne ckyaen. K nagany 1930-x roios obmias
dopma jimneitnoro pynknuonasa O6bl1a HallIeHa JIUITH /I8 KJIACCUIeCKUX OaHAXOBBIX MPO-
cTpaHcTB (3a uckiovYeHreM L), a [71s1 01epaTopoB NMEIOIHeCsT CBeJIeHUsT TTPAKTHIECKN
ucyepubiBajnch pesyiabraramu V. Pagona 06 obmmx popmax orpaHudeHHBIX U KOMIIAKT-
HBIX SHJIOMOP(U3MOB NpOCTpaHCTBA HenpepbiBHLIX (yukmuit. [Ipobiema mpegacrasie-
HUs JIMHEHHBIX ONEPATOPOB CTaJa OJHUM W3 OCHOBHBIX HAIPABICHUN AHAJTUTUIECCKOTO
tBopuectra JI. B. Kantoposnua. Crajm KjacCHIecKuMu €ro COBMECTHBIE PEe3YJIbTATHI €
[. M. ®uxTeHrobnoM 00 aHAJUTHIECKOM IMPeJACTaBIeHNN OIepaTopoB, JefCTBYOMNX U3
IPOCTPaHCTBa HenpepblBHBIX (hyukmnuii B L>°. JI. B. KantopoBuieMm ObLIN BbIIEJ€HBI MHO-
POYHC/IEHHbIe KJTACCHI HEMPEPBIBHBIX (B TOM WM HHOM MOPSIIKOBOM CMBICJIE) PETyJIsiPHBIX
omepaTopoB B K-IpocTpaHCTBAaX M Hali/IeHbI /IJIs HUX KOHKPEeTHbIe aHAJTUTHIECKIE OMUCA-
HUsl. DTU U JpyrUe UCCIeJ0BaHus OTpazkKeHbl B paborax [58, 60, 173175, 219].

[IpumepHO B Te :Ke TOABI BaxKHBIE PE3YIbTATHI 00 AHAJUTUIECKOM IIPE/ICTAB-
JIEHUU JIMHEHHBIX OIepaTOpPOB HA OCHOBe TeopHH OAHAXOBBIX MPOCTPAHCTB IMOTYYaTn
. M. Tenndann [143], H. Taudopa u B.Ilerruc [135] u ap. B ykazauubix paborax
KJTIOUEBYIO POJIb UTPAaeT KOHIENIUs uHTerpana. llcciemoBanme ycioBHii mpeacTaBUMO-
CTH B HHTerpasbHOI hopMme g JUHEHHOrOo omepaTopa, AeHCTBYIONEro B IPOCTpPaH-
CTBaX M3MEPUMBIX (DYHKIHi, 3aTeM MpeoOpPa3zoBaJIOCh B MOIIHYIO BETBb (DYHKIIMOHATH-
HOro anasim3a. Jlanbueiiiee pasBurHe TEOPHUs MHTEIPAIbHBIX OMNEPATOPOB MOy YA
B paborax A.B.Byxsasosa [12-14], /1. A. Baagumuposa [28], B.B. Koporkosa [70, 71],
B. 1. Crenanosa [101,102] u ap., cm. [71, 73, 157].

Teopust uHTErpaIbHBIX ONEPATOPOB B BEKTOPHBIX pelIeTKAaX BKJIOYAET TaKue pe-
3yJIbTAThl, KAK UHTEI'PAJIbLHOE IIPEJCTABICHUE CEKBEHIIMAJIHLHO O-HEHPEPBIBHOIO MYJIHTHU-

IIMKATUBHOTO oneparopa [30: Teopema 8; 32: 47°, 48°], mHTerpaibHOe NMpeICcTaBIeHHe
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O-HENPEPBIBHOIO M orpanudeHHoro Qynknumonasa na L [33; 257: reopema 86.3; 24:
npemnoxkenne 2.2.20], wHTErpasbHOE MpeJcTaBIeHre peryisiproro omeparopa u3 C(Q)) B
K-mpocrpanctso [83: Treopema 4.1.17 (1)], uHTerpasbHoe mpecTaBieHne oneparopa, Jeii-
crByfomiero B LP-npocrpancrBax [24: npepioxenue 2.4.13], dyHKIuoHaIbHAS peanin3alius
IOYTH MHTErpajbHOroO omeparopa [83: Teopema 4.2.19], npejacraBienne o0-HEMPEPHIBHOTO
OlLIEPATOPA B IICEBIOUHTErPAJIbHOM Bujie (242, 243], byHKIMOHAIbHAS peaiu3alus jebero-
Ba PACIHIUPEHUS MOJOKUTEIHHOIO OllepaTopa U MHTErPaJIbHOE ITPEJCTABICHAE JIEMEHTOR
OPOKIEHHO# UM KoMIOHeHTHI [66, 83,193, 198]. Ocobo ormernm, uto A. B. ByxBagoBbiMm
ObLiIa perieHa 3aj@ada 00 MHTerpabHON MPEJICTABUMOCTU JIMHEHHOIO OllepaTopa, MOCTaB-
neunas JIx. bou Heiimanowm eme B 1935 1. (em. [12-14]). IToapobuoe obcyzkaenue u 10Ka-
3arenbcTBO Kpurepus A.B. Byxsanosa npuseseno B [24: Teopema 4.2.1], eMm. Takxke [21;
84: §3; 257: Teopema 96.8; 24: 4.2.12, §4.3].

0.7.2. Onepamopw. 8 npocmparncmear 6ekmop-hyrruul

HoBble BO3MOXKHOCTH /1T aHAJTUTHYECKOTO ITPEICTABICHUS JTHHEHHBIX OllepaTopoB
BO3HUKJIN B CBA31 C IOCTPOCHUEM MHTETPUPOBAHUA B 6aHaXOBbIX IIPOCTPpaHCTBaX U Pa3BU-
THeM COOTBETCTBYOIIel Teopun u3Mepumbix dbyHkiwmil (cm. 0.3.3). Peub uer 06 aHaiuTu-
YeCKHX MTPEeJICTABICHUAX JUHEHHBIX OIIepaTOPOB, AeHCTBYIONNX B IPOCTPAHCTBAX BEKTOP-
dyukmuit. K 3ToMy HanmpaB/IeHUIO MPUMBIKAIOT pa3HOOOPa3HbIe TTPEeJICTABICHUS ONepaTo-
POB TIPU MOMOTIH U3MEePUMBIX BeKTOop-dyHuKIwmii [11, 17,19, 21], peanusanus oneparopa ¢
abCcTpaKkTHON HOPMOI, JeficTByomero u3 6anaxosa npocrpancrsa B K-mpocrpanctso [93:
npenoxkenue 2.4, GyHKIHOHATbHAS peain3anius MPaBIJIbHBIX OMEepaToOpoB [83: mMpeio-
xkenue 1.1.14], npencrasienne duimnaeiiHOro oneparopa ¢ abcTpakTHO# HOPMOiT [84: Teo-
pema 2.3 (a)], aHATMTHYIECKOE TPEICTABICHNE MaXKOPHPYEMOro oreparopa n3 GaHaXoBa
IIPOCTPAHCTBA B HAHAXOBO MJIeATbHOE MIPOCTPAHCTBO [24: Teopembl 2.4.7 u 2.4.8].

Kak u B ciiydae onepaTropoB B BEKTOPHBIX PelIeTKaX, PU MU3YUYEeHUH OIEePaToOpoOB B
IPOCTPAHCTBAaX BEKTOP-(YHKIINI OCHOBHBIE YCHUJIMS IPUJIATalOTCA K MOUCKY HHTEI'PAJIb-
HBIX IpeacTapiaernii. CeroaHs 3To HallpaB/IeHHe BKIIOYAET TaKue pe3yIbTaThl, KaK HHTe-
rpajibHOE TPeACTaBJAeHNEe OllepaTopa n3 L' B 6amaxoso IPOCTPAHCTBO [24: Teopembl 2.4.9
u 1.4.11], a TakzKe U3 6GaHAXOBA MPOCTPAHCTBA M3MEPUMBIX BEKTOD-(DYHKIHH B GAHAXOBO
npocTpaHcTBo [98], peanusanmsi KOMIAKTHOIO OIE€PATOPA HA IIPOCTPAHCTBE HHTEIPUPY-
eMbix 10 Boxuepy dynkumii [114], waTerpaspbHOe MpeacTaBIeHne MaxkKOPUPYEMOTO OTle-
paTopa B IPOCTPAHCTBAX HENPEPBIBHBIX BEKTOP-(DYHKIIN, HOpMa KOTOPOTO IpUHAIIe-
JKHT KoMIOHeHTe orneparopa Marapam [84: teopema 2.5], peannsaiusi MazkOpUPYeMOTo
oleparopa, JeHCTBYIOIEro U3 BeKTOPHO3HAYHOrO L!-IpocTpancTBa B BEKTOPHOZHATHOE
L*°-upocrpancrso [84: Teopema 3.5|, 0600menue kpurepus A.B.ByxsasoBa 06 unTe-
IrpaJIbHOII MPEICTaABUMOCTH Ha CJIydail oneparopa, JeicTBYIONEro B uiealbHbIX POCTPaH-
crBax BekTOp-dyuKnuii [83—-86], 060o6menne Teopembl HaBoHOBa 06 HHTErPATLHOM MPE/I-

CTaBJIEHUN HA CJIydail omepaTropa, JeficCTBYIONETro B MIeaJbHBIX IMPOCTPAHCTBAX BEKTOP-
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dbyuxuit [84: reopema 3.10], nHTErpabHOE NPEICTABIEHIE MAZKOPUPYEMOIO OllepaTOpa
u3 C' ([0, 1]) B npocTpancTBo Banaxa — Kanrtoposuua [104: Teopema 4], npejcraBienue
0-HEeTIPEPBIBHOTO OMepaTopa B MCEeBAOMHTErPAIbHOM Buje [242, 243], nceBponHTerpaIhHOE

npejicTaBIeHne MazKopupyemoro orneparopa [105].

0.7.3. Onepamopovl 6 peutemouwHo HOPMUPOSAHHBLL NPOCTPAHCMEAT

VnTerpanbhoe mpe/icTaBaeHne MOCTOWHOTO MOJIOKUTETBHOTO (DYHKIIMOHATA HA PaC-
caoennn GyHKIMOHAIBHBIX OaHAXOBBIX perreTok mnoaydeHo B [230]. Henpepoisabie dyHK-
IMOHAJIbl Ha IPOCTPAHCTBE CedyeHuit OaHAXOBA PACCIOEHMS M3Yy4aJHUCh C TOYKU 3DEHUS
MHTErpaIbHOrO IpejicTaBienus B [144: reopembr 21.20 u 21.21]). NuTerpaibHoe mpeicTas-
JIEHWE TTPOU3BOJILHOIO OTPAHUYEHHOrO (DYHKIIMOHAJA HA TPOCTPAHCTBE HENPEPHIBHBIX Ce-
qeHnit 6aHaxoBa PACCIOeHUs MOy 4eHo B [232]. VlnTerpasbuble Ipe/cTaBIeHns THHEHbIX
OMepaTOPOB, JEHCTBYIONUX U3 MPOCTPAHCTBA M3MEPUMBIX CeUeHUi OAHAXOBBIX DPACCIOe-
HUIl B IIPOM3BOJIbHOE DaHAXOBO IpocTpaHcTBO m3ydasauch H. /lunkyreany, K. @osirem,
A.uK.Nonecky Tymua (cm. [133]). Hakownemn, coyuaii, korma o61acTb OnpejeseHus u
00J/1acTh 3HAYEHUIT O1lepaTopa ABJISIOTCSH HPOCTPAHCTBAMYU U3MEPUMbIX CeYeHUIT paccMoT-
pesn M. Trodito, P. A. @onreno u U. E. [lTokerman (cMm. [227]).

Hano ckazars, 4o npobjieMa nHTErpaJbHON TPeICTaBUMOCTH JTUHEHHBIX OTIEPATOPOB
B IIPOCTPAHCTBAX U3MEPUMBIX CedeHuil DAHAXOBBIX PACCIOCHUT TTOKA OCTAETCS OTKPBITOM
(em. [84: 6.12, mpobaema 23]), HO HeOOXOAUMAsT TeXHUYECKasd 6a3a JJIS ee DEleHns yiKe

noarorosirena (riasa 4, 0.3.4, 0.4.4).
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§ 0.8. BysneBbl romoMOppu3MBI

Kouibiiesbie u 6yjieBbl TOMOMOPGU3MbI UMEIOT BECbMa TECHYIO CBS3b C OllepaTOpaMu,
COXPAHSIONIMI TU3BIOHKTHOCTD. [IpakTndeckn Bce acmeKThl TEOPUU ITOTO KJIACCA OTe-
PaTOpPOB TAK WJIM WHAYe UMEIOT BBIXOJ] Ha KOJIbIEBbIe TOMOMOPMU3MBI (32 HCKIIOUYEHUEM,
pa3Be 4To, TeOpUU OPTOMOPGhU3MOB), & MHOTHE BOIPOCHI TOJIHOCTHIO CBOJATCS K PaboTe
¢ orobpazkenusivu OyJieBbiX ajredp. B jgannom naparpade Mbl, B 4aCTHOCTH, 00CYIUM

YKa3aHHYIO B3aUMOCBSI3b.

0.8.1. Tenw onepamopa

HamuM ocHOBHBIM MHCTPYMEHTOM HCCIea0BaHus omneparopa 1': U — V, neiicTByI0-
IIEro B PeIreTOYHO HOPMHUPOBAHHBIX MPOCTpaHCTBAX U U V), ABJII€TCS ero TeHb — 0T00-
paxkenune h w3 Oa3el U B Gasy )V, cBs3aHHOE ¢ omeparopom 1’ ciemyromieii dhopmyaoii
h(m) = sup,ey(T'mu) (cm. 6.1.2). OkasbiBaercsi, 4TO OLEPATOD COXPAHSIET JU3bIOHKT-
HOCTb TOTJA W TOJHKO TOIJa, KOIJAa e€ro TeHb SBJISETCS KOJIBIEBBIM TOMOMOP(MU3IMOM
(mpemtoxkenne 6.1.2). VIMEHHO KOHIENIMsSI TEHHU MO3BOJIsIET CBECTH MHOTHE BOIPOCHI HC-
CJIeJIOBAHUS ONEPATOPOB, COXPAHSIONIUX JUIBIOHKTHOCTD, K PabOTe C KOJbIEBBIMEU U Oy-
JieBbiMu romomopdusmamu. [Ipejioxkenue 6.1.3 npejiaraeT HECKOJIBKO SKBUBAJEHTHBIX
onmcaHuii TeHu oneparopa. CoBmajaeHne TeHeil ormepaTopa u ero HauMeHbIIel MasKOPAHTHI
(mpetoxkenue 6.1.4) MO3BOJISIET OCYIIECTBIISATEH PELYKIHIO TIPH PACCMOTPEHUHN <TEHeBBIX>
BOIIPOCOB OT OTIEPATOPOB B PENIETOYHO HOPMUPOBAHHBIX ITPOCTPAHCTBAX K OMEpaTopaM B
K-upocrpancrsax.

OrmernM, 4TO TeHb oneparopa B Buje Oyiesa romomopdusma (6e3 BBeJeHHs CO-
OTBETCTBYIOIIEr0 TepMUHA) Obla BIepBble paccmorpena B [84: Teopembl 1.I' u 1.6] pist
PEIIeTOYHBIX TOMOMOPMU3MOB B COXPAHSIONIUX JU3bIOHKTHOCTD OIEPATOPOB B PEIIeTOY-
HO HOPMHUPOBAHHBIX MPOCTPAHCTBAX.

Kousib ckopo Oy/ieBbl roMOMOPGU3MbI BOSHUKAIOT y HAC, [VIABHBIM 00Pa30M, KaK T€HU
KaKHIX-TH00 OIepaTOPOB, COXPAHSIONINX TU3bIOHKTHOCTD, VI0OHO HMETh ONHUCaHue OyIeBa,
romoMopdu3Ma B TEPMHHAX COXpPAaHEHUs UM JU3bIOHKTHOCTH. OJIHAKO MPOCTOIO COXpa-
HEHUs U3 BIOHKTHOCTH 37eCh MaJio. [Ipocreiinue nmpuMepsl MOKa3bIBAIOT, 9TO JarKe CO-
XpaHeHUs JBYX3JIEMEHTHbIX pa30ueHuil eJMHUIbI ele He JIOCTATOYHO. 1pexdjieMeHTHbIe
JKe pa3OueHns eTUHUIBI VKe Jal0T HYKHbII KpuTepuii: Oy/1eBbIMI TOMOMOPhU3MaMu SB-
JIAIOTCS B TOYHOCTH T€ OTOOpazKeHus OY/IeBBIX aaredp, KOTOpPbIe COXPAHAIOT TPeX3JIeMeHT-
Hble pasouennst eaqunnibl (pennoxkenne 1.2.4). HackoibKo HaM M3BECTHO, 3TO ONUCAHIE

OyJ/1eBBIX TOMOMOPMDU3MOB SIBJISIETCST HOBBIM.
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0.8.2. Memod r-d-pacuenaerus

HecMmoTps Ha cBOM MHOTOYHCIEHHBIE TPOSIBIEHNS, METO BEPTHKATHLHO-TOPH30HTATh-
HOI'O pACIIEIIeHUs WIH 7-d-pacIlell/IeHnst 0 CUX ITOP He OBLT BBIIEIEH B TEOPHU BeK-
TOPHBIX PEIIeTOK KaK CaMOCTOdATe/NbHad uiaes. [lo mpaBie roBops, Hallla HWHHNHATHBA
BBIYWJIEHUTh €TI0 W3 ODIIEro apceHasa MOPSAKOBLIX MPUEMOB TOXKE eIle He MMeeT YeTKOTO
obocHoBanus. He uckirodeno, 4To Takoe 000CHOBaHUE MOYKET ObITH CAEIaHO TP TTOMOIIIN
Oy/1IeBO3HAYHOI'O aHAJIN3A.

Ha ubryuruBHOM ypoBHE ujest r-d-pacuiellieHus MOXKeT OblThb OLMUCAHA Ha LIPU-
Mepe aHaJan3a IOPSAJIKOBOI CXOAMMOCTH B BEKTOpHOI pemrerke. [Ipmmepom dmcTo
<BEPTHKAJILHOII> CXOMMMOCTH SIBJISIETCS PaBHOMEPHAs CXOJIMMOCTh HJIA CXOIUMOCTD C pe-
IYAITOPOM. HCTO <IOpH30HTAJBHON> ABJISETCHA, HAIPUMED, CXOJAUMOCTh Psjia, COCTaB-
JIEHHOTO M3 TOMAPHO U3 BIOHKTHBIX 3JIEMEHTOB (KCTATH, TaKas CXOAMMOCTh HHOT/IA HA3bl-
BAETCS CXOAMMOCTHIO <BOOK>). [lopsiikoBasi cXoanMoCTh J060# ceTn nmeer B cebe 4epThl
KaK BEPTUKAJBHOW, TAK U TOPU30HTAJIBHON CXOJIUMOCTH.

[Ipumepom pesyabTaTa, KOTOPBI MOXKET OBITH KBaJIH(MUIMPOBAH KaK OIHA U3 Peas-
3amuii uaen r-d-paciemnsienus, asiagerca Teopema A. 1. Bekciepa u B. A. Teiiniepa o pac-
MEeIJIeHHH O-IIO0JTHOTHI BEKTOPHOIT PeIIeTKH: BEKTOpPHAs PEIIeTKa O-II0JIHA TOTIA B TOJIHKO
TOTJIa, KOTJIa OHA SIBJISIETCsI T-TIOJHOM 1 d-110yiHO# [27: Teopembr 3, 4 u 6] (cm. Takzke [93:
caencrsue 1.2]). A.T.KycpaeBy npunajiexur 06001eHIe 9TOTO Pe3y/ibrara Ha CJIydai
PEIIeTOYHO HOPMHPOBAHHOIO mpocrpancTBa [93: teopema 1.1; 24: caexcrsue 1.6.7 (5)].
Emre Gosiee obiue cayvan paccMOTpeHsl B [83: Teopema 1.4.8; 67: Teopema 2.2].

[To cytu mena, mpobsema IMOUCKA TOCTATOYHBIX YCIOBUI O-HENPEPBIBHOCTH IS CO-
XPAHAONIX TU3bIOHKTHOCTH OIEPATOPOB, JEHCTBYIONINX B PEIIeTOYHO HOPMHUPOBAHHBIX
POCTPAHCTBAX, BCE EIle OCTAeTCsT OTKPHITOM (eM. [84: 6.5, mpobsema 7]). Ilpubamsurnes
K €ee PEeNIeHHIO TMO3BOJINIA TPEANPUHATA HAMU MOIBITKA I'-d-paCIlelyeHus 0-HelpephbiB-
HOCTH TAaKHX OIEPATOpPOB. BeCsKuil mOpsiIKOBO OrpaHUYEHHBIN OepaTop r-HelpepbliBeH.
B mamHOM ciydae MBI pacCMaTpPHUBAEM I'-HEIPEPBIBHOCTH KAK BEPTUKAJIBHYIO COCTABIISIO-
IV IO O-HeIpepbIBHOCTH. JIf0bast Gostee CHIbHAS HEIPEPBIBHOCTH MOZKET IMOSBUTHCS TOJIHKO
3a CcYeT TOPU3OHTAJBHOI COCTABIAIONIEH.

Yro mpejacTaBiser cobOil TOpU30HTAMbHAS COCTaBIsIONas omeparopa’ [lo Hamemy
MHEHHIO, OTBET Ha, 3TOT BONPOC 3BYYHUT TaK: Te€Hb. B TakKoM cjydae, €C/IM CeTh 3JIeMeH-
TOB Uq 00JIACTH ONpeeeHns: oneparopa 1’ CXOAUTCS ¢ TOYKH 3PEHHs er0 TeHHU, TO CeTh
00pa3oB T'ug, TOJIZKHA CXOAUTHCS 110 KpaitHeil Mepe ropu30HTaIbHO. Ec/iu ke yaecrs aBTo-
MATHYECKYIO r-HEeIPepPBIBHOCTL omeparopa 1, To ceTb T, JTOTKHA UMETh MOJTHOIEeHHbII
o-tipesen. JlomycTum, HaM yIaa0Ch MOHATD, YTO O3HAYAET CXOIUMOCTD CETH OTHOCHTETHHO
tern h omeparopa 1, T. e. gaTh cTporoe ompenenenue h-cxomumoctu u h-upeaena. To-
r1a oneparop 1’ T0JIzKeH MepeBOIUTh h-CXOASIINECS CETH B 0-CXOAAIIRECS ¢ COXPAHEHUEM

npejesa, T. e. ObITh h-0-HeIPePbIBHBIM.
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JLast cTporoit mpoBepKM ITOH TMIIOTE3bl HEOOXOAMMO MOHsATHE h-cxoaumoctu. Jlora-
JIAThCsI, KAK BBECTU 3TO IOHATHE, MOXKHO C TIOMOIIBIO 7'-d-paciierieHne o-CXOTUMOCTH.
Takoe pacmiemnienue B ciaydae K-pocTpaHCTBa € eJUHHUIECH yKe OBLIO OCYIIECTBJIECHO
A.T.KycpaeBbim (cMm., Hanpumep, [24: Teopema 1.3.9 (3), (4)], a Takxke Teopemy 1.3.3 (1)
B Tekcre guccepranun). Mopndukanus 31oro pesyiabrara, Jaromas 1-d-paciienaeHne
0-CXOJIUMOCTH B IIPOM3BOJILHOM K-TpocTpaHCcTBe, mpupejaena B jemme 1.5.10. B K-mpo-
CTPAHCTBE ¢ eIMHUIIEIl DACIIEIIEHHAST 0-CXOJUMOCTh HMeeT 6ojiee IpOCTOi B (CM. CIIe]I-
creue 1.5.10):

o—lién<|ea —e|>1/n)=0 auzseexn €N

I OYeHb IOXOXKa Ha CXOIUMOCTBb IO Mepe, B KOTOPOIl CXOAMMOCTH B METPHUUYECKOM ITPO-
CTPAHCTBE M3MEPUMBIX MHOXKECTB 3aMeHeHa Ha MOPSJIKOBYIO CXOJIUMOCTH B OyJIeBOil aJ-
rebpe kommonenT K-npocrpancrsa. (OTcooga BUAHO, 9TO r-d-paciienyienne, B 9acTHOCTH,
HO3BOJISIET NPUOJU3UTHCH K CYTH PA3JIUUYUsd MEXKJYy CXOJMMOCTHIO U3MEPUMbBIX (DyHKIIHiT
0 Mepe W MOYTH BCIOAy.) B semme u ciegctsuu 1.5.11 npousBeseHo r-d-paciienienme
TOYHBIX I'PAHUIL B IIPOU3BOJILHOM K-IIPOCTpaHCTBE.

[Tocste r-d-pacmernieHust 0-CXOIUMOCTH CTAHOBUTCS SICHO, 9TO CJIeJIyeT Ha3bIBaTh
h-cxomumocthio. B K-mpocrpaHCTBe ¢ e€IWHHUIEH 9TO MOHATHE BBOIUTCHA CJIELYIONIAM

obpazoM: h-CXOIUMOCTD €, K € O3HA4YaeT, uTo Aad Bcex n € N
o-lim (leq —e[ >1/n) =0 u o-lim h<<]ea—e\ >1/n>> =0.
[0 (0%

[Tousitue h-cxoauMocTu B MPOU3BOJIHLHOM K-TIPOCTPAHCTBE BBOAUTCS Iy Th 00J1€€ TPOMO3/I-
Ko (cm. 1.5.12).

Konnenmusg mopsaKoBoii ammpoKCHMAIIHH, XOPOIIIO 3apeKOMeHI0BaBINas cedsd B Teo-
pUU pPeleTOYHO HOPMHPOBAHHBIX MPOCTPAHCTB NPHU U3YYE€HUU BOIPOCOB 3aMBbIKAHUA H
OO THEHWST, MOXKeT OBITh Pa3BUTa M MPUMEHUTETHHO K h-cxomumoctu. Pazmensr 1.5.14—
1.5.19 nocssiiensl pa3paboTke Takoil KOHIeNnuu (TPaH3uTHBHOCTD R-alllipOKCUMAIIUH, ee
ONHUCAHVE B TEPMUHAX N-TIPEJIeTIOB, CBA3b MeXK/Ty N-anmpOKCUMUDPYIOMIMMEA U A -TITOTHBIMI
MHO)KecTBaMu u T. 1.). C ujeiiHoll TOYKU 3peHns h-ammpoKCHMAIys OYeHb OJn3Ka I0-
PAIKOBOI allIIPOKCUMAIAN, HO TEXHUYECKas CTOPOHA €€ pean3allii HECKOJIBKO CJIOZKHEE.
Hano ckazarb, uro koHnenmnus h-ammpokcumanuu Obijia pa3paboTana He U3 CTPEMJICHUS
K 00O00MIeHNIO, & C TEeJIbI0 JAJbHEHIero MpuaoKeHnsd K UCCIeOBAHUIO OTepaTOPOB, CO-
XPAHSIONUX U3 bIOHKTHOCTD.

Qopmas3alnmst MOHATUS CXOJUMOCTU OTHOCUTEJIHLHO TEHH JAeT HAM BO3MOXKHOCTH
nepeiiTu K MpoBepPKe THUIOTe3bl 00 h-0-HempepbiBHOCTH JIFOO0OTO omneparopa ¢ TeHbIO h.
['mmoTesa okaszaach ClpaBeITHBOI: coracHo TeopeMe 6.1.5, omepaTop mepeBoauT h-cxo-
JISAIIHAECS CeTU B O-CXOJIAIINECS ¢ COXpAaHeHneM Ipe/jiesa.

Tenepnb moHsTHO, YTO JTI00Asi HENMPEPHIBHOCTH TEHU JIOJKHA 00€CIIeUYnBATH KAKYIO-TO

boJiee CHUJIBHYIO HEIPEPBIBHOCTD oneparopa (6oJee CHIbHYIO, Y9eM I'-HEelpePbhIBHOCTD), 1
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HaobopoT — Jitobasi OoJiee cuJibHasi HEIIPEPBIBHOCTD OllePATOPA MOXKET IOSIBUTHCS TOJIb-
KO 32 CYeT HeNpPEPBIBHOCTH ero TeHn. Hampumep, (CeKBEHIMATbHAS) O-HENPEPHIBHOCTD
orepaTopa KBUBaJEHTHA (COOTBETCTBEHHO CEKBEHIMAIBHOIN) 0O-HEMPEPBIBHOCTH €10 TeH!
(cepcrue 6.1.6). (Maeitno 6in3kuii pe3yabraT JOKa3aH sl 9acTHOrO ciaydas B [158:
Teopema 2.4].)

Teopema 06 h-o-HenpepbIBHOCTHU IO3BOJIAET J0Ka3aTh aHAJIOI TeOpeMbl XaHa — ba-
Haxa — KaHTOpoBWYa O MayKOPUPYEMOM TPOIOJIZKEHUN OMepaTopa ¢ h-ammpoKCUMUPY-
fomeil obsacThio onpejenenus (npeioxkenne 6.1.8). Vmerorcs: TakzKe MpU3HAKU COBIIA-
JIeHUs U PACIIHPEHHsT 00JIaCTH COBIAICHHS JIIsd OIEePaTOPOB ¢ 00IIeil MaXKOpaHTOIl TeHei
(em. 6.1.7, 6.1.9).

0.8.3. Peasusayus 6Yysesus 20MoMOPHUIMOE

I3MeprMasi WK TOMOJOTHYECKas peajnusanus OyiaeBbix aare6p (em. 0.2.1, 0.3.1)
IpeOCTABIIeT BO3MOXKHOCTD /IS TIONCKA AHATUTHYECKUX MPeJCTaBIeHH KOJIbIEBBIX U
OysieBbix ToMoMOpdu3MoB. OHON W3 TEepBHIX pabOT, B KOTOPO HCCJIEI0BAH BOIPOC 00
upejicrasjiennu Oyjesa romomopdusMa B Bujie (DyHKIUHM 1TPOOOPa3a, dABJISETCS CTATbs
P. Cukopckoro [239] (cm. takzxe [100: §11, 15, 32] u npearoxenue 6.5.2).

pyras peanuzanusi — 00Jiee pOCTasi M, CKOpee BCero, TOXKe M3BeCTHAsT — JAeTCs
npeioxenuem 6.5.3: BesKuil KoJibieBoii romomopdusM npejcranisier coboit (¢ TouHO-
CTHIO JI0 H30MOp(dU3MA) OMEPATHUIO TIepecevdeHust ¢ (PUKCUPOBAHHBIM MHOYKECTBOM.

Peanuzanus 6yseBa romomMopdusma MO3BOIIeT HHTEPIPETUPOBATE €0 CBONCTBA, BbI-
parkeHHbIe Ha s3bIKe a0CTPAKTHON aJireOpamveckoil CHCTeMbl, B TEPMHHAX KOHKPETHOTO
TOIIOJIOI'MYECKOI'O UJIM U3MEPUMOI'O IIpeAaCTaB/IeHud. KﬂaCCI/I‘{eCKI/Ie IIpUMeEpPbI HO,ZLO6HbIX
unTepnperanuii umerorca B [100: §11, 22, 25]. B rekcre nanHOl pabOThl MPUBEJICHBI HH-
TepIpPeTAINT TaKUX CBOWCTB KOJBIIEBOrO TOMOMOpPMU3Ma, KaK O-HelpPEepbIBHOCTH (Mpe/I-
noxenue 6.6.2), nabekTHBHOCTD (npeoxkenue 6.6.4) u naeanbHOCTh 00pa3a (IpeIozxKe-
aue 6.6.7).
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§ 0.9. Opromopdusmsl

[IpocTeiimum mpuMepoOM OllepaTopa, COXPAHAIONIET0 N3 bIOHKTHOCTD, ABJISETCS Ole-
parTop yMHOXKEHUH, T. €. Oeparop, JAeHCTBYIOIANA 13 BEKTOPHON peleTKn B €€ MaKCUMaJIb-
HOE pacIIupeHne W COMOCTABIAIONINN KaxKJI0OMY 3JIEeMEHTY ero IMpOou3BeieHre Ha HEKOTO-
pblit (pUKCUPOBAHHBINA JIEMEHT MAKCUMAJILHOI'O PACIIUPEHUS.

Crpem/ieHne j1aTh ONUCAHUE OMEPATOPA YMHOZXKEHHUsI B aDCTPAKTHBIX TEPMUHAX MPU-
BOJIMT K CHJIbHOMY BapHaHTy coxpaHeHusa au3bloHKTHOocTH: f 1 g = T f 1 ¢g. Takoii
oneparop 1" mazbiBaercs HepacimpsionuM. O000IIeHne TOHITHsI HEPACIIUPSIONIETO OlIe-
paropa Ha caydail permeTouYH0 HOPMUPOBAHHBIX MPOCTPAHCTB MpuBeaeHo B 6.2.10. Begaknii
HEPACIIHPAIONIHIT TOPSIIKOBO OTPAHUYIEHHBINH OMEepaToOp UMEHYETCs OPTOMOP(MU3MOM HJTH
BECOBBIM OIIEPATOPOM.

HecmoTpsa ma mpocToTy omnpesenenus, MOHATHE HEPACIIUPIIONIETO OllepaTopa CBd-
3aHO C PsJIOM JIOBOJIbHO CJIOKHBIX ITPO0JIEM, HEKOTOPbIE M3 KOTOPBIX OY/LyT 3aTPOHYTbI
auzke. Te mjim MHBIE BONPOCH, CBSI3aHHBIE C HEPACTTUPSIONIMMHI OTIEPATOPAME U OPTOMOP-
dbuzmamu, pacemorpenst B [3, 4, 108, 111, 199, 254, 256, 257]. BecbMa pa3zHOCTOPOHHUIH
o630p A.B.Byxsasosa [21] BK/IIOYaeT B TOM YHCJIe W MPEKPACHOE 00CYIKICHHE Pe3y/Th-
TaToB 00 opToMopdu3Max, comepzKallee MHOTOYHCIeHHBIE OUOIOrpaduIecKue CChLIKN

(M. pazzen 2.2.1 yKasaHHOM cTaThH).

0.9.1. Oezparunernocms HEPACULUPAIOUWUT ONEPATNOPOS

Urak, opromopdusm B pemeTovyHO HOPMHPOBAHHBIX ITPOCTPAHCTBAX — TO HeEpac-
MU PSIONIUNA OLEPATOP, ABIMIONUNECH, KPOMe TOI'0, HOPJIKOBO orpanndenubiM. [Ipobiiema
MONCKA JOCTATOYHBIX YCJOBHUI MOPSIKOBON OTPAHUYEHHOCTH OMEPATOPOB, COXPAHIIOTINX
U3 BIOHKTHOCTD, [84: 6.5, mpobieMa 7], He cMOTPsI HA CBOe (DAKTUIECKOE pA3pelleHue JIJis
O1epaTopoB B BEKTOPHBIX pererkax (cum. [108: Teopema A; 199: Teopema 2.1]), coxpansier
AKTYaJTbHOCTD JIJIST OMEPATOPOB B PENIeTOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX. IJTa aK-
TYaJbHOCTH TO/lYepKUBaeTcsd TeM (haKToM, 4TO Bce paccMorpennbie B 1.6.3 deTbipe Tuia
OrPAHMYEHHOCTH TONAPHO PA3JIMYIHBI JIJIsI ITOrO KJIACCA OMEPATOPOB (COOTBETCTBYIOIIIE
npumepbl umeorcs B 1.6.4-1.6.6). Oanako B pabore yCTAHOBICHO, YTO /Il HEPACIIU-
PSIONIUX ONepaTOPOB, JEeUCTBYIONIUX B IIPOU3BOJIBHBIX PENIETOYHO HOPMHPOBAHHBIX MPO-
CTPAHCTBAX, BCE TUIIBI OIPAHUYEHHOCTH COBIaAaioT (Teopema 6.2.11).

Tem ne menee, 93TOT pe3yJibTaT HE CHUMAET €CTECTBEHHBINH BOIPOC O TOM, SBJISETCS
JIN KaKIbIil HepaCIIUPSIONINI OnepaTop aBTOMATHIeCKA OrpaHmYeHHbIM. OTBET Ha 3TOT
BOIPOC, BlepBble nocrapieHubiii A. B. Bukcregom B [254], 3aBucuT or TOro, B Kakmx
IPOCTPAHCTBAX JefCTBYeT pacCMaTPUBAaeMblil OIepaTop.

NmeeTcs psj pe3yabTaToB, TapaHTHPYIONINX AaBTOMATHYECKYI0 OTPDAHUYEHHOCTH

HEPACIIUPSIONIEr0 OllepaTopa, JEUCTBYIOUIErO0 B Te€X WJIM WHBIX KOHKPETHBIX BEKTOPHBIX
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pemnierkax. [lepsas Teopema, onuchbiBaolas ¢ 3Toi TOYKU 3peHus BeCbMa MUPOKUl KJ1acc
BEKTOPHBIX DENIeTOK, AaHOHCHPOBaHa B [3: Teopema 2| u mokasana B [4: Teopema 3.2]. Co-
IJIACHO 9TO¥# Teopeme, JiI000# HepacCIupAONIuil onepaTop U3 0aHAXOBOW pelleTKH B HOP-
MHDPOBAHHYIO TOPSAIKOBO orpanuden. B [4: Teopema 3.3] s1oT dakT 0606men Ha cirydail
orepaTopa u3 r-1OJIHONW BEKTOPHOII peneTku B HOpMupoBanuyio. O6obiienne Ha Ciiydait
oleparopa B IPOU3BOJILHOI 7"-TIOJTHON BEKTOPHOM peIrieTKe, CHabKeHHOI JTIOKAIbHO BBIITYK-
JIO¥T JIOKAJIBHO TeJsiecHOoil XxaycopdoBoit Tonosorueii, ycranosieno B [199: ciencrsue 2.3].

Buepsble cymecTBoBanie HEOrPAHUUEHHOI'O HEPACIIUPSIONIEro orepaTropa ObLI0 00b-
sBsieHo B [3: Teopema 1]. Tlo3Ke BBISCHHIIOCH, YTO 9Ta CHUTYalUsl SIBJSIETCSI B OIPeJe-
JIEHHOM CMBICJIe THINUYHOI. A umeHHO, ObLIO ycTanoBiaeHo (cM. [4: Teopema 2.1; 199:
Teopema 3.2|), 4To Bce HEPACHIUPSIONIUE OLEPATOPHI B PACITUPEHHOM K-IIPOCTPAHCTBE aB-
TOMATHYECKN OTPAHUYEHBI TOTJIa U TOJBKO TOTJA, KOIJa 3T0 K-IpOCTpaHCTBO JOKAJIBHO
onHomepro. (Onpejesenne JIOKaJIbHO oJHOMepHOro K-npocrpancrsa umeercs B [199: 3.1].
Tam ke mpoBejieH NMepBOHAYAIBHBIN aHAIN3 3TOTO MOoHATHsS. CM. Takxke pasjesnl 6.2.1
u 6.2.2 jganHOil guccepranum. )

Takum obpasom, Borpoc A.B. Bukcrena 006 orpaHHYeHHOCTH HEPACIIAPIONIEr0 OIle-
paropa mojiydmsi ucdepubiBaioniuii orser. OgHako B (OPMYJHPOBKY OTBETA MPOHUKJIO
HOBOE IOHSATHE JIOKAJTBHO OJIHOMepHOro K-mpocrpancrBa. HeoOBIMHOCTH 3TOTO MOHATHS
IIpuBeJia K BbIJIBUZ2KCHHUIO TI'UIIOTE3bl O €r'0 COBIIaJCHHUU C IOHATHEM JUCKPETHOI'O (I/IJII/I
ATOMHOIO, AaTOMIYeCKOro) K-mpocTpancTBa. BOKpYTr 9TOi MHIOTE3bl CTATH TPOUCXOIUTH
arobombiTHbe coObiTust. B 1981 . FO. A. A6pamosuy, A. 1. Bekciep u A. B. Kosynos [4:
Teopema 2.1|, mpuBesH JOKA3aTEIBCTBO CYIIECTBOBAHUS HEOIDAHHYEHHOTO HEPACIIUPSI-
IOIIEro oneparopa B JIOOOM HEJUCKPETHOM PAaCHIMPEeHHOM K-IPOCTPAHCTBE, TEM CaMbIM
MOITBEPINB CIIPABE/ITUBOCTD TUIIOTE3BI O COBIIA/IEHUU MOHATHII JIOKAJTBHO OJTHOMEPHOTO U
JUCKpeTHOro K-npocrpancTBa (IuTaTa 3TOro yrBep:KjieHus nmeercs takzxke B [108: pas-
qen 5]). OHAaKo MO3:Ke BBISCHUIOCH, YTO JOKA3aTEJbCTBO ObLIO OMHUOOYHBIM. 3arem
B 1985 1. I1. T. H. MaxITosun u A. B. Bukcres [199: paszmesn 3] npusesin npuMep HeUCKpeT-
HOTO JIOKAJIbHO OJTHOMEPHOro K-IMpocTpaHCTBa, OMPOBEPTHYB Ha TOT pa3 00CYZKIAeMYIO
ruIioTesy. O,ZLH&KO yepe3 HEKOTOpOoe BpeMsidAd BHOBb BbIACHUJIOCH, YTO IPpUMED CO/AEpzKa.l
omunbky. Hakownemn, B 1993 r. B crarbe [111] A.B.Bukcres 3adbukcupoBag rumoresy o
COBHIQJIEHUU TOHSATUN JIOKAJIHLHO OJHOMEPHOIO U JUCKpPeTHOro K-npocrpaHcTBa Kak OT-
KPBITYIO.

urepecHo, 9T0 B TOYHOCTH 3TA Ke TUIoTe3a (BblpazKeHHas!, ECTECTBEHHO, B IPYTUX
TEePMHUHAX) BeChbMa TOMYJISIPHA CPEJIH CIEIUATNCTOB B 001aCTH GYI€BO3SHAYHOIO AHAJIU3A.
lesio B TOM, 4TO JIOKaJbHasi OJIHOMEPHOCTH K-1pocrpancrsa ¢ 0a30it B skBuBajieHTHA
pasercrBy R = R” B Gysesosunaunom yausepcyme V(5) (reopema 6.2.3). OmnocpeoBan-
HOE JIOKA3aTeJbCTBO 9TOr0 (haKTa MMeeTcsi TakzKe B [24: KOMMeHTapuu K ryiase 1, pasjesn
1.1(4)], 7€, B 9ACTHOCTH, BCKpHITA CBs3b Mexkay pasercTBor RN = R B V(B u or-

CYTCTBUEM HEOIDAHUYEHHBIX HEPACHIUPSIONIUX OllepaTopoB B K-nipocTpancTse ¢ 6a30ii 5.
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[Tomynsipuast B Oy/IeBOZHAYHOM AHAJIN3E TUIIOTE3d, YKBUBAJCHTHAS MOC/IEIHENH THUIIOTE3€
A.B.Buxkcrena, 3ByUAT CJAeIyIONTEM o0pa3oM: paBeHcTBo R = R B V&) pozmoKHO
TOJIBKO B CJIy4dae JUCKPeTHOil Oy/ieBoit anredpsl B. YBEepeHHOCTD B CIIPABETUBOCTH STOM
IUTIOTE3bI HAIIA JOKYMEHTAJIbHOE MOATBEPIK/IeHNe, HapuMep, B [42: 3amMevanus mnepes
aemmoii 111.2.2 wa crp. 231].

B nannoit juccepranuu mpuBeieHo olrpoBepzKenue o0cy K aeMoit runoresbl. [Ipex e
BCEro, TOCJIe MPeIBAPUTETHHOTO aHAIN3a MOHATHUS 0 -TUCTPUOYTUBHON Oy/1eBOil aJreOpsl
(eM. 6.2.4-6.2.6) moKa3aHO, UTO JOKATbHASI OJHOMEPHOCTH K-IPOCTPAHCTBA YKBUBATEHT-
Ha o-aucTpubyTHBHOCTH ero 6as3bl (Teopema 6.2.7). [lajee ycTaHOBJIEHO, YTO TOMOJIHE-
HUe 0-WHYKTHBHOI OysieBbl ajare6psl o-auctpubyTuBHO (JeMma 6.2.8), 1 Ha OCHOBE HTO-
ro ¢dakTa IpUBEJEH IpuMep 6€3aTOMHON o -TUCTPUOYTUBHON TOJIHON Oy/IeBOil aJreOphI
¥, COOTBETCTBEHHO, IpUMep Ge3aTOMHOTO JIOKAJIBHO OJHOMepHOro K-tnpocrpancrsa (npu-
mep 6.2.9).

0.9.2. Peasusayus opmomophusmos 6 GEKMOPHBLLL PEUEMKAL

B mauasne naparpada ObLIO OTMEYEHO, YTO ONepPATOp YMHOKEHUs ABISETCH TIPUMe-
pom oproMopdusma. OKasbBaeTCs, TOT IPUMED TUIHYeH W B OOJBIINHCTBE CIy4YaeB
OpTOMOP(hU3MBI ABJLIOTCS ONEPATOPAMH YMHOXKEHUsI B TOM HJIM MHOM CMBbIC/Ie. MHorue
paboThl 06 oneparopax, COXpPaHSIONUX AUIbIOHKTHOCTH, COAEPKAT PEe3yabTaThl B 9TOM
Hanpasienun (cM, Hatpumep, [2-4, 21, 122, 128, 254, 256, 257]). B wacraocru, B [254: Teo-
pema 2.4] ocyIlecTBIeHa peaTu3alus B BUje OlepaTopa YMHOXKeHUs st OpTOMOpdI3Ma
Ha apXUMe0BOH BEKTOPHOI peIleTKe, MpUYeM JJid BeChbMa IIHPOKOTO KJACCA PeaIn3a-
uuii permmerku. IlpepcraBienne mpon3BoJIBLHOrO Hepacmmpsioniero oneparopa B C(Q) B
BHJIE OllepaToOpa YMHOXKeHUsT uMeerTcst B [3: caencrBue 1 reopembl 2|. AHajorudHoe mpe/i-
CTaBJIeHNe [T HePACIIUPSIONIEr0 HEIPEPHIBHOTO OepaTopa B HOPMAPOBAHHLIX PEIIEeTKAX
ycraHoBsieHo B [4: Teopema 3.1]. B [254: 3amedanue 5| IpHBeIEHO ONHCAHHE HEKOTOPBIX
cBoiicTB oproMopdu3Ma B TepMHHAX ero peammsaiuu. B [256: Teopema 3] ocymiecTs-
JIeHa peaJu3alys B BUJE OlepaTopa YMHOKEHH /s opToMopdusma, AelCTBYIOmero B
apxuMeJ0Boil f-anarebpe ¢ eauHuneil, a Tak:Ke JAHO AHAJOIMYHOE HPEACTABICHHE J1JIst
opromopduzmos B Cy(Q)), tae ) — JIOKAJIbHO KOMIIAKTHOE MPOCTPaHCTBO, u B LP(),
rae 0 < p < 0o u §) — HPOCTPAHCTBO ¢ 0-KOHEUHO Mepoii. Peamusanus opromopdusma
B LP(§2) B Buie onepaTropa yMHOKeHHUsT UMeeTCst TakKe B [257: Treopema 142.11]. Bamernm,
9TO peaJU3alMOHHbIM hakTaM B KHUTe [257] OTBe/ieHa BeCbMa He3HAYNTE I bHAST POJib. Vr-
HOpupoBanue (GpyHKIMOHAJLHBIX IIPEJICTABICHUIT IPUBOIUT K TOMY, YTO MHOTHE (DaKTHI,
3JIEMEHTAPHO BBITEKAIOIINE M3 PeaJn3aluOHHBIX TeOpeM, CHAOKAITCA BeChbMa I'POMO3/I-
KHMH JIOKA3aTeIbCTBAMNA, BEILYIINMUCS HA S3bIKE aDCTPAKTHBIX BEKTOPHBIX PENIETOK (CM.,

HAIPUMeED, J0Ka3aTeJbCTBO Teopembl 146.1).
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Teopembl 00 aHa/JUTUYECKOM IIpeJCTaBIeHUU OpTOoMOpdu3Ma, JIefCTBYIONIEro B
KJIaccnuecknx peanusamnusx K-npocrpancrs (em. Hen9HK), Bocupounsseienbl B pasie-

Jgax 6.2.12 u 6.5.4 nanHO# AUCCEpTAIUN.

0.9.3. Tomomoppuszm 6aHATOGHLL PACCAOERUT KAK ONEPAMOP 6 NPOCNPIHCMEAL

ceveHul

B kaccuyeckoMm ornpejiesiennu romomMopusMa DaHaAXOBbI PACCJIOEHUN He (DUTYPUPY-
eT HOHsTHE CeYeHUs: TOMOMOPMU3M OLIPEJIE/IAeTCs KAK HellPEPbIBHOE 1OCJIONHO JIMHEHHOe
npeobpa3oBanue. B cBs3u Ke ¢ HAITUMHE 3aMBICJIAMHI B B COOTBETCTBHUH C HAIIIMM ITOIX00M
K HOHATHUIO HEIIPEPBIBHOIO ODaHAXOBa pacC/oeHus, D0jiee eCTeCTBEHHBIM sIBJISIETCS OIHMCa-
HIe roMoMop(du3Ma paccaoeHuil B TEepMUHAX €ro JIefiCTBHS HA HEIPEPLIBHBIX CeYeHUsX.

AnexBatHoe ompenenenne romomopdusma H n3 X' B ) Morao ObI BHITJISAETH TaK:
H®ueC(Q,Y) nusa secex u e C(Q, X), (C)

rie (H®u): ¢ — H(q)u(q). Tlepsrlii 13 BOSHUKAIONINX 3/1€Ch BOMPOCOB — SKBHBAJEHTHO
JIM TO OIlIPeJIeIeHHe KJIACCHIeCKOMY — MMEET OTPUIATE/IbHBIT OTBET: 0KUIAEMOIl IKBH-
BAJICHTHOCTH HET (COOTBETCTBYIOIIIE mpuMep npusejier B 2.4.8). Yeaosue (C) craHOBATCS
PABHOCHJIBHBIM KJIACCHIECKOMY OIPEJIEJEHUI0 TOMOMOPMU3MA TOJLKO IPHU JIONOJTHUTE b

HOM TIPEJIIOIOKEeHIH:
dbyukmusa g — ||H(q)|| nokansHO orpaHuyeHa (L)

(reopema 2.4.4; cM. rakxke [231: upemnoxenue 1]).

JlastbHeiilme HAIIK yCHJIHs OBLIM HALPABICHBI HA BO3MOXKHBIE OCJIAOICHUS YCIIO-
Buit (C) u (L) xak B oOmieil curyannu, Tak ¥ B YaCTHBIX CJIydasiX. B mpeanoozkeHun
0 HEeBBIPOKJIEHHOCTH CJ0eB ycjaoBue (L) MOXKHO 3HAYHTESBHO OCHAOUTH: IS HEKOTO-
POro MOC/IOHHO MIOTHOrO B X PABHOMEPHO 3aMKHYTOTrO BEKTOPHOTO TONPOCTPAHCTBA
U C C*Q, X) muomecrso cedennit {H @u : u € U} paBHOCTENEHHO JOKAILHO OIDAHIHe-
1O (Teopema 2.4.5). (CymiecTBeHHOCTD TpeGOBAHUST HEBBIPOZKJICHHOCTH CJI0EB 0OOCHOBAHA
npumepom 2.4.6.)

Xors ocabnennbiit Bapuant yciaosus (L) dopMynupyercs 6osiee TpoOMO3IKO, €ro 3Ha-
IUTEIBHO JIerde MpoBepaTh. Tak, ¢ MOMOIIbIO HOBOIO KPHTEPHUS YIATIOCH TOKA3aTh, ITO
JonosnHuTebHoe yeiaoue (L) Boobiie MoxKer ObITh CHSATO B CJlydae JIOKAJIbHO KOMITAKT-
HON (M JMazke JIOKAJIbHO IMCEBJIOKOMIAKTHOMN) 6a3bl (Teopema 2.4.7). (CymiecTBeHHOCTD
TpeGOBaHNs JIOKAJIBHOI TICEBIOKOMIAKTHOCTH 000CHOBaHa mpuMepoMm 2.4.8.)

Yro ke Kacaercsa ycaosus (C), To u ero moxkuo ocaaburs: H @ v € C(Q,Y) mis
BCEX JIEMEHTOB ¥ HEKOTOPOro mocjioiHo mioraoro B X noamuoxkectsa C(Q, X) (Teope-

ma 2.4.9). Ilpuvem, kak nokassiBaer npumep 2.4.10, 6e3 nogaepxku (L) 10 ociabiaenune
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sBisiercst crporum. (3amernm, 4to B otsinane or [231: npemioxenue 1], B hopmynpoBke

Teopembl 2.4.9 orcyTcTByer TpebOBaHMEe JMHEHHOCTH MHOXKECTBA CEYeHHH v.)

0.9.4. Paccaoenue npocmparcms onepamopos

Fomomopdusm H Mexay OaHaXOBBIMEH pacciaoeHussMu X u Y Haa () IpeacTaBiis-
eT coboit onepaToOPpHO3HAYHYIO (DYHKIIMIO, MpUYeM 3HaAYeHUs ITONH (DYHKIIMU B PA3JTHIHBIX
Toukax ¢ € () npejacranisiior coboii oneparopst H(q): X(q) — Y(q), AeiicrBytommue B pa3-
JIMYHBIX ITapaXx 6&HaXOBbIX TPOCTPAHCTB. ECTeCTBeHHBIM ABJIAETCA 2KeJIaHue TTOCTPOUTH
HenpepbiBHOE OaHaxoBo paccioenne B(X|)), ciosiMu KOTOPBIX ObLIN GBI TPOCTPAHCTBA
oneparopos u3 X (q) B V(q), a HenpepbIBHBIMHA cedeHusiME — ToMOMOpdu3Mbr 13 X' B V.

MoO2KHO ¢ yBEpEHHOCTBIO CKa3aTh, YTO TAKOE OIEPATOPHOE PACCIOeHHe HUKOTIA Pa-
Hee He pacCMaTpUBaIOCh. Jleso B TOM, 9TO ompeneneHne HY:KHOTO HAM PACCIOCHUS
B(X,)Y) BO3MOKHO TOJIBKO B peanosozKennn npocroproct X (cm. 0.2.8). eiicTBuTesin-
HO, JIJIsl CylecTBOBaHusl pacciaoenus B(X,)) Heobxomnma HEMPepBIBHOCTD MOTOYETHBIX
HopMm ¢ — ||H(q)|| romomopdusmos H uz X B ). Takas HeOPepbIBHOCTH MapaHTUPY-
ercs mpocTopHocThio X (eMm. 3.2.1-3.2.2). Kpome Toro, mpumep 3.1.9 mokasbiBaer, 4To
TpeboBaHme IMPOCTOPHOCTH X SABJSIETCS CYIIEeCTBEHHBIM, a IpeJjioKenne 3.3.8 TOBOPUT O
OOJIbIIIEM: IIPU HEBBIPOXKIEHHOCTHU CJI0€B ) IPOCTOPHOCTL X SIBJISIETCS HEOOXOIUMOIl /115
HEIIPePBIBHOCTH ITOTOYEYHBIX HOPM COOTBETCTBYIOIUX TOMOMOPMU3MOB.

Mrak, B 00IIeM ciIydae OIepaToOpHOe pacCJOeHHe HEBO3MOXKHO OIpeae uTh. Ho 310
IOHATHE WM ero aHAJOr BCe yKe HeOOXOMIMMO /IS YIOBIeTBOPUTETHLHON TeOpun DaHAXO-
BBIX PACCIOCHMIA M WX JBOWCTBEHHOCTH. B pesynbrare B Teopuu 0OAHAXOBBIX PACCIOe-
HUIl BOBHIKAIOT BEKTOPHBIE PACCTIOEHNSI, He SIBIIONNeCsT OaHAXOBBLIMI — CM., HAIIPHMeD,
[144: 11.21; 231: pazzmen 3]. B ciaydae ke MPOCTOPHOrO paccioennss X y HAC UMEETCs
IIOJIHOTIEHHOE HelpepbiBHOe GaHaxoBO paccioenue B(X,)), MHOXKECTBO C(Q,B(X,y))
HEeIIPEePBIBHLIX CeYeHHI KOTOPOr0 COBIAIAET ¢ MHOXKECTBOM roMomMopdu3MoB ux X B )
(Teopema 3.2.3).

Eme ogaum nojrBepk/ieHueM Te3uca 0 0JIM30CTH HO3UIANA TPOCTOPHBIX PACC/JIOCHHIT
B KJIACCE BCeX DAHAXOBBIX PACCIOCHUI U HOJIHBIX IIPOCTPAHCTB B KJIACCE BCEX HOPMUPOBAH-
HbIX 1pocTpancTs (em. 0.2.8) siBjisiercst reopeMa 3.2.9, yTBepKIa01iasi, 4ro HPOCTOPHOCT
pacciioenuss B(X,)) paBrocusibHa upocropaocru Y (1pu HeBbIpOK ieHHOCTH X).

Baarosaps TecHol CBA3U MeKJy U3MEPUMBIMU OAHAXOBBIMU PACCIOCHUSIMU C JUdD-
THHIOM U TPOCTOPHBIME HENPEPHIBHBIMU OaHaxoBbiMH paccioerusMu (cM. 0.5.4) MOKHO

onpeiesinTh u3MepuMoe GanaxoBo paccaoenne B(X,)Y) mis usMepumbix pacciaoeHuin X

u Y (reopema 4.4.6).
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0.9.5. Conpasastcennoe banaroso paccroeHue

CJleIyoIuM eCTeCTBEHHBIM IArOM 3a HCCJIEJ0BAHUEM ONEPATOPHOTO PACCIOCHUST
B(X,)) aBagercsa paccMOTpeHne compsizKennoro paccaoenus: X' = B(X,R), tne R =
@ xR. IIpobyiema cymecTBOBaHUs TAKOI'O PACCJOEHUS 110 IIOHSITHBIM Tellepb IPHINHAM He
MorJia ObljIa perieHa 10 CO3/IaHus TeOPUH MPOCTOPHBIX OaHAXOBBIX paccjoenunii. Hampu-
Mep, B [227: § 8] naHo onpejiesieHne CONpPsizZKeHHOro HaHaX0Ba PaccyioeHnst 6e3 Kakoro-inbo
HCCJIeOBAHMS IPOOJIEMBI €r0 CYIIeCTBOBAHMS U IOCTABJIEH BOIIPOC O TOM, OOPa3yioT JIX TO-
mMomopduambl 13 X B Q) X {R} HempepbIBHYIO CTPYKTYPY B PACCIOEHUH € COMPSIZKEHHBIMU
ciaosvu. OTBET Ha 3TOT BONPOC HAM TeHEPh W3BECTEH: TOMOMOPGU3MBI 00Pa3yIoT Herpe-
PBIBHYIO CTPYKTYPY TOTJA M TOJBKO TOTJA, KOrga paccaoenne X mpoctopuo (em. 3.1.9,
3.2.1-3.2.2, 3.3.8). PasnooGpa3sHbie CBOHCTBA COMPSIZKEHHOTO DACCIOEHHUsI, BBITEKAOIIIE
u3 o0IIIeil TeOpur ONMEPATOPHBIX PAaCCI0eHUil, coOOpanbl B (DOPMYJIMPOBKe TeopeMbl 3.3.1.

[To onpenenennto caou X'(q) conpsizkennoro pacciaoenns X aBasioTcs GaHAXOBBIMU
HOAIIPOCTPAHCTBAME COIPAKEHHBIX IPOCTPAHCTB K COOTBETCTBYIOIIUM CJI0SIM X, T. €. JIJIsd
KazK 10l Toukn ¢ € @ mveer mecto BKmouenne X'(¢) C X(q)’. EcrtecrBenubiii Bompoc
o pasencree X'(¢) = X(q) naBno BosHOBas cnenuaiucros. Komneuno, B jureparype o
6aHaXOBbIX paccjioeHudx OH He MOI' BOSBHUKHYTb UMEHHO B TaKOM BH/I€ BBU/LY OTCYTCTBUA
IIOHSITHSI CONPSIZKEHHOTO paccioenusi. Hanpumep, B [144: § 19] sror Bonpoc 3adukcupoBan
KaK OTKPBITHIN U UMeeT CJeAYIONyIo (hOpMy: depe3 KarxKIbIi JIn 3JeMEHT CONPSKEHHOTO
HPOCTPAHCTBA K CJIOI0 DAHAXOBA PACC/IOEHUS MPOXOIUT KaKOi-1100 romomopdusm? Teo-
pHsI IPOCTOPHBIX PACCJOCHHI MO3BOJIMIA HARTH IOAXOJ K PEIIeHHI0 JAHHON IIPOOIeMbI
(cM. HEKE).

Vccneayst OHSATHE COMPSIZKEHHOTO PACCIOEHUS, MBI TIAT 33 MIArOM MPUOJIHKAJINCH K
ycranosaennio pasencrsa X' (q) = X(q)’. Ilepsbiit mar 6bu1 snemenrapubim: X' (q) # 0
(em. 3.3.1(3)). Crepyromuii mar TpoABHHYJI HAC JOCTATOYHO JATEKO: JJisl JTFOOOH TOUKH

q € Q npocrpancteo X'(q) nopmupyer X (q). Bonee Toro, okazanoch, 4to
lz|| = max{(a:|m/> 1l e X/(q), Hx/H < 1} (N)

st Beex © € X(q) (em. 3.3.4(1)). Bpocusmiasicss B riiaza CHMMETPHYHOCTD JOKA3aTE b
CTBa COOTHOIICHUA (N) HATOJIKHYJIA Ha UJIEI0 BbIBO/IA JIBOHCTBEHHO (DOPMYJIbI B KarK10i

He 0-M30JJUPOBAHHOI TOUKe ¢ € ():
/|| = max{(zla) : 2 € X(q), flall < 1} ()

g Beex &' € X'(q) (em. 3.3.4(2)). DTOoT MOMEHT U cTan pemaiomuM. [le10 B TOM, 9TO
runorernueckoe pasenctso X'(q) = X(¢)’ B coueranun ¢ dopmynoii (N') maer pediek-

cusrocth X'(q) (mo reopeme JIzxeiimca).
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[Tocste 3TOr0 OTKpBITHS pelieHne TPOOJIEeMbI CONPSIKEHHBIX CJIOEB BO3HUKJIO CAMO
coboii: ast pasenctsa X'(q) = X(q)' nocrarouna — a B He 0-H30IMPOBAHHON TOYKE ¢ U
Heobxognma — pediekcuBHOCTD 1o X' (g). DT0, B 4ACTHOCTH, 03HAYALT, YTO PABEHCTBO
X'(q) = X(q) MoxeT GBHITH BBIIOJHEHHBIM B OJHOMl CHTYyalldid W HE BBINOJHEHHBIM B
JApyroi, npudeM Kak LepBbli, TaK U BTOPOil caydail MOXKeT UMeTb MeCTO BO BCEX TOYKaX
q € () OTHOBPEMEHHO.

Pasymeercst, B obmem ciydae skiaodenne B(X,Y)(q) C B(X(g),Y(q)) rakske mo-
KeT ObITh cTporuM (cum. 3.2.4). B cBg3u ¢ 9TUM BO3HUKAET €CTECTBEHHBIIl BOMPOC: KaKhe
csoficrsa (He Beody oupesesentoit) dyukuun H: g — H(q) € B(X(q),Y(q)) rapanru-
pytoT npoxoxkjaenue ee depes cion B(X,))(q) u obecrneunBaioT HenpepbiBHOCTH H Kak
ceuenust paccioenuss B(X,)). Pesyabrarsr 3.2.7, 3.2.10 u — camblii CUIbHbIH U3 HUX —
3.2.13 maioT OTBET Ha 3TOT BONPOC: JOCTATOUYHO, UTOOBI (hbyHKIUS H coxpaHsiia Hempe-
PBIBHOCTH 3JIEMEHTOB HEKOTOPOT'O TIOCIOWHO TLIOTHOTO MHOYKeCTBa cedeHuit X

Ormernm, aro dopmyna (N) gaer pemenune chopmynupoannoii B [144: §19] npo-
OsieMbl 00 IKBUBAJIEHTHOCTH HOPMBI B 0OAaHAXOBOM PACCJOEHUU U COOTBETCTBYIOIIEH
<CONPSZKEHHOi> HOpMBI ||u|| = sup,, |[{(u|u’)||. Ina mpocToproro paccioenums orser Ha
9TOT BOIPOC BEChMa KATErOPHYEH: TH HOPMbI IIOMPOCTY COBHAJAIOT (CM. Teopemy 3.3.3).

C nmomompio dopmysn Tuna (N) yaaercs TakzkKe MOMPY3UTh HEMPEPHIBHOE DAHAXOBO
paccJioeHne BO BTOPOE CONPSIZKEHHOe B KadecTBe mnojapaccioenus (teopema 3.3.7). Hamno
CKa3aTh, YTO BOMPOC O BJIOKEHUU BO BTOPOE COMPSIZKEHHOE MOTHUMAJICS 1T OAHAXOBBIX
paccyioennii u panpire (cM., Hanpumep, [144: §20]). OxHako pedb, KaK MPABUIIO, TLIA HEe
0 BJIOYKEHWUH OTJEJbHBIX CJI0EB, a O BJIOKEHWH IIPOCTPAHCTB cedenuii. Vmeronuecs k Tomy
MOMEHTY peaJIM3aIMOHHbIe TEOPEeMbI MOIJIM MO3BOJIUTH BIOXKUTH W OT/EIbHBIE CJIOU, HO
B OTCYTCTBHH KOHIIENINH IIPOCTOPHOIO PACCIOEHHS BTOPOE COIPSAXKEHHOE PACCIOEHHe He
OBLTO OBl HAHAXOBBIM: 3TO MOTJIO OBI OBITH JIUTTH PACCTOCHUE TOTOJOTHIECKNX BEKTOPHBIX
POCTPAHCTR.

[Torpyxkenue banaxoBa pacc/J0eHUs BO BTOPOE COIPSIYKEHHOE UMeEeT OJIHO JII00OIBITHOE
ciaencteue. Hazoem ceuenme u HGanaxoBa paccioenuss X cjiabo HENpPepbIBHBIM, €CJIH Be-
mecTBenHo3HauHas byukmua ¢ — (u(q)|u’'(¢)) HempepbIBHA 119 KasK/I0TO HEIPEPHIBHOTO
cedenust v’ coupszkennoro paccioenus X, OkasbiBaercs, BBeJeHHOe TaKUM 00pa3oM 110-
HsTHE 0EeCCoepKATE/IHHO: Cadasi HePEPBIBHOCTh CEYEHUST SKBUBAJEHTHA €r0 OOBITHOM
HenpepbiBHOCTH (TeopeMa 3.3.7). Takum 0Opa3soM, CONPsIZKEHHOE DACCIOEHHE SIBIISIETCS
B ONpEICTEHHOM CMBICTE <CIab0> COMPSyKEeHHBIM. EIle oIHHM TOATBEPZKIEHHEM STOTO
TE3UCA SBJASIETCS TOT (PAKT, UTO CONMPSI’KEHHOE PACC/JIOeHWE K MPOCTOPHOI 000/I04YKe T0-
CTOSIHHOTO PACCJI0eHHUsI €O caoeM X sIBJISETCS peaTn3aniOHHbIM PACCIOCHHEM He sl IPOo-

crpancTBa HenpepbBEBIX GyHKINi Coo (Q, X'), a 1151 mpocTpaHcTBa 1260 HENPEPHIBHBIX
bynkunit Coo(Q, X'| X) (cremcrsue 5.1.10).
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Buiarojiapss TecHON CBSI3M MeK/Iy M3MEPUMbIMH M HEHPEPbIBHBIMU PACCIOEHUSMU
(cM. 0.5.4) COBEpIIEHHO AHAJOIMYHO HEMPEPBIBHOMY CJIYYA0 ONPEJIesSeTcsl COMPSIZKEeH-
HOE pacc/ioeHne m3Mepumoro 6anaxoBa paccsoenus. OrpejesieHrne U MHOTOYHCICHHBIE

CBOMCTBa 9TOT0 MOHATHUS NPUBE/IEHBI B pasjesie 4.4.7.

0.9.6. Peasusavyus opmomopPhudmos 6 pewemoto HoPMUPOSAHHLT NPOCMPaH-

cmeaxr

Ecaun peanmsanust opromopdusma u3 npeana Coo(Q) B npean Coo(Q)) npepcraniisi-
er coboil oepaTop HOTOYEUHOrO yMHOKeHust Ha (ukcupoBannyo GyHkiuo u3 Co(Q)
(em. 0.9.2), To opromopdusm u3 ugeana Coo(Q,X) B ugean Coo(Q,)), Tne X u Y —
HenpepbIBHbIe GAHAXOBHI PACCJIOeHUsT Hal (), MPEJACTABIACTCA B BUIE ONEPaTopa MOTO-
YEeYHOrO NPUMEHEHUs (PUKCUPOBAHHOIO HEIPEPBIBHOTO ONEPATOPHOIO CEYEHUS PACC/I0e-
uus B(X,)) (npemnoxenne 6.5.13).

B kadecTBe CjIeJCTBHs MOJYdYeHA peaju3anus n30MOpGhU3MOB U H30MeTpuil perie-
TOYHO HOPMHUPOBAHHBIX IPOCTPAHCTB B BHJE COOTBETCTBYIOIIUX BJIOYKEHUI M M30MeTpHit
baHaxoBbIX paccaoenuit (cm. 6.5.4).

OTMeTHM HEKOTOpPbIe OJIM3KHEe Pe3yIbTaThl B Teopuu OaHaxoBbIxX Moyseil nag C(Q).
Hanpuwep, B [144: creacreue 10.7, npemaoxenus 10.10 w 10.16] nponssegero npeacraniie-
Hue romoMopdusma (n3o0Mopdu3mMa, H30MeTpUr) JIOKAJIbHO BHITYKJIbIX Moy eii Ha C'(Q)
B BHJe roMoMopdu3Ma (n30Mopdu3Ma, H30MEeTPUH) COOTBETCTBYIONIUX MPOCTPAHCTB Ce-
dyeHuii. Peajm3anys HEIPEPHIBHOIO ONEPATOpa €O 3HAYECHHAMH B JIOKAJBLHO BBIILYKJIOM
mozyse Has C((Q)) B Bu/e cedeHnsT HEKOTOPOTO TOMOJIOTHYECKOTO0 BEKTOPHOIO PACCIOEHHS
Has () ¢ oneparopHbiMu cjosimu npusedena B [144: §11]. IlpocrpancrBo romomopdus-
MOB MOJyJI€il, COCTABIECHHBIX U3 CeYEeHHH BEKTOPHBIX PACCAOEHUI, pean3yercs B BHJE
POCTPAHCTBA CeYEHNH HEKOTOPOTO PACCIOEHHs ¢ OMEPATOPHBIMHU caosiMu (M. [144: Teo-
pema 11.21]). Opgnako u 37ech pedb maeT He O DAHAXOBHIX PACCIOEHHSIX, & O PACCIIO-
eHUSAX TOMOJOTHIECKUX BEKTOPHBIX NMPOCTPAHCTB. AHajor oproMopdusmMa B 6GaHAXOBOM
C(Q)-Moysie 1 COOTBETCTBYIOIIEE AHATUTUIECKOE TIPEJICTABICHNTE PACCMATPUBAIOTCS TAK-
ke B [2: Teopema 2; 109: 9.3-9.5].
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§ 0.10. OntepaTopsl caBUra

[TomMmumo ymMHOXKeHHUS Ha (DUKCHPOBAHHYIO (DYHKIUIO, elle ojHa MnpocTas (popmysia
olpe/ieJisieT OlepaTop, COXPAHSIOMKI U3 bIOHKTHOCT. Pedb ujger o dopmysie 3aMeHbl
nepeMeHHoil. JI1060e HenpepbIBHOE OTOOPazKeHHe S TOIOJIOIMYeCKOro IpocTpancTBa P B
TOIOJIOIUYECKOe HTPOCTPAHCTBO () Olpejie/isieT COXPaHANuil U3 bIOHKTHOCTD OLEpaTop
f — f os u3 Bekropuoit pererkn C(Q) B BekTopHyto perrerky C(P). AHajioruaubim
00pa3oM HEKOTOPBIE OIEPATOPHI, AeficTByIOINe B K-IpocTpaHCTBaX PACIIIPEHHBIX HEIIpe-
PBIBHBIX (DYHKIMI, MOTYT UMEThH MPEJICTaBICHNE B BUIE OEpATOpa 3aMEHbI IePeMEeHHOi.

AOGcTpakTHBIT aHAJIOr OMEpaTopa 3aMeHbl MepPeMEeHHOW Ha3BIBAETCS OMePATOPOM
casura. CoOTBETCTBYIOIIAS TEOPHS BKIIOYALT BOIMPOCHI XapaKTepU3allly OIIepaTopa CIBHU-
ra B aOCTPAKTHBIX TMOPSIKOBLIX W aaredpanvecKux TePMUHAX, CBSI3b OMEPATOPOB CJIBUTA,
C IPOU3BOJILHBIMU OTIEPATOPAMHU, COXPAHAIOIINMHI U3 BIOHKTHOCTD, peAJTU3alllH OIepaTo-
poB caBura B BuAe (DYHKIHUH 3aMeHbI TIEPEMEHHON U JIp.

Te wmam wuHBIE BOMPOCHI, CBSI3aHHBIE C OMEPATOPAME CJIBUTA, PACCMATPUBAIOTCS
B [30-32, 60, 84, 103, 109, 110, 136, 137, 158, 167, 218, 225, 233]. O630p JUTEpPATypHI
00 omeparTopax C/BUTra B MPOCTPAHCTBAX M3MEPUMBIX (DYHKIUN U 00 UX CBSI3U C CHUMMET-

PUYHBIMU TPOCTPAHCTBAME uMeeTcst B [21: 2.2.2].

0.10.1. Onucanue onepamopos cdsuza

[Ipumenus wugeo r-d-pacmensienusi (em. 0.8.2) K KJaccy oneparopos, COXpa-
HSIONUX JIM3BIOHKTHOCTH, MOXKHO CKa3aTb, YTO OPTOMOPMU3MBI COCTABIAIOT HTHCTO
<BEPTUKAJIbHYIO> 4YaCTh 3TOI'0 KJjacca. Pojib <rOPU30HTAJIBHOW> COCTAB/ILIONIEN Kiacca
OTIepaToOpPOB, COXPAHSIONINX JIN3BIOHKTHOCTh, B 3TOM CJIydYae YMECTHO OTBECTH OMepaTO-
paM caBHTA.

BadukcupyeM HOPsAJIKOBbIE eJMHUIbI 1g 1 17 B pacumperHbix K-upocrpancrBax £
u F. Jag moboro Gyresa romomopdusma h: Pr(€) — Pr(F) cymecrByer mopsiakoBo
OrpaHMYeHHBIN OmepaTop, JeicTByomuii u3 umeana £ B JF, mepepomganuii 1¢ B 1r u
nmeroruii Tenb h (npemioxkenue 6.3.7). Besikuit Takoil omepaTtop Ha3bIBAETCST OIIEPATOPOM
CJIBUTA. DTO TOHATHE MOXKHO PACIHPOCTPAHUTH Ha CJAydail IMPOM3BOJBHOIO KOJIBIIEBOTO
romoMopduszMa, a TakKe Ha TOT Ccjydail, Korja 00/1acTh ONpeJeIeHusl ornepaTopa Ha
copepxkut lg. Cpean Bcex omeparopoB CJIBUTA ¢ TEHbIO i €CTh OJINH (HA3BIBAEMBIH CIBUTOM
Ha h), uMeIunii HanbOJIBITYI0 06IACTH OUPE/IeIeHHs] U TTPOIOJIZKAIONIIH BCE OCTATbHbIE
(cM. BTOpOe 3amedanue 6.3.9). OO6sacTh OmpeEeHHs TAKOIO ONMEPATOpa COBIAIAET C
h-3aMblKaHueM njeasta, HOPOXKJIEHHOIO 1g, 1 COBHAJLALT CO BCEM IIPOCTPAHCTBOM & TOJIBKO
B CJIydae CeKBEHIMAIBHON O-HempepbhIBHOCTH omepaTopa (cieactsue 6.3.5).

[longaTue omepaTopa CIBUTA SBASIETCI B ONpEIeTEHHOM CMBIC/IE PeaTu3aIllnOHHbBIM,

T. €. OHO JIaeTCs B TePMHUHAX 00Jiee MPOCTOro 00'beKTa — KOJIbIEBOr0 roMoMopdu3Ma — u
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[0/IPA3yMEBAET B CBOEM OIIPEJIC/IEHUU HEKOE CKPBITOE MOCTPOCHUE OIEPATOPA C TOMOIIHIO
3TOro roMmoMopdusma. B ¢BA3M ¢ 3TUM 0OCTOATE/IHCTBOM yMECTEH BOIPOC 00 OIMUCAHHUH
OIepaTopoB CABHTA BO BHYTPEHHHUX TePMHUHAX.

Kaxkaplii omepaTop ¢ABUTa MOPSIKOBO OTPAHUYEH, COXPAHAET IN3BIOHKTHOCTD U IIe-
PEBOIUT OCKOJNKH lg B ockonku 1r. OaHako, KaK MOKa3bIBAIOT MPOCTEIfIIne IpUMepHI,
9TOT CIIUCOK CBOIICTB HE SBJSIETCS IMOJHBIM W HE JaeT TOYHOI'O ONHUCAHHUsI OIEPATOPOB
caBura. HemocTaromuMm ycIoBHeM SIBISETCA Caeayioniee: HeoObXoauMo, 9ToObl 0Opa3 ore-
paTopa He BBIXON 38 PAMKH KOMITOHEHTHI, TOPOZK IeHHOIT 06pa3aMi 0CKOJIKOB lg (Teope-
Ma 6.3.9). Oueparopsl, yI0BIETBOPSIOINIHE STOMY YCJIOBUIO, Mbl HA3bIBAE€M IUPOKUMHU Ha
OCKOJIKAX €JUHUIbL. JIJIs W3ydeHns 3TOro HOBOrO MoHATHA (U ero 06obeHuii) pazpabo-
TaHa HEOOJIbIMast TEOPUS IMUPOKUX OMEPATOPOB, M3JI0KEHNE KOTOPO MMEeTCsl B pa3aesiax
6.3.1-6.3.6 JaHHOI AUCCepTaIUu.

Obo0bmeHne MOHATHS OIlepaTopPa CABUIA HA CIyYail perreTodIH0 HOPMAPOBAHHBIX IIPO-
CTPAHCTB MPOU3BOAUTC cieayomum obpasom. Omeparop S, AeHCTBYIONINI B PEIIETOYHO
HOPMHPOBAHHBIX IPOCTPAHCTBAX, HA3BIBAETCS OIEPATOPOM CIABUTA, €CJIU €TI0 HAauMeHbIIas
MazKkopaHnTa | S| siBjigeTcs omepaTopoM CABHIA B CTAPOM CMBICJIE H, KpOMe TOro, S CBSI3aH
¢ |S| dopmynoii |Su| = |S||u]. OxasbiBaercs, 11060it oneparop CABUIa MOKHO Pa3J/io-
JKUTh B KOMIIO3UIIUIO HOPMATHBHOTO TIPeoOpa3oBanust 1 n3oMerpuu (mpeioxenne 6.3.14).
Onucanne «<BEKTOPHBIX> OMEPATOPOB CABHUTA BO BHYTPEHHUX TEPMUHAX MPUBEIEHO B TE€O-
peme 6.3.15.

JIpyroe abcTpakTHOE OIHCAHHUE OIepaTopa CJIBUra jaeTcd Teopemoii 6.3.10: omepa-
TOp, AeiicTByrommii B K-IpocTpaHCTBAX SBISETCS OMEPATOPOM CIABHTA TOTIA U TOJBKO
TOr/Ia, KOTIa OH MYJILTHILTHKATUBEH, T. €. COXpaHseT mpousBeaenne. Ilociennnii pas mo-
JOGHOE ONUCaHWUe JaBaJOCh OYeHb JABHO (B 40-e rojibl) U OPU JIOHOJTHATETHHBIX OTDAHHU-
YeHHsIX Ha MPOCTPAHCTBA U ONepaTop (Hajnvue eJMHUILI U t-HempepbIBHOCTL) — cM. [30:
Teopema 1; 32: reopema 29; 60: riasa VII, reopema 3.13].

OrmernM, 9To B psijie crareii omeparopbl capura (B Gopme onepaTopoB 3aMeHbI
[IEPEMEHHON HJIM MYJIBTUILUIMKATHBHBIX OIEPATOPOB) OMMCAHbI KAK KPailHHE TOYKH TeX

IJIM WHBIX OMEepPATOPHBIX MHOXKecTB [136, 137, 218; 225: rmasa 111, reopemsbr 9.1 u 9.2].

0.10.2. Cdsue onepamopa

[TousiTue omeparopa cJABUIra ABIAETCS TEM UHCTPYMEHTOM, ¢ IIOMOIIBIO KOTOPOI'O Me-
to1, r-d-paciierienus (cM. 0.8.2) MozkeT GbITh IPUMEHEH K MCCJIEOBAHIIO TIPOU3BOIbHBIX
OMepPATOPOB, COXPAHSIONINX AU3BIOHKTHOCTH. CyTh 3TOTO METOJa B JIAHHOM CJIyYae 3a-
KJTI0OYA€TCs B BBIJIEJIEHHH <TOPU30HTAIBHOIT> COCTABISIONIE onepaTopa He B BIIe OyIeBa
romomopdusma (cM. 0.8.1), a B Bue omepaTopa, JefdCTBYIONIEro B uaeanax Tex xe K-mpo-

CTPAHCTB, YTO W MCXOJHBIN OIepaTop.
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Kax wmsBecrno (cm. 0.10.1, 6.3.7), Kaxkjblii KOJbIEBOH roMoMopdusM onpejesisier
omeparop cjasura. B TOM dwmcjie, HEKOTOPBIH OHEPaTOp CABHUTA S ONPEIEISIeTCS U Te-
HBIO COXPAHSIONIEr0 JU3BIOHKTHOCTH oreparopa 1. Takoit oneparop S Ha3bIBAETCS CBU-
rom 1. CBsi3b M€Ky OIEPATOPOM H €r0 CABUTOM OCODEHHO SIPKO MPOSIBJISIETCS MPU U3Y-
YeHNHW MYJIbTUIINKATHBHBIX CBOHCTB omeparopoB. Ilpeamonoxkum, aro T — coxpaHs-
IOIMNH TU3BIOHKTHOCTH OMEPATOP B PEIMIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTBAX U S —
ero c¢asur. Ecin smementer € € dom S u u € dom T’ TakoBwr, uro B dom 1’ ompejeneHo
npousBejierne eu, To B im 1 onpeeneno npoussegenue S(e)T (1) u uMeeT MECTO paBeH-
crBo T'(eu) = S(e)T(u) (mpemnoxkenue 6.3.13). Dror dakr 0606mAET psii AHATOTHY-
HBIX Pe3y/IbTAaTOB 00 omepaTropax, AefiCTBYIONNX B MPOCTPAHCTBAX BEIIECTBEHHO3HAUYHBIX
dbyukuit 1 BekTop-byukmuit (cm. [158: Teopema 2.1; 109: Teopema 6.7; 110: uwacts I,
reopema 3.4]). AHasor ciBura oneparopa BOSHHKAET TAK:Ke BO MHOTHX pafOTaxX O Mpe/l-
CTABJIEHUH M30METDHIl IPOCTPAHCTB U3MEPUMbIX BeKTOp-byHKImit (Teopembl Banaxa —
Croyna).

[TocKObKY CHABUT SABJISIETCS ONEPATOPHBIM AHAJOIOM TEHH, BCE THIIBI HelpepbiBHO-
CTH oIepaTopa, 60Jee CUIbHBIE, 9eM I'-HeIIPEPHIBHOCTD, HAIIPSMYTO CBSI3aHBI C KAKOii-/T100
HEINPEPbIBHOCTBHIO €ro CJIBUTA. B 4acTHOCTH, (CeKBEHIUATbHASI) O-HENPEPHIBHOCTH Olle-
paTopa SKBUBAJEHTHA (COOTBETCTBEHHO CEKBEHIHAIBHOI) O-HEMPEPHIBHOCTH €ro CJIBUTA
(cp. 0.8.2).

Beenennoe B [103] monsitue S-coorBercTBust siBjisieTcsi (DYHKIMOHATIBHBIM aHAJIOTOM
casura orneparopa. C MOMOIIBIO 9TOH YIAYHON KOHIENIWK MHOIHE CBOWCTBA, JIMHEHHBIX
OrepaTopoB MOTyT ObITH CHOPMYJTHPOBAHBI Ha sI3bIKe 3TOTO GoJiee MpOCTOro (deM cam
OIepaTop) peayn3aoHHOro 00bekTa. CBs3b MeKJLy CBOHCTBAMHU OIepaTopa u ero S-co-
OTBETCTBHUS SIBJISETCS OCOOEHHO TECHOI B TOM CJIydae, KOIJa OIepaTop MOPSIKOBO Helpe-

pbiBeH (MMEHHO TaKuhe ONMepaToOpbl PAcCMATpUBalOTCst B padore [103]).

0.10.3. Pearusauua onepamopos cosu2a

Hawubomnee pacmpocTpaneHHO# pearm3alineii onepaTopa CJABUTa sBAsIeTcd, 0€3yCI0BHO,
ero IpeJicTaBjeHue B BUJie ollepaTopa 3aMeHbl nepeMenHoii. lcropuyecku 1epsoit ObLia
HOJIyYeHa peajin3allis CeKBEHIIMAJbHO O-HEIPEPBIBHOTO MYJIBTUILIMKATHBHOI'O OIlePaTO-
pa B IPOCTPAHCTBAX M3MEPUMBIX (DYHKIHUiT B BHJIe N3MEPUMOI 3aMeHbl epeMenHoii [31:
2°-4°; 32: 39°, 40°; 167: Teopema 1]. Tlo3ke OblIa paccMOTpPEHA peATH3AIHsT MYJIBTHILIH-
KATUBHOI'O OIl€paTOpa B MPOCTPAHCTBAX HEMPEPHIBHBIX (DYHKIHI B BUJE HENPEPHIBHOM
3aMeHbl IepeMeHHOM, /1 KOTOPOil 0-HeMPEePBIBHOCTD OllepaTopa yzKe He dABJISeTcsd HeoO-
xoaumoii [233: Teopembr 4.2.2 u 7.7.1; 225: rnasa 111, reopemsbr 9.1 u 9.2].

Ham BapuanT upejicraBjienusi omeparopa cjaBura, JeiictByomero B K-mpocrpan-
CTBaX, B BUJIE HEIPEPbIBHOI 3aMeHbl 1epemMeHHoil npusejien B 6.5.7-6.5.8. Hosoe ana-

JIMTUYECKOEe TIpeJICTaB/JIeHrne onepaTopa CJABUTA JIAHO B NpeJyIozKeHun 6.5.9: Bcakuii one-
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paTop c¢/JBUIa MOXKeT ObITh pPeaii30BaH KaK OlepaTop CyzKeHus Ha (PDUKCUPOBAHHOE 3a-
MKHYTO€ MMOJAMHOXKeCTBO. Peanmzamusa omepaTtopa CIBHATA B PEMIETOYHO HOPMUPOBAHHBIX
npocrpaHcTBax (npemaoxenue 6.5.17), mpeacraBiasier coboii KOMITO3UIHIO HEMTPEPHIBHOM
3aMeHbl IIepeMeHHOoil 1 n30MeTpun HaHAXOBBIX PACC/JIOCHU.

Peanuzanuga omepatopa caBura mo3BoJigeT WHTEPIPETHPOBATH €r0 CBOMCTBA, BBIpa-
JKeHHbIE Ha S3bIKe a0CTpaKTHOM ajaredpandeckoil CHCTeMbl, B TEPMUHAX KOHKDPETHOT'O TO-
HOJIOTUYECKOTO WMJIM U3MEPUMOTO IPeJCTaBIeHus. Pe3yabraThl TaKOro poja MMeroTCs,
wanpumep, B [225: riasa 111, npemnoxenne 9.3; 103; 158: reopembr 2.4, 2.6 u 2.8; 109:
npepnoxkenue 3.7 (2)]. PaccmarpuBast onepaTtop CABHIa KaK YacTHBIH caydail omeparo-
pa B3BEIIEHHOI'O ¢JIBUTA (CM. HUZKE), Mbl PEIINJId He MPUBOIUTH JJIsl HETO CIeIUATbHBIX

UHTEPIPETUPYIONINX (DAKTOB.
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§0.11. OnepaTopsl B3BEIIEHHOTO CABUTA

OpromMopdu3Mbl (BeCOBbIE OMEPATOPBI) W OMEPATOPLI CABUTA MPEJCTABIAIOT CO0Oii
B OIPeIeJIeHHOM CMBICJIe KpaiiHue cIydam OmnepaTropoB, COXPAHSIONINX N3 bHIOHKTHOCTD.
Bo3HukHYB B pe3yabrare NpUMEHEHHs] METOMIa 7-d-pacilellIeHns, BeCOBbIE OMepPaTOpPhl U
onepaTopsbl CABUT'a AOJ2KHBI UT'PATh POJIb dJIEMEHTAaPHBIX KUPIIUYUKOB, U3 KOTOPBIX CKJIa-
JIBIBAIOTCS TPOM3BOJIbHBIE OIEPATOPDI, COXPAHAONINE IN3BIOHKTHOCTD. lloaTBep:KaeHme
9TOro Te3uca d)aKTquCKH n 4ABJIdeTCd IeJbIO BCeil Haliei pa6OTbI C 9TUMHU KJIaCCaMn
OIIepaTOPOB.

Kowmmosumnuu BeCOBBIX OLIEPATOPOB U OIEPATOPOB CABUTA, €CJU U HE HCUYEPIBIBAIOT
KJIACC BCEX OMEPATOPOB, COXPAHSAIONINX I3 HIOHKTHOCTh, TO, TI0 KpaiiHe Mepe, (hOPMUPYIOT

BeCbMa IIPpEACTaBUTEJIbHYIO €I0 9aCThb. NMeHHO 0 TAKAX KOMIIO3UIUAX HOfI,ZLeT pPeYb B 3TOM

naparpade.

0.11.1. Kpumepuu WSW-npedcmasumocmu

OmepaTopoM B3BEIIEHHOTO CABUTA MBI Ha3bIBaeM omeparop, mMmerommit WSW-npes-
CTaBJIeHWe, T. €. MPEeJCTaBUMBIl B Bujie kommo3zuruun W o S o w aByx opromopdu3mMon w
u W u oneparopa casura S. Opromopdusmbl w 1 W HA3BLIBAIOTCSA COOTBETCTBEHHO BHYT-
pPEeHHUM W BHENTHUM BeCOM oreparopa, a S — ero casurom. B pasmere 6.4.1 mpousse-
JIeH TOApPOOHBIN aHAIN3 TOr0 MOHSTHS Ha YPOBHe omnpenesnenus. (OCHOBHOW KpHUTepui
WSW-npeacraBumoctu npuseen B Teopeme 6.4.2: omeparop mmeer WSW-npencrapie-
HIEe C BHYTPEHHUM BECOM W TOTJIa U TOJBKO TOT/IA, KOT/Ia OH COXPAaHAeT U3 bIOHKTHOCTD,
IOPsIJIKOBO OFPAHMYEH U MIMPOK Ha djaeMente lg/w. Uueitno 6uskuit kpurepuit chop-
myauposad B [110: 3.12]. O6o6uieHue MOHATHSI OMEPATOPA B3BEIIEHHOTO CJIBATA HA CJIy-
4ail perneToYHo HOPMUPOBAHHBIX MPOCTpancTB npuseaeHo B 6.4.6. Pazmesnt 6.4.4 u 6.4.7
BKJIIOUAIOT pasHooOpasubie kpurepun WSW-npencraBumocTn s onepaTopos, AeiiCcTBY-
fonux B K-pocTpanCcTBaxX U PEIeTrovH0 HOPMUPOBAHHBIX MpocTpancTBax. OrMeTnm, 910
OJIUH U3 JOoCTaTOYHBIX npusHakoB WSW-npeacrasumoctu (Bropoe mpenioxenue 6.4.4)
ObLI OIUOOYHO OIEHEH B cTaThe [2: Teopema 5| Kak Heobxoaumblii. B paszgene 6.4.4
IpUBEJIEH COOTBETCTBYIONUIl KOHTpIpuMep. O CyIIecCTBOBAHUHM AHAJIOTHYHOTO IIPUMEpa,
A.B. Kosgynosa ynomunaercs B [110: 3.14].

Heobxoanmo ckazaTh, 9TO BBeJeHHOE HAMU MOHSATHE ONEPATOPA B3BEIIEHHOI'O C/IBUTA
HECKOJIBKO OTJIMYAeTCSI OT aHAJOTHIHOW KOHCTPYKIIUU, OOBITHO paccMaTpUBaeMoil B JIH-
reparype. B KjaccnmueckoM aHaJMTUYECKOM IPEJICTABJICHUU ONMEPATOPA, COXPAHSIONIETO
JU3BIOHKTHOCTD, (cM. [3: Teopema 6; 4: Teopema 4.1; 103: nmpeozkenue 3 u ciejicrsue 3.1;
84: teopembl 2.8 u 2.9; 2: Teopema 6; 110: 3.8-3.18|) orcyrcrByer BHyTpenHuii Bec. Mbl
pacieHnBaeM 3T0 00CTOATETHCTBO KaK HEOOIbIION HeI0CTATOK CYIIECTBYIONIEl TeOpHH, B

YAaCTHOCTHU, OIPAHUYNBAIONINI KJIACC peain3aluil BEKTOPHbBIX PEIIeTOK, 00eCIedrnBaIonux
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Tpebyemoe 1peJicTaB/IieHre olleparopa, 1 yCJAOKHAIONNA 3a/a4y 1J100a/bHOI peajin3aiun
orieparopa, T. €. 3aJla4y 00 aHaJUTHYECKOM IIPeJICTaB/IeHUU OllepaTopa Ha BCeil 0bJacTu
onpesesiennst (a He HA OTJEJIBHBIX ee (hpparMeHTax).

B [21: 2.2.3] npuBeieH 0630p pe3ysIbTaToOB 00 O-HEMPEPBIBHBIX OMEPATOPAX B3BEIIEeH-
HOTO CJIBHTA, JIEHCTBYIOIINX B MPOCTPAHCTBAX M3MEPUMBIX (byHKImit. Tam ke nmMeroTcs
1 MHOTOYHC/IEHHBIE CCBLIKH Ha cTarbu o WSW-npeacrapiennn n3oMeTpuil MIpOCTPAHCTB

U3MepUMBIX BeKTOp-byHKImil (Teopembl Banaxa — Croyna).

0.11.2. Pearusanyus onepamopos 636eueHHo20 cdeu2a

Peasusanusi onepatopa B3BeIIEHHOTO ¢ABUTa, jeiicTByomero u3 uueana Coo(P) B
uean Cuo(Q), mpeacraBiaser coboii yMHOKEHHE SJIeMeHTa Ha (DPUKCUPOBAHHYIO (DYHKITHIO
w e C'OO(P) ¢ HOCJIeIYIONIel 3aMeHOi 1IepeMeHHON [10CPE/ICTBOM HelPepbiBHOM (hyHKIUK
s: ) — P u 3aBepmaromum ymuoxkenueM Ha dukcupobannyio byukmuio W e Cy(Q),
T. €. 3HaveHue oneparopa 1’ Ha 3djJeMEHTe € peaju3yercs cjeayiomumM oopaszom: Te =
W ((w-e)os) (em. 6.5.10, 6.5.11).

B paGore nokazano (reopema 6.4.6 u 3ameuanue 6.4.6(2)), uro omepaTtop B3Be-
IIIEHHOTO CJIBUTA, MECTBYIONINI B PEIIeTOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX, MMEET
WSW-npeacrapiieHue co CKaJsipHbIM BHYTPEHHUM BecoM. BJiarojapst sromy (axry aHa-
JUTUYECKOe TIPEJICTABJIeHIe OllepaTopa B3BeleHHoro capura u3 uueasta Coo( P, X) B uje-
a1 Coo (@, V) 3raunTesibHO yupomaercs (Teopema 6.5.18) u npuobperaer cJieLyomnuii BuI:
Tu=W® ((w-u)os), rie w € Coo(P), s € C(Q,P) u W € Css(Q, B(X 05,))). Bes-
YCJIOBHO, TaKoe IpejcTaBjieHne OblJIO Obl HEBO3MOXKHO 0e3 MpeaBapuTeThbHOIO CO3IaHus
TEOPUH IPOCTOPHBIX GaHAXOBBIX paccjaoenuii (¢cM. 0.2.8) 1 GAHAXOBBIX PACCIOEHUIT ¢ Ote-
paropabiME caosama (eM. 0.9.4).

B pasrosope 00 omneparopax B3BENIEHHOT'O CJABUIA U MX peaIn3alusdx yMECTHO OT-
METHUTH, 9TO B OOJIBITUHCTBE CaydaeB n3omerpuu LP-mpocTpaHCTB BEIeCTBEHHOZHATHBIX
dyuKIUi 1 BeKTOP-DyHKIMIT TPEeICTaBIIIOT COO0N NMEHHO TaKkue ornepaTopbl. V3yuenuro
9TOTO BOIMPOCA MOCBSIIEHO HACTOJIHKO MHOTO paboT, 9TO MOXKHO CMEJI0 YTBEPK/IATh O CY-
IECTBOBAHIE CAMOCTOATEIHLHON TeOpHH IpeJCcTaBleHnsa n3oMmerpuii LP-npocTpancrs, 60-
raroif IybOKUME pe3y/IbTaTaMi U 3aTparuBalonieil pa3HooOpa3Hble aCIeKThl FeOMEeTPHH
O6aHaXOBBIX (DYHKIIMOHAJIBHBIX IPOCTPAHCTB, PEIIETOYHO HOPMUPOBAHHBIX IIPOCTPAHCTB U
IPOCTPAHCTB €O CMeIanHoi HopMoii. OO6CY:K/IeHHe COOTBETCTBYIONINX Pe3YIbTaTOB BbI-
XOJIUT 3a paMKH JAHHOTO 0030pa W Mbl OTPAHHYUMCSH JHUIIb YIOMHHAHHEM HEKOTOPBIX
M3BECTHBIX HaM crareil u monorpadumit: [1, 65,109, 118, 126, 127, 139, 148-151, 167, 188,
241]. Cwm. Takzxke 0030p [21: 2.2.3].
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0.11.3. Pasiooicerue 6 Cymmy ONepamopos 836eUeHH020 cO8U2a

Jlo cux mop HE OJUH W3 peaH3alMOHHBIX Pe3yJIbTaTOB He 00eCIeUnBasl PeaTH3aInio
POU3BOJIHHOTO TIOPSIIKOBO OIPAHNIEHHOTO COXPAHSONIEr0 N3 bIOHKTHOCTE OMEPATOPa Ha,
Bceit obsiacTu ompejesienusi. Kaykjgas Teopema O NpejcTaBieHnn JIKOO OrpaHuYInBaJIa
KJIACC PACCMATPUBAEMBIX ONEPAaToOpoB (HAampuMep, TpeOOBaHUEM IIOPsIIKOBON HelpPepbiB-
HOCTH ), Jin00 OrPaHMYUBAJIA KJIACC IIPOCTPAHCTB (HALPUMED, PACCMOTPEHHEM GAHAXOBbIX
perieTok ), inbo He rapanTupoBasia hyHKIHOHAJIbHYIO PeATH3AKUI0 Ha BCell 00J1acTH olpe-
JIeJIEHUs OTlepaTopa (& JIMIb, HAIPUMED, Ha ee TIIaBHBIX ujeanax — cM. [108: reopema Al).

Ha mam B3risa, 6e3yCHenrHoCTh IMOMCKA TI00ATbHON peaJn3alui OIepaTopoB, CO-
XPAHAONIX TU3bIOHKTHOCTD, BO MHOTOM OOYCJIOBJIEHA OTCYTCTBHEM BHYTPEHHEIO Beca B
OIlpe/Ie/IEHAH OIlepaTOPa B3BEIIEHHOI'O CABUra. Be3yc/I0BHO, BHYTPEHHUI BEC MOKHO JJIH-
MHUHHUPOBAThH 3a CYeT HaJJIerKallell peaan3aiui MpoCTPAHCTBA 00IaCTH onpejeneHus (U,
[O-BU/IMMOMY, UMEHHO 3TO COOOpaKeHUe MOCIYKUJIO TIOBOJOM JIJIsl TTOJTHOIO YCTPAHEHUsT
BHYTDEHHEro Beca u3 paccmorpenus ). OJHAKO Kaykjiasi Takasl 3aMeHa Deau3alui Bje-
geT 3aMeHy (DYHKIIMOHAJIBHOTO MPEJICTABICHUS OIIePATOPa, W BIOJIHE MOXKET OKa3aTbCs
(1, KaK TOKA3BIBAIOT MPUMEPbI, HHOT/A JEHCTBATEIHLHO OKA3BIBAETCS), UTO HU OJHA 3a-
MeHa peaH3alui He B COCTOSHUHU JATh IJI00AIbHOE IIpeIcTaB/JIeHne — Ha Bceil obacTu
onpeenenns. llpuMep HMEHHO TaKOro HEyIadHOIO CTEYEHHsI OOCTOSATENLCTB IPHBEIEH
B [108: mpumep 2] u Bocupousse/ieH Hamu B 6.4.5.

Brenenne BHyTpeHHETO Beca B OIpeJesieHre OlepaTopa B3BENEHHOTO CJIBUTA MO03-
BOJIUJIO BIIEPBBIE TOJIYYUTH [JIODAIBHYIO peasu3anuio. K/Io4ueBbIM pe3yIbTaToM Ha IIy-
TH TIOUCKa TPEOyeMOro 1peICTaB/IeHUsI sIBJISIETCS] PA3JI0KEHHEe TIPOU3BOIBLHOTO MOPSIIKOBO
OrPAHMYEHHOI'O COXPAHSIONIErO JUIbIOHKTHOCTD OIEPaTOpa B PEIeTOYHO HOPMUPOBAH-
HBIX IIPOCTPAHCTBAX B CIIBHO IU3BIOHKTHYIO CYMMY OINEpPATOPOB B3BEIIEHHOTO CJIBUIA,
(Teopema 6.4.8). DTOT pe3yabTAT ABIAETCS HOBBIM JIaZKe IS CJIydas ornepaTopa B K-mpo-
crpancTBax (Teopema 6.4.5)

CrencTBueM TaKOro pasJjiozKeHUsl SBUJIOCH UCKOMOEe TIIo0aJibHOE (YHKIIMOHATIHHOE
npeJCTaB/IeHrNe TMPON3BOJIHLHOTO COXPAHSIIOINIETO AN BIOHKTHOCTH OMepaTopa, AeHCTBYIO-
mero Kak B K-npocrpancrBax (teopema 6.5.12), Tak W B PeNieTOYHO HOPMHPOBAHHBIX
npocrpancrax (reopema 6.5.19).

[nobanbraast peasusanus oneparopa, COXPAHAIONEro U3 bIOHKTHOCTD, TO3BO,/ISIET NH-
TEPHPETHUPOBATH €0 CBOICTBA, BhIPAKEHHBIE HA SI3bIKE A0CTPAKTHOI a/iredpanveckoii cu-
CTeMBbI, B TEPMUHAX €r0 KOHKPETHOro (bYHKIHMOHAJIBHOIO IpeacTaBaeHus. lIpuMepn mo-
JOOHBIX MHTepHperanuii umeiorca B [172: Teopema A; 138; 63; 64: Teopemsr 2, 3, 3/, 3",
u 4; 21: 2.2.3; 61,62, 171, 178; 116; 2: Teopembr 8-10).

B Tekcre maHHON JamccepTanuy MPUBEIeHBI HMHTEPIpPeTalud TAaKUX CBOICTB omepa-
TOpa, COXPAHSIONIErO JU3HIOHKTHOCTh, KAaK O-HENMPephIBHOCTH (Teopema 6.6.3), WHBeK-
TUBHOCTH (Teopema 6.6.5), npeanprocTh obpasa (npemioxenue 6.6.10 u Teopema 6.6.12),

coxpanenue noamomyJieii (npemioxenue 6.6.14 u reopema 6.6.15).
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Cnncok OCHOBHBIX Pe3yJIbTAaTOB

e PaspaboraHa KOHIEHIU TOPIIKOBON alMpPOKCUMAIUN B PEIIETOYHO HOPMHPO-

BAHHOM ITPOCTPAHCTBE, ONMCAHBI O-3aMbiKanus u o-nonosHenuns (0.1.5, §1.5).

e DBBenensl u ucce/I0BaHbl Y€THIPE TUIA TOPSIIKOBON OIPAaHNIEHHOCTH OIlepaTopa,

LIPUBEJIEHBI IPUMEPbI, JI0Ka3bIBaolue ux rnomnapuoe necopuajenue (0.1.6, §1.6).

e JlokazaHo, 9YTO B 9KCTPEMaJIbHO HECBSI3HOM KOMIIAKTE TMOHSATHS W30JIUPOBAHHOM

I 0-U30JUPOBAHHOIl TOUeK coBmagaor (0.2.2, 1.1.9).

e YcraHOBJIEHA BO3MOYKHOCTH HPOJIOJIZKEHUSI HENPEPbIBHbIX (DYHKIUH, BEKTOP-
dyHKIMil n cedeHunii Ha HanOOJIbIINe 00IACTH OIIPeIe/IeHIs; TAKOe IPOI0I2KeHIe
JIEDJIO B OCHOBY HMOCTPOEHHUsSI COOTBETCTBYIONINX (DYHKIIMOHAIBHBIX IPOCTPAHCTB
(0.2.4, 0.2.5, 0.2.9, 1.1.1, 1.1.2, 2.5.1, 2.5.2, 5.1.1, 5.1.4, 5.1.5).

e Co3ana Teopust IPOCTOPHBIX HENPEPBIBHBIX OaHAaXOBbIX paccyoenuii (0.2.8, ria-
Ba 3).

e (OcymiecTBiiena peajn3amys PerneroYH0 HOPMUPOBAHHOIO MPOCTPAHCTBA B BU-
Jle IPOCTPAHCTBA HEIPEPBIBHLIX PACIHINPEHHBIX CEYEHUI MTPOCTOPHOrO HaHAXOBA

paccaoenus (0.2.9, §3.4).
e Cozzana Teopusi n3MepUMbIX OaHaxoBbix paccioenuit (0.3.4, riasa 4).

e JlokaszaHo cyriecTBoBaHue JUMTUHTA B PA3JIHIHBIX MPOCTPAHCTBAX CJI1ab0 U3Me-

pumbix BekTop-byukuumii (0.4.3, 5.3.11-5.3.13).

e Bgegeno nmongrue JiudTUHra B MPOCTPAHCTBE M3MEPUMBIX CEUYEHHI U CO3/IaHa

coorBercTByomas Teopus (0.4.4, §4.3, §4.4).

e [lonyuyena peajim3anusi IMUPOKOrO KJjacca PENIeTOYHO HOPMHPOBAHHBIX ITPO-

CTPAHCTB B BUJIe IPOCTPAHCTB n3MepuMbix cedennii (0.3.4, §4.4).

e Paspaborana KOHIENIMA CTOYHOBCKOIO Peodpa30BaHust /st M3MEPUMbIX (DYHK-
nuit, Bekrop-byukmit n cevennit (§0.5, 1.3.13, 4.3.4, 4.3.5, §5.3).

e PasnoobOpa3sHbie cBOiICTBa pemeTovYH0 HOPMUPOBAHHBIX MPOCTPAHCTB UHTEPIpe-

THUPOBaHbI B TepMHUHAX UX peanusanuit (§0.6, 2.5.7, §3.4, §4.4).
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e C moMOmIbIO HOHSITHS TEHU OIEPATOPA PEAJTUI0OBAH METOI I'~-d-PaCIIeIIeHus JJ151
UCCJIeJOBAHUS OIEpPaTOPOB, COXPAHAIONINX JU3BbIOHKTHOCTD; PEIleH PdJl 3aJad,
CBSI3aHHBIX C TOPSIIKOBOW HENpPephIBHOCTHIO Takux omeparopon (0.8.1, 0.8.2

§6.1).

[ ] OHpOBepFHyTa I'uioresa O COBIIaJEHUHN KJIAaCCOB JIOKAJIbHO OJHOMEPDHbLIX WU JUC-

kperubix K-npocrpancrs (0.9.1, 6.2.1-6.2.9).

o [lonydennl onucanusg roMoMOpGpU3MOB 6AHAXOBLIX PACCIOCHUII B TepMHHAX UX

neiicrBust Ha cedenusix (0.9.3, §2.4).

e  OupejiesieHO U U3yueHO OAHAXOBO PacCjioeHue HpocTpaHcTs oneparopos (0.9.4,

§3.2, 4.4.6).

® BHepBbIe BBEJCHO IIOHATHE COIIPAZ2KEHHOI'O OamaxoBa pacc/jioeHud 1 uccjaeaoBaHa

coorBercTByOmas apoicreennocts (0.9.5, §3.3, 4.4.7).

[} BBe,ZLeHO N HUCCIeJ0BaHO IMOHATHE OIllepaTOpa CABUTa B BEKTOPHLIX peIleTKaX n

PEIeTOYHO HOPMUPOBAHHBIX TpocTpancTax (§0.10, §6.3).

° Honyquo pa3jiozKeHnne MpoOu3BOJIHBHOTIO MOPAAKOBO OI'PaHUYEHHOT'O COXPaHAIO-
mero JU3bIOHKTHOCTL olepaTOpa B CUJIBHO JU3BIOHKTHYIO CYMMY OIIepaTOpPOB

B3Bemennoro capura (§0.11, §6.4).

e Ilosyuensl (byHKIUHOHATBHBIE HMPEACTABICHHUS JIS IMIHPOKOTO KJAacca OIepaTo-
POB, COXPaHSIOMNX JAU3HIOHKTHOCTD, W JaHa WHTEePIpeTanus UX CBOWCTB B Tep-
muHax peasmsanuu (0.9.6, 0.10.3, 0.11.2, 0.11.3, §6.5, §6.6).
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I'masa 1. IIPEIBAPUTEJIbHBIE CBEJIEHNA

OcHoBHBIME 00'bEKTAME, ¢ KOTOPBIMU BEJIETCS pab0OTa B JIMCCEPTAIMH, SBJISIIOTCS KC-
TPeMaJIbHO HECBA3HBIE KOMIIAKTHI, IPOCTPAHCTBA C Mepoii, OyJIeBbl ajareOpbl, BEKTOPHbIE
pereTkn (rIaBHBIM 00pa3oM, K-TpocTpaHCcTBa), PEIeTOYHO HOPMHPOBAHHBIE MTPOCTPAH-
CTBAa, PEryJ/isipHble U MazKOPUPyeMble OllepaToOPbl, DAHAXOBbI PACCJIOEHUs, & TAKKe Helpe-
pPBIBHBIE U H3MepuMble (PYHKIIUU PAa3HLIX TUIOB — BelleCTBeHHbIE (DYHKIUHU, BEKTOP-
GYHKIUN U cedeHus: OAHAXOBBIX PACCJIOCHHUI. ITa TJaBa COJMEP:KHUT IpPeIBApUTETbHBIE

CBeIeHUA O OOJILITUHCTBE U3 nepeduncCJaeHHBIX 00BEKTOB.
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§ 1.1. Tomoysioruveckue MPOCTPAHCTBA U MPOCTPAHCTBA C MEPOit

N nest MakcuMa bHOTO paciupenus (= HanOOJIbIIEro MPOIOJIZKEHHsI ) IJIOTHO OIPeJie-
JIEHHBIX HeIPePBIBHBIX (DYHKIWI IBIgeTCS yIOOHBIM HHCTPYMEHTOM IOCTPOEHUS U U3Y-
YeHUsT PA3HOrO poja (DyHKIMOHAIBHBIX MpejcTaBennit. Hapsay ¢ apyruMu cMekKHBIMI
BOIIPOCAMH, B 9TOM Haparpade Mbl 00CYKIaeM BO3MOKHOCTH TAKOTO IIPOIOIKEHIHS.

Cpenn OCHOBHBIX OOBEKTOB, BO3HUKAMOIINX B XOJ€ W3JIOKEHUs, IKCTPEMATHHO
HECBSI3HBII KOMIIAKT BCTPEYAeTCsl, oXkKaJyil, Haubosiee dacto. [lomyasspaocTs 31010 TO1m0-
JIOTHYECKOr0 IIPOCTPAHCTBA O0bICHSIETCS TeM, YTO HIMEHHO OHO BBICTYIIAeT B POJIH 00JIaCTH
otpe/ieieHus st (PyHKIWI, yIaCTBYOMUX B AaHAJIATHIECKOM IIPEJICTAB/ICHUN BEKTOPHBIX
PeIeToK U PeIreToOvYH0 HOPMHPOBAHHBIX IPOCTPAHCTB. B mamHoM maparpade uaer pedb
00 9KCTPEeMAJILHO HECBSI3HBIX KOMIIAKTAX, 4 TAKKEe HEKOTOPBIX CBOMCTBAX UX MO/IMHOYKECTB
u To4YeK. B wacTHOCTH, 00CYyKIaeTcs MOHATHE O-U30JUpoBaHHON Touku. CBejeHus oo
9KCTPEMAJIbHO HECBSI3HBIX KOMIIAKTaX B UX CBsA3U C OyJIEBBIMEU ajredOpaMu U BEKTOPHbBI-
mu pemterkamu umerorcst B [33, 100].  O6mue Tomosoruyeckue CBOWCTBA SKCTPEMATBHO
HECBSI3HBIX KOMITAKTOB OAPOOHO 00cyzkmatorest B [233]. OcHoBubie dakThl 06 abcosorax
M HJIeN UX JOKA3aTeJbCTB MOXKHO HaiiT B [8: rr. VI, §6].

B srom naparpade mepedunciensl TakyKe ONpe/ie/IeHnsT 1 0003HAYEHHST, KACAIOIITHECsT
JIpyroro 6a30BOr0 MPOCTPAHCTBA, PACCMATPHBAEMOrO B JIHCCEPTAIMH, — MPOCTPAHCTBA
¢ Mepoii. IlpuBemeHbl MoHsSITHE W OCHOBHBIE CBoiicTBa JndTHHTA B HaKTOP-ITPOCTPAH-
CTBaX M3MEPUMBIX (DYHKINHA U MHOKECTB. Pa3andHble MOAXOIbI K OIMpeaeeHHI0 Mephl 1
WHTEerpaJsa moapobHo u3oxkensl B [169]. B [59] npocrpancTBa ¢ Mepoil paccMOTpeHbI, Mo-
Kauyit, ¢ naubostee 6siM3KOI Ham ToYKH 3penus. Monorpadus [166] siBisiercst OCHOBHBIM
HICTOTHUKOM CBeJieHuil o nudTuare. KoMmakramu Mbl, KAaK OOBIYHO, HA3BIBAEM XayCI0P-

(1)OBbI KOMIIaQKTHbIE TOIIOJIOI'HMYECKHUEe IIPOCTPaHCTBA.

1.1.1. Ilyctes X m Y — TomoJsioruvdeckue mpocTpaHCTBa, nmpudeMm Y xaycaopdoso,
D — sciogy miorHoe noamuoxkectBo X u f: D — Y — wmenpepwiBHas ¢yuknus. By-
JIeM TOBOPHUTD, UTO GyHKIus f umeem npedes y € Y B Touke r € X, ecan s 000
okpecrnoctu V' € Op(y) naiimercs okpecraocts U € Op(z) takas, uro f[U] C V. (3necn
u ganee Op(x) — COBOKYHMHOCTH BCEX OTKPBITBIX OKpecTHocTell Touku x.) Biaromaps
HENPEPLIBHOCTH [, HAllle OpeIeIeHne Mpejesia OTINYAeTC OT KJIACCHIECKOrO JIUITh TEM,
4T0 3HAYeHUst (PYHKIMH B M30JIMPOBAHHBIX TOYKAX OObABJILAIOTCS €€ HpejejlaMi B ITHX
Toukax. PaccMorpuM MHOZKeCTBO D Beex TodeK & € X, B KOTOPHIX (DYHKIHS f HMeeT
npejes, u o6osnauum ror npejes depes f(x). Scno, uro dbyukums f: D — Y ap-
fsercs upogoskenneM f. BEcan dbyHknus f HempepbiBHA, TO MBI OyleM Ha3bIBATb ee
MAKCUMAAHOLM pacuiuperuem f u 0603HadaTh cuMBOJIOM ext(f) mim, Gosee moapobHO,
exty (f). OueBumno, MakcumanbHoe pacmuperue f (KOJb CKOPO OHO CYIIECTBYET) sIBJisl-

eTcss HaubOJIBIITUM HEIPEePBIBHBIM Y-3HaYHBIM Tpojoszkenuem f. Todanee rosopsi, ecn
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DcDCXu f: DY — HEIPEePBbIBHOE MPOIOJIKeHne [, TO DcCDu JNC = f na D.

Hwuke Mbl okazkeM, 9TO MaKCHMAJIbHBIE PACIIUPEHUS CYIMIECTBYIOT JIOBOJIHHO YaCTO.
OObeIMHeHNsT CYETHBIX CEMENHCTB HUT/E He IIOTHBIX MHOXKeCTB (= MHOZKeCTBa mep-

BOit KaTeropun 1m0 B3py) NPUHITO HABIBATD MOUWUMU, & TOTIOJTHEHUS K HUM — KOMOUj -

MU MHOZKECTBAMU.

Jlemma. (1) Ecim npoctparcTBo Y KOMIAKTHO, TO f HMeeT MAKCHMAJIBHOE DACIIIH-
peHme, T. e. (pyHKIHS [ HempephIBHA.

(2) Ecain'Y — merpuzyemplii komnakt, 70 D — kororee moaMuoxkecTBO X .

< [na xaxpoit roukn x € X nonoxum F(z) := (\yeop( L f[U], tae cl — one-
palyst 3aMblKaHusl. Biarogaps KOMIaKTHOCTH Y, 3aMKHYThie MHOKeCTBa F'(x) Hemycrbl.
dleno, uro D coBasaeT ¢ MHOKECTBOM Beex Tex Touek ¥ € X, s kotophix F(z) cocront
w3 oxporo siaementa. pn srom F(z) = {f(z)} ana Beex x € D.

(1) Hycrs © € D u V € Op(f(z)). Torma Nueop() L fIU] C V. B cuny xommnakr-
nocru Y u duasrposannoctu cemeiicrsa (cl f[U]),; €Op(z) HAMETCS TaKas OKPECTHOCTD
U € Op(z), uro cl f[U] C V. lnst qokazarebcrBa HEMPEPHIBHOCTH [ OCTAJIOCH 3aMETUTh,
aro f(2') € F(2') C e flU] CV mnsasecex 2’ € DNU, r.e. flUCV.

(2) dua xazkoit Touku « € D n uncaa n € N obozuadum uepes Vy, (f(x)) oTkpbiTsLil
map ¢ nearpoM f(x) paguyca 1/n u 3adbukcupyem takywo okpecruoctsb Up(z) € Op(z),
aro f[Un(z)] C Vo (f(z)). Honomum Uy = J,ep Un(z). Hockonsky U, — OTKpbITHIE
BCIOJTY TUIOTHBIE MOAMHOKeCTBa X, MOCTATOMHO ToKazaTh, uTo [,y Un C D. Tlycrs
T € (\,eny Un. Torma maiigyrcs taxkme saeMeHTH T, € D, ut0 T € [, ey Un(2n). U3

COOTHOIICHU

F(z)y = (] dflU] € () df[Un(za)] € (] dVal(f(zn))

UeOp(z) neN neN

caenyer, 9ro F'(T) — oJHO3IEMEHTHOE MHOXKECTBO, T. €. T € D.  »

Teopema. Ilycre X w Y — ronosormdeckme mpocrpaHcrBa, mnpudem Y BIIOJHE
peryisipao. Toraa jrobast HenpepbiBHAsT (DyHKIHsT f, OIpeae/leHHast Ha BCIOLY ILJIOTHOM
nogMHozKkecTBe X W jpeficTByomast B Y | uMeeT MakcuMaJabHoe paciipenne exty (f). Ecim
Y — kororee moMHOKECTBO METPH3YEMOrO KOMIIAKTA, TO 00J1aCTh orpeaeeHus exty (f)

ABJIACTCH KOTOHIHUM IIO/MHO2KeCTBOM X.

<« llyers Y — kaxag-mu6o kommaxtudukamusa Y (em. [233: 14.2]). Torma mo
yrBepzxaennio (1) JeMMbl CymecTByeT MaKcuMaibHoe Y -3HauHoe pacimpenne exty(f)
bynxuun f. fcno, uro exty( f)‘y = exty (f). YrBepxaenue 06 obacTu onpeeseHust

exty (f) caeayer u3 yrBepxaenus (2) jeMMbl. B
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1.1.2. Ilycrp X — 03poBckoe, a Y — BIOJIHE PeryJsipHOe TOIOJIOIMYeCKOe IIPO-
crpancTBo. HenpepoiBHYIO (bYHKIHIO, ONpeNeeHHYI0 Ha KOTOIeM (a CJiel0BATebHO,
BCIOJLY IJIOTHOM ) HOAMHOXKecTBe X 1 JIelcTBYIONYIo B Y, Oy/1eM Ha3bIBAThH pacuiupeHHot,
ecJIn OHA COBIAJAET CO CBOMM MaKCHMAJBHBIM paciiupeHueM. B Towm ciyuae, Koraa Y
SIBJISIETCSI KOTOIIUM MOJIMHOYKECTBOM METPU3YyeMOr0 KOMIIAKTA, YCJIOBHE Ha 00J1acTh Onpe-
JIeJIeHns pacIupeHHoit (pyHKIMT MOYKHO 0CJIa0NUTh, MTOTPeDOBAB JINIIThH €€ MJI0OTHOCTh B X
(cm. Teopemy 1.1.1). CoBOKYIHOCTH BCexX paciiupeHHbIX byHKIU u3 moqMHo)KecTB X B
Y oboznauaercs depes Coo(X,Y).

MuoxkectBo Coo (X, R) pacimupennbix BemiecTBeHHbIX (DYHKIMI 0003HaYaeTcst Oosee
KOPOTKO: Coo(X). MuoxkecTBO Coo(X) MOKHO €CTECTBEHHBIM 00pPA30M CHAGIUTH CTPYK-
TYpoil BeKTOpHOTo TpocTpancrBa u aarebpol: miud f,g € Coo(X) u A, € R caemyer
HOJIOXKUTE Af + pg = ext(Af‘domg + ,U/g‘domf) u fg = ext(f‘domg . g‘domf)- [Toxo-
KuM 00pazom MHOKecTBO Coo(X) Hamesmsiercst (dacTuanbiM) mopsiakom: f < g, ecim
f(z) < g(x) pna Becex © € dom f N dom g. OrrOocuTenbHO BBemeHHBIX omepanuii Coo (X))

SIBJISIETCSI BEKTOPHON PEIIeTKOl W YIOPSI0UeHHO KOMMYTATUBHON aaredpoit ¢ e TMHUIIE.

1.1.3. Cuexyer umers B Bujy, uto dbyukuus f € Coo(X) He 06g3aHa NMETH TPOJIOI-
wenne f € C(X,R). Cosoxynnocrs Tex GyHKimii f, y KOTOPbIX yKa3aHHOe HPOJIOJIKEHHE
f cymectsyer, Gyem o6o3nauarh cuMBooM Coo (X ). Oyukimn f u f 06BIMHO OTOXKIECTB-
JIFI0TCA, OJHAKO 3a cuMBosioM dom f coxpangercs saadenue fL[R]. B wactrocTn, 3ammcu
|f(z)| < o0 u |f(x)] = 0o o3nauator coorBercTBenno x € dom f u x ¢ dom f. OueBumaHo,
obsacthb onpeenenus m060i dynkimun 13 Coo(X) ABIAETCH OTKPBITBIM 0-3aMKHYTBIM
BCIOJLY TIOTHBIM TToMHOKecTBOM X . (Hanomuuaem, 9To moaMHOKECTBO TOMOJIOTHYECKO-
IO IPOCTPAHCTBA HASBIBACTCS 0 -3AMKHYMbLM, €CJIH OHO IIPEICTABUMO B BUJIE 00be INHEHHS
LOC/IeI0BATEeJIbHOCTH 3aMKHYThIX MHOKECTB. [I0IMHOXKECTBO, IMEIOLIee 0-3aMKHYTOE J10-

IIOJIHEHUE, HAa3bIBACTCA U-Om%pbbmbLM.)

1.1.4. TomnoJioruueckoe TpocTpaHcTBO X HA3bIBACTCH 6N0AHE HECBA3HBIM, €CJIU CO-
BokymHOCTH Clop(X) Bcex OTKPBITO-3aMKHYTHIX (T. €. OTKPBITBIX M 3aMKHYTHIX OJTHOBpE-
MEHHO) TOJMHOXKecTB X siBjisieTcsi 6a30if ero OTKpBITON Tomogorun. Eciu 3aMblKaHne
clU Besikoro orkpbitoro nojamuoxkecrsa U C X gBjsieTcsi OTKPBITBIM, TO ITPOCTPAHCTBO
X Ha3BIBAETCS 9KCMPEMabHo Hecéasznvm. FEcim ke 3ambikanue cl U oTKPBITO JTUIE 17151
JIIOOOTO OTKPBITOTO 0-3aMKHyTOro Muoxkecrtsa U C X, 1o mpocrpanctBo X Ha3bIBaeTCs
0 -9KCMPEMANOHO HECBAZHBIM TN KBA3UIKCMPEMAALHO HEC8A3HbIM. BCaKoe peryiaspHoe
KCTPEMAJILHO HECBI3HOE ITPOCTPAHCTBO BIIOJIHE PEryJIsiDHO U BIIOJIHE HECBSA3HO. Takum
0obpazoM, peryssipHbie SKCTPEMaIbHO HECBSI3HBIE TTPOCTPAHCTBA — ITO B TOYHOCTH BCIOLY
IJTOTHBIE TMO/IMHOYKECTBA SKCTPEMaJIbHO HECBSI3HBIX KOMIIAKTOB.

M3BecTHO, 9TO 9KCTPEeMaTIbHO HECBSI3HBII KOMIIAKT SIBISETCS KOMIaKTUUKAIKIed 1o

Croyny — Yexy s11060ro ¢BO€ro BCIOAY IJIOTHOIO MOAMHOXKeCTBa (CM. [233: 24.2]). Mubivu
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csioBamu, ecau D — BCIOJLy IJIOTHOE HOJAMHOXKECTBO 9KCTPEMAJIbHO HECBA3HOIO KOMIIAKTA
() u K — mpou3BoIbHBIN KOMIIAKT, TO BCsiKas HenpepbiBHasg dyakmusa f: D — K umeer
(esncrBennoe) nenpepbishoe npojoszkenne f: Q — K. B uactnocri, Coo (Q) = Coo(Q).

Ecim () — 0-3KCTpeMasbHO HECBA3HBIA KOMIAKT, a [) — OTKPBITOE 0-3aMKHYTOE
BCIOJLY TUIOTHOE MOAMHOMKeCTBO (), TO Besikast HempepbiBHas dbyukmus f: D — R umeer
(emuHCTBeHHOE) HempepsIBHOE mpojoszkenne f: Q — R (em. [33: memma V.2.1]). Ucmomns-
3ys 3roT BaKT, HeCH0KHO yoeuThes B ToM, 9To Coo(Q) TpescTanisier coboii BEKTOPHYIO

nopererky u nogarebpy Coo(Q).

1.1.5. B paspHeiinieM HaM IIPUTOJUTCA CJIeAyOIIas MOAU(UKAIUA TeopeMbl THuT-

e — Y PbICOHA.

Jlemma. Ilycts X — 3aMKHYTOe ITOIMHOMKECTBO 9KCTPEMATBHO HECBSI3HOTO KOMIAK-
ra (). Torma mobyio ¢pyakmnmio f € Coo(X) Moxkao npogosknTs g0 Gyaknun [ € Co(Q).
Jlist noJ10zkure1bHOM 1/ uitn orpaHudeHHoi GyHKIUH [ MOXKHO 11000pATh IPOJOJIZKEHHE

f ¢ Tem ke cBOHCTBOM.

< TIlo reopeme Turne — Ypoicona dynkuus f nmeer npopoixenue f € C(Q,R)
(eciu TpebyeTcst, moIoKUTeIbHOE U/ uin orpanndentoe). Kaxaasg rouka x € dom f nme-
eT OTKPHITYI0 OKpecTHOCTH U, C (), B KOTOPOil (pyHKIUs f MpUHUMAET JIUIHh KOHEIHBIE

3HaveHusa. flcHo, uTo popmyia

(q) := { f@), ecm g € AlUyeqom f Us

0 B IPOTUBHOM CJIydae

orpejiesisieT UCKoMoe mpojoszkenne f dyukmuu f. B
1.1.6. Ilycrp X — rormoJiorudeckoe npocTpaHcTBo.

Jlemma. Crexgyromine cBoiictBa MHOKecTBa A C X 5KBHBAJICHTHBI:

(1) cymecrByer Takoe orkppeiToe MHOKecTBO G C X | 4TO CHMMETPHIECKAs PAZHOCTH
A A G spisiercs Toueii;

(2) cymecrByer Takoe 3aMkHyTOEe MHOXKecTBO F' C X, uro cmmmerpuyeckasi pas-
vHocrb A N F sapisiercst Toei;

(3) cymecrByer Takoe 6opeseBckoe MHOXKeCTBO B C X, 4TO cuMMeTpHyecKasl pas-

noctb A /N B aBiasercs toniedd.

Eciau muoxkecrBo A C X yuosierBopsier jobomy u3 ycsaosuit (1)-(3), To roBopsr,
4TO OHO 0bOJIaaeT ceoticmeom Bapa. COBOKYIHOCTb BCeX MOIMHOXKECTB X, 00J1a1at0IIIX

cBoiictBoM Bapa, sBisiercst o-ajrebpoii.
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Teopema. Cuenyromue cpoiictba yuxmum f: X — R 9KBHBAJCHTHBI:

(1) mpoo6pas f~'[B] .mo6oro 6operesckoro mommmozkectsa B C R obragaer cBoii-
crBom Bapa;

(2) st soboro aucia A € R muoxecrso {x € X : f(x) > A} obuagaer coiicrBom
Bapa;

(3) cymecrByer Takoe koroimee nogmuokectBo D C X, 9ro cyxkenme f| D Hempe-

DBIBHO.

Ecmu dyukmus f: X — R yaorersopsier mo6omy u3 yeaosuii (1)—(3), To roBopsr,
4TO oHA O0JIagaer ceolticmeom Bapa. /lokazarTe/ibCTBO MOC/EHEN TEOPEMbI U HEKOTOPBIE
JIpyTHe CBEJeHHs O MHOXKECTBAX W (PYHKIHMAX, 00JaJAONUX CBOHCTBOM bB3pa, MOXKHO

Haiitn B [233: pazmen 15.6].

CaencrtBue. Ilyctp D — Korolee MOAMHOXKECTBO O03POBCKOI'O TOIOJIOTHIECKOTO
npocrpaacra X. s groboii pyakmgum f: D — R, obuaagaromeii coiictBom bapa n
NpUHUMAaIOIell KOHeYHble 3HAYEHHS Ha KOTOIIEeM ITOJMHOXkecTBe X, CyIeCTBYeT €J[HH-

CTBeHHAasI (DyHKI[HST f € Cx(X), coBnamaromast ¢ f Ha KoTomeMm moaMuoKecTBe X .
Takyio GyHKIMIO [ GyneM 0603HATATD CHMBOJIOM cont(f).

1.1.7. Bcgroe peryiasgpHoe TOIOJOTHYECKOE IIPOCTPAHCTBO OJHO3HAYHO 3a/aeT
HEKOTOPOE IKCTPEMaJIbHO HECBA3HOE IPOCTPAHCTBO, Ha3biBaemoe ero abcostorom. [lo-
CKOJIBKY 9TO HMOHSTHE B JajbHelineM OygeT HAMU HEOTHOKPATHO 3aJefiCTBOBAHO, JIAIUM
HeoOxommmbie ompeaenenns. [lycrs X u Y — romonorndeckue mpocrpancTa. Orobpa-
xkenue a: X — Y HaszoBeM a0COA0OMHBIM, €CTH OHO

(a) CIOPBEKTUBHO;
HEIIPEePBIBHO;

KOMITaKTHO, T. €. 1poobpas o~ ! (y) ka0l Touku y € Y KOMIAKTeH;

,-\,—\w,—
~— N N

3aMKHYTO, T. €. MEePEeBOJUT 3aMKHYThIe MoaMHOKecTBa F C X B 3aMKHYTBIE
noamuOKecTBa o F] C Y
(1) HEHPUBOAUMO, T. €. EPEBOIUT COOCTBEHHBIE 3AMKHYThIe MoaMHOXKecTBa ' C X

B cobcTBeHHBbIE MOAMHOXKecTBa [ F| C Y.

Ab6coaomom peryaspHOro TOMOJOITIECKOTO IPOCTPAHCTBA X HA3bIBAETCS TOMOJIOIU-

L]
qecKoe MpocTpancTBo X, obJia latolnee CjaeyomuMi CBOCTBAMMT:

(1) cymecrByer abcosorHoe orobpazxkenue X Ha X;

(2) ecam cymecTByer abcoJIOTHOE OTOOPaXKEHHEe TOMOJIOTHIECKOTO MPOCTPAHCTBA X

Ha X, to X romeomopduo X
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Teopema. Ilycrp X — npousBojibHOE PErYJISIDHOE TOIIOJIOIMYECKOe HPOCTPAHCTBO.

(1) A6comror X cymecTByeT u eJHHCTBEH ¢ TOYHOCTBHIO J10 TOMEOMOPpH3MA.

(2) A6coror X BriOJIHE DEryJIsipeH H SKCTPEMAaJIbHO HECBSI3€H.

(3) Tomosroruveckoe NPOCTPAHCTBO SIBJSETCS abCOTIOTOM X TOrJAa W TOJBKO TOTJA,
KOIJIa OHO PEryJisipDHO, 9KCTPEeMaJIbHO HECBSI3HO U JIOIYCKaeT abCOJI0THOE OTODDarKeHHe
Ha X.

(4) IpocrpanctBo X sABJIS€TCS CBOHM COOCTBEHHBIM AOCOJIOTOM TOLJA H TOJBKO
Torja, Korjia OHO 9KCTpeMaJlbHO HECBsA3HO.

(5) A6coror X KOMIIAKTEH TOTJa H TOJBKO TOIJIA, KOIJa MPOCTPAHCTBO X KOMIAKT-

HO.

JokazarenbcTsa chopMyTMPOBAHHBIX (DAKTOB MOXKHO HaiiTH, Hanpuvep, B [8: rir. VI,
§6]. Tam ke mmeercst moapobuast uHGoOpMaIus 06 abCOTIOTHBIX (= COBEPIIEHHBIX HEMPH-
BOJIUMBIX) OTOOPAYKEHUSX, & TAK¥kKe O JAPYTUX TOMOJOTHICCKHX OObEKTAX, CBI3AHHBIX C

abCOJTIOTaAMU.

1.1.8. IlpenjoxkeHnue. Creayronige CBOHCTBa OTKPBITOro moaMHOKecTBa U

BIIOJIHE HECBA3HOI'O KOMIIaKTa Q PaBHOCHJIBHEBI:

(1) mmuOK)eCTBO U 0-3aMKHYTO;

(2) muoxkecrBo U npejcraBumo B Bujie 00'beAUHEHHS] IOCIE0BATE/IbHOCTH OTKPbITO-
3aMKHYTBIX ITOJMHOXKECTB ();

(3) mHOMKkecTBO U npepcraBumMo B BHge 00bEIHHEHHS TOCTEA0BATEIHHOCTH MOTAPHO

He MepeceKaroIuXcsi OTKPHITO-3aMKHYTHIX MOJIMHOXKECTB ().

Pazywmeercst, ocsieinee peI0yKeHe MeeT TROMCTBEHHBI BADUAHT, ONMUCHIBAIOIITI I

3aMKHYTbI€ 0-OTKPbITbI€ IIOJMHOXKECTBa BIIOJIHE HECBA3HOI'O KOMIIaKTa.

IMpennoxxeuue. Ciexnyrorme CBOMCTBA 3JIEMEHTA ( IKCTPEMAJTHHO HECBSI3HOTO KOM-

makrta () paBHOCHJIBHBI:

(1) mepeceuenne 060l MOCTETOBATEIHPHOCTH OKPECTHOCTEH ( SIBJISETCS OKPECTHO-
CTBIO (;

(2) ecimm U — oTkpbITOE 0-3aMKHYTOE HOAMHOKECTBO ), To 3 q € clU cuenyer
qeU;

(3) q INPUHAJJIE2KHAT .]IIO6OMy OTKPDBITOMY O -3aMKHYTOMY BCIO/Y IIJIOTHOMY IOJMHO-
JKecTBy Q;

(4) q € dom f s moboii pyrkmun f € Coo(Q);

(5) ams mroboii pyakmun f € Co(Q)) HaligeTcss OKpeCTHOCTh TOUKH (, B KOTOPO# f

IIOCTOAHHA.
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Eciu touka ¢ € () yjoBierBopsier Jo00My U3 SKBUBaJeHTHBIX yeiaoBuit (1)—(5), To

ee Ha3bIBAIOT O -U30AUP0GaAHHOT wiu P-moukot.

1.1.9. OwueBngno, 00asgs M30JUPOBAHHAS TOUYKA () SBISETCS O-H30JTHPOBAHHOM.
O6paTtHOoe, BOOOIIE rOBOP4, HeBepHO. [leficTBuTe/bHO, MycTh X — MHOYKECTBO U3MEPHMOii
MOIITHOCTH, T. €. Ha anrebpe P(X) Becex moaMHOKeCTB X MOKHO ONpPEJIEUTh 0-a | INTHB-
myo Mepy 6: P(X) — {0,1} tax, uro §(X) = 1 u 6({z}) = 0 aaz Beex z € X (cm.
[74: 1.9, §3]). O6o3naunm gepe3 () kommakTudunkanuio no Croyny — Hexy [233: 14.1.1]
JIICKPETHOTO TOTOJIOTHYeCKOro mpocrpancTsa X [233: 14.4.1]. U3BectHO, uTo () ABIsSETCSA
9KCTPEMATBLHO HECBSA3HBIM KoMmakToMm [233: 24.7.1] u X npejcrasiger cobGoit OTKPHITOE
BCIOJIy ILIOTHOE IOAMHOKecTBO (). KoMmmakTHOCTH () IO3BOJISIET BBECTH B PACCMOTPEHNE
ssement ¢ € N{clA: A C X, §(A) = 1}. Hecioxknas npoBepKa MOKa3bIBAET, YTO TOUKA

q € Q IBIIETCS 0 -N30JUPOBAHHON, HO He W30 THMPOBAHHOIA.

ITpenmoxkenune. FEcjm j11060€e cemeiicTBO MonapHo He MepeceKaronIuxcsi HEIyCThIX
OTKPDbBITO-3aMKHYTBIX IIOJIMHO>KECTB IKCTPEeMAaJIbHO HECBA3HOI'O KOMIIaKTa Q HnMeeT HEen3-

MEPHMYI0 MOIIHOCTh, TO JII00AsT 0 -H30JIHPOBAHHAS TOUYKa () SBJISIETCST H30THPOBAHHOM.

<« IIpeanosioxKum, 910 0-U30JUPOBaHHAsT TOYKA ¢ € () HE SABJIAETCS W30JMPOBAH-
noii. Torma cymecrByer Takoe MHOKeCTBO X IONAPHO HE MEPECEKAIONIMXCS HEILyCThIX
OTKPBITO-3aMKHYThIX HOJAMHOKECTB ), uto ¢ € clUX u ¢ ¢ UX. JlocTarouno nokasarh,
uro MomHocTh X u3mepuma. st kaxoro noamuoxkecrsa A C X nosoxum 0(A) == 1,
eciu q € clUA, u 6(A) := 0 B mporuBHOM ciiyuae. Torja U3 o-U30TMPOBAHHOCTH TOYKU
q craeayer o-aaauTuBHOCTH Mepwl 0: P(X) — {0,1}, npunamiexuocts g € clUX obec-
neunpaer pasencTso 6(X) = 1, a coornomenne ¢ ¢ UX Breuer 6({z}) = 0 mas Beex
reX. »

Bameuvanue. TpeboBanne HEM3MEPUMOCTH B YCJOBHH IIOCJIEIHETO ITPEJTOKEHUA
He SIBJISIeTCS OOpeMeHUTeIbHBIM. VI3BecTHO, UTO NepBLIil HEM3MEePHUMBIi KapIMHAJ CHIHHO
HegocTuKIM [74: 1.9, § 3], 1. e. B «<0003pUMOii> YacTH yHUBEPCYMA U3MEPUMBIX Kap/IHi-
HAJIOB HeT. BoJjiee TOro, mpejno/ioyKeHue O MOJTHOM OTCYTCTBUU U3MEPHUMBIX KapIUHAJIOB
He MPOTUBOPEYHT akcruoMaMm Teopuu MHO:kectB ZFC [56: §13]. Takum 06pa3om, MOKHO

CYUTAaTDb, 9TO IIOHATHUA I/IBOJII/IpOBaHHOfI n O'—I/ISOJII/IpOB&HHOﬁ TO4YEK COBIIaJaIOT.

1.1.10. OrTmeTnm OHO MOJIE3HOE CBOHCTBO TOIMMX MHOYKECTB, KOTOPOe He pa3 Oyaer

HUCIIOJIB30BaHO B ,Z[&JIBHQIZH.[GM N3JIO2KCHUH.

Teopema [117]. Ilycrb (Gg¢)eez — cemeiicTBO OTKDBITBIX HOJMHOKECTB TOLOJIOIH-
geckoro npocrpancrsa X. Eciam muoxecrso A C X rakoso, uro nepecedenne A N G

sBjisiercst romuM s Beex § € =) to nepecewenne A N J ¢ez G¢ TaKzke sABJIAETCS TOIIHM.
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JlokazaresibcTBO 3T0i TeopeMbl uMeercs Takzxe B [233: 15.6.7).

1.1.11. [Ilox npocmparcmeom ¢ mepoti B JaHHOK pabOTe MOHUMAETCS TPOIiKa
(Q, B, ]-]), rme muO)KecTBO €2, o-anrebpa B ero MOIMHOKECTB U Mepa (= MOJOKUTETbHAS

cuerno-aaaurusnag dynxmusa) |-|: B(Q) — R yI0BIeTBOPLIOT CICIYIONIM YCIOBHIM:

(a) ecoim A C Qu ANK € B jis Beex ssiementos K € B koneunoii mepsbi, 10 A € 15;
(6) ecim A € B u |A| = 0o, To cymiecTByer Takoit amement Ag € B, uro Ay C A u
0< ‘A0| < 00;

(B) ectm A€ B, |[A|=0u Ay C A, To Ag € B.

Bumecro (€, B, ||) mbt 6ygem nucars npocto €. Tlpu srom o-anrebpa B o6o3nauaercs
depe3 B()), a ee 3/eMeHTHl HA3BIBAIOTCA W3MePUMbIMU mojMHOKecTBamu (). CrUMBOJ
MepHL |-| B ciaydae HeoOXOAMMOCTH cHaOykaerTcs HHIEKCOM: |-|g. COBOKyHmHOCTH BCex
sseMenToB B(€)) KoHewHOi Mepbl obo3Havaercst yepe3 By (2). Kak o6brauo, Mbl 6yaem
FOBOPHUThH, YTO TO UJIM HHOE YCJIOBHE BBITIOJHEHO noumu 6ctody ¢ A € B(QQ) niam nowmu dan
scex w € A, ecim OHO UMEET MECTO JIJIsi BCEX JIEMEHTOB A, 3a MCKJII0YeHeM HEKOTOPOTro
PeHeOPEKUMOr0 MHOZKECTBA (= MHOZKeCTBa HyJeBOil Mepbl). <[louru BCIOy> O3HAUAET
<moutu Bewoay B 2>, Cumsosom M(€)) 0603HAUAETCS COBOKYIMHOCTH BCEX MOYTH BCIOLY
ONPEJIEIEHHBIX BeIeCTBeHHBIX (DYHKIHI, H3MEPUMBIX OTHOCHTEIbHO o-aare6por B(S2).
MHOKeCTBO BCeX CYIIECTBEHHO orpaHmdeHHBbIX byHkimit n3 M () obosnavaercs: depes
L2(Q).

Yacro dbynknuio f € M(Q) goonpepessiior B Toukax w € Q\dom f 3nauennem
f(w) := 0o um TeMm caMbIM CUHTAIOT OmpejenenHoii Bcroay Ha . IIpu sTOM, OIHAKO,
coxpangioT 3a cuMBogoMm dom f crapoe snadenue f![R]. B wactnoctn, samucn | f(w)| <

oo 1 | f(w)| = co o3magaoT coorBercTBeHHO W € dom f u w ¢ dom f.

1.1.12. TIlycrs ©Q — npoctpaHncTBO ¢ HeHyseBoii mepoii. Muoxecrsa A, B € B(Q)
HA3bIBAIOTCSl oKksusasermuvimu (uimem A ~ B), ecin cummerpudeckasi pazaoctb A A B
upenebpexxkuma. Paxrop-muoxecrso B()/~ Gyuer obosnauarbes uepes B(Q). iua
IpOU3BOJILHOTO dyemMenTa A € () cumBoom A™ 0603HAYAETCS COMEPKATIUIT €r0 KIACC
skpuBasienTHocT u3 B()). Ha muoxkecrBe B(()) ecrecTBeHHbIM 06pa3oM BBOAUTCS (va-
cruaHbiil) mopsiiok: A < B rorga u TosbKo Toraa, Korjaa pasuoctb A\ B npenebpexuma
JUIsT HeKOTOPHIX (a Torga u s mo6eix) npejacrasureseii A € A uw B € B. ITlo orrorire-
HUIO K 9TOMY TOPsIKY MHOX)KecTBO B(2), oueBnjino, siBiisiercst OyseBoii aarebpoii ¢ Hyaem
@~ u eqununeii 0~. Bysnessl onepaiuu B asrebpe B(£2) ocymecrsisitorest o gpopmysiam
AV B~ =(AUB)~, ANAB~ = (ANB)~ u (A™)t = (Q\A)~, rae A, B € B(Q).

Oyukuun f,g € M(S) maspiBaorcs skeusasermuvimy (amem f o~ g), eciau
OHH COBHAJAIOT mouTH BCroxy. Pakrop-muOKecTBO M () /~ OGymer 0603HaYaATHCsI depe3
M (). Has nponsBosbHoro siaeventa f € M(Q) cumposom f~ obo3navaercs: comepra-

it ero Kiace sxkpuBasgenTaocru u3 M(Q). Mbi nosaraem L>®(Q) = {f~: f € L2(Q)}.
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Coornomennst Af~ + 119~ = (Af|domg + £9]dom £)” 1 f79~ = (flaomg * 9|dom ) - r1€
A€ Ru f,g € M(Q), onpenensitor na maoxkectBax M (2) u L*°(Q) crpykTypy BeKTOp-
HOTO MPOCTpaHcTBa ¢ HyJeM 0™ u KOMMYyTaTUBHOI aareOpnl ¢ eqununei 1~. Kpowme toro,
na muokectBe M (2) ecrecTBeHHBIM 00pa3oM BBOAUTCs (YacTuunblil) mopsiiok: f < g
TOrJIa U TOJIBKO TOTJA, Korjga f < ¢ HOYTH BCIOJY JJisi HEKOTOPBIX (& TOrja U Jisl JIH0-
obix) mpejcraputeneit f € f u g € g. OTHOCHTEIBHO BBEJIEHHBIX OlEPAIii MPOCTPAHCTBO
M(Q) u ero momnpocrpanctBo L°°()) gBISIFOTCS BEKTOPHBIME PEIIeTKAME U YIOPSIO-

YEeHHbIMUA aﬂFe6paMI/I. Tounnre I'PaHuIbl B 9TUX peIIeTKaX BbIYUC/IAOTCA 110 CbOpMyIIaM

TV = (f’domg \/g|d0mf)N u fYANgY = (f’domg /\g|d0mf)N ana f,g € M().

1.1.13. Orob6paxkenne p: L=(Q) — L°(2) waspiBaercst audmurzom darmop-npo-
cmparcemea L*°(Q), ecniu st mo6bix A, € R u f,g € L°°(Q) umeror Mecto ciepyomue

COOTHOIIICHM A :

(a) p(f) € f udomp(f) =

(
(6) ecaum £ < g, 1o p(f) < p(g) Beromy Ha
(8) p(M + pg) = Ap(f) + pp(g). p(fg) = p(f)p(g), p(f vV g) = p(f) vV p(g) u
p(f N g) = p(f) A p(g);

(r) p(0~)=0wu p(1~) =1 Bcroay Ha €.

(HekoTopble n3 nepedncaeHHbIX YCJAOBUIT SBISIOTCS CIJACTBASME OCTaIbHbIX.) Ecan f €
L>2°(2), To ansa dyuxmun p(f~) npuasaTo 60ee Koporkoe oboznauenne: p(f). IlockoabKy
JUMTUHT SIBJISETCS TPaBbIM 00pATHBIM OTOOpaykeHweMm K omeparun f +— f~, Mbl Oyaem
MHOTIA UCHob3oBaTh 3amuch f. Bmecto p(f) TaMm, rae 3To He TpUBEAET K IyTAHUIIE.
Ananornano cumBoa f.. Gyaer ynorpebusithest BMecto p( f).

Badukcupyem npousBosibhbiii Kiace A € B({) u 0603HauuM udepe3 YA KJacce u3
L>(Q), comep:kamuii XapaKTepuCTHIECKY0 (DYHKINIO HEKOTOPOro (a Torga u Jiroboro)
ssiementa A. U3 cBoiicrs siudrunra ¢ 04€BUIHOCTBIO BbiTekaer, 4o (yukius p(xXa)
npuHIMaeT ToJabKO 3Hadennst 0 win 1. O6o3naqum depe3 p(A) MOAMHOKECTBO ), Xapak-
repucrudeckas GyHkius koroporo paBaa p(xa). Ilosyuennoe rakum obpaszom orobpa-
xkenue p: B(Q) — B(Q) asagercs augmunzom darmop-aszebpu B(Q), 1. e. mig Beex

A, B € B(Q2) umeior MecTo CiIeiyome COOTHOIICHHS:

(a) p(A) € A;

(6) ecoim A < B, 10 p(A) C p(B);

(8) p(AVB)=p(A)Up(B), p(AAB)=p(A)Np(B) up(At) = Q\p(A);
(r) p(@~) =@ up(Q~) =1

a

B

[To ananoruu ¢ udruarom npocrpanctsa L (£2) Mbl 6yeM wHOT I yIOTPEOISITH CHMBOJT
A B kauectBe p(A), a Takzke mucars p(A) i Ao Bmecto p(A™).
Toukn wy,wy € {2 HA3BBIBAIOTCI P-HEPA3AUYUMBLMU, €CTU JITI KazKaoro kjaacca f €

L>*(€2) soinosneno p(f)(wy) = p(f)(w2). OueBngHo, TOYKN W 1 Wy P-HEPAIUIUMBI TOTA
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¥ TOJIBKO TOTJa, Korja BKiodeHust wy € p(A) n wy € p(A) paBHOCHIIBHBI ISt JTEOOOTO

A € B(Q).

1.1.14. DBynem roBoputs, uTo cemeiictBo (Ag¢)ecz smementon B(Q2) annpokcumupy-
em muHOKecTBO A € B(), ecn 115t KazK10ro u3MepuMoro nojMuoxkectsa Ag C A KoHed-
HOJi MepbI CYIIECTBYET TaKasi MOCJIeI0BATeMbHOCTD (&n)neN B =, 910 (J,,en Ag, N Ao ~ Ay.
ToBOPAT, UTO MPOCTPAHCTBO ¢ Mepoil §) obaadaem c6olicmeom NPAMOT CYMMbL, €CIU B
B(£2) cymecTByer ceMeiicTBO, annpokcuMupyotiee () U cOCTOosIIee U3 MOMAPHO HE mepe-
CEKAIONIUXCS MHOYKECTB KOHEUHON Mephl. [IpocTpancTBo ¢ 0-KOHEYHO# Mepoil, 04eBUIHO,

00J/1a/1a€T CBOWCTBOM HPSAMOIT CyMMBbI.

Teopema. I[IpocrpaHcTBO ¢ HeHyIeBOI Mepoii §) 00.J1a1aeT CBOHCTBOM IPSIMOI CyMMbI

TOrJIa U TOJBKO TOIJA, KOTJa CyI[eCTBYeT JiuchTuHr mpoctpanctsa L™°().

Buepsoie cymecrBoBanue JudTUHTA 718 TPOU3IBOIBHOTO 0 -KOHEYHOTO MTPOCTPAHCTBA
¢ Mepoii 6b110 yeranosieno 1. Marapam [197]. Bosee mpocToe 10Ka3aTeIbCTBO MOCTeIHEH

TeopeMbl MOXKHO Haiitu B [166].

1.1.15. B pasbreiieMm Mbl JOBOJIBHO 9aCTO OY/IeM HMETh JIeJI0 C PA3JIMIHOr0 POoja
CXOAUMOCTSIMU (OTOYETHON, PABHOMEPHOM, MOPSIKOBOI U JIP.) W CBSI3AHHBIMEH C HUMHU
MOHSATHSIMU (HENPEPLIBHOCTBIO, 3aMBIKAHUEM, IJIOTHOCTHIO W T. 11.). [Iasg Toro 4robbr
KayKJIblif pa3 He MPUBOIUTH HOBBIE OIPeIeaeHnsI, Mbl C(DOPMYIUPYEM COOTBETCTBYIOIINE
IOHATUA JIMIIb OAWH Pa3 JAJid a6CTpaKTHOI71 CXOAUMOCTH.

[Iycth X — mpou3BOJIbHOE MHOXKECTBO U ¢ — KaKas-Tub0 cxoauMocTh Ha X. CoBo-
KYIIHOCTD C-IIPEJIEJIOB BCEX C-CXoAdmuxcd B X ceTeil, cCOCTaBJIEeHHBIX U3 3JIEMEHTOB HEKO-
Toporo noaMuoxkecra A C X, HasbiBaercs c-zamvikanuem MuOKecTBa A. MHOXKECTBO
HA3BIBACTCA C-3GMKHYMbBLM, €CTH OHO COBIAIAET CO CBOUM C-3aMbIKaHHeM. ['0BOpST, 4TO
A c-naommno B X, ectn X apiaserca c-3ampikanneMm A. Ilpeamomoxum Temepb, uro Xi
n X9 — HEKOTOpPbIe MHOYKECTBA CO CXOJMMOCTSIMHU C] U Cy COOTBeTcTBeHHO. (TOOparKe-
aue f: X7 — Xy HaA3bIBaeTCH C1-C-HENPEPDLIBHBIM, €CJU C]-CXOTUMOCTH Lo —> T BIEYET
ca-cxomuMocTh f(xq) — f(x) anst m06oit cetu (Tq)qca B X1 1 106010 37MeMenTa © € X7.
Eciu cxomumocTu €1 ¥ ¢ UMEIOT OJIHO M TO zKe 00O3HAYeHHUe ¢, TO C1-C-HElNpepbIBHOE
0TOOparkeHue HA3BIBAIOT C-HENPEPDLLEHHIM.

PaccMmoTpenne JHImb CUETHBIX ceTeil B JTaHHBIX BBIIIE ONPEIETeHUIX ITPUBOIUT K
HOHATUAM CYEMHO20 C-3AMKAHUA, CHEMHOT C-3AMKEHYMOCMU, CUemHol C-NA0THOCTIU
U cuemmoli C-Henpepuerocmuy. 3aMeHa ke ceTeil MOC/Ie0BATeIbHOCTIME TTPUBOIAT K
HOHATHSIM CEKEEHUUANDHOR0 C-3AMBKAHUA, CEKEEHUUANDHOT C-3GMKHYMOCMU, CEKEEHUU-

anvbHOU C-NAOMHOCTU 1 CGKGGHQUG./L?)HO’[Z C-HENPEPvuLEHOCTNU.
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§ 1.2. ByneBnl anredpsl

B nannoit pabore jBe OysieBbl ajredOpbl dale BCErO OKa3bIBAIOTCS B IEHTPE BHU-
manus: anarebpa Clop((Q)) OTKPBITO-3aMKHYTHIX MOJAMHOXKECTB SKCTPEMATbHO HECBIZHOTO
koMmmakTa () u anrebpa B({2) KIaccoB 9KBHBAJEHTHOCTH W3MEPUMBIX MOJAMHOKECTB MPO-
crpaHcTBa ¢ Mepoii (2. B srom maparpade omnmcannl cBOiiCcTBa Ha3BaHHBIX aaredp U, B
YACTHOCTH, YKa3aHbl (DOPMYJIbI JIJIsI BEITHCIECHUST TOYHBIX I'PaHuI] UX moamMuoxkecTB. Co-
riacuo reopeme Croyna — Oracasapsl Clop(Q)) upescrasiisier coboit obuiuit BuL 110J1HOI
OysteBoii anre6psl. [losTomy B GosbinuncTBe caydae aarebpa B(£2) uzomopdua Clop(Q)
JULst oaxo/dmiero kommnakra (. Hannane smdrunra 8 B(€)) n03BoJsier BHIPa3uTh CBIA3b
mexk iy anrebpavu B(€2) u Clop(Q) 6osiee siBHO — TOCPEICTBOM KAHOHHYECKOIO MOIPY-
wennst 7: Q — @ (em. [166: .V, §3]), ocHoBHbIE CBOIiCTBA KOTOPOrO 00CYZKIAAIOTCS
B gamHoM maparpade. Bysesa amre6pa Clop(Q)) siBisiercsi 4acTHBIM CJIydaeM ele Ojl-
HOTO THITMYHOTO HpPUMepa MOJHON OyJieBoil anre6pel — asnre6psl Rop(X) peryssipabix
OTKPBITHIX HOAMHOYKECTB PEeryIgapHOro TOMOJOIHIeCKOro mpocrpancrsa X. M3omopdusm
mexxay asnrebpavu Rop(X) u Clop(Q) (aurst moaxozsero Kommakra ()) OmsTh yKe MOXKeT
OBITH BBIPazKeH SIBHO C IIOMOIIBIO HEKOTOPOil (DYHKINHN (v , OIpeeeHHON Ha BCIOIY ILIOT-
HOM moiMHOKecTBe () x C () u meiicrytomeit B X. Hekoropsie cBoiicTBa 910oit (hbyHKIINN
TakzKe IPUBEIeHbI B JTaHHOM maparpade.

Besa neobxomumast mam urgopmarust 00 aOCTpaKTHBIX OYy/IeBbIX ajarebpax mMeeTcs B
[100]. Csenenus 06 anre6pe Clop(Q) moxkuo mHaiitn B Monorpaduax [33, 100, 233], no-
CJIeJTHSST U3 KOTOPBIX COJIEPKUT TakzKe 0CHOBHBIE (hakThl 06 anrebpe Rop(X). Hekoropsie

cBoiicTBa OyJeBoit anredpst B(§2) pacemorpenst B [59, 166].

1.2.1. Ecau x u y — 37€MeHTHI YIIOPSI0YeHHOTO MHOXKeCTBA X , VAOBIETBOPAIOIIHE
HEpaBeHCTBY = < Y, TO CHMBOJIOM [z,y| mim, Gosee moapobHO, [x,y|x obo3nadaercs
nopsaxoBelit uuTepBanx {z € X : x < z < y}. lag npousBosbHOil Gys1eBoil anreGpol
cumBoIbl O 1 1 0603HAYAIOT HAMMEHBINWH 1 HANOOIBINUI ee dj1eMeHThl, a Vb u a ANb —
TOYHEIC IPAHUIEBI MHOXKecTBa {a,b}, a' — nomommenme smementa a, 3amuch a\b, Kak
oGpiaHo, obo3Hauaer a A bt. Bymxesa amrebpa B maswiBaercst noanoti (o -noinot), ecam
BCsiKOe (CueTHOe) ee MOAMHOXKecTBO By C B mmeer Tounble rpanuibl sup By u inf By.

Tosopsit, uto snementst a,b € B dussionkmus, (n numyt a L b), ecim a Ab =
0. CewmeiicTBO 3/1€MEHTOB OyJ/1€BOil AJIr€OPbl HABBIBAIOT QU3BIOHKMHbIM, €CJIM €TI0 Y/I€HbI
[OIIAPHO JIM3BIOHKTHBI. Pasbuenuem edunuuys, B OyaeBoil ajaredbpe Ha3bIBaeTCs BCAKOE
JM3BIOHKTHOE CeMeHcTBO (bg)ecz ee 9J1eMeHTOB, yI0B/IeTBOPAIONIee YCIOBHIO SUPgez by =
1. Henynesoii smement a € B uasbiBaercs amomom anrebpel B, eciu [0,a] = {0,a}.
Autrebpy, He HUMEOILYI0 aTOMOB, HA3BIBAIOT HENPEPu6HOT Wiu Oezamommoti. LoBopsr,
gro anrebpa B duckpemma Wim amomma, €CId I KayKJI0TO ee HEeHYJIeBOIO 3JIEMEHTa

b € B cymecrByer Takoit atrom a, uro a < b. OueBmjno, nosHasi OysieBa ajrebpa B
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SIBJIAETCs JUCKPETHOH TOrJa W TOJbKO Toria, Korjga sup A = 1, rue A — MHOXKECTBO

aTOMOB aJiredpnt B.

Teopema (npunnun ucyepnbiBauus). IIycrs B — nosnas (o-nosHast) 6yneBa aji-
rebpa. Torja ams Beskoro (caeTHoro) cemerictsa (ag)¢cz 31eMeHTOB B cyimecTByeT Takoe

Ju3bIoHKTHOE cemeiictso (be)ecz, 410 be < ag st Beex § € Z M SUDgeg ¢ = SUPgexz be.

JIoKa3aTeqbCTBO TOCAeTHell TeopeMbl MOXKHO HaiiTh, Hampumep, B [100: Teope-
ma 20.2].

CnencrBue. I[loHast 6yjieBa ajarebpa siBJasieTcsl JHCKPETHOH B TOM H TOJBKO TOM

cJydae, ecJii B Hell mMeeTcst pa30oueHne eJHHUIIBI, COCTOSIIIee H3 ATOMOB.

1.2.2. ToBopsar, 4910 MOJAMHOXKECTBO Y YHOPSJIOYEHHOIO MHOXKeCTBA X HACAEO-
cmeenno 6a00iceno 6 X, eciu st JIIOO0TO MOAMHOZXKeCTBa Z C Y W3 CyIiecTBOBAHUS
Supy Z cJaeayioT CYIIeCTBOBaHWE SUDy Z W PABEHCTBO SUPy £ = SUPy 4, a U3 CYIIeCTBO-
Banus infy Z — cymectBoBanue infx Z u pasenctBo infy 7 = infy Z. Ecau nepeunc-
JIEHHBbIE YCJIOBUS BBIMIOJTHEHBI JIUIID /Il CIETHBIX MOAMHOXKeCTB 4 C Y, TO TOBOPAT, YTO
MHOXKECTBO Y 0 -Hacaedemeenno eaooiceno 6 X. HacnencTBeHHO (0-HACTIEICTBEHHO) BIIO-
JKEHHYIO TIOIAIreOpy OyieBoii anreGpsl HABBIBAIOT Hacaedcmeentoll (0 -Hnacaedcmeennoi)

noda.nzebpoti.

IIpennoxkeune. Ilycrs A — GyneBa anrebpa, a — ee jeMeHT 0 B — mogairebpa

6ynesoii arebper [0, al. Crexyroniie yTBepKIeHIs] SKBUBAICHTHDL:

(1) mHOXKECTBO B HACJI€JCTBEHHO (0 -HACIEICTBEHHO) BIOXKEHO B A;

(2) st sioboro (cuernoro) noamuoxkecrsa C C B n3 coornomenns infg C' = 0
caegyer inf 4 C' = 0;

(3) ecam (cuernast) cerb o-cxoanrcest B B, To ona o-cxoantest B A, npuiem K ToMy
JKe MPeJIeLy;

(4) ecom (cuerHast) cerb 0-cXOMUTCS K HYI0 B B, T0 oHA 0-cxomurcs K HyJ50 0 B A.

[oBopsIT, 4TO MOAMHOXKECTBO Y yHOPSJIOUYEHHOTO MHOKECTBA X NPABUADLHO BAOHCEHO
6 X, ecau A4 JIF0OOTO MOJAMHOXKeCTBa 4 C Y U3 CyNIeCTBOBAHUS SUPy £ CJeIyeT BKJIIO-
JeHune supy 4 € Y, a u3 cymecrsoBanud infx Z — Bruodenue infx Z € Y. Ecau nepe-
YUCIEHHBIE YCJIOBUS BBITIOJTHEHBI JIUIIb A0 CIETHBIX MOAMHOXKeCTB 4 C Y, TO TOBODSIT,
9TO MHOYKECTBO Y 0 -npasusvho 6a0viceno 6 X. IIpaBuibHO (0-UPaBUIBHO) BIOKEHHYIO

nofasrebpy OysieBoil aaredpbl HA3BIBAIOT NPAGUALHOT (O -NPasuAbHOb) Nodas2ebpot.
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IIpengoxxenune. Ilycrs A — nosnasi (o-nosnasi) OysaeBa ajarebpa, a — ee 3JeMeHT
u B — monanrebpa 6ynepoii anrebper [0,al. MHoxectBo B npaBuibHO (0-HpaBHIBHO)
BJIOZKEHO B A TOI[a H TOJIBKO TOT/A, KOTJ[a OHO 0-3aMKHYTO (CYETHO H/HJIH CEKBEHI[HATBHO

0-3aMKHYTO).

IIpennoxkeumne. Ilycrs A — GyneBa anrebpa, a — ee sjieMeHT H B — mogairebpa
oymesoii anreopsr [0, al.

(1) Econ anrebpa B npaBuibHO (0 -1paBHIbHO) BJIOXKEHA B A, TO OHA HACJIECTBEHHO
(0 -HacIeICTBEHHO) BIOYKEHA B A.

(2) Ecmu amrebpa B naciencrBeHHO (0-HACJIE€JCTBEHHO) BJIOXKeHa B A H IOJHA

(0-mosHa), TO OHA NPABHIBHO (O -IPABHIBHO) BIOXKEHA B A.

1.2.3. Ilyctb A u B — GyneBor anrebpei. Orobpaxenue h: A — B Ha3biBaercs
KOADUEBHIM 20MOMODPHUIMOM, €CTTU TSI BCEX a1,y € A MMeET MecTo paBeHCTBa

(a) h(ay Vag) = h(ay) V h(az);

(6) h(ay A ag) = h(ar) A h(az);

(8) h(ar\az) = h(a1)\h(az).

Bamernm, uTo ycaosne (a) BeiTekaet u3 (6) u (B), a ycaosue (6) — u3 (a) u (B). Kazk bt
KOJIbIIeBO# roMomopdusm h: A — B coxpaHser nopsIoK, T. €. JJis JIOObIX a1, as € A u3
a1 < ag caeayer h(ay) < h(ag).

Konbmesoit romomopdusm h: A — B Ha3BIBAETCS 0YALEbLM 20MOMOPPHUIMOM, ECITH
h(1) = 1. OueBumano, orobpazkenue h: A — B spisiercs 6yieBbIM FOMOMOPMH3IMOM TOTIA
¥ TOJILKO TOTJI, KOTJIa OHO YJOBJIETBOPsieT OJHOMY U3 ycaoBuii (a) miau (6) 1, Kpome Toro,
h(al) = h(a)L juis Beex a € A. Kaxkplii KoJibueBoil romomopdusm h: A — B gapisiercs
oymesbiM roMoMopdusmom B Oyneny anreopy [0,h(1)]. O6pa3 h[A] romomopdusma h
aBJisgeTcs OyseBoit mogaaredpoit [0, h(1)].

Orobpazkenune h: A — B HasbIBaeTCs U30MOPPHUM 6a00cenuem A 6 B, ecan oHo

obJialaeT JIFOOBIM U3 CJIE/YIONUX SKBUBAJIEHTHBIX CBONCTB:

(1) h — unrbekTHBHBIH Gy/1eB roMOMOPhU3M;
2) h — nwbexuus, upudem h u h~! — GyseBbl rOMOMOPMDU3MBI;
( , 1p y p ;
(3) h — 6ymes romomopdmsm u h~(0) = {0};
(4) h — 6ynes romomopdusm u h1(1) = {1}.
CropbeKTuBHOE H30MOPMHOEe BIOXKEHHE HA3BIBACTCS Oy.Ae6uM usomoppusmom. Ecmm cy-
Y y

mecTByeT OyeB nzoMmopdusm A Ha B, T0 roBopar, uro anredpsl A u B usomopdhol.

1.2.4. IlIpenmoxxenme. Ilyctb A mw B — 6yneBnl amreopol.  OrobpakeHHe
h: A — B saBasercs 6yneBbIM IOMOMOPH3MOM TOLJa H TOJHKO TOIJA, KOLJAa JJIST JIFO-
6oro pasonennsi exuHnnpr (a1, as, ag) B arrebpe A rpoiika (h(a1), h(az), h(a3)) sBrsercs

pa3buenueM eJHHUIIBI B aJjreope B.
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<« Ilpumvenss ycaosue npejioxkenus k rpoiike (0,0,1), nosyuaem pasencrso h(0) =
0. Paccmarpusas Tpoiiky (a,a™,0), mpuxoaum K BwBoxy, urto h(a') = h(a)*
(em. 1.2.3(B)) st moboro sgaementa a € A.  Ocraercss yCTaHOBHTH COOTHOIICHHE
h(ar V ag) = h(a1) V h(az) (cm. 1.2.3(a)), 10Ka3aTeIbCTBO KOTOPOrO MBI PA300beM HA
nBa srana. CHavama JO0KazKeM 3TO PABEHCTBO /IS IU3BLIOHKTHBIX JEMEHTOB a1, ay € A.
J1j1s1 9TOT0 1OCTATOYHO IIPUMEHUTH YCJIOBUE MPEIIOKEHUs K TPORKAM (al, az, (ay vV a2)L)
u (a1 Voag, (a1 V ag)™t, 0). Haxkonen, paccmarpubast IPOU3BOJILHBIE 3J1€MEHThL a1,y € A

1 HUCIIOJIb3y4d yCTaHOBJIEHHOE, I10JIy4YaeM

h(ay V ag) h((al\az (a1 A ag) V (ag\al))

= h(a1\az) V h(a; A az) V h(az\a1)

= (h (a1\az2) V h(a; A ag)) V (h(a1 Aaz)V h(ag\al))
= h(a1) V h(az). »

1.2.5. IIpenmnoxkenue. [Iycrb A u B — 6y/ieBbr ajreopsl.

(a) Cuexyrome coiictBa 6ynesa romomopgusma h: A — B 9KBHBaJICHTHBI:
(1) romomopcusm h o-HEmpepbIBeH;
(2) ecom mommuozkecTBO C' C A mmeer cynpemym, To h(sup C') = sup h[C];
(3) ecum mogmuoxkecrso C' C A nmeer nugpumym, o h(inf C') = inf h[C];
(4) ecum (ay)rep — cerb amemenToB A may T 1, To supycp h(ay) = 1;
(5) ecam (ay)ren — cerb asmementoB A u ay | 0, o infycp h(ay) = 0.

(6) Cuenyrome coiictBa 6ynesa romomopgusma h: A — B 9KBHBaJICHTHBI:
(1) romomopcpusm h cueTHO O-HENPEPHIBEH;

(2) ecam caernoe momgmuoxkectBo C C A mmeer cympemym, To h(supC) =

sup h[C];

(3) ecim cuernoe mogmuokectBo C' C A mmeer mapumym, to h(inf C) =
inf h[C;

(4) ecam (an)peny — moOcCaEHOBaTesbHOCTD aemerToB A w a, T 1, 710
supyen hlan) = 1;

(5) ecim (ap)peny — mocaemoBaresbHOCTh d7aemerToB A w an, | 0, TO

inf, en h(ay,) = 0.
Ecan  6Gynepa ajirebpa A mnosna (o-mojna), 1O Kaxkjgoe wu3 st ycaouii  (a)
(coorsercrsenno (6)) pasHOCHIBHO CrepyomeMy: sup h[D] = 1 g mo6oro (cuerno-

ro) pasbmennst equanipl D B aiarebpe A.

B cuty sxBuBasentrocTH yeaosuii (a)(1)—(a)(3) o-menpepbiBHbIe TOMOMOPMU3MBI Ya-
CTO HA3BIBAIOT NOAHbLMU. 3aMeTHM, 9T0 3 umivtakamuu (6)(5)=>(6)(1) cuaexyer sxkBuBa-

JIEHTHOCTb CYETHOW U CEeKBEHIMAJIbHOM O-HenpepbiBHOCTEN OysieBa romomopdusma.
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1.2.6. Ilycrb A u B — GyJieBbl airebpsi. Byjem roBopurh, 4T0 KOJIBIEBOH TOMO-
mopdusm h: A — B wmascopupyem dbyukuuio hg: A — B (u nucarb hy < h), B TOM
cayaae, korga ho(a) < h(a) ps Beex a € A.

IIpennoxkeume. Ilycre A mw B — 6yneBsr anrebppl. KoJbmeBoii roMoMOpghu3M
h: A — B makopupyer koJibiieBoii romomopgusm hg: A — B Torja m TOJIRKO TOra,

korya ho(a) = ho(1) A h(a) gis Beex a € A.

<« Pasenctso hg(a) = ho(1) Ah(a) BorTekaer u3 coornomenuit hg(a) < ho(1) Ah(a),
ho(at) < ho(1) A h(at) u ho(a) V ho(at) = ho(1). »

1.2.7. Ilyctp Oynesnl anrebpel Ay m Ay mmeror obmyto momaaredbpy B. l'oBopsr,
qro aaredpol A1 u Ag apisiiorcsa B-uszomopdrvimu, ecam mexxay Ay u As umeercs Oysen
n30MOopu3M, TOXKICCTBEHHLIN Ha 5.

Kak mssecrno (cm. [100: §35]), s sro6oit OyaeBoil aaredpol B cymecTByeT Takas

nostHag OyseBa anaredopa B, 9To

L]
(a) B gaBusercst nomaarebpoit B;
[ ] [ ]
(6) st KasK/I0TO HeHyJeBOro sjieMenTa b € B umeercst HeHy/1eBoi ssieMent b € B,

a
VJIOBJIETBOPSIONINii HepaBeHCTBY b < b.

L]
Bynesa anrebpa B nassiBaercs nonoaueruem aaredpol B. KoppekTHOCTH BBEIEHHOTO
TepMHHA 1 0003HAaYeHNs 000CHOBBIBAETCS TE€M, UTO IOIOJHEHNE aaredpsl B e IMHCTBEHHO
C TOYHOCTBIO JI0 U30MOpdusMa u jazxe ¢ TOYHOCTHIO 70 B-uzomopdusma. Ilomnosinenue

L]
B anredopsr B obnagaer cleAyoOIUMI CBOiCTBaMU:

L]
(B) B — nacneacrBenHas nojaarebpa B;
L]
(r) eIMHCTBEHHO!N HACTEICTBEHHOI momaarebpoii B, comepxkaiieii B, aBasercs Best

aaredopa B;

(m) st Kazxgoro saementa b € B umerorcs takue nojamuoxectsa Aj, Ay C B, aro

sup Ay = inf Ay = l;

1.2.8. Ilyctp () — mpom3BOJIBHOE TOMOJOIHIECKOe IpocTpaHcTBo. Tormaa ymopsmo-
deHHOe 110 BK/II0YeHno MHOKecTBO Clop(()) Bcex ero OTKphITO-3aMKHY THIX ITOJMHOKECTB

sBJisieTcst Oy/1eBoit anre6poii. Bynesnr onepanun B anrebpe Clop(Q) coBmagaior ¢ Teope-
TuKO-MHOKecTReHHbIMI: 0 = @, 1 =Q, UVV =UUV, UAV =UNV, U+ =Q\U.

Teopema Croyna — Oracasapsbl [214, 244]. Ilyecrs B — mpou3sBoJibHast GyJieBa
asrebpa u () — COBOKYIIHOCTD BCEX yabTpaguabrpoB B B. JLis kaxgoro siemenra b € B

o6osnauny muoxectso {q € Q : b € ¢} uepes b.
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(1) Muozxecrso {b : b € B} spusiercs 6asoli nexoropoii tonosorun na Q, orHOCH-
TeJIHO KOTOPOIi () SABJISIETCS BIOJHE HECBSI3HBIM KOMIIAKTOM.

(2) Orobpazkenne b — b ocyIecTBIsIeT Oy1eB H30MOpphu3M MKy ajareopamu B n
Clop(Q).

(3) Bynepa anrebpa B sBisercst mosiHO# (0 -1I0JIHOIT) TOTJa H TOJBKO TOIJA, KOLJA

KOMIAKT () 9KCTPEMAJIbHO HECBSI3€H (0 -IKCTPEMATIBHO HECBSI3EH).

KowmnakTt (), KOTOPBIit mOCTpoeH B (pOPMYIUPOBKE MOCJIEIHENH TEOPEMbl, HA3BIBAETCSI
CMOYHOBCKUM KoMNakmom 6yrecoti arzebpu, B, a oTobpakenue b — b — Kamonuneckum
usomoppusmom B na Clop(Q) wiu cmoynosckot peaausayuet anredpsr B. CroyHoB-
CKHM KOMIIAKTOM aJjiredpnl B Ha3bIBalOT TaK:Ke J000il BIIOJIHE HECBS3HBIM KOMIAKT X,
anredpa Clop(K) oTKpbITO-3aMKHYTBIX HOJIMHOXKECTB KOTOPOro uzomopdua B. D10 co-
rJIalienre OMPaBIaHo, TaK KaK Takoil kommakT K onpeesnsiercs aaredbpoit B oHO3HATHO
C TOYHOCTBIO 10 roMeoMOpu3Ma.

Urak, cornacno reopeme Croyna — Oracasapsl OyJea anredpa Clop(Q), rae Q) —
BIIOJIHE HECBSI3HBII KOMIIAKT, IpeJICcTaBIgeT coboit obmuii Bu 6y1eBoit anreopsr. Ecn ke
() — 9KCTpeMajibHO HEeCBsI3HBIN (0-9KCcTpeMasibHO HecBsA3Hblii) KommakT, To Clop(Q)) —
obmmuii By moHON (o-moJHOl) GyseBoit anreGpel. TouHble IpaHUNbBl B 9TOi ajarebpe
soraucasiores 1o dopmynam supgez Ug = clUgeg Ue 1 infeez Ug = int(Neeg Ug, e cl m

int cooTBeTCTBEHHO OepaIy 3aMbIKAHHS U BHYTPEHHOCTH B IIPOCTPAHCTBE ().

1.2.9. OtkpbiTOe MOAMHOXKeCTBO U TOIIOJIOrIYECKOr0 IIPOCTPAHCTBA X Ha3bIBaeT-
csa peeyaapmvim, ecan intclU = U. CoBOKYIHOCTb BCEX OTKPBITHIX PEryJIspPHBIX I0/I-
mHOKecTB X obosHauaercst cumposiom Rop(X). MuoxkecrBo Rop(X), ynopsiiouentoe mo
BKJIOUEHHUIO, TIpeJICTaBsgeT coboit GyeBy anrebpy: 0 =2, 1= X, UVV =intc(UUV),
UANV =UNV, Ut = int(X\U). Ussecrno, uto Gyresa aare6pa Rop(X) smis-
erca mosHO (eM. [233: 16.1]) u ToUHBIE I'DAHHIBI B Heil BBHIYUCISIIOTCS MO (HOpMyIam
supeez Ue = int el Ugeg Ue 1 infeez Ug = int el (eez U

[Tpeamosnoxum, 9ro X — peryjasgpHoe TOIOJOIHYECKOe MPOCTpaHcTBO. [l KaxKmoii
rouku © € X oboznaunm dbuisrp {U € Rop(X) : x € U} cumsosiom Rop(z). Ilycrs @ —
CTOYHOBCKHI (9KCTpeMasIbHO HECBSA3HBIN) KOMIAKT MOJIHON OyseBoii amrebpsr Rop(X),
COCTABIEHHBI U3 yIbTpadIILTPOB 3Toi aareopel. Obo3naunMm depes () x COBOKYIHOCTH
BCeX yabTpaduIbTPOB ¢ € (Q, 1Ist KOTOPHIX Haiiercs Takast Touka © € X, aro Rop(x) C
q. 13 xaycnopdosoctu X ciemayer, 4To A KazKJI0ro dAeMeHTa ¢ € ()x MMeeTcs POBHO

oznHa Touka a(q) € X, ymoBiaerBopsioliast ycaoBuio Rop (a(q)) Cq.

Jlemma. Ilycrp U — U — kamonmweckmit mzomoppmsm Rop(X) rma Clop(Q).

(1) Ecin U € Rop(X), To U = claY[U], e sambikamme 6epercst B IpOCTpaHCTBe

0.
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(2) Ecan U € Rop(X), 10 o U] c UNQx C a [l U].
(3) Orobpazkenne a: Qx — X abcomOTHO.

< (1) Bxuouenue a 1[U] C (7, U3 KOTOPOro B CHJIy 3aMKHYTOCTH U caemyer
cla= U] C [7, SABJISIETCA OYEBUIHBIM CIeJICTBAEM BKJIIOUEHUIt Rop(a(q)) Cq (q € QX).
JLns obocHOBaHUsT OOPATHOTO BKJIIOYEHUS UcC cla U] cnenyer sadbuxcupopaTsh mpons-
BOJIBHBIN 3JIEMEHT ¢ € U u st Kaskiaoil ero OKPECTHOCTH Ve Clop(Q) mokazarb, 9TO
oz_l[U 1N 1% %+ &. Tockoubky muoxkecrBa U n V' gaBisiorcs sj1eMeHTaMu yJabTpaduibrpa
¢, ux nepeceenne UNV memycro. Ocraercst 3aMeTnTh, ut0 @ # o [UNV] C o~ U]NV.

(2) Brmouenne o 1[U] € U N Qx suirekaer u3 (1). Iokaxewm, uto U N Qx C
a clU]. Eem q € Un Qx n a(q) ¢ clU, 1o B cuity peryasipHOCTH TIPOCTPAHCTBA
X uwmeercst raxas oxpecraocrs V€ Rop(a(g)), uro UNV = @. Ipuunayiexxuocrs
muokecTs U 1 V' ynbTpaduabTpy ¢ IpUBOIUT K HCKOMOMY IIPOTHBOPEYHIO.

(3) IIposepum ycaoBus (a)—(x), durypupyromnmue B oupejenerun 1.1.7 abcoaOTHOrO
0TOOpaAZKEHUSI.

(a) CropbeKTUBHOCTD (v cJiejtyeT u3 Toro dakra, 9ro Kazxkapiii duiasrp Rop(x), © € X,
MOZKeT OBITh PACHIUPEH [0 VIbTPadUIbTPA.

(6) ITokazkem, uTo oTobpazkenue « HenpepbiBHO. [lycTh ¢ € Qx 1 U — OKPecTHOCTH
roukn «(q) B mpocrpancTe X. U3 perynasipuoctn X ciejyer CyniecTBOBaHHE TAKOTO
muoxkectBa Uy € Rop(X), uro a(q) € Uy C clUy C U. Coornorntennst ¢ € (70 NQRx C
a~1[U] ozragator, uto a~[U] — OKpecTHOCTL TOYKH ¢ B IpocTpancTse (.

(B) ITokazkem, 94T0 0TOOparKeHHe (v KOMIIAKTHO. 3adUKCAPYeM MPOU3BOIBHYIO TOUKY
r € X. Buarogaps kommakTHOCTH () JOCTATOMHO MOKa3aTh, 4To MHOMecTBO Q\a ™! (7)
orkpbiTo B Q. TTo nocrpoennio a st Jo6oro yisrpaduabsrpa ¢ € Q\a~ ! (z) naitgercs
okpectaoctb U € Rop(x), ue npunamnexamas q. O6o3nauum vepe3 V' gomnonuenue U
B Oynesoii anre6pe Rop(X). Torma V € ¢, a 3nauut, q € V. Ocramocs 3aMETUTh, YTO
Vc Q\a ! (z). Heiicrsuresnno, eciu p € YA/, to V € p, arorga U & p u, ciegoBaTesibHO,
p ¢ a~1(z) no mocrpoennio «.

(r) Tlokazkem, 4TO OTOOpayKeHHme « 3aMKHYTO. 3aduKcHpyeM MpPOU3BOJbHOE 3a-
MKHYTO€ HOIMHOXKeCTBO F' C (Qx W yCTaHOBHM OTKPBHITOCTHL MHO)KecTBa X \a[F]. Pac-
cMoTpuM TiponsBosbiyio Touky ¥ € X\a[F]. Tlockoanky npoobpas a~!(z) mexur B
OTKPBITOM MOAMHOXKeCTBe (Q\ F' BIOJIHE HECBSA3HOIO MPOCTPAHCTBA (), HAlIETCA MOKPbI-
THe o1 (7) OTKPBITO-3aMKHYTLIME ToaMHOKecTBaMu (Q, mexkamuvu B Q\F. KowmmakT-
HOCTL o (7), yeTaHOB/IeHHAA B 1. (B), IO3BOJIAET HAM H3BJIedb U3 YKA3AHHOTO OKPBITHS
KOHEYHOE MOANOKPBITHE, 00bEeINHNAB 3JEMEHTBl KOTOPOrO, MbI MOJIYYUM TAKOW 3JIeMeHT
U € Clop(Q), uro a~t(z) C U € Q\F. Coraacno (1) muoxecrso U umeer sus cla™H[V],
rae V € Rop(X). dcuo, uro V' C X\a[F]. Ocranoch ycranoBUTH BKIOYeHHe T € V.

Bxmioderne o~ (z) C U u pasencrso U = V 1mosBosior nam 3aKII0YATH, 9TO V €

ﬂ{q €@ : Rop(z) C q}. [Mokazkem, uro V' € Rop(z). Ecin 310 He Tak, T0 COBOKYIHOCTH
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{W AVEW e Rop(x)} sBJisiercs 6a3oit dbusbrpa B anrebpe Rop(X). Pacmmmpus sty
6asy 10 yabrpaduibTpa ¢ € (), Mbl IPUXOANM K TpoTuBopeunio: Rop(x) C ¢, no V' ¢ q.

(1) ITokarkem, uro orobpakenue « mHenpuoaumo. Ilycrs F' — coberBennoe 3a-
MKHyTOe ToaMHOKecTBO (Qx. Torma maiimercss takoii smement U € Clop(Q), [ro
g # U C Q\F. B cuny (1) muoxecrso U mmeer suz cla™![V], rae V € Rop(X).

DieMeHTapHAas MPOBEpKa MoKasbiBaet, uro & # V C X\a[F]. »

Coraacuo teopeme 1.1.7 (3) mocsennsst eMMa 03Ha4daet, 9rTo () x ABJISIETCs aBCOTIO-

toM X. B cBsa3u ¢ 3tum orobpazkenne a: (Qx — X MBI OyIeM Ha3BIBATDL abCoA0OMU3GUUET

X.

1.2.10. Teopema. Ilycrs X — peryaspHoe TOIOJOTHIECKOE IIPOCTPAHCTBO, () —
cTOyHOBCKHI KoMmakT Oyiesoii aireoper Rop(X) n a: Qx — X — abcomornzamnms X .

(1) MuoxectBo QQx BCIOLY IJIOTHO B ().

(2) PaBerncrBo QQx = () mMeeT MeCTo TOTja U TOJBKO TOIJA, KOTJa MPOCTPAHCTBO X
KOMIIAKTHO.

(3) Ecim Y — Bcrony mirotaoe moamuoskectso X, 1o o L[Y] — Berogy mirorHoe
MTOIMHOYKECTBO ().

(4) Ecin Y — murje me mrorHoe moaMHOKecTBo X, To o H[Y] — HArze me mrorHoe
1OAMHO2KeCTBO () x .

(5) Eciin Y — romee (koromee) nogmuoxkectso X, 1o a1 [Y] — Tomee (koromee)

IOAMHOZKeCTBO () x .

< (1) Henocpeacrsennoe ciencraue jgemmsr 1.2.9 (1).

(2) Berrekaer u3 (1) u 1.1.7 (5).

(3) Iycrs Y — Beroy mioTHoe moAMHOKecTBO X. Beskoe HemycToe OTKPBITOE
HOAMHOZKECTBO () COIEePIKUT U st uekoroporo nemycroro U € Rop(X) (B,ZLer U U—
KaHoHW9ecKnii nzomopdusm Rop(X) nHa Clop(Q)). Ocraercsa 3aMeTUTh, 9TO MPooGpas3
a YU NY] remycr u copepsxures 8 U N a~L[Y].

(4) Ilycth Y — HuUrje He MIOTHOE MOAMHOKeCTBO X . I3 HENPepBIBHOCTH (v CJIE/IYeT
samknyTOCTh 11pooGpasa o el Y] B npocrpancrse Qy. Hdonycrum, uro a~ el Y] umeer
HEMyCcTyi0 BHyTpeHHOCTh. Torma Haiizercs nemycroe muOokectBo U € Rop(X), ymosie-
TBOPSIOTIEe yCJIOBUIO Un Qx C a[clY]. IlockombKy MHOXKECTBO Y HETJe He ILIOTHO,
(61arogapst CIOPHLEKTUBHOCTH OTOOPAYKEHUsS () CYIIECTBYET TAKOH 371eMeHT ¢ € ()x, uTo
a(q) € U n a(q) ¢ clY. C apyroit ¢cTopoHbl, U3 BKJIIOYEHHUs] Rop(a(q)) C (¢ BBITEKAeT
U € q,arormaq € U u, caenosaresnbio, ¢ € a~ el Y]. Tlomydennoe npoTusopedne o3na-
9aeT, 9TO0 MHOKeCTBO o '[cl Y] HUrJe He IIOTHO, I TOSTOMY €ro TOAMHOKecTBO o [Y]
00J1aJaeT TeM Ke CBOMCTBOM.

(5) Cnenyer u3 (4). »
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1.2.11. IlIpepmoxkenme. Ilycrp B — npowusBoJibHast GyjieBa ajreopa, é — ee
oo tHeHne, () — CTOYHOBCKHI KOMIAKT B m «: C.Z — () — abcororuzarms ().

(1) Bynesa anrebpa Rop(Q) sBastercst nononernem areoper Clop(Q). B wacrtrocTH,
asireopel Rop(Q) n B H30MOPHBI.

(2) Orobpasenne U + cla™[U] ocymecrsasier 6ymes nsomoppuzm Rop(Q) na

L] L]
Clop(Q). B gacraocTH, () IBJIsIeTCSI CTOYHOBCKHM KOMITAKTOM AJre6pbl B.

<« Vrepxiaenne (1) 09eBHAHO MO ONpEEIEHUIO TIONOJHEHHsT OyJeBoil aareGphr

(em. 1.2.7). VrBepxkaenne (2) HEMOCPeJICTBEHHO caeayeT u3 jgemmbl 1.2.9 (1).  »

1.2.12. Kak 6b110 or™Medeno B 1.1.12; coBokynHocTb B(€)) KIaccoB S5KBUBATEHTHO-
CTM U3MEPUMBIX IIOJMHOYKECTB IIPOCTPAHCTBA ¢ HEHyJIeBON Mepoil () mnpejcrasiser co-
boit GymeBy anrebpy. DBynesa anrebpa B(f)) apiasercs o-nosnnoii. CueTHble TOYHbIE
rpaHubl B 3T0i aarebpe BuAuCagioTCsS 10 dopMmyaam sup,ey 4, = (UnEN An)N u
inf,ey AY = (mnGN An)N st A, € B(2). B caeayromieit TeopemMe IpUBeIEHBl HEKO-
TOpble CBeJeHHst, Kacaomuecs: (6ecKoHedHbIX) TounblX rpanun B B(Q). [Jokazarenbcrsa

cOpMYTUPOBAHHBIX YTBEPZK/IEHUH MOXKHO HaiiTu, Hanpumep, B [166: rur. I].

Teopema. Ilycrs ) — mpocTpaHCTBO ¢ HEHYJIEBOIH MepOH.

(1) CemeiictBo (A¢)¢cz m3mepumbix noamuozkects A € B(§)) ammpokcumupyer MHO-
2kecTBO A TOr1a M TOJIBKO TOT/1a, Korja B OyseBoii aiareope B(§)) BermosiHeHo cooTHOIIIEHHE
supgez Ay = A7

(2) Ilycrb cemeiictBo (Ag¢)ecz viementon B(Q)) amnpoxcumupyer Q. Torza s

Jroboro moamuoxkecTBa A C §) HMEOT MecTo CJeayroIHe COOTHOIICHHS:

(a) A€ B(2) rorza n Toipko Toraa, korga AN Ag € B(Y) aist Beex € € 5
(6) A~ @ rorza m TosBbKO TOrMA, Korqa AN A¢ ~ @ s Beex § € =;
(B) ecmm A € B(S2), 1o supge=(AN Ag)™ = A~ B Gysnesoit anrebpe B(S2).

(3) Eciu mpoctpancTBO ¢ HEHy1€Bo# Mepoii ) 0b1aj1aeT ¢BOHCTBOM MPSIMOIl CyMMBI,
10 Gysiea airebpa B(Q) siBisiercst mosiHO.

(4) ycre p — gmuprunar ¢axrop-aareoper B(Q) (em. 1.1.13). Toraa mrs ro6oro
cemeiicTBa (Ag)eez smementos B(2) ooveannenne ¥ := (Jgez p(A¢) 1 mepeceenne 11 :=

mgeE p(Ag) mamepamer, mpmaem Y~ = supgez Ae m 117 = infeez Ag.

1.2.13. Ilycrs p — smdrunr npocrpancrsa L*(2). Cormacuo 1.1.14 u 1.2.12
Oynesa anrebpa B(§2) mosnna, u B cuty 1.2.8 ee cTOyHOBCKHIT KOMIAKT () SKCTPEMATbHO

HECBA3CH.
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Jlemmva. CoOBOKyHIHOCTH TOIHX M HHUIJIE HE ILJIOTHBIX IIOAMHOXKECTB () COBLALAIOT.

< CgoiicTtBo npsiMoil cymmbl, KoTopbiM obstazaer €2 (cm. 1.1.14), nossousier 6e3

TPY/Ia CBECTH CUTYAIMIO K CJIy9a0 KOHETHON Mepbl, paccMoTpeHHOMY B [215: §22]. B

Jns kazkaoit Toukn w € ) oboznaunm ynbrpadmistp {A € B(2) 1 w € p(A)}
depe3 T(w). ITloctpoennoe taknmM obpasom orobpakenne T : ) — () GyJaeMm Ha3bIBAThH

Karonuveckum nozpysiceruem €2 6 (), COOTBETCTBYIONUM JUPTHHTY p.

Teopema. Ilycre p — sm¢ruar npocrpancrea L*°(Q2), T — coorsercrByiomiee
KaHOHHYECKOe Mmorpyzkenne () B CTOYHOBCKHIT KoMmakT () 6yneBoii anrebpol B(Q) u A —
A — xamonmuecknii m30MoppbH3M B(Q2) ma Clop(Q).

(1) s kaxaoro kaacca A € B(Q) mmeer mecro pasencrBo p(A) = T*I[K]. B
yacrHocTH, mpoobpas T~ U] Besikoro orkpbito-3amkmyToro Muoxecrsa U C (Q u3mepum.

(2) Orobpazkerme U s 7 U]~ ocymectsasger m3omopbusm 6ymepoii anre6phr
Clop(Q) na B(S2), obparmsrii K nzomopuzmy A — A.

(3) O6pa3z T[] Bcroxy nioren B Q.

(4) Ipoo6paz 7~ [V] Beaxoro orkpsiToro mmoxkectsa Vo C (Q m3MepnM, mpmaeM
V] ~ 77 el V],

(5) Orobpazkenne T: Q — () m3mepumo o Bopeio.

(6) IIpoobpas T~ [N] Besikoro Tomero (= murze ne miorHoro) muoxecrsa N C Q
u3MepuM B §) H HMeeT HYJIEBYIO Mepy.

(7) Toukn wy,wy € §) p-HEPA3TAIAMEI TOIA H TOJBKO Torja, Korga T(wi) = 7(w2).

< VYrBepxaenue (1) mposepsiercsa memocpeactsento, (2) caeayer u3 (1), a (3) —
u3 (2). IIlpucrynast kK 060cHOBaHUIO yTBepZKAeHUs (4), pACCMOTPUM HPOU3BOJIBHOE OTKPbI-
Toe MHOZKecTBO V' C Q. IlycTn cemeiictBo (Ug)¢cz OTKPBITO-3aMKHYTEIX ITOJMHOMKECTB ()
TakoBo, 4T0 V' = (Jecz Ue. Torna us (1) BoiTeKaeT n3MepuMOCTh IPooGpasos 7 U] mat
Beex £ € Z, a 3 1.2.12(4) cieayer msmepumocts Muokecta T H[V] = Ugez 7 HU).
Coornomenne supgez U = clV B Oynesoit anredpe Clop(Q) ¢ yuerom (2) n 1.2.12(4)
oGecniednBaer sxBuBagenTHOCT T H[V] ~ 77 el V]. VrBepxkaenns (5) u (6) BhITekaoT

u3 (4), a (7) — HEmOCPEJCTBEHHO U3 OIpe/eIeHns OTOOpaKeHus 7. W
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§ 1.3. BekTOopHbIE perieTkn

B stom naparpade cobpanbl ocHOBHBIE CBejieHHsS 00 aOCTPAKTHBIX BEKTOPHBIX pe-
MIeTKaX, a TakkKe 00 UX KOHKPETHBIX mpumepax — K-mpocrpancrBe Coo(()) paciimpen-
HBIX HENPEPBIBHBIX (DYHKIMIT HA 9KCTPEMAILHO HECBA3HOM KoMnakTe () u K, -nupocrpan-
crBe M (§2) K/IaccOB SKBUBAJEHTHOCTH M3MEPUMBIX (DYHKIHH HA TPOCTPAHCTBE C MEpOi
2. Buumanwe cocpegoTOUeHO Ha OMUCAHWM TOYHBIX I'PAHMIL, MOPSAIKOBONW CXOAMMOCTH M
1HOPsiIKOBBIX 11PO0eKTOPOB B Coo(Q)) u M(Q2). Corstacuo teopeme Bysnxa — Oracasa-
pbl Coo (@) mpecraBiger coboii obmuit B (pacimupentnoro) K-npocrpancrsa. [lostromy
BekTopHas pemterka M(§2) B GoubmuncTBe ciaydaes uzomopdua Cuo(Q) st 10ax0/1s-
mero komnakra (). B gamHom maparpade ODpuBOIUTCH ABHOE ONUCAHHE 3TOr0 H30MOP-
¢pusma B TepMuHAX KAHOHUYECKOTO norpyzkenus 7: {2 — (), onpemenennoro B 1.2.13.
Bekropuas pererka Co((Q)) ABISETCS YACTHBIM CJIy9aeM elle OJHOrO THINYHOTO MpHMe-
pa K-npocrpanctBa — npocrpanctBa Coo(X) paciimpeHHbIX HenpepbiBHBIX (DYHKIMI Ha
09POBCKOM TOIIOJIOTHYECKOM IpocTpancTse X . M30Mopdu3M MezK 1y BEKTOPHBIMHA PEIIeT-
KaMil Coo (X) 1 Co(Q) (st moxOmsIIIEro KoMmakTa () MoXKeT ObITh BbIPazKeH SIBHO €
HOMOIIBIO (DYHKIUN (v, OMUCAHHOI B §1.2.

Nudopmanus 06 abcTpakTHBIX BEKTOPHBIX pererkax u K-npocrpancrse Cog (Q)) mmve-
erca B [24, 33, 60, 83]. OcuoBHble cBoiicTBa mpoctpancts M () u L°°(§2) npuBenens B
(59, 166).

Bce BeKTOpHBIE IPOCTPAHCTBA B JAHHOH paboTe pacCMaTPHBAIOTCA HAJ mojaeMm R
BEIECTBEHHBIX YHCEJ W 110 YMOJYAHUIO MPEANOIaraloTcs HEeHYJIeBbIMHA. Bce BEeKTOPHBIC

pemierky 110 YyMOJIYaHUIO IIPE/AIIOJ/Iaral0TCd apXuMel10BbIMU.

1.3.1. B npousBoIbHON BEKTOPHOIl pelieTKe (= peleTovHo YHOPSI0YeHHOM ap-
XHMeJJOBOM BEKTOPHOM MPOCTPAHCTBE) GUHADHBIE DENIeTOYHbIe Olepanni 0003HAYAIOTCS
cuvBosiamu V u A. Tlonoxkurenbras qacts eV 0, orpunarenbaas 9actb (—e)V0 1 Momyib
eV (—e) s/1eMeHTa € BeKTOPHOI peneTku 0603HaualoTcst COOTBETCTBEHHO Yepe3 e, e~ u
le|. MHOzKecTBO BCEX TMOJIOKUTENbHBIX JIeMEHTOB BEKTOPHOI pemterkn E 06o3HaYaeTcst
cuvposiom ET. Cumbos L obosnavaer oTHomenne ausbionkthoctn: e L f & |e|A|f] = 0.
HusbionkTHoe gononnenne {e € E : e L f nna Beex f € F'} nonmuoxkecTBa F' BeKTOPHOI

FL+ apnsercs cokpamennem sammcu (F2)+,

pemnterkn F obo3navarcst qepes F L, CUMBOJI
TToAMHOZKECTBO BeKTOPHON pernerku F, umeomee sug F s wekoroporo F C E,
Ha3bIBACTCsl Komnonenmot E (mopoxaennoit muokecrsom F'). Tlogmuoxectso F C E
SIBJISIETCS KOMIIOHEHTON TOIjIa W TOJIbKO Torja, korjga F L — F. Kowmnonenra Buxa
{e}*+, tie e € E, naspiBaerca eaasnot. dnement 1 € E naspisaior (caabot) nopadkosot
edunuued, ecmn 1 > 0 u {1} = E. BEcan gt xaxmoro snementa ¢ € E cymecrsyer
anciao A € R rakoe, aro |e| < A1, To ssmement 1 € E masbiBaercs cuavrol (nopadkosot)

eduruyed.
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Tor dakr, aro cerb (€q)aecA MOHOTOHHO yObiBaer u infyecp € = e, KOpoTKO 060-
snauaercsa (opmynoii e, | e. ToBopsit, 4r0 cerb (€q)qcA IIEMEHTOB BEKTOPHOIi pe-
merkn E o-cxodumes k e € E (n mumyr e = o-limey), ecnim B E cymecTByer Ttakas
cetp (fg)gen, 910 f3 L 0m VG € B da € A Va > a |eq —e| < fg. Ecam B ponn
cetnn (fg)gep BBICTYIAeT MOCIeAOBATENbHOCTD (f/n)nen, Tae f > 0, TO roBopdar, 9TO
cetb (eq)acA T-cxodumes k e (¢ peeyasmopom f) u munryr e = r-limey. Cerb (€q)aca
Ha3bIBaeTCsl 0-pyHndamenmanvrol (r-pyndamenmanviot ¢ pezyasmopom f € E), ecan
ceTh (ea — €8)(a,8)cAxA O-CXOUTCA (COOTBETCTBEHHO T-CXOMUTCS C PErynaTopom f) x
Hya0. Eciu cerb (2569 65)967’ﬁn(5)

BAIOT O-CYMMUPYEMbLM W THIIYT € = 0-) ¢cz€¢ (37ech Pgy(S) — COBOKYNHOCTD Beex

o-cxoautTesd K e € E, To ceMeiicTBO (e¢)¢ez HA3BI-

KOHEYHBIX MOAMHOXkKeCTB =). B ToM ciydae, KOrja 3/1eMeHTbI €¢ IOHAPHO U3 bIOHKTHEI,
CYMMY 0-) ez €¢ HasbIBaloT duszionkmmol. CeTh (€q)aeA HA3BIBACTCS ACUMNMOMUNECKY
ozparutentotl, eCIu CyIecTBYeT TaKOH HHJeKC & € A, 4TO MHOXKECTBO {€q : v > &} mo-
PAIKOBO orpanHndeHo. OUeBUIHO, BCIKAS O-CXOISIIASICA CeTh SIBISETCS aCHMITOTHIECKT
OTPAHUYEHHOMN.

[Iyctb E — BekTopHas pemierka. JluHeitnbiii omeparop 7: F/ — FE Ha3biBaercd

2 = m™HTe < € IJ1d BCeX IOJIOZKHUTEJIbHBIX 3JIEMEHTOB

NOPAIKOBHLM NPOEKMOPOM, €CTU T
e € E. Ha muoxecrse Pr(E) Bcex mopsiIKOBBIX HPOEKTOPOB B E BBOAMTCs MOPSIJIOK:
T < Ty O3HAYAET T1e < T2€ JJIsi BCEX MOJIOKUTENbHBIX € € FE. OTHOCHTeThHO TaKOTO
nopsiika MHOKecTBO Pr(E) npencrasisier co6oii GysieBy aarebpy. Hysem n eaununeii B
9TOI a/redpe sBJSIOTCSI COOTBETCTBEHHO HYJIEBON M TOXKIeCTBEHHBINH idp omeparopsl, a
OyJIeBbI OIEPAIMU OCYHIECTBISIIOTCS CJIEAYIONIIM 0Opa3oM: T A Tg = 71 0 mo, M1 V Mo =
T + 7y —m omy, 7t =idy — 7. Eciu e € E, 10 j1eMenTsl BUja Te, rae T € Pr(E),
HA3BIBAIOT 0CKOAKAMU €.

O6pas 1106010 MOPSIAKOBOrO IPOEKTOPA BEKTOPHON PEIIeTKH ABJISeTCS KOMIOHEH-
roit. Kaxkpiil mopsiIKoBbIil IPOEKTOP OJHO3HAYHO Olpejessdercsd cBouM obpaszom. s
IIPOU3BOJIHLHOTO djieMeHTa € € E cuMmBosiom (€) 0003HAYAeTCsl MOPSIJKOBbIfi TPOEKTOD Ha
kommonenty {e}*+ (eciu rakosoii cymecTsyer). AHAJOIHYHO JIs HOaMHOKecTBa F' C B
cumBosioM (F') o6o3HAUAETCS] TPOEKTOP HA KOMIOHEHTY F L Mg mobsix e, f € E mona-
vaet (e < f) i= ((f=e)*), (e < f)i= (f < e)5 e > f)i= (f<ehn e > f)i= (f <e).
dcuo, uro (e < f) = max{m € Pr(F) : me < 7f}. Ecrecrsenno, 3anucy (¢ < f < g)
oboznauaer (¢ < f) A (f < g). B nanpueitinem Mbl GyJgeM UCHOIB30BaTh M0100HBIE 000-
3HAYeHHs 0e3 JIOMOTHUTETbHBIX HOICHEHUI.

Bekroproe nognpocrpanctBo F C E nazwiBaercs (nopadkosvim) udeasom BEKTOPHO
pemerku F, eciu gys mobeix f € Fue € F us lel < |f| cienyer e € F. Ecu D —
IOIMHOKECTBO BEKTOPHOM perneTku F, To HamMeHbInii ugean F, comepxxkamuii [D, 060-
3HAYAaeTCsI CUMBOJIOM Fp m Ha3biBaeTcda udeanom, noposrcdennvim D. OueBHIHO, TAKOM

ujieasl CyImecTByeT U IpejcTaB/isierT coboif MHOXKeCTBO Bcex e € FE. yaoB/eTBOPSIONIUX
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uepasencry |e| < |di| + -+ + |dp| miug kakux-nu60 saementos d; € D. Jljus npousBosib-
Horo snementa d € E nnean Eygy naseisaerca (2aaenvim) udeanom E, nopoowcdennvim
anemermom d, u oboznauaercs cumposiom Eg. Ouesnnno, By = {e € E : |e| < n|d| nia
nexoroporo n € N}. Unean F C E naswsaior dyndamenmonm, ecim FH- = E.

Bekrophast penierka HasbiBaeTcst npocmpancmseom Kanmoposuya niau, 6oee KOpoT-
K0, K-npocmparcmeom, eciam BCIKOe ee MOPSIIKOBO OTPAHUYEHHOE TTOJIMHOKECTBO MMeeT
TOYHbIEC I'DaHUIIbI. ECHI/I HaJIM4YIWEe TOYHBIX I'DaHUIL TapaHTUDYeETCA JIUIIL JAJIdd CYeTHbIX I10-
PSAJIKOBO OIPaHUYEHHBIX MTOIMHOYKECTB, TO BEKTOPHAsI pelerka uMenyercst K, -npocmpan-
cmeom. B K-npocrpancrse (Ky-npoctpancrse) Kaxkias o- wian r-dyHIaMeHTaIbHasT
ceTh (CYeTHas CeTh) MMeeT COOTBETCTBEHHO O- WM r-npefen. Jljsi jo6oii BeKTOPHOM
pemerku E umeercst (e IMHCTBEHHOE ¢ TOYHOCTHIO JI0 JHHEHHOIO M IOPSTKOBOIO H30MOP-
dbusma) K-mpoctpanctso E, comepzxamiee E Kak 0-ILIOTHYI0 BEKTOPHYIO MOJPEIIETKY.
Takoe K-mpocrpauctso E nassiBaeTcs o-nonoaneruem peuterkn E. Tosopar, uro K-mpo-
CTPAHCTBO SBJISETCS PACUUPEHHBLM, €CJIH JIF000e CEMEHCTBO IMOIAPHO JU3BIOHKTHBIX €ro
9JIEMEHTOB HOPSJIKOBO OrpaHudeHo. Bcegkoe K-mpocTpaHCTBO sBJseTCS (DyHIAMEHTOM
HEKOTOPOrO (€JMHCTBEHHOTO ¢ TOYHOCTHIO JI0 JIMHEHHOTO U MOPSIKOBOTO H30MOPMhU3MA)
pacIIupeHHoro K-IpocTpaHcTBa, KOTOPOE HA3BIBAETCA €r0 MaKCUMANDHbLM PACULUDEHU-
em. Jloboit mrean K-npocrpanctBa (K -mpocTpancTBa) siBisieTcsi K-TPOCTPAHCTBOM
(Ky-npoctpancreom). g Begkoro K-npoctpancrsa E Gynea anrebpa Pr(E) momHa.
Ecm F — dyngament K-npoctpancTtBa FE, To oToOpakeHue m 7r‘ F OCYTIECTBJISET
u3oMopdusM Mexay Oynessivu anrebpavu Pr(E) u Pr(F). Mbl yeI0BAMCS OTOXKIECTB-
nare anrebpsl Pr(F) u Pr(F) mocpejctBom storo m3omopdusma. B K-mpoctpancTBe
(Ky-upocTpancTBe) UMEIOTCsI HOPSIIKOBbIE IIPOEKTOPBI HA JI00YI0 KOMIIOHEHTY (cooTBeT-
CTBEHHO HA JIIOOYIO IVIABHYIO KOMIIOHEHTY ).

K-npocrpancrso E HazbiBaercst nenpepwuienvim (duckpemioim), ecain OyieBa aiaredpa

Pr(E) nenpepsiBua (auckperna) (cm. 1.2.1).

1.3.2. HacueacrBenHo (o-Hac/aeCTBEHHO, TPABUIBHO, O-MPABUILHO) BJIOKEHHYIO
BEKTOPHYIO TOJPENTeTKY BEKTOpHOi perreTkn (cM. 1.2.2) Ha3BIBAOT HacAedcmEeHHotl

(0 -nacaedcmeentoti, npasusbhot, o -npasusbHol) nodpeuemrod.

ITpenmoxxkeuune. Ilycte E — BekTopHas pemerka H ' — BekTopHAasT mojpenieTka

E. Cnenyrorme yTBep K ieHIST SKBHBAJTCHTHBI:

(1) F — macseacrBeHHas (o-Haca€ACTBeHHAs) MogpenieTka F;

(2) st smoboro (cuernoro) nopmuoxecrsa G C Ft u3z coornomenus infp G = 0
caeayver infg G = 0;

(3) ecun (cuernast) cerb o-cxomurest B ) 1o ona o-cxonurest m B E, npuiem K ToMy
K€ IIPeJIeILy;

(4) ecum (cuernast) cers o-cxoxnrest k Hymo B F, To ona o-cxonurcest K Hyso n B E.
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IIpengioxkenune. Bekropras noapemerka K-npocrpancrsa (K,-npocrpancrsa) sip-
JISIeTCsT MPABHJIBHOI (0 -IPABAIBHOI) TOT/[a H TOJIBKO TOLJA, KOIJIa OHA 0-3aMKHYTA (C4er-

HO H/HJIH CEKBEHIHAIBHO 0-3AMKHYTA).

1.3.3. Teopema. Ilycrb 1 — nopsiikoBasi ejuania B K-npocrpancrse E.

(1) Eciu mopsiikoBo orpaHu9IeHHAsI CeTh (€q)qcA d71eMeHToB E o-cxomures k e € E,
10 st Jiroboro uncaa € > 0 cymecrByer takoe pasomenne equHHIbl (To)acA B OyJieBoii
asreope Pr(E), uro myleq — €| < el mist Bcex a € A.

(2) st sio6oro snemenrta e € E cymecrByer takoe pasouenue eauHuIbl (Tp)peN B

oymresoii anreope Pr(E), aro m,le| < nl mist Bcex n € N.

< lokasaresnbcTBo (1) umeercs, nHanpumep, B [24: Teopema 1.3.9]. YrBep:kenue (2)

spisiercs nepedopmysiuposkoit (1) st cetu (e/n)pen.  »

1.3.4. Ilycrs f — mpoW3BOJIBHBIN TMOJOKUATEIbHBIH JIEMEHT BEKTOPHON PEIeTKH
n
E. Dnement s € E nazoseMm f-cmynenwamowm, ecin s = » .4 Ny f 11 HEKOTOPBIX
M,y A ERumy,...,m, € Pr(E).

ITpenmoxkenune. I[Ipennosioxkum, 910 B BEKTOPHOH perneTke I cylecTByIOT I0-
PSJIKOBBIE MPOEKTOPHI HA TJIABHBIE KOMIIOHEHTHI (3TO BBIIOJHEHO, eCJIH, Hampumep, E
sapjsiercss K -npocrpancrsom). Ilycrs Ey — ruasnbiii miean F, 1m0opoxieHHbrii 1moso-
sKuTebHBIM d1eMenToM [ € E. Torja jrs Kazkaoro sireMenta e € Ky m jiroboro dncia
€ > 0 naiigercst rakoii f-crynmengarsiii smement s € Ey, garo |s| < el m e —s| <ef. B

YaCTHOCTH, MHO2KeCTBO f—CTYHeH‘IaTbIX JIEMCHTOB T -IIJIOTHO B Ef

<« [IpeanmonokuM BBITIOTHEHHBIMHU BCe YCJIOBUS IIPEJIOKEHUI U PACCMOTPHUM IIPO-
U3BOJIbHBIE 371eMeHT € € Ey n ancio € > 0. Ilycrs uncia m,n € N rakossr, aro |e| < mf

u 1/n < e. Torma cymma

-1 . . . mn . . .
3 %<’;1f<e<%f>f+2%<%f<e<Z;1f>f
1=1

i=—mn

ABJIAeTCAd NCKOMBIM f—CTyHeH‘{aTbIM 3JIEMEHTOM. b

1.3.5. Ilycts X — mpomsBoibHOe MHOXKecTBO. JlLst yroboro cemeiicTBa byHKImit
Je: De — R (£ € Z), onpee/enubIxX Ha TOIMHOKECTBAX D¢ C X, onpegenum 6epriion
ozubaouyyo Supgez fe: X — R, nonoxus (Supges fe)(z) = sup{fe(z) : £ € E, x €
dom fg} Jpoiicrennas dopmyina (Infeez fe)(z) = inf{fg(m) &€ =2, x € dom fg}
ompesiensgeT wustcroto ozubarouyyro Infeez fe: X — R. (Kax 0oOLIYHO, MBI HOTaraem

sup @ := —oo u inf @ := 00.)
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Jlemma. Ilycrp X — 63pOBCKOE TOHOJIOIHYECKOe IIPOCTPAHCTBO. BepxHsisi n HUZK-

Hs1s1 ornbarorne J1o6oro cemerictsa aeMmenToB Coo(X) obmagator coiicrBom Bapa.

<« Pacemorpum mpomusBosibHOe ceMeifcTBO (fe)ecz dmementoB Coo(X), 3adukcupy-
em uncio A € R u nokaxem, uro muoxecrso A := {z € X : (Supgez fe)(z) > A}
obsmagaet coitctsoMm Bapa. B cumy menpeprnisHOCTH dyHKINI fe HallgyTCa TaKne OTKPHI-
Thie MHOKecTBA G¢ C X, uro {x € dom f¢ : fe(x) > A} = G¢ Ndom fe. OGoznaunm
OTKPBITOE MHOXKECTBO UgeE G¢ uepes G. B cuny pasencrsa A = U£€E G¢ Ndom f¢, pa
kazkgoro £ € = nepecedenne (A A G)NGe conepxures B X\ dom fe u mosromy siisieTcs
rormum. CrenoBarenbro, mo Teopeme 1.1.10 romum sBigercs u nepecedenne (AAG)NG,

copuayraromee ¢ AANG. »

Teopema. Ilycre X — 063pOBCKOE TOMOJOIHIECKOE IIPOCTPAHCTBO.

(1) Bekroprasi pemerka Coo(X) stBIsIETCST pacmmperasiM K-1IpocTpancTBOM.

(2) Hemycroe cemeiictso (f¢)¢ez smementos Bexroproii pemerkn Cuo(X) nopsigkoso
OrpaHHYEHO CBEpXY (CHH3Y) TOrJa H TOJBKO TOIJA, KOTJA €ro BepXHssl (HHXKHSIS) Oruoa-
[oIasT IPUHAMAET KOHEYHbIe 3HATEeHUS HA KOTONIEM ITOJIMHOKeCTBe X .

(3) Ecmu (f¢)¢ez — orpanmyentoe cepxy (cuu3y) cemeiictBo snemenToB Cuo(X), TO

cont (Sup§€5 fg) = Supgcz Je (COOTBGTCTBGHHO cont (Infgeg fg) = infeez fg).
<« (O 04YeBHIHOCTHIO BBITEKAET U3 IIOCJIETHEil TeMMbBI. B

1.3.6. Teopema [214]. Ecimu () — 0-9KCTpEMaJIbHO HECBSI3HBII KOMIIAKT, TO BEK-

roprasi perterka C oo (Q) siBasiercst K, -npocTpaHcTBOM.

1.3.7. Ilycte X — 03pOBCKOE TOMOJIOIHYECKOE TPOCTPAHCTBO. 1 KaxKI0ro MHO-
xecrBa U C X, obuajatoriero cpoiicrBom Bapa, onpejesnM HOPSIKOBBINA ITPOEKTOD
(U): Co(X) = Coo(X), nomoxus (U)f := cont(xyf), rie xy — XapakTepucTHYECKAast

dyukmusg muoxkecrsa U. Hec1o:KHO yOeTUTHCSA B HCTUHHOCTH CJIEIVIONIETO YTBEPZK ICHUSI.

ITpennoxkeune. Ilycte X — 63poBckoe Torojormdeckoe mpocrpanctBo. Otobpa-

:xenne U — (U) ocymecrsisier u3omopgusm mexkay Oyiaespivu aarebpavu Rop(X) u

Pr(Cu(X)).

BamMernM, 9TO B CJIydae, KOraa TPOCTPAHCTBO X SBISIETCS SKCTPEMATbHO HECBSI3HBIM
KoMmakToM, uMeoT Mecto pasercTBa Rop(X) = Clop(X) u (U)f = ext(xy f) anst Beex
U € Clop(X) n f € Cxo(X).

Ecmu f € Cx(X), To muOKecTBO cl{x € X : f(x) # 0}, rme ¢l — onepanus 3a-

MBIKAHUSI, HA3BIBACTCS Hocumerem pynkyuu f n odboszHadaercss cumposiom supp f. Ecum
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F C Cso(X), To Muomectso clJpepsupp f naseisaerca nocumenem mrosicecmea @ynis-
yut F u obosnauaercst cumsosiom supp F. Ouesugno, (supp F') = (F'), T. e. oneparop
f = cont(Xsupp F.f) ABISETCA HOPAAKOBEIM IMPOEKTOPOM HA KOMIIOHEHTY, IOPOZKICHHYTO

muOKecTBoM F'. B wacrHocru, (supp f) = (f) mna moboit dyaknnu f € Coo(X).

Teopema [33, 214]. IIycrs E — npounsposibroe K-npocrpancrBo, () — CTOYHOBCKHIT
(3KCcTPEMAIbHO HeCBsI3HbLIT) KoMuakT OyiieBoii anreopel Pr(E) u m — T — KaHOHUYECKuii
umzomoppuzm Pr(E) ma Clop(Q).

(1) CymecrByer JuHeiiHbIl 1 TOPSAKOBBIE H30MopdusM e — é K-npocrpancrsa E
na ¢pyrgament Coo(Q) Takoii, aro (we)" = (#)é mpis cex m € Pr(E) me € E.

(2) Ecn B E (pukcupoBaHa MOpsIKOBasi €JIHHATIA 1, TO CYIECTBYET €JIHHCTBEHHBIMH
uzomoppusm e — ¢ K-npocrpancrea E na dynpament Coo(Q) Taxoii, uro (w1)" = xx
st Becex T € Pr(E).

(3) Ob6pas Jroboro m3omopgusma pactmpernroro K-npocrpancrBa Ha yHIaMeHT
Coo(Q) coBmagaer ¢ Cxo(Q).

Orobpaxkenue e — €, ourypupyioiiee B (hoOpMyJIUPOBKE MOCTIETHENl TeOPpEeMbl, Ha3bI-

BaeTcs peanusayuet; K-mpocrpancrsa F.

SBameuanue. VI3 nocreaneit TeopeMbl, B YaCTHOCTH, CJI€IyeT, YTO B JTIOOOM PACIIU-
pernoM K-mpocTpaHcTBe E MOYXKHO ONpeIeIUTh NMPOU3BeJIeHNe TaK, 9TO [ mpeBpaTUTCs
B KOMMYTATUBHYIO YIODsI04YeHHYI0 anrebpy. Ecam gomoanutesbHO (DUKCHPOBATH MO-
pPAAKOBYIO eauHHIly B K-mpocTtpancrBe E u morpeboBarh, 4TOOLI OHA ObLIa €IUHHIICH
YMHOYKEHHUSI, TO CIIOCOO ONpeJie/IeHusl TPOU3BeIeHnsl B ) CTAHOBUTCS €JIMHCTBEHHBIM. B
9TOM CJIydae JJjIsl Kaykaoro sjementa f € E cymecTByer eInHCTBEHHBIN 3j1eMeHT g € F
rakoit, uto fg = (f)1, rne 1 € E — eaununa ymuoXKeHus. Takoil 31eMeHT ¢ MbI Oyaem

obosnadars cumsosiom 1/ f. TIpoussenenue e(1/f) obosnadaercs Gosee KopoTko: €/ f.

1.3.8. Ilpenaoxkenmne. Ilycrs X — peryaspHOoe 63DOBCKOE TOIIOJIOTHIECKOE MPO-
crpancTBO, () — croyHOBCKHIT KommakT Oyaesoii arredpsr Rop(X) ma: Qx — X — ab-
comormzamus X (em. 1.2.9). Torma s sro6oii pyaknun [ € Coo(X) Kommosumus f o a
onpejesieHa Ha BCIOJY IJIOTHOM mojMHOxkectBe () m orobparkenne f — ext(f o a) ocy-

mrecTBIsieT JIMHEHHbIH 1 nopsigKoBblii n3omopguszm K-npocrpancrBa Coo(X) Ha Coo(Q).

< 113 reopembr 1.2.10 caemyer, uto orobpazkenne i: f — ext(f o «) sBasercs Ju-
HefiHBIM 1 TOPsIKOBBIM H30MOpdhu3MoM Coo(X) Ha imi. ITockonbky obpas i siBisierTcst
K-npoctpancTBom, st JoKa3aTeabcrBa paBeHcTBa imi = Coo(()) m0OCTATOYHO yCTAHO-
BUTD, 9TO iM i COAEPIKUT XapaKTePUCTUIeCKre (DYHKIUKE BCEX OTKPHITO-3aMKHYTHIX HOJI-

muozxkecrs (). Ilocaennee Boirekaer u3 1.2.9 u 1.2.10. »
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1.3.9. Ecuu ) — upocrpaHCTBO ¢ MEPOii, TO IpH yHOTPEOJICHUN TOTOYETHBIX TOU-
ubix rpanni Infeez fe m Supgez fe, Mt cunraem, uro byukuun fe € M(Q) oupeenennt
Berogy na € u geiicrsyior 8 R (em. 1.1.11).

IMpennoxkeune. Ilycre ) — nmpocTpaHCTBO ¢ HEHYJIEBOI MepOIi.

(1) Bekropuast pemterka M (S2) saBiasercst K ,-npocTpancTBOM.

(2) IocaenoBarenbaocTb (f1 )pen d1emenToB M (§2) HOpsIKOBO OrpaHHYeHA CBEDXY
TOIIa H TOJBKO TOIJA, KOLJA Sup,cn fn(w) < oo mourm mis Bcex w € . Ilpm 3T0M
Suppen Jn € SUDPpen fr -

(3) Ecim nociaenoparensaocts (fy) o-cxomures k [~ B M(Q), 10 fr(w) — f(w)

IOYTH JJI Beex w € ).

1.3.10. U3 caemyrtomieit TeopeMbl, B 4aCTHOCTHU, BHITEKAET, YTO BEKTOPHBIE PEIETKH
M(Q) u L*>°(Q) sBasitorest K-npocTpascTBamu, eciu ) — IPOCTPAHCTBO ¢ KOHETHON HJIN

0 -KOHEYHOH! Mepoil.

Teopema. IIpenmo/oKuM, 9T0 IPOCTPAHCTBO ¢ HEHYJIEBOIH Mepoii () objiagaer cBoIi-
CTBOM MPSAMOI CyMMBI, H 1ycTh p — Jiapruar L>°(€2).

(1) Bekropuast pemerka M (S)) sBisiercst paciumpeHHbBIM K-POCTPAHCTBOM.

(2) Cemeiicro (f¢)eez semenros M(S)) 1mopsiikoBo OrpaHmYeHO CBEPXy TOIJA U
TOJILKO TOIJIA, KOIJIa CyllecTByer Takoe cemeiictso npeicrasureseii fe € fo (& € Z),
4TO SUPgez fe(w) < 00 mourn st Beex w € €1,

(3) Ecam mogmuoxkectBo F C M () cocront n3 moI0KHTETBHBIX 9JIEMEHTOB H I10-
PSZIKOBO OrpaHuieno csepxy, To Supgepoo p(f) € sup F, rie F® := {7f : m € Pr(M(Q)),
feF}NL®Q).

(4) Ecatn cemeiictgo (f¢)ccz smementon L*°(Q)) mopsiaxoso orpanmaeno B L™(§2), To

Supgcz p(fe) € supees fe n Infeez p(fe) € infeezfe.

< JlokazarenbcTBo yrBepxaenuii (1) u (2) umeerca B [59: 1.6.10]. YrBepxaenus (3)

u (4) MoxkHO u3BsIeub w3 [166: 1. 111, Teopema 3].  »

1.3.11. Ilycrs Q — mpocrpanctBo ¢ HenyseBoit Mepoit. Ecom A € B(Q) u f €
M(Q), to cumbosiom (A)f obosnauaercs noroueunoe npousseineHue XAf, e x4 —
xapakrepucrudeckasi pynknust muoxkectsa A. Eciim A € B(Q) u f € M(Q2), To cumBosiom
(A)f obosnauaercs kiaacc uz M(Q), comepxamuii Gynknuio (A)f mia HekoTropbix (a
rorja u s Jo6bix) upegcrasureteii A € A u f € f. Orobpaxenne A — (A)
ocytecTBsier u3oMopdusM Mex /1y OyJaesbivu ajarebpavmu B(€)) u Pr(M (Q))

Caenyroniee npejioykenue apasgerca pyHKIIOHATbHBIM aHAJIOTOM YTBEPKJICHUA TeO-
pemsr 1.2.12 (2).
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IMpennoxxenune. Ilycrs cemeiicrBo (A¢)ecs v1ementon B(2) amnpoxcumupyer €.
Torga mast mr0boit pyakmum f: ) — R umeror mMecTo caemyroiine cOOTHOIITEHMS:

(1) f € M(Q) roraa n Torpko Torga, korga (A¢)f € M(Q) mrs Beex € € Z;

(2) f ~ 0 roraa m TobKO TOrAA, Korga (A¢)f ~ 0 ms Beex £ € Z;

(3) ecam f e M(Q) u f >0, 1osupee=((Ae) )™ = f~ B M(Q).

1.3.12. Ilpocmpancmeom Kanmoposuua — I[lunckepa HazbiBaeTcs Besikoe K-1po-
CTPAHCTBO, cojiepzKaliee (pyH[aMeHT € JIOCTATOYHBIM YUCJIOM IOPS/IKOBO HEIPEPbIBHBIX

byHKIIMOHAIOB.

Teopema [60]. (1) Eciu @ — upocrpaHcTBo ¢ HEHyJIeBOH Mepoii, 00J1aJaro1ee
cBoiictBoM npsivoii cymmbl, To M () — npocrpancrso Kanroposnia — ITnHcKepa.

(2) Besikoe npocrparcreo Kanropopnia — IIuHCKepa JIHHEHHO H MOPSJKOBO H30-
moprO pynmamenty K-npocrpancrsa M (S)) it moaxoisiiiero npocTpaHcTBa ¢ Mepoii

(), ob.Jrajiaromero cBOHCTBOM MPSIMOI CYMMBI.

1.3.13. Teopema. Ilycrp ) — npocrpancrBo ¢ Mepoi, p — JHQTHHT IPOCTPAH-
crBa L®(Q) w7 :Q — @ — cooTBeTcTBYIOIEe KAHOHMIECKOe morpyskeHie ) B CTOYHOB-
ckuit KomnakT ) Gymesoii anrebper B(€)) (em. 1.2.13).

(1) Ilourn Berogy B ) onpejesieHHast BelecTBeHHAsT (QYHKIHS € H3MepUMa TOIa U
TOJIBKO TOrja, Korja e ~ f o T s mekoroporo snementa f € Co(Q).

(2) st smoboro kinacca e € M(S) cymecrsyer eanncrennast pyukims € € Coo(Q),
Jlafonasi npejcrapienne € B uge (€ o 7).

(3) Orobpazkenue e — € ocyecTBIsieT JTHHEHHbII, aIredpandecKii H MOPSIKOBBI
nzomopdpusm M () ma Coo(Q). Obparuserii nzomopdusm Coo(Q)) ma M () geiicrByer no
opasuy f— (for)™.

(4) O6paz L>°(Q2) npu uzomoppusme e — € copnajaer ¢ C(Q). s kazkgoro Kiacca

e € L>(Q) umeer mecro paBeHcTBo p(e) = €oT.

~

< Ilycte A — A — kanonmueckuii uzomopdusm B(Q2) na Clop(Q). Coruac-
1o 1.3.11 u reopeme 1.3.7 cymecrByer (u eamHCTBeH) Takoii m3omMopdusm e — € pac-
mmpennoro K-npocrpanctsa M(Q2) ma Cw(Q), uT0 XA = Xz 414 Becex A € B(Q).
Boyiermv B M(Q) cosokymmocts St(€) crymendaTnix kmaccos Buma . (A)AY, rae
A; € B(2) u \; € R. AnanornuneiM 0b6pazom onpemesnm mMuokectBo St(Q) C C(Q)
BeeBo3MOKHBIX cyMM » i1 (Ui)\i, tie U; € Clop(Q) u A\; € R. Ouesuno, otobpazkenue
s — § ocymecrssier uzomopdusm St(2) va St(Q). Mockosbky MuOKecTBO St(§2) mIoTHO
B L°°(Q) orHOCHTENbHO T-CXOAMMOCTH ¢ peryasitopoM 17, a St(()) paBHOMEPHO MJIOTHO
B C(Q), obpaz L>°() npu uzomopdusme e — & cosnagaer ¢ C(Q). 13 Treopempr 1.2.13

caenyer, 9to p(s) = § o 7 g Beex s € St(€2). VaurbiBas 970 06CTOSATENBCTBO, & TAKIKE
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UCII0JIB3Ys TOT (DAKT, 9TO 7"-CXOAUMOCTb Sy, — € ¢ peryjadaropom 17 Bjeder paBHOMEPHYIO
CXomuMOCTh p(Sp) =2 p(€), IpuXoauM K paBeHCTBY p(e) = € o 7 jjist Beex e € L(Q).
J1yist 3aBepliieHns JI0KA3aTebCTBA TeOPEMbI JOCTATOYHO MOKA3aTh BKJIOUYEHHE € O
T € e jus Kaxjaoro kiaacca e € M(Q). Cormacuo 1.3.3 mno6oit snement e € M(Q)
paszjaraeTcs B JIU3BIOHKTHYIO CyMMy 0-y . n(Ap)e OrpaHHYeHHBIX 37eMeHTOB (A, )e €
L>*(Q). Ocraercs 3aMeTUTh, 9TO € 0 T = (O—Zn€N<Kn)é) or ~ Y enp((An)e) ce.

Oynknus € € Cx(Q), coorBercTByomast kiaaccy e € M()) cornacuo 1. (2), Ha3bI-

Ba€TCd CMOYHo6CKUM ’ﬂp€06pa3060,H’U,€M €.
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§ 1.4. PemrieTo9YHO HOPMUPOBAHHBIE IIPOCTPAHCTBA

9ToT maparpad coaep:KUT OCHOBHBIE OIpe/Ie/IeHIsT U 0003HAUEHHUsI, CBSI3aHHBIE C Pe-
IIETOYHO HOPMHUPOBAHHBIMU IIPOCTPAHCTBAMHU, & TaKKe HEKOTOPbIe KIacCcHiecKue (PaKThl
Teopuu IpocTpaHcTB banaxa — KaHTopoBuua.

[Tousitue PHII 65110 BBeieno JI. B. Kantoposudem B 1935 1. u o3 Hee 60J1ee jieTaib-
HO paccmorpeno B monorpadun [60]. Hoseitue goctuzxkenus: B reopun PHIT B ocHoBHOM
ces3anbl ¢ paboramu A.[. Kycpaesa u ero yuennkos. [logpobnas madopmarus o coBpe-

MEHHOM COCTOSIHUH 9TOH Teopun umeercs B [24, 83, 84, 87, 95, 183-186].

1.4.1. PaccmoTpum BEeKTOpHOE MPOCTPAHCTBO U, BEKTOPHYIO pelteTky F u (yHK-
muio |-|: U — E. Tlapa (U,|-]) Ha3BIBaeTCS pewemouno HOPMUPOSAHHbM NPOCTNPAH-

cmeom nad E, ecom st mo0bx u, v € U m A € R umeroT MecTo caeayionme COOTHOIEHUST:

(a) lul > 0;
6) [ u| = |AlJul;
(B) lu+v] < |ul+|v];

(r) Ju] =0 rorga u Toabko rorma, Korga u = 0.

[Tpu sTom orobpazkenue |-| nmenyercst pewemounot (6exmoprot, F-snaunod) nopmot, a
npocrpancTBo E HazbiBaercs nopmupyrousets pewemkot. Bmecro (U, |-|) o6brano mumnryT
npocto U u B cirydae HEOOXOJAMMOCTH CHAOKarT cuMBOJ |-| mumekcom: |-|,. PHII U
HA3BIBAIOT PA3A0AHCUMbLM (d-PasaoncumbiLm), eCu JiJIs JTIOOTo deMenTa u € U u 1rboro
paznoxkenust |ul = f + g B cymMMy MOJTOKUTETHHBIX (COOTBETCTBEHHO U3 HIOHKTHBIX )
ssementoB f,g € FE wHaiigyrca takue v,w € U, aro |v| = f, lw| = g m v+ w =
u. B Hacrosiuieii pabore 110 yMOJYAHUIO IIPEJIIOIAIACICs, YTO BCE PACCMATPUBAEMbIE
PHII d-pa3moKuMbl 1 UX HOPMUPYIOIIHE PENIeTKH aBad0Tcs K-nmpocrpancrBamu. Kpowme
TOr0, 3a9acTyI0 YJI00HO Ipe/inoaraTrhb, 9To oopa3 nopmbl PHIT U MakcumaibHO HIHpPOK B
nopmupyiomeii pemmerke E, 1. e. {|u| : v € U} = E.

[Iycrs U — PHII nag E. TMoxmuoxkecrBo V C U uasweiBaercst (nopadkoso) oepa-
Huvernvm, ecan MHoxkecTBo {|v] @ v € V} nopsiikoBo orpanuueno B E. Toopdr, 4ro
anemenmo, u, v € U dussronkmuo, (u mumyr v L v), ecim |u] L |v]. Beskoe cemeii-
CTBO, COCTOsITIIee U3 TOMAPHO A3 BIOHKTHRIX daemenToB PHII, wazwiBaror dusstonkmmoim
cemetcmeom.

ToBopsiT, uT0 ceTh (uq) daementoB PHII U wan E o-czodumesa (r-crodumes ¢ peey-
aamopom e € E) x u € U (u mumyT v = o-limu, u coorBeTCTBEHHO U = T-lim Uy, ), ecau
B E meimonneno o-lim |ug — u| = 0 (r-lim Juq — u| = 0 ¢ perymsitopom e). Cerb (uq)aca
Ha3bIBAETCsl 0-(hyndamenmanvioti (r-gyndamenmanvnot ¢ peeyssmopom e € E), ecin
ceTh (Ug — UB)(a,B)cAxA O-CXOMUTCs (COOTBETCTBEHHO, T-CXOJUTCHA € PEryJIATOPOM €) K

uymo. Ecan cerp (2569 uf)@epﬁ ) O-CXOMMTCA K U € U, To cemeiicTBO (Ug)ccz HA3DI-

BAIOT 0-CYMMUPYEMBILM U IALLYT U = 0—2565 ug (31ech Pgn(Z) — coBOKynHOCTH BCex
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KOHEYHBIX HOJIMHOXKECTB Z). B ToM cilyuae, KOrja 3/eMeHTbI U¢ HOUAPHO JU3bIOHKTHBI,
BBhIDasKeHne O‘dea Ug HA3BBIBAIOT JU3BIONKINHOT CYMMOT.

COBOKYITHOCTb O-IIPEJIETIOB (7'-IPEJIEIOB) BCEBO3MOMKHBIX 0-CXOJAMUXCs (7-CXOJIsI-
IIUXCsT) ceTeil 9JeMeHTOB oAMHOKecTBa V C U Ha3bIBACTCS 0-3aMbKGHUEM (T -3aMbi-
Karuem) MHOKecTBa V. MHOXKECTBO HA3BIBACTCS 0-3AMKHYMOIM (T -3AMKEHYMbLM), €CTTH
OHO COBIIAJIAET CO CBOUM O-3aMbIKaHueM (r-3ambikanneM). [ToaMHOXKeCTBO U HA3BIBAETCS
o-naommvim (r-naomuovim) B U, ecim ero o-3aMblkanue (r-3aMbIKaHue) COBHagaeT ¢ U.

[peamonoxum, aro U — d-pasnoxkumoe PHII nax K-npocrpancrBom E u paccmoT-
PUM TPOU3BOJIbHBIN MOPSAKOBBIN mpoekTop m € Pr(FE). Jlerko yGeauThest B TOM, UYTO
JII000#1 3/1eMeHT U € U € IMHCTBEHHBIM 00Pa30M pa3/jaraeTcs B CYMMY U = U + W Tak, 4TO
[v] = 7lu] u Jw] = 7 |u]. O603HaumM craraeMoe v cHMBOIOM Ty . Torma oTobpaskenie
Ty : U — U aBasiercs muneitabiM poekropom. MuoxecrBo Pr(U) := {my : m € Pr(E)},
CHaOXKEeHHOEe TOPAJIKOM Ty < Py < Ty © pu = Ty, Opeacrasiger coboii OyneBy asred-
py, GyJ1eBbI Onepanui KOTopoii COBIAIAIOT ¢ olepanusMu, TpancanpoBanubivu u3 Pr(E)
orobpazkennem T +— 7. Todree roBops, Juist TOOBIX 7, p € Pr(FE) uMeoT MecTo coot-
romenns my A py = (7T A ply = my o py, 7y NV pu = (TV plu = Ty + pu — T ° py M
(my)t = (7 Yy = idy — my. Orobpaskenme 7 +— Ty ocymecTBisieT m3oMopbu3M Gy.te-
soit anre6pst Pr({lul : v € U}+) ma Pr(U), B cBasn ¢ vem nugexc U B 0603HAMEHUN
IPOEKTOPA Ty, KAK MPABIIIO, OffycKaercst. B ciygae pasencrsa {|ul : u € U+ = F (ko-
TOpOe OOBIYHO TOJPAa3yMeBaeTcst Mo yMoadanuioo) nzoMopduse anre6psl Pr(E) u Pr(U)
oToxaecTBisiiores. st Besskoro uw € U snementsl Buga mwu, rae © € Pr(E), nasbi-
BalOT ockoakamu u. Ilpoexrop (Jul|) obosnagaercs Gosee Koporko: (u). [lias mpous-
BOJIBHOTO nojMuOkecTBa, V C U cumBosiom (V) 0003HAYAETCS TPOEKTOP HA KOMIOHEHTY
{lv] : v e VI

Ecmn (ug)¢ez — mpousBosibHOE ceMeicTBO dieMeHTOB U, a (T¢)ecz — pasbuenue
eJIMHUIbI B OyJsieBOil ajiredpe mOPsIKOBBIX IIPOEKTOPOB, TO CyMMa 0—2565 TelUg (KOJIb CKO-
PO TAKOBAasl CYMIECTBYET) HAZBIBAETCS NEPEMEUUBAHUCM CeMEHCTBA (Ug)¢cs OTHOCHTETHHO
(m¢)¢ez. Ilyers V — noamuoxkectBo U. COBOKYIMHOCTH BCEBO3MOMKHBIX TepeMeITHBAHM
IPOM3BOJILHBIX (KOHEYHBIX) CEMEfCTB 1eMeHTOB V' HA3BIBACTCS YUKAUYECKOT 000404KO0T
(COOTBETCTBEHHO KOHEUHO-UUKAU%ECKOT 060404K0T) MHOZKECTBA V U 0003HAYACTCS CUMBO-
jioM mix V (coorBeTcTBeHHO Mixgy, V). Hukamveckyio 06010uky oobequaenns V' U{0} mbrt
Ha3bIBaeM d-3aMbiKaHUEM MHOXKECTBA V) U 0003HAYAEM CHMBOJIOM d). AHAJIOTUYHO CHM-
BOJI dg, V) uCnosb3yercs JJid 0003HAYEHUs] KOHEUHO-IUKJIMIECKONR 000JI0YKH MHOXKECTBA
VU{0}. MuoxkecTBO V Has3bBaeTCst YukAUYHOM (KOHEUHO-YUKAUYHbLM), ecn mix V =V
(coorBeTCcTBEHHO MiXf, V = V). Jlerko mpoBepuTh, 4T0 (KOHEYHO) MUKIHIECKAsT 000I0Y-
Ka MHOXKecTBa V) mpejcrapisier coboil HaumMeHbiee (KOHEYHO) IMUKIMIHOEe MHOYKECTBO,
cogmepxkariee V. O4eBUIAHO, A1 KOHEUHON MUKJIXNIHOCTH MHOXKECTBA V) JOCTATOYHO, UTO-

6BI OHO COIEPYKAIO CYyMMBI TV + Tw st mobwix v, w € V u 7 € Pr(E).
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1.4.2. Ilpemnosiokum, uro U nu V — PHII wag E u F' coorsBercrBeHHO, U 1IyCTh
J — JUHEWHBIT W NOpsSAKOBBIi m3oMopdusm E na F. Jluneitnwrit onepatop o: U — V
HA3BIBACTCS U30OMEMPUUECKUM GAOHCEHUEM, ACCOUUUPOSAHHBLM C j, €CIIN |Z(u)| = j(Jul)
qutst Becex u € U. COpBHEeKTHUBHOE M30METPUIECKOe BJIOXKEHNE HA3BIBACTCS U30MEMpPUer.
losopsit, uro PHII U u V wusomempuunov, eciu cymecrByiorT uzomopdusm F Ha F' u
ACCOIMUPOBaHHAsL ¢ HUM m3omerpust U va V.

B Tom cnyuae, kornma U u V — PHII wan omHoit u Toit ke pemrerkoit E, Bcskoe
N30MeTpHUIEeCKoe BjokKeHue ¢: U — )V 10 YMOJYAHUIO MPE/IIN0IAraeTCs aCCOMUUPOBAHHBIM
C TOYXKJIECTBEHHBIM U30MOP(MU3MOM: |z(u)| = |u| must Becex u € U. Tlpu HeobXOmUMOCTH
HO{IEPKHYTH MOC/Ie/IHEE 0DCTOSTE/IHCTBO Mbl Oy/eM Ha3bIBATH TAaKOe BiOKeHue F-uszo-
MEMPUYECKUM, & B CIyUae ero CIOPbEeKTUBHOCTH — FE-uzomempuetdi. COOTBETCTBYIOIIHE

PHII 6ynyT naswsiBaTbca E -usomempusuHvLmu.

1.4.3. PHII naseiBaercst nopadko6o noarvim uiam 0-noanvim (I -nosHvim), e Besi-
Kast o-pyHmaMenTanbaas (r-GyHIaMeHTATbHAS) CeTh €r0 SJEeMEeHTOB 0-CXOIUTCS (7'-CXO-
mqurest). Tosopsar, uro PHIT cuemno (ceksenyuaavho) 0-noano, €cii B HEM O-CXOJIUT-
cst Besikasi o-byHJaMeHTa bHast caeTHas ceTh (mociaegosarensnocts). PHIT massiBaior
d-noanbLm, eCiIi BCSIKOe OIPAHHYEHHOE JINFBIOHKTHOE CeMeHCTBO ero 31eMeHTOB 0-CyMMHU-
pyemo. IIpocmparncmeom Banara — Kanwmoposuua (ITBK) maseiBaercst d-pazioxumoe
o-nonoe PHII man K-umpocrpamcrBom. MoxkHo moka3arh, 4To Besgkoe [IBK aBisercs

pazyoxkuMmbeiM PHII.

IIpengoxxenune [94]. Hopmupyromas pemerka E sroboro IIBK U siisiercst K-npo-
crparctBoM 1 {|u| :u e U} = {e € E: e > 0}.

Teopema [83]. Paszuoxumoe PHII nax K-npocrparcrBom o-nosso (T. e. siBJIsi€Tcst

[TBK) rorja u TOIbKO TOra, KOIja OHO d- H T -IOJTHO.

[Iycrs U — (d-paznoxkumoe) PHIT wax E. Bekrtopuoe mogmpocrpancrtso V C U
HA3bIBACTCS PEWEMOUHO HOPMUPOBAHHBIM NOONPOCMPancmeom U, ecim OHO d-Pas3i0zKUMO
OTHOCUTEJTHHO HOPMBI |~”y: V — E. Ecin F'— unean (dbyHIaMeHT) BEKTOPHOIT perreTku
E, 1o muo)kectBo Up = {u € U : |u| € F} naswiBaerca udearom (Pyrndamermon)
PHIT U. Ecim F' — wnnean E, nOpoXKJIEeHHBIH 3J1€MEHTOM € € [, TO COOTBETCTBYIOIIEe
eMy MHO)KecTBO Up HasbiBaercs (2aashvum) udeasom U, nopostcdernnom e. Mnean Ur no
ymosrdanunio paccmarpusaercsa kak PHIT wan F' orHocuTe/1bHO HOPMBbL |||F Ur — F.

NzBectno, uro mnga awoboro PHII U wan K-npoctpancTtBoMm FE cylecTByeT €IMH-
CTBEeHHOE ¢ TOYHOCTBIO0 10 F-m3omerpuu 1IBK U man E, comepzxatiee U Kak 0-ILTOTHOE
peNeToYHo HOpMEpOBaHHoe moanpocTpancTso (cM. [95: 3.10; 52: 2.8]). Taxoe TIBK U

Has3blBaeTca o-nonoaneruem PHIT U.
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[IBK naj pacimupennbim K-nipoctpancTBoM HasbiBaercs pacusupennowm [TBK. Besi-
koe [IBK sBisiercss byHIaMEHTOM HEKOTOPOTO (€IMHCTBEHHOTO ¢ TOYHOCTHIO JI0 H30MeT-
pun) paciupentoro [IBK, koropoe HaspiBaeTcst €ro mMakcumaivioum pacwuperuem. JIo-

ooit nneas IIBK asngerca IIBK.

1.4.4. Tosopsar, uro dyumnamentsl £ u F' pacmupennoro K-mpocrpamcrsa G obpa-
3yI0T dyasusupyrowyro napy, ecan ugean B := {e* € G : ee* € F' s Beex e € E} aB-
asiercst byngamentom G (o mpoussesennu saementoB K-npocrpancrsa cm. 1.3.7). Ilycrs
U — PHII maxg E. Ob6o3naunm depe3 U™ COBOKYIHOCTH BCEX JIMHEHHBIX OIEPATOPOB

u*: U — F, J1J1st KOTOPBIX CYIIECTBYET TaKO MOJIOKUTEJbHBIN 3j1eMeHT €* € F* | uro
[{(ulu™)| < |ule® ns Beex u € U. (%)

st kazkgoro u* € U™ cymiecrByeT HaMMEHbIIUI 110JI0KUTe/IbHBI jiement ¥ € E*
VIOBJIETBOPSIIOIIUIT COOTHOIIEHUIO (%), KOTOPBI Mbl 06o3HauuM vepe3 |u*|. IIpocrpan-
crBO U™ B nape ¢ orobpaxkenuem u* — |u*| aBasiercs PHIT nayx E* w naseiBaercss PHIT,

CONPAHCEHHBIM K U.

Teopema [83]. s smoboro PHIT U coorsercryiomee conpstkennoe PHIT U*

upecrapisier coboii [IBK.

1.4.5. Ilycre E — pacmupennoe K-npocrpanctso n (E¢)¢ez — HekoTOpoe ce-
MefiCTBO NONapHO AH3BIOHKTHBIX Hieanos L. Cumponom Pecz Ee obosnauaercs uiear
K-npoctpancTBa E, cocTosiuii u3 Bcex 3JIEeMEHTOB € € F| yI0BIeTBOPSIIONIUX COOTHOIIIE-

umio (Eg)e € B nns xaxgoro € =. Odenjino, 9ro

D E = {OZ ee © (eg)eez € [] Es}-

£eE e= ez

IIpeanonoxum, uro ais Kaxaoro § € = umeerca PHII Ug nan Ee. Hecioxno yoeaurbes
B TOM, 9TO BEKTOPHOE MPOCTPAHCTBO H£€E Ug npencrapiger coboit PHII nan @565 E¢
OTHOCHTEJILHO HOPMBL |(ug)eez| = 0—Z§€E|u5|. Oto PHII obosnadaercs cumsosioMm

D¢cz U n nasvisaercs dussionkmnot cymmot cemetiemea PHIT (Us)eez.

1.4.6. Ilycte U — npoussosbhoe (He obsizaresbao d-passozkumoe) PHIT wax Bek-
topuoit pemerkoit E. IlpemmonoxnM, uro d-pasnoxumoe PHII U nax E comepxur U
KaK TOMITPOCTPAHCTBO C WHIYIMPOBAHHON HOPMOii. Bymem rosoputs, aro PHIT U max
E asasiercs d-pazaoscumots 06oaoukot U, ecin dgad = U, 1. e. U upencrasisier coboit
MuHEMaJbHOE d-pazioxkumoe PHII, comepxkaree U Kak MOAIPOCTPAHCTBO C UHJLYHPO-

BaHHOW HOPMOW.
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ITpenmoxkenune. I[Ipeiaiosioxkum, 9T0 B BEKTOPHOI penierke E uMeroTcst mopsiiko-
BbI€ IIPOEKTOPHI HA IJIaBHBIE KOMIOHEHThI. Torya Jiroboe (He 0bs13aTeIbHO d-pas3ioKuMoe)

PHII U vax E mmeeT e IMHCTBEHHYTO C TOYHOCTBIO JI0 H30METPHH d-pa3JIOKHMYIO 0007104-

KY.

<« Jlg mocrpoenns d-pa3ioxKuMoii 000JI0YKE MBI IIPUBIeUeM cXeMy (hopMaIbHBIX
IepeMenuBaliii, TPAUIHOHHO UCIOIB3yeMYIO B OJ00HBIX cuTyanusx (cp. [26, 27, 95]).
O6o3HauUM depes U COBOKYIHOCTL BCEBO3MOKHBIX KOHEUHBIX CeMeficTB (s, ul))z o d7e-
merToB Pr(E) X U rakux, uro (m;);c; — pa3buenue euHuibl B 6yaeBoit aarebpe Pr(E).
BieseM Ha U OTHOUICHHE SKBUBAJICHTHOCTH, HO0I0KIB ((m, ui))iel ~ ((pj, Uj))je] B TOM
U TOJIbKO TOM CJIydae, ecJiu mpjlui - vjl =0 st Beex i € [ uj € J. Tomoxum U
PaBHBIM (bAKTOP-MHOKECTBY U [/~ 1 YCIOBIMCS 0G03HAUATD KJIACC SKBHBAJIEHTHOCTH, CO-
JIepZKAIUil CeMeiiCTBO ((m, ul))ze 7 Tepes » oy ;. OTOXIeCTBIAA 31emMenThl u € U ¢
<omHOuTeHaMu> lu € U, MBI Gynem canrtarh, uto U C U. Jlerko ybeantses B ToM, aTo U

npejcrasisier coboit PHII nan £ orHOocuTe/IbHO Onepariuii

Zmui—l—ijvj = Z mipj(u; + vj),

iel jeJ iel jeJ
A E T U; -= E Wi)\ui,
el el
> mig| =Y milugl
1€l el

u gBJsgeTcs d-pas3noKuMoit 00607109Koit (. EIMHCTBEHHOCTH d-pa3ioKuMO#l 000J0UKH

OUYeBHIHA. P

1.4.7. llycts E u F' — K-npoctpanctBa u Y — PHII nag E. Ilpeanono:xxum, 9To

dbyuknusa S: E — F yaoBiaerBopsier CJIeyIONIM YCIOBUSIM:

(a) S(e;p +ez) < Sey + Sey jist A06BIX MOJTOKHUTEIBHBIX €1, €y € E;
(6) S(Ae) = ASe mist 106BIX TONMOKUTENBHBIX € € ' u A € R;
(B) ecam 0 < e < ez, 10 Sep < Sey.

Pacemorpum BekTopHoe nojanpocrpanctso Uy := {u € U : S|u| = 0} u yciosumces: 06o3Ha-
JqarTh KJIacC sKBuBaseHTHOCTH U3 U /Uy, corepxkaniuii smement u € U, depes Syu. Jlerko
yOeauThes B TOM, uTo npocrpanctso U /Uy npeacrasasier coboit PHIT uax F' orHOCHTE B
1o HopMmbl |Syu| := S|lul|. 3amerum, uro PHIT U /Uy moxer He GbITh d-pas3jioKuMbIM
(HaHpHMep, Beryaae U = E=F =R? u S(x,y) = (a:,x)) Mgl 6yaem Ha3bIBaTh d-pas-
noxxumMyio obonouxky PHIT U /Uy nopmamuenvm npeobpaszosaruem U nocpedecmeom S u
obo3HavyaTh ee cuMBoJioM SU. Jluneiinsiit oneparop Sy : U — SU HaswBIBaeTCS 0nepamo-

POM HOPMAMUBHOZ0 Npeobpasosanus U nocpedcmeom S.



Tnasa 1. IPEJIBAPUTEJIbHBIE CBEJIEHUS 115
§1.5. Annpoxcumupyrousue nodMHOHCECTNEa

§ 1.5. AnnpokCcuMupyoIiue moIMHO>KECTBA

W nest nopsiIKOBO# annpoKCUMAIlMU, pa3dBuBaeMasi B 9TOM maparpade, oKkas3blBaeTcs
JIOBOJILHO ITI0JIE3HOII KakK ¢ TouKu 3penus obmieit Teopun PHII, Tak u npuMeHnTEIHHO K ee
crenuabHbIM pasjesaM, cBga3anubiM ¢ rnonojHenusivu PHIT u npoposkenusavu jnneii-
HBIX onepaTopoB. OmUpeaesnB NOHATHE MOPSIKOBO alIPOKCUMUPYIONIETO TOIMHOZKECTBA
PHII, mb1 3aTeM npejjiaraeM ero 3KBUBaJICHTHBbIE ONUCAHUS B TEPMUHAX CXOJUMOCTEH
pasnoro poga. Hekoropas moaudukamus BBeJEHHOIO IMOHATHUS ITPUBOIUT K TaK Ha3bl-
BaeMbIM h-anmpoKCUMUPYIOMUM MHOZKeCTBaM. V3ydaembie B 9TOM maparpade OCHOBHBIE
CBOICTBA TAKMX MHOYKECTB OyJIyT aKTHBHO WCIIOJIb30BAHBI B TaBe 6 g UCCTIeTOBAHUS

OlIEPATOPOB, COXPAHSIIONIUX U3 BbIOHKTHOCT.

1.5.1. Jlemma. Ilycte U — PHII wmag K-npocrpancrBom E m ) — KOHEYHO-
mukmaHOe moaMHaoXkectBo U. Torma jist Besikoro u € U maiigercest takast ceth (Vg)acA
ssemenTos V, uto cerp (|u — Ual)aeA yobiBaer u {|u — vy | : 0« € A} ={Ju —v] : v € V}.

B gacraoctn, |u — vo| | infyey |u — v].

<« IIpeamnosoxkum, 910 OAMHOXKECTBO V C U y/10BJIETBOPSET yCJIOBUSIM JIEMMBI, 1
3adUKCHpyeM MPOU3BOIbHEIN 3JieMeHT u € . BBemeM Ha V OTHOIIEHHS SKBUBAJIEHTHOCTI

U IpeJopsijiKa cjeayionumMu hopMy/IamMu:

ve~yw & |u—o] =u—wl,

vw & |u—v|=|u—w|

st mo6erx sseMeHToB v, w € 1V MOXKHO moz00parh Takoii npoekrop m € Pr(E), uro
|u— (7o + WLw)l = |lu—v| A Ju—w]|. C yueTroMm KOHEUHON MUKJIUIHOCTH V) TO O3HA-
qaeT, 4TO MpeynopsigodeHtoe MuoxkecTBo (V, <) Hampasieno Bepx. Torma dakrop-
MHOKeCTBO A := V/~, cHabOxkeHHOE (DAKTOP-TIOPSIIKOM, SIBJISIETCS HAITPABICHHBIM BBEPX
YTHOPSIIOYeHHBIM MHOYKECTBOM. BhIOupast B KayKI0M KJIacce dKBUBAJEHTHOCTH & € A 110

SJEMEHTY Vg € (v, TIOJYIAeM UCKOMYIO CEThb (Ug)acA- W

1.5.2. TIlycts V — noamuozkecrBo PHITU. Byem roBoputh, 4o MHOZKECTBO V) (n0-
pAadkoso) annporcumupyem aaemenm v € U, ecaim infyey |u —v| = 0. Byznem rosopurs,
aro V (nopadkoso) annpoxcumupyem muoscecmeo YW C U, ecau )V anlpoOKCUMUDPYET
kazkapiii saement W. Tloagmuoxkecrso PHIT U nazsoBem (nopadkoso) annpokcumupyio-
wyuM, eciu oHO ammpokcuMupyeT . IlpumepoM ammpOKCHMHPYIONEro MOJIMHOKECTBA

PHII moxker ciy)uth J11000ii ero (pyHaMeHT.
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ITpennoxeune. Ilycre X, Y w Z — nomvuuoxecrsa PHIL. Ecin X annpoxcumvun-

pver Y, a Y amnnpokcuvupyer Z, 1o X ammpoKCHMHDPYET Z .

<« PaccmorpuMm npousBosibHbLil 3jieMenT 2 € Z, 0bo3naunM inf,ecx |z — z| yepes e
M TPeJION0KAM, BOIPeKH JoKasbiBaeMoMy, uTo € # 0. Ilockomeky inf,cy |y — 2] = 0,
Hali Iy TCst 37eMeHT Yy € Y U MOpsiIKOBBI mpoeKkTop p Takue, 9o ply — z| < pe/2. Ana-
JIOTUYIHO B cuty paBeHcTBa inf,cx |x — y| = 0 naiigyrca snement © € X u HOPSIKOBBI
npoekTop T Takue, uro wlr — y| < mwpe/2. Cremyronime mpoOTHBOPEYUBBIE COOTHOIIEHS

3aBEPIIAIT JOKA3ATEIbCTBO:
wpe < mplr — z| < wplx —y| + wply — z| < wpe/2 + wpe/2 = wpe.  »

1.5.3. Ilpengyoxenune. I[lyctp V — nojamuoxkectso, a u — 3sjaement PHII. Mno-
JKeCTBO V) allpOKCHMHUDYET U TOTJa H TOJIBKO TOTJIa, KOTJIa U SIBJISIETCST O-IIPeJIeJIOM HEKO-

TOPOIT ceTu 3JIeMeHTOB MixXgy V.
<« Heobrodumocmo. Ecnu V annpokcumupyer u, TO
inf{|u —w]| : w € mixgy V} =0.

[Tosromy B cmiy 1.5.1 cymecrByeT Takas ceThb (Wq)acA 3TEMEHTOB MiXg, V, UTO
[u—wal 0.

HHocmamounocms.  Ecim u gBisgeTcs o-mpeaesioM CeTH 3JeMEeHTOB MiXgn V, TO
mixg, V ammporcumupyer u. OcTaeTcs 3aMeTUTh, YTO V alIpOKCUMHUPYeT MiXg, V, H

BOCTIOJIb30BAThHCS MpeJIIoKeHneM 1.5.2.  »

CaeacrBue. Ecin moamuoxkectso V PHII U konedHO-mUK/IMYHO, TO €ro 0-3aMbIKa-

HHE COCTOHT U3 BCEX 3JIeMEHTOB U € U, alllIpOKCHMHDPYEMBIX MHOXKECTBOM V.

CaeacrBue. FEcan moavmuoxkectBo V PHII U konedHO-mEK/IHYIHO, TO €ro 0-3aMbl-
KaHHe 0-3aMKHYTO H, CJEJ0BATE/IbHO, SIBISIETCS HANMEHBIIHM O-3aMKHYTBHIM IIOMHOKE-

crBoM U, conepzkamium V.

<« DBpiTekaeT U3 mpeaplymiero cjae/CTBUS U Ipe/ioxkennd 1.5.2.  »
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1.5.4. Ilpengyoxkenune. Ciexyromue cBoiicrBa nogmuoxkecrtsa YV PHIT U sksuba-

JICHTHBI:

(1) V — anmpokcumupyiorree moaMHOKeCTBO U ;

(2) ams mroboro mpeara Uy C U muo)kecTBO dgy ) MUY o-mmorao B Up;
(3) mmoxkectBO dgyV o-miorao B U;
(4) dgyV — anmpokcuMupyroree HoIMHOKECTBO U.

<« UWvmmkanun (2)=(3)=(4) ouesBuaupr.  Ocraercs jgokaszarb, uro (1)=(2)
u (4)=(1).

(1)=-(2). Ilpeanonoxkum, aro mogmuoxkectBo V C U ynosrerBopsier yciosuio (1),
3aukcupyem npousBosibHbI naeas Uy C U u ero ssnement u € Uy, 0003HATIUM MHOKECTBO
dgnV NUy qepes W u nonoxum e = inf,ecyy |u — w|. OueBuano, aro e < |u|. Cormac-
Ho 1.5.1 cymecTByer Takast ceth (Wq)aca d7MeMeHToB W, ato |u — we| 4 e. Ocranocn
nokazarb, uro € = 0. Ecau e # 0, 1o B cuity npejgioxenus 1.5.3 Haiigyrcs w € mixg, V
u m € Pr(E) makue, uro wlu —w| < me. HepasencrBa |mw| < |mw — wu| + |7u] <
e + |u] < 2|u| obecreunBaror BrIOUeHWE TW € VW, M, TakuM 00pa3oM, UMEIOT MeCTO
IPOTUBOPEYMBBIE COOTHOMIEHU Te < Tlu — Tw]| < Te.

(4)=(1). O6o3HaYTIM MHOKECTBO dfy, )V depe3 YV U HPeANnoNoKIM, 9TO OHO AIMPOK-
cumupyer U.

O6o3nauuMm inf,cp |v]| 4yepes e u gokaxkem, yro e = 0. Eciau 310 He Tak, TO

Halifercs snemenT u € U, ymosiaerBopsomuii HepaBernctBam 0 < |u| < e/2. Tlo-

ckoaIbKY infyew |u —w| = 0, waiiagyrcs nmopsiakoBeiii mpoekTop m # 0 u 3jeMeHT
w = muy + -+ v, € W (v € V) rakue, uro molu —w| < molu| s Beex
0 # mg < m Hcuo, uto 7w # 0, mw modromy p = m A 7T F# 0 I HEKOTO-

poro i. Temepnr HepasencrBa plu —v;| < plu|] < pe/2 upuBOAAT K IPOTHBOPEUHUIO:
pe < pluil < plu —vil + plul| < pe/2 + pe/2 = pe.

Takum obpasom, inf,ey |v| = 0, orkyna cieayer, uro V anmnpokcumupyer V U {0}.
MuozkecrBo ke V U {0}, oueBuaHo, annpokcumupyer dg,), KOTOpoe, B CBOK OYepe/b,

armmporcumupyer U. Ocraercs mpusiedsb npeaiokenune 1.5.2.  »

Bameuanue. 3amena dg,V Ha mixgy V B ycjaoBun (2) HOCJHEJIHErO 1HPEJJIOKEHUsI
MOZKET NPHUBECTH K HEIKBUBAJEHTHOMY YTBED:KJIEHHIO y:ke B ciaydae U = FE. JleiicTBu-
TEJIbHO, COBOKYITHOCTH V BCEX CXOASIIUXCS K €IUHUIE YUCIOBBIX IOCIEI0BATEIHHOCTER
SIBJISIETCST AIIIPOKCUMUPYIOIIMM TIOAMHOXKeCTBOM K-nipocTpancTBa U Beex 1OC/Ie10BATE b
HOCTEil, OJTHAKO COBIAJaolee ¢ V MHOXKECTBO MiXg, V UMeeT IycToe Iepecevdenune ¢ (pyH-

nmamenToMm Uy C U Bcex 11ocie0BaTeIbHOCTEMH, CXOASIINXCS K HYJIIO.
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1.5.5. Jlemma. Ecjm )V — annpokcumupyroiee mogMmuoxkectBoU, e € E un € N,

TO HAIIETCs 3JIeMeHT w € mix V, yjosaerBopstominii HepaseHcTBy (e)|u — w| < e/n.

<« IIpeanosnoxum, uro U u V yaoBJIeTBOPSIOT YCJIOBUSAM JIEMMbl, U PaCCMOTPUM
npou3BOJbHBIE d7MeMeHTH u € U, e € - u n € N. Cornacuo 1.5.4 Haiigercss ceTb
(Vo) ac A PTIEMEHTOB MiXgy V, 0-CXOAAMAACS K U. MOXKHO CYUTATH, YTO 3TA CETh MOPSIKOBO
orpanndena. B cmry 1.3.3 (1) nmeercss Takoe pasbuenne eIuHUIBI (T )qacA B Oy/IeBOi
anre6pe Pr(E), uro nl{e)|va —u| < e/n upu Bcex a € A. $cHo, uto cymma w =

n :
0-) e A Tala ABJILAETCH HCKOMBIM 3JIEMEHTOM mix V.  »

1.5.6. [IlIpemnosioxkum, uro B HOpMuUpyIomeM K-nipoctpanctse PHIT ¢gpukcuposana
nopsijikosas eaununa 1. Torja r-cxoguMocTs ¢ peryisrTopom 1 Oyjier Ha3bIBATHCH Pas-
Homephoti crodumocmubio B 3roM PHII. Amamormunbim oopasom B Takom PHII BBoggTCS

IMOHATHA pa@HOMepHO'IZ nAOMHOCTNMU 1 PABHOMEPHO20 3AMBIKAHUA.

ITpennoxxenune. Ilycts V — noamuO)KecTBO, a u — saement PHII wax K-nmpoctpan-
CTBOM C MOPSAKOBOI equHHIei. MHoxkecTBO V alllpOKCHMHPYET U TOI/Ia H TOJIBKO TOIJa,
KOIJ[a U SIBJISIETCSI PABHOMEDHBIM TTPEIeIOM HEKOTOPOH IOC/IeIOBATE/IHbHOCTH 3JIEMEHTOB

mix V.

<« HeobOxommMmocTh sB/IsieTCS HEIOCPEeICTBEHHBIM CJeACTBHeM JieMMbl 1.5.5, a J0-
CTATOYHOCTh YCTAHABJIMBAETCS IO TOW »Ke cXeMe, 9YTO W B J0Ka3aTeJIbCTBE TpPeJIo¥Ke-

nug 1.5.3. »

1.5.7. TIlpengyoxkenune. Ciexyrorrne cBoiicTBa moavuoxkecta V' d-moaroro PHII

U Has K-ipocTpaHcTBOM ¢ HOPSIJAKOBOH €JHHHUIIEH SKBHBAJJIEHTHBI:

(1) V — anmpokcumupyroree moaMHOKeCTBO U ;

(2) st smroboro mipeana Uy C U muoxkecto dV N Uy paBrHOMEpHO 110THO B Up;
(3) mmuO2kECTBO AV paBHOMEPHO MIOTHO B U;
(4) dV — anmpokcumupyroree moIMHOKeCTBO U.

<« Ipeanonoxum, uro PHII U wax E ynoiaeTBopseT YCJIOBUIM IpE/JIOKEHUS H
1 — mopsiakoBast equanna B E. Vvmumkannu (2)=>(3)=>(4) oveBUIHBI, & NMILTHKAIAST
(4)=(1) ycranasiamBaercs 110 TOIf yKe CXeMe, 9TO U B JOKA3aTeIbCTBe IperoxKenus 1.5.4.
Ocraercs nokazars, 4ro (1)=(2).

[IpeanonokuM, 910 MOAMHOKeCTBO V C U ynosaerBopser ycaosuto (1), 3adukcu-
pyeM mpou3BOJIbHBI naeas Uy C U n obosradnm MHOKecTBO dV N UG depe3 W.

[Tokaxkem, uTo muOxKecTBO VW anmnpokcumupyet Uy. Lns sToro mur 3adurcupyem

LHPOU3BOJIbHBINA 31eMeHT U € Uy, nostoxkum e := inf,cyy |u — w| u ycranosum pasenHcTBo
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e = 0. Ecom e # 0, to B cuy 1.5.6 naiinyres w € mixV u m € Pr(F) rakue, 4ro
mlu —w| < me. OueBnano, uro e < |u|. Hepasencrsa |mw| < |rw — mul| + |7u] <
e + |u]l < 2|u| obecieunBaror BriIOUeHHE Tw € W, U, TakuM 00pa30OM, MMEIOT MECTO
IPOTUBOPEYNBBIE COOTHOMIEHNSA Te < T|u — Tw]| < 7e.

[Tockosibky VW annpokcumupyet Uy, B cuty 1.5.5 cylmecTByeT Takast Mocje0BaTe b-
HOCTH (W, )peN 1ementoB mix W, aro (u)|u — wy| < (Ju] A 1)/n ais sBeex n € N. cno,

9TO MOCJICIOBATETbHOCTD ((u)wn) COCTaBJIeHA U3 371eMeHTOB YV U r-CXOJuTCd K U C

neN
peryagropoMm 1. b

Bameuganue. 3amena dV mHa mix V B ycaoBun (2) moc/aefHEro Npe/iozKeHis MOKeT
HPUBECTU K HEIKBUBAJEHTHOMY YTBEpPzKJIEHUIO yKe B ciydae U = E. leiicTBuTe ibHo,
COBOKYITHOCTH V) BCeX YHCJOBBIX TOCTIEI0BATEJbHOCTEN, OTJUYHBIX OT HYId B KaxK/IOM
qJieHe, SBJSETCS AlNMPOKCHMHUPYIONNM TTOAMHOXKeCcTBOM K-mpocTpancTBa U Bcex moc.re-
JIoBaTeTbHOCTEl, O/THAKO COBHAAIONIEe ¢ V) MHOYXKECTBO miX V UMeeT MyCcToe Mepecevenne

¢ dbynaamentom Uy C U Bcex mocieI0BaTEIbHOCTEH, YCTaAHABIUBAIONIUXCA HA HY.JIE.

1.5.8. Ilpengyoxxenune. Ilycts V — noamuOXKecTBO, a u — 3jaemerT PHIL. Muo-
JKecTBO V alllpoOKCHMHUDPYET U TOTJ[a H TOJBKO TOI/1a, KOTJa U SIBJISIETCSI T-TPeAeJI0M HEKO-

TOPOI 1OCJIE[0BATE/IBHOCTH 3JIEMEHTOB Mix V.

<« Jlocmamounocms. Tlpeanonoxkum, 9To )V ammpokcuMupyeT u. PaccMoTpum 1mpo-
U3BOJIbHBIN 3/1eMeHT v € V u nonoxkum e := |u| V |v]. Ham mocratouno 3adburcupoBatsh
n € N u naiitu ssement w € mix V, yjaosiaerBopsiioniuii HepasencTsy |u — w| < e/n.
Corutacuo jiemme 1.5.5 cymecTByeT 3jieMeHT wy € mix V), yJI0BA€TBOPSIONINI HEPABEHCTBY
(e)]u —wo| < e/n. dcno, uro cymma (e)wg + (e)-v mpunammexuT mix V, copnagaer c
(€)wy M TeM caMbIM SIBJISIETCSI KCKOMbBIM JIEMEHTOM 0.

Heobxodumocms ycTaHaBIUBaeTCd TakK Ke, KaK U B mpejioxkenun 1.5.3. »

1.5.9. Ilpeagyoxkenune. Cuexyrorrnue cBoiicrBa mogmuoxkecrna V' d-moarnoro PHII

U 3KBHBAJICHTHBIL:

(1) V — anmpokcumupyiorree moaMHOKeCTBO U ;

(2) st smroboro mpeana Uy C U muozxkecrso dV N Uy r-mmorHo B Up.
(3) mmO)kecTBO dV r-mIoTHO B U;
(4) dV — annpokcumupyroree moaMHOKECTBO U.

<« Uvmmukamun (2)=-(3)=(4) oueBuaHbI, 9KBUBaIEHTHOCTH (4)<>(1) ycTanosiena
B petokennu 1.5.7, a qokazareaberBo nMinkannu (1)=>(2) 10CcaI0BHO TOBTOPSIET T0Ka-
3aT€JIbCTBO AHAJIOIMYHON MMILIMKAIUK B 1IIPE/JIoZKeHnn 1.5.7 ¢ €JIMHCTBEHHBIM OTJIMYUeM:

1 cnenyer 3amenuts Ha |u|. »
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Bameuanue. 3amena dV na mix V B ycsiosun (2) moc/ae Hero npejiozKeHust MOXKeT
IPUBECTH K HEeSKBHBAJEHTHOMY yTBepxkjienuto. (CooTBercTByIOmuil IpuMep HMeeTcs B

3aMedanuu 1.5.7.
1.5.10. B panbreiimem HaMm noTpedyeTcs HEKOTOpas Moaudukaius Teopemsr 1.3.3.

Jlemma. Ilycrb (eq)aca — cerb smementoB K-npocrpancrea E ne € E.

(1) Cerb (€q)acA O-CXOAUTCS K € TOLJA H TOJBKO TOIJA, KOLJA OHA ACHMII-
TOTHYECKH OrpanmdeHa u B Oyiepoii ajrebpe Pr(E) mveer mecro coorHomenmne
o-limaea(d)(|eq — €| > d) = 0 g Beex monoxurensabix d € E.

(2) Ilyctb D — MHOXKeCTBO MOJIOZKHTEJIBHBIX 9JIeMeHTOB E Takoe, 110 KOMIIOHEHTa
DY+ comepxur e m Bee wremst cern (eq)aca. Ecam cerb (€q)acA ACHMITOTHYECKH

orpanmena n o-limyea (d)(leq — €| > d/n) = 0 gz Becexd € D un € N, 10 o—lirr/i eq = e.
ac

< (1) TIpoBepka HEOOXOMUMOCTH CHOPMYIUPOBAHHOIO KPUTEPUS CXOJUMOCTH He
PEJICTaBJIsSIeT TPY/A, & ero J0CTaTOYHOCTh BhITeKaeT u3 (2).

(2) Iycrb uHmEKC & € A TAKOB, 9TO MHOKECTBO {€q : v > &} orpanndeno. [Tomoxnm
e = infa>a SUpg>, |65 — e’. Ecan cethb (€q)aca HE CXOMUTCS K €, TO €9 > 0, U ModTOMYy
naiigyres m € Pr(E), d € D u n € N rakue, uro 0 < wd/n < eg. Torma s KazKioro

HHAEKCA @ = (@ IMeeM

sup(d){|eg — e| > d/n) = <d)<221; leg —¢| > d/n> >,

Bza

aro nporusopednt cxomumocru (d)(|eq — €| > d/n) x Hymo. »

CanencrBue. Ilycrs B K-npocrpancrBe E wumeercst mopsiikosasi ejuHuia 1,

(éa)acA — ACHMIITOTHYIECKH OTDAHHIEHHAs ceTh 3ieMeHToB E me € E. Torga O—liHA eq =
ac

€ B TOM H TOJIBKO TOM CJIydae, ecii B OyneBoii aarebpe Pr(FE) umeer Mecto coOTHOIIEHHE

o-lim{leq — €| > 1/n) = 0 gt Beex n € N.
acA

YemoBue acUMITOTHIECKON OTPAaHTIEeHHOCTH, (bUTypupyomiee B chopMyInpPOBAHHBIX
BBIIIE yTBEDZKICHUSIX, SIBIAETCS CyIeCTBEHHbIM. JleficTBUTeIbHO, yCTh ceTh (Ta)acA

HOPSA/TKOBBIX IIPOEKTOPOB U 3JIEMEHT € € F TaKOBBI, 4TO O- lirr/i To = 0u mee # 0 11a Beex
(o1

a € A. Cuabmaum npoussejienne A X N jekcukorpaduaecKum mopsiKOM:
(a,m) < (B,n) © a<pfum (a=pFum<n).

Torma 0—( l)im (d)(|nmae|l > d) = 0 mus Beex nonoxurenbusix d € E, oxnako cerb
a,n)eAxXN

(nﬂae)(am)e AxN He dBIgeTcd aCAMITOTHYCCKH OTPAaHUYeHHOI 1, CJIeI0BATeIbHO, He HMe-

€T IMOPAAKOBOI'O IIpe/ieia.
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1.5.11. HeckoJ/IbKO YyIIPOCTUB JI0OKa3aTe IbCTBO JieMMbl 1.5.10, MOZKHO OJIy4UTH CJIe-

JIYIOTIee yTBepK/IeHue.

Jlemma. Ilycts (e¢)cez — CeMelicTBO IIOJIOKHTEIBHBIX 31eMenToB K-1pocTpancTsa
E.

(1) Papencrso inf¢cz e¢ = 0 BEIIOIHEHO TOI/Ia H TOJIBKO TOIJA, KOIjia B Oy1eBoil aJ-
reope Pr(E) nmeer mecro coornomenmne infecz(d) <e§ > d> = 0 415 Bcex MOJIOKHUTE/IBHBIX
de b.

(2) Ilyctp D TaKoe MHOXKECTBO IIOJIOXKHTEJBbHBIX eMeHToB F, 410 ¢ € DL s

Beex £ € E. Eca infeez(d) (e > d/n) =0 szt Bcex d € D un € N, 10 infeez e = 0.

CaencrBue. Ilyctp B K-mpocrpancrBe E wnmeercss mopsiakoBas eaumHuIa 1 u
(e¢)eez — cemericTBo nosioxknTebHbIX diemenToB I, Torna infecz ¢ = 0 B TOM 1 TOIB-
KO TOM cJIy4ae, ecii B OyneBoii anrebpe Pr(E) mMeer MecTo coOOTHOIIEHHE inf565<e£ >

1/n) = 0 g Beex n € N.

1.5.12. Ha nporszkenuun ocrapiieiicss dactu naparpada FE — K-mpocrpaHCcTBO,
B — nonnast Gynesa anrebpa u h: Pr(F) — B — xombiesoii romomopdusm (em. 1.2.3).
Byznem rosoputh, 910 ceth (7Tq)aeca 7deMentoB Pr(E) h-crodumca x wyato (v mumcarth

h-limyep o = 0), ecan o-lim 7, = 0 B Bysesoit anrebpe Pr(E) u o-lim h(m,) = 0 B GyJie-
acA acA

Boit asire6pe B. Ecim xe h-lim 7 = 0, 1. e. o-lim 7w, = 1 u 0-lim h(7,) = h(1), T0 Gyaem
a€A a€A acA
POBOPHUTH, UTO CeTh (Tq)aeca h-crodumca x edunuuye, u mucath h-limgep T4 = 1. Bygem

FOBOPHUThH, UTO CETh (€4)qca d1eMeHTOB E h-cxodumes x e € E (u nucarb h—linji eq =€),
ac

ecsin ceTh (€q)aecA ACUMITOTHYECKH ODAHUYCHA U h—lir&<d><|ea —e| > d) =0 aus Beex
ac

HOJIOXKUTETBHBIX d € . DJIeMeHT e B 3TOM ciaydae OyaeT Ha3blBaThesd h-npedesom cetn
(éa)acA. Byaem roBoputb, 910 ceThb (Uq)aca d7MeMentoB PHIT U h-cxodumea x u € U
(n mucarp h-lim uq, = u), ecim h-lim |ug —u| = 0. Daement u B srOM Cciydae Oy-
a€A acA

JIeT HA3BIBATHCS h-npedesom cetu (Ug)acs. COBOKYIMHOCTDH h-TPENENOB BCEBO3MOXKHBIX
h-cxongmuxcs cereii 3;ieMeHTOB moAMHOXKecTBa V' C U OyaeT Ha3bIBATHCA h-3aMbikaHU-
em MHOKecTBa V. MHOXKECTBO Ha30BeM h-3a.MKHYMbIM, €CJIH OHO COBIAIAET CO CBOUM
h-3ambikanueM. ByaeM roBoputb, 9TO MHOXKECTBO h-naommo 6 U, eciu ero h-3aMbIKaHue
coBmaiaer ¢ U.

Eciu cemeiictBo (7¢)eez dmementos Pr(LE) rakoso, uro infeez me = 0 B Oyuesoit
anrebpe Pr(E) n infecz h(me) = 0 B Gy1eBoii anrebpe B, To Gynem nucars h-infeez me = 0.
Ecin e h-infeez ﬂg‘ =0, 7. e. supgez T¢ = 1 u supgez h(me) = h(1), To Gymem mucatn
h—supgeg e = 1. Jlns npousBOIBHOIO ceMeiicTBa (€¢)¢cs 1OJIOAKHUTEBHBIX 3JIEMEHTOB
K-npocrpancrea £ samuce h-infeez e = 0 Oyger mcnonb3oBaTbea B TOM Clydae, €C/IH

h-infeez (d)(ee > d) = 0 anst Beex nosoxkurensubix d € E.
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SBameuanue. Kpurepuii o-cxoqumoctu, chopmysmpoBanubiii B ciaeacrsun 1.5.10,
He nMeeT aHasora s h-cxomumoctu. To ke MOXKHO cKaszarh u o caeacTeun 1.5.11. [leii-
CTBUTEJIbHO, pACCMOTPUM B KadecTBe F K-IpOCTPaHCTBO BCEX YHCJIOBBIX IOCJIEI0BATE -
nocreii. I[Tycrs 6yneB romomopdusm h: Pr(E) — {0,1} aBaserca xapaKTepucTHUECKON
dbyuKIEeil HeKOTOPOro HerJaaBHoro yiabrpaduiabrpa B Oysesoil aarebpe Pr(E). Ob6osua-
quM depe3 F MHOXKECTBO BCeX TOJIOKUTEJBHBIX TOCAeI0BATEIHHOCTEH, CXOISIINXC K
equnnie. OUYeBHHO, MOCIEIOBATENBHOCTD € = (M),eN ABIAETCS TOPSIKOBON €/ iHI-
neit B £ u g Bcex n € N uMeeT MeCTO COOTHOIIEHHE h—inffep<f > e/n> = (0. Bouee
TOTO, UHJAEKCUPYS KazKJIblil d1eMeHT F' camum coboit n paccMaTpuBasi Ha MHOYKECTBE WH-
JIEKCOB OOpATHBIH MTOTOUEIHBIIT MOPSIIOK, MBI TIOJIydIaeM ceTh (f)fcp, YIOBIETBOPSIOILY O

COOTHOIIIEHUIO h—}lcir%<f > e/n> = 0. Tem ne menee, h<f > 1/2> =1 ana Beex f € F.
€

Ipennoxenne. (1) /List m060ii cetn (eq)qeca d1€MenTOB E 1M mpon3BoIbHOIO 916~

menTa e € E uz h-lim e, = e caexayer o-lim e, = e. Ecimm romomopchusm h o-HenpeprIBeH,

a€A a€A
T0 coorHomiennst h-lim e, = e m 0-lim e, = € paBHOCHJILHBL.
a€A a€A

(2) st joboro cemeiicrsa (e¢)¢es 10I0KHTEIBHBIX d/1eMeHTOB I 13 h-infecz e =
0 cmenyer infeezee = 0. Ecam romomopgusm h o-menmpepbiBeH, TO COOTHOINEHHS

h-infecz e¢ = 0 m infeez ¢¢ = 0 paBHOCHIIBHEL.
« IIpsawvoe ciaeacreuem jievmm 1.5.10 m 1.5.11.  »

1.5.13. 3ameuanue. YcraHaBIuBas PaBeHCTBA BUIA

lim h({d){eq > d)) =0

acA
ujin

nf h((d)(e¢ > d)) =0,
MBI 4acTo Gyaem mpejamonarath, 9ro h(d) = 1. DT0 HpeanoioKeHHe He HAPYIIAeT
OBIHOCTH, MOCKOJIbKY, OCTABUB 0e3 PacCMOTPEHUs TpuBHAIbHbIH caydail h(d) = 0 n

samenns B Gysesoit anre6poit {b € B : b < h(d)}, mbl okasbiaemcst B curyanun h{d) = 1.
1.5.14. [Ilycrp V — nogmuoxkecrso PHIT U, a u — snement U. Ecan
h-inf |u —v]| =0,
veY

TO MBI TOBOPHM, YTO MHOXKeCTBO V h-annpoxcumupyem ssemenm u. Bymem roBopuTh,
qro V h-annpokcumupyem mmootcecmeo VW C U, eciim V' h-alllipoOKCUMHUPYeT KazKJIblii
snement W. lloamuoxkectBo PHII U wazoBem h-annpoxcumupyrousum, ecim oHO h-am-

npokcumupyer U. U3 npegoxkenus 1.5.12 caemyer, 910 BCsikoe h-anmpoKCHMUPYOTIEe
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MHOKECTBO $BJISIETCS AlllPOKCUMUPYIOIIUM, & B CJIy4ae O-HEeIPePbIBHOIO roMoMopdu3mMa

h moHSITHST ANMPOKCUMUPYIONIETO U A-aNMPOKCUMHUPYONIET0 MHOYKECTBA, COBIAIAIOT.

IIpepnoxkeune. Ilycres X, Y u Z — momvuoxkecrBa PHIL. Ecan X h-amnpokcn-

vupyer Y, a Y h-anmpokcumupyer Z, To X h-anmpokcuMupyer Z .

<« PaccmorpuMm npousBOJIbHBINE djieMeHT 2 € 7, 3adUKCHPyeM MOJIOKUTETbHbBIN

97eMeHT d HOPMUPYIOIIEH PEIeTKN W MOJTOKIM
b:= inf h({d —z| > d)).
inf h({d)(|lz — 2] > d))

Brarogapst 1.5.2 gocrarouno ycranoBuTh paBeHcTBo b = (. [list mpoctoTsr Oyaem cun-
tath, 4T0 h(d) = 1 (cm. 1.5.13). JlomycTuMm, Bompeku jokasbiBaeMomy, uro b # 0. Torma
B cuuty pasencrsa infycy h(ly — 2| > d/2) = 0 naitnercs Takoit snement y € Y, |ro by :=
bA Ky —z| > d/2) <b. Auanornuno B cuiay pasencrsa inf,ey h(lz —y| > d/2) =0
Haiigerca rakoit ssnement x € X, uro (b\by) A h(lz —y| > d/2) < (b\by). Hecuoxmno
yOeuThCst B TOM, 9TO X yJOBAeTBOpsier HepaseHcTBy b A h{lx — z| > d) < b, xoropoe

IPOTUBOPEUHT OIpeaeeHuio b. »

1.5.15. Ilpemmoxkenme. Ilycrp V — noamuoxkecrso, a u — 3sjgement PHIIL.
Mmuo>kecTBo V h-ammmpokcuMupyer u Torqa u TOJIBKO TOTJa, KOLAA U SBISEeTCs h-mpegerom

HEKOTOPOIi ceTH 3JIeMeHTOB miXgy, V.

<«  Heobrodumocms. Eciu V h-annpokcuMmupyet u, TO coriacuo 1.5.1 cymrecTByer
Takasi CeTh (Wq)acA IEMEHTOB MiXgy V, 9TO ceThb (|u — wal)aeA yobisaer u {|u — wq| :
a €A} ={lu—w|: w € mixg, V}. Ocraercsa 3aMeTuThb, 410 h—lien?A |lu — wq| = 0.
(0%
Hocmamounocms.  Ecaum u saBiasiercs h-npemeoM ceTd 3JeMEHTOB MiXgp V, TO
mixg, V h-annpoxcumupyer u. OcTaercs 3aMeTUTb, 9TO V' h-allpoKCUMHUPYeT MiXgy V,

U BOCIIOJIB30BaThCH 1pe/iokenuem 1.5.14.  »

CaenctBue. FEcum noamuoxkecrso V PHII U koreuno-mukamaao, 70 ero h-3ambi-

KaHIe COCTOUT U3 BCEX 3JeMEeHTOB U € U, h-almmpoKcHMADPYeMbIX MHOKECTBOM V.

CaencrBue. FEcin nmoavuoxkecrso V PHII U komeurno-mukmmaao, T0 ero h-3ambl-
KaH#ne h-3aMKHYTO H, CJI€JOBATEIHHO, SIBJISETCS HAUMEHBIITHM h-3aMKHYTBIM ITOIMHOMKE-

crBoM U, conepzkamium V.

<« BriTekaer u3 nmpeabIayInero caeacTBUsS U npeaioxkenus 1.5.14. »
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1.5.16. IIpensaoxkenmne. Ilycte V' — mnommuoxecrso PHII U rakoe, uto

h-inf,cy |v| = 0. Torma caexyrorme yTBepKIeHIST SKBHBATCHTHBI:

(1) 'V — h-annpokcumupytouee moiMHOKecTBo U

(2) ams roboro mpeana Uy C U muO)kecTBO dyV NUY h-mmorao B Up;
(3) wmmoxkectBO dgy,V h-miorno B U;
(4) dgyV — h-annpokcumupyroree moaMHOKeCTBO U.

<« Uvmmukamun (2)=(3)=(4) oueBuIHEI.

(1)=(2). Ipexnmomoxum, aro moamuoxkecTBo V C U ynosiaersopsier ycaosuio (1).
Badukcupyem npou3Bo ibHbIi naeans Uy C U u 0603HaInM MHOZKECTBO dg, VNU gepes W.
PacemorpuMm mpousBosibHBIT 371eMeHT u € Uy. CoracHo mpeayioxkenuio 1.5.15 umeercs
h-cxongmascst K 4 ceTh (Wq)aeA TEMEHTOB MixXg, V. s kaxaoro a € A mosoxum

7o = (Ju — wu| < |u]). Coornonenus

Iﬂawal < Iul + IU - 71'ozwal
= |ul + (Talu — wa | + 72 ul)
< Jul + (molul + 7y ul)

= 2|ul
MOKA3bIBAIOT, 9TO CeTh (TaWq)aecA COCTABIEHA U3 37eMEHTOB YV, a COOTHOIIEHMUSI

|lu — mawa | = malu — wa +7Ti|u|
< Talu — wa | + o Ju — wa

= |u — wy|

¢ yaeroMm h-lim |u — wy| = 0 mator h-lim |u — Towe| = 0.
a€cA a€A
(4)=(1). U3 coornomenus h-inf,cy |v] = 0 caemyer, aro V h-anmpokcumupyer
V U {0}. Muoxkecrso xe V U {0}, oueuano, h-annpokcumupyer dg,V, KOTOPOe, B CBOIO

ouepejib, h-annpokcumupyer (. OcrtaeTcs npuBIedb mpejanoxenne 1.5.14. »

1.5.17. Paznuume mexay dhopMyaupoBKaMu mpesnoxkennii 1.5.4 u 1.5.16 aBisert-
cd MPUHIUOUAIBHBIM: yesaoBue h-inf,cy |v] = 0 B mociennem mpeiokenun He MOXKET
obITh omyieno. /leiictBureibHo, paccMorpuM K-npocTpancTBO [ BCeX YHCJIOBBIX I0-
crenosatenbrocteil n monoxum U = {u € E : inf(Lim|u[\{0}) > 0}, rae Lim |u| —
MHOKECTBO YAaCTHUYHBIX MpeJeoB mnocaepoBarenbuoctu |u|. [Ipesparum U B PHIT nax
E, nonoxus |u| := |u| mas scex u € U. Tlycrb, kak u B 3ameuvannu 1.5.12; Gyies ro-

momopdusm h: Pr(E) — {0,1} asaserca xapakrepucruueckoil QyHKImel HEKOTOPOro
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HerJaBHOro yiabrpaduibrpa B Oyiaesoit anrebpe Pr(E). Pacemorpum B Kadectse V MHO-
xecrso {u € E : infLim |u| > 0} u nonoxnm d := (1/n)yen. dAcno, uro dg,V = U, 1o

rem He Menee h(|v| > d) =1 nua Becex v € V.

ITpennoxxenune. Ilyctb U — PHII max E. Ilpeamoioxkum, 9TO I KaxKJI0TO
MoJIO>KHTe/IbHOTO ¢ € FE mmeercss snemeHT u € U, ya0BIeTBOPSIONHII HepaBEHCTBAM
e < |u] < 2e (370 BHIMOTHEHO, HAIPUMED, B Caydae o-moaHoThl U — oM. 1.4.3). Torga

vesosue h-inf ey |v] = 0 B upegiozxennn 1.5.16 Moxker ObITb OILYIIEHO.

<« Paccvorpum npousBobHOE MoaAMHOXKECTBO V C U, obosHaunm dg,V depe3s W,
IpeanooKuM, 910 VYV h-amnpoxkcumupyer U, u yctanoBuM cootnotrenune h-inf,cy |v] =
0. Baarogaps 1.5.4((4)=-(1)) moctarouno 3aduKCHPOBATH NPOU3BOJIBHBLN TOMOKHTEb-
uelii 3nement d € F m mokaszarb, 4To inf,cy h((d)<|v| > d>) = 0. Jng mpocTorst
oymem cumtarb, uro h{d) = 1 (em. 1.5.13). O6Gosnmaunm inf,ecy h{|v] > d) gepes b
1 JOIIyCTHM, BOINPEKH JIOKa3blBaeMoMy, uTo b # (. PaccMOTpuM IpOM3BOILHBINA 3J1e-
ment u € U, ynosiersopsiionuii nepasencrsam d/4 < |u| < d/2. B cuny pasencrsa
infyew h{Ju —w| > d/5) = 0 umeerca Takoit snement w = mV + - + TU, € W
(v; € V), uro b A h{|lu —w| > d/5) < b. Vcuonab3ys paBeHCTBO

(lu —w| > d/5)
=mu—vi|>d/5) V- Va,(lu—v,| >d/5)V (m1 V- V) Hd),

HECJIOKHO yoeuThess B Tom, uro b A h{|u — v;| > d/5) < b 1o kpaitueit Mmepe a1 0HOTO

unzekca i € {1,...,n}. Torga, nupuBaekas COOTHOIIEHUsI
(lvil > d) < (lu—vil + lul > d) < (lu—vil > d/2) < (Ju—vi| > d/5),
npuxoanM K HepaseuctBy bAL(|v;| > d) < b, Koropoe HpOTUBOPEYUT ONpejIeTeHuo b. P

1.5.18. [Iu3bIOHKTHOE CeMeiicTBO (7¢)¢cs d/1eMeHTOB OyieBoit anrebpsr Pr(E) ma-
30BeM h-pazbuenuem edunuiybl, eciu h-supgeez e = 1. Ecm (ug)eez — mponsBosibHOE ce-
meiicTBo snementos PHIIU nan E, a (m¢)¢cz — h-pasbuenue epununsl B Pr(E), To cymmy
0 ¢ez Teug (ec/iu TakoBast cymecTsyer) Gy/1eM Ha3bIBATh h-nepemewusanuem ceMeficTsa
(ug)¢ez orHOCHTENBHO (T¢)¢cz. s mpomsBosbHOro nomMuoxKecTsa ¥V C U COBOKYIHOCTD
BCEBO3MOYKHBIX N-TlepeMenuBanuii TIo0bX (CIeTHBIX) CeMEeHCTB 37eMeHTOB V) Oy/1eT Ha3bl-
BATHCA N -yukAuueckol 060404K00 (COOTBETCTBEHHO cuemto h-yukiuyveckol 060404K00)
MHOZKeCTBa V) U 0603HAYATHCA CHMBOJIOM h-mix )V (coOTBeTCTBEHHO, h-miX, V). MHO-
xectBo V C U HazoBeM h-UukauuHbiM, €CJIH OHO COBIAJAET CO CBOEH A-IUKJIMIECKO
oboJioukoit. JIerko mpoBepuTbh, 4TO h-IuKJAHYEecKas 000J109Ka V mpeicTaB/sier coDoi

HaMMeHbIlee h-IUKJINIHOEe MHOXKECTBO, cojepzKaliee V.
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1.5.19. 3ameganune. Mbl orpanndaumcs onucanueM h-armpoOKCUMHUPYIONUX MHO-
JKeCTB, JAHHBIM B mpemioxkennsx 1.5.16 u 1.5.15. ABTopy He yIaJ0Ch HCIOIb30BATD II0-
HsITHEe h-TIUKINIecKoi 000JI0UKN JIIsT YCTaHOBIeHWsT pabOTOCITOCOOHBIX KpUTepnen h-afl-

MPOKCUMAIUN, aHAJOTUYHBIX TPpUBeJeHHbIM B 1.5.6-1.5.9.



Tnasa 1. IPEJIBAPUTEJIbHBIE CBEJIEHUS 127
§1.6. Ilopadkoeo oepanureHHblE ONEPATIOPD

§1.6. IlopsgAKOBO OrpaHUYEHHBIE ONIEPATOPHI

[TopsiIKOBO OrpaHUYeHHbIE OMepaTopbl (a B OCOGEHHOCTH DPEryJsipHble W MazKOpH-
pyeMble OIepaToOphbl) UIPAOT BayKHYIO POJb B mpuioxkenusx teopun PHIT k dymkImo-
HAJIbHBIM YPABHEHUSIM PA3/JIUIHOrO poja. OCHOBHBIE WjieH, CBSI3aHHBIE C STHUMU ITOHSITH-
amu, ObLn cpopmupoBanbl JI. B. KantopoBuuem B 1935-1936 rr. CoBpemeHHOe pa3BH-
THE TEOPUU HOPs/IKOBO OI'DAHMYEHHBIX OLIEPATOPOB, KaK u pa3surue camoit reopun PHIT,
IJIaBHBIM 00pa30oM, CBsi3aHO ¢ ucciemoBanusivu, npoBogumbivu A. . Kycpaesbsim u ero
mkosoit. VudopMmaliuo o coBpeMeHHOM COCTOSHUU TEOPHUHU OIEepPATOPOB, AEHCTBYIONINX B
PHII, moxno naiitu B paborax [24, 83, 84, 87,95, 183-186].

3/1ech MBI BBOJIUM U 00CY 2K /1aeM HECKOJIBKO THIIOB MOPSIKOBOM OrPAHUIeHHOCTH OIle-
paTopos, jeiictByromux B PHII. OcHoBuas gacTh maparpada orBeieHa ONUCAHUIO BBO-
JIUMBIX TOHSTHII C PA3JIMIHBIX TOYEK 3PEHUs] W MOUCKY MPUMEDPOB, YTOIHSIONMINX B3aM-
MOCBS3U MEXK/Iy HUMH. [OBOpsi O HOPSAIKOBO OIPaHHYEHHBIX ONEpPATOPAX, MbI OTXOIUM
oT pUHATOrO B § 1.4 corjaienuss U paccMaTpuBaeM He TOJIBKO pasjoxumbie PHIT Hat
K-npoctpancrBamu, HO U npou3Bo/ibHbie PHII Ha 1 pou3BOIbHBIMI BEKTOPHBIME PeIleT-
KaMH. TO JeJaeTcsd He CTOJIbKO Pajl OOIIHOCTH, CKOJIBKO BO H30eKaHHe MOBTOPEHHS
oaHux u Tex ke opmysmpoBok kak i PHII, Tak u jyisi BekTopHBIX pernerok. Jleii-
CTBUTEJIbHO, KayKJlasi BEKTOPHAsl pelieTka B mape ¢ (yHKnueil Mojys |-| mpeacrabiser
coboit PHII nazx camoit coboit. Takum obpasom, orpejesienne Wil yTBep:kiaeHue, chop-
mysmpoBantuoe g PHIL, moxker ObiTh bopMasibHO IepeHeceHO Ha CJydail BEeKTOPHBIX
pemrerok. OrmernMm, 9TO BeKTOpHAas pemierka, paccmarpuBaemasi kak PHII, asisiercs
o-moJHol (T. e. mpezcranisier coboii [IBK) rorma m Tosbko TOrIa, KOTaa OHA SIBISETCsS

K-upocTpancTsowm.

1.6.1. Ilycre U — PHII nag Bekroproit pemerkoii E. Cerb (Ug)aecA 31€MEHTOB
U Ha3BIBaCTCA ACUMNIMOMUYECKU 02PAHUYEHHOT, €CJH STHM CBOMCTBOM 00JIaJaeT CeTb
(lual)aea (em. 1.3.1), 1. e. ecam cymecTByer Takoii mnjexkc & € A, 9TO MHOXKECTBO
{lua| : @ = @} nopsikoso orpanuueno B F.

(a) Byzmem rosopurh, uto mojaMHOxKecTBO W C U 1 -annyasupyemo (0-annysupyemo,
02PAHUNUBAEMO), eCTH JII 000N ceTh (Wq)aca 71EMEHTOB W u cXomdimeiica K HyJTio
IUCITOBOM CeTH (£q)acA COTh (Eq4Wa)acA T-CXOMUTCS K HYJO (0-CXOAUTCS K HYJIO, ACHMII-
TOTUYECKH OTPAHUYEHA).

(6) Byzsem roBoputh, uTo OAMHOKECTBO W C U cuemmo r-annysupyemo (cuemmo
O-AHHYAUPYEMO, CHEMHO 02PAHUNUBAEMO), €CIIU JIJIsT JIIO0OH CUeTHON CeTH (Wq)acA dJ16-
MeHTOB W U CXOJdIeiics K HyJTI0 YUCI0BON ceTH (£4)acA CeTh (EqWa)acA T-CXOIUTCS K

HYJITO (O—CXOILHTCH K HYJIIO, aCUMIITOTHUYECKU orpaHquHa).
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(B) Byaem rosopurb, uro noamuoxkecrso W C U cek6eHyuasvho T -aHHYAUPYEMO
(CERBEHUUANDHO O-AHHYAUPYEMO, CEKBEHUUAABHO 02PAHUNUBAEMO), ECIIN Jjisd JIFOOOH 110~
CJIETOBATEIBHOCTH (W )peN 97€MeHTOB VW U CXOJdIneiicss K HYJII0 YUCI0BOIl moce10Ba-
TEJILHOCTH (£p)peN HOCJIEIOBATENBHOCTD (£1Wp )peN T'-CXOIUTCI K HYJTIO (0-CXOJUTCS K
HYJIIO, OIDAHUYEHA).

(r) Byzmem rosoputh, uto noamuozkectBo W C U noayoepanuvero (cuemmno noayo-
2PAHUNEHO, CEKBEHUUAALHO NOAYORDAHUYEHO0), eCJn Jjid JH000i cetn (cueTHoit ceru, 110-
CJIEJTOBATEIBHOCTH) (Wo ) qeA FIEMEHTOB VW 1 CXOZSIIENcst K HYJTI0 YHCI0BOM ceTh (£4)acA

umeer Mecto coornorrenue infyea |eqwa| = 0 B BekTOpHOI pemierke E.

Teopema. Ilycte U — PHII wvag BekTOopHOI pemerkoii ' u VYV — moamHOXKecTBO

Uu.

(a) Cuexyrome yTBep K ieHIs SKBUBAJCHTHBI:

(1) mHOXKECTBO W T-aHHYIHDYEMO;

(2) mmokecTBO W 0-aHHYIHDYEMO;

(3) MmHO)KecTBO W OrpaHmImBAEMO;

(4) muoxecrso {|w] : w € W} nopsiakoso orpannyieno B E.
(6) Cuaexyromue yTBepKIeHIsT SKBUBAJICHTHDL:

(1) mHOXKECTBO VW CYETHO T-aHHYJIHPYEMO;

(2) mHOMKECTBO YV CYETHO 0-aHHYJIHPYEMO;
(3) mmOkecTBO W C9€THO OrpaHHIHBAEMO;
(4) st mo6oro cuernoro moavuoKecTBa Wy C W muoxkectso {|w| : w € Wy}

HOPSIJIKOBO OrpaHu4deHo B .
(B) Cuexyrorue yTBepKIeHIs SKBUBAJICHTHBL:
(1) mHOXKECTBO VW CEKBEHIHAJIBHO T-AHHYJIHPYEMO;
(2) mHOMKECTBO VV CEKBEHIHATBHO 0-AHHYJIHPYEMO;
(3) mmO)kecTBO W CEKBEHIHAIBHO OrPAHHIHBACMO.
(r) Cuaexyromnine yTBepK/I€HAST SKBHBAJICHTHBI:

(1) mmoxkecTBO W mostyorpaHmdeHo;

(2) mHO)KecTBO W C9€THO MOTyOrpAHHIEHO;
(3) mHOXKECTBO VW CEKBEHIMATIBHO MOJIyOIDAHHYEHO;
(4) infpen |wpl/n = 0 aust sr060ii mocaeqoBarebHOCTH (W) peN IEMEHTOB

W.

< (a) Ummmukannu (4)=>(1)=>(2)=-(3) oueBunusl. [Tokaxem, aro (3)=-(4). Ymo-
psiiounM JekaproBo mpousseaenne ¥V X N 1o Bropoit komnonenre: (wi,nq) < (wg,ng)
& ny < ny. Hpumenus yrseprienue (3) K ceram (W)(wn)ewxN 1 (1/7)w n)ewxN, MbI

nosyanm napy (w,n) € W x N u snement e € E rtakue, 9r0 |w/n| < e s Beex
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(w,n) = (w,n). B wacrnocrn, |w/(n+ 1)| < e a1a Beex w € W, orkyaa ciemyer, 4to
muozxkectBo {|w| : w € W} orpanudeno csepxy semenrom (7 + 1)e.

(6) YcranaBauBaeTCs B TOYHOCTH TaK Ke, KakK # (a).

(B) Ummmnkanuu (1)=(2)=>(3) oueBuaunt. Ilokaxewm, aro (3)=(1). Badurcupyem
IIPOM3BOJILHBIE TTOCJEI0BATENBHOCTD (Wy )peN 3MEMEHTOB VW M CXOAAILYIOCS K HYJIIO 9HC-
JIOBYIO TIOC/IEJIOBATEIBHOCTD (Ep)peN. Coracuo (3) MHOKECTBO {||€n]1/2wn| : n € N}
MMeeT HeKOTODYI0 BepXHIOK rpanuiy e € FE. Jlns pokasarenbctBa yrBepkaenus (1)
OCTAJIOCHh 3aMETUTh, 4TO |epwy | < |€n|1/26 g Beex n € N,

(r) Umnummkanuu (1)=(2)=-(3)=>(4) oueBunnbl. Ilokaxkem, aro (4)=(1). Sadukcnu-
pyeM MPOHU3BOJILHbIE CeTh (Wq)aeA T€MEHTOB WV H CXOJAILYIOCS K HYJIIO YUCAOBYIO CETh
(a)aca. Hns kaxkmoro marypaiabuoro n € N Bbibepem takoii ungekc a(n) € A, 4ro
Ea(n) < 1/n. Torma, ncnombsysa (4), mpr nveem infaep |eawal| < infren |5a(n)wa(n)| =
0. »

[ToxmuoxkectBo W C U, yI0BIeTBOPSIONIEe YCIOBUSIM, TIEPEIUCICHHBIM B 9acTsX (a),
(6) u (B) mocsieiHelt TEOpEMBI, OYI€T HA3BIBATHCSI COOTBETCTBEHHO 02DAHUMEHHBLM, CHEMHO

02PAHUYEHHDIM U CEKBEHUUAADHO 02PAHUYEHHDIM.

1.6.2. OueBHIHO, BCIKOE OTPAHUUYEHHOE MHOYKECTBO ABJSIETCSI CUETHO OrpaHUYEH-
HBIM, CYETHO OIPAHUYEHHOE — CEKBEHIIMA/IHHO OIPAHNYEHHBIM, a CEKBEHIINAJIHLHO OrPDaHu-
YeHHOEe — IOJIYOTPAHUYEHHBIM. 3aMeTUM, YTO PACCMOTPEHHbIE YeThIpe TUIIA OrPpAHUYEH-
HOCTH IONAPHO paz/inybbl yzxKe B curyauun U = F. [eiicrBuresibo, B K-upocrpancrse
Pynxuuii e: R — R co cuernsivu nocurensvu e+ [R\{0}] muoxecrso {e; : ¢ € R} xa-
PaKTePUCTHIECKUX (DYHKINIA OJHO3IEMEHTHBIX MoJAMHOKecTB {t} C R aBnsiercss cuerno
OTpaHWYEHHBIM, HO He orpaHmveHHbIM. Muoxectso {e, : n € N} xapakrepucrnaecknx
dbyukiuii nogmuokects {n} C N gBigeTcs ceKBEeHITUMATBLHO OTPAHUIEHHBIM, HO HE CYETHO
OrPAHUYEHHBIM TIOJIMHOKECTBOM K-IIPOCTPAHCTBA CXOJSAIIMXCH K HYJII0 YUCJIOBBIX T10C/Ie-
JOBaTEJIbHOCTEI.

[IpuBegem mpuMep MOTYOrpaHUIEHHOTO, HO HE CeKBEHIHAJIHHO OIPAHUYIEHHOTO IOJI-
MHOXKecTBa B K-tipoctpanctee M ([0, 1]) KJIACCOB BEIEeCTBEHHBIX M3MEPUMbIX 110 Jlebery
dbyukmuii Ha orpeske [0,1]. [ag 5TOro Mbl mOCTPOUM CeMeHCTBO OTpe3kos I, (n e N,

me{l,2,..., 2”}) CJIeLYIOLIUM 00Pa30M:

IH=1[0/2, 1/2], I3 := [1/2, 2/2];
I7:=10/4, 1/4], I3 :=[1/4, 2/4], I3 = [2/4, 3/4], I} :=[3/4, 4/4];

I7 =0, 1/27"], Iy:=[1/27", 2/27"], ..., Ia:=[1—1/27", 1];
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— u obo3znaunM depe3 f]} kmacc uz M ([0, 1]), COJIepzKAINNil XapaKTepUCTHIeCKYI0 (DYHK-
muio orpeska 7. Torpa muoxecrso {2"f" : n € N, m € {1,2,...,2"}} aBnserca

NCKOMBIM.

1.6.3. Teopema. Ilycte U u V — PHII max BexkTopubiME pemerkavu E nm F

coorBeTcTBeHHO 1 I — JtmHelHbIH omepaTop u3 U B V.

(a) Cuexyrome yTBepKIeHHs SKBUBAJICHTHBL:
(1) omeparop T r-nenpepbiBeH;
(2) omeparop T r-o-HempepbIBeH;
(3) ecam cerb (ug)aea dm1eMenToB U r-cxomurces K Hymo, 10 cerb (TUqg)aeA
ACHMIITOTHYCCKH OTDAHAYCHA;
(4) omeparop T nepesogut orpaHmveHHbIE MOAMHOKECTBA U B OrpAHUYEHHDBIE
MOJIMHOXKecTBa V;
(5)  arst m06oro mostoxkureapHOro saementa e € E maoxecrso {|Tul : |u| < e}
orpaagdeHo B I
(6) Cuexyromue yTBepKIeHIs] SKBUBAJICHTHBI:
(1) omeparop T cuerHoO r-HEIpEPHIBEH;
(2) oneparop T cuerHo r-o-HenpepbIBeH;
(3) ecam cuernasi cetb (Ug)acA 971€MeHTOB U 1-CXOMUTCS K HYJTIO, TO CETh
(Tug)acA ACHMIOTOTHIECKH OrPAHHYIEHA;
(4) omeparop T' nepeBoanT C4€THO OrpaHHYEHHBIE MOAMHOKECTBA U B C1€THO
orpaHHYeHHbIE MOAMHOKECTBA V;
(5) omeparop T nmepeBoanT orpaHuYeHHBIE TOAMHOXKECTBA U B CY1€THO OrpaHi-
YeHHbIE 110JMHOXKECTBA, V;
(6) omeparop T mepeBoauT OrpaHHYeHHbIE CUETHBIE MOJAMHOXKeCTBa U B orpa-
HOYeHHBIC TOAMHOXKECTBa V.
(B) Cuiexyromnime yTBep K ieHHs SKBUBAJEHTHBI:
(1) omeparop T' ceKBeHIIHAIBHO T'-HEIPEPBIBEH;
(2) omeparop T' cekBeHIHATBHO T'-0-HEIIPEPHIBEH;
(3) ecam mocsieoBaTebHOCTD (Up)peN 97I€MEHTOB U T-CXOAUTCST K HYJIIO, TO
moce0BaTebHOCTh Ty )neN OrpaHHYeHa;
(4) omeparop T 1mepeBoAHT CEKBEHIMAIHLHO OTPAHMYEHHBIE MTOAMHOKeCTBA U B
CEKBEHI[HAJIbHO OTPAHHYCHHbIC MOAMHOKECTBA V;
(5) omeparop T mepeBoauT OrpaHHICHHBIE IIOJMHOXKECTBA U B CEKBEHIIHAIHHO
orpaHmYeHHbIe MOAMHOKECTBA V.
(r) Cuaexyronimne yTBepK/I€HAsT S9KBHBAJICHTHBI:
(1) ecun cerb (uq)aca d1€MeHTOB U T-cX0muTcs K Hymo, T0 infyep | Tuq| = 0;
(2) ecim cuerHas cerb (Uq)acA 97M€MEHTOB U T-CXOAUTCS K HYJIIO, TO

infoep |Tual = 0;



Tnasa 1. IPEJIBAPUTEJIbHBIE CBEJIEHUS 131
§1.6. Ilopadkoeo oepanureHHblE ONEPATIOPD

(3) ecum mocaeoBaTeIBHOCTD (Up)peN 97A€MEHTOB U T-CXOAUTCST K HYJIIO, TO
infpen |Tun| = 0;

(4) omeparop T mepeBoguT MOJIYyOrpaHHIEHHBIE IOJMHOXKeCTBA U B moIyorpa-
HITYEHHBIE MOJMHOXKECTBA V;

(5) omneparop T nmepeBoguT orpaHnIeHHbIe MOAMHOXKeCTBA U B I10JIyOrDAHIHYECH-

HBI€ ITOJMHOYKECTBa V.

< (a) Nmmmukanun (1)=(2)=(3) u (4)=(5) oueBuanbl. llcmosap3ys orpaHutdn-
Ba€MOCTh B Ka4eCTBE KPUTEPUSI OTPAHUYECHHOCTH (CM. 1.6.1 (a)), MOKHO 0e3 Tpy/Ja BbI-
Becru (4) u3 (3). Ocraerca mokasars, uro (5)=>(1). IIpeamosoxkum, uro omeparop T
y0BJIeTBOPsieT ycaoBuio (5), M IS KazKJI0TO MOJIOKHTEJbHOro 3jiemMeHTa € € F 060-
3HAYUM depe3 fe Kakyo-HubOyab Bepxuioto rpanuiy muoxectsa {|7Tu| : |u] < e} B pe-
merke F. TIycthb (Ug)aeA — TPOU3BOJIbHAS CETh SJEMEHTOB U, r-CXOIAIAasiCs K HYIO
¢ peryasropom e € F. 3Badurcupyem npousBoibHOe 4ucjio € > 0 u BbIOEpEM HHIEKC
a € A rak, urobnl |uq| < e g Bcex o > a. Torma s Bcex « > 4 Mbl UMeeM
|Tuq| = 5|Tua/5| < efe.

(6) Ummumkamun (1)=(2)=(3) u (4)=(5)=(6) oueBumubl. lcnonb3ys cueTHyIO
OTrPAHUYNBAECMOCTb B KQUeCTBE KPUTEPUSA CUYETHON OrpaHUYICHHOCTH (CM. 1.6.1 (6)), MOZK-
Ho Ge3 Tpyma BeiBectn (4) u3 (3). Ocraerca mokazarh, uto (6)=(1). IIpemmomoxkmm,
aro oneparop 1 yaosiersopsier yciaoBuio (6). Ilycrb (uq)aes — UPOU3BOJIBHAS CUETHAS
CeTh 3JIeMEeHTOB U, r-cxoasdmascs K Hy/Ii0 ¢ peryaaropom e € E. Jlns kaxmoro nary-
paJIbHOrO N 0003HAYMM Yepe3 (v, Takoil sjeMeHT A, 4to |uq| < e/n jusg Becex o = ay,.
MuozxkectBo Uy := {nuqy :n € N, a € A, a > ay,} 9BIFETCA CUETHBIM U OIPAHUYEHHBIM,
cJieJloBaTe/IbHO, Hadijiercs takoit sjnement f € F | aro |Tu| < f mius Becex u € Uy. Toraa
|Tua| = |Tnug|/n < f/n s Beex a0 > au,.

(B) Nmmukanun (1)=(2)=(3) u (4)=(5) oueBumnbl.  lcnosnb3ys cexkBeHIu-
AJbHYI0O OTPAHMYMBAEMOCTH B KAadeCTBE KPUTEPHS CEKBEHIMAJIBHOI OrpaHMYeHHOCTH
(em. 1.6.1(B)), MozxHO Ges Tpyaa soibectn (4) u3 (3). Ocraerca nokasarb, uro (5)=-(1).
[Tyctb (tp)peN — TPOU3BOJBHAS TOCIEIOBATENLHOCTh JEMEHTOB U, 7-CXOIAIAsICS K
Hyso ¢ peryaaropom e € E. Torja cymecrByer takas CXOAAIAsICs K HYJIIO 110CJIE10Ba-
TEJBLHOCTH uces €, > 0, uro |u,| < epe aus Bcex n € N OrpanndeHHOCTH MHOXKECTBA,
{un/en : n € N} u yeaosue (5) mo3BOJIAIOT 3aKIIOYATE, 9T0 MHOKeCTBO {T'uy, /ey : 1 € N}
CEeKBEHIINAJIBHO T-aHHYTUPYEMO U, CJIeJJOBATEIBHO, TTOCTIeA0BATEIbHOCTD (T Uy )peN 1'-CXO-
JIUTCA K HYJIIO.

(r) Ummmmkamun (1)=(2)=(3)=(4) ouesununl. Ilokaxkem, uro (4)=-(1). Ilycrb
(Ua)aeA — UPOM3BOJIBHASL CETh JIEMEHTOB U, T-CXOASAIIASCH K HYJIO C DEeryJisitOpoM
e € E. Torga mis soboro varypasbhoro n € N cymecrByer takoit unjekc a(n) € A, 4to

|ua(n)| < e/n. OrpaHUYeHHOCTH MHOXKECTBA {NUy(yy : 7 € N} 1 yemosme (4) mozsossior
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3aKJI0YUTh, YTO MHOYKECTBO {Tnua(n) : n € N} nosyorpanuueno u, cjieg0BaTe/IbHO,

infaea |Tua| < inf,en ITua(n)I = inf,en |Tnua(n) |/n =0 (CM. 1.6.1 (F)) >

Omneparop T: U — V, yAOBIETBOPSIONINIT YCIOBUSIM, IEPEIUCICHHBIM B 9acTsX (a),
(6), (B) m (r) nmocjemneil Teopembl, OyIeT HA3BIBATHCS COOTBETCTBEHHO 02PAHUNEHHBLM,
CUEMNO 02PAHUMEHHBIM, CEKBEHUUAADHO 02PAHUMEHNHIM T NOAYO2ParuYerHbM. OdeBn-
HO, BCIKWII OTpAHWYEHHBIH OMepaTop SBISeTCS CYeTHO OTPAHWYEHHBIM, CIeTHO OT'DAaHU-
Y9eHHBIl — CEKBEHIMAJLHO OIPDAHMYCHHBIM, a CeKBEHIHATBHO OrPAHUICHHBII — MOJIyO-
IpaHUYEeHHBIM. 3HAYUTEIHHYIO YacTh ITOr0 maparpada Mbl MOCBATHM IIOUCKY HIPUMEDOB,
IOKA3BIBAIOIINX, YTO PACCMOTPEHHBIE YeThIPE THIA OIPAHHYICHHOCTH ONEPATOPOB MOMAD-
HO paznnduel. Oneparopsl, GUTypHPYIONIHe B KazKJI0M U3 MPUBOAUMBIX HUZKe IPUMEPOB,

JIeCTBYIOT U3 0AHAXOBBIX MMPOCTPAHCTB B A-TIPOCTPAHCTBA.

1.6.4. IIpuwmep. CymecTByioT 6aHAXOBO MPOCTPAHCTBO X, paciiupennoe K-mpo-
crpauctBo F' u oneparop 1': X — F', apjsiomuiics C4€THO OrPAHUYEHHBIM, HO HE Or'pa-

HHUYCHHDbIM.

[TociegoBaTebHOCTD (Qv1, (v, . .. ) CYETHBIX OPJMHAJIOB (v, HA30BEM (BUHUMHOU, eCTH
Hajigercs Takoit uugekc n € N, uro o, # 0 u oy, = 0 g1 Bcex m > n. B srom ciaydae
9UCJI0 N OyJeT HA3BIBATHCS PA3MEPHOCTHIO MOC/IEI0BATETHLHOCTH (v i 0D03HAYATHCSA CUM-
Bosiom dim(a). OGo3HAYNM MHOKECTBO BCeX (DUHUTHBIX MOCTIEI0BATEILHOCTE CUETHBIX
opauHaaoB 4Yepe3 A u cHabauM ero JIeKCUKOrpapuIecKuM TOPSIIKOM, MOJOXKUB o < [3
B TOM H TOJIbKO TOM CJydae, ecju Jjig Hekoroporo n € N Beimosngercd oy; = i, ...,
ap—1 = Ppo1 4 an < By, s mobeix a, € A cuvBosiom o, B Gynem 0603HaYaThH
OTKpBITHIT uaTepBat {7y € A: a0 <y < (}.

st KaxKk10i 10c/1e10BaTe/IbHOCTH v € A 10JI0KUM
a+1:= (051, <+ Odim(a)—1> Odim(e) +1, 0,0,.. )

IIycts o, 5 € A. Bymem roBopurh, 9T0 (v ABIASIETCA 0CKoAKoM [ W mucaTh « C [, ecan

o = (ﬁl,ﬁz, RN ,Bdim(a),0,0, . )

JlemMa 1. Jlnsg 106X o, 3 € A 3KBHBaJTeHTHB CJeVIOIHe COOTHOINeHHS:
(1) Ja,a+1[N]8,8+1[# &;

(2) loya+1[C 6,8+ 1] wm Ja,a+ 1] DB, 5+ 1[;

(3) aC f mm T a.
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<4 Ecm dim(o) = dim(f), ro gokaspiBacmoe yrBepxkjeHue odeujHo. IIpej-
MOJIOKUM st onpenesennoct, dro dim(a) < dim(f). Torna ecmm a <

(815, Bdim(a), 0,0, ... ), To a+1 < B, aecmm a > (81, .., Bdim(a), 0,0, ... ), T0 @ > B+1.
B oboux cayuasgx uHTepBansl |, a + 1] u |5, 8 + 1] He nepecekatorcs. B

CuabauM MHOXKECTBO A HOpsAKOBOI Tomosiorueil ¢ 06a30if OTKPBLITHIX MHOXKECTB
{]a,ﬁ[ ca,f € A}. O603HaunM depe3 () CTOYHOBCKUIT KOMIIAKT TOJIHON OyJeBoii aJi-
re6pbl Rop(A) peryiaspubix oTKpbIThIX mojMuoxkecTB A (em. 1.2.9). Ilycrs U — U—
uzomopdusm Rop(A) na GyneBy anrebpy Clop(()) OTKPBITO-3aMKHYTHIX HOJAMHOXKECTB ()
(em. 1.2.8). Bamernm, uro Rop(A) cogepxur Bece unrepsanst |, ] (o, € A). dns
KazK10il mocstefoBarenbHocTn o € A nonoxuM Qq := |, a+1[" € Clop(Q) u 0603HaUMM

XapaKTePUCTUIECKYIO (DYHKIINIO TOAMHOKECTBA, (Jq C () CHMBOJIOM Xo. Takmm oOpa3om,

Xo € C(Q).

Jlemma 2. st siroboro HerycToro oTkpeitoro muoxkecrsa U C A w st j1i060ro

n € N maiizercst takas mocaegoBarebHocTb o € A, aro dim(a) > n u Ja,a+ 1[ C U.

<« Ilo oupejesieHuI0 HOPLAAKOBOR TOLOIOIMU MHOXKeCTBO U COLepzKUT HEKOTOPbLil
unrepsa |o, B[, a < B. Tlomoxum m := min{i € N: a; < 8;} u k := max{m,n}. Torma

IOCIeI0BATENLHOCTD (v, . . ., ik, Qg1 + 1, 0,0,...) uckomas. »

JIemma 3. Lz smio6oro n € N B GyseBoii anrebpe Rop(A) uMmeer mecto cooTHONIEHHE
sup{]a,a+ I[:a€ A, dim(a) > n} =1.

<« Cieayer HEMOCPEACTBEHHO U3 JIEMMBI 2. P

Jlemmvma 4. /s sroboro cuerHoro moamuoxkectBa S C A cymecrByer fg =

0 pegdim(a)xa B K-npocrpancrse Coo (Q).

<« Onpenemnm byukmmo fg: Q — R dopmyroit

Cornacno Teopeme 1.3.5(2) st J0Ka3aTeJbCTBa JIEMMBl JOCTATOYHO YCTAHOBHUTB, 9TO
fg 1(00) sBaserca rommm mommmozkecrsom (. IlpuumMas Bo BHEMaHHE JteMMy 1, Mbr
MPUXOJUM K CJIEYIONEMY BBIBOJLY: eCaIu Touka ¢ € () rakoBa, uto fg(q) = o0, TO

Hailjercd Takasd Lelo4Kka o) C o2 C---C o) L ... IIOHapHO Pa3JMIHBIX 3JIEMEHTOB
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—1
S, a0 q € (,eny @ - Taxum obpasom, fg*(00) C (,en UaeS(n) Qa, e S(n) = {a €
S : dim(a) > n}. CaenoBaresibHo, jemMma OyIeT JOKa3aHa, €CJM Mbl YCTAHOBUM, YTO

int() | Qo=2,

neN aeS(n)

T. e. infrensSupaegm) Qo = 0 B Gynesoit anre6pe Clop(Q)) mim, 9TO SKBHBATEHTHO,
infp,en Supgeg(nyla, a + 1[ = 0 B Gynesoit anredpe Rop(A).

JlomycTuM, YTO MOCJTeIHee PaBeHCTBO He MMeeT MecTa. 1orga cOrJIacHO JemMMme 2
HalileTca Takag mocaesoBaTebHocts [ € A, aro murepsan |3, + 1] comep:xurcs B
SUPaes(myla, a + 1] ama moboro n € N, n B wactnoctn a1a n = dim(8) + 1. Obosnaunm
muozxkectso {7y € S(dim(8) + 1) : 13,84 1[N]y,7 + 1[ # @} uepes I'. Ouesuano, uro
18, B+1[ C sup,er]y, v+ 1[ u, cregosarensro, 1 mo6oit nocaeopare bHocT o < f+1
HaiizeTca takoit smement v € ', ato v+ 1 > «. Oxpmako m3 meMMbl 1 caemyer, 9ro [

SIBJISETCS OCKOJIKOM KazKJI0ro smeMenTa ') m mostomy mms Beex v € '

v+ 1= (ﬁla s 7ﬁdim(ﬁ)7 /Ydim(ﬁ)+l7 R ’Ydim(’y) + 17 07 07 .- )
< (517 s 7/Bdim(ﬁ)ﬂ 7dim(ﬁ)+l + 17 Oa O) .. )

< Ba"'?ﬁim , sSup /im +1a0707"'
(1 dim(5) 7,EP(’Yd @+t 1) >
p

B 9€M JIEI'KO YBH/JAETb UCKOMO€ IIPOTUBOPEYHE. >

[Tycrb X — BeKTOpHOE MPOCTPAHCTBO BCeX orpaHmdeHHbIX (ynkmmii r: A — R,
umeromux cuerslii Hocurens {a € A : z(a) # 0}. OueBnano, X upejcrasisier coboit
6aHAXOBO IPOCTPAHCTBO OTHOCHTEILHO PABHOMEPHOH HOPMBI ||-|| o # K-mpocTpancrso —

OTHOCUTEJIbHO ITOTOYE€YTHOI'O ITOPAIKa.

Jlemma 5. /Lns moboii yaxnnn v € X cymecTByeT 0-cyMMa 0-y ., 4 dim(a)z ()Xo
B K-npocrpancree Coo(Q).

<« Ob6oznaunm vepe3 S Hocurenb ¢pyuknum r € X. Ilpunekas jemvy 4, MBI
umeeM » 4 dim(a)zt () xalq) < [|z]lfs(¢) B xaxmoit Touke ¢ € Q, orkyza ciaeayer
CyIeCTBOBAHHE CyMMBI 0-y 4 dim(a)z™ (a)xa B Coo(Q). Amamormdnbie paccyzKIeHus

Jtsg PYHKIUKA T 3aBEPHIAIOT JI0KA3aTeIbCTBO JIEMMbI. B>

[IpucTynuM K HENoCpeJCTBEHHOMY olpejiejienuio npoctpancts X u F' u oneparopa

T. BanaxoBo npoctpaHcTBO X Mbl OUPEJIEIUM KaK 3aMblKaHHe HOJINPOCTPAHCTBA X,
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cocrosniero u3 Beex (PyHKIUNR ¢ KOHEYHbIMU HOcHTe/IsiMi. B KadectBe K-npocrpancrsa

F Bozbmem Coo(Q)). Haxownern, oneparop T: X — F wmbl onpegeanm dbopmy.ioit
Tx = O—Z dim(o)z(a)xa

B KOTOPO# CyIIeCTBOBAHME O-CYMMBbI TaPAHTUPOBAHO JIEMMON 5.

Omepatop T’ siBjIsieTcst CY€THO OrPAHWYEHHBIM. JlefCTBUTE/IBHO, eC/ii HOPMBI BCEX
9JIeMEHTOB CYeTHOro moaMmuoxkectBa Xog C X OrpaHHYeHbl CBEPXY UHCIOM A H S —
obbenuenne nocureneir dbyuxkuuit n3 Xy, To B cuiay jgemmbl 4 Mot umeem |[Tz| < Afg
st Beex @ € Xg. Takum obpaszom, oneparop 1 yposiaerBopsier yeaosnio 1.6.3 (6)(6), T. e.
SIBJIIETCS CUETHO OFPAHMIEHHBIM.

[Tokazkem, uTo oneparop 1’ He orpanmded. /[ Kazk10il mocaeoBaTeIbHOCTH o € A
0003HAINM XaPAKTEPUCTHIECKYIO (DYHKIMIO OJHOJIEMEHTHOrO moaMuokecTBa {a} C A
qepe3 To. Ecnm 6b1 muoxkectso {Tx @ x € X, ||z, < 1} EMeT0 BepXHIO TPAHUIY B

K-upocrpancrse I, corsiacno jiemme 3 Mbl uMesin Obl Jijist Kazk/J0ro n € N cooTHOIeHus

sup{Tz:z € X, ||z] <1} Zsup{Tz,:a € A, dim(a) > n}
= 2

n}

sup{nxa : a € A, dim(«)

an,

rae 1p — yHKINSA, TOXKIASCTBEHHO paBHas eanauie. Takum obpasom, oneparop 1’ He

yrosiaerBopsier yeaosuio 1.6.3 (a)(5), T. e. He ABJISETCS OTPAHUICHHBIM.

1.6.5. Ilpuwmep. CymecTByoT 6aHaxoBO mpocTpancTBo X, K-mpocTtpancTBo F
u oneparop 1: X — F, aBiagiomuiicss CeKBEHIIMAJIbHO OIPDAHUYEHHBIM, HO HE CYETHO

OI'paHUYE€HHDBIM.

<« C(Cnabxkasg BEKTOPHOE MPOCTPAHCTBO € CXOAANIUXCI K HYJIIO YHUCIOBBIX MOCJIEI0-
BATEJLHOCTET pABHOMEPHON HOPMOIH |||, MBI HOMIyuaeM GaHaXOBO IPOCTPAHCTBO, KOTOPOE
obosnaunMm cumBosoMm X . Hajenus ke mpocTpaHCTBO ¢y TOKOOPIWHATHBIM MOPSITKOM, MBI
HoJTyduM K-IPOCTpaHCcTBO, KOTOpoe obo3HauuM depe3 F. PaccMoTpuM TOXKIeCTBEHHOE
orobpazkenue 1': ¢y — ¢y Kak oneparop u3 X B F'. [lj1s Kaxk10ro HaTypabHOIO YUC/IA
n € N obo3HauuM uepes e, XapakTepucrudeckyto byHkiuo noamuoxkecrsa {n} C N.
Omnepatop T He SBISETCS CYETHO OIPAHMYEHHBIM, TAK KAK OH MEPEBOJUT OrPAHHYEHHOE
CYETHOE MOJMHOMKECTBO {€y, : n € N} Ganaxosa npocrpanctBa X B HEOrDAHMYEHHOE TOJI-
muozkecTB0 K-npocrpancrsa F (em. 1.6.3 (6)(6)).

[Tokaxkem, aTo omeparop 1’ ABIIETCA CEKBEHIINATHLHO OTPAHTIEHHBIM, BOCIIOIb30BAB-

mucek kpurepueM 1.6.3 (8)(3). Paccmorpum mpon3BoJIbHYIO HOCIEA0BATENLHOCTD Ly, )pneN
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9J1eMeHTOB X, CXO/AILYIOCS K HYJIIO 110 HOPMe, U OLPEJIEJIUM HOC/Ie0BATEIbHOCTD & (HhOP-
mynoii z(m) = sup,ey |zn(m)| (m € N). Hdocrarouno mokasats, uto z(m) — 0 mpu
m — o0o. 3adukcupyeMm npousBosbHoe unciao € > 0. Ilycrs n € N takoe uuncio, 4to
|zn|| <& mas Beex n > n, am € N taxoe, uro (|z1] V |za| V- -+ V |z5|) (m) < & mns Beex

m > m. Torga x(m) < € nas Bcex m > m. »

1.6.6. IIpuwmep. CymecTByioT 6aHAXOBO MPOCTPAHCTBO X, paciiupennoe K-mpo-
crpanctBo F' u omepatop 1T': X — F, aBidomuiica mMoJyorpaHUYeHHBIM, HO He CEKBEH-

IMHaJIbHO OI'PaHUY€HHDbIM.

< O6o3HaunM 4Yepe3 A MHOKECTBO BCEBO3MOXKHBIX KOHEUHBIX MOCJIET0BATEIHHO-
creit myneit u equnn; A = {(6(1),...,6(n)) : n € N, 6(i) € {0,1}}. Ilepenymepyem
3JIEMEHTBl MHOXKeCTBa A, [ePeYrC/IuB CHAUYAIa BCe [OCIe10BATeIbHOCTH JUIMHBL 1, 3aTeM

JJIVHBL 2 U T. JL.:

91 := (0), 62 := (1);
93 :=(0,0), 94 :=(0,1), 05 := (1,0), b6 := (1,1);

dan—1:=(0,0,...,0), 620 :=(0,0,...,1), ..., Ognt1_o:=(1,1,...,1);

Just kazaoro ssementa 6 = (8(1),...,6(n)) € A obosuauum uepes Iy orpesok

BEIECTBEHHONW NPAMO
[2710(1) +2726(2) + -+ +27"5(n), 2710(1) +2725(2) + - +27"5(n) +27"].
JLst Toro 4ToOBI 0OJIETYUTh MOHUMAaHUE Tocae Hell (hOpMYIbI, 3aMeTHM, UTO
Is, =11, In,=1, Is, =1} Is, =13, Is, =13, Iy, =1}, ...,

rje I} — orpesku, paccmorpennble B 1.6.2.

O603maunm gepes X Ganaxopo mpocrpancTso (1 (A) cymmupyeMbrx dbyHKmmii 7: A —
R ¢ mopmoit ||z]| = Y s5c [2(6)] 1 nonozxum F pausiv K-npocrpancrsy M ([0, 1]) krac-
COB BeIeCTBEHHBIX M3MepuMbIX 1m0 Jlebery dyukmuii va orpeske [0,1]. [lag kaxkmgoro
snemenTa 0 € A obo3HAUMM Uepe3 [ XapaKTepUCTUIECKY0 (DYHKIHIO oTpe3ka I5, a de-
pes f5 — kiacc sxkBuBajenTnocTu u3z M ([0, 1]), cogepxammii pyukuuio fs. Onpeneanm

orneparop 1': X — F dopmy.ioii

Tx = O—Z 2dim 4 (5)f5,
deA
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rie dim & — juimHa nocsegoBareabHocTu 0. ITociennss o-cyMMa, CyIecTByeT, Tak Kak Co-
OTBETCTBYIOMIAs HOTOUETHAT CYMMA ) _sc A odim 53:’((5) f5, O4eBUIHO, M3MEpHUMA, & HHTErPaJI
ee MO/ paBeH

> 28 0a(6)|u(ls) = Y |=(8)] = |||

0eA deA
", cjejoBarebHo, Koneued. Takum obpasom, [|Tx| = ||z||, orkysa Heuocpeucrsento
BBITEKAET IIOJIYOIrPAHMYEHHOCTH omeparopa 1.

[TokazkeMm, 4TO IIOCTPOEHHBIN omeparop 1’ He ABIAETCS CeKBeHIUAILHO OrpAHUICH-

aeiM. Jist KazKaoro sjaemenTa 0 € A 0003HAUNM Yepes €5 XapaKTePUCTHIECKY IO (DyHKIUIO
omo3ementHoro noamuozxectsa {6} C A. Toraa nociesosaresuocts (27 4m On es,)

neN

CXOJIUTCH K HYJIIO 110 HOPME, B TO BpeMs Kak ee obOpa3 (f(gn) OTHOCUTEJILHO OllepaTopa

neN
T, o4eBUIHO, HE ABJSIETCS T-CXOSIIeiica K HYJTI0 MOCae0BATeTLHOCTBIO. B

1.6.7. Ilycte E u F' — Bexkrtopubie pemerku. Omneparop 1': E — F Ha3bBaiorT
noaoscumenvrvim, eciaun T'e > 0 1jist Bcex HOJIOKUTEIbHBIX € € I u peeyaaproim, eciin
CYIIECTBYIOT TaKHe MOJOXKHUTeIbHbIe onepaTopsl 11, Ty: E — F, aro T =T — T5.

[Iycte U u V — PHII nan BekTopubiMu permerkamu I u F' coorBercTBenHO. [0-
BOPSAT, 9TO TOJIOKHUTEIbHBIN omepaTop S: E — F aBasercs manicopanmot oneparopa
T:-U — V, eciu |Tu| < Slu| mis Becex v € U. Oneparop, uMmeronuii MaxKoOpaHTy, Ha-
3BIBACTCS MadAtcopupyemoim. COBOKYIMHOCTH BCEX MaKOPUPYEMbIX Omneparopos u3 U B V
obosuauaercst cumBosiom M (U, V). Ouesumuo, M (U, V) npejacrasisier coboii BEKTOPHOE

HO/IITPOCTPAHCTBO IIPOCTPAHCTBA, BCEX JIMHEHHBIX omepaTopoB u3 U B V.

ITpenmoxxenne. Ilycre E u ' — Bexkrtopubie pemerku, a U u ) — PHIIL.
(1) Omeparop T: E — F peryjasiper Torja u TOJbKO TOIJA, KOLJA OH MayKOPHPYEM.
(2) Ecoiu oneparop T: U — V) MazkopupyeM, TO OH OrpaHHIEH.

(3) Ecim F' — K-npocrpanctso u oneparop T: E — F orpanmden, 70 oH MayKopH-

pyem (= peryJsipeH).

<« VYrBepxienus (1) u (2) oueBuaunl. Jokazarenbctso (3) mveercs B [60: VIIL1.27;
33: Teopema VIIL.2.2]. »

Sameuanue. OrpaHndeHHbiil oneparop MOxKeT He ObITh Maxkopupyembim. Jleii-
CTBUTEJIBHO, CHAOXKAsT BEKTOPHOE MPOCTPAHCTBO (°° OrpaHUYEHHBIX YHCJIOBBIX OCJEI0-
BATEJLHOCTEl MOKOOPAMHATHBIM MOPSAIKOM, MBI MOJYIHM K-TIPOCTPAHCTBO (a 3HAYWT,
[TBK), koropoe ob6osnaunm 4depe3 U. Hamenns xke (>° paBHOMEPHON HOPMOIi, MBI TOJTY-
anm GaHaxoBo npoctpancTBo (a 3naunt, [IBK), koropoe o6o3uadum cumvposom V. Torga
TOZKIeCTBEHHOE OToOpazkeHnue (*° Ha cebs Kak oneparop us U B V Oyjer OrpaHudeHHbIM,

HO He MayKOPUPYEMBIM.
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1.6.8. Cuabaum Bekrtoproe npocrpancrso M (E, F') nopsiakom, noaoxus S < T
TOIJIA U TOJIbKO Torja, Korjga Se < Te jyist Bcex 1oJoxKuTe/ibHbIX € € E (1. e. Korja

pasuocTb T — S ABAAETCS TMOJOKUTETLHBIM OEPATOPOM).

Teopema Pucca — KanrtopoBuua. Ilycre E — Bekrophasi pemnierka, a F' —
K-npocrpanctso.

(1) Ilpocrpancrso M (E, F) siBasiercst BEeKTOpHO# pemeTkoii. [[ist Jirobbix ormeparo-
pos S, T € M(E,F) u jir060ro moJjioxkurejibHOrO vjieMenTa e € F nveror mecro caepyro-

[ue COOTHOLICHHS:

(SvT)e=sup{Sz+Ty : 2,y >0, x +y = e},
(SAT)e=inf{Sx+Ty : 2,y >0, x+y=e},
Tre=sup{Tz : 0 <z < e},
T e=—inf{Tz : 0 <z < e},

|T|e =sup{|Tz| : |z| < e} =sup{Tz : |z| < e}.

(2) Bexropnas pemerka M (E, F') apiaserca K-upocrparcrsom. st 060ro mopsiji-
KOBO orpanmienHoro nogmuoxkecrsa T C M(E,| F') u g060ro moio;KaTeIbHOTO 3JIeMEHTa

e € I umeror mecTo ciemyrolae cOOTHOIITCHHS:

(supT)e=sup{Tie1+ -+ Then : TET, €; 20, e1+ -+ e, =e},
(inf’T)e:inf{Tlel+--~+Tnen T, €T, e; =0, €1+"'+€n=€}-

Bnepsbie B mpuBeieHHOi (hOpMYIHpOBKe TeopeMa ObLIa mokasana JI. B. KanToposuuemj]
B 1936 1. (cm. [57]). W aeitHoit pemochLIKoi 9TOro pesyabrara gauiach pabora @. Pucca
[224], B KOTOpO# GBLT paccMoTpen ciayuail dbyukiuonanos ua C ([0, 1]) Jlokazaren-
ctBo Teopembl Pucca — Kanrtoposnua Moxkuo Haiiti B [60: VIL.1.23] nm B [33: Teopema

VIIL2.1].

SBameuanue. Qopmysibl, IpuBeeHHBIE B (hOpMYTHPOBKe TeopeMmbl Pucca — Kanto-
poBHYA, MO3BOJISIOT BEIYUCISITH 3HAUEHUSI COOTBETCTBYIOININX OMEPATOPOB B JTI000I TOUKE
ux objacTu ompenenenus. JleficTBUTeNbHO, KaxKAblil JuHeWHBIH omeparop 1: F — F
OJIHO3HAYHO OIPEJIeIsIeTCsl CBOMMHU 3HAYEHUSIMU Ha IIOJOXKUTEJbHBIX dJIeMeHTax F: i

Beex e € E umeer mecro pasenctso 1'(e) = T(et) —T'(e7).
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1.6.9. Teopema [95]|. Ilycre U — PHII nag E, aV — PHII nax F.

(1) Kazkaprii mazkopupyembrii oneparop T: U — V uMeer HAUMEHBIILYIO MAYKOPAHTY
(orrOCHTEBHO MOpsKA B M (E, F)), 0603nauaemyro cuvsoiom |T|.

(2) Ecoim V — TIBK, 1o orobpazxenne |-| : T — |T'| npexcrapisier coboii pazioxu-

myio M (E, F)-3uaunyro sopmy va M (U, V), B mape ¢ koropoii M (U, V) ssasiercs TIBK.

VMest B BuIy TO OOCTOATETHLCTBO, UTO KaykKIasg BEKTOpPHAS PEIIeTKa MpeICTaB/Isger
coboit PHII nan camoit coboii, mocaeanuii pe3yabrar MOXKHO pacCMaTpUBaTh KakK 0000-
menne teopembl Pucca — Kanroposuaa. Mogyas oneparopa T € M(E, F), oueBuHo,

COBIIAIAeT ¢ HauMeHblieii mazkopanroii T, kak oueparopa uz PHII (E,|-|) 8 IIBK (F, |]).

1.6.10. Teopema [95|. Paccmorpum IIBK U nax E, PHIL V nag F' u snneiinbiii
onmeparop T': U — V. /s KazKa0ro moI02KHTE/IFHOIO djIeMeHTa e € I momoxkum

T<(e) :={1Tur]l+ -+ |Tup| : wi €U, Jur]+ -+ |un| < e},

T_(e) := {|Tu| + - + |Tun| : wi €U, ur] + -+ |un| =€},

Ti(e):={|Tul + -+ |Tun| : u; € U nonapuo AU3bIOHKTHEI,
lua]l + -+ Jun] < e}

Oneparop T' makopupyem TOIJIa H TOJIBKO TOLJA, KOIJA JIS JIIOOOIO I10JI0KHTEJIBHOIO
ssmeMenTa e € E mopsikoBo orpanmdeHo ofHO (a Torjga m Kazkiaoe) m3 muoxkects T« (e),
T—(e) man T (e). B srom ciayqae |T|e = supT<(e) = supT=(e) = sup T (e) mist Bcex
e > 0.

Hano ckasarb, 4ro pasencrBo |T'le = sup7(e) 6buio dhopmMaibHO MOIYUIEHO B
IIPEJIIOIOKEeHUN MaKopupyeMmocTu oneparopa 1’ (em. [95: mpemnoxenne 4.2]). Tem ue
MeHee TpHBEJEeHHOE B [95] M0KAa3aTENbCTBO HE HCIOJB3YeT 3TO MPEINOJ0KEHne U TeM

CaMbIM YCTaHAB/MUBAET KPUTEPHIl MaKOPUPYEMOCTH B C(POPMYJIUPOBAHHOM BHIIIE BU/IE.
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§ 1.7. BanaxoBbl paccjaoeHus

B nannoit pabore paccmaTpuBaioTcst OaHaXOBbI PACCJIOCHUS JIBYX BUJIOB — HEIIPEPbHIB-
Hble 1 u3Mepumbie. O0a MOHATHST KMEIOT HEKOTOPBIi 001Kl KPYT BOIPOCOB, CBI3aHHBII CO
CJIOSIMY U CeYeHUsIME (TIOCTORHAS IIIOTHOCTD, MOTOYeYHAST HOPMA, OIEPAIUI HAJI CeUeHHUsI-
MH, CXOJUMOCTD [OCJIEI0BATEIBHOCTH CEUeHUIT 1 T. J1.), KOTOPBIl U ABJISETCs COJIePKAHTEM
sTroro Hebosbioro naparpada. Hamgo ckaszarh, 9T0 B CBSA3W C BBEJIEHHEM HOBOI'O IMOHS-
THS U3MEePUMOTo O0aHAXOBA PACCJIOEHUsI aBTOP ObLJI BBIHYK/IEH HOWTH HA HEKOTOPOE W3-
MEHEHHE IPUHATONR TePMUHOJIOTUN: A0 CHUX IOP CJIOBOCOYETAHHE <DAHAXOBO PACCIOCHHE
0003HaYAJIO TO, YeMy B JAHHOW paboTe COOTBETCTBYET TEPMHH <HEIPEepPbIBHOE HAHAXOBO
paccoennes. [TockobKy 6aHaXOBO pacC/iOeHHe B HOBOM CMBIC/IE ABJISETCA HEeIIPePhIBHBIM
6aHaXOBbIM paccioenuneM Had JUCKPETHBIM TOIIOJIOTUYECKHUM IIPOCTPaHCTBOM, BO H366}Ka—
HUE HeJ0pa3yMeHuit Mbl Oy/eM WHOIJ/IA NOBOPUTH <JIUCKPETHOE 0AHAXOBO PACC/IOCHUE>

BMECTO <0aHAXOBO PACCIOCHUE>.

1.7.1. TIlycrs Q) — memycroe MuHOKecTBO. (/uckpemmuvim) 6aHATOBbM PacCaOEHUEM
Had () Ha3bIBAETCHA BCAKOEe oToOpazkenue X, oupejeseHHoe Ha () M CTaBslnee B COOTBET-
CTBHE KazKJIOi Touke ¢ € () HEKOTOpoe HGaHaxoBO mpocTpaHcTBo X(q). 3uaduenune X(q)
HaHaxoBa paccJIOeHHs HA3BIBAETCS €ro caoem B Touke ¢ € (). Hopma snemenra x B ciioe
X (q) Gyner obosnauarbes cnmpooM ||z y(,) mm npocro ||zf|, ecan sicro, o kakom cioe

naeT peyb.

1.7.2. Ilyctp X — GanaxoBo paccioenne Haj (). DPyHKIHA u, OmpeaeeHHas HA
noamuoKecTBe D C (), HaszbiBaercs cewenuem paccaoenus X wad D, ecim u(q) € X(q)
Juisd Beex q € D (0603HaqaeM ueSD,X )) OrMeTuM, 4TO BMECTO TEPMUHA <CEYeHHEe>
B TEOPHH DAHAXOBBIX PACCIOEHHII HHOTIA YIOTPEOISIOT €r0 CHHOHUMBL: <CeJIeKTOP> WIN
<BEKTOpPHOE moJies. DyemeHTsl S(Q), X) Ha3HIBAIOTCA 2400a40H0LMYU ceveHuamu. Bcan Ha
MHOzKeCTBe () 3a/[aHa TOIOJIOTHS, TO CeYeHns Hal KOTOIMME IIOMHOKecTBaMu () HOCAT
Ha3BaHUE NOUMU 2400a4vHo1x. Fcmm ke () sBIsIeTCs TPOCTPAHCTBOM € MEPOii, TO MOYTH
F.HO6aJIbeIMI/I €CTECTBEHHO 6bIJIO 6bI Ha3blBaTb Ce4e€HUd, OlIpe/ie/IeHHbIe 1104YTU BCIOAY B
Q. Opmnako BO m30GeKaHWe JIBYCMBICIEHHOCTH MbI HE OyJIeM yHOTpebJsITh STOT TepMUH
B CJIydae HpPOCTPAHCTBa C Mepoil. BmecTo 3TOro OyaeT HMCIOIB30BATHLCS 00O3HAYEHNE
S~(Q,X) st COBOKYIHOCTH cedenuii paccaoenuss X, onpeeJeHHbIX MOYTH BCIOJLY.

MuozkecrBo cedennii U C S(Q, X) HazbIBaeTCsT NOCAOTUHO NAOMMBIM B X, €CIIH COBO-
kynuocrb {u(q) : u € U} Beroy wiorna B X (q) jyist sii060it rouku ¢ € (. Nnorja okasbl-
BaeTCsa yIOOHBIM HMETh MOHATHE IOCIOWHOI IJIOTHOCTH B HECKOJBKO ODOOITEHHOM BHJIE:
MHOKECTBO U, COCTOsIIIee U3 CedeHnii paccaoeHnst X HaJl Pa3JInIHbBIMA IIOAMHOKECTBAMI
@), Ha3BIBALTCS NOCAOTHO naomHbm 6 X wa D C @), ecin coBokymuocTh {u(q) 1 u € U,

q € domu} Bcrogy mnorna B X(q) aus 060t Touku g € D.
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1.7.3. Muoxecrso S(D,X) Bcex cewenunit nag D C () ecrecTBEHHBIM 00PAa30M
HaJIeJIsIeTCst CTPYKTYPOii BEKTOpHOTrO mpoctpancTBa: (Au + pv)(q) = Au(q) + pv(q) amst
A €R u,ve S(D,X), g€ D. Ilpocrparctso S(D, X') MOXKET TaK¥Ke pacCMaTPUBATHCSI
Kak MOjy/Ih Haj koabinoM S(D) Becex dbyukrmuit u3 D B R: mag seex e € S(D) u u €
S(D, X) ceuenne eu € S(D,X) oupenensiercss dbopmyanoit (eu)(q) = e(q)u(q). Onepanuu
BEKTOPHOTO TIPOCTPAHCTRBA W MOJLYJ/IS ONMPEJCTAIOTCS TaKzKe 175 nap (hyHKIUIT, HMEIOTIX
pas3mble obactu onpejenenus: ecan A, € R, u € S(A, X), v € S(B,X) uec S(C), 10
A+ po = )\(U|AmB) + ,u(U|AmB) u eu = e|anc ulanc-

Hnsaue S(D,X) u A C Q cumBosiom (A)u obo3nauaercs cedenne Haa D, neiicTBy-
IOIIee 110 IPABUILY: ((A)u) (q) =u(q) upuge DNAmn ((A)u) (q) = 0(¢q) upu g € D\A,
riae 0(¢) — uyab B GamaxoBom mpoctpanctse X (q). @opmynas Buga u(q) = 0(¢) wim
u(q) # 0(q) mbI Gyzem 3amucsBaTh Kopoue: u(q) = 0, u(q) # 0.

Ecmu Ha MHOXKecTBe () 3aJiaHa TOMOJIOTHs, TO sl Kaykjaoro cevenust u € S(D, X)
oupesessiercsas ero wocumens suppu = cl{q € D : u(q) # 0}, rme ¢l — onepanus

3aMbIKaHUAd B TOHOJIOTUYIECKOM IIPOCTPAaHCTBE Q

1.7.4. Ecm X m Y — 6anaxoBbl IPOCTPAHCTBa, TO MHOXKECTBO BCEX JMHEHHBIX
HENPEPHIBHLIX (= OTpaHUYeHHBIX) omeparopoB u3 X B Y obo3mauaercsa depe3s B(X,Y).
CumBon X' ucnonbsyercs s 0603Hadenns conpsizkennoro Kk X npocrpancrsa B(X, R).
Bamnuce (z|r') o6osnavaer 3nauenue pynxmuonana r’ € X’ na snemenre x € X.

[Ipeamonoxkum, aro X u ) — OGanaxoswl paccioenus wag (). Ilycrs dyukmus w
CTaBUT B COOTBETCTBHE KazKJOH TOYKE ¢ HEKOTOPOro mojMHoxecrBa D C () 3aeMeHT
w(q) € B(X(g),Y(q)), 4ro B panbHeiien GyieT CUMBOJIMYECKH 3AlUCBIBATBCS CJE/LY-
oy obpasom: w : ¢ € D — w(q) € B(X(q),Y(g)). Torma ans moboro cedenust
u € S(A,X) mag A C Q) cumBoIOM W ® U MbI Oymem 0003HauaTh cedenne Hag A N D pac-
cioenns ), onpeensemoe coornomenneM (w ® u)(q) = w(q)u(q), ¢ € AN D. B cayuae,
korga Y(q) = R gua Beex ¢ € @, BmecTo w @ u ucnoansyerca 3amuch (u(-)|w(-)). Ecau
() — IKCTpeMasbHO HeCBsA3HBI KoMIakT, dbyrkims (u(-)|w(-)) HenmpeprbiBHA, a ee 001aCTh
onpenenenuss AN D Beroy mwiotHa B ), 1o pogokenne (u(-)|w(-)) mo snementa Coo(Q)
Oyuer obosznadarbea depes (ulw) (em. 1.1.2).

Ecim X — 6anaxoBo pacciaoenne Haj P, To g a0boro orobpaxkenus s: (Q — P
KOMIIO3uIus X o § mpejcTaBisger coboit baHaxoBo paccioenue Hal (). Kpome toro, ecim
u — ceuenne paccaoenns X wag D C P, o uos — cevenne X o s wan s L[D]. das
HPOM3BOJILHOIO MHOXKecTBa U cevuennit X cuMBooM U © s Mbl 0603HAYMAEM COBOKYIHOCTD
ceuennii {uos:u €U} paccaoenus X o s.

[Iycth X — GanaxoBo paccioenne Hajg P u s — (yHKIHA, ompeaeseHHas HA MOJI-

mHOzkecTBe () u jieicrBytomniasi B P. Pacciioenne & o s, 1010/ 1HEHHOE HYJIEBBIMU CJIOSIMU B
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roukax )\ dom s, Mt Gyem o6o3HauaTh cUMBOJIOM X @ 5. Tounee roBops, ¢jiou GaHAXOBA

paccyioenns X @ s Haj () onpeesiorces popmyioit

X(s(q)), ecan g € doms,

(¥ es)(q) = {0}, ecau ¢ € Q\ dom s.

Eciu u — cedenne paccioenus X nHag D C P, To CHMBOJIOM U ® S MBI Oy/ieM 0003HAaYATD

cedeHne
u(s(q)), ecin g€ s D],

(ues)(q) ==

0, ecan g € @\ dom s
paccaoenns X s naj s [D]U(Q\ dom s). [lisi npoussobioro Muoxkectsa U cedennii X
cuMBOJIOM U @ $ MBI 0603HAYAEM COBOKYIHOCTD cevennii {u® s : u € U} paccioenns X e s.
BesycoBHo, /17151 06ecedennst KOPPEeKTHOCTH IPH UCIOJb30BAHIN 0003HAYCHUIT THIIA U ® S
CJIeJlyeT BCerja UMeTh B BUJLY HEKOTOpoe (DUKCHUPOBAHHOE MHOXKECTBO (), 00beMJIiolee

dom s.

1.7.5. na xaxgoro cedenns u € S(D,X) paccMaTpuBaeTcs €ro nomoveunas
nopma |ul|: ¢ € D — |u(q)|. Ceuenns v € S(A,X) u v € S(B,X) nazbBarorcs
duzsronkmuomu, ecan ||u(q)|| Allv(g)|| =0 aist Beex ¢ € AN B.

[OBOPSAT, YTO MOCJIEIOBATEILHOCTh cedeHuit Uy € S(Dy, X) nomoueuno crodumes
K u € S(D,X) na mmoocecmee A C Q, ecrm A C domu N (),_; domu, u nocmemro-
Baresbnoctb Gyukuuit ([Junla — u|A|”)neN IIOTOYEYHO CXOAUTCs K HyJ0. Ecm mocite-
JOBATEIBHOCTL cedennit u, € S(D,X) noroueuno cxomurest k u € S(D,X) na D, To
CeUeHNe U HA3BIBAIOT NOMOYEUHVIM NPeIesoM TTOCTeTOBATETLHOCTH (Uy,). TIoqMHOKECTBO
U C S(D, X) HasblBaeTCS NOMOYEUHO 3AMKEHYMbLM, €CTTH OHO COJIEPIKUT BCE MOTOYEUHbIE

npeaeJsibl HOCJIG,[LOB&TGJIBHOCTeﬁ CBOHUX JJIECMECHTOB.

1.7.6. Pasnomeprot nopmot |ull,, cedenna u € S(D,X) naspiBaercs (KOHedU-
Hoe mH GeckonewHoe) anc1o supgep [[u(q)|. Ceuenme u maswBatoT oeparumervim (1Ha
U C D), ecin |lull,, < oo (coorsercrsenno ||uy|l,, < 00). MmuoxkecrBo Bcex orpanu-
deHHBIX cedenuit u € S(D,X) obosnauaercsa depes (°°(D, X). Hecomuenno, (*°(D, X)
ABJIsIeTCSl BEKTOPHBIM TIonpocTpancteom S(D, X'), a pasaomepHast Hopma Ha (°°(D, X)
IPEBPAIIAET ITO BEKTOPHOE MPOCTPAHCTBO B GAHAXOBO.

CoBepIIeHHO AHAJOTHYIHO CBOUM IIOTOYEIHBIM AHAJOTAM BBOJATCS MOHITHS PUGHO-
MePHOT CLOOUMOCTNU, PABHOMEPHO20 Npedesa U pasromeprol samrrymocmu (cp. 1.7.5).

B cayugae, korma () gB/IsieTCst TOMOJTOIHIECKUM ITPOCTPAHCTBOM, €CTeCTBEHHBIM 00pa-
30M BBOJIATCSI TAKUE MOHATHUS, KAK A0KAALHAA 02PAHUYEHHOCTb CEICHHSI, A0KAALHO Pa6-
HOMEPHAA CTOOUMOCTIL TOCIETOBATEIBHOCTH CeUeHUii U T. . ['0BOPST, UTO MHOKECTBO
ceaennit U C S(Q, X') pasrocmenenno A0KaALHO O2panuvero, ecan Jis 060 Toukn ()

HaiijeTcs ee OKPECTHOCTh, HA KOTOPOil OrpaHuYeHbl Bce cedeHus u3 U.
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I'masa 2. HEIIPEPBIBHBIE BAHAXOBbI PACCJIOEHUNA

Henpepsisaoe 6anaxoso paccioenne (HBP) naj ronosorndeckum npocrpancrsom
gaBJIgeTcsd (POPMATBHBIM KBUBAJIEHTOM WHTYUTHBHOTO ITIPEJICTABJIEHUs O ceMeiicTBe Oa-
HAXOBHIX MPOCTPAHCTB (Xy)qc@, HENPEPHIBHO M3MEHSIONINXCS OT TOYKM K TOUYKe IIPO-
crparctBa (). V300perenne OaHAXOBBIX PACCAOCHUN MPUHSATO CBI3BIBATH C HUMEHEM
JIx. don Heitmana, kotopsrit B 1937-1938 1. BbhIcKa3a1 HEKOTOPbBIE UIeH, KACAIONIIECcs Te-
peMeHHBIX DaHaXOBBIX mpocTpancTB. CoorBeTcTBYIONNE (POPMATbHBIE OMUCAHUS BOSHUK-
Jin mpudm3uTesibno B 1950 r. B padborax P. T'ogemana, 1. Kamnanckoro, 1. M. l'enbdania
n M. A. Haiimapka. Cerojust Teopusi HEIIPEPbIBHBIX 0AHAXOBBIX PACCJIOCHUIl IpejacTaB-
JsieT coboii BechbMa OOIMINPHYIO 00JaCTh UCCIeJI0BaHUil. AJeKBaTHOe MpeaCTaBIeHHe O
COBPEMEHHOM COCTOSTHUU 3TOU TEOPHH MOXKHO MOJIYYHTb, OOPATUBIINCH K JUTEPATYPHBIM
ob630opam u ceblikam, umeronmmest B [141]. Mounorpadust [144] comepzkut noapobubie 06-
CYKIeHus OOTBIMTMHCTBA HeOOXOIMMBIX HaM MOHATHII, cBs3aHHbIX ¢ HBP.

B nmammnoii ritaBe mpuBeieHbl ONpeieeHus 1 dJeMeHTapHble CBOMICTBA BCeX OCHOBHBIX
oobekToB Teopunn HBP. Peub njier o HenpepbuIiBHBIX CTPYKTypax B OAHAXOBBIX PACC/IOCHU-
SIX M CI10cO0aX WX BBEJICHUS; O HENPEPbIBHBIX CEYEHUSIX, UX CBOHCTBAX W ONEPANUAX HA/T
HuMu; o romoMopdu3max Kareropun HBP u ux skBupaieHTHBIX onucanusx. Iloutu Bech
MaTepHuaJl TOil TJIaBbl TaK WU WHade u3BecTeH. HekoTopbie HOBbIE (DAKTBHI MOSBISIOTCS

TOJIFKO B naparpadax 2.4 u (B Gosbiieii crenenn) 2.5.
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§ 2.1. OcHOBHBIE TIOHATUSA

B nannoit pabore n3bpaH 1moaxo/1 K Olpeae/eHII0 HeITPEePhIBHOCTH CeYUeHU T, OCHOBAaH-
HbI{l HA IIOHATUU HEIPEPBIBHOU CTPYKTYPbI. Takoit BbIOOP 00yCJIOB/IEH IPOCTOTONW BO3HU-
KAIOIIHUX ITPU 3TOM 00bEKTOB, JIEIKOCTHIO UX KOHCTPYHPOBAHUS U YI00CTBOM IPUMEHEHHS
K Teopun PHII. /Ipyroit — TomoJsioruvuecknii — IOJIX0J B aKCHOMaTHIeCKOil hopme He

MMpuBEACH, OJJHAKO YKa3aH MEXaHU3M HCIIOJIb30BaHUA €ro OYeBUAHBIX TPEUMYIICCTB.

2.1.1. IIycrb @Q — Tonosoruyueckoe mpocrpanctso. Muoxkecrso C C S(Q, X) rio-
GaIbHBIX ceueHnil Ganaxosa paccaoennda X Hag () Ha3BIBACTCH HenpepbuieHot cmpykmypoti

6 X, ecain BBITIOJIHEHBI CJIE/IYIONINe YCIOBHS:

(a) mHOXKecTBO C SIBJISIETCS BEKTOPHBIM mojnpoctpancToMm S(Q, X);
(6) moroveunas Hopma ||c|| : @ — R ar0boro snementa ¢ € C HenmpephIBHA;

(B) muoxkecTBO C HOCTIORHO IJIOTHO B X.

Eciu C — menpepbiBaas crpykrypa B X, 1o mapa (X,C) Ha3bIBAeTCA HENPEPbLLEHBLM
banazosvm paccaoenuem (HBP) nad Q. Tlpu stom Bmecto (X, C) 06braHO OyaeM mucath

upocro X, a HenpepbiBHy0 cTpyKTypy C 0003Ha4aTh cuMBoJioM Cy.

2.1.2. Ilycrs (X,C) — HBP nan romosornvecknm npocrpancreom ). Cedenne
u € S(D,X) nax D C @Q naszwiBaercs C-nenpepuishom 6 mouwke ¢ € D, ecan byHK-
uus |Ju —cf|: D — R ueupepbiBaa B TOuKe ¢ jjig JaoGoro siemenra ¢ € C. Ceue-
aue u € S(D,X), C-HenpepbiBHOE B KaxKJOi Touke ¢ € (), HazbiBaeTcs C-Henpepois-
nom (o6osnavaem u € C(D,X|C)). B wacrnoctn, cevenne u € S(Q, X) npunajieKuT
C(Q,X|C) B Tom u ToBKO TOM caaydae, ecau ||u — ¢f € C(Q) anst Beex ¢ € C.

B nanbreiinmiem nenpepoiBHas cTpykTypa C, Kak mpaBujio, He Oyaer (purypupoBaTh
B 9BHOM Buje. B ¢Bs3u ¢ srum C-HenpepbiBHble (B TOYKE) CeUeHUsI Mbl Oyj€M HA3bI-
BATH TPOCTO Henpepuervimu (6 mouke) u ynorpebists obosnadenue C(D,X) BMecTo
C(D,X|C) (cp. 2.1.9). CoBOKYIHOCTH BCEX HEMPEPHIBHBIX OIPAHMYCHHBIX cedeHuit Ha | D

oboznauaercs cumposiom CP(D, X).

2.1.3. IlpuBexennsniii B 2.1.2 cmocod ompejie/ieHus HEIPEPLIBHOCTU CeYeHM BIep-
Bble OBLI IpeIoZKeH, no-puauMomy, B 1949 1. P. Togemanom (cM. pa3BuTme 3T0ro MeToa
B [146]). B coBpemennoit jinreparype 0 GAHAXOBBIX DACCIOEHHSIX HCIOJIB3YETCs TAKZKe
APYro#l 10/xoJ, IpUu KOTOPOM HEIPEPbIBHOCTHL CEYEHUN BO3ZHUKAECT KAaK 4YUCTO TOILOJIO-
ruvueckoe mongatue. V3moxkenune oO6OMX YHOMSHYTHIX METOJIOB, a TaK:Ke 0OOOCHOBaHHME UX
SKBUBAJIEHTHOCTH MOXKHO Hafitu B MoHorpadun [144]. He ocranasinBasich mogpoGHO Ha
BTOPOM IIOAXO0A€, MbI JIMIIH IMOACHUM CBfA3b HEIPEPBIBHOCTU OTHOCUTEJIBHO HereprBHOﬁ

CTPYKTYPHI € TOIOJOTUICCKON HENPEePBIBHOCTHIO.
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2.1.4. Ilycrb X — HBP nax Q. Cumsosiom (Q ® X' 0603Ha4aeTCss MHOXKECTBO Lap
Ugeo ({a} x X(q)), a cumBonom (Q ® X)* — noxmuoxkecTBo (Q ® X)?%, cocrosmee u3
3JICMEHTOB BH/IA ((q,a:), (q,y)). s upoussosibHOro cedenns u € S(D, X) nan D C @
BBOINTCsT ByHKIMA Q®@u: D — QR X, neiictBytomast o npasuiy (Q®u)(q) = (q, u(q))

[Iycrs U C Q, u € S(Q, X), € > 0. Tpybrot pamuyca € Hax U BOKPYT U Ha3bIBALTCS
muoxkectBo Uy, €) = {(¢,2) € Q@ X : ¢ € U, ||z — u(q)|| < e}

JIemma. /List mo6oro HBP (X, C) max QQ muozxkectBo Tpy6OK U (¢, €), onpemeasieMbrx
oTkpeITeIME TToaMHONKecTBamu U C (), cedennsivu ¢ € C u paguycamvu € > (0, siBasteTcst

6a30i HEKOTOPOIT OTKPBITOMH Tomoiorum Ha () @ X .
< JlokazarenbcTBo uMmeercs B [144: 5.3]. »

B nanbreiimmem aurs aroooro HBP X' man ) muoxkecTBo (Q @ X' Oyger 110 yMOTIaHUIO

cHabzKaTbhest TonoJorueit Tpybok, OUCaHHON B JieMMe.

2.1.5. IIpepnoxenme. /[lrsa sroboro HBP X max () caexyromme orobparkerwst

HEHPEPBIBHbI:
(a) prg: QX — Q, pro(q, z) = g;
©) [I:Qex -k, I-ll(g, ) = ll=l[;
(B) »:: Rx(Q®X)—=>QaX, *(A,(q,x)):(q,)\x);
) +@Q®X) =>QeX,  +((a.2),(0y)=(¢7+y).
< Henpepoisrocts orobpazkenus prg oueswina. Henpepbisnocrs ||-|| Mozxer Gbrrn

JIOKa3aHa CJIeIyoImuM obpasom: eciu (qo,zp) € Q @ X u a < ||xg|| < B, 1o, BbIOpaB
¢ € Cy ¢ J0CTaTOYHO OJIM3KUM K T 3HadeHueM ¢(gg) U B3sB OKpecTHOCTH U TOUKH ¢
v 9uca0 € > 0 J0CTaTOuHO MaJjIbIMH, MOYXKHO JOOUThCS HepaBeHCTB o < ||z|| < [ mis
Beex (¢, x) € U(c,€). HenpepbiBHOCTH OTOOparkeHnii * M -+ yCTAHABJIUBAETCS TEMH JKe

npueMaMu 1 CTOJIb K€ IPpocTo. P

2.1.6. Jlemma. Eciu X — HBP max Bmosme peryasprasiM npocrpancTBoM (), TO

TOMOJIOTHIeCKOe IPOCTPAHCTBO () @ X BITOJIHE PEryJisipHO.

< Ilycts G — OTKPBITOE MOJAMHOXKECTBO Q®@X 1 MpeIoI0KuM, 9o napa (qo, £g) €
@ ® X npunagnexkur . Torma maiiayrca okpectHocTb U Touknu qq, cedenne ¢ € Cy u
ancyio € > 0 makue, uro (g, xg) € U(c,e) C G. TlockoabKy mpocTpaHcTBO () BIIOJIHE

pery/sipo, umeercsi takasi dynknus ¢ € C(Q), uro ¢ = 0 Bue U u ¢(qo) # 0. Hust
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KaxK10ii napst (¢, ) € Q ® X nonoxum f(q, x) := ¢(q) - max{e — ||c(q) — z||,0}. Torua B
CUJTy HENPEePLIBHOCTH cedeHus ¢ u oneparuii + u ||| (em. 2.1.5) dbyukmus f: Q@ X — R

Takzke HenpepbiBHa. Ocragoch 3amerutb, uto f =0 Bue G u f(qo, z9) #0. »

2.1.7. Teopema. Ilyctb X —HBP mag @ u D C (). /I HempepbIBHOCTH CeIeHHsT
u € S(D,X) B rouke q € D B cmpicie 2.1.2 HeoOXOQUMO H JIOCTATOYHO, 9TO0BI (DYHKI[HS

QRu: D — Q ® X 6bl1a HEIPEPBIBHA B TOYKE ¢ B TOMOJOTHIECKOM CMBICIE.

<« HeobxoaumocTs mHenpepwsiBHOCTH DyHKIHE () @ u oveBmana. Jlokazxem mocrta-
TOYHOCTH 9TOr0 ycaoBud. [Ipenmonoxkum, aro ¢dpyukimug QQ @ u: D — ) ® X HenpepbiBHA
B TOUYKe ¢, 3adUKCHPyeM HPOU3BOJIBHBIN 3j1eMeHT ¢ € Cy ¥ JOKaKeM HelNpPephIBHOCTh
dbyukmun |u —¢||: D — R B Touke g. st 37010 BO3bMeM MPOU3BOIBHOE YO € > 0 1,
obozmaqaus ||u(q) — c(q)|| wepes A, ycranosum mepasencrBa A — ¢ < |lu(p) — c(p)|| < A+¢
JUIs BCEX P W3 HEKOTOPOH OKPECTHOCTH TOYKH ¢ B MPOCTpaHcTBe D.

Bribepewm ceuenne v € Cy rak, urobwl ||u(q) — v(q)|| < /2. Torma B cuity Henpepbis-

HocTH (PYHKIHUK () ® U B TOUKE ¢
|lu(p) — v(p)|| < €/2 B OKpecTHOCTH TOYKH q. (1)

Mocxomsxy u(g) — ()]l < llu(a) = c(@)]| + l[ula) — v(@)]| < A+ /2, B cury nenpepsr-

Hoctu dbyuknuu |[v — ¢ Ml uMeem
lv(p) — c(p)|| < A+ €/2 B OKpecTHOCTH TOYKH q. (2)
ITo Tem ke cOOGpazKeHHsIM U3 HEPABEHCTB
lo(q) = (@)l = llulg) = el = llulg) —v(@)[| > A —¢/2

caeiyeT, 9To

lv(p) — c(p)|| > A —€/2 B OKkpecTHOCTH TOUKH (. (3)

YuaursiBas coornomenus (1)—(3), B OKpECTHOCTH TOYKU ¢ MBI HMeEEM

A—e=(A-¢/2) —e/2 <|lv(p) — c(p)| = llulp) —v(P)]
< [lu(p) — c(p)ll
< [Jo(p) = cp)ll + [lulp) —v(p)l] < (e/2+A) +e/2=A+e. »
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2.1.8. IIpennoxkenme. Ciiejiyromniue COOTHOIICHUS MEXK/Yy HEIIPEPBIBHBIMH CTPYK-
rypamu C u D B banaxoBoMm pacciaoernn X HaJ TOMOJOTHIECKHM IIPOCTPAHCTBOM () paB-

HOCHJIBHBI:

(1) €@, X[C) = C(Q, X|D);

(2) C(Q,X[C) C C(Q, X[D);

(3) € CC(Q,XD);

(4) mepeceuenne C'(Q, X|C) N C(Q, X|D) nocoiino miorao B X;

(5) romomormn B ) ® X, coorBercrByrome HempepbBHbIM cTpyKTypaM C m D,

COBIIAIAOT.

<« Uvmmmkamun (1)=-(2)=-(3)=(4) oueBuansl. Yciaosue (1) caeayer u3z (5) B cu-
ay 2.1.7. Ocraercst unib nosicHUTh uMInKanuio (4)=(5).

[Ipeanosnozkum BbiosHeHHbIM yeiaoBue (4). 13 coobpazkennit cummerpun st J10-
KazaTeabCTBa (5) JOCTATOYHO YCTAHOBUTH, UTO TOMOJOTUSA B () ® X', COOTBETCTBYIOIIAS
crpykrype C, ciabee Tomosiorun, coorBercrByiomieit D. Ilycts U — OTKpBITOE MOIMHO-
xectBO (), c € C, e > 0u (q,2) € U(c, e). Ham ocraercst HafiTi OTKPBITOE HOIMHOKECTBO
V C @Q, cesenne d € D u aucio § > 0 raxue, uro (¢,z) € V(d,d) C U(c,€). D10 MOKHO
ocymiecTBUTH B JBa drana. Cradana seibepem u € C(Q, X|C) N C(Q, X|D) ¢ nocrarodno
6am3KNM K = 3HaveHneM u(q) n BosbMeM okpectHOCTh Uy C U Toukm ¢ u aucio g > 0 jo-
CTATOYHO MAJBIMU TaK, 9T00BI ObliM BbIOIHEHB! BKIOYenus (¢, x) € Up(u,9) C U(c, ).
BareM, BeIOpaB d € D ¢ 10cTaTOYHO GJU3KNM K = 3HaYeHHeM d(q) W B3SB OKPECTHOCTD

V C Uy tourkn ¢ u gucao 0 > (0 J0CTATOYHO MAaJbIMH, MOYKHO JOOUTHLCS BKJIOUYEHHIA

(¢,z) € V(d,6) C Up(u,eg9). »

Henpepoisabie crpyktypst C u D, ya0BIeTBOPSONINE OTHOMY W3 PABHOCUIBHBIX YCJIO-
Buit (1)—(5), Oysem HasbiBaTh oK6uBaAeHMHbLMU. OUeBHIHO, YTO JJist JIODOI HelpepbiB-
Holi cTpykTypbl C B GanaxoBom paccioenun X waj () npocrpanctso C(Q, X|C) sBasiercs

HanOO,IbINEN HEPEePHIBHON CTPYKTYpoii B X, skBuBasienTHOH C.

2.1.9. Banaxosst pacciaoenust (X,C) u (X, D), nMeroniie S5KBUBAJCHTHBIE HEIpe-
poiBHBIE CTPYKTYPBI C 1 D, 0TOXKIECTBISIOTCS B PAMKAX TOMOJIOTHIECKOTO TMOIX0/1a, YIIO-
ManryToro B 2.1.3. [lockosbKy B JasbHelinieM HellpepbhIBHbIE CTPYKTYPHI, KaK MPaBUIO, B
SIBHOM BH/Ie (DUTYPUPOBATDH He OYIYT, TAKOE OTOZXK/IECTBIEHNE YMECTHO U B HAIIIEM CTydae,
TeM GoJtee 9To OHO YrKe MOAroTOBIeHO corytamntenueM B 2.1.1 o wanncannu X Bmecro (X, C).
Bamerum, uro B cuity 2.1.8 cumBos1 Cy MOXKHO MBICIUTH KaK 0003HAYEHUE TPOU3BOJIBHOIO

0C10#HO wioTHOro B X mogunpocrpancta C(Q, X).
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§ 2.2. IIpumepsl

OT1oT HEeOOIBIION naparpad CoAepKUT HamboJee YaCTO MCIOJIb3yeMble ITPUMEPbI
HBEP wu onepamnwuit nag aumu. Peub uger o nocrosiaabix HBP, noxpaccioenusx, orpannde-
Hugx HBP u . 1. 3aBepmaer naparpad jiemma 2.2.7, B KOTOpoiil IpuBeeH HEOIHOKPATHO

HCIIOTb3yeMbIil B JaIbHeleM crocod KoHCTpyupoBanus HoBeIX HBP.

2.2.1. TIlpocTbiM mpuMepoM OaHaXOBa PACCJIOEHUs SIBJSETCS TOCTOSTHHOE OTODpa-
xenne X = @ x {X}, craBsinee B cOOTBETCTBHE KayKJIOH TOYKE TOMOJOTHIECKOTO MPO-
cTpaHcTBa () OJTHO U TO Ke HaHaxXOBO mpocTpaHcTBO X . Ecim B KadecTBe HEMpepbIBHOM
crpyKTypbl C B3siTh COBOKYITHOCTH TOCTOSIHHBIX (DYHKIUi ¢: () — X, TO HENpepbIBHBIMI
ceaenusiviu HBP (X, C), Ha3biBaeMOro nocmosammim, OKazKyTCs B TOTHOCTH HENPEPhIBHbIE
dbyukmun u: Q — X. Bamernm, uro coBokymHocTh C'(Q), X) Bcex HempepbiBHBIX (hYyHK-
it u: Q — X TakyKe gBJISETCS HENPEPBIBHONH CTPYKTYPOH B MOCTOSHHOM PACCTIOCHUH

Q x {X}, upuuem skBuBasentnoii crpykrype C nocrosuubix dbynknuii (cm. 2.1.8).

2.2.2. Paccmorpum HBP & man Q). HBP Aj nan () uassiBaercs (HenpepvisHoviim)
nodpaccaoenuem X, ecmu Xo(q) siBasiercs 6aHAXOBBIM TOIPOCTPAHCTBOM X (q) 11t JII00Oi
Touku ¢ € Q) u, kpome roro, C(Q, Xp) = C(Q, X) N S(Q, Xp).

[Iycrs Teneph Xy — (auckperHoe) GaHAXOBO paccsioeHue, Kazkablil cioit Xp(q) Ko-
TOPOTO SABJAETCsT GAHAXOBBIM MOJMPOCTPAHCTBOM COOTBETCTBYOIEro cios X(q). Eciu
nepecedenne C'(Q, X)NS(Q, Xp) mocyioiiHo wioTHO B Xp, TO OHO 06Gpa3yeT HENPEPbIBHYO
CTPYKTYpPY Ha AXj, B mape ¢ KOTopoil Xy CTaHOBUTCH HEIPEPBIBHBIM IOAPACCIOCHHEM X .
Bynem roBoputh, 4T0 HenpepbiBHASI CTPYKTYpa Xy urdyyuposana us X. JIBolicTBEHHBIM
06pa3oM Besikoe BekTOpHOe nojnpoctparctso U C C(Q, X) undyyupyem nodpaccaoenue

Xy, HEIPEPBIBHOH CTPYKTYPOii KoToporo oo sBistercs:: Xo(q) = cl{u(q) : u € U} (¢ € Q).

2.2.3. IIpennoxkenme. Ilycre Xy w X — HBP wax Q, npuaem ais 1060i Togxm
q € Q caoii Xy(q) siastercst 6anaxoBbiM mognpoctparcTtBom X (q). Torma Xy — moapac-

ciaoerne X B TOM H TOJIBKO TOM CJIydae, e ()@ Xy — TOIOJIOTHIECKOe ITOIPOCTPAHCTBO

QX
<« Craenyer u3 2.1.7. »

2.2.4. Ilycrb X — HBP nan Q, a Xy — (auckpernoe) 6aHAXOBO PACCJIOEHUE, KazK-
Jblit coit Xy(q) KoToporo siisiercss GaHAXOBBIM HOAIMPOCTPAHCTBOM COOTBETCTBYIOIIETO
cios X(q). O6oznaqaum uepes Cy coBoKymHOCTH Beex cevennit u € C(Q,X), mas Ko-
Topbix MHOKeCTBO {q € @ : u(q) € Ap(q)} amnsiercs xkoromum B (). Ouesugno, Cj
ABJIsleTCsl BeKTOPHBIM monpocrpanctBoM C(Q, X). Cumsosom X A Xy Mbl Gynem 060-

3HAYaTh nojpacciaoenne X, unAynuposannoe npocrpancrsom Cp (cm. 2.2.2). Bamerwm,
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q9r0 B O0OIIEM CJIydae Hesb3st rapanTupoBarh nu Baodenue (X A Xp)(q) C Xp(q), nm
sriouenne Xp(q) C (X A Ap)(q).

2.2.5. Ilycte X — HBP nanx Q, D C ). Eciu C — HenpepbiBHasi CTPYKTYpa
X, 1o coBokynuocth {c|p : ¢ € C} mupejcrasisier coboii HENPEPBIBHYIO CTPYKTYPY B
(nuckpernom) GanaxoBom paccaoenun X|p. Ilosydennoe takum obpazom HBP wan D
HasbiBaercs ozparuyenuem HBP X wa D u obosnauaercs X|p. OueBnno, O(A, X|D) =

C(A, X) ans mo6oro noamuokecrsa A C D.

2.2.6. Ilycrs P u () — tomosormdeckue npocrpanctea u X — HBP manx P. Ecim
s — HenpepbiBHOEe oToOpazkenue () B P, 1o pacciaoenune X o s Mbl Oy/1eM M0 yMOTIAHUIO
paccmarpuBaTh Kak HBP Hast (), cuabkast ero HermpepbIBHO# ¢cTpyKTypoii Cyos (em. 1.7.4).
Ecmun ke s — yHKIEaA, ompeeneHHas Ha OTKPBITO-3aMKHYTOM IIOJAMHOMKeCTBe () U
neiicrBytomast B P, To paccioenne X e s Oymer paccmarpuBarbest kak HBP wmamx @ c

HeIpepbIBHON cTpYyKTypoii Cy @ s.

Ilpennoxxenune. Ilyctrb X — HBP mag P mw s — HenpepblBHOe oTObOparkKeHHE
To1o/I0rHYeckoro upocrpaicrsa (Q B P. Torua eciu u — HeupeppiBHoe cedenue X Hajl
D C P, To uo s — menpeprisroe cedenne X o s Hag s L [D]. B wacrroctn, C(P,X)os C

C(Q, X os).
<« (O oueBumaHOCTBIO BhITeKaeT u3 2.1.7. »

Bameuanue. Braouenune C(P,X)os C C(Q,X os) moxer 6biThb crpornm. Ha-
IIPUMEDP, €CJIn OTOOPAKEHUE S MOCTOAHHO, T. €. §: ) — {p} /st HeKoTOPOH ToukM p € P,
to MHOKecTBO C'(P,X) 0 s npejcrapiser coboii COBOKYIHOCTh BCEX MOCTOSIHHBIX (a He

BCEX HeNpepbIBHBIX) dyHKIWH u3 Q) B X(p).

2.2.7. llycrb () — TOmOIOrHnYecKoe MpOCTPaHCTBO. MbI Oy/1€eM rOBOPUTH, YTO MY.Ih-
runopmuposannoe npocrpanctso (U, (|||l¢)geq) noposcdaem HBP X nax Q, eciu cyue-
cTByeT Takoii juHeitubiii Monomopdusm i: U — C(Q, X'), uro mHOKeCcTBO i[U] MOCT0iIHO
niotao B X 1 [|i(u)(q)|| = [[ull, ans Beex u € U u g € Q. Monovmopdusm i B 9TOM Cayae
Oyzer HasbiBaThCs kanonuueckum saoscenuem U ¢ C(Q,X). Huxke (cm. 2.4.13) byzxer

yCTaHOBJIEHO, YTO TaKO€ PaCCJIOCHUE X B OolpeJgeJieHHOM CMbICJIE € JUMHCTBEHHO.

Jlemma. My IbTHHOPMHEPOBAHHOE IIPOCTPAHCTBO (L{ s (11lq) qu) IIOPOZKTaeT HeKOTO-
poe HBP max () Torma m tompko torma, Korga (hyHKIOHS q +— Hqu HeIpepbIBHA IS

Ka>KJ0ro yjgeMeHTa u € U.
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< B jokasaresbcrBe HYXKIAETCs JIUIb JOCTATOYHOCTD HPEJIAraeMOro yCJ0BHsL.
3adukcupyeM HIPOU3BOJIBHYIO TOUKY ¢ € () U moioxkuMm Uy = {u eu : Hqu = 0}.
Torna daxrop-npocrpancrso U /Uy, cnabuxentoe dbakrop-noynopmoit |-, /Uy, sasaser-
Csl HODMHPOBaHHBIM IpocTpancTBoM. O603HAYMM €ero nomnosHenue depe3 X' (q), U mycThb
i(u)(q) — obpa3 snementa u € U npm KanomdeckoMm summopbusme U — U /U,. To-
raa, paccMarpuBag i[U] Kak HEIPEpBIBHYIO CTPYKTYPY B GAHAXOBOM DACCIOCHUH X, MBI

nostydaeM uckombie HBP X' u monomopduszm 7. »
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§ 2.3. HenpepbIBHBIE C€UEHUS

B srom naparpade dopmynupyiorcs npusnaku HernpepbiBHocTH cedennit HBP, BbI-
SICHSIETCSI HEeIIPEPBIBHOCTD PA3JIUYHBIX ONepaluii HaJ| CeYeHUsIMH, a TaKzKe 00CYKIaeTCs
BOIIPOC O CYIIECTBOBAHUN HEIPEPHIBHOI'O CEYEHWUSsI, MPOXO/IAIIEro yepe3 (pUuKCUPOBAHHYIO

TOuKy pukcupoBanuoro cjiosgs HBEP.

2.3.1. IIpepgioxkenme. Ilycth X — HBP nang Q, g € D C Q, u,v € S(D,X),
e:D >R\ pucR,

(1) Eciin cevuenne u HENPepHIBHO B TOYKE (¢, TO ero moroveqnas Hopma |ul wempe-
PBIBHA B TOUKE (.

(2) Ecimn ¢yHkumsi € u cedeHue U HEHPEPHIBHbI B TOYKE (¢, TO IPOH3BEJCHHE €U
HEIPEPBIBHO B TOUKE (.

(3) Ecm cedenns u u v HEHPEPBIBHBI B TOYKE (¢, TO CyMMa AU + (10 HEIPEPHIBHA B

TOYKE (.
<« HemnocpejcrBennoe caejacrue 2.1.7 u 2.1.5. »

2.3.2. IIpemgioxkenue. ITycrs maoxkectBo Y C C(Q, X') nocoiiao miorao B HBP
X nax Q. Cegenne u € S(D,X) nag D C @) HenpepbiBHO B TOUKe ¢ € D Toraa u TopKo
Tora, Korja Juis Jiroboro smementa v € V ¢yuknus ||u — v| : D — R moyrenpepsiBaa

CBEPXY B TOYKE (.

< HeobGxoaumoctsb nosynenpepbiBHoCTH cBepxy dyukimu ||u — v|| caenyer u3 2.3.1.
[TosicHUM JIOCTATOYHOCTH TOro ycjaosus. Ecau tpyoka U(c,€) sBisieTcsi OKPECTHOCTHIO
TOYKH (q,u(q)) B (Q ® X, T0 MOKHO BbIOparh cedeHue v € V ¢ 10CTATOYHO OJIU3KUM
K u(q) 3HAYEHHeM B TOYKe ¢ U, BOCIOJIb30BABIINCH II0JIYHENPEPBIBHOCTHIO CBepXy (DyHK-
uuu |Ju — v|| B TOuke ¢ u HeupepbiBHOCTHIO QyHKIMU ||V — ¢, KOOUTHC BBHIONHEHUS
HepaBeHcTBa ||u — ¢|| < € B Hekoropoit nomokpecrnocru Uy C U rtouku q. Ilocnennee
HEPABEHCTBO 03HAYACT BKJIIOYCHHE (p,u(p)) € Ulc,e) nast Beex p € Uy, KOTOPOE, B CBOIO

ovepe/ib, JOKA3blBaeT HEIPEPBIBHOCTH cedeHus U B Touke ¢ (cm. 2.1.7). »

2.3.3. 3Bameuanmue. I3 gokazareabcTBa 2.3.2 BUIHO, 9TO TPpeOOBAHUE MOCIOWHOM

IJIOTHOCTH MHOXKECTBa V) B paccjioeHnn X MOKeT ObITh 0CaabJeHo 10 ycaoBus u(q) €

cl{v(q) : v € V}.
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2.3.4. IIpemnoxkeunme. Ilycrb X — HBP nax Q u u — ero cevenne nanx D C Q.
Ipegnosoxum, uro cymecrByer cedenue v € C(Q, X), upunumaroiiee 3uadenue v(q) =
u(q) B roure q € D. Toraa cedenne u HEIPEPHIBHO B TOUKE ¢ B TOM H TOJBKO TOM CJIYYae,

econ pyrakmust ||u — v|| : D — R moyHenpepbiBHA ¢BEpXY B TOUKE (.
<« Hemnocpejcrsenno ciaeayer u3 2.3.2 u 2.3.3. »

2.3.5. Crenyromee yTBep:KeHHE YTOYHsSIET 00JIaCTh TPUMEHUMOCTH KPHUTEPUSI

HENPEPBIBHOCTH, ChOPMYIMPOBAHHOTO B 2.3.4.

Teopema (M. J. Dupré). Ecium X — HBP Haj BrosHe peryasipHbIM OIPOCTPAHCTBOM

Q, o s moboro x € X(q) maiigercs cevenme v € CP(Q, X) Taxoe, aro v(q) = .
< JlokazarenbcTBo uMmeercs B [144: 2.9-2.10]. »

2.3.6. IIpemnoxkenwme. Jlusi seskoro HBP X mang Q mmoxecrso C°(Q, X)
npejcTaBisier coboil 3aMKHyToe BeKTOpHOe nognpocrpanctso £°°(Q, X). B wacrHoctn,
C*Q, X) — 6araxoBo mpOCTPAHCTBO (B CMBICTe paBHOMepHOIi HOpMED). Bosee Toro, ec-
JIH TIOCTIeJIOBATEIHOCTD CeYeH il Uy, cXoauTcsa K u € S(D, X') paBHOMEpHO Ha MHOXKeCTBe
D C Q (em. 1.7.6), To HENPEPBIBHOCTH BCEX CedYeHHii U, B (PHKCHPOBAHHOI TOUke ¢ € D

BJIe4Ye€T HEIIPEPBIBHOCTL B 3TOI TOYKE CEYeHHS U.

<« U3 2.3.1 cienyer, uro muoxecrso C b(Q, AX') gBJIsIeTCS BEKTOPHBIM 1IOIIPOCTPAH-
crBoM (*°(Q, X). st 10KAa3aTEIBCTBO HEMPEPBIBHOCTH PABHOMEPHOTO MPEIeNa U MOCTIe-
JOBATEJILHOCTH (Uy,) TIPOIIE BCETO BOCIOIB30BATHCS PABHOMEDHOIH CXOIUMOCTHIO ||t — ||
K ||u — ¢| ana mo6oro cevenns ¢ € C(Q, X) (cp. [144: 1.9-1.12]). »

2.3.7. Paccemorpum HBP X nay Q. Bynem rosoputrs, uro cedenne u € S(D, X') nan

D C Q umeem npedea x € X(q) B upeiesibHO# TOUKE ¢ MHOKeCTBa D, ecin ;i_rill(p, u(p)) =
(¢g,z) B Q ® X. Tlpu srom Oymem mucarb Zl)i_r)r}lu(p) = 2. OueBHJIHO, €CIU CeYeHHe
u € S(D, X) HenpepblBHO B IPeIeIbHON ToukKe ¢ € D, 10O 1l7i£>r¢lz u(p) = u(q). Mbl meperocuM
9TO COOTHOIIEHNE HA M30JMPOBAHHBIE TOUKN ¢ € D, mosaras Zljig}] u(p) := u(q) B cayqae

HEIPEPBIBHOI'O ceveHus u. TakuM 0O6pa30M, 1pejiesi HelPePbIBHOI'O CeYeHUsi MOZKET ObITh

paccMOTpeH B JII000H TOUYKE 3aMblKaHUs 00JIACTU OIPEJIe/IeHUs ITOI0 CeYeHMsI.

2.3.8. IIpennoxkenme. Ilycre X — HBP nax (), w — ero cegenme nag D C Q) n
q — npejenbaast Touka MHoxkecrBa D. IIpemmonoxnm, aro moamaoxkecrso VY C C(Q, X)

nocjiofino mirotao B X. Torja cieyroimue yCja0OBHs SKBUBAJICHTHBI:
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lim u(p) = z;

p—q

lim ||u(p) — v(p)|| = ||z — v(q)|| ams BCex v € V;
p—q

ectmv €V, e>0m ||z —v(q)| <e, o ||u(p) —v(p)|| < e g1z Becex p € D\{q}
B HEKOTOPO# OKPECTHOCTH TOYKH (;

li_r)n lu(p) —v(p)|| = 0 gust mekoroporo (a rTorma m JaH060ro) cedenus v €
P—q

C(Q, X), npuaumaroniero 3uadenne v(q) = T B TOUKe ¢ (KOJb CKOPO TAKOe Ce-

YeHHe CyIeCTBYET).

< DKBHBAJECHTHOCTb KaykKJ0ro u3 yciaosuit (2)—(4) coornomenuio (1) ¢ JIerkocTbio

BoiTeKaeT u3 2.1.2, 2.3.2 u 2.3.4, ecqm yuecTb, 4TO paBeHcTBO lim u(p) = z o3Havaer
pP—q

HEMPEPBIBHOCTH B TOYKE ¢ CeYeHUus U, JOOMPeeIeHHOTO WJIN MepeolpeeIeHHOT0 B 3TOit

TOYKE 3HavYeHuem r. b

2.3.9. Jlemma. Ecin X — HBP nax Q, v € C(Q,X) u q € Q, 10 Haiigercs rakasi
dbyrxmmsg e € C(Q), 1r0 0 < e < 1, e(q) = 1 u [Jeu] < [lu(q)].-

< lckomas yHKIHMS e MOXKeT OBITh ONpejiesieHa caeayomum obpazom: e(p) := 1
npu ||u(p)|| < [lu(g)]| n e(p) := [lu(@)||/[lu(p)|| mpu [[u(p)| > [lu(g)]- »

2.3.10. CuaexncrBue. Ecim X — HBP mag Q wq € Q, ro{u(q) :u e C(Q,X)} =
{u(q) : u € C*(Q, X)}.

<« Cuenyer u3 2.3.9u 2.3.1. »

2.3.11. CneacrBue. FEcin X — HBP naj Brosine peryisipHbIM 1POCTPaHCTBOM
Quqe, ro{reX(q): |z <1} ={ulq) : v e C(Q,X), [Jul] <1}

<« Crnenyer u3 2.3.5, 2.3.9 u 2.3.10. »
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§ 2.4. T'omomoppu3mbl

[Toustue romomopduszma HBP umeer He TOIBKO TeOpeTHKO-KAaTEropHOe 3HAYEHUE.
C umurepecymoleii Hac TOYKU 3penus, romomopdusm HBP — 3T0, mpexkae Bcero, oj-
HO U3 3JIEMEHTAPHBIX aHAJTUTHYECKHX IPEJICTABICHHIl OIIpe e IeHHOTO KJacca JTMHEHHbIX
OIIepaTOpPOB, JEUCTBYIOMNX B MPOCTPAHCTBAX HEIPEPBIBHBIX cedeHnit. lIMeHHO 3TO cO00-
pazkenue chpOpMHUPOBAJIO CTUJIb U3JI0ZKEHUs MaTepuaJja B JanHoMm naparpade. Hauas c
KJIACCHYECKOI'0 OIpejieieHnusi TOMOMOP(U3Ma, He ONEePUPYIONIEro MOHATHEM CEUYEeHUsI, MbI
3aTe€M CTPEMHUMCS OIUCATH CBOHCTBA TOMOMOPMU3MOB UCKJIOYATEJIHHO B TEPMHHAX UX

JeHCTBAN Ha HEIIPEPLIBHBIX CEYCHUAX.

2.4.1. [Ilpeamnonoxum, uyro X u Y — HBP naj Tonosorudeckum mpocTpaHcTBOM
Q DcCcQuH:qe D~ H(q) € B(X(q),Y(q)). Cumporom Q ® H obosnasaercs
orobpaxenne D @ X B D ® Y, neiictBytomee no npasuiy (Q ® H)(g,x) = (q,H(q)x).
Orobpazkenue H Ha3bIBaeTCs 02panuserhvim (AOKAADHO 02PAHUMEHHBLM), €CT TAKOBOI

ABJIgeTCa ero norouednag nopma |[H| : ¢ € D — ||H(q)]|.

2.4.2. Tlycte X uY — HBP nan Q. @ynkuus H: g € Q — H(q) € B(X(q),Y(q))
HA3bIBAETCA 20MOMOpPusmom xamezopuu HBP wad QQ wmu Q) -2omomoppusmom uz X B Y,
ecin Q@ H € C(Q®X,Q®)). MuoxectBo Beex QQ-romomopdusmos u3 X B ) 060-
sHaaercs cumsosoM Homg(X,Y). Ecmm D C @, To ana muoxecrsa Homp (X|p, V|p)
HCIOJIb3yeTcst bosiee Koporkoe obosznadenue: Homp (X, Y). Duementsr Homp (X, Y) mo-
ryT OBITH Ha3BaHBI 20MoMmoppusmamu usz X 6 Y nad D.

IIycte X 1Y — HBP man Q, X u Y — ux mogpaccioenus. ByieM TOBOPHTD, ITO
comomopusm H € Homg(X,Y) npodoascaem zomomopdusm H € Homg(X,Y), ecmn
oneparop H(q): X(q) — YV(q) asnserca uponomkenuem H(q): X(q) — Y(q) s Beex
q€Q.

[Ipennonoxxkum Temepb, uro X u )Y — HBP wmag P u () coorsercrBenHo. Ecian
o € C(Q,P) u H € Homg(&X o 0,)), 1o napa (o, H) nassBaercs 20momophusmom
(kamezopuu HBP) usz X 6 ). MuoxkecrBo Bcex romomopdusmos uz X B ) Oymem
obozmadarsh cumsosom Hom(X, ).

[Iycts X', Y u Z — HBP nan P, Q u R coorsercreenno. Eciu (o, G) € Hom(X,)) u
(1, H) € Hom(Y, Z), 10 kKomnosuyuet (1, H) o (o, G) nassiBaercs romomopdusm (p, F) €

Hom(&X, Z), onpeesieHHblii cjielyONUMIA COOTHOTEHHSIMHU:
p=too, F(r)=H(r)oG(r(r)) (r€R).

Kak Jierko Bujierb, BBejieHHbIE OHATUS lIpeBpalnaioT kKjacc Bcex HBP B kareropuro.

JLst 1100010 TOMOJIOTHIECKOro mpocrpancTBa () ycaoBumcs kareroputo HBP max ) u
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ux (Q-romoMopdusMoB cumraTh HojKareropueii kareropun Bcex HBP, oroxjaecrsiss
Q-romomopdusm H ¢ romomopduzmom (idg, H). B cBa3u ¢ 5TuM MBI CYHTaeM, 49TO
roMoMopdusm, JAeHCTBY MU B PACCOCHUAX HAJL OJHUM U TE€M Ke IPOCTPAHCTBOM (), 110

YMOJTIAHUIO SBJsIETCST ()-roMoMOpPdhu3MOM.

2.4.3. Ilycrb & u Y — HBP nax npocrpancreamu P u (Q coorBercrBento. [o-
momopduam (o, H) € Hom(X,)) Gyner HA3HIBATHCS U30OMEMPUUECKUM 6A00CEHUEM X B
Y, ecain orobpaxkenue ¢ spisiercs romeomopdusmom  Ha P, a oueparop H(q) uzomer-
pPUYECKH BKJIAJIBIBAET X(U(q)) B V(q) B Kaxmoit Touke ¢ € (). Ecau, kpome Toro, Bce
onepatopbl H (q) CIOpBeKTUBHBI, TO BiIOXKeHue H Oyaer Ha3bIBATHCS uzomempueld X Ha
Y. B srom ciyuae orobpazkenue T @ (H o7): (p,z) — (7(p), H(7(p))x), tne 7 = 071,
apygercs romeomopdusmom P ® X Ha Q ® V.

Ecau paccioenuss X' u Y onpejiesieHbl HAJT OJHUM U T€M K€ IIPOCTPAHCTBOM (), TO B
COOTBETCTBHUH C 2.4.2 IPeJIIIoIaraeTcs, 9T0 H30MeTPUIeCcKoe BaoKeHne X B ) 0 yMo.T9a-
HUIO sIBJIsIeTCst (Q-roMoMOpgU3MOM U TaKUM 00pa30M LpejcTaBisger coboil orobparkenue
H € Homg(X,)), comocrassioniee KazKI0il TouKe ¢ € () U30METPHUECKOe BIIOZKEHHe
H(q): X(q) = Y(q). Ecan, xkpome toro, H — usomerpusi, To orobpazkenue ) ® H siBjs-
ercsa romeoMopduzmom @) ® X Ha () ® ). Bo u3zbexkanne Hegopa3yMeHHs B KOHKDPETHOI
CUTYAIUU H30METPHIECKOEe BIOKEHNUE, ABISIOMAICT (Q-TOMOMOP(MI3IMOM, MOXKET OBITEH Ha-
3BaHO () -usomempuueckum, a uomerpus — Q-uzomempueti. HBP, mexxmy KoTophiMu
nMeeTcst U30MeTpus (()-u30MeTpusi), HA3BIBAITCA usoMempuurvimu (Q-usomempuuibi-

Crenyromee yrBep:KIeHNe BbITEKaeT HEIOCPEICTBEHHO U3 OIpejesennii: ecan H —
M30MeTpHYEeCKoe BiIokeHne X' B ), T0o B Y CylecTByeT Takoe (eJIuHCTBEHHOE) MO/IPACCIO-

exnne ), 4ro H saBaserca uszomerpueit X Ha ).

2.4.4. Teopema. Ilycrb X mw Y — HBP nax (). Orobpazkenne H: q € Q) —
H(q) € B(X (q),)}(q)) ABJIACTCA roMoMopgusmMoM u3 X B Y Torza H TOJBKO TOIJA,

KOIJla BbIIIOJIHEHbI CJICAYIOLIUE /IBa YCJIOBHU:

(a) orobpazkenne H JOKaTbHO OrpaHHIEHO;

(6) H®ueC(Q,Y) mrs Beex u € C(Q, X).

<« IIpexnonoxum, uto H € Homg(X,Y), u ycranosum (a) (yciaoBue (6) oueBHIHO
BBy 2.1.7). Jl1st KazK10ro HaTypaabHOro n 06o3naunM MHOKeCTBO {p € Q : |[|[H (p)|| >
n} uepes Uy. [Homycrum, uro dyukuus |[H| we orpanmuena B jt060i OKpecTHOCTH
HEKOTOPOil TOUKKM ¢ € (). DTO 0O3HAYAELT, YTO ¢ HPUHAMJIECKHUT 3aMbiKanuto U, s
Beex n € N. O6osnaunm vepe3 N(q) dbunbrp okpectHocTelr Touku ¢. [lasa mobbx

V € N(q) u n € N Beibepem npomnssosbabiM 06pasom asiement g € V N Uy,. TTockombky
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HH((]X) || > n, Haiijercs TaKoii s1eMenT 1), € X(q;{), 4TO Hm){H <1/nu HH(q,‘{)x,‘{H >
1. Paccmarpusas na muoxectse N (¢) x N mopsanok, npn koropom (Vi,n1) < (Va,n2) B
caydgae Vi D Vo u ny < ng, MBI IOJyYaeM CeTh ((q,‘{, xx))(v,n)ej\/(q)xN smeMeHToB (Q ® X,
exopsytocs K (¢,0). Ognako cerb H(q}{)x}{, o4eBUIHO, He cxomuTes K H (q)0 = 0, uro
IPOTHBOPEYNT HempepsiBHOCTH () ® H.

[IpeamosioxkuM Tenepb BIHONHEHHBIME yeaoBust (a) u (6). [ast mpoBepku BKJIIO-
wenng H € Homg(X,)) mocrarodno mokasarb OTKPHITOCTH B () ® X MHOXKecTBa
(Q® H) 1V (v,6)] ana moboro uucia § > 0, cevenns v € C(Q,Y) U OTKPBITOLO 1OJ-
mHOo)kecTBa V' C (). Badukcupyem npou3BOIbHbIE Takue 0, v U V u, NPEeIINoI0XKIB, ITO
(¢,2) € (Q® H) [V (v,0)], saiimemcs nonckom unca € > 0, cevenns u € C(Q, X) u

OTKPBITOrO noaMuozkecrBa U C (), yJI0BIETBOPAIONIMX BKJIOYEHUAM
(q,2) € U(u,e) C (Q® H)_1 [V(v,(S)}. (4)

Boibepem d¢ Tak, urobsl |[v(q) — H(q)z|| < 09 < 0. B cuuy ycuosust (a) maitzercs
OTKpbITast OKpectHocTh Vg C V' Touku ¢, Ha Koropoit dyukuus || H| orpannvena cBepxy
HeKoTOpbiM ducsiom b. TTosioxum € = (6 — dg)/(2b) u BoiGepem ceuenne u € C(Q, X) raxk,

arobsl ||u(q) — x| < e. Toruma

[v(q) — H(q)u(q)|| < |lv(q) — H(q)z|| + [|H(q)x — H(q)u(q)|
< dg + bllz — u(q)|
< dg + be.

Beuy ycaosust (6) dyuxnus |[v — H ® uf| menpepbiBHaA, 1 TeM caMbiM HalljIeTCs Takas
oTKpbiTast okpecraocts U C Vy touku ¢, uro ||[v(p) — H(p)u(p)|| < do + be ays Beex
peU. Tornaeciup € U, z € X(p) u ||u(p) — z|| <&, To

lo(p) = H(p)z|| < [lv(p) — H(p)up)|l + [ H (p)ulp) — H(p)z|
< 0o + be + bllu(p) — =]
< 0 + be + be
=4,

aro u obecueunsaer (4). »

2.4.5. Teopema. FEcian B yciaoBunm teopembr 2.4.4 pornojHUTETBHO MTOTPEOOBATH
X(q) # 0 mrs Becex q € @), TO JIOKaTbHASI OTPAHHIEHHOCTH 0TOOpazkeHust H, Tpebyemast
B 11. (a) Teopempr 2.4.4, skpuBajgenTHa caegyomemy ero csoiicrpy: (a') cymecrsyer mo-
CJIOTHO I0THOE B X paBHOMEPHO 3aMKHYTOe BeKTOpHOe moanpocrpanctBoUd C C b(Q, X)
Takoe, 4T0 MHOXKecTBO cedennii {H ® u : uw € U} paBHOCTEIIEHHO JIOKATBHO OrPAHIYEHO
(em. 1.7.6).
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<« Jlng obocHoBanus HeobxoaumocTu yciaosus (a’) gocrarouno mosioxurs U =
chQ,X).

[IpeanosnoxkuMm, uto orobpaxkenne H: g € Q — H(q) € B(X(q),y(q)) 1 TOIpPO-
crpancrso U C CP(Q, X) yuosaersopsitor yeiosuio (a'). s jokasaresibcrsa 2.4.4 (a)
3apuKCUPyeM MPOU3BOIBHYIO TOUKY o € () U pearnoaoknM, 910 U — OTKPHITast OKPeCcT-
HOCTb (o, Ha KOTOPOIi orpanndensl ceuenusa H @ u pig Beex u € U. JIng KaxK 0l TOUKH
q € U onpegenum suneitnstii oneparop 1y: U — Y(q) no npasury Tyu = H(q)u(q).
Cualzkast BEKTOPHOE TIPOCTPAHCTBO U paBHOMepHOiT HOpMOit (cM. 1.7.6), MBI BUANM, 9TO

174l < 1 (g)[| m, xpome Toro,

sup || Tyul| = sup [[(H @ u)(q)[| < oo
qeU qeU

st Beex u € C(Q, X). Coruacro 2.3.6 HOpMHPOBAaHHOE HPOCTPAHCTBO U siBJisteTcsi Oa-
raxoBbM. Tlosromy sup,err [|7y|| < oo B cuny npuHiMma paBHOMEPHOil OrpaHUYEHHOCTH.
Jns kaxzoit Toukn ¢ € U obosuauum qaucyo sup{|u(q)|| : v € U, |Jul] < 1} wepes e(q).

Bsumy nocsoiinoit iiornoctu U B X Mbl umeeM

ITy]l = sup {[[H(q)u(g)|| : weld, |ull <
= sup {[|[H(q)z|| - = € X(p), [l=[l <

= e(q) - [ H(g)|-

[Mocsioiinas 1wWI10THOCTD U 1 HEBBIPOKJIEHHOCTD CJ10s X (¢) JAI0T HAM TAK?Ke HEPABEHCTBO
e(q) > 0 ms Beex ¢ € U, u, Takum o6pasom, | H(q)|| = ||T5||/e(q). Tockonbky dyuxmms
e moJyHenpepbiBHA CHU3Y, DyHKIUa 1/e moayHenpepbiBHA CBEPXY, a 3HAYAT, JOKAJIBHO
orpanuvena. B cuiy sroro dbynknus 1/e orpanuuena na nexkoropoit okpecrnocru Uy C U

TOYKH g, & TOTJIa HA ITOU YK€ OKPECTHOCTH OrpaHuveHo u orobpaxkenue H. »

2.4.6. Cregyromuii npuMep MOKa3bIBAET, UTO TpebOBaHNE HEBBIPOKIEHHOCTH CJIOEB

X B Teopeme 2.4.5 HEe MOKeT ObITH OIYIIEHO.

[Tpumep. O6o3uaunm ogroToueuHy 0 KoMnakTudukanuio NU{co} auckpernoro To-
nosiornveckoro npocrpancrsa N gepes () 1 pacCMOTPHUM HEIIPEPBIBHOE 6aHAXOBO II0IPAC-
ciaoenne X nocrosinuoro paccaoenust X {R}, onpeyessiemoe coornomenusivun X (n) = R
(n € N), X(oc0) = 0. Ilycrs orobpaxkenne H: ¢ € Q — H(q) € B(X(q), X(q)) neiicrpyer
no mpasuny H(n)xr = nx (x € R) ana Becex n € N. O6o3naunm depe3 U ogHOMEPHOE
nupocrpanctBo {Aug : A € R} ceuennit paccioenns X, rjue cedenune ug Haj () npuHUMAET
snavenue uy(n) = 1/n? B Touke n € N. Torma muoxkectso U mpejcrapiger coboil mo-
CII0iHO TI0THOE B X PABHOMEPHO 3aMKHYTOoe moampocrpamctso C?(Q, X) u, kpome Toro,

H®ue CQ,X) nis seex u € U. Onnako H ue ssisiercs romomopdusmom nz X B X.
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[TpuBejieHHBI TIPUMED MOXKHO JIEFKO MOAMMDUIMPOBATD JJIs CJIydast, Korjga () siBjis-
eTca komnakTuduramnueit N mo Croyny — Yexy. Takmm obpazom, ycioBue HEBBIPOZK T€H-
HOCTH CJIOEB B 245 ABJIdEeTCAd CyHeCTBEHHBIM [1a2K€ B CUTyallul SKCTPEMaAJIbHO HECBA3HOI'O

KOMIIaKTa.

2.4.7. Tomnojormveckoe MPOCTPAHCTBO HABBIBACTCS NCEEJOKOMNAKIMHGIM, €CIIN BCH-
Kasl OIpeJeeHHast U HEelPePBIBHAs Ha HEM BelleCTBeHHAs (YHKIMS OrpaHmdeHa (CM.
[233: 17.7.7]). Jlokaavho nce6dokomMnarmivim HA3BIBAETCH TOMOJIOIHYECKOe IIPOCTPAH-

CTBO KazK/lafd TOYKa KOTOPOI'0 mMeeT IICEBJOKOMIIAKTHYIO OKPECTHOCTD.

Teopema. Ilycrp X u ) — HBP nas JjiokajabHO 11C€BAOKOMIIAKTHBIM TOIIOJIOTHYE-
ckumM npoctpanctBoM (). Orobpazxkenne H: ¢ € Q — H(q) € B(X (q),y(q)) ABJIACTCS
romomopgpusmom 3 X B Y Torga m toapko rtoraa, korga H @ u € C(Q,Y) mrsa Beex
ueC(@Q,X).

<« B cuny Teopembr 2.4.4 1ocTaToqHO, MPEJIIIOJI0KUB HEIPEPHIBHOCTD ceuenuit H @u
st Beex u € C(Q, X'), 1oKa3arh JOKAJIbHYIO OPPAHNYEHHOCTh H.

s xkaxkaoit Toukn ¢ € () onpejenum JmHeiinbiii oneparop T : ChQ,X) = YV(q)
no npasuty Tyu = H(q)u(g). CuabxKas mpocTpamHcTBO C%(Q, X) paBHOMEpHOIi HOPMOI
U paccMaTpuBasi MPOU3BOJILHOE TCEBIOKOMIIAKTHOE NOAMHOXKeCcTBO U C (), MBI, KaK u

B 2.4.5, 3aKmodaeM, 9To sup,e(s | Ty|| < co. Ocraerca 3ameTnts, T0 Ha ocHOBanuN 2.3.11

I1H(q)|| = sup {[[H(q)x|| € X(q) : [l«]| <1}
=sup {|[H(q)u(g)|| : v e C(Q,X), [lull <1}
= 1Tl »

2.4.8. Conocrasjss Teopembl 2.4.4 u 2.4.7, Mbl BHJMM, 9TO B CJIydae JIOKAJbHO
IICeBIOKOMIIAKTHOIO TIpocTpancTBa () yeiaosue (a) B popmyaupoBke Teopembl 2.4.4 BbiTe-
kaer u3 (6). IIpemiaraempiii HuzKe npuMep 0OOCHOBBIBAET CYIIECTBEHHOCTD IIPE/IIOIOZKE-
HHS O JIOKAJILHOH IICeBJIOKOMIAKTHOCTHU B 2.4.7.

MBI OCTPOMM SKCTPEMAJIBHO HECBS3HBINH KOMIAKT (Q, MHOKeCTBO (Q C @, comepra-
Iee OTKPBITOE BCIOALY IIJIOTHOE HOJMHOZKECTBO (), 6aHAXOBO MPOCTPAHCTBO X U 0TOOpa-
wenne H: Q — X' rak, uto H @ u € C(Q) ans Beex v € C(Q,X), no dbyukuus H
He FABJIgeTCsd JIOKAJIbHO orpanmdeHHoii. [Ipemaraemas KoHCTpyKIius 6e3yCJIOBHO MMeeT
6oJ1ee POCTbIe aHAJIOTU TIPU MeHee OIPAHUuYUTE/TIbHBIX TPEeOOBAHUSIX.

[Iyctb ) — MPOU3BOJIBHOE HECYETHOE MHOKECTBO, Py () — COBOKYITHOCTDH BCEX €ro
cuerHBIX moaMHEOKecTB. Hagenns Q X N auckperHoit Tomosorneii, moaoxum () paBHbIM
kommakTudukanun (€ x N) npocrpancrsa 2 X N no Croyny — Yexy. EcrecTBeHHBIM

06pa3oM 0TO IeCTBIIsAs 3aMbiKanue B Q MuoxkecTsa Qx {n} ¢ npoussesennem (3Q) x {n},
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Oysiem cautath, uto ($) x N C Q. Obosnaunm depes Qo nepecevenne HalpaBIeHHOTO
BHI3 ceMeficTBa HeIyCTHX 3aMKHYTHIX MHOKecTB Q\ cl(X x N), ¥ € Py (Q), 1 momozxmm Q
paBHbIM 00beuHenno (2 x N) U Q. 3amernM, 910 B CHIIy KOMIAKTHOCTH () MHOXKECTBO
Qo HemycTo.

Ob6oznaunm depe3 X cHaOKeHHOE PAaBHOMEPHOW HOPMOIT 6aHAXOBO MPOCTPAHCTBO
co(€) Beex dbynkumit u3 C(4Q), sanynsomuxca sre Q. (Buecro ¢(2) B kavectse X
MOXKHO B3sITh JE000e m3 mpocrpancts P(Q), 1 < p < oo.) Orobpaxkenne H: Q — X'
onpeeaum ciepyionum obpasom: H(w,n)z :=n-z(w) upu (w,n) € @ x Nu H(q) :=0
upu q € Qp. OueBugno, dpyukus H gBisgercsa HeorpaHHYIEHHON Ha 000 OKPECTHOCTH
KaK/10ii TouKm, jexkameii B (Hemycrom) muoxkectse Qp\(8Q x N). Tokaxkem ojHako, 4To
H®ue C(Q) ana seex u € C(Q, X).

Paccmorpum nipousBosibHbiil smement v € C(Q,X). Baaromapst auckpernocTu
tomosorur Ha {2 X N jgocraTodHo ycTaHOBHTHL paBeHCTBO H ® u = (0 B HEKOTOpOit
okpecTHOCTH MHOKecTBa (Qo. O6o3naunm ) U ﬂEePU(Q) BO\ clY wepes Q. Ouenni-
mo, uro ) X N C Q. 3aduxcupyeM npoussompHoe uucao n € N. 113 mempepbis-
noctu Ha §) dbymkmmi w — u(w,n) 1 w — u(wy,n)(w), wy € Q, U U3 HepaBeHCTBA
|u(wi, n)(wr) — u(wz, n)(w2)| < flu(wi,n) —ulwz,n)l| + |u(wz, n)(w1) — w(ws, n)(w2)| BoI-
TeKaeT HelpephBHOCTD byHKIHE fi: W — u(w,n)(w) na Q. ITockoabKy oTOBpazKenue u
NPUHEMAET CBOM 3HAYeHHs B npocTpancTse X, Mbl nmeeM f,(w) = 0 upu w € Q\Q.

JokazkeM, 410 GYHKIUS f, paBHA HyTIO Ha () BHe 3aMBIKAHHUS clY, HEKOTOPOTO
caeTHOrO TMOAMHOKecTBA L, C . Iockoasky f, = 0 ma Q\Q, mam gocrarouno mo-
Ka3aTh CYeTHOCTH MHOXKecTBa {w € Q : fp(w) # 0}. Ilpeamonokum, 9To moC/TeTHeE
MHOZKECTBO HE SBJILETCA CYETHBIM U BBIIEJUM B HEM TPaHC(HUHUTHYIO HOCIEI0BATE/Ib-
HOCTD (Wa )<y, HOMAPHO PA3/IMYHBIX IEMEHTOB, 3aHY MEPOBAHHYIO IOCPEJICTBOM IIEPBOTO
HecueTHOro opauHaia Ni. I[Tockombky fr(we) # 0 st Bcex oo < Wy, a opauHaa Ny He

UMeeT CYeTHOrO KOH(DPMHAILHOIO IOJIMHOXKECTBA, IOCIeI0BATCIbHOCTD ( fn(wa)) He

a<Ny
MOYKeT CXOIUTHCA K HYyTI0. DTO O3HAYaeT CyIIeCcTBOBaHHe umcya € > 0 u KoHduHAIb-
Horo mojmuoxkecTBa A C Ny rmakux, 4ro |fn(we)| > € mia Beex a € A. U3 mecuer-
HOCTH MHOXKECTBA {wq : @ € A} u kommakTaOoCcTH () ClOeayeT HEIyCTOTa NepecedeHuns
Qo = Nsep, @) (Hwa : @ € AY\clX). fcno, uro |fn| > € ma Q. C apyroii cToponsL,
Qo conepxurcs B muozkectse Q\(), Ha koTOpoM (yuKuus f, pasHa Hymo. [loaydennoe
IIPOTHBOPEYNE JOKA3LIBAET CYIIECTBOBAHUE MCKOMOI'O MHOXKECTBA Yj,.

Tax kak oobemunenne ¥ = |J, oy n caerno, muozkectso U = Q\ cl(XxN) sBasercs
OKpecTHOCTBIO Qg B . Ocranocs 3ametuts, uto (H @ u)(w,n) = n - u(w,n)(w) = 0 upn
(w,n) € (2 xN)NU, asnaunt, H@u =0 na U.

2.4.9. Teopema. Vciosue (6) B popmymupoBke reopemsr 2.4.4 MoxkeT 6bITH 0c1a0-

JIEHO JIO CJIEYIONIErO:
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(6) cymecryer mocaoitno miaornoe B X noamuoxkecrso V C C(Q,X) rakoe, uro
H®velC(Q,)Y) aust Bcex v € V.

< [Ina obocHoBanms meobxogamvoct yeaosus (6') mocratrouno momoxute Vo=
Q. X).

YeranoBuMm cBoitctBo 2.4.4 (6) orobpazkenust H, mcxopst u3 ero ociabJeHHOTO BapH-
anta (6') w ycnosus 2.4.4 (a). Cornacuo 2.3.2 1j1st 3TOrO J0CTATOYHO, 3aUKCHPOBAB
npousBoJibHble cedenns u € C(Q,X) n w € C(Q,)), noka3arh MOJIyHEIPEPHIBHOCTD
ceepxy dyukmun ||H @ u — w| B xaxmoii Touke ¢ € (. Ilycrb umcao A TakoBo, 9TO
|H(q)u(q) —w(q)|| < A. Torma, BOCHOIH30BABIIKCH OrPAHUICHHOCTBIO H B OKpeCTHO-
cru ¢ u HeupepbiBHOCTHIO GyHkuil [|[u — v u |H @ v —w| ais Beex v € V, mox-
HO BBIOpATh CeYeHHe U ¢ HACTOJIBKO OM3KuM K u(q) 3HaveHweM v(q), 9TO HEPABEHCTBO
| H(p)u(p) — w(p)|| < A Gyaer cobtoneHo Ajst BCeX 3JeMEeHTOB P HEKOTOPOil OKPECTHOCTH

TOYKH q. P

2.4.10. Ilycts X m Y — HBP nan (). Kak yreepxkmgaer Teopema 2.4.5, cBO#CTBO
(a’) orobpaxenns H: g € Q — H(q) € B(X(q),Y(q)) oxasbiBaeTcsi 5KBUBATCHTHBIM GO-
Jlee CUIILHOMY, Ha TepBbliil B3mIs, yeaosuio 2.4.4 (a). TIpeanaraemoe ke B 2.4.9 yciaosue
(6') neficrBuresbHo caabee ananoruunoro rpebosanus 2.4.4 (6). B camom geste, corsac-
HO 2.4.7 B ciiydae JIOKQJIbHO IICEBIOKOMIIAKTHOIO npocTpancra () u3 ycaosus 2.4.4 (6)
BoiTekaer 2.4.4 (a). Onnaxo, Kak mMoKas3blBaeT cjeayiommuii npumep, yeaosue 2.4.9 (6) ue
obecrieanBaer 2.4.4 (a), naxke ecau () — 5KCTpeMaJbHO HECBsA3HBINH KoMmmakT, a HBP X u
Y NMOCTOAHHBI.

[Tycrs @ — KoMnakTudUKaIUs JUCKPETHOTNO TOTOJOIHYECKOro mpocTpancTea N 1o
Croyny — Yexy, ¢y — 6aHAXOBO HPOCTPAHCTBO CXOISIIUXCS K HYJIIO ITOCJEI0BATEILHO-
creii (cHaGKeHHOE PABHOMEPHON HOPMOI), Sf, — MPOCTPAHCTBO (DUHUTHBIX (= yCTaHAB-
JMBAIOIIUXCS Ha HyJse) nocaenoBaresnbuocreit. [lomoxum X = Q X {cp}, V := Q x {R}
u oupejesum orobpaxenue H: Q — ¢ caeayomum obpasom: H(n)z = n - z(n) upu
n € Nwu H(q) =0 npu ¢ € Q\N. Ecim renepp 0603HaunTh 9epe3 V COBOKYNHOCThH BCEX
MOCTOSTHHBIX DYHKIWH v: ) — Sgp, To H @ v € C(Q) mpu v € V, omHako oTobpazkeHme

H, O4Y€eBUIHO, HE ABJIAETCA JJOKAJLHO OI'PaHUYCHHBIM.

2.4.11. Ilycts X uw Y — HBP nax Q). Ob6o3naunm yepe3 Z 6aHAXOBO PacCCJIOeHUE
Hag () co caoamu B(X(q),y(q)) B TOUKax ¢ € ). U3 2.4.4 ciemyer, 9T0 MHOMKECTBO
Homg(&X,)) Bcex Q-romomopdusmoB u3 X' B ) U MHOMKECTBO Hom%(?(,y) BCeX Oorpa-

HUYEHHBIX (Q-romoMopdusMoB u3 X B Y SBISIOTCS BEKTOPHLIMU IHOJAIPOCTPAHCTBAMU

S(Q, 2).



Inaga 2. HEIIPEPBIBHBIE BAHAXOBBI PACCJIOEHH S 161
§2.4. T'omomopdusmot

IIpennoxkename. MHOXKeCTBO Homlé)(X , V) mpeacrapiser coboii 3aMKHYTOe BEKTOD-
Hoe nonpocrpancto {°°(Q, Z). B wacrHOCTH, Hom%(z\f , V) — 6aHaxXo0BO MPOCTPAHCTBO

(B cMbIcIE PABHOMEPHOI HOPMBI).

<« B cuy 2.3.10 muoxectso CP(Q, X) nocaoitno miorno B X. Tosromy corac-
HO 2.4.9 Jiy1s1 TOro 4Tobbl J0Ka3aTh, 9T0 paBHOMEpHBIH npegesn H € (>°((Q), Z) nocyenoBa-
tesbHOCTH romMoMopdusmos H, € Homg(X,)) asagerca romoMopdu3MoM, 10CTATOTHO
YCTAHOBHUTDH HEIIPEPBIBHOCTH ceveHus H @u sl KazKJI0ro u € Cb(Q, X). Tlocnennee ¢ ode-
BHU/IHOCTHIO cjejryer u3 2.3.6 BBUy paBHOMEDPHON cXoauMocTH cedennii H, ®@u € C’b(Q, V)
KH®u »

2.4.12. Ilyctes X w Y — HBP wmag ), Y u V — BeKTOpHBIE MOANPOCTPAHCTBA
C(Q,X) nu C(Q,Y) coorBercrBenno. Jluneiinblii omeparop i: U — )V Ha3bIBaercs
C(Q)-usomempuueckum eroocenuem, ecin |[i(u)]| = [lul ans Becex v € U (cp. 1.4.2).
Cropbekrusroe C(Q))-uzomerpudeckoe Biozxkenue HasbiBaercsa C(Q)-uzomempued. Ilpo-

crparctBa U u V maspiBaor C(Q)-usomempuunvmu, ecau cymecrsyer C(Q)-u3omerpust

U na ).

Teopema. Cirexyromme coiictBa HBP X n Y nmax () sKkBHBaI€HTHBL:

(1) HBP X u Y sBastrorcst (Q-u30MeTpHIHBIMU;
(2) mpocrpancrea C(Q, X) n C(Q,Y) sastorces C(Q))-n30MeTpHIHBIME;
(3) mpocrpancra C(Q,X) n C(Q,Y) nmeror C(Q)-m30MeTpraHbIe TOCTOHHO MIOT-

HbI€ MTOIPOCTPAHCTBA.

< Uvmmkamun (1)=(2)=(3) oueBmausl. Ilokaxewm, uro (3)=>(1). Ilycrs i sB-
astercst C'(Q)-usomerpueit U wa V, e U C C(Q,X) n V C C(Q,Y) — nociuoii-
HO IJIOTHBIE MOJANPOCTpaHCTBA. Biemem obozuadvenus Xp(q) := {u(q) : v € U} n
Yo(q) := {v(q) : v € V} u onpenennm auneiinyio nzomerpuio Hy(q) npocrpancrsa Xy(q)
na Yy(q) Tax, aro Hy(q)u(q) = i(u)(q) ans Bcex v € U. Beuay mrorHocts mogmpo-
crpanctB Xy(q) C X(q) u Yo(q) C V(q) oneparop Hp(g) npomonKaercs 10 M30METPUH
H(q): X(q) — Y(q). U3 Teopem 2.4.4 u 2.4.9 ciepyer, 4T0 HOCTpOEHHOE 0TOOpazkeHue H

oCcyllecTBjsieT u3omerpuo X Ha ). B

2.4.13. CuaencrBue. HDBP, nopoxiennoe janabiM MyJIbTHHOPMHPOBAHHBIM ITPO-

crpaacrBoM (eM. 2.2.7), eHHCTBEHHO ¢ TOYHOCTHIO J[0 H30METDHH.
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§ 2.5. BanaxoBbl paccjaoeHus
Had 3KCTpeMaJbHO HECBA3HbBIMU KOMIIAKTaMM

B srom naparpade cobpanbl ocnoBubie csejienusi 0 HBP naji sxkcrpemasibno necss-
HbIMU KOMIlakTamu. [JiaBHO# ocobernHocThi0 Takux HBP spisiercss BO3MOXKHOCTH 11PO-
JIOJIZKUTH JII000€ HEelPEPbhIBHOE CedeHne Ha HEKOTOPYIO HauDOJIBIINYIO 00/1acTh Olpejieie-
Husd. Bo3HuKaroIee B 3TOi CBI3U MOHSATHE PACIIHPEHHOTO CeUeHN B JATbHEHIIeM HI'PaeT
KJI0YEBYIO pOJIb. B 9acTHOCTH, HMEHHO M3 TAKUX CEUYEHHI COCTABIAIOTCS PeaTH3allnoOH-
uple npocrpancTsa g PHII. Jlanmbiii maparpad BKIOYaeT Tak:kKe W HEKOTOphIe (hak-
TBI, IIPEJICTABJISIONINE CAMOCTOATEIbHBII nHTepec. Hanpumep, Teopema 2.5.7 mpejaraer
pa3/IMIHbIe TOIOJOINYeCKHe OIUCAHMS AlNPOKCUMUPYIOMKUX MHOXKECTB cedenuii. Teope-
Ma 2.5.9 JeMOHCTpHPYET, HACKOJIBKO YIIpomaeTrcs (popMyanpoBka Teopembl CToyHa —
Beitepmrpacca B ciy4ae, korga 6a3za HBP apisgercs sxcrpeMaabHO HECBA3HBIM KOMITaK-
TOM.

Ha mporszkenun Bcero naparpada () — HeImycToil S5KCTpeMajbHO HeCBA3HBIH KOM-
nakT, X — HBP max Q.

2.5.1. Ilyctb u — HempepbiBHOe cevuenne X HaJ BCIOLY ILTOTHBIM ITOAMHOYKECTBOM
D C Q. Ob6o3naunm depe3 [ COBOKYIHOCTH BCeX TOUEK (), B KOTOPBIX CEUEHHE U MMeeT

npenen (em. 2.3.7, 2.3.8), u mosoxkum u(q) = liLn u(p) mns Beex ¢ € D.
p—q

Jlemma. (1) @yukiust @ npejcrapasieT coboii HenmpepeiBHOE cevdenne X Hal D.

(2) Muozxecro D siBisiercst Korommm B Q).

< (1) TIocKOJMIBbKY TOMOJOIHYECKOe MPOCTPAHCTBO () @ X ABJISETCS BIIOJHE Dery-
agpHbIM (cM. 2.1.6), MBI MOYKEM BBECTH B PACCMOTPEHHE KAKYIO-TH00 ero KoMmakTughu-
karmmo Q ® X. Henpepoisnag dbynkmua Q @ u: D — Q ® X nveer (enHCTBeHHOE)
HeIpepeIBHOe TIpojosKenne Q @ u: Q@ — Q ® X. Hecaoxuo ybemuTbcss B TOM, 4UTO
{¢eQ:Qaulq € Qe X} =D uQeulg) = (¢,u(q)) ana Beex ¢ € D. [lna
060CHOBAHKS HENPEPBIBHOCTH CEYeHHs U OCTAJI0Ch COCJAThCA Ha Teopemy 2.1.7.

(2) g kaxkmoit Toukn ¢ € D u uncaa n € N paceMoTpum Kakoe-mubo ceveHue
ug € C(Q,X), npuanmaiomniee 3uavenne uq(q) = u(g) B Touke ¢, n 00O3HATUM Uepe3
Uy OTKDHITO-3aMKHYTYIO OKPECTHOCTD ¢, Ha KOTopoit ext([lu — ugll) < 1/n. Ilockombky
obbeInHeHne quQ U(? COJIEPKUT BCIOJIY ILIOTHOE MOJAMHOKeCTBO D), B Oy/ieBoil ajrebpe
Clop(Q) BHmosmeno cooTromtenne sup,cq Uy = Q. B cumy npunmumma ucaeprbsanms
(em. 1.2.1) cymecTByer Takoe pa3bueHne enHAIbI (Vq")qu B Clop(Q), aro V' C U’ ast
BCex ¢ € Q. g kaxxaoro n € N nepememuBanue u, = quQ Uq|vq" peJICTaBIsIeT cOOOM
HEIPEPBIBHOE CedeHne HaJ, OTKPBITHIM BCIOLY ILIOTHBIM MHOXKecTBOM G, = quQ Vq”.

OueBnino, |lu —uy| < 1/n wa Berogy miornom nepecedenun D N Gy, u TeMm caMbiM
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ext(]lu — uy|) < 1/n na Q. Tocaennee coornomenue obecnednsaer QyHIAMEHTATBHOCTD
nocieioBaTebHOCTH (tn()), cy /1A KazZkJIOTO SJeMeHTa ¢ KOTOIIero Muoxkecrsa G =
Moy Gn. llonaras v(q) = nlgn;o un(q) mus Beex ¢ € G, MBI HOJTyYaeM CedeHHe v,
KOTOPOE, Oy/ly I PABHOMEDPHBIM IIPEJIEJIOM MOCIEI0BATEIbHOCTH (Uy, )peN HA G, sBseTCs

HenpepbiBEBIM (cM. 2.3.6). Ocranock 3ameruts, uro lim u(p) = v(q) npu ¢ € G u Tem
—q

campiMm G C D. »

2.5.2. CuaencrBue. Omnpengemeraoe B 2.5.1 cedeHne U sIBJAS€TCS HAHOOJIBITAM
HeIpEePBIBHBIM MPOJIOIZKeHHEM U, T. €. 00J1aCTh OIpeIe/IeHHs JIIOOOI0 HeIIPEPBIBHOIO IIPO-
JTOJIKeHHSI U coAepzKurcs B DD u, 6ojee TOro, u sIBAI€TCs IPOJOIZKeHHEM JTI0O0r0 HEIpe-

DPBIBHOT'O NPOJIOJI2KEHHUS U.

Ceuenne % Mbl 6yJIeM HA3BIBATH MAKCUMAALHOLM pacwuperuem u (B pacciaoenun X))
1 0603HAYATH CHMBOJIOM ext(u) win, Gosee moapodHo, exty(u) (cp. 1.1.1). Henpepoisaoe
cedeHne U HaJ BCIOAY MJIOTHBIM IOAMHOXKeCTBOM [) C () OyAeT Ha3bIBATbCS PACULUPEH-
nowm, ecan ext(u) = u. CumBoa Coo(Q), X') 0603HAUTAET MHOKECTBO BCEX DACIITHPEHHBIX
cedennit X. 13 2.5.1 ciemyer, 9T0 Bce pacHIupeHHbIE CeYEHUs SBIAIOTCS MOUYTH IV100ahb-
upiMu. COBOKYIHOCTD BCEX OIPAHNICHHBIX PACHIMPEHHBIX ceueHnit X' 0603HAYAETCA Yepes

Ha muoxectBe Coo(Q, X') BBegem crpykrypy PHII Han Coo(Q) cieayromum obpa-
soM. Ecmm A\, € R u u,v € Cx(Q,X), 10 nunelinag KOMOUHAIUSA AU + (U OLpejie-
nstercst Kak ext(Au|p + pv|p), tae D = domu N domv. (Hanmomumu, 4ro nepecedenue
KOTOIIUX MHOZKECTB 4dBJIA€TCAd KOTOIUM KU, B 4aCTHOCTH, BCIOAY IIJIOTHBIM B 63pOBCKOM
npocrpancrse ().) B kagecrBe Hopmbl |u| cedenus u € Co(Q), X) BO3BMEM TPOIOJIIKE-
ane ext(|u]]) € Coo(Q) nenpepwiBroii dbyukiun ||ul|. Ob6o3navenne |u| mas byuxiyun
ext(u]]) menonb3yerca Ttakxke m B TOM CIydae, KOTJia HENPEPBIBHOE CEYEHHe U OIpe-
JIeJIEHO Ha TPOU3BOIBHOM BCIOJY ILIOTHOM mojMHOKecTBe (). IIpocrpanctBo Cu(Q, X)
npescrasisier coboit Moguyab HaJ Coo(Q)), Tae eu = ext (e|d0mu . u|d0me) st e € Coo(Q)
nu€ Cx(Q,X).

2.5.3. Teopema. PHII Co(Q, X) siBasiercsi (pacumpennbiv) IIBK nag Coo(Q).

< Paznoxumocrs PHIT Co(Q, X) oueBuana. Ha ocHoBanum teopembr 1.4.3 st
JOKa3aTebeTBa 0-TOMHOTH Coo (@), X) 10CTATOUHO YCTAHOBUTH €r0 d- U T'-HOJHOTY.

I[Iycre (ug¢)ecz — cemeiicTBO 1OIAPHO JAU3BIOHKTHBIX djeMeHTOB Coo(Q, X). dusn-
IOHKTHOCTB CedeHHil U¢ O3HAYAET B HAIIel CHTyalln IU3bIOHKTHOCTH WX (OTKPBITO-3a-
MKHYTBIX) HocuTeneii Q¢ = suppue. OOO3HAYNM CHMBOJIOM Z pacmupenue = U {oo}
MHOZKECTBA = He COJIePKAIUMCH B HeM 3JIeMEeHTOM OO H IONOJHUM ceMeifcTBa (ug) u

(Q¢) COOTBETCTBEHHO HYJEBBIM CEYEHHEM Uso B MHOKECTBOM Qoo = @\ ¢l UgeE Q¢. Hna



Tnaea 2. HEIIPEPBIBHBIE BAHAXOBbBI PACCJ/IOEHUA 164
§2.5. Banaross paccroenus nad KCmMpemasbHo HeC8A3HHMY KOMNAKMAMU

KazKJI0TO & € = MOJI0KHM D¢ := Q¢ N domue. CemeiicTBo (Q£)§e§ IpeJICTaBIsgeT coDOi
pazbuenve exuanipl B Gyaesoit aarebpe Clop(Q). IMosromy cormacuo 1.1.10 o6beauHe-
HUe UEEE Dé‘ ABJIdeTCd KOTOIIUM M, B 4aCTHOCTHU, BCIOAY IIJIOTHBIM HOAMHO2KECTBOM Q
O603HAYNB Yepe3 U MAKCHMAJIbHOE PACIIupeHue (HempepbIBHOIO) CeYeHust Ugeé ug| De>
HETPYJHO YOEJUThCSA B TOM, 4TO U = 0—2565 Ug.

[IycTh mOC/IEIOBATEIBHOCTD (U )peN 31eMeHTOB Co (Q, X) r-dyHmaMenTa bHa ¢ pe-
ryastopom e € Coo(Q). Torma mocsiemoBaTesbHOCTD (un(q))n oy bynnavenTambaa s
KazKJIOT0 37eMeHTa ¢ KoTomero Muozkecrsa D = dom e[,y dom u,. O6o3naxnM gepes
U TOTOYEUHBIN Tpe/IesT TOCIe0BaTeIbHOCTH (Uy) Ha D. Beuay r-dbyHIaMeHTaIbHOCTH
(up) W JIOKAJIBHON OrPAHUYEHHOCTH €, OCJIeI0BATEIbHOCTD (Uy) CTPEMHUTCS K Uy JIOKATb-
HO paBHOMEPHO Ha D, u, TakuM 00pa3oM, ceveHue ug HenpepbiBHO (M. 2.3.6). O6o3HauuB
Yyepes U MaKCUMAJILHOe PACIIUPEeHne Uy, HeTPYIHO yOeuThCs B TOM, 9TO U = r—ggrgo Uy C

pPerymIsaToOpoM €. B

2.5.4. Ecmu E — upean 8 Coo(Q), 10 Muoxkectso E(X) := {u € Coo(Q, X) : |u| €
E}, cHABKEHHOe OmepaIisaMu, WHAYIUPpoBaHHBIMA U3 Coo(Q), X), OUeBHIHO, MpPeICTaB-
aster coboit TIBK wax E. Huxe (cMm. 3.4.2, 3.4.4) Mbl yBuauMm, uto npoctpancTBo E(X)
SIBJISIETCSL B OIIpe/ie/iIeHHOM cMmbicie o0muM Bujiom [IBK.

Ecom U C E(X), 1o muoxkectso cll ], suppu Hazpiaerca nocumenem U m 060-
3nauaercs cuMBosioM suppU (cp. 1.3.7). Ouesuano, uro (suppU) = (U), 1. e. oneparop
u — ext(Xsuppy/ U) ABISAETCS MOPSIKOBBIM IIPOEKTOPOM HA KOMIOHEHTY, IOPOZKICHHYIO
MHOzKecTBoM U. B wactHocTH, (Supp u) = (u) s joboro cevenns u € E(X).

3amernm, 4TO MPOCTPAHCTBO IJIOOATBHBIX HempepbiBHbIX ceuenuit C(Q, X'), Oyaydu
PHII nan C(Q), Boobue roopsi, He sipasiercst [IBK (cm., nanpumep, 5.1.3) u rem caMbim

HE COBLAJACT ¢ mieabubiM npocrpaucrsoMm E(X), rae B = C(Q).

2.5.5. Ilpepnoxenme. Ilycth w m v — HenpepbIBHbIe cedenuss X HaJ BCIOLY
mWIOTHEIMA moqMHOKecTBaMu (). Cireyromnine yTBEeDK TeHAsT DABHOCH/IBHBIL:

(1) ext(u) =ext(v);

(2) zlg% u(p) = v(q) amst Beex ¢ € domwv;

(3) obwemunenne w U v sBisiercss HenpepbiBHBIM cedennem Hag domu U domv (B

gacTHOCTH, u = v Ha dom u N domv).

2.5.6. Bsemem orHomenune sksusasenmuocmu ~ Ha MHoxecTBe Cy(Q,X) BCex
HEIPEePbIBHLIX CedeHuii X HaJl BCIOLY LJIOTHBIMU IIOAMHOXKECTBAMU (), LOJOXKUB U ~ U
B TOM U TOJBKO TOM CJIy4ae, ecJid BBIIOJHEHO OJHO W3 PaBHOCHIbHBIX ycaoBuii (1)—(3),

EePEeYNCIeHHBIX B TPEJIOKeHN 2.5.5.
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flcno, uTo ecsim nepecedenue odsacTeil ope/iesieHnsi CeYeHuit U 1 U BCIO/LY IJIOTHO B
() (HampuMep, KOTJa 3TU CeYeHUs MOUTH [JIOOATBHBI), TO SKBUBATEHTHOCTD U ~ U PABHO-
CIUJIbHA COBMaJeHnIO © 1 v Ha dom u N domv. 3aMeTuM OJHAKO, UTO IepecevdeHne JIBYX
BCIOJIY IIJIOTHBIX MOJAMHOYKECTB SKCTPEMAaJIbHO HECBSI3HOTO KOMITAKTa HE BCEIrJa SBJISIETCS
BCIOJIY ILTOTHBIM M MOXKET OKa3aThCs IYCTBIM, JIazKe €CJIM OJTHO U3 MHOXKECTB KOTOIIee.
JleitcTBUTEIBHO, IIYCTh () — KCTpeMaTbHO HECBI3HBII KOMIAKT YIbTPAMDUILTPOB B MOJI-
HOIi Oys1eBoii aaredpe BeeX peryasipHbIX OTKPBITHIX moaMHoKecTB [0, 1]. O6o3Haunm depes
D coBOKymHOCTH BCex yabTpaduabTpoB u3 (), pacmupsonux GUIBTPH PETryJISIPHBIX OT-
KPBITBIX OKPECTHOCTEH panuoHajbHbix uuces. Torga uz 1.2.10 ciaeayer, uro D apisiercs
TOIIUM BCIOY MJIOTHBIM TTOAMHOYKECTBOM ().

OueBnIHO, CHUZKEHUE OMEepaTopa ext OCyIIecTB/IsieT B3auMHO OJJHO3HATHOE COOTBET-
crBue Mexky djtementamu daxrop-muoxecrsa Cy(Q, X')/~ u npocrpancrsa Co(Q, X).
C nomompio Takoro coorsercrBust MHOKeCTBO Cy(Q), X')/~ MOkKHO ecrecTBeHHBIM 06pa-
som HaeuTh crpykrypoit [IBK nag Coo(Q) (em. 2.5.2, 2.5.3).

Kak caenyer u3 2.5.1, B kaxom kiacce sxsuajgenruoctu u3 Cy(Q, X')/~ umerorcs
HOYTH TJIOOATbHBIE MpeacTaBuTen. IIocKOMbKY paboTaTh ¢ HUMH 3HAYUTETHHO IMPOIIE,
9eM ¢ CeUYeHHSIMH HaJl IIPOU3BOJILHBIMU BCIOAY ILTOTHBIMHU IIOAMHOMKeCTBaMH (), B paMKax
teopunn PHII oObIvHO OrpaHMYMBAIOTCI pacCMOTPEHHEM JIMIITh IMOYTH II0OOATBHBIX cede-
Huil (cMm., Hanpumep, [52, 95]). Bamerum, 4TO MOCTpOEHUE MPOCTPAHCTBA PACIIUPEHHBIX
ceuernii Coo(Q), X) dakTudeckn 3aK/II09aeTCS B BBIJIEIEHUH B KAXKIOM KJIACCe SKBHBA-
aeataocTH 3 Cy(Q, X))/~ Mo KAHOHHIECKOMY TIPEICTABUTEIIO ¢ HANOObIIEll 061aCThIO

orpe ieIeHus.

2.5.7. lns npousBosbrHoro noamuoxkectBa U C Co(Q, X) u Toukm gy € () 0603Ha-
anM CoBOKYnHOCTH {u(qg) : u € U, qo € domu} cumsosom U(qp). Kpome Toro, Beegem

obosnadenne () @ U 1jist MHOKECTBA {(q, u(q)) u €U, g€ dom u} = Ul.

Teopema. Cienyromne cBoiictba nmoamuoxkectBa U C Coo(Q), X') 9KBHBAICHTHBI:

(1) mHOMKeCTBO QQ @ U Berogy mioTHO B Q @ X;

(2) Besikoe ceuenme v € C(Q,X) npuaumaer s3madenus v(q) € clU(q) wa Berogy
IJIOTHOM TTOJMHOYKECTBE ();

(3) Besiroe cedernne v € Coo(Q), X') npuanmaer 3nadenns v(q) € clU(q) ma KoTomEeM
MOAMHOYXKeCTBe ();

(4) U sBistercst ammpokcnvmupyiomum moaMHOKecTBOM Co(Q), X).

<« YcranosnM nenouky mMinkanuii (1)=(4)=-(3)=(2)=-(1), B koropoit Jums 38e-
ubst (1)=(4)=(3) TpebyoT H0KA3aTeIbCTBA.
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(1)=(4). Coriacuo 1.5.2 HaM HIPEJCTOUT YCTAHOBAUTH PABEHCTBO

inf l[v—u|l=0
ueld
B K-upocrpancrse Coo(Q) ist 1106010 sementa v € Coo(Q, X). Ecum nociejnee pa-
BEHCTBO He HMeeT MeCTa, HaiiyTCsd HemycToe OTKPhIToe MoAMHOKecTBO U C () M 4mcyio
e > 0 takme, uto |v —u| > € va U maiga Bcex u € U. Bo3bmeMm TPOU3BOJIbHOE CEUCHHE
c € C(Q,X) co 3nagenneM c(q) = v(q) B HeroTopoii Touke ¢ € U N domwv. Torga eciu
Uy C U — 0KpecTHOCTH ¢, HA KOTOPOii |¢c — v]| < £/2, 10 |¢ —u| > /2 na Uy ays Beex
u € U, aro nporuBopednt ycaosuio (1).

(4)=-(3). B cuury npemoxkenns 1.5.4 st m060ro v € Coo(Q), X') HalineTcst cerb (ug)
37eMeHTOB dg, U, o-cxomsimasicss K v. OcTajoch 3aMeTHTb, 9TO COJIacCHO Teopeme 1.3.5
HMEeT MECTO CXOIUMOCTb Ug(g) — v(g) AJIst BCEX IEMEHTOB ¢ HEKOTOPOI'O KOTOIIEro

HOIMHOXKECTBa, (). P

2.5.8. Teopema. Curexyrome cpoiicTa mogpaccaoerns X HBP X wax () sxBH-

BaJICHTHEI:

(1) mmOKecTBO Q ® X Beroy mia0THO B Q ® X;

(2) Beskoe cevenne u € C(Q,X) upunumaer snauenns u(q) € X(q) ma Beroy
IIOTHOM TTOJIMHOYKECTBE ();

(3) Beaxoe cewenne u € Coo(Q, X) mpuamvaer 3mavenns u(q) € X(q) ma Koromem
moaMHOXKecTBe (;

(4) mmoxectso C(Q, X) o-niorro B C(Q, X);

(5) Besiroe moamuOKecTBO Cog(Q, X'), moc0iiHO MI0THOE B X HA BCIOJY MIOTHOM

nogmHuokectBe ), siBjistercst anmpokcumupyomuM B Coo(Q, X).

<« HemnocpencTBenno ciaeayer u3 TeopeMbl 2.5.7 u mpeioxkenns 1.5.4.  »

[Toxpaccioenne X, obiaaroliee OJHUM U3 TepeducaeHHbx coicts (1)—(5), Oyaer

HA3BIBATbCA 6C100Y NAOTHM 6 X .

2.5.9. Crenyromee yTBepIKjaeHre MpeICTaBIseT coboii BapwmanT Teopembl (CToy-

na — Beiiepmrpacca jayst HBP maz skerpemanbio HecBsi3ubiM KoMakToM (cp. [144: §4]).

Teopema. Ilycrs BekropHoe nognpocrparctso U C C(Q, X) mocoiino mioTHo B
X wm conepxur ockokn (U)u Beex ¢Boux 31€eMeHTOB U € U, COOTBETCTBYIOIIHE OTKPBITO-

3aMKHYThIM mojMuokectBam U C Q). Torga U pasaomepro miorao B C(Q, X).
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<« Ilpeanonoxum, aro nogupocrpancrso U C C(Q, X) yaoBaeTBOpsieT yCJIOBHIM
Teopembl. 3adukcupyem cevenne v € C(Q,X) w mas npoussoiabHOro wuciaa € > 0
Haii1eM 371eMeHT u € U, ymoBieTBopsionuii HepaBencTsy ||u — vl < e. s xaxmoit
Toukn ¢ € ( mombepem ceuenme ug € U rtak, 4robsr |ug(q) —v(q)|] < e. Kpome
Toro, obosHauuM cuMBOJIOM U, KaKyio-imbo OTKPBITO-3aMKHYTYIO OKPECTHOCTb ¢, Ha

KOTOPOit qu - UI < €. U3 orkperroro nokpsitus (Uy),eq Komnakra () BbiOepeM KOHEUHOE

noanokpeitue (Ug,,...,Uy,). Corrmacno npunnumy mcdepubiBanus (cM. 1.2.1) mmeerca

rakoe pazbuenue (V7,...,V,) KoMnakra () Ha OTKPBITO-3aMKHYTHIE MOJAMHOYKECTBA, UTO
. n

Vi C Uy, nnst Beex @ = 1,...,n. Scno, uro cevenne u = Y ., (V;)uy uckomoe. »

2.5.10. Jlemma. Jlra sroboro HBP X wax Bcromy maoTHBIM MOAMHOKECTBOM
D C @ cymecTByeT eqmHCTBeHHOE ¢ TOYHOCTHIO a0 m3omerpun HBP X max () rakoe,

aro X = X|p m Besikoe orpanmdennoe cedenne u € C(D,X) nporomkaercs 1o U €

C(Q,pX).

<« O0603HAYUM BEKTOPHOE MPOCTPAHCTBO Cb(D, X) wepes U u cHAGIUM €ro My/Tb-
TiaOpMOit (||+[l¢)geq, monoxkus ||ull, = ext(JJuf ) (¢) ans Beex u € U u g € Q. Tycrs
BX — HBP max (), mopoxjeHHOe MYJIbTHHOPMUAPOBAHHBIM IIPOCTPAHCTBOM U 1 i: U —
C(Q, BX) — coorBercrByioliee KaHOHUYIeCKoe Biiozkenue (cM. 2.2.7). CpoiicTBa mpocTpa-
cTBa U MO3BOJISIIOT 3aKJII0UNTD, 4To i[U] = C(Q, BX) (cm. 2.3.6, 2.5.9). [List KazK10it TOU-
Ki ¢ € D MOXKHO onpeie/uTh JuHeiinyo nzomerpuio H(q) mexay ciosvu X (q) u X (q),
ynosserBopstiontyto pasencty H(q)u(q) = i(u)(q) miast Bcex u € U. U3 2.4.9 caenyer, ato
H upencrasnsier coboii uzomerpuio X na SX|p. «3amenuss ciaon SX nan D tak, 94ro0bl
u3omopdusmpl H (¢) npeBpaTHINCh B TOXKIECTBEHHBIE OIIEPATOPbI, MbI TIOJLYy UM HCKOMOE

HBEP. Ero equHCTBEHHOCTH BHITEKaeT u3 2.4.12. »

Qurypupyromniee B hOpMyIHpOBKe mocaeaHero yreepxiaeans HBP X Oyner ma3bi-

BaTbCst npodossicenuem no Cmoyny — Yexy paccioenuss X (Ha npocrpancrso Q).

2.5.11. Jlemma. IIpegnonoxum, aro cerb (Uq) B Coo(Q, X') 0-cxomurces k cevennio
u € Cxo(Q, X). Torma maiizercs takas cetb (eq) B C(Q), aro 0 < eq < 1, |equa| < |ul
a cerb (eqlly) 0-CXOUTCS K U.

<« s xaxaoro siaeventa e € Coo(Q)) cymecTByer equHcTBeHHAS BYHKIUS % €
Coo(Q), ynoBrersopaiomasn ycaosuam e(q)i(¢) = 1 npu e(q) # 0 u L(g) = 0 npu
q ¢ supp e. Herpyauo y6eauTbest B TOM, 4T0 (DyHKIUU €4 = |u||u1—a|/\1 00pa3yIoT UCKOMYIO

ceTh. b
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2.5.12. Jlemma. IIpexmosoxum, aro X(q) # 0 miast Bcex ¢ € Q. Torga s
KaxkJi0it Toukn q € ) u Joboro snementa x € X(q) cymecTByer takoe cedeHme u €

(@, &), aro u(q) =z u ||ul] = ||=|.

< MoxkHuo canrarh, uto & # 0. Ilycts cevenne vy € C(Q, X') mpuHUMaeT 3HAYEHNE
vo(q) = x B Touke q. O6Go3HadMM 4epe3 (Jy KAKyIO-JHO0 OTKPHITO-3aMKHYTYI0 OKDECT-
HOCTB ¢, HA KOTOPOIi ceueHne vy BCIOAY OTJIUYHO OT HYJS, U HOJIOKUM (1 := Q\Qp.

Jia xkaxpoit Toukn p € (Y1 moxbepem cedenne u, € C(Q, X) Tak, 91066l Upy(p) # 0.
ComocraBuM KayKI0My 3JIEMEHTY p € (J1 ero OTKPBITO-3aMKHYTyI0 okpectHOCTh Up C Q1
Ha KOTOPOil cedenue u, Bcogy orau4uo or myid. Ilycrs (Up,,...,Up,) — xomeunoe
MOKPBITHE KOMIAKTA ()1, COCTABICHHOE H3 3T€MEHTOB OTKPBITOro mokpuitus (Up)peq, -
Cornacho npuniuny ucdepnbiBanus (M. 1.2.1) cymecrByer Takoe pasouenue (V1,..., V)
KOMIIAKTa ()1 Ha OTKPBITO-3aMKHYThIe HOAMHOXKecTBa, 4T0 V; C Up, nagascext=1,...,n.
Torma cymma vy = > i (Vi)up, oTamama ot Hyns Beogy Ha Q1.

Takum obpasom, cedenne v = (Qo)vg+ (Q1)v1 BCIOLY OTIUIHO OT HYJIsl U IPUHEMAET
sHavenne v(q) = x B ToUKe ¢. $IcHO, YTO MpoOW3BeseHNE U = Hv SIBJISIETCSA MCKOMBIM

cedenueM (cm. 2.3.1). »
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I'masa 3. IIPOCTOPHBIE BAHAXOBBI PACCJIOEHN A

JIOBOJIbHO CyNIECTBEHHBIM TEXHUYECKUM HPEHATCTBUEM B paboTe ¢ pacHIMpPEHHbIME
ceuenusasmMu HBP 3adactyio oka3biBaeTcs HecoBmajeHue oOJacTeil onpejie/ieHus pacIiu-
perHoro cedenust u u ero Hopmbl |u|. Ilousitme mpocroproro HBP, B wactrocTHn, 61110
HPU3BAHO yCTPAHUTH ITO HEy00cTBO. B mpoiiecce jajibHeiero u3ydenus 1pocTOPHbIE
HBP obnapykuim apyrue CBOM HpPEHMYyIIecTBa. TakK, TOJIBKO IOCTE IMPeIIOJOKEeHHS
npocropaoctu HBP X nosiBisgiercs BO3MOKHOCTb BBecTH B paccmorperune HBP B(X,)),
HEMPEPBIBHBIMU CEYeHUSIMU KOTOPOro sBjisgioTcs romomopdusmbl u3 X' B Y. To ke or-
HOCUTCA U K noHaTuio conpsizkennoro HBP X’. Haxonen, rpeGoBanue mpoCTOPHOCTH
O3BOJISIET J100ABUTH YTBEP:K/IEHHE O €IMHCTBeHHOCTH peanu3anuonnoro HBP B Teopemy

o npejacrapiaennn PHII B Buge npocrpaHcTBa cedeHUid.
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8§ 3.1. OcHOBHBbIE TOHATHUS

B sTtom maparpade BBoIUTCS 1 00CYKIACTCA MOHSATHE TTPOCTOPHOIO GaHAXOBA pac-
CJIOCHHSI, a TaKzKe HCCJIEIYIOTCS dJIeMeHTapHble CBOWCTBa MpOCTOpHBIX obosiouek HBP. B
YACTHOCTHU, U3YYa€TCsl BOIIPOC O MPOJOJIZKEHIH TOMOMOP(U3Ma, HA TPOCTOPHBIE 000JT0UKH
COOTBETCTBYIOIIUX PACCJIOCHUI.

Kax m pambIle, Ha IPOTsS:KEHHH Bcero maparpada () — HEmyCcTo# 3KCTpeMaIbHO

HecBa3HBI KomnakT, X — HBP max Q.

3.1.1. Teopema. Cruexytommue cpoiictBa HBP X Hax skcrpemaibHO HECBSI3HBIM

KOMIIaKTOM Q IKBHBAaJICHTHEI:

(1) kazkmoe HempepbIBHOE OrpaHHYEHHOE cedeHne X Haj BCIOIY IJIOTHBIM MOJMHO-
KecTBOM () IIPOJOIZKAETCSI 10 IT0OATBHOIO HEIPEPBIBHOIO CEYEeHHS;

(2) domwu = dom |u| mmst rF0GOTO pacHEpPeHHOr0 HEMPEPHIBHOTO CEYEHHUST U;

(3) PHII C(Q, &) siasiercst [IBK mag C(Q).

<« Uvmmmkamus (2)=(1) oueBnana. Ocraercs jgokasath, 1o (1)=(3)=>(2).

[IpenosiozxuM, 9To paccioenne X yaosiaerBopser ycaosuio (1) u 3aduxcupyem mpo-
M3BOJIbHYIO0 0-(DYHIAMEHTATIbHYIO ceTh (Uq) smementoB C(Q, X). Cormacho 2.5.3 cerhb
(uq) mmeer o-upesent u B [IBK Cop (Q, X). PynjamentanbHOCTh (Ug) B CMbBICJIE 0-CXO/U-
moctr B C(Q) obecrednBaer OrpaHUuIeHHOCTD CEYeHHsI U U 0-CXOTUMOCTD |uq — u| — 0 B
C(Q). Hns obocnoBanus yTBep:KaeHus (3) OCTAIOCH 3aMETHTD, YTO CEUCHUE U SIBJISTCTCS
r06aabHbIM B cuity (1).

[Ipenosozxum BoinoHeHHEbIM yeaoBre (3) n gokaxeMm (2). Ilycrs u — npoussosib-
ubtil 3meMeHT Coo (@, X). BBHIY JTOKATBHOl OrPAHNYEHHOCTH CETEHUS U, MbI HE HADYIIIM
OOITHOCTH, TPE/IOI0KHEB, 9TO OHO sBJgeTCa orpanndenubiM. Cormacuo 2.3.5 s KaxkK-
Joro saeMenta ¢ € domu cymecrsyer cedenne v € C(Q, X'), npuHnMarIiee 3HaYeHNE
v(q) = u(q) B ToUKe ¢. YuuThIBas, IWIOTHOCTH MHOXkKeCTBA dOM U B (), MBI IIPHXO/UM K BbI-
Boxy, uTo inf{|u —v|: v € C(Q, X)} = 0 B K-upocrpancrse C((Q)). Bocmoapsyemcst 1.5.1
u BoeauM B C(Q, X') takyio cetb (Vq)aca, 9T0 |u —v4| | 0. C yuerom yciosust (3)

nocsie/iHee cooTHoIenne jaer Briawovenue u € C(Q, X), 1. e. domu = dom |u| = Q. »

HenpepriBHoe 0OanaxoBo paccioenne, o0Jaaolnee OJHUM U3 SKBUBAJEHTHBIX
cpoiicts (1)—(3), nepeuncienupix B GOPMYJIUPOBKe TEOPEMBI, OyjieM HA3bIBATH NPOCMOP-
HOLM HEeNPepbieHbLM barazosuiM paccaoeruem. Ilepedopmymuposas yeaosue (1), MOXKHO
CKa3aTh, YTO pacCIoeHne X MPOCTOPHO TOTJA U TOJBHKO TOTJA, KOI/Ia OHO SIBJISIETCS TPO-
noxennem mo Croyny — Yexy (cm. 2.5.10) moboro csoero cyxenust X|p Ha BCIOLY

IJIOTHOE TMOAMHOXKecTBO DD C ().
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3.1.2. U3 caexpyromiero yrBepzx/eHusi BuIHO, 410 yciaoBue (1) B dbopmynuposke

TeopeMbl 3.1.1 MozKeT OBITh <0C/IabJIeHO>.

IIpennoxkeuune. /g npocropaocrn HBP X manx () HeoO6XxoamMo H 10CTATOYHO,
9TOOBI KazK[0€ HEeIPEePhIBHOE OTPaHUYeHHOE cedeHne X HaJ[ 0MmKpPumvlM BCIOTY ILJIOTHBIM

HOAMHOXKECTBOM (Q 1IPOJOJIZKAIOCH JI0 IJI0OAIbHOIO HELPEPhIBHOIO CeYEHHs.

< B npeanosiokennu «cjiaboro> sapuanta ycsosus (1) jokazareabcTBO MOPsIKO-
Boit mosHoTel PHIT C (@, X) B 2.5.3 mocsioBro nepenocurcs ua ciayvaii PHIT C(Q, X)
Guarogapsi TOMy, 9TO BO3HMKAoOMme TaM MHOKecTBa D¢ m D OKa3bIBAIOTCS OTKPBITHI-

Mu. »p

3.1.3. CuaeactrBue. HBEP X naj () sBisiercss npocTopHBIM TOI[a U TOJIBKO TOTJIA,
xorqa C% (Q,X) = C(Q, X).

3.1.4. CuaencrBue. Ilycrs HBP X max () mpocropro. Torma mjis Jr060ro ce-
gernst u € Cuo(Q,X) Hajigercs mocaeoBaTeabHOCTh (Up)peN MOTAPHO JAH3BHIOHKTHBIX

ssementos C(Q, X) rakast, 970 U = 0=y, . Un-
<« DBoirekaer nz 1.3.3 u 3.1.3.  »

3.1.5. IIpocmopnot oboaoukoti HBP X maswiBaercst Besikoe mpocroproe HBP X,

cojepzkaiiee X B Ka4eCTBe BCIO/LY IJIOTHOI'O HOJAPACCIOCHHUS.

Teopema. Bcsikoe HBP (Haj skcTpemasbHO HECBSI3HBIM KOMIIAKTOM) HMEET €JHH-

CTBEHHYIO C TOYHOCTbIO IO H30METPHH IIPOCTOPHYIO O6OJIO‘IKy.

<« Paccmorpum HBP X maj Q. CuaGuum Bekroproe upocrpancrso C(Q, X)
myaprunopmoit (|-lq)geq, monoxus ||ull, = lul(g) ana seex u € Cl(Q,X)uq € Q.
Coryracuo 2.2.7 mojiydeHHOe TaKuM 00pPa30M MYJIBTHHOPMHUPOBAHHOE MIPOCTPAHCTBO IO~
pozxnaer Hekoropoe HBP naz @, KoTopoe Mbl 0603Ha4nM tepe3 X. IlycrTp i: CgO(Q, X) —
C(Q,X) — coorBercTBYyIONIEe KAHOHUYECKOE BJIOJKEHHE. B Kar0if Touke ¢ € () MOXKHO
OIpeIeINTL m30MeTpuueckoe Broxkenne H(q): X(q) — X(q), yaoBaeTBopsiomee papen-
crBy H(q)u(q) = i(u)(q) mast Beex u € C(Q, X). U3 2.4.4 cnenyer, uro H npencrasisier
coboit romomopdusm X B X U TeM caMbIM OCYMIECTBIsSIET n30MeTpuio X Ha GaHAXOBO
nozxpacciaoerne X. Cormacuo 2.5.8 3TO MOAPACCIOCHHE SIBISETCS IIOTHBIM B X .

EjmuncrBennocts npocropuoit 06os10ukun HBP ¢ TounocThio 10 n3omerpuu BbITEKAET
u3 2.4.12. »
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3.1.6. IIpeagmoxkenme. Ilycrs X — noapacciaoernune npocropaoro HBP Y nai Q.

(1) st upocropaocTu X HEOOXOAUMO H JIOCTATOYHO, 4TOObI MHOKECTBO (Q @ X ObLIO
3aMKHYTO B (Q ® ).

(2) Ilpocroproii 06osoukoii X siBasieTcst MOCTOHHO HAHMEHbIIee MPOCTOPHOE ITOJI-
paccroenne X paccioenns ), nocoiino cogepzkamiee X. Ilpn srom Q ® X copmagaer ¢

3aMBIKaHHEM MHOXKecTBa (Q @ X B Q ® ).

< (1) Ipemmosoxkum, 9To paccaoerue X TpoCTOPHO, 3abUKCUPYEM TPOU3BOIbHBII
sseMenT (¢, x) 3ambikannsg QX u ycraHoBuM BKIouenue (¢, ) € QR X. Iycrs cevenne
v € C(Q,Y) npunumaer 3nadenue v(¢) = = B Touke ¢ (cM. 2.3.5). O6o3HadmM 4epes e
TOYHYIO HUKHIOIO rpanuiy MHOKecTBa {|u — v| : u € C(Q, X)} B K-nmpocrpanctee C(Q).
13 npunajexuoctu (¢, ) 3ambikanuio Q @ X caeayer, uro e(q) = 0. B cuny 1.5.1 Haii-
JIeTCsl TaKasi OPPAHUYeHHAs CeTh (Uq)qeca d1eMentoB C(Q, X), aro |uq — v]| | e. Cormac-
Ho 1.3.3 aas kaxkgoro n € N cyimecTByeT cemeicTBO (ng)a cA TOMapHO MU3BIOHKTHBIX
OPSAIKOBLIX poekTopoB B C'(Q)), obecnieunBaroiiee HepaBeHcTBO To||uq — v] — €| < 1/n
qutst Beex o € AL TMopsinkosast nosmmora PHIT C(Q, X') nosBosisier BBecTH B paccMOTpeHue
CYMMY Wy 1= 0 ca Tatle € C(Q,X). Torma ||lw, —v| —e| < 1/n u, B gacTrocTH,
|lwn(q) —v(q)|]| — e(q) = 0. IlpurammexRHOCTH Wy () 3aMKHYTOMY MOAMPOCTPAHCTBY
X(q) C Y(q) naer tpebyemoe Britouenue x € X(q).

[TpocroprocTh X JIErKO BBIBOAUTCH U3 3aMKHYTOCTH MHOXKeCTBa, (Q @ X ¢ npusJede-
auem 2.1.7.

(2) O6oznaunm 4epes X mojpaccioenne ), WHIYIHPOBAHHOE MHOMKECTBOM TeX Ce-
qenuit u € C(Q,)), Koropble npuHEMAOT 3HavYeHus u(q) € X(q) HA BCIOLY MIOTHOM
nogmuoxkectBe Q (M. 2.2.2). OueBmmno, MHOXKecTBO Q ® X Beiogy TIIOTHO B Q ® X.
C yuerom (1) J0CTATOYHO MOKA3aTh MPOCTOPHOCTD paccioenusi X. [LIaHUupyst BOCIOJIb-
30BaThbcd 3.1.3, 3adpuKcupyeM IpPOM3BOJIbLHOE CedYeHne U € C&(Q,?) 1 0003HAYUM Yepes
u € C(Q,)Y) ero makcumanbuoe pacurupenne. CormacHo 2.5.8 cevenue U, KaK U U, MPU-
HuMaeT 3uadenns 4(q) € X(g) Ha BCIOLY IJIOTHOM HOAMHOXKECTBE (). DTO 03HAYAET, UTO

u € C(Q,X) u, B 9acTHOCTH, U = U. W

Paccioenne X, ourypupyioiiee B 1. (2) H0CIeIHEr0 NPeI0AKeHns, Oy1eT Ha3biBATh-

¢ 3amblkaHuem nodpaccroerus X.

3.1.7. Jlemma. Ecun xaxapiii cioii X(q) pacciaoennst X siBjistercst rujibOepTOBBIM
MPOCTPAHCTBOM, TO Kaxkjplii caoii X (q) mpoctoproii 060109k X Takke rab6epToBO

IIPOCTPAHCTBO.
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<« 3aduxrcupyem mpomspoibaple cedennda u,v € C(Q,X). Ecmm Touka ¢ € Q

takoBa, 4to u(q),v(q) € X(q), 10

lu(q) +v(a)|* + lu(q) — v(a)||* = 2[ula)|* + 2[lv(g)|)?

6aromapst rusbGeproBocTh mpocrpancrBa X' (q). 13 2.5.8 ciegyer, uTo Takue TOYKH ¢

00pa3yIoT KoTomee moaMHoKecTBO (). TlosTomy
lu+v]? + |u—v|* = 2Ju)?® + 2|v|?.
[Ipusiexas Tereps 2.3.5 u Teopemy don Heiimarna — [opnana, monyaem tpeGyemoe. b

3.1.8. Teopema. Ilyctb X 1Y — HBP mag Q, X 1) — ux npocropHbIe 060 09K
u D — koromee nogmuoxkecrso Q). Torpga Jo6oii romomoppusm H € Homp(X,))
e THHCTBEHHEIM 00pa30M IpooKaeTcs 0 romomMopgpusma H € Homp(X,Y). Ilpn sTom

noroueunsie nopust [|H|| u || H|| cosuazator na nexoropom xoromem nosmuoxecrse Q.

< 3Badukcupyem npousBobHbiii romomopbusm H € Homp(X,Y) u aist a06uix
q€ Duzxc X(q) onpenemum H(q)T € Y(q). Jdna storo suibepem ceuenne u € C(Q, X)
Tak, 91006l %(q) = Z (cM. 2.3.5), u 0003HAYNM Uepe3 U OrpaHUYECHHE CeYeHUs] U HA KO-
Toree moaAMHOKeCTBO {p € Q : 4 € X(p)} (em. 2.5.8). dcHo, uro ceuenne H & u pac-
cioenns Y apjserca HenpephiBHLIM 1 1ouTH riaobaibabiM. [yers H @ u € Coo(Q,Y) —
MaKcHMaJbHOe pacimupenue cedenns H ® u B paccioenunn ). Ilockoabky cormacuo 2.4.4
norouevnas Hopma || H|| sokanbno orpanudena, Gyuxuus | H ® uf orpanuvena na (koro-
TeM TI0/IMHOZKECTBe) HeKOTOPOil OKPECTHOCTH TOYKH ¢ U, CjieloBaTebio, ¢ € dom H @ u
(em. 3.1.1(2)). Homaraem H(q)Z := H @ u(q). Hecioxnas uposepka l0KasblBaer, 4To
snavenne H @ u(q) ne zaBucut or BhiGopa ceuenusi & € C(Q,X), yI0OBICTBOPSIONIETo
YCJIOBHIO U(q) = T, W, TAKHUM 0OPa30M, KOPPEKTHO OIPEJIEeH HCKOMBIN TOMOMODPMhI3M
H. Epuncrsennocrs H soitexaer u3 pasencrsa H(q) (extyp(u)(q)) = exty(H @ u)(q) as
Beex u € CY(Q,X) u q € Q.

YeTaHOBUM Terephb CBsi3b MeKjy norodednbivu Hopmamu ||H| u ‘Hﬁm Coruac-

HO 2.3.11 st m060it TOUKM ¢ € D BBIIOJHEHBI CJIEIYIONHe COOTHOIICHUS:

11 (q) = sup {|H @ ul(q) : u€ C(Q,X), lu] <1},
I || (q) = sup {1H @ ul(g) : u € Ce(Q, X), lul < 1}.

[Tosromy, yuurbiBag Teopemy 1.3.5, mag mokasarenncTsa cosnagenns dbyuxkumit ||H| n

}HH |H Ha KOTOIEM IOJAMHOKeCTBe () JOCTATOYHO MOJTYIHTH PABEHCTBO

sup{|H ®@u| : uve C(Q,X), |u|l <1}
=sup{|H ®@u| : u € Cxn(Q,X), |u] <1},
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B KOTOPOM TOYHbIE BEpPXHUE IPaHUIbl BbiuucaAorcs B K-npocrpanctse Coo(Q)). Oboc-
HOBaHue Tpedyercs JIMIIb Jijis HepaBeHcTBA =>. B cuiiy 2.3.5 umeer MecTo COOTHOIIEHUE
Q®CQ,X)=0Q®X, uz koroporo cormacio 2.5.7 caeayer, aro muoxkecrso C(Q), X)
o-m0THO B U (Q), X'). U3 2.5.11 BeITekaer, uro mis jaoboro cedenns u € Coo(Q, X),
|ul < 1, naiinercsa o-cxogmasicst K u cetb (Ug)acA d1eMentoB C(Q, X), yaoBieTBopsi-
fomux HepaBeHCTBY |uq| < 1. Torma coornomenne |H @ uq — H @ ul| < |HH|H |ugq — ul,
BeIoTHEHHOE HA D N dom u, Baeder o-cxoanmocth |H @ uq| ¥ | H ® u|, u3 kKoTopoit cire-

nayeT HepaBeHCTBO |H @ u| < sup,eca | H ® uq|, 3aBepmatomee 10Ka3aTebCcTBO. B

3.1.9. Kaxk noka3bpiBaeT Cjeayionuii mpumep, B ycaoBugax 3.1.8 dyHknun H\H’H u
I|H|| moryr me coBmazarh Ha Bcem MHOKecTBe D.

O6o3HauuM cuMBOJIOM () KOMIaKTU(DUKAIIIO JUCKPeTHOTO npocrpanctBa N mo Cro-
yay — Yexy u nomoxum X = Q X {¢g} n Y = Q x {R} (¢ — GanaxoBo npocrpancrso
CXOJISIIUXCST K HYJTO TT0CTIe0BaTebHOCTe ). OTOXK IECTBIIsAST OCJIeI0BATEIbHOCTD U3 ) €
ee IIPOJIOJIZKEHHEM JI0 HelpepbiBHOM (yHKiun Ha (), onpegesnm orobpazkenne H: Q — ¢
no npasuiy H(q)z = z(q). 13 nepasencrsa |z(q) — y(p)| < ||z —yll + [y(p) — y(q)], BBI-
TIOJTHEHHOT'O JIJIst BCeX &,y € co U p,q € @, caenyer, uro H € Homg(X,Y). Ilycrs X' —
npocTopHas obosouka X u H € HomQ(?, V) — mponoskenne H. Ilokaxkem, 4ro, B
oTIMYHe OT MoTo4YedHol HOpMbI ||H ||, KoTOpas sBAsSeTCS MHIMKATOPOM MOJMHOXKECTBA
N C @Q, byukuus |Hﬁm OTJIMYHA OT HYJsl HAa BCeM HpocTpaHcTBe () (B JeHCTBUTENBHO-
cTH }HHM = 1). Paccemorpum cevenne u € C(N, X)), ynosierBopsitoniee HepaBeHCTBAM
lu(m)|| < 1m ||H(n)u(n)| = 1/2 ara seex n € N. Oboznaanm qepes @ € C(Q, X') Makcu-
MaJIbHOe pACIIIpeHHe cedeHns u B paccaoenun X. Torjga dbyHkmus ‘HF ® ﬂm ABJIACTCS
\ﬁ@am > 1/2 ua Bcem Q.

HeTpepBIBHLIM MpojiosizKenneM || H & uf| u, ciemoBarenbHo,

3.1.10. CuaenctBue. Hszomerpus H mexxay HBP X u Y nax () upososkaercs 10

uzomerpun H mexkjry ux npoctopabiMu obojioukavu X u Y.

3.1.11. Ilycre X — upocroprnoe HBP nax @, a Xy — (auckpernoe) 6aHaxoBo pac-
caoeHne, Kaxabii ciaoii Xp(g) KOToporo siB/asercs 6aHaXOBBIM TIOANPOCTPAHCTBOM COOT-

BercTByoIero caos X (q). B caemyromeii emmve cdhopmMyInpoBaHbl HEKOTOPBIE CBOTCTBA
HEP X A &) (cm. 2.2.4).

JIemma. (1) Paccioenne X A Xy mpocTopHo.

(2) Ilycts Sy — COBOKYMHOCTBH BCex cedeHmii u paccioeHus X, JIs KOTOPBIX MHO-
xkecro {q € domu : u(q) € Xy(q)} sBasierca korommum B Q. Torpa C(Q, X N Xp) =
C(Q,X)N Sy n Coo(Q, X N Ap) = Coo(Q, X) N Sp.



Inaga 3. IPOCTOPHBIE BAHAXOBHBI PACC/IOFEHUS 175
§3.1. Ocnosnvle NOHAMUA

< (1) Caenyer u3 (2) u 3.1.3.

(2) Pagenctio C(Q, XY AXp) = C(Q, X)N Sy BoiTekaer u3 2.5.9 u 6rarogaps mpocTop-
Hoctn X obecreqnBaer BriodeHne Coo(Q, X' A Xp) D Co(Q, X) N Sp. st obocHoBaHwst
obparHOro BKoYeHust C mpe/noaoRum, 9to u € Cxo(Q, XY AXy). [punamiexxsoCcTh cede-
HIS U MHOZKECTBY Sy creayer u3 2.2.4 u 2.5.7((1)=(4)). Hpuuaanexknocts u € Co(Q, X)

BBIBOJIUTCS TEI€Ph U3 YCTAHOBJIEHHOTO BBIIIE BKJIIOYEHHsI D MEpexoaoM K exty(u). B
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§ 3.2. PaccjioeHue mmpoCTpaHCTB OIEPATOPOB

Dror naparpad nocssien ucciepoBanuio ocHoBubix coiicrs HBP B(X,)), neupe-
PBIBHBIMU CE€YEHUSIMH KOTOPOTO sBjisgioTcsd romoMmopdusmbl uz3 HBP X 8 HBP Y. Bouib-
I10e BHUMAHUE yJIe/IseTCst ONMCAHUIO HeNPePhIBHBIX cedennii pacciaoenus B(X,)). 3necn
JKe BBISICHSIETCsI, B KaKuX ciaydasx 310 HBP npoctopHo u Kak BBITJISIUT €ro MpOCTOpHAs
0boJI09KA.

Ha nporsikenun Bcero naparpada () — Helycroil 3KCTpeMa/ibHO HEeCBA3HbIA KOM-

nakt, X u Y — HBP nan Q.

3.2.1. Jlemma. Ilycte D — Bcrogy IIOTHOE HOAMHOXKeCTBO () H OTOOpazkeHHe
H:q € D — H(q) € B(X(q),Y(q)) rakobo, uto H ® u € C(D,Y) ana Becex u €
C(Q, X). Ipexnonoxum, aro paccaoenne X npocroprao. Torga mnoroueunast HopMma || H||

HeIrpephIBHA.

<« [lycrb BoinosiHeHBI Bee ycsoBus jeMMbl. B cuiy 2.3.11 numeer MecTo paBeHCTBO
IH| (¢) = sup{|H @ ul(q) : v € C(Q,X), |u] < 1} masa Bcex ¢ € D, orkyna cieiyer,
aro ¢yukuus ||H| nonynenpepbiaa causy. [ag jJoKa3aTeabcTBa HOJIYHEIPepblBHOCTH
cBepxy mnorodedHoit Hopmbl ||H| B mpousBosbHON Touke ¢ € D mpeIiosoKuUM, UTO
IH]|l (¢) < A, u ycranoBum nepasenctso ||H||(p) < A mias Bcex 37eMEHTOB p HEKOTOPOW
OKPECTHOCTH TOYKH ¢ B MHOKecTBe D.

Honycrum nporuBHoe. Torma, BeiGpaB unciao Ag Tak, arodnl [|[H| (¢) < Ao < A,
u nonoxkus V = {p € D : |H|(p) > Ao}, Mbl mpuxogum K BbiBOLy, 40 ¢ € clV.
s mroboro snementa p € V nmoxbepem cedenne u, € C(Q,X) Tak, 410001 |up| <lm
|H & upl(p) > )\g. B cuny HenpepbsiBHOCTH DYHKITUT |H ® upl JIIS KazKIo0it Touku p € V
HAllIETCS Takas ee OTKPBITO-3aMKHyTas OKpecTHOCTh V, C @, uto |H ® uy| > Ao Ha
Vp N D. Hecjoxkuo npoBeputb, 4to cl Upevvp = clV. W3 npunnuma ucyeprbiBaHUS
(em. 1.2.1) crenyer cymecrsoBanue cemeiictBa (Up)pey IHOIAPHO He IePeCeKAIOIIHXCS
OTKPBITO-3aMKHYTHIX IIOAMHOXKECTB (), yaoBierBopsonux yciaosusm U, C V), (p € V)
u cl Upev Up = clV. buaarogapsa npocropuoctu X HenpepblBHOE OrpaHHYEHHOE CedeHHe
Upev wplu, U 0lg\av paccioenust X' naj seiogy miorubiv 5 Q muozxectsoM ey Up U
(Q\ clV') MOXKHO TPOIOIKHUTD /10 TiaobanbHoro cedenus u € C(Q,X). OueBuano, 4T0
|ul] < 1. U3 coBmagenus ceuennuit v u u, Ha U, caeayer, uto |H @ u| > Ao Ha clV.

[Tocneauee nporusopednut HepapeucTBy || H|| (q) < Ag.  »
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3.2.2. CuaencrBme. FEciu paccioenne X 1pocropHo, 1o Jitob6oi romomopgusm

H € Homg(X,Y) umeer nempepsiBayo morodednyro Hopmy || H| .

13 3.1.9 Buyiao, 9T0 yeaoBue mpocTopHocTH X B (DOPMYJIUPOBKE CJIE/ICTBUS SB/ISIETCS
cymecTrBeHHBIM. Bosiee Toro, B 3.3.8 Oyjer mokasaHo, 4TO IPOCTOPHOCTDH PACCIOCHUS
X 1o-cymecTBy OKazbIiBAETCsl HEOOXOUMbBIM YCJIOBUEM JIJIsi HEIIPEPBIBHOCTH MOTOYEYHBIX

HOPM TOMOMOpPGU3MOB U3 X B V.

3.2.3. Teopema. IIpexmnosoxum, aro paccaoeaune X mpocropao. Torga cymie-
cryer (m emmacrsenno) takoe HBP B(X,)Y) max Q, qro caoii B(X,))(q) B kaxkoii
Touke q € () ABIsgeTcss 6AHAXOBBIM HO,Z[HpOCTpaHCTBOMB(X (q), y(q)) HC’(Q, B(X, J))) =
Homg(&X,)).

<« PaceMmoTpuM IucKpeTHOe GaHAXOBO paccaoenne Haz (), CJI0i KOTOPOro B KaiK-
Joit Touke ¢ € () pasen 3ambikanmio noanpocrpanctsa {H(q) : H € Homg(X,))} B
B(X(q), ;))(q)). B cuny 3.2.2 npocrpancrso Homg (X, )) aBiserca HempepbIBHON CTPYK-
TYpOil B 9TOM PACCJOEHUH |, TaKUM 06pa3oM, npespaiiaer ero B uckomoe HBP B(X|)).
Pasencrso C(Q, B(X,Y)) = Homg(X,Y) creayer u3 2.5.9 u 2.4.11.  »

3.2.4. Cuaeayromuii npumep mnokasbBaer, 4ro Bkiaodenne B(X,))(q) C
B(X(q),Y(q)) MoxeT GBITH CTPOrHM.

[Tycrs (Q — xomnakTudukanus auckpernoro npocrpancrsa N no Croyny — Yexy,
X — npocropras ob6osouka nocrosaaoro HBP @ x {X} ¢ uepedekcuBubiM cit0eM
X uY = Q x {R}. Tokaxem, uro B(X,Y)(q) # B(X(q),V(q)) B kaxuoii rouke
g € Q\N. JleiicrBurensno, npocrpanctso X(¢) HepedeKCHBHO, Tak KaK COMEPKUT
HepedrekcuBHoe noanpoctpancTBo X. Ilo Teopeme JIxkeiimca cymecTByeT (byHKIIHOHA
v’ € X(q) = B(X(q),Y(q)), ne pocTurarompuii cBoeii HOPMBI HA 3aMKHYTOM €J1HHITHOM
mape By (). Jdomycrnv, mveercs cedenne H € C(Q, B(X, y)), OpPUHEMAIOIIEe 3HAYCHHIE
H(q) = 2’ B Touke q. Jna xaxmoro n € N noabepem smement u(n) € X Tak, 9To6HI
|lu(n)|| < 1u ||H(n)u(n)|| > ||H(n)||—1/n. Oboznauum wepes u € C(Q, X) npogonxenne

nocTpoeHHOro TakuM obpaszom cevennst u € C(N, X). fcno, aro
[« (ata))| = 1H(@)ala)| = lim [H(m)u(o) = | H)| = [«

[Tonyvennoe poTusopedne gokasbiBaet, uto ¥’ ¢ B(X,YV)(q) (em. 2.3.5).

BameTnM, 9To MOAXOAAIIEH 3aMeHOl TPocTpaHCcTBa () MOXKHO JOOUTHCS COOTHOIIEHHI
B(X,Y)(q) # B(X(g),Y(q)) B0 Beex Toukax g € Q) onnospemento (cp. 3.3.5).
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3.2.5. IIpengoxkenme. OrobpazkeHne ((q, z), (q, T)) — (q,Tz), nefictByromee u3
nogmuozkecTBa (Q @ X) X (Q ® B(X, y)) B (Q ® ), HENIPEPHIBHO.

< 3Baduxcupyem sjeventst § € Q, T € X(7) u T € B(X,Y)(q). Hpemuonoxum,
aT0 mapa (g, T7) IpHHAITe:KAT OTKpHITol Tpybke V (v,7) C Q@Y (cm. 2.1.4). Bribepem
ceuennst u € C(Q,X) u H € C(Q,B(X,y)) TaK, 4robn u(g) = T u H(7) = T. Torua,

BOCIIOJIb30BaBIIUCH HEPaBEHCTBOM

[o(q) = Tl < llv(e) = H(@)u(@)] + [[H || llulq) — |
+[1H(q) = TlI(lulg) — =l + llulloo)

BBITIOJTHEHHBIM J7ist BeeX ¢ € @, © € X(q) u T € B(X,Y)(q), MOxKHO Tak momo6paTh

okpecrroctn U(u,a) C Q@ X u W(H, ) C Q ® B(X,Y) nap (¢,Z) u (3,1) coorset-
ctBenHo, uTobsl (¢, T'x) € V(v,7) mug Beex (¢, x) € U(u, ) u (¢, 1) € W(H, (). »

3.2.6. Teopema. Ilycts paccioerne X npocropro. Ciaeayromine CBoicTBa CeIeHHsT

HeS (D7 B(X, y)) HaJT BCIOAY ILTOTHBIM IOAMHOKecTBOM D C () 5KBHBAJICHTHBI:

(1) HeC(D,B(X,Y));
(2) H € Homp(X.,)Y);
(3) H®ue C(D,Y) ars eex u € C(Q, X).

< VYcaosue (2) caeayer u3 (1) B cuay 3.2.5. Nmmmukanns (2)=-(3) ovesngna
(em. 2.4.4). Tlokaxewm, uro (3)=-(1). Ecau ceuenne H ynosrerBopsier ycaoBuio (3)
nG e C(Q,B(X,Y)), 1o (H-G)®u e C(D,Y) nsa seex u € C(Q,X). Torna
|H -Gl e C(D) Bcuny 3.2.1. »

BameTnM, 9TO B CJIydae, KOTJa MOAMHOKecTBO DD C () sBJIsge€TCs KOTOIIMM, HOCTeI-

HUIl Pe3yJIbTaT MOXKeT ObITh 3HAYUTEIbHO yeusteH (eMm. 3.2.13).

3.2.7. Ilpengyoxxkenmue. [Ipeamnoo:KuM, ITO B YCIOBHIX TeOPeMBI 3.2.6 BBITTOJTHEHO

OJIHO U3 CJICJIYIONIUX JBYX YCJIOBHH:

(a) mHOMKECTBO D OTKPBITO,

(6) paccaoerne Y mpocTopHO.

Tora Teopema 3.2.6 octaHeTcss BepHOH, ecjid B ee (pOpMYJTHPOBKE 3aMEHHTH TpeOOBAHHE
H e S(D,B(X,Y)) 6oree cnabbiv ycaosmem H: g € D — H(q) € B(X(q),Y(q)).
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<« Kak BuIHO U3 Jl0Ka3aTeJIbCTBa TeopeMbl 3.2.6, J0CTaTOYHO JIOKAa3aTh UMILINKA-
o 3.2.6 (3)=-3.2.6 (1). ITycrs BeIMOTHEHO yCaoBHE (3).

[IpeamosioxuM cHagana, 910 MHOXKecTBO D oTkpoiTo (yeaosue (a)). Torma xaxkmas
touka ¢ € D umeer okpectHocTh U C D, OTKpHITO-3aMKHYTYI0 B (). 13 2.4.7 cnemyet, 14To
(U)H € Homg(X,Y), B cuny wero H(q) € B(X,Y)(q) u, Takum obpazom, H saBisercs
ceaenneM paccioenust B(X,)). [ns noxkasareancrsa (1) Temepb MOXKHO COCIATHCS HA
Teopemy 3.2.6.

[IpenoaoKuM Ha 3TOT pa3, 9To paccyioerue ) npoctopso (ycsiosue (6)). ITockombKy
dbyukuug | H|| mokampao orpanndena B cuay 3.2.1, MBI HE HAPYIIHM OOIIHOCTH MPU J10-
kazaresnberse (1), ecin Oymem canrars ee orpanndennoit. Csoiictso (1) orobpazkennst H
OYIET YCTAHOBIICHO, ECJIH MBI IOCTPOUM MpOIoIKaoliee ero cedenne H € C (Q, B(X, y))
Jlaa mobsix ¢ € Q u x € X(q) nonoxnm H(q) := ext(H ®u)(q), tae cevenne u € C(Q, X)
TAKOBO, 4TO u(q) = . DTO oupejieieHne KOPPEKTHO, TaK KaK 3HadeHne cedennst ext(H@u)
B TOYKe ¢ onpejesiero (B cuity orpanndentoctu || H || w mpocroproctn V) n He 3aBUCHT OT
BBIGOpA U (YTO JIETKO MPOBEPUTH ONSITh Ke Garofgapst orpanndennocru dbyukuun || H]||).

OueBnano, H — uckomoe cedenune. »

Bameuanusga 1. Hmke (cm. 3.2.13) mokazano, 4ro yciosue (a), HAKJIAIbIBAEMOE
Ha MHOXKecTBO D B (hOPMYJIMPOBKE IMOCJIEIHEIO MMPEIJIOKEHUsI, SABISeTCsS U30bITOYHBIM.
JloctaTodno morpeboBaTh, 9TO0BI TOAMHOKECTBO [ C () OBLIO KOTOIUM.

2. ABTOpy He M3BeCTHO, sBJsIeTCst Jiu TpebGoBanue (6) MPOCTOPHOCTH pACCIOeHus )

CYIIIECTBEHHBIM B (pOPMYIUPOBKE TIOC/IEITHETO IIPeII0KEHU .

3.2.8. Jlemma. IIpexmosoxkum, 9aro paccaoerme X MpOCTOPHO, H IyCTh ¢ € Q).
Torna u3 X(q) # 0 u Y(q) # 0 caegyer B(X,Y)(q) # 0.

< Ilpeanonoxum, aro X(q) # 0 u Y(q) # 0. Ilycrs cevenns ug € C(Q,X) u
vg € C(Q,Y) rmakoswl, uro ug(q) # 0 m vg(q) # 0. ITo Teopeme Xana  Banaxa
Kantoposuua [90: 1.4.14 (1)] cymectByer takoii simueiinsii oneparop 1: C(Q,X) —
C(Q), uro |Tu| < |u|] ansa Beex u € C(Q,X) u [Tug| = |ug|. s xaxaoii Touxu
p € Q onpenesmm omeparop H(p) € B(X(p),y(p)), nosoxkus H(p)x = (Tu) (p) - vo(p)
st Kazkaoro © € X(p), vie cevenne u € C(Q,X) ymoBiaerBopser ycaoButo u(p) = .
CeoiicrBa oneparopa 1), 04eBHHO, 00€CIEYUBAIOT KOPPEKTHOCTH onpesesnenus H (p).
3 mocrpoenusi orobpazkenust H caenyer, uro H @ u = Tu - vy € C(Q,)) st Beex
u € C(Q,X). B cuny 2.4.7 mocnennee ozuavaer, uro H € C(Q,B()(,y)). Ocranoch

savernre, wro [|H(q)u(g)|| = [luo(@)l| - [lvo(g)]] # 0. »
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3.2.9. Teopema. IIpemmnosoxum, 410 X — HPOCTOPHOE PACC/IOCHUE.
(1) Ecn paccioernune ) npocrtopro, 1o B(X,Y) mpocropHo.
(2) Ecim X(q) # 0 gzt Bcex ¢ € ) m paccaoenne B(X,)) mpocropro, 10 Y

IIPOCTOPHO.

< (1) IIpeamomoxkuM, 94To paccaoenne ) MPOCTOPHO, U MycTh H — orpannveHHoe
HenpepbiBHOe cedenne B(X,)) HaJ BCIOAY ILIOTHBIM MOJAMHOXKECTBOM KoMmakTa (). To-
rJ1a, MOBTOPSs U0 JTIOKA3aTebCTBA, PEJIOKeHNd 3.2.7, MOYXKHO OIPEJIeJUTH PO/I0JIXKe-
me H: g € Q> H(q) € B(X(q),y(q)) orobpazkenust H, yI0BIeTBOPSIOIIEe PABEHCTBY
H(q)u(q) = ext(H ®u)(q) a1s seex u € C(Q,X) u q € Q.

(2) TIpeanosoxkum Temnepb, 4To paccioenue B(X,)) npocropho u Bce cion X He
BBIPOKIeHHbIe. [IycTh ¥ — OrpaHmYeHHOe cedeHue ) HaJ OTKPBITHIM BCIOLY HJIOTHBIM
noamuozkectsom D C Q. U3 3.1.2 ciaemgyer, 910 sl JI0KA3aTEJIbCTBA, MPOCTOPHOCTH )
JIOCTATOYHO MPOJOJIZKATH CEYEHNe U J0 TJI00aJIbHOTO.

O6o3naunm 4yepe3z R nocrosiHHOe GaHaxoBo paccaoenne (Q X {R}. B cmny 2.5.12
u 3.2.8 cymecrsyer cevenne w € C(Q, B(X,R)) ¢ noroueunoit nopmoit |w|| = 1. B
Kazkj10it Touke ¢ € D onpenenum oneparop H(q) € B(X(q),y(q)), nosnoxkuB H(q)r =
(w(g)x) - v(g) mnsa Beex z € X(q). Ouesnano, uro H ® u € C(D,Y) npu u € C(D, X).
13 npemyioxkenus 3.2.7 caenyer, uro H € C’(D,B(X,y)). Buiarogapst orpaHnYeHHOCTH
dbyukmuu ||H| = ||v| u opocroproctu pacciaoenus B(X,)) ceuenne H npomoszkaercs
10 Tobasnbaoro H € C(Q, B(X, y))

[Iycrs YV — mpocroprasi 060104Ka paccyoenns: Y. PaccMOTpuM mpomosKenne U €
C(Q,Y) cevenus v 1 B KaxK10if TOUKe ¢ € () ONPEICINM OTIEPATOP ﬁ(q) € B(X(q),Y(q)),
I10JIO2KUB ﬁ(q)x = (w(q)z) - v(q) anst Beex x € X(q). Scno, uro He C(Q,B(X,))).
TaxmM 06pa3oM, MBI HMeeM [Ba HEIPePLIBHBIX [IOOATBHBIX ceuenns H u Iil paccI0eHus
B(X,)), coBmajienne KOTOPLIX Ha BCIOAY ILIOTHOM HOAMHOXKecTBe D C () NPHBOTHT K
pasernctBy H = . Orcrona ciejyer, 94To H — cevernme B(X.,)Y), a 3naunt, 0 — cedenue

Y, nockoabky w(q) # 0 mast Beex ¢ € Q. »

3.2.10. Jlemma. Ilyctb X u Y — mpocropuire obogoukn HBP X u Y, D —
Koromee nogMaozkectBo Q uld C C(D, X') nocaoiino miorao B X wa D. Ilpeamooxum,
uro orobpaxkeune H: q € D — H(q) € B(X(q),y(q)) HepeBoAuT JIFOOOH 3/1eMeHT
u € U B menpeppiBHoe cevenne H @ u € C(D,)). Torga cymecrByer eiuHCTBEHHOE
cevenne H € Cx(Q, B(X,Y)) raxoe, uro oneparop H(q) npogoxaer H(q) aust Beex
q € DNdom H. Ilpu sroum |H|| < ||H|| va D n ¢ynxunn |H|| u ||H|| cosnazator na

HEKOTOPOM KOTOIIEM IIOJMHOKecTBe ().
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<  O6o3HaunM cuMBOJIOM U] COBOKYIHOCTDH BCEBO3MOKHBIX OCKOJIKOB (A)u s1emen-
TOB U € U, COOTBETCTBYIOMIMX OTKPBITO-3aMKHYTBIM MOJAMHOXKecTBaM A C (), Ha Ko-
ropbix |ul| < 1. W3 mocaoiinoii miornocrn U B X' Ha MHONKecTBe D Ciiemyer, 4To
supyey, | H @ ul(q) = ||H(q)]| < oo ana scex ¢ € D. Ilockonbky D apigercs KOTO-
UM TOAMHOXKeCTBOM (), corsiacuo Teopeme 1.3.5 muoxkectso {|H @ u| : u € Uy} umeer
B K-pocrpancre C(()) TOUHYIO BEPXHIOI TPAHUILY, KOTOPYIO Mbl 0603HaIUM 4epe3 h.
Ouesunno, uro ||H| < h ma D, n nostomy dbyuknus | H | |p, ToxkaabHo orpamntiena Ha
(koromem) muOKecTBe Dy := D Ndom h. 13 2.4.9 ciaenyer, uto H|p, € Homp,(&X,)).

[ycrs Hy € Homp, (X,)) — uposo/zKenue roMmomopdusma H‘DO (em. 3.1.8). Torua
Hy € C(Dg, B(X, ?)) B cuy npepsoxenns 3.2.7. O6o3maduM depe3 H MaKCHMATbHOE
pacumpenue cevenust Hy, H € Coo(Q, B(X,Y)). Cornacuo 3.1.8 dbyukuun [|H| n
}Hﬁm COBIAJAIOT Ha KOTOMEM INOAMHOXKeCTBe (), 4To naer HaM pasenctso |H| = h.
Braromaps mpocroproctn paccioenns B(X,Y) (eM. 3.2.9) MBI moydaeM COOTHONICHHS
dom H = domh u Dy = D Ndom H. Taxum obpasom, cedenne H SBISETCS HCKOMBIM.
Euncreennocts H obecrneunBaercs copnajenieM cedennii H ® @ u H @ @ Ha KoTomeM

noamuoxkectse @ ms kaxkaoro @ € C(Q, X). »

Bameuanue. [Ipumep 2.4.6 mokaswpIBaeT, 4TO yCJIOBHUS TOCIEIHEH JIeMMbl He Ta-

PAHTUPYIOT BKJIIOUeHUs: MHOXKecTBa DD B dom H.

3.2.11. CuaeactBue. Ilycrs paccioernme X 1IPOCTOPHO H Y — HPOCTOPHAS 060~

nouka Y. Torga B(X,Y) — mpocropras oboouka paccroerns B(X,)).
<« Boirekaer u3 3.2.10 u 3.2.9. »

3.2.12. Jlemma. IlpexmosoxKum, 9T0 paccaoerne X IHIpocTOpHO. /[lis j060ro
cevenns H € Cy (Q, B(X, y)) u uncaa € > 0 nafigercs rakoii ssement u € C(Q, X), aro
lul <1w|HRu|>|H|—e.

<« [lns xaxzporo siaementa ¢ € D := dom | H| noxbepem cevenne u, € C(Q, X) u
OTKPBITO-3aMKHYTY10 OKpecTHOCTb Uy C () TOUKHN ¢ Tak, 4ToO Ha U, ObLIN BHINOTHEHDI
HEpPABEHCTBA, |uq| <lm |H ® uql > | H| — €. 3aTem, BOCIIOIB30BABIINCH IPUHIIAIIOM HC-
gepubiBanns (cM. 1.2.1), maiizem Takoe cemeiictso (V),ecp HOMApHO HE IepPeCeKAIOMIIXCH
OTKPBITO-3aMKHYTBIX IMOAMHOZKecTB (), uto V, C U, anda Bcex ¢ € D u cl quD V, = Q.

Ouesnjno, cedenne u = 0-) c p(Vg)ug ABAACTCA UCKOMBIM. B>
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3.2.13. Teopema. Ilpexnnosioxkum, aro paccaoeane X mpoctopHo, D — koromiee
nogmuozkectBo ) w U C C(D,X) nocaoiino mmorao B X Ha D. Ilpenmoso:kum, 4To
orobpazkenne H: g € D — H(q) € B(X(q),Y(q)) nepesoant moboii srement u € U B
nenpeppiBroe cedenne H @ uw € C(D,Y). Torma H € C(D, B(X, )7))

<« TIlyers Y — upocropnasi obomouka Y u H € Cu (Q,B(X,y)) — ceueHue,
CyIIeCTBOBANEE KOTOPOTO yTBep:KaaeTcs B temme 3.2.10. dcno, uro H = H wa DNdom H.
Ocraercs nokasars, uro D C dom H. Ilpeamoso:kuM, BOIPEKH JTOKA3bIBAEMOMY, HTO
cymecrnyer Touka ¢ € D\ dom H. Coryacno 3.2.12 nmeercsi Taxoe ceuernne 7 € C(Q, X),
9TO IF@ ﬂl > Iﬁl — 1. Baaromapst nocoitaoit mioraoctu U B X wa D, cymecrByer
sneMeHT u € U Taxkoii, uro ||u(q) — u(q)|| < 1/2. Torma |u —u| < 1/2 B okpecTHOCTH ¢,

U IO3TOMY

IH(q)u(q)|l = | H @ ul(q) = |H @ u|(q)
> (|H@ul| = |H|lu—ul)(q) = (3|H| —1)(q) = .

[lorydennoe mpoTHBOpeYdne 3aBepIIaeT T0KA3aTeIbCTBO. B
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§ 3.3. ConpsizkeHHOE DAHAXOBO PaCCJIOEHUE

OcHOBHOE BHHMaHHe LPU U3yueHUH coupszkeHHoro Kk X pacciaoenus X' yjensercs
nBoiicTBenHocTn Mexkay cedenusamu X um X', Kpome Toro, B mamnoM mnaparpade mc-
cIeyeTcs BOIpoc o cobmaennu npoctpancts X’ (q) m X(q)’, a Takke ycTanaBimBaercs
Biioxkernne HBP Bo BTOpoe conpsizkennoe.

Ha mporsizkennu Bcero naparpaga X — npocropuoe HBP naj memnyctbsiM 3xcTpe-

MaJIbHO HECBA3HBIM KOMIIAKTOM Q

3.3.1. O6o3naunm uepe3 R (npocropuoe) nocrosuunoe HBP @ x {R}. Paccioenne
B(X,R) 6yaer nasbiBarbcs conpsstcennvm X n obo3navarsca cumposiom X' Huzke
IePEINCTeHB OCHOBHBIE CBOMCTBA CONPSZKEHHOTO PACCIOEHHSI, BHITEKAIOIINE U3 [PE/IIIie-

CTBYIOIIHUX PE3YyJIbTAaTOB.

Teopema. IIyctb X — npocroproe HBP Hax sxcTpeMaibHO HECBSI3HBIM KOMITAKTOM
Q.

(1) Paccroenne X' npocropno.

(2) B kaxknoii Touke q € Q caoit X'(q) sBasercss 6aHAXOBBIM MOAIPOCTPAHCTBOM
X(q)'. Brurouenne X'(q) C X(q) moxer 6pirh cTporum.

(3) Jlna kaxknoit Toukn q € @ mepasenctso X (q) # 0 Biaewer X'(q) # 0. (Huwxe
B 3.3.4 mosyveHo GoJiee CHJIBHOE YTBEDPK/IEHHE. )

(4) Ilycre D — Bcrogy miotHoe moaMHOMkKeCTBO (). Kazkigoe n3 NpHBEIEHHBIX HHKE
yreepaennii (a)—(8) (a ecan muoxkecrso D koromee, 0 1 (r)) SKBHBAJIEHTHO IPHHAJI-
seskHocT orobpaxkenus u': ¢ € D — u'(q) € X(q)" upocrpancrsy C(D, X’):

(a) v € Homp(X,R);

6) (u(-)|/(-)) € C(D) muast Beex u € C(Q, X);

(B) ymxmnns ||u'| moxampsro orpanmaena u (u(-)|u'(+)) € C(D) mrsa Beex smeMenToB

u HEKOTOpOro (1mpou3BoJibaOro) nogmuozkecrsa C(D, X'), moc0lHO IOTHOTO B
X na D;
(r) (u(-)|'(})) € C(D) must Bcex 31eMeHTOB U HEKOTOPOIo HOCJAOHHO HJIOTHOTO B X

nogmuozkecrBa C(Q, X).
< (1):3.2.9;(2): 3.2.4; (3): 3.2.8; (4)(a),(6): 3.2.7; (4)(B): 2.4.9; (4)(r): 3.2.13. »

3.3.2. Jlemma. C kazabiv siemenrom v’ € C(Q, X') cpsizkem stuneiinblit oneparop
[t") 1 Coo(Q, X) = Coo(Q), meiicTyromumii mo npasuy |u')(u) = (u|u) (em. 1.7.4). Toraa
orobpazenue u' +— |u') ocymecrsiser 6uexiuio muoxecrsa {u' € C(Q, X') : |u/| < 1}

Ha cyoanggepenmnarn 0|-| pemeroanoii Hopmbr npocrparcTBa Coo(Q, X).
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< Paccemorpum npoussosbbiil smueitabiii oneparop T Coo(Q, X') — Cso(Q), yio-
sierBopstonuii Hepasencry |Tu| < |ul| mis Beex u € Coo(Q, X). nsa Beex ¢ € Q u
z € X(g) nonoxnm u'(q)z = (Tu)(q), re u € Coo(Q,X) — npoussosbHOE Cedenue,
npuHIMaoliee 3nadenne u(q) = = B Touke ¢. CpoiicTBa oneparopa 1', oueBuHO, 0bece-

YUBAIOT KOPPEKTHOCTH ONpeesenns uckomoro cevenns v’ € C(Q, X7). »

3.3.3. Teopema. Oupenenennass B 1.7.4 ¢popma (-|-) npuBomur npocrpancrsa
Coo(Q,X) 1 Cxo(Q, X') B Coo(Q)-3maunyro apoiicrsennocts (cm. [83: 1.1.1]), koropas
006J1a1a€T CIEIYIOMHUMH CBOHCTBAMH.

(1) nst Besixoro cevennst u € Coo(Q, X) B K-mpocrpancte Coo((Q)) mMeeT mecTo
coornomenne |u| = max{(ulv’) : v’ € C(Q,X'), || <1}.

(2) Iycrp v € Cro(Q, X').

(a) B K-npocrparcre Coo((Q)) HMeEET MecTO cOOTHOLIEHHE
|u'| = sup {(u|u'> cueC(Q,X), |ul < 1}.
(6) st J1r060ii TouKM q € () BBIIIOJTHEHO PABEHCTBO

|«'|(q) = sup {(u|e)(q) : v e C(Q,X), |u]l <1}.

(B) Ecjmm Touka q € () He SIBISIETCS 0 -H30JUPOBAHHOI, TO

|/|(q) = max {{ulu')(q) : u € C(Q,X), |ul <1}.

<« Vreepxienne (1) cieayer memocpeacTBeHHO u3 3.3.2 u Teopembl Xana — Ba-
naxa — Kanroposuua [90: 1.4.14 (1)]. Pasencrso (2)(a) obecuednBaercs COOTHOLICHU-
eM (2)(6), koTopoe, B ¢BOIO 04epe/ib, BhiTekaer u3 3.2.12. Ocraercs mokasath (2)(B).

Badurcupyem npoussoabnoe cedenne u' € Coo(Q, X'). B cmny 3.2.12 nveerca Takas
[OC/Ie[0BaTeIBHOCTD cedennit u, € C(Q, X), uro |up| < 1 u (up|w) > || — 1/n ana
Beex n € N. Ecin rouka ¢ € () He gBJISETCS 0-M30/IMPOBAHHOI, TO CyHIECTBYET CYETHOE
cemeiictBo (Up)pen MOMAPHO HE TePeCeKAONIIXCsl OTKPBITO-3aMKHY THIX MOJAMHOKECTB (),
obbeunenne | J, .y Up KOTOpOTO BCofy mioTao B () n He conepzxut Toukn ¢ (cM. 1.1.8).
Ouesnno, cedenne u = 0-y_ n(Un)u, € C(Q, X) ynosrersopsier nepasenctsy |u| < 1
u, kpome roro, (ulu') > |u'| —1/n na U,. s nokasarenscrsa pasencrsa (ulu')(q) =
|u' | (q) ocTaercst 3aMeTUTH, YTO JIIOOAS OKPECTHOCTH TOUKH ( [IePECeKaeTcst ¢ GeCKOHETHBIM

GUCOM YIeHOB TocaenoBaTeabHoCTH (Up)pen. P
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3.3.4. Caexncrsue. (1) dus a060ii Touku q € Q) npocrpancrso X'(q) Hopmupyer
X(q). Boxee toro, ||z|| = max{(z|2') : 2’ € X'(q), ||2/|| < 1} mns Beex x € X(q).

(2) Tor ¢axt, uro X(q) mopmupyer X'(q), ouesmaen B cuiay Brmouenns X'(q) C
X(q). Ouamako ecqm Touka q¢ € ) He ABISAETCS 0-H30JUPOBAHHOMH, TO Mexay X(q) u
X'(q) B sTOM CcMBICTEe HMeeTcs G6otee cmmbHas cBasp: ||2']] = max{(z|2) : x € X(q),
|z|| < 1} ama Beex 2’ € X'(q).

3.3.5. Teopema. 3apukcupyem npou3BOJBHYIO TOUKY ¢ € ().
(1) Ecam 6anaxoso npocrpancrso X (q) pedrexcusno, o X'(q) = X(q)’.
(2) Ecmu Touka q me apaserca o-uzomuposarnoii m X'(q) = X(q)’, To mpocrpancTBo

X (q) ped.rekcuBHO.

< (1) TIpeamosoxum, uto npocrpanctso X (q) pedaexcusno. Ecin X' (q) asnserca
cobeTBeHHBIM (3aMKHYTHIM) nogupocrpanctsom X (g)’, To mo reopeme orpennmocru (B
TomoIornIeckoit popme) cymectsyer Hemynesoit dynknuonan x € X (q)” = X(q) raxoi,
aro (z|z') = 0 nna Beex 2’ € X'(q). Do mporusopeunr 3.3.4 (1).

(2) TIpeamosioxum, uTO TOUKA ¢ He sABJIsIeTCs o-n3onmposannoil n X'(q) = X(q)'.
Torma u3 3.3.4(2) cremyer, uro mo6oit bynkmuonan x' € X(q) npunumaer 3HaUeHue
sup,cp(z|r’) B ommoit w3 Towek emmmmunoro mapa B mpocrpanctBa X(g). Ilo Teopeme

Jxeitmca 310 o3nagaer pediekcusnocts X(g). »

[TocaenHee yTBep:KIeHne MO3BOJIAET 3aKII0INTD, 9T0 pasencTBo X' (q) = X(q)" ana
KOHKDETHBIX X W ¢ MOXKET KakK ObIThb, TaK W He OBITh BBIMOJHEHHBIM. Hampumep, mycThb
X — 6aHaxX0BO MPOCTPAHCTBO, a X — mpocropHas o6oouka mocrossuaoro HBP @ x { X }.
Ecau mpoctpanctso X runbbepToBo, To B cuity 3.1.7 mj1st s1000i Touku ¢ € () nMeeT MecTo
pasenctso X'(q) = X(q)’. Ecin xe X — nepeduiiekcuBnoe 6aHAXOBO IIPOCTPAHCTBO, TO

X'(q) # X(q)' B KaxXK 0l HE T-M30UPOBAHHOI TOUKe ¢ € ().

3.3.6. Jlemma. 3agurcupyeM Dpou3BOJIbHYO TOUKY ¢ € () H paCCMOTPHM KAHOHH-
seckoe pioxenne T — " npocrpancrsa X(q) B X(q)". Torga orobpaskenne x v+ 1| y1(q)
ocymecrsisier uzomerpuydeckoe pioxenue X(q) B X"(q), rune X" — conpsoxennoe pac-

cioerme K X',

<« [Ilokaxem, uto 2| y1(q) € X" (q) A npomssosbHoro snementa v € X(q). Iycrn
ceuenne u € C(Q,X) npunnmaer 3navenue u(q) = x B Touke ¢. s Bcex p € Q)
oupesesnm yukuuonan u”(p) € X'(p)’ no bopmyne u”(p) := w(p)”|y(p). Torma s
kaxaoro cevenns v € C(Q,X') dyukmua (v(-)|u”(-)) = (u(-)|v(+)) menpepsiBHa, wTO
cormacro 3.3.1 (4) osnauaer sxmouenne u” € C(Q, X"). B wacrnoctn, 2| y1(q) = u”(q) €
X"(q).

M30MeTpuanOCTh BIOXKenns @ — x| y1(4) ceyer nerocpeacTsenno u3 3.3.4 (1).  »
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3.3.7. Ilpunumas npusejiennoe B 3.3.6 BjioxkKeHue cjioeB X B COOTBETCTBYIOIIUE
ciaon X' 3a Tox ecTBennoe orobpazkenne, B gaabHeHTIIEM Mbl Oyaem cautaTh, 9To X () C

X"(q) B kaxm0it TOUKE ¢ € Q.

Teopema. HBP X asaserca nogpacciaoennem X”. B gacTHOCTH, 3TO 03HAYAET, 9TO

(1) aust menpepsisaocrn cedennst u € S(D,X) mHag BCrogy MIOTHBIM MOJMHOXKe-
creom D C Q meobxoammo u gocraroqano, arooer pyaxmms (u(-)|u'(+)) 6bria
menpepbiBHA i Kaxkgoro v € C(Q, X');

(2) Coo(Q,X) ={u € Coo(Q, X") : u(q) € X(q) mst Becex q¢ € domu}.

< Bxmouenne C(Q, X) C C(Q, X”) ouesmano. IIpeanonoxum, 9To raobabHoe ce-
uenue u pacciaoenuss X upunayexur C(Q, X"). Torpa ais npoussosbuoro ¢ € C(Q, X)

Mol uveeM u — ¢ € C(Q, X”) u, crenosarenshno, ||u— ¢ € C(Q). Tocneanee o3nauaer,
aro u € C(Q, X). »

3.3.8. CdopmynupoBaHHOE HUKE YTBEP:K/ICHHE JIOMOJTHSIET CaeJcTBue 3.2.2.

IMpennoxxenune. Cienyromme cpoiictBa npocropaoro HBP X max () sxkBuBaieHTHBI:

(1) ecmm X — Bcrogy mmornoe noxpaccioenne X, Y — HBP max Q, V(q) # 0 a1a
Beex ¢ € Q n norogednast nopma || H || smo6oro romomopdpusma H € Homg (X, ))
HernpepbiBHA, TO X = X;

(2) mmsa smo6oii Toukn g € (Q u JTIO60r0 COBCTBEHHOTO GAHAXOBA MOANPOCTPAHCTBA

X C X(q) cymecrByer takoii pynkiponar ' € ?/(q), aro |2/ x| < |2

< (1)=(2). Homycrum, uto X yaosmersopser ycaomo (1), X — cobeTsenmoe
6aHaxoBO MOANPOCTPAHCTBO ciost X (qy) B HekoTopoit Touke gy € Q u ||| x || = ||2’|| mus
Beex @’ € X (qo). BaMeTmM, 1T B 9TOM cayae X (qo) # X(qo), 1 TOSTOMY ToUKa o He
apngerca m3omuposannoit. [lomoxmm X (q) == X u X(q) := X(q) upnu q # qo. Seno, uro
GamHaxoBo paccioenne X, cHabKeHHOe WHIYIMPOBAHHON W3 X HENmpephIBHOI CTPYKTYPOil
(cM. 2.2.2), gBgeTCs BCOAY IIOTHLEIM HoapaccioenneM X (cu. 2.5.8). Tlomoxum Y = QX
{R} u pacemorpum npoussosbabtii romomopbusm H € Homg(X,Y). dnsa nocruzkenust
FCKOMOT'O ITPOTHBOPEU NS JIOCTATOYHO TTOKA3aTh HEITPEPBIBHOCTH TTOTOYedHOiT HOpMBI || H ||
I3 3.1.8 caenyer, uro H nponomxaercs jo romomopdusma H € Homg(X,Y), nopma
||| xoroporo meupepbisua B cuiy 3.2.2. Ocranocs samerurs, uro |H| = ||H||,
nocxommy H(q) = Fq) npn g # g0 , wpowee oro, | H(ao)ll = [|F(ao) x| = [F(ao)]]

(2)=-(1). Homycrum, garo X ymosierBopsier ycjaosuio (2), X — BCIOAY IJIOTHOE
nozpaccioenne X, cion Y ne suipoxenst u |H| € C(Q) nnsa seex H € Homg(X, ),
no tem ne menee X (qo) # X (go) B HekoTopoit Touke gy € Q. B cuiy 2.3.5 u yciopus (2)
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CyIIeCTBYeT Takoe cedenue i € C’(Q,?/), 4TO Hﬂ’(qo)|;((q0)|| < 1@ (qo)||. Tlonoxkum
/' (q) = (q)| x(q) Ana Beex ¢ € Q. Ouesnano, v’ € Homg(X, Qx{R}). 13 3.1.8 creayer,
aro noroyednsie HopMbl ||u'|| u ||@'|| coBmamaior ma HeKOTOPOM KOTOIEM HOIMHOKECTBE
Q. Tlosromy menpepoisrocTs hyuknun ||@'|| n ee necoBnanenne ¢ ||u’|| ma Bcem kommakre
Q rosopgar o Tom, uro dyukuus ||[u'| He aBAsETCS HENPEPBIBHOI.

Cormacuo 2.5.12 cymectsyer cedenne v € C(Q,)) ¢ morodeqnoit Hopmoii [|v| = 1.
B kas0ii Touke ¢ € @ onpenennm oneparop H(q) € B(X(g),Y(q)), nonoxus H(q)z :=
(z|u/(q)) - v(q) pnst Beex x € X(g). U3 2.3.1 u 2.4.4 caeayer, uro H € Homg(X,)),
u nosromy dbyukmud ||u'| = |H| nmenpepwisra. IToaydennoe mpOTHBOpeUHe 3aBepIIACT

JIOKa3aTeJIbCTBO. W

Bameuanue. (a) IIpocropnoe HBP X ob6mamaer cpoiicTsoM (2), ecim, HampuMep,
X /(q) = X(q)' B kax0ii Touke ¢ € (). Pasencrso f/(q) = X(q)', B cBOIO OUEpeIb, HMeeT
MECTO B TOM CJIyuae, KOIja HpocTpancTso X () pedJieKCHBHO WM TOYKA ¢ M30JMPOBAHA
(. 3.3.5).

(6) ABTOpY He W3BeCTHBHI MpUMepHI TPOCTOpHBIX HBP X, KoTOpBIe GBI He 00J1a1a/m

cBoiictBoM (2).
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§ 3.4. Peanuzanuga npocrpancts Banaxa — KanTtopoBuya

B stom Hebosbimom naparpade BCKPLIBAETCS OCHOBOIOJIATAOINIAA POJIb OAHAXOBLIX
paccsioennii (rIaBHBIM 06pa30M, MPOCTOPHBIX) B BOMPOCAX AHATUTUIECKOTO IMPEICTaBIIe-
uust PHIL. Boiscugerca (cm. 3.4.2-3.4.4), uro Besikoe o-noaroe PHIT uzomerpudno byH-
JIAMEHTY IPOCTPAHCTBA PACIHIUNPEHHBIX HEIPEPBLIBHBIX CEYE€HHI HEKOTOPOI'O OJHO3HAYHO
omnpeessiemoro npocropaoro HBP. Bcee ocuoBubie dhakrer 00 HBP u ux cedennsax cie-
JIyeT OIEHHUBATb C YUYETOM STHX pean3almoHHBIX TeopeM. Hampumep, ¢ dpopmanbHoii
TOYKH 3peHusd Teopema 2.5.7 FOBOPUT O CBOHCTBAX HEKOTOPOI'O MHOXKECTBa cedeHwii. B
JIECTBUTEILHOCTH 7K€ OHA IIpeJijlaraeT KOHKPETHbIe aHAJTUTHICCKHE XapaKTepUu3aliu all-
MPOKCUMUPYIONIETO MOAMHOKecTBa pou3Botbaoro PHIIL.

Ha mporszkennn qanaoro maparpada mpemnoiaraercs, 910 () — HeIyCcToi dKCTpe-

MaJIbHO HECBSI3HBINT KOMITAKT.

3.4.1. TIpennoxkeume. I[lycte X u )Y — npocropuasie HBP max ), E — ¢ynra-
ment K-npocrpancrBa Coo(Q)). PHII E(X) u E(Y) u3omerpudnbl TOrga 0 TOJIBKO TOT/IA,

Korja paccjaoernnss X w ) W30MeTpHIHBI.

<« I[Ipeanosnoxum, daro paccioenuss X u ) uzomerpuunsl. Torja cornacuo 2.4.12
m3omerpuanst PHIT C(Q,X) u C(Q,Y). B cuay 2.5.7 PHII C(Q,X) o-mmorno B
Cxo(Q, X). Torpa us 1.5.4 crenyer, aro C(Q, X) N E(X) o-torno B8 E(X). Ananorudno
ycranasiauBaercst, aro C(Q,)) N E(Y) o-mmorno B E(Y). s mokaszaresbCTBa H30MeT-
puunoctn PHIT E(X) u E()) ocraercst BOCHOIB30BAThCA X 0-TI0AHOTOM (cMm. 2.5.4).

[Tycrs Teneps PHIT E(X) u E(Y) usomerpuunst. Torga uzomerpuunst PHIT Ey(X) n
Ey(Y), rne Ey = ENC(Q). Bnaronapst mpocroproct paccioernii X' n Y numeoT Mecto
sriouennst Ey(X) C C(Q,X) u Ey(Y) C C(Q,Y). Obosnaunm wepe3s Xy u )Yy moj-
paccaoennst X u ), wnaynupoBanubie npocrpanctBamu Ey(X') n Ey()) coorBercTBeHHO
(em. 2.2.2). Ouesmano, PHIT Ey(X) u Ey(Y) nocnoitno miorust (B Xy u Yy coorser-
CTBEHHO) W m3oMerpuuHbl. 113 2.4.12 caenyer, uro pacciaoenuss Xy U )y W30METPUUHBIL.
[Tockonbky K-mpocrpancto E sBasiercs dyngamentom Coo((Q)), paccioenue X mpej-
craBisieT coboif TpocTOpHY0 0607109KyY Xy, a ) — MPOCTOPHYIO 060J04KYy Yy (6o.1ee Toro,
X = Xy uY = )y Ha OTKPHITOM BCIOJY IJIOTHOM HoaMHO)KecTBe (). JloKazareabeTBo

3aBepIraeT ccbliika "Ha 3.1.10.  »

3.4.2. Creayromnuii pe3yabTaT SBASETCS PA3BUTHEM PeaJn3aInonHo0i Teopembr Ky-

cpaesa — Crpuzxesckoro [95: 5.5].

Teopema. /List sioboro 1IBK U wnan dynnamenrom E C Cuso(Q) cymecrByer
€JIMHCTBEHHOE ¢ TOYHOCTHIO J0 uzomerpun rnpocropaoe HBP X max () taxoe, aro PHII

U n E(X) nzomerpudubl.
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<« llycrs [IBK U u K-npocrpancrso F yaoBiaeTBopsioT ycaoBusm TeopemMbl. O60-
saunMm dyngavent {u € U : |u] € C(Q)} mpocrpancra U depe3 Uy. Cuabaum Bek-
TopHOe npoctpancTBo Uy MymbTarOpMOit (||-[lg)geq, momoxus |ull, = lul(q) nna Beex
u € Uy. Tlycrs Xy — HBP max (), mopoxjgeHHOE MOCTPOEHHBIM MYJIBTHHOPMUPOBAH-
HBIM TPOCTPAHCTBOM, U i: Uy — C(Q, Xp) — COOTBETCTBYIOIIEe KAHOHNYECKOE BJIOYKEHHE
(em. 2.2.7). Mbr mokazkeM, 94T0 mpocTopHas 000109Ka X paccioenust Xy siBIsIeTCs] HCKO-
mbiM HBP.

Jlerko yoeuThest B TOM, 9TO JIJTsl IPOU3BOJIBHOTO 3/IeMeHTa U € U CyIEecTByeT ceMeii-
CTBO (7 )neN MOHAPHO JU3BIOHKTHBIX HOPSIJIKOBBIX IIPOEKTOPOB B E| yI0BIeTBOPAIONTHX
YCIOBUAM U = 0-y_, N Tnt U Tu € Uy (n € N). Ilonapnas J1u3bIOHKTHOCTL CeYeHHit
i(mu) € C(Q, X), nepasencrso |i(mu) | < |u| u nopsaxosas nonsora PHIT E(X) nosso-
JISTIOT BBECTH B paccMoTpenne cymmy j(u) := 0-y_ oy i(mpu) € E(X'), koTopasi, oueBnHo,
HEe 3aBUCHT OT BbIOOpaA cemeiicTBa (7, )nen. [ToKazkeM, 410 0TOOpayKeHHe j OCYIIeCTBIISIET
u3omerpuio U na E(X).

B nokazaresibecTBe HYXKIaeTCs JIUINIb CIOPbEKTUBHOCTH 0TOOparkenus 7. U3 mocoii-
HOU IITOTHOCTH MHOXKeCTBa i[{Uy| B X cirepyer mioraocTs QRj[U] B QRX. Cornacuo 2.5.7
muOKecTBO j[U| o-motHo B C (@), X'), a Torma B cuity npeioxenus 1.5.4 j[U] o-torHo
B E(X). Ocraercst BOCIOJIB30BATHCST O-TIOJTHOTOM U.

EuMHCTBEHHOCTH paccoenus X, yAOBIETBOPSIONIErO YCJOBUSIM TEOPEMBI, CJIeLyeT
us 3.4.1. »

3.4.3. Cuaenctsume. List srob6oro 1IBK U wax E w mas sroboro mzomopcpusma
K-npocrpancrea E va ¢pyugament F' C Coo(Q) cymecTByor (e JHHCTBEHHOE ¢ TOTHOCTHIO
a0 nzomerpuin) npocropaoe HBP X nax Q) m nzomerpust U na F(X'), acconunpopannast

¢ JaHHBIM H3oMopgu3mom E na F.

3.4.4. CuaenctBue. /[ moboro IIBK U cymecTByior sxcTpeMaabHO HECBS3HBIH
kommakt @, yagavent F C Coo(Q) 1 mpocroproe HBP X wax Q) rakune, wro PHII U n

F(X) n3omerpuvHsr.

Ipocrpancteo F(X) (a Tounee, msomerpus U na F (X)) Gyner HassiBaTbCs (Henpe-
puenot) pearusayuets IIBK U, a X — peanuszayuonnvm HBP nyst U (cp. 4.4.8). Moxno
II0Ka3aTh, YTO peaJu3alloHHOe paccaoeHue as JanHoro IIBK e TMHCTBEHHO ¢ TOYHOCTBIO
JI0 W30METPUHN.

Bamernm, aro npepioxkennas peanunsanus [IBK wieiino 6/1m3ka anajornanomy mpe/i-
crapiennto C'(Q))-BbIMyKIBIX Mojyseii (cM., Hanpumep, [144: §7]) u, kak BugHO U3 [95],

MOZKeT OBITH 1IoJIy4€Ha Ha OCHOBE 9TOrO IipeAacTaBJIeHud.
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3.4.5. CuaexncrBue. (1) B uobom pacummpennom K-npocrpancrse E ¢ dukcupo-
BaHHOH 1OPsi/IKOBO# equHuIell 1 5 MOXKHO olpe/ie/inTh Ipou3BejaeHne Tak, 410 I npeBpa-
THTCS B KOMMYTATHBHYTO VIIOPSJIOYEHHYTO ajreopy, B KOTOPOH 1p sIBIsieTcsl €juHHIICH
VMHOKEHUSI.

(2) Besikoe IIBK U nag pacimmpenabiv K-nipocrpancrsom E ¢ pukcupoBanHoii 1mo-
PsIKOBO# ejquuuieif 1p MOXKHO HaJleJINTh CTPYKTYPOH Mouaysst HaJ)[ I takum obpazom,

uro lpu = u u |eu| = le||u| a1st Bcex e € E mu € U.

Huzke (eM. 6.2.17) mbl mokazkeMm, 9to cootHomtenue |eu| = |e||u| onpegenser crpyk-
TYPY MOY/ist HA U € IMHCTBEHHBIM 00Pa30M.

[Iycte U — npoumsBosibnoe IIBK nan dpynmamentom E pacmupenHoro K-mpoctpaH-
ctBa £. Byzaem roBoputh, uto B U onpedesero npoussederue dnemenToB € € £ mwu € U
(1 mucathb eu € U), ecoin TpouU3Be/IeHNE €U, BEIYACIEHHOE B MAKCHMATHHOM DACITHPEHUH
U, mpunamrexxutr U. OueBHIHO, MOCJeIHEE BBINOTHEHO TOTIA M TOJIBKO TOT/A, KOTIA
le[lu] € E.

Mopynbpuasa ctpykrypa [IBK 9acTo mcmonb3yercsd mpu mOWCKe 3JIEeMEHTOB, YIOBJIE-

TBOPAIONIUX OIIpeAaeJIEHHbIM YCJIOBUAM Ha HOPMY. Bor O/IMH U3 THUIINYHLIX IIPHUMEPOB.

Jlemma. ITycrs U — IIBK max E. s mobsix uw € U uw e € ET cymecrsyer takxoit

sseMent ue € U, aro |ue| = e u |u — ue| = ||u] — el

<« 3adukcupyeM HOPsIKOBYIO eIuHAILY 1 B MAKCHMAJIbHOM pacimpennn £ K-mpo-
crpanctBa E, cHabmuM £ COOTBETCTBYIONTMM YMHOMKCHHEM H BBEJIEM B MAKCHMAJILHOM
pactmpernn U TTBK U crpykrypy Momyist van E. Braromapst mpemioxkennio 1.4.3 cy-
necTByeT TaKoit smement 4 € U, aro || = 1 n u = |u|@. OdeBnano, sjaeMent u, := el

SABJIAETCId UCKOMBIM. P>

3.4.6. IIpepnoxenme. Ecim HBP X max () apasercs peann3ammOHHBIM PacCIo-

eanem st [IBK U, o PHIT Co(Q, X)) m30MeTpHIHO MAKCHMATIHHOMY DACITHPEHUIO U .

3.4.7. TIpennoxkeume. Paccmorpum npocropaoe HBP X was () mw nponssosibHbIiT
dynravent E C Cx(Q).

(1) [Lnst Besikoro mpocTopHOro mojapacciaoennst Xy paccaoennss X MPOCTPAHCTBO
E(Xp) mnpencrapiasier coboif o-mOJHOE pENnIeToqHO0 HOPMHPOBAHHOE ITOJIIPOCTPAHCTBO
E(X).

(2) st 06010 0-IOJHOTO PENIeTOYHO HOPMHPOBAHHOIO MOAIPOCTpaHCTBA U C

E(X) cymecrByer eamHCTBEHHOE MPOCTOPHOE MOApaccioeHne Xy paccioenns X Takoe,
aro U = E(X).



Inaga 3. IPOCTOPHBIE BAHAXOBHBI PACC/IOFEHUS 191
§3.4. Peasusavyus npocmpancme Banara — Kanmoposuua

< B nosichenun Hy»Kjaercs Juiib yrBepzxkaenue (2). Pacemorpum npoussosibHOE
0-TIOJIHOE PEIIeTOYHO HOPMUpPOBaHHOe moanpocTpancTso U C E(X) u obo3HaunM depes
Xp 3ambikanme (cMm. 3.1.6) moapacciaoennss HBP X' nunynuposansoro npocrpancTBoM U N
C(Q,X) (cm. 2.2.2). Bruouenne U C E(X)) ouesugno. Cosuagenne U ¢ E(X)) caemyer

u3 2.5.7, 1.5.4 u o-nonHoTel U (Cp. ¢ TI0KA3ATENLCTBOM CIOPHEKTHBHOCTH j B 3.4.2). B

SBameuanune. [locrennee npemnokeHne yMeCTHO CpaBHUTH C TEOPEMOii O peasn3a-

nun C(Q)-noamoyneii mpocrpancrta C(Q, X) (em. [144: 8.6]).

3.4.8. Teopema. IIycrs X — mpocropaoe HBP nas (). Ilpesmoioxkum, 910 (pyH-
agaventol E uw F' pactimpenroro K-npocrpancrBa Coo(Q)) 06pa3yroT 1yaan3upyoIyo ma-
py (em. 1.4.4). Torana PHIT E*(X') uzomerpuano E(X)*, rae nsomerpus ocymecrsiasercs
conocrapenneM cedennio u' € E*(X') omeparopa |[u'): v — (ulu') m3 E(X) B F. B uact-
mocth, ecim X — peasusanuonnoe paccaoenne g [IBK U, to X' — peammzanuonmnoe

paccjioerne s coupsizkenroro IIBK U™,
<« Cuenyer u3 3.3.2 u pasencrBa E(X)* = U{e*0]-| : 0 < e* € E*}. »

3.4.9. IIpenmoxenme. Ilycrs X — HBP maxz Q. Ilpocropuas o6omouka X
pacciaoernss X spastercs: peanmmsammonabiv HBP i mpocrpancrba Coo(Q, X). s

moboro mreana E C Cx((Q) omeparop ext (cm. 2.5.1) ocymecrsisier mzomerpmio IIBK

E(X) na E(X).

<« Crnexyer u3 teopemsr 2.5.8. »
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I'maBa 4. USMEPVMbBIE BAHAXOBbI PACCJIOEHINA

[Iycte X — menpepbiBHOE HAHAXOBO pPACC/IOCHHE HAJ JIOKAJHHO KOMIAKTHBIM IIPO-
crparcTtBoM ) ¢ mepoii Pagona. Ceuenne u € S(€, X') Ha3bIBaeTCs U3MEPUMBIM, €CJIH
JIIST KazK1oro KoMmakTa K C {2 cylmecTByeT 1Moc/1e/10BaTeIbHOCTh HEMPEPBIBHBIX CEYCHU
up € C(Q, X), cxopsimasicst K w nourn Beioay Ha K. Takoil moaxo[ K onpejieseHuio u3-
MEPUMOCTH CeYeHU IO CUX TMOP SBJSAICS €CTU He eIUHCTBEHHBIM, TO, BO BCIKOM CJyUae,
T'OCIIOJICTBYIOIINM B JIITE€pAType 0 ODaHAXOBBIX paccioenuax. OJHAKO B HaIlleil cUTyamuu
0Ka3aJICsl YMECTHBIM HECKOJIbKO MHOM 10ax0/1. B 3Toit riiaBe n3amepumMbie cedeHus Onpe-
AEJIAI0OTCA KaK HIpeJeJibl I10YTU BCIOAY (Ha IHOAMHOZKECTBaX KOHEYHOI Mepbl) IIocJie10Ba-
TeJTbHOCTEeH 37eMEeHTOB HEKOTOPOTO aKCHOMATHIECKU BBIIETEHHOTO MHOYKECTBA CedeHuid,
Ha3BAHHOI'O M3MEPUMOil CTpYKTypoii. Takoil criocod BBe/IeHUS U3MEPUMBIX CEYeHUil aHa-
JiorudeH KOHCTpyknuu /lanusjis u gpisercs popMaabio OoJjiee OOIIMM 110 CPABHEHHIO C
TPAIUINMOHHBIM TOMOJOTHIECKUM To1X00M. Hato ckazaTh, 9TO uaess m3MepuMoil CTPYK-
TypbI ObL1a BeicKaszana H. /luakyneany erie B 1966 ., 0JiHaKO ¢ TeX MOP TaK, MO-BHIAMOMY,
u He ObLJIa MOJABEPrHYTA JOCTATOYHO JIETAJIHLHOMY PAaCCMOTPEHHIO.

B s7oit riiase ycranaB/imBaloTCst J€MeHTaPHbIEe CBOWCTBA M3MEPUMBbIX CEYEHU, 110J1Y-
YEHHBIX TOCPEJICTBOM U3MEPUMOIl CTPYKTYPhI, BBOJIUTCS M HCCJIEYeTCd MOHITHE JTH(DTUH-
ra B paKTOP-IIPOCTPAHCTBE U3MEPUMBIX CeUYeHHil, a TakzKe (pOpMYTUPYIOTCH Pe3y/IbTaThI
HUCIIOJIb30BaHUA TeOpUU IMPOCTOPHBIX 6aHaXOBbIX paCCJIOGHI/IfI B uUcCC/jIeJOBaHUU HU3MEPH-
MBIX pacciaoennii. Ha mporszkenuu Bceii TiaBbl {2 — HPOCTPAHCTBO C HEHYJIEBOH Mepoii
(em. 1.1.11).
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§4.1. OcHOBHBIE TIOHATUSA

B namnoM nmaparpade BBOAUTCS TOHSITHE H3MepUMOro banaxosa paccioenns (IIBP)
KaK OaHaXxoBa pacc/OeHus, CHAaOKEHHOTO TaK Ha3bIBAEMOI U3MEePUMOil CTPYKTYPOit — CBO-
ero pojia U3MepUMbBIM AHAJIOTOM HEIPepbIBHON cTpYKTYphI (cp. 2.1.1). [IaHo ompe/eenue
U yKa3aHO HECKOJIbKO Kputepues uamepumoctu cedenus IBP. B pamkax uccienoBanus
KOHIIEIIMU M3MEPUMON CTPYKTYPbl BBOJIATCH U YTOUHSIOTCS IOHATUS IKBUBAJIEHTHDBIX
U aJeKBaTHBIX CTPYKTYD, & TaKyKe OMHUCHIBAETCS HAMOOIbINasd U3 aJeKBATHLIX H3MepH-
MBIX CTPYKTYP, COBIJIAloNiasl ¢ MHOYKECTBOM BCeX M3MepHuMbIX cedenwuii jannoro VIBP
(eMm. 4.1.12). B s1om ke maparpade cobpanbl cBejieHust 00IIero xapakrepa 06 H3MepuMbIX
cedeHusX u onepamusax naJ Huvu. Vzydenue snementapubix csoiictB IBP 3aBepmiaercs
paccMOTpeHNEeM TPOCTPAHCTBA KIACCOB SKBUBATEHTHOCTH M3MEPUMBIX CEYEHU, KOTOPOe

B GOJIBIIIHCTBE CJydaeB oKa3biBaeTcs o-moabiv PHIT (em. 4.1.14).

4.1.1. Ilycrb X — GanaxoBo paccioerue Hag €2 (cm. 1.7.1). MHoxecTBO cedenuii
C C S~(2, X) nazoBeMm usmepumotc cmpykmypoti 6 X, ecim OHO YJOBJIETBOPSIET CJIEJLYI0-
UM YCJIOBUSM:

(a) Ajer + Aacp € C s Beex A\, Ay € Ruep, ¢ €C;

(6) noroueunast Hopma ||c| : Q@ — R mo6oro snementa ¢ € C usmepuma;

(B) mHOX)KecTBO C MOCJONWHO TLIOTHO B X.

Ecan C — m3mepnmasi crpykrypa B X', 10 napy (X',C) MBIl Ha3bIBaEM USMEPUMbBLM
barazosvim paccaoenuem 1ad §2. Ilpu srom BMecto (X, C) 06bianO GyjemM mucaTh mMpocTo
X, a uamepumyto crpykrypy C obosuadars cumsosiom Cy (cp. 2.1.1). Muoxkecrso C C

S~(Q, X), yaosrerBopsitoriee yeaoBuo (&), OyaeM Ha3bIBATH AUHETHbIM.

4.1.2. TIlycrs (X,C) — UBP nax Q. Ceuenne s € S(2, X') nazosem C-cmynen-
wamoLm (WA TIPOCTO CIMYNEHUAMbLM, €CTH SICHO, 0 KaKOil M3MEPUMON CTPYKTYpe HeT
peun), ecin s = y 4 (A;)e; nst nekoropeix n € Ny Ay, ..., A, € B(Q) wcq, ..., cn €C.
Ceuenne u € S~ (2, X) nazsiBaercs C-usmepumoim (MM TPOCTO USMEPUMBLM), €CJIH JJIs]
Bestkoro K € Bgy () Haiiiercs takasi mocie0BaTebHOCTD (Sp )peN C-CTyeHYaTBIX cede-
Huit, 910 Sp(w) — u(w) mourn g Beex w € K. Muoxecrso Bcex C-U3MEePUMBIX CeUeHMUIT

X obosmaugaercst cumbosiom M (2, X|C) win, kopoue, M(Q, X).

4.1.3. TIIpemnoxkenme. Ilyctb X — UBP nag Q, u,v € S.(Q,X), e: @ — R,
A\ peR.

(1) Econ ceuenne u uzmepumo, 10 pyukuums ||uf mzmepuma.

(2) Eciin pyHKIHS € 1 cedeHne U H3MEPHMBI, TO HPOH3BEJIEHHE €U H3MEPUMO.

(3) Eciin cedennst u mw v H3MEPHMBI, TO CyMMa AU + (U H3MePHMA.
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4.1.4. Ilpennoxeuume. Ecin X — VIBP najx o-koHedHbIM HPOCTPAHCTBOM C Me-
poii Q, To mamepumoctb cedennst u € S~ (€, X) 5KBUBAJI€HTHA HAJTHIHIO TAKOH MOCIET0-

BATEJIBHOCTH (Sp)peN CTYIEHIATHIX cedeHuid, 910 sy (w) — w(w) mourn a1st Beex w € ).

4.1.5. [ns Beskoro noamuoxkecrsa V C M(Q, X') cevennit UBP &X' nan Q 6ymem
0603HAYATH CUMBOJIOM dfy V) COBOKYIHOCTD BCEBOZMOKHBIX CyMM i q (A;)vj, tiie v; € V

1 u3MepuMble moaMHOKecTBa A; C () momapHO He IepeceKarTCs.

JIlemma. Ilycrb X — UBP max ), V — cuernoe nogmuozkecreo M(2, X)), u €
S~(Q,X). Ipemnosoxum, uro mis kazxgoro v € V dyuknus ||u — v|| unsmepuma u
inf ey [|[u(w) —v(w)|| = 0 mourn g1 Beex w € Q. Toryga HAHETCS MOCTEIOBATETBHOCTD

9J1eMeHTOB dgn )V, CXOAAMASACSI K U MOYTH BCIOLY.

<« Ilycrs muoxectBo V = {v, : n € N} u ceuenne u € S.(Q, X) ynosrerso-
PSIIOT yCJI0BUSAM JieMMBbl.  [locTponm mocsienoBareabHOCTh (Wh)neN C dfpV 10 MHIYK-
UH, TOMOKHUB Wi = U] U Wpt1 = (Ap)wp + (Q\Ap)vps1, tie A, = {w € Q
|wn(w) —u(w)]| < ||vnt1(w) —u(w)]|}. Torma mocmemoBarenprocTh DyHKIWH |w), — ul|
noroueqno yooiBaer u ||wy, — u| < ||lvn, — uf mas Beex n € N. Ouesunno, uro (wp,)pen —

NCKOMas IOCJaeI0BaTeJIbHOCTh. P

4.1.6. IIpemnoxkenue. IIycrb X — UBP wax Q. Ecmn mis kazxknaoro K € Bgy(Q)
HMeETCsT CUeTHasl CeTh H3MepuMbIx cedennii X, cxoasasicss K u € S~(Q, X') mourn Bcrogy

Ha K, 10 ceyeHnme u u3zMepumo.

< 3Badukcupyem K € Bg, () u gomyctum, 94To cueTHAs CeTh (Ug)acA ST€MEHTOB
U cxomurest K w noutu Berogy Ha K. Jlng Kaxjoro sjieMenta « € A cyujecrByer
MOCJIeI0BATENLHOCTD (55)  _ CTYNEHUATHIX Cedenui, CXOMAMASCS K Ug TOUTH BCIOAY Ha
K. Hecnoxuo uposepurb, uro dyuxmun (K)||s% — ul nsmepumbt s aw0bbix o € A u
n € N u, kpome toro, infyea nen |55 (w) — u(w)|| = 0 mourn mrsa Becex w € K. Temeps

M3MepPUMOCTh cedenns u caemyer u3 4.1.5 u mpoussosbrocTH MHOKecTBa K € By, (). »

4.1.7. TIIpenmoxenme. Ilycts X — VIBP nax Q u (A¢)eccz — cemeiicto ssremen-
roB B(S2), ammpoxcumupyiomee Q2. Ecim ockonkn (A¢)u ceverns u € S (2, X') m3mepumbr

JIIsT Beex £ € =, TO cedeHne U H3MEPHMO.

<« Tlpexnosoxum, 4ato cemeiicTBo (A¢)ecz W cevenne u yIOBIETBOPSIOT YCIIOBH-

sIM JIOKa3bIBAEMOr'0 yTBepkK/Ienus. Jloctarouno 3apukcupoBaTh MPOU3BOILHBINA 3JIEMEHT



Inaga 4. H3MEPHMbIE BAHAXOBAI PACC/IOFEHUSA 195
§4.1. Ocrnosnvle NOHAMUA

K € Bgn(Q) u nokazars usmepumocrs ockosika (K)u. Corsacno 1.1.14 umeercs raxas

1ocs1e10BaTebHOCTD (£ )nen C 2, 9TO

U 4, nE ~ K.
neN

OcraeTcst BOCHOJIB30BATbCS M3MEPHMOCTBIO OCKONKOB (Ag, N K)u m upemioKenn-

em 4.1.6. »

4.1.8. Ilycrs (X,C) — UBP nax Q. O6o3uatuum cumsosiom St(2, X') coBOKynHOCTD
BCEBO3MOKHBIX cedennii X', IpeJicTaBuMbIX B BUe ) _¢c=(Ag)ce, 1€ (cg)ecz — cemeiicTso
s1eMenToB C, a (Ag)¢ez — cemeifcTBO HONAPHO HE HEPECEeKAIONUXCsl H3MEPHMbIX MHO-
JKecTB, annpokcnvupyiotiee ). CoBoKymHOCTH Beex amemenToB St(§2, X'), mpeacraBumbIx
B BHJIE CIETHBIX CyMM . n(Ap)Cpn, 0603HaMMM depes Sty (2, X'). Bamernm, uro u3 4.1.7
caeayer Bkimodenne St(Q2, X)) C M(Q, X).

IIpennoxenune. (1) Ceuenne u € S (2, X) m3mepumo Torjja  TOJBKO TOIJA,
Korja Juist soboro K € Bgy () mmeercst mocregoBarebHOCTD (Sp)peNn C Ste(2, X),
PaBHOMEDHO CXOSIINAsICI K U Ha HEKOTOPOM MHOKkecTBe Ko ~ K.

(2) Ecin mpoctpancTBo ¢ Mepoii ) 061ajaeT ¢cBOHCTBOM MPSIMOii CYMMBI, TO JIJIST H3-
mepumocta cedennst u € S~ (§2, X') He0OOXOAMMO U JOCTATOTIHO, ITOOBI HMETACH IOCTIET0-

BATETBHOCTD (Sp)neN C St(Q, X'), paBHOMEPHO CXOJAMIASICS K U HA HEKOTOPOM MHOYKECTBE

Qg ~ Q.

<« Dbuarogapsg 4.1.6 B qoKazaTebCTBe HyKIAeTCs JUIIb HEOOXOAMMOCTD Ipe/IIara-
eMbIX YCJI0OBUI U3MEPUMOCTH.

(1) Ipemmosoxum, aro u € M(, X), u 3abukcupyemM NPOU3BOJIbHbIE MHOXKECTBO
K € Bgn(Q) u aucio n € N. Tlo ompenenennto usmepumoct 4.1.2 cymiecrByer mocie-

J0BaTEeJbHOCTh CTYIIEHYAThIX CEYEeHUI (s%) CXO/SIIAsICA K U 1MOYTH BCIoay Ha K.

meN?
Torna o-limpm—oo (Isp, — ull k)~ = 0 B K-mpocrpancrse M(K) (cm. 1.3.10). Coraac-

n

HO 1.3.3 umeercd Takoe pa3OueHue e MHUILBI (7Tm B OyJ/1eBOIt ajiredpe 1OPsiIKOBbIX

)mGN
npoektopos Pr(M(K)), uro 7% ([|s% — ull|[x)~ < 1/n upu Becex m € N. Moxuo BriGparh

mocjie 10BaTeJIbHOCTD (Agl) IIOIIapHO HE IepeCeKalIuXCcd U3MEePUMbBIX IIOJMHOXKECTB

meN
K rax, urobnt ((A%)") = 7l upu seex m € N (em. 1.3.11). OueBusno, moce10BaTe, b-
HOCTB cedennmii y . n(Ap,) sy, € Ste(2, X) (n € N) uckomas.

(2) Caoiicro nupsiMoit cymMmbl 103BoJIsieT 3adukcnposars cemeiicrBo (K¢)ecxz nomap-
HO HE MePeCeKAONNXCsT N3MEPUMbBIX MHOYKECTB KOHEUHOI Mepbl, anmpokcuMupyoriee €.
Ecmu u € M(, X), To B cuity jokazanHoro yreepzkaenus (1) ais kaxaoro £ € = nmeer-

sl TI0CJIe/I0BATeIbHOCTD (5%) 3J1eMeHTOB Sty (£, X'), yAOBIETBOPSIONINX HEPABEHCTBY

neN
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< 1/n moutu Berogy Ha K¢. Hcnmonbsysa 1.2.12, nerko ybeguTbesa B TOM, 4YTO

[+
I0CTIEIOBATEILHOCTD CeUeHuUt dea([(gs% € St(Q2, X) (n € N) gapngercst uckomoit.  »
4.1.9. Jlemma. Ilycre X — UBP maxg Q, V C M(Q,X) nu € S.(Q,X).

0

B Ky-npocrpancree M(Q2). Torgma ceenne u mamepumo u st Besikoro K € By, (Q)

IIpeamonoxknm, aro pyaxnmn ||u — v| m3mepmumbr gmsa Becex v € V minfyep lu — v|| ™

HaHIeTCsT MOCIe0BATEIBHOCTD 3JeMEHTOB dg, )V, CXOAAMascsa K U IIOYTH BCoay Ha K.

<« IIpeanonoxkum, uro X, V u u yJI0OBIETBOPSAIOT BCEM YCJOBUSM JIOKA3bIBAEMO-
ro yrBep:kaeHus. JIng oOOCHOBaHMS HM3MEPHMOCTH CEYeHHS U JOCTATOYHO 3a(UKCH-
poBaTh NpPOU3BOJBHBI smemenT K € Bg,(2) w mokasarh, 4ro ockoaok (K)u n3me-
pum. Tlockoabky B K-mpoctpancrse cuerroro tuna M (K) BBIIOJIHEHO COOTHONIEHHE
inf,ey (Ju — vf||[x)”~ = 0, naitnercs Takoe cuernoe nogmuoxkecTBo {vy 1 0 € N} C V), uro

infpen(JJu — vnll k)~ = 0 (ea. [33: VL.2.2]). Ocraercs Bocnonbzosathest 4.1.5 1 4.1.6. »

4.1.10. CuaexncrBue. Ilycrs (X,C) — UBP max Q. list msmepumoctn cedenns
u € S<(Q, X) meobxomumo u gocrarouno, yrobb Gyuxumn |u — || G n3mepumbr st

Beex ¢ € C, minf.cc|Ju — ¢|” = 0 B Ky-npocrpancree M(S2).

SBameuganue. M3 chopMmymmpoBaHHOIO KpUTEPU U3MEPUMOCTH CEYEHHIT CJiejryer
NPUHIATINAIbHAS BO3MOYKHOCTH MOJTHOCTHIO pa3BuTh Teopuio VIBP, me mcmonn3ysa mepy
KaK TakoBy10. /[ljist 91010 HeoOX0 UM JiMiilb 0 -HOJHBIH 1/iea/l HIPeHeOPeKUMbIX MHOYKECTB,

KOTOPBIii MOYXKeT OBbITh BBEJIEH <aKCHOMATHYECKU>, Oe3 NPUB/ICUYCHUI MepbI.

4.1.11. Ilycrs X — UBP nan Q. [HogmuoxecrBo V C M(Q2, X') nazoBem annpok-
cumupyrougum, ecau s aodoro u € M(Q, X) B K,-npoctpanctse M (£)) BBIIOTHEHO
infyep Ju — v~ =0 (cp. 1.5.2).

IIpennoxkenne. Ciexyioime COOTHONIEHHST MEXKTY H3MEePUMBIMH cTPYKTypamu C

u D B banaxoBom pacciioennn X Ha () paBHOCHJIBHBL:

(1) M(Q, X[C) = M(Q, X|D);

(2) CCM(Q,X|D) uD C M(Q,X|C);

(3) C — ammpokcumupytommee nogmuozkecrso M (2, X|D);

(4) D — annpokcumupyromee noamuoxkecrso M(Q, X|C);

(5) Gymkmun ||c — d|| mzmepumbr st Beex ¢ € C uw d € D, u B K,-npocrpancrse

M(Q) umeror mecro coornomenns infgep ||c — d||” = 0 aust kaxmoro ¢ € C u

infeee |lc — d|™ = 0 s kazkmoro d € D.

<« Jlocrarouno BocroJib3oBarhes 4.1.6 u 4.1.10.  »
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smepumbie ctpykTypbl C 1 D, y10BIeTBOPAIOIIUE OJAHOMY U3 PABHOCUJIBHBIX YCJIO-
Buit (1)—(5), Oyaem naszbiBarh oksusasermmuvmu. Ecin X — NBP, 1o Besikast nu3mepumast
CTPYKTypa, SKBUBAJIECHTHAS €ro UCXoaHoi crpykrype Cy, OyleT Ha3blBaThCA adekeammot.
Taxum o6pa3oM, oaMHOKecTBO M (€2, X') gaBisercst aleKBaTHON U3MepUMOii CTPYKTY PO
B X TOrza m TOJALKO TOTJA, KOIJa OHO JIMHEHO, MOCJIONHO MIOTHO B X M SBJIAETCS all-
npokcumvupyomum B M(Q, X).

[TocKoIbKY B JasbHeiIneM n3MepuMble CTPYKTYPBI, KaK IIPABUJIO, B SBHOM Bue (bu-
rypupoBaTh He OyayT, Mbl ycaoBuMmcs oroxaectiasts UBP (X,C) u (X, D), umeromnrue
SKBHUBAJICHTHBLIC U3MEPUMbBIE CTPYKTYPhLL. Takoe OTOXKIECTBICHHE yZKe MOArOTOBICHO CO-

ramrenneM o nanucanun X Bmecro (X,C) (cp. 2.1.9).

4.1.12. Teopema. Ilyctp mzmepumasi ctpyktypa U B banaxoBom paccjoernn X
Ha 1 ) COMEPIKAT OCKOJIKH BCeX CBOUX 3J€eMeHTOB, T. e. (A)u € U st miobpix A € B(Q2) u
u € U. Torma nepedncjaeHHbIe HUXKE CBOHCTBA MHOKeCTBA U 3KBHBAJICHTHBI.

(1) U = M(Q, X|C) mrst Hekoropoii nzmepumoii ctpykrypbl C B X.

(2) Ecan ceuenne u € S-.(S2, X) takoBo, uro st Beskoro K € Bgy, () mmeercst
MOCJIeJI0BATETBHOCTE 3JIEMEHTOB U, cxofsmiasics K u modTH Berogy Ha K, To
uel.

(3) MmuoxkecTBo U y10BIETBOPSIET CIEIYIOMIHM TPEM YCJIOBHSIM:

(a) ecan (Up)peN — HOCTETOBATENBHOCTD HOIMAPHO JIH3bIOHKTHBIX 3JIEMEHTOB
U, 103 7 up €U;

(6) ecsm mocsreoBaTebHOCTD 1eMeHTOB U cxoanTes K cedennio u € S~ (£, X)
PaBHOMEPHO Ha HEKOTOPOM MHOzKecTBe A ~ ), To u € U;

(B) ecim ceuennme u € S.(Q,X) rakopo, uro (K)u € U mma moboro K €
B (2), Tou € U.

<« YcranosuM nenouky nmiwmmkarmii (1)=(2)=(3)=(2)=>(1). B wueii sums dpar-
MeHT (3)=-(2) HyXKIaeTcs B JOKa3arenbcTBe: 3BeHbs (2)=>(3) u (2)=-(1) oueBmmmbI, a
uMiukanus (1)=>(2) apasercs upsMbiM ciaegcrsuem 4.1.6.

[IpeanosioxkuB BeIMOTHEHHBIME yetoBua (3)(a)—(3)(B), paccMOTPHM TPOM3BOJIBHOE
ceuenne u € S (2, X), sadbuxcupyem muoxectso K € Bgy, (§2) u gomycrum, 4ro nocsemo-
BATEJIBHOCTD (Up,)peN JIEMEHTOB U CXOAUTCS K U movTH Beioay Ha K. JIig Ipon3BOIbHBIX
n,m € N oboznauum uepes A, copokynuocts {w € K : ||up(w) — u(w)|| < 1/m}. Jler-
KO ybeaurbcsi B TOM, 4T0 MHONKecTBa Al m3mepnmbl u Ay = J,eny An ~ K. Tax
kak MuHoxkectBo B(K) := {A € B(Q) : A C K}, ynopsijioueHHOe OTHOIIEHHEM BKJIIOYe-
HUSL, TIPEJICTaBIsAeT COOO0M 0-MOoTHYIO OyseBy anreGpy, CONJIACHO MPUHIAITY HCIePIIbIBAHUS
(em. 1.2.1) mng kazkaoro n € N uMeercs 1mocae10BaTEIbHOCTD (B,’ﬁl)n cry HONApHO JH3b-

IOHKTHBIX dj1eMenToB B(K) rmakast, aro By, C Ay mns Becex n € N u |J,cn Bl = Am.
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TTONMOKUB Uy = D en( Bl tn, B cuty (3)(a) MBI 3aKmIOMaeEM, 9TO Uy, € U. YUHTHI-
Bast (3)(6) u (3)(B), mast 060CHOBAHUST BKJIIOUCHUS U € U OCTACTCST 3AMETHTD, UTO HOCTIe-

JOBATEIBHOCTD (U )meN CXOAUTCH K U PABHOMEPHO Ha nepecedennn [, oy Am ~ K. »

SBameuanue. Oroxnecrsienne VBP, uMmeomux >KBUBajeHTHbIE H3MepUMbIe
CTPYKTYPbI, W HCKJIIOYEHUE CHUMBOJA WM3MEPUMONl CTPYKTypbl u3 obo3nadenus VIBP
(em. 4.1.1, 4.1.2) — 570 mpHeMbI, paboTAOIINE B TOM K€ HANDPABJIEHUH, YTO U TOCTE/I-
Hsist TeopeMa. JlelicTBUTEIHLHO, MOYKHO CYUTATH, 9YTO TeopeMa 4.1.12 npejjiaraer moaIxo/
K ONpeJIeIeHUI0 U3MEePUMOCTH, UCKIIOYAIONINNi N3MEPUMYIO CTPYKTYPY KakK MOHATHE, —

MOJXO0, 3aKJIIYAIOINIACS B SBHOM yKa3aHUUA MHOYKECTBA, BCEX M3MEPUMBIX CEUYEHUIA.

4.1.13. IIpeamonoxum, aro X — UBP wax Q. Ha muoxecTBe M (2, X') paccmor-
PHUM OTHOIIEHHE SKBUBAJIEHTHOCTH ~, 0OO3HAYAIOIIEe COBIAICHUE MOYTH BCIOLY: U ~ U
PaBHOCHJILHO paBeHCTBY u(w) = v(w) mourn aist Beex w € (). Kiacc skBuBaieHTHO-
cru, cojepxkamumii snement u € M(Q, X) Gynem o6ozuadaTh depe3 u~. PaKTOP-MHO-
x&ectBo M(Q, X')/~ ecrecTBeHHBIM 06pa30M TPEBPAIIAETCST B BEKTOPHOE TTPOCTPAHCTBO:
mbl tosaraem Au~ + pv™ = (Au 4 po)™ upu A\, p € R u u,v € M(Q, X). Kpowme toro,
JUIst KazKa0ro snementa u”~ € M(Q, X')/~ MOXKHO onpeeuTh ero (BEKTOPHYIO) HOPMY
[w™] == JJul]~ € M(Q) (em. 1.1.12). Scno, uro napa (M(, X)/~, |-]) npescrasiser
coboit PHIT man M (S)), koropoe Mbl Gyaem obosnadars cumBogom M (€2, X'). Bamerum,
aro npocrpancTso M (€2, X') ecrecTBeHHBIM 00PA30M HAJIEJISIETCST CTPYKTYPOii MOILYJIst HAT
kosbiom M (Q): crenyer monoxuth e~ u”™ = (eu)™ mys Beex e € M(Q) u u € M(Q, X).

Hocumenem xaacca u € M(Q, X) naseiBaercs kiaacc {w € Q : u(w) # 0}~ € B(Q),
onpeJie/IIeMblil IPOU3BOJIBLHBIM TIpecTaBuTesieM u € u. OYeBHIHO, JU3BHIOHKTHOCTD
saementoB PHIT M (Q, X') paBHOCH/IBHA TU3BIOHKTHOCTH UX HOCHTEI€Eil B Oy/1eBoit ajarebpe
B(Q). Ecmuu € M(Q,X) u A € B(R), To 3nauenneM (A)u mopsiIKOBOro mpoeKTopa

(A) (em. 1.3.11) na kiacce u apisierca kiaace ((A)u)™, rme A€ Auwu € u.

4.1.14. Teopema. Ecjm npocrpancTBO ¢ HEHYeBoit Mepoii () ob.J1agaer cBOHCTBOM
apsimoii cymmbl, a X — UBP wax Q, ro M(Q, X) apasercs IIBK max M ().

< Paznoxumocrs PHIT M(Q, X') oueBunna. B cuny reopemsr 1.4.3 ajisi gokasa-
TesibeTBa 0-n0HOTHL M (€2, X') 10cTaT09HO yCTAaHOBUTH €10 d- U T'-IOJHOTY.

Ilyers (ug')eez — cemeiicrso snementos M (€2, X'), HMeOIIX NONAPHO JUSHIOHKTHbIE
rocuresn Ag € B(Q) (em. 4.1.13). Obosnaunm depes = pacmmpenne =U {oo} MHOKecTBa
E He CONEPIKAIMMCS B HEM SJIEMEHTOM 0O H HOJTOKHM Uoo i= 0 1 Ago := (supgcz Ag)L.
Badukcupyem sudrunr p npocrpancrsa L°(2) (cm. 1.1.14) n monoxum Ag = p(Ag)
JIIST KazxKaoro & € =. B cuny 1.2.12 obbeauHeHne Ugeé Ag U3MEPHMO U OTJINYAETCS OT

(2 MHOXKecTBOM HYJIeBOH Mepbl. HecnokHO yOennThca B TOM, UTO cedeHUe U&ef ug| Ag
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M3MEPHMO U COJEPZKAIIUi ero K/JIacC SKBHBAJEHTHOCTH HPEJCTABISET COOOH HCKOMYIO
CYMMY 0-)_ccz ug € M(Q,X).

PaccMoTpuM Teneph r-QyHIaAMEHTATBHYO MOCIeI0BATETHhHOCTD (U )peN SJEMEHTOB
M(Q, X). B srom ciayuae mouru st Becex w € §) dbyHIaMeHTalIbHA 0CJIe0BATEIbHOCTD
(un(w)), cn- Draromapsa nommore cnoes X' cymectsyer cevenne u € S (€2, X), K koTopo-
MY [OYTH BCIOY CXOTUTCS MOCIEI0BATETBHOCTD (Up )peN. SICHO, 94TO cedeHue U H3MePUMO
M COZIEPKAIIMI €r0 KJIaCC IKBUBAJIEHTHOCTH HPEACTAB/IAET COOOI MCKOMBbIIi 7'-IIPeses1 mo-

CJICIOBATEJIbHOCTH (u; ) >

neN’

Bameuanune. Ecim He TpeboBaTh, 4TOOBI IPOCTPAHCTBO ¢ MePoii §2 00J1a,1a710 CBOii-
cTBOM TpsiMoii cymMmbr, 1O M (2, X') OKa3bIBaeTCsl CYETHO (= CEKBEHIUAJBHO), O-HOJTHBIM
PHII nan K,-npocrpanctsom M(£2) (cm. 1.4.3).

4.1.15. Ecau () — npocTpaHCTBO ¢ Mepoii, 00J1a/1a01iee CBONCTBOM IPAMOIl CyM-
Mbl, 1 B — ugean B M(2), ro muoxkecrso E(X) := {u € M(Q,X) : |u] € £}, cuab-
JKEHHOe OlepanusgMu, WHayupoBanabivu u3 M (€, X), oueBuaHO, mpejacTaBiser coboi
[1BK nax E. Huxe (teopema 4.4.8) mMbl yBHINM, 4T0 mpocTpancTtBo E(X) saBasercs B
onpeesnerHoM cmbiciae obmum Bugom [IBK man £ (cp. 3.4.2). Cumposom L°(Q, X') Gy-
et obo3nauarbes Muoxectso {u € M(Q,X) : fJu] € £L2(Q)}, a ero suementst Gyuyr
HA3BIBATHCA (CYULLCTNEEHHO) 02DAHUMEHHbLMU UsMepuMuLMy ceveruamu TBP X. Kiac-
CBbl SKBHBAJICHTHOCTH, COCTOAINNE M3 CYNECTBEHHO OIPAHMYCHHBIX CEYCHHH, HA3BIBAIOT-
CA 02PAHUMEHHBLMU KAACCAMU, 8 COBOKYITHOCTh BCEX TAKUX KJIACCOB 0003HAYAETCS uepe3
L>*(Q,X). OueBunno, L>*(2, X) cosuagaer ¢ E(X), tne B = L>®(2). B wacrnocru,
L=(Q, X) — IBK nax L®(9).
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§4.2. IIpumepsl

Hemuorouuncsiennsiit cimcok npumepos BP, npusenennsiii B 3Tom naparpade,
BriiogaeT IBP ¢ mocrosHHBIM citoem, u3Mepumoe mnoapaccaoenne n orpanndenne VIBP,

a Tak:Ke MOHATHEe m3oMeTpudHbX I1BP.

4.2.1. Ilycrs X — GanaxoBo npocTpaHcTBo. Eciiu B KauecTBe ©U3MEPUMON CTPYKTY-
pbI B OCTOSTHHOM GaHaxoBoM pacciaoerun X = ) x { X'} B34Tb COBOKYIHOCTH MOCTOSTHHBIX
dbyukmuii ¢: Q — X, To maokectBo M (2, X) Gyaer cocToATh B TOYHOCTH U3 H3MEPHUMbIX
no Boxuepy X-znaunbix dyukimii, onpemeneHasx moutn Bcogay B (2. B arom ciayvae
Mbl Oyzem ucnoab3osarh 3amuch M(§, X) Bmecro M(Q, X'). 3amernm, 910 COBOKYII-
Hocrb M(€2, X)) Beex uamepumbix (byHKIUIT TAKKe BJISIETCS HENPEPBIBHON CTPYKTYPOIl

B TOCTOAHHOM paccyioenun ) X {X}, mpuuem SKBUBAJEHTHON CTPYKTYpe MOCTOSHHBIX

dbyuxuit (cp. 2.2.1).

4.2.2. Paccemorpum UBP X wan Q. UBP Xj naz Q waseiBaercst (usmepumovim) nood-
paccaoeruem X, ecau Xp(w) gBageTCs GAHAXOBBIM TIOIIPOCTPAHCTBOM X (w) Jiuist JTH060#
TouKHN w €  u, kpome Toro, M(Q, Xp) = M(, X) N S (2, Ap) (cp. 2.2.2). Ecam Xy —
noapaccsoerne X, 10, oroxaecTBiasst Kiaaccl {u € M(Q, Ap) 1 u ~ up} € M(Q, X)) u
{u e M(Q,X) :u~uy} € M(Q,X) nna kaxgoro ceuenust ug € M(Q, Xp), mbl Oyaem
canrarb, uro M (), Xy) comepxurces M (2, X),

[IpenoaoKuM Tenepb, IT0 KazKIblil c1oit Xy(w) AnCKpeTHOro GaHAXOBA PACCIOCHUS
Xy sBjIsiercst 6aHAXOBBIM MOIIPOCTPAHCTBOM COOTBETCTBYMOIEro cios X (w). Ecau me-
pecedenne M(Q, X) N S (2, Xy) nocaoitno mwiorHo B Xp, TO OHO 06pasyer U3MEPHMYIO
CTPYKTYPY B X)), B mape ¢ KOTOpoil Xy CTAHOBATCA M3MEPUMBIM Hoapaccaoennem X . Mur
OyJeM TOBOPUTH, UTO M3MepHuMasi CTPYKTypa Xy undyuyuposana u3 X. 3aMeTum, 4TO
nepecedenne M (Q, X') N S (2, Xy) Bcerma nocaoitno mwiorHo B Xy, €Ciu OTHOTOUETHbIE
OJIMHOZKECTBA, {) U3MEPUMBI.

JBoiicTBeHHBIM 006pa30M Besikoe JuHeitnoe noamuozkectso U C M(Q, X) (em. 4.1.1)

undyyupyem nodpaccaroenue Xy, HU3MEPUMON CTPYKTYpPOHl KOTOPOTO OHO SIBJIAETCH:

Xy(w) = cl{u(w) :u eU} (we Q).

4.2.3. IIpenmoxenue. Ilycre X — noapaccioenne UBP X nax Q, C u C —
a/leKBaTHBIe H3MepHMbIe CTPYKTYpbl B X 1 X coorsercTBento. CJIeyiolne yTBEP K eI

9KBHBAJICHTHDI:

(1) xasxmoe cevenme 4 € M(S, X) npuammaer sravenns u(w) € X (w) mourn aas
Bcex w € ();

(2) E(X)= E(X) ams moboro ¢pynramenta E C M(QY) (paBencrso ciepyer monn-

MaTh B CMBICJI€ OTOXK/I€CTBJICHHUS KaaccoB cedennii X nw X — cm. 4.2.2);



Tnasa 4. UBMEPUMbBIE BAHAXOBBI PACCJIOEHUS 201
§4.2. IIpumepnl

(3) E(X)= E(X) g1z mekoroporo dpymmamenta E C M(Q);
(4) C aBrsercsa amipoxcumupyonpm moamuozkecTsoM M(, X);

(5) B Ky-npoctpancrse M () omosneno infecc [|€ — ¢~ = 0 must Beex @ € C.

<« Uvmmmkamun (1)=(2)=(3) u (4)=(5) oueBugusl. Ecin £ — dyunament M (),
T0o MuOXKecTBa {u € M(Q,X) : u]|~ € E} u {u € M(Q,X) : |u|~ € E} aprmorca
aIeKBATHBIMHE H3MEPHMBIME CTPYKTypamu B X n X cooTsercTBenno. llosTomy (3) Biie-
der (4) cormacuo 4.1.11. Ocraerca nokasarb, uro (5)=>(1). B cuny 4.1.9 u3 (5) crenyer,
uTO Kask1o0e cevenne ¢ € C mpuANMaeT 3Hadenns ¢(w) € X (w) mouTH s BeeX 3/1eMeHTOR
w € K moboro muoxectBa K € Bgy (). Torma stum cBoiicTBOM 06/1a1a10T BCe CeYeHHsT
€ M(Q,X) (em. 4.1.11(1) u 4.1.2). Yreepwenne (1) Temeps BhiTexaer us 1.2.12.  »

[Toxpaccioenne X, obaagatoniee OJHUM U3 SKBUBAJIEHTHBIX ¢BOiCTB (1)—(5), Oymem

HA3BIBATDb 6C100Y naomuvim nodpaccaroenuem VIBP X,

4.2.4. Ilyctb X — UBP wmag Q u D — usmepumoe moaMuHoxkecTBo (). Ecian
C — u3Mepumasg CTpyKTypa X, TO COBOKYHmHOCTH {c|p : ¢ € C} mpencraBiaser coboi
M3MEPUMYIO CTPYKTYPY B (JiuckperHoMm) Ganaxosom paccyioerun X |p. [oayvernoe Takum

obpazom VIBP max D nassiBaercs ozparuvernuem UIBP X wa D u obo3HaTaeTCss CHMBOJIOM

X|p. Ouesnnno, uro M(D,X|p) = {ulp : u € M(Q,X)} (cp. 2.2.5).

4.2.5. Ilycrb X u Y — UBP nag oanum u TeM Ke HPOCTPAHCTBOM ¢ Mepoi €.
Orobpazxenne H: w € Q +— H(w) € B(X(w),Y(w)) HA30BEM u3oMEMPUUECKUM 6A00CE-
nuem X 6 ), eciu B KaxK10i Touke w € () oneparop H(w) ocyiecTBiasger n30MeTpuiaeckoe
Broxenne X (w) B Y(w) 1 mmeer mecto pasencrso M(Q,Y) = {H @ u:u € M(Q,X)}.
Ecau, kpome Toro, Bce omeparopbl H(w) CIOPBEKTUBHBI, TO BiOKeHue H Ha3bIBaeTcs
usomempuetc X wa Y. B ciydae cymiecTBoBaHus Takoil m3omerpun H paccioenus X u
Y OyayT Ha3BIBATHCS uzomempuunoLmu. Ecan mug kaxgaoro u € M(Q, X) onpemenutsb
kiacc H @ u € M(Q,Y) no npasuny H @ u = (H ® u)™, rjie ¥ — NpOU3BOJIbHBII dJ1e-
MEeHT U, To oTobpazkenue u — H @ u Gyzer ocymiectisaTs uzomerpuo PHIT M (€, X) ua
M(Q,)).

ITpennoxxenune. Ilyctb X mw ) — UBP wax 2 m orobpazkennme H comocrapisier
KaxkJi0ii Touke w € ) smmeiinyio mzomerputro H(w) cros X(w) ma Y(w). rs Toro
qT00BI 0TOOpAakeHne H ObL10 m3omerpueii X Ha ), HEOOXOMHUMO H JOCTATOIHO HAJIHIHS
Takoro ammpokcumupyiomero moamuoxkecrsa C C M(Q,X), aro {H ® ¢ : ¢ € C} —

anrpoKcuMupyoiee moaMaoxkectso M(Q, ).
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<« B jokazarejbcrBe HYZKIAETCS JIUIIb JOCTATOYHOCTH IPEJJIOZKEHHOTO yCJIO-
Bug. llpemmomoxkum, d9ro mMmeercs MHOxkKecTBO C, obmamaroriee cOPMYTHPOBAHHBIM
cpoiicteom.  Ecan u € M(Q,X), 1o aas kaxkmoro snementa ¢ € C dyHKIus
|H®u—H&c| = llu—c| usmepnva n infeec |[H®@u—H@c|™ = infeec Ju—cf| ™ =
0 B K, -ipoctpanctee M (), otkyna B cuny 4.1.9 ciaemyer uamepuMocTh cedenust H & u.
CoBepIleHHO AHAJIOTHYHO BBIBOJUTCS U3MEPUMOCTE cedenus u € S (€2, X') u3 uamepumo-
ctu H®@u., »
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§4.3. JIndpTuHr B N1pOCTPAHCTBAX CEUEHMIT

B s1om naparpade BBojuTcst u uccjie iyercs nongrue jiudrunra B pakTop-1rpocTpaH-
cre u3mepumbix ceuenunit IBP. I3mepumbie 6anaxoBbl pacc/ioeHus ¢ JTUGTUHIOM B KJIac-
ce Bcex VIBP 3anumalor, B onpeaesleHHOM CMBICJE, TO YK€ MeCTO, YTO U IPOCTOPHbIE Hellpe-
pPBIBHBIE OAHAXOBBLI paccioeHns B Kaacce Bcex HBP. MuorounciaeHHbIe TOATBEPKICHMST
TOMY MOYKHO W3BJjiedb u3 §4.4, 3/eCh YKe yCTaHAB/IWBAETCs siBHAsI CBsa3b mexay VIBP
¢ smudruarom u npocropubiMu HBEP. Teopema 4.3.4 npejiaraer MexaHu3M IOCTPOEHHS
NBP ¢ smmdrunrom a ocnose npousBosibHOro npocropuoro HBP Haji coorBercrByiomum
9KCTPeMaJIbHO HECBA3HBIM KOMITAKTOM, a TeopeMa 4.3.5 yTBepzKIaeT, 9TO TAKOW MeXaHU3M
SABJISETCS YHUBEPCATHHBIM.

Ha nporsixkenun Bcero naparpada {2 — mpocTpaHCTBO ¢ HEHYJIeBO# Mepoit, obJiata-

Iollee CBOMCTBOM NPAMOIl CyMMBI.

4.3.1. Ilycrs X — UBP mnazx €. Pacemorpum sudrunr p: L®°(Q) — LX°(Q)
(em. 1.1.13). Orobpakenue py: L*(, X) — L%(, X) Gynem maszbBarTh augmurzom
L>®(Q,X) (accoyuuposarnvm ¢ p), ecan mais awo0obix u,v € L¥(Q,X) n e € L>®(Q)

HMEIOT MECTO CJIeAyIoIniue COOTHOIIECHUAD:

px(u) € un dom py(u) =€

lox (@)l = p(lul);
px(u+v)=px(u)+ px(v);
px(eu) = p(e)px(u);

(1) muoxecrso {px(u) :u € L>®(Q, X)} nocioitro mioruo B X.

6

(a)
(6)
(8)
(r)

B cayuae cymecrBoBanus audrunra L°°(2) u acconumpoBaHHOrO ¢ HUM JINMDTHHTA
L>(Q, X) 6yaem rosoputh, uro X — UBP ¢ augmuneom. Ilpu 5170M €ciu sICHO, 0 KAKHX
audrunrax waer peds, To st € € L(Q) u u € L®(Q, X) Bmecro p(e) u px(u) Oyzem
ICATH COOTBETCTBEHHO €~ U U~. st e € L(Q) mu € L2(Q, X') 3anucu p(e™), px(u”),

(™)~ u (u”™)~ 3amensitorcst cumposiamu p(e), px(u), €~ 1 U~ COOTBETCTBEHHO.

4.3.2. [lpuesem npuMepsbl, HOKa3bIBAIOIIHE, 9TO ycjoBue (1) B onpe/ejaenun Jud-
tunra 4.3.1 He BoiTeKaer u3 ycjaosuit (a)—(r).

(1) Pacemorpum nocrosinroe paccioenune X = [0, 1] x {R} majx npocrparcrsom [0, 1]
¢ mepoit Jlebera. B kadyecTBe usmepumoit crpykTypbl B X BO3bMEM COBOKYITHOCTDH HMOYTH
BCoty paBHbiX Hya0 dyakumii u: [0,1] — R. Torma, BeiGpaB nmpou3BosbHbI T THHD
npocrpancrea L°([0,1]), Mbl BuanM, 9TO 0TOOpAKEHUE, CTABSAIIEE B COOTBETCTBUE JIIOOO-
My kJaaccy u € L([0,1], X) ToxaecrBeHHo paBHyo HY/I0 QYyHKIHO py (W), yIA0BIETBO-
pset ycaosuam 4.3.1 (a)—(r), mo me (7).

(2) Vemosue 4.3.1 (1) cKOpee SIBJISIETCS OTPasKeHHEM WHIUBH/IYaTbHBIX CBOHCTB -

tuara L>(€, X), nexxemn cpoiicts UBP X', Tounee roBopsi, BO3MOYKHO CyIIECTBOBAHHE
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JBYX oTobpazkenuit p; u pz uz L(Q, X) B L(Q, X), Kaxk10e U3 KOTOPHIX YJIOBIETBO-
pser ycaosuam 4.3.1 (a)—(r), mpudem mepBoe yIOBIETBOPsieT TaKXkKe W YCIOBHIO (1), T. €.
ABJIETCA TUPTUHIOM, a BTOpoe — HeT. [IpocToii npuMep MOXKHO MOJTYYUTh, PACCMOTDEB
upoussosibHoe UBP ¢ siudruarom X naju €, cioii X (@) KOTOPOro B HEKOTOPOH LpeHe-
opexkumoii Touke @ € ) (1. e. Takoii, uro {W} ~ &) M30oMeTpHUEH COGCTBEHHOMY MOJI-
npocrpancry X C X (). Torma eciam p; — smdrunr npocrpancta L°(Q, X)), a T —
m3omerpus X (w) va X, 10 orobpaxkenue py: L(Q, X) — L%, X), neiicTyrommee 110

R (W) .
[ m(u)(w), ecin w # w,
pa(u)(w) = { T(p1(u)(w)), ecan w = w,

yaosierBopsier yeaoBusam 4.3.1 (a)—(r), o He (7).

TeXHI/IKa IIPOCTOPHbIX 6aHaXOBbIX paCCﬂoeHHf/i 1IO3BOJIdEeT 3HAYUTEJ/IbHO YCUJIUTD IIPpU-
mep (2) (cm. 4.4.9).

4.3.3. Ilycrb p — audrunr L>(Q), a X u Y — UBP ¢ audrunramu waz Q. Pac-
croenns X n )Y HA30BeM P-U30MEMPUUHHLMU, €CTH UX TADTHHTH py U Py ACCOMUIPOBAHDI
C p u cymecTByeT Takas u3omerpusa H pacciaoenus X na Y, aro py(H @u) = H ® py(u)
Juist Beex u € L™(Q, X). Bygem rosopurs, uro UBP X nenodeusicro omnocumenvho
p WIH P-HenodeuicHo, eCIu B JTIOOBIX p-HEPA3THUAMBIX TOYKAX wi,ws € O (em. 1.1.13)
HMeroT MecTo paBeHCTBa X (w1) = X(ws) n u~(w1) = u~(ws) a1g Beex u € L®(Q, X).

Cuiesyronee yTBep:K/ieHHE HO3BOJISET MPEJIO/Iararb, He Hapylias OOIIHOCTH, 4TO
Kazkjioe paccmarpubaeMoe IBP ¢ nmudTuHroM HemoaBUKHO OTHOCHUTETHHO COOTBETCTBY-

IOIEr0 <CKaJSIPHOTO> JTUDTHHTA.

ITpennoxkenne. /Lis Besikoro IBP was ), umeroniero jiurunr, acconuupoBaHHbIH

¢ p, HageTcs p-u3oMeTpudaHoe eMy p-Hernoasuzkuoe UBP ¢ sim¢prunrom.

<« IIpeanosnoxum, yro UBP X yjiosierBopsierT ycjaoBusM JIOKa3blBA€MOI'O yTBED-
KaeHusa. 3adurcupyeM Mpou3BOIbHYIO Mapy p-HEePa3THINMBIX TOUeK w1, ws € (2. JlocTa-
TOYHO IOCTPOMTH TaKylo H30MeTpHio ¢ c1og X (w1) Ha X (wz), uro i(u~(wi)) = u(ws)
st Beex u € L(Q, ). JleficTBuTebHO, B 9TOM CJiydae CJIOW HAJ| HEPA3JINIUMBIME
TOYKAMH MOTYT OBITH <OTOXKIECTBICHBI> IIOCPEICTBOM TAKUX M30METPHIi.

st kaxk1oit Toukn w € ) oboznaunm depe3 Xp(w) moxmpocrpanctso {u(w) : u €
L>®(Q, X)} cnost X(w). Iycrs kiaacest u, v € L%(Q, X') rakosbl, 410 U~ (w1) = v (wy).

Torga u~(w2) = v (w2), HOCKOIBKY ¢ yueroM 1.1.13 MbI mMeem

[ur(w2) = va(w2)|| = lu — v] (w2)

=lu—v|.(w1) = [[u~(wi) — v (w1)|| = 0.
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DT0 mO3BOJISET HAM BBECTH B paccMorpenue Ouekiuio ig: Xy(wi) — Xp(ws), aeiicTByio-
utyto o mpasuiy i (u~(wi)) = u~(ws) s kaxgoro kiaacca u € L(Q, X). Baarogaps
IIOTHOCTH MOJANPOCTPAHCTB Xy(w) B COOTBETCTBYIONHX CJ10stX X (W), H30MeTpust ig mpo-

JIOJTZKAETCs JI0 UCKOMOH u3omerpun i: X (wy) — X(wa). »

4.3.4. Ilpeamosoxum, 9ro () — CTOYHOBCKHI KOMIAKT OyseBoil anrebper B((2)
(em. 1.2.8) m 7: Q — () — KaHOHWUYECKOe TorpysKenue {) B (), cooTBeTcTBYIOIMIEe THMTHHTY

p npocrparctBa L(£2) (em. 1.2.13).

Teopema. Ilycrp X = Y o1, rne Y — npocropuoe HBP nai Q.

(1) Eciiu C — noc.ioiiao miotHoe B Y BekTopHOE moanpoctparcTso C(Q,Y) (Hampu-
mep, ecn C = Cy), To muoxkecrBo C o T siBjisiercst uamMepumoii crpykrypoii B X. s
JII0OBIX moc10iiHO maoTHbIX B Y nognpocrparncts C, D C C(Q, X') uzmepumMblie cTpyKTYDBI
C o1 u D ot sxpuBaientubl. (B nanbheiiiem pacciaoenne X = ) o T Bcerja paccMaTpu-
Baercs Kak IBP ornocuresnbHo namepumoii crpykrypst Cy o 7.)

(2) Ilourn BCroy onpeneseHHoe CedeHue U PACCTAOHUT X H3MEePHMO TOTJA H TOJIbKO
TOrJIa, KOIJa u ~ v o T jiss HeKOToporo ajementa v € Coo(Q, V).

(3) st soboro kmacca u € M(Q,X) cymecTByer equHCTBEHHOE CedeHHe U €
Coo(Q,Y), naromiee npegcrapienne u B Buge (0o 7)™,

(4) Orobparkenne u — u ocymecrsisier nzomerpuio [IBK M(Q, X) na Coo(Q,Y),
acconuupoBaHHyIo ¢ n3oMopdusmom (e — €): M () = Cxo(Q) (em. 1.3.13, 1.4.2). Obpa-
3om L*°(Q), X') npu sroii mzomerpun sipisiercss C(Q, ). Obparnas nzomerpust Coo(Q, V)
na M(Q,X) xeiictyer mo mpasmiay v — (v o 7)™ H accommUpOBAHA ¢ H30MOPDHIMOM
(e (e01)™): Cxu(Q) — M(R).

(5) Orobpaxenune u — 0 o T npegcrapiaser coboii ugruar L*(Q, X)), accouunpo-

BauubIi ¢ p. CHabxkennoe srum juchpruarom UBP X asistercst p-wemnoaBuxHbIM.

< (1) Ecmm C — mnocuoitno mwiornoe noamnpocrparctso C(Q,Y) u ¢ € C, 10
lcor| = |lcf| o — m3mepumas dbyuxuus (em. 1.3.13). OcranbHble CBOHCTBA MHOKECTBA
C o T, BXOjdIue B OIPEJIE/IEHNe U3MEPUMON CTPYKTYPBhI, OUYEBHIHBI. JKBUBAJEHTHOCTH
n3MepuMbIX ¢cTpYKTYp C o7 u Do T ajst II0ObIX MOCIOWHO TIOTHBIX B ) MOAIPOCTPAHCTB
C,D C C(Q,Y) cnenyer u3 2.5.7 u 4.1.11.

(2) IIpex e Bcero, 3aMeTuM, 4TO B cuity TeopeMbl 1.2.13 mis Besikoro v € Coo (@), ))
KOMIIO3UIMS v O T ompejeneHa modutu Bcioay B (2. Ob6o3HaumMm depe3 U MHOZKECTBO
{u e S.(2,X) : u~ vor aua uexkoroporo v € Coo(Q, V) } n gokaxem, urod = M(£, X).

[Iycts v € Cx(Q,Y). Cormacuo 3.1.4 cymecrByer Takas IOCTeIOBATENILHOCTD

(Un)neN HOMAPHO MU3BIOHKTHBIX v1emenToB C'(Q,Y), 4ro v = 0, N VUn. OdeBmIHO,
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aro v o T ~ » o n(vp o 7). Takum obpasom, U C M(Q,X). Ecm v € Ox(Q,)),
AeB(Q)uA=A" 10

-~

(A)(vor) ~ (A )(voT)= <T71 [A} >(v oT) = ((K)v) oT,

OTKY/Ia CJIeIyeT, 9TO MHOKECTBO U COIEPAKUT OCKOJIKH BCeX CBOMX 3aeMeHToB. Corac-
1o 4.1.12 pyist obocuoBanus o6paTaoro Braoderus U O M(Q, X') mocrarouno npoBepuTh
yeaoBust 4.1.12 (4)(a)—(B) ayist Mmuoxecrsa U.

(a) IlycThb cevenust U, ~ Uy © T MOMNAPHO JAU3BIOHKTHBI. TOraa MOMAPHO JU3bIOHKT-
HBI CeYeHUsd VUp M, CJIEJ0BATEIbHO, UMeeTcsd v = 0-y . .nUn € Coo(Q,)). fcno, uro
s tin ~ U,

(6) TIpeanosoxKuM, 9TO IOCJIEJI0BATENLHOCTD CeUeHUTl Uy ~ Up O T CXOAUTCHA K Ce-
qennio u € So(Q2, X') pasromepno ma Hekoropom muoxkectse A ~ Q. 113 r-cxopnmocTu
luy —un | — 08 M(Q) cormacuo 1.3.13 caemyer r-cxomumoctb |vn, — vy | = 0 B Cog (Q).
Baarogapst o-nosinore PHIT Coo (@), ), cymectyer r-nipenen v € Co(Q,)) mocienoBa-
TeJBHOCTH (Up). OUEBHIHO, U ~ V O T,

(B) Iycrb cevenne u € S (£, X') rakoso, uro (K)u € U nust smoboro K € Bgy, ().
CBoifcTBO MPsIMOIT CyMMBI 1103BOJIsieT pa3buTh MHOKecTBO §) Ha nojmuozkecrsa K¢ (£ € 2)
KOHEYHO! Mephl TaK, 4To supgez K¢ = Q7 (em. 1.2.12). s kaxkgoro & € = nmeercst
takoe cederne v € Co(Q,)), uro (K¢)u ~ ve o 7. TloCKONBKY CedeHmst vg MOMApHO
JMBBIOHKTHBI, CYMECTBYET O-cyMMa U = 0 ¢c=Ve € Cx(Q,)). OxpuBaIenTHOCTD
U ~ v OT BbITeKaeT u3 1.2.12.

(3) Ecu cevenns v,w € Cyx(Q),)) CBA3AHBI COOTHOIIEHHEM ¥ O T ~ W O T, TO
|v —w] o7 =0. Torma uz 1.3.13 caenyer, uro |v —w| =0, 1. e. v = w.

(4), (5) ChopmynupoBaHHBIe YTBEPKIEHUS MPOBEPSAIOTCS J€MEHTapHO. B mosicHe-
HUU HYZKJIAaeTCsl pa3Be 9To paBeHcTBo dom (o) = ) g npoussosbHoro u € L>(€), X).
Hepagencrso |u| < A, BeIIOTHEHHOE 1711 HEKOTOPOTO 4Hcaa A, B cuay 1.3.13 Bieder Hepa-

BenctBo |u]| < A. Teneps u3 3.1.3 caeayer, uro domu = @, a Torga dom(ao7) =Q. »

Ceuenne u € Cx(Q,Y), coorBercrByiomniee iementy u € M (2, X) coraacuo . (3),

OyjieM Ha3bIBaTh cMoynosckum npeobpazosaruem u (cp. 1.3.13).

4.3.5. Teopema 4.3.4 onuceiBaer criocod nocrpoennsi UBP ¢ yimdrunrom na ocunose
Hexkoroporo npocropaoro HBP wa coorBercTBytonnm croynoBckum rkommakTom. (Cire-
JIYIOTIAI pe3yJibTaT MOKa3bIiBaeT, 9YTo Kaxkaoe VIBP ¢ mdruarom moxker ObITH Oy U€HO
IMEHHO TAKHM CIIOCOOOM.

[Ipeanonoxkum, aro p — audrunr L>®(Q) u 7: Q@ — ) — cOOTBETCTBYIOIIEE KAHO-

HUYecKoe Torpyzkenne ) B croyHOBCKHil KoMnakT () GyseBoit anreopsr B(€2).
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Teopema. I[lycre X — p-nenoasuzkaoe UBP was €, numeroree jmchrunr, accommnn-
poBaHHBIIH ¢ p. Torma cyiecTByeT e JHHCTBEHHOE ¢ TOYHOCTHIO /10 H30METPHH IIPOCTOPHOE
HBP X nax QQ rakoe, uto X = X oT mu~ = wo 7 jaus Bcex u € L*°(Q, X), e u —

CTOYHOBCKOe 1peobpa3oBaHue U.

<« Henoasuxknocts IBP X orHocuTe/bHO p 1103BOJIIET HAM OIPEJIEIUTH HAHAXOBO
pacciaoenne Y nan 7[Q] bopmymoit Y(7(w)) = X(w) u cHAGAUTB €ro HempepbIBHOM
CTPYKTYPOii {uN or l:ue L™, X)} Torna npoJo/zKeHne X paccioennda ) Ha
o Croyny — Yexy (cm. 2.5.10) siasiercst uckombiMm HBP. BosbimnacTBo HEOOXOIMMBIX
CBOfCTB paccioenns X IPOBEPAIOTCH 31eMeHTapHo. Mbl OCTAHOBUMCSH JIMIIb HA €ro
IIPOCTOPHOCTH.

Coraacuo 2.5.10 st Kaxk10ro Kinacca u € L%°(€, X') orpanuveHHOe cedeHne U~ 0T €
C (T[Q], y) nupojoszkaercst 110 srementa C(Q, X ), KOTOPBIii MBI 0003HaYNM 4Yepe3 U. Jler-
KO YOeJIUTHCS B TOM, UTO OTOOpayKeHne U — U OCYIIECTBISIET H30MeTPUUIeCKOe BIOKEHHe
PHIT L>®(, X) B C(Q,X), acconuuposantoe ¢ msoMopdusmor (e — &): L®(Q) —
C(Q). Uz 2.5.7 n 1.5.4 caeayer, aro obpaz L>°(£2, X') mpu 5TOM BIOKEHUU O-TJIOTEH B
C(Q,X). B cuny o-nommorsi L®(, X) sror obpas cosnagaer ¢ C(Q, X), u nosromy
PHII C/(Q, X') Toxe o0-110THO.

E IMHCTBEHHOCTD paccioenus X BoiTekaer u3 4.3.4 (4) n 3.4.1. »

[IpocTtoproe HBEP X , burypupyiomiee B (hopMyJIHPOBKE MOCIEHEN TeOpeMbl, Oy/1eT
Ha3BIBATHCS cMoyHosckum npeobpasosanuem NBP ¢ augpmurnzom X. 3amerum, dro X

apnsierca peanusanuonuasiv HBP mma M (2, X) (em. 3.4.4).
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§ 4.4. Ilpuyio>keHns TEOPUU MPOCTOPHBIX DAHAXOBBIX PACCIOEHUIT

Koncrpykrusnasi cBsasb mexiy UBP ¢ jaudrunrom n npocropusimu HBP, ycra-
HaBuBaeMasd Teopemamu 4.3.4 u 4.3.5, 1M03BOJIgeT NepeHecTu OYKBaJbLHO BCe OCHOBHBIE
dakTel Teopun mpocropubix HBP na ciyuait UIBP. Pesynbrarsl, cdopmyanpoBaHHbie B
ToM naparpade, moJyIeHbl UMEHHO TaKUM HePEeHOCOM. 3JeCh, B YaCTHOCTH, HPUBEJIEH
KpPUTEpUii M3MEPUMOCTH CEYeHUil B TepMUHAX JU(MTUHTA, OMUCAHBI ANMPOKCUMUPY O
NOJMHOZKECTBa B (DAKTOP-IMPOCTPAHCTBE U3MEPUMBIX CeYeHUil, YKa3aH CIOCO0 BJIOXKEHUS
onpesesnentoro kiaacca UBP 8 UBP ¢ smdrunrom (anasor npocrophoii obosmoukn HBP),
IIepeYrC/IeHbl OCHOBHBIE CBOTICTBA M3MepUMBIX pacciaoennii B(X, ) u X' a rakke cdop-
MYJIUPOBAH psj pe3yabTaroB o npejactaBiaennn PHII B Buge mpocTtpancTBa K1accoB u3-
Mepumbix cedenunit IBP ¢ jmudprunrom.

Ha nporsizkenunu Bcero nmaparpada {2 — mpocTpaHcTBO ¢ HeHYJIEBO Mepoit, 00./1a/1a10-
1mee CBOMCTBOM MpPsiMOit cymmbl, p — jmdrunr L°(Q) u 7: @ — ) — cooTBercTBYIOIIEe
KaHOHUYeCKOe MOorpyzkenue () B CTOyHOBCKHIT KoMIakT () Oymesoii anrebpor B(2). Eciu
X — (p-venousuxuoe) UBP ¢ sudrunrom na  u X — CTOYHOBCKOE 11peoOpa3oBaHue
X, T0o, Kak OOBIYHO, CTOYHOBCKHe Npeobpa3oBanus kiaccoB € € M(Q) uw u € M(Q, X)
obo3HaUaTCs cooTBeTCTBEHHO uepe3 € € Coo(Q) u 1 € Coo(Q, QA(), a uX JupTHHTT —

yepes €~ U U~.

4.4.1. Ycaosue (1) B ompezesnennu gudrunra 4.3.1 BeinosnHgercs B 60/1ee CUIbHOM

dopwme:

ITpennmoxxenune. Ecimm X — UBP ¢ gmmgprunrom masx €2, To ajst jmoboii Toukn w € €)

MHOKeCTBO {u~(w) : u € L®(Q, X)} coBnamaer ¢ X(w).
<« Cnemyer u3z 4.3.3, 4.3.5u 2.3.5. »

4.4.2. TIlpepnoxeume. Ilycre X — UBP ¢ smm¢prunrom nax 2. Ceuenne u €
S(Q, X) uzmepumo u Jexnt B obpase sudruara L°°(Q, X') Torga u ToabKO TOrIa, KOorjaa
Jutst Kazkgoro Kiaacca v € L°(Q, X)) ¢yuknus |u — v | um3mepuma u sexur B obpasze

smugraaTa L*°().

<« HeobxoaumocTs mpejiaraeMoro KpuTepus U3MepUMOCTH OY€BU/IHA, ITOKAXKEM ero
JocTarouHoCTh. [Tycrh mudrunr L°(Q, X) acconuuposan ¢ p. Cormacuo 4.3.3 paccioe-
Hue X MOXKHO CYUTATH p-HENOABHKHBIM. [lycTh X — CTOYHOBCKOE mpeobpa3oBanue X.
[Ipeamonoxkum, aro dyukius |[u — v | Jgexkur B obpaze mudrunra L*°(2) misa kazxio-
ro knacca v € L®(Q, X). Hcnonb3yst 4.4.1 u p-HENOABUKHOCTb pacciaoeHust X, Jerko

IIOKa3aTh, 4TO C€Y€HUEC U IIPUHUMAECT PpaBHbIC 3HAYCHUA B p-HEPA3JIMIUMBIX TOYKaX. 910
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HO3BOJISIET HAM BBECTH B paccmorpenue cedenne v € S(7[Q], X), oupesenentoe dopmy-
noit v(7(w)) = u(w). CsoiicTBa cevenns u 0GECHETHBAIOT HENPEPHIBHOCTH (DyHKIMIL
lv = v|| mna Becex v € L*°(Q, X'), 410 03HAUAET HEMPEPBHIBHOCTDL cevenust v. OueBuHASL
OrPAHUMEHHOCT U BJIEYeT OFPAHMYEHHOCTH U, W, GJAroiaps IIPOCTOPHOCTH X, ceveHue
UV UpoJoJIZKAeCTCA JI0 U € C’(Q,;() OcTanoch 3aMeTuThb, 4TO % = U O T, U COCJIATbCH

ma 4.3.4. »

4.4.3. TIIpeanoxenue. Ilycrs E — ¢pynnament K-npocrpancrea M(Q), X u) —
UBP nazx Q ¢ mu¢prunramn (acconmnposannsivi ¢ p). [IBK E(X) n E()) n3omerpuaHbr

TOIJIa U TOJBKO TOIJA, Korja paccaoenns X u Y H30MEeTDHYIHBI (p-H30METPHIHBI).
<« Cuenyer uz 4.3.3,4.3.5u 3.4.1. »

4.4.4. Ilycre X — UBP c qaudrunrom maz (2. s npou3BOJIBHOIO MOAMHOKECTBA

U C L>®(Q,X) nrourn w € € obo3naunm MHOKeCTBO {u~(w) : u € U} cumBoaom U (w).

Teopema. Cuenymomue cBoiicta moamuoxkectBa U C L*°(Q, X') sKBHBAJICHTHBI:

(1) Besxoe ceuenne v € M(Q, X) npuanmaer 3aavenns v(w) € clU(w) moarn st
Bcex w € ();

(2) ams sroboro kmnacca v € L*°(Q, X)) nmeror mecro Brodenns v (w) € clU.(w)
moqTH Jijist Bcex w € §);

(3) U sBisercst mOpsIKOBO AIMPOKCHMHPYOIAM 1moaMHOKecTBoM M (€, X);

(4) {ue M(Q,X):u~ € U} — annpokcummpyiomee moaMuozkectso M(§2, X).

<« Uvmmkamun (1)=(2) u (3)<(4) oueBuanbl. Tokazkem, uro (2)=-(3). IIpex-
nosioxkuM, 9to gudrunr L*(Q, X') acconuuposan ¢ p. Cornacho 4.3.3 paccioenne X
MOXKHO CUUTATh pP-HEMOJABUKHBIM. [lycTh X — CTOYHOBCKOe mpeoOpasoBanne X. O6o-
suaunym MuozecTso {0 u € U} C C(Q, X) uepes U. C yuerom 4.3.4 (4) u 2.5.7((2)=(4))
9T00BI 000CHOBATE (3) JOCTATOYHO MOKA3aTh, UTO Jisl KaXKJI0ro Kiaacca v € L(), X)
cedeHne vV IpUHAMAeT 3HadeHus v(q) € cllj{(q) Ha BCIOAY IJIOTHOM IIOJMHOXKecTBe ().
Ecim nocnennee He BbInoJHEHO, TO V(q) ¢ ch//\{(q) JIL BCEX 3JIEMEHTOB ¢ HEKOTOPOI'O
HEIyCTOTO OTKPBITO-3aMKHYTOro mojMuoxkectsa A C Q). Torma v (w) ¢ clU(w) mna
BCEX 3EMEHTOB W MHOMKeCTBa T 1[A], mMeromero HeHyaeByo Mepy, 9TO MPOTHBOPETHT
(2). Nmmnkarust (3)=-(1) Beirekaer u3 4.3.5 u 2.5.7((4):>(3)). >

Bameuganune. [lo anasoruu ¢ 2.5.7 nmoceanee yrBepKiaeHne MOXKHO 0000IIUTH HA
caydait npoussosbHoro nogmuoxecrsa U C M(Q, X). Ilpu srom nox U (w) caemyer
NOHUMATH COBOKYIHOCTb BCEBO3MOXKHBIX 3Hadenmii ((A)u) (w), rme u € M(Q,X) un
A € B(Q) Takoser, uro (A)u € L>®(Q, X) (cm. 4.1.13).
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4.4.5. Teopema. Ilycre X — UBP nasx Q. Ilpeanosoxum, aro C — HekoTOpasi
a/[eKBaTHasi H3MepHMasi CTPYKTypa B X, Bce 3jemeHTsl ¢ € C KOTOPOIT yI0BJI€TBODSIOT
yeaosusm || c|| € L2(Q) u p(|c]|) = |le||. Torma cymecrByer (eaurcTBeHHOE ¢ TOUHOCTHIO
a0 p-uzomerpun) UBP ¢ mmpruarom X maz ) Takoe, 910 ero jaupTHHT Px ACCONMMPOBAH

c p, X sABiIsIeTcs BCOAy MIOTHBIM moapacciaoenneM X i py(c) = ¢ st Beex ¢ € C.

<« Ilpeamonoxkum, aro IBP X u ero m3mepumasi crpykrypa C yIOBI€TBOPSIIOT
yciaousim Teopembl. Corytacno 3.4.3 umerorcst npocropuoe HBP Y wan (Q u usomerpust
i: M(Q,X) - Cx(Q,)), acconnnpoBanuas ¢ nzomopduzmom (e — €): L*°(Q) — C(Q).
O603maunm UBP ¢ mudrunrom Yo7 wepes X (cm. 4.3.4). 19 10KA3ATEILCTBA TEOPEMEI
JIocTaTovHO nocTpouTh u3domerpuio H NUBP X wna Bciogy miornoe nojgpacciioenune MIBP
X Takytwo, uto py(H ® ¢) = H ® ¢ 114 Beex ¢ € C. (B stom cayqae ciom X MOZHO GyieT
<IIOAIIPaBUTb> TaK, 4TO U30METpUA H CTaHET TOXKIECCTBCHHBIM BJIO)KEHI/IQM.)

Jta Kazk 10t ToUKE w € ) 0603HAYNM BCIO/Y ILUIOTHOE IOIIPOCTPAHCTBO {c(w) : ¢ €
C} cioa X(w) uepes Xp(w) u onpemesum Jmneiinbiii oneparop Ho(w): Xp(w) — X (w)
caenyrommym obpasom: Ho(w)e(w) := i(c™)(T(w)), ¢ € C. KoppexkTHocTh onpesesenust

oneparopa Hy(w) u €ro u30MeTpuIHOCTD CJIEAYIOT U3 COOTHOIIEHUT

[i(c™) (r(@)) || = [i(c)]|(7(@)) = 171" (7(@)) = (I 1) (@) = lle@)ll,

BBITIOJTHEHHBIX 7151 Beex ¢ € C. [Tyers H (w) — npomoskenne Hy(w) 10 n3oMeTpraeckoro
proxerna X(w) — X(w). Muomxectso {¢~ : ¢ € C} ABAgeTCA ATMPOKCHMHPYIONTAM
B M(Q,X). Caenosaressro, {i(c™) : ¢ € C} — annpokcuMupyromiee moJMHOKECTBO
Coo(Q,)), a, mockosbky H @ ¢ = i(c¢™) o 7 ans Beex ¢ € C, muoxkectBo {(H ® )™ : ¢ €
C} amnserca annpoxcumupyiomum B M (Q,T) N3 4.2.5 ciepyer, uro orodoparkenue H
OCyIIecTBIIsIeT H30MeTpuio X Ha IJIOTHOe IOAPACcCaoeHne X | HHIYIHPOBAHHOE JTHHEHHbIM
noamuoxecrsom {H ® c:c € C} C M(, X) (em. 4.2.2).

EanHcTBeHHOCTH paccyioennst (C TOYHOCTHIO JI0 p-U30METpHUH) BhiTeKaer u3 4.2.3
n443. »

4.4.6. Teopema. Ilycte X mw Y — UBP wnasx (), umeronine ju¢prunru, acconun-
posanmsie ¢ oxgauM 1 teM ke jgudruarom L°(Q). Torxa cymecrByer (1 eanHCTBEHHO)

rakoe UBP ¢ sm¢ruarom B(X,Y) vax ), aro

(a) B Kaxkmoii Touke w € Q caoit B(X,)Y)(w) saBasercss 6aHAXOBBIM MOJNPOCTPAH-
creom B(X (w), Y(w));

6) ectmue M(Q,X)n He M(QB(X,Y)), 70 HRue M(Q,Y);

(8) (H®u)n =Heo ® u~ st mobbix w € L2, X) n H € L2(Q, B(X,Y));

(r) ecom orpanmaennoe orobpazkenne H: w € Q— H(w) € B(X(w), Y(w)) Taxoso,
aro qst Bessikoro u € L2(, X) cewenne H @ w wzmepuvo n H @ u = (H @u)~,
0 H € £2(Q, B(X,))).



Inaga 4. H3MEPHMbIE BAHAXOBAI PACC/IOFEHUSA 211
§4.4. Ilpusooicenus meoput NPoCmMopHuL OGHATOEHLT PACCAOEHUT

<« Cuenyer uz 4.3.3,4.3.5u 3.2.3. »

4.4.7. O6o3nauum vepe3 R nocrostanoe UBP Q x {R} (¢ mudrunrom). Ecmu X —
NBP ¢ audrunrom naz 2, To pacciaoenne B(X,R) waswiBaercst conpastcennom NBP «
X u oboznavaerca cumpojom X', Huzke nepeunciienbl OCHOBHbIE CBOMCTBA COUPSZKEHHO-
ro UBP, BuiTekatomnue 6arogapsa 4.3.5 u3 aHAJOTHIHBIX CBOWCTB comnpsazkennoro HBP.

(Bamncs (u|u’) menombsyerca Bvecto (u(-)|w/(+)) — cm. 1.7.4.)

Teopema. Ilyctb X — UBP ¢ smn¢pruarom maz Q.

(1) X — UBP ¢ ¢ ruarom.

(2) Ecn Y — croynoBcekoe npeobpaszosanne X, 7o ) — ¢TOYHOBCKOE mpeobpa3oBa-
mme X',

(3) B kaxkmoii Touke w € Q caoit X'(w) aBrasgercs 6aHAXOBBIM MOJAMPOCTPAHCTBOM
X (w). Brmouenne X'(w) C X(w)" moxker 6pTH cTPOrAM.

(4) Ecimuw € M(Q,X) uv' € M(Q,X), ro (ulu’) € M(Q).

(5) st mo6prx w € L®(Q,X) mu' € L2°(Q, X') Bormommeno (u|u') = (u~|ul).

(6) Ecam orpammaennoe orobpazkenne u: w € Q — u'(w) € X(w) rakoso, uro mist
Beskorou € L°(Q, X) dynknus (ulu') nzmepuva n (u|u') = (ulu’), rou' € L(Q, X7).

(7) lna npomssoibabIx Kaaccop u € M(Q,X) mwu' € M(Q,X’) obosnaunm gepes
(ulu’) kmacc (ulu’)~ € M(Q), rae u € u, v’ € u'. Torga 6mmneiinas popma (u,u’) —
(uu'y npusogur npocrpancrea M(Q, X) u M (2, X') B M(Q)-3na4ny1o aBOHCTBEHHOCTD.

(8) st kazmoro u € M (), X) BbimostHEHO

lu| = max{(ufu’) : v’ € L®(Q, X’), || <1}.
(9) dust kaxmoro u' € M(Q, X') Bbimosneno
|u'| = sup{(ula) : u € L®(Q, X), |u| < 1}.
(10) Ecmm v’ € L*°(Q, X'), 10 B Kax0ii Touke w € {) HMEET MECTO PABEHCTEO
[v'] . (w) = sup{(uju’)o(w) : u € L%(Q, X), |u] < 1}.
(11) st so6oit roukn w € Q) npocrpancrso X' (w) nopmupyer X (w). Bosee Toro,
|#]| = max{(z|z) : 2’ € X'(w), [|o'|| <1}

st Beex T € X(w).

(12) Ecan caoii X(w) B HEKOTOpOIT TOuKe w € §) pechiexcusen, To X' (w) = X (w)’.
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(13) Bapukcupyem npon3BoIbHYIO TOYKY W € §) H pACCMOTPHM KAHOHHIECKOE BJIOXKE-

me v — ' npocrpancrsa X (w) B X (w)". Torga orobpasemnne x — x|y () ocymecTs-
" /!

Jster m3oMerpudeckoe Bioxenne X (w) B X" (w), rme X" — conpszkennoe pacciioenne k
X/

(14) Ipuanvas seesennoe B (13) roxkenme cioes X B coorsercTyomue ciom X

" o

3a TOXKJ[ECTBEHHOE OTOOparkenme, Oyzaem caurars, 9ro X (w) C X' (w) B Kaxkgoii Touke

w € Q. Torna X apasgercs moapacciaoennem X" .

4.4.8. llpemiaraevbiii Huke HAOOpP (DAKTOB SBJISIETCS HEIOCPE/ICTBEHHBIM CJIe]l-

CTBUEM MPUJIOKEHUS TeopeMbl 4.3.5 K peaJu3alliOHHBIM pe3yIbTaTaM TeOPUH MPOCTOPHBIX

HBP (cu. §2.4).

Teopema. Ilycrs 2 — mpocTpaHcTBO ¢ HEHYJIEBOIT Mepoii, 001aar01ee CBOICTBOM
HIPSAMOIH CYMMBI.

(1) [Lnst stro6oro TIBK U majx ¢yrmamenrom F C M () cymectByer euHCTBEHHOE
¢ rounocrbio jjo uzomerpun UBP ¢ jm¢prunrom X naj Q rakoe, awro PHII U n F(X)
H30METPHYHBI.

(2) dmst mroboro IIBK U wax E wu st sroboro mzomopgusma K-npocrpancrsa E
Ha ¢yrgamenr F C M(S) cymecrByrT (eIHHCTBEHHOE ¢ TOYHOCTBHIO J[O H30METDHUH)
UBP c¢ Jm¢pruarom X wag Q um msomerpus U wa F(X), accommupoBannas ¢ JaHHBIM
nzomoppuzmom E na F'.

(3) st siro6oro IIBK U maj npocrpancreom Kantopouua — Ilmackepa cyiie-
CTBYIOT IPOCTPAHCTBO ¢ Mepoii (), obJjiaaroree CBOHCTBOM MPSIMOH CyMMBI, (DyHIaMEHT
F C M(Q) u UBP ¢ smucpbrurarom X waj ) rakue, uro PHII U u F(X') n3omerpuvHsr.

(Ilpocrpancrso F(X) — a Tounee, nzomerpus U Ha F(X) — Gyner HasbBarbes (us-
mepumoti) peanusdayuet IIBK U, a X — pearusayuornvim UBP nua U (cp. 3.4.4). Moxuo
nokasarh, uro peannsannontoe BP mis mannoro IIBK exwHcTBEHHO ¢ TOYHOCTHIO 10
I/IBOMeTpI/II/I.)

(4) Ecou UBP X maj ) sapisiercs peamusanuoHHbIM pacciaoennem st IIBK U, To
PHIT M (), X) uzoMeTpudHO MAKCHMAJIBHOMY DACITHPEHHIO U .

(5) Ilycts X — UBP ¢ smmprurarom mas Q. Ipeamonoxum, aro ¢pyagaments: E u F
pacmmpernnoro K-npocrparcrsa M (Q2) obpasytor ayammsupyrontyto napy (cm. 1.4.4). To-
raa PHIT E*(X') uzomerpuano E(X)*, rge u3oMeTpust OCYHECTBISETCS COMOCTABTCHAEM
kaaccy u' € E*(X') oneparopa |[u'): u — (u|u’) w3 E(X) B F. B wacraocrn, ecmm X —
peasmzanuontoe UBP s TIBK U, 1o X' — peanmszanmnonnoe UBP s conpsizkentoro
[IBK U*.
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4.4.9. B 4.3.2 ycranosieno, uro cpoiicrBo sudrunra (1) (cm. 4.3.1) me BbITEKaer
u3 cBoiicTB (a)—(r). IIpuMenuB TexuuKy npocTopubix HBP, Mbl yeranm 310 yTBepKIeHne
U TOKazKeM, 9TO ycaoBus (a)—(I) COBMECTUMBI € <IOCTOWHBIM> OTPHUIAHEEM (J1), TpuIeM

Jlazke B TOM cJjydae, Korja paccmarpubaemoe IBP nmeer mudrur.

IIpenmoxxenue. /[is1 j1060ro 6€3aTOMHOrO MPOCTPAHCTBA ¢ Mepoi ) u JiHTHH-
ra p nmpocrpancrtea L*°(Q) cymecrByror UBP X wmax Q w aa orobpazkenmst py u pa
3 L*(Q,X) B L>®(Q, X), raxkgoe n3 koropsix yuosaersopser ycaosusim 4.3.1 (a)—(r),
npuyueM neppoe 00Ja4aeT TAKAKe U CBOHCTBOM (1), T. €. sBJIsIeTcst JIUBTUHIOM, & BTOPOe
TakoBo, 9T0 MHOKeCTBO {pa(u)(w) : u € L®(Q, X)} me aprserca mrorasy B X(w) HE

JIIST OJTHOH TOYKH W € €2,

< Ilycte Q — 6GesaToMHOE HPOCTPAHCTBO ¢ Mepoii, p — audrunar L>X(Q) u
7: 0 = () — COOTBETCTBYIONIECEe KAHOHUYECKOE IOrpyzKeHne () B CTOYHOBCKMHA KOMIAKT ()
oymesoii anre6pnr B(2). 3adukcupyem nponsBosibHbe (6ECKOHETHOMEPHOE) THIHOEPTOBO
HPOCTPAHCTBO Z U JIMHEHHYIO uzomerpuio 1': Z — Zy Ha cOOCTBEHHOE TOJIPOCTPAHCTBO
Zy C Z. O6oznaunM uepe3 X ruip0epToBo mpocTpancTso £2(Q, Z), cnabxKennoe cKassp-
HBIM IIPOM3BEICHUEM

(w,y) =) (), y(q)) (z,y€X).
q€Q

Jng kaxoit Toukn ¢ € ) ompenennm JuHeitnsiii oneparop H(q): X — X, nmosnoxus
(H(q)x) (q) == T(x(q)) n (H(q)x) (p) := x(q) npu p # q. Ouesuano, oneparop H(q)
M30METPUYHO 0TOOPAYKAET MPOCTPAHCTBO X HA €ro COGCTBEHHOE MOJIPOCTPAHCTBO {T €
X : z(q) € Zp}. Tycrs Y — mnpocrophas obosouka nocrosuaoro HBP @ x {X}.
Corutacuo 3.1.7 Bce cjion Y gBISIOTCS THIBOEPTOBbIME POCTpancTBamu. Vcmo/b3ys stor
daxr, st Kaxa0ii Toukn ¢ € ) uzomerputo H(q) MOKHO ¢ JIETKOCTBIO MPOIOTIKATE 10
msomerpun H (¢) mpocrpanctsa Y(q) Ha HEKOTOPOE €ro COBCTBEHHOE MOAIPOCTPAHCTBO.

MMokaxewm, uro Besikoe cedennme v € C(Q,)) cosmagaer ¢ H ® v Ha HEKOTOPOM
KOTOIIEM IOAMHOXKecTBE ().

(a) Yeranosum cuadasia, 4To s Kaxuoro ¥ € X umeer Mecro pasencrso H(q)r = x
JUIS BCeX 3JeMEHTOB ¢ HEeKOTOPOro KOTOIero moiMuoxkecTsa (). JlelicTBuTenbHO, U3
onpesesenust oneparopa H(q) Bumno, uro H(q)r = x anst Bcex Tex Touek ¢ € ), B
koTopbix z(q) = 0. Ocranock 3amerurhb, 4ro MHOXKecTBO {q € Q) : x(q) # 0} cuerHo, a B
cuity 6esaromMHocTu ajarebpsl B(€)) Bce cueTHbIe MOAMHOKECTBA () SBJISIOTCS TOIMMU.

(6) O6o3naunm cuMBoOM C COBOKYITHOCTH BCEX TMOCTOAHHBIX (byHKIWi c: Q) — X,
a cumBosioM dC — nukanueckyo obosnouky Muoxkectsa C B PHIT Coo (@, Y) (cm. 1.4.1).
Burarogaps 1.1.10, u3 (a) cieayer, uro aist Kaxjaoro sjiementa s € dC ceuenne H ® s

COBIIAIAET C S Ha, KOTOIIEM HOJAMHOXKecTBe ().
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(B) Ilyctp Teneps v — npoussosbbiil saement C(Q,Y). 13 2.5.7 soirekaer, aro C
SBJISIETCS ATTPOKCUMUDPYIOTINM TOAMHOKeCTBOM Coo (@), ). B cuny npepioxkenust 1.5.7
muO)KecTBO dC paBHOMepHO MIO0THO B Coo(Q),)) W, clleioBaTeIhHO, MMeeTCsl MOCIeI0Ba-
TeJIbHOCTH djieMenToB dC, paBHOMepHO (T. e. ¢ peryusropoM 1) cxoasmasics K v. CoBra-
Jenne cedennii v 1 H ® v Ha KOTOIIeM TIOIMHOMKeCTBe () Temephb BhITeKaeT u3 (6).

O6o3naunm yepe3 X UBP Yot ¢ mudrunrom py: u — o7 (cm. 4.3.4). Bropoe u3 uc-
KOMBIX 0TOBpasKenwuii onpeeanm o npasuiy p2(u) == (H®1t)o7, u € L%®(Q, X). Bon-
HIMHCTBO HEOOXOJAMMBbIX CBOMCTB po NPOBEPSETCS 3JEMEHTAPHO. B II0sSCHeHn Hy 7K 1aeTCs
JIMIIb BKJIIOUeHHE po(U) € U, Jijisg 000CHOBAHHSI KOTOPOTO JOCTATOYHO YCTAHOBUTH COBIIA-
JleHre TOYTH BCIoAy cedenuii p1(u) u p2(u). Iocaenuee ke caeayer u3 reopemsr 1.2.13 u

COBIIaIeHUs cedeHnit U u H ® 1 Ha KOTOIEM HOAMHOXKecTBe (). P
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T'naBa 5. IPOCTPAHCTBA BEKTOP-®YHKIIUN

Kitaccuueckumu nmpumepamu npocrpancts banaxa — Kanroposuua gBiisioTcst 1po-
CTPAHCTBA HEIPEPBIBHBIX, CJIA00 HEIPEPBIBHBIX, U3MEPHUMBIX U CJ1a00 U3MEPUMBIX BEKTOP-
GyHKIHUA. DTH NPOCTPAHCTBA JOCTATOYHO IPOCTO YCTPOEHDI, U IIPeJICTaBIeHNe UX B BU-
Jie TPOCTPAHCTB CedeHnit DAHAXOBBIX PACC/IOCHUI HE BHOCHUT JOMOJTHUTEIBHON SICHOCTH B
uxX cTpyKTypy. OIHAKO TaKoe HMpeacTaBlIeHe HeoOXOUMO /I TpUMeHeHUs K MpOCTpaH-
CTBaM BeKTOP-(pYHKIHUI 00mux pe3yabraroB o npoctopabix HBP u UBP ¢ smudrunrom
(cm. rmaBbr 3 m 4). JlanHast T71aBa MOCBSIIIEHa W3YYEHUIO CTPYKTYPHI PeaJn3al[MOHHBIX
pacc/I0eHnii MPOCTPAHCTB BeKTOP-(yHKIHUit. 3/1eCh ¥Ke MPUBOAITCS HEKOTOPBIE TTPUIOZKE-
HUs TIOJIYY€HHBIX Pe3yIbTaTOB K YCTAHOBJIEHUIO CBA3eil MeKy MPOCTPAHCTBAMI H3MEPH-
MBIX U HEIPEPBIBHBIX BEKTOP-(PYHKIHII, & TaKzKe K IMOCTPOEHUIO Pa3IUIHbIX JTUMOTHHIOB
B IIPOCTPAHCTBAX M3MEPUMbBIX BEKTOP-(DYHKIIHIA.

Huxke npeanonaraercs, aro X m Y — 0DaHAXOBBI HPOCTPAHCTBA, IPHUBEICHHBIE B
JBoiictBeHHOCTD Gunneiinoit dopmoit (-|-): X x Y — R, npuuem Y nopmupyer X,
T e ||z|| = sup{(zly) : y € Y, |ly| < 1} anz Beex € X. Takas cBs3b MexKILy

nupocrpancrsamu X u Y nossosser cuurarh, uro X C Y/, rae x € X oroxaecTsigerca
c (x| ey’
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8 5.1. HerrpepbiBHBIE BEKTOP-QYHKIUN

B srom maparpade nocrpoenst peanusammonnsie HBP Xg u (X|Y)g ana PHII
HEIIPEePBIBHLIX U Y-Caa00 HeNpepbIBHBIX X -3HAYHBIX (DYHKIMIA, ONpeaeneHHbX B (), nc-
caenoBan Bonpoc o npocropuoctu HBP ¢ mocrosguubiM ciioem, a takzxke chpopMyInpoBaHbI
HEKOTOPBIEe CBOIICTBA HEIMPEPHIBHBIX BEKTOP-(DYHKIHIA, IOy IeHHBIE B Pe3yIbTaTe TPILIO-
Kenug Teopun HBEP.

Ha uporsizkenuu gannoro naparpada () — Helycroii 3KCTpeMa/ibHO HECBI3HbI KOM-

IMaKT.

5.1.1. Kax yxke ObL10 oTMe4ueHO B 2.2.1, HENIPEPLIBHBIMU CEYCHUAME TOCTOSIHHOIO
HBP @ x { X} asnsiorcs nenpepoisabie X -3aaunbie GyHKIun. B cBsa3m ¢ 9TUM pesyibra-
Tol Teopun HBP, kacafomuecs ¢cBORCTB HEIPEPHIBHBIX CEYCHUN, IPAKTHUECKH 0€3 n3MeHe-
HUil [epeHocaTcs Ha caydail BeKTop-¢dyukiuid. Huke mpuBejieHbl HEKOTOpPBIE CBEJICHHUSI,
HOJIyYeHHbIE C MOMOIIBIO TAKOI'O MEPEHOCA.

[Iyctb uw: D — X — HenpepbiBHad (DYyHKIHA, OlpeseeHHas Ha BCIOAY ILJIOTHOM

noamuozxkectse D C (). Obo3naumm 1depe3 D COBOKYIMHOCTH BCeX TOYEK (), B KOTOPBIX

byukIa u mMeer mpeen, un mogoxuM 4(q) = lim u(p) ama seex ¢ € D. Torma mmozxe-
P—q

crBo D sBisiercss KoromuM B Q n ¢yukuust @: D — X menpepbiBHa. TaknmM 06pasoM,
byHKIESA U ABAsIETCA HANOOJIBITAM HENPEPBIBHBIM MPOJIOIKEHAEM U, T. €. 00J1acTh OIpe-
JeJIeHnst T060T0 HEIPEPHIBHOTO MPOIOZKEHNsT U ComepsKuTcst B D n, Gosee TOro, 4 si-
JISIETCsL IPOJIOJIZKEHHEM JTI000I0 HEIIPEPBIBHOIO POA0JIKeHust 4. DyHKIUsI U HA3BIBACTCS
MAKCUMAAHM DACULUperuem U U 0603HAYaeTCst cuMBOJIOM ext(u) uiau, Gosee moapob-
Ho, exty(u). HenpepoiBras dbynkuus u: D — X, onpejeseHnasi Ha BCIOLY IJIOTHOM
noamuoKecTBe D C (), Ha3biBaeTcs pacuwupentot, ecin ext(u) = u. OTMerum, 4To BCe
paciupeHHbie (DyHKIMU OMpeieJIeHbl Ha KOTOIUX MOAMHOYKeCTBaxX ().

CumBont Coo (@, X) 0003HAUAET MHOMKECTBO BCEX PACIIUPEHHBIX X -3HAYHBIX (DYHK-
muii.  COBOKYITHOCTH BCEX OrPaHWYEHHBIX PACIHIUPEHHBIX (DYHKIUHA 0DO3HAYAETCS Ue-
pes C% (Q,X). Ha mmoxectBe Coo(Q,X) ecTecTBeHHBIM 00pa30M BBOIUTCS CTPYKTY-
pa PHII nax Cx(Q) un moayns man Coo(Q). Ilpu srom mopma |u| € Cx(Q) v1ementa
u € Coo(Q,X) aBAIETCH HENPEPBIBHBIM IPOJIOJIKEHHEM 1IOTOYeYHON HOpMbI [Jul : ¢ €
dom u — [Ju(q)]].

PHII Coo(Q, X) siBasiercs (pacmupennabiv) [IBK nag Coo(Q). Ecomm E — umean
Coo(Q), 10 MHOKeCTBO F(X) = {u € Coo(Q, X) : |u] € E}, cHAOKEHHOE OIlepAIMAMI,
wH Iy poBaHHbIMEI 13 Coo (@, X)), oueBnno, ipencrasisier coboit [IBK nag £. Samernm,
4TO MPOCTPAHCTBO BCIOALY Olipe/iesieHHbIX HenpepbiBHbIX dynkuuit C(Q, X), oyayqaun PHII
uag C(Q), Boobmie rosops, ue gpiagercsa [IBK (cm. 5.1.3) u Tem caMbiM He COBIIQIaeT ¢
npocrpancrsoM E(X), rae B = C(Q).
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5.1.2. Cumsosiom X Mpl OyjieM B JasibHeiineM 0603Ha49aTh HPOCTOPHYIO 000I0UKY
nocrogaaoro HBP @ x {X} (cm. 3.1.5). Crenytoriee yrBep:kienue siisiercs mnepedop-

MYJIUPOBKOii npeozkenust 3.4.9 aist paceioernust X = @ x {X}.

Jlemma. Pacciaoenne X spistercs peasmsannonnsivy HBP s IIBK Coo (Q, X)
(em. 3.4.4). Jlnsa moboro mieara 2 C Coo(Q) omepatop extx,, (cm. 2.5.1) ocymecrsiser
nsomerpuio IIBK E(X) na E(Xg).

5.1.3. Teopema. /list npocTopHOCTH NOCTOSHHOrO paccaoenus () X { X} meobxo-
JIAMO H JIOCTATOYHO, 4TOOBI KOoMIAKT () ObLT KOHEYeH HJIH OaHAXOBO IPOCTPAHCTBO X

ObIJI0O KOHEYHOMEPHO.

< Jlocrarounocts copmyuposannoro ycaosus npocropaoctu HBP Q X { X'} oue-
BuiHa. /g 10Ka3aTeanLeTBa ero HeoOXOAMMOCTH MBI IPE/IIOIOKIM OeCKOHeYHOCTD () I
6eCKOHEUHOMEPHOCTh X M yCTAHOBMM, 4TO B 9TOM Cjay4vae paccioenue Q@ X {X} ue sas-
JIIeTCs TIPOCTOPHBIM. 13 GecKOHeYHOCTH KOMIIaKTa () cjleyeT cyliecTBOBaHUe TaKoOil 110-
caenoBarebHoCTH (U )peN HEMYCTHIX MOMAPHO HE TePEeCeKAIOIINX S OTKPHITO-3aMKHY ThIX

OAMHOXKeCTB ), uT0 obbejunenne D := | J U, Bcrony miotHo B (). 113 HeckoHedHO-

neN
MEPHOCTH TPOCTPAHCTBA X CJIe/lyeT CyNeCTBOBAHNE TAKOM MOCTeI0BATENLHOCTH (L )neN
snemenToB X, uro ||z,| =1 u ||xy — 2p|| > 1/2 mna Beex n,m € N, n # m. Onpegennm
orparudenuyto yukuuo u € C(D, X), nonoxus u(q) := z, upu q € U, (n € N). To-
I/1a U HE UMeeT HEeNPEPBIBHOTO Npojio/izkenus Ha (). [lelicTBUTE/IHHO, TPEIIIOIOKAM, UTO
dbyukmus u € C(Q, X) sBisiercss TpoJoJzKeHHeM u. B cuity cBoeil 3aMKHYTOCTH 06pa3
{xn : n € N} dbynkuun u coBnamaer ¢ o6pazom @. ITosromy obbenunenne | J, oy a L (x,)
HEIyCThIX MONAPHO HE IIePeCEeKAIOIIUXCA OTKPLITHIX MHOMKECTB COBIAIACT C IPOCTPAH-

CcTBOM (), 9TO HPOTUBOPEYUT KOMIIAKTHOCTH HOC/IEJHErO. B

5.1.4. Hanomuum, uro dyukiusa u: D — X, oupejesjienHas Ha IOJMHOXKeCTBe
D C Q, asnsierca Y-caabo nenpepwvieHotl, eCJIN I JI000ro0 31eMeHTa y € Y BellecTBeHHAs
dbyuknus |y)ou: D — R uenpepoiBaa. Ecsm upu srom muoxkectso D Beioay miorho B Q)
TO cUMBOJIOM (u|y) MbI OymeM 0603HAYATH MAKCUMAJbHOE pacHuimpenue bYHKIHUA |y) © U
10 ssemenTa Coo (Q).

s yoboit Y-ciabo nwenpepoiBHoil dyukiusg u: D — X, omnpejeseHHoil Ha BCIOILY
IJIOTHOM TTOAMHOXKecTBe D C (), cymmecTByeT HanboIbIIee Y-c1abo HelpepbhIBHOE IPOI0.I-
JKerwe, T. e. Y-c1abo wenpepeiaas Gyakmms 4: D — X, npogosskarontast 106oe Y-caabo
HEeIpepbIBHOE TPO/IOJIZKEHUE U. (,Z[OCT&TO‘IHO 3aMeTUTh, YTO MPOCTPAHCTBO X, CHAOXKEH-
HOe Y-cJj1a00it TONOJIOTHE, SIBJISIeTCS BIOJIHE PEryJISPHBIM, U COCJIATHCS HA TEOPEMY 1.1.1.)
Haubonbmmee mpogozkenne 4 GYHKIUA U MBI, KAK OOBIYHO, HA3BIBAEM MAKCUMAADHBLM

(Y-caabo nenpepvisnoim) pacuupenuem u n 0603HadaeM CUMBOJIOM ext(u) nim, 6oJiee mo-

npo6HO, ext y |y (u).
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5.1.5. B ommume or pacimmpeHHbiX HenpepbiBHbIX (yHknuii (cm. 5.1.1), obiaacrb
olpe/iesieHN s MAKCHMAJIbHOIO cJ1ab0 HEMIPEPBIBHOTO PACIIHPEHNS MOKET He OBITH KOTOTIEei

B () U Jarke MOXKET 0Ka3aThCsl TOIIEI.

IIpennoxkeunme. CymecrByor 3KCTPEMaJbHO HECBs3HbIH KoMuakT (), 6aHAXOBO
npocrpancTBo X, Toliee BCIoJy ILIOTHOe mojMHoxKecTBo D C (QQ u X' -ci1abo nenpepolBHast

orpammientas pyuxius u: D — X, yaosjaersopsiomas ycjaosuio ext x| x:(u) = u.

<« Poup X B Hamewm npumepe OyIeT UrpaTh IPOCTPAHCTBO ¢( CXOISIINXCA K HYJTIO
nocjegoparebaocreii. Obo3naunm depes B 3aMKHYTHIA € IMHUYHBIH AP B IPOCTPAHCTBE
(°, a gepe3 By — ero nepecedenue ¢ ¢y. laper B u By mbl OyjgeM paccMaTpuBarb Kak
TOINOJIOTHYeCKHe IPOCTPAHCTBA OTHOCHTEabHO /!-ci1aboii Tomomoruu. QueBugno, By —
BCIOJly ILJIOTHOE IOJMHOXKecTBO KommakTa B. Kpome rToro, By sBisiercss TOIMMM I10/I-
MHOXKECTBOM B, IOCKOJIbKY COAEPKHUTCA B OObeIUHEHHH HHUTIE He ILTOTHBIX MHOXKEeCTB
{reB:|rym| <1/2upum >=n}, neN.

[Iycts (Q — croyHOBCKHil KommakT Gymesoii aarebpsr Rop(B) u a: Qp — B —
abcomoruzanust B. U3 1.2.10(2) caenyer, uto Qp = @, orobpaxkenume a: @ — B
HEIIPepHIBHO, a MHOXKecTBo D := o ![By] apagerca TommM u BCIOAY ILTOTHBIM B (.

OueBnyiHO, cyxkenne o Ha D siBjsieTcst ncKOMoit pyHKImEH u. B

5.1.6. Kaxk ciemyer u3 5.1.5, jijisg TOro 4rodbl Ha KAKOM-/1M00 MHOXKECTBE CJ1ad0
HEePePBIBHBIX (DYHKINIT MOXKHO OBLIO eCTeCTBEHHBIM 00pa30M BBECTU CTPYKTYPY BEKTOP-
HOT'O TIPOCTPAHCTBA, MBI BBIHYZKJIEHBI HAKJ/A/IbIBATH JOMOJHUTEILHBIE OTDAHUYEHUS HA,
obnacTu onpeenenus (BYHKIMI U3 3TOTO0 MHOXKECTBA. BesgKoe orpaHmvenre TAaKOTO pojia
B OTIPEJIEJIEHHOM CMBICJIE HCKYCCTBEHHO. B0O3MOXKHO, H60/1€€ MTPEeNOITUTETHHBIM ObLIO ObI
HaJsiozkeHue ycsobusi Ha napy (X,Y), upu cob/roenun KOToporo MakCuMa/ibHbie Y-ciia-
60 HempepbIBHBIE PACIIUPEHUS aBTOMATHYECKU MMeTN Obl JOCTATOYHO IMHPOKHE 00JIacTh
onpejenenus. OaHAKO B JJaHHON paboTe BHIOPAH MEePBHIil M0OIX0/1, KaK 0oJiee 00muii.

Mpur 6yjiem Ha3bIBaTh Y-c1abo HenmpepbiBHYIO (GyHKIUIO u: D — X pacwupenror,
ecim D — koromtee mopMuOKecTBo @ 1 exty|y (u) = u. Muomectso Coo(Q, X|Y) Beex
pacCIIuPEeHHBIX Y-ca00 HePePhIBHBIX X -3HAYHBIX (DYHKIHI ecTeCTBEHHBIM 00Pa30M IIpe-
BpAIAeTCsT B BEKTOPHOE MPOCTPAHCTRO, TJe O/ JJUHEITHONH KoMOnHanmel \u+ (10 ToHIMa-
ercsl MAKCUMAJIBHOE Y-C1a00 HeNpPEepPbIBHOE PACIINPEHNe MOTOYEUHON CYMMbBI AU|dom v +
1| dom w- V13 Teopemsr 1.3.5 caeayer, uro aus kaxaoi Gynkunn u € Coo(Q, X |Y) cemeii-
creo {(uly) 1y €Y, |ly|| < 1} orpanuueno s K-upocrpancrse Coo(Q). Bepst B kauecrse
HOPMBI |©| TOUHYIO BEpXHIOIO I'PAHUILY ITOTO CEMEHCTBA, MBI IPEBPAIAeM MPOCTPAHCTBO
Coo(Q, X|Y) B PHII nay Coo(Q). Bamernm, uro dyukuus ||ul : ¢ € domu — ||u(q)|| sB-
JIIETCS TIOTOYEYHOI TOYHON BepxHeil rpanurieil Toro xke cemeiicta. [Tosromy |luf < |u]

na dom u, npuuem 3Hauenus orobpazkenuii ||ul| u |u| coBnagaoT Ha HEKOTOPOM KOTOIIEM
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nojaMuozkectse ) (em. reopemy 1.3.5). U3 caeyromero npumvepa suauo, uro |luf| u |ul

MOT'yT He coBHajarh Ha dom wu.

IIpennoxkeume. Ilycrp () — OECKOHEYHBIH IKCTPEMAJIbHO HECBA3HbIH KOMIIAKT,
a X— beckoneunomepHoe rujibbeproBo npoctpancrso. CymecTByOT (yHKIUST u €

Coo(Q, X|X") m Touka q € domu raxme, aro u(q) = 0, wo |u|(q) = oo.

< B cuy 6eckoneunoctu ) nveercs nocseoBareabHocTh (Uy, )peN HONAPHO He 1e-
PECEKAOINXCS OTKPHITO-3aMKHYTHIX MOAMHOKECTB (), 00beaunenne D = UnEN U,, koto-
poii Berogy mnotHo B Q. TIpocrpanctBo X BBUAY CBOEll GECKOHEYIHOMEPHOCTH COMEPIKUT
HEKOTOPYI0 OPTOHOPMHPOBAHHYIO TOCTIEI0BATENLHOCTD (€p)neN. PaceMoTpuM DyHKIHIO
ug: D — X, ToxmecTBenno papuyio y/ne, ma U, (n € N). Ilyctb X — Kakag-71u60
KOMITAKTuUKALHS IPOCTPaHCTBA X, CHAOZKEHHOrO C¢1aboil Tomosorueit, a ig: Q@ — X —
HenpepbIBHOE TPOI0JIzKeHNe (DYHKIUU Ug. ZICHO, 9TO CyzKeHue u = ﬂ0|X SIBJISIETCS dJ1e-
merToM Coo (@, X|X'). Kak ussecrno, myan 0 npocrpanctsa X NPHHAIIEKHT CIa0OMY
3aMbIKaHUIO0 MHOKeCTBa {/ney : n € N} (em., nanpumep, [106: pemrenne 3azaun 21]). ITo-
STOMY 06pa3 (bYHKIUH gy, OYIYIH 3aMKHYTBIM IMOIMHOKECTBOM X, cojepzxut 0, i, cie-
noBatesnbHo, u(q) = 0 st Hekoropoit Toukn ¢ € domwu. C apyroit croponsr, |ul(g) = oo,
tak Kak |u| =v/nnalU, (neN)uqg¢ D. »

5.1.7. Bsemewm orHomenune sksusasenmuocmu ~ Ha muoxkectse Co(Q, X|Y) Beex
Y-cj1abo nenpepbiBHbIX X -3HaYHbIX (DYHKIUi, ONpejie/IeHHbIX HAa KOTOIIUX IOJMHOZKE-
crBax (), MOJOXKHUB U ~ U B TOM W TOJBKO TOM CIydae, eCid U W U COBHAJAIOT Ha
domu M domwv. Ouenano, cHEKeHMe omepaTopa eXty|y OCYIIECTBISET B3aNMHO Of-
HO3HAYHOE COOTBETCTBHE Mexk1y sjaeMentamu dhakrop-muoxkectsa C-(Q, X|Y')/~ u npo-
crparcTBa Coo (@, X|Y). C momompio Takoro coorserctBus MuOKeCTBO Co(Q, X|Y)/~
MOYKHO €eCTeCTBeHHBIM oOpaszoM HazemuTh cTpykTypoii PHIT man Cux(Q) (eMm. 5.1.6).
Paccmorpenne pacrmmpenubiX (yHKIUi, KaK W B CjIydae cedeHHil GaHAXOBBIX DPACCJIO-
ermit (cp. 2.5.6), 3aK/I09aeTCsl B BBLICJCHHH B KarXKIOM KJIACCE SKBHBAJCHTHOCTH W3
Co(Q, X|Y)/~ 1no KaHOHHYECKOMY HPEJCTABUTEIO0 ¢ HAUGOIbIIEH 06IaCThIO OIIpe Ieie-

HHA.

5.1.8. Ilycrs ) — conpsizKenHOE paccjoeHue K MPOCTOPHOi 000/109Ke ) MOCTOSTH-
moro HBP @ x {Y'} (em. 2.2.1, 3.1.5, 3.3.1). Brmouenna )'(¢) C Y(q), Y C Y(¢) m
X C Y’ nosponsior i Kazxkaoil TOUKH ¢ € (Q paccMOTpeTh GAaHAXOBO IOAMPOCTPAHCTBO
V(@) ={z€Y(q): zly € X} cuos Y'(q). Hpocropuoe HBP V' A Y (cm. 2.2.4, 3.1.11)
Gyser obosnauarbest cumsoiom (X|Y)g. s kaxuoro cevenns u € Coo(Q, (X]Y)g)

0003HauUMM dYepe3 Uy (DYHKIUIO (q > u(q)|y): domu — Y’. OueBugno, uro uy €
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C(Q,Y']Y), npuuem u3 3.1.11 ciemyer, uro npooGpas u;/l [X] siBasieTcss KOTOMMM MO/I-
muozxecrsoM Q. Creosarennno, cyzxenne uy |X npunamiexur Co(Q, X|Y), u mbr Bupa-

Be PACCMOTDETh ero Makcumasbioe pacuupenne uyx € Coo(Q, X|Y) (cm. 5.1.6).

Jlemma. Otobpazkenue u +—> u{f OCYIEeCTBJISIET H30METPHIO PENIeTOYHO HOPMHPO-

pannoro npocrpanctsa Coo (Q, (X|Y)g) Ha Cx(Q, X[Y).

<« [lokaxkeM M30METPUUHOCTH JUHEHHOTO OTOOpAKEHUS U +—> u{f . Sadukcupyem

npousBosbHOe ceuenne U € Cog (Q, (X\Y)Q). HepasencTso |u§| < |u| oueBummo. Ilo-

ckoabKy (X|Y)g — moapaccioenne ), cornacto 3.3.3 Mbl HMeeM
lul = sup{{v|u) : v € C(Q,)), [v] < 1}.

Badukcupyem mpousBobHoe cedenne v € C(Q,)), |v] < 1, u 3amerum, 9T0 Ha HEKO-

TOPOM KOTOIIEM MOAMHOYKeCTBe () BBITOIHEHs cootnomenns uy = uys, |ugy | = [|uff|| n
v=1vY =Y, orkyna
(vju) = <UY|U> = <vY|uy> = <UY|U{/(> < H‘u{f‘” = |u§(|

Ha TOM 7Ke KOTOoIIeM nmoaMuozKecTBe (). IIpon3BoIbHOCTE BEIOOpA cedenust v 00ecneunBaeT
HejocTaplee HepaBeHcTso |u| < Iu{/( |

Ocrajioch MOSICHUTH CIOPBbEKTHBHOCTH OTOOPaXKEHUs U u{f Ecm w €
Coo(Q, X|Y), To ana kaxoro ceuenns v € C(Q,Y) bynxnus ¢ — (w(q)|v(q)) onpese-
JleHa M HelpepbiBHa Ha KoTomeM noaMuozxkectse domw Nov~L[Y] C Q. O6osnauum uepes
(w|v) ee mpomomxkenne 110 snementa Coo(Q). st mobbix ¢ € dom |ul| u y € Y(q) noso-
xnm u(q)(y) = (w|v)(q), tae ceuenne v € C(Q,Y) TakoBo, uto v(q) = y. Hecnoxnas
IPOBEPKA IMOKA3LIBAET, UTO HPeII0KeHHBIE IOCTPOCHIA KOPPEKTHO ONPEACISiOT CeUeHIe

u € Cyp (Q, (X]Y)Q), VIAOBJIETBOPAIONIEE COOTHOIICHIIO u{f =w. »

5.1.9. Ecan E — ugean Cxo(Q), TO MHOKECTBO
E(X|Y) = {u € Coo(@Q, X|Y) : |u] € E},

cHabzkeHHOe onepanusmu, uhaynuposanubivu 13 Coo (Q, X |Y'), npescrasisier coboit PHIT

Han F.

Caencteue. (1) PHII Cwo(Q, X|Y) siBasiercst (pacmmpennniv) IIBK naq Coo (Q).

(2) HBP (X|Y)q siisiercst peasmzannonssiv pacciaoernem st Coo(Q, X|Y).

(3) JLrst mo6oro mreara E C Cx(Q) oTobparkenne u v+ Uit OCyIIeCTBISET H30MeT-

puto IIBK E((X[|Y)q) na E(X|Y).
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5.1.10. PaccmorpuM OT/Ie/IbHO CJIydail, KOTjia B POJIM JIBOMCTBEHHBIX IIPOCTPAHCTB
X u 'Y soicrynator coorsercrsenno X' u X. Cornacuo 3.3.1 u 5.1.2 cumson (Xq)" o6Go-
3HAYAET CONPSIZKEHHOE PACCJIOeHNEe K MPOCTOPHOM 060s10uKe ocrostanoro HBP @ x { X},
a cumsou (X')g — upocropuyio obosouxy nocrosunoro HBP @ x {X'}. B coorsercrsun
¢ 5.1.8 mng kaxaoro cedenns u € Ci (Q, (X’|X)Q) yepes uy 0003HAYAeTCa (DYHKIN
(g u(q)|x): domu — X'

CaencrBue. Paccroenne (X'|X)q cosnagaer ¢ (Xq)'. s moboro uieana E C
Coo(Q) oTobpaskenme u — ext x|y (ux) ocymecrsmsier nzomerpnio IIBK E((Xg)') Ha
E(X'|X).

<« Bproitekaer nenocpejcrsento u3 5.1.8 u 5.1.9. »

Taxnm obpasom, IIBK Coo(Q, X'|X) nsomerpuuno Coo(Q, (Xg)'). Kpome roro,
B 5.1.2 ycranosnena msomerpuiHocTs Coo(Q, X') n Coo(Q, (X')g). Iockombky IIBK
Coo(Q, X') wzomerpuuno BraaapBactcesa B Coo(Q, X'|X), n3 npennoxenns 3.4.7 ciaemy-
er, uro HBP (X')g moxno pacemarpusars kax Ganaxoso moapaccioenue (Xg)'. Pa-
BenctBo (X')g = (X¢@)' umeer mecto B ciydae coBnagenust nmpocTpancTB Coo(Q, X') u
Coo(Q, X'|X), uTO BBIMOIHEHO, HAIIPUMED, IPH peryaspHocTa 6yaesoii anreGpbr Clop(Q)

u cenapabesbHOCTH TpocTpaHcTBa X/ (CM. [83: 4.1.12 (B)])
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§ 5.2. Iamepumsbie BeKTOp-DYyHKIIAU

B sTom maparpadye uccieoBaH BOIpOC O CYIIECTBOBAHUM JTU(MTUHTA B IIPOCTPAHCTBE
U3MepUMbIX BeKTOp-pyHKIuil, mocrpoeno Biaoxkeuue MIBP ¢ nocrosiuubiv cjioem B NBP
¢ JudTUHTOM, a TakzkKe CchOpMyJIMPOBAHBI HEKOTOPbHIE CBONCTBA M3MEPUMBIX U CJ1a0O
U3MEpPUMBIX BeKTOD-(YHKINA, OJydeHHbIe B pe3y/ibTare Mpuaoxkenus Teopuu VBP.

Berony B pasbreiiniem ) — mpocTpaHCTBO ¢ HeHYJeBOH Mepoii (obsaatoriee cBOi-
cTBOM TIpsAMOil cymmsbt), p — audrunr L*°(Q). Kak u panbime, X u Y — npuBejieHHbIe

B JIBOWCTBEHHOCTH OGAHAXOBBI IMPOCTPAHCTBA, IpudeM Y HopMmupyer X.

5.2.1. CunmBon M(, X) obo3navaer MHOKeCTBO BcexX m3MepuMbix (1o Boxnepy)
byHKHii, OnpeeeHHBIX TOYTH BCIOAY B {) U NPHHEMAIOIINX 3HAYCHHS B IPOCTPAHCTBE
X. Yepes M (2, X) Mbl 0603HaAYAEM COBOKYIHOCTH KJIACCOB SKBUBAJIEHTHOCTH JIEMEHTOB
M(Q, X) no ornomenuto paBencra nouru seogy. Cumsosom L£°(Q, X)) obosnadaercs
muoKecTBO {u € M(Q, X) : |Ju| € L%(Q2)}, a ero snemenTs Ha3BIBAIOTCS (CYULLCMBEH-
HO) 02PAHUNEHHBMU USMEPUMBMU Hyrkyuamu. KIacchl SKBHBAJEHTHOCTH, COCTOSIIIHE
M3 CyHIECTBEHHO OIPAHMYEHHbIX (DYHKIMIT, HAZBIBAIOTCH 02PAHUMEHHDLMU KAGCCAMU, & CO-
BOKYITHOCTB BCEX TAKHX KJIaccoB oboznadaercs depes L>(€Q, X).

Ha wmuoxkecrse M (2, X) ecrecrBennbim obpasom BBogurcst crpykrypa PHIT wmasn
M(Q) u vomynst wag M(Q). Ilpm srom mopma |u| xmacca u € M(Q,X) Braowaer
norodednsie HOPMEL [|uf| Beex ero mpemacrasuteneit u € u. Ecoim E — umean M(S2), To
muoxkecTBo E(X) :={u € M(Q, X) : |Ju| € F}, cuat:kennoe onepausiMu, WHILY IIUPOBAH-
upivMu u3 M (€, X), oueBuano, npeacrasiser coboit PHIT wax E. Ouesmano, L>(, X)
copnagaer ¢ F(X), tne B = L*(Q).

5.2.2. Orobpaxenue px: L®(Q, X) — L>2(Q, X) nazosem augmunzom L*(Q, X)
(accoyuuposarnvim ¢ p), ecan s a0obix u,v € L2(Q, X) u e € L>(Q2) umeror mecto

cJIeAyIOIIne COOTHOTIIEHUS:

(a) px(u): Q= X upx(u) €u

6) llox ()l = p(lul);

() px(u+v)=px(u)+px(v);

(r) px(eu) = p(e)px(u);

() px(c™) = c ans Beex mocrosHubIX GyHKIHii c: Q — X.

Kak u B caydae sundrunra B npocrpancTse cedenuii (cp. 4.3.1), mbl Oyaem ynoTpebiarsb
3amuch px(u) BMecro px(u™) mast u € L2(Q, X), p(e) Bmecto p(e™) mst e € L(Q) u
p(A) Bmecro p(A™) g A € B(Q).



Tnasa 5. IPOCTPAHCTBA BEKTOP-®YHKITHH 223
§5.2. Uamepumoie sexmop-Pyrxuyuu

Teopema. /s cymecrBoanus surunra npocrpancrsa L (8, X)) neobxomumo n
JIOCTATOYHO, 9TOOBI IPOCTPAHCTBO ¢ Mepoii ) OBII0 ATOMHBIM HJIH OAHAXOBO IIPOCTPAHCTBO

X ObLITO KOHEIHOMEDHBIM.

<« TIposepka jocraroarocTu chOPMYINPOBAHHOIO YCIOBHS HE COCTAB/ISIET TPY/Ia, U
MbI OCTAHOBHMCSI JIMIIIL HAa 000CHOBaHHUU ero HeobxoaumocTu. lIpemxmonoxum, aro X Gec-
KOHEYHOMEDHO U §) He sABJsIeTCst AaTOMHBIM. He Hapyiast OOIIHOCTH, MBI MOXKEM CUYHTATH
() 6e3aTOMHBIM TPOCTPAHCTBOM € KOHEYHON HeHyJ1eBOit Mepoii. /lomycrum, 4ro, Bompekn
JOKa3bIBaeMoOMYy, TipocTpancTBo L°(Q, X)) nmeer audTHHT px, ACCOMMUPOBAHHBIN C p.

N3 6eckoneuHOMEPHOCTH TTPOCTPAHCTBA X CJIE/IyeT CYNIeCTBOBAHUE TAKOH MOCJIEeI0-
BATEJBHOCTH (T )peN 271eMeHTOB X, uT0 ||z, || = 1 u ||y — 2| = 1/2 p1s Beex n,m € N,
n # m. Buaarosaps 6e3aroMHOCTH HpOCTpaHcTBa (), CyIIECTBYIOT TOYKA wy € ) U 10-
CJIeI0BATEIbHOCTD ( Ay, )peN TOMAPHO He TePeCceKAIOIINXCsT HEIYCTHIX H3MEPHMBIX MOJIMHO-
xects §) Takue, uT0 p(Ay) = Ay mwo € ey An ~ . Taxyio nocienoBare/1bHOCTD MOZK-
HO MOCTPOMTH WHJIYKTHBHO, pa3duBag Ha KazKIOM mmare ouepeanoii ocratok Q\|Ji_; A4;
Ha JBa MojAMHOKecTBa A u B, uMeronux paBHble Mepbl, U BbiOUpasi B KadecrBe A,1q TO
u3 MHOKecTB p(A) win p(B), KOTopoe He COIEPKUT TOUKY Wp.

Ompenennm bynknnio v € L%(Q, X), nonoxkus u(w) = z, npu w € A,. U3
cpoiicrBa (1) smdrunra py caeayer, uro dbyuknus px(u) npogonxkaer u. O6o3HATHM
3HavYeHue py(u) B TOYKE Wy 4Yepe3 Ty M MOKayKeM, 4TO T( HPUHAJJIEKHT MHOXKECTBY
{zn, : n € N}. JleiicrBuresbHO, ecam 9TO HE Tak, TO JJisi HEKOTOpOro [mciaa £ > 0
MBI OyJeM uMerh ||xg — x,|| = € npu Bcex n € N, 4T0 IPUBOAUT K MPOTHBOPEUUBBIM

COOTHOIIICHMUAM

0 = [lox (u) = 2ol (wo) = lpx (u = zo)[l (wo) = p(llu = zoll ) (wo) =& > 0.

Urak, ©9 = x, ana wekoroporo n € N. Tlockoabky |u — x| = 1/2 mouru Beoxy
na Q\A,, mbr umeem ||px(u) — zn|| = p(flu —zn|) = 1/2 na Q\A,. Cuenosarennho,

wo € Ay, 1 HICKOMOE LIPOTUBOpeYHe OJIy9eHO. P

5.2.3. Paccmorpum nocrosinoe u3mepumoe Ganaxoso paccsoenue 2 X {X}. Kak
610 oTMedeHo B 4.2.1, copokymurocTh M (€2, X {X}) n3mepnmbix cedenuii 3Toro pac-
caoenns copmagaer ¢ M(Q, X). 13 4.3.1 ciaeayer, uro naauuue JudTHHTA B PACCTIOSHUN
QO x {X} — aBnenne peakoe. OnHaKo, KAK MOKA3BIBACT CJIEAYIOIIAs TEOPEMA, PACCIOCHUE

Q x {X} moxkno mnoruo Baoxkurh B UBP ¢ udrunrom.

Teopema. CymniecTByer (€AHHCTBEHHOE ¢ TOYHOCTBIO JI0 p-u3oMerpun) UBP ¢ jmg-

ruarom X Haj ) Takoe, 4TO
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(1) X sistercst 6aHaxOBBIM IIOAIPOCTPAHCTBOM Kaxka0ro ciaos X (w), w € €;

(2) xaxzaoe cegenne u € M(Q, X) npuanvaer snagenns u(w) € X modrn jrst Beex
w € Q;

(3) M(QX)={ueM(QX): imucC X}={u*:ueMQX)};

(4) smpruHr py ACCOMUUPOBAH C p;

(5) px(c™) = ¢ aust Becex nocrosiaubix Gynxmmii c: ) — X.

<« Cnenyer uz 4.2.3 u 4.4.5. »

NBP X, o koropoMm mjeT pedb B IocjeHeil Teopeme, OyaeT 0003HaAYaATHCS CAMBOJIOM
Xq. fcno, aro mocrosanoe IBP Q x {X} gaBisercst BCIOLY MIOTHBIM IIOPACCIOEHTEM

Xq B cMbice 4.2.3.

5.2.4. Cneacrsue. PHII M(Q, X) spisercs (pacumpennsiv) IIBK mazg M(2).
Paccioenne Xq siBisiercst peanmzanmonusiv IBP st npocrpancrsa M (2, X). Ecom

E — naean M(Q2), to orobpaxkenne u — u N M(Q, X) ocymecrsasier mzomerpuio [TBK
E(Xq) na E(X).

5.2.5. ODysxius u, oupeeaeHHast 09T BCIOAY B {2 U NPUHUMAIOIIAS 3HAYEHUS B
npocrpancTBe X, HA3bIBACTCs Y -CAa00 U3MEPUMOT, €CJIH JIjist JTI000ro y € Y BemecrBeH-
nas dyukuus (u|y) := |y)ou nuzmepuma. COBOKYIHOCTH BCex Takux (DyHKIU U Mbl Oy1em
oboznadars cumsosiom M(Q, X|Y). Tourn Berogy onpejesennbie X -3Haunbie DyHKIUM
U U U HA3BIBAIOTCS Y -CAG00 IKEUBANEHMHLMU, €CU JIJI Kazkaoro ¥y € Y dbyuxknun (u|y)
u (v]y) coBuagawoTr nouru Beoay. OrHonrenue Y-ci1aboil 9KBUBAJEHTHOCTH HA MHOZKECTBE
M(Q, X|Y') mb1 Gy1er 0603Ha49aTh CHMBOJIOM 2~ B OTJINYUE OT CUMBOJIA ~, 0O03HAYAIONIEI0
OTHOIIEHHE paBeHCTBa 10T BCoay. Pakrop-muoxecro M(Q, X|Y)/~ obosnauaercs
aepe3 M (Q, X|Y). Haunomuum, uro st daxrop-muozxecrsa M(§2, X))/~ 6bl10 BBejeHO
oboznadenne M(Q, X) (em. 5.2.1). Ecmmu € u e M(Q,X|Y) uy €Y, ro cumsoa (uly)
obosnauaer kiacc (uly)™ € M(Q).

Ouernano, uro M(, X) C M(, X|Y), npuuem BKJIIOUEHHE MOKET OBITH CTPOTHM.
CymecTByOT IpUMephl ¢J1a00 SKBUBAICHTHBIX (DYHKIMI, He COBNAIAIOIINX TTOYTH BCIOLY
(em. [131: 11.1]). Oxmaxo u3BecTHO, uT0 X' -C1a60 SKBUBAICHTHBIE H3MEpUMBIe 110 Boxaepy
dbyukun paBabl outn Bewoay (em. [131: I1.2, caencrsue 7]). Ucnonb3osanue jgudruara

p npocrpancTBa L°(§2) mo3BoJisieT ¢ JIErKOCTHIO YCUIUTh 3TOT Pe3yJIbTarT.

Jlemma. Ecin ¢ynknmn u,v € M(Q, X) Y-cinabo skBuBajieHTHBI, TO OHH DABHbI

HHo4THu BCIOAY.
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<« g Beskoit crymendaroit (= u3Mepumoil KOHeYHO3HA4YHO() byHKIUH § =
S 1 XAxi ompeienum crymendaryio dbyuknuio p(s) ~ s no upasmwiy p(s) =
> i1 Xp(Ay)Ti- OueBmamo, aro (p(s)|y) = p((sly)) mnst moGoro y € Y.

CraHgapTHBIME PACCyZKIEHUSIMH MOXKHO CBECTH JOKA3LIBAEMOE YTBEDKICHHE K CJIY-
qao u € LX(Q,X), v = 0. Paccmorpum Takymo Mocjae10BaTebHOCTh (Sp)peN CTYTIEH-
qareix ysxmmii, aro ||s, —ul < 1/n prs Beex n € N. 113 Y-cnaboii 9KBUBATEHTHO-
ct v =~ ( BBITEKAET, YTO JIJIsI KaykKJI0ro 3jementa y € Y u unciaa n € N BbITIOJIHEHO
|(snly)| < |ly||/n mouru Beromy, u nosromy |(p(sp)|y)| < |lyl|/n scrody na Q. Cremoa-

TesibHO, p(Sy) — 0 Ha Q. Ocraercst 3amMeTuTh, 9T0 p(Sy) — U MOYTH BCIOAY. P

[TocsieHee yTBep:K ieHIe TO3BOJISIET HAM Ji/ist Kaxk 1ot dbyukmun u € M(, X) oroxk-
necteuth Kaaccel {v € M(Q,X) 1 v ~u} € M(Q,X) u {v € M(QX|Y) : v ~u} €
M(Q, X|Y). B nanbHeitiem oba 51i Kjaacca GyayT 0003HAYATHCS OJHUM U TE€M K€ CHM-

BOJIOM U”.

5.2.6. Muoxecto M(Q, X|Y) ecrecTBeHHBIM 00pA30M IPEBPAIIAETCST B BEKTOD-
HOE TMPOCTPAHCTBO: MBI moJjaraeM Au~ + pv~ = (/\u|d0mv + ,uv|d0mu)N JUIT A, b €
Ruuv € M(Q,X|Y). OueBumno, uro M(, X) — BeKTOpHOE MTOAIPOCTPAHCTBO
M(Q,X|Y). U3z 1.3.10 cremyer, uro ausi aroboro kiaacca u € M(Q, X|Y) MHOKeCTBO
{{(uly) : y € Y, |ly|| < 1} mopsinkoBo orpaundeno B M (2). Beps B kadecrBe HOpMBI |u]
kiaacca u € M (2, X|Y) Tounyio Bepxuioro rpanuiyy Maoxkecta {(uly) 1y € Y, ||yl < 1}
B M (2), mbl upespaiaem npocrpancrso M (€2, X|Y) 8 PHIT nay M(2). Ecau E — ujeain
B M(2), o muOxkecTBO E(X|Y) :={ue M(Q,X|Y) : |u| € £}, cuab:xennoe oneparusi-
mu, unynuposanabivu u3 M (Q, X|Y'), ouesugno, upeacrasisier coboii PHIT nay E. Tlpu
E = L*>(Q) npocrparcrso E(X|Y) obosnauaercst uepes L>(2, X|Y), a UL®(Q, X|Y) —
aepe3s L(Q, X|Y). Hua u € M(Q, X[|Y) cuvBosiom |u| M Gygem o603HauaTh 1pOU3-
BOJIbHBIHN 371eMeHT Kiaacca |u™| (koukperusiii Boibop npeacrasurens |u| € |u™| ue Gymer

UrpaTh posim npu yrnorpebiennu cumposa |ul).

5.2.7. Ecim u € M(Q, X|Y), to qus aoboro kiaacca K € B(§) koneunoit Mepsl
CYNIECTBYET TaKasl MOCIEIOBATEILHOCTD (Yn)peN 9JIEMEHTOB €JIMHHTHOrO Imapa Y, uro
(K)u| = sup,,en(K)(ulyn). Tem cavbiv ecin (K¢)gez — pasbuenne equuuip B GyeBoit
anrebpe B(f)), cocrosiiee U3 KIaCCOB KOHEYHOH Mepbl, TO jijis woboro u € M (9, X|Y)

E)SGE

CYTIECTBYET TaKOe CeMeliCTBO (yn neN YIEMEHTOB eJMHUTHOTO mapa Y, 1To

|u| = sup sup <K§)<u]y,§b>
£€E neN

13 BBIIECKA3AHHOTO CJIeJyeT, u4To jyist Jar6oi dyukmun v € M(Q, X|Y) umeer me-

cro mepasencTso |u| < |Ju|| nourn Beony ma Q. Bosabmero ckasars o cesaszu dynknuii |u|
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u |Jul| B obuem ciayuae nenbzsa. Pyuxuums ||uf| moxer OGbirb Hemsmepumoii. Bosmoxkna
curyarst, ipu Kotopoit |u| ~ 0, vo ||u|| = 1. Takum obpasom, dbyukuus |u| n noroueu-
nas rpanuna sup{(uly) : y € Y, |ly|| < 1}, Boobuie rosopsi, He CBA3AHBI APYT C JPYTOM.
Curyanus Mensiercsi, eci, 3adukcuposas JudTuHr npocrpancTa L(2), 3ameHuTs B
nocyienueit popmyne (uly) va (uly)~ (cm. 1.1.13): cormacuo 1.3.10 mna mo60ii byHKINIH
u € M(Q,X|Y) nouru Bcrogy Ha ) BbIIOJTHEHO paBeHCTBO |u| = sup{(u\y}N cy €Y,
Iyl <1},

5.2.8. Ecm v € M(Q,(Xq)'), To dyukunst vx: w — v(w)|x u3 domv B X',
ouesnyiHo, npunayiexur M(Q, X'|X). [lna xkaxmoro saemenra v € M(Q, (XQ)’) 0060-

3HAYUM CHMBOJIOM Vy Kiace u3 M (Q, X'|X), conepxxamuii pynkuum vy npu v € v.

Jlemma. OrobparkeHne v — Vx OCYIIECTBISET H30METDHIO PEIIeTOYHO HOPMHPO-
Bannoro npocrpancrsa M (€2, (Xq)') ma M (2, X'|X).

<« [lokakeM M30METPUYHOCTH JIMHEHHOTO OTOOpaKeHus v +—> Vx. SaduKcupyem
npoussosbhblil kKiace v € M(Q, (Xq)'). Cornacno 4.4.7 bt umeenm |v| = sup{(u|v) : u €
M(Q, Xq), |lu] < 1}. Hepasencrso |vx| < |v]| oueBugno. Pacemorpum mpou3BoIbHBII

ssement u € M (), Xq), |u] < 1, u 3amernm, uro

(ulv) = (w¥vx) <|u|- Ivxl < vl

rae uX — xmacc w3 M(Q, X), comepxamuii dynkmun u|X mpn v € u (em. 5.2.3).

[TpoussosibHOCTH BHIGOPA U ObecrednBaeT HeocTaIee HepaBeHcTBo |v]| < |vix|.
OcTanoch NOSCHATH CIOPbEKTUBHOCTH OTOOpaXKeHus v +— vx. s KaxKaoro sJe-
menta w € M(Q, X'|X) naiinerca rakoe pasbuenue exunuust (K¢)ecz B GyaeBoit anreGpe
B(Q2), uro (K¢)|w| € L*>°(Q2) ana Beex £ € Z (em. 1.3.3). Badukcuposas Hpou3Bo/Ib-
uele § € 2, w € (K¢)o 1 2 € Xq(w), Beibepem u € L*(Q, Xq) Tax, 9robsl u~(w) =
(em. 4.4.1) u nosoxum v(w)zr = (u|w)~(w). Hecuoxuasi npoBepka 110KA3bIBALT, YTO
IpeLIOzKeHHbIe IOCTPOSHHS. KOPPEKTHO onpesensior cedenne v € M (€2, (Xgq)'), yaosie-

TBOpstoNee coornomenuio (vV)x =w. b

Cnencrsue. PHIT M(Q, X'|X) aprsaercs (pacnmpennniv) TIBK nmag M(Q). Pac-
caoenne (Xq)' aprsercs peammzammonnsiv UBP st penrerouno HOpMHPOBAHHOTO 1IPO-
crparctea M(Q, X'|X). Ecim E — maear M(S)), To oTob6pazkeHne u +— ux OCYIIECTB-
ser msomerpuio 11BK E((Xq)') na E(X'|X).
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8§ 5.3. CBa3b MEXK/Iy HENPEPHIBHBIMU
U U3MEPUMBIMHU BEKTOP-(PYHKIUAMU

Pesysnbrars, chopmyinpoBanibie B 3TOM mnaparpade, siBJIsSiOTCs CJIeACTBUIMU CBsi-

3eil Tpex BUIOB:

(a) mexy mpocrpancTBaMu HenpepbiBHBIX BekTOp-byHukiuit 1 HBP (cm. §4.1),
(6) Mexay mpocTpaHCTBAME U3MEPUMBIX BeKTop-byHkmuii u UBP (cm. §4.2),
(B8) mexay IBP u HBP (cwm. §3.3).

[lepeunciieHHbIE MHCTPYMEHTHI HPUMEHSIOTCHA 3/1€Ch, IPEXK/Ie BCEro, i yCTAHOBJIEHUS
CBA3€l MEK/Iy ITPOCTPAHCTBAME U3MEPHUMBIX W HEIPEPBIBHBIX BEKTOP-(YHKINNE PazsHO00-
Pa3HOr0 THIIA B TEPMHUHAX TaK HA3BIBAEMOI'O CTOYHOBCKOTO IIpeoOpa30oBaHUs. 3aBepiila-
eTcst maparpad cepueit MOMyTHO YCTAHOB/IEHHBIX (PAaKTOB O CYNIECTBOBAHUU PA3HOIO POJIA
Ju(TUHTOB B MPOCTPAHCTBAX U3MEPUMBIX BEKTOP-(DyHKIHI.

Kak u pambiie, () — OPOCTPAHCTBO ¢ HEHYJIEBOH Mepoil (obJaasaoriee CBORCTBOM
npamMoit cymmset), p — audruar LX(Q2), X u Y — upusejeHHble B JIBOHCTBEHHOCTH
H6aHaXOBbI MPOCTPAHCTBA, NMpudyeM Y HOpMUpyeT X, YTO MO3BOJSIET paccMaTpuBaTh X
Kak GaHaxoBo nojupocrpancrso Y. Kpome Toro, () — ¢TOYHOBCKHMII KOMIAKT OyJieBoi
anreOpel B() u 7 — xaHOHHYecKoe morpyzxenue ) B (), COOTBETCTBYIOIIEE JTUDTHHTY p.
[Tosie3H0 WMeTh B BHUJLY, 9TO TOINME IMOJIMHOXKECTBa () B JTaHHOM CIydae SBISIOTCS HUTIE
He MIOTHBIMHU (cM. Teopemy 1.2.13).

B pasbreitinem Mbr canraeM, 9o Coo(Q, X) C Coo(Q, X|Y), oroxaecrusis dbyHK-
i v € Coo(Q, X) 1 extx)y(v) € Coo(Q, X|Y) (em. 5.1.4). Hamomamm, 9T0 TOXOKIM
criocobom B 5.2.5 mbt Broxuu M(Q2, X) B M(Q, X|Y).

5.3.1. Jlemma. HBEP X asngerca croynoscknm npeobpasopannem IBP Xq, . e.

MOXKHO CYHTaTh, 4T0 X = XgoT.
« Crenyer u3 4.3.4, 4.3.5u 5.2.3. »

5.3.2. Teopema. (1) Ilourn Bcroay B ) onpenesennas X -3nadnasi QyHKIHS U
H3MepHMa TOTJA M TOJBKO TOLJA, KOTJAA U ~ U O T JIsi HEKOTOPOTO 3JeMeHTa U €
Coo(Q, X).

(2) [Lnst moboro kaacca u € M(S2, X) cymecrByer enmHcTBeHHAsT (DYHKIHS U €
Coo(Q, X), naromast npesacrapaenne u B Buge (o 7).

(3) Orobpaxkenune u — u ocymecrsisier nzomerpuio IIBK M(Q, X) na Cx(Q, X),
acconumupoBaHHYo0 ¢ m3omopguzmom (e — €): M(Q) — Co(Q) (em. 1.3.13). Obparnas
nzomerpust Coo(Q, X) ma M (2, X) geiictByer mo npapuiy v — (voT)™ H acCONHAPOBAHA
¢ mzomoppuzmom (e — (e07)™): Coo(Q) = M(Q).
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<« Cuemyer uz 4.3.4, 5.2.3, 5.2.4 u 5.3.1. JIpyrue jgoka3arejibCrBa N30METPUIHOCTH
M(Q,X) n Cxo(Q, X) moxuO HaliTH B [235: Teopema 2.9] u B [83: Teopema 4.1.15]. »

Oynkius u € Cx(Q, X), coorBercrrytomas kiaccy u € M(Q, X) cormacuo . (2),

OyZeT Ha3BIBATHCI CMOYHOBCKUM NPeobpasosaruem U.

5.3.3. Jlemma. Ilycts BermosiHeHa OJHA W3 CJAEAVIONIAX Map VCIOBHI:

(1) v e Cx(Q,X) n moguuoxkecrso Xg C X 3aMKHYTO B TOIOJOIHH HOPME,

(2) veCux(Q,X|Y) u Xo C X 3amknyr0 B Y-caaboii ronosorun.

Obpa3z ¢yHKnuH v cogep:kuTcss B X TOIJa H TOJBKO TOIJa, Korjga B Xg COJEpPKHTCS

06pa3 KOMITO3HUI[HH U O T.

<« Ecim 06pas dynxuun v ne copepxurces B X, To MuOZKecTBO v [ X0 He sBiasercs
BCIOJLY ILUIOTHBIM B (), W, CJIIOBATETHHO, MMEETCsl HEMYCTOe OTKPHITO-3aMKHYTOE B ()
noavmoxkectso U C Q\v™1[Xp]. B Takom caydae moutn Beiogy Ha MHOKecTBe T L[U]

HEHYJIeBOW Mepbl PYHKIINS ¥ © T NPUHAMAET 3HAYeHus, He MpuHaiexkamnme Xy, P

CaencrBue. [lycrs Xo — 3amkhyToe nogmuoxkectso X . 3uadenus u(w) (pyHKIpH
u € M(Q, X) npunamgmexkar Xo mourn Juist Bcex w € ) TOrga W TOJBKO TOLJA, KOTJA

00pa3 CTOYHOBCKOI'O IIPeobpa30oBaHHs KJjacca u” cOMepzKHATCS B Xj.

5.3.4. O6osnauum uepes L€, X) (coorsercrsenno uepes L5 (Q, X)) cosokym-
HOCTB Beex Tex dyukiuit u € M(Q, X), aust Koropbix 06pa3 u[A] HEKOTOPOro MHOZKeCTBa
A ~ ) gBJIETCS OTHOCUTENTHLHO KOMIAKTHBIM B CMBICJIE TOIIOJIOTHI HOPMBI (COOTBETCTBEH-
HO B cMblcie Y-ciaaboii Tomosornu). Ormernm, aro L9, X) C L5 (Q, X) C L2(Q, X)
u L5(Q,X) = £2°(Q,X’). Bekropuoe npocrpancrso {u~ : u € L§(Q,X)} C
L>®(Q,X) Mo 6ygem obosnadars cumsoiom L§ (€2, X), a ero mogmpocrpancrso {u” :
u e L9, X)} — cumsosom L(Q2, X).

CaencrBue. Ilycth (pyHKIHS U ONpeie/ieHa IIOYTH BCIOJAY B §) H NPpHHHEMAET 3HaUe-
HHST B IPOCTPaHCTBE X .

(1) Oyuknms v npurarexur L°(Q, X) Torga m TojpKO TOrAa, KOrjga u ~ v O T
autst Hekoroporo agementa v € C(Q,X). Croynosckoe npeobpaszoanne u — U 0Cy-
mectsister nzomerputo PHIT LE(Q, X)) ma C(Q, X), acconuupoBaHHYO ¢ H30MOP(H3IMOM
(e e): M(Q2) = Co(Q).

(2) Oynxnus v npuragrexur L5 (€2, X) Toraa o To1bKO TOIa, KOLAa U ~ vV 0T I
rekoroporo snementa v € Coo(Q, X)NC(Q, X|Y'). Croyrosckoe npeobpasopanne u — a
ocymecrsisier nzomerpuio PHIT LS, (Q, X) na C(Q, X)NC(Q, X|Y'), accounnposanmyio
¢ m3omopmzmom (e — €): M () — Cux(Q).
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5.3.5. Teopema (F.D.Sentilles). IIpocrpancrsa Coo(Q, X|X') 1 Coo(Q, X) coB-

aaalor.

<« U3 [235: reopempbr 2.5 u 2.8] caemyer pasencrso C2 (U, X|X') = C% (U, X)
s Kaxgoro sgementa U € Clop(Q), mpooGpas 7 ![U] KoTOporo mmeer KOHEUHYIO
mepy. CBOICTBO IPAMOli CyMMBI, KOTOPBIM 001a1aeT {2, MO3BOJISET HAM PACTPOCTPAHUTD
nocsiejee pasenctso ma Bech kommakt: CY (Q, X|X') = CY(Q,X). Yreepsxiennue
TEOpEeMBI Tenephb caeayer u3 Toro dakra, 9o maa kaxaoh Gyukmun u € Coo(Q, X |X')

cymecrByer pasbuenue ejaunuipl (Up)pen B OyseBoii anrebpe Clop(Q)), obecnednBaioniee
srouenne (Uy)u € C2(Q, X|X') npu cex n € N (em. 1.3.3). »

5.3.6. CuaenctBue. Ilourn Bcrogy B () onpenenennast X -3Haqnasi (OyHKIHST U
npunasrexnt LS, (2, X) Toraa n T0bK0 TOrA, KOLJA U ~ VOT JIJIs HEKOTOPOI'O 3JIeMEHTa
v e C0(Q, X|X'). Croyrosckoe npeobpazopanne u — 0 ocymectisger uzomerputo PHIT
L5/(Q,X) nma C(Q,X|X'), acconumpopannyro ¢ nsomoppusvom (e +— &): M(Q) —
Coo(@).

< Brirekaer u3 5.3.4 (2) u 5.3.5. »

5.3.7. Teopema. (1) Iouru Bcroay B ) onpenenennas X'-3naunas (pynkums
X -ci1abo u3mepuMa TOrjja i TOJIBKO TOIa, Korja oHa X -c1a00 SKBHBAJI€HTHA KOMIIO3HI[HH
v o7 st HekoToporo saementa v € Coo(Q, X' X).

(2) Lnst mo6oro kmnacca u € M(Q, X'|X) cymecrByer equHcTBeHHAST DYHKIHSI U €
Coo(Q, X'|X), naromast npeacrapienne u B puge (o 7)~.

(3) Orobpazkenne u +— U ocymecrsiaser mzomerpuio 1IBK M(Q, X'|X) na
Coo(Q, X'|X), accomumposanmyto ¢ mzomoppusmom (e — €): M(Q) — Cx(Q). O6-
parnas nzomerpusi Coo(Q, X'|X) ma M(Q, X'|X) aeiicryer no npasuay v — (voT)™ un
acconmnposana ¢ mzomoppusmom (e (eo7)™): Coo(Q) — M(R).

<« Uz 528, 53.1, 447(2), 434 u 5.1.10 craeayer mnenodka u30OMeTPHil
M(Q,X'|X) ~ M(£,(Xq)) ~ Cx(Q, (X)) ~ Cx(Q, X'|X). »

Oyuxknsa 0 € Cuo(Q, X'|X), coorBercrByromas kmaccy u € M(Q, X'|X) co-
raacHo 1. (2), GyJger Ha3BIBATLCSI CMOYHOSCKUM npeobpasosanuem u. Ecam knace u
upunaiexut npocrpancrey M(Q, X'), To ero croynosckue npeoGpasoBaHusi B CMbIC-
ne 5.3.2 m B cumbicae 5.3.7 copnagaor (¢ yuerom siaoxkennit M(Q, X') € M(Q, X'|X)
n Cr(Q, X') C COO(Q,X’|X)), YTO ONPABALIBACT UCIOJBL30BAHUE JJId HUX OJMHAKOBBLIX

TEPMHUHOB U 0003HAYEHUIA.
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5.3.8. Tlockombky M(Q, X|Y) € M(Q,Y']Y), croynoBckoe npeoGpasoBanue 0 €
Co(Q,Y']Y) moxer GbITh Onpeseneno takzxke ais saementos u € M(Q, X|Y). B wacr-
nocru, ecm u € M(Q, X|X'), To 0 € Coo(Q, X”|X”). 3nauenne t(q) € Y’/ croynosckoro
upeoGpaszosanus kiaacca u € M(Q, X|Y) B Touke ¢ € dom G MOXKHO OUPEAESUTD CJIe/1y-
o obpasom: (yla(q)) = (uly)(q), y € Y. B Taxom Buje oHO BO3HWKaeT B paboTax
[182, 236] mua knacco u € L2 (Q, X|X').

Kak ciejayer u3 Teopembl 5.3.7, CTOyHOBCKOE Ipeodpa30BaHue OCYIIECTBIISIET H30-
merpuunoe Biaoxkenune PHIT M (Q, X|Y) B [IBK C(Q, Y'|Y). 3amerum, uto 06pas 3Toro

BIOKeHns MozkeT He coBnagarh HH ¢ Coo(Q,Y'|Y), mu ¢ Con(Q, X|Y).

Teopema [236]. Kracc u € M(Q, X|X') npuragnexkur M(Q, X) Torga m TobKO

rorya, korga U [X"\X| apasercs Tommm (= Hurze He ILIOTHBIM) MOIMHOMKECTBOM Q.
<« Caenyer u3 Teopem 5.3.2 u 5.3.5. »

5.3.9. ODyukuuio u € M(Q, X|Y) mazoBem komnaxmuot, ecin ee 0dpa3 OTHOCH-
TEJILHO KOMIIAKTEH B cMbIc/ie Y-caaboii ronosorun. Cumsosiom L9(Q, X|Y') obo3nauaercs
COBOKYITHOCTB Beex aeMenToB M (2, X|Y'), Y-ciabo 95KBUBaIEHTHBIX KOMITAKTHBIM (DYHK-
muam. Ormernm, aro muozkectBo L°(2, X'| X) copmamaer ¢ £°°(2, X'| X) u npencrasnser
c000ii COBOKYIIHOCTH BCEX LOYTH BCIOJLY olipejiesieHHblX X' -3HaunblX pyHKIuil u, yioBie-
TBOpsIONHX yeaosuo (u|lz) € L%°(Q) musa kaxaoro x € X. B obmem xe ciydae mve-
er MecTo TosbKo BRouenune L°(Q, X|Y) C L2(Q, X|Y). BekropHoe moAIpoCcTPaHCTBO
{u™:ue L£Q,X|Y)} C L>®(Q, X]Y) mbl Gyer o6o3nadars cumsosom L2, X|Y).

CaencrBue. Ilourn Bcrogy B () onpenenennass X -3HaquHast (DYHKIHS U HPHHATE-
xkur L, X|Y) rorga u toapko torga, korjga oHa Y-caab0 SKBHBAJTEHTHA KOMIIO3UITHH
v o T s mekoroporo anementa v € C(Q, X|Y). CroyHoBckoe nmpeobpazoBanme u —

ocymecrssier nzomerputo PHIT L¢(Q, X|Y') na C(Q, X|Y'), acconunpoBannyto ¢ n30Mop-
dusmom (e — €): M(Q) = Cx(Q).

4 Broirekaer u3 5.3.7u1 5.3.3. »

5.3.10. Cuaencrsue [131: III, §4]. IIpocrpancrsa L°(Q, X|X'") u LS, (9, X) cos-
magafor. Muasrvu cioBamu, ecm ciabo mamepumast pyukmnus w: 2 — X wnmeer cabo
OTHOCHTEJIbHO KOMIIAKTHBIH 00pa3, TO OHa CJ1ab0 >KBHBAJEHTHA HEKOTOPOH H3MepPHMOIH
110 Boxuepy ¢yukmnum v: Q — X, rakyke mMmerorieii ¢1ab0 OTHOCHTEJIbHO KOMIIAKTHBIH

obpas3.

<« DBpoirekaer u3 5.3.6, 5.3.9 u 5.3.5. »
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5.3.11. us u € u € M(Q,X|Y) uy € Y dbyuxkuua |y) o u obo3nauaercs ue-
pe3 (uly), a coxepxammii ee xiacc (uly)™ — uepe3 (uly). Ilycrb L — Bexkrtophoe
noanpocrpancrso L®(Q, X|Y), a Z — Ganaxoso nogupocrpancrso Y. Orobpazkenune
pr: L — L%(Q, Z]Y) mbt 6ynem wazsiBath Z|Y -caabvim augmunzom npocmparcmea L

(accoyuuposarnvim ¢ p), €CTU OHO YIOBIETBOPSET CJEIYIONIUM YCIOBUSAM:
(a) pr(u): Q@ — Z pna moboro u € L;
6) (pr(u)ly) = p((uly)) nraBcexue Luy ey,

Ecin Z|Y -cnabuiit udTUHT pr, YIOBIETBOPSIET TaKIKe YCJIOBUSIM:

(B) ecam v € u € L, o byukiuu u u pr, () paBHbI HOYTH BCIOJY;
(r) ller()ll = p(lul) wist kaxgoro u € L,
TO OoH Oyser HasbBaThCa Z|Y -cuavhovim augdmunzom npocmparncmea L. Ormerum, ato

n060# Z|Y -cnabeiit sudrunr pr obaagaer cieayronmumM CBORCTBAMU:

(1) ecim u € u € L, o dbyukiuu v u pr(u) Y-caabo S5KBUBATEHTHBI;
(2) ecmmu,v € L, 10 pr(u+v)=pr(u)+ pr(v);

(3) ecuue L, e € L™®(Q) ueuc L, 1o pr(eu) = p(e)pr(u);

(4) ecaun dyukmus c: 2 — X mocroguua u ¢~ € L, 1o pr(c™) = c.

5.3.12. Teopema. st soboro smmprunra p: L>(Q) — L>X(Q) cymecrsyror
eauncrennbiii X | X' -cupuptit suprunr py npocrpancrsa L€(Q, X) u eaubcrBeHuHblii
X|Y -cnabwrit mupTHAT p x|y MpocTpanctsa LE(Q2, X|Y), acconmmposanmsie ¢ p. Ilpm atom
215t Kazkoro snementa u € L°(Q, X) (coorsercrsennou € LE(Q, X|Y)) ¢ynxnus px (u)
(coorsercrBenHo p X|Y (u)) coBmazaer ¢ toT, rie i — CTOYHOBCKOE IPeoOpA30BAHHe KIAC-
ca u B cMbice 5.3.2 (cOOTBEeTCTBEHHO B cMBICTe 5.3.8), & T — KAHOHHIECKOE IIOTDYKEeHHe

Q B (), cooTBeTCTBYyIOIIEE JTH(OTHHTY p.
<« Bpuitekaer uz 5.3.4 u 5.3.9. »

5.3.13. Hmxke mepeuncieHbl HEKOTOPbBIe Pe3yIbTaThl, BHITEKAIONIHE U3 IMOCTIETHEl

TEOPEMBI.

CaencrBue. Ilycrs () — mpocTtpaHcTBO ¢ HEHyJIeBOH Mepoii, 00J1ajaroIee CBOki-
CTBOM HpsiMOH cyMMbl, X u Y — 1npuBejeHHbIe B JBOHCTBEHHOCTH ODAHAXOBbBI IPOCTPAaH-
crBa, npuieM Y Hopmupyer X.

(1) Ipocrparcreo LE(Q, X) nmeer X |X'-cumpubtii muprumr.

(2) Ipocrpancrso Ly (), X) nmeer X|Y -crabblii jinpraAL.

(3) IIpoctparcteo L*°(Q, X') mameer X'|X -ciabprii iu¢pramr.

(4) Ipocrpancro L¢(Q, X|Y) umeer X |Y -ciabbrii jiurunr.

(5) Ipocrparcreo L™= (Q, X|Y') nmeer Y'|Y -cnabprit nprunr.
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(6) Ilpocrpancrso L®(Q, X'|X) umeer X'| X -ciabprii iucprumr.
(7) Ipoctparcteo L*°(Q, X|X') nmeer X"| X' -crabptit muchrunr.

HpHBe,ILeHHbIﬁ CIIICOK DPE3YyJIbTaTOB HE dBJIA€TCAd HOBBIM W HMeEeT I/IJIJHOCTpaTI/IBH}Jﬁ

xapakTep. Hanpumep, yreepxaenus (3) u (4) moxkuo uznieup u3 [166: VI, §4-7].
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I'masa 6. OIIEPATOPDbI, COXPAHAIOIIINE JIMN3'bIOHKTHOCTD

Omneparopbl, COXpaHAOIIKE JU3bIOHKTHOCTh, KMEIOT COOCTBEHHYIO OOraryio pesy/ib-
TaTaMH TEOPHIO, BKJIOYAIOIIYI0 TaKHe BOIPOCHI, KAK OIPAHHYEHHOCTDH, HEIPEPLIBHOCTD,
CIIEKTpaJIbHbIEC U T€OMETPUYIECKHUE CBOI'_/‘ICTBa‘7 MYJIBTUTTIJINKATUBHOCTH, KOMITaAKTHOCTH U IP.
Cuucok paboT, MOCBSIIIEHHBIX UCC/IE0BAHUIO COXPAHSIONINX JIM3BIOHKTHOCTH OIIEPATOPOB,
HACTOJBKO BEJIMK, UTO MO OBl MOCJYKHTH IOBOJOM I OTAeJbHOro ob3opa. OcraBuB
6e3 paccMOTpeHUs] MHOTHE BeCbMa HHTEPEeCHbIe HAIIPABJICHUS UCCIe0BAHUI, MBI COCPEIO0-
TOYHUM BHHUMAaHHUE JIMITb Ha HOUCKE aHAJUTUYIECKOTO IpEeACTaBJICHUA. O,ILHI/IM U3 NepBbIX
samHTEepecoBasics 3ruM BonpocoM B. 3. Byiux ([30-32]). B gasbneiimem k s1oit mpobiie-
maTuke moakaounanchk FO. A. Abpamosud, E. JI. Apencon, A. . Bekciep, A. B. Bukcres,
A. K. 3Baanen, A. K. Kurosep, A.B. Komaynos, I1. T. H. Makmosun, /1. P. XapT u mHOrme
apyrue (eMm., Hanpumep, [2-4, 108, 158,199, 254, 256]). Ormerum Takzke, 9T0 K BOIPOCY 00
AHAJTUTHICCKOM MPEeJICTABIEHHH OIePATOPOB, COXPAHAIOMNX IU3bIOHKTHOCTH, OTHOCHTCS
TaKOe MOIIHOe HAIIpaBJIeHNE, KaK OIHCAHIEe M30METPHil IPOCTPAHCTB H3MEPUMBIX BEKTOP-
dbyukmit (Tak HaszpiBaemble Teopembl Banaxa — CroyHa).

B 3TOH IJiaBe Mbl 3aliMeMCst U3y4deHueM U IOMCKOM aHaJIUTHYICCKOI'O IIPeACTaBJICHUA
COXPAHAIONINX JIU3BIOHKTHOCTEH onepaTopoBs, AeiicTBytomux B PHII. Hauas ¢ uccnemoBa-
HHUsI OOIMHUX CBOICTB TAKUX OIEPATOPOB, MBI 3aT€M PACCMOTPUM OPTOMOP(MU3MBI, OIepa-
TOPBI CABUTA, OLIEPATOPHI BSBEHICHHOI'O CABUI'a U, HAKOHEI[, BHOBb BEPpHEMCA K ITPOU3BOJIb-

HBIM OoIlepaTopaM JJ/Id TOTO, ITOODI IIPpUMEHHUTH K HUM HAKOILJIEHHBIN OIIBIT.
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§ 6.1. Tenn omeparTopa

HamniuM OCHOBHBIM MHCTPYMEHTOM HUCCJIEJI0OBAHUS OIIEPATOPOB, COXPAHAIONINX JIU3b-
IOHKTHOCTD, BJISI€TCS TaK Ha3blBaeMas TeHb — HEKOTOPBIN KOJBIEBOil TOMOMOPMOU3IM
OyJIeBBIX ajIredOp, MOPOKIEHHBIN JIelicTBHEM OmepaTopa Ha KoMmoHeHTax. (OKa3bhIBaeTCs,
MHOI'ME CBOMCTBaA oleparopa MoOryT ObiTh c(DOPMYJIMPOBaHbI HA #A3bIKE €ro TeHu. B vact-

HOCTH, K CBOIICTBaM T€HH CBOJATCA MHOT'HME BOIIPOCHI HEIIPEPBLIBHOCTU.

6.1.1. Ilycre U u V — PHIIL Tosopst, ato oneparop 1: U — V coxpansem ou3s-
0OHEMHOCMb, ecan u3 U] L ug BoiTekaer Tu; L Tug s jiro0bix uy, us € U. Hecsoxkuo
yOeInThCd B TOM, YTO BCAKUU COXPAHSIONINN TU3BIOHKTHOCTH TOJOXKHUTETbHBIN Omepa-
TOp, JeficTByonuit B K-nipocTpancTBax, siBJISIETCS PelieToYHbIM romomopdusmom. Kak
HOKA3bIBAET CJIe/LYIOIIee YTBEPK/IeHNe, TECHYIO CBI3b C PEIIeTOYHbBIMU TOMOMOPp U3Mamu
IMEIOT JII0OBbIe OMepaTOPbhl, COXPAHSIONINE MU3BHIOHKTHOCTD, — He TOJTBKO MOJOKUTETb-

HbIE.

Teopema. Ilycrp I — Bekropnasi pemerka, F' — K-upocrpaucroul: E — F —
DPEryJASpHBI OMepaTop, COXPAaHSIONIHI JU3bIOHKTHOCTE. llomoxuMm p = <T+ [E+]>, e
Et ={e € E:e > 0}). Torga omeparopsi po T u —pt o T sBistiorcst permeroansivm

romomopgusmanu. B aacraocrn, T = (p — p)|T).
<« Henocpeacrsenno cieayer u3 [110: Teopema 3.3].  »

B nmanbueiiniem Mbl HE pa3 BOCHOJIb3YeMCs TTOCIEIHENH TeOPeMOil, YTOObI CBECTH pac-
CMOTpEHHUE IMPOU3BOJILHOIO PErYJIsPHOIO OllepaTopa, COXPAHSIONIEr0 AU bIOHKTHOCTD, K

CJIy49alo IOJOZKUTEJILHOI'O OllepaTopa.

6.1.2. Tenvro onepamopaT: U — V mbl Gyaem HasbiBaTh oToOpazkenue h: Pr(U) —
Pr(V), oupesesentoe dopmyiioii k() = sup,cy(Tmu). Unaue rosops, h(r) = (T[xU]).

IIpennoxkenme. .JIuneiinoiii onepatop, aeiictBytommii B PHII, coxpamser am3mnb-
IOHKTHOCTH TOIJ[a H TOJIBKO TOIJIa, KOIJ[a €r0 TeHb SIBJISEeTCS KOJIBI[EBBIM I'OMOMODH3-

MOM.

<« B jgoxkazarenbcTBe HYXKIATCS JIMITL HEOOXOIUMOCTD. lIpeamono:kum, 4To JH-
Heitnpiii oneparop 1': U — V, neiictBytomuit B PHII U u V, coxpansgeTr Tu3bIOHKTHOCTD.

. 11
He napymas obuHocTr, Mbl MOkeM cautarb, 9ro (im 7)) = V. Jlokaxem, 4TO TeHb
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h: Pr(U) — Pr(V) oueparopa T siBasiercs OysnesbiMm romomopdusmom. st 370ro Mbl Boc-
nosib3yemcst npejgokennem 1.2.4. Tlycre (mq, 79, m3) — pasOuenne eauHUIBI B aarebpe

Pr(U). Torxa

h(m1) A h(mg) = sup (T'myug) A sup (T'maug) = sup (Tmiup) A (Tmaug) =0,
up €U us €U uy,uz €U

T. e. h(m) L h(mp). Amamormuno ycramaBimpaiorcss cootHomenust h(m) L h(m3) n

h(ma) L h(ms). Kpome Toro,

h(m1) V h(me) V h(m3) = sup (T'mug) V (T'maug) V (T'm3us)

uq,u2,u3 €U

= sup (T(muy + mous + myug)) = sup(Tu) = 1,
Ul,Ug,Ugeu uel

OTKyJa CJIeIyeT, 4TO (h(7r1), h(ma), h(7r3)) — pasbuenue equHUNbB B anre6pe Pr(V). »

6.1.3. IIpennoxkenme. Paccmorpum PHII U u V), saneiinsiit oneparop T: U — 'V
u KoustbreBoii romomopgusm h: Pr(U) — Pr(V). Cuenyromue yTBep Kiennst 5KBUBAJIEHT-

HBbI:

(1) h mazkopupyer tern T (cMm. 1.2.6);
(2) (Twu) < h{u) sst Beex u € U;
(3) Tmu = h(m)Tw mrst Bcex uw € U u m € Pr(U).

Ecomn, kpome toro, h(1) = (imT'), o kaxuoe 3 ycaosuii (1)—(3) paBHOoCcHIBHO COBIIAIE-

amro tean T ¢ h.

<« Uvmmkamun (3)=-(1)=(2) oueBnmubl. [IpeanosoKnM BBHIIOJTHEHHBIM YCJIO-
Bue (2) u ycranoBum (3). Badukcupyem npousBosibHbe 3aeMenTol u € U u m € Pr(U).
13 (2) BHITEKaeT AUIBLIOHKTHOCTH T7u n Trtu. CremoBaTeibHO, CYIIECTBYET TaKOi
npoexrop p € Pr(V), uro Tru = pTu u Trtu = ptTu. s obocHOBAHMS DaBeH-
crBa pT'u = h(m)Tw nocrarouno nokaszarb, uro p(Tu) = h(w)(Tu). 13 coornourennii
p(Tu) = (Tru) < h(m) Borrekaer nepasencrso p(Tu) < h(m)(Tu). Anamornvano ycranas-
muBaercs, aro p-(Twu) < h(mH)(Tw). U3 nociesnux AByX HEPABEHCTB C OMEBHIHOCTHIO
caenyer paseHcTBo p(Tu) = h(m)(Tu).

Yenosue (1) u paBercro h(1) = (im7T) Biaekyr coBuaiaenue tenun 1 ¢ h B cuiy

upejjoxennd 1.2.6. »
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6.1.4. IIpepnoxkenme. [lycrp T — mazkopupyembiii oneparTop, JAeHCTBYIONIHI 13

[IBK B PHII. Torma rern omeparopos T u |T'| coBmazaror.

<« Ilyctws omepatop T neiictByer u3 [IBK U nan E B PHII V nan F. O6o3na-
anM Tenb 1’ depes hp, a remp |T'| — ugepes h. bBesyciosno, cosnagenne dbyHKuumii
hr: Pr(d) — Pr(V) u hyp: Pr(E) — Pr(F) nonumaercs ¢ y4eToM OTOXKECTBIIEHHIl
Pr(U) = Pr(E) u Pr(V) = Pr(F) (em. 1.4.1). Hepaseucrso hp(m) < hyp(n) (7 € Pr(E))
oueBHAHO. /g ycraHOB/IeHHS OOpaTHOTO HEpPaBEHCTBA JOCTATOYHO 3aMETUTh, UTO U3
YCJIOBUT

eec B, mePr(E), up,...,up €U, |ur|l+- -+ |uy| < 7e

caejyer
(ITurl + -+ 1Tunl) = (| T7ur| + - + | Trunl) = (Tmur) V- - V(Tun) < hy(m),
1 Bocio/b3oBarbes dbopmyaoit |T'|re = sup T<(me) (em. 1.6.10). »

CaencrBue. Mazkopupyembiii oreparop 1, neiicrsyrommuii u3 [IBK B PHII, coxpa-
HSIeT JU3BIOHKTHOCTH TOTJIA H TOJBKO TOIJIA, KOTJa ero HamMeHbIias Mmakopanrta |71 |

COXpaHseT JU3'bIOHKTHOCTD.

Takum oOpa3oM, MazKOpPUPYEMbIil OIepaTop COXpaHsSeT JU3bIOHKTHOCTH TOTJIa U
TOJILKO TOTJIa, KOTJIa €r0 HaWMEeHbIas MayKOPaHTa, SIBISIETCSA PerneTOYHbIM TOMOMOPhu3-

MOM.

6.1.5. Ilycro Y u V — PHII u h: Pr(id) — Pr(V) — xosbuesoit romomopdusm.
Cnemys obmemy npasuity (cMm. 1.1.15), Mbl GyieM TOBOPUTH, 4To orobpazkenue 1: U — V

siBjigeTcs h-o-HenpepuieHvim, e u3 h- hHA Uq = u (M. 1.5.12) caenyer o- lin/i Tuo =Tu
(¢S ae

Jtst JII000# ceTr (Ug)aeca d1eMenToB U u siioboro u € U.

Teopema. Ilycrs E uw F' — K-npoctpancrBa. Besikuii coXpaHsIIOIuil A3 bIOHKT-
HOCTH peryispHbiii omeparop 1': E — F apisercss h-o-HempepbIBHBIM, rie h — TeHb

T.

< Tlockonbky tenb |T| coBmagaer ¢ tenbto T (cMm. mpeyoxkenue 6.1.4), MOXKHO
cauTaTh, 9To omeparop 1 mogoxkurenen. lns mokasarenbcrBa h-o-menpepbiBHOCTH T’
JIOCTATOYHO PACCMOTPETh N-CXOJSIIYIOCsT K HYJIIO CeTh (€q)qcA 3/7eMeHTOB E u 1moka-

3aTb, UTO o—lin& Teq = 0. Acumnroruyeckasi orpaHuueHHOCTb ceTH (Teq)qeca ClIeayer
ac

M3 aCUMITOTHIECKON OTPAHUIEHHOCTH (€q)aecp W orpanmvennoctu 1. CornacHo jem-

me 1.5.10(2), o-cxomumocts Te, K Hy/II0 OyAeT YCTAHOBJIEHA, €CJU MBI JOKAYKEM, YTO
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0- lirg(Te)(Tea > Te/n) =0 aus Beex e € E un € N. Tlocsennee cooTHOIEHHE MOKHO
ac

HOJIYIUTH CJIEIYIONIM 00pa30M:

(Te)(Teq > Te/n) = (Te)((T(eq — e/n))+> = (Te)(T((ea —e/n)*))
< h({e))h({(ea —e/n)T)) = h({e)(ea > e/n)) > 0. »

CaencrBue. DBceskwuii coxpassiioniuii TU3bIOHKTHOCTH MazKOPHPYEMbIH OIIepaTop,

aeiicryformuit u3 IIBK B PHII, siBiistercst h-o-nenpepbisabiv, rje h — ero teHsb.
<« Bproitekaer u3 upejioxkenus 6.1.4 u nocsejineit reopemol.  »

SBameuanue. Horma mojae3Ho uMeTh B BUAY CJAEAYIOMHI (aKT, ¢ 09eBUIHOCTHIO
BBITEKaOMuii u3 nocyeaaero yreepxaenus: ecaun U — IIBK, V — PHII u koabneBoii
romomopdusm h: Pr(U) — Pr(V) maxkopupyer renb oneparopa 1': U — V), 10 nocieiHuit

sIBJIsieTCsT h-0-HempepbIBHBIM.

6.1.6. CuaencrBue. Cienyromime cBOHCTBA COXPAHSIOIIETO JH3HIOHKTHOCTH MaKO-
pupyemoro orepatopa 1', peticrByitomero nz IIBK B PHII, pasrocnibubr:

(1) omeparop T' (cekBeHIHATIBHO) O-HEIPEPBHIBEH;

(2) omeparop |T'| (cekBermnuaabHO) O-HENPEPHIBEH;

(3) renp T (cekBeHIHMAJIBHO) O-HEIPEPHIBHA.

CuerHasi u CeKBEHI[HAJIbHAS O-HEIIPEPBIBHOCTH oreparopa 1’ SKBUBAJIEHTHBI.
<« Jlocrarouno conocrasuth 6.1.4, 1.2.5, 1.5.12 u 6.1.5. »

6.1.7. CuaencrBue. Paccmorpum [IBK U um PHII V u npeamosoxxum, 4ro TeHm
JBYX MakopupyeMbIXx omeparopoB S, T: U — V MakKOpHpPYIOTCS OJHHM H T€M K€ KOJIb-
neBpiM romoMopuzmom h: Pr(U) — Pr(V). Ecam S n T coBmajgaior Ha HEKOTOPOM

h-anmpokcumupyromem moamaoxkectse U (em. 1.5.14), o orm conajaror Ha Bcem U.
<« Buirekaer u3 3ameuanus 6.1.5 u npemoxkennit 1.5.16 u 1.5.17. »

6.1.8. IIpepnoxenme. I[lyctrb U — PHII wax E, V — IIBK waxg F, Uy —
BekTOpHOE nojnpocrpancrso U, Ty: Uy — V — smnreiinbiii oneparop, S: E — F —
HOJIOZKHTETBHBIH ONEPATOD, COXPAHSIIONIHE TH3BIOHKTHOCTE, U h: Pr(E) — Pr(F') — Tenn
S. O6osuaunm gepe3 hidy PHII Bcex ssmemenroB U, h-ammpoKcHMHEPYEMBIX MHOXKECTBOM
Uy (em. 1.5.14, 1.5.15). Ipeamonozxknm, aro |Toug| < S|ugl (COOTBGTCTBGHHO | Toug| =
S |u0|) JIsT Bcex ug € Ug. Torma cymiecTByeT €IHHCTBEHHOE JIHHEHHOE IPOJOJIZKEHHE
T: hdy — V oneparopa Ty rakoe, uaro |Tu| < S|ul (COOTBeTCTBeHHO |Tul =S |u|) JLJIST
Beex u € hidy.
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<« Jlokaxkem cHada/ia yTBEPKIEHHE O MPOJIOJIKEHUH C COXPAHEHUEM HEPABEHCTBA.
Ecau m € Pr(U) n ug € Uy Takossl, aro mug = 0, o h(m)Tyug = 0, tak xkak h(m)|Toug| <
h(m)S|ug| = S7lug| = 0. Dro obcTOsITENLCTBO OGECTIETNBAET KOPPEKTHOCTH CJIELYOTIErO

olIpe ie/IeHus omeparopa 1:

n n
TO (Z Fiui) = Z h(m)Toui
=1 1=1

(m € Pr(U) nmonapro 1u3bIOHKTHBI, U; € Uo),

KOTOpBIil mpogosizkaer Ty Ha dg,Uy 1 yI0BIeTBOpsSeT HEPaBEHCTBY |Tou| < Slu| mns
BCexX U € dgnUpy. B cuny npetoxkenus 1.5.15 s jrodoro snementa u € hidy cymiecTByer
ceThb (Uq)acA MeMeHToB dg Uy, h-cxoagmasicst K u. U3 HepaBeHCTBa |Toua — Tou5| <
Slua - u5| u h-o-uenpepbiBaoctu oneparopa S (cm. 6.1.5) caenyer o-dbyHameHTab-
nocthb cetn (ToUa)aca. Baaromaps o-nosmore PHIT V B Hem cymecTsyer o-npesies 3Toii
CeTH, KOTOPBI, OYEBUIHO, 3aBUCHT TOJHKO OT U W MO3ITOMY MOYKET OBITH 0003HAUEH CUM-
BosioM T'u. HecnoxkHO yOeauThcs B TOM, UTO IOJYUEHHBIH TaKHM 0OPa30M OIEpaTop
T: hidy — V gaBiasieTcsd UCKOMBIM. EIMHCTBEHHOCTDH MOCTPOEHHOIO IIPOJIOJIKEeHUs obecie-
YUBAETCHA €ro h-o-HelpPePhIBHOCTHIO, HACJIELYeMOil oT omeparopa S.

[Ipeamonoxkum Tenepn, uto |Toug| = Slug| ans Bcex ug € Up. Ilo moxazannOMY
BbiIIe cyiecTByer npojo/zkenue T hidy — V oneparopa Ty rakoe, uro |Tu| < S|u| mis

Beex u € hidy. s mo6wix ug € Uy n m € Pr(U) u3 coornomennii
Slugl = 1Tugl = | Tmug| + |T7uo | < Slmugl + S|t uo| = Sluol

u Hepaserctrs |Trug| < Slrug| u IT?TLUOI < SIﬂ'J‘U()l caenyer, uro |Tmug| = S|mugl.
[Tockosbky ug € Uy u m € Pr(U) 6bm BoiOpanbl mpon3BosibHO, Mbl umeeM |Tu| = S|u|
st Beex u € dg,Uy. PasencrBo |Tu| = S|u| mns Becex u € hiy Teneph BHIBOAUTCS W3

JOKa3aHHOTO C IIOMOINBIO Ipeajgoxkenud 1.5.16.  »

CaencrBue. Ilyctb U — PHII max E, V — [IBK wax F', Uy — annpoxcumupyro-
mee BeKTopHoe moanpoctpaactBo U, Ty: Uy — V — smnelinsrii omeparop u S E — F —
O-HeIIPEePBIBHBII MOJTOXKHTEIBHBIH OIMepaTop, COXPaHIIOIHI JH3bIOHKTHOCTE. 1Ipesmoro-
kM, aro |Toug| < Slugl (COOTBGTCTBGHHO | Toug] = S |u0|) st Beex ug € Uy. Torma
CyIIeCcTByeT eJHHCTBEeHHOe JinHelHHoe npogoskernne T': U — ) oneparopa T\ takoe, 4T0

|Tu| < S|u| (coorsercrpenno |Tu| = S|ul) art Beex u € U.
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6.1.9. Ecau D — noamuoxkecrso K-npocrpauncrsa E, 1o cumsosiom |D| 06o3naqa-
ercst muozxkectso {|d| : d € D}, a cumbosiom lin|D| — suneitnas o6osouka |D|. Haumennb-

muit wiaean E, comepxkamuit muoxkectBo D, kKak 00bI9HO, 0003HA4YaeTCsi CUMBOJIOM FEp
(em. 1.3.1).

Jlemma. Ilyctp E — K-npoctpanctBo, D — moamuozkectso E, YV u VW — npons-
posisable PHIT max oqanv n rem ke K-npocrpanctsom F,a S: E =V uT: E — W —
MarkopupyeMble omeparopkl. IIpemmomoxkmm, aro Tean S u T MaKOPHPYIOTCS OJHHM
H TeM Ke KOJbleBbiM romMomopguszmom h: Pr(E) — Pr(F') m o6oznaunm h-3aMbiKanue
nreana Ep camBorom hEp.

(1) EcoiimV = W u oneparopst S uT coBuagaror Ha MEOXKecTBEe D, TO OHH COBIAIAIOT
Ha MHOKkecrBe hEp.

(2) Ecin |Se| = |Te| anst Beex e € lin|D|, To |Se| = |Te| ans Bcex e € hEp.

< Mpl jjokaxkeM Jmmib yrBepzkenue (1), OCKOJIbKY yTBep:K/eHue (2) 1oKa3biBa-
eTCsl AaHAJIOTMYIHO U Jlazke upoine. IIpeanonoxum, uro oneparopnl S u T’ yI0BI€TBOPSIOT
BCEM YCJIOBHSAM JIeMMbl B coBIaaaioT Ha MHOKecTtBe [D. Conagenune S u T na hEp mbl
JIOKAzKEM B HECKOJILKO TAIOB.

(a) Tlyctw e € |D|, 7. e. e = |d| mast mexkoroporo saementa d € D. Torma

Se = S(d")d+ S(d")d = h((d"))Sd+ h((d”))Sd
=h({(d*))Td+ h({d"))Td="T(d")d+T(d")d = Te.

(6) 3 (a) caemyer, uto omeparopsl S u 1T’ coBnagator Ha MHOXKecTBe lin| D).
(B) Ilycrb snement e € E gapnsercst d-crynenuarbiM, rjge d € lin|D|, T. e. e =
n
> i TiAid JUTS HEKOTOPBIX IHCENT \; B MONAPHO AU3BIOHKTHBIX IPOEKTOPoB 7; € Pr(E).

Torya B cuy (6)

Se = zn: S(?TZ/\Zd) == Zn: /\lh(ﬂ'l)Sd == zn: )\Zh(ﬂ'Z)Td = Zn:T(ﬂ'Z/\ld) =Te.
1=1 1=1 =1 i=1

(r) IIycrs renepn e € Ep. Torpa |e| < d ans nekoroporo siaementa d € lin|D|. B
cuity 1.3.4 cymecTByer 0C/1e0BaTebHOCTD (€))peN d-CTYlHeHIaThiX 3JeMeHToB E, r-cxo-
jsmiasicst K e. Corvtacto (B) omeparopsr S u T’ coBnajaior Ha JeMeHTax ey. llosromy,
BOCIIOJIb30BABIINCH T-HENPEPBIBHOCTHIO S 1 T'; Mbl IpUX0UM K paBenctBy Se = Te.

(1) Hakonemn, ecim e — npousBosbHBI symement hEp, To pasenctBo Se = Te

BeITeKAeT u3 (r) u h-o-wenpepsisuoctu S u 1. »
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CaenctBue. Ilycro U — 1IBK max E, D — HekoTOpOE MHOXKECTBO HOJIOXKHTEIHHBIX
ssementoB I/, V u VW — npounssosibasie PHII nag onanm u tem »xe K-npocrpanctsom F,
aS:U—->VuTl:U — W — maxkopupyembie omeparopsl. IIpemmoaokum, 910 TeHH S
T MaxkopupyroTcst OJHAM H TeM Ke KoJubieBbiM romomopgusmom h: Pr(E) — Pr(F) u
obosnauuM h-3aMmpikanne uieasaa Ep cumBosom hEp.

(1) Ecm V = W u oneparoper S u' T coBmagaror Ha muoxkectse {u € U : |u| € D},
10 onn coBnajanT Ha Maokecrse {u € U : |u| € hEp}.

(2) Ecu |Su| = |Tu| mrst Beex uw € U ¢ mopmoii |u| € linD, ro |Su| = |Tu| mrs
Beex u € U ¢ Hopmoii |u| € hEp.

< Jlokaxem yrBepxaenue (1) (yrBepzkaenue (2) T0Ka3bIBATCS COBEPIIEHHO AHATIO-
ruano). [Tpemnosnoxum, aro oneparopst S 1 1" yI0BIETBOPSAIOT BCEM YCJIOBHIM CJI€/ICTBHS
u coBnajgaoT Ha MHOXKecTBe {u € U : |u| € D}. Paccmorpum npousBosIbHBIH 31€eMeHT
u € U ¢ sopmoii |u| € hEp u ycranoBuMm paBeHCTBO Su = Tu.

Bacdbuxcupyem mOpsAKOBYIO eauHuny 1 B MakCHMaJgbHOM pacimmpennn F K-mpo-
crpanctBa E, cHabmuM £ COOTBETCTBYIONTMM YMHOMKCHHEM H BBEIEM B MaKCHMAJIbHOM
pacmmpenuu U IIBK U crpyxrypy momyna mag E (cM. creacrsue 3.4.5). Ilyers @ Takoit
sement U, uaro || = 1 u u = |u|t. Pacemorpum onmeparopsr Sy, Ty : E — V, aeiicTsy-
formue 1o npasuwiam Sye = S(eu) u Tye = T(ew). $lcHo, 9TO TeHH OMEPATOPOB S, U
T\, MazKOpUpYIOTCsi TOMOMOPGhU3MOM h, & CaMu OLIEPATOPbI COBLAJIAIOT HAa MHO)KecTBe D.
[Tosromy B cuity yrBepxkaenust (1) nociaenueii semmvbl onepatopst Sy, n Ty, coBmagaoT Ha

hEp. B gactaoctu, Su = Sy|u| = Ty|u| = Tu. »

6.1.10. Kak BuIHO U3 CJaeAyIOIIeil TeopeMbl, JJIsi COXPAHSIONIEr0 AN3bIOHKTHOCTH
olnepaTopa, OIpe/IeIeHHOTO Ha BEKTOPHOI pereTke, Bce pacCMOTpeHHBbIE B 1.6.3 deThIpe

TUIla OI'PAaHUYICHHOCTU COBIIQAIOT.

Teopema. I[lycre E — BektTopHas pemerka u V — PHIL. Crexyromue cpoiicTBa

COXPAaHSIONIErO JIU3BIOHKTHOCTD oneparopa 1': E — ) 3KBUBaJIeHTHBI:

(1) omeparop T orpannyen;

(2) omeparop T' cuerHO orpanmyeH;

(3) omeparop T' cekBeHIHATIBLHO OrPAHHYEH;

(4) omeparop T mosyorpanmden;

(5) ecmm ey, es € E mler| < ea|, To |Ter]| < |Tez].

< UWvmmmkanun (5)=(1)=(2)=(3)=(4) oueBuaunr. [JokazarenbcrBo Teopemst 2.1
B crarhe [199], ycranasimBatomee nmmankanuio (4)=-(5), npuBegeno s caydas V =
E, o1HaKO OHO He ONUPAETCSl HA TO YCJIOBHE U COXPAHSAET CHIY JJI OMEeparopa Co

3HadenusiMu B npoussosbuom PHIL.  »
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JokazaresnbcrBo uMimkanuu (4)=>(5) craHOBHTCSI 0OCOOEHHO IPOCTHIM M [IPO3pad-
HBIM B TOM CJIy4ae, KOrjia CYHIeCTBYIOT HOPSIIKOBbIE IPOEKTOPbI HA IJIABHBIE KOMIIOHEHTHI
pemmerkn E (Hampumep, korga E gsiasgercs Ky-npocTpancrBoMm). JleHCTBUTENBHO, TPE]-
1H0JIOZKUM, 4TO oneparop 1 yposiersopsier yciaoBuio (4), sadukcupyem Hpou3BOJILHBIE
9JIEMEHTHI €1, €9 € E. yl0oBIeTBOPsIONNE HepaBeHcTry |e1| < |es|, m obo3HavMM MHOKe-
crBo {> iy miXilea| : m € Pr(E), [Ai| < 1} uepes S. Hecioxuo yGeaurbest B TOM, 9TO
|T's| < |Tez| mnsBcex s € S. Kpome Toro, B cuy 1.3.4 cynecTByeT mocie0BaTeTbHOCTD
(Sn)neN JIEMEHTOB S, T-CXOAAmAsCH K €1 ¢ peryaaropom |ez|. Teneps ycaosue (4) Bmecre
¢ coornommennsivu |Ter| < |Tep — Tsp| + |Tez| (n € N) gaer uy)Hoe HaM HEpaBEHCTBO
|Ter] < |Tesl.

6.1.11. Amnajor Teopemnr 6.1.10 mjs omeparopon, onpenenernnabx Ha PHII, e Be-
peH. BoJjiee Toro, Bce YeThIpe TUIIA OIPAHUYEHHOCTH MTOIAPHO PA3JTUIHBI JJIsI 9TOTO KJIacca,
oreparopoB. [leiicTBUTE/HHO, 110006 HOPMHPOBAHHOE MMPOCTPAHCTBO MPEACTABIAET CO0Oi
PHII na R u j11060it Jinneiinbiit oneparop, /JIefcTBY O 13 HOPMUPOBAHHOTO TPOCTPAH-
crBa B npoussosbHoe PHII, coxpanser musbionkTHOCTb. (CJle0BaTeIbHO, ONEPATOPDI,
paccMoTpennble B mpuMepax 1.6.4-1.6.6, geiictByioT u3 [IBK B IIBK n coxpangior au3b-

IOHKTHOCTD.

6.1.12. Jlemma. Ilyctrb U —I1IBK nmax E,V —PHIL, T: U — V — coxpanstormuii
JU3BIOHKTHOCTH IIOJIyOrPAHHIEHHEIH OMepaTop H € — IOJOKATE/TbHBII dmemMenT E. Jlns
KaskJ[oro sjaeMenta u € U, yaosaerBopsromero HepapeactBy |u| < e, Hafizercss rakoii

yrement u € U, qaro |u]| = e m |Tu| < |Tul.

< Tlycrs |u] < e. Baarogaps pasencrBy {|u| : v € U} = {e € E : e > 0}
MBI HE HAPYIIUM OOIIHOCTH, Mpeanoaoxus, uto (u) = (e). OueBmano, mpomsseaeHue
(¢//lul)u onmpeneneno B U nna Becex ¢ € E (cm. caencrsue 3.4.5), tae apoos €' /|ul
HOHMMAaeTCs B cMmbIicie 3aMedanus 1.3.7. Ompenenum omeparop S: E — )V dopmy-
noit S(¢') = T((¢//lul)u) n nonoxum @ := (e/|ul)u. Jlerko Buzers, uro omepa-
Top S coXpaHseT JU3BIOHKTHOCTH M mmosyorpanmden. Corsacao Teopeme 6.1.10 ome-
parop S ymosierBopsier yeaosuto 6.1.10(5). Ha 3ToM OCHOBAHHM MBI 3aKJTIOYAEM, UTO

|Tu] = Slu] < Se = |Ta|. Ocranocwk 3amerurs, aro |a] =e. B

ITpennoxxenune. Ilycrs U — IIBK max E u)V — PHIIL. Coxpanstonuii 1u3bIOHKT-
HOocTh omeparop T': U — V' makopupyeMm TOrga M TOJBKO TOIJA, KOIJA OH OrPDAHHYEH.
ITpu stom |Tle = sup{|Tu| : w € U, |u] < e} = sup{|Tu| : v € U, |u| = e} ans Beex

IHOJIOZKATEIBbHBIX € € .
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< Pasencrso |T|e = sup{|Tu| : v € U, |u] < e} ans UPOU3BOALHOTO MOIOKY-
TEeJILHOTO 3jieMeHTa € € F 6e3 TpyJa BbIBOAUTCH W3 Kpurepus Maxkopupyemoctu 1.6.10,

3aeficTBytonero MaO:KecTBO 17| (€). Ocraercst NpuBIeYb JOKA3AHHYIO BBIIIE JIEMMY. B

[Tocnennwit pesyapTaT He JaeT HOBOI mHdOpManny 006 oneparopax, JAeiCTBYIOMNX
B BeKTOPHBIX pellleTKaX, IIOCKOJIbKY Ma*KOPUPYeMOCTb U OTPAHNYCHHOCTDb BCEr/1a SKBHBA-
JICHTHBI [IJId OIllepaTOpOB, IIPUHUMAIOIIUX 3HAYCHUAd B K—HpOCTpaHCTBe (CM. IIpeJjiozKe-
nue 1.6.7 (3)) Tem He mMenee anaJsIor MOCJAEIHEr0 MPEJJIOKEHN NMeeT MeCTO W B CIydae

BEKTOPHBIX pPEIIeTOK:

Teopema [200]. IIycre E u F' — npou3sBoJibHble BeKTOpHBIE pemeTkn. CoxpaHsiro-
muii IU3BIOHKTHOCTE oneparop 1': E — F' peryispen (= mMazkopupyem) Torjia u TOJBKO

TOT/1a, KOTJIa OH OrPaHUIEH.

6.1.13. Kak 6b110 oT™MedeHo B 6.1.11, cyeTHass OrpaHHYEHHOCTb B OOIIEM CJIydae
OKa3bIBAETCS HEJOCTATOYHBIM YCJIOBUEM JIJII OTPAHMYEHHOCTH OTIePATOPa, COXPAHSIONIETO
JU3BIOHKTHOCTh. DBBITIO OBl HHTEPECHO BBISICHATH, Kakue (110 BO3MOXKHOCTH, JIETKO IIPO-
BepsieMble) JIONOJHATEIbHbIE TIPE/IIOI0KEHUs TIPUBOIAT K OIPAHUYEHHOCTH ONEPATOPOB,
OTpAHWYEHHBIX B OoJiee cjaaboM cmbicie. (OCTaBUB 3TOT BONPOC OTKPBITHIM, MBI JIUIITH
cchopmyupyem oJiHO cejicTBUe JieMMbI 6.1.12, aBigiotieecss poOKHM IIaroM B yKa3aHHOM

HaIllpaBJICHUU.

ITpennoxxenuune. Ilyctb U — IIBK wag E u V — PHII nax F. Coxpansornnumii
JU3BIOHKTHOCTE ormepaTop 1: U — V orpaHmdeH Torga M TOJBKO TOIJa, KOLJa OH IOJIY-
OrpaHHYeH u IS JI000T0 MOJIOKHTEIBHOTO aeMenTa € € F muoxecrso {|Tu| : u € U,

|u] = e} mopsirkoBo orpanmueno B F.

Bamernm, 9TO 000 MOJIYyOrpAaHUIEHHBIH COXPAHSIONINIT U3 BIOHKTHOCTH OTIePaTop,
OIlpeJieJICHHBbI Ha BEKTOPHON pelleTKe, ¢ 0YEeBUAHOCTBLIO Y/IOBJIETBOPAET YCJAOBUAM IIO-
cjejinero npejyioxkenus. Ha srom ocnoBanum npejiozkenne 6.1.13 MokHO paccMaTpuBaTh

Kak 0000menue Teopemb 6.1.10.

6.1.14. OpgHuM W3 OCHOBHBIX Pe3yJIbTATOB 00 oleparopax, COXPaHSIOMHUX IU3b-
IOHKTHOCTD, SIBJISETCS UX TIPEJICTaBIeHNe B BUIE CYMMBI OMIEPATOPOB CIEUaJHHOTO BUIA,
NPUHAMAOIIUX TONAPHO JUIBIOHKTHBIE 3HaUeHus (cM. §6.4). 371ech MBI yIeJIuM BHAMA-

HUE 10JIOOHBIM CYyMMaM.

Jlemma. Ilycte U 'V — PHIl u S, T: U — V — smnreiinpie omeparopel. Cremyro-

e yTrBepzKJeHud 9KBUBAJICHTHDI:
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(1) Su L Twu st Beex u € U;
(2) Sui L Tuy mst Beex up,ug €U, 7. e.imS L im T

< B nosicuennn nyxkjpaercs smmrs ummukanus (1)=(2). Iycrs u; u ug — mpo-
u3BosIbHBIE 37eMeHThl . U3 coornomenuit Suq; L Tuy m Suy L Tus cOOTBETCTBEHHO

celyer

| Sur| A Tug| = |Sur| A Tuy + Tug|

< | T(uy + ug)),
| Sui| A |Tuz| = | Sur + Sua| A |Tuz| <

u1 “+ U9 |
Ocrasocw 3amernth, ato S(uy + ug) L T(u; + ug). »

Omeparoper S u T, yaoBierBopsioiiue J060MY W3 KBUBAIEHTHBIX ycaoBuit (1)
uin (2), Mbt Oyjiem Ha3bIBATH cuAbHo Jussronkmmvimu. Ilycre U uV — PHIT u (Tg)eez —
ceMeiicTBO JImHeHHbIX onepaTopoB u3 U B V. Bynem rosoputh, uto omneparop 1: U — V
PA3NARAEMCA 6 CUAHO QUSBIOHKMMYI0 cymmy onepaTopos T¢ (I/I nucath 1 = @565 Tg),
ec/iu onepaTopbl 1¢ IONAPHO CUJILHO U3 BIOHKTHBI U Jjlsd JII000r0 sjeMenTa u € U umeer
Mecto cootnomtenue Tu = 0y ¢z Teu.

Homycrum, uro T = @565 Te, u pna kaxgoro & € = monoxuM pe = (imTg).
CormacHo J1eMMe TPOEKTOPHI p¢ MONAPHO AM3BIOHKTHBI, HOITOMY I BCeX § € Z mMeeT
mecto paBeHcrBo T = pe o T I13 cka3aHHOIro, B YaCTHOCTH, CJI€JlyeT, YTO CHUJIbHO
JIU3BIOHKTHAS CYMMa, @fe T¢ coxpangeT IU3BLIOHKTHOCTD TOTJA U TOJILKO TOLJA, KOTJa

COXpaHdeT IU3BbIOHKTHOCTH KaxK/J0€ CJjlaraeMoe Tg
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§ 6.2. OpTomopdu3mbl

DToT maparpad IOCBAIIEH OJHOMY U3 HamboJiee IPOCTO YCTPOEHHBIX KJIACCOB
OIePaTOPOB, COXPAHSIONIAX JUIBIOHKTHOCTb, — KJIACCY HEPACIHTUPSIONIAX ONEePATOPOB.
HecwmoTrpst Ha BCIO TPOCTOTY OMEPATOPOB 3TOTO KJIACCA, BOMPOC 00 UX PEryJsipHOCTH (= Mo-
PsIIKOBO#i OrpAaHMYEHHOCTH) Ja1eKO He TpuBHajeH. VI3BeCcTHO, 4TO BCe HEPACITHPSIONIIe
olepaTopbl, JEHCTBYIONME B PACIHIMPEHHOM K-IIPOCTPAHCTBE, Pery/spHbl TOrJa U TOJIb-
KO TOTJIa, KOIJIa paccMaTpuBaemMoe K-npocTpaHCTBO JIOKAJIBHO ogHOMepHO. OHAKO, 10
cUX TOp OBLTO, TO-BUANMOMY, HEH3BECTHO, CYIIECTBYIOT JI HEUCKPETHBIE JIOKATHHO OJI-
HOMepHbIe K-mpocTpaHcTBa. B HacTosgiiem naparpade JaH HMOJOXKUTETbHBIH OTBET Ha
STOT BOIpOC. B KadecTBe BCIIOMOTaTe/bHOTO Pe3y/IbTaTa YCTAHOBJIEHO, YTO JIOKAJTbHAS
OJIHOMEPHOCTH K-IpOoCTpaHCcTBa PABHOCUJIbHA O -THUCTPUOYTUBHOCTU €ro Oa3bl.

Ha mporszkennn Bcero naparpada G — pacmupenroe K-nmpocTpaHCTBO ¢ (DUKCHPO-
BAHHON MOPsiIKOBOIT enuuuteil 1, () — croyHoBckuii KoMmnakT Gysesoii anredpsr Pr(G)
(naspiBaemoii 6azoit G), E u F' — dynmavents G, ald u V — PHII wax E u F coor-
BercTBeHHO. B K-mpoctpancTBe G paccMaTpuBaeTCsi YMHOYKEHUE, MPEBPAIIAOIee ero B
KOMMYTATHBHYIO YIODsII0YeHHY O aarebpy ¢ eaununeil 1g (em. 3amedanue 1.3.7). Hanowm-
HUM, 4TO B CUJIy cOTJIalieHuit, 3akjiroueHubix B 1.3.1 u 1.4.1, Mbl 0TOXK1ecTB/IsIeM OyJIeBbI
anrebpst Pr(G), Pr(E), Pr(F), Pr(i) n Pr(V). Pasbuenus exunuust B Oy/esoit aiaredbpe
MBI JI7ISI KPAaTKOCTH Oy/IeM HAa3bIBATh Pa3OMeHUIAME aareOphl, a MOAMHOXKECTBa, CYIPEMYM

KOTOPBIX PaBeH eJIUHUIEe, — HOKPBITUAME aareOphl.

6.2.1. Duement g € GT Ha30BEM 10KAALHO NOCTNOAMHLM OTHOCHTeNbHO [ € G,
ecin g = \/¢ez AeTe [ JU1s1 HEKOTOPOTo MHCIOBOTO cemeficTBa (A¢)eez 1 cemelicTBa (¢ )eez
MOMAPHO U3 BIOHKTHBIX MOPSIKOBBIX MPOEKTOpoB. Pacmupennoe K-mpoctpancrso G
HA3BIBACTCS