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BBE/JIEHUE

OpHYUM W3 TPAJUITMOHHBIX METOIOB (DYHKIIMOHAJIBLHOTO AHAIN3A SBJISETCS MOCTPOEHWE AHATUTUICCKUX
[PEeJICTABICHUI PA3IUYHBIX A0CTPAKTHBIX POCTPAHCTE (BEKTOPHBIX DEINIeTOK, HOPMUPOBAHHBIX aarebp u ap.)
U JIEACTBYIOLIMX B HUX OLEPATOPOB (JIMHEHHbIX, MOHOTOHHBIX, HEIIPEPBIBHBIX U T. 11.). D10 00yCJI0BJIEHO [IPEKJIE
BCEro TEM, YTO HAJIUYINE y O0BEKTa TOr0 WM WHOTO AHAIUTHYIECKOTO MPEICTABJIEHNS 3HAYUTEIHHO Obserdaer
pabory ¢ unm. Hanpumep, BMecTo cimcka abCTPaKTHBIX CBOMCTB OEPATOPA MOXKHO IOy YUTh €0 BBIPAKEHNE B
BUJI€ KOHKPETHOM (hOPMYJIbI, B KOTOPYIO AaBTOMATUYECKH 3aJI03KEHbI Bee 311 cBolicTBa. (Takoil ¢hopmynoil Moxker
ObITh MATPUIA, HHTEIPAJ C SAPOM, ONEPATOD B3BELIEHHOrO CABUIA U T. A.) AHAJOMMYHOE IIPEUMYIIECTBO TIepe/]
AKCHOMATHIECKUM OIUCAHUEM aredpandecKuX CUCTEM UMEET WX KOHKDETHAs PeasIn3allvsi, HAIPUMED, B BUIE
KaKoro-aubo mpocrpancTsa dyukimit. K ToMy ke, BecTr pedub 00 aHATUTUYECKOM TPEICTABIEHAN ONMEPATOPA,
MOXKHO JIMIIB MTOCJE TOTO, KAK OOBEKTHI, B KOTOPBIX OH AEHCTBYeT, MOJYyYaT HALIEXKAIIYI PEATU3AIINIO.

C apyroii CTOPOHBI, €CTECTBEHHBIM SIBJISETCS U TPOTUBOIOJIOKHOE CTPEMIIEHNE — HAUTH CIIHUCOK abCTPaKT-
HBIX CBOICTB MPOCTPAHCTBA UJIU OMEPATOPA, SKBUBAJEHTHBIM HAJMYNAI) Yy HETO KOHKPETHOTO AHAJUTUIECKOTO
npeacTaBieHns. B mepByro odepenb, TaKOW COUCOK HUCIOJIb3YETCS [JIsi TOrO, YTOOLI TTPOBEPUTH, UMEET JIA JAH-
HBII 0OBEKT paccMaTpuBaeMoe TpejcTaBieHne. Kpome Toro, abcrpakTHOe ONHCAHWE COCPEIOTOYMBaeT B cebe
CBOHCTBa MHOTHX WU3YYaeMbIX OObEKTOB U T€M CAMBIM MO3BOJIIET CIKOHOMHUTH BPEMS, 3aTPAYMBAEMOE HA UCCIIe-
JIOBaHWE KAXKJIOTO W3 HUX B OTJAETHHOCTH, CKOHIIEHTPUPOBAB YCUJIUs HA PA3BUTHHU ODOIIEH TEOpUHn.

Omnucanubie TpaJUIMU B IIOJTHON Mepe CBOWCTBEHHBI TEOPUU BEKTOPHBIX pemieTok u (B yacruoctu) K-npo-
crpancts. [lomarme K-mpocrpamcrsa, BBemenuoe JI. B. KanrtopoBudem B 1935 1., HECOMHEHHO SIBUJIOCH pe-
3yabTaToOM abCTPAKTHOTO OOOOINEHNsS W3BECTHBIX K TOMY BPEMEHU MPOCTPAHCTB HEMPEPBIBHBIX W M3MEPHUMBIX
BEIECTBEHHBIX (DYHKINH, a TaKXKe JUHEHHBIX (DYHKIMOHAJIOB HA 3THX HpocrpancTrBax. llociemoBasiiee 3a-
TEM Pa3BUTHE TEOPUU BEKTOPHBIX PEIIeTOK HmpuBesao K Tomy, 4To B 40-e roger B. 3. Bymuxom u He3aBucuMo
T. OracaBapoii ObLIO IOJIyYEHO IIPeACTaBJIEeHNE IPOU3BOJBHOrO K-IpocTpaHcrBa B Buie (PyHIAMEHTa BEKTOD-
Hoit pemerku Coo () paCIIMPEHHBIX HEMTPEPBIBHBIX (DYHKIMI HA SKCTPEMAILHO HECBAZHOM KoMnakTe (). Takum
obpazom, Teopus K-poCcTpaHCTB 3aBEPIINNIIA, <ITOJHBIH ITHKIT>:

KOHKDETHbIE TTPUMEPBL  —>  abCTPAKTHOE MOHATHE —>  YHUBEDPCAJBHAS PEATH3AINs (%)

— ¥ JaJjia HAYAJIO HOBOMY 3TANy TEOPETUYECKUX MCCACAOBAHUI: MOUCKY AHAJUTHYECKUX MPEICTABICHUN JIsi
PA3IMYHBIX KJIACCOB ONEPATOPOB, AEHCTBYIONINX B aDCTPAKTHBIX BEKTOPHBIX PEIIeTKAX.

Ecsin paccmorpers Teopuio penierodHo Hopmuposanubix npocrpancrs (PHII), cocpenorounsas BuuManue
HA, UX AHAJMTUIECKOM MPEJICTABJIEHNN, TO MOXKHO TpuilTh K BbBOAYy, 9To uctopusi PHII B obmux weprax mo-
BTOPSIET CXEMY Pa3BUTHUs TEOPUM BEKTOPHBIX perrnerok. llpexme Bcero, moustue PHII mox#HO paccmarpuBarh
KaK abCTpakTHOE ODOOIEHNEe MPOCTPAHCTB HEIPEPBIBHBIX U M3MEPUMbIX (DYHKIINN, TPUHUMAIONUX 3HAYECHUS
B HOpMupoBanHoM upocrpancrse. (Bupouewm, JI. B. Kanroposuu, Beoug nousirue PHII Bece B Tom ke 1935 r.,
€7Ba JIM PYKOBOJACTBOBAJICA WMEHHO HTUM COODDAKEHHEM: CHCTEMATHIeCKOE HCCJIEOBaHHE BEKTOP-DYHKINH
B TO BpeMsl TOXK€ HaXOIWJIOCh B CTaJuU 3apoxienus.) Ecaum anamurTudeckoe npeacrasierue K-npocrpancTs
OBLTIO TIOTYYE€HO CPABHUTEIBHO Uepe3 KOPOTKOe BpeMs mocye ux Beeaenus, 7o PHII monroe Bpems ocraBaanch
6e3 yHuBepcanbHON (yHKIMOHANbHOM peanu3anuu. Jlumb B 1987 1. A.T. Kycpaes u B. 3. Crpuxkesckuit no-
JIyYUJIM [EPBbI pe3ysibrar B 3roM Hanpasieaun: Beskoe PHII npepcraBisgercs B Bujie NpOCTPAHCTBA KIACCOB
SKBUBAJICHTHOCTH HENPEPBIBHBIX CeYeHNil HEKOTOPOTO OaHaxoBa paccsioenus [95].

Peasmzanmonnas reopema Kycpaesa — CrTpukeBCKOro, 3aBepiiasi HUKJ (%) MIPUMEHHUTENHHO K TEOPUH
PHII u teM cambiM vMesi HECOMHEHHYIO METOIOJIOTHIECKYI0 IIEHHOCTh, 00JIa/1aeT TeM He MEHee IBYyMsi OUEBU/I-
HBIMU TEXHUIECKUMU HeJIOCTATKAMU. BO-TIepPBbIX, B HEll YIIOMUHAIOTCSH KJIACCHI 9KBUBAJEHTHOCTH, HE CBONCTBEH-
HbIE TPOCTPAHCTBAM HEMIPEPBLIBHBIX (DyHKINH. BO-BTOpBIX, DAHAXOBO PACCIOEHNE B IPUBEIEHHON (DOPMYJIUPOBKE
He sIBJIAeTCd eIMHCTBEHHbIM (¢ TouHOCTbIO 110 u3oMerpun). A.T. Kycpaes cam nocrasui 3ajady ucrpaBsieHus
YKa3aHHBIX HEJOCTATKOB, KOTOPAas SBUJIACH UCTOKOM TEOPUU TPOCTOPHBIX OAHAXOBLIX PACCIOEHUN W HU3MepH-
MbIX 6aHAXOBBIX paccimoenuit ¢ mudruarom. CUCTEMATHYIECKOMY U3JI0KEHHUIO ITOM TEOPUH IIIaBHBIM 00pa3oM u
TTOCBSIIEHA, TAHHAST TUCCEPTAIIMS.

Marepuas auccepranyuu pasdUT HA CeMb IJIAB, KaXKIasd W3 KOTOPBIX, B CBOI OYePeh, COMEPIKUT HECKOThb-
ko maparpados. [asa 0 mpeacrasaser coboii 0630p Pe3yAbTATOB, W3JI0KEHHBIX B OCTAJBHBIX IMIECTH TJIABAX.
I'napa 1 comepkuT onpeneieHus U MpPeIBaAPUTEIbHBIE CBEIeHNsT 00 OCHOBHBIX 00bEKTaX, (DUTYPUPYIONINX B TUC-
cepranuu. K nmpenBapuTesibHBIM CBEIEHUSM MOXXHO OTHECTH W HECKOJBKO maparpadOoB IVIaBbl 2, BKIIOYAOIIEH
nHMOPMAIIIO 0OIEro XapakTepa 0 HeIIPEPHIBHBIX DAHAXOBBIX PACCIOCHUIX. [71aBa 3 sIBASETCA MEeHTPATBHON KaK
[0 PACTIONOXKEHUIO, TAK W MO COAEPKAHWIO: B HEN COCPEIOTOYEH MATEPUAI, KACAIOIMIUNCS TPOCTOPHBIX GAHAXO-
BBIX pacciaoennit u peanu3anur PHII B Buze mpocrpancTs cedennii. B rnase 4 pa3suBaeTcs TeOpusa U3MEPUMBIX
OAHAXOBBIX PACCIOEHUM myTeM mepeHoca cxembl I1. Janusiasa Ha ciaydail cedeHwit. 3aMeTUM, 9TO 9Ta Hjes He
Hoa (H. lunkysneany BbICKasbiBas ee eme B 1966 r.), oqHAKO HAM He M3BECTHBI MYOJUKAIMH, DEATA3YIONE
YIOMSHYTBIH MOIXO/T € JOCTATOYHON CHCTEMATHIHOCTHIO. B 2TOll Ke ryaBe BBOAUTCS M HCCIEIYETCs MOHSITHE
nudTHHTA B TPOCTPAHCTBE H3MEPUMbBIX CEYEHUH, a TAKKe MPUBOJIATCS PE3YJIbTaThl HCIIOIb30BAHUS TEOPUH ITPO-
CTOPHBIX GAHAXOBBIX PACCIOCHHI B MCCIEIOBAHUU M3MEPHUMBIX pPACCIoeHuil. [UiaBa 5 COAEPKUT MPUITOKEHUS



4 BBEJ/IEHUE

PEe3yIBTATOB MPEAbIAYIIUX TJIaB K PA3HOOOPA3HBIM IPOCTPAHCTBAM HEMPEPBIBHBIX U U3MEPUMbBIX BEKTOP-(DYHK-
muii. Hakorerr, riasa 6 mocBsiiieHa MCCAEIOBAHNIO COXPAHSIONINX AN3BIOHKTHOCTH OTIEPATOPOB M TTOCTPOEHUIO
WX aHAJIUTHIECKUX TTPEICTABICHMII.

Hano ckazarhb, 1T0 00001IeHIe YCTAHABINBAEMbBIX PE3YIhTATORB HA CIyYail MPON3BOJBLHBIX BEKTOPHBIX pe-
IIETOK ¥ PEIeTOYHO HOPMUPOBAHHBIX MPOCTPAHCTB HE BXOAUT B HAIM IUIAHBI, U MBI, KAK TPABUJIO, OrPDAHUYIH-
BaeMcsl paccMorpernneM K-mpocTpaHcTB u npocTpancTs banaxa — Kanroposmua.

MpbI cTpEMUIIUCH OTBETUTH HA BCE €CTECTBEHHBIE BOIIPOCHI, BOZHUKAIOIIUE 10 TOBOTY BBOINMBIX TIOHATHH U
dbopMyspyeMbIX pe3yabTaToB. Tak, BCJe 33 JOKA3ATEIHCTBOM TEOPEMBI YACTO CIEAYET €€ 0OCYZK/IEHNE B BUIE
psANa IPUMEPOB U YTBEPIKIEHUiT, 0O0CHOBBIBAIOIIUX TOYHOCTH (hOPMYJIUPOBKHU (HAIIPUMED, HEYCTPAHUMOCTh TEX
UJIM WHBIX JOHOJHUTENbHBIX Mpenonoxkenuii). OCHOBHbIE OLpEeIeseHrs, BKIOYAIONINE HECKOJILKO YCIOBHIi,
CHAOXKAIOTCS 0DOCHOBAHMEM HE3aBHUCHMOCTHM ITUX YCJIOBHH NPYT OT APYra, a CXOXKHWe TOHSATHS YTOUHSIOTCS
puMepamMu, OObSICHSIONUMH PA3IUINST MEXK Y HUMH.

Astop royboko Gaaromapen A.T. Kycpaey, koropbiii mosuakomua ero ¢ teopueit PHII u npengoxmui
WHTEpEeCHbIE 33/1a49u. ABTOp TaKKe BbIpaxkKaeT ¢Bow mnpusHarensbHocTh FO. A. A6pamosuuy, C. K. BogonbsHosy,
9.10. Emennsuosy, A.T. Kauyposckomy, E. B. Konecuukony, C. C. Kyrarenanze, C. A. Mamoruny, /1. E. ITans-
aynoBy, AH. A. Py6any u B. . Tpourkomy 3a mmomoTBOpHbIE 06CYKIEHNS HEKOTOPBIX BOITPOCOB, BO3BHUKINUX B
Xo7e pabOThl HAJI MATEPUAIIOM JUCCEPTAIUH.



Titaba 0. OB30OP PE3VYJIBTATOB

[Mony4uuTs MOCTATOYHO TOYHOE IPEICTABIEHNE O CTPYKTYPE OCHOBHOIO TEKCTA IUCCEPTAINU MOYKHO C
MTOMOIIBI0 TIPUBEIEHHOrO BBHIIE OIVIABJIEHUd. B 3Toil ke riaBe mpejuiaraerca 0030p OCHOBHBIX Pe3yJIbTaTOB,
MIPU3BAHHBIN 0003HAYUTE HX MECTO B PaMKax ODIIel Teopuw.

O630p pasbuT Ha aBe Y4acTH. B mepBoil 9acTu OOCYXKIAIOTCA PE3yAbTATHI O (DYHKIMOHAJILHOM Mpeji-
CTaBJIEHNN OCHOBHBIX OOBEKTOB TEOPHUHU PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTB. BTOpast 4acThb MMOCBAIIEHA
peann3amuu JUHEHHBIX OIEPATOPOB, JTeHCTBYIOMNX B 3TUX OOBEKTAX.

Crpykrypa nepsoil yactu o63opa (§0.1-0.6) B memom coorsercTByer CcTpyKType muccepranuu. O630p
B §0.1 HAYUHAETCA C OIMUCAHWUA OCHOBHBIX PACCMATPHUBAEMBIX B JUCCEPTAIAU OOBEKTOB: OyJIeBbIX aiaredp, Bek-
TOPHBIX PEIIETOK, PEIeTOYHO HOPMUPOBAHHBIX TPOCTPAHCTB | jp. 3areMm B § 0.2 MbI o6parnaemcs K peaan3ari-
OHHBIM (PAKTAM TOMOJIOTUYECKOTO XaPAKTEPa — K IPEICTABIEHNI0 OCHOBHBIX OOBEKTOB C TIOMOIIBIO TOTIOJIOTH-
YECKUX MPOCTPAHCTB, OTKPBITHIX MHOXKECTB U HempepbiBHBIX (byHKIw. OOCYXKIEHUIO M3MEPUMBIX PEATU3AINN
nocsimen §0.3, B KOTOPOM HJET pedb O MPEJCTABIEHUN O0BEKTOB MOCPEJICTBOM MPOCTPAHCTB C MEpOW, W3-
MEPUMBIX MHOYKECTB U m3MepuMbIX byHKIuH. JIudTuHr, KaK 01WH U3 OCHOBHBIX MHCTPYMEHTOB MCCJIEIOBAHUS
U3MEPUMBIX peasuzaniuii, oocyxkaaercs B § 0.4. TIpuMeHeHre 9TOr0 HHCTPYMEHTA K YCTAHOBJICHHIO CBSAZH MEYKTY
U3MEPUMBIMU U TOIOJIOTMIECKUMY KOHCTPYKImsiMu aeMmoucTpupyercs B §0.5. B §0.6 uger peus 06 nHTEpIIpE-
TaI[U HEKOTOPBIX CBONCTB OOBEKTOB B TEDMUHAX WX PEATABAIINIA.

Ecsu crpykrypa nepBoit yactu B 1esioM (Ha ypoBHE naparpadoB) COOTBETCTBYET CTPYKTYPe JUCCEPTAIINH,
TO CTPYKTYPa KaxKJI0T0 U3 IaparpadoB B OTIEJTBHOCTH HE MMEET TAKOr0 CoOTBeTcTBUsI. 1lopsiaok onpeneienuii u
YTBEPKIEHUH B TEKCTE AUCCEPTAINU OOYCIIOB/IEH, B TEPBYIO OY€PEIb, COOOPAKEHUSIMHU JIOTMIECKOTO XapaKTepa
(ucnosb3zyemas undOpMalys J0JKHA OBITH U3JI0KEHA 10 MOMEHTA UCIIOJb30BaHus). st 0630pa 2Ke Mbl couu
6oJiee MPUEMJIEMbIM TTOPAIOK BO3PACTAHUS CJIOKHOCTH PACCMATPUBAEMBIX OOBEKTOB. VIMEHHO 3TOT MOPSAIOK
OTpayKeH B HA3BAHUAX DPA3IENoB Kaxkaoro us naparpados 0.1-0.6: Mbl Hauumaem ¢ Gysmesbrx anrebp (0.1.1,
0.2.1,0.3.1,0.4.1, 0.5.1, 0.6.1), nepexoaum K sBekropubiM pemerkam (0.1.2, 0.2.3, 0.2.4, 0.3.2, 0.4.2, 0.5.2, 0.6.2),
3aTeM paccMarpuBaeM npocrpancTsa BekTop-byuaxmumii (0.1.3; 0.2.5; 0.3.3, 0.4.3, 0.5.3) u, HAKOHEII, PEIIETOYHO
HopMupoBannbie npocrpancrsa (0.1.4, 0.2.6, 0.2.7, 0.2.8, 0.2.9, 0.3.4, 0.4.4, 0.5.4, 0.6.3).

IMopsiziok <OT MPOCTOro K CJI0KHOMY> COXpaHsercs u Bo Bropoil yacru ob3opa (§0.8-0.11), nocssimeHHoi
OTEpaTOpaM, COXPAHSAIONIUM JU3bIOHKTHOCTh, W UX (PYHKIMOHATLHBIM peanu3anusaM. CHadana paccMaTpuBa-
1orcst OyseBbl roMmomopdusmbr (§0.8), 3arem opromopdusmbr (§0.9), ciaenom oneparops ¢asura (§0.10), u,
HAKOHEIl, ONepaTopbl B3BerieHnoro casura (§0.11).

B kaxzmom naparpade Hapsly ¢ aHAJIU30M HOBBIX PE3Y/IbTATOB IIPUBEIEH KPATKHIT 0030 JIMTEPATYPHI 110
coorBercrByoiiemy Borpocy. (EcrecrBenno, mo mepe nepexoja OT MPOCTHIX KJIACCHYECKUX OOBLEKTOB K Gojiee
CJIOKHBIM COBDEMEHHBIM, OOCYXKJIEHHE HOBBIX Pe3yJIbTATOB HAYMHAET Ipeobianarb HaJ 0030paMu CTapbIX.)
IMockonbKy BCe pe3ysbrarbl aBTopa [0 TeMe JUCCePTAlUK OlyOJMKOBAaHbI CPABHUTEILHO HenaBHO (cM. [47-53,
152-155]) u, Kpome TOrO, SIBHO BKIOYEHBI B TEKCT TUCCEPTAIMN BMECTE C TOAPOOHBIMHU JOKA3ATENLCTBAMH, MbI
MTOCYUTAIIN M3JIUIIHAM yIOMHHATH COOTBETCTBYIONINE IyOJINKAIIUN B 0030PaX JIMTEPATYPHI.
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YACTD 1. PEAJIN3AIINNA OBBEKTOB

IIpencrassienue B Bume npocTPaHCTB (DYHKIWI ABIAETCA MOIIHBIM CPEICTBOM WMCCIIETOBAHUS BEKTOPHBIX
PEIETOK M PeNeTOYHO HOPMUPOBAHHBIX MMPOCTPAHCTB, 8 TAKZKE MCTOYHUKOM DA3HOOOPA3HBIX CBs3€il COOTBET-
CTBYIOIIEH TEOPUHU C TEOPHUEH MHOXKECTB, TOMOIOTHell n Teopueit Mephl. LleHHOCTH (DYHKITHOHAIBHBIX PEATH3AIINH
BEKTODHBIX PEIIeTOK CTaja odeBuaHa yke B 30-e rompl u ObuTa IPOIEMOHCTPUPOBAHA HA HpuMepe GAHAXOBBIX
anre6p u GanaxoBbix pererok M. Croynom u ap. Opaum u3 zHambosree (DyHIAMEHTATLHBIX (DAKTOB TEOPUHU
K-nipocTpanCTB gBUIACH TEOPEMA O MPECTABJIEHUN B BUIE PEITETKH HEPEPBIBHBIX (DYHKIHH HA IKCTPEMAh-
HO HECBS3HOM KOMIIAKTe. DBe3yCI0BHO BaXKHYO POJIb MIPAET TAKYKE PEATN3alinsd BEKTOPHBIX DEIETOK B BUIE
MPOCTPAHCTB KJIACCOB m3MepuMbiX (byHKIu. OYeBUIHBIE MPUIOKEHN K TEOPUU PENIeTOYHO HOPMUPOBAHHBIX
MIPOCTPAHCTB MMEET TeOPHUA HENPEPHIBHBIX U M3MEPUMBIX BEKTOP-DYHKIHMI, MOTyJIUBINAd B [IOCIEIHEE BPEMS
MoIHOe pa3surHre. T pajuiroOHHbIe PeaTH3aud MHOTUX airedpanvyeckux OObeKTOB B BUJIE Iy YKOB WJIA CEYEHUE
PacCAOEHUN TaKzKe HAXOAAT IIPUMEHEHUA B UCCJICJOBAHUU ITPOCTPAHCTB C BEKTOPHON HOPMOM.

DTH u ApyTHe TOAXOAbI K (DYHKITHOHAIBHON PEATH3AIUH OCHOBHBIX 00BEKTOB TEOPUH BEKTOPHBIX PEIIETOK
Y PEIeTOYHO HOPMHUPOBAHHBIX [IPOCTPAHCTB PACCMATPHUBAIOTCS B IIEPBOH 4acTU JaHHOrO 0630pa.
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§ 0.1. OcHoBHBIE OO'BLEKTHI

OcHOBHBIME OOBEKTAMU, PACCMATPUBAEMBIMU B IHCCEPTAINH, SIBAAIOTCA OyJieBbl aarebpbl, BEKTOPHBIE
PeIeTKu, TPOCTPAHCTBA BEKTOP-(DYHKIN, PEIeTOYHO HOPMUPOBAHHBIE MPOCTPAHCTBA W IEHCTBYIONINE B HUX
JVHEWHBIE OmepaTophl. KaKIblil M3 MEePeYnCIEHHBIX OOBEKTOB HMeeT COOCTBEHHYIO OOTaTyio Pe3yIbTaTaMu
reoputo. He BiaBasich B JIeTand ¥ HE CTPEMSICH K MOJHOTE, MbI JIMIIbL OXapakTepusyeM Te (hparMeHThl ITUX
TeOpUii, KOTOPhIE UMEIOT OTHOIIIEHNE K PACCMATPUBAEMOMY HAMHU KPYTY BOITPOCOB.

0.1.1. Byaesnv, anzedpoi

Kaxgprit 13 OCHOBHBIX OOBLEKTOB, H3YyYAaEMbIX B JAHHON paboTe, TaK WU MHAYE CBA3AH ¢ OyIeBbIMU aared-
pamu. Peun naer o 6yneBoit anrebpe KOMIIOHEHT BEKTOPHOIT permeTkn, OymeBoii aaredpe mopsaaIKoOBhIX TPOEKTOPOB
B PEIIETOYHO HOPMHUPOBAHHOM MPOCTPAHCTBE, OYIeBON anrebpe OCKOIKOB MOJOKHUTETHHOIO U MaKOPUPYEMOTO
oreparopa u ap.

Kak u GysieBbl anreGpbl, BCe ynOMAHYTHIE OOBEKTHI MMEIOT MPAMOe OTHOUIEHHE K TEOPHU PereTok (1 K
Gosiee 0OLIEll TEOPUUM YHOPAJIOYEHHBIX MHOMXKECTB), KOTOpasd, 6e3yCJIOBHO, HE OrPAHMYMBAETCH PACCMOTPEHHEM
TOJBKO 3TUX 00bEKTOB. VMeeTcss MHOXKECTBO JAPYIUX aKTUBHO PA3BUBAIOIIUXCS BETBEH 3TOH 00JaCTH MaTeMa-
TUKH, UCCIEAYIOMNUX Takue OOBEKThI, KaK MUCTPUOYTHUBHBIE PEIETKH, MOJYPEIeTKH ¢ TICEBI0IOTOTHEHUIMHY,
p-anredphl, PEIIeTKH € OPTOAOMOIHEHUSIME, THIMHIPAIECKHE W MOJnaandeckue anredpni, aarebpor Ilocra u
JIykaceBu4a, amrebpnr Leiitunra, aarebpnr ne Moprana, KBanTOBbIE JOrUKH, ajarebpsl Menrepa, MOAyISgpHBIE U
OPTOMOTYJIAPHBIE PEIIETKH, MYIbTUILIMKATHBHBIE PEIETKY, MOJYPEIeTKH U ApyTrue 0DOOIIe s PeIeToK.

BecbMma oObemuBIIN U TOJHBIE 0030p MyOIUKAIKN, KACAIOMIMXCS TEOPUM YIOPSIOYEHHBIX MHOMXKECTB U
perieTok, mmeercs B kamrax [68, 69]. Cwm. rakxe [9, 46]. OcHOBHBIE CBeJeHHS O KIACCHYECKUX MTOHATHAX
TEOPUU YNOPsJOYEHHBIX MHOXKECTB U MX 0DO0DIIEHHIX NPEKPACHO u3JiokeHbl B [5—7]. Bcea neobxomumas nam
uHbopMaImst 06 aBCTPAKTHBIX OyJIeBhIX anrebpax mMeercs, HampuMmep, B [29, 100, 156]. HexoTopsie cBemenmst
u3 o0mieit Teopuu GyeBbIX ajarebp MprBeneHbl Takxke B [7, 33, 60, 83,91, 233].

Heobxonumbie HaM cBemenus 0 OyneBbIx anaredpax mpueeneHbl B § 1.2 mamuoit padorsl. Pazmensr 1.2.1-
1.2.7 conmepzxar cBesieHust abCTPAKTHOTO XapaKTepa, OCTAIbHAA YacTh naparpada MOCBsIIeHa PeaTn3aiiOHHbIM
BOIIPOCAM.

0.1.2. Bexmopnoie peutemsu

Teopusi BEKTOPHBIX PEIETOK SIBJISETCS OIHUM W3 OCHOBHBIX HANPABIEHUN COBPEMEHHOrO (DyHKITMOHAh-
HOro axasim3a. Pa3HoobpasHble aCeKThbl ITON TEOPUU OTPAKEHbI B MHOI'OYUCJIEHHBIX MOHOrpadusdx, cM. [7, 24,
33, 59, 60, 72, 83, 90, 112, 113, 130, 142, 168, 187, 189, 190, 194, 214, 219, 225, 226, 255, 257]. Bechma obmmp-
Hast Oubsnmorpadus nmeercs: B 063opax A.B. Byxsanosa [20-23]. Hcropusi BOSHUKHOBEHUS ¥ PA3BATHS TEOPUN
BEKTOPHBIX DEINETOK MPEKPACHO M3JI0XKeHa BO BBeAeHnu ob3opa [21]. W ieitnas u Meromosorndeckas NEHHOCTH
Beesennoro JI. B. Kanroposudem nousitus K -npocrpancrsa obcyxaaercs B [89].

Bce ocHoBHBIE HEOOXOAMMbBIE HaM CBEIEHHsS O BEKTOPHBIX pellerkax U K-IIpOoCTpaHCTBaX KOHCIEKTUBHO
n3noxensl B 1.3.1-1.3.4.

0.1.3. Ilpocmparcmea sexmop-@yHryul

B pabote paccMaTpuBaiOTCs IIPOCTPAHCTBA HEMPEPBIBHBIX, CJIa00 HEIMPEPBIBHBIX, U3MEPHUMBIX U C1abo
n3MepuMbix BekTOp-byHKnmil. HejaBHee cylnecrBeHHOe NPOABHIKEHHWE B HCCIIEIOBAHUM TAKUX [POCTPAHCTB
CBSI3aHO IVIaBHBIM oOpa3oM ¢ padoramu A. B. Byxsasosa [10, 11, 15-21, 24] u A. T. Kycpaesa [24, 83, 84, 87, 93-95,
183-186]. Kpowme Toro, B paMkax ucc/ie10BaHus HEIPEPBIBHBIX BEKTOP-(DYHKIMI 3HAYUTEIbHOE MECTO 3aHUMAET
TaK Ha3bIBAEMAas TEOPHUs B3BEIIEHHON allpoOKCuMaIuu, ocHoBanuas B 1960-x romax JI. Haxbunom u monyaupBInas
zaTem morHoe pasputne B paborax K. /. Buepcrenra, E. Bpeiima, K. B. Jlaypcena, H. B. Ilenepcena, P. K. Baka,
P. A. ®ourenora, C.Mauano, Ix.B.IIpomus, B.X.Cammepca u ap. [121, 123, 124, 140, 195, 196, 202-204,
220223, 245].

[MockoabKy Iy TPOCTPAHCTB BEKTOP-(hyHKIMI He pa3paborana clenuagbHas aKCUOMATHYIECKAsS TEOpHs,
MBI PACCMATPUBAEM UX KAK PEAM3AINY PEIIETOYHO HOPMUPOBAHHBIX TPOCTPAHCTB M 00CYXK/IaeM HUXKE B COOT-
BercrByIonMx paznenax obzopa (cm. 0.2.5; 0.3.3, 0.4.3 u 0.5.3).

0.1.4. Pewemou4to HOPMUPOBAIHHDLE NPOCMPAHCNEN

B obfmmem Buzae permerovHo HOPMUPOBAHHBIE MPOCTPAHCTBA BIepBbie Bo3uHukau B pabore JI. B. Kantopo-
Buua [57], rae OoHW GbLIM HA3BAHBI <MPOCTPAHCTBAMM, HOPMHDPOBAHHBIMH C TIOMOINBIO 3JIEMEHTOR TOJIYYIO-
PsIIOYEeHHOr0 mpocTpancTBa>. MoTuBaruell 1y PaCCMOTPEHHST TAKUX MPOCTPAHCTB MOCTYKHUIO MTOCTPOEHUE
060011eHHOr0 MeToa MakopanT Komm mis pemnenns GpyHKIHOHAIBHBIX ypasHeHnuii. A.B. Byxsanop Buepsbie
HCIIOIB30BAJ PEIIETOYHO HOPMUPOBAHHBIE TPOCTPAHCTBA /1Tl BEIPAOOTKY OBINErO TOAX0A K HCCIETOBAHUIO Pa3-
HOPOJIHBIX 00bEKTOB (DYHKIIMOHAIIBHOTO AHAIN3a, TaK UJIM WHAYE CBA3AHHBIX C BEKTOPHBbIMU HOpMamu. [lo3xke
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A.T.KycpaeB u ero yueHUKH IOCTPOUIN PASBUTYIO TEOPUIO PEIIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTB, BKIIIO-
YAOILy1o TIyOOKY0 Pa3paboTKy TOHATHS MaXKOpHUPyeMoro omneparopa [67, 76-78, 80-84, 87-91, 93-95, 183-186].
COBpEMEHHBIH CITMCOK TPHMEPOR PEMIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTB BEChbMa OOMIMPEH W BKJIIOYA-
eT Takne O0BLEKTHI, KaK MMPOCTPAHCTBA HEMPEPLIBHBIX W CIA60 HENPepLIBHBIX BEKTOP-(YHKINH, TPOCTPAHCTBA
M3MEPUMBIX W CJIab0 M3MEPUMBIX BEKTOP-(MYHKIHI, MPOCTPAHCTBO CYMMHUPYEMBIX 10 Boxuepy BekTOp-(pyHK-
Ui, TPOCTPAHCTBO TOPAIKOBO OIPAHWYEHHBIX PEMICTOYHO3HAYHLIX (DYHKIUI, TPOCTPAHCTBO BEKTOPHBIX Mep
OTPAHMYEHHON BApHAIAH, TTPOCTPAHCTBO PEITIETOYHO3HAYHBIX Mep, MPOCTPAHCTBO ONEPATOPOB ¢ abCTPAKTHOH
HOPMOI, IPOCTPAHCTBA JOMUHUPOBAHHBIX M MaxkKopupyembix oreparopos (cum. [83: 4.1.6]). Pewerounbie Hopmbl
B CKDBITOM BHJIE MIPUCYTCTBYIOT TaK’Ke B 0600MIEeHHBIX mpocTpancTax Opiwda [180] u TeH30pHBIX Mpou3Bee-
HUSIX HOPMHUPOBAHHBIX MPOCTPAHCTE M BEKTOPHBIX pertreTok [97]. 3amena B onpenesnennu npocrpancTsa Cobore-
Ba BEIICCTREHHOZHAYHBIX (PYHKIMI HA BEKTOPHOZHAYHBIE MPUBOANAT K PEMIETOYHO HOPMUPOBAHHBIM MPOCTPAH-
CcTBRaM. AHAJIOTWMYHBIE TTPOCTPAHCTRA, CBA3AHBI ¢ (PYHKIMOHAILHBIMU MpOocTpancTBaMy Jlnmmmna, JInysumis,
Cobonesa — Opanua, Hukonnckoro, Becora, Jluzopkuna — Tpubenss u T. 1. MHTEpecHbIe M BaXKHbIE KIACCHI
PEIeTOYHO HOPMUPOBAHHBIX IPOCTPAHCTB CBA3aHbL C CEUEHUAMU DaHAXOBbIX pacciaoenuit (cum. 0.2.9, 0.3.4).
Teopust pEIIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTB MPOJOJKACT aKTHBHO paspuBarbes. OmHWM H3 T10-
CIICTHAX MTOCTUZKEHWH B 9TOH obmacty semuiock cosmanme A. . KycpaesslM T€Opun mpoCTpaHCTB €O CMENIAHHON
HOPMOI {CM. Ollpe/ieJieHus, OCHOBHbBIE CBOICTBA, KpuTepuu (byHKUMOHAJIbHOMN npeacrasumoctu B [84: §4]). Um
K€ TIOJIOYKEHO HAYATIO TEOPUN MaKOPUPYEMbIX OMepaTopoB B MPOCTPAHCTBAX CO CMENTaHHOH HopMoit [84: § 5].
[TomyunTh npeacTaBIeHne 0 COBPEMEHHOM COCTOSTHMM TEOPHH PEIIETOYHO HOPMHPOBAHHBIX TPOCTPAHCTB 1
MarKOPHUPYEMBIX OIepaToOPOB MOXKHO, 00paTHBIIHCH K paboram [24, 67,83, 84, 87,90, 95, 183-186].
HeobxonmMbre HaM onpemeneHns U 0003HAYCHWSA, CBA3AHHBIC C TIOHATHEM PEMIETOYHO HOPMHUPOBAHHOTO
IPOCTPAHCTBA, TPUBEJEHBI B § 1.4 auccepranum.

0.1.5. Konuenuusa nopadkoeoti annpokcumayuls

EcrecTBeHHO, 9TO B TEOpHUH PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTB BAXKHYIO POJIb MTPAET MOHATHE
MOPSIKOBON CXOMMMOCTH WJIH O-CXOAMMOCTH. TeM He MeHee, HEKOTOPbIE KJIIOUeBble MPODJIEMbI, CBA3AHHBIE C
STUM MOHSATHEM, JIO0 CUX [IOD He ObLIN PEIleHbI.

COBOKYITHOCTD BCEBO3MOXKHbBIX O-IIPEJIEIIOB CeTell, COCTABJIEHHBIX U3 9JIEMEHTOB HEKOTOPOr'O MTOIMHOKECTBA,
PEIeTOYHO HOPMUPOBAHHOTO TPOCTPAHCTBA, HA3BIBAETCS O-3aMBIKAHUEM 3ITOTO TOIMHOMXKECTBA. DBO3HHWKaeT
€CTECTBEHHBIH BOILPOC: SBJSETCs JIM 0-3aMbIKAHUE 0-3aMKHYTBIM, T. €. BEPHO JIM, 9TO IOBTOPHOE 0-3aMbIKAHUE
He 100aBJISeT HOBLIX 3JIEMEHTOR?

[TockoabKY 0-CXOAUMOCTH HE TOIMOJOTUYHA, ITOT BOIMPOC MAJEKO HE TPUBHAJIEH W JI0 CHX TOpP HE OBbLI
PeIlieH axke /s KOHEYHO-IIMKJINTHBIX MHOXKECTB, KOTOPBIE Yallle BCETO PACCMATPUBAIOTCS B BOMPOCAX TIOMOJI-
HEHWST W TPOIOJIKEHUsI. [IpH MOCTPOEHNN 0-3aMKHYTOH ODOJIOUKN aBTOPHI OBIIN BBHIHYYKIECHBI PACCMATPUBATH
Bopenesckue HAACTPOWKY, T. €. IPUCOEIVHSITEH K JAHHOMY MHOXKECTBY O-TIPEIEJIBI €T0 3JIEMEHTOB, 3aTeM O-TIPe-
Jlesibl o-ipesesioB u T. 1. (cM. [60]). Beinykuennas unaykuus (1 naxke TpaHcHUHUTHAS UHIYKIUA) 118 BCe
JIOKA3ATehCTBA U MOCTPOESHUST JOBOJBHO TpoMo3akuMu. Hampumep, Teopema 06 0-TOMOTHEHUH PENTeTOTHO HOP-
MUPOBAHHOIO [IPOCTPAHCTBA MMEJIAa BECbMa HEyH0OHYIO g upuioxkenuii dbopmynuposky [83: Teopema 1.4.11],
a LIOCTPOEHUE O-1IONOJIHEHHs COCTOSIO U3 HECKOJIbKUX LOCJIEI0BATEIbHbIX Paciiuperuii (4acrb KOTOPBIX, KaK
BBISICHWJIOCh, ObLJIA HEHY KHA): TIePEeMEIHBAHN, T-TIOTOJIHEHNST U TIOBTOPHOTO Nepemernupannst [95: 3.6-3.11].

IIpu noBOMBHO OOIMIMX IIPEAIIONOKEHUAX B paboTe JOKA3AaHO, UTO HMOBTOPHOE O-3aMbIKAHHE HE T00ABIIfA-
€T HOBBIX JIEMEHTOB, T. €. TIePBOE O-3aMbIKaHWe yKe sSBIAeTcs 0-3aMKHyThIM (cM. 1.5.3, a makke [24: cien-
creue 1.6.7(3)]). Peunrs npobiemy o-3aMblKaHHs yAAJIOCh C [OMOIIBI) HOBOW KOHIENIIMHU [OPsIKOBON ari-
MPOKCHUMAITNH, Pa3paboTKe KOTOPOi mocesmien § 1.5 mamnoit mucceprammu. Ilocie mokasarenbcTBa OCHOBHOM
gemmbl (1.5.1) u uccmenoBaHus 3JEMEHTAPHBIX CBOMCTB ammpokcuMarmu (1.5.2) ycraHaBIHBaeTCs KIIIOUEBOM
pesyabrar (1.5.3): NOPSAIKOBO AlIPOKCHMHUPYEMbIE DJIEMEHTBI MOT'YT ObITh [OJIYYeHbI KAK IPEeIesbl ceTeil de-
MEHTOB AIMPOKCUMUPYIONIEr0 MHOXKeCTBa. Kak yxke ObLIO OTMEYEHO BBIMIE, 3TOT (PaKT HE ObLT w3BeCcTEeH. B
JIUTEPATYPE HOSBJIAJIUCH JIUIb €10 eJAUHUYHbIE [[POsBJIEHUA B BECbMA YACTHBIX Clydasx (cM., Haupumep, [83:
npemnoxkenne 4.1.8 (6)]). Jlanee omucanbl ciocoObl MPUOINKEHHsT AMMPOKCHMUPYEMBIX 3JIEMEHTOB PA3HOTO POJIA
npesenaMu: B TepMuHax o-cxomumoctu (1.5.4), pasroMmeproit cxomumoctn (1.5.5-1.5.7), r-cxomumoctn (1.5.8,
1.5.9).

B ugacrrOCTH, TOTy4YeHa Oosiee ynoOHAS (DOPMYAMPOBKA TEOPEMbI 00 O-TIOMOJHEHUH PEIeTOYHO HOPMUPO-
BaHHOIO npocrpancrea [52: 2.8], nokazaHo, 4TO OAHO U3 NepeMeNInBanuii B nporecce nonoauenus [95: 3.6-3.11]
SBJASETCH JIUIIHUM, U YCTAHOBJIEHO, YTO MOIO/HEHNE OCYIIECTBUMO 33, OJIMH IMar — OJHOKPATHBIM IPUCOETITHE-
HUEM O-TIPEJIEJIOB.

0.1.6. Ilopadkoeo ozparumerHbLe ONEPAMOPDL

B ocHOBe TIOHATHST MayKOPHUPYEMOTO OMEPATOPA, JIEXKUT MTPOCTasi UIest, BOCXONAIIAsd, 0 Kpaiinefi mepe, K
MeToay MaxkopanT Komm. B obimux deprax ee MOKHO BbIPa3uTh cieayfomum obpa3zom. Ecau paccmarpuBaembrii
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OIIepaTOP MAKOPUPYETCs APYTUM OIEPATOPOM, HA3BIBAEMBIM MAayKOPAHTOMN, TO CBOWCTBA MOCJIETHETO CYIIIECTBEH-
HO BJIMSTFOT Ha CBOMCTBA mepBoro. Takum 00pa3oM, OmepaTop, HMEOIHH B TOM WJIM HHOM CMBICIIE KBAJIMDUITAPO-
BAHHYIO MarKOPAHTY, CaM JIOJIYKeH ObITh KBATU(DUIIMPOBAHHBIM. MaTeMaTuyecknii anmapar, B paMKax KOTOPOTO
uaesi MAYKOPAIMY MPUHUMAET €CTECTBEHHYIO W 3aKOHUYeHHYI0 dopmy, Obut mpemioxken JI. B. Kantoposuuem B
1935-36 1. (cM. [57,60]).

B nocneaytormipe rogpl MHOrHE aBTOPBI N3YYaJIn PA3JIMIHBIE YACTHBIE CJIyYan PEneTOYHO-HOPMUPOBAHHBIX
MIPOCTPAHCTB U HA2KOPUPYEMBbIX oreparopoB. OIHAKO 9TH UCCIETOBAHMS IPOBOIUIUCH B PAMKAX U B J[yXe TEOPUHI
BEKTODHBIX U HOPMUPOBAHHBIX PEIIETOK, BCIEJACTBUAE Y€r0 BaXKHENIINEe CTPYKTYPHbBIE CBOMCTBA MarKOPUPYEMBIX
o1epaTopoB ObLIM U3yYeHbI JUIIb B HOocjeanee Bpems. Henasree cyiecrsenHoe nposmKkenue B 3To# obsacru
CBSI3aHO TIaBHBIM obpasom ¢ paboramu A.T. Kycpaea u ero yuenukos (cMm. [67, 83, 84, 87, 90, 95, 183-186]).
Heobxonumblie HaM CBeeHUST O PETYJISIPHBIX U MaXKOPUPYEMBIX OIepaTOpax MpuBeaeHbl B pasaenax 1.6.7-1.6.10
JAHHON TuCCepTaIum.

C moHsTHEM MayKOPUPYEMOTO OMepaTopa TECHO CBI3aHBI TaK HA3BIBAEMBIE TOPAIKOBO OTPDAHUYEHHBIE
OIIEPATOPHI, T. €. OMEPATOPDI, IEPEBOIAIINE TOPAIKOBO OIPAHUYEHHBIE MHOKECTBA B TIOPSIKOBO OrDAHWYEHHBIE.
Bo MHOrMX ¢jIydasix 3TH ABa KJIACCA ONEPATOPOB COBHAIAIOT (CM., HampuMep, 6.1.12).

W3 Teopun TOMONOrNYECKNX BEKTOPHBIX MIPOCTPAHCTB XOPOIIO U3BECTHO, YTO TA WM WHAS HEIIPEPHIBHOCTH
JIMHEHHOTO OMEPATOPA YACTO IKBUBAJIEHTHA KAKOU-IuMOO €ro OrpaHuYeHHOCTH, T. €. €r0 CBOWCTBY MEPEBOINTH
orpaHuYeHHbIe (B ONPEIEIEHHOM CMBICJE) MHOXKECTBA B orpanudentble. CTpeMjeHue CBECTH BOIPOCHI HElpe-
PBIBHOCTH K OI'PAHUYEHHOCTH MOTHUBHUPOBAHBI TEM, 9TO OIPAHUYEHHOCTH OIEPATOPA MIPEICTaBIsIeT COOOH TeXHU-
4eCcKHu MeHee eMKOe 1 DoJiee JIErKO IIpoBepsieMoe cBoicTBO. Eciiu 31a niaes npoHU3bIBAET BCIO TEOPHUIO OLIEPATOPOB
B HOPMHUPOBAHHBIX IIPOCTPAHCTBAX, TO B TEOPUU PEIIETOYHO HOPMHUPOBAHHBIX IIPOCTPAHCTB OHA, OCTAJIACh De3
purManus. OT4acTu 3TUM O0bICHAETCS U TOT PAKT, 9TO CBS3b MEXKJLY PA3HBIMU TUIIAMHU HEIIPEPBIBHOCTH OII€Pa-
topos B PHII Toxe ocTamack mo-cyIecTBy He UCCaen0BaHHON. JIaHHOE OOCTOSITEIECTBO BRIPAYKAETCS, HATTPUMED,
BO BCeoOIeM 3a0iIyK/IEHUH 10 NOBOJLY CEKBEHIUAIBHOCTH T-HEIPEPLIBHOCTU (ONpEIeIeHre 0-HeNPePbIBHOCTH
JIAI0T B TEDMUHAX CeTeill, a T-HenPePBIBHOCTY — BCEr/a B TePMUHAX IociaenoBarenbrocreii). Hampumep, B [257:
reopema 85.3] Gesycrieninasi HOIbITKA BEIBECTH OIPAHUYEHHOCTD U3 CEKBEHUIMAJILHON T-HEIPEPLIBHOCTH IIPUBEJIA
K CYIIECTBEHHOMY OTPAHUYEHUIO PACCMATPUBaEMOil cutyaruu (Teopema chOpMyIUPOBAHA JUIIE 17 (DYHKIMO-
Hasa).

les1o B TOM, 9TO 7"-CXOIUMOCTD JAeHCTBUTEIHHO CEKBEHIINATbHA, HO TAKOBO HE sIBJISETCS I'~-HEITPEPHIBHOCTb.
B mammo#t pabore, B 4aCTHOCTH, MOKA3AHO, YTO T-HEMPEPHIBHOCTb W CEKBEHIMAJIbHASA 7'-HEMPEePBIBHOCTD —
CyIIECTBEHHO Pa3Hble CBONCTBA omeparopa. boisee TOro, cuerHas r-HEIPEPHIBHOCTH OTINYAETCH OT KaXKI0TO
M3 3TUX JIBYX CBOWCTB M 3aHUMAET CTPOTO IIPOMEKYTOIHOE MTOJOKEHNE MEXKIY HAMU.

Oru pesynbrarbl (KaK U HECKOJBKO JAPYIHX PE3YJBTATOB TOIO YKE XapakTepa) IMOJIy4YeHbl BO MHOIOM
671aroIapsi YCTAHOBJIEHWIO TECHBIX CBS3€H MEXKIy MOHSATHUSAMH T'-HEIPEPBIBHOCTHA U orpanndeHHocTr. CHavama
Mbl BBeJaM B paccMmorpenue 12 punos orpanuvenuocru Muoxkecrs (cm. 1.6.1). anbreiluiee uccienoBanue
MTOKA3aJI0, YTO HEKOTOPBIE M3 HUX JKBUBAJIEHTHBI. B YACTHOCTH, KIACCHYECKAS IOPSIKOBAsS OTPAHUYEHHOCTH
0KAa3aJ1aCh SKBUBAJEHTHA TAK HA3BIBAEMON OrPAHUYNBAEMOCTH, O-AHHYIUPYEMOCTHA U JTAXKe T-aHHYIUPYEMOCTH.
B xonue koHIOB Bce 12 ompesenenuii pacnasuch Ha 4YeThipe rpynmbl (Teopema 1.6.1), omuchiBaroriue yike
HOIAPHO PA3JIUYHbIE MOHATUs (MMEIOTCS BCe HeOOXOMUMbIe TpuMepkl, cM. 1.6.2).

Barem MBI paccMoTpenu 21 THI OMPAHHYEHHOCTH (= HEMPEPBIBHOCTH) OMEPATOPA, KOTOPHIE, KAK U CIEI0-
BAJIO O’KUJIATh, PACIAJUCH HA Y€THIPE IPYIIbLI IKBUBAJEHTHLIX ¢BOHCTB (Teopema 1.6.3). CnoxHee npoBepuTh,
4TO BCE YeThIPE THUIIA OUPAHMYEHHOCTH OLIEPATOPA MOIAPHO PAa3/IMYHbL. TeM He MeHee, HeOOXOIUMbIe IIPUMEDHI
6bwtn mocTpoersr (cM. 1.6.4-1.6.6).

0.1.7. Kpumepuu nopadkosotli 02pGHUMEHHOCTIUY

B crarpe [84] A.T. Kycpaes copmynnpoBai psij, pobiaeM, peleHre KOTOPhIX, ¢ €ro TOUKH 3pPEeHMHsl, CIO-
coOCTBOBAJIO OBI TATBHEHIIIEMY PA3BUTHIO TEOPUHU PEITETOYHO HOPMUPOBAHHBIX MPOCTPAHCTB W MAYKOPUPYEMBIX
omeparopos. OmHa u3 3TUX TPoOIEM — mpobaemMa 6 — 3BYYUT CAEAYIOMMUM 00pa30M: HANTH JIETKO MpOBEpsie-
MBI€ HA MPAKTHUKE O0IHe KPUTEPUU MAXKOPUPYEMOCTH MUPOKUX KJIACCOB OMEPATOPOB. B KavuecTBe COOTBETCTBY-
omero npuMepa B [84: 6.4] npuBesen Kpurepuil MaXKOPUPYEMOCTH DA3JIOKUMOIO OIEPATOPa CO 3HAYCHUAMU
B KT -mpocTpaHCTBe, yTBepKIAONINI, 9TO AA8 MAyKOPHPYEMOCTH TaKOTO OMepaTopa JOCTATOYHA CeKBEeHIH-
aJbHAs T-0-HEIPEPBIBHOCTh. IIOCKOJBKY A/ JOCTATOYHO MIMPOKOIO KJIACCA OIEPATOPOB MarKOPUPYEMOCTb U
OIPAHUYEHHOCTDH 9KBUBAJICHTHBI (CM., HAIPUMED, Ipeyioxkenue 6.1.12), Hanm Kpurepun OrpaHuIeHHoCcTH, ChHop-
MyaupoBanuble B Teopeme 1.6.3 (cm. takxke 0.1.6), paboTaoT B HAIPABJIEHUYU PEIICHUs YKA3AHHON! IPOGIEMBL.

IIpobGaema 7 u3 [84: 6.5] craBuT BOmpoc Goslee Y3KO M CONEPIKHUT 33139y O HAXOMKJEHHH JTOCTATOYHBIX
YCJIOBHH MaKOPUPYEMOCTHU JiJisi COXPAHSIOIIMX U3 bIOHKTHOCTD OIIEPATOPOB, JEUCTBYIOIIMX B PELIETOYHO HOP-
MUPOBaHHBIX HpocTpancTBax. Yciosue FO. A. A6pamosuua (R), durypupyromee B popmymuposke reopembr A
u3 [108], 4BUIOCH UCTOPUYECKU TIEPBBIM IKBUBAJIEHTOM OIPAHUYEHHOCTH COXPAHAIONIErO JAU3BIOHKTHOCTD Olle-
paTopa, 6ojiee CTabbIM, YeM CEKBEHITMAJbHAST 7'-O-HEmpephiBHOCTL. [lo3yke m 31O ycyioBue OBLIO OCIADJIEHO.
I1. T. H MaxIlosun u A.B.Buxcren nokazanu [199: teopema 2.1}, 4To Jjisd OrPAHUYEHHOCTH COXPAHAIOIIErO
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JU3BIOHKTHOCTD OMepPaTOpa B BEKTOPHBIX PEIETKAX JOCTATOYHO 7-MOJYHEMPEPLIBHOCTU (ITOT TEPMUH BBEJIEH
B pazzene 1.6.3).

Ioubitky 06061muTs Kpurepuii A6pamosuya — Makllonnaa — Bukcresa Ha ciyvail oneparopoB B pe-
[IETOYHO HOPMHUPOBAHHBIX [IPOCTPAHCTBAX HE MOI'YT IIPUBECTH K YCIIEXY, TAK KaK BCe paccMoTpeHHble B 1.6.3
YeThIPEe TUNA OMPAHUYEHHOCTH TIOTIAPHO PAZJIMYHDL JIasKe JI/Is OIE€PATOPOB, COXPAHSIONIUX U3 HIOHKTHOCTD (COOT-
BercrBylonme npumepst umeiored B 1.6.4-1.6.6). Oanako, ecau 061acTh OMpPeIeeHus OlepaTopa — BEKTOPHAs
pelreTKa, a He TPON3BOJILHOE PEIIeTOYHO HOPMUPOBAHHOE TPOCTPAHCTBO, TO BCE UETHIPE THIA OIPAHNYEHHOCTH
cosnazaior (reopema 6.1.10). Kpome Toro, B paGore yCTAHOBJIEHO, YTO BCE THIIbI OIPAHUYEHHOCTH COBIIAIAIOT
JJISI HEPACITUPSIONIAX OMTePaTOPOB, TeUCTBYIOMUX B MPON3BOIbLHBLIX PENTETOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX
(reopema 6.2.11).
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§ 0.2. Tomosroruyeckue peajan3amnnu

B sToMm naparpade MbI COCPEIOTOYMBAEM BHUMAHME HA peaju3anuax onucaHHbX B §0.1 oCHOBHBIX 00b-
€KTOB ITOCPEACTBOM TOMNOJIOTUHYECKUX MPOCTPAHCTB, OTKPBITHIX MHOXKECTB, HEIIPEPBIBHBIX BEIECTBEHHO3HAYHBIX
GbyHKIMI, HETIPEPHIBHBIX U CIA00 HEITPEPBIBHBIX BEKTOP-(DYHKINI 1 HEPEPHIBHBIX CEUE€HUN HAHAXOBBIX PACCIIO-
€HUI.

0.2.1. Omrpumo-3amMEHYMbBLE U PEZYAAPHBLE MHONCECNEA

Bynesnr anrebppl, KaK U BCe OCHOBHBIE OOBEKTHI, MBI PACCMATPUBAEM [VIABHBIM OOPA30M C peaIu3alfoH-
HOI TOYKM 3peHnda. B manHoi pabore aBe peanm3anuu Oy/1eBOil anreOphl Hallle BCErO OKA3BIBAIOTCA B IEHTPE
BHUMaHMS — TOMOJOTHYECKasd W u3MepuMasd. llepBast U IVIaBHAsi U3 HUX — TOIOJOIHYECKAsT — 3aKJII0YaeT-
¢l B TpejcTaBjieHud OynaeBoii anreOpol B Buje anredopbl Clop(Q)) OTKPBITO-3aMKHYTBHIX HOJAMHOXKECTB BIIOJTHE
HecBazuoro kommakra ). Kmaccuyeckas Teopema Croyna [244] yreepxkaaer, uro Clop(Q) npeacrasiger co-
Goit obumii Buj Oysesoit anrebpoi. (PopmynaupoBka sToro pesynbrara npuseiena B 1.2.8.) okasarenbcrsa
reopembl Croyna umerorcs rakxke B [33: reopema 11.9.1; 233: reopema 16.2.3, 194: reopema 6.6).

Ofinue TOMOJOrNYIecKre CBOWCTBA BIOJHE HECBA3HLIX (U, B OCOGEHHOCTH, SKCTPEMAJIbHO HECBA3HBIX) KOM-
nakToB noapobHo obcyxkaaores B [233]. Ceenenus 06 anrebpe Clop(Q) moxkuo Haiitu B Monorpadusx [33, 100,
233].

Bynesa anrebpa Clop(Q) siBiisiercss YaCTHBIM CIy9aeM elle OJHOO TUIMYHOTO mpuMepa OyaeBoii anred-
pbl — anrebpbl Rop(X) peryiagpHbIX OTKPBITHIX MOJAMHOXKECTB PEryJISPHOrO TONOJOTHYECKOrO IPOCTPAHCTBA
X (cm. 1.2.9). Ocuosuble cBegenus 06 31oit anreGpe nmeiorca B [233]. Ussecrno, uro Gynesa anrebpa Rop(X)
aBdgercd noaHo (cM. [233: 16.1]).

Cornacuo reopeme Croyna anredbpa Rop(X) usomopdua Clop(Q) a1 NOAXOASNIEro BIOJHE HECBSI3HOTO
koMmnakra . Bompoc o cBsa3u komnakra () ¢ npocrpancrsoM X pemaercs CjaeayommuM obpasoM: () sBigercs
komnakrudukauueil mo Croyny — Yexy abconrora X, a eciu npocrpancrBo X KOMIIAKTHO, TO () siBjigercs
abcomorom X. OcHoBrble dakThl 00 abcoTOTax W WAEH MX JOKA3aTelbCTB MOXKHO Haiitw B [8: ri. VI, §6].
Tam ke umeercs: noapobHas uHdopmalms 06 abCOMOTHBIX (= COBEPIIEHHBIX HENPUBOAUMBIX) OTOODAKEHHUSIX,
a TakzXKe O JPYTUX TOMOJOTHIECKUX 00bEeKTAX, CBI3aHHBIX ¢ abcoaoTamu. B manHOi pabore moHsTHE aOCOII0TA,
obcyxmaercs B pasmemax 1.1.7, 1.2.9-1.2.11.

AGcConoT yyacTByeT TakzKe U B Peaau3alluu HonoaHerns OyneBoii aarebpol. Ecau X — BrnosHe HeCBA3HBIA
KOMIIAKT, TO nonoHenue Oynesoii anredopor Clop(X) usomopduo Clop(Q), rae Q@ — abeomor X (cum. 1.2.11).

Knaccuueckas koucrpykius abcomora (cM. [8: ri. VI]) siBiigerca BecbMa rpoMo3Koii 1 TPYAHO 0603pUMOii
¢ OyneBo-anrebpandeckoil MO3UIUU. JTO O0OCTOATEIHLCTBO MPUBEIO K TOMY, UTO aOCOJMIOT MOMPOCTY BBIMAJT U3
OIS 3PEeHus CIENUaUCTOB M0 peanu3anusM OyneBbix aaredp. Hampumep, Takoil kyjaccuk B 00J1aCTH peasin-
3alUOHHbIX MeTonoB, Kak P. Cuxkopckuil, pacemarpupas nononuenue anrebpsr Clop(X), orxoaur or Tpaauimu
U CTPOUT MOIMOJIHEHUE HE W3 OTKPBITO-3aMKHYTHIX MOJAMHOXKECTB abcomora X, a U3 PeryagpHbIX OTKPBITHIX
noxmuoxkects X [100: §22, mpumvep 2K; § 35, npumep B] nan naske m3 Kaaccos GOPENEBCKUX TOAMHOXKECTE X
[0 Bheaty Tomux MHOXKecTB [100: § 35].

B nannoit pabore mpeiokena KOHCTPYKIMs abCcoJoTa, Hosee MOIXO/SIAs /I PeAJTn3allMOHHbIX Tesei

.

U, C Hallel TOYKyu 3peHus, bosee npocrag. Abcomor X npocrpancTBa X paccMaTPUBAETCs KAK BCIOAY ILJIOTHOE
HOJAMHOXKECTBO CTOYHOBCKOTO KOMIakTa Oyiesoii anrebpol Rop(X). EcrecrBenno Bosnukaoliee orobpazkeHue

L]
a: X — X oxkaswbiBaeTcd yIOOHBIM MOCTHKOM MEXKIY TOIMOJOTMIECKHM IIPOCTPAHCTBOM H €r0 abCOIIOTOM.
Heobxonumblie HaM KaTeropHbie CBOMCTBA OTOOpaXKeHus «¢ ycraHosjiens B 1.2.10.

0.2.2. Cyuwecmsosarue 0 -u30AUPOSGHHHLT MOYEK

IMousitue o-uzonupoBanuoii Touku uau P-rouku (cm. 1.1.8) urpaer Ki04eByi0 poJib B TEOPUU BEKTOPHBIX
PEIeTOK M TOJIOKUTETHHBIX ONEPATOPOB B TEX BOMPOCAX, T/€ CTAHOBUTCHA CYIIECTBEHHBIM DPA3IHINE MEXKIY
CBOUCTBAMU TIOJHOTHI W CUETHOM TOJHOTHI U MEXKAY CBOMCTBAMM HETTPEPBIBHOCTH W CEKBEHIIMAJIBHOM HEmpe-
PBIBHOCTH. DTO MOHIATHE MPUBIEKIIO HAINE BHUMAHUE U MPU U3YUEHUHM HEKOTOPHIX ACIEKTOB TEOPUHU HAHAXOBBIX
paccuoennii (cm. 0.9.5, 3.3.5). B manHOM ciyuae BO3HUK BOIPOC O CYIIECTBOBAHUY O -U30JUPOBAHHON, HO HE
M30JIMPOBAHHON TOYKN SKCTPEMATHHO HECBA3HOTO KOMIAKTa. B Tepmunax GysieBbix aiaredp 3TOT BOIPOC 3BYUUT
TaK: MOXKeT JIN MojHast OyseBa anrebpa comepKarh HeIVIABHBIH O -TIOMHBIH yabTpadbuabprp?

B pabore ycTaHOBIEHO, YTO OTPUIIATEIBHBIN OTBET HA MOCTABIEHHBIN BONPOC He 3aBucuT OT akcuoMm ZFC
U 9KBUBAJIEHTEH OTCYTCTBUIO U3MEPUMbBIX Kapauuauos (cum. 1.1.9).

Kak uzBecrHo, 1epsblil Heu3MepuMblil KapuHaJl CUIbHO HejocTkuM [74: 1. 9, § 3], 1. e. B <0bo3pumoir>
9aCTU YHUBEPCYMAa M3MEPUMbBIX KAPIWHAJIOB HET. DBojee TOro, mpeamnooKeHne O MOJTHOM OTCYTCTBUU H3Me-
PUMBIX KapHMHAJOB He MPOTHBOpeYnT akcuoMam Teopuu MuHoxecTs ZFC [56: §13]. Takum ofpasom, MOXKHO
CYUTATh, YTO MOHATU U30JIUPOBAHHON U 0 -U30JUPOBAHHOI TOYEK COBITAIAIOT.
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Pesyabrarer, 6iuskue 1.1.9, umetorca B [257: §87] u uneitHo BoCXomAT K pasMbliuieHusM JlrokceMBypra
0 TIOBOJIY CEKBEHIHAJBHO PA3PbIBHBIX HHTErpajion [192].

0.2.3. Henpepoienvie GYHKUUL HA IKCMPEMANDLHO HECEAZHOM KOMNAKME

[Ipencrasienre B BUEe TPOCTPAHCTE (DYHKIMHA SBISIETCS MOIHBIM CPEICTBOM HUCCHAeI0BaHus K-1ipo-
CTPAHCTB W BEKTOPHBIX PEIIETOK, 8 TAK¥Ke NCTOYHUKOM MHOTOUMCIECHHBIX CBI3€H TEOPUH BEKTOPHBIX PEIETOK C
TOIOJIOrUel 1 Teopueil MHOKECTB (cM., Hanpumep, [253]). Peanuzaimontbie METO/IBI B TEOPUU BEKTOPHBIX Dellie-
TOK paszBuBatoTcsd yxe naBuo. Euie B 30-e roasl Hekoropsie mareMaruku (M. CToyH u Ap.) BBLABUHYIIM UIEIO O
TOM, ITO OTpeesieHHbIe GaAaHAXOBHI TTIPOCTPAHCTBA MOTYT GhITh TpesicTaBieHsl B Buae C(Q), rae @) — kommakT. B
TIOCTIEYIOIIIE TOMBI AT Uaed IPHobpeia aKCHOMATHIecKoe 0O0CHOBaHME. BBLIo moka3amo, 9To obas 6GaHaxo-
Ba PEIeTKA, YIOBJIETBOPSIONIAsA OMPEIeJeHHBIM YCIOBUIM, KaHOHHIeCKH u3oMopdua npocrpancrsy C(Q,R), a
Jobast KOMILJIeKCHast HaHaxoBa anrebpa, TaK¥Ke Y0BIETBOPAIONIAs HEKOTOPLIM ycjioBusM, uzoMmopdua C(Q), C).

HampuMmep, KpuTepun MpeicTaBUMOCTH OaHaxoBhIX permerok B Bumge C(Q) mmetorcs B [233: §13; 189:
reopema 11.2.2; 225: rmasa II, Teopema 7.4; raasa I11, Teopema 5.3]. B [194] npuBeneHO M0KA3aTeNbCTBO pe-
AJMBAMOHHON Teopembl MoCHIbL i BEKTOPHON peleTku ¢ CuabHOM emunuteil (§45) u 1 OpOU3BOJILHOM
(apxumenoBoii) BekTopHO# pemierku (reopema 46.1), nokazana reopema Oracasapsl — Maenpl 0 peanusanuu
BEKTOPHOI pemierku o (csiaboii) MOPsIKOBOH eAuHuIell WK ¢ IU3bIOHKTHBIM NOPsaKkoBbiM Gazucom (§50), a
TaKyKe MPUBEIEHa peaju3anuonnas teopemMa Hakano u mpoBemeH aHanu3 koHCTpykiuu Hakano B ero cpas-
Henuu ¢ apyrumu nogxoxamu (§51). B crarbe [170] ob6cyzxaarorcs passindsble HOAXOAbL K (DYHKIMOHAILHON
peanu3aniy BeKTOPHBIX DEIeTOK W WX B3auMOCBs3b (cM. mTakike [194: reopema 44.4]). CoBmecrHas peasnsa-
sl BEKTOPHOI DeIeTKH U PeryJsipHbIX (yHKIMOHATIOB Ha Heil noctpoeHa B [254: Teopema 2.3]. Crarbst [257)
BKJ04Yaer peanusanuio AM -npocrpancrsa B Buze noapenierku C(Q) (reopema 121.1).

3. Cemasienn B cBoOeil BesMKONENHOM MoHOrpadun [233] ouensb MOAPOGHO U OCHOBATEIBHO M3JIOMKHUI TEOPHIO
bYHKITMOHATIbHBIX TIPEICTABIEHUN DAHAXOBBIX TPOCTPAHCTB B BUE MPOCTPAHCTB HEIPEPBIBHBIX (DYHKIIHI.

O M w3 Hanbosiee GyHIAMEHTATBHBIX (PAKTOB Teopun K-TTPOCTPAHCTE SABJISIETCS TEOPEMA O TIPeICTABIIe-
uuu aoboro K-npocrpancrsa B Buje dyniaamenta B npocrpancrse Coo () paciiupeHHbIX HeNPepbIBHBIX (DYHK-
Ui Ha IKCTPEMAIbHO HECBA3HOM KOMIAKTE (). DTOT JOBOJHHO PAHHUN PE3YIHTAT UMEETCS YKe B OCHOBOIOJIA-
ratommedi monorpacdun [60: rnasa XIIT] (cM. Taxsxke [33: rmasa V]). Tam e mMeeTcsl MpeKPacHasl JEMOHCTPAIIHSL
YIPOIIEHUsT JOKA3ATEILCTE C IIOMOIIBIO peanu3anuonnoii Texuuku (rnasa X111, pasmen 3.2).

Kak uzBectro, K-npocrpaHcTBO orpaHuveHHbIX djemMeHToB peanu3syercs B suge C(Q) [33: reopema V.3.1].
Ecin Q — 9HK, to Coo (Q) — pacmmpennoe K-npoctpancrso [60: rnasa XIIT, reopema 2.23; 33: Teopembr V.2.1
u V.2.2; 194: reopema 47.4]. Nudopmaius o K-npocrpanctee Coo(Q) mMeeTcst Takke B [24, 83]. ITponspoisb-
Hoe K-mpocrpancTBO Tipejcrapisiercs B BHje dyraaMenta Coo(Q) [60: rmasa XIII, teopema 3.11; 33: reope-
ma V.3.1; 233: reopema 26.2.8; 7: reopema 9(4.1)]. Pacmupennoe K-npocrpancrso peanusyercd B Buie Coo(Q)
[33: reopema V.5.1 u ee cuencrsue]. Peasmzaumonnbiii komnakr K-upocrpancrsa eguncrser [60: rmasa XIIT,
reopema 3.14]. Jliobas BekTOpHas pelierka peajid3yercss Kak HopsiakoBo IuiorHas noapemerka Coo(Q) [33:
Teopema V.7.1].

B pasmemax 1.3.5-1.3.8 muccepraruu cobpaHbl OCHOBHBIE CBefeHUs O K-TpOCTPaHCTBAX HEMPEPBIBHBIX
dyukimii. BHUMaHuE COCPEIOTOYEHO HA OMUCAHUU TOYHBIX PAHUI], MOPIIKOBOH CXOJUMOCTU W HOPSIKOBBIX
npoekTopoB. OCHOBHAS peaim3anuoHHas TeopeMa Bysmuxa — Oracasapsr npuBemena B 1.3.7.

0.2.4. Henpepoienvie Gynryus 1a 63po6ckom npocmpancmae

IMycts X — 63pOBCKOE PEry/IspHOe TOMOJOrHYecKoe mpocTpancTeo. Muoxkecrso C'(X) mpeacrasiager co-
601 BEKTOPHYIO PEIeTKY, KOTopas, BoobIme roBops, He sagercda K-mpocrpancrBoM. K orBeTy HA ecTeCTBEHHBIH
BoIpoc 06 ycrpoiicTse o-nonosnenus permerku C'(X) MOXKHO MO0HTH ¢ pa3HbIX mo3uimii. OIUH U3 BO3MOXKHBIX
OTBETOB JIA€T TEOPEMa O TOTOJIOTUYECKON pean3aluy BeKTOpHOH pererky [33: Teopema V.7.1]. C aroit Toukn
3penus nonosiHenuem BekTopuoil pemerku C(X) apaserca K-npocrpancrso C(Q)) HenpepbiBHbIX byHKIMA HA
COOTBETCTBYIOINIEM CTOyHOBCKOM kommakTe ). Ilo cyTn mema TOT Ke OTBET mMAeT KOHCTPYKIWMsS abCOTIOTA: BEK-

ropuas peuterka C(X ) HENPePBIBHBIX DYHKINH HA abCcoaioTe X TOIOJIOTMIECKOT0 ITPOCTPAHCTBA X M30MOPGHA
o-monosennio C(X).

O06e yoMsHYThIe DEAJMIAIMY TTOMOJTHEHNUST UMEIOT ODIIHit HeJOCTATOK: TOIOIOTHYECKOe TPOCTPAHCTBO, HA
KOTODPOM OIpe/iesieHbl (DYHKIIMH, PeaU3yIoIue MONOJIHEeHNe, OTINYAeTCsS OT ODJACTH ONPEIeIeHNs] UCXOIHBIX
dbyHRIMA. ITO CYMIECTBEHHBI HENOCTATOK. VI3BECTHO, HANPUMED, YTO BAKHEHUITUM TOCTHXKEHUEM TEOPUHU
Jlebera apmsgercs GyHKITOHATbHAA peamnsanus mononrerus L!()) HOpMUpoBaHHOTO MPOCTPAHCTBA TTPOCTHIX
dbyHRUM B BuAe GyHKUUN, ONpPEIeIeHHbIX HA IpexKHeM 0a30BOM IpocTpaHcTse ().

Crpemiienne coxpanurhb 6a3y npu nonosiHenun BeKTOpHOil peierku C(X) HPUBOAUT HEKOTOPBHIX aBTO-
pos (cM., nanpumep, [83, 100]) Kk HeecrecrBeHHON KOHCTPYKIMU (haKTOP-UPOCTPaHCTBa GopeneBckux dyHKUUi
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Bo(X) no uneany GyHKIMHA ¢ TONMME HOCUTENSAMU. (DTO OTHOCUTCS U K MPOCTPAHCTBAM BEKTOD-(DYHKIMA U
ceveHnii.)

Mpunnunuanbio HOBoe pemenue npobiembl peasusanuu nomnonuenus C(X) naer reopema 1.1.1, yrBep-
JKJIAIOMIAsT, ITO JI0Hast HenpepbiBHas (DYHKIWs [, ONpeneJeHHast Ha BCIOAY TIJIOTHOM MOJAMHOMXKeCTBe X, uMeer
Haubosibliee (B cMbicie 00JIacTH ONpPeIeeHNs ) HellPePbIBHOE Poo/zKernue ext( f), Ha3biBaeMoe MaKCUMaJIbHBIM
pacrupenuem f.

Nnes mMakcuMaIbHOTO PACHIUPEHHUsT MO3BOJAET JJisd JII000r0 HIPOBCKOTO TOMOJOTHIECKOTO MPOCTPAHCTBA
X BBectu B pacemorpenue K-npocrpanctso Co (X) pacmmpennnix hyHknuii, 7. e. GyHKIMA, COBIAIAIOMAX CO
CBOMMH MaKCUMaJIbHbIMU pactmupenusmu (cm. 1.1.2) 1.3.5). JTo cux nop s1or knace K-0pocTpaHcTB eciid U He
UTHOPUPYETCS CIeNUATUCTAMY B ODJIACTH BEKTOPHBIX PEIETOK, TO, MO KpaiiHeil Mepe, ocTaeTcs 6e3 Kakou-1udbo
3aMETHOU IKCILTYATAIINN.

Ecrecreenno, ecmu () — croynosckuit kommakt pemterkn C(X), to K-mpocrpancta Coo(X) u Coo (@)
n3oMopdubl. N30MophU3M MEXK Iy HUIMU MOXKET OBITH BBIPAXKEH SIBHO € TIOMOIIBIO (DYHKITUN aDCOMIOTH3AINN (X

(cm. 1.1.7,1.2.9, 1.2.10). Tak, munedinblil u nopsiakosbiii nzoMopdusm Mex iy Coo(X) u C’OO().() OCYIIECTBJISIETCA
BecbMa ipocto: f — ext(f o a) (cum. 1.3.8).

0.2.5. HenpepuisHvie 8exmop-Gynxuuy

[IpocrparcTBa HEMPEPBIBHBIX BEKTOP-(DYHKIUHN ABAAIOTCH OJTHUM U3 KIACCUYIECKUX MPUMEPOB PEIETOTHO
HOPMHUPOBAHHBIX TIpocTpaHcTB. He npeacraniss coboii peaan3anuio KAaKOro-mnbo U3BECTHOIO aKCHOMATHIECKH
OIIPENEJIEHHOrO KJIACCa IPOCTPAHCTE (€C/M HE CUMTATh TAKOBBIM KJIACC TEH30PHBIX NPOU3BEIECHUH BEKTOPHBIX
PEIeToK ¥ HOPMUPOBAHHBIX IPOCTPAHCTB M UX NODPSJIKOBBIX MOMNOJIHEHUI), OHU 3aHUMAIOT [TPOMEKYTOYHOE
[OJIO’KEHHME MEXK/Iy IIPOCTPAHCTBAME HEIPEPLIBHLIX BelecTBeHHO3HaYHbIX GyHkiuit (0.2.3, 0.2.4) u npocrpan-
CTBAMU HEIPEPLIBHbIX cevenuil GanaxoBbix paccioenuii (0.2.9).

B ornuuune or uzmepumbix Bekrop-bynkimii (cm. 0.3.3) upeanbHble MPOCTPAHCTBA HENPEPHIBHBIX BEKTOD-
dyHKIMIT ObLIM BBEIEHBI B PACCMOTPEHNe coBceM HeaaBHO. OmHOI u3 mepBbIX paboT, TOCBAMEHHBIX ITUM MPO-
crpancrBam gsisierca crarbda A. T Kycpaesa u B. 3. Crpuxkesckoro [93], B KOTOPOIi Onpenessiorcs uieaibHble
MPOCTPAHCTBA HEMPEPBIBHBIX U CJIa00 HEMPEPBIBHBIX BEKTOP-(MYHKIINN, UCCAEAYIOTCH BOIPOCHI UX TOPSIKOBOI
LIOJIHOTBI U CBSI3U € TEH30DHBbIMU LIPOU3BEJEHUsIMU (MHOIUE De3yJibrarbl 310l crarbu upoaybiauposanst B [95]).
SaMeTnM, UTO MPEIIIeCTBEHHUKAME PEIIETOYHO HOPMUPOBAHHBIX ITPOCTPAHCTB HEMIPEPBIBHBIX BEKTOP-DYHKITHIA
SIBIJIUCH TOTIOJIOMMYECKHE BEKTOPHBIE TPOCTPAHCTBA (DYHKIIHI CO 3HAYEHUSIMU B JIOKAJIBHO BBITTYKJIOM MPOCTPAH-
cTBe, paccmorpennbe panee A. B. Byxsanoesv [10].

Ho cux nop wmpeansabie npocrpancTBa Coo(Q), X) KOHCTPYUPOBAJIUCH HE M3 OTIAEAbHBIX (DYHKIHMH, KAK
B cnyuae Coo(Q)), a M3 KIACCOB IKBUBAJIEHTHOCTH X-3HAYHBIX HETPEPHIBHBIX (DYHKIHH, OMPEIeNIeHHBIX HA
KOTOIIUX MOAMHOXKeCTBaxX () (MOoJ 9KBUBAJECHTHOCTHIO (DYHKIHUi TOHUMAETCsI UX COBIAJECHUE HA NEPeceueHun
obJiacreil onpesienenus). VIMEHHO TaK ONPEAEIAIOTCs IIPOCTPAHCTBA HEIIPEPBIBHBIX BEKTOP-(DYHKIMH B OCHOBO-
nosnaraionwmx paborax [93: pasmen 2; 83: 1.1.12, nupumep 4.1.6 (1); 24: npumep 1.6.4(5)]. Ecau xoucrpykims
daKTOP-TIPOCTPAHCTBA OOBIYHA, I W3MEPUMBIX (DYHKIIHH, TO B C/Iy9Yae HETPEPBIBHBIX (DYHKIIWI OHA TTPEICTAB-
JISTeTCsT HaM HEeecTecTBeHHOM. lIpemMmytiecTBa TPOCTPAHCTE, COCTOSIIUX W3 OTAEIbHBIX (DYHKITUI, OYEBUJIHBI.
IIpekpacHBIM apryMEHTOM B MOJIb3y TAKUX MPOCTPAHCTE SABASETCS caM (DaKT CYIECTBOBAHUS TEOPUH JTU(DTHUHTA,
(cm. 0.4). BuaroposHoil 1esbio 3Tol MOIIHOM U KPACUBON TEOPUU SIBJSIETCd He YTO MHOE, KaK [pPEeBpallleHue
GdaKTOPU30BAHHBIX ANTeOPAMIECKUX CHCTEM B CHCTEMBbI, COCTOSIINE U3 OTIAENbHBIX MPEICTABUTENEH KIaccoB
SKBUBAJIEHTHOCTH.

BeposiTHOll npuYuuHON BO3HUKHOBEHHWsI OIMMCAHHOIO BBIIE MOAXOAA K MOCTPOEHUIO MPOCTPAHCTB HElpe-
PBIBHBIX BEKTOP-(DYHKINH SIBUJIOCH HE3HAHUE WJIM UTHOPHUPOBAHUE BO3MOMKHOCTHU ITPOIOTKEHUS HEPEPBIBHON
BEKTOP-(DYHKIINU Ha HaMOOJbINyI0 obnacth onpeneneans. O Takol BO3MOXKHOCTH Mbl y?K€ TOBOPUJIH B pas-
geite 0.2.4. Wpes makcumaspHOrO pacmmpenus (BPyHKINN PACIPOCTPAHAETCH M HA CIy4dail BeKTOP-(QyHKIuUi
(cm. 5.1.1): mobas HenpepbiBHas BeKTOP-(DYHKIMA U, OUPEIEJIEHHAA HA BCIOAY I[JIOTHOM IIOIMHOMKECTBE Oa-
30BOI0 TOHOJIOTUYECKOr0 IPOCTPAHCTBA, UMeeT Haubosbliee (B cMbICae 00JIaCTH ONpPEJeNeHNs) HePEPbIBHOE
npozoskenne ext(u), npuuem obiacts onpenesnenns ext(u) aBisgercd KOTOIIEH.

B kauecTBe ajbrepHATHBBL MakcuMaibHOMY pacumpenuio 1. Cenrniec nenonb3osal B [235] nmpogomske-
HU€ OTPAHUYEHHON HEPEepPhIBHONW BEKTOP-(MYHKINK HA BCe 6A30BOE TOMOJOTUYECKOE TTPOCTPAHCTBO 10 Caabo™
HEMPEPBHIBHOW (DYHKIINK CO 3HAYEHUSIMU BO BTOPOM COTPSIXKEHHOM TTPOCTPAHCTEE.

Bo3M0oKHOCTH TPOAOIKEHNA HA HANOOIBIIYIO 00IACTH ONMPEIETeHNA COXPAHACTCA U IJIs1 CIa00 HEIPePhIB-
HBIX BeKTOp dbyHkmil (cM. 5.1.4). OnHAKO B OT/IMYHE OT CUJILHO HEMPEPLIBHBIX (DYHKINI 00IaCTh OMpeIeIeHus
MaKCHUMAJIBLHOTO ¢1a00 HEMPEPBIBHOIO PACIITUPEHNs MOXKET He DbITh KOTOIIEH U JayKe MOXKET OKA3aThCs TOIIEi.
CooreercrBytomuit npumep npusefer B 5.1.5. Tlosromy ajsg Toro, 91obbl Ha KaKOM-IuDO MHOMKeCTBe C1abo
HEMPEPBIBHBIX (DYHKIINA MOXKHO OBITIO €CTECTBEHHBIM O0Pa30M BBECTH CTPYKTYPY XOTd ObI BEKTOPHOTO IIPO-
CTPAHCTBA, Mbl BBIHYXK/IEHBI HAKJIAJBIBATD JOMOJHATEIbHbIE OTPDAHUYeHNsT Ha obacTu onpe/esenns QyHKINH
U3 9TOr0 MHOXKECTBA. Bedkoe orpaHuveHne TAKOrO POa B OMPEICTIEHHOM CMBICIE MCKYCCTBEHHO. BO3MOXKHO,
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Gosee MPEANMOUTUTETHHBIM OBLIIO Obl HaslOXKeHHe yciaous Ha mapy (X,Y), mpu cobGiomeHHH KOTOPOTO Mak-
cUMaJIbHbIE Y-Ca00 HempepbIBHbIE X-3HAYHBIE PACIIMPEHNS AaBTOMATHYIECKH UMEIN ObI JOCTATOYHO IMHPOKHE
obnactu onpenenenusd. Onuako B mannoil pabore BbIOpaH mepBbIil MOAXO, Kak Oosjee obImuii: paccMOTpeHne
orpannunBaercd (bYHKIUAMUA € KOTOMUMHA OOJIACTIME ONPEIETeHNS.

0.2.6. Paccaoenue — mpaduyuonholl peasu3ayuontoll UHCTNPYMERT GHAAUE

Paccioenns TpaguIMOHHO MCHOJIB3YIOTCH B MATEMATHIECKOM AHAIU3E JJIsI PEAIM3AINN PA3HOOOPA3HBIX
anrebpanveckux cucreM. IIOJHBIN CIUCOK COOTBETCTBYIOMIUX MIPUMEPOB BEChbMa ODBbEMEH W HE PA3 MOCIYIKUI
HOBOJIOM I/t HamucaHust 0630pos (cM., Hampumep, [141, 159]). PeanusanuoHHast TeXHNKA DACCIOEHUI pPH-
MEHSIJIACh B UCCIEIOBAHUN TAKUX aAredpandecKux CUCTeM, KakK OaHAXOBBI MPOCTPAHCTBA, OAHAXOBBI PEIETKH,
C* -anrebpbr, 6aAHAXOBBI MOIYJIH, TPOCTPAHCTBA, A OUHHBIX (YHKIIN, KOJIbIA, TPYIIOUABl U T. 1.

Peanuzaruu HEKOTOPBIX aareOpanvecKux CHUCTEM B BUIE CEUYEHUIN MOCHYIKUJIU OCHOBOHM IJIsi CAMOCTOSI-
TenbHBIX Teopuit. Tak, HAaTpuUMep, BO3HUKIIA Teopusi LP-cTpyKTyphl u M -CTPpyKTyphI 6aHAXOBA TPOCTPAHCTBA,
IEHTPAJBHBIM PE3YJIBTATOM KOTODOH sIBJISIETCS MPEICTaBIeHe 6AHAX0BA, MPOCTPAHCTBA B BUJE MPOCTPAHCTBA,
cevyenuit OaHaXOBa PACCIOEHUST TaKUM 00pas3oM, uTo LP-TIPOEKTOPHI CTAHOBATCS TOPSIKOBBIMUA MTPOEKTOPAMEI
B peasm3anuu [119: nepBas 4acTh IaBbl 3|, a IJE€MEHTHI LEHTPAIM3aTOpPa — oproMmopdusmamu [118: rua-
Ba 4]. BanaxoBo mpocrpaHCTBO MOXXHO PAaCCJIOMTH TaK, YTO CJIOU OyiayT umerb 0ojiee HPOCTYIO CTPYKTYDY
nentpa [162: 7.3, 7.8] min ke Tak, uTo B 6a3y paccJOeHHs OYIYT BHITECHEHBI MpUMHUTHBHBIE M -uneassbr [144:
§13-14]. JIokanbHO BBINYKJas OaHAXOBA PEIeTKa HaJ, TPOCTPAHCTBOM HENPEPBIBHBIX (DYHKINHA Deaan3yercs
B BUJIE DEIETKH CedeHHi pacciaoeHns GaHaXOBBIX pemterok [144: Teopema 7.28], a nHbeKkTHBHAs GaHAXOBa pe-
eTKa — B BHJE PeIeTKH cedeHuii paccioenus aberpaktubx L!-npocrpancrs [162: 7.9]. Banaxosy amnre6py
n C*-anrebpy MOKHO IPEICTABUTH B BUIE IPOCTPAHCTBA cedyenuil pacciaoenus C*-aarebp ¢ Hojee MpOCTHIM
nentpom [125: Teopema 3.4; 162: 7.5-7.7; 144: 7.26, 14.10-14.12], cm. Takxe [208]. K ymporrennio rmeHTpa
MPUBOIUT W Peaju3arys npocrpancTBa ad@UHHBIX HENPEPHIBHBIX (DYHKINI HA BBIMTYKJIOM KOMIIAKTE B BHJE
OPOCTPAHCTBA cedeHnil paccyoenust adGUHHBIX QYHKITMOHATIBHBIX TpocTpancTs [162: Teopema 7.4]. [upokwuit
KJTacc OAHAXOBBIX MOJYyJIel HaJ ODAHAXOBBIMU aJredpaMu pean3yeTcs B BUIE TTPOCTPAHCTB CEUeHUH OAHAXOBBIX
paccrmoennii [177; 144: reopema 7.19 u ciaeacreue 10.11]. Bomnee obumii pe3ynabrar A JTOKATBHO BBITYKJIIBIX
MOzyJIeli HaJl KOJIbIOM HenpepbiBHbIX GyHkumii umeerca B [144: reopema 7.16). IIpencrasaenue ruiabbeproBbix
moayaeit u AW™* -monysneii B Buse npocrpancts cedenuii obcyxaercs B [210, 211, 246]. Ilpencrasienus B Buze
CHCTEM CeveHHii MMEIT TakyKe KoJblla pasHoil keanudwukammn [129; 201: reopevbr 4.1-4.6], Tonomornveckue
rpymnonspt [229] u npyrue anrefpandeckue CUCTEMBbI.

Hapsiny ¢ paccioenusivu B Ka4deCTBE DPEAJM3ANUOHHBIX MHCTPYMEHTOB I[IPUMEHSIOTCH U JPyIUe HIeHHO
OMM3KMe OOBEKTHI: TYUKU AITeOPANIECKUX CHCTEM, AJIreOPANIECKIe CHCTEMBI B TOTOCE TTYYKOB HAJ TOTIOJOTH-
YECKUM TIPOCTPAHCTBOM, MOMIYJIU HAJ, KOJBIIOM HEMPEPBIBHBIX (ByHKIW U T. . OQJHAKO ¢ KATErOpHOW TOYKU
3pEeHUus BCE 3TU WHCTPYMEHTHI PABHOIEHHBI. HampuMep, W3BECTHO, 9TO [JisT JIFOOOTO KOMITAKTA, () SKBUBAJIEHTHBI
crepyiomme kareropuu (cm. [162: pazgen 6.7; 125: reopemst 2.1, 2.3 u 3.3)):

) kareropus GaHAXOBBIX paccaoeHuil Haz Q);
) Kareropus GAHAXOBBIX MYYKOB HAJ Q)
3) kareropmus GaHAXOBBIX MPOCTPAHCTB B TOIOCE IIYYKOB HaJ ();
) kareropug C((Q))-HOpMuUpOBaHHBIX T-110JHBIX Moayseil Han C(Q);
) KaTeropwsi My4YKOB OGAHAXOBBIX MOMYJIEH HaJ MyYKOM ajrebp JIOKATBbHBIX HEMPEPLIBHBIX (yHKIN
Ha (Q;
(6) kareropus BroOsHEe OOOCHOBAHHBIX ITy4YKOB Momyseit nHag C(Q);
(7) KaTeropms JIOKaJIbHO BBINYKJIbIX OaHaxoBbix Momyreit Han C(Q).

0.2.7. Ilonamue Henpepviero20 6GHGTO6G PACCAOEHUSA

HenpepsiBrOE GaHAXOBO PACCIOEHAE HAJ, TOTIOJOTHIECKAM TPOCTPAHCTBOM () ABIAeTCS (POPMATBHBIM K-
BUBAJIEHTOM HHTYUTHBHOI'O IIPEJCTABICHAS O ceMeficTBe 6aHAXOBBIX IPOCTPAHCTB (X¢)ge@, HENPEPBIBHO U3Me-
HSTIOIAXCS. OT TOYKHA K TOYKE MpOCTpaHcTia (). M3o0perenne GaHAXOBLIX PACCIOCHHH NPUHATO CBA3LIBATEL C
nmerem JIk. dpon Heilimana, koropsrit B 1937-1938 rr. BRICKA3aJl HEKOTOPDHIE HIEH, KACAIOIMIMECST MEPEMEHHBIX
6aHaxOBbIX MIPOCTPAHCTB (pedb uiaer O KoHienuuu npsamoro uurerpasna [206]). Coorsercrsyiomme dopmasib-
Hble onucanus Bo3uukiu npubnusurensuo B 1950 1. B paborax P.Tonemana [145, 146], 1. Kanuauckoro [176],
. M. Tensdanga u M. A. Haiimapka [99] (cm. Takske [55]). CeromHsi Teopusi HENPEPHIBHBIX OAHAXOBBIX PaC-
CJIOCHUI MIPEJCTABIsET COBO BecbMa OOIIMPHYIO 001acTh uccaenoBanuil (cM. npumMepnl B §0.2.6). AnexBarHoe
IPEJCTABIEHUE O COBPEMEHHOM COCTOSIHMM 3TOI TEOPUM MOXKHO IIOJIYYUTh, OOPATUBIINCH K JUTEPATYPHBIM 00-
30paM u ccbuikaM, uMmeronuMcst B [141]. Monorpadus [144] conep:kut moapobHbIe 06y K AeHNA GOTBIIHHCTBA
HEOOXOIUMBIX HaM TIOHSATHI, CBI3aHHBIX ¢ 6AHAXOBBIMHU PACCIOCHUSIMMU.

HUcropuyecku neppas dbopmanmszanus KoHienuu 6anaxosBa pacciaoenus npunaanexkur P. Togemany [145,
146]. B ocnose oupegenenus pacciaoenus 110 [ojeMaHy JIeKUT [OHATUE HEINPEPLIBHON CTPYKTYDbl — BEK-
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TOPHOT'O MMPOCTPAHCTBA CEYEHUN, MMEIONTUX HEMPEPBIBHBIE TIOTOYEYHbIE HOPMBI U BBICEKAOIINE B KaXKJIOM CJI0€
BCIOZLY IUIOTHBIE TOATpocTpancTBa (cM. takxke [227: 1.1, 1.4-1.12]). Ilo3xke MOABUINCH AKCHOMATHIECKHE OIA-
caHus DAHAXOBBIX PACCIOEHUI, COOTBETCTBYIONINE TAK HA3BIBAEMBIM DACCIOEHHBIM MPOCTPAHCTBAM, B KOTOPBIX
MIEPBUYHBIM SIBJITETCST TOMOJOTUYIECKOE MPOCTPAHCTBO, OOBLEIUHSIONIEE BCE CJIOW, B Iape C Omepalueil mpoek-
rupoBanug Ha 6asy [129, 134, 160, 161]. Ilzioxkenue o60oux yHOMSHYTHIX METOJOB, a TaKyKe ODOCHOBAHHE UX
9KBUBAJIEHTHOCTU MOYKHO HaliTu B MOoHOrpaduu [144].

Bropoii (fonee coBpeMeHHDIH) MOAXOA K ONPEIESeHUI0 0aHAX0Ba PACCIOCHUS YI00EH C TOIMOJOrHYECKON
TOYKHU 3PEHH:A, HO COBEPIIEHHO HE a/IEKBATEH HAINMUM 3aMbICiaM. Jlesl0 B TOM, 9TO OMHOHM M3 HAIIUX OCHOB-
HBIX 331849 SBJILIETCH MOCTPOEHNE PACCIIOEHHs, JJji KOTOPOro MPOCTPAHCTBO HEIPEPBIBHBIX CEYeHmil 00s1a1aer
HaIepe; 33JaHHBIMU CBOHCTBaMU. B COBpEMEHHOM 2Ke TOX0/I€ K ONPEIEJIEHAI0 PACCIOEHUS CEYeHNs 3AaHNMAIOT
HEy100HOe ITPOMEXKYTOYHOE IOJIOYKEHHE: [EPBUYHON $BJIAETCs TOIOJIOrUs HA OObEJIMHEHUH CJIOEB, OHA, 3aTEM
[IOPOXKAET HENPEPBIBHBIE CEYEHNs, TPYOKH BOKPYI' KOTOPBIX, B CBOIO O4YepPe b, 00A3aHbI IIOPOK/IATH UCXOIHYIO
rorosioruto. llosromy Mmbr pemmim BeiOpars moxxos [ogemana, B KOTOPOM CeYeHUs UIPAIOT YETKO BbIJAEJIEH-
HYIO OIPEAEeISIONyI0 posib (cum. 2.1.1-2.1.2). Tonojoruvyeckuil nogaxon B aKCHOMATHYIECKOI (DOpME HE IPUBE/IEH,
OJIHAKO YKA3aH MEXaHW3M HCIOJIb30BaHUS €ro OYeBUIHbIX npeumyinects (cum. 2.1.3-2.1.7).

BesycioBHO, pa3Hbie HENpEPBIBHBIE CTPYKTYPHL [ OeMaHna MOTYT JaBaTh OIWH U TOT YK€ HAOOP HETPEPHIB-
HbIX ceuenuii. Takue CTPYKTYDbl HA3BIBAIOTCH SKBUBAJIEHTHBIMU M, 110 CyTH JIeja, He passmvatorcd (cm. 2.1.9).
Hawmu ycranossen onus a060IBITHBIN (HGAKT: HE OJHA U3 HEMIPEPBIBHBIX CTPYKTYP HE MOYKET /IaTh OOJIbINe Hempe-
DBIBHBIX cedenuii, ueMm apyras (npepiokenue 2.1.8). HecMOTpsi Ha IPOCTOTY JOKA3ATENBCTBA, 3TOT (hAKT, MO
Beell BUIMMOCTH, He TpusHaieH. Hampumep, B Mosorpadun . Ilokermana [227: onpenenenne 1.21] BBOgUTCS
(kaK Temepb CTaJIO sICHO, GEeCcojepKaTeJbHOE) OTHONIEHUE MOPAIKA HA HEIPEPLIBHBIX CTPYKTYDAX B 3aBUCH-
MOCTH OT KOJUYIECTBA MOPOKIAEMBIX UMW HEMPEPBIBHLIX CEUeHWH, TPUYEeM aHaJor HaIero mpemioxenud 2.1.8
JOKA3BIBAETCS JIUTITH JJIsT TTOCTOSTHHBIX PACCIOCHMUI.

OcHoBHbIe cBefieHus O OaHAXOBLIX paccioeHusx npusegenbl B §1.7, 2.1, 2.2. TlousTue HenpepbBHOIO
cedenns bDaHaxoBa paccyoenns obcyxkaaerca B §2.3.

0.2.8. IIpocmopnvie 6aHATO6bL PACCAOEHUA

Hemnpepoiabie BelnecTBeHHO3HAYHBIE (DYHKIINY HA SKCTPEMAJIHHO HECBA3ZHOM KOMIIAKTE OOJAJAIOT OJHUM
3aMedaTeNbHBIM CBOMCTBOM: BCAKAS OTDAHUYEHHAs] HEIPEPbIBHAA (DYHKIIN, ONPEIETEeHHAs HA BCIOAY IJIOTHOM
MHOKECTBE, MPOMOJI2KAETCH HA BECh KOMIIAKT C COXPAHEHWEM HempepbiBHOCTH. Hu HempepbIiBHBIE BEKTOD-
dbyHKIINM, HE TeM 0ojiee HEMPEPBIBHbIE CedeHns OAHAXOBBIX PACCJIOCHMI, BOOOINE rOBOP:A, HE 00IaTAI0T ITUM
coiicrBoM. OObranble OAHAXOBBL PACCJIOCHUS HE 00ECIIETUBAIOT TOCTATOYHBIN ITPOCTOP [IJIst IIPOIOJIKEHU CBOUX
cedennii. OpHaxko cpen OAHAXOBBIX PACCIOEHUI €CTh U TAKHE, KOTOPBIE HTOT HPOCTOp obecrednBaior. Mbl
Ha3BaJM 3TH paccjoenus npocropubiMu (cum. 3.1.1). Oupenesnenve, IKBUBAJIEHTHBIE ONUCAHUS U O0CYIKIECHUE
OCHOBHBIX CBOMCTB MPOCTOPHBIX PACCJIOeHU puBeIeHbl B pasaenax 3.1.1-3.1.4.

[TpocTopHOe GaHAXOBO PACCTIOEHHUE MOXOXKE HA IKCTPEMATHLHO HECBSI3HBIM KOMITAKT TEM, 9TO OHO SIBJISTETCS
npogosmkennem 10 Croyny — Yexy a060ro cBoero cy:kKeHusi Ha BCIOJy IJIOTHOE moaMuoxkecTBo Oazbr. (Ilo-
HATHE MPOaOJKeHusi Haraxosa paccioenus mo Croyny — Yexy Bemeno B 2.5.10. Tam ke q0Ka3aHO u ero
CyILIECTBOBAHUE. )

Hackonbko 9acTo BCTPeUaoTes MpocTOpHbIe pacciaoerua?! [oCTOsTHHOE paCcCIOEHUE IBIISIETCs TIPOCTOPHBIM
KpajiHe PeJKo — TOJBKO B TOM CIYYae, KOTIA ero CJIOW KOHEYHOMEPHBI WM 0a30BbIlM KOMIAKT KOHEUEH (Teope-

ma 5.1.3). Tem ne menee, Bcsikoe 6anaxoBo pacciaoenue X MOXKHO DACIIUPUTH JI0 IPOCTOPHOrO paccjoeHus X
cozepzaiero X B KauecTse BCIOJy IJIOTHOO oapaccioenus (Teopema 3.1.5; IOHATHE IIIOTHOIO HOAPACCIOCH
omucano B 2.5.8). Taxoe paccioenne X MBI HA3BIBAEM TIPOCTOPHOMN 060T0UKO# X .

3aMeruM, YTO IPOCTOPHAs 060IOUKA OCTOSHHOIO PACCIOEHUS SIBJISETCS TeM HHCTPYMEHTOM, € TIOMOIILIO
KOTOPOTO YIAeTCs TPUJIOXKUTH OCHOBHBIE (DAKTHI PA3BUTON HAMM TEOPUM MTPOCTOPHBIX PACCTIOEHUA K MPOCTPAH-
CTBAM HeIPePbIBHBIX BeKTOp-(yHKnuii (cm. §5.1).

IIpocropHOCTh MrpaeT B Kiiacce 6AHAXOBBIX PACCIOEHUN NPUOIU3UTENBHO Ty K€ POJib, YTO U IIOJIHOTA B
KJIACCe HOPMUPOBAHHBIX TPOCTPAHCTB. [IoHATHE Ke TPOCTOPHON 060JIOUKH CPOTHU TOTOTHEHUIO HOPMUPOBAHHO-
ro nmpocrpancrBa. Hampumep, TOAPaCCIOEHUE TIPOCTOPHOTO PACCIOEHUS ABISETCA TIPOCTOPHBIM TOTA U TOJTHKO
TOTJA, KOIJIA OHO 3aMKHYTO, & €CJH TOAPACCIOCHUE HE 3aMKHYTO, TO 3aMBIKAHUE SBJSIETCA €r0 MPOCTOPHOMN
obosoukoit (mpepyoxkenue 3.1.6). Beaxuit roMmomopdusm Mekay GaHAXOBBIMU DPACCIOCHUSIME €IUHCTBEHHBIM
0o6pa3oM MPOIOIKAETCA 10 TOMOMOPMU3MA MEKIY UX MPOCTOPHBIME ODOJIOYKAMY, MPUYEM, B OMPEIETIEHHOM
CMBICJIE, C COXpaHeHneM HOpMbI (Teopema 3.1.8). D10 ke orHOCUTCsA M K u3oMerpusM (caencrsue 3.1.10).

[eHHOCTD POCTOPHBIX PACCIOCHUI OLPEIEISercs HEe TOJNbKO 3HAYUTEIbHBIM YIPOIIEHUEM TEeXHUKU IO
CPaBHEHUIO C OOBIYHBIMH PACCTOeHNSIMHU. VIMEHHO TTPOCTOpPHBIE PACCIOEHHs 00pa3yI0T KJIacC €INHCTBEHHOCTH
JUIS PEATM3AIME PEIeTOYHO HOPMUPOBAHHBIX pocrpadcTs (cM. §0.2.9). Kpowme Toro, npocTopHOCTh paccioe-
HUsl OKA3bIBAETC HEOOXOAUMOIL Jjid CyNIecTBOBaHUs OAHAXOBA PACCIIOEHHS IPOCTPAHCTB oneparopos (cm. 0.9.4)
U conpsi>keHHOro banaxosa paccsoerus (cM. 0.9.5), KOTOpbIe HUKOIIA PAaHee He PACCMATPUBAJIUCD.
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0.2.9. Henpepwviouvie cevenus

OCHOBHBIM MEXaHU3MOM MTOCTPOEHUST TPOCTPAHCTE CeUeHnil DAHAXOBBIX PACCIOEHUN IBIISIETCS UIesT MAKCHU-
MabHOro pacuupenns Gyukiwii (cm. 0.2.4), KoTopas pacupocTpaHgeTcs He TOJIbKO Ha CiLy Yail BeKTOp-byHKIH
(cm. 0.2.5), HO W Ha cayuail ceveHnit: Jr0060e HEMTPEPHIBHOE CeUeHNe U, OTTPEETIeHHOe Ha BCIOMY TIOTHOM TIO-
MHOXKeCTBE 6a30BOTO TOIMOJOMMYECKOTO MPOCTPAHCTBA, UMeeT HauboJbiiee (B CMBICTE OOJACTH ONPEIEIeHUs)
HEINpepbIBHOE MPOIoJIKeHue ext(u), npuuem obiacTh onpenesnenns ext(u) spiagerca koromei (nemma 2.5.1 u
crencreue 2.5.2).

WNness MakcuMabHOTO PACHIUPEHUS TO3BOJISeT BBECTH B PACCMOTPEHUE PEIeTOYHO HOPMUPOBAHHOE ITPO-
crpancTBO Coo(Q, X') paciiMpeHHBIX HENPEPLIBHBIX cedeHuil pacciaoeHus X, T. €. CeYeHHUi, COBIAJIAIOIIUX CO
CBOMMYU MaKCUMaJibHbiMU pactuupenusmu (cM. 2.5.2). Kak BbLCHUIOCH, MMEHHO TaKoe IHPOCTPAHCTBO (TOuHee,
€ro ujeas) MpeaCcTaBaser co0oi oUW BU, PEIeTOYHO HOPMUPOBAHHOIO POCTPAHCTBA.

A.T.Kycpaes u B. 3. CrpuxkesBckuii 6pr TEPBBIME, KTO TIOLY YU TPEICTABICHAE IPOU3BOJIBLHOIO Pellie-
TOYHO HOPMHUPOBAHHOTO MPOCTPAHCTBA B BHJIE TIPOCTPAHCTBA cedeHnil GaHaxoBa paccioenusi [95: meopema 5.5].
Bamerum, 9TO npejiokennas B [95] peanuzanus umeiino 6su3ka ananorudnomy npeicrasiaenuio C(Q)-Bbinyk-
abix Mogysieit (em. 0.2.6) u, KaK BUIHO U3 IPUBEIEHHOIO TaM J0Ka3aTeIbCTBA, MOXKET ObITh [OJIyYeHa HA OCHOBE
sroro npenacrasiaerua. [lo anajorun ¢ BekTop-dyukimavu A. [ Kycpaes u B. 3. CrpukeBckuii moCTpouiu cBoe
PeaIM3alMOHHOE [IPOCTPAHCTBO HE M3 OLJEJbHBIX CeYeHMH, a M3 UX KJAcCcoB dKkBuBasenrHocru (cp. [93: pas-
nen 2; 83: 1.1.12, npumep 4.1.6 (1); 24: npumep 1.6.4 (5)]). Ham moaxos K MOCTPOEHNIO PeATM3AlAN TaeT — C
TOYHOCTBIO [10 U30MOpPdU3Ma — TOT Ke pe3yabTaT u (PaKTUIeCKHu ABIIeTCs Ju(THHIOM peann3anun Kycpae-
Ba — CTpUKEBCKOTO, T. €. 3aKJII0YAETCS B BBIJIEJEHUN B KAXK/JIOM KJIACCE YKBUBAJCHTHOCTH 110 MPEJICTABUTEIIO
¢ Hanbospiedt obnacreio onpenenennst (cp. 0.2.5, cM. Takxke 2.5.5 u 2.5.6).

[Tepexons kK 0OCYKIEHWIO KOHKPETHBIX PEATU3ANMOHHBIX (DAKTOB, 3aMETUM TIPEXkKJe BCEro, 4TO pellre-
TOYHO HOpMEPOBaHHOE NPOCTPAHCTBO Coo (@), X') pacumpeHHbIxX cevdenuii spigerca o-nmoanbiM (Teopema 2.5.3).
EcrecrBenHo, TakoBbiM gBiisgercd u jioboit ero uiaean E(X) (em. 2.5.4). Hus roro, 4Tobbl TEXHUYECKH PA3rpy-
3UThb PEANU3ALMIO [IPOU3BOJIBHOIO O-II0JHOIO PELIETOYHO HOPMHUPOBAHHOIO LipocrpaHcrsa B Buje E(X), Gbul
MPEJIOKEH TTPOCTOH MEXaHU3M KOHCTPYHUPOBaHWS ODAHAXOBBIX PACCIOCHUH € MOMOIIBIO MYJIBTHHOPMUPOBAHHBIX
MIPOCTPAHCTB: BCAKOE MYJIBTHHOPMUPOBAHHOE MPOCTPAHCTBO € HEMPEPBIBHON MYJIBTHHOPMON TTOPOXKIaeT HEKO-
TOpoe (€AMHCTBEHHOE ¢ TOYHOCTBIO JI0 m3oMerpun) Ganaxoso paccuoerue (cM. 2.2.7 u 2.4.13). C noMoIso 3roro
MexaHu3Ma U ObLIN II0JIyYeHbl OCHOBHBIE peasnm3aluonnbie Teopemsl 3.4.2-3.4.4.

Bompoc 0 eIMHCTBEHHOCTH PeaTn3aMOHHOIO PACCIOeHNst B He ObLT 3aTpoHYT [93]. D10 oObsicHSAETCS TeM,
g0 HaHAXOBO paccioenue X, jaoliee npeacraBienne £-HopMupoBaHHOro npocrpancTsa B Bujie E(X), Boobie
rOBODs HE eMHCTBEHHO. B nanuoii pabore ycranosseno (npegioxenue 3.4.1), 410 cpeu BCex peasm3aiuOHHbIX
0AHAXOBBIX PACCIAOEHUN TAHHOTO PEIIeTOYHO HOPMHUPOBAHHOIO TPOCTPAHCTBA, UMEETCS POBHO OTHO ITPOCTOPHOE.

WHTepecHO OTMETHThH, ITO TPOCTPAHCTBO ¢1a00 HempephiBHBIX byHKINH Coo (Q, X |Y') siBaASIETCA 0-TTOTHBIM
PEIeTOYHO HOPMUPOBAHHBIM TIPOCTPAHCTBOM U MO3TOMY TOXKe peasusyercs B Buie Coo(Q, Z) mig HEKOTOPOro
pocTopHOro banaxosa paccioenuss Z. CrpyKTypa Takoro paccioenus Z onucasa B 5.1.8 u 5.1.9.

B zakusiouenne orMeruM, 9TO MpobsIeMy M3ydeHusi CTPYKTYPhL PEIMIETOYHO HOPMUPOBAHHBIX IPOCTPAHCTB
cedennii GaHaxoBbIX paccyoenuii, chopmyaupoartyo A.T. Kycpaesbim B [84: 6.12, mpobmema 22], Ha Hai
B3TJISAJ], MOYKHO Temepb cUuTaTh permenHoi. [lo kpaitneil mMepe, MOATOTOBJEHHBIN HAMU apCeHANT CPEJICTB,
BIIOJTHE JIOCTATOYEH /IS PEIIEHNS 331249 00 aHAIUTUIECKOM MTPEJICTABIEHNN TMHEHHBIX OTIEPATOPOB B PEITIETOYIHO
HOPMUPOBAHHBIX [IPOCTPAHCTBAX (CM. BTOPYIO 4aCTh JAHHOIO 0630pa).



§0.3. Hsmepumbie peasudayuu 17

§ 0.3. Iamepumble peain3aumn

B sTom maparpade MbI COCPEIOTOYNBAEM BHUMAHNE HA, PEATU3ANNSAX OMUCAHHBIX B § 0.1 OCHOBHBIX 00bEK-
TOB TIOCPEJCTBOM ITPOCTPAHCTB C MEPO, M3MEPUMBIX MHOXKECTB, U3MEPUMBIX BEIECTBEHHOZHAYHBIX (DYHKITHH,
U3MEPUMBIX ¥ CJ1a00 M3MEPUMBIX BEKTOP-(DYHKIMH U M3MEPUMBIX CEeYeHM DAHAXOBBIX PACCIOEHUIA.

0.3.1. Usmepumvie mHodCECTNEA

CroyHoBckoe mpescranjenve 1.2.8 OyieBbIX airedp dBJsSETCS YHUBEPCAJIHHON, HO HE €IUHCTBEHHON WX
peanuzarueii, pacCMarpuBaeMoil B reopur GpyHKIIMOHATBLHBIX BEKTOPHBIX PEieToK. MHOro4YncaeHHble mpuio-
JKEeHMsT MMeeT Takxke peanmsaimsi Jlroomuca — Cukopekoro [191, 238] (em. makske [100: §8, 24, 29, 35; 233:
reopeMa 16.6.4]). VaMepnMblil BApHAHT 3TOrO MPECTABJIEHNS SBJISAETCS BTOPON OCHOBHO peasmzaruei Gyte-
BbIX aJirebp, paccMarpuBaeMoii B nanuoli padore. Peun uner o Oy/eBoii ajiredbpe B(€)) Ki1accoB sKBUBAIEHTHOCTH
U3MEPUMBIX MMOAMHOMXKECTB TPOCTPAHCTBA, ¢ Mepoii (1.

Pazsinunbie noaxo/p! K ONpPe/ICICHUIO MEPBI U HHTerpasia noapobHo uzsoxkensl B [169]. B [59] npocrpancrsa
C Mepoil pacCMOTpeHBI, TOoXKaIy#, ¢ Hambojee OJM3KON HAM TOYKM 3peHms. HekoTopwie cBoiicTBa Oy/eBOi
asrebpsl B({)) pacemorpenst Takxke B [166)].

OcHoBHBIE OTIpejieTennst 1 0003HAYEHUs, CBI3aHHbE ¢ Mepoit, npuseaensl B 1.1.11-1.1.12. Paznen 1.2.12
BKJII09aeT uH(GOPMAIHIO O NOJIHOTE anreOpnl B(()) u mpaBuiax BHIYUCACHUS COOTBETCTBYOIINX TOYHBIX TPAHMUIIL.

0.3.2. HUzmepumvie Gynryu

Kak u B ciyuae OyneBbix anarebp, yHUBEpCAIbHAS TOMOJOTHYECKas peaym3anus 1.3.7 He dABIsgeTcs eIuH-
CTBEHHBIM (DYHKIIHOHAJIBHBIM TIPEICTABIEHIEM K-TTPOCTPAHCTB, PACCMATPUBAEMBIM B TEOPUU BEKTODHBIX DeIlie-
rTok. He meHee BaxKHYIO POJIb UIDAET peasn3aliis BEKTOPHOI perlerku B Buje npocrpancrsa M () kiaccos
M3MEPUMBIX BEIECTBEHHBIX (DYHKIWI, ONPEIeIEHHBIX Ha TpocTpancTBe ¢ Mepoii ). IIpocTpancTBa n3MepuMbIx
dyukuuit (koropble, noxaunyii, naxe 60Jiee HONMYJIAPHbI B KJIACCHIECKOM (DYHKIMOHAIBHOM aHAJIU3€e, YeM IPO-
CTPAHCTBA HEMPEPBLIBHLIX (DYHKIUIT) OJMIETBOPSIOT BTOPYIO U3 IBYX OCHOBHLIX peajnm3anuil K-mpocTpancTs.

Kaxk usBecrno, He Kaxaoe K-MpOCTPAHCTBO MOYXKHO MPEJICTABATH B BUJE UAECATHHOIO MPOCTPAHCTBA M3Me-
pumbix yHKIWMA (1. €. B Buge uaeana M(Q)). Uz pesynvraros [60] (pasmen 1.3 rmapbt XI u §4 roaser XIIT)
BBITEKAET BO3MOXKHOCTH TAKOU peajin3aliuu sl MPOU3BOJIBHOTO K -TIPOCTPAaHCTBA, COMEPKAIIErO (DYHIAMEHT C
JIOCTATOYHBIM YUCJIOM O-HEIPEPbIBHBIX (DYHKIMOHAJIOB (11032Ke Takue K-IpoCTpaHCcTBa CTaju HA3bIBATH [IPO-
crpancramu Kanroposuua — Ilunckepa). Bosuukaiomee npu 9170M 1pocTpancTBo ¢ Mepoil () obuanaer cBoii-
crBoM npsamoii cymmbt (cm. 1.1.14). Teopema 06 uzmepumoit peanuzauuu upocrpancrsa Kanroposuua — Iun-
ckepa npusesena B 1.3.12.

Cy1iecTBy0T pazHooOpa3Hbie KPUTEPUHU TIPEICTABUMOCTH BEKTOPHBIX W HAHAXOBBIX PEIIETOK B BUIE UIe-
aMbHBIX TpocTpaHcTB. Cpeau HUX HUMEIOTCsS KPUTEPUH Peau3yeMOCTH GaHaxoBoil permerku B Buge LP (1),
1 < p < oo [189: Teopema I1.2.1; 225: rmasa II, Teopema 8.5], B ToM umcie Kpurepuii JImHmeHIITpaycca —
adpupn [189: reopembr 11.2.3" n 11.2.4], kpurepun Bomenbmocra n Anno npencrasumoctn B Buge LP ()
unu co(T) [189: reopemsbr 11.2.3 u I1.2.4]. B srux u apyrux paborax QuUrypupyoT HOHATHS abCTPAKTHOIO
LP-mipocTpancTBa U abCTPakTHOrO M -TIpOCTPAHCTBA W MPUBOAATCS KPUTEPUU DPEATU3YEMOCTH PEIETOK B BU-
Jle pa3Horo popa mnpocrpancTs QyHKIui u nocaepoparensrocred [190: riasa 1, §1.b; 233: pasuen 26.3; 257:
reopembt 120.8, 120.10, 120.11].

B pasmenax 1.3.9-1.3.12 nuccepramuu cobpanbl ocHoBHbIE cBegenus 0 K, -npocrpancrse M () xiaccos
SKBUBAJICHTHOCTH M3MepUMbIX GYHKIHIA Ha npocTpaHcTse ¢ Mepoii (1. Cum. takxe [59, 166, 169)].

0.3.3. Uzmepumoie 6eKmMOP-PyHKULY

[IpocTpancTBa U3MEPUMBIX BEKTOP-(DYHKIIAN SABAIIOTCH KIACCHIECKUM MPUMEDPOM PEIIeTOYHO HOPMUPO-
BAHHBIX MPOCTPAHCTB. Kak u mpocTpaHCcTBa HEMPEPBIBHBIX BEKTOP-OYHKIUHN, OHU HE MPEICTABJISIOT COO0H pe-
AJMBALMUIO KAKOIO-1100 U3BECTHOI'O AKCUOMATUYECKHU OLPEJIEJIEHHOIO KJ1ACCA IIPOCTPAHCTB (eC/id He HPUHUMATH
BO BHHUMaHMe Takue (HakThl, Kak, Hanmpumep, kKpurepnit A. I'. Kycpaesa [84: Teopema 4.10] u3omerpnanocTn 6aHa-
XOBa, IIPOCTPAHCTBA LP-IIPOCTPAHCTBY U3MEPUMBIX BEKTOP-(DYHKIMIT) U 3aHUMAIOT IIPOMEXKYTOUHOE MO/I0KEHUE
MEXKJy [MPOCTPAHCTBAMU HU3MEPUMBIX BellecTBeHHO3HAYHbIX (yHkumii (0.3.2) u npocrpancTBAMY M3MEPUMBIX
cevennit GanaxoBbix paccaoenuii (0.3.4).

Oupenesenne u ocHoBHbIe cBojicTBa npocrpancrsa M (2, X) kiuaccos uzMepumbix 110 Boxnepy X-3naunbix
dyukumit u npocrpancrsa M (2, X|Y) xnaccos Y-cnabo usmepuMbrx X-3HauHBIX (DYyHKIWMH TPUBEIEHBI B Pa3-
nenax 5.2.1, 5.2.5-5.2.7 nanuoii muccepranuu (31ech () — NpoOCTPaHCTBO ¢ Mepoii, a X u Y — npuBejeHHbIE
B JIBOHCTBEHHOCTb GAHAXOBBI IPOCTPAHCTBA). BHYIINTENIbHOE KOJUIECTBO (DAKTOB, CBA3AHHLIX C MOHATUAMU
u3MepuMoii u ciaabo uzmepuMoil BekTop-byHkuu, MoxHo Haittu B [131: riasa I u nanee]. Cwm. rakke [132].

Banaxoewr L?-nipocTpancTBa n3MepuMbix 0 BoxHepy BeKTOp-(hYHKINH yKe JTABHO SIBISIOTCH KJIACCAYIE-
CKuM 00bEeKTOM HCCiefoBanus B GyHKIMOHAIBHOM anasmze (cm. [54, 107,131, 133]). Henasuue cyiecrsentbie
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MIPOJIBUXKEHUSI B U3YYEHHUHU MPOCTPAHCTB CHUJIBHO M CJIa00 M3MEPUMBIX BEKTOp-DYHKIHUN ¢ TOUKYM 3pEHUsT WH-
TEPECYIONIeil HAC TEOPUH PEIIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTB TJIABHBIM 00DA30M CBA3AHBI ¢ PabOTAMU
A.B.Byxsanosa [10,11,15-21,24] u A.T. Kycpaesa [24, 83, 84, 93-95].

B orcyrcTBum omnbiTa paboOThI C HEMPEPBHIBHBIMU BEKTOP-(QYHKIMAMHA BOIPOC 00 ONPEIETEHHN BEKTOD-
Holl HOpMBbI Ha npocTpancTee M (Q, X|Y) naneko ne Tpusmasen. AHaIW3 TEXHUYECKUX MPUEMOB, UCIIOJIb3Y-
€MbIX M3BECTHBIMU HCCIEIOBATENSIMU MPOCTPAHCTB U3MEPUMbIX BekTOp-dyHKImii (Takux, Kak JIx. Jlucren,
Tk, k. Yab, . Cenrusutec u Ap.), NOKA3BIBAET, YTO HAJIMYME B UX apCeHAse MOAXOAMAIIEH BEKTOPHON HOp-
MbI Ha MPOCTPAHCTBE CJab0 U3MEPUMbIX BEKTOP-(DYHKIMHA MO0 Obl IPUBECTH K CYIIECTBEHHOMY YIIPOIICHUIO
MHOTHX JIOKA3ATEIBCTB U KOHCTPYKIIHIA.

Kaxk u3Becrno, Bekropras Hopma kanacca u € M (Q, X|Y') onpenenserca ciaeayromum 06pazoM: sup {<u|y> :
yeY, |yl < 1}. 3ameTuM, 4TO BOIIPOC O CYLIECTBOBAHUU HTOrO cyupemyma (T. . 00 OrDaHUYEHHOCTH MHO-
JKECTBA KJIACCOB (1|Y)) HECMOTPST HA CBO TPOCTOTY KAKUM-TO 00PA30M BBINA W3 TIOJS 3PEHNS CIEIUATIICTOB.
HampuMmep, ompesiesieHne BEKTOPHON HOPMBI c1abo m3MepuMoii BekTOp-dbyHKIwmU B [24: mpumep 1.6.4 (4)] Ges
KAaKOH-1M00 apryMEeHTAIME CHAOKAETCA JIOTOJHUTENBHBIM TPEOOBAHNEM CYIIECTBOBAHUSA CYIIPEMYMAa B COOTBET-
crBylomed ¢popmyse. B aeficrBUuTeNbHOCTH XKe 9TOT CyIpeMyM cyluectByer Beerna (cum. 5.2.6).

Marepecno ormernts, uto HepaseHcTBoM |u]| < ||u| (mourm Beromy mHa 1) TMOTHOCTBIO MCYEPIBIBAETCS
cBsi3b Mexkay dyurimsavu |u| u ||ul|: byrkuus |Jul Morker G6bITH HeU3MEPUMOH M BO3MOXKHA CUTYAIWsT, TPU
koTopoii |u| ~ 0, 1o |Juf| = 1. Tlono6HBIMEU NATOJOIUIMU, BOZMOKHO, OObACHSIETCS TOT (hAKT, 9TO €CTECTBEHHA
BeKTOpHAasd HOpMa B npocrpancTse M (), X|Y') Gbuia obHapyKeHa JIUIb HEJIABHO.

Ouepunnoe Britouenne M (2, X) C M(Q, X|Y) eme ne maer ocuosanus sioxuts M (Q, X) B M (£, X|Y),
MOCKOJIbKY CJ1a00 9KBHUBAJIEHTHBIE (DYHKIUEA HE OOA3aHBI COBIAJATH TMOYTH BCIOJY H MOITOMY PA3HBIE KJIACCHI
uz M(Q, X) B npunmume MoryT CKjeuTbca B ofaud kjaacc w3 M(Q, X|Y). Ussecruo, uro B ciayuae ¥ = X'
Takas CKJeidka He npoucxoauT. CTaHIapPTHOE JOKA3ATETBCTBO 3TOr0 (PakTa MCIONb3yeT TEOPEMY XHUJLIE O
NEPECTAHOBOYHOCTH MHTErpana BoxHepa n OrpaHMYeHHOrO OIEPATOPA M CYIIECTBEHHO ONMPAETCs HA PABEHCTBO
Y = X’. C nomompio mudpTHHTS, yIAETCS JIETKO YCTAHOBUTDL GOJIee CHILHBIN pe3ybTaT, 0000IIUE CHTYalno Ha
citydali npou3BoabHOro Ganaxosa npocrpancrsa Y (aemma 5.2.5).

0.3.4. HUamepumoie cenenus

IMycrs X — HenpepbiBHOE 6aHAXOBO PACCIOEHHE HAJ JOKATBLHO KOMIAKTHBIM TPOCTPAHCTBOM ) ¢ Mepoii
Pagona. Ceuenue u € S(Q, X) Ha3bIBAETCA M3MEPUMBIM, €CJIU I Kaxkaoro kommakra K C ) cymecrByer
[OC/IEIOBATEILHOCTD HENPEPBIBHLIX cedenuil u, € C(Q,X), cxomgmasca Kk u nouru seioxy wa K. Takoit
[IO/IXOJ, K OIPENEIEHUI0 M3MEPUMOCTU CEYEHHH /10 CHX IIOD $BJISJICH €CJIM HE €IWHCTBEHHBIM, TO, BO BCIKOM
cJiydae, TOCIOJICTBYIOMIAM B JIUTEpaType 0 GaHAXOBBIX PACCIOEHHsX (CM., HANpuMep, [227: §3]).

OHako B HaIlell CUTYAIMH OKA3aJiCs YMECTHBIM HECKOJIBKO MHON moiaxod. Mbl onpenenseM W3MepUMbIe
CEUEHNs KAK MPEJIE/bl TTOUTH BCIOAY (Ha TOAMHOMKECTBAX KOHEYHON MEPBHI) MOCIEI0BATETHLHOCTEH 3IeMEHTOR
HEKOTOPOTO aKCHOMATHYIECKHN BBIIETEHHOIO MHOYKECTBA, CEUEHNH, HA3bIBAEMOTO M3MEPUMOLT CTPYKTYypoii. Takoii
crrocob BBEIEHUS N3MEPUMBIX CEUEHUN aHAIOrnIeH KOHCTPY K JIarus/ia u sisasgerca (popmaabHo Hosee obimm
10 CPABHEHUIO C TPAAUIIMOHHBIM TOMOJOTMIECKHM oaxoaoM. Hamo cka3ars, 4TO ujest m3MepuMoOil CTPYKTYPBI
6ewia peickazana H. Tunakyneany eme B 1966 r. (cm. [133: pasnen <Notes and remarks>, zameuanue 8]), a
KOHIIENITYAJIbHO OJi3Kast eif ujes npsvoro uHTerpana k. don Heitmana marupyerca 1937-1938 rr. (cum. [206]).
OfHAKO ¢ TexX MOp KOHIIEMIHsT U3MEPUMON CTPYKTYPBI B DAHAXOBOM DACC/IOEHWM TAK W HEe ObLIa MOIBEPTHYTA
JIOCTATOYHO JeTaJIhHOMY DACCMOTPEHHIO.

C dopmanbHOil TOUKM 3peHus Bce BO3HMKaOue B §4.1 moHaTust u (PaKThl SABJSIOTCS HOBBIMH, XOTS
MPUHIATAATBRHON HOBU3HBI 371€Ch HET: HEKOTOPBIE U3 MPUBEIEHHBIX 371€Ch OCHOBHBIX CBONCTB M3MEPUMBIX Cede-
HUM TaK WM WHAYE W3BECTHBI U3 TEOPUHU HEMIPEPBIBHBIX OAHAXOBBIX PACC/IOSHUH HAJ TPOCTPAHCTBAMU C MepOi
Pagona. Ilocse onpenesenust nousitus uamepuMoit crpykrypsi (4.1.1) U COOTBETCTBYIOIIErO NOHATHS U3MEPHMO-
ro ceuenus (4.1.2), MbI yCTAHABIUBAEM OCHOBHBIE CBOMCTBA M3MEPHMBIX CeYeHWH U PA3HOOODA3HBIE KPUTEPUU
uzmepumocru (4.1.3-4.1.8). Kpurepuit 4.1.9 usMepuMoCTy MOPSIKOBO AIMPOKCUMUPYEMOrO CEUEHUsl SIBJIsIeT-
Cd HOBBIM HE TOJIBKO JIJIsi CEYeHUi, HO M JJIsi BeKTOP-DYHKIWI U j1ake JJis BelleCTBEHHO3HAYHBbIX (DyHKIHUI.
Kak caencreue nosmyvaercs jr000IbITHBIH TOPsAAKOBLI KpuTtepuit namepumoctu cedennit 4.1.10. Ilo anasorun
C HEMNPEPLIBHBIMU CTPYKTYPAMU BBOJMTCS MOHSATHE YKBUBAJEHTHBIX M3MEPUMbIX cTpykTyp (4.1.11). B Teope-
Me 4.1.12 naHo BHYTpPEHHEE ONMUCAHUE MHOXKECTBA U3MEPUMBIX CeUEHUH: YKa3aHbI CBOMCTBA MHOYKECTBA CEUEHMI,
9KBUBAJIEHTHBIE TOMY, YTO OHO SIBJISIETCS MHOXKECTBOM BCEX M3MEDUMbBIX CEUYEHUN OTHOCUTENIHHO KaKONH-I100 13-
MepuMoil CTPYKTYphl. MOXKHO CUUTATh, 9TO TeopeMa 4.1.12 npeanaraeT mOaXo K OMPeIeTeHUI0 N3MEPUMOCTH,
HCKJTIOUAIOIINI U3MEPUMYI0 CTPYKTYPY KaK MOHATHE, — TOMAX0M, 3aKIIYAIOIIMICST B SBHOM YKA3aHUU MHOMKE-
CTBA BCEX U3MepUMbIX cedennii. B § 4.2 npuBe/ieHbl IpUMEPb U3MEPUMbIX OAHAXOBBIX PACCJIOEHUN U HEKOTOPHIX
onepanuii, O3BOJIAIOMIUX 10y YaTh HOBbIE U3MEPUMbBIE DACCJIOEHHUS.

Crmcok mpuIOKEHUil PA3BUTON HAMM TEOPUM U3MEPUMBIX OAHAXOBBIX PACCIOEHUN K TEOPUM PEITeTOYHO
HOPMUPOBAHHBIX [POCTPAHCTB HAYUHAETCsH C IOcTpoeHus upocrpancrsa M (), X) KiaccoB KBUBAJIEHTHOCTU
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U3MepuMbIX cedennit paccioenus X (cm. 4.1.13), KOTOpoe OKa3BIBAETCS O-TIOMHBIM PEIIETOYHO HOPMUPOBAHHBIM
npocTpancTeoM (Teopema 4.1.14), kak u ero uaeansl E(X) (cm. 4.1.15). OcnosHasi Teopema 4.4.8 06 namepumoit
peau3alyy PEIeroYHO HOPMUPOBAHHBIX IIPOCTPAHCTB, B KOTOPOH OOBEIMHEHO Cpa3y IIATh PeaJu3aldOHHBIX
dakToB, noTyYeHa HAMH OJArOJaps CBA3M MEXK/ly M3MEPHMbIMU U HEIPEPBIBHBIMY DAHAXOBBIME PACCIAOCHUAMUI
(cM. 0.5.4).

B zaksiouenue oTMeTHM, 9TO NPOBIEMY H3YUYEHHsT CTPYKTYDhI PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTB
cedennii GaHaxoBbix pacciaoenuit (cm. [84: 6.12, npobaema 22]), Ha Ham B3MVIAA, MOXKHO CYMTATH DEIIEHHON
KaK JUJIsl HE[PEPBIBHBIX, TaK U sl U3MEPUMbBIX CedeHui. Bo BCAKOM Cilydae, NPEJNPUHTAS HAMU Pa3paboOTKa
HNOHATUS MU3MEPUMOro GaHAXOBA PACCIOCHMs NPUBEJIA K CO3JAHUIO TEXHUYECKOH 0a3bl, JOCTATOYHO Pa3BUTOMN
JUISL PelleHusl 33/(a91 00 WHTErpaJbHOM [PEICTABIEHAN JIMHEHHBIX OIEPATOPOB B MPOCTPAHCTBAX U3MEPUMbIX
cevennit 6aHaxoBbIX paccyoenuii (cM. [84: 6.12, upobiema 23)).
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§0.4. JIudTuHr

JIudTuHr B TPOCTPAHCTBE ¢ MEPOH ABISAETCH OIHUM M3 TE€X CYIIECTBEHHO HEKOHCTPYKTUBHBIX OOBHEKTOB,
HCTIOJTB30BAHIE KOTOPDIX SIBJISIETCS BEChbMa YIODHBIM | IJIOTOTBOPHBIM. B 9T0M cMmbIcie TudTHHT cpoaHu 6a3ucy
Tamensa. UrnopupoBanue nudpTHHTA 3a9aCTYI0 TPUBOAUT K HEOMPABIAHHO IPOMO3IKUM KOHCTPYKITHSAM, PE3KOMY
YCIOXKHEHUIO TOKA3ATETHCTB U MMOTEPe WHTYUTUBHOM SICHOCTH.

Wnes nudTunra m10CTaTOYHO MPOCTA U €CTECTBEHHO BO3HUKAET MPU M3yUeHUU (PAKTOPUIOBAHHBIX aaredpa-
nyaeckux crucreM. Jludruar ocyiecTsaser BHIOOP B KaKIOM (DAKTOP-KJIACCE IO MPEICTABATENIO, MPUIEM TaK,
YTO 3TOT BHIDOP CONTIACYETCS C OMEPAIUSME PACCMATPUBAEMON anrebpandeckoil CUCTEeMBbI.

0.4.1. Jlugpmune 8 aszebpe USMEPUMBLL MHOHCECTNE

ToBopst 0 udTUHTE B IPOCTPAHCTBE € MEPOil, Mbl KMEEM B BUJLY BHIOOD B KaXK/IOM KJIACCE YKBUBAJIEHTHBIX
U3MEPUMbBIX MHOYKECTB 110 IIPEJICTABUTENI0 C COXPAHEHHEM BCex oreparumii Oy/aeBoii anrebpnt (cm. 1.1.13).

IIpobstema cymecTBoBanus jaudTUHIA HA BEIIECTBEHHON HPAMOI ¢ Mepoil Jlebera Oblia BllepBbIE BbLIBU-
HyTa A. XaapoM u nosjouresbHo perrera B 1931 1. k. don Heiimanom [205]. B nocieaytonux 3arem paborax
JIx. dbon Hetimana, M. Croyua u /Ix. /Iremonne 06CyKIATUCH PA3IUIHBIE aJireOpanvdecKue acieKThl u 0600Ie-
Hust TTpobieMbt TudTuHTa. [lONBITKYE PEImUTh 3Ty TPOOIeMY s TPOU3BOJBHOIO ITPOCTPAHCTBA C MEPO OO
OCTaBAUCH OE3YCIEITHBIMYI, HECMOTDST Ha TUIyOOKHEe CBA3M ¢ APYTUME OTPACIAMM MareMaTuku. Hakoner, B
1958 r. JI. Marapam ycTaHOBHJIA C TOMOIIBI0 BEChMa, M3OMIPEHHON TEXHUKHU, 9TO JUMTHUHT CYIIECTBYET B JIIOOOM
OPOCTPAHCTBE ¢ O-KOHeuHO# mepoil (cm. [197: reopema 3]). pyroe Menee rpoMo3iKOe JOKA3aTENbCTBO Cy-
wecrBoBanus Judrunra 6puio 3arem noiaydeno A.u K. Monecky Tynua [165]. Bapuanr sroro sokazaresnbcrsa
npuseneH B [166: rmasa IV, Teopema 3]. TlociemnHuM 1 OKOHUATENBHBIM JOCTHKEHWEM HA MYTH PEIEHUs TTPO-
GsieMbl TUQTUHTA ABJISETCA KPUTEPUH €10 CYIIECTBOBAHUS, BBIPAXKEHHBIN B TAK HA3BIBAEMOM CBOHCTBE MPIMON
CYMMBI WM CTPOroii okasmayemoctu (cum. 1.1.14).

CymiecrBoBanre JuMTUHIA UMEET MHOTOYUCIIEHHBIE IPUTOKEHNS] — B TOM YHCJI€, K HHTEIPAJIBHOMY [PeJI-
CTABJIEHUIO JINHEMHDBIX OIIEPATOPOB, K TPOBIeMe Je3bIHTEIPUPOBAHUS MEP U IPIOAUIECKON TeOPUH, K CTOXACTH-
9EeCKHUM IIPONECCaM U K aHAJTUTHUICCKOMY IIPEICTABACHU0 n3oMopdu3mMop LP-mpocTpaHCcTB.

Teopust mudrusra noapobHO n3aokeHa B MoHorpadun [166]. JIndruary nocesmen § 11 kauru [133], rme
TaKKe BOCIIPOU3BEIEHO JOKA3ATEIbCTBO OCHOBHOTO KPUTEPHs CyIecTBOBanus judrunra (Teopembr 1 u 2). 13
c6opruka [181] MOXKHO NOLYYUTh IPEACTABIEHUE O JajbHelneM pa3suruu reopun audrunra (crp. 220-260).

0.4.2. Jlugmunez 8 npocmpaHcmee USMEPUMBLET PYHKEUUT

WNnea audrunara, 6e3yciI0BHO, IPAMEHHMA K MPOCTPAHCTBY KJIACCOB M3MepMMbIX (yHxmmii. Bosee Toro,
pasBuTHe Teopun JUMTUHTA TPOUCXOAUIO UMEHHO € TIEJIBIO TOCJEIYIONEro TPUIOKeHNs K (yHKITMOHATbHBIM
daxTop-tipocTpancTBaM. ['0Bopsa o mudTuHre B MpOoCTpaHCTBe (PYHKIWI, MBI HMEEM B BHIY BHIOOD B KaXKIOM
KJIACCe HKBUBAJIECHTHBIX M3MEPUMBIX (DYHKIIUH IO MPEJICTABHTENI0 C COXPAHEHHEM BCEX OMEPAIUil PEIeTOIHO
ynopsinouennoii aarebpor (cm. 1.1.13). Kak u mudrunr B dpakrop-aniredpe u3MepuMbIX MHOXKECTB, (DYHKIMO-
HaJIbHBL JMdTHHT TOxpOGHO paccMorpeH B MoHorpadmuu [166] (cm. Takxke [133: §11;181: crp. 220-260]).

OtMmeTuM, YTO Cpeau BCeX KJIACCUIecKuX LP-mpocTpaHcTB JuTHHT UMEET TOJHKO MPOCTPAHCTBO L™
( [166: rnaBa IV, Teopema 6]). Tem He Menee, MMMTHHT TOrO IPOCTPAHCTBA € YCIEXOM pabOTaeT W B JAPYIHX
HUIeANbHBIX TTpocTpaHcTBax. Hampumep, B 1.3.10 moka3aHo, Kak yJ9acTByeT JUQPTHUHT B BBIUYKUCIEHHH TOYHBIX
IPaHULl IPOU3BOJIbHBIX HoaMHOKecTB M ().

0.4.3. Jlugpmune 6 npocmpancmee usMepuMsts 6eKmMop-Pyrryul

EcrecrBennas peanusarys ujed JUTUHIA IPUMEHUTEIBHO K npocrpancry L°(, X) knaccos cyie-
CTBEHHO OI'PAHHYEHHBIX U3MEPUMBbIX 110 Boxaepy X-3Ha4uHbIX QyHKIIHH 3aK/II09AeTCI B TAKOM BBIOOPE IIPEICTa-
BHUTeJIEH KJIACCOB, KOTOPBIH COXPAHAET KOHCTAHTHL U COIVIACYETCs C ONEPALUAMU PEIIETOYHO HOPMUPOBAHHOIO
MOJIYJIsI, T. €. COXPAHSAET PEIIeTOYHYIO HOPMY, CYMMY M YMHOXKEHHE Ha CKaJIgpHbIe Kjaacchl (cM. 5.2.2). Oanako
HOIBITKA PA3BUTH TEOPHIO TAKOIO <CUJIBHOIO> JIM(TUHIA IIPUBOAUT K Heyade: cuibHblil audrunr 8 L2 (0, X)
CYIIECTBYET TOTAA W TOJABKO TOT/IA, KOTA MPOCTPAHCTBO ¢ Mepoil {1 aroMHO myim HaHAXOBO MPOCTPAHCTBO X
KoHegHomepHo (reopema 5.2.2). IlosroMy Mbl BbIHYZKJIEHBI OIPAHUYUTHCA PACCMOTPEHUEM CJ1abbIX JINDTUHIOB
(cm. 5.3.11).

WNaesa cnaboro mudTUHra B IPOCTPAHCTBAX CIa00 M3MEPUMBIX BEKTOP-(MYHKIMI Jaseko He HoBa. Kiaaccn-
veckast MoHorpadust A. u K. Norecky Tymua [166] y»Ke CONEpKUT HECKOIBKO PE3YIBTATOB B 9TOM HATIDABJIECHHUM.
B mammom caydae pedb maer o ciaboM JIu@THHTE B MPOCTPAHCTBE CKAJISIPHO U3MEPHUMBIX aDCTPAKTHO3ZHATHBIX
dyHKIMIT ¢ OTHOCHTEIBHO KOMIAKTHBIME oOpasamu [166: riapa IV, Teopema 7] u o ciabom audTHHTE B TTPO-
CTPAHCTBE C1a00 H3MEPUMBIX BEKTOP-(DYHKIINIT ¢ OTHOCHTENBHO C1af0 KOMIAKTHBIMY obpasamu [166: rraa VI,
npemnoxkenne 1]. Cm. rakxe [166: VI, §4-7]. I3 xuurw [181] MOXKHO MOMYYATH MIPEACTABIEHUE O JATbHENRIIEM
passuruu Teopun judrunra (crp. 220-260).
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Hamra ocHoBHaAsI TeopeMa, O CYIIECTBOBaHUM CIabbIX TUGTUHTOB (Teopema 5.3.12) OGblia moyUeHa ¢ mOMO-
MIBIO CBA3M MEXKJY U3MEPHUMBIMU U HENPEPbIBHLIMU BeKTOP-byHKImsamu (cM. 0.5.3). W3 370l TeopeMbl MOXKHO
BBIBECTH CYIIECTBOBAHHUE JTUMTUHIOB PA3HON CHIbI B PA3HOOOPA3HBIX IIPOCTPAHCTBAX BeKTOp-pyHKIWMiA. B pa3-
gene 5.3.13 mpuBeneHo 7 MOAOOHBIX CAEACTBUM: JUMTUHI TOrO WX WHOTO BHIA HMMEETCS B IIPOCTPAHCTBAX

Le(9,X), LS (Q, X), L®(Q, X'), L(Q, X[Y), L=(Q, X|Y), L=(Q, X'|X) u L®(Q, X|X').

0.4.4. Jlupmunz 6 npocmpancmee usMePuMvlT cewenu

JIudbruar B hakToOp-mpocTpaHCTBE U3MEPHUMbBIX CedeHnit 6aHAX0OBA PACCIOeHUus — HOBasd KOHIenmus. J1o
cHUX TIOp camoil olIme#i cuTyanmei, B KOTOPOH PaCCMATPUBAJICA JUMTHHT, OBLIO MPOCTPAHCTBO H3MEPHMBIX
BeKTODP-OYHKIWE, IPUYEM PeUb /13 O TAK HA3BIBAEMBIX CJIa0bIX JudTHHrax — JudTUHrax, COrIaCOBAHHBIX CO
CKaIAPHBIM T TUHIOM MOCPeAcTBOM aBoiicrBernnocT (cM. 0.4.3).

Paccmorpenne mudTrHTa B TPOCTPAHCTBAX N3MEPUMBIX CEUeHU 00YCIOBIEHO HE TOJTHKO OUE€BUIHBIM Y100~
CTBOM ¥ MPUKJIATHON MOIIBIO 9TOTO MOHATHsI. Jle10 B TOM, UTO Hajguune JudTUHTA SBJISETCS TeM aJeKBATHBIM
GUIHTPOM, KOTOPBIN OTCENBAET BCEBO3MOMKHBIE MATOJOTMIECKHE CIyIal — TaKhue, KaK, HAIpUMepP, W3MEePUMOe
6aHaXOBO PACCJIOEHUE C U3MEPUMOI CTPYKTYPOIl, COCTOAIIEH U3 IOYTH BCIOAY 3aHYJIMIOIIUXCA cedeHuil (4CHO, 4T
PEIeTOYHO HOPMUPOBAHHOE MPOCTPAHCTBO COOTBETCTBYIONTUX KJIACCOB U3MEPUMBIX CEUEHUN ABIISIETCS HYJIEBBIM
BHE 3aBUCHMOCTH OT CJIOEB PACCMATPUBAEMOIO PACCIIOCHHUH ).

Ecrectrennas peanusarysi uaen JUGTHHTE TPUMEHUTEIHHO K mpocrpancrBy L°(Q, X') kiaccos cyie-
CTBEHHO OIDAHMYEHHBIX M3IMEPHUMbBIX CedeHnit OaHaxoBa paccioeHns X 3aKIOYAETCsd B BBIOODE IPEICTABHTE-
Jist py (W) B KAKIOM KJIacce U TaKuM o6pa3oM, YTOObI COXPAHUIUCH BCE OHEPAIMU PENIETOYHO HOPMUPOBAHHOIO
MOJIYJIsI, T. €. PEIIETOYHYI0 HOPMY, CYMMY M YMHOXKEHME Ha CKaJgpHble Kaacchl (cM. 4.3.1):

(a) px(u) € unmdompy(u) =

©) llpx ()l = p(lul);

(B) pa(u+v)=px(u)+px(v);

(r) paleu) = ple)px(u).
OnHaKO y2Ke TIOBEPXHOCTHBII aHAJN3 TAKOTO TIOHSATHUS T0KA3aJ1, YTO OHO He paboToCnocobHo: yeiiosus (a)—(r) He
rapaHTHPYIOT JOCTATOYHO MPEICTABUTENLHbIN Ui IPUIOKeHH 06pa3 nudrunra. Ecim B cydae CKATSPHBIX U
BEKTOPHO3HAYHBIX (DYHKIIHH MPEICTABUTEILHOCTE 00pa3a NU(MTUHTA rapaAHTHPOBAHA, HAJUYIHEM B 9TOM 00pa3e
HOCTOSTHHBIX (DYHKIMA, TO B cJIyuae cedeHnil MOMOGHON rapaHTHH HET, IOCKOJIBKY CaMO MOHSATHE <ITOCTOSHHOE
ceveHne> B 0BIIEM ciydae GecCMBICIEHHO. AHAIN3 TPUIOKEeHHUH JTMTHHTA TO3BOJIHIT BBIIETUTh HEJTOCTAOIIEe
YCIIOBHE:

(m) wmmoxecTBO {px (1) : u € L®(£, X)} nocnoitno mmotHo B X.

OTpunaresibHbIl OTBET Ha €CTeCTBEHHbIH BOIPOC O TOM, He cieayer Jju ycuaosue (1) us (a)—(r), Jaercs Tpubu-
AJBHBIM IIPUMEPOM H3MEPUMON CTPYKTYDBI MOYTH BCIOLY 3aHYJISIONIUXCA CEYEHUH U HYJIEBOro <audTHHIA> ).
OjiHaKO 3TOT HPHUMEp JEeMOHCTPUDPYET He CTOJLKO YIEepOHOCTH JudTHHTa, CKOJBKO HEJIOCTATOK CaMOr'o Pac-
CJIOEHHS: B TAKOM H3MEPHMOM DPACCJIOEHHM BOOOINE HET HM OJHOIO JIMQTHUHTA, YIO0BJIETBODSIIOIIErO YCIOBUIM
(a)—(z). Bonee rpomosaxuii upumep 4.3.2 (2) ykasblBaer Ha HE3aBHCUMOCTDH YCJIOBHA (J1) JaXKe B TOM CJIydae,
KOTJIa PACCIOCHNE UMEeT APYTOil — <IpPaBUIbHbIN> — mudTudr. B srom mpumepe yciosue (1) HapymaeTcs B
OZHOM BBIAEJIEHHON TOUKe. B meficTBUTENbHOCTH HAC CIIACTIO OBbI IIPEIOI0KEHNE O TOCJIOMHOMN ITOTHOCTH 00pa3a
sudTUHTA HE BCIOY, a X0Td Obl mouru Bcioay. Ho emnie Hosee cioxkubiit npumep 4.4.9 moka3blBaer, 4TO yCIOBUA
(a)—(r) cOBMECTUMBL C N0CAOTHbBIM OTPUIIAHUEM (1), M TOXKE IIPU HAJUYUU BTOPOTO <IDABUILHOTO> JU(THH-
ra. Takum obpasom, yciosue (i) 06A3aHO NPUCYTCTBOBATH B onpejesnenuu judrunra. Torma, KcraTru rosops,
OHO ABTOMATHYECKH Oy/IeT BBINOJHEHO B Oosee cuabHON dopme: o6pa3 mudraara {px(u) : u € L>®(0, X)}
LOJIHOCTBIO 3all0JHAeT BCe cou paccioenus X (upeigoxenue 4.4.1).

Hackonbko gacTo BcTpeuaroTca paccioenus c audruarom? IlocrosaHoe pacciaoenne obinagaer JudTUH-
TOM KpaiiHe Peiko — TOJIbKO B TOM CJIy9ae, KOTJa €ro CJI0W KOHEYHOMEPHBI i DA30BOE MPOCTPAHCTBO € MEPOi
aroMHo (reopema 5.2.2). Eciu B paccioedun X MOXKHO BIOPATH U3MEPUMYIO CTPYKTYDPY, COCTOSIIYIO U3 CeUEHU it
C IIOTOYEYHBIMU HOPMAMU B 0Opasze cKaIsapHOro audTuHra (a 970 BO3MOXKHO, HAIIPUMED, B IIOCTOSTHHOM PACCIO-
enun), T0 X MOXKHO DACIIUPUTD JIO0 PACCIOEHUs C JUDTUHIOM, coiepxkaiiero X B KauecTBe BCIOAY IJIOTHOIO
nozapaccioenus (reopema 4.4.5; nonsdrue morHoro noapaccsaoenus omnucano B 4.2.3). Takum o6pazom mpoBas
upy LOUbITKE BBeCTH JUMTUHI B 1pocrpancrse BekTop-byukuuii L>(Q, X) (cMm. 5.2.2) HECKOJIBKO KOMIICHCH-
pyerca: HEKOTOPOe PACIIMpEeHre CIOEB, He T0DABIIMIONIEe HOBBIX KJIACCOB M3MEPHUMBIX CEYeHUi, obecredanBaer
JIOCTATOUHBIN TPOCTOD IS CylecTBOBaHus JudTuHra (Teopema 5.2.3).
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WNnes nudprunra B (hakTOp-mpOCTPAHCTBE M3MEPUMBIX (DYHKITHI HMeeT HermoCpeICTBEHHOE OTHOIIEHNE K
YCTAHOBJIEHUIO CBSI3U MEXKIy M3MEPUMBIMHU U HempepbiBHbIMU (yHKIusaMu. C OJHOM CTODPOHBI, HATUYINE Jind-
THHTA, TO3BOJIAET MOCTPOUTH M30MOPMU3M MPOCTPAHCTBA, U3MEPUMbBIX (DYHKITUH HA TPOCTPAHCTBO HEMPEPDHIB-
opix. Ilpwmyem 3mech pedsb UOET O CAMOM IEHHOM W3 H30MOP(HU3MOB — HU30MOpP(MU3ME, IOPOKICHHOM 3aMEeHOH
nepemennoii. C Apyro#l CTOPOHBI, 3aMEHa, TTEPEMEHHOM, N30MOP(MHO ePEeBOINas HEMPEPbIBHbIE (DYHKIUN B
M3MEPUMbBIE, TI03BOJIAeT MOCTPOUTDH JU(MTUHT B COOTBETCTBYIONIEM TPOCTPAHCTBE m3MepuMmbix dyuknwmit. Obe
CTOPOHBI YKA3aHHBIX B3aMMOOTHOIIEHNH UMEIOT CBOU IPUJIOXKEHUST B TEOPUH PEITETOTHO HOPMUPOBAHHBIX MTPO-
crpancTB. 00 3THUX NPHUIOKEHUAX W HMOWIET pedb B JAHHOM maparpade.

0.5.1. Csasb meocody UsMEPUMBIMU U OMEPDLINO-3GMEHYMBLMYU MHONCECTEBAMU

Cornacuo reopeme Croyna 1.2.8; 6ynesa anrebpa Clop(Q)) OTKpPBITO-3aMKHYTBIX HOJMHOXKECTB BIIOJIHE
HECBA3HOro KomnakTa () upezacrasisier coboil obmuil Bua Gynesoil anrebpol. B uacraocru, anrebpa B(1)
KJIACCOB M3MEPUMbIX LOAMHOXKECTB 1IpocTpancTBa ¢ Mepoii ) uzomopdua Clop(Q) s HOAXOAAIIEr0 KOMIIAKTA
Q. Hasmuue mudprunra 8 B({) nossossier BIpa3uTh cBsa3b Mexiay anrebpamu B(Q) u Clop(Q) 6onee siBHO —
HOCPE/CTBOM KaHOHMUIECKOro morpysKenust 7: 8 — @ (cm. [166: 1.V, §3]). Nnes takoii cBA3W BO3HHKJA 110
kpaiinett Mepe 30 ner Hazaz, HO ¢ TeX MOP TaK W He OBLIA OIEHEHA MO JOCTOMHCTBY. MBI elle 3aTpOHEM 3TOT
BOTIPOC TpH OOCYYKJIEHHUN CBA3HM MEKIAY W3MEPUMBIMA W HEMTPEPLIBHBIMUA (DYHKITAAMA.

[MocTpoenne kanoHWUECKOro orpyxenust 7: ) — () Bocnpousseneno B pasnaene 1.2.13 muccepramyu. Tam
K€ YCTAHOBJIEHBI OCHOBHBIE CBOMCTBA 370 (byHukmu. Pa3znoobpasHbie MOrpaHUYHBIE BOIPOCH, 3aTPArMBAIOIIIE
MEpy M TONOJIOTHIO, PACCMOTPeHbl B Kuure [215] (cMm., Hanpumep, §22).

0.5.2. Csa3b menHcAY USMEPUMBLMYU U HENPEPHLEHBLMY PYHKUUAMU

IMycts @ — npocrpancTBo ¢ Mepoii, obiasaoiiee cBoiicrBoM npsamoii cymmbr (cum. 1.1.14). Coruacuo
reopeme Bymuxa — OracaBapsl Coo(()) npencrasiger coboil obmuii Buz (pacimpennoro) K-upocrpancrsa.
Tosromy Bekropuas pererka M (£2) knaccos uzmepumbix Gyukuumii na  nzomopdua Coo (@) Auid noAXOAsIIErO
KCTPEMAJIBHO HECBSI3HONO KOMIAKTa ().

Takasi CBA3b MeXK/Y M3MEPUMBIMH M HeNPEephIBHBIME (DYHKIUSME M3BECTHA JaBHO, cM. [133: §18, reo-
pema 2; 100: §44; 147]. O6pa3 uzmepumoii dbyukuuu npu uzomopduzme M(Q) na C(Q) HasbIBaeTcs ee
CTOYHOBCKHM TpeoOpaszoBanuem. 1ot TepMmuH ObL1 BBeAeH /. CeHTHMiiecoM, TTOCBATUBIINM MHOTHE CBOW Pa-
GOTbI UCCIIEIOBAHUIO CBI3H MEXKJY TONOJOIMYECKUME U U3MEPUMBIMU KOHCTDYKIMsaME (CM., Hanpumep, [147,
234-237)).

Ilo cyTn mema, CTOYHOBCKOE IIPeoOPa30BaHNe MPEACTABASET COO0M HE CTOIBKO CBA3b MEXKAY (DYHKIIMSIMH,
CKOJIBKO CBSI3b MEKJIY MPOCTPAaHCTBaMu ITUX (pyHKIimit. Tem Oosee 37ech HE HOET PeUb O KAKOH-THO0 MPoCcToi
aHanuTHYIecKoi opmyne Tinma 3amenbr epemenHoil. Cam /1. Centniiec 3ameTui B [235], 9T0 cTOyHOBCKOE mpe-
obpa3oBaHKe HE UMEET OIPEJEJICHUST TIOCPEICTBOM TOYedHOr0 orobpaxkenus (2 B (), Tak Kak To4KH ) TepsroTcd
B (. OaHAKO Wjes MMEHHO TAKOW CBs3M 3apOJUIACh B Teopuu JuTUHTA. Y2Ke B KJIACCHYECKOH MOHOIDa-
dbun [166] HaMedeH MOAXOJ K PeaH3aliy CBA3M MeXKIy H3MEPUMBIMHU M HEHPEPBIBHBIME (DYHKIMAMH OCDE/T-
CTBOM 3aMeHbl IepeMeHHOi, nopoxaennoil sudrunrom (cum. [166: raasa V, §3]). INockonbky . Cenruinec ne
HCIIONIB30BaJ JIU(DTUHT B CBOMX MOCTPOEHUSIX, M0 CTOYHOBCKOE TPEOOPA30BAHNE UMEET TOPa30 MeHee SBHBIHI
xapakTep. Kpome Toro — u 310 raBaoe — urnopuposauue /. CeHTniecoM TakKOro MOITHOTO WHCTPYMEHTA,
KaK JIN(TUHT, IPUBEJIO K PE3KOMY YCIOKHEHHUIO BCEX €r0 JIOKA3ATEThCTB.

Hazno ckazarp, uro . Cenrniuiec npekpacHo 3uadt o cyiecrsosanun audrunra. Tax, B [235: § 3], ubrrasce
PeIUTh MPOdJIEMy TOYETHON TeHEpAINH CTOYHOBCKOTO MpeobpasoBaHnst Juist yacTHoro caydas 0 = [—1,1],
OH HCIOJIb30BaJ nuuaero judruara. OmHAKO BMECTO IOJHOIEHHOro audruHra ObLIa B3dATa JXLIL Jleberopckas
IUIOTHOCTh. B pesysnbrare He BO3HUKJIO W TOJHOIEHHOE TodedHoe orobpazkenme u3 {2 B (). Bwmecro mero
nosBUJIOCh coorsercreue w — C,, (rae C, — 3aMKHYTble HUTJE HE ILJIOTHBIE MOAMHOXKECTBa ()), a BMeCTe ¢
HUM W MHOYKECTBO TEXHUYECKUX MpoOaem. laes mocTpoeHusi CTOYHOBCKOTO TMpeoOpPa30BAHWS B BUIE 3aMEHBI

HepeMeHHOMN, MOPOKIEHHON JudTUHIOM, NPOMeIbKHYIA 1 B crarbe [236: cM. pasaen III], Ho numb B kauecTse
MJLTIOCTPAIIUH.

B pasnene 1.3.13 auccepranuu mpuseneHo siBHOe omucanuwe msomopduszma mexay M(Q) u Coo(Q) B
TEPMUHAX KAHOHUYIECKOro morpysxkenus 7: ) — @, onpenenennoro B 1.2.13 ¢ momorpio audTUHTA.

0.5.3. Ceasb meocoy usMEPUMBIMU U HENPEPBLEHBIMU BEKMOD-PYHKUUAMU

CroyHoBCKOe mpeobpa3oBanme, 0OOTaTUBINEE apCeHa T (DYHKIMOHAIHLHOTO aHaym3a Oaaromapst . CenTu-
aecy [147, 234-237], umeer cBOM OCHOBHbBIE IIPUJIOKeHUs B Obsiactu BeKTop-byHkuuil. Wnesa ycranosienus
CBS3M MEXKAY HU3MEPUMBIME W HEIPEPBHIBHBIMHU aOCTPAKTHOIHAYHBIME (PYHKINAMH ObLIa M3BECTHA, JIOBOJHHO
nasHo. Hampumep, B MoHorpadmu [166: riasa V, meopema 4] MMeIOTCs DE3yabTaThl O TECHOH CBI3H MEXKIY
HEIPEPLIBHBIMUA (PYHKIMAMU U U3MEPUMBIMU (DYHKIMIMHU ¢ OTHOCUTEJIHHO KOMIAKTHbIMU OOpasamu. OaHaKO
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umenno /1. CenTussiec Bo3Bes CTOYHOBCKOE Mpeobpa30BaHue B PAHT MOITHOTO MHCTPYMEHTA IS MCCIIeTOBAHUS
U3MEPUMBIX W — TJIABHBIM 00pa30M — ¢1a00 U3MEPUMBIX BEKTOD-(DYHKITWH.

Oupenenennoe B [234, 235] croyHnoBckoe npeobpasoBanue uamepuMoil no Boxuepy BekTop-dyHKIMH, 1103~
BOJISIET YCTAHOBUTH PEIIeTOYHO-H30MeTpryecKuii uzomopdusm mexay npocrpancrsamu M (2, X) u Coo(Q, X)
(cM. [235: Teopema 2.9; 75: reopema 4.1.15]).

B [236] [. CenTrianecoM BBEIEHO MOHSITHE CTOYHOBCKOTO Tpeo0pa3oBanust namepumoii mo Bapy dyHkmn
€O 3HAYEHUSMU B IPOU3BOJILHOM BIIOJTHE PErYIAPHOM TOIMOJIOTHIECKOM MPOCTPAHCTBE. JHAYEHHUSA CTOYHOBCKOTO
npeobpaszoBanus QYHKINK JIEKAT B KOMIAKTHMUKAIINN TPOCTPAHCTBA, 00pa30B ucxoanoit ¢pyukinu. IlpuMmenn-
TEJIBHO K CJ1a00 M3MEPHUMON BEKTOP-(QYHKIINKA CTOYHOBCKOE IpeodpasoBanue gaeT (PyHKIIUIO CO 3HAYEHUSIMHA BO
BTOPOM conpszkennom npocrpanctee. (1. Centmmmec ucenenyer Tonbko X | X/ -uzMepumbie byHKINM, U3MEPH-
MOCTh OTHOCHTEJIbHO KAKOH-Iu60 Apyroii ABOHCTBEHHOCTH B ero paborax He pacCMaTpPUBAETC.)

3HaueHus CTOYHOBCKOrO 1peobpasoBanusd u3MepuMoil pyHKuy (KaK U 3HaUeHUd ee JUTUHTA) ABJIAIOTCA
B MHTYUTUBHOM CMbBICJIE <HCTUHHBIMI> 3HAYEHUSMHU paccMarpuBaemoiil dpyukiuu. Hanpumep, <ucrnopaeHHas >
HA MHOXKECTBE HYJIeBON Mepbl MOCTOsfHHAs (DYHKIMs 1IOCIE IPUMEHEHUsl CTOYHOBCKOro npeobpasoBanus (min
JUTUHTA) BHOBb CTAHOBUTCA MOCTOAHHONW. DyHKIMS MOXKeT ObITh MCIIOPYEHA HACTOJILKO, 9TO OHA HE OyIer
MPUHUMATH HU OJIHOTO CBOErO MCTHHHOIO 3HAYEHHWs. Be3HaIe:KHO UCITOPYEHHBIMU ABITIOTCA (DYHKITUU, BCE HC-
THHHBbIE 3HAYEHUSA KOTOPBIX BOODIIE HE JIEKAT B HMPOCTPAHCTBE 00pa3a, a HAXOATCH JIUIIh B €10 JTOMOJHEHUN
J10 Broporo conpskertoro. JI. Cenrniuiec HasbBaeT Takue GYHKIMA THCTO CI1a00 M3MepHMbIMA [236: ompene-
genne 2.3]. Kaxknas crabo n3mepuMast BeKTOp-(bYHKINS pasaraercs B ¢aab0 TH3BIOHKTHYIO CYMMY CHIBHO
u3MepuMoii u uucro cinabo uzmepumoil dbyuxuuii [236: reopema 2.5]. CroyHOoBCKOe npeobpa3oBaHue 3a4aCTyIO
MTO3BOJISIET ONMWMCATH T€ WJIM WHBIE CBOWCTBA M3MEPUMBIX BEKTODP-(hyHKIHUH B G0/ee MPOCTHIX TOMOJOTHIECKUX
TepMuHax. Hampumep, cjemyer OKumarh, 9TO (DyHKIUH, UCTUHHBIE 3HAYEHUsS KOTOPBIX MOYTH BO BCEX TOY-
KaX HE BBIXOJAT 3a PAMKM IPOCTPAHCTBA 00pa3a, He SBJLAIOTCS OYeHb WCIOPYeHHbIMU. B aeficTBUTeIbHOCTH
OKAa3bIBAETCH, 4T0 9TO B TOYHOCTU Te (PYHKIUMU, KOTOPbIe cjaab0 9KBUBAJIEHTHDI CUJILHO u3MepuMbiM [236: Teo-
pema 2.2]. CToyHOBCKOe NMpeobGpa3oBaHie MOMOTAET TakKe BBISICHUTh, sIBJISIETCST M C1ab0 H3MepuMast BEKTOD-
dyukms naTerpupyemoii mo Ierrucy (cm. [237]).

Bce Bumnt croyHOBCKOTO TpeobpasoBanvs, onpeaenenube . CeHTUmIIecoM, He TOPOXKIAIOTC TTOTOYETHBIM
orobpaxkenreMm 6a30BbIX [IPOCTPAHCTB, & UHIyIUpyeTcs abcTpakTHbiM usomopdusmom mexay L>°(Q) u C(Q).
Wcnons30BaB TEOPUIO ITPOCTOPHBIX DAHAXOBBIX PACCIOEHUH U €€ TPUIOKEHNS K H3MEPUMBIM PACCIOSHUIM, MOXK-
HO Peajm30BaTh CTOYHOBCKOE Tpeobpa30BaHue B BUje O0TOOpaXKeHUs 3aMeHbl nepementoil. Takas peanmsarus
OCYITIECTBUMA, I U30MOP(U3MA, MEXKTY CJASAYIONUMA TapaMU PEIeTOYHO HOPMUPOBAHHBIX TTPOCTPAHCTE:
M(Q,X) n Cx(Q, X) (Teopema 5.3.2);

Le(Q, X) u C(Q, X) (cneacrsue 5.3.4 (1));

L5 (0, X) m Co(Q, X) NC(Q, X[|Y) (cnencreue 5.3.4 (2));
L% (0, X) u C(Q, X|X") (cnencrsue 5.3.6);

M(Q, X'|X) n Coo(Q, X'| X) (Teopema 5.3.7);

Le(Q, X|Y) n C(Q, X|Y) (cnencreue 5.3.9);

L>(Q, X' X) u C(Q, X'|X) (BbrTeraer u3 5.3.9).

Hennocts m3oMopdu3zma, MOPOKIEHHOTO 3aMEHON TIePEMEHHOMN, 3aKII0YaeTCs HE TOJBKO B €ro SIBHOM U
yIOOHOM AHAIUTUYIECKOM IIpeacTaBeHnu. Kak yrke ObLIO OTMEYEHO BBIMIE, TAKas peajn3alius u30Mopdhu3Ma,
MEXK/Ty TPOCTPAHCTBAMY U3MEPUMBIX U HEMPEPBIBHBIX (DYHKITHI TO3BOJISIET TIOCTPOUTH COOTBETCTBYIONTHIT Jinch-
TuHT. VIMEHHO 3TOT npueM ObLT UCIOIb30BAH HAMU JJIs JT0KA3aTEIbCTBA BCEX TEOPEM TEOPEM O CYIIECTBOBAHUHU
mudTHHTa B TPOCTPAHCTBAX U3MEPUMBIX BeKTOp-dyHKImi (cMm. 0.4.3, 5.3.11-5.3.13).

0.5.4. Csasv meocdy USMEPUMBLMU U HENPEPBIEHBIMU CEYEHUAMU

WN3mepumbie pacciioerus ¢ mudTUHIOM B KJIACCE BCEX M3MEPUMBIX DAHAXOBBIX PACCIOCHUH 3aHUMAIOT TO
K€ MECTO, 9TO U MPOCTOPHBIE PACCIOEHUST B KJIACCE BCEX HEMPEPBIBHBIX OAHAXOBBIX PACCIOCHUI. DTOT TE3UC
HaXOIUT TIOATBEPIK/IEHNE B MHOTOYHCIEHHBIX aHAJOTHUAX, BOSHUKAIONINX B PE3YJIHTATE CPABHEHUS U3MEPUMBIX
¥ TOTIOJIOTUYECKUX PEATM3AIMOHHBIX (haKkTOB. Takue aHAJOTUU HE CIYYANHBI, TOCKOMBKY MEXKY U3MEPUMBIMU
PaCCIOeHUAMHY C TUPTAHIOM U HEMPEPBIBHBIMU MTPOCTOPHBIMU PACCIOEHUSIMUA UMEETCsl SBHO BhIDAYKEHHAS CBA3b.

B dopmynuposke Teopembr 4.3.4 mpuBeneH KOHKPETHBIH CIOCOD TPeobpa30BaHus MTPOCTOPHOTO HETPEPHIB-
HOTO PACCJIOEHUsT B M3MepuMoe paccioenue ¢ audTuaroM. He Brapasich B mMOApOOHOCTH, MOXKHO CKA3aTh, UTO
9TO Tpeobpa30BaHIE OCYIIECTBIISIETCS C TTOMOIIBIO 3aMeHbI TiepeMennoii. Teopema 4.3.5 ycumBaer CBa3b MEXKITY
M3MEPUMBIMU U HEPEPBLIBHBIMU DACCIAOSHUSME, YTBEPXKIAs, 9TO KaXKJI0e M3MepuMoe DAHAXOBO PACCIIOEHUE C
JudTUHIOM MOXKeT ObITh MOJIYIeHO OIMCAHHLIM B TeopeMme 4.3.4 criocobom.

Taxum obpazoM, MeXK Ty H3MEPUMBIME PACCJIOSHUSME C JUMTUHTOM HAJT TPOCTPAHCTBOM ¢ Mepoii {2 u mpo-
CTOPHBIMY HENPEPBIBHBIMHM DACCIOEHUAMEU HAJI CTOYHOBCKUM KOMIIAaKTOM anarebpol B({)) umeercs KoHKperTHas
KOHCTPYKTHBHAs Orekiins. C MOMOIIBIO 3TOM OUEKINE Bech Harak Pe3yabTaToB, HAKOILIEHHBIH Js1 TPOCTOPHBIX
HETIPEPBIBHBIX PACCIOCHNI, C JIEMKOCTHIO TIEPEHOCUTCH HA U3MEPUMBIE paccioerust ¢ audpruarom (cm. §4.4).
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§0.6. IaTepuperanusa CBOINCTB 00bEKTOB B TEPMHUHAX UX Pean3anuii

Msmepumast wim ToHoOJIOrHYecKas peammusaims obobekra (M. §0.2; 0.3) npegocrabiser BO3MOXKHOCTDL HH-
TEPIPETUPOBATH €0 CBONCTBA, BbIPAXKEHHBIE HA #A3bIKE AOCTPAKTHON ajrebpamvecKkoil CUCTEMbI, B TEPMHUHAX
KOHKPETHOTrO (PYHKIIMOHAIBHOTO TIpeACcTaBIeHns. [10M00HY0 MHTEPIIPETAIINIO UMEIOT TAaK¥Ke W PA3HOOOPA3HbIE
OTIEPAITUHU HAJI PEATTM3YEMBIMU OOBLEKTAMY U UX 3djeMeHTaMu. OTBIT MOKA3BIBAET, YTO T3, WU WUHAST KOHIIETIIUS
B CBOEH PeaNn3almoHHON WHTEPITPETAIINN 3aUACTYI0 OKa3bIBAETCsT DOJIee TTPOCTON WM XOPOITO M3yUIeHHOM.

0.6.1. Humepnpemayus ceoticms 6yie801 ar2ebpot

Peanuzarus 6ymeBoit anrebpbl B BUe aaredpbl OTKPBITO-3aMKHYTHIX UJIH H3MEPUMBIX MHOYKECTB MTO3BOJIS-
€T UHTEPIPETUPOBATh T€ WJIM WHBIE €e MOPSIKOBbIE U aaredpandecKkrue CBONCTBA B TEPMUHAX COOTBETCTBYIOIIETO
BIIOJTHE HECBSI3HOTO KOMIIAKTA WU TPOCTPAHCTBA ¢ Mepoit. Hanbosee n3BeCTHOIN B 3TOM CMBICJIE SB/ISIETCS UHTED-
nperanys MopsIKOBOH MOJHOTHI GyaeBoii anrebpsr, nonydennad T. OracaBapoii [214]: Gynesa anrebpa siBiisgercs
LOJIHOM TOIJIA ¥ TOJIKO TOLJIA, KOI/A e CTOYHOBCKUil KOMIIAKT 9KCTpeMaJibHO HecBszeH (cum. 1.2.8; a Takzke [60:
riasa XIII, Teopema 1.35; 33: Teopema 11.9.2]).

Bynesa anrebpa B()) K71accoB H3MEPUMBIX MHOXKECTB ABJISETCS MIOJHON B TOM CJIYYae, €CITU MTPOCTPAHCTBO
¢ Mepoii Q) obramaer ceoficTBoM TpsAMoii cymmbl (eMm. 1.2.12 u [166: rmasa I, §8]).

Onucanme HEKOTOPBIX CBOMCTB OyseBoil anrebpbl u GyneBa romomMopdusMa B TEPMUHAX UX PeaTu3ariuii
umeercs B [100: §11, 22, 25].

0.6.2. Humepnpemayua ceoticms 6exmopHol pewemyy

MHOrounc/IeHHbIA CIMCOK PEeANU3AIMOHHBIX MHTEPIPETAIMEA CBOCTE BEKTOPHBIX PEIIETOK MbI IIPOUJLIIO-
CTPUPYEM JIUIIh HECKOJIbKUMHU KJIACCUYECKUMU TpuMepaMu. VHTeprpeTanus moaIHOTH 6yIeBoi aareGphl, moy-
uyennag T. Oracasapoii, uMeer cBoe (GyHKIMOHAILHOE BHIPAYKEHHUE: YCJIOBHAS MOPAIKOBAS TOJHOTA BEKTOPHOI
pemmerku C((Q) paBHOCHIBHA IKCTPEMaIbHOM HecBA3HOCTH KoMmmakTa () (cM. [60: rmasa XIII, teopema 2.18]).
Kpowme Toro, u3 skcrpeMasbioii (KBa3UIKCTPEMALHON ) HECBA3HOCTH KOMIIaKTa () cienyer, yro peinerka Coo (Q)
sapigercd paciuupendbim K-nipocrpancreom (K, -upocrpancrsom) (em. [60: rinasa XIII, reopema 2.23; 33: reo-
pembl V.2.1 u V.2.2]). CBoHCTBO MPsIMOii CyMMBI TIPOCTPAHCTBA C MEPOii 00ECIIEINBAET O-TIOJIHOTY COOTBETCTBY-
FOIUX WIEAJIbHBIX TPOCTPAHCTE H3MepUMbIX dyHKu [166]. OyHKINOHAIBHAS HHTEPIPETAINS O-CXOIUMOCTH
B BEKTODHOIT perrrerke mana B [60: roraa XIII, pasgern 2.3]. Crarbs [25] nmocBsimieHa OMHCAHUIO BEKTOPHBIX perle-
TOK C TIPOEKIUSIMHA U ¢ TJIABHLIMA TIPOCKITASAMY B TEPMUHAX WX (PYHKIMOHAILHBLIX peanusanmii. Peanusanmonnoe
ornucaHue pazHooOpasHbIX CBONCTB BEKTOPHBIX perierok umeercs B [194: §43; 7: upensoxenue III paznena 1.4.2
reopema 7 (4.I)]. Hekoropslie cpoiicrea 6aHaxoBblX penierok npouHTeprperuposanbl B [225: rnasa 11, upessio-
skeHnst 7.5 u 7.7, reopema 9.3; rnasa I11, npengosxkenne 5.6; 190: mpemnoxenve 1.a.4].

0.6.3. Humepnpemayua c80licms peusemoyto HOPMUPOBAHHO20 NPOCMPAHCMEE

Basy agia maTepriperaiiuu CBORCTB PEIIETOYHO HOPMUPOBAHHBIX IPOCTPAHCTB U CBA3aHHBIX C HUMU KOH-
HEMNIUi IPeJIOCTAB/IAIOT PEAJU3AIUN B BUIE IPOCTPAHCTB HenpepbiBHBIX (M. §0.2.9) u usmepumbix (cum. §0.3.4)
ceveHuit GaHAXOBBIX PACCIOCHUN.

Ecnu Q — croysosckuii koMnakT 6asel K-npocrpancrsa E, 10, Kak u3sectHo, Coo((Q)) gBisieTcss MaKCH-
MaJIbHBIM paciinperneM F. AHAJIOrMUYHO pean3yercs MaKCUMAIbHOE PACITUPEHNE PEIIETOYHO HOPMUPOBAHHOTO
npocTpaHcTBa U: ecim () — CTOYHOBCKHUIT KOMITAKT U, a X' — ero peaan3alnoHHOe DAHAXOBO PACCIOEHUE, TO
Coo(Q, X) — makcumanbhoe paciupenne U (npeanoxkenue 3.4.6).

IIpenmoxkenne 3.4.7 OMHUCHIBACT PEATH3IAINIO O-TIOJHBIX PENIETOYHO HOPMHUPOBAHHBLIX IOANPOCTPAHCTB B
TEPMUHAX TPOCTOPHBIX MTOIPACCTIOSHMIA.

Kak u cienosano oxugarh, conpsikenHoe paccioenue (cM. 0.9.5) peanusyer cONpsiKeHHOE DEIeTOYHO
HOPMUPOBAHHOE NPOCTPAHCTBO (Teopema 3.4.8).

[MopsiakoBast anmpoKCUMAIUs B PEIIETOYHO HOPMUPOBAHHOM MPOCTPAHCTBE UMEET CJEIYIONLYI0 HHTEePIIpe-
TAUIO: MHOXKECTBO ceueHuil U aBjsgeTcd mopsakoBo annpokcumupyiomuM B Coo (@, X') Torza u ToabKo Toria,
KOIJIa MHOXKECTBO 3HAYEHHUH 7T€MEeHTOB U BCIOLY IJIOTHO B oObeauuenuu cnoes X (reopema 2.5.7). (Coort-
BETCTBYIONIAs MHTEPIPETAlUsd B TEPMUHAX U3MEPUMBIX cedeHuil naercd reopemoil 4.4.4.) YauBuTesbHO, 4TO
TUIMAYHO MOPSIKOBAsT KOHIEIIHUS ANMPOKCUMAIIAN MMEET TaKO¥ MPOCTOH YucTO TOHoJorndeckuii anamor. B
9TOM CMBICJIE TTOCJETHIH Pe3yabTaT cxok ¢ Teopemoit Croyna — Beitepirpacca, yupoIenHbiii aHaJIor KOTOPoi
JUTST 9KCTPEMAJIbHO HECBI3HON 6aspl mpuseaeH B Teopeme 2.5.9 (cp. [144: 4.2]).

0.6.4. Jamevanue 0 OYAEB03HAMHBLT PEAAUSGUUAL

B nocienem pasmeste mepBoit 4acTH, MOCBAIEHHON PEATH3AINAM OCHOBHBIX OOBEKTOB TEOPUH PEIIETOIHO
HOPMUPOBAHHBIX TIPOCTPAHCTB, MbI OBCYIUM €Ie OJUH BECbMa BAXKHBIN BUI PEAJU3AINN. JIHAYUTETbHBIA
nporpecc B Teopun K-mpocTpaHCTB CBA3aH € OyJI€BO3HAYHBIM AHAIN30M. Tak HA3BIBAIOT PAa3/es AHAIU3A,
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UCTIOTB3YIONTUH CIIeIHATBHYI0 TEOPETUKO-MOTETbHY 0 TEXHUKY — OYJI6BO3HAUHBIE MOIETH T€OPUN MHOKECTB, —
OCHOBBL KOTOPO# ObLN 3ayoKenb! B cepeaune 1960-x romos I1. Bonenxoii, /1. Ckorrom u P. Conoseem (cm. [56,
120, 247, 252]). 3a pazbscHeHHEM OCHOBHBIX IOHATHH OyJEBO3HAYHOIO AHAJIM33 Mbl OTCHLIAEM YUTATENsd KO
Bropoii yacru mouorpaduu [91].

Ha Bo3mokHOCTH npuitozKeHuit 6y1eBO3HATHBIX MOJIENeH B aHagu3e Bruepsbie obparuia Bunmanue . Ckorr
(cm. [228, 247]). Beaen 3a uum I'.TakeyTu Havdas CHCTEMATHYECKOE W3yUeHWE M3MEpUMBIX BYHKIHWH W ca-
MOCOTIPSI?KEHHBIX OIEPATOPOB B THJIBOEPTOBOM ITPOCTPAHCTBE, WCIOJB3Ys OYJIEBO3HAYHBIE MOIENU C IOJTHON
Gyepoii anrebpoii NPOEKTOPOB WJIM W3MEpUMBIX MHOMKecTB (cM. [247-252]). 3arem mnociemoBasn paboThl
E.N.Topnona [34-45], A.T.Kycpaesa [76-78, 80, 83, 88, 91], M. Ozassr [216, 217], X. Humumypsr [207-213]
u Jp.

Ecan criyck anementa X Gymeso3HatiHON Mojenn n3oMopden HeKoTopoMy obbekTy X, To X HazwpiBaeTcsa
OyneBo3HauHON peasnusaiumeii X. Bo MHOMHMX claydasX OKa3bIBAETCS, UTO OYJIEBO3HAYHAS DEAJU3AIMS MMEeT
3HAYUTENIFHO OOJiee TPOCTOE YCTPOMCTBO, & 3a9acTyIO MPEICTaBIsIeT cO00M XOpOIo n3ydeHHbi obbekT. [lep-
Bas peasiM3aluOHHAs TeopeMa yKazaHuoro tuna Obuia nonydena P.Comoseem u C. Tennenbaymom [240] aist
Oy/eBbIX ajredp. 3areM pe3yJabTaThbl O OYIEBO3HAYHON peanmsarmu Obitu ycranosiaenbl E. WM. Topmonom st
paciiupenHbiX K-npocTpalcTB, MOJyIepBUYHBIX KOJIel, MHbeKTUBHBIX MomyJeli [34, 37,39, 41], E. 1. Topnonom
u B. A Jlio6enkum jyist pasiMyHbIX KJIacCOB PaBHOMEPHbIX crpykryD [43,44], . Takeyru jus anrebp dbou Heii-
MaHa W HeKoropbix Thunoe C*-anre6p [250, 251], M. Ozaroii u X. Humumypoit miast ruasbepToBbIx Momysei un
AW* -monyaeit [208, 210, 211, 216, 217].

Ocobo ormeTuMm ciieaylomiee BaxkHoe HabmoaeHue, nmpunaaexaimee F. . Topnony: OyreBo3nauHas pea-
Jm3anma pacmmpensoro K-npocrpancrsa npejacrabiser coboil mose BenecTBeHHbx ucen [34: Teopema 2]. do-
Ka3aTeJIbCTBO ITOIO Pe3yJIbTaTa IPUBEIEHO TakkKe B [83: reopema 3.3.2; 24: reopema 1.3.2]. Pazsurue reopemsl
Topaona 1103Bosisger 1oy uuTh O6yJIeBO3HAUHYIO PEAJU3alKi0 BEKTOPHBIX peluerok [24: reopema 1.3.6].

Pan 3amau BekTOpHON aBOHCTBEHHOCTH (MPOOIEMBI BHYTPEHHEH XapAKTEPU3AIMNA OMOPHBIX MHOMKECTB,
JIe3bIHTErPUPOBAHUS U JIP.), KOTOPbIE He NOIIABAIMCH DEIICHUI0 TPAAUIMOHHBIMUA CPEACTBAMU, ObLI DeIleH
A.T.Kycpaespiv [83]. UM Gbuia paspaborana o0Iasi cxeMa Peasu3alliOHHOIO MeTona W OyJieBO3HAYHAS De-
anm3aIus Psaaa BAXKHBIX 00BbEKTOB 00BEeKTOB (DYHKIMOHAJBHOIO AHAJN33a — B TOM YHCJe MPOCTPAHCTB Ba-
naxa — Kanroposuua u pemerok Banaxa — Kanroposuua (cm. [83: Teopema 3.4.4; 24: reopema 1.6.5; 83:
teopeMa 3.4.6]).

Metoz 6y1eBO3HAMHBIX PEATHU3AIUH TIOE€36H TaKXKe U [IPU U3YYEHUH JTUHEHHBIX OMEepaTOPOB B BEKTOPHBIX
permerkax. [uyGokue pe3ysibTaThl B 9TOM HATpaBJIEHHW WUMEOTCs, Hampumep, B [35, 36, 38, 42, 79, 83, 92].
AmnajiornyuHple TpUEMbl HCTIOAB3YIOTCS W DK aHAJIM3€e HeJMHEeHHbIX oneparopos (cM. [83,90]).
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YACTDb 2. PEAJIN3AIINA OITEPATOPOB

Oneparopbl, COXPAHAOIMIAE U3 bIOHKTHOCTE, IMEIOT COBCTBEHHYI0 OOraTyIo pe3yabTaTaMy TEOPUIO, BKIIIO-
YAOILY0 TAKAE BOIPOCHI, KAK OTPAHUIEHHOCTH, HEMPEPBIBHOCTH, CIIEKTPATIBHBIE W MEOMETPHYIECKHE CBOHCTBA,
MyJTbTHIIAKATHBHOCTD, KOMIAKTHOCTD 1 Ap. Crucok paboT, MOCBAIEHHBIX NCCIEI0BAHNAI) COXPAHAIOIINX T3 b-
IOHKTHOCTB OIIEPATOPOB, HACTOIBKO BEJIUK, 9TO MOT Obl TOCAY2KHATH IOBOAOM JJIsi OTAeabHOro ob3opa. Octa-
BHB 0€3 pacCMOTPEHUs MHOIME BEChMa WHTEPECHBIE HAIPABJICHUS WCCIEIOBAHMAN, MBI COCPEAOTOYNM BHHMA-
HU€ JIMITh Ha [TOMCKE aHAJIUTHYIECKOTO mpeacrapieHusa. OJHUM W3 MEPBBIX 3aMHTEPECOBAJICA 3THM BOIIPOCOM
B. 3. Bynux ([30-32]). B manwreiimem K 370it npobaemarnke noakaroudmiuck FO. A. A6pamosnd, E. JI. Apencon,
A.N.Bekcaep, A.B. Bukcrea, A. K. 3aanen, A. K. Kurosep, A.B. Konaynos, I1. T. H. Maknosnun, . P. Xapr u
MHOrHe Jpyrue (cM., Hampumep, [1-4, 61-64, 108-111, 158, 163, 164, 178,179, 194, 199, 254, 256, 257]). OrmeTnm
TaKKe, 9TO K BOIPOCY 06 AHATMTHYECKOM TIPEJCTABICHAN OMEPATOPOB, COXPAHSIONIAX A3 HIOHKTHOCTD, OTHO-
CUTCH TaKOe MOIIHOE HAIPABJIEHUE, KAK OlUCAHUE M30METPHI IPOCTPAHCTB U3MEPUMbIX BEKTOP-bYyHKIM (Tak
HasbiBaeMble Teopembl Banaxa — Croyna) [1, 65,109, 118,126, 127, 139, 148-151, 167, 188, 241].

Vcropust mcemenoBanmii OepaTopoB, COXPAHSIONNX JU3bIOHKTHOCTL, TPOCTHPAETCA OT MEPBOTO MX Pac-
cmorpenvst B. 3. Bysmnxowm [32: 33°] 10 pabor FO. A. AGpamosuua, E.JI. Aperncona u A. K. Kurosepa, B KOTOpBIX
HCCJIE/TyeTCsl AHAJION COXPAHSIOIIEr0 THIBIOHKTHOCTH omeparopa B GaHaxoebix C(Q)-moayisx (cMm. [2: Teope-
Mma 4; 109: onpenenenus 4.4 u 4.5]). 3amernm, aro nonstue Ganaxosa C(Q)-Moayins spisercs Gosee obmnM,
YeM pPEITeTOYHO HOPMUPOBAHHOE TPOCTPaHCTRO. OHAKO JOCTATOYHO JOOABATH K HEMY YCIOBHE JIOKAILHON BhI-
MYKJIOCTH B MBI y7Ke OYIeM UMETh JeJI0 € TPOCTPAHCTBOM CEUCHUI OAHAXOBA PACCIOCHHS, 4 3HAYNAT ¢ PEMIETOYHO
HOPMUPOBAHHBIM IIPOCTPAHCTBOM (9T0 BhiTekaer u3 [125: reopembr 2.1, 2.3 u 3.3; 162: 6.7], cm. 0.2.6).

Pasroeop 06 omepaTopax, COXpaHAIINAX AA3LIOHKTHOCTH, MBI BO300HOBUM B § 0.8, a chaemyrommii gamee
BCTYTIMTEILHBIN Maparpad BTOPOH YacTh MOCBAIIEH 0030py PE3YJIbTATOB 00 AHAIMTHYECKUX TTPEICTABICHUASIX
TPOM3BOJIBHBIX JIMHEHHBLIX ONMEPATOPOB B BEKTOPHBIX PEIIETKAX, TPOCTPAHCTBAX BEKTOP-(PYHKINH W PEMIETOYHO
HOPMUPOBAHHBIX ITPOCTPAHCTBAX.
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§ 0.7. AHauTn4YeCcKoe npeacTaB/eHNe JIMHENHBIX OIIEPATOPOB

Anamurryeckoe OMUCAHNE PABJIMYHBIX KJIACCOB JIMHEHHBIX ONEPATOPOB SBJISETCS OJHOU U3 TABHUX U TPa-
JWIVOHHBIX 337129 (DyHKIIMOHAIBLHOTO aHaau3a. He BAaBasch B J€TAJM U HE CTPEMSCh K IOJHOTE, MbI JIUIITh
TMPOMJLTIOCTPUPYEM 3TOT TE3WC HECKOJHKUMU TpuMepaMu. V3BecTHBIE peanu3alluoOHHbIe JOCTUKEHUS MOXKHO
YCJIOBHO Da3/e/UTh Ha TPU IPYIIbl: IPEJACTABJICHUE OLEPATOPOB B BEKTOPHBIX DEINETKaX (B IPOCTPAHCTBAX
BEIIECTBEHHO 3HAYHBIX (DYHKIMWIT), B OPOCTPAHCTBAX BEKTOP-(DYHKIUHA U B PEIIeTOYHO HOPMUPOBAHHBIX IIPO-
cTpaHCTBaX (IIPOCTPAHCTBAX CeUeHUil GAHAXOBBIX PACCIOCHUIA).

0.7.1. Onepamopvl 6 6EKMOPHVLT PEULETNEGE

PaszroBop o peanmsanusx onepaTopoB B BEKTOPHBIX PEIIETKAX €CTECTBEHHO HAYATH C OOCYKICHWS pe-
gyabraToB JI. B. Kanroposuua. Ilennocts ero moctuzkenuit B 3TOH 00JIACTH BBICOKA €IIE€ W IIOTOMY, YTO OHU
OBLTH CIENTAaHO B TO BpeMsd, KOIJA 3ammac KOHKPETHBIX (DAKTOB O CTPOEHUN JMHEHHBIX (DYHKIIMOHAIOB U OIIe-
PATOPOB B TUIUYHBIX KJIACCAX HEMPEPBIBHBIX M WHTErpupyeMbix (yHKIui Obln Kpaitne ckygen. K mauamy
1930-x romos obimas dopma muHEHHOro GyHKIMOHATA ObLIA HANWOEHA JHIMb T KJIACCHYIECKHX OAHAXOBBIX
OpOCTPAHCTB (3a UCKAodeHueM L°°), a i OmeparopoB UMEIOIIUECcs CBEIEHUA MPAKTUIECKU MCIEPIBIBAINCH
pesynpratamu . Pagona o6 obmux ¢GopMax OrpaHHYIEHHBIX M KOMIIAKTHBIX YHIOMOP(MU3MOB IPOCTPAHCTBA
nernpepbiBHbIX dyHKImE. [IpobieMa mpeacraBieHns TUHEHHBIX OMEPATOPOB CTAJA OJIHUM U3 OCHOBHBIX HAIIPAB-
sennit anamuruaeckoro TBopuectsa J1. B. Kanropopudaa. Cranu KiracCHYeCKUMEU €10 COBMECTHbBIE PE3YIIbTATHI C
I'. M. @uxTeHrompiioMm 06 aHATUTUIECKOM IIPEICTABICHIH OIIEPATOPOB, JEHCTBYIOMUX U3 IPOCTPAHCTBA, HEIIpe-
poiBHbIX dyukiwmii 8 L. JI. B. Kanroposuuem ObUIM BbIIEJIEHbI MHOIOUUCIEHHBIE KJIACCHL HENPEPBIBHBIX (B TOM
UJIM WHOM HOPSIZIKOBOM CMBICJIE) PErYJISPHBIX OepaTopoB B K-POCTPAHCTBAX U HANIEHBI JJid HUX KOHKPETHBIE
AHAJMTUYECKUE OIMCAHMs. JTU U JPYIHe WCCIIEJOBAHK OTPaykeHbl B paborax [58, 60, 173-175, 219].

[IpumepHO B TE Ke TOAbI BAXKHBIE PE3YIHTATHI 00 AHATUTHIECKOM TPEICTABIECHUN THHEHHBIX OITEPATOPOB
Ha OCHOBE TeopuH GaHaXOBBIX TpocrpancTs noxyuann V. M. Teawsdann [143], H. Tandopa u B. Terruc [135] n
ap. B ykazsamapix paboTax KIIOYEBYIO POJIb UIPAET KOHIENNusi uHTerpata. VcciaemoBanue ycaoBuil mpej-
CTABUMOCTH B MHTErpaJIbHON dopMe i JTUHEHHOrO oneparopa, AeHCTBYIOMEro B MPOCTPAHCTBAX HU3MepH-
MbIX (YHKIH, 3aTeM Ipeobpa30Basioch B MOIIHYIO BETBb (PYHKIHMOHAJIBHOIO aHasu3a. JlaspHeiilee passBu-
THe TEOpHs MHTErPAIbHBIX OMEpaTopoB moiyynia B paborax A.B. Byxsamosa [12-14], 1. A. Bragumuposa [28],
B.B. Koporkosa [70, 71], B. . Crenanosa [101, 102] u ap., cm. [71, 73, 157].

Teopus HHTErPATLHBIX OIIEPATOPOB B BEKTOPHBIX PEIETKAX BKJIIOYAET TAKUE PE3YIbTATHI, KAK WHTErPah-
HOe TIPeJICTABJIEHNE CEeKBEHIINAIBHO 0-HETPEPHIBHOTO MYJIbTHIIIMKATHBHOTO onepaTopa [30: Teopema 8; 32: 47°,
48°], MHTErpaNbHOE MPEICTABIEHNE O-HEMPEPBIBHOIO W OrpaHnveHHoro ¢gpyHKiuoHana Ha L™ [33; 257: reope-
Ma 86.3; 24: mpeyoxkenne 2.2.20], uHTErpasbHOE IPEJICTABIEHHEe PeryssapHoro omeparopa uz C(Q) B K-npo-
crpancTBo [83: Teopema 4.1.17 (1)], unrerpaspHoe NpeACTABIEHNE OEPATOPa, AeficTByiomero B LP-npocrpan-
crBax [24: upejgoxkenue 2.4.13], dbyHKuMOHANIbHAS Deanu3alys IOYTH WHTEIPAJILHOrO omneparopa [83: Teope-
ma 4.2.19], upejicraBienue o-HELPEPLIBHOIO OLEPATOPA B LICEBAOMHTErPaibHOM Buie [242; 243], dbyHkunonasib-
Has peanu3anys JeberoBa paciiupenus MOJIOKHATEIBHOTO OEPATOPA ¥ HHTErPATLHOE MPEICTABICHIE JIEMEHTOB
HOPOXKIEHHON UM KOMIOHEHTHL [66, 83, 193, 198]. Ocobo ormernm, uro A.B. ByxsanopbiM Oblia pereHa 3a/1a-
4a 00 MHTErPaAJIbHON MPEICTABUMOCTHU JIMHEWHHOIO Ooreparopa, mocrasiaennas Jxk. dou Hefimanom eme B 1935 1.
(cm. [12-14]). Tlompobroe obcyKaeHre U TOKa3aTeIbcTBO Kpurepus A. B.Byxpasosa npuseneno B [24: Teope-
ma 4.2.1]; cm. Takxke [21; 84: §3; 257: reopema 96.8; 24: 4.2.12, §4.3].

0.7.2. Onepamopv. 6 npocmparcmear 8exmop-GyHruud

Hogbre BO3MOXKHOCTH /1151 AaHATIUTUIECKOTO [IPE/ICTABIEHUS JTMHEHHBIX OEPATOPOB BOSHUKJIIU B CBA3H C IIO-
CTPOEHNEM WHTEIPUPOBAHUS B OAHAXOBBIX IIPOCTPAHCTBAX U PA3BUTHEM COOTBETCTBYIOIIEH TEOPUH M3MEPUMBIX
dyukuumit (cM. 0.3.3). Peub mier o6 aHAIUTUYECKUX NPEACTABJCHUAX JUHEHHBIX ONEPATOPOB, IEHCTBYIOIIUX
B MPOCTPAHCTBAX BEKTOP-QyHKIU. K 3TOMy HANpaBIeHNIO MPUMBIKAIOT PA3HOOOPA3HBIE TIPEICTABIEHNUS OTIe-
pPaTOPOB MpPH [OMOINM U3MepUMbIX BeKTop-byukuumit [11, 17, 19, 21], peanuzanus omneparopa ¢ abCTPAKTHON
HOPMOIi, seficTByomero u3 6anaxosa npocrpancrea B K-npocrpancrio [93: npemnoxenue 2.4], dyHKunoHab-
Hasl peasiu3alus LIPaBUIbHbIX oneparopos [83: upengoxkenue 1.1.14], upejcrasienue buiuHeiiHOro oueparopa
¢ abcrpakTHOl HOpMO# [84: Teopema 2.3 (a)], aHANUTHYIECKOE TIPEICTABIEHHE MasKOPUPYEMOrO ONepaTopa U3
faHaXOBa TPOCTPAHCTBA B GAHAXOBO HEAJBHOE MPOCTPAHCTBO [24: Teopembl 2.4.7 u 2.4.8].

Kak u B caydae orepaTopOB B BEKTOPHBIX PEIIETKAaX, TPU U3YyUYEHWM OMEPATOPOB B IMPOCTPAHCTBAX BEK-
TOp-(YHKIINI OCHOBHBIE YCUJIMS TPUJIATAIOTCS K MTONCKY WHTErPATbHBIX Tpeacrapiennii. Ceromaas 3To HAIPaB-
JIeRWe BKIIOYaeT TaKWe pesyabTaThl, KaK WHTerpajhbHoe TpejcTaBienue omeparopa w3 L' B 6amaxoBo mpo-
crpancTBO [24: Teopembr 2.4.9 u 1.4.11], a rakke 3 6aHAXOBA MPOCTPAHCTBA M3MEPUMBIX BEKTOP-QYHKIMIA B
6anaxoBo npocTpancTso [98], peanuzanys KOMIAKTHOIO OIIEPATOPA HA IPOCTPAHCTBE MHTErPUPYEMbIX 110 BoxHe-
py dyukuwii [114], unrerpanbaoe npeicraBieHue MaXKOpUPYeMOro OlepaTopa B MPOCTPAHCTBAX HEIPEPbIBHBIX



28 I'nasa 0. OB30P PE3YJ/IbTATOB

BeKTOP-(MYHKINIA, HOpMa KOTOPOTO TPHHAJJEXKHUT KOMIOHEHTe oreparopa Marapam [84: Teopema 2.5], peann-
3aIlig MasKOPHPYEMOTO OIePaTOpa, JeHCTBYIONEro u3 BeKTOPHOZHATHOTO L' -IIpOCTPaHCTEBa B BEKTOPHOZHAMHOE
L -upocrpancrso [84: reopema 3.5], 0606iuenue kpurepusi A.B. Byxpasiopa 06 uHTerpajibHoil npeacraBuMo-
CTW Ha CJIydYail omeparopa, AefCTBYIONEro B WIeATbHBIX POCTPAHCTBAX BeKTOp-dyHKIWMi [83-86], obobienue
Teopembl HaBomroBa 00 MHTErpaIbHOM IIPEACTABICHAH HA, CAyYail OIepaTopa, AefCTBYIOIIEro B HAeAIbHBIX TPO-
cTpaHcTBax BeKTop-byHKINil [84: Teopema 3.10], mHTErpajIbHOE MpECTaBICHHE MAaXKOPHPYEMOTO OIIEPATODA U3
C ([0, 1]) B mpocTpancTBo Banaxa — Kanropoenda [104: Teopema 4], mpejicTaBiieHe 0-HEIPEPHIBHOTO OTIEPATOPA
B IICEBJIOMHTErPAJIBHOM BH/Ie [242, 243], nceBIOMHTErpaIbHOE TIPEICTABIEHHE MAKOPUPyeMoro oneparopa, [105].

0.7.3. Onepamopvi 6 pewemowHo HOPMUPOSAHHBLEL NPOCMPAHCTNEAL

MurerpanbHoe IpeCcTaBAeHIe TOCTORHOTO HOJMOKUATEILHOTO (BDYHKITNOHANA HA PACCAOCHUH (PYHKITMOHAIb-
HBIX GaHAXOBBIX pereTok nosydero B [230]. HenpepoisHble byHKIHOHAIBL HA TPOCTPAHCTBE CeYeHMET HaHAXOBA
PACCIIOeH s W3yYaIUCh C TOYKU 3PEHUsT MHTErpaIbHOrO npejcrapienus B [144: reopemsbr 21.20 u 21.21]). Uuare-
rpaJIbHOE TPEICTABJIEHNE TTPOU3BOIBHOIO OIPAHNYIEHHOTO (PYHKITMOHAJIA HA TTPOCTPAHCTBE HEMPEPBIBHBIX Cede-
Huii GanaxoBa paccioenus 1ojydeHo B [232]. MurerpanbHbie IPeJICTaBIeH s JUHEAHBIX OlEpaTOPOB, HeiicTBY-
IOIMUX W3 MPOCTPAHCTBA U3MEPUMBIX CEYCHMI DAHAXOBBIX PACCIAOCHUH B MPOM3BOILHOE DAHAXOBO TPOCTPAHCTBO
usyuasnuch H. Tunkyneany, K. @osimem, A.n K. Nonecky Tymua (cm. [133]). Hakower, caydgaii, korma o6aacTh
ompenesneHns u 00JIACTh 3HAYEHUH OMEPATOPA SIBJIAIOTCSA IMPOCTPAHCTBAMU M3MEPHUMBIX CEYEeHUH PACCMOTPETH
M. Trodmo, P. A. @onrerno n 1. E. Mlokerman (cMm. [227]).

Hamo ckazarh, uT0O mpobiieMa MHTErPATBHON TMPEACTABUMOCTH JIMHEHHBIX OMEPATOPOB B MPOCTPAHCTBAX
U3MEPHUMBIX CedeHui GaHaXOBBIX PACCIOEHWH MOKa ocTaercs OTKpbIToi (cM. [84: 6.12, npobiema 23]), HO HEOO-
XO[MMasl TexHuyueckas 6a3a i ee pemenus yxke noarorosiena (raasa 4, 0.3.4, 0.4.4).
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§ 0.8. BysieBbr romoMOp(pU3MBbI

KomnbiieBrie n 6ymeBbl TOMOMOPGMU3IMBI UMEIOT BECHMA TECHYIO CBA3b C OMEPATOPAMH, COXPAHSIONIAME
JAN3bIOHKTHOCTD. HpaKTI/I‘{QCKI/I BCE aCIIEKTbl TEOPHH I3TOI'0 KJjiaCCa OIIE€PATOPOB TAK HWJINW HMHAYE€ MMEIOT BbIXO
Ha KOJIbIIEBbIE rOMOMODPGU3MbI (33 MCKJIOUEHUEM, Pa3Be YTO, TEOPUU OPTOMOP(U3MOB), a MHOIME BOIPOCHI
MTOTHOCTBIO CBOIATCS K pabore ¢ orobpakenusiMu Oysiepbix anrebp. B mammom maparpade Mbl, B 9aCTHOCTH,
00CyIMM YKa3aHHYIO B3aMMOCBSI3b.

0.8.1. Tenv onepamopa

Harmmm 0CHOBHBIM HHCTPYMEHTOM HCCAeA0BaHus oneparopa 1 : U — V), meiiCTBYIOIIEro B PEIeTO9HO HOP-
MUPOBAHHBIX MPOCTPAHCTBAX U U V), ABJsieTcs ero TeHb — oTobpakenue h u3 6asbr U B 6a3y )V, cBA3aHHOE C
oneparopom 1’ crexyromeit dopmynoit h(m) = sup, e (T'mu) (cm. 6.1.2). OxkassiBaeTcs, 4T0 OLEPATOP COXPAHS-
eT JU3BIOHKTHOCTh TOL/IA M TOJIBKO TOIZA, KOIJIA €r0 TeHb SBJIAETCH KOJIbLEBbIM ToMOMOphu3MOoM (IIpeiioxe-
aue 6.1.2). VIMeHHO KOHIEMIMs TEHN MO3BOJISIET CBECTH MHOTHE BOITPOCKHI UCCIEIOBAHNS OMEPATOPOB, COXPAHSIIO-
IIUX A3 BIOHKTHOCTD, K PA0OTE € KOJIbIEBBIME U OysieBbiMu roMoMopdusmamu. Ilpesioxenne 6.1.3 npemiaraer
HECKOJIBKO 9KBHUBAJEHTHBIX ONUCaHWii Tenu omeparopa. CoBnalenne TeHedl oreparopa W ero HauMeHbIeH Ma-
sKOpaHThl (npemioxkenue 6.1.4) HO3BOJSIET OCYINECTBIATh PEAYKIIMIO IIPU PACCMOTPEHUH <TEHEBBIX> BOIPOCOB
OT OIMEPATOPOB B PENIETOYHO HOPMUPOBAHHBIX ITPOCTPAHCTBAX K OrneparopaM B K-ipocTpaHCcTBaX.

OTmMerum, 9TO TeHb ONepaTopa B Buie Oysiesa romoMopdusma (6e3 BBeIeHUsT COOTBETCTBYIOIIEr0 TEPMUHA)
Gbwia BriepBble paccmorpena B [84: Teopembr 1.I' u 1.6] 1yist perneTodHbX TOMOMOP(MU3MOB M COXPAHSIONIAX
NM3BbIOHKTHOCTD OIEPATOPOB B PEIIETOYHO HOPMUPOBAHHBIX IMPOCTPAHCTBAX.

Konb ckopo OyaeBbl roMoMOpdU3MBI BOSHHKAIOT y HAC, [JIABHBIM 00pPa30M, KaK T€HH KAKHUX-JTHOO omepa-
TOPOB, COXPAHAIONIUX JU3BIOHKTHOCTH, YAOOHO nMeTh onucanue OysieBa roMoMopdu3Ma B TEPMHUHAX COXPAHE-
HUST UM JU3BIOHKTHOCTH. ()IHAKO MPOCTOTO COXpaHEHWsT AU3BIOHKTHOCTHU 37eCh MaJio. lIpocreiinine mpuMeps
MOKA3BIBAIOT, UTO JAXKE COXPAHEHUs IBYXIJEMEHTHBIX pa3OMeHWil €IUHUIBI €Il He JTOCTATOYHO. Tpexsse-
MEHTHBIE YKe DA3OMeHUs €IUHUIBI YK€ AT HYYKHBI KpUTepuil: OyJIeBBIMU TOMOMOPQU3IMAMU SABJISIOTCS B
TOYHOCTHU Te OTOOpazKeHud OyaeBbIX anrebp, KOTOPBIE COXPAHAIOT TPEXIJIEMEHTHbIE pa3bueHus eIuHuUIbl (1Ipei-
anoxenune 1.2.4). Hackonbko HaM u3BeCTHO, 9T0 onucanue GyJIeBbIX FOMOMOPQU3MOB sBISETCS HOBBIM.

0.8.2. Memod r-d-pacwenaenus

HecMoTpst Ha €BOM MHOTOYMCIICHHDBIE MPOSABJICHHS, METOJ BEPTHKAJILHO-TOPH3OHTAIBHOTO PACIIEILICHIS
W 7-d-paCIIEIICHUST 10 CHX TTOP HE ObLT BBIIEICH B TCOPUH BEKTOPHBIX PEIIETOK KAK CAMOCTOATENLHAS WIES.
Ilo mpagne ropops, HAIIA WHUIMATHEA BLIYJICHATH €ro W3 OOIIEro apceHasa MOPSIKOBBIX MPUEMOB TOXKE CIIe
He WMEeT 4eTKoro o0OCHOBaHMsA. He MCKIIIOYEeHO, UTO Takoe 060CHOBAHUE MOMKET OBITH CIAENAHO NMPHU HOMOIIA
OyJI€BO3HAYHOTO AHAJIW3A,.

Ha wHTynTHBHOM ypOBHE Hes 7-d-paCIIENIeHNs MOXKET ObITh ONMUCAHA HA MPUMEPE AHAIU3A TTOPSIKOBOH
CXOIMMOCTU B BEKTODHOM pelreTke. IIpuMepoM HHCTO <BEPTHKAJILHOM> CXOIUMOCTH SIBJISETCs paBHOMEepHas
CXOAAMOCTb WM CXOJUMOCTB C PETYIATOPOM. UHCTO <TOPH3OHTAIBHON> SABJISETCS, HAIPUMED, CXOJANMOCTH
pSAa, COCTABIEHHOTO M3 IMOMAPHO JU3BIOHKTHBIX 3JIEMEHTOB (KCTATH, TaKas CXOAUMOCTh WHOIJIA HA3LIBAETCS
CXOIMMOCTBIO <BOOK>). TopsikoBasi ¢cXOAuMOCTh J11000# ceTn uMeer B cebe Y4epThl KaK BEPTUKAIBHOM, TaK U
TOPUBOHTAJIBHONW CXOOUMOCTH.

[IpumepoM pe3ynbTaTa, KOTOPBIA MOMKET ObITh KBAJTH(pUIMPOBAH KAK OJHA W3 PEAM3AIi Uaeu r-d-pac-
menienust, sipysiercss reopema A. 1. Bekciepa u B. A. Teiiiepa 0 paciiernieHnu o-moJIHOTHL BEKTOPHON PereTku:
BEKTOPHAS PEIIeTKa O-II0JIHA TOI/A U TOJIBKO TOI/A, KOTA OHA sABJIAETCS T'-[I0JHOM u d-1onuoi [27: Teopemsl 3,
4 u 6] (em. Takxke [93: caencteue 1.2]). A.T. Kycpaesy mpunaniexut oGoOIeHEe 3TOTO PE3yJIbTaTa Ha CIIy-
9aji pereroIHo HOPMUPOBAHHOTO TpocTpaHcTra [93: Teopema 1.1; 24: cmencreue 1.6.7 (5)]. Eme 6omxee obiue
cJTydan paccMOTpeHbl B [83: Teopema 1.4.8; 67: Teopema 2.2].

ITo cytm nena, mpobaeMa MOUCKa JTOCTATOYHBIX yCIOBUI O-HEMPEPBIBHOCTH JJIsi COXPAHAIONIAX A3 BIOHKT-
HOCTB OIEPATOPOB, JEHCTBYIOIINX B PENIETOYHO HOPMHPOBAHHBIX IIPOCTPAHCTBAX, BCE €IIE OCTACTCA OTKPBITON
(cm. [84: 6.5, mpobaema 7]). TTpnbansuThes K ee PEIeHnIo MO3BOJINIIA MPEJMPUHSITAS HAMW TIOTBITKA T-d-pac-
IIEIIEHUs O-HETIPEPBIBHOCTH TAKHAX OMEPATOPOB. BCAKMIT OPAAKOBO OrPAHMYEHHBIH OMEPATOP 7 -HEMPEPhIBEH.
B maHHOM Calydae MbI pACCMATPHUBAEM T -HENPEPBIBHOCTH KAK BEPTUKANBHYI0 COCTABIAIONLYI0 O-HEMPEPBIBHOCTH.
JIrobas 6omee cuibHAS HENPEPBLIBHOCTH MOXKET MMOABUTHLCA TOJIHKO 33 CIET TOPH3OHTAIBHON COCTABIAIOIIEN.

Yro mpeacrapiser cobOl rOpU3OHTAJbHAS COCTABIAIOMAs oneparopa? Ilo Hamemy MHEHHIO, OTBET HA
9TOT BONPOC 3BYYMT TaK: T€Hb. B TAKOM Cjyuae, eCjid CeTh 3JIEMEHTOB U, 00JIACTH ONpeueseHus oneparopa 1’
CXOJIATCS C TOYKHM 3PEHUS €r0 TeHHU, TO CeTh 00pa30B 1, JOIXKHA CXOAUTHCS 10 KpaiiHel Mepe rOpH30HTAJIBHO.
Ecam ke y49ecTh aBTOMATHIECKYIO 7'-HEMPEPBIBHOCTE oneparopa 1, To ceth T, JOJKHA UMETh TTOJHONEHHbIH
o-tipegen. JlonmycTuM, HAM yIAJI0Ch MOHSATH, U9TO O3HAYACT CXOAMMOCTH CETH OTHOCHTEILHO TEHHW h Omeparo-
pa T, T. e. gaTh cTporoe onpeaenenue h-cxomumocru u h-nipegena. Torma omeparop 7' JOIKEH NMEPEBOAUTH
h-CXOIAIINECS CETH B 0-CXOIAIIMECS C COXPAHEHUEM NIPEJIENA, T. €. ObITh h-0-HEeNPEPhIBHBIM.
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JljIs1 cTporoii MpOBEpPKU ITOM TUIIOTE3BI HEOOXOMMMO IHMOHSATHE h-cxomumocTu. Jloramarbes, KaK BBECTH
9TO MOHSITUE, MOXKHO C IOMOINBIO I"-d-paclleleHne 0-CXOOMMOCTH. Takoe paciienienne B caydae K-npocrpas-
cTBa ¢ equHHIEH yKe Obuto ocymiecreiaeno A.T.Kycpaepbim (cM., Hampumep, [24: reopema 1.3.9(3),(4)], a
rakxke Teopemy 1.3.3 (1) B rekcre auccepranuu). Monudukanus 3Toro pesyiabrara, JAIOIIAs T -d-paciiernieHne
0-CXOIMMOCTH B Tpou3BoibHOM K-mipocTpancrse, npusenena B jgemme 1.5.10. B K-mpocTpancree ¢ eauHuIei
PACIIeNIeHHAS 0-CXOIUMOCTb uMeeT Gostee pocToii Bua (cM. caeacreue 1.5.10):

o-lim (Jeq —e| >1/n) =0 anst Becex n € N

¥ OYeHb TOX0XKA Ha CXOIUMOCTH TIO Mepe, B KOTOPOH CXOAWMOCTb B METPUYECKOM TTPOCTPAHCTBE W3MEPHUMBIX
MHOXKECTB 3aMEHEHa Ha HODPSJIKOBYIO CXOAMMOCTb B OysieBoil anrebpe kommonent K-npocrpancrsa. (Orciona
BUIHO, UTO 7'-d-PACIIENJIEHNE, B YACTHOCTH, TIO3BOJISIET MPUOIM3UTHCS K CYTH PA3IUIUS MEXKIY CXOIUMOCTHIO
u3MepuMbIx QYHKIHU 10 Mepe u moutu Beioay.) B memme u caenersum 1.5.11 npoussesieno r-d-pacuiersieHue
TOYHBIX TPAHMUIL B IPOU3BOJIbHOM K-TIpOCTpPAHCTBE.

[Mocne r-d-paciremienvsi 0-CXOIUMOCTH CTAHOBUTCS SICHO, 9TO CJIEIyeT Ha3bIBaTh h-cxommMocTbio. B
K-tipocTpaHCcTBE ¢ eIWHUIEH 3TO MOHSTHE BBOIUTCS CJIEIYIONUM 00pa3zoM: h-CXOMUMOCTH €, K € O3HAYAET,
qTo st Bcex n € N

o—li(£n<|ea —e|/>1/n)y=0 u o—lién h(<|ea —e| > 1/n>) =0.

Tousitue h-CXOMUMOCTH B MPOM3BOIBHOM K-IPOCTPAHCTBE BBOAUTCS IyTh Oosiee rpoMo3ako (cMm. 1.5.12).

Konrmenims mopstIKOBOH ammpoOKCHMAIINN, XOPOIO 3aPEeKOMEHIOBaBIAs cebsi B TEOPUM PENTeTOYHO HOp-
MUPOBAHHBIX TTPOCTPAHCTB TIPU U3YyYEHWH BOMPOCOB 3AMBIKAHUS U MOTOTHEHHUSI, MOYKET OBITh DA3BUTA U TIPUME-
HUTENBHO K h-cxomumocTu. Pazaenst 1.5.14-1.5.19 nocssiensbl pa3paboTke Takoil KOHIen iy (TPaH3uTUBHOCTh
h-amnmpoOKCUMAIINH, €€ OMTUCAHNE B TEDMUHAX A-TIPEJIesIOB, CBSA3b MEXK Y h-anmpOKCUMUPYIONUMEA U A -TIIOTHBIMHA
muOXKecTBaMu U T. 1.). C uieiiHoi ToYKM 3penus h-anmpokcuMaliys O4eHb OJIM3Ka MOPAIKOBOMH alpOKCUMAINH,
HO TEXHWYECKAsT CTOPOHA €€ PeaIn3alli HECKOJIBKO CiIoxKHee. Halno cka3aTh, 9TO KOHIENINs h-ammpOKCUMAIITT
OblIa paspaboTaHa He W3 CTPEeMJEHUsT K 0OO0IIEeHNIO, a ¢ Iedbio JAJLHEHINEero MpuaoKeHusT K UCCIEIOBAHUIO
OTIePaATOPOB, COXPAHLIONINX N3 HIOHKTHOCTD.

QopmMasu3alus MOHITHS CXOAUMOCTH OTHOCHTETHHO TEHW AT HAM BO3MOXKHOCTH HMEPEHTH K MPOBEPKE
runoTessl 00 h-o-HempepsiBHOCTH JI0O0T0 OmepaTopa ¢ Terbio h. ['mnoresa okazajgach CripaBeIMBOI: COTJIACHO
Teopeme 6.1.5, onmeparop mepeBOAUT h-CXOISIIUECs: CEeTH B 0-CXOASAIINECS ¢ COXPAHEHUEeM MPEIea.

Teneps MOHSTHO, 9TO JIOOAS HETPEPBIBHOCTH TEHU JOJIZKHA, 00ECIeUNBATE KAKYIO-TO H60/Iee CUIBHYIO HETTpe-
PBIBHOCTH oreparopa (6osee CUIbHYIO, YeM I'-HEIPEPhIBHOCTH), U HaoGopoT — Jwobasd Gosiee CHIbHALA Herpe-
PBIBHOCTH OLIEPATOPA MOXKET IOSBHTHCH TOJBKO 33 CUET HelpepbiBHOCTH ero rexu. Hanpumep, (cekBeniu-
aJbHAsA) O-HEIPEPHIBHOCTD OMEPATOPA IKBUBAJIEHTHA (COOTBETCTBEHHO CEKBEHIIUAIBHON) 0-HEIPEPHIBHOCTH €r0
reru (caencreue 6.1.6). (MpeiiHo Gan3kuil pe3ysbTar MoKa3aH IJIs YaCcTHOTO caydast B [158: Teopema 2.4].)

Teopema 00 h-0-HENPEPHIBHOCTH MO3BOJAET JOKA3aTh aHAJIOr TeopeMbl XaHa — Banaxa — Kanroposu-
93 0 MayKOPUPYEMOM IIPOJIOJIKEHAN OIEpaTOpa ¢ h-allnpOKCUMUDYIONIEH 00JacThio onpegeneHus (IpeIioxKe-
uue 6.1.8). MMerorcsa Tak:Ke NPU3HAKKA COBINAJEHUsS M PACHIMPeHUs O0GIACTH COBIAJIEHUS JJIs OIEPATOPOB C
ofmmei MaxkopanToit Tereit (cum. 6.1.7, 6.1.9).

0.8.3. Peasusarus 6Yseevix 20MoMODPUIMOE

Nsmepumas uau Tonosorudeckas peanusanus Oynesbix anrebp (cu. 0.2.1, 0.3.1) npenocrasiiser BO3MOXK-
HOCTB Il TIOMCKA, AHAJUTUIECKUX MIPEICTABIEHUN KOJBIEBLIX U OyseBbix roMoMopdu3aMoB. OmMHOI U3 EepPBHIX
paboT, B KOTOPO# MCCIEIOBAaH BOMIPOC 00 mpeacraBiaeHnn OyseBa romomMopdusma B Bule (GpyHKIUU mTpoodpasa,
apigercd crarbs P. Cukopekoro [239] (em. Taxeke [100: §11, 15, 32] u npeanoxenue 6.5.2).

Hpyras peanuzanus — 6oJsiee mpocTas W, CKOpee BCero, TOXKE M3BECTHAS — HAETCH mpeioxkenuem 6.5.3:
BCAKWI KOJIBIEBON rOMOMOPGU3M TIPENCTaBAsieT cO00ii (C TOYHOCTHIO 10 U30MOP(MU3MA) OMEPAINIO TEPECETCHN ST
¢ (PUKCHPOBAHHBIM MHOYKECTBOM.

Peannzamua 6ynesa romomopdusMa mO3BOJISET HHTEPIIPETHPOBATD €r0 CBOMCTBA, BHIPAYKEHHBIE HA A3BIKE
abcTpakTHOM anredbpandeckoll CHCTEMBI, B TEPMUHAX KOHKPETHOT'O TOIMOJIOTHYECKOTO WU U3MEPUMOrO IIPEJI-
crapienns. Kiaccuueckne IpuMephl Mog00HbIX HHTepperanuii nmerorcs B [100: §11, 22, 25]. B rekcre maHHON
paboThl IPUBEJIEHBI HHTEPIIPETAIUA TAKUX CBOWCTB KOJIBIIEBOIO rOMOMOD(MM3Ma, KaK 0-HEIPEPBIBHOCTL (Ipeji-
noxenwe 6.6.2), nHbeKTUBHOCTE (Hpennozkenne 6.6.4) n uneanbHOCTH 00pasza (mpeaoxenue 6.6.7).
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IIpocrefitum mpuMepoM OIIepaTopa, COXPAHAIONIETO IUIBIOHKTHOCTD, SBJISIETCH OMEPATOD YMHOXKEHUS,
T. €. OIeparop, ACUCTBYIOIINIA W3 BEKTOPHON DEIIeTKHA B €€ MAaKCHUMAJbHOE PACHIMPEHHUE U COIMOCTABJIAIONINNA
KaXKJIOMY JIEMEHTY €ro MPOM3BEIeHNe HA HEKOTOPHIH (DUKCHPOBAHHBIN JIEMEHT MAKCHMAJIBHOTO PACIHIADEHUS.

CrpemjieHne f1aTh ONMUCAHWE OMEPATOPA YMHOXKEHUS B aOCTPAKTHBIX TEPMUHAX MTPUBOIUT K CUJIBHOMY Ba-
puanrty coxpanenus musbionkTHocTH: f L g = Tf | g. Takoit oneparop 1 Ha3bpIBaeTCs HEPACIITHPSIOTIM.
O06001eHrEe TIOHATHS HEPACITHPSIONIErNO OMEPATOPa HA CIydail PeneTrovH0 HOPMUPOBAHHBIX MPOCTPAHCTB MPU-
Beneno B 6.2.10. Bceskuii Hepacmupsonuii MOpsiTIKOBO OTPAHUYIEHHBIN OMMEPATOD UMEHYETCS OPTOMOP(MU3MOM
WJIA BECOBBIM OMEPATOPOM.

HecmoTps Ha mpocToTy Onpesesienus, MOHATHE HEPACITHPSIONIEN0 OIepaTOPa CBA3aHO ¢ PAIOM TOBOJBHO
CJIOKHBIX TPOOJIEM, HEKOTOPhIE W3 KOTOPBIX OyIyT 3aTPOHYTHI HuKe. 1e WM WHBIE BOIPOCHI, CBSI3AHHBIE C
HepaCUIMPLAIONIUMHE OllepaTopaMu u opromopdusmMamu, paccmorpenst B [3, 4, 108, 111, 199, 254, 256, 257]. Becb-
Ma pazHocropoHuuii 0630p A. B. Byxsasiosa [21] BKiIouaeT B TOM YKCIIE U IPEKPACHOE 00CY 2K IEHIE PE3YJIbTATOB
00 opToMOpdu3Max, coleprkaliee MHOrOUUCAeHHbIe Oubanorpaduyueckue cebiku (cM. pazaen 2.2.1 ykazaHHoi
CTATBHH).

0.9.1. Ozparuyennocms HEPACUUPAIOULUT ONEPAINOPOS

Wrak, oproMopdusM B PEnieTOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX — ITO HEPACITUPSIONINN OIepaTop,
SBJSIOIIWIACS, KPOME TOrO, TOPSIKOBO OrpaHudYeHHBIM. [Ipobjema MOMCKa AOCTATOYHBIX YCJIOBUH MOPSIKO-
BOIl OIDAHUYEHHOCTH OIEPATOPOB, COXPAHSIONIMX JAU3BIOHKTHOCTD, [84: 6.5, mpobiema 7], He cMOTpda HA CBOE
dakTrueckoe paspeliienne /s ONEPaTOPOB B BEKTOPHBIX pemerkax (cm. [108: reopema A; 199: Teopema 2.1)),
COXPaHSeT aKTYAJILHOCTD JJIs ONEPATOPOB B PEIIETOYHO HOPMHUPOBAHHBIX MPOCTPAHCTBAX. ITA AKTYAIbBHOCTH
moaepKuBaeTcd TeM (hakToM, 4TO BCe paccMoTpeHHbie B 1.6.3 dYeTbIipe THUIA OrPAHUYEHHOCTH IMOMAPHO Pas3-
JITYHBI JIJIsl 9TOTO KJIACCa OMEepaTopoB (COOTBETCTBYIONIME puMephl nMmeorces B 1.6.4-1.6.6). Oxnako B pabore
YCTAHOBJIEHO, 9TO /IJIs1 HEPACIIHPSAIOIINX ONEPATOPOB, JEHCTBYIONINX B MPON3BOIBHBIX PEIETOYHO HOPMUPOBAH-
HBIX IPOCTPAHCTBAX, BCE TUIIHI OMPAHUYEHHOCTY COBIAIAOT (Teopema 6.2.11).

Tem HEe MeHee, 3TOT Pe3yJbTaT HE CHUMAET €CTECTBEHHBIN BOMPOC O TOM, SABJISETCH JIM KAaXKJbIi HEPAC-
MMUPLIONINY  OMepaToOp ABTOMATHYECKH orpanwdeHHbiM. (OTBET HAa 3ITOT BOMPOC, BIEPBBIE MOCTABIEHHBIN
A.B.Bukcrenom B [254], 3aBHCHT OT TOrO, B KAKHX MPOCTPAHCTBAX JEHCTBYET DACCMATPUBAEMBII OMEPATOP.

WNmeercs psaa pe3yabraToB, rapaHTUPYIONMX ABTOMATHYECKYI0 OTPAHUYEHHOCTD HEPACIITHPATONIETO OIepa-
TOpA, AEHCTBYIOIIEr0 B T€X WJIN MHBIX KOHKPETHBIX BEKTOPHBIX perneTkax. llepBas Teopema, OMMCHIBAIOIA C
9TOW TOUKM 3pPEHUsT BECbMa IMPOKH KIACC BEKTOPHBIX PEIIETOK, AaHOHCMPOBaHa B [3: Teopema 2] u JOKa3aHa
B [4: reopema 3.2]. CornacHo 3Toil Teopeme, 060N HEPACIIMPSIOINI OmepaTop 3 GAHAXOBO DeIneTKu B HOp-
MUPOBaHHYIO TIOPsIIKOBO orpanuden. B [4: Teopema 3.3] 10T daxr 060611eH Ha caydail oneparopa u3 r-noJaHoR
BEKTOPHOI1 pereTku B HOpMupoBanuy. O6001eHne Ha CIydail Omeparopa B TPOU3BOIBHON I -TIOJTHONH BEKTOD-
HO# pereTke, CHAOKEHHON JIOKAJIHHO BBIMYKJION JOKAJBHO TEIECHOH XaycaopdOBO# TOMOIOrHE, yCTAHOBIEHO
B [199: crencrsue 2.3].

Buepsbie cyiecrBoBaHre HEOIDAHUYEHHOI'O HEPACIIUPAIONIEr0 ONepaTopa ObLI0 00bsABIEHO B [3: Teope-
ma 1]. TTo3ke BBbISACHMIIOCH, YTO 3TA CUTYALMs SABJISETCS B OPEJIEJEHHOM CMbICJIE TUIUYHOW. A uMeHHO, ObLIO
ycraHoryieHo (cM. [4: Teopema 2.1; 199: meopema 3.2]), 9To BCe HEPACIIMPSIONINE OTMEPATOPHI B PACITHPEHHOM
K-ipocTpancTBE aBTOMATHYECKH OIPAHWYEHBI TOT/IA M TOJIBKO TOTIA, KOIJa 3TO K-IPOCTPAHCTBO JIOKAJIBHO
onHomepHo. (Ompenesnenne JOKaIbHO ofHOMepHOrO K-mpoctpancrsa nMeercs B [199: 3.1]. Tam ke mposenex
[ePBOHAYAJILHBIN aHam3 91oro noHstud. CM. Takzxke pasmenst 6.2.1 u 6.2.2 nanuoii auccepranuu. )

Takum obpasom, sompoc A. B. Bukcrega 06 OrpaHHYeHHOCTH HEPACITUPSIONIEr0 ONepaTopa MOy UM Uc-
gepnbiBaromuit orser. OmHako B (GOPMYJHPOBKY OTBETA MPOHUK/IO HOBOE MOHSATHE JIOKAJIBHO OTHOMEDPHOTO
K-nipocrpancrea. HeoObIYHOCTE 3TOTO MOHATHS MPUBEIA K BBLABUYKEHWIO THIIOTE3bI O €r0 COBIAJIEHUN C TIOHSI-
THEM JUCKDPETHOro (MjM aTOMHOro, aroMudeckoro) K-mpocrpancrsa. Bokpyr 9roii runoresbr craium npoucxo-
auth Joborbirhabie cobbirug. B 1981 1. FO. A. A6pamosuu, A. 1. Bekcaep u A.B. Kosnaynos [4: Teopema 2.1],
MIPUBEJIH JOKA3ATETHCTBO CYIECTBOBAHNS HEOTPAHNIEHHOTO HEPACIITUPAIOIIErO OMEPATOPA B JII0OO0M HEIMCKPET-
HOM pacuiupeHHoOM [K-mpocTpancTBe, TEM CAMBIM IIOATBEPIMB CIPABEIJIUBOCTD TMIIOTE3bI O COBIAJIEHUH I10-
HATUN JIOKAJIBHO OJHOMEPHOrO U JUCKpeTHOro K-nmpocrpancrBa (IUTaTa ITOO YTBEPXKICHUS UMEETCS TaKIKE
B [108: pazzmen 5]). OgHaKko MO3Ke BBIACHUIOCH, YTO JOKA3aTENBCTBO ObIIO OommbovHbIM. 3arem B 1985 1.
I1. T. H. MaxIIoaun u A.B. Bukcren [199: paznen 3] npusenu npumep HeJUCKPETHOIO JIOKAIBHO OJHOMEPHOIO
K-nipocTpancTsa, OmMpoBeprHYB HA 9TOT pa3 obcyxkmaemyto rumore3y. OmHAKO Yepe3 HEKOTOPOE BpPeMs BHOBb
BbLACHUJIOCH, 4TO 1puMep cojuepxkas omunbky. Haxonen, B 1993 r. B crarse [111] A. B. Bukcren 3adukcuposai
TUIIOTE3Y O COBIAJIEHUY MMOHATUN JIOKAJIBHO OJHOMEDHOI'O M JIMCKPETHOIO K-1ipocTpancTBa Kak OTKPBITYIO.

MuTepecHo, 9To B TOUHOCTH 3Ta Ke IUNnoTe3a (BbIparKeHHAas, eCTeCTBEHHO, B IPYIUX TEPMUHAX) BECHMA
MOILYJIAPHA CPEJU CIEIMAINCTOB B 00sacTu OysieBOZHAYHOrO aHasam3a. Jlego B TOM, 9TO JIOKAJIbHAS OIHOMED-
nocrb K-npocrpancrsa ¢ 6a30it B skBusasienTHa pasencrsy R = R” B Gysesosunaunom yausepcyme V(B (reope-
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Ma 6.2.3). OmocpenoBaHHOe TOKA3ATETLCTBO ITOTO (HAKTA UMEETCst TAK¥Ke B [24: KOMMeHTapuu K riase 1, pasmesn
1.1 (4)], re, B 4ACTHOCTH, BCKPBITA CBA3b MEzK1y paseHcTBoM R = R B V(B) 4 orcyTcrBHEeM HEOrPAHHYEHHBIX
HEPACHIUPSIOMUX oneparopos B K-npocrpancree ¢ 6a3oit B. Ilonyasapras B Oy/€eBO3HAYHOM aHAJIN3E TUIIOTE3A,
9KBUBAJIEHTHAs Tocaeneil rumorese A. B. Bukcreqa, 3Byunt ciaepyomum obpasoM: paserctso R = R s V(B)
BO3MOXKHO TOJIBKO B CJIydae TUCKPETHOH OyieBoit anrebpsl B. YBEepeHHOCTb B CIIPABEIIUBOCTH ITON TMIIOTE3bI
HAIIUTA TOKYMEHTAJIbHOE TIOATREPsK IeHNe, HAapuMep, B [42: 3amedanvst nepen nemmoii 111.2.2 wa crp. 231].

B mammoii auccepraiinu IpuBEIEHO OPOBEPKenHne 00Cy K maemoii runore3nl. 1Ipek e Bcero, mocie npeisa-
PUTEILHOTO AHAIN3A IOHATHS 0 -AuCTPUbyTUBHON OyieBoii aarebpsr (M. 6.2.4-6.2.6) moka3aHo, YTO JOKAIbHAI
OZIHOMEPHOCTH K-ITPOCTPAHCTBA IKBUBAJIEHTHA, 0 -IUCTPpUbyTUBHOCTH ero 6a3bl (Teopema 6.2.7). lanee ycraHos-
JIEHO, YTO TOMOJHEHUE O-UHIYKTUBHOH OyJieBbl anrebpbl o-auctpubyTusno (jdemma 6.2.8), 1 HA OCHOBE 3TOrO
dakTa npuseeH npuMep 6€3aTOMHOM 0 -TUCTPUOYTUBHON MOJTHOI OYIeBOil asredphl U, COOTBETCTBEHHO, TTPUMED
6e3aTOMHOIO JIOKAJIBHO oiHOMepHOro K-npocrpancrsa (npumep 6.2.9).

0.9.2. Peasusaiyus opmomophusmos 6 8eKMOPHHLT PEUETNKAT

B nmawase maparpadga ObLI0 OTMEYEHO, 9TO OIEPaTOp YMHOXKEHHUS SBJSETCS MPUMEPOM OpTOoMOpdu3Ma.
Oxka3bIBAETCA, 3TOT TPAMED TUTTUYEH W B OOIBITAHCTRE CIy9aes OPTOMOPMU3MBI STRISIOTCA OTIEPATOPAMA YMHO-
JKEHUsT B TOM WJIW WHOM CMBICIe. Muorme paboThl 06 omeparopax, COXpaHAIINX TU3HIOHKTHOCT, COIePKAT
pe3yabTaThl B 9TOM HampaBjeHnu (cM, Hampumep, [2-4, 21, 122, 128, 254, 256, 257]). B wactaOCTH, B [254: Teo-
pema 2.4] ocylecTBieHa peajau3alys B BUIE O€paTOpa yMHOKeHHd JJisd 0pToMopdU3Ma HA apXUMEIOBON BeK-
TOPHOH pererke, MPUIeM JJIs BEChbMa IMPOKOrO KJIACCa pean3alyii pemerka. [Ipeacrapienne mpor3BOJILHOTO
Hepacumpsioniero oneparopa B C(Q)) B Buze oneparopa yMHOXKeHus umeercs B [3: caencrsue 1 Teopembr 2].
AnanornaHOe TPEACTABIEHNE /IS HEPACIIAPAIONIErO HEIPEPBIBHOTO ONMEPATOPa B HOPMHPOBAHHBIX PEIIETKAX
ycraHoBsieHO B [4: Teopema 3.1]. B [254: 3ameuanne 5] IpuBeieHoO ONMCaHNe HEKOTOPBIX CBOHCTB OpTOMOpPMhU3Ma
B TEPMHHAX €ro peajmsanuu. B [256: reopema 3] ocyIiecTBIeHA Deau3alysi B BHJE ONEPATOPA YMHOMKEHHsI
Juist oproMopdu3Ma, JEHCTBYIOMErO B apXUMeA0BOoH f-anrebpe ¢ eMHNIEH, & TAKXKe JAHO AHAJOTHYHOE IPE/I-
crasyienne jjig opromopdusmos B Co(Q), rae @ — JIOKaJIbHO KOMIAKTHOE mpocTpaHcTso, u B LP(Q), rue
0 < p < o0 u ! — IPOCTPaAHCTBO C 0-KOHEUHOH Mepoii. Peanusanus opromopdusma B LP(§)) B Buze oneparopa
YMHOKEHUS MMeeTcst Takxke B [257: Teopema 142.11]. Bamerum, uro peanmuzanuoHubiM hakram B Kuure [257)
OTBeJIEHA BEChbMa He3HAYNTEIbHAS posb. rnopuposanue GbyHKIMOHANBHBIX MPEICTABICHUI TIPUBOIAT K TOMY,
9TO MHOTHE (PAKTHI, 3JIEMEHTAPHO BHITEKAIOIINE U3 PEAN3AIMOHHBIX TEOPEM, CHAGKAIOTCSA BECHbMA IPOMO3IKAMA
JIOKA3aTeJIbCTBAMY, BEAYIIUMUCH HA A3bIKe aBCTPAKTHBIX BEKTOPHBIX PELIETOK (CM., HAIIPUMED, JOKA3aTeJIbCTBO
TeopeMbl 146.1).

Teopembr 06 AHATUTHIECKOM IIPEJCTABIEHUH OPTOMOPGhHU3MA, JEHCTBYIOMErO B KJIACCHYECKIX PEATU3AIM-
sax K-npocrpancrs (cm. Hen®HK), Bocnpoussenennl B pasaenax 6.2.12 u 6.5.4 nannoil qucceprammu.

0.9.3. Tomomopduszm 6aHATOEHIT PACCAOEHUT KAK ONEPATNOP 6 NPOCTPAHCNEAT CEMEHUT

B knaccuyeckom ompeesernn ToMoMOpdU3Ma OaHAXOBBI PACCIOEHUH He (DUTYPUPYET MOHATHE CEUEHUS:
roMoMOphU3M Onpesiensercs Kak HeMpepbIBHOE MOCIONHO JuHeliHoe mpeobpazoBanue. B ¢Bs3u ke ¢ HAITAMEA
3aMBICJIAMH U B COOTBETCTBHUU € HAIMUM TOAXOAOM K MOHSITHIO HEMPEPHIBHOINO GaHAXOBA paccioeHus, Goyee
€CTECTBEHHBIM SIBIISIETCST OMUCAHUE TOMOMOPMU3MA PACCIOEHUH B TEPMUHAX €ro JeHCTBUs HA HENpPEPBIBHBIX
ceyeHunax. ApeksarHoe omnpenesenue romoMopdusma H usz X' B ) MOrio Obl BINISAETH TAK:

H®ueC(Q,Y) nna secex u € C(Q, X), ()

rie (H @ u): ¢ — H(q)u(q). TlepBblil n3 BO3HUKAONINX 3/16Ch BOMPOCOB — 3KBHBAJIEHTHO JIM 3TO OTPE/IeJIEHHe
KJTACCHYECKOMY — HMeeT OTPHIIATEbHBI OTBET: 0XKUIAeMOil SKBUBAIEHTHOCTH HET (COOTBETCTBYIOIITE TIPHMED

npusesier B 2.4.8). Vciopue (C) craHOBUTCS PABHOCHJIBHBIM KJIACCHYECKOMY ONPEIETIEHHI0 TOMOMOpdU3Ma
TOJIBKO DU JAOHOJHUTEIbHOM IIPEJIIOI0KEHUN:

dbyuxmua ¢ — ||H(q)|| mokanprO orpanmaeHa (L)

(reopema 2.4.4; cum. rakxke [231: npennoxkenune 1]).

Hanbreiimue wamm ycnnang ObLIH HAIpPaBIE€HbI HA BO3MOxHBIE ocnabiaenus ycnosnit (C) m (L) kak B
obuieil cuTyaluu, Tak M B YaCTHBIX CAy4asx. B [penosoyKeHun O HeBbIPOXKJeHHOcTH cjoeB yciosue (L)
MOKHO 3HAYUTENHBHO OCIA0NATD: JJIsT HEKOTOPOTO MOCIORHO IIOTHOTO B X PABHOMEPHO 3aMKHYTOTO BEKTOPHOTO
nomupocrpancrsa U C CP(Q, X) muoxecrso cedennit {H @ u : u € U} paBHOCTENEHHO JIOKAJIBHO OIPAHIYEHO
(reopema 2.4.5). (CymecrBeHHOCTH TPEOOBAHNS HEBBIPOXKIEHHOCTH CJIOEB 000CHOBaHa mpuMepoM 2.4.6.)

Xora ocnabyennpiii BapuanT yciaosus (L) dpopmyaupyercs 6osee TpOMO3IKO, €r0 3HAYUTEILHO JIErde IPo-
BepsTh. Tak, ¢ IOMOIIBI0 HOBOIO KPUTEPHUS YAAJIOCH JI0KA3aTh, 9TO JAonojHuTeabHoe yeaosue (L) Boobuie Mo-
JKeT OBITH CHATO B CJIy4Yae JOKATIbHO KOMIAKTHOMN (M JaXke JTOKATBHO IICEBJOKOMIAKTHOMN) 6asbl (Teopema 2.4.7).
(Cyuecrsennocts TpeboBaHus JIOKAJIBHON ICEBIOKOMIIAKTHOCTA 000CHOBaHA pumepom 2.4.8.)
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Yto ke kacaercsa ycaosusa (C), To u ero MoxHO ocmaburk: H @ v € C(Q,)) A BCeX 3JIE€MEHTOB U
HEKOTOPOTO ToCofHO mnoTtHoro B X mommuoxecrBa C(Q, X) (reopema 2.4.9). TIpuuem, Kak MOKa3bIBaeT
npumep 2.4.10, 6e3 mogmepxkku (L) aro ocnabsenne sipisiercst crporuM. (3amerum, 4to B orTamdue or [231:
npennoxenne 1], B GopMymmposke Teopemst 2.4.9 oTCyTCTBYeT TpeGOBaHNE MMHEHHOCTH MHOKECTBA, CEEeHMH V. )

0.9.4. Paccaroenue npocmparcms onepamopos

Tomomopduszm H mexay GanaxoBbiMu pacciaoenusmu X u ) Hax () nmpefcraBiser coboil onepaTropHo3HAY-
Hy10 DYHKINIO, TPAYEM 3HAYEHUS 3TOM (PYHKIWU B PA3TMYHBIX TOUYKAX ¢ € () MPEACTABISIOT COB0I OnepaTops
H(q): X(q) — Y(q), meiictBytomme B pasIndHBIX Mapax 0aHAXOBBIX MPOCTPAHCTB. ECTECTBEHHBIM STBISIETCS
JKeJIaHue TOCTPOUTH HenpepbiBHoe DaHaxoBo paccioenue B(X,)), cioamu KOTOPBIX ObLIH ObI IPOCTPAHCTBA
oneparopos u3 X(¢) B V(q), & HENPEPLIBHBIMU CeUeHUAMU — TOMOMOpdU3MbL u3 X' B ).

MoKHO ¢ yBEpEHHOCTBIO CKa3aTh, UTO TAKOE OMEPATOPHOE PACCIOEHNE HUKOTIA paHee He PACCMaTpHUBa-
sock. Jleno B TOM, 9TO onpejesieHne HyzKHOrO HaMm pacciaoenusd B(X,)) BO3MOXKHO TOJNIBKO B IPEINIONOKEHUH
upocroproctu X (cm. 0.2.8). HeiticrBurenbro, mig cyinecrBoBanud paccioenusd B(X,)) Heobxonuma Herpe-
PBIBHOCTB MOTOYEYHBIX HOPM ¢ — || H (q)|| romomopdusmos H u3 X 8 ). Takas HENPEPBIBHOCTH TAPAHTUPYETCS
npocroprocTbio X (cm. 3.2.1-3.2.2). Kpowme Toro, npumep 3.1.9 nokasbiBaer, uro TpeboBanue npoctopHoctu X
SIBJISIETCS CYIMIECTBEHHBIM, & IpeaioKerne 3.3.8 ropoput 0 GOIbIIEM: IPH HEBBIPOXKJIEHHOCTH CJIOEB ) IPOCTOP-
HOCTb X ABJIAETCA HEOOXOAMMOM 15l HEIPEPBIBHOCTU MOTOYEIHBIX HOPM COOTBETCTBYIOIIUX TOMOMOP(HU3MOB.

Nrak, B 001mem ciiydae OeparopHOe PacCA0EeHnE HEBO3MOXKHO onpeaennTb. Ho 9To nonsaTue uiau ero ana-
JIOT BCE 7K€ HEOOXOJMMO /s YIOBJIETBOPUTENBHON TeOpur 0AHAXOBBIX PACCIOEHUI W MX JABONACTBEHHOCTH. B
pe3yIbTaTe B TEOPUH OAHAXOBBIX PACCIOCHWH BOSHUKAIOT BEKTOPHBIE PACCIOCHUS, HE ABIAIOIINECT OAHAXOBbI-
MH — CM., HampuMmep, [144: 11.21; 231: pazmen 3]. B ciydae ke nmpoctopHOro paccioenust X y HAC HMEETCs
HOJIHOIIEHHOE HenpepbiBHOe GanaxoBo paccioenue B(X,)), muoxecrso C (Q, B(x, y)) HEIPEPBIBHLIX CEUCHMH

KOTOPOrO COBHAJAET ¢ MHOXKecTBOM romomopdusmos ux X B ) (reopema 3.2.3).

Ere oHUM MOATBEPIKICHUEM TE3UCA O OJIM30CTU MO3UIUH IPOCTOPHBIX PACC/IOCHUI B KJacce Bcex OGaHa-
XOBBIX PACCIOEHUH M [OJHBIX IPOCTPAHCTB B KJACCE BCEX HOPMHUPOBaHHbLIX npocrpancTs (cMm. 0.2.8) spiaserca
reopema 3.2.9, yrsepxkiamolias, 4To HIPOCTOPHOCTL paccioenus B(X,)) pasHocusbua npocropuocru Y (upu
HEBLIPOKJICHHOCTH X ).

Baarogapst TecHON CBA3M MEXKIy M3MEPUMbIMY OAHAXOBBIMH PACCIOCHUAME C JTUMPTUHTOM U IIPOCTOPHBIMHA
HelpepbIBHbIMEU DaHaxoBbiMu pacciaoenuamu (cM. 0.5.4) MOXKHO ONpeneiuTh U3MepuMoe HAHAXOBO PACCIOCHUE
B(X,)) nna usmepumbix pacciaoenuii X u ) (reopema 4.4.6).

0.9.5. Conpsasicennoe 6aHATO60 PACCAOEHUE

Cule/ly1O1IUMM eCTECTBEHHBIM 11IAr0M 33, UCCJIEA0BAHUEM OLepaTopHoro paccioenus B(X,)) asiserca pac-
CMOTpeHUe conpsizkennoro paccnoenus: X' = B(X,R), rne R = @Q x R. TIpoGaema CyIecTBOBAHUS TAKOTO
PACCIOeHMS 10 TIOHATHBIM Telneph MPUIHHAM He MOIJIa ObLIa PelieHa 10 CO3/IaHNsT TEOPUN TPOCTOPHBIX GaHaXo-
BBIX paccyoenuii. Hampumep, B [227: § 8] nano onpejeneHne COMpsizKEHHOro GaHAXOBA PACCIOEHHs 063 KaKOro-
b0 MCCaeTOBAHUST TTPODIEMBI €r0 CYNIECTBOBAHNS M MOCTABJIEH BOTPOC O TOM, 00Pa3YIOT JIN TOMOMODPMOUIMBI
w3 X B Q X {R} HEmpepBIBHYIO CTPYKTYPY B PACCIOCHUH C CONPSIKEHHBIME ciogMu. OTBET Ha 3TOT BOIPOC
HaM Tereph W3BECTEH: TOMOMOPGU3IMBI 00PA3YIOT HEMPEPBIBHYIO CTPYKTYPY TOTA W TOJIBKO TOT/A, KOTIA PAC-
cioenre X upocropuo (cm. 3.1.9, 3.2.1-3.2.2, 3.3.8). Pa3znoobpasnble CBOWCTBA CONPIXKEHHOIO DACCIOCHMUS,
BBITEKAIOITME U3 0DIeil TeOpur OMepaTOPHBIX PACCIOeHUH, cOOpanbl B (hOPMYJIHPOBKE TeopeMbl 3.3.1.

Io onpenenennto cmon X’ (q) conpsizreHrOro paccaoenns X' ABIAIOTCS BAHAXOBBIMU MOIIPOCTPAHCTBAMHA
CONPSAKEHHBIX MPOCTPAHCTB K COOTBETCTBYIOIIUM CJIOAM X, T. €. JJisd KaXKION TouKu ¢ € () mMeer MecTo
srmogerne X'(q) C X(q)'. Ecrecrsennntii Bonpoc o pasenctse X'(q) = X(q)’ 1aBHO BOTHOBAJ CIETUAIACTOB.
Koneuno, B nureparype 0 GaHAXOBBIX PACCIOCHUSX OH HE MOI BO3HUKHYTh MMEHHO B TAKOM BHJIE BBU/LY
OTCYTCTBHUS TIOHSTHS CONPSKEHHOTro paccioeHusi. Hampumep, B [144: §19] sror Bompoc 3aduKCHpOBaH Kak
OTKPBITHIN U UMEeT CAETYIONYI (GOpMYy: dYepe3 KaxKIbli JIM IJIEMEHT CONPSIKEHHOTO MPOCTPAHCTBA K CJIOD
0aHAXOBA PACCIOEHUsT TTPOXOIUT Kakoi-1ubo romomopdusm? Teopus TpOCTOPHBIX PACCIOSHMI MO3BOJIIIA
HAlTH OJXOJ K PEIEHUIO JAHHON 1IpobseMbl (CM. HUXKeE).

Wccmenys: moHATHE COMPSZKEHHOTO PACCJIOSHMS, MBI AT 33 ITArOM TPUOJINKAINCH K YCTAHOBJIEHUIO PABEH-
crea X'(q) = X(q)’. Ilepebiii mar 6bw1 snementapubiv: X' (g) # 0 (cm. 3.3.1(3)). Cneayomuii mar npogsuHy.T

HAC TOCTATOYHO JAJIEKO: s 000l Toukn ¢ € () mpocrpancreo X’ (q) Hopmupyer X (q). Bosee Toro, okaszamocs,
4TO
2] = max{(z]z') : 2" € X'(q), [|2'[| <1} (N)

i Beex ¢ € X(g) (em. 3.3.4(1)). Bpocusiiasica B ryia3a CHMMETPAYHOCTD J0Ka3aTenbcTBa coorHomeHus (N)
HATOJKHYJIA HA U0 BBIBOJA JBOMCTBEHHON (OPMYJIBI B KAXKJIOH He ¢-W30JUPOBAHHON TOUYKe q € (Q:

|z’ z| <1} (N)

| = max{(z|z') : x € X(q), |
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st Beex ' € X'(q) (em. 3.3.4(2)). DTOT MOMEHT U cTas pemiaromuM. Jleso B TOM, UTO THIOTETHYIECKOE
papercTeo X'(q) = X(q)’ B couerannu ¢ dbopmyioii (N') naer pedraekcusrocTs X (g) (o Teopeme Ixkeiimca).

ITocne 3TOro OTKpBITHA PenIeHne MPOBIEMBI CONPAKEHHBIX CJIOEB BO3HUKJIO CAMO COOOMH: /sl PABEHCTBA
X'(q) = X(q)’ mocTatouna — a B HE 0-W30MUPOBAHHON TOUKE ¢ U HEOOXOIMMa — PedIeKCHBHOCTE cioa X (q).
9T0, B 9ACTHOCTH, O3HAYALT, uTO paBeHcTEO X'(q) = X(¢) MOXKeT OBITH BBHIOJHCHHBIM B OMHOH CHTYAIMU W
HE BBITIOJHEHHBIM B JIpYTO#, MpUueM KakK TEePBBIA, TaK W BTOPOH ciydall MOYKET MMETh MECTO BO BCEX TOUKAX
q € (Q OOHOBPEMEHHO.

Pasymeercs, B obuem ciyuae skioouenue B(X,Y)(q) C B(X(g),Y(q)) rax:e Mmoxer GbITh CTporuM
(cM. 3.2.4). B cBA3WM ¢ 5THM BO3HHKAET €CTECTBEHHBIH BOMPOC: KaKHe CBOHCTBA (HE BCIOAY OIPEAETEHHOM)
byukunn H: ¢ — H(q) € B(X(q),Y(q)) rapanrupytor npoxoxienue ee 1epes ciaou B(X,V)(q) u obecreun-
BalOT HenpepbiBHOCTh H Kak cevyenusi paccioenuss B(X,)Y). Pesyavrarer 3.2.7, 3.2.10 u — cambiii cuiibHbI
n3 HuX — 3.2.13 maloT OTBET HA ITOT BOMPOC: IOCTATOYHO, 4TOObI (byHKIus H coxpaHana HEIpepbIBHOCTH
3JIEMEHTOB HEKOTOPOT'O MOCJAONHO IIJIOTHOI'O MHOYKECTBa cedeHmit X .

Orvernm, aro dbopmyia (N) naer perenne chopMymnpopantoil B [144: §19] npobiembr 06 SKBUBATEHT-
HOCTM HODMBI B GAHAXOBOM DACCJAOSHHM W COOTBETCTBYIOMIEH <CONMPSZKEHHON> HOpMBL |[u| = sup,, [[{ulu’)||.
JLjist TPOCTOPHOTO PACCIOEHUST OTBET Ha 3TOT BOMPOC BECHMa, KATENOPUYEH: ITU HOPMBI MOMPOCTY COBMAIAIOT
(cM. Teopemy 3.3.3).

C nomomipto dhopmyn tuna (N) yaaercs rakke NOrpy3uTh HellpepbIBHOE GAHAXOBO PACCJIOEHUE BO BTOPOE
COLPSIZKEHHOE B KadecTse Loupaccioenus (reopema 3.3.7). Hauo ckazarb, 4ro BOLPOC O BJIOKEHUHM BO BIOPOE
COTIPSI’KEHHOE TIOMHUMAJICS JIJIsi OAHAXOBBIX DACCJIOEHUH W paHbiie (cM., Hampumep, [144: §20]). Ozxnako pedsb,
KaK MMPABHJIO, LA HE O BJIOXKEHUN OTAEJIbHBIX CJIOEB, & O BJIO’KEHUH ITPOCTPAHCTB cevenmii. Mmeomumecs K ToMy
MOMEHTY PEATH3AIMOHHBIE TEOPEMBI MOTJIH MMO3BOINTD BIOXKUTD U OTAEIHHBIE CJIOM, HO B OTCYTCTBUU KOHIIETIIUN
MIPOCTOPHOTO PACCIOSHHST BTOPOE COMPAXKEHHOE PACCIOeHNE He ObLI0 ObI OAHAXOBBIM: 3TO MOLJIO ObI OLITDH JIUIIE
PACCIOEHHIE TOIOJIOTAYECKUX BEKTOPHBIX IPOCTPAHCTE.

ITorpy:xenne 6aHaxoBa PACCIOEHUS BO BTOPOE COMPSIKEHHOE NMEET OIHO JIIOOOIMBITHOE caeacTBrue. HazoBem
ceuenme u HGanaxoBa paccaoerns X cnabo HEMPEepBIBHBIM, €CIN BEMeCTBeHHo3HaaHast Gyrxmms ¢ — (u(q)|u'(q))
HEMPEPBIBHA, I KAXKJI0T0 HEMPEPBIBHOTO CedeHmst u' COmpsizkeHHOrO paccioernst X’. OKa3blBaeTcst, BBEICH-
HOE TakuM 0OpPa30M MOHATHE DECCOIePXKATETBLHO: Ciabas HENPEPHIBHOCTH CEYEHUs IKBUBAJEHTHA €r0 OOBITHOMN
HewpepbiBHocTH (Teopema 3.3.7). Takum 06pa3om, COLPIKEHHOE PACCIOCHUE $BJSETCs B OLPEIEJIEHHOM CMbICIIE
<cabo> CONPsKEHHBIM. BINe OHAM NOATBEPIKIAEHHEM ITOrO TE3MCA ABAAETCA TOT (PAKT, UTO CONPSIKEHHOE
PAaCCIOeHrEe K MPOCTOPHOM 060I0YKE IOCTOAHHOTO PACCIOEHAS CO CIOEM X SABJIAETCS PEANN3ANUOHHBIM PACCIO-
€HHEeM He JJis MPOCTpaHcTBa HenpepbiBHbiX (yuKImi Coo(Q, X'), a aya npocrpamcTsa cabo HENPEPbIBHBIX
dyurmmit Coo (Q, X'| X) (cneacreue 5.1.10).

Baarogapst TecHO# CBA3M MEXKJLy M3MEPUMbBIMU M HelpepblBHbIMU paccioenusamu (cM. 0.5.4) coBeprieHHo
AHAJIOTHTHO HETIPEPHIBHOMY CHIYUAI0 OTMPEIEITeTCs COMPSIAKEHHOE PACCIOSHNE N3MEPUMOTO GaHAXOBa, PaCCIoe-
uust. OmpesnenieHne U MHOTOUUCIEHHBIE CBONCTBA 9TOTO TIOHATHS MTPUBEIEHHI B pasmene 4.4.7.

0.9.6. Peasusayus opmomopPudmos 6 peuemowto HOPMUPOSAHHHLE NPOCTPAHCTNGEAL

Ecnu peamuzanus opromopdusma uz upeana Coo(Q) B umean Coo(Q) upencrasiger coboii omeparop
HOTOYEYHOro yMHOXkeHusl Ha (dbukcupoanuyio Gyukimmo 3 Coo(Q) (em. 0.9.2), To opromopdusm u3 uiea-
aa Coo(Q, X) B unean Coo(Q,Y), rne X u Y — HenpepbiBHble 6aHAXOBBI PACCJIOEHUS HAaM, (), IPEACTABIIAETCS
B BHJIE OIIEPATOPA TTOTOYETHOTO MPUMEHEHUsT (PUKCHPOBAHHOTO HEMTPEPHIBHOTO ONEPATOPHOTO CEYEHUs PaCcCIoe-
uust B(X,)) (npenmoxenne 6.5.13).

B kauecTBe cnemcTBus MOMydeHa peanu3anms u3oMOpQU3MOB M W30METPHUil PEIIeTOYHO HOPMHPOBAHHBIX
OPOCTPAHCTB B BUJIE COOTBETCTBYIONIMX BJIOKEHUH U u3oMeTpuii 6aHaxoBbix paccioenuil (cm. 6.5.4).

OrmverrM HEKOTOpBIe GJIM3KNe Pe3ysbTaThl B Teopur GaHaxoBbix Momayreit Hax C(Q). Hanpumep, B [144:
ciencreue 10.7, npenyoxkenusa 10.10 u 10.16] npousseneno npezcrasiaenue romomopdusma (uzomopduszma,
M30METPUH) JIOKAJIBHO BbINYKJIbIX Moayiell Hax C(Q) B Buge romomopdusma (uzomopdusma, u30MeTpHn)
COOTBETCTBYIOIIUX MPOCTPAHCTB CEYEHMiA. Peanmsanus HEIPEPBIBHOTO ONMEPATOPA CO 3HAYEHUSIMH B JIOKAJIBHO
BRIy KJIoM Mozyse Hafd C(Q)) B BHIE CEYeHHS] HEKOTOPOTO TOMOMOTMYECKOrO BEKTOPHOIO DACCIOSHUs Hal ()
C OlepaToOpHBIMHU cJlosiMu npuBedeHa B [144: §11]. TIpocrpascTBo roMoMopdu3MOB MOyTIeil, COCTABIEHHBIX
u3 CeYeHuil BEKTOPHBIX PACCIOEHMH, peaim3yercsi B BUJE NPOCTPAHCTBA CEYEHUE HEKOTOPOrO PaCCIOEHUs C
orepaTopHbMy cyosmu (eM. [144: reopema 11.21]). OnHako u 37ech pedb HeT He 0 GAHAXOBBIX PACCIOEHHSX, &
0 PACCJIOEHUSAX TOIMOJOIMIECKUX BEKTOPHBIX MpocTpancTB. Anasor opromopdusma B 6anaxosom C(Q)-Mouyie
U COOTBETCTBYIOIIEE AHAJIUTUIECKOE IIPE/ICTABJIEHHE PACCMATPUBAIOTCS TaKxkKe B [2: Teopema 2; 109: 9.3-9.5].
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§ 0.10. OneparTopsl caBura

[Momumo ymMHOXKeHUsT HA PUKCUPOBAHHYIO (DYHKITUIO, eIre OgHa TpocTas (OPMYJIa OMpeIesser Oneparop,
COXPAHSIIONNN TU3BIOHKTHOCTh. Peub mumer o dopmyse 3amenbl mepemenHoi. JIi0boe HempepbiBHOE 0TOOpaA-
KEHHWE S TOIMOJOTUYIECKOr0 MPOCTPAHCTBA P B TOIMOJOTHYECKOE MPOCTPAHCTBO () OMpemesnser COXPAHSIONIH
JU3BIOHKTHOCTE oneparop f — fos u3 Bexkropuoit pemerku C(Q) B Bekrophyio pemerky C(P). AHajiorudanbiM
00pa30M HEKOTOPBIE OMEPATOPbI, jJAeHCTBYIOMME B K-NPOCTPAHCTBAX PACIINPEHHBIX HEIPEPBIBHBIX (DYHKIUA,
MOI'YT UMETh IPEJCTABICHUE B BUIE OLEPATOPA 3aMEHbI [IePEMEHHOM.

AbcTpakTHBIA aHasor onepaTopa 3aMeHbI TIePeMEHHON Ha3hIBAeTCsl OrmepaTropoM c¢isura. COOTBETCTBYIO-
Iasi TEOPUs BKJIIOYAET BOIPOCHL XAPAKTEPU3AINN OITEPATOPA CIBUTA B AOCTPAKTHBIX MOPSIIKOBBIX U ajaredpan-
YECKUX TEPMUHAX, CBS3b OMEPATOPOB CIBUTA C IPOU3BOJbHBIMU ONEPATOPAMHE, COXPAHAIOITUMHE U3 BIOHKTHOCTD,
peau3aly OreparopoB CJBUTA B BHJIE (DYHKIINU 3aMEHbI IEPEMEHHON U JIp.

Te niu wHbIE BONPOCHI, CBA3aHHBIE ¢ ONEPATOPAMM C/IBUra, paccmarpusatorcesa B [30-32, 60, 84, 103, 109,
110, 136, 137, 158, 167, 218, 225, 233]. O630p smreparypbl 06 oneparopax CABUra B HPOCTPAHCTBAX W3MEPUMBIX
dyukuumit u 06 UX CBA3M ¢ CUMMETPUYHBIMU LIPOCTPAHCTBaMU umeercd B [21: 2.2.2].

0.10.1. Onucanue onepamopos cdeuza

Mpumenus uzpeto r-d-pacuerienus (cm. 0.8.2) K KJaccy oneparopoB, COXPAHSIOMIUX TU3bIOHKTHOCTD,
MOXKHO CKa3aTb, YTO OPTOMOPQUIMBI COCTABIAIOT YHCTO <BEPTUKAJBLHYIO® YaCTh JTOTO Kiaacca. Ponb
<TOPU30HTAIBHON> COCTABJIAIONIEH KIACCA ONEPATOPOB, COXPAHIONINX TUIbIOHKTHOCTD, B ITOM CJIy4Yae yMeCT-
HO OTBECTH OTIEPATOPAM CIBHUTA.

Badukcupyem mopsiakoBbie equHuilbl 1 u 1z B pacmmpenubix K-mpoctpancrsax € u F. Jus moboro
6yaesa romomopdusma h: Pr(€) — Pr(F) cyuecrByer LODPsIKOBO OrpaHUYeHHbIH oneparop, AefcrByroiuit
u3 uneana £ B F, nepepomsaumii 1l¢ B 1x u umeromuii tenb h (npenyoxkenue 6.3.7). Begxuii Takoii oneparop
HA3BIBAETCA OMEPATOPOM CJIBUTA. DTO MOHATHE MOXKHO PACIPOCTPAHUTD HA, CIIy4ail MPOU3BOIHHOTO KOJIBIIEBOTO
roMmoMopdu3Ma, a TakyKe Ha TOT CJydail, Korga o0JacTb onpejesieHust omeparopa Ha comepxkur lg. Cpean
BCEX ONEPATOPOB CIABUTA C TEHBLIO A ecTb OiuH (HA3BIBAEMbIH CABUrOM Ha h), HMEIUil HaubOIbITYIO 0BJACTh
OlIpeeieHns ¥ [IPOAOJIKAIOIIMIA BCe ocTaabhble (CM. Bropoe 3amedanue 6.3.9). O6iacrb onpeneneHus Takoro
OTepaTopa COBMAIAET ¢ h-3aMBIKAHWEM WIeasIa, MOPOXKIEHHOTO lg, W COBMAIAET CO BCEM TPOCTPAHCTBOM &
TOJILKO B CJIydae CeKBEHIUATIBHON O-HEelpepbIBHOCTH oreparopa (caeacrsue 6.3.5).

[lousaTue omeparopa CIBUTA SIBJISIETCS B ONPEIETEHHOM CMBICJIE PEATU3ANNOHHBIM, T. €. OHO JAeTCs B
TepMuHAX O0JIee TTPOCTOrO 0OBEKTA — KOJIBIIEBOTO TOMOMOP(MU3Ma, — U MOIPA3YMEBAET B CBOEM OIPEIeIEHUN
HEKOE CKPBITOE TOCTPOEHHUE OMEPATOPAa € MOMOIIBI0 3TOr0 ToMoMopdu3ma. B ¢Bsa3u ¢ 3TuM 00CTOSATEHCTBOM
YMECTEH BOMPOC 00 ONMUCAHWK OMEPATOPOB CABUTA BO BHYTPEHHUX TEPMUHAX.

Kaxxnprit omeparop casura nmopsAaKOBO OrPAHUYEH, COXPAHAET N3 bIOHKTHOCTD U MEPEBOINT OCKOJIKK lg B
ockosiku 1r. OJHAKO, KAK TMOKA3BIBAIOT MPOCTEHIIAE TPUMEPDI, STOT CIIMCOK CBOWCTB HE SIBJISIETCST MOJHBIM U
HE JIaeT TOYHOI'O ONMCAHUS ONEePATOPOB CABHra. HemocTaronmM yCIOBHEM SBIISIETCH CJEIyIOInee: HeOOXOMUMO,
91066l 0fpa3 ONepaTropa He BLIXOAUJ 334 PAMKH KOMIIOHEHTBI, MOPOXKJIEHHOH ofpa3aMu OCKOJKOB lg (Teope-
Ma 6.3.9). Oneparopbl, yJA0BJIETBOPSIONIME ITOMY YCAOBHUIO, Mbl HA3bIBAEM IMUPOKUMHU HA OCKOJIKAX €MHUIIBL.
g usyuenus sroro HoBoro nonatug (1 ero 0600iennii) pazpaborana HeGObINAS TEOPUsT IIUPOKUX OIEPATO-
POB, U3JIOXKEHNe KOTOpOoil uMeeTcst B pasjenax 6.3.1-6.3.6 manHoil quccepraiui.

O6001meHre MOHATHS OMEPATOPa CABUTA, HA CAYYAll PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTB MTPOU3BO-
aurcs creayomum obpazom. Omeparop S, AefiCTBYONUA B PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX, HA-
3BIBAETCS OTMEPATOPOM CJIBUTA, €CJIM €r0 HAMMEHbINas MaxkopaHTa |.S| sBiasercs onepaTopoM CIBUTA B CTApPOM
cMBICTE U, KpoMe Toro, S cBazan ¢ | S| dopmymoit | Su| = |S||u]. OkazbiBaerca, n06oit oneparop cBura Mox-
HO DPa3JIOKUTh B KOMIIO3UIIMIO HOPMATUBHOIO 1peobpasoBanus u uzomerpun (npemnoxenue 6.3.14). Onucanue
<BEKTOPHBIX> OIEPATOPOB CIBUTa BO BHYTPEHHUX TEPMUHAX MPUBEIEHO B Teopeme 6.3.15.

Jpyroe abcTpakTHOe ONKCAHWE OMEPATOpPa caBura gaercda Teopemoit 6.3.10: omeparop, meficTByrommuii B
K-upocrpancrax sBS€TCA ONEPATOPOM CIABHUIa TOIJA M TOJIBKO TOI/IA, KOIJA OH MYJIbTHUIJIMKATHBEH, T. €.
coxpaHnsier npousseienue. llociaennuii pa3 mogo0HOE ONMUCAHWE NABAJOCH OuYeHb jJaBHO (B 40-€ TOmBI) U pU
JIOLOJTHATENbHBIX OrPAHMYEHUAX HA NPOCTPAHCTBA W ONEpaTop (HANMYUe eAMHULbBI U {-HENPEepPbIBHOCTH) —
cum. [30: Teopema 1; 32: reopema 29; 60: rnasa VII, reopema 3.13].

Ormerum, 9To B paje craTeil onepaTopbl capura (B ¢hopMe OneparopoB 3aMeHbl TEPEMEHHON W MyJib-
THIJIMKATABHBIX OTEPATOPOB) OMMCAHBI KaK KpaiHWe TOYKH TeX HJIM HHBIX OlEepaTOpHBIX MHOXKecTB [136, 137,
218; 225: rnasa III, reopemsbr 9.1 u 9.2].

0.10.2. Cdsuz onepamopa

ITousaTre omeparopa cABUra ABALETCA TEM WHCTPYMEHTOM, C IIOMOIIBI0 KOTOPOTO METOI, T -d-PaCIIeIeHns
(cm. 0.8.2) MoxKeT ObITh NMPUMEHEH K UCCIEIOBAHMIO TIPOU3BOJIBLHBIX ONEPATOPOB, COXPAHSIONIUX JIU3BHIOHKT-
HOCTh. CyTb 9TOr0 METo/ia B JAHHOM CIydae 3aKJII09aeTCs B BBIICJCHUM <TOPU30HTAJIBHOW> COCTABJISIONIEN
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omeparopa He B Bue Gynesa romoMopdusma (cMm. 0.8.1), a B Bujie oneparopa, MefCTBYOMErO B UIealaX TeX JKe
K-tipocTpancTB, 9TO U MCXOJHBIN ONEpaTop.

Kak uzsectno (cm. 0.10.1, 6.3.7), KaxKablil KOJbIEBOH roMOMOPdU3M OIpeIe/isder Oneparop cipura. B Tom
YHUCe, HEKOTOPBIA OMepaTop CABUTa S ONpeNessieTcs U TEHbIO COXPAHSIONIEro MU3bIOHKTHOCTE oneparopa 1.
Takoit oneparop S HasbBaercs casurom 1. CBsizb MeXKJy ONEPATOPOM W €rO CABUTOM OCOOEHHO SIPKO MPO-
SABJASETCH MPU W3YYE€HUU MYJIbTUIINKATUBHBIX CBOWCTB omeparopoB. llpeamomoxkum, aro T — CcOXpaHAIONIAN
JU3BIOHKTHOCTH OMEPATOP B PEIIETOYHO HOPMUPOBAHHBIX MPOCTPAHCTBAX U S — ero casur. Ecau 37eMeHTbh
e € dom S u u € domT rakosbr, uTo B dom T’ onpesesieHO TPOU3BeIeHNE e, TO B im T onpejieieHo mpon3Be;ie-
uue S(e)T(u) u umeer Mecto pasencrso 1'(eu) = S(e)T'(u) (mpennoxenne 6.3.13). ror daxr 06o6ImaeT pas
AHAJIOMMYHBIX PE3YJIBTATOB 00 OMepaTopax, AeHCTBYIOMNUX B MPOCTPAHCTBAX BEIECTBEHHO3HAYHBIX (QYHKIIWH 1
BerTOp-GyHKIMHA (cM. [158: Teopema 2.1; 109: Teopema 6.7; 110: wacts I, Teopema 3.4]). Awnajor capura orme-
paTopa BO3HUKAET TAKXKe BO MHOIMX PabOTAX O MPEJCTABICHUN W30METPUN HPOCTPAHCTB U3MEPUMBIX BEKTOD-
dbyukuumit (reopembr Banaxa — Croyna).

[TockoABKY COBUT SIBJSIETCS ONMEPATOPHBIM AHAJOTOM TEHM, BCE TUIBI HEIMPEPBIBHOCTY OMEpPATOpa, 0Oosiee
CUJIbHBIE, UM 7'-HEelPEPBIBHOCTD, HAIPSIMYO CBSI3aHbI C KAKOMH-/TH00 HEITPEPhIBHOCTHIO ero ¢apura. B gacTtHOCTH,
(cekBeHIMAIbHAS ) O-HEIIPEPBIBHOCTH OLEPATOPA YKBUBAJIEHTHA (COOTBETCTBEHHO CEKBEHIIUAIBHOM ) O-HEIIPEPLIB-
HocTH ero casura (cp. 0.8.2).

Beenennoe B [103] mousitie S-cooTBeTCTBUS ABIsIETCS (DYHKIMOHAIBLHBIM aHAJIOTOM ¢BUTa oneparopa. C
TIOMOIITHI0 ITOH YIAYHON KOHIIENIIIMH MHOTHE CBOHMCTBA, TMHEHHBIX OMEPATOPOB MOTYT OBITH COOPMYIHPOBAHBI HA
SI3BIKE 9TOr0 BoJIee IPOCTOro (YeM caM OIepaTop) peajn3aluoHHoro 00bekTa. CBa3b MKy CBOHCTBAMHU OEpa-
TOpa ¥ ero S-COOTBETCTBUS SABASETCS OCOOEHHO TECHOM B TOM CIIydae, KOT/Ia OTepaTop TOPsIAKOBO HETTPepbIBEH
(MMEHHO TaKue OIepaTopbl paccMaTpUBalOTCs B padore [103]).

0.10.3. Peaausayus onepamopos cdeuza

Hawnbosee pacnpocTpaneHHoO# peamn3aliieii omepaTopa CIBUTa SBIseTCst, 6e3yCI0BHO, €ro MpecTaBIeHre
B BHJIE ONEpPATOpa 3aMEHBbI TepeMeHHO. lVcTopuyecku meppoil ObLIa TONYYeHA DPeaJu3alis CEKBEHIIMAIbLHO
O-HETIPEPBIBHOTO MYJBTUILIUKATUBHOTO ONEPATOPA B MPOCTPAHCTBAX M3MEPUMBIX (DYHKIHN B BUJE U3MEPUMON
3aMeHbl repemennoi [31: 2°—4°; 32: 39°, 40°; 167: Treopema 1]. Ilozzke GbLia paccMOTpPEHA peaIU3alUd MYJIbTH-
IJIMKATUBHOTO OITEPATOPA B MPOCTPAHCTBAX HEITPEPBIBHBIX (DYHKIWI B BUJIE HEMTPEPBIBHOM 3aMEHbI TIePEeMEeHHOM,
LI KOTOPOI O-HENPEPLIBHOCTD OIIEPATOPA yIKe He sBJisgercd Heobxouumoii [233: reopembr 4.2.2 u 7.7.1; 225: rna-
Ba ITI, Teopemnr 9.1 n 9.2].

Hamr Bapuant npefcraBienus: oneparopa CIBUra, JeHCTBYIOMEro B K-TIPOCTPAHCTBAX, B BHIE HENPEPHIB-
HO# 3ameHbl Tlepemennoii npusenen B 6.5.7-6.5.8. Hooe ananmuTuyeckoe mpencTaBiieHHE OMEPATOPA CABUTA
JaHO B mpessokenunn 6.5.9: BCAKWI ONepaTrop CABUrA MOXKET OBITh PEATM30BAH KAK OIEPATOpP CYXKEHHUS HA
bUKCHPOBAHHOE 3aMKHYTOE MOAMHOXKeCcTBO. Peanmmsarusa omneparopa CIBUTa B PEIETOYHO HOPMHUPOBAHHBIX
npocrpancTBax (npemioxkenue 6.5.17), npegcrasiger co6oil KOMIOBUIMIO HETPEPHIBHON 3aMEHbBI [EPEMEHHOI
¥ M30MeTpur DAHAXOBBIX PACCIOEHUI.

Peanuzarus omeparopa CIBUTa MO3BOJISET WHTEPIPETUPOBATH €r0 CBOWCTBA, BHIPAXKEHHBIE HA, sI3bIKE ab-
CTPAKTHOI ajaredpandeckoil CUCTEMBI, B TEPMUHAX KOHKPETHOT'O TOMOJIOTHIECKOT0 WU M3MEPUMOTO MTPEICTaBIe-
uus. Pesysnbrarsl Takoro posa uMmeroTcs, Hanpumep, B [225: rasa I11, npemnoxenue 9.3; 103; 158: reopembr 2.4,
2.6 u 2.8; 109: npemgoxkenue 3.7 (2)]. PaccmarpuBasg oneparop cABura Kak HacTHbBIH Ciydaii oleparopa B3Be-
LIEHHOIO CABUIa (CM. HU2KE), Mbl DEILUJIU HE LIPUBOAUTD /LUl HEIO CLELUAIbHBIX UHTEPLPETUPYIONUX DaKTOB.
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§0.11. OnepaTopsbl B3BEIIIEHHOIO CABUIa

OpromopdusMbl (BECOBBIE OIEPATOPBHI) U ONEPATOPDI CABUIA IPEACTABIAIOT COG0H B OIIPEIEIEHHOM CMBIC/IE
KpailHue CJiy4ad ONEePATOPOB, COXPAHLIIOMINX AU3IbIOHKTHOCTb. BO3HUKHYB B pE3yJibraTe HPUMEHEHHUS METO/A
r-d-pacIlerieHus, BECOBbIE OMEPATOPDI ¥ OTIEPATOPHI CABUTA TOKHBI UTPATH POJIb JIEMEHTAPHBIX KUPITUIUKOB,
M3 KOTOPBIX CKJIAIBIBAIOTCS MTPOM3BOJIBHBIE OMEPATOPDI, COXPAHAIOIIHE IUIbIOHKTHOCTh. [1OATBEPXK T€HUE ITOTO
re3uca (HPAKTUIECKU U ABISIETCS METbI0 Beel Harmel paboThl ¢ STUMHU KJIACCAMHE OMEPATOPOB.

Kowmmo3unyn BeCOBBIX OITEPATOPOB ¥ OMEPATOPOB CJBUTA, €CJIM W HE WCUYEPIBIBAIOT KJIACC BCEX OMEPATO-
POB, COXPAHSIOMINX AUIBIOHKTHOCTD, TO, MO KpaitHe Mepe, (bOPMUPYIOT BECbMa TMPEICTABUTENbHYIO €r0 YacTh.
VmenHO 0 TaKMX KOMITO3UIINAAX HOWIET pedb B 3TOM maparpade.

0.11.1. Kpumepuu WSW-npedcmasumocmu

OmnepaTopoMm B3BEIIEHHOTO CIBUTA MBI Ha3zbiBaeM omeparop, umewnmmuit WSW-npencrapnenune, 1. e. npe-
craBuMbIil B Buje kommosuiiuu W o S o w aByx opromopdusmoB w u W u oneparopa capura S. Opromop-
duzmbl w v W HaA3BIBAIOTCSA COOTBETCTBEHHO BHYTPEHHUM M BHEITHUM BECOM OIE€pPaTopa, a S — ero CABUTOM.
B paznene 6.4.1 npoussesen mompoOHBIN aHAIN3 3TOTO TOHATHS Ha ypoBHe onpenenenus. (OCHOBHON Kpure-
puii WSW-npencrasumoctu npueefen B teopeme 6.4.2: omeparop nmeer WSW-npencrapienune ¢ BHYTPEHHUM
BECOM W TOTJA W TOJBKO TOT/A, KOT[a OH COXpPAaHSeT MU3bIHKTHOCTH, MOPSIKOBO OTDAHWYEH W ITHPOK HA
smemenTe lg /w. Wnefirno 6musknit kputepuit chopmymmposan B [110: 3.12]. O6obmenne moHATHSA OnEpaTopa
B3BEIIIEHHOTO CABUTA HA CJIy4ail PErneTovHO HOPMHUPOBAHHLIX TPOCTPAHCTB mpuBeaeHo B 6.4.6. Pazmemnst 6.4.4
u 6.4.7 BKIIOYAOT pasHoobpasHbie Kpurepuu WSW-npeacraBuMocTn A1sl OepaTopoB, AeHCTBYIONHNX B K-11po-
CTPAHCTBAX M PEIIETOYHO HOPMUPOBAHHBIX MpocTpancTBax. OTMETHM, 9TO OJUH W3 MOCTATOYHBIX MPU3HAKOB
WSW-npencrasumoctn (Bropoe npemioxkenne 6.4.4) 6p11 ommbOTHO OligHeH B cTarhe [2: Teopema 5] Kak HeobXo-
numbiii. B paznene 6.4.4 npusesen coorsercrByoiuit KouTprupumep. O cyImiecTBOBAHNT AHAJIOIHIHOTO IPUMEDPA,
A.B.Konaynosa ynomunaercs s [110: 3.14].

Heobxonumo cka3ars, YTO BBEIEHHOE HAMU IIOHATHE ONEPATOPA B3BEIIEHHOI'O CABUTA HECKOIBKO OTJIMIAET-
Cd OT AHAJIOIMYHON KOHCTPYKUMH, OOBIYHO PACCMATPUBAEMOl B imTeparype. B KIacCHYecKOM aHAIUTUIECKOM
[PEJICTABIIEHHN ONEPATOPA, COXPAHSIONIETO AU3bIOHKTHOCTD, (CM. [3: Teopema 6; 4: Teopema 4.1; 103: npemio-
kenue 3 u caencrsue 3.1; 84: reopemsbr 2.8 u 2.9; 2: Teopema 6; 110: 3.8-3.18]) orcyrcrByer BHyTpeHHUII Bec.
MpsrI paciieHrBaeM 310 0OCTOATENHCTBO KAK HEDOJIBION HETOCTATOK CYIIECTBYIONMIEH TEOPUH, B YaCTHOCTH, ODa-
HUYMBAOIINI KJIACC PEATU3alNil BEKTOPHBIX PEIeTOK, 00eCednBaonux TpedyeMoe IpeICcTaBIeHne OepaTopa,
¥ YCJIOKHSIOMNN 33/1a9y [VIOOAIBHOM pean3aliuy OnepaTopa, T. €. 33434y 00 aHAJUTUIECKOM MPEICTABICHUN
olieparopa Ha Beeii obsacTu olpeeeHus (a He HA OTAEJIbHBIX ee (PparMeHTax).

B [21: 2.2.3] upuseuen 0630p pe3ysibraroB 00 0-HEIPEPLIBHBIX OLEPATOPAX B3BELIEHHOIO CABUIA, JeHCTBY-
IOIUX B MPOCTPAHCTBAX HU3MEPUMBbIX GyHKIWE. TaMm ke MMETCHd W MHOTOYNUCIEHHBIE CCHIJIKH HA CTATBH O
WSW-npeacrasjieHun ©30MeTpuUil IPOCTPAHCTE U3MEPUMbBIX BekTop-(yHKIWmii (Teopembl Banaxa — CroyHa).

0.11.2. Pearusayus onepamopos 636eueHH020 cO8U2a

Peasimzaius oneparopa B3BEIIEHHOIO CABUTa, Jeicreyiomero u3 ugeana Coo(P) B umean Coo(Q), npen-
craByisier coboil ymHOXKeHue 3eMenTa Ha dukcupoBannyio bysxiuuio w € Coo(P) ¢ mocnenyromel 3aMeHoi
MepeMeHHON TTOCPEICTBOM HeNpephiBHON (byHKImu s: (Q — P u 3aBepmaimuM yMHOXKEHIEM Ha (PUKCUPOBAH-
uyo dyukuuio W € Co(Q), 1. e. 3Hauenue oneparopa 1’ Ha 2JeMEHTE € peaju3yercs CIAeLyiomuM obpa3om:
Te=W - ((w-e)os) (cm. 6.5.10, 6.5.11).

B pa6ore nokazano (reopema 6.4.6 u 3amedanue 6.4.6 (2)), 4To oneparop B3BEHIEHHOrO CABHIA, JIEHCTBY-
IOIIHH B PEIETOYHO HOPMUPOBAHHBIX MPOCTpaHCTBax, nuMeer WSW-npencrapieHue co CKaasIpHbIM BHY TPEHHUM
Becom. Bmaromapst sTomy (akTy AHAIATHYECKOE MPEJICTABICHHUE OIEpATOpa B3BEIIEHHOTO CABHTA W3 U1ea-
na Coo (P, X) B unean Coo(Q,Y) 3uaunrensuo yupormaercs (Teopema 6.5.18) u npuobperaer ciaeayiommii BUI:
Tu=W® ((w-u)os), rae w € Cx(P), s € C(Q,P) u W € Coo (Q, B(X 05,))). Besycosro, Takoe npes-
cTaByieHre ObLIO OBl HEBO3MOXKHO 063 TIpeIBAPUTEILHOIO CO3IAHN TEOPHUH IIPOCTOPHBIX HAHAXOBBIX PACCIOEHNH
(cm. 0.2.8) u BaHAXOBBIX PACCIOEHHH ¢ onepaTopHbIMU ctosMu (cMm. 0.9.4).

B pasrosope 06 oneparopax B3BEIMIEHHOI'O CABUTA U UX PEATU3ANUAX YMECTHO OTMETUTH, YTO B GOJIBITHH-
cTBe ciy4daeB n3omerpun LP-mpocTpaHCTB BEIECTBEHHO3HAYMHBIX (DYHKITNH 1 BEKTOP-PYHKIMI TPEICTABIAIOT
co0bOit UMEHHO Takue onepaTopbl. M3ydueHnuio 3TOro BOMpOCa, MOCBSIMIEHO HACTOIBKO MHOIO pafoT, 9TO MOMKHO
CMeJI0 YTBEPXKIATH O CYNIECTBOBAHUM CAMOCTOSTENIBHOW TEOpUH TPeNCTaBIeHns u3oMeTpuit LP-mpocTpaHcTs,
GoraToil rIyOOKAMY PE3YIbTATAME W 3aTPATMBAIONIEH Pa3HOOOPA3HBIE ACTIEKTHI TEOMETPUN DAHAXOBBIX (DYHK-
IUOHAJIBHBIX TTPOCTPAHCTB, PEIIETOYHO HOPMUPOBAHHBIX MTPOCTPAHCTB M MPOCTPAHCTE CO CMENIAHHOW HOPMOM.
O6cy:keHne COOTBETCTBYIONINX PE3YABTATOR BBIXOAUT 33 PAMKHM JAHHOTO 0030pa W MBI OTDAHUIUMCS JIHIITH
yIOMHUHAHHEM HEKOTODbIX M3BECTHBIX HaMm crareil u monorpaduii: [1, 65, 109, 118 126, 127, 139, 148-151, 167,
188,241]. Cwm. takke 0630p [21: 2.2.3].
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0.11.3. Pasaooicenue 6 cymmy ONEPamopos 836eWeHH020 CO8U2a

Jlo cux TOp HU OJAWH W3 PEATM3ANMOHHBIX PE3YJIbTATOB HE 00ECHeYMBAJ PEATU3AINUI TPOU3BOJIBHOIO
MTOPSITKOBO OTPAHUIEHHOTO COXPAHSIOIIETO N3 BIOHKTHOCTE OIIEPATOPA Ha BCell objiactu ompenesienus. Kaxmas
TeopeMa O NPeICTaBIeH!H JUO0 OrPAHIYMBAJIA KIACC PACCMATPUBAEMbIX Oleparopos (HanpuMep, TpeGoBaHueM
HOPSIZKOBOI HEMPEPHIBHOCTH ), IHOO OrPAHUYUBAJIA KJIACC TPOCTPAHCTB (HAIIPUMED, PACCMOTPEHHEM OAHAXOBBIX
perierok), ubo He rapaHTUpoBaa (DYHKIHOHAIBHYIO PEATU3AIMIO HA BCel 00/JacTy ONpPEIe/eHNs OIepaTopa
(a mumb, HAIPUMED, Ha ee IMIaBHBIX nieartax — cM. [108: reopema Al).

Ha narmm B3rsa, 6e3yCremnHocTs TOUCKa TI00AIHHOM PeATN3aINK OIePATOPOB, COXPAHSIONINX N3 bIOHKT-
HOCTB, BO MHOTOM OOYCJIOBJIEHA OTCYTCTBAEM BHYTPEHHErO BECA, B ONPEIETEHUHN OMIEPATOPA, B3BEIIIEHHOTO CIBUTA.
BesycioBHO, BHYTPEHHMIT BEC MOYKHO JIUMUHUPOBATD 33 CUET HAIEXKAIIEH peaJn3alni MPOCTPAHCTBA 001acTH
omnpeneenns (U, M0-BUIAUMOMY, MMEHHO 9TO COOOPAYKEHUE MOCILY 2KHUII0 IOBOJOM JIJIs [IOJHOIO YCTPAHEHUsS BHYT-
peHHero Beca u3 paccMorpenus). OJHAKO KaxK/asd TAKasd 3aMeHa Deau3aluu BiedeT 3aMeny QyHKIMOHAIBHOIO
NPEJICTAB/IEHNUS OTIEPATOPA, U BIIOJHE MOXKET OKA3aThCs (M, KAK MOKA3BIBAIOT TIPUMEPBI, HHOTIA JIEHCTBUTENHHO
OKA3bIBAETCS ), UTO HU OJJHA 3aMEHA PeaJU3al[MK He B COCTOSHUHU JATh IJI0DAIbHOE NPEICTABIeHIe — Ha BCeil 00-
JlacT! onpe/iesienHnsi. IIpuMep HMEHHO TAKOTO HEYAAYHOTO CTevdeHNs 00CToATenbCTs mpuBesieH B [108: mpumep 2]
¥ BOCTIpOU3BeJieH HaMu B 6.4.5.

Beenmenne BHYTpEHHErO Beca B OIMpeJeJIeHNE OMEPATOPA B3BENIEHHOTO CIBUTA MO3BOJIMIIO BIEPBBIE MOJY-
9UTH TI0OANBHYIO pean3aruio. KaoueBbiM pe3yabTATOM HA MY TH TIONCKA TPEDYEMOTO MTPEICTABICHNS SIBJISTETCS
pa3yioKeHne TPOU3BOIBHOIO MOPIKOBO OTPAHUYEHHOTO COXPAHSIONIETO U3 bIOHKTHOCTH OMEPATOPA B PEIIETOY-
HO HOPMHUPOBAHHBIX MPOCTPAHCTBAX B CHJILHO JUIBIOHKTHYIO CYMMY OIEPATOPOB B3BEIIEHHOTO CIABUra, (Teope-
Ma 6.4.8). DTOT pe3yabTaT SBJASETCI HOBBIM JIayKe IJIs Caydad oneparopa B K-npocrpancrsax (reopema 6.4.5)

CrencrBreM TaKOTO PA3JIOKEHNS SIBUJIOCH UCKOMOE TJI00aIbHOEe (DYHKIMOHAJIBHOE TTPEICTABIEHNE TTPOU3-
BOJILHOI'O COXPAHSIOIIEr0 U3 BIOHKTHOCTD OLEPATOpa, JAeHCTBYIOIEro Kak B K-npocrpancrsax (teopema 6.5.12),
TaK U B PEIIETOYHO HOPMHUPOBAHHBLIX NpocrpancrBax (reopema 6.5.19).

[nobanbrast peanu3alus OMepaTopa, COXPAHSIONEr0 U3 bIOHKTHOCTD, MTO3BO/ISIET WHTEPIPETHPOBATH €ro
CBOICTBA, BHIPAYKEHHBIE HA A3bIKE AOCTPAKTHON aaredpanveckoil CHCTEMbI, B TEDMUHAX €r0 KOHKPETHOTO (DYHK-
[IMOHANBHOTO TIpeicTaBiennst. TIpuvepsl mMomOGHBIX MHTEpNpeTaIii nmeroTcs B [172: Teopema A; 138; 63; 64:
reopembr 2, 3, 3', 3", u 4; 21: 2.2.3; 61,62, 171, 178; 116; 2: Teopembr 8-10].

B rexcre nmammHOl auccepranuy NPUBEIEHBI WHTEPIPETAINY TAKUX CBOMCTB OMEPATOPA, COXPAHSIOIIETO
JU3BIOHKTHOCTh, KaK O-HENPEePLIBHOCTH (Teopema 6.6.3), nuubekTuBHOCTE (Teopema 6.6.5), uueanbHOCTh 00pa3a
(nmpeggiozkenue 6.6.10 u Teopema 6.6.12), coxpanenue nogmoyeit (npemioxenue 6.6.14 u reopema 6.6.15).
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CInucoK OCHOBHBIX P€3yJIbTaTOB

e Paszpaborana KOHUENUA HOPAAKOBON ANIPOKCUMALIMY B PEUIETOYHO HOPMUPOBAHHOM IIPOCTPAHCTBE,
OIMCaHbl 0-3aMbIKanus 1 o-nonosuenns (0.1.5, §1.5).

e  Bregennl n uccaenoBaHbl YETHIPE THTIA TTOPSIKOBOH OTPAHUYICHHOCTH OTIEPATOPA, TPABEICHBI TPAME-
Pbl, J0Ka3biBamomme ux nonapuoe Hecosnagenue (0.1.6, §1.6).

e  JIoKa3aHO, 9T0 B 3KCTPEMAJIHLHO HECBS3HOM KOMIAKTE MOHSATHS W30JUPOBAHHON M 0 -H30JMPOBAHHOM
rouek copmamaor (0.2.2, 1.1.9).

e  YCTAHOBJIEHA BO3MOXKHOCTB MPOJOJIKEHNST HEITPEPLIBHBIX (DYHKINN, BeKTOP-DYHKIUA U CedeHnil Ha,
HanboJbIIe 06J1aCTH OIPE/IEIeHNs; TAKOe IPOIOJIZKEHIE JIErJIO B OCHOBY ITOCTPOEHUsI COOTBETCTBYIO-
wmx yHKuuonaabHbix npocrpancrs (0.2.4, 0.2.5, 0.2.9, 1.1.1, 1.1.2, 2.5.1, 2.5.2, 5.1.1, 5.1.4, 5.1.5).

e Coszmana Teopus IPOCTOPHBIX HENPEPHIBHLIX OaHAaXOBLIX pacciaoenuii (0.2.8, rmasa 3).

e  OcymrecTBieHa pean3aiys PEIeTOYHO HOPMUPOBAHHOTO MPOCTPAHCTBA B BHUJIE TPOCTPAHCTBA HEITpe-
PBIBHBIX PACHIMPEHHBIX CeUeHUil mpocTopHoro banaxosa paccioenus (0.2.9, §3.4).

o Coznana Teopusi H3MepPUMBIX ODaHaXOBBIX paccioennit (0.3.4, rmasa 4).

e JIokasaHO CyIECTBOBAHME JTU(MTUHTA B PA3JUUHBIX MPOCTPAHCTBAX CJ1a00 W3MEPUMBIX BEKTOP-(DYHK-
uwii (0.4.3, 5.3.11-5.3.13).

e Bgreneno nonsatme nudTHHTA B NPOCTPAHCTBE HU3MEPUMBIX CCUEHWH W CO3JAHA COOTBETCTBYIOMIAS
reopud (0.4.4, §4.3, §4.4).

e Ilonyuena peanmsanus MIUPOKOTO KJACCA PENIETOYHO HOPMHUPOBAHHBLIX NTPOCTPAHCTE B BHJE MPO-
crpancTB uaMepumbix cedennit (0.3.4, §4.4).

e Pazpaborana KOHIENIHS CTOYHOBCKOTO IIPE0OPA30BAHNS [IJTst M3MEPUMBIX (DyHKITHN, BEKTOP-QyHKITHH

u cevermit (§0.5, 1.3.13, 4.3.4, 4.3.5, §5.3).

e PaznoobpasHble CBOMCTBA PENIETOYHO HOPMHUPOBAHHBIX IIPOCTPAHCTB HHTEPIPETHPOBAHBI B TEPMHUHAX
ux peanmzamuii (§0.6, 2.5.7, §3.4, §4.4).

e  C IIOMOIIBIO MOHATHS TEHN OIIEPATOPA PEATU30BAH METOJ, T"-d-PACHIEILIIEHUS 1151 NCCJIETOBAHMAS OIIePa-
TOPOB, COXPAHAIOIIAX TU3bIOHKTHOCTE; PEIeH PAJIL 38144, CBI3aHHBIX ¢ IOPAIKOBON HEIIPEPBIBHOCTHIO
rakux oneparopos (0.8.1, 0.8.2, §6.1).

e  OmpoBeprHyTa THUIOTE3a O COBIAACHUM KJIACCOB JIOKAJIHHO OJHOMEPHBIX U JUCKPETHBIX K-TIpo-

crpancts (0.9.1, 6.2.1-6.2.9).

o Ilosyuenst onucanusi roMOMOP@U3MOB OGAHAXOBBIX PACCIOEHHI B TEPMUHAX UX JEHCTBUS HA CEIEHUAX

(0.9.3, §2.4).
e Ompenesieno u u3ydeHo 6aHaxoBoO paccjoenue mpocrpancts oneparopos (0.9.4, §3.2, 4.4.6).

e Buepsble BBEIEHO NOHITHE CONPSXKEHHONO DAHAXOBA PACCIOCHUS U UCCIEIOBAHA COOTBETCTBYIOIIAS
npoiicreennocts (0.9.5, §3.3, 4.4.7).

e Beeseno m mccaen0BaHO TIOHATHE ONEPaTOPa CIBHATA B BEKTOPHBIX PEIIETKAX W PENIETOYHO HOPMHUPO-
BanHbIX npocrpancrsax (§0.10, §6.3).
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I'nasa 0. OB30P PE3YJ/IbTATOB

Ilonydeno pazsoykeHMe TPOU3BOJIBLHOTO MOPATKOBO OTPAHUYEHHOI'O COXPAHSIONIETO NTU3bIOHKTHOCTD
OIIEPaTopa B CUIBHO JAM3BIOHKTHYIO CYMMY OIIEpaToOpoB B3BemeHHoro casura (§0.11, §6.4).

Monydensr QyHKIMOHANBHBIE TPEICTABIEHUS I MIAPOKOIO KJIACCA OMEPATOPOB, COXPAHSIIONIIX
JU3bIOHKTHOCTh, M JIaHa MHTEpHpeTanus ux cBoiicts B repmunax peanmsanuu (0.9.6, 0.10.3; 0.11.2

0.11.3, §6.5, §6.6).
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Tmasa 1. IIPEJIBAPUTEJIbHBIE CBEIEHNA

OcHOBHBIME 00BEKTAMHU, C KOTOPBIMU BefleTcss pabora B IUCCEPTANNHN, SIBJASIOTCS 3KCTPEMATBHO HECBSI3-
HBbIE KOMIAKTBI, [POCTPAHCTBA C MEpOil, Oy/aeBbl anreOGpbl, BEKTOPHBIE permeTky (TaaBHbIM 00pasoM, K-mpo-
CTPAHCTBA), PEIIETOYHO HOPMUPOBAHHBIE [IPOCTPAHCTBA, PErYJISPHbIE H MAasKOPUPYEMbBIE OLEPATOPLL, DaAHAXOBBI
PACCTIOeH s, a TaKyKe HeMTpephIBHBIE N M3MepUMbIe (DYHKIINN PA3HBIX TUTTOB — BellecTBeHHbe (DYHKITNH, BEKTOP-

dbyHRIMY U ceueHnst DAHAXOBBIX PACCTOEHUIN. DT TJIaBa CONEPIKUT MPEIBAPUTEBHBIE CBEIEHUsT O OOJIBITMHCTBE
"3 TIEPEUNCIEHHBIX 00HEKTOB.
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§ 1.1. Tommosiornveckue IIpOCTPAHCTBA U MIPOCTPAHCTBA C MEPOii

Nrest MAKCUMAIBLHOTO paciiupenus (= HAUOOJBIIErO MPOJOJIKEHNUsT) TLIOTHO OMPEIe/IEHHBIX HEMPEPhIB-
HBbIX (DYHKIWMH ABIsIETCsT yA0OHBIM WHCTPYMEHTOM MOCTPOEHHsT W M3yUeHUs PA3HOrO Poaa (DYHKIIMOHATIBHBIX
npeacrapiaennii. Hapsimy ¢ ApyruMu CMEKHBIME BOIPOCAME, B 9TOM maparpade Mbl 006CyXkK1aeM BO3MOXKHOCTH
TAKOTO TIPOIOIIKEHUS.

Cpeny OCHOBHBIX OOBEKTOB, BO3HUKAIOIINX B XOIE M3JIOXKEHUS, YKCTPEMAJILHO HECBSA3HBIN KOMITAKT BCTPE-
qaeTcs, moxKaayi, Haubosee vacto. [TomynastpHOCTH 9TOTO TOMOMOTHHUECKOTO TTPOCTPAHCTBA 00LSICHIETCS TEM, UTO
MMEHHO OHO BBICTYTAET B POJU OOJACTH OMpeneseHust i (DyHKINH, yIacTBYIOIIAX B AHAJTUTHIECKOM TIPEJI-
CTaBJIEHUH BEKTOPHBIX DEIIETOK W PEIeTOYHO HOPMUPOBAHHBIX MPOCTPAHCTE. B manHOoM maparpade uiaer pedb
00 3KCTPEMATHLHO HECBSI3HBIX KOMIIAKTAX, & TAK¥KE HEKOTOPHIX CBONCTBAX WX MMOJAMHOMXKECTB U TOUYEeK. B gacTHO-
crr, 00CYXKIaeTCs TOHATHE 0 -U30JUPOBAHHON Toukn. CBemeHust 00 HKCTPEMATBHO HECBSI3HBIX KOMIIAKTAX B UX
cBa3u ¢ OyneBbiMU aiarebpaMu U BEKTOPHbIME pemnerkamu umerorcsd B [33, 100]. O6mume Tononoruvyeckue cBoii-
CTBA YKCTPEMAJILHO HECBA3HBIX KOMIIAKTOB H0APoBHO obcyxaatorca B [233]. OcuoBubie dakrsl 06 abcosorax
W WIEeN WX MOKa3aTeIbCTB MOXKHO HaiTh B [8: 1. VI, §6].

B 3rom maparpade mepevncieHsl TakKe OnMpenesieHus W 0DO3HAUEHUs, Kacamollnecss Apyroro 6a3oBoro
MTPOCTPAHCTBA, PACCMATPUBAEMOTO B JUCCEPTAIIH, — TPOCTPAHCTBA ¢ Mepoil. IIpuBeneHbl TOHSATHE 1 OCHOBHBIE
cBoiicTBa sudTUHTA B (HAKTOP-TPOCTPAHCTBAX HU3MEPUMBIX (DYHKIMI M MHOMXKeCTB. PazmudHble MOIXOIBI K
OIIPEIEJIEHUIO MEPBI M MHTErpaJsa noapobHo uzsoxkensl B [169]. B [59] mpocrpancrsa ¢ Mepoil pacCMOTPEHSDI,
noxanyit, ¢ naubosee Giu3koil Ham Touku 3penus. Mouorpadus [166] aBisiercs OCHOBHBIM MCTOYHUKOM
ceefienuit o audruare. Kommakramu Mbl, KAk OOBITHO, HA3BIBAEM XayCI0PQOBBI KOMIIAKTHBIE TOMOJOTHIECKUE
IIPOCTPAHCTBA.

1.1.1. IIycre X u Y — Tomosorudeckue MpOCTPAHCTBA, mpudeM Y xaycaopdoso, D — BCIOIY IIOTHOE
moamuo)kectBo X n f: D — Y — nempepwiBHas GyHKImsA. Byaem ropoputh, uTo GyHKINS [ umeem npeden
y € Y B rouke x € X, ecnu mus awo6oit okpecraoctr V€ Op(y) maiinerca okpecrnocrs U € Op(x) rakasi,
gro f[U] C V. (Baecy n namee Op(xr) — COBOKYNHOCTH BCEX OTKPBITBIX OKpecTHOCTel Touku x.) Braromapsa
HENPEPBIBHOCTH | HAIIE OIPEIEICHNE TPEIEa OTAMYALTCS OT KJIACCUIECKOTO JIUIITL TE€M, 9T0 3HAYeHUs (DYHKIUI

B M3O0JUPOBAHHBIX TOYKAX OOBLABISIOTCS €e MpejejiaMu B 9THX TOYKaX. PaccMoTpum MHOXKeCTBO [ BCex
Touek * € X, B KOTOpbIX DyHKIMA f mMeeT mpejes, u 0603HAUUM ITOT npemen udepes f(x). Scmo, uro
bymkius f: D — Y awagerca npogoikenuem f. Eciam dymkims f HenpepbIBHA, TO MBI OyleM Ha3bIBAThH
ee MaKCuUMaAbrbiM pacuwuperuem f u obosnayvars cuMposiom ext(f) uiu, Gosee noapobuo, exty (f). OueBummo,
MakcuMasibHOe paciuupenue f (Kojib CKOpO OHO cymeCTByeT) SBJISIETCST HAMOOIBIIMM HEIIPEPBIBHBIM Y -3HATHBIM
IPOIOJIZKEHIEM f. Tounee rosops, ecoin D C DcXu f: DY — HEIIPEPBLIBHOE IPOJOJIXKEHUE [, TO DcD
u f = f na D. Hure Mbl HOKazKeM, 4TO MAKCUMAJIbHbIE PACLIUPEHHs! CYIECTBYIOT JOBOILHO 1aCTO.

ObbenuHenns CIeTHBIX CEMEHCTB HUL/IE He IUIOTHBIX MHOYXKECTB (= MHOXKeCTBa [epBoil Kareropuu 1o Bapy)
MIPUHATO HA3BIBATH MOUUMU, & JOTOJHEHUS K HUM — KOMOW UMY MHOXKECTBAMH.

Jlemma. (1) Ecan npocrpancrso Y KOMIIAKTHO, TO f HMeeT MAaKCHMAJIbHOE DACHIHDEHHE, T. €. (DyHKIs
f HerpeppiBHA.
(2) Ecin' Y — merpusyemblii KOMIOakT, T0 D — KoTOIIEe MOIMHOXKECTBO X .

<« Jlna kaxpoit roukn x € X mosmoxum F(x) = mUEOp cl flU], toe ¢l — onepanusi 3aMbIKaHWS.

Brarogaps KoMmakTHOCTH Y 3aMKHYyTBIe MHOMKecTBa F(x) memycrel. fcro, aro D COBHa,ZLaeT C MHO>KECTBOM
Bcex rex touek ¢ € X, musg koropbix F'(z) cocrour uz ommoro snemenra. IIpu srom F(x) = { fz } JIJIsT BCEX
reD. L _

(1) HOycts @ € D u V € Op(f(z)). Toraa ﬂUEOp(a:) c flU] € V. B cuny gomnakraocru Y u buib-

TPOBAHHOCTH CEeMeHCTBa (cl f[U]) Hafimercs takasg okpectHocts U € Op(x), gro cl f[U] € V. Hua

U€Op(z)
,ZLOKaBaTeIIbCTBa HenpepeIBHOCTH f ocTanoch 3amerutsb, aro f(z') € F(2') C ol f[U] C V ana seex 2/ € DNU,
1. e. flU] C

(2) ,HJIH Kax a0l Toukn x € D u uucna n € N oboznauum uepes V, ( f (:v)) OTKPBITLIA IIAp C IEHTPOM
f(x) pamuyca 1/n u 3adukcupyem Takyio oxpectHocTs Uy (2) € Op(x), uro f[Un(x)] C Vi (f(x)). Homoxum
U, = Uwe D U,(x). Tockonbky U, — OTKDBITBIE BCIOJAY TLIOTHBIE MOAMHOKECTBa X, JOCTATOYHO MOKA3ATH,
a10 (,,en Un C D. Iycrs Z €
COOTHOIIEeHUH

nen Un. Torma maiiayres takume sjmeMenTs T, € D, aro T € (), oy Un(zy). U3

F@E) = () dfft] € () dfUnlzn)] € [ dVa(f(zn))

UeOp(z) neN neN
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crenyer, uto F(Z) — OIHOIIEMEHTHOE MHOXKECTBO, T. €. T € D.  »

Teopema. Ilycts X uY — rtomosiormyeckue mpoCTPAHCTBA, IpHYeM Y BIOIHE peryasapro. Torma mrobast
HelnpepbiBHAs (pyHKIHA f, onpenejeHHAA Ha BCIOAY IJIOTHOM moaMHoxkecrse X m JedicrByromas B Y, HMeer
MakcaMasbHoe paciupenne exty (f). Ecin'Y — xoroniee nojaMHOXKECTBO METPU3YyEeMOI0 KOMIIAKTA, TO 001aCTh
ompenenenus exty (f) apisercs Koromum HOqMHOXKeCTBOM X .

< Tycrs Y — kaxag-mu6o xommaktudmkamusa Y (em. [233: 14.2]). Torma mo yreepxaenmio (1) semmbr
CYTTECTBYeT MakcuMajbHOe Y -3HagHoe pactmpenue exty-(f) dymxkmm f. Slero, uto exty( f)|Y = exty (f).
Vreepxaenue 06 obnactu onpejgenenus exty (f) caeayer us yreepxkiaenus (2) aeMmbl. B

1.1.2. IIycte X — 69poBCcKOe, a Y — BIIOJIHE PEry/IsipHOE TOMOJIOTMIECKOe TPOCTPAHCTBO. Hempepshis-
Hy0 bYHKIMIO, ONPEJEIeHHYIO Ha KOTOIEM (8 CJIe0BATEeNbHO, BCIOY ILUIOTHOM) HoaMHOKecTBe X U jeficTBy-
0M1y10 B Y, Oy/eM Ha3blBATh Paculupennotl, i OHa COBIIAIAeT CO CBOMM MAaKCHMAJBHBIM paciiupeHnneMm. B
TOM CJIy4ae, Korjaa Y SBIgeTcs KOTOIMUM MOAMHOKECTBOM METPU3YEMOro KOMIIAKTA, YCJIOBUE HA 00JIACTD OIpe-
JIeJIeHUs] PACIIUPEHHOH (YHKIMA MOKHO OCJIabUTh, OTPEOOBAB JIMIIE ee MIOTHOCTL B X (cM. Teopemy 1.1.1).
COBOKYIHOCTH BCEX paciiupeHHbix dhyHkimil usz noamuokects X B Y obosnadaercs depes Coo (X, Y).

Muoxkectso Coo (X, R) pacimpensbix BenecTBeHHbIX (GyHKIM o603Hauaercs 6osiee KOpOTKO: Coo(X).
MuoxkectBo Coo(X) MOXKHO eCcTecTBeHHBIM 00pa3oM CHAOIUTH CTPYKTYPOH BEKTOPHOIO MPOCTPAHCTBA U AJi-
rebpoi: mast f,9 € Coo(X) u A\, € R caenyer nmonoxurs Af + pg := eXt()\f’domg + ,U/g’dmnf) u fg :=
ext ( f ‘dom g g‘dom f). IMoxoxum o6pazom MuOKECTBO Coo (X)) Hanensercsa (dacTudnbiM) nopsakoMm: [ < g, eciu

f(z) < g(z) nna Becex x € dom f N dom g. OrHOcuTEnbHO BBEeHHBIX oneparyil Coo(X) siBIAETCH BEKTOPHOM
PEITeTKON U YIIOPSIIOUEHHON KOMMYTATUBHON ayredpoil ¢ equHUIIEH.

1.1.3. Cuenyer uMerh B Buy, uto dyrkmua f € Coo(X) me oba3ama nmers npopomxenue f € C(X,R).
CoBOKyIHOCTE Tex (BYHKIH f, y KOTOPLIX YKa3aHHOE IIPOJOJIKEeHHe f CyIIecTByeT, OyneM 0003HAYATH CHMBO-
aoM Coo(X). Oynrumm f u f 06BIYHO OTOXKIECTBIAIOTCA, OMHAKO 3a cuMBOJIOM dom f coxXpaHAeTca 3HadeHUe
F7YR]. Buacrroctu, amucu | f(z)| < con |f(z)| = co osmagator coorserctenno = € dom f u x ¢ dom f. Oue-
BHIHO, 061acTh onpeenenns mo6oit by n3 C o (X) ABIATCS OTKPBITHIM 0 -3aMKHYTBIM BCIOLY TLIOTHBIM
noxamaokecTBoM X . (Hamomunaem, 4To MOAMHOKECTBO TOHOJIOTHIECKOIO TPOCTPAHCTBA HAZBIBAETCS O -3 AMKHY-
MYLM, €CJTH OHO TIPEICTABUMO B BUJIE OO'bEIMHEHNS TOCTETOBATEIBHOCTH 3AMKHYTHIX MHOYKECTB. [10IMHOXKECTBO,
UMEIOIIEee 0 -3aMKHYTOE JIONOJHEHNE, HAZBIBACTCH O -OMKPbIMbLM. )

1.1.4. Tomosoruvyeckoe MPOCTPAHCTBO X HAZBIBAETCS BNOAHE HECEA3HbIM, ecii coBOKymHOCTH Clop(X)
BCEX OTKPBLITO-3aMKHYTBHIX (T. €. OTKPBITHIX U 3aMKHYTBIX OﬂHOBpeMeHHO) IIOOMHOXKECTB X apnsercsa 6a3o0ii ero
OTKPHITOH Tomosoruu. Ecan 3ambikanmne cl U Besskoro oTkpwiToro nogMuoxkectsa U C X SBISETCST OTKPBITHIM,
TO MPOCTPAHCTRO X HA3BIBAETCS IKCMPEMAALHO HecasHbuiMm. FEcan ke 3ambikanne cl U OTKPBITO JANTTH JJI5T JIH0-
60ro OTKPBITOTO 0 -3aMKHYTOrO MHOKeCTBa U C X, TO mpOoCTpaHcTBO X HA3BIBACTCH O -IKCIMPEMAALHO HECEAZ-
HYLM VT K8A3UIKCMPEMANLHO HECEA3HBIM. BCsKOE perysipHoe 9KCTPeMaIbHO HECBSI3HOE TIPOCTPAHCTRO BIIOJTHE
PETYJISPHO ¥ BIIOJIHE HECBSI3HO. TakuM 0OPa30M, Pery/sipHbIE 3KCTPEMABHO HECBS3HBIE MPOCTPAHCTBA — ITO
B TOYHOCTH BCIOAY IIJIOTHBIEC IIOAMHOXKECTBA 3IKCTPEMAJBbHO HECBA3HBIX KOMIIAKTOB.

N3BecTHO, 9TO IKCTPEMATBHO HECBI3HBIN KOMIIAKT siBisercd KommakTudukarueii mo Croyny — Yexy
J:060r0 CBOETO BCIOLY IJIOTHOTO HOAMHOMKecTBa (M. [233: 24.2]). Uubivu ciosaMu, eciu D — BCIOLY MIOTHOE
TIOAMHOXKECTBO 3KCTPEMAJILHO HECCBA3HOTO KOMTTaKTa Q n kK — HpOI/I3BOJIBHBIﬁ KOMTIaKT, TO BCAKaA HETTPEPhIBHAA

dyukuua f: D — K umeer (eguncTBeHHOE) HenpepbiBHOe npojosnkenue f: @ — K. B uacrrocru, Coo (Q) =
Co(Q)-

Ecnu QQ — o-3KeTpeMaiibHO HECBA3ZHBIH KOMIAKT, 8 D — OTKDPBITOE 0 -3aMKHYTOE BCIOJY ILIOTHOE IMOAMHO-
JKecTBO (), TO BesKas HempepbiBHas dynknus f: D — R nMeer (eI@HCTBEHHOE) HEMPEPHIBHOE MPOIOIKEHIE
f:Q — R (cm. [33: memma V.2.1]). Ucnombsys sror dakt, HEca0KHO yoeauThes B ToM, 9T0 Coo(Q) mpencras-
Jister co0oil BEKTOPHYIO moapemnierky u nomairebpy Co(Q).

1.1.5. B manbaeiinem HAM TPUTOIUTCS CAETYIOIIAs MOOugUKausa TeopeMbl Tutiie — Y PBICOHA.

Jlemma. Ilycre X — 3aMKHYTOE HOAMHOXKECTBO IKCTPEMAJIBHO HeCBs13HOro kommakTta (). Torga mobyro
Gyuxmo | € Coo(X) Moxuao nponomknts 10 Gyuxmma | € Coo(Q). /Las nomoKuTesHON 0/ 0N OTPAHITICH-
Hol (pyHKIHT [ MOKHO H0H06paTh MPOJOIXKEHHE | ¢ TeM Ke CBOHCTBOM.
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<« IIo reopeme Tutme — Ypoicona dbynxmus f umeer mpomomxernue [ € C(Q,R) (ecmu tpeGyercs,
HOJIOKUTEIbHOE U/ 1 orpanndentoe). Kaxngas touka x € dom f umeer oTkpbiTyi0 okpectaocTh U, C Q, B

KOTOpO# (pyHKIMS [ MpUHUMAET JIWIb KOHEYHbIE 3HAaUeHus1. ZIcHO, uTo dopMmya

f(q), ecamqecl Uxedomf U,

0 B IPOTUBHOM CJIy4ae

flg) =

OIpesesIsieT HCKOMOe Hpofo/nkenne f dyHkuun f. W
1.1.6. Ilycre X — TOmONOrmYecKoe mpoCTPAHCTEO.

Jlemma. Cuexyromue cpoiicrBa MaOKecTBa A C X 3KBHBAJICHTHBL:

(1) cymecrByer rakoe orkpbiToe muoxkectBo G C X, uro cummerpudeckas pasnocrb A A G spasercs

TOIIENH;

(2) cymecrByer rakoe 3aMmkHyToe MHokecrBo F' C X, yro cummerpuyeckas pasnocrs A A F sapisiercs
TOTIEH;

(3) cymecrByer Takoe 6opeaesckoe MHOXkeCTBO B C X, ur0o cummerpudeckas pazuocrs A A B apisercs
TOIEH.

Ecnu muoxecrso A C X yznosnersopsier Jjiiobomy u3 ycuosuii (1)—(3), To rosopar, yro ono obaazgaer
ceoticmeom Bapa. CoBoKymHOCTH Beex mojMHOKeCTB X | obnagaonux cBoiicrBoM Bapa, saBisercsa o-anrebpoii.

Teopema. Cienyromue cpoiicrsa ¢yuxmmn f: X — R skBuBaieHTHbI:

(1) mpoobpasz f~1[B] .mro6oro 6operesckoro mommuoxkecrsa B C R obnanaer csoiictsom Bapa;
(2) ama moboro ancna A € R muoxecrso {x € X : f(x) > A} obnanaer coticreom Bapa;
(3) cymectnyer Taxoe Kotomee nogvuoKectBo D C X, uto cyxenne f|p HempepsisHo.

Ecnu dyukuusa f: X — R yuaosnersopsier mobomy u3 yeiaosuii (1)—(3), 1o roBopsar, uro oHa obaagaer
ceoticmeom Bapa. JlokazarenbCcTBO HOCACTHEHR TEOPEMbI M HEKOTOPBLIE JAPYTHE CBEICHHS O MHOMKECTBAX H
dysrmax, obnamamux ceoiicrBoM Bapa, MoxkHO Haiitu B [233: paszzgen 15.6].

CaencrBue. Ilycrs D — KoTtormee nOAMHOXKECTBO G3POBCKOIO TOHOJIOTHIECKOTO IpocTparcTBa X . JLus
gobott pyaknuu f: D — R, obaagaronieii coiictBoMm Bapa n npHHUMAOINECH KOHEYHBIE 3HAYCHHST HA KOTOIEM

noamuoxkecrse X, cymecrByer eauncreennas ¢yuknus [ € Coo(X), coBuagamomias ¢ f Ha KOTOHIEM MOIMHO-
xecrBe X .

Taxyio byskmmo f Gymem oGosHauars cuMBosoM cont(f).

1.1.7. Bcskoe pery/sipHOE TOMOJOTHYECKOE TPOCTPAHCTBO OTHO3ZHAYHO 331a€T HEKOTOPOE IKCTPEMATHHO
HECBSI3HOE TTPOCTPAHCTBO, HA3BIBAEMOE €ro abcomroToM. [lOCKONBKY 9TO TOHSATHE B JajibHeleM Oyaer HAMU
HEOTHOKPATHO 33IefiCTBOBAHO, 1AM HeobXonuMble onpeneienus. 1lycrs X u Y — Tonmonornyeckue npocTpaH-
crBa. Orobpaxkenne a: X — Y Ha30BEM aOCOAOMHDbIM, ECTTH OHO

(a) CIOPBEKTUBHO;

(6) HenpepbIBHO;

(B) xoMmmakTHO, T. €. mpoobpas o~ !(y) kaxoit Toukn y € Y KoMIaKTew;

(r) 3aMKHYTO, T. €. IEPEBOANT 3aMKHYThIe oaMHOKecTBa ' C X B 3aMKHyTHIe ToaMHOXKecTBa o[ F] C Y
(1) HENpUBOAMMO, T. €. MEPEBOJUT COOCTBEHHBLIE 3aMKHYThie moiaMmuoxecrBa F' C X B cobcrBeHHble

nomMHOKecTBa o[ F| C Y.
Ab6coatomom perysspHOro TOLMOIOIMIECKOrO IPOCTPaHCTBA X HA3BIBAETCS TOMOIOIHYECKOE IPOCTPAHCTBO

L]
X, obnamaroriiee CIEIyOIIMME CBOMCTBAMHT:

(1) cymecrByer abcoaornoe orobpakenve X Ha X;

(2) ecau cymecrByer abcosOTHOE OTOOPAXKEHUE TOMOJIOrHYecKoro npocrpaicrsa X Ha X, 1o X romeo-

MOpdHO ).( .
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Teopema. Ilycts X — mpou3BOJIbHOE PEryIsIpHOe TOMOJOTHIeCKOe MPOCTPAHCTBO.

(1) A6conror X cymecrByer u eqUHCTBEH ¢ TOYHOCTHIO 0 roMeoMopgu3Ma.

(2) A6conror X BriosiHe peryJsipeH U 9KCTPEMaJbHO HECBSI3EH.

(3) Tonosioruaeckoe HPOCTPAHCTBO ABAAETC abcoioToM X TOIIA U TOJBKO TOIYA, KOLJIA OHO DErYJIsIPHO,
SKCTPEMaJIbHO HECBSI3HO H JOOYCKAeT abCOTIOTHOe oTobpaykenne Ha X .

(4) Mpocrparcreo X ABasgeTcs CBOEM COOCTBEHHBIM a6COIIOTOM TOLJA U TOJBKO TOLJA, KOLJIa OHO 9KCTPEe-
MaJIbHO HECBA3HO.
(5) A6coaror X koMIIaKTeH TOrAa W TOJBKO TOIJA, KOLIa HPOCTPAHCTBO X KOMIIAKTHO.

Hokazarenscrsa chopmynupoBanHbix hakToOB MOXKHO HafiTu, HanpuMep, B [8: ri. VI, §6]. Tam ke umeercs
noapobHast undopmaiys 06 abCOMIOTHBIX (= COBEPIIEHHBIX HEIPUBOAUMBIX) 0TOOPasKEeHHUAX, & TAKKE O JAPYIUX
TOIOJIOTHYECKUX 00BEKTAX, CBI3AHHBIX C abCOTIOTAMU.

1.1.8. TIlIpemmoxkenue. Cregyromnae CBOHCTBA OTKPBHITOrO mogMHox)ecTBa U BIOJIHE HECBSIZHOIO KOM-
nakra () paBHOCHJ/IBHBI:
(1) mmoxecrso U o-3aMKHYTO;
(2) wmmoxecrso U npencraBuMo B Brje 06beIUHEHH [OCTEI0BATEIbHOCTH OTKPBITO-3aMKHY THIX HOJMHO-
KeCTB Q;
(3) mmoxecrso U npeiacraBuMo B BHAE OObEAUHEHHS HOCAC0BATEILHOCTH TIOMIAPHO HE II€PECEKAIOUIHXCS
OTKDBITO-3aMKHYTBIX IIOJMHOYKECTB ().

Pazymeercs, mocnemmee TpeJIoKEHNe UMEET JTBOMCTBEHHBLIN BapUaHT, ONMUCHIBAIONINN 3aMKHYTHIE O -OT-
KPBITHIE TTOAMHOYKECTBA BIIOJHE HECBA3HOTO KOMITAKTA.

Ilpengmoxenne. Crenyromme CBOHCTBA IEMEHTa, ¢ IKCTPEMAJIbHO HECBSI3HOTO KOMIAKTa, () paBHOCHIh-
HBI:

(1) mepeceuenue 060l OCACAOBATEIBHOCTH OKPECTHOCTEH  SIBJISETCS OKPECTHOCTBIO (;

(2) eciu U — oTKpbITOE 0-3aMKHYTOE HOAMHOXKECTBO @, 10 u3 q € clU caenyer q € U;

(3) q upuHaLIEKUT TIOOOMY OTKPBITOMY 0 -3aMKHYTOMY BCIOJLY ILIOTHOMY HOJAMHOXKECTBY ();
(4) q € dom f aust snoboit byuxmn f € Coo (Q);

(5) s smoboii Gyuximn | € Coo(Q) naiinercs OKpecTHoCTb TOYKH ¢, B KOTOPOil f nocrosiHua.

Ecnu touka ¢ € ) yaoBAeTBOpseT JI060MY U3 9KBUBAJEHTHBIX ycuoBuil (1)—(5), To ee HA3BIBAIOT 0 -U30-
AUPosaHHot nan P -movkot.

1.1.9. Owuesuagno, a00as M30JIMPOBAHHAA TOYKa () ABJAAETCA 0-m3oauposanuoi. Ob6parHoe, BoobIe
roBops, HeBepro. JleiicrBuresibHo, mycTb X — MHOXKECTBO U3MEPUMOIl MOIIHOCTH, T. e. Ha asrebpe P(X) Beex
HOAMHOKeCTB X MOZKHO OlpPeeNuTh o-aaauTusayto mepy 6: P(X) — {0, 1} Tak, uro 6(X) =1 u §({z}) =0
mig Beex € X (em. [74: 1.9, §3]). O6oznauum uepes @ komuakruduraimuo 1o Croyny — Hexy [233:
14.1.1) nuckpeTHOrO TOMONOrMYEcKOro ipocTpancTea X [233: 14.4.1). M3BecTHO, 9T0 () ABISETCS IKCTPEMATBEHO
HeCBsA3HBIM KoMmakToM [233: 24.7.1] m X mpejcrapisier cofofi OTKpPBITOE BCIOLY TUIOTHOE MOAMHOKECTBO ().
KowmmakTrOCTh () MO3BOMAET BEECTH B paccMorpenme snement ¢ € N{clA : A C X, §(4) = 1}. Hecmoxuas
MPOBEPKa MOKA3BIBAET, UTO TOUKA ¢ € () SIBJSIETCS 0-U30JUPOBAHHOMN, HO HE W30JUPOBAHHOIN.

Ilpenmnoxenne. Ecau r060e ceMeHCTBO MOMAPHO He IEPECEKAIOIIIXCS HEIIYCTHIX OTKPBITO-3aMKHY THIX
MOAMHOXKECTB 3KCTPEMAJIBHO HECBSI3HOIO KOMIAKTA () HMEeT HeH3MEPUMYIO MOIIHOCTB, TO JI00as 0 -H30JHPO-
BaHHAsT TOYKA () SIBJISIETCST H30JIHPOBAHHOM.

<« IIpeamonoxkum, 9T0 0-M30MMPOBAHHAS TOYKA ¢ € () HE ABNAETCT M30oMMpPoBaHHO#. Torma cymecrsyer
TAKOE MHOXKECTBO X IONAPHO HE MEPECEKAOMMXCS HEMYCThIX OTKPBITO-3aMKHYTBIX IIOJMHOKECTE (), 9TO ¢ €
cUX u g ¢ UX. JloctarogHo mokasarb, 4To MOIMHOCTL X m3Mepuma. s kaxkgoro noamuokecTsa A C X
nosnoxkuMm 0(A) := 1, eciu g € clUA, u §(A) := 0 B nporuBroM cay4ae. Torga u3 o-u30JupOBAHHOCTU TOYKU
q chemyer o-aamuTuBHOCTH Mepbl 0: P(X) — {0,1}, npunammexuocts ¢ € clUX ofecnednBaer paBeHCTBO

§(X) =1, a coornomenne g ¢ UX Brever §({z}) =0 q1sa Beex z € X. »

SBameuanune. TpeGoBanue HEMZMEPUMOCTH B YCJIOBUHU TOCIEIHETO MPEIJIOKEHUA HE dABIsieTCsi 0Ope-
MeHWTeNIbHBIM. VI3BECTHO, UTO MEepBBI HEU3MEPUMBIH KapAMHAT CHJIbHO HeJocTHxkuM [74: 1.9, §3], T. e. B
<0003pUMOiT> YaCTH YHUBEPCYMA M3MEPUMBIX KAPAMHAJIOB HET. Dosee TOro, mpesnosoKeHne O MOJTHOM OTCYT-
CTBHH M3MEPUMBIX Kap/IHHAJIOB He MPOTHBOPEUNT akcnomaM teopun MuOKecTB ZFC [56: §13]. Takum obpazom,
MOYKHO CUMTATDh, YTO MOHATHS U30JTUPOBAHHON U 0 -U30JIUPOBAHHON TOUEK COBMATAIOT.
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1.1.10. OrmeTuM OJHO IIOJIE3HOE CBOMCTBO TOIUX MHOXKECTB, KOTOPOE He pa3 OyaeT HCIOJb30BAHO B
JTaJabHenIneM u3J0XKeHHUH.

Teopema [117].  IIycts (G¢)eez — cemMelicTBO OTKPBITHIX MOAMHOXKECTB TOHOJIOTHICCKOTO IPOCTPAHCTBA
X. Ecnu muoxecrBo A C X rakoBo, uro nepecedenne AN G apjsercs TomuM A/t Beex § € 2, TO HepecedeHHe
ANUgeg Ge Taxxe apsercs Tonpum.

JIoKa3aTeIbCTBO ITOH TeOpeMEl nMeeTcs Takke B [233: 15.6.7].

1.1.11. Tox npocmparcmeom ¢ mepoti B manuON pabore moammaercs Tpoiika (€2, B, |-|), rme MEOKECTBO
), o-anrebpa B ero MOIMHOMKECTB U Mepa (= MOJOXKUTEeTbHASA CaeTHO-a mTnEHas dynxmas) |-|: B(Q) — R
YJAOBIETBOPAIOT CJEAYIOIIAM yCIOBHUSIM:

(a) eciu AC Qu ANK € B g seex anementos K € B koneanoii mepsi, o A € B;

(6) ecim A € B u |A| = o0, To cymectByer Takoit snement Ay € B, aro Ag C A u 0 < |Ag| < o0;
(B) ecm A€ B, |A=0m Ay C A, 0 4g € 5.

Buecro (€2, B, |-|) mbr 6ynem nucars npocto . Ipu stom o-anrebpa B obosuauaercs depes B(), a ee
3JIEMEHTBI HA3bIBAIOTCA H3MEPUMbIME TToAMHOKecTBaMu (). CHUMBOJI MepHI |-| B ciiydae HeOOXOIUMOCTH CHabXKa-
ercst HHAEKCOM: |-|. CoBOKyImHOCTDL Beex ameMentoB B(§)) KomnedHoil Mepbl oGo3HadaeTcst depe3 Ban (). Kax
00bIYHO, MbI 6yJIeM IOBOPHUTDL, YTO TO WJIM WHOE YCJIOBHME BBINOJHEHO nowmu ectody ¢ A € B()) wau nowmu
daa 6cer w € A, eCili OHO HMEeT MECTO JIJIsi BCEX JIEMEHTOB A, 33 NCKIIOYEHHEM HEKOTOPOTO TPEHEODEKIMO-
rO MHOXKECTBA (= MHOMKECTBA HyJaeBOH Mepbl). <IlouTh BCIOMy> O3HAYaeT <movTw Bcooay B {1». Cumsomom
M(£) 060o3HATAETCST COBOKYTTHOCTD BCEX MOYTH BCIOJTY ONMPEIETEHHBIX BEMIECTBEHHBIX (DYHKIMIT, H3MEPUMBIX OT-
HocUTEeNbHO o-anreOpnt B(2). MHOXKeCTBO BCeX CYINECTBEHHO orpanuyenubix dbyukimii uz M(Q) oboznagaercs
gepes L2(Q).

Yacro dyskuuo f € M(€) noonpenenstor B Toukax w € Q\ dom f 3nadennem f(w) := 0o U TeM caMbiM
CIUTAIOT ompenenenHol Bewoay Ha (2. Ilpm arom, omHako, coxpastoT 3a cumbonoM dom f crapoe 3HAUEHWE
/7R]. B wacruocru, samucu |f(w)| < oo u |f(w)| = 0o o3nauaior coorsercTBento w € dom f u w ¢ dom f.

1.1.12. TIycrs ) — mpocrpaHcTBO ¢ HeHyseBoil Mepoil. Muoxkecrsa A, B € B()) nazbiBaiorcs 9x6u-
sanenmuvimy (mumem A ~ B), eciu cumMerpudeckas pasnocts A A B npenebpexuma. PakTOp-MHOKECTBO
B(2)/~ 6yner obosragarscs gepes B(Y). na npomspomsHoro amementa A € B(Q) cumponom A™ o6o3navaeT-
e copepzkanuii ero kiacc sxpuBanentHocru u3 B(Q). Ha muoxecrse B({)) ecrecrBennbiM 06pa3oM BBOAUTCH
(vactuunblit) mopsamok: A < B Torma m Tonbko TOrma, Korma pasHocTh A\ B npeHeOpe:kuMa i HEKOTOPBIX
(a rorma u gys yo6bix) npencrasuteneii A € A u B € B. Tlo OTHOIEHUIO K 3TOMY TOPSIKY MHOXKECTBO
B(Q), oueBuuno, sipagerca Oysnesoit aarebpoit ¢ mynem @~ u emunureil 1~. Bynesbl onepanuu B ajnredpe
B(9Q) ocymectsasioress o dopmytam A~V B~ = (AU B)~, AN A B~ = (AN B)~ u (A™)* = (Q\A)~, tre
A, B € B(Q2).

Dyukiuu f, g € M(Q) HasbiBaOTCA 9K6USAAEHMHbLMY (TTUIIEM f ~ §), €CJIH OHU COBIIAIAIOT OYTH BCIOLY.
®akTop-muaOKEeCTBO M(Q)/~ Gymer obosmadarbcsa wepes M (). Iaa mpomssombHOTO 3mementa f € M()
cumBoJioM [~ obo3Hauaercs copepxkammii ero Kiacce sksuBajenrHocru uz M (). Mt nonaraem L™(Q) =
{fN : f S EOO(Q)} CooTnomenns )‘fN + pg~ = (Af|d0mg + ﬂg|domf)w n fNQN = (f|d0mg : g|domf)N7 rae
Au€Ru f,g e M(Q), oupenensitor na muokecrsax M(Q) u L™(Q) crpyKTypy BEKTOPHOIO MPOCTPAHCTBA
¢ mynem 0~ u koMMyTaTuBHOH ajarebpnl ¢ exunurneil 1~. Kpome roro, na muoxkecrse M ({) ecrecTBeHHBIM
obpasoMm BBomuTCa (uvacTuunbiil) mopsanok: f < g rorma u ToabKO Torma, Koraa f < ¢ HOYTH BCIOIY Jjist
HeKOTOpbIX (a Toraa u g jwobbix) npejacrapureseil f € f u g € g OTHOCHTENBHO BBEJIEHHBIX OLEPAIHil
upocrpancrso M(Q) u ero nogupocrpancrso L™ () sABAAI0TCH BEKTOPHBIMU DEIIETKAMYU MU YIOPAAOYCHHBIMU
anrebpamvu. TodHBIE TPAHHUIBI B 9THX PEIIETKAX BBIYHCIAIOTCA 10 hopmyaaMm [~V g~ = ( f |d0m gV g|dor,[1 f)N u

fN NgT = (f|d0mg /\g|d0mf)N T f,g S M(Q)

1.1.13. Orobpaxenue p: L>®(Q) — L2(Q) nazsiBaercsa augmunzom daxmop-npocmparncmea L (1),
ecau g a00bix A, 1 € R u £, g € L™(Q) umeror MecTo cieyoliue COOTHOIIEHUST:

(a) p(f) € f u dom p(f) = Q;

6) ecau £ < g, 10 p(f) < p(g) Beriogy Ha Q;

(6)
(®) p(M +pug) = Ap(f) + pp(g), p(fg) = p(f)p(g), p(f vV g) = p(f) V p(g) u p(f A g) = p(f) A p(g);
(r) p(0~)=0mu p(1~) =1 Bcrogy na {.



§1.1. Tononozuveckue npocmparcmsa u NPOCMPAHCMEa ¢ Mmepot 47

(HekoTOpBIE U3 MEPEINCTIEHHBIX YCIOBUH SIBISIOTCS CIEACTBUIMU ocTanbubixX.) Ecau f € £2°(Q), To nasg GyHk-
mun p( f~) upunsaTo Gonaee Koporkoe obosuaderue: p(f). Iockonbky JAuMTUHT ABISIETCS MPaBLIM 0OPATHBIM
orobpazkenueM K onepanuu f — ™~ Mbl 6yaeM WHOr/A UCHOJb30BaTh 3anuch £, Bmecto p(f) Tam, rae 3To He
OpUBEJIET K myTanuie. AHajoruduo cumBoa f., Gyuer ynorpebiasrbes Bmecto p( f).

Badukcupyem npoussosbhbiil Kiaacc A € B({)) u oboznauum uepes xa kiacc uz L®(Q), conepxaiuii
XapaKTepUucTuIecKyo yHKIMIO HeKoToporo (a rorua u Jioboro) ssiemenrta A. I3 cpoiicrs judrunra ¢ oue-
BUJHOCTBIO BbITeKaeT, 910 (dbyHKIms p(xa) IpuHMMaeT TOAbLKO 3uadenus O wim 1. Obosnadumm uepes p(A)
HOAMHOXKECTBO ), XapakrepucTudeckas (PyHKIUs KOToporo paBua p(xa ). Ilosydennoe takuM ofpa3oM 0Tob-
paxenue p: B(Q) — B(Q) asnsierca augmunzom daxmop-anzebpos B(Q), 1. e. nyua scex A, B € B(Q) umeror
MECTO CIEIYIONIAC COOTHOIEHNST:

(a) p(A) € A;

(6) ecim A < B, to p(A) C p(B);

() p(AVB)=p(A)Up(B), p(AAB) = p(A)Np(B) n p(At) = Q\p(A);

(1) p(@™) =2 up(@) = Q.

Mo ananoruu ¢ audprunrom npocrpancTsa L () Mol Gyuem uHorma ynorpebasars cumios A . B KadecTse p(A),
a rakxe mucars p(A) wim A Bmecto p(A™).

Touku wy,ws € ) HA3BIBAIOTCH P-HEPASAUNUMBMU, €CIIU I Kaxaoro kiacca f € L°°(Q) sbimonneno
p(f)(w1) = p(f)(wz). OweBHAHO, TOUKH Wy U Wy P-HEPATMYMMBL TOIJIA W TOJBKO TOI/A, KOTJA BKJIIOYEHH:
wy € p(A) u wy € p(A) pasHOCHIBHBL 14 060ro A € B(Q).

1.1.14. Byzewm rosopurs, 4ro cemeiicTBo (A¢)¢ez aaementos B(Q) annpoxcumupyem muoZKecTBo A €
B(£), ecnu ayist KaxKI0ro u3MepuMoro nogaMuoxkectsa Ay C A KOHEUHON Mepbl CYIIECTBYET Takas II0C/IeI0Ba-
1es1bHOCTD (§n)neN B 2, ar0 |, oy Ae, N Ao ~ Ag. ToBopsr, a0 mpocrpancTso ¢ mepoii ) obaadaem ceolicmeom
npamoti cymmot, eciu B B(€2) cymecTByer cemeiicTBO, anmnpokcuMupyiomiee () u cocTosiee U3 MONapHo HE Iepe-

CEKAIOIUXCSI MHOXKECTB KOHEIHOH Mephl. IIpocTpaHCcTBO ¢ 0-KOHEUHOH Mepoil, 09eBUIHO, 00IaJaeT CBONCTBOM
IPAMOR CyMMBL.

Teopema. IIpocrparcTBo ¢ HeHy/IeBOI Mepoii ) 0baaaeT CBOHCTBOM HPSAMOH CYMMBI TOLJa H TOJIBKO
TOrga, KOrAa CyHIeCTBYeT JugTuHr npoctpancTBa L ().

Brepeble cymmecrsoBanne TUMTHHTA 15T TPOU3BOJIBHOIO 0 -KOHETHOTO TIPOCTPAHCTBA ¢ MepOii OhIIO yCTa-
HoBniero . Marapam [197]. Bosee nmpocroe g0Ka3aTenbCTBO TOCTEIHEH TeOpeMbl MOXKHO HaiiTu B [166].

1.1.15. B panbHeiinieM Mbl IOBOJBHO YaCTO GyJeM UMETH JeJI0 C PA3IMIHOrO POJIA CXOAUMOCTAMYU ([10TO-
YeYHOl, PABHOMEPHO, HIOPSIIKOBOH U JP.) U CBA3aHHBIMHU C HUMU IIOHATHIMHU (HEIIPEPBIBHOCTHIO, 3AMbIKAHUEM,
IJIOTHOCTBIO ¥ T. 1.). [uigt Toro 4robbl Kaxk/plil pa3 He NPUBOIUTHL HOBBIX OLpejiesienuii, Mbl chOpMyIupyem
COOTBETCTBYIOLINE IIOHATHS JIHUIIb OOUH Pa3 JJis aDCTPAKTHON CXOTMMOCTH.

IMycrs X — mpou3BOIbHOE MHOXKECTBO W ¢ — Kakas-inbo cxomumoctb Ha X . COBOKYIHOCTH C-TIPEJIETIOB
BCexX c-cxomammxcda B X ceTeil, COCTaBIEHHBIX M3 3JEMEHTOB HEKOTOpOro moamuokecrsa A C X, HaspiBaeTca
c-3ambiranuesm MHOKeCTBA A. MHOXKeCTBO Ha3BIBAECTCA C-3AMKHYMbIM, €CIA OHO COBIAJAET CO CBOMM C-3a-
MBIKaHHeM. Lopopsar, 9to A c-naomno B X, ecmm X apaserca c-3ambikanneM A. Ilpeamonoxkum Temeps, 910
X1 u Xy — HEKOTOpbIE MHOXKECTBA CO CXOAUMOCTAMH C| M Cy coorBercrBenno. Orobpaxkenue f: X; — X,
HA3BIBACTCS €1 -Co ~HENPEPBIGHBLM, €CITU C1 -CXOJAUMOCTD Ty — & BJICUET Co-CXOMUMOCTE f(x4) — f(2) ays moboit
cetd (To)aeca B Xy u jmoboro snementa ¢ € Xy. Eciu cxomumocTu ¢; U ¢a UMEIOT OHO U TO Ke 0603HAYEHNE
C, TO €1 -Co-HEIPEepbIBHOE OTOOpaXKeHNe HA3BIBAIOT C-HENPEPLEHHLM.

PaccymoTpenne JuIb CUETHBIX ceTell B JAHHBIX BBIMIE OMPEICTCHHSX MPUBOIUT K IMOHATHSIM CYEMHO20
C-3AMBIKGHUSA, CHETMHOU C-3AMKEHYMOCTIU, CYEMHOT C-TLAOTMHOCTIU U CHEMHOU C-HENPEPLIBHOCTNY. J3AMEHA, JKe
cerTeil TOCIeI0BATEILHOCTIMU TPUBOAAT K MOHATHSM CEKBEHUUGADHOZ0 C-3AMBIKAHUA, CEKEEHUUGALHOT C-30-
MEHYMOCU, CEKBEHUUANDHOU C-TLAOTMHOCTY U CEKEEHUUGADHOT C-HENPEDPLLEHOCTIIU.
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§ 1.2. Bysaess! ajiredbpsol

B nauuoit paGore ase GyseBbl anrebpbl Yalle BCEro OKa3blBaloTcsd B lieHTpe BHuManusd: aarebpa Clop(Q)
OTKPBITO-3aMKHYTHIX TIOJMHOMKECTB SKCTPEMAJBHO HECBA3HOTO KOMMakTa () u amrebpa B(f)) KiaccoB IKBUBA-
JIEHTHOCTU M3MEPUMBIX TIOJAMHOXKECTB MPOCTPAHCTBA ¢ Mepoii (). B sTom maparpade omucambl CBOMCTBA HA3BAH-
HBIX aaredp U, B YaCTHOCTH, YKA3aHbl (DOPMYJIBI JJIS BHIYUCIEHUA TOYHBIX TPAHUIL UX moaMuokecTB. CoracHo
reopeme Croyua — Oracasapnt Clop(Q) npeacrasusier coboit obumii Bu nosHoi 6ysesoit anrebpor. [losromy B
GosbimHcTBE caydaes aarebpa B(Q) uzomopdua Clop(Q) amna noaxozsmiero komnakTa Q. Hanuaue audrunra
B B(Q) nozBonsier BbipasuTh cBa3b Mexay anrebpamu B(Q) u Clop(Q) Gosiee 9BHO — n0CPEIACTBOM KaHOHH-
4yeckoro norpyxenus 7: 2 — @ (cm. [166: 1. V, §3]), ocHoBHBIE CBOIiCTBA KOTOPOrO 06CYKIAIOTCA B JAHHOM
naparpacde. Bynepa amretpa Clop(Q) sBIsEeTCST YaCTHBIM CJIyUaeM elre OJHOTO THIHYHOTO TMPHUMepa, TOTHOMN
OyneBoii anreOGpnl — anrebpsl Rop(X) peryasipHbIX OTKPBITHIX MOIMHOXKECTB DPErYJISIPHOIO TOMOJIOIHYIECKOrO
npocrpancTsa X . Mzomopdusm mexmay anrebpamu Rop(X) u Clop(Q) (s noxxoasinero komnakra () onsTh
K€ MOYKET OBITh BBIPAsKEH SIBHO C MOMOIIBI0 HEKOTOPOH (BDYHKIIUU (v, OMPEIEJEHHON Ha BCIOLY TJIOTHOM TOJI-
MHOkecTBe QQx C @ u melicreyionieit B X. Hekoropbie cBofCTBa 3TOM (DYHKIMM TaK¥Ke MPUBEIEHBI B JTAHHOM
naparpade.

Bcea neobxopumast nam undopmanus o6 abcrpakrubix Oysesbix asrebpax umeercs B [100]. Csenenus
06 asrebpe Clop(Q) moxkHO Hafitn B MoHOorpadusix [33, 100, 233], mocienHss U3 KOTOPBIX COTEPIKUT TAKIKEe
ocroBHbIe (bakThl 06 anrefpe Rop(X). Hekoropere ceoiictea Oyiesoii anredbpsr B(€)) paccmorpersr B [59, 166].

1.2.1. Ecau r um y — 3/7eMeHTbI yIOPSII09IEHHOTO MHOXKECTBA, X , YIOBIETBOPSIONINE HEPABEHCTBY T < ¥,
TO CHUMBOJIOM [, y] min, Gosee oApobHO, [z, y]x obo3Hadaercs nopsinkoebii naTepBat {z € X : z < z < y}.
s npousBosibHOil Oysieoit asnre6psr cumBosibl () 1 1 06o3Ha4a0T HaMMEHbUINH U HAMOOJIbUINI €€ JIEMEHTHL,
aVbwuaAb— ToOUHbIe TPAHUIBI MHOXKeCTBa {a,b}, a~ — JomoiHenwe smemMenTa a, 3amuch a\b, Kak OGBIYHO,
obozuauaer aAbt. Bynesa anrebpa B nasbiaercs noanot (o -noanot), eciiu Beskoe (CUeTHOe) ee MOIMHOMKECTBO
By C B numeer TouHbIe rpaHuiibl sup By u inf By.

ToBopst, uro ssnementst a,b € B dusstonxmuse (u nuwyr a L b), eciiu a Ab = 0. CemeiicrBo 3j1eMeHT0B
Oy/aeBoli anredpbl HA3BIBAIOT JU3BIOHKMHbLIM, €CJIH €r0 YJeHbl IMOIMAPHO AU3bLIOHKTHBI. Pasbuenuem eduruyb
B OyneBoil anredpe HA3LIBACTCH BCAKOE NUIBLIOHKTHOE CeMEHCTBO (be)ecz €€ 9TEeMEHTOB, YAOBIETBOPSIOIIEE
yeinosuio supgeg be = 1. Henynesoit sinement a € B nasbiaerca amomom anre6pot B, ecim [0,a] = {0,a}.
Anrebpy, He UMEIOIIYIO ATOMOB, HA3BIBAIOT Henpepbienoll uau bezamomnoti. Tosopar, uro anredpa B duckpemna
WIH GMOMHG, €CIU JIsd KAaXKJIOrO ee HEeHyJeBOro sieMenTa b € B cymecrByer Takoit arom a, 410 a < .
OueBuHO, oHAs GysieBa anredbpa B aBisercs AUCKPeTHON TOTIa U TOJIBKO Torma, Koryua sup A = 1, rme A —
MHOKECTBO aTOMOB ajredpol B.

Teopema (npuniun ucuepubiBanus). Ilycrs B — nosnas (o-nomnas) 6yiaesa amrebpa. Torma ms
BCSKOIO (CIETHOrO) ceMeficTBa (a¢)eecz 3AeMEHTOB B cymecTByeT Takoe JU3BIOHKTHOE ceMeficTBO (be)ecxz, 4TO
be < ag st Beex § € E M SUDgex g = SuDgex be.

HokazarenbcrBo 1mocieHeil TeopeMbl MOXKHO HaliTu, Hanpumep, B [100: reopema 20.2].

Caencreue. Ilosnas 6ynesa ajirebpa siBASETCS JTUCKPETHOH B TOM H TOJBKO TOM CJIydae, €CJAH B Hei
nMeercst pa3bueHne eHHUIBI, COCTOSIIEE H3 aTOMOB.

1.2.2. T'oBOpAT, YTO IMOAMHOXKECTBO Y VIIOPSITOYEHHOIO MHOXKECTBA X HGCAEICTNGEHHO 8.4001ceH0 6 X,
ecan st To00ro TOAMHOXKeCTBa Z C Y W3 CYIIeCTBOBAHWS SUPy Z CIEAYIOT CYINEeCTBOBAHWE SUPy Z W PaBeH-
CTBO sUpy Z = supy Z, a u3 cymecrsoBauud infy Z — cymectsoBauue infx Z u paBenctso infx Z = infy Z.
Eciu nepedunciiennble yCJI0OBUS BBIMOJHEHDI JIAIID JJIs CIETHBIX MOAMHOXKECTB Z C Y, TO TOBOPST, 9YTO MHOZKE-
ctBO Y 0-nacaedcmeenno eaoviceno ¢ X. Hacnencreenno (0-HaCaeICTBEHHO) BJIOKEHHYIO TIoAanrebpy Gysesoit
anrebpbl HA3BIBAIOT Hacaedcmeennoli (0 -nacaedemeennoil) nodarzebpoii.

IIpennoxenne. Ilycre A — 6Gynepa anrebpa, a — ee sjmemeHT n B — moganrebpa 6ymeBoii anreGpbr
[0, a]. Crexyromie yTBepKIeHHS SKBHBAJICHTHDIL:

1) muOX)eCcTBO B HACH€ACTBEHHO (0 -HACIEICTBEHHO) BIOXKEHO B A;

2) g ioboro (cuernoro) nogqmuozkecrsa C' C B u3 coornomenns inf g C = 0 caegyer inf 4 C = 0;
3) ecin (cuernast) cerb o-cxouaurcs B B, 10 oHa o-cxomurcs u B A, upudeM K TOMy 2Ke HDELeJLy;

4) eciu (cuerHAs) CETh 0-CXOAUTC K HyJI0 B B, TO OHAa 0-cXoquTcs K Hyo 0 B A.

NN S N
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ToBopsT, 9TO TOAMHOMKECTBO Y YIOPSIIOUEHHOTO MHOKECTBA X NPasusbHO 6.40%ceno 8 X, ecu A7s Jrob0ro
HOJIMHO)KeCTBa 4 C Y W3 CyIIeCcTBOBaHUSA SUpy Z ClIeJyeT BKJIOYEHHE supy Z € Y, a u3 CyIiecTBOBaHWSA
inf x Z — Brumouenne inf x Z € Y. Ecyiu nepeunciientbie yCA0BUS BBITOJTHEHBI JIUIITh I CIETHBIX TOJIMHOXKECTE
Z C Y, TO roBOpAT, UTO MHOXKECTBO Y 0O -npaguabno saodcerno 6 X. IlpaBunbHo (0-IPABUIIBHO) BIOKEHHYIO
nozaiarebpy GysieBoii anrebpbl HA3LIBAIOT NPASUALHOU (0 -NpasusbHol) nodaszebpot.

Ipengoxxenne. Ilycte A — mosras (o-nogHass) 6yaesa aarebpa, a — ee sjaeMeHT H B — nogasrebpa
6ysesoit anre6pst [0, a]. MHOM»ecTBO B npaBuisHO (0 -IPABHIBHO) BJIOXKEHO B A TOIa H TOJBKO TOTJA, KOIa
OHO 0-3aMKHYTO (CYETHO H/HIH CEKBEHIHAJIBHO 0-3aMKHYTO).

Ilpengioxxeune. Ilycrs A — Gynesa anrebpa, a — ee sjaemedT u B — noxaarebpa 6ymeBoit aarebppl
[0, a].

(1) Ecin anre6pa B npaBmibHO (0-MpaBUIBHO) BIOKEHA B A, TO OHA HACJAEICTBEHHO (O -HACIEICTBEHHO)
BaOKEHA B A.

(2) Eciu anrebpa B macnencrBeHHO (0-HACICACTBEHHO) BJOXKEHA B A W nosna (o-moJjHa), T0O OHA Ipa-
BHJIBHO (0 -IIPABHJIBHO) BJIOXKeHA B A.

1.2.3. Ilycte A u B — GyneBsl anredpol. Orobpaxkenne h: A — B HA3BIBAETCS KOALUCEBLM 20MOMOP-
Pusamom, ecu [t BCEX Ay, 0y € A UMEIOT MECTO PABEHCTBA

(a) h(al Vv a2) = h(al) \% h(az),

(6) h(a1 A ag) = h(al) A h(ag);

(8) h(ai\az) = h(ar)\h(az).
BameruM, uro yciosue (a) sbirekaer u3 (6) u (8B), a ycnosue (6) — u3 (a) u (8). Kaxiplii xosbuesoit
romomopdusm h: A — B coxpaHgeT NOpsijioK, T. e. Jjis JIobObIX ay,as € A u3 a; < ay caeayer hiar) < h(az).

Konbuesoit romomopdusm h: A — B nazbiBaerca 6yaesvim 2omomopdiusmom, ecau h(l) = 1. Ouesuno,
orobpaxkenue h: A — B sapjsiercst OyneBbiM rOMOMOPGMU3IMOM TOTJIA U TOJBKO TOTA, KOIJIA OHO YIOBJIETBOPSIET
omHoMy u3 yenouit (a) mmm (6) u, kpome Toro, h(at) = h(a)t nus Beex a € A. Kasaplit KOTBIEBOH rOMOMOp-
dusm h: A — B apiagercs Gynaebim romomopdusmom B 6ysesy anrebpy [0, h(1)]. O6pasz h[A] romomopduzma
h aBagerca 6ynesoil noganredpoii [0, h(1)].

Orobpazkenne h: A — B HaspBaeTca usomopdrvim eaooicenuem A ¢ B, ecnm oHO 061a1aeT MOOBIM 13
CTIEYIOMUX YKBUBAJIEHTHBIX CBOWCTB:

(1) h — uHbEeKTUBHLI OyJeB TOMOMOP(U3M;

(2) h — unbexius, npudem h u h™! — Gynessr ToMOMOPhU3MB;

(3) h — 6ynes romomopdusm u h~1(0) = {0};

(4) h — Gynes romomopdusm u h~1(1) = {1}.
CropbeKkTUBHOE M30MOPGHOE BIOXKEHUE HA3BIBACTCH Oyaesvim usomoppusmom. Ecmu cymecrsyer Oynes m3o-
Mopdusm A Ha B, T0 roBopsar, uro anrebpbt A u B usomopgdriot.

1.2.4. Ilpeamoxenme. Ilycte A uw B — 6yneBer amrebper. Orobpaxkenue h: A — B sBasercs
6ys1eBbiM roMOMOPH3MOM TOLAA H TOABKO TOLJA, KOrJa st o6oro pazéuenns eauuuiipbl (a1, as,as) B aarebpe

A tpoiixa (h(ay), h(as), h(as)) saBasercs pastuenuen eaunnupl B are6pe B.

<« Ilpumensa ycnosue npennokenusi kK Tpoiike (0,0,1), nomxygaem pasencrso h(0) = 0. Paccmarpubas
tpoiiky (a,at,0), npuxomum K BbIBOLY, uTo h(al) = h(a)t (cm. 1.2.3(8)) mna moGoro snementa a € A.
Ocraercs ycranosurb coorsouenue h(a; V as) = h{ay) V h(as) (cm. 1.2.3 (a)), 1oka3zareabcrBo KOTOPOrO Mbl
pasobbem Ha apa dtama. CHaYama JOKAsKEeM 3TO PABEHCTBO JJIA JM3BIOHKTHBIX 3JIEMEHTOB a1,ady € A. lnsa
9TOTO JOCTATOYHO MPUMEHUTH YCIOBUE TPEIIOKEHUsT K TPOHKAM (al,az, (a1 V az)l-) n (a1 Voas, (a1 V ay)*, O).
Hakonern, paccMaTpubas TPOM3BOJIBHBIE 3JIEMEHTHI a1, G2 € A W NCIONB3ysl YCTAHOBJIEHHOE, TIOJIY IaeM

h(ay V az) h((al\az (ag Naz) VvV (a2\a1))

h{ai1\az) V h{ay A as) V hias\ay)

(h(ar1\az2) V h(ay Aas)) V (h(ar A az) V h(az\ay))
h(a1) V h(az). »
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1.2.5. Ilpemyoxenue. Ilycte A u B — 6yaeBbl aareOpal.

(a) Cuaexnyromue cBoiicra 6ysieBa romomopuzma h: A — B 9KBUBAJIEHTHBI:
(1) romomopgusm h o-HempeprIBeH;
(2) ecan moqmaOMN)ecTBO C C A HMeer cynpemym, To h(sup C) = sup h[C];
(3) ecan moqmuOK)ecTBO C' C A nmeer uagumym, to h(inf C) = inf h[C];
(4) ecam (ax)renr — cers amemerToB A may T 1, 1o supyey h(ay) =1;
(5) ecum (ax)rean — cerb aaementoB A u ay | 0, o infxep h(ay) = 0.
(6) Cueunyromue coiicrsa 6ysiesa romomopguszma h: A — B 5KBUBAJICHTHDI:
1) romomopuzm h c4eTHO 0-HEIPEDHIBEH;
) ecan cuerHoe nogmHokectBo C' C A mmeer cynpemym, To h(sup C) = sup h[C];
) ecan cuernoe nogmuoxkectBo C' C A mmeer uapumym, To h(inf C) = inf h[C];
4) ecan (an)neny — HOCTENOBATEIBHOCTD 31eMeHTOB A i an T 1, TO sup, ey h(an) = 1;
(5) ecuu (ap)nen — HOCHCHOBATEILHOCTD ieMeHToB A u a, | 0, 1o inf, ey h(ay,) = 0.

w N

(
(
(
(

Ecom 6ynesa arebpa A nomma (o-monHa), To kaxkoe n3 marn yeaosmii (a) (coorsercrsenno (6)) paBHOCHIBHO
caenyromeMy: sup h[D] = 1 mgus aroboro (cuerHoro) pastuenns eguanisl D B anrebpe A.

B cuny skBuBanenthHocru ycsosuil (a)(1)—(a)(3) o-uenpepbiBable rOMOMOPMU3MBI YACTO HA3BIBAIOT N0~
oM. 3aMernM, 910 u3 uMiumkanuu (6)(5)=(6)(1) cremyer SKBHBAJEHTHOCTH CYETHOH M CEKBEHIMATIBHOI
o-HeTIpepbIBHOCTEH GyseBa roMoMopdusma.

1.2.6. Ilycts A u B — Oynesnl anreOpbl. Byaem roBopuTb, 4TO KOJBIEBOM romomopguzm h: A — B
maorcopupyem byukuuio hg: A — B (u nucars hg < h), B ToM ciyuae, koraa ho(a) < h(a) mus Bcex a € A.

Ilpeagoxenme. Ilycrs A u B — 6Gynesnr anrebpsl. Kosbresoii romomopgusm h: A — B maxkopupyer
KOJIbIIeBOH romomopgusm hy: A — B torga u rosbko rorga, xkorga hola) = ho(1) A h(a) aus Beex a € A.

<« Pagsenctro hg(a) = ho(1)Ah(a) BerTeraer w3 coorrommenwit ho(a) < ho(1)Ah(a), ho(at) < ho(1)AR(at)
148 ho(a) Vv ho(aj_) = ho(l) >

1.2.7. Ilycre Gynesnbr amrebper Ay n As mMeror obmyio nomanredpy B. ToBopar, uto anrebper A; m As
ABNAIOTCA B -usomopdrvimu, ecim mexay A, m A nmeerca Gynes n3oMopdu3M, TOKICCTBEHHBIA Ha B.
Kaxk uzsectso (cM. [100: § 35]), ans moboit GysreBoit anreSpbl B cylnecTByer Takas osHas OyseBa anrebpa

B, aro
(a) B asaserca nopaiarebpoii B;

L] L]
(6) ayIsg KazKI0ro HEHyJIeBOro ajeMenTa b € B umeercs HeHyseBoil sjeMenT b € B, yIOBIeTBOPSIONIUil
L]

HepapeHcTBY b < b.

L]
Bynesa anrebpa B masbiBaeTcs nonoanenuem anredbpsbl B. KOppeKTHOCTH BBEAEHHOTO TEPMUHA, U 0DO3HAUEHU S
OOOCHOBBIBAETCST TEM, YTO TIOMOJHEHHE aaredpbl B eIWHCTBEeHHO C TOYHOCTHIO 0 HU30MOpP(MU3MA, W JaxKe C

.
TOYHOCTBIO 10 B-m3omopduszma. Ilononumenne B anrebpbr B 06/1amaeT caeayONnMu CBOMCTBAMH:

L]

(B) B — macsexacrsenHas nogasirebpa B;
L] L]
(r) eQuHCTBEHHO HaCﬂe,ZLCTBeHHOfI nomaJsredbpoit B, comep:kameit B, asngerca Bca aiarebpa B;

(1) mug KaxKka0ro jaeMeHnTta b S B UMeTCs Takue nogmMuoxkectsa Ay, As C B, uro sup A; = inf A, = b.

1.2.8. Ilycts () — TPOM3BOJILHOE TOMOJIOTHYECKOE MPOCTPAHCTBO. Torma ymopsiioueHHOe MO BKJIIOYE-
o muozkecrBo Clop(Q)) Bcex ero OrKpbITO-3aMKHYTHIX HOAMHOXKECTB sBJsercs Oysesoil anrebpoii. Bysesst
oneparuu B anrebpe Clop(Q)) cosmagaior ¢ TeopeTuko-MuoKecTBeHHbiMu: 0 = &, 1 = Q, UVV = U UV,
UANV=UNV,U+=Q\U.

Teopema Croyna — Oracasapsr [214, 244]. Ilycte B — npoussosbHas Gysrea airebpa m () —
COBOKYTHOCTP BCex yabrpadumsTpos B B. /Lnsg kaxaoro smementa b € B o6o3raunm maoxkectBo {q € Q) : b € ¢}
gepes b.

(1) MnuoxecrBo {l; : b € B} sasmsgercs 6a30if HeKoTOpOI Tonogoruu Ha (), OTHOCHTEIBHO KOTOPOH Q)
ABJSAETCS BIIOJIHE HECBSI3HBIM KOMIIAKTOM.

(2) Orobpaxenue b — b ocymecrs.isier Gynes m3oMoppusm mexy arebpavu B u Clop(Q).
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(3) Bynesa anrebpa B spisercs nomHoi (o -moJHOH) TOTa H TOJBKO TOIJA, KOIJa KOMIAKT () dKCTpe-
MAJIBHO HECBSI3€H (0 -3KCTDEMaJIbHO HECBSI3€H).

KommakT Q, KoTOphIil OCTpoeH B GOPMYIUPOBKE MOCTETHEN TEOPEMBbI, HAZBIBACTCS CMOYHOBCKUM KOM-
naxmom byiresoti aseebpo B, a orobpaxkenue b +— b — xanonumeckum usomopguamom B ua Clop(Q) win
CcmoYHOBCKOT peasusarueti anredpbr B. CTOyHOBCKUM KOMIAKTOM aaredbpbl B HA3BIBAOT TaKKe JII000H BIIOJIHE
HecBsa3ublil Komnakr K, anrebpa Clop(K) OTKpbITO-3aMKHYTHIX OAMHOXKECTB KOTOPOro uzomopdua B. D10
cOrJIallleHue OMPABIAHO, TAK KaK Takol KoMmakT K ompemernsiercs aarebpoit B OJHOZHAYHO ¢ TOYHOCTHIO 710
romeoMopdu3mMa.

Urak, cormacuo reopeme Croyna — Oracasapsl Oysesa anrebpa Clop(Q), rae () — BHoJHE HECBA3HbIH
KOMIIAKT, Opecrasiser coboit obmuil Buy 6ynesoil anredpbl. Eciu ke () — 3KCTpeMalibHO HeCBA3HbIH (0 -9KC-
TPEMaJIbHO HecBa3HbI) koMmnakT, 70 Clop(Q)) — obmwuii Buj nonnoit (o-nonnoit) Gynesoil anarebpol. Todnbie
TpaHuIbl B 3TOH anrebpe BbrIuUCIAI0TCA M0 (opMynaM supecg Us = cl U£€E Ue n infeeg Ug = int ngea Ug, roe
cl # int cOOTBETCTBEHHO Olepanyy 3aMbIKAHUS ¥ BHYTPEHHOCTH B ITPOCTPAHCTBE ().

1.2.9. OtkpbiToe OAMHOXKECTBO U TONOJOrNYECKOro IPOCTpancTBa X HA3BIBAETCS Pe2yAAPHbIM, €CIIU
intclU = U. CoBOKyIHOCTb BCEX OTKDBITBIX PerysspHbIX nogMuoxkects X obosnadaercs cumpojom Rop(X).
Muoxkectso Rop(X), ynopsimodeHnoe Mo BKIIOUEHWIO, TpeicTaBager coboit Oymery anrebpy: 0 = &, 1 = X,
UVV =intcd(UUV),UAV =UNV, Ut = int(X\U). UssecrHo, uto Gymnena anreépa Rop(X) asigerca
nosoit (cu. [233: 16.1]) n Toumble rpanuiel B Helt Bhraucisiorcs 1o dopmynam supeeg Ug = intclJgez Ue u
infeeg Ue = int el mEEE Us.

IIpeamonoxxum, 910 X — pErysasapHOE TOMOJOTHIECKOe MPOCTPAHCTBO. Jma kaxkmoit Toukm x € X
obozuaunm punbrp {U € Rop(X) : ¢ € U} cumsonom Rop(z). Ilycrs @) — croyHOBCKuMii (3KCTpeMasibHO
HECBS3HbBI) KOMIIAKT MOJIHON OyJieBoit anarebpbl Rop(X), cocrapienubiii u3 yabrpaduibTpoB TOH aareGphl.
0Ob603Ha9nM 1Yepe3 ()x COBOKYIHOCTH BCeX yabTpaduabTpos ¢ € (), s KOTOPBIX Halinercs Takast Touka & € X,
aro Rop(z) C ¢q. U3z xaycmopdosoctu X ciegyer, 9410 jig Kaxkaoro sjaeMenra ¢ € () x uMeercs POBHO OJHA,
Touka a(q) € X, ynosnersopsomas ycaosuto Rop(a(q)) C g.

Jemma. IHycrs U — U — xanonmdeckmii m3oMopusm Rop(X) ma Clop(Q).

(1) Ecin U € Rop(X), 1o U=d a~ U], rae 3ambikanme 6epercst B npocTpancTBe Q.
(2) Ecn U € Rop(X), o a~[U] c UNQx C a~t[dU].

(3) Orobpaxerme a: Qx — X abcomrOTHO.

< (1) Brmouenue o 1[U] C U, u3 koroporo B cuty 3amkuyroctu U caenyer cla ™ [U] C U, asasercs
OYEBHTHBIM CIEICTBHEM BKJOUYeHUiT Rop (a(q)) Cq (q €Q X). st obocHOBaHMsT 0O6paTHOro BROUeHuss U C
cla™1[U] crnenyer 3acdbukcupoBaTh MPOU3BOMLHLI 3I€MEHT q € U u 114 Kaxk10i1 ero okpecrocru V € Clop(Q)
nokazarb, 4ro o U] NV # @. Tockonbky mMuO)kectsa U u V apngiorcs sjeMentaMu yabrpaduibTpa g, ux
nepecedenue U NV wenycro. Ocraercs 3ameruts, uto & # o H[UNV] C a H{U]NV.

(2) Braniowenue o U] C UNQx soitekaer us (1). Hokaxkem, uto UNQx C a clU]. Ecim g € UNQx
u a(q) ¢ clU, T0 B Cuily perynspHOCTH MPOCTPAHCTBA X MMEETCs TaKasg OKPECTHOCTH V € Rop(a(q)), Eurel
UNV =@. llpunaginexuaocts MaokecTB U u V' ynbTpaduiabrpy ¢ TPUBOAAT K UCKOMOMY TTPOTHBOPEUNIO.

(3) IIpoBepum ycaosus (a)—(a), burypupyioniue B onpezenenuu 1.1.7 abconoTHOro 0To6pazkeHus.

(a) CroopbekTuBHOCTL (v caeiyer u3 roro dakra, 4ro Kaxubiii duasrp Rop(z), z € X, moxer Gbirb
pacimupes 10 yabTPpagpUIbTPa.

(6) Tlokazkem, uTo OTOGpaXkeHue « HempepbiBHO. Ilyeth ¢ € Qx u U — oxpectHOCTh TOukH (q)
B npocrpancrBe X. W3 peryasprocru X chemnyer cymecrBoBanue takoro Mmuoxkecrsa Uy € Rop(X), dro
a(q) € Uy C clUy C U. Coornomenns q € Uy N Qx C a '[U] oznauator, uto o 1[U] — oxpectHOCTSH
TOYKHM ¢ B IpOCTpancTre (Qx.

() Iokaxkem, uTo oTOGparKeHHe (@ KOMIAKTHO. 3adUKCUPyeM MPOM3BOIbHYI0 TouKy = € X. Buarogaps
KOMITAKTHOCTH () JIOCTATOMHO MOKa3aTh, 4TO MHOxkecTBO Q\a~'(z) orkpwiro B Q. Ilo mocrpoenuto o s
moboro ynbrpaduastpa ¢ € Q\a ! (r) naiigerca oxpectnocts U € Rop(z), ne npunaaiexamas q. O603HaqmM
gyepe3 V mononuenue U B 6ynesoii anrebpe Rop(X). Torma V € ¢, a 3umauutr, ¢ € V. Ocranoch 3aMeTuTh, 910
V c Q\a !(z). MHeiicreurensro, ecru p € V, 10 V € p, a torma U ¢ p m, cremoparensho, p ¢ a '(x) mo
MOCTPOEHNIO (.

(r) Iokaxem, uro orobpaxkenue « 3aMKHYTO. JadUKCHPYEM POM3BOJLHOE 3aMKHYTOE II0MHOYXKECTBO
F C Qx w ycranoBum OTKpbITOCTh MHOXKecTBa X \a[F|. Paccmorpum mpowmssosbayo Touky € X\«[F].
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[TockombKy mpoobpas a~!(z) mexuT B OTKpLITOM ToaMHOKecTBe Q\F BIOMHe HECBA3HOTO MPOCTPAHCTBA (),
Haif/leTcss TTOKpbITHe o ' (T) OTKPBITO-3aMKHYTLIME TIoAMHOKecTBaMu @, nexkammvu B Q\F. KommakTHOCTS
a~ (), ycranosnennasa B 1. (B), HO3BOAAET HAM U3BJEYb W3 yKa3aHHOTO MOKDPBITHS KOHEYHOE MOJNOKDPBITHE,
00BbETUHIE 3J1eMeHThI KOTOPOro, MbI osryunM Takoit anement U € Clop(Q), uto a~(z) C U C Q\F. CornacHo
(1) muoxkecrso U umeer sun cla t[V], tae V € Rop(X). $lcno, uro V C X\a[F]. Ocranoch ycraHoBUTH
BKJIIOUYeHHE T € V. R

Bxmiouenne o~ 1(z) C U u pasercrso U = V MO3BOASAIOT HAM 3aKIIOUATDL, 9T0 V € ﬂ{q € @ : Rop(z) C
q}. Tlokaxewm, uro V € Rop(z). Ecim 310 He Tak, To cosokymsocrs {W A VL : W € Rop(xz)} asasercs 6asoit
dunbrpa B anrebpe Rop(X). Pacimwmpus a1y 6a3y 10 yabrpaduiabrpa ¢ € , Mbl IPUXOAUM K NPOTHBOPEUMIO:
Rop(z) Cq,vH0 V € q.

(n) TMokaxkem, uTo orobpazkenue « HenpuBoaumo. Ilycrbs F' — cOBCTBEHHOE 3aMKHYTOE IIOIMHOMKECTBO
Qx. Torma maiinercsa takoit smement U € Clop(Q), uro @ # U C Q\F. B cuny (1) muoxkecTBO U nveer Buf
cla™1[V], rne V € Rop(X). Dnementaphas npobepka nokasbisaet, uto @ # V C X\o[F]. »

Cormacuo teopeme 1.1.7 (3) mocnennss seMma 03Ha4aeT, 910 () x spysgercd abconorom X. B cBs3u ¢ stum
oTobpaxkenue «: Qx — X MbI OyzmeM Ha3bIBaTh abcoaromusayueti X .

1.2.10. Teopema. Ilycts X — peryaspHoe TOHOJOTHIECKOE MPOCTPAHCTBO, () — CTOYHOBCKHIH KOM-
nakr Gysnepoit aiarebpel Rop(X) u a: Qx — X — abcomoruzanus X .

(1) Muoxecrso Qx Bciogy mirotHo B Q.

(2) Pasencrso QQx = ) umeer Mecro TOIja U TOJIbKO TOIAA, KOIJa HPOCTPAHCTBO X KOMIAKTHO.

(3) Ecin' Y — Bcrogy miorsoe noqvuoxectso X, to o 1[Y] — Beiogy miorHoe noamuoxectso Q.
(4) Ecomn Y — mnurze me niorHoe noamHoxkecTBo X, 70 o 1[Y] — Hurje me maornoe mogmMuozkecTso Qx .
(5) Ecin Y — romee (koromee) nmommuoxecrso X, to o H[Y] — romee (koromee) noqmuoxkecTBo Qx .

< (1) Henocpepcrsennoe cuencrsue aemmsr 1.2.9 (1).
(2) Borrekaer uz (1) n 1.1.7(5).
(3) Iycrp Y — Berogy mmorHoe moamuoKecTBO X . Besikoe HEmycToe OTKPHITOE HOIMHOKECTBO () COMEPIKAT

U st Hekoroporo vemycroro U € Rop(X) (S,ELGCL U — U — xamoHmdecKuit uzomopduzm Rop(X) na Clop(Q)).
Ocraercs 3aMeTuth, 410 1poobpas o~ [U NY] wenyer u conepskurest 8 U N a~ Y],

(4) Mlycrp Y — wurzge He mIoTHOE TOAMHOXKECTBO X. U3 HENPEPLIBHOCTH « CHEAYET 3aMKHYTOCTD
npoobpasza o 1[clY] B npocrpancree Qx. Homyctum, uro o 1[clY] umeer menycryio suyrpennocts. Torna
naiierca mermycroe muoxkectso U € Rop(X), ymosnersopstomee yeaosuio U N Qx C a el Y]. Tlockoabky
MHOXKeCTBO Y Hurze He [10THO, (6iarogapsi CIOPbEKTHBHOCTH OTOODAXKEHUd (v) CYIIECTBYET TaKOH 3JI€MEHT
g€ Qx, uro a(q) € U n afq) ¢ clY. C apyroii cTOpoHbI, U3 BKIIOYEHUS Rop(a(q)) C ¢ Boitekaer U € ¢, a

torga g € U u, cienoparensho, ¢ € o~ clY]. Ilonyuennoe npoTusopedne 03HadaeT, 4To MHOKecTBO o 1 [cl Y]
HUTIE He TJIOTHO, U MO3TOMY €T0 TOAMHOIKECTBO oz_l[Y] 00J1a1aeT TeM K€ CBOICTBOM.
(5) Cnenyer us (4). »

1.2.11. IIpeggnoxkeume. Ilycrs B — mnpoussosbHas Oyiesa ajrebpa, B — ee momnoanenune, (Q —

CTOYHOBCKHUIT KOMITaKT B m «: Q' — @ — abcomoruzanus (.
(1) Bynesa anrebpa Rop(Q) apaserca nonomnernem aarebpst Clop(Q). B wacrroctn, aarebpsr Rop(Q) u
é U30MOPHBL.

(2) Orobpazxenne U — cla t[U] ocymecrsaser 6yaes uzomopdpmsm Rop(Q) ma Clop(Q). B wacrroCTH,

L] L]
Q) sABASETCA CTOYHOBCKHM KOMIIAKTOM ajrebpsr B.

<« VYreepxkzenue (1) 04eBUIAHO 1O OLpeeIeHUIO HonoaHe ks OyseBoit anrebpobl (cm. 1.2.7). YrBepxie-
Hye (2) HEeMOCPEJCTBEHHO cyefnyeT u3 geMMer 1.2.9 (1). »

1.2.12. Kax 6b110 ormeueno B 1.1.12; copokynuoctb B(£2) KiaccoB 9KBUBAJIEHTHOCTH W3MEPUMBbIX IIO]I-
MHOYKECTB IIPOCTPAHCTBA C HEHyJeBOil Mepoii () upexacrasiser coboit GysneBy anrebpy. Bysesa anrebpa B(1)
Ayidgercd o-noyuHoi. CueTHble TOYHbIE I'PAHULBI B ITOH aiarebpe BBIYUCIAIOTCA 110 GOpMyIaM sup,cyAny =

(UneN An)N u inf,eny A) = (ﬂneN An)N ana A, € B(Q). B caenyomeil reopeme npuBeieHbl HEKOTODBIE
cBejlenud, Kacamomuecs (6eckonednbix) Tounbx rpanui B B(Q). dokazarenbcrsa chOpMyIrpOBAHHBIX yTBED-

JKAEHUH MOXKHO HaiiTu, Hanpumep, B [166: rur. I].
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Teopema. Ilycts ! — OpoCTPaAHCTBO ¢ HEHYJIEBOH MEPOH.
(1) CemeiictBo (A¢)ee= m3mepumbix moamuoxkects A € B(Q) ammpoxcumupyer MuOXxectBo A Torma m
TOBKO TOTA, Korja B Oymesoif amrebpe B(()) pimoseno coorromrenme supgcz A7 = A™.
(2) Hycrs cemetictBo (A¢)eez vxementos B(QY) amopoxcumupyer ). Torza mig moboro mOZMHOXKECTBA
A C Q uMeroT MecTo CAeAYIONIHEe COOTHOMICHHS:
(a) A€ B(Q) rorzga u roapko Torga, korga AN Ag € B(Q) ams Becex § € Z;
(6) A~ @ rorga u ToIBKO TOLAA, Korga AN Ae ~ @ g Beex § € Z;
(B) ecmr A € B(Q2), 1o supgez(AN Ag)™ = A~ B 6ynesoii aredpe B((2).
(3) Eciiu mpocrpancTBo ¢ HenyJeBoit mepoii () obnazaer cBOHCTBOM HpPIMOil cyMMbI, TO OyJieBa aarebpa
B(Q) sBasiercs moIHO.
(4) Iycrs p — amugruar garxrop-aarebper B(Q) (em. 1.1.13). Torga mra moboro cemetictBa (Ag)ecz
snementos B(Q) obvernnenne ¥ = Jgcz p(A¢) 1 mepecevenne 11 := (\.cz p(A¢) mavepnvbl, npudem X~ =
SUP¢ex= Ag nll~ = infgeg Ag.

1.2.13. IlIycrb p — sudrunr npocrpancrsa L°(2). Cormacuo 1.1.14 u 1.2.12 Gynesa anrebpa B({)
MosiHA, U B cuity 1.2.8 ee CTOYHOBCKUI KOMMAKT () 9KCTPEMATBHO HECBSI3EH.

Jlemma. COBOKyIHOCTH TOLIHX H HHIJIE HE IJIOTHBIX HOJMHOXKECTB () COBHAUAIOT.

<« Csoiicrso upsiMoit cymmbl, KoropbiM obsagaer 2 (cm. 1.1.14), nospossier 6€3 Tpy/a CBECTH CUTYALMIO
K CJIy9ar0 KOHEUHOH Mepbl, pACCMOTpeHHOMY B [215: §22]. »

Haa kaxnoit Toukn w € Q o6o3naunm ynerpadbmisrp {A € B(Q) : w € p(A)} wepes 7(w). Mocrpoennoe
TakuM 00paszoM orobpaxkenue 7 : {} = () OyaeM Ha3bIBAThb KAGHOHUYECKUM nozpyoicenuem §) 6 (Q, COOTBETCTBY-
omuM JuGTUHTY p.

Teopema. Ilycrs p — smprunr npocrpancrsa L™ (), T — coorBeTcTByIiomee KAHOHHIECKOE MOrPyKe-
uue ) B cTroyHOBeKuit KoMnakT ) 6yaesoit aarebpor B(Q) u A — A — xamonmieckuit mzomopisy B (Q) ma
Clop(Q).-

(1) s kaxaoro kaacca A € B(Q) umeer mecro papencrso p(A) = 7'_1[1&]. B gacrrocrn, mpoobpas
77YU] Beskoro orkpbrTo-3amkHyTOro MHOKectBa U C Q H3MepHM.

(2) Orobpaxenne U — 7 [U]™ ocymectsasier m3omopusm 6ynesoit anrebpsi Clop(Q) na B(Q), obpat-
HBIH K H3oMopgu3my A +— A.

(3) O6pas T[] Berogy mwioren B Q.

(4) IIpoo6paz 7 1[V] Beskoro orkpeitoro muoxecrsa V C Q uzmepum, npudem 71 [V] ~ 77 Hcl V1.

(5) Orobpaxenune 7: Q) — @ mzmepumo no Bopeo.

(6) IIpoo6pas T~ L[N] Beskoro romero (= murae me miorHoro) muoxkectsa N C Q usmepum B ) n nmeer
HYJIEBYIO MEDY.
(7) Toukn wy,ws € Q p-HEPA3IHIHMBI TOLJA H TOJIBKO TOIAA, Korga T(wy) = T(ws).

< Yreepkaenne (1) nposepsgercsa HenocpeacTseHno, (2) caexyer u3 (1), a (3) — u3 (2). Ilpucrynas
0bocHOBaHUIO yTBepKAeHus (4), paccMOTPUM IPOU3BOJIbHOE OTKpbITOe MHO)KecTBO V' C Q. Ilycrs cemeiicTBo
(Ug)eez OTKPBITO-3aMKHYTHIX HOAMHOKECTB Q) TakoBo, 410 V' = (Jgcg Ue. Torna us (1) Boitekaer n3mepumocts

npooGpasos 7! [Ug] st Beex € € Z, a u3 1.2.12 (4) cenyer usmepmvocts muomkectsa 7' [V] = Ugez 77 [Ue]-
Coorromenme supgcg Ug = cl V' B Gynesoit anrebpe Clop(Q) ¢ yaerom (2) m 1.2.12 (4) obecreunBaeT SKBHBATICHT-

nocth 7 V] ~ 77 el V]. Yreepxaenus (5) u (6) Boirekaior u3 (4), a (7) — HEMOCPEACTBEHHO W3 ONPE/ICCHHS
oToOpakeHus 7. B
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§1.3. BekTOopHbIe peHIeTKI

B sTom maparpade cobpanbl OCHOBHBIE CBeJeHUsT 00 aOCTPAKTHBIX BEKTOPHBIX PEIeTKaX, a TaKKe 00 ux
KOHKpeTHbIX npuMepax — K-npocrpancrse Coo((Q)) paciiupeHHbIX HENPEPHIBHLIX (DYHKIWIE HA IKCTPEMAIBLHO
HecBa3HoM kommakre () u K,-npocrpancree M (£)) Ki1accoB 9KBUBAJIEHTHOCTH M3MEPUMBIX (DYHKIMIA HA IPO-
crpancTBe ¢ Mepoii (). BuHumanwe cOCpeIOTOYEHO HA OMUCAHUU TOYHBIX T'DAHUIL, MOPAIKOBON CXOIUMOCTH U
nopsAKoBbIxX 1poekTopoB B Coo(Q) u M (). Corsacuo reopeme Bysnuxa — Oracasapst Coo(()) upeicrasiser
coboit obmmii Buy (pacmupentoro) K-npocrpancrsa. [TosTomy BekropHas pemerka M (1) B Go/bIIMHCTBE CIIy-
gaes uzoMopdua Coo(Q) Ay nmoaxomsimiero komnakra (). B mannoM naparpade NpUBOAUTCS SBHOE OMUCAHUE
9TOr0 W30MOP(MU3MA B TEPMUHAX KAHOHUYIECKOTO morpyxkenust 7: {1 — @, onpenenennoro B 1.2.13. BekTopnas
pemierka Co (Q)) sABAAETCA YaCTHBIM CIyYaeM €Ile OHOrO TUIMYHOrO IpuMepa K-npocTpancTsa — IpOCTPaH-
crBa Coo(X) pacimmpeHHbIX HeNPEPBIBHBIX (DYHKIMIA HA GIPOBCKOM TOHOJIOrHYecKOM npocrpancrse X. Hso-
mopdusm mexiy BekropHbiMu pemerkaMu Coo(X) u Coo(Q) (au1a nopxongmero komnakTa () Moxker OblTh
BBIPAYKEH SIBHO C TOMOINBIO (DYyHKIMU (x , OMUCAHHON B § 1.2.

Nudopmarmsi 06 aBCTPaKTHBIX BEKTOPHBIX perieTkax 1 K-npocrpanctie Coo (Q) nmeercst B [24, 33, 60, 83].
OcHopubIe cpoiicTBa mpocrparcte M (Q) u L°(§)) npuseenst B [59, 166].

Bce BekTOpHBIE MPOCTPAHCTBA, B JAAHHONW paboTe pACCMATPUBAIOTCS HAM mojeM R BEIECTBEHHBIX UHCET
U IO YMOJIYAHUIO TPENOIaral0oTCs HEeHYJIEBbIMUA. Bce BEKTOPHBIE PEMIETKH M0 YMOJTYAHUIO MPEIMTOJIATAI0TCS
APXUMETOBBIMH.

1.3.1. B upousBoJibHOI BEKTOPHOI peleTke (= PereToYHO yNopsAI0YeHHOM apXUMEI0BOM BEKTOPHOM
OPOCTPAHCTBE) GUHADPHBIE PEIeTOYHbIe onepanuu obosnadaorcs cumsogamu V u A. IlojoxkurenbHas 9acTb
eV 0, orpunaresnbhasd yactb (—e)V0 u Mouyib eV (—e) 3ueMenTa € BEKTOPHO# pereTku 0003Ha4aI0TCs COOTBET-
cTBeHHO Uepes €', e~ u |e|. MHOXKecTBO BCex MOIOKNTEeIbHBIX 9JeMEHTOB BeKTOPHOMH pemerkn F obo3Hadaerca
cuvposioM EY. Cumpon L obosmagaer orHomenne amsbionkTHocTn: e L f < |e| A |f| = 0. JInsborkTHOE
nonommenve {e € E :e | f ana seex f € F} mommmoxectsa F BekTOpHOI pemerkn E ofosnauarcs depes F+,
cumBoa F1 apjsercs coxparmenueM 3amucu (F J-)J-. IlonMHOXKECTBO BEKTOPHOI pernieTku F, uMmeroiiee BUI,
F1+ nna mexoroporo F' C E, naswesaercsa xomnonenmoti E (moposkaennoit Muoxkectsom F). TlommmoskecTso
Ft = ML reecE,
HaspIBaeTcA 2aaehoti. Daement 1 € E maszpiBaioT (caabotl) nopadkosots edunuueti, ecmm 1 > 0 u {1}++ = E.
Ecom nyia kaxk moro snementa e € E cymectsyer ancno A € R takoe, uro |e| < Al, To anement 1 € F HazpiBaercs
cuavnot (nopadkosoti) edunuyet.

Tor dakr, 910 ceThb (€4)aca MOHOTOHHO yOBIBaET U inf,ca €, = €, KOPOTKO obo3Hadaercsa (HhopMysoi
eo 4 e. ToBopdar, 4ro ceTh (€4)acA NEMEHTOB BEKTOPHOH pemerku E o-crodumes x e € E (v mummyr
e = o-lime,), ecim B E cymecrsyer Takas cethb (f3)gen, 910 f3 L 0u VS e BIa € AVa > a le, —e| < fs.
Ecnu B ponu ceru (fg)gep BBICTYIAET HOCIENOBATENBHOCTD (f /N)nen, Tae f 2 0, TO TOBOPAT, UTO COTH (€4 )acA
r-cxodumes x e (¢ peeyasmopom f) n numyr e = r-lime,. Cerb (€4)aca Ha3bIBaeTCH O0-PyHdamenmarvnol
(r-dyndamenmanvhoti ¢ pezyaamopom f € E), ecim ceTh (€q — €5)(a,8)cAxA O-CXOAUTCS (COOTBETCTBEHHO

F C F aBasiercst KOMIIOHEHTOH TOTAa W TOJBKO TOIIA, KOTIA F. Komnonenra Bujia {e

r-cxonurcs ¢ peryadropom f) K mymo. Eciau cers (2569 65) o-cxogurcd K e € E. 1o cemeiicTBo

0P, (=)

finl=
(e¢)ges HABBIBAIOT O-CYMMUPYEMBLM U TIHIIYT € = 0-) ¢z ¢ (30ech Phin(E) — COBOKYIHOCTb BCEX KOHETHBIX
nosMHONKecTs E). B TOM caydae, KOTia SJ€MEHTBI €¢ MONAPHO JTH3BIOHKTHBI, CYMMY 0-) gz €¢ HA3BIBAIOT

dussronrmnot. Cerb (€q)acA HA3BIBACTCH ACUMNMOMUNECKU 02PAHUMEHHOT, €CJU CYIIECTBYET TAKOH WHIEKC
a € A, uro mHOKECTBO {€, : @ > @} MOPAIKOBO orpanndeHo. OUYEeBHIHO, BCAKAA O-CXONSIIASICA CETh ABJIACTCS
ACUMIITOTHYECKH OTPAHUIEHHOM.

IIycrs £ — BekTopHas peuierka. Jluneiinbiii oneparop 7: F — E Ha3bIBaeTCs NOPAIJKOSHIM NPOEKIMOPOM,
ecu 2 = 7w u Te < € JJIA BCeX TOJOKHTETbHLIX aneMentos ¢ € E. Ha muoxkecrse Pr(E) Bcex mopsIKOBbIX
MPOEKTOPOB B F BBOAWTCS MOPSAMOK: M) < Mo O3HAYAET 7€ < To€ JJIsT BCEX TOMOKUTENbHBIX € € F. OTHO-
CUTEJIBLHO TAKOrO 1opsiiKa Muoxkecrso Pr(E) upeicrasiser coboit Oyiesy asnrebpy. Hysnem u equnuieii B 31oit
anreGpe SBIISIOTCST COOTBETCTBEHHO HYJIEBOIM U TOXKIECTBEHHBIN id g omepaTopsl, a 6yleBbl OMEPAITUN OCYIIECTB-
JISTFOTCS. CIIETYIONIM O0pa3oM: T ATy = T O T, T V Ty = T + Ty — M oMy, m+ =idg — 7. Eciu e € E, 10
9JIeMeHTBL B e, rie m € Pr(E), Ha3bIBAIOT 0CKOAKAMU €.

O6pas m060ro MOpsiIKOBOTO IIPOEKTOPA BEKTOPHOH PEIIeTKH ABJSETCS KOMIOHEeHTON. Kaskmwrii mopsii-
KOBBII TTPOEKTOP OJHO3HAYHO OMpeesercs cBouM obpasom. Jljis mpom3BosbHOTO 3jieMenta e € E cumBosiom
(e) 0bo3HAuaeTCH TIOPAIKOBBI IPOEKTOp Ha koMuonenTy {e}1 (ecim Taxosoif cymecrsyer). AHATOrMYHO 11s

nommuoxkecTsa F' C E cuvsomom (F) ofosnadaercs mpoexTop ma Kommomenty F+. s mobbix e, f € E
nonaraem (e < f) :== ((f —e)"), (e < f):=(f <e)t, (e> f):=(f <e)ule>f):=(f <e). fcuo, uro
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(e < f) = max{m € Pr(F) : me < wf}. Ecrectsenno, 3amuch (e < f < g) obosmagaer (¢ < f)AN{f < g). B
JanbHEeHIeM Mbl OyIeM HCIOIb30BaTh MOI00HbIe 0O03HAMEHNsT 063 TOMOJTHUTEIHHBIX TOSICHEHMI.

Bekropuoe noanpocrpanctso F' C E uazwiBaercs (nopadkoevim) udeasom BEKTOPHON pernerku F, eciau
st mobbix f € Fue € E us le] < |f| cnenyer e € F. Ecim D — noaMHOKECTBO BeKTOPHOH pemerku E, To
HauMeHbIHH unean F, comepxkammit D, obo3navyaeTcs cuMBoiioM Ep u HazbiBaeTcs udeaiom, nopoxcoermvim
D. OueBumHO, Takoil uaeas CyMECTBYET W MPEICTABJSIET CODOH MHOXKECTBO BCeX e € F| ynoBIeTBOPSIONIX
uepasencrsy |e| < |di| + -+ + |dy| ana kaknx-mm6o sanementos d; € D. Ina npou3sonbHOro saementa d € F
unean Fyrqy naspisaerca (eaasuvim) udeanrom E, nopoocdennvim saemernmom d, u obosnadaerca cumposiom Fy.
Ouesunno, Eq = {e € E : |e| < n|d| nna nekoroporo n € N}. Unean F C E naszpBaror @yrdasenmon, ecan
Ftt =F.

BekTopnasa pemrerka HasbiBaeTca npocmpancmeom Kanmoposuwa nnm, Gomee KOporko, K-npocmpan-

CMeoMm, €CIIn BCAKOE €€ IMOPAAKOBO OI'DaHMYEHHOE IIOAMHOZKECTBO HMMEET TOYHBIE I'DaHHUIIbI. Ecan wannane
TOYHBIX T'PAaHUIl TapaHTUPYETCAd JIUIIb AAd CYETHBIX HOPAAKOBO OIPDAHUYEHHLIX MOAMHOZKECTB, TO BEKTOPHAA

permeTka uMenyercst K, -npocmpancmeom. B K-mpocrpancree (K, -TipocTpaHcTBe) KaxKmas o- wian r-byHIa-
MEHTAJIbHAsl CeTh (CYETHAsl CeThb) MMEET COOTBETCTBEHHO O- WM r-lipefes. s mo6oil BeKTOPHON pererku
E umeercs (e MHCTBEHHOE C TOUHOCTBLIO 0 JIMHEHHOIO M MOPsAKOBOro usomopdusma) K-npocrpancrso E, co-
nepzxamee F Kak 0-IJIOTHYIO BEKTOPHYIO TIoApeneTKy. Takoe K-mpocTpancTBo E HA3BIBAETCH 0-NONOAHEHUEM
pemerkun FE. ToBopst, 910 K-IPOCTPAHCTBO SIBIASIETCI PACULUPEHHDIM, €CITH JI000e CeMeiCTBO MOMapHO IN3b-
IOHKTHBIX €70 9JIEMEHTOB TOPSIIKOBO orpanndeno. Beskoe K-mpocTpaHCTBO sABIsieTcda (DyHIAMEHTOM HEKOTOPOTO
(eZIMHCTBEHHOTO € TOYHOCTBIO JIO JMHEHHOTO W MOPSAIKOBOrO W30MOp(dU3Ma) pacimpeHHoro K-mpocTpaHcTsa,
KOTOPOE HA3LIBAETCS €r0 MAKCUMAaAbHbiM pacuupenuem. Joboit ugean K-upocrpancrsa (K, -1pocTpancTsa)
ssagerca K-npocrpancrsom (K, -npocrpancrsom). s Besikoro K-npocrpancrea E Gynesa anrebpa Pr(E)
monua. Kemm F' — dymmament K-npocrpancrsa F, To orobpaxenue m — 7r| F OCYIIECTBJIsIET U30MOpdu3M
Mmexy OyseBbiMu anrebpamu Pr(E) u Pr(F). Msl ycnosumcs oroxiecrsiaars anreGpst Pr(E) u Pr(F) no-
cpezncTBoM 3roro uzomopdusma. B K-npocrpancrse (K, -0pocTpaHcTBe) UMEIOTCH [OPSIKOBbIE IPOEKTOPHI HA
J00YI0 KOMIIOHEHTY (COOTBETCTBEHHO HA JIIOOYIO [VIABHYIO KOMIIOHEHTY ).

K-npocrpanctso E HazwsiBaeTcst wenpepuiehvim (Quckpemmnim), eciu Oynesa anredpa Pr(E) menpepbisaa
(muckperna) (em. 1.2.1).

1.3.2. HacaeacrBenno (o-HacaeACTBEHHO, MPABUJIBHO, 0-IPABHIBHO) BJIOXKEHHYIO BEKTOPHYIO HOJjpe-
ueTKy BekTOpHOil pemierku (cum. 1.2.2) naseiBaor nacaedcmeennot (0 -nacaedcmeennot, npasusbhoti, o -npa-
6uALHOT) Nodpewemroi.

ITpengmoxxeume. Ilycrr E — BekTopHas perietrka n ' — Bextoprasi monpernierka E. Craenyrorre
YTBEPKI€HHA SKBUBAJIEHTHBI:

(1) F — maciencreeHHas (0-HacJaeqcTBeHHAs) noapernerka E;

(2) s mo6oro (caernoro) mogmuoxkectsa G C FT n3 coorromenns infp G = 0 crenyer infg G = 0;

(3) ecumu (cuernasi) cerb o-cxonuresa B F, ro ona o-cxonures u B E, npudem K ToMy ke npeseiy;

(4) ecsu (cuernasi) cerb o-cxoaurcs K Hyao B F, 10 ona o-cxonurest kK wymo u B E.

IIpengioxxenmne. Bekropras moapemnrerka K-npocrparcrsa (K, -npocTpaHCTBa) SABISETCS MPABHIBHON
(0 -npaBuIpHOI) TOrAa H TOJIBKO TOIJA, KOIJA OHA 0-3aMKHYTa (CYETHO H/HJIH CEKBEHIHAJIBHO 0-3aMKHYTA,).

1.3.3. Teopema. Ilycrs 1 — nmopsakoBas exquauia B K-npocrpancrse E.
(1) Eciin nopsiakoBo orpanundeHnas cerb (€q)aca d1eMenToB E o-cxoaurcs K e € E| 10 guis mo6oro qucia
€ > 0 cymecrByer Takoe pasbuenne equHANbI (To)aca B OyaeBoii aarebpe Pr(E), uro myleq — €| < €l mmsa Beex

a €A
(2) Lz sroboro agemenrta e € E cymecrByer Takoe pazbuenme eaubuibl (T, )nen B Oy/eBoii aiarebpe

Pr(E), aro m,le| < nl gaz Bcex n € N.

<« Jokazarenbcrso (1) nmeercs, nanpnumep, B [24: reopema 1.3.9]. Yreepxaenue (2) spasercsa nepedop-
MynupoBkoit (1) musa cetn (€/n)pen. W

1.3.4. Ilycrb f — TIpPOU3BOJLHBIN IONOKHATENBHBIN 3JIEMEHT BEKTOPHON pemerku F. Demenr s € F
HA30BEeM [ -cmynenuwamolm, €Cm s = y - Ny f UL HEKOTOPBIX Aq, ..., A, € Ru my,..., 7, € Pr(E).

Ilpensnoxenne. IlpenmonoxkuM, 4T0 B BeKTOPHOI perrerke E CyHmiecTByrOT MOPSIKOBBIE MPOEKTOPBI
Ha IVIaBHbIE KOMIIOHEHTHI (9TO BBHIIOJHEHO, ecid, HaupuMmeD, E aprsercs Ky-npocrpancrsom). Ilycrs Ef —
riaBHbIT mieasa F, mopoxennsiii monoxunreasusiM daemenrod [ € E. Torna mrsa xaxgoro sirementa e € Ey
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u Jjoboro wmcaa € > 0 Hafigercsa taxoit f-crymendarsii sgement s € Ey, uro |s| < le|l mle—s| < ef. B
YACTHOCTH, MHOXKECTBO f-CTYIIEHIATBIX 3TEMECHTOB 1-IJIOTHO B Ef.

<« TIpenmonoXuM BHIIOJHEHHBIME BCE YCIOBHSA IPENJIOXKEHUA U PACCMOTPUM IMPOH3BOJBHLIC 3JICMEHT
e € Ef w ancyo € > 0. Ilycrs uncna m,n € N rakossr, uro || < mf u 1/n < e. Torna cymma

—1 . . . mn . . .
> ;<Z;1f<e<;f>f+§j;<;f<e<Z;1f>f
’ i=1

i=—mn
ABJIAEeTCAd UCKOMBIM f—CTyHquaTBIM JIEMEHTOM. >

1.3.5. Ilycrs X — mpoussosbHOe MHOKecTBO. [Ljist moboro cemeiicra dbymkmuit fe: De — R (€ € 2),
OmpeeIeHHbIX Ha moaMHOKecTBax De C X, onpenennm 6eprnion 02ubaiowyro Supecs fe: X — R, monokuB
(Supgez fe)(z) = sup{fg(a:) :£ €2, x €dom fg}. Hpoitcreennas dopmyna (Infecg feo)(x) == inf{fg(a:) =N
x € dom fg} ompegensier nuoichioro ozubarougyio Infecs fe: X — R, (Kak 06braHo, MBI mosaraeM sup & 1= —oo
u inf @ := 00.)

JIemma. ITycrp X — 69poBCKOE TOHOJOIHYIECKOE NMPOCTPAHCTBO. BEDXHSS H HUXKHSA OrHOAIONIHE JIFO-
6oro cemeiictpa aementoB Coo (X)) obaanator coficreom Bapa.

<« Paccmorpum nponsBoibHOE ceMeHCTBO ( fe)ecs dmementos Coo (X)), 3adurcupyem uncio A € R u moka-
JKeM, 9T0 MHOXKeCTBO A 1= {x e X: (Supgeg fg)(a:) > )\} obmamaer coiictBoMm Bapa. B cuny mempepbsiBHOCTH
dbysrumit fe maifinyrcea takue oTpoiThle MHOKecTBA Ge C X, uro {z € dom f¢ : fe(x) > A} = Ge Ndom fe.
0603Ha9UM OTKPBITOE MHOMXKECTBO U565 G¢ 4gepes G. B cuny pasencrsa A = Ugea G¢ Ndom fe, must Kazka0ro
¢ € 2 nepeceuenne (A A G) N Ge conepxurcs B X\ dom fe u nosromy siBisiercs Tomum. CiieoBaTeIbHO, 10
reopeme 1.1.10 Tomum ssasierca u nepecedenne (A A G) N G, cosnagaiomee ¢ AN G. »

Teopema. Ilycts X — 63pOBCKOE TOMOJIOrTIE€CKOE MPOCTPAHCTBO.

(1) Bexropuas pemierka Coo (X) siBasiercs: pacmupennsiM K-npocrpancrsom.

(2) Henycroe cemeiicto (fe)ecz smementos sexroproii perrerkn Coo(X) mOps/IKOBO OrpaHHYeHO CBEPXY
(cHHu3y) TOrZmA H TOJBKO TOIJA, KOIJA ero BePXHsA (HHXKHss) orubaroniasi IPHHUMAET KOHeYHbIe 3HAYCHUS HA
KoToiieM rnoaMuoxecrse X.

(3) Eciu (fe)eez — orpanmgennoe ceepxy (cHu3y) cemeiicro agemerToB Coo(X), TO cont (Supgeg fe) =
supecg fe (coorsercrsenno cont(Infecz fe) = infeez fe).

< C 09eBHIHOCTHIO BRITEKAET M3 MOCTEIHEH TeMMBI. B

1.3.6. Teopema [214]. Ecmn () — 0-3KCTPEMaJbHO HECBSI3HBIH KOMIIAKT, TO BEKTODHAs DeIleTKa
Coo(Q) siBasiercst K, -IpOCTPAHCTBOM.

1.3.7. Ilyctp X — 63poBckoe TOMOIOTHYECKOe mpocTpaHcTBo. Jlma kaxkmoro muHoxkectBa U C X,
obmamatorero ceoiicteoMm Bapa, onpenennm nopsinkoebiii mpoekTop (U): Coo(X) = Coo(X), monoxkus (U) f :=
cont(xy f), rme xu — xapakrepucruueckaa yukius Mmuoxecrsa U. Hecsioxuo ybequrbcs B UCTHHHOCTH

CIIeYIOMIETO yTBEePKIEHNU .

Ipenmoxkenne. ITycte X — 63posckoe romonormaeckoe mpocrparctso. Orobpaxenme U — (U)
ocymiectpisier n3oMopduzm mexry Gyiaespivu ajarebpamu Rop(X) u Pr (COO (X ))

BaMeTum, 9TO B CIy4ae, KOTAa MPOCTPAHCTBO X SABIAETCS SKCTPEMATbHO HECBS3HBIM KOMIIAKTOM, HMEIOT
mecto papercTBa Rop(X) = Clop(X) n (U)f = ext(xu f) mas Becex U € Clop(X) v f € Coo(X).

Ecmn f € Coo(X), To muOKecTBO cl{r € X : f(x) # 0}, nae cl — omeparyst 3aMbIKaHWsI, HA3BIBAETCS
nocumenem gynxyuu [ u obozuadaerca cumposom supp f. Ecau F' C Coo(X), TO MHONKECTBO Cl UfGF supp f
HA3LIBACTCA HOcumenem muoocecmes gynryul F u obosnadaerca cumpoiom supp F. Ouesuano, (supp F) =
(F), 1. e. omepaTrop f +— cont(Xsupp rf) SBISETCH MOPAIKOBBIM IPOEKTOPOM HA KOMIOHEHTY, IOPOXKICHHYIO
muOKecTBOM F. B wacrroctn, (supp f) = (f) ana moboit dyrknnn [ € Coo(X).
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Teopema [33, 214]. Ilycts E — mpomusBoabHoe K-mpocTpaHCTBO, () — CTOYHOBCKHUIl (9KCTPEMAJBHO
HECBsI3HbIN) KoMIakT Gysesori aarebpst Pr(E) u m — & — kaHoHnmwecknii nzomopduzm Pr(E) Ha Clop(Q).

(1) CymecrByer juHeriapIii U 10psKoBbLi uzomopgusm e — é K-npocrpancrsa E na ¢pyarament Coo(Q)
raxoii, aro (me)" = (7t)é ama cex 7 € Pr(E) me € E.

(2) Eciu B E uxcupoBana nopsakopas equnuia 1, 10 cymecrByer equHcTBeHHbl u30Mopdu3m e — €
K-npocrpancrsa E ma dyrmament Coo(Q) Taxoii, aro (71)" = xz ana scex m € Pr(E).

(3) O6pas Jioboro uzomopguzma pacumpennoro K-npocrpancrsa wa ¢ymgament Coo(Q) coBmagaer ¢

Coo(Q).

Orobpazkenue e — €, ¢urypupyioiiee B HOPMYIUPOBKe TOCTENAHEHl TEOPEeMbl, HA3bIBAETC PEaAUIGUUET
K-npocrpancrsa F.

Bameuanue. U3 mocmegreil TeopeMbl, B YACTHOCTH, CJAEIAYET, 4TO B JIOOOM paciupenHoMm K-mpo-
cTpaHcTBe F MOYKHO ONpeenTh MPOU3BENEeHNE TaK, 9YTO F IPEBPATUTCS B KOMMYTATHBHYIO YIOPSIIOYEHHYIO
anrebpy. Ecan monmomunTenbHO PUKCHPOBATH MOPAAKOBYIO eanHuily B K-mpocrpancrse E u morpeboBars, ITO-
ObI OHa ObLITa eIMHUIEH YMHOKEHHN, TO CIIOCOD OmpeneseHns Mpon3BeeHns B £/ CTAaHOBUTCS eIMHCTBEHHBIM. B
9TOM ClIydae Jjis Kaxkaoro sjaementa f € E cynecTByer eiuHCTBEHHBIH 3neMenT g € E rakoit, aro fg = (f)1,
rme 1 € F — enunanma ymMmHOXKeHuA. Takoi smeMent g mbl Oymem obosHavarh cumbosnom 1/f. Tlpoussenenue
e(1/f) obosmauaerca Gomee KOPOTKO: €/ f.

1.3.8. IIpemyoxenue. Ilycte X — peryasproe 63pPOBCKOE TOHOJOTHYECKOE MPOCTPAHCTBO, () —
croyHoBckuii komnakt Gysuepoit aiarebpor Rop(X) u a: Qx — X — abecomornzanust X (cm. 1.2.9). Torza
auts iroboit dyarmmn f € Coo(X) xommozummst f o a ompeneseHa Ha BCHOIY TIOTHOM TOAMHOXKecTBe () W
orobpazkenne [ — ext(f o «) ocymecrBaser gunelinpii u nopsakoBoiit uzomopgusm K-npocrpancrsa Coo(X)

fa Coo(Q).

<« U3 reopembr 1.2.10 caenyer, 9yto orobpazkenue i: f +— ext(f o ) aBiagercs JIMHEHHBIM U TOPSIKOBBIM
uzomopduzmom Coo(X) va imi. ITockonbky 06pas i aBagerca K-npocTpancTBOM, JJid JOKA3ATEIbCTBA PABEH-
crBa imi = Co(Q)) AOCTATOUHO yCTAHOBUTH, 9TO 1M 7 COAEPKUT XapaKTepucrudeckue PYHKIUKE BCEX OTKPbITO-
3aMKHYTBIX oaMHuoxkecTB (. ITociennee suitekaer u3 1.2.9 u 1.2.10. »

1.3.9. Ecau @ — npocrpascTBo ¢ MepOii, TO IPH yIOTPeOIeHHN IOTOYeYHbIX TOYHBIX rpanutl Infees fe
u Supgcz fe, MBI camTaem, aro dynkmmn fe € M(S2) onpenenens Beofy Ha () u EHCTBYOT B R (cm. 1.1.11).

Ilpenmnoxenne. Ilycrp ) — HpocTpPaHCTBO ¢ HEHYJIEBOH MEpOH.

(1) Bexropnas penrerka M (QY) sBasercss K, -npocTpaHcTBOM.

(2) HocaenobarenbrocTh (f1 )nen 27aemenToB M (§)) mopsAKoBO orpaHHYeHa CBEPXY TOLA H TOJBKO TOLJA,
KOrza sup,,cy fn(w) < 0o mourn mast Beex w € ). Ilpm sTom Sup,,cy fr € SUP,en fr-

(3) Ecin nociegosarenbuocts (fr) o-cxonures k f~ B M(Q), 10 fr(w) — f(w) mourn ms Beex w € .

1.3.10. U3 cienyiommeil TeOpeMbl, B Y4ACTHOCTH, BBITEKAET, 4TO BeKTOpHbIe pemerku M (Q) u L°()
ApasroTca K-pocrpascTBaMu, ecjn ) — IPOCTPAHCTBO C KOHEYHOH WJIM 0-KOHEYHOH MEpPO.

Teopema. IIpennoo:KuM, 9T0 IPOCTPAHCTBO ¢ HEHyAeBoH Mmepoii §) objiazaer cBOHCTBOM HPAMOIT CyM-
MBI, 0 0ycTh p — Juicpruar L(0).

(1) Bexropuas pemerka M () spasercs pacmupenasiv K-npoctpancrom.

(2) Cewmeticrso (fe)ecz smementos M ()) mopsaKOBO OrpaHHYEHO CBEPXY TOLAA H TOJBKO TOIJA, KOLA
CymecTByeT Taxoe cemeiictso npeacrasureneti fe € fe (§ € E), uT0 supgez fe(w) < oo mourn s Beex w € Q.

(3) Ecmu nommuoxectso F C M() cocrout m3 HOJTOXKHTEIBHBIX 3JEMEHTOB H IOPSIKOBO OrPAHHIEHO
csepxy, 10 Supgcp~ p(f) € supF, rae F>* := {xf : 7 € Pr(M(Q)), f € F} N L>(Q).

(4) Ecmu cemeiicrpo (f¢)ecz smementos L™°(Q) nopsaxoso orpammieno B L>(S2), 1o Supgcz p(fe) €
SUD¢cm fg u Infgeg p(fg) S infgeg fg.

<« Jokazarenbcrso yrBepskenuii (1) u (2) umeercs B [59: 1.6.10]. Yreep:Kaenust (3) u (4) MOKHO U3BJI€Yb
u3 [166: . III, Teopema 3]. »
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1.3.11. IIycts ) — mpocTparcTBO ¢ HeHYIeBol Mepoii. Eciu A € B(Q) u f € M(Q), To cumpomnom (A) f
0BO3HATACTCS TTOTOYEIHOE TIPOUIBENEHNE Y A f, TIE X4 — Xapakrepucrnieckas dbyHkmus muHokectBa A. Ecim
A € B(Y) uf e M(Q), o cumsonom (A)f obosmagaercs xknace u3 M (), cogepxammit Gyuxmumo (A)f mis
HEKOTOPBIX (a Torma u jJia Jobbix) npencrasureneit A € A u f € £f. Orobpaxkenue A — (A) ocylecTsiasger
msoMopbuaM Mexay Gynesbivu anredpamu B(Q) u Pr(M(1)).

Cuesyioniee npeijioxkeHue siageTcs (PyHKIUOHAJBHBIM aHAJOIOM yTBEpKAeHus TeopeMbl 1.2.12 (2).

IIpennoxenne. Ilycrs cemeiicrBo (A¢)ecg smemenros B() anmpoxcumupyer §). Torma s jroboii
Gyaxmuu f: Q — R umeror mecro ciaenyroiiie COOTHOLICHHS:

(1) f e M(Q) rorza n rorpko rorma, xorga (Ae)f € M(Q) mus Beex § € E;

(2) f ~ 0 rorga u Tompko Toraa, koraa (Ag)f ~ 0 ana Becex € € E;

(3) ecmm f e M(Q) u f >0, rosupecs ((Ae)f) = f~ B M().

1.3.12. IIpocmpancmeom Kanmoposuwa — Ilunckepa Ha3biBaeTca Beskoe K-TIpocTpaHCTBO, comeprka-
mee pyHIAMEHT ¢ TOCTATOYHBIM YUCIOM MOPIIKOBO HEMPEPBHIBHBIX (DYHKITHOHAIOB.

Teopema [60]. (1) Eciu Q — npocrpancrso ¢ HeHyseBoi Mepoi, 06JaJaioniee CBOHCTBOM HPSMOIi
cymmbl, To M(Q) — npocrpancreo Kanroposuya — Ilunckepa.

(2) Besiroe mpocrpanctso Kanroposnva — IlnHCKepa JHHEHHO W MOPSIAKOBO H30MOPhHO (byHIaAMEHTY
K-npocrpancrsa M () mis moaxoasimero opocTpaHcTBa ¢ Mepoil §), 061a1a01mero ¢BoiiCTBOM OPIMOLT CyMMBbI.

1.3.13. Teopema. Ilycrp @ — npocrpancrso ¢ mepoi, p — sugrunr npocrpancrsa L>°(Q) u 7 :
Q — @ — cooTBeTcTByIOIEEe KAHOHHYECKOE TTorpy»kernue () B ¢cTOyHOBcKHit KoMmaxT () Gysepoii aarebpsr B())
(cu. 1.2.13).

(1) Ilourn Bcrogy B () onpemeneHHas BEHIECTBEHHA (DYHKIHS € U3MEPHMA TOLJA H TOJIBKO TOLIA, KOLIAA
e ~ f ot mis vekoroporo agementa [ € Coo(Q).

(2) nst smroboro kaacca e € M(Q) cymecrsyer equncrsennas yuxmus € € Coo(Q), maromas npeicras-
Jiene e B Buge (éoT)"™.

(3) Orobpazkenue e — € OCyHIECTB/IZET JIHHEHHBIH, ajarebpandeckuil u nopsakoBbi uzomopguzm M(Q)
Ha Coo(Q). Obparsbiit mzomopusm Coo(Q) Ha M () geficrByer no npasury f — (f oT)™.

(4) O6paz L*>(Q) npu uzomopdusme e — & cosmagaer ¢ C(Q). s kaxgoro kiaacca e € L>(Q) umeer
MecTo paBeHCTBO p(e) = &oT.

<« Ilycts A — A — KaHOHWYeCKHit uzomopduzm B(2) na Clop(Q). Cornacuo 1.3.11 u reopeme 1.3.7
cyuwecrsyer (M eauHcrBeH) Takoil uzomopdusm e — € pacuupennoro K-upocrpancrsa M(Q) na Coo(@Q), ur0
XA = Xz AnaBeex A € B(§). Boiaenuum B M () coBoxynnocts St(€2) crynendarsix knaccos Buga y ;i (Aq) A7,
rae A; € B(Q) u \; € R. AnanornunbiM 0o6paszoM onpeaennm MEOKecTBO St(Q)) C C(Q) BCeBO3MOKHBIX CYMM
S {Ui)A;, toe U; € Clop(Q) 1 A; € R. Ouesnznno, orobpazkenue s — § ocymectsusier nzomopdusm St(Q2) Ha
St(Q). Tockombky MHOZKecTBO St(€2) uroTHO B L™ ({}) OTHOCHTEIBHO 7-CXOAUMOCTH ¢ peryasropom 17, a St(Q)
pasaoMepuo wiotHo B C(Q), obpas L () upu uzomopdusme e — € cosnamaer ¢ C(Q). U3 reopembr 1.2.13
ciepyer, 910 p(s) = §o 7 g Beex s € St(€). YuurbiBas 9T0 06CTOATENBCTBO, & TAKZXKE MCIOJIb3ys TOT (DaKT,
YTO T'-CXOIMMOCTb S, — € C peryadaropoM 1™ Bjeder PaBHOMEDHYIO CXOQMMOCTH P(S,) =2 pe), upuxoaum K
paseHcTBy p(e) = € o7 ;g Beex e € L(0).

Jns 3aBepiienvs 10KA3aTeIbCTBA TEOPEMbI JIOCTATOYHO MOKA3ATh BKJIOYEHHE € 0 T € e JJisd KaxKJIo-
ro kimacca e € M(). CormacHo 1.3.3 moboit snement e € M({)) pasnaraercsd B JAU3BIOHKTHYIO CyMMY

0, en(An)e orpannyeHHEIX 37eMeHTOB (A )e € L°°(Q). Ocraercs 3aMeTHTh, 4TO €0T = (O—Z”EM;‘;n)é) oT ~
Shenp((An)e) €e. >

Dyukius € € Coo(Q), coorBercrByomasn kiaccy € € M(Q) cornacuo n. (2), Ha3LIBAETC CIMOYHOBCKUM
npeotpasoeanuem e.
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§ 1.4. PereTo4YHO HOpPMUPOBAHHBIE IPOCTPAHCTBA

Dror maparpad COmepKUT OCHOBHBIE OIIPeIeNeHnst i 0003HAYEHHSI, CBA3AHHDIE C PEIIIETOYHO HOPMUPOBAH-
HBIMU MPOCTPAHCTBAMH, & TaKyKe HEKOTOPbIE Kiaccudeckue (dhakThl Teopun mpoctpancts banaxa — Kanropo-
BHYA.

ITonstue PHII 6110 BBemeno JI. B. Kanroposudem B 1935 1. u mo3mHee Gojree HeTANIbHO PACCMOTPEHO B
monorpadun [60]. Hosediime pocruxkenus: 8 reopuu PHII B ocroBroM cBsasanbl ¢ paboramu A.T'. Kycpaesa u

ero yuenukos. Ilonpobuas nudopMalysg O COBPEMEHHOM COCTOAHUU TON Teopuu umeercs B [24, 83, 84, 87, 95,

183-186).

1.4.1. Paccmorpum BEKTOpPHOE MPOCTPAHCTBO U, BekTOpHYIO pemetky E u dyukuuio |-|: U — E. Tapa
(U, ]-]) nazbiBaeTcd pewemouno HOPMUPOSArHbIM Npocmpancmeom Had E, ecau s niobbix u,v € U u A € R
UMEIOT MECTO CJIEAYIONINE COOTHOIIEHS:

(a) lul > 0;

©) 1Aul = [AJul;

() lu+vl<lul+lvl;

(r) |u] =0 rorma u Tonabko Torma, Korma u = 0.
ITpu sTom orobpaxkenue |-| umenyercs pewemounot (eexmopnot, E-snaunot) nopmot, a npocrpanctso E
HA3bIBACTC Hopmupytouet pewemxkot. Bmecro (U, |-]) ob6brano nuinyT npocro U u B ciiydae HEOOXOAUMOCTH
cuabxkator cumsod |-| uapexcom: |-|,. PHII U nazbiBator pasaosicumvm (d-pazaoorcumvim), eciam g aioboro
sslemenTa U € U u moboro pasznoxenud |u| = f+ g B cyMMy NOJ0KUTENBHBIX (COOTBETCTBEHHO N3 bIOHKTHBIX )
sanemenToB f,g € E maligyrca takue v,w € U, uro |v| = f, |w|] = g u v + w = u. B nacrosmeit pabore no
YMOJTIAHUIO MPEIIOIaraeTcs, 9ro Bce paccmarpuBaembie PHII d-pa3moKuMbl 1 ©X HOPMHPYIOIIHE PEIETKH
apngioTcs K-npocrpancrBamu. Kpome TOro, 3a9acTyio yaoOHO Ipeamosararb, 9Tro obpa3 mopmbr PHIT U
MaKCHMaIbHO MUPOK B HopMmupylomeii pemerke E, 1. e. {|u| : u € U} = E.

Mycts Y — PHIT mag E. Tlonmuoxkectso V C U HazbiBaeTcs (NopATKO60) 02PGHUMEHHbLM, €CTTH MHOKECTBO
{lv] : v € V} nopsakoso orpammueno B E. Tosopar, uto ssemenmo, u,v € U dusstonsmus (M THITYT
u L v), ecam |u| L |v|. Besikoe cemeiicTBo, cocrosiiiee u3 nonapHo au3bloHKTHBIX djemenTos PHII, nassiBator

OUSBIOHKETMHBM CEMETUCTGOM.

ToBopar, uro cerb (uy) aemenros PHII U nan E o-cxodumes (r-cxodumea ¢ peeyasmopom e € E) x
uw € U (u numyr v = o-limu, u coorBercrBenuo u = r-limu,), ecom B E Bbimosadeno o-lim |u, —u| = 0

(r-lim Juo, — u] = 0 ¢ peryasaropom €). CeTb (U )aca Ha3BIBAETCH 0-Pyndamenmarvnot (r -@yrndamenmanrbnoi
¢ pezyaamopom e € E), eciu ceTh (Uq —Up) (a,3)cAx A O-CXOTATCS (COOTBETCTBEHHO '-CXOIUTCSA C PETYIATOPOM €)

K Hymo. Ecan cersb u, 0-CXOIUTCA K U € U, TO ceMelcTBO (U = HA3BIBAIOT O-CYMMUPYEMbLM
ceo e ’ 43

0cP,, (=)

finl=
W IUIIYT U = 0) ez Ue (37€Ch Phn(E) — COBOKYNHOCTL BCEX KOHEMHBIX MOJAMHOXKeCTE Z). B Tom ciyuae,
KOT/Ia 37IEMEHTBI Ug TIOTIAPHO /M3 HIOHKTHBI, BBIPAZKEHHE 0-) ¢z Ug HASBIBAIOT JU3BIONKMHOU CYMMOT.

COBOKYITHOCTD 0-TIPEIIENIOB (7'-IIPEIEIOB) BCEBO3MOXKHBIX O-CXOISIIUXCA (7'-CXOAANMXCA) CETEH 3JEMEHTOB
noaMHOXKeCTBa V' C U Ha3bIBAETC 0-3ambikanuem (T -3amobikaruem) MHOKeCTBa V. MHOKECTBO HAa3bIBAETCs
o-gamrrymoim (T -3aMKEHYMbLM), €CJIM OHO COBIIAJIAET CO CBOUM O-3aMblKaHueM (r-3aMbikanueM). I[loaMuOXKe-
CTBO U HA3BIBAETCH O-NA0mHbM (T -naomuvim) B U, ecin ero o-3aMblKaHue (r-3aMblKaHne) COBIagaer ¢ U.

[Mpeamonoxum, uro U — d-paznoxumoe PHII man K-mpocrparcTtBoM E w paccMOTPUM MPOU3BOJBHBIN
nopsaxosbiil npoekrop m € Pr(E). Jlerko ybeaurbcs B ToM, 9To jit060it 3eMenT © € U e TUHCTBEHHBIM 06pa3oM
pasmaraercsa B CyMMy U = v 4+ w TaK, uro |v| = 7|u| u |w| = 7t |u|. O603HaUNM craraeMoe v CHMBOIOM Tyt
Torma orobpazkenne my: U — U apaserca nuaeitnbiM npoektopom. Muoxecrso Pr(U) = {my : 7 € Pr(E)},
cHabXKEHHOE TOPSIIKOM Ty < Py < Ty © py = Ty, TpecTaBiger coboit OymeBy anarebpy, OyIeBbI onepainu
KOTODO# COBIANAIOT C ONEPAIUAME, TPAHCIUPOBaHHbIMU u3 Pr(E) orobpaxkenuem m — my. Tounee rosopsi,
s mobbix m, p € Pr(E) umeor Mecto coorHomenus my A py = (T A Py = Ty © pu, Tu NV pu = (T V plu =
Ty 4+ pu — o pu u (my)t = (7t = idy — my. Orobpaxkenme T +— Ty OCYIECTBIAECT H30MOPGDH3M
OyseBoii anreOpbI Pr({lul u € Z/{}J—J—) uva Pr(U), B cBas3u ¢ uem umpekc U B 0OO3HAYECHUU MPOEKTOPA Ty,
KaK TPaBHjIo, ONMycKaeTca. B caydae pasenctsa {|u| : u € U} = E (koTopoe 06BIYHO TIOIpa3yMeBaeTCH
no ymomdanuio) nzomopduse anredpsr Pr(E) u Pr(U) oroxmecrsastorca. as Beakoro u € U 37eMeHTH
BUma mu, tne m € Pr(F), maswBaoT ockoaxamu u. IIpoexrop (Ju|) obosmawaerca Gomee xoporko: (u). dis
IPOM3BOJILHOrO HoaMHOKecTBa ¥V C U cumpoom (V) obo3nadaercs IpoeKTop Ha Kommnonenty {|v| : v € V3L,

Ecimu (ug)ecg — TPOUM3BOIBHOE CEMEHCTBO 371eMeHTOB U, a (T¢)ecex — pasOueHne enuHUILI B OyIIeBOi
anrebpe TOPATKOBBIX TPOEKTOPOB, TO CYMMA 0-) ¢z Telg (KOMb CKOPO TAKOBAfA CYNIECTBYET) HA3BIBACTCH ne-

pemewsusanuem ceMeficTBa (Ug)ecz OTHOCHTENBHO (7¢)eez. Ilycrs V — mommmuoxectso U. COBOKYIHOCTD
BCEBO3MOXKHBIX MEPEMENTMBAHNI MTPOU3BOIBHBIX (KOHETHBIX) CEMEHCTB 3JIEMEHTOB ) HA3BIBAETCS YUKAUYECKOT
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060404%0T (COOTBETCTBEHHO KOHEYHO-UUKAUNECKOT 06040%K0T) MHOKECTBA V) U 0003HAUAETCA CUMBOJIOM mix V
(cooTBeTCTBEHHO MiXfy, V). Hnkauueckyto o6onouky oobemntennss V U {0} Mbl HasbiBaeM d-3aMbikaGHUEM MHO-
xkKectBa V u obo3HaYaeM cCUMBOJIOM dV. AHAJIOrMYHO CUMBOI df,V UCHOAB3YyeTCA i 0D03HAYEHM KOHEIHO-
MUKIAYECKOH 000m0uku MuOXKecTBa V U {0}, MHoxkecTBO V Ha3BIBACTCH UUKAUSHBM (KOHEUHO-UUKAUNHDIM),
ecau mix ) = )V (COOTBETCTBEHHO MiXp, ¥V = V). Jlerko npoBepurh, 9T0 (KOHEUHO) IUKJINYECKAS ODOJOUKA
MHOXKeCTBa V) npejicraBiger coboii HauMeHblnee (KOHEUHO) MUKIMIHOE MHOXKECTBO, cojepxaiiee V. OueBuiHO,

TS KOHEYHOH TUKTHYTHOCTH MHOXKECTBa V) JIOCTATOMHO, 9TOOBI OHO COIEPIKATO CYMMBI TV + Tw [Tt JIOBBIX
v,w €V umw e Pr(E).

1.4.2. IlIpemmomoxum, uro U u V — PHII wan E w F' CcOOTBETCTBEHHO, W MYCTh j — JIMHEHHBIA U
MOpSAKOBLIA n3oMopdusm F ua F. Jluneitnorit omepaTop ¢: U — V HA3BIBACTCS U3OMEMPUBECKUM BAOHCEHUCM,
ACCOUUUPOBAHHBIM € [, €CITH |z(u)| = j(|ul) nna Bcex u € U. CiOpbEKTHBHOE H30METPHYECKOE BJIOXKEHHE

HasbiBaeTcs ugomempueti. Losopsit, uro PHII U u V usomempuuns, eciu cyiecTByor uzomopdusm F va F' u
aCCOIMUPOBAHHAA ¢ HUM n3oMerpusd U uHa V.

B tom caygae, korma U u V — PHII nan oxmoit n T0ii ke pemerkoit F, BCaKoe m30METPUYIECKOE BIOKEHNE
i: U — V M0 yMOTYAHUIO TIPEATOIATAETCS ACCOIMUPOBAHHBIM C TOXKIECTBEHHBIM M30MOPQMU3MOM: |z(u)| = |ul
g Beex u € U. Tlpm HeoOXOOMMOCTH MOAYEPKHYTH IOCTIeTHee 0DCTOATEILCTBO MBI OyIeM Ha3bIBATh TAKOe
Broxkenne F-uzomempuyeckum, a B ciydae ero ciopbekruBaoctu — F -uzomempuedi. Coorsercreytomume PHIT
OyIyT Ha3BIBATHCA F -U30MempPurtHbtMu.

1.4.3. PHII nasbiBaerca nopadkoso noamvim HIA 0-noarvim (T -N0AHbM), €CIH BCAKasd o-(DyHIaMeH-
ranbHas (r-pyHiaaMenTaibHas) cerb ero 3JeMeHToB o-cxouurcs (r-cxomurcs). Losopsar, uro PHII cyemmno
(cex6enyuaNbHO) 0-NOAHO, €CITU B HEM O-CXOAUTCS BCAKad 0-(QpyHIAMEHTAIbHAS CUETHAS CeTh (IOC/IeN0BATE b
HocTh). PHIT Ha3bBAIOT d-NoAHBLM, €CIH BCIKOE OrPAHUYEHHOE JU3bIOHKTHOE CEMECTBO €ro 3/IeMEHTOB 0-CyM-
mupyemo. ITpocmpancmeom Banaxa — Kanmoposuua (IIBK) nasbiBaercs d-pazmoxumoe o-niojnoe PHIT nan
K-nipocrpancreom. MoxkHo nokazars, uro seskoe [IBK saeasierca pasmoxumbim PHIL.

IIpengoxxenne [94]. Hopmupytomast pemmerka E jroboro IIBK U sasasercs K-npocrpancrsom u {|u] :
uelU}={e€ E:e>0}

Teopema [83].  Pazmnoxumoe PHIT ran K-npocrpancrsom o-noso (1. e. sasercsa [IBK) rorga i TorbK0
TOrAA, KOrga OHO d- H T -IOJIHO.

Mycrs U — (d-pazaokumoe) PHIT nag E. Bexkropuoe nogupocrpancrso V C U HA3bIBACTCH PEULETONHO
HOPMUPOBAKHBLM NOINPOCMPaAHcmMEom U, eciar OHO d-PA3IIOKUMO OTHOCHTEJIBHO HOPMBI |-||V: YV — E. Ecau
F — unean (bynnament) BekTopHO# pemerku F, To maOXKecTBO Up := {u € U : |u| € F'} masbBaerca udeasom
(pyndamenmonm) PHITU. Eciu F — unean E, NopoxkIeHHbIH 91eMeHTOM € € F. TO COOTBETCTBYIOIIEE €My MHO-
kecTBO Up HasbiBaercs (2aa6hbim) udeanom U, nopoocdennvim e. Unean Up 110 yMOTUIAHUIO PACCMATPUBACTCS
xak PHII max F' orHOCHTETBHO HOPMBI |-||F: Up — F.

N3Becrro, uTo ama aodoro PHII U wax K-npocrpanctBoMm E cymecTByeT €IMHCTBEHHOE C TOIHOCTHIO /10
E-usomerpuu IIBK U nan E, conepxxaiiee U Kak 0-IJIOTHOE PELIETOYHO HOPMUPOBAHHOE IIOIIPOCTPAHCTBO (CM.
[95: 3.10; 52: 2.8]). Takoe IIBK U wazwBaetca o-nonoanenuem PHIT U.

IIBK max pacimupenasiv K-ipoctpanctBom HazbiBaercs pacwupennum IIBK. Beakoe IIBK asnstercs GyH-
JIAMEHTOM HEKOTOPOro (€IMHCTBEHHOIO ¢ TOYHOCTBIO 10 u3omerpun) paciupensoro IIBK, koropoe HasbiBaerca
€ro MaKcumMarbroim pacwuperuem. Jloodoit naean IIBK asaserca [IBK.

1.4.4. Tosopsr, uro dyrmamentsr ' u F pacmmupennoro K-npocrpaucTsa G 00pa3yoT dyaiusupyouyio
napy, ecma unean E* := {e* € G : ee* € F nna Bcex e € E} apnsierca dynnamentom G (0 mpomsseneHun
sslemenToB K-npocrpancrsa cm. 1.3.7). Ilycre Y — PHII wan E. O6oznauum yepe3 U* cOBOKYIHOCTb BCEX
JIMHEHHBIX O1epaTopoB u*: U — F', 1isi KOTOPBIX CYMIECTBYET TAKOM MOJIOKHUTEIbHBIN 31eMenT e € E* | aro

[(uu*)| < |ule* mna Beex u € U. ()

Jlna kaxkpaoro u* € U* cymecTByeT HAWMEHBINWI MTONOXKUTEIbHBIA 37eMenT e* € E* ynonerBopsronimii
cooTHomenuo (%), KoTopbiilt Mbl 0603naunm 4epes |u*|. I[Ipocrpancreo U* B nape ¢ orobpaxkenuem u* — |u*|
apnaserca PHII nang E* n nazwiBaerca PHII, conpascennvim x U.

Teopema [83]. s smoboro PHIT U coorsercrsyromee conpsixennoe PHII U* npexcrasisier coboii
ITBK.
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1.4.5. [Ilycrs E — pacmmupennoe K-npoctpatcTBo U (Eg)ecz — HEKOTOPOE CEMEHCTBO MONAPHO AU3b-
IOHKTHBIX naeanoB E. CuMmposioMm @565 E¢ obosnagaercsa unean K-mpocrpancrsa I, cocTodmumii U3 Bcex dile-

MeHTOB e € F, ynosiersopsomux cootHoutenuio (Ee)e € Ee mns xaxaoro £ € E. QueBUAHO, 1TO

PDeE: = {OZ ce : (eedeez € [] Ef}-

§EE £eE e

Ipeanonoxum, aro mag xkaxaoro { € 2 umeerca PHII Ue man Ee. HecnoxHo yOenuThesa B TOM, 9TO BEKTOPHOE
npocTpancTso | [z Ue npencrasaser coboit PHII nan P,z Fe orHOCHTEMHO HOPMBI |(ue)ecz| = 0 ez [ e
9ro PHII o6oznauaercsa cumsosnom Pz Ue u naspisaerca dussronxmuoti cymmots cemetiemea PHIL (Us)eez.

1.4.6. TIlycrb U — upousBosbHoe (He 06si3aTenbHo d-pasnokumoe) PHIT nan BekTopHoil pemerkoit E.
IIpeanonozkum, aro d-pasznoxumoe PHIT U wan E comepzkur U Kak MOAIPOCTPAHCTBO C MHAYIUPOBAHHON HOD-

Moii. Byzem rosopurb, uro PHII U nan E asasiercsa d-pasaootcumoti oborowkot U, ecin dgo,Ud = U, 1. e. U
npencraBager coboit mMmHEMAaIbHOE d-pazmoxkumoe PHII, comepxkariee U Kak MOATIPOCTPAHCTBO € HHIYIIHPO-
BAHHOU HOPMOIA.

IIpemnoxkenme. Ilpenmosoxkum, 970 B BEKTOPHOI peleTke E HMerOTCs MOpsiaKOBBIE IIPOEKTOPHI HA,
riasabie komnonentsl. Torna soboe (me obszarenpo d-pazaoxumoe) PHII U nan E umeer equHCTBEHHYIO €
TOIHOCTHIO 0 H30METPUHU d-pa3/IoKHMYIO 0O0JIOUKY.

« ns mocrpoenus d-pa3nokuMoi 0DOJIOYKM MBI MPHUBJEYEM CXeMy (DOPMAJbHBIX MEPEMEIUBAHNM,
TPAJAUIMOHHO HMCIIOJIb3yeMyto B NOHOOHBIX curyanusax (cp. [26, 27, 95]). O6osnauum uepe3s U COBOKYIIHOCTH

BCEBO3MOXKHBIX KOHEUIHBIX CEMEHCTB ((m, uz)) sstemenToB Pr(E) xU takux, 9ro (7;);c; — pa3bueHue e IuHUIIBL

iel
B Gynesoii anrebpe Pr(E). Beemem ma U OTHOIIEHVWE KBUBAJEHTHOCTHU, [OJOXKIB ((Tri,ui))iel ~ ((pj,vj))jeJ
B TOM M TOJIBKO TOM CJIyYae, €CJH mpjlui — Ujl =0 gna sBeex © € I u j € J. Tlomoxum U pasabIM DAKTOP-
MHOZKECTBY U /~ ¥ yCIoBEMCH 0603HAMATH KJIACC SKBUBAJCHTHOCTH, CofepKamuii cemeiicrso ((m;, uz))7 o1 depes
Ziel mit;. OTOZKIECTBIIsAI 7IeMeHTH U € U ¢ <omHoumenamu> lu € U, mbl 6ymem cuntarsb, 910 U C U. Jlerxo

yoenuThest B ToM, uTo U mpencrasisier coboit PHII nan E oTHOCHTENIBHO Omeparmii

Zm—ui—l-z;)jvj = Z ﬂipj(ul-—i-vj),

el JjeJ iel,jed
A E T Ui = E 7ri)\ui,
iel iel
E miu | = E mi|us |
iel iel

7 SIBJASIETCs d-pa3IioKuMoit 060g049Koi U. EAMHCTBEHHOCTD d-pa3aoxKuMOi 000I0YKH OUYeBHIHA. P

1.4.7. Ilycrs E u F — K-upocrpaucrsa u U — PHII nan E. Ilpeanonoxum, yro Gpyukuus S: E — F
VZOBJIETBOPSIET CJIEIYIONIUM YCIOBUIAM:

(a) S(er +e) < Sey + Sey ms MOOBIX TOJOKUTEIBHBIX €1, €5 € E;

(6) S(Ae) = ASe s m06bIX TTONOKUTENBHBIX € € B u A € R;

(B) ecau 0 < e < eg, 10 Sey < Ses.

Pacemorpum BexTopHOE oampocTpanctso Uy = {u € U : Slu| = 0} n ycmosnumca 0603HAUATL KJTACC SKBH-
BanenaTHocTH U3 U /Uy, conepxkammii smemenT u € U, gepe3 Syu. Jlerko yGemuThCsa B TOM, 9TO TPOCTPAHCTBO
U /Uy npencrasnger coboit PHII nag F orrocuTensuo HopMsr | Syu| := S|ul|. Samernm, aro PHII U /Uy mozxer

HE OBITH d-Pa3IOKIMBIM (HaanMep, Berysae U = F = F = R? u S(x,y) = (m,x)) Mzt 6yneM Ha3BIBATD

d-paznoxumyio obonouky PHIT U /Uy nopmamuensim npeobpaszosanuem U nocpedecmeom S m 0603Ha4ATDL €€
cumBosiom SU. Jluneitawiit oneparop Sy : U — SU HABBIBACTCA 0Nepamopom HOPMamueHo20 npeobpasosarus U
nocpedcmeom S.
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§ 1.5. AnnpokcuMupyoIe moaMHOXKECTBA

Wnes mopsakoBoOil anmpOKCHMAIIUK, Pa3BUBaeMasd B 9TOM maparpade, 0Ka3biBaeTcs JOBOIBHO TTOJIE3HOMN
KakK ¢ Toukm 3peHuns obmieit reopun PHII, Tak m mIprMEHHTENIBHO K €€ CIENUAJbHBIM Pa3IesiaM, CBA3AHHBIM C
nononaenuayvu PHIT v npomoskennsivu sinHeHbIX oneparopoB. Onpeenp NOHITHE TOPSIKOBO AlIMPOKCHMU-
pyfotero noamuoxkectsa PHII, Mbl 3aTem mpesjiaraeM ero 3KBUBAJIEHTHBIE OIMUCAHUS B TEPMUHAX CXOIUMOCTEN
pasuoro pona. Hekoropas momudukalinsg BBEJEHHONO MOHATHS MPUBOIUT K TAaK HA3BIBAEMBIM h-alpOKCUMU-
pyoomnM MHOXKecTBaM. 3ydaembie B 3ToM maparpade OCHOBHBIE CBOMCTBA TAKHUX MHOXKECTB OYAYT aKTHBHO
HCIIOJIB30BAHBI B IJ1aBe 6 /J1s MCCJIeI0BAHNUS OIIEPATOPOB, COXPAHSIONINX U3 bIOHKTHOCTb.

1.5.1. Jlemma. Ilycto 4 — PHII mag K-npocrpascrsom E ) — KOHEIHO-ITUKITIHOE IIOJMHOXKECTBO
U. Torma misa Besikoro u € U naiinercs: takas cetb (Vo )acA A€MEHTOB V, 9TO cerh ( lu — vy |)a cA yobIBaer u

{lu—vo|:a€ A} = {lu—v|: v € V}. Baactroctn, |u — vy | infyey Ju — o).

<« Ilpenmomoxkum, 410 MOAMHOXKECTBO V C U YIOBIETBOPSIET YCIOBUIM JIEMMBI, U 3a(DUKCUPYEM TIPOU3-
BOJIbHBIN 31eMeHT u € (. BBegem Ha V OTHOINEHWST S9KBUBAJIEHTHOCTH W MPEINOPSIKA CAEAYIONUMA (OpMyia-
MU:

vew & |lu—v] =lu—wl,

vxw < |Ju—v|=|u—w|

Jlnst moBbIX 371eMeHTOB v,w € V MOXKHO MoxoGpaTh Takoil npoekrop m € Pr(E), uro |u— (mv+7tw)| =
lu —v] A Ju—w]. C yyerom KOHEUHON MUKJIUIHOCTH ) 3TO O3HAYAET, UTO TPEIYNOPSIIOUEHHOE MHOXKECTBO
(V, %) manpasneno Beepx. Torma dhakTop-mHOKECTBO A := V/~, cHabkeHHOE (DAKTOP-TIOPATKOM, ABIAETCS
HAIPABJIEHHBIM BBEPX YIOPSIOUEHHBIM MHOXKECTBOM. BbIOMpas B KayKJIOM KJACCe IKBUBAJEHTHOCTH & € A 1o
JIEMEHTY Vg € , HOJYYaEM UCKOMYIO ceTb (Vg )aeca. P

1.5.2. Ilycrp V — nogmuoxecrso PHIT Y. Bymem rosopurb, uro muoxecTBo V (nopsadkoeo) annpok-
cumupyem aaemenm u € U, ecim inf,ey |u —v] = 0. Bymem roBoputs, ut0 V (nopadkoso) annpoxcumupyem
muooicecmeo YW C U, eciiu V) annpokcumupyeT Kaxkawiii agement W. Toamuoxkecrso PHIT U nazosem (nopad-
K060) ANNPOKCUMUPYIOULUM, eCU OHO annpokcuMupyer U. TIpumepoM annpoOKCHMUDPYIOIIETO MOAMHOXKECTBA
PHII moxer cnyuTh n11000it ero dbyHmamenT.

Ilpennoxenne. Ilycres X, Y w Z — momuuoxkecrsa PHIIL. Eciun X annpoxkcumupyer Y, a Y anmpox-
cumupyert Z, 7o X anmmpoKCHMUPYeET Z .

<« PaccMoTpuM TIPOM3BOJIBHBIH 3jieMeHT z € Z, obozuaumM inf,cx | — z| depes e u mpemnomoxum,
BOIIpeKH JoKasbiBaeMoMy, uro e 7# 0. Ilockonsky infycy |y — 2| = 0, naiinyrcs snement y € Y u nopsiaxoBerit
npoekTop p Takue, uro ply — z| < pe/2. Anamoruano B cuny pasencrsa inf.ecx | — y| = 0 naiigyrca snement

x € X W NOpsmKOBBIH MPoeKTOp T Takme, uro 7|z — y| < mpe/2. Cremyromue mpOTHEOPEIHELIE COOTHOIIEHUS
3aBeplIaloT JOKa3aTeIbCTBO:

mpe < wple — z| < wplz —yl| + wply — 2| < wpe/2 + wpe/2 = wpe. »

1.5.3. IIpenamoxkenme. Ilycts V — nmogmuoxkectBo, a u — 3aement PHIL. Muoxecrso V annpokcu-
MHpPYeT U TOTJa U TOJBKO TOIJA, KOTJA U SBJSIETCS O-IPEAeJOM HEKOTOPOH CeTH JEMEHTOB Mixg, V.

< Heobzodumocmo. Ecnn V annpoxkcumupyer u, To
inf{|u —w|:we mixﬁnV} =0.

Tostomy B cumy 1.5.1 cymiecTByeT Takas CeTh (Wq)aca AEMEHTOB mixg, V, 4o |u — wq| | 0.
Jocmamourocms. Ecan u Aapasercst o-TIpeie/ioM CeTH 3IeMeHTOB MmixXg, V, TO mixg, V anmpoKCHMuUpyeT
u. OcTaercsd 3aMeTuTh, 9T0 )V ANMpOKCUMUPYET MiXgs, V, U BOCIOJIB30BAThCS TpeaioKenreM 1.5.2.  »

Caencreue. FEcan noamuoxkecrso YV PHII U koHeIHO-IIHKINYHO, TO €ro 0-3aMbIKAHIE COCTOHUT H3 BCEX
9JIeMeHTOB U € U, annpOKCHMHDYEeMbIX MHOXKECTBOM V.

Caencreue. Ecan nogmuoxecrso V PHII U koreYHO-IIHKIHIHO, TO €ro 0-3aMBIKAHHAE 0-3aMKHYTO H,
CJIEJI0BATE/IBHO, SIBASETCS HAHMEHBIIHM 0-3aMKHYTHIM IIOAMHOXKeCTBOM U, comepxkarmqum V.

<« BroiTekaeT u3 mpeabIIyIero CAeICTBAS U Mpeajioxenus 1.5.2. »
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1.

5.4. Ilpensoxkenue. Cirexyrorrue cpoticTBa monqMuaoxkectsa V PHII U skpupaieHTHBI:
(1) 'V — auupokcumupyoiiee oaMHOxKecTso U;

(2) mas moboro uneana Uy C U muoxkectBo dg,V NUy o-wroraO B Uy

(3) mmoxecrBo dgnV o-mporHo BU;

(4)

4) dg,V — anmpokcEMHUpYIoiee DOAMHOXKECTBO U.

< Ummmmkanuw (2)=(3)=(4) ouesnanbl. Ocraercs gokasars, uro (1)=(2) u (4)=(1).

(1)=(2). Ipemmnonoxkum, aro noamuoxkecrso V C U yuosnersopser yeaosuio (1), 3aduxcupyem npous-
BOJIbHBIN uaean Uy C U u ero snemenT u € Uy, 0003HAYUM MHOKECTBO dgnV N Uy yepe3 W u HON0KUM € 1=
inf,ew |u — w|. OueBumno, uro e < |u]. Cornacuo 1.5.1 cyuiecTByer Takas ceTh (Wq)acA d7A€MeHTOB W, 910
lu — wq| | e. Ocramocs mokazars, aro e = 0. Ecnu e # 0, To B cuty nipemoxkenns 1.5.3 Hafiayres w € mixg, V
u 7 € Pr(E) rakue, uro w|u — w| < me. Hepasencrsa |mw| < |mw — mu|+|7u] < e+ |u| < 2|u| obecueunsaror
BRJIIOUEHWE Tw € W, U, TaKuM 00pa30M, UMEIOT MECTO MPOTHBOPEUYUBLIE COOTHOMEeHUA e < Tlu — mw| < we.

(4)=(1). O6ozHaUNM MHOKECTBO dfinV depe3 W ¥ IIPeInoaoKuM, 9T0 OHO allIpOKCHMHUpYeT U.

O6o3naunm inf,cy |v| gepes e u mokaxkem, aro e = 0. Ecaum 910 He Tak, TO Haiimercs: jgeMenT u € U,
yaosnersopsirormit HepasercTsam 0 < |u| < e/2. Tockombky inf,ew |u — w| = 0, HafimyTes mOpsaKOBBII
upoekTop ™ # 0 u ssement w = MUy + - + WU, € W (v; € V) rakue, yro mlu —w| < molu| pna Beex
0 # m < . Hcuo, aro mw # 0, u nosromy p := m AT # 0 ansa wekoroporo i. Temepb HepaBeHCTBa
plu —v;| < plu]| < pe/2 npusonar k nporupopeunto: pe < plv;| < plu — v | + plu] < pe/2 + pe/2 = pe.

Takum obpasom, inf,cy |v] = 0, orkyna caeayer, uro V annpoxcumupyer V U {0}. Muoxkecrso xe
VYV U{0}, oueBuano, annpokcumupyer dg, ), KOTOPOe, B CBOIO 04epeh, annpokcuMupyer U. Ocraercs NpUBIeYb
npenjoxkenue 1.5.2. »

Bameuanue. 3amena dg,V HA MiXgs, V B ycaoBun (2) MOCJIEIHErO TPEJIOKEHUST MOXKET IIPUBECTH K
HEIKBUBAJIEHTHOMY YTBEDPKIEHUIO yKe B caydae U = E. JleificTBUTENHHO, COBOKYITHOCTD V) BCEX CXOMSAINIAXCS
K €IUHUIE YUCJIOBBIX IOCIEI0BATEIbHOCTEH SIBJIAETCS AlIPOKCUMUPYIONIUM IOIMHOXKECTBOM K-IIpoCTpaHCTBa,
U BCex TOC/IEIOBATEIBHOCTEH, OTHAKO COBIIAJAOINEE ¢ V MHOKECTBO MiXg, V MMEET IIyCTOe IepecedeHue C
dyamamenTom Uy C U BCex MOCTETOBATENIBHOCTEN, CXOAAINXCA K HYJTIO.

1.5.5. Jlemma. Ecuu V — auupokcumupymomee nogmuoxkecrso U, e € E un € N, 1o naiinercs
ssreMenT w € mix V, yaosaersopsommii #epasercTsy (e)|u —w| < e/n.

<« Ilpexamomoxkum, aTo U 1 V yAOBIETBOPAIOT YCIOBAAM JIEMMBI, M PACCMOTPHM TIPOU3BOJILHBIC 3JIEMEHThI
uel,e€ EuneN. Cornacuo 1.5.4 naiigercs cerb (Vg )aea DJIE€MEHTOB MiXay, V, 0-cxoudinascs K u. MoxHo
CUUTATD, 9TO ITA CETh IMOPAIKOBO orpanudeHa. B cumy 1.3.3 (1) umeercsa takoe pasbuenune enuHunpl (T2 )aca
B Oynesoii anrebpe Pr(E), aro 7l (e)|ve, —u| < e/n upu Beex a € A. FIcHO, 9TO CyMMa W := 0.5 Talq
ABJIAETCA MCKOMBIM 3JIEMEHTOM mix V. B

acA

1.5.6. TIIpeamomoxkum, aro B HOpMEupyIomeMm K-npocrpanctse PHII dpukcupoBana mopsagKoBas € IHHAIA
1. Torna r-cxO0mMMOCTD € peryasaTopoM 1 Oyaer Has3bIBATHCA pasHomephoti crodumocmouto B 3tom PHII. Anano-
ruaabIM 0Opa3om B TakoMm PHII BBOASATCA MOHATHA PAGHOMEPHOT NAOMHOCNU U PAGHOMEPHO20 3AMbBLKAHUSL.

Ilpennoxenne. Ilycrps )V — mogmuoxkecTBO, a u — saement PHII nax K-upocrpascrBoM ¢ mopsiikoBoit
equaunreii. MuoxxecTBo )V anmpokCHMHDYET U TOIIA U TOJIBKO TOIJIA, KOIJIA U SIBJISIETCS PABHOMEDHBIM IIDEIETI0M
HEKOTOPOI MOC/IeI0BATEIFHOCTH 3JIEMEHTOB mix V.

<« HeobxomuMocTh ABASETCS HEMOCPEACTBEHHBIM CIEICTBUEM JeMMbI 1.5.5, a T0CTaTOYHOCTh yCTaHABIU-
BaeTCs TI0 TOIl 3Ke cXeMme, UTO U B JoKa3aTeJbCTBe IpenjaoxKenus 1.5.3. »

1.5.7. IIpeagmoxkenme. Cienyromie cBotictBa noqvaokectBa V d-momaaoro PHII U max K-npocrpas-
CTBOM C MOPSIIKOBOH €JIUHHUIIEH SKBUBAJICEHTHBI:
(1) 'V — anopokcumupyiomiee HoIMHOKeCTBO U;
(2)  az smo6oro upeasna Uy C U muoxkecrso dV NUy paBHOMEPHO ILIOTHO B Up;
(3) mmoxecrso dV paBHOMEPHO 1IOTHO B U;
(4) dV — aunpoxcumupyroniee noaqMHOKecTBoO U.

<« IIpemmonoxum, aro PHII U wam E yaoBjeTBOpsieT yCAOBHUSM MPEIJIOKEHUS W 1 — MOPSIKOBAS
emuanna B E. Nvmmkanun (2)=(3)=(4) oueBmgnsl, a nmmaukanusa (4)=-(1) ycranaBiamBaercs 1o TOM Ke
CXeMe, 9TO W B JoKasaresabcrse upennokenns 1.5.4. Ocraerca nmokasars, uro (1)=(2).
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IIpeanonoxum, uto noaMHOKecTBO V C U ynosiersopsier ycaosuio (1), sadbukcupyem MpOU3BOIBHBLIR
nnean Uy C U n obosradnm MHOKeCTBO dV N Uy Tepes W.

ITokazkem, uro muokectBo W anmpokcumupyer Uy. s 31oro Mbl 3aduKCUPyeM TPOU3BOIBHBIN 3JIEMEHT
u € Uy, momokumM e := inf,ew |u — w| u ycranosum paserctBo e = 0. Ecmm e # 0, o B cuny 1.5.6
Haiinyres w € mixV u 7w € Pr(E) rakwe, aro wlu — w| < wme. QOuesumno, uro e < |u|. Hepasencrsa
|mw] < 7w — wu| + |7u] < e+ |u| < 2]u] obecnegnsaror BrIOUeHre Tw € W, U, TaKuM 00Pa30M, UMEIOT
MECTO TIPOTUBOPEYUBbIE COOTHOIIeHNd Te < mlu — mw| < we.

IMockonbky W anmpokcuvupyer Uy, B cuty 1.5.5 cyImecTByeT Takas HOCAEI0BATEIHLHOCTD (W, )neN D76
MmeHTOB mix W, uro (u)|u — wy| < (Ju] A 1)/n nast Becex n € N. flcHo, 9ro ToOCI€I0BATENBHOCTD (<u>wn)n6N
COCTaBJIEHA U3 I7eMeHTOB VW U r-CcXOmuTCs K U ¢ peryasgropom 1. »

Bameuanune. 3amena dV Ha mixV B yciaoBun (2) MOCIHEIHETO MPEJIOXKEHHsT MOMKET IPHBECTH K
HEIKBUBAJIEHTHOMY YTBEDPKIEHWIO yke B ciaydae U = E. JleficTBUTENBHO, COBOKYITHOCTH V) BCEX YHCJIOBBIX
noc/ie10BaTeJIbHOCTE, OTJIMYHBIX OT HYJId B KazKJI0M YJICHEe, ABJIACTCA aHHpOKCI/IMI/IpyIOH_[I/IM IIOAMHO2KECTBOM
K-nipoctpancra U Bcex mOC/IemOBATEILHOCTEH, OMHAKO COBIAJAAIONIEE C ) MHOXKECTBO mix ) WMeer mycroe
nepecedenve ¢ bynmamenToM Uy C U Bcex MOCIeI0BATEILHOCTEHN, YCTAHABIUBAIOIINXCS HA HYJIE.

1.5.8. IlIpensmoxenme. Ilycts V — nmogmuoxkectso, a u — 3aement PHIL. Muoxecrso V annpokcu-
MHpYeT U TOLJa W TOJIBKO TOTJA, KOIJA U SBJISIETCS T-IPEJEJIOM HEKOTOPOI MOCHE€IOBATETBHOCTH JIEMEHTOB
mix V.

< Jlocmamourocms. Tlpeamomoxmm, 970 V aNIPOKCEMHPYET . PaccMOTPHM IPOU3BONLHEIN 3ie-
meHT v € V u nonoxum e := |u| V |v]. Ham mocrarouno 3adurcuposars n € N u Haiitu jmemMenT w € mix V,
yaoBaerBopsaionmii Hepasencrsy |u — w| < e/n. Cormacao Jjemme 1.5.5 cylecrByer 3jeMeHT wo € mix V,
yaosmeTsopsommit HepasercTsy (e)|u — wp| < e/n. fcmo, uro cymma (e)wy + (e)Lv mpurammexuT mix V),
COBIIAJAET ¢ (€)W U TE€M CAMbIM SIBJISETCS UCKOMBIM 3JIEMEHTOM 0.

Heobzodumocmnb yeranapiupaercsa max ke, Kak u B npeijioxennn 1.5.3. »

1.5.9. IIpeagsoxenme. Crenyrome cBotictBa moaMmuoxectBa V' d-nosqroro PHII U sxksuBaeHTHBI:
(1) 'V — anopoxcumupyiomiee HoaMHOKeCTBO U;

(2) s smo6oro upeana Uy C U muoxecrso dV NUy T-miorao B Uy.

(3) wmmuoxecTBO dV r-mrOTHO B U;

(4) dV — aunpoxcumupyroniee noaMHoKecTBo U.

< mnmukanum (2)=(3)=(4) ogeBuansl, sxBuBastenTHOCTD (4)<> (1) ycranosiena B upenaoxkennu 1.5.7,
a J0KazaTenbeTBO uMmmKanuu (1)=-(2) J0CIOBHO TOBTOPSET JOKA3ATENHLCTBO AHAJOTMYHON UMILTUKAIUUA B
npefyoxkeruu 1.5.7 ¢ IUHCTBEHHBIM OTJInYreM: 1 cieayer 3aMeHuThb Ha |u]. »

Bameuanue. 3Samena dV Ha mix)V B yciaoBuu (2) HOCHEAHErO NHPEIJIOKEHUS MOMXKET HPUBECTU K
HEIKBHBAJTEHTHOMY yTBepKAenuio. CoorBercrByomnuil npumep nmeercd B 3aMedanun 1.5.7.

1.5.10. B gaspreiinrem HaM TOTpeOyeTCsT HEKOTOPAsT MOIUMUKaIMs Teopembr 1.3.3.

Jlemma. IIycrb (e4)aen — cersb suemento K-npocrpancrsa E e € E.

(1) Cetb (€4)aca O-CXOAUTCS K € TOTAA U TOJBKO TOTJA, KOTJa OHA ACHMITOTHYECKH OTDAHHYCHA H B
oynepoit anrebpe Pr(E) mueer mecto coorromente o-limaea (d)(|eq — €| > d) = 0 a1 Beex monokuTebHBIX
deE.

(2) Hycts D — MHOMKeCTBO IMOJOKUTEIBLHEIX 37eMenToB E takoe, aro xommonenta D1 comepxunr e n
BCe WIEHBI CeTH (€q)acA- Femn cerb (eq)aca acumnrormaeckn orpanmiena n o-limaea (d)(leq — €| > d/n) =0
arascex d € D un €N, 1o o—iig&ea —e.

< (1) ITpoBepka HEOOXOAMMOCTH CHOPMYINPOBAHHOTO KPUTEPHH CXOJMMOCTH HeE IIPECTABISET TPYa, a
€ro JIOCTATOYHOCTD BbITEKAeT u3 (2).

(2) Ilycre mumekc & € A rtakosB, uro MHOXKECTBO {€, : « > @&} orpanudeno. Ilomoxum ey =
info>asupgs, leg —e|. Ecmm ceth (€n)aca He cxomures K e, To g > 0, w mosromy maiinyres m € Pr(E),
d € D un €N rakue, yro 0 < wd/n < ep. Torma g Kazka0ro HHAEKCA, @ > & HMEEM

>d/n) = <d>< sup

sup(d)(leg — e eg — €| >d/n> >,
Bza

uro nporusopeunt cxopumocru (d)(|eq — €| > d/n) x mymo. »
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CaencrBue. Ilycrs B K-npocrparcrse E umeercs nopsiakoBas equanna 1, (€q)aca — ACHMITOTHIECKH
orpanmdIeHHas ceTh aaemenToB ' mwe € E. Torza o—lin& €q = € B TOM H TOJBKO TOM CIydae, eCad B Oy/aeBOH
ag

anre6pe Pr(E) umeer Mecto cooTHOIIEHHE 0—1inj§<\ea —e|>1/n) =0 gag Beex n € N,
ac

YenoBue acHMIOTOTHYECKOH OrpaHuaeHHOCTH, bUrypupyiomee B chOPMyTMPOBAHHBIX BBIIIE yTBEPIKICHH-
SIX, SIBJISIETCSI CYIIECTBEHHBIM. JIeHCTBUTENLHO, TYCTh CETh (Tq)aca MOPAIKOBLIX TPOEKTOPOB U 3JIeMeHT € € F
TAKOBBI, 9TO O- hn}s To = 0 u mee # 0 st Becex a € A. Cuabaum npoussenenne A X N nekcukorpadpuaecknm

ae
MOPSIIKOM:
(,m) < (B,n) & a<pfum (a=pum<n).
Torna 0—( l)im <d><|mrae| > d> = 0 n71a BeeX MONOKHUTENBHBIX d € FE, OMHAKO CeTh (NTa€)(a,n)cAxN HE
a,n)EAXN ’

SIBJISIETCS ACUMIITOTHYECKH OTPAHNYEHHON U, CJEIOBATENBHO, HE UMEET TOPIIKOBOTO MPEJIea.

1.5.11. HeckoabKO yIPOCTHB JI0Ka3aTEIbCTBO JeMMbI 1.5.10, MOKHO HOJyYUTH CJIe/IyIOIee yTBEePIK 1e-
HUe.

JIemma. Ilyerh (eg)ecz — ceMelicTBO IOIOKHTEIBLHBIX 3/eMeHTOB K-npocrpancrsa E.

(1) Pasencrso infecg e = 0 Bbimosmeno torga u TOJBKO TOLIR, Korga B Oyaepoii anrrebpe Pr(E) nmeer
mecto coornomenne infeez (d)(e¢ > d) = 0 misa Beex nonoxuresusix d € E.

(2) Hycts D Takoe MHOXKECTBO HOJNOKHTEIBHBIX 31eMeHToB B, uto e¢ € Dt nna peex € € 2. Ecam
infeez(d)(ee > d/n) =0 g scex d € D un €N, 10 infecz e = 0.

CaencrBue. Ilycrs B K-mpocrpancrse E mmeercs mopsigkopast equnmia 1 o (eg)ecz — ceMeiicTBO
mosioKuTeabHbIX 3s1eMenToB . Torna infeez e = 0 B TOM o TOBKO TOM ciydae, ecau B Oymesoil airebpe

Pr(E) umeer mecro coornomenne infeez (e > 1/n) = 0 s secex n € N.

1.5.12. Ha mporskenuun ocrasiieiics gactu naparpada E — K-mpocrpanctBo, B — mnonnas Oyiesa
amrebpa u h: Pr(E) — B — xosbiesoit romomopduam (M. 1.2.3). Bymem roBopuTh, 9TO Ce€Th (Tq)acA
asemenToB Pr(E) h-cxodumcea ¥ nyao (u mucarb h-lim,ea 7o = 0), ecau 0—(1}& o = 0 B Gynesoit anrebpe
Pr(E) u o-lim h(m,) = 0 B Gysesoit anrebpe B. Eciu xe h-lim 75 = 0, 1. e. o-lim 7, = 1 u o-lim h(7,) =

a€cA a€cA a€A a€A
h(1), To GymeM roBOpHUTb, Y4TO CeTh (Ma)aeca h-crodumes ® edunuue, u mucarb h-limyea 7o = 1. Byuzem
POBOPHTD, YTO CETb (€4 )aecA MeMenToB E h-crodumces x e € E (u nucarnb h—iier% €q = €), ecinu ceTh (€q)acA

ACVMITOTHYECKN OTDAHNYEHA 1 h—lin{i (d)(lea — €| > d) = 0 mnst Beex monoxurenbhbix d € E. Diement e
(¢S

B 9TOM ciiy4ae Oyuer HasbiBarbed h-npedesom cetu (€q)qca. ByldeM roBoputThb, YTO CeTh (U )aeA DIEMEHTOB
PHII U h-cxodumea x v € U (u nucarb h—lirr[i Uy = U), €Ccin h—lirr[i luqg —u| = 0. Duement u B 3TOM Ciydae
ae ac

Gyaer HazbiBarbed h-npedeaom cetn (Uq)aca. COBOKYIHOCTH h-IIPEIETIOB BCEBO3MOXKHBIX A-CXOAANIMXCs ceTeit
9JIEMEHTOB TOAMHOKecTBa, V C U OymerT HA3BIBATHCS h-3ambikaHuem MHOXKecTBa V. MHOXKECTBO HA30BEM
h-3aMEHYMbBLM, €CTTH OHO COBIIAJAET CO CBOUM h-3aMblkaHueM. ByaeM roBOpWTH, 9TO MHOXKECTBO h-n.aomio
6 U, ecim ero h-3ambIKaHue cOBOamaeT ¢ U.

Eciu cemefictBo (7¢)ecg asmementos Pr(E) rtaxkoso, uro infeeczme = 0 B Gynesoit anreGpe Pr(E) u
infeeg h(me) = 0 B Gynesoit anrebpe B, to 6ynem mncars h-infeeg me = 0. Ecnm ke h-infecs 7T,EL =0, e
Supgeg me = 1 m supgeg h(me) = h(1), To Oynem mucarh h-supgeg e = 1. [lia mpom3BoMbHOTO cemeiicTBa
(e¢)eez MOMOKHUTENBHBIX dmeMenTOB K-ipoctpancrsa E 3amucek h-infeez e = 0 Gymer ucnons30Barsesa B TOM
ciyuae, ecan h-infecz <d)<e§ > d> = 0 119 BCEX MOJOKUTEIbHLIX d € F.

SBameuvanue. Kpurepnii o-cxonumocru, chopMmynupoBanubiil B caeacrsun 1.5.10, He umeer axasora
miisa h-cxogumoctu. To ke MOXKHO cka3arh u O caeacrsuu 1.5.11. JleficTBUTENBHO, PACCMOTPUM B Ka4ECTBE
E K-upocTpaHCTBO BCEX YMCJIOBBIX HociaenoBarenbuocreii. Ilycrs Gymes romomopdwusm h: Pr(E) — {0,1}
SIBJIAETCA XaPAKTEPUCTUIeCKOi (BDyHKIMel HEKOTOPOro HeraasHoro yiabrpadunsrpa B Oyiesoil anredbpe Pr(E).
Ob6o3HaunM dyepe3 F' MHOXKECTBO BCEX TOJOXKUTEIBHBIX TTOCTIEI0BATENIFHOCTEH, CXOIAMXCca K eauauie. Ode-
BUJIHO, [IOCJIEJ0BATENBHOCTD € = (M) eN ABJISETCS IOPAIKOBOl enununeil B F u nia Beex n € N umeer mecto
coorromenue h-inf ¢c F< f>e/ n> = 0. Boumee Toro, mHaeKCUPya KaxKablii ameMenT F' camuM coboit u paccMaTpu-
Basd HA MHOXKECTBE HHJEKCOB OOPATHBIN HOTOYEYHBIH MOPAA0K, MBI oy4daeM ceThb (f)fer, yI0BIETBOPSIONLY IO

COOTHOIIIEHUIO h_}“ieIII}“<f > e/n> = 0. Tem me Menee h<f > 1/2> =1 ans Beex f € F.
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IIpengoxenne. (1) s o6oii cetn (€4)aca 371eMeHTOB E M HpOH3BOIBHOTO jeMeHTa € € E u3

h—lirr/i eq = € ciaexyer o—lirrji eq = €. Ecam romomopgusm h o-HEOPepbIBEH, TO COOTHOIICHHS h—lin& eq = €H’
ac aec ac

o-lim e, = e paBHOCH/IBbHBI.
a€cA
(2) s moboro cemetictBa (eg)¢cs MOMOKUTEALHBIX 31eMeHTOB B m3 h-infeez e = 0 cregyer infecs e =
0. Ecsm romomopgusm h o-wenpepsiBeH, To cootHomreHns h-infecz ec = 0 1 infeez e¢ = 0 paBHOCHIBHEL

<« IIpawmoe cneacreue memm 1.5.10 m 1.5.11. »

1.5.13. Bameuvanme. YCTaHABIUBAsS PABECHCTBA BUIA
lim h({(d){eq > d)) =
lim (( Yeq > >) 0

Wi
5inf h((d)(ee > d)) =0,
€=
MBI 9acTO OyzaeM npeamnojararb, 4ro h{d) = 1. DT0 NpeanoNoKeHHe He HAPYIIAET ODIIHOCTH, MOCKOJIBKY,
OCTaBHB 6€3 PACCMOTPEHHs TPUBUANBHBILI ciy4ail h(d) = 0 u 3amenus B Gynesoit anrebpoit {b € B : b < h(d)},
MBI OKa3biBaeMcs B curyarun hid) = 1.

1.5.14. Ilycrs V — mommuoxkectso PHIT U, a u — 3mement U. Ecou

h-inf |u —v]| =0,
veV

TO MBI [OBOPUM, YTO MHOKeCTBO V h-annpoxcumupyem ssemenm u. Bymzem rosoputb, 4ro V h-annpokcumu-
pyem mnoocecmeo W C U, ecniu V h-annporcuvupyer Kaxapiit smement V. Ionmuoxkecrso PHII U nazosem
h-annpoxcumupyrowum, eciu ouo h-ammpokcumupyer U. W3 npemioxenus 1.5.12 cimemnyer, uro Besikoe h-ar-
MPOKCUMUPYIOIIEe MHOKECTBO SBJISETCS ANTPOKCUMHUPYIONIUM, & B CAydae O-HEeNpepbIBHOrO romMoMopduzma h
LOHATHUS AILIPOKCUMUPYIOLIEro U h-allPOKCUMUPYIOIIErO MHOXKECTBA COBIIAJIAOT.

Ilpennoxenne. Ilycte X, Y w Z — noguuoxecrsa PHII. Ecaun X h-annpokcuvupyer Y, a'Y h-an-
upokcumupyer Z, 1o X h-anopokcumupyer Z.

<« PaccvorpuM mpousBONbHBLH 3J1€MEHT 2 € Z, 3aUKCUPYEM [TOJIOKUTEIbHBIA 3JIeMeHT d HOPMUPYIOTIEi
PElIeTKH U MOJ0ZKUM

b:= Ilgﬁ(h((dﬂm —z| > d)).
Baaromaps 1.5.2 mocratouno ycranosuTh paBeHcTBO b = 0. [ljas mpoctorsl OymeM cumtarh, uro h(d) = 1
(cm. 1.5.13). Homycrum, Bompeku goKasbiBaeMoMy, uro b # 0. Torza B cmiay pasenctsa infycy h{ly — 2| >
d/2) = 0 maiizerca taxoii snement y € Y, uro by := b A h(|ly — z| > d/2) < b. AHanorm4Ho B CHIy PaBEHCTBA
infoex h{lz —y| > d/2) = 0 naiinerca rakoii snement x € X, uro (b\by) A h{lz —y| > d/2) < (b\bo).
HecioxH0 yOeIUThCS B TOM, 9TO & YIOBAETBOpsieT HepaBeHcTBY b A h{|x — z| > d) < b, KoTOPOE NPOTHBOPEYUT
ompesneneHuio b.  »

1.5.15. IlIpeasoxkenune. Ilycrp V — nogmuoxecrso, a u — saement PHIL. Muoxecrso V h-anmpok-
CHMHUDPYET U TOT/a H TOJBKO TOT/Aa, KOIJa U SIBJISeTcs h-mpeneaoM HeKOTOPOIH CeTH 3JIEMEHTOB Mixg, V.

<« Heobrodumocmsv. Ecim V h-anmpoKCUMUpPYeT U, TO coriacHo 1.5.1 cymecTByeT Takag ceTb (Wq)aca

9JIEMEHTOB MiXgy V, 40 cetb (|u — wal) yobiBaer u {|u —wo| : @ € A} = {Ju—w| : w € mixg, V}.

a€A
Ocraercst 3aMeTUTD, 9ITO h—lini lu —wq| =0.
(¢S

Llocmamounocme. Ecan u apngeTca h-IpemenoM ceTH 3IeMeHTOB miXa, V, To mixg, V h-ammpoxcumu-
pyer u. Ocraerca 3aMeTuTh, 910 V h-anmpokcuMupyer mixg, V, U BOCHOIB30BAThCs npeamoxennem 1.5.14.  »

Caencreue. Ecau noamuoxecrso V PHII U koneyHo-nukandao, TO €ro h-3aMpIKaHHe COCTOHT H3 BCEX
astleMeHToB u € U, h-anmpokcuMupyeMpIx MHOXKECTBOM V.

Caencrsue. Ecan nogmuoxecrso V PHII U komeuno-nimkamano, to ero h-zampikamne h-3aMKHYTO H,
CJIEJIOBATE/IBHO, SIBASETCS HAHMEHBIIHM h-3aMKHYTHIM ITOAMHOXKeCTBOM U, comepzxkamum V.

<« Brorrekaer u3 npeapIayInero ciaeacTBud ¥ npeayoxenus 1.5.14.  »



§1.5. Annporxcumupyroujue nodmHocncecmsa 67

1.5.16. Ilpemmoxenme. Ilycts V — momqmuozxecrso PHII U takoce, uro h-inf,cy |v] = 0. Torga
caeAyoIe yTBepXK IeHud S9KBUBAICHTHDI:

(1) V — h-amnpokcumupyroriee mOIMHOXKECTBO U;

(2) muas mo6oro upeana Uy C U muoxkectso dg,V NUy h-mwroro B Uy;
(3) mmoxecrBo dgnV h-mwrorso B U;

(4) dsnV — h-amapoxcumupyioiee moaMHOXKECTBO U.

< Uvmmkannm (2)=-(3)=(4) oueBnmHbI.

(1)=(2). Ipenmonoxum, 910 noaMuoxecTo V C U ynosnersopsier yeaosuio (1). Badukcupyem npous-
BosbHBIN uaean Uy C U n obo3radum MHOKECTBO da,V MUy depe3 W. PaccMorpum mpOM3BOJIBHBIN JJI€MEHT
u € Up. Cormacuo npeyoxkennio 1.5.15 umeerca h-cxoaamasacs K u ceTb (Wq)aca MEMEHTOB mixg, V. s
Kaxka0ro o € A nonoxum 7, = (|u — ws| < |u]). Coornomenus

|Tawea| < |ul + |u — Tawe |
= lul + (Talu — wa | + 7y [ul)

< lul + (malul + g ul)

= 2|u|
HOKA3BIBAIOT, UTO CETh (MaWq)acA COCTABJIEHA U3 3JeMEHTOB VW, a COOTHOUIEHUs
|lu — Tawe | = Tolu — wo | + Wé‘lul
< Tl — wa | + 7 u — wa |

= Iu - wal
¢ yaerom h-lim |u — wy | = 0 mator h-lim |u — Tawe | = 0.
acA acA

(4)=(1). U3 cooruorenus h-inf,cy |v] = 0 cnemyer, uro V h-annpokcumupyer V U {0}. Muoxkecrso
ke VU {0}, oueBuano, h-anupokcumupyer dg, ), KOTOPoe, B CBOIO ouepesb, h-annpokcumupyer U. Ocraercs
TIpUBJIeYh TpejmoxKenne 1.5.14.  »

1.5.17. Pazauune mexmay dhopMmynupoBramu mpemioxkenuiit 1.5.4 u 1.5.16 aBasieTcs TPUHIMTHAILHBIM:
ycmosue h-inf,cp |[v] = 0 B mocimegaeM mpeaiokeHnn He MOXKET ObITh OmyIieHo. JleficTBUTENbHO, PACCMOTPUM

K-npocrpancrso E Bcex 1UCIIOBBIX HoCIes0BaTebHocredt u nonoxkum U == {u € E : inf(Lim |u|\{0}) > 0}, rae
Lim |u| — MHOXKeCTBO 9aCTHUYHBIX NPenenos nocaegaosareabroctu |u|. IIpesparum U B PHII max E, nonoxus
lul := |u| oma Beex u € U. Tlycrw, Kak m B 3amedannw 1.5.12, Gymes romomopdusm h: Pr(E) — {0,1}
ABJIAETCH XaPAKTEPUCTUIECKON dyHKIMeli HEKOTOPOro HerjaasHoro yiabrpaduibrpa B Oyiesoil anrebpe Pr(E).
PaccmorpnM B Kavectse V MHOKectBo {u € E : infLim|u| > 0} u monoxnm d := (1/n)pen. SlcHo, uTO
dgnV = U, HO Tem He Meree h(|v| > d) = 1 nas Beex v € V.

Ilpennoxenne. IIycre U — PHII max E. IlpeamoaoxxuM, 910 A/ KaXKI0r0 MOJOKHTEILHOIO € € F
umeercs saement u € U, yaosrersopsnomii nepapernctBaM e < |u| < 2e (3T0 BBINOIHEHO, HATIPUMED, B CIyYae
o-tionuorel U — cm. 1.4.3). Torna ycaosue h-inf,cp |v] = 0 B npegnoxenun 1.5.16 Moxxer GbITH OILYIEHO.

<« Paccvorpum mpousBosibHOE TOAMHOXKECTBO V C U, obosnauum dgy ) depe3 W, NPEAHIONOKIM, 9TO
W h-annpokcumupyer U, u ycranoBumM coorHornenue h-inf,cy |v] = 0. Baaronaps 1.5.4((4)$(1)) JIOCTaTOYHO
3a(PUKCUPOBATEL IPOU3BOJILHLIA TOJOKUATEALHLIN 3seMenT d € E n mokasarsh, aTo inf,cy h(<d><|v| > d>) =0.

Jua npocrorsl 6yaem cuutarh, uto h(d) = 1 (cm. 1.5.13). O6osmauum inf,cyp h(Jv] > d) uepes b u gomy-
CTUM, BOIIPEKHU JOKa3biBaeMoMy, 9To b # 0. Paccmorpum mpow3BoMbHBIN 31meMeHT u € U, yI0BIETBOPSIONTHAI
uepasencTaMm d/4 < |u] < d/2. B cuny pasenctsa inf,ew h{Jlu — w| > d/5) = 0 umeerca Taxoii semeHT
w=mv + -+ T, €W (v; €V), ur0 bA h{Ju — w| > d/5) < b. Ucnonb3ysi paBeHCTBO

(lu—w]| > d/5)
=m{lu—vi|>d/5) V-V, (Ju—v,| >d/5)V (m V- Vo) d),

HECJIOXRHO yoeuThesi B ToM, uro bAh(|u — v;| > d/5) < b mo kpaiireit Mepe mist onHoro ueaekca ¢ € {1,...,n}.
Torna, npusiexkas COOTHOUICHUA

(lvil > &) < (lu—wvil + lul > d) < (Ju —vi| > d/2) < (lu—wvi] > d/5),

npuxoauMm K Hepaserctsy b A h(|v;| > d) < b, xoropoe niporusopeunt onpeneaenuio b.  »
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1.5.18. JIu3bIOHKTHOE CeMeHcTBO (7¢)eeg 37MeMeHTOB Oynenoii anrebpur Pr(E) masoBeMm h-pasbuenuem
edunuypt, ecmn h-supgez e = 1. Ecmn (ug)¢ez — mpomssombHoe cemedicto amementos PHIL U wan E, a
(7¢)eez — h-pasouenme emumumpt B Pr(E), To cyMMy 0-) ¢z Teug (ecm TakoBas cymiecTByer) GyjieM Ha3bIBaTh
h-nepemewusaruem cemeiicTBa (Ug)ecg OTHOCHTENBHO (T¢)ecz. s npomssosbHOro mommuoxkecrsa ¥V C U
COBOKYITHOCTH BCEBO3MOKHBIX A-TiepeMentuBanuil Jo0bix (CYeTHBIX) ceMefcTB 2jeMeHTOB V GyleT HA3BIBATHCHI
h-yukauveckot 060404k0( (COOTBETCTBEHHO cuemto h-yurauieckol 060.404K0U) MHOXKeECTBA V 1 0603HAYATHCH
cumBosiom h-mix V (coorBercrBenno h-mix, V). Muoxecrso V C U Ha30BeM h-yugaushoLm, €CIIA OHO COBIALAET
€O cBOEi h-TIMKAMYIecKoi 00071049K0it. JIerko mpoBepuTh, 9T0 h-IUKANYECKass 000I049Ka V) MPeaCcTaBiIgeT coboii
HaWMeHbIee A-TUKIMIHOE MHOKECTBO, comepzKaiee V.

1.5.19. 3ameuanue. Mbl orpanuanmMcs OMucaHUuEeM h-anmpOKCUMUPYIONIUX MHOYKECTB, TAHHBIM B
mpemoxkerusx 1.5.16 u 1.5.15. Amropy He ymanoch WCIONB30BATH TOHATHE A-TTUKINIECKOH ODOTOYKM s
YCTAHOBJIEHUS PAOOTOCIIOCOOHBIX KPUTEPUER h-anmpOKCUMAIINN, aHAJOTUYHBIX TpuBemeHHbM B 1.5.6-1.5.9.
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§1.6. IlopaaKoBO orpaHNYeHHbIE ONIEPATOPDI

IMopsiIKOBO OrpaHUYEHHBIE ONEPATOPHI (& B 0CODEHHOCTH PEryJISPHBIE U MAYKOPUPYEMbIE OIEPATOPLI) UTrPa-
10T BaxKHY10 posib B npusoxkenusx teopun PHII k GyHKIMOHANIBHBIM ypaBHEHHSAM PA3TUIHOIO poja. OCHOBHbBIE
HJIeU, CBSI3aHHBIE C 9THMH MOHATUSIMH, Ob1mn cchopmupoBansl J1. B. Kanropoeunuem B 1935-1936 rr. CoBpemen-
HOE PA3BUTHE TEOPWM TOPSIKOBO OTPDAHUYEHHBIX OMEPATOPOB, Kak u pa3sutue camoii Teopun PHII, rmasabiM
obpasoM, cst3aHO ¢ uccaegoarusavu, mposomuMbiMu A. . Kycpaesbim u ero mxomoit. Mudopmaruio o coBpe-
MEHHOM COCTOSIHUM Teopuu oneparopos, geiicryrommx B PHII, moxuo naiitu B paborax [24, 83, 84, 87, 95,
183-186].

3mech MbI BBOAUM ¥ OOCYK A€M HECKOJIBKO THIIOB MOPSAKOBOW OrPAHUYIEHHOCTH OIEPATOPOB, IeHCTBYIO-
umx B PHII. OcuoBras yacth naparpada OTBeaeHa ONMCAHUIO BBOAUMBIX IOHATHH € PA3JIMYHBIX TOYEK 3PEHUS
¥ TIOWCKY TIPUMEPOB, YTOUHAIOMIAX B3AMMOCBS3U MEXKIYy HUMH. [OBOPS O MOPSIKOBO OUPDAHMYEHHBIX OMEPa-
TOpax, Mbl OTXOOUM OT HPUHATOrO B § 1.4 COIVIAIICHMS M pacCMaTpUBaeM He TOJALKO pasjoxkumble PHIT man
K-nipocrpancramu, HO u npousBosbibie PHII Ham npon3BoSbHBIME BEKTOPHBIME DPEIIETKAMU. ITO IEIAETCS
HE CTOJBKO PaJM OOIITHOCTH, CKOJIBKO BO M30eKaHME TTOBTOPEHNS OIHUX U TeX ke (popMynnpoBoK Kak 1yt PHII,
TaK M JJIf BEKTOPHBIX PEIIETOK. JIeHCTBUTENBLHO, KaXKIad BEKTOPHAA PEHIETKA B mape ¢ GyHKIueR Momyns |-|
npencrasager coboit PHII mam camoit coboit. Takmm obpasom, onpeneseHne WIN YTBEPXKICHHE, CHOPMYIU-
posannoe mysi PHII, mMoxer Gbith (hOpMATBLHO MEPEHECEHO Ha CAydail BEKTOPHBIX pemieTok. (OTMernM, 9To
BEKTODPHAS PEIIETKA, paccMarpuBaemas Kak PHII, ssngerca o-nonnoit (t. e. mpencrasiaser coboii IIBK) Torma
¥ TOJIBKO TOT/IA, KOTJA OHA siBJsteTCst K-TpOCTpaHCTBOM.

1.6.1. TIIycro U — PHII nax Bekropuoii pemerkoilt E. Cerb (Ug)aecA 9I6MEHTOB U HAZBIBACTCS GCUMTL-
momusecku ozpanunennoti, eciu IruM cBoiicrBom obnanaer cethb (|ug|)aca (cM. 1.3.1), 7. e. ecau cymecrByer
Takoll mHAEKC & € A, 9TO MHOKECTEO {|us| : @ > &} mopsimkoso orparnveno & E.

(a) Byumem rosoputrb, uro nogmuoxkectso W C U r-annyaupyemo (0-GHHYAUDPYEMO, 02PAHUMUBLEMO),
ecau Jst 000 ceTr (Wq)aca IEMEHTOB VW U CXONAMIEHCS K HYJII0 YUCIOBOH CeTH (€4 )aca CETh (E4Wa)acA
7-CXOIUTCA K HYJIO (0-CXOMUTCH K HYJIIO, ACHMITOTHYECKH OTPAHUYEHA).

(6) Bynem rosoputrbh, uro nogMuoxkectBo W C U cuemno T-annysupyemo (CHEmHO 0-aGHHYMUPYEMO,
CHEMHO ozpanu%ueae./wo), €CJIu 111 JII000# CIeTHOM ceTn (wa)ae A 27eMeHTOB VW 1 CXOOAIIeHcs K Hy 0 TUCIOBO
cetd (Eq)aeca CeThb (£4Wq)aeA T-CXOAUTCS K HYJIIO (0-CXOAUTCH K HYJIIO, ACUMITOTUYECKU OIDAHUYEHA).

(B) ByzeM roroputh, 9T0 TOAMHOKECTBO W C U CEKGEHUUMABHO T -GHHYAUPYEMO (CEKBEHUUAADHO O-AH-
HYAUPYEMO, CEREEHUUANDHO 0ZPAHUNUCAEMO), €CIU i JIIOOOH MOCHeA0BATENLHOCTH (W )neN AeMeHTOB WV
U CXOIANIEHCS K HYJIIO YUCJHOBON IOCAEI0BATEIBHOCTH (€, )neN HOCASIOBATEIBHOCTD (£/,Wn )neN T-CXOIUTCA K
Hy/10 (0-CXOMUTCA K HYJIIO, OPDAHUYEHA).

(r) Bynem roopurh, uro nogMmuoxkectso W C U noayoepanuyseno (C4emuo noAyozpaHueno, cexeeniyt-
GABHO NOAYOZPAHUMEHO), €CIU I JI00ON ceru (CUETHOI cerH, 10C/enoBaTeabHOCTH) (W )aea d71eMenToB W
U CXOISANIEHCS K HYJII0 YHCIOBOH ceTh (£4)aeca MMeET MecTo coorHommenue inf,ca |[eqws]| = 0 B BekTOPHOI
pertietke E.

Teopema. Ilyctes U — PHII mang Bextopmoit pemerkoit £ u VW — moamuaoxectso U.
(a) Cuaenyroiue yTBep>KICHHS IKBHBAJICHTHBI:

(1) mmoxecrBo W r-aHHYIHDYEMO;

(2) mmoxecrBo VW 0-aHHYHDYEMO;

(3) wmHOMN)ECTBO W OrpaHHIHBAEMO;

(4) wmHON)eCTBO {|W| : W € W} nopsiakoBo orpanndero B E.
(6) Cuenyrorue yTBep>KICHUS IKBHBAJICHTHBI:

(1) mmboxkecTBo VW CYETHO T -aAHHYJIHDYEMO;

(2) mmbOX)KECTBO VW CYETHO 0-aAHHYJIUPYEMO;
(3) muox)ecTBO W CHETHO OrpaHHIHBAEMO;
(4) mua moboro cuernoro mogmuoxkecTBa Wy C W wmmoxkecrso {|w| : w € Wy} mopsaxoso

orpaHudeHo B F.

(B) Cuaenyroiue yTBep>KIeHHS IKBUBAJICHTHBI:

(1) mmbOxkEcTBO VW CEKBEHIIHAJIBLHO T -aHHYJIHDPYEMO;

(2) mHOXECTBO VW CEKBEHIHAJILHO O-AHHYJIHPYEMO;

(3) mmoxecTBO VW CEKBEHIHAJIBHO OIPAHHIUBACMO.
(r) Cuexnyioniue yTBepXKAeHHUs SKBUBAJICHTHBI:

(1) muOM)ECTBO W HOIYyOrpaHHYEHO;

(2) mmbOxkecTBO VW CYETHO HOJIYOrPAHHIEHO;

(3) mmuOxecTBO VW CeKBEHLHAIBHO HOIYyOrDAHHYEHO;



70 Inasa 1. IIPEJIBAPHUTEJIbHBIE CBE/IEHHU S

(4) inf,en |wn|/n = 0 gaa mroboii nocaenoBareabHOCTH (Wy)pneN 276MEHTOB WW.

< (a) Inmmukanun (4)=(1)=(2)=(3) oueBmgubl. Ilokaxewm, 9ro (3)=(4). YHopag04uM JE€KapTOBO
npoussenenue W x N 1o Bropoii komnonenre: (wq,n1) < (wq,ng) < ny < ng. Ipumenus yrepxienue (3)
K ceraM (W) (w,nyewxN X (1/1)(wn)ewxn, Mbl nonyunm mapy (w,7) € W x N u snement e € E rakue, 4o
|w/n| < e ana seex (w,n) > (w,n). B wacrnoctn, |w/(f+ 1)| < e ana Beex w € W, orkyza cieayer, 410
muOKecTBO {|w] : w € W} orparmaeno cepxy saementom (7 + 1)e.

(6) YcranaBnuBaeTcs B TOYHOCTH TaK Ke, Kak # (a).

(B) Umnnukanuu (1)=(2)=(3) ouepnansl. Ilokaxkem, gro (3)=(1). 3adukcupyem IpoU3BOIBbHBIE TOCTIE-
JIOBATEIBHOCTL (W, )neN 71€MeHTOB W M CXOASIYIOCH K HYJIIO YHCJIOBYIO LIOCIENOBATENbHOCTD (£, )nen. Co-

‘1/2

11aCHO (3) MHOXKECTBO {l len wnl :n€eN } “MeeT HEKOTOPYIO BepxHIO rpanutly € € F. g noka3arenbcrsa

yrBepxaenus (1) ocragoch 3aMeTUTh, 9TO |e,w, | < |€n|1/2e qgist Beex n € N.

(r) Mmmmukannu (1)=(2)=(3)=(4) ouesunnsl. ITokaxkem, uro (4)=>(1). Badbdukcupyem npou3BosbHBIE
ceTb (Wa)acA MEMEHTOB W M CXOASIIYIOCS K HYJIIO YUCIOBYIO CETh (Eq)aca. Jis KaXKJIOro HATYPAIBHOIO
n € N ppibepem TaKoii ungexc a(n) € A, 410 e4(n) < 1/n. Torga, ucnonssys (4), mbr umeenm infaep |eqwal <

infneN |5a(n)wa(n)| =0. »

TMonmuoxkecTBo W C U, YIOBIETBOPSIONIEE YCIOBHSIM, IEPETHCIEHHBIM B 9acTsX (a), (6) u (B) mociemteit
TeopeMbl, GyeT HA3BIBATHCA COOTBETCTBEHHO 02PAHULEHHbIM, CHETMHO 02PAHULEHHIM U CEKGEHUUMALHO 02PAHU-
YEHHDLM.

1.6.2. OueBuAHO, BCAKOE OrPAHUYEHHOE MHOXKECTBO fABJIAETCS CIETHO OrPAHMYIEHHBIM, CIETHO OTDAHH-
YEHHOE — CEKBEHIMATLHO OrPAHMYIEHHBIM, 4 CEKBEHIMAABHO OPAHUYEHHOE — IIOJYOIDAHUYEHHBIM. 3aMETHM,
YTO PACCMOTPEHHBIE Y€ThIPE THIA OrPAHMYEHHOCTH HOIAPHO Pa3an4Hbl y2Kke B curyanuu U = E. JleficrBurens-
Ho, B K-npocrpancrse byukiuit e: R — R co cuernsiu nocurensvu et [R\{0}] muoxecreo {e; : t € R}
XapaKTEPUCTHYECKUX (PYHKIMH OMHO3JIEMEHTHBIX TTOAMHOKECTB {t} C R ABAAETCS CYETHO OrDAHUYEHHDBIM, HO
He orpannueHHbIM. MHOXECTBO {€, : N € N} xapakrepucrniecknx dbynkmmii nogmuoxkects {n} C N apnaercs
CEKBEHIMATLHO OPPAHUYEHHBIM, HO HE CIETHO OTPAHHIEHHBIM NOJIMHOKECTBOM K-TTPOCTPAHCTBA CXOMAIIMXCS K
HYJIIO YHCJIOBBIX [OCJIEJOBATEILHOCTEH.

[IpuBemeM TIpUMEp MONYOrPAHMYEHHOTO, HO HE CEKBEHIMAIBHO OTPAHMIEHHOTO TTOIMHOKECTBA B K-npo-

crpanctee M ([O7 1]) KJIACCOB BELIECTBEHHBIX U3MepUMbIX 110 Jlebery dyukuuii na orpeske [0, 1]. dgsi 9T0ro Mol

nocrponm cemeficrso orpeskos 17 (n € N, m € {1,2,...,2"}) caenyromuym o6pasom:

Ii
I = [0/4, 1/4], I3 :

[0/2, 1/2], I} == [1/2, 2/2];
[1/4, 2/4], I3 :=[2/4, 3/4], I} :=[3/4, 4/4];

I =10, 1/27"], Ip:=[1/27", 2/27"], ..., I§.:= [1-1/27", 1];

— u oboznaunwm uepes £, xknacc uz M ([O, 1]), cofepIKalunii xapakTepucTunaeckyio ¢pyukmmuio orpeska I, Toraa

muozecrso {2"f7% :n € N, m € {1,2,...,2"}} asiserca uCKOMBbIM.

1.6.3. Teopema. Ilycrs U uV — PHII nas Bekropapivu pemerkavu E u F' coorsercrsenno u T —
JIHHeHbIH oepaTop us3 U B V.
(a) Crenyromgue yTBep>KICHUST IKBHBAJICHTHBI:
(1) omeparop T r-HenpepbiBen;
(2) omeparop T r-o-HenpepbiBeH;
(3) ecun cerp (Ug)aeca aemenToB U r-cxomures K Hymio, 70 cetb (Tug)acA ACHMITOTHYCCKH
OrpAHHIEHA;
(4) omeparop T nepeBoauT OrpaHUYEHHDIE IOAMHOXKECTBA U B OrpaHHYEHHBIE NOAMHOXKECTBA, V;
(5) mma mo6oro mOAOKATEALHOTO 3aeMenTa € € F muoxecrso {|Tu| : |u| < e} orpanmaeno s F.
(6) Cuaenyroiue yTBep>KICHHS IKBUBAJICHTHBI:
(1) omeparop T' cuerHO T-HENPEPbIBEH;
(2) omeparop T' c4erHO T-0-HENPEPHIBEH;
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(3) ecu cuerHAs ceTh (Uq)acA TEMEHTOB U 1-cxoaurcs K Hyiro, TO ceTh (TUy)qep ACHMIITOTHIE-
CKH OTDAHHYICHA;
(4) omeparop T mepeBoART CYETHO OrPAHWIEHHBIE HOAMHOKECTBA U B CI€THO OTPAHHIEHHBIE TOJ-
MHOXKECTBa V;
(5) omeparop T mepeBOaUT OrpaHUICHHBIE MOAMHOXKECTBA U B CY4€THO OrPAHUIEHHBIE TOAMHOXKECTBA
Vi
(6) omeparop T mepeBOIAT OTPAHUIEHHBIE CIETHBIE TOAMHOKECTBA U B OrPAHHIECHHBIE TTOIMHOKE-
crea V.
(B) Cuaenyroiue yTBep>KICHUS IKBHBAJICHTHBI:
(1) omeparop T' ceKBEHIUATIBHO T -HEIIPEPHIBEH;
(2) omeparop T ceKBEHIUANBHO T -0-HEIIPEPHIBEH;
(3) eciu mocEROBATENBHOCTE (Uy)neN SAEMEHTOB U T'-CXOMUTCA K HYJIO, TO MOCTET0BATETbHOCTD
(Tun)nen OrpaHudeHA;
(4) omeparop T mepeBOAUT CEKBEHIIUAIPHO OrPAHHICHHBIE MOAMHOXKECTBA U B CEKBEHIIHAIBLHO OTDa-
HOYeHHbIe MOAMHOXKeCTBa V;
(5) omeparop T mepeBOART OrPAHAIEHHBIE TOAMHOKECTBA U B CEKBEHIHUANBHO OTDAHHYEHHBIE O -
MHOXKeCTBa V.
(r) Cuexgyromme yTBepK eHus S5KBUBAJEHTHBI:
(1) ecun cerb (Up)aeca dieMenToB U rT-cxomures K vyso, 10 infyea |Tuq| = 0;

(2) ecau cuernas cerh (Ug)aeca 7AeMeHTOB U T-cxomures K Hymo, 70 infacp |Tuq| = 0;

(3) ecsm noceoBaTEIBHOCTD (Up )neN dJ4eMeHToB U T-cxonures K Hymo, 1o inf,en | Tu, | = 0;

(4) omeparop T mepeBOANT MOJYOrpAHHICHHBIC MOAMHOKECTBA U B HOJIYOrPAHHICHHBIC TTOIMHOKE-
crBa V;

(5) omeparop T mepeBOART OrPAHUIEHHBIE TOAMHOXKECTBA U B MOIyOrDAHAYEHHBIE TTOAMHOKECTBA
V.

< (a) Nvmawmkamn (1)=(2)=-(3) u (4)=-(5) ouesnmubl. NcCrmoap3ysi OrpaHUIMBAEMOCTh B KAUECTBE
kputepus orpanmdenHoctn (cM. 1.6.1(a)), MokHO Ge3 Tpyna BbBectr (4) m3 (3). Ocraercs mokasaTh, UTO
(5)=(1). TIpeamomoxum, 4ro oneparop 1 YIOBIETBOPSET YCAOBUIO (5), W JJIsl KaXKIOTO MOJOXKUTEIHLHOTO
astlemenTa e € F ofoznadum uepes f. Kakyro-uubyab BepxHioo rpamuiy muoxkecrsa {|Tu| : |u] < e} B
pemerke F. TIycrb (Uq)aeA — NPOM3BOJIBHAL CETh 3JIEMEHTOB U, T'-CXONAINAACH K HYJIIO ¢ peryisaropom e € E.
Sadwukcupyem mpousBosnbaoe uncio € > 0 u Boibepem mHAeKC & € A Tak, 4TobbI |uy| < e ana Bcex o > @.
Torna pist Bcex o > & mbl umeeM |Tuq| = 5|Tua/5| <efe.

(6) Nvomukamuu (1)=(2)=(3) u (4)=(5)=(6) odyesumust. MNcrnons3ys cH4eTHYIO OrPAHHYMBAEMOCTH B
KadecTBe Kpurepus cuerHoil orpannientocru (cm. 1.6.1(6)), MokHo 6e3 Tpysa sbsectu (4) us (3). Ocraerca
nokazarb, 4ro (6)=>(1). Ilpeamosoxum, uro oneparop 1 ynosnersopsier ycaosuio (6). Ilycrb (ug)aea —
OPOM3BOJIbHAS CUETHAs CETh JIEMEHTOB U, T-CXOAAIIAsICs K HY/JII0 C peryiadaropoM e € FE. Jluga Kaxkiuoro
HATYPAJIBHOTO N OOO3HAYMM 4epe3 v, Takoil smemeHT A, uro |u.| < e/n mna Bcex a > «,. MHOKeCTBO
Uy == {nus :n €N, a € A, a > a,} gBIFETCA CIETHBIM U OTPAHUYEHHBIM, CJIEJOBATENBLHO, HANIETCA TaKOM
asement f € F | uro |Tu| < f ans Beex u € Uy. Torma |Tua| = |Thus|/n < f/n nas sBeex a 2 ay,.

(B) Mmmmmkanuw (1)=(2)=(3) u (4)=-(5) ouepnnnbl. Mcnonb3ys ceKBEHIHAIBHYI OTPAHHYHBAEMOCTD
B KQUeCTBE KPUTEPHUST CEKBEHIMAIBHON OrpaHuvYeHHOCTH (CM. 1.6.1 (B)), MOXKHO 0e3 Tpyna BbiBecTH (4) u3 (3).
Ocraercsa nokazarh, 9to (5)=(1). IIycrb (u,)nen — TPOU3BOIBHAA MOCIEIOBATEILHOCTD 3JIEMEHTOB U, T-CX0-
Jsasicsd K HyJto ¢ peryagropoM e € E. Torpa cyuiecrByer takas CXOISIIAsACsd K HYJIIO LOCJIEI0BATE]bHOCTD
qucen €, > 0, uro |u,| < epe mug secex n € N. Orpannaennocts MHOKECTBA {Uy, /€, @ 1 € N} m yenosue (5)
MO3BOJIAIOT 3aKIIOYATE, 9TO MHOKECTBO {1, /e, : n € N} CeKBEHIMANBHO r-aHHYIHPYEMO W, CIETOBATENHHO,
nocsienoBarenbHocTb (1, ) peN T-CXOAUTCs K HYJIIO.

(r) Uvmnkammu (1)=(2)=(3)=(4) ouesuausr. ITokaxewm, 9ro (4)=(1). IIycts (U )aeca — TPOU3BONBHASA
CeThb TEMEHTOB U, T-CXomAmasacs K Hyao ¢ peryastopom e € E. Torma masa mwoboro mHarypaabaoro n € N
cymecrsyer Taxoi muaexc a(n) € A, uto |uan)| < e/n. Orpammiennocrs muoxkectsa {nug(m) : n € N} n
ycnosue (4) MO3BOMIAIOT 3AKIIOYHTH, 9TO MHOXKECTBO {TNUq(n) : n € N} moayorpanmdeno u, ceqoOBaTeIbHO,

infoea |[Tue| <inf,en |Tua(n)| =inf,en |Tnua(n) |/n =0 (CM. 1.6.1 (r)) >

Omneparop T: U — V), yHOBIETBOPSIOMNH YCIOBUSM, TIEpEUNCIeHHBIM B dacTsx (a), (6), (B) n (r) mo-
caieiHel TeopeMbl, OyIeT HA3BIBATHCA COOTBETCTBEHHO 02PAHUNEHHbIM, CHETMHO 02PAHULEHHbIM, CEKEEHUUAALHO
02PAHUMEHHBIM T NOAYOPaHUMeHHbLM. OHEeBHIHO, BCAKHI OMPAHUYEHHDIH OIEpAaTOp ABJAETCH CYETHO OIPAHH-
YE€HHBIM, CYETHO OrPAHMYIEHHBIH — CeKBEHIUAIBHO OrPAHMYIEHHBIM, & CEKBEHIMATBHO OrPAHAIEHHBI — MI0JTyO-
IPAHUYEHHBIM. 3HAYUTEIBHYIO YaCcTh 9TOr0 naparpada Mbl IOCBATUM IIOUCKY IIPUMEPOB, MOKA3BIBAIOIINX, YTO
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PACCMOTPEHHBIE YeTBhIPE TUTA OIPAHUIEHHOCTU OMIEPATOPOB MOMAPHO pa3iauwdHbl. Omneparopbl, GUrypUpyoIne
B KaXKJIOM W3 TIPUBOJAUMBIX HUKE MPUMEPOB, JeHCTBYIOT U3 DAHAXOBBIX MPOCTPAHCTE B K-TPOCTPAHCTBA.

1.6.4. IIlpumep. CymecrByor 6anaxoso npocrpancrso X, pacmupennoe K-npocrpancrso F' u one-
Y Y )
parop T: X — F, ABAAIOMMAACS CISTHO OTPAHMYCHHBIM, HO HE OTPAHUTIEHHBIM.

ITocnenosarenbuocTb (al, Ao, .. ) CYETHBIX OPAMHAJIOB (v, HA30BEM @unummot, eClau Hali1eTcs TaKOi uH-
mexe n € N, ato ay, # 0 1 oy, = 0 1t Becex m > n. B sTom ciaydae dncio n Gyner Ha3BIBATHCA PA3ZMEPHOCTHIO
HOCIE0BATEILHOCTH (¢ ¥ 0003HadaThest cuMBOoM dim(a). O6G03HAYNM MHOKECTBO BCeX (DUHUTHBIX MOCIEI0-
BaTENLHOCTEH CYETHBIX OPJAMHAJIOB Yepe3 A U CHabIUM ero JIEKCUKOTPAMDUIECKUM TIOPSIIKOM, TIOJOXKNUB o < [3
B TOM W TOJIbKO TOM CJIyd4ae, eciiu jiuisi Hekoroporo n € N Bornosasgercss a; = b1, ..., Qp—1 = Pn_1 1 apn < Bp.
Hna moberx a, f € A cumBonom |a, f[ Bymem 0603HaIaTH OTKPHITHI nHTEpBaT {y € A:a <y < [}.

Jist Kax10it ToCIeI0BaTeTFHOCTH @ € A MOIOKUM

a+1:= (0[1, s 7adim(a)717 a(lim(a) + 17 0707 . )

Iycts o, € A. Byaem roBopurh, 49TO « SBJAETCA OckoAkom [ u mwmcarb « L [, ecnmm o =

(ﬁl7ﬂ2a"'7ﬂdim(a)70707"')'

Jlemma 1. JIna mobbix o, § € A 3KBHBAJICHTHBI CICIYIOIIHE COOTHOINCHUSA:
(1) Java+1[NJ5,6+1[#2;

(2) Jo,a+1[C)B,8+ 1] wmu Jo,a+1[D]5,8+1[;

(3) aC B mm PC a.

< Ecmu dim(a) = dim(B), ro mokasbiBaeMoe yTBep:KIEHHE OYeBUIHO. IIpearnonoxuM s onpe/e-
nennoctu, uto dim(a) < dim(B). Torma ecmm a < (Bi,...,Bdim(a),0,0,...), TOo @ +1 < 3, a ecin
a > (B, Baim(a),0,0,...), T0o a > B+ 1. B obowx ciydasx unreppamsl o, + 1] n |3, 5 + 1 me mepe-

cexarwrcd. b

CuabauM MHOXKECTBO A HOpsaakoBoil Tomnosjorueil ¢ 6a30i OTKPLITLIX MHOMXKECTB {]a, Bl:a,p € A}. 060-
3HAYUM 4epe3 () CTOYHOBCKUIT KOMIIAKT 110JIHOM 6ysiesoil anrebpnl Rop(A) peryJspHbiX OTKPBITBIX HOJAMHOXKECTB
A (cm. 1.2.9). Tycrs U +— U— uzomopdusm Rop(A4) ua Gynesy anretpy Clop(Q) OTKPBITO-3aMKHYTHIX 11O/
mHOKecTB @ (cM. 1.2.8). Bamernm, uro Rop(A) comepsxkut Bce nurepBassl |o, O] (o, 8 € A). Jnsa xaxmoi
nocsiegoBarenbHoctu o € A nonoxum Q, = |o, o + 1[/\ € Clop(Q) u o6o3HaYMM XapaKTEPUCTUYECKYIO DYHK-
uuio noaMuoxkecrsa (Q, C () CUMBOJIOM Xo. Takum obpazom, x. € C(Q).

Jlemma 2. s jio6oro Hermycroro orkpeiroro Mmuoxkecrsa U C A u mas aroboro n € N Hafigercs takast
nocienoBarespHoctb « € A, aro dim(a) > n u Ja,a+1[ C U.

< Tlo ompesiesieHno MOPsIIKOBOI TOMONOTMH MHOXKECTBO U COMEPsKUT HEKOTOPBIH WHTepBaJ |, B[, a < 5.

Monoxum m := min{i € N : o; < §;} u k := max{m,n}. Torma nocienoBareabHOCTb (Qr, ..., Ak, Qpr1 + 1,
0,0,...) uckomas. »

Jlemma 3. Jna yno6oro n € N B Gyaesoii anrebpe Rop(A) umeer mecro coorHomieHue sup{]a, a+1[:
ac A, dim(e) 2n} =1.

<« Crenyer HEMOCPEJICTBEHHO U3 JIEMMBI 2. B

Jlemma 4. s sio6oro caetHoro moamuoxectsa S C A cymecrByer fg := 0y
crparcrse Coo(Q).

aes dim(a)xq B K-mpo-

<« Onpenesum Gysxnmo fs: Q — R dopmystoit

fs(q) =" dim(a)xa(q)-

Coruaco Teopenme 1.3.5 (2) ji1s1 10Ka3aTeILCTBA JIEMMbI JIOCTATOYHO YCTAHOBUTD, 4TO fg ' (00) ABAETCA TONIM
noavuozxkecTBom (). Ilpunumas BO BHEMaHME JeMMy 1, MBI OPUXOAMM K CJIE/LYIONIEMY BBIBOJY: €CJIH TOYKA
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q € Q TaxoBa, uTo f5(g) = 00, TO HaiieTCa Takas nenouka ol C o C ... C o™ C ... momapmo pazmuumBIX
smementToB S, 90 ¢ € (,ey Qaew. Taxmu obpasom, fg'(00) C ey Uaesn) @a, tae S(n) = {a € 5 :

dim(«) > n}. Cremosarensro, teMma GyeT JOKA3AHA, CIH MBI YCTAHOBUM, 9ITO

intﬂ cl U Qo =9,

neN aeS(n)

T. €. infren SUPqeg(n) Qa = 0 B Bymesoit anredpe Clop(Q) nm, 9T0 SKBABATEHTHO, infpen SUP e g(n)la, a+1[ =0
B OyasieBoii asnrebpe Rop(A).

JomycTrM, 9T0 MOCIeaHee PaBEHCTBO He UMEET MecTa. TOorma COrIACHO JeMMe 2 HafIeTca Takas IOCIe-
JoBaTebHOCTh 3 € A, uro mnrepsan |3, + 1[ comepuTes B SUPqeg(n))Qr, @ + 1] s moboro n € N, u B

gacraocTr mig n = dim(f8) + 1. O6o3HAYNM MHOKECTBO {'y € S(dim(ﬂ) + 1) 68, 8+ 1[Ny, y+ 1] # @} uepes
['. Ouesuano, uro |3, 8 + 1[ C sup.,cr]y, v + 1] u, cnegosarensho, aus mro6oit mocaenosarembaocTn o < 3+ 1

Hadigerca takoit smement vy € [, uro v+ 1 > «. OpHako u3 jgeMmbl 1 cieayer, 9ro [ ABASETCS OCKOJIKOM
KaxKJIOTO 3jeMeHTa I, m mostomy njist Beex v € I

v+ 1= (/31) R ﬁdim(ﬁ)a 7dim(,3)+17 R ,Ydim(’y) + 17 07()’ .- )
< (ﬂl) R 5dim(,3)7 7dim([3)+1 + 1a Oa 07 < )

g (615 s 7ﬁdim(ﬁ)a sup (Vélm(5)+1 + ]-)a 07 07 .. )
y'el

<p+1,
B 4eM JIETKO YBHJeTh UCKOMO€E IPOTUBOpedne. b

IIyctb X — BeKTOpPHOE NPOCTPAHCTBO BCEX OrpaHudeHHbIX PyHKumii r: A — R, mMmeromux cyeTHbIH
Hocurenb {a € A : z(a) # 0}. Ouesumno, X upencrapnusier coboii GAHAXOBO MPOCTPAHCTBO OTHOCHTEIHLHO
paBHOMEPHOH HOPMEL ||-|| ., ¥ K-IPOCTPAHCTBO — OTHOCHTEILHO MOTOUETHOIO MOPAIKA.

Jlemma 5. s mo6oit pynxmmn x € X cymecrsyer o-cymma 0=y o dim(a)z(a) xo B K-nmpocrpancrse

Coo(@).

<« Ob6ozmaunm uepes S wHocurenb dynkmun r € X IIpusnekas mgevMmmy 4, MBI uMeeM
Yoaea dim(@)zt(a)xal(q) < |2l fs(q) B Kammoit Touke ¢ € @, OTKyZa Cleiyer CymeCTBOBAHHE CYMMbI
0 qea dim(a)zt(a)xa B Cx(Q). Amamornmunbie paccykienus Ais QyHKIUE T 3aBepIIAOT JOKA3ATE/Tb-
CTBO JIEMMBI. P>

[IpuctynuMm K HemocpeacTBeHHOMY ompenesenuto npocrpancts X u F' u oneparopa 1. Bamaxoeo mpo-
cTpaHcTBO X MBI ONPEIE/INM KaK 3aMBIKAHUE MOANPOCTPAHCTBA X, COCTOSIIEr0 U3 BCeX (DYHKIUH ¢ KOHETHBIMHI
Hocuressavmu. B kavecrse K-npocrpancrsa ' Bozbmem Coo(Q)). Hakonen, oneparop T: X — F Mbl onpejenum
dopmystoit

Tz = o- E dim(a)z(o)Xa ,

acA

B KOTOPOI#I CYIIIeCTBOBAHNE O-CYMMBI TAPAHTUPOBAHO JIEMMOiT 5.

Omneparop T saBAsIETCS CUETHO OrpAHUYEHHBIM. JleHCTBUTENBHO, €CIM HOPMBI BCEX DJIEMEHTOB CUETHOrO
moAMHOXKeCTBa X9 C X OrpaHvYeHbl CBEPXY YUCJIOM A u S — obbeaunenue Hocureneh dyuknuit uz Xg, 10
B cuity Jemmbl 4 mbr umeeM |[Tx| < Afs ama Beex © € Xo. Taxkum o6pasom, omeparop T yaosiaerBopger
yenosuio 1.6.3 (6)(6), T. e. SBIgETCA CUETHO OrPAHUYEHHBIM.

ITokaxkem, uTo oneparop 1" He orpanumden. s Kaxkaoi mocaenoBaTeJbHOCTH & € A 0003HAYUM XapaKTe-
PUCTHYIECKYTO (DYHKITHIO OTHO3JIEMEHTHOTO ToAMHOKeCcTBa {a} C A uepes x,. Ecmu 661 muOXKecTBO {T2 : 2 € X,

lz]| . < 1} umeno Bepxuioio rpanuny B K-npocrpancrse F', cormacho jsemme 3 Mbl uMests Obl 171st Kazkaoro n € N
COOTHOIIeHHA

sup{Tz, : o € A, dim(a) > n}

= P
> sup{nxq. : o € A, dim(a) > n}

n]-Fa

sup{Tz:z € X, |lz]| <1}

rie 1p — dyHKIMsA, TOXKIECTBEHHO paBHasg eausune. TakuMm obpasom, omeparop 1 He YIOBIETBOPSET YCIO-
Buio 1.6.3 (a)(5), 1. e. He ABJISIETCS OrPAHUIECHHBIM.
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1.6.5. IIpumep. CymecrBytor 6banaxoBo npocrpancrso X, K-npocrparcrso F' u omeparop T: X —
F, HBHHmmHﬁCH CEKBEHIIMAJIbHO OrpaHUYeHHbIM, HO HEe CIY€THO OrpaHUYCHHBIM.

<« CHa0xkast BEKTOPHOE TTPOCTPAHCTBO Cg CXOJSIIMXCST K HYJTIO UUCIOBBIX MOCIEI0BATETEHOCTEN DABHO-
MepHOH HOPMOH ||-||, MBI moTyTaeM GAaHAXOBO TPOCTPAHCTBO, KOTOpoe obo3HadwmM cuMBoaoMm X . Hamemus ke
MPOCTPAHCTBO Cg TIOKOOPAWMHATHBIM MOPSIKOM, MBI MOAYIAM K-TPOCTPaHCTBO, KOTOpoe obo3HatnMm uepes F.
Pacemorpum ToxmecTBertoe oTobpaykenune 1': ¢y — ¢p Kak omeparop w3 X B F. Jlnd Kakmoro HATYypasbHOTO
qucna 1 € N obo3HaumM 4epes e, xapakrepuctmieckKyw dyaxmmio nommuaoxkectsa {n} C N. Oneparop T He
ABJIAETCA CYETHO OIPAHMYEHHBIM, TAK KAK OH IEPEBOJUT OTPAHMYEHHOE CYETHOE HOAMHOXKECTBO {e, : n € N}
OaraxoBa TMPOCTPAHCTBA X B HEOTPAHWYEHHOE MOIMHOXKECTBO K-mpocTparcTsa, F (CM. 1.6.3(6) (6))

ITokaxem, urTo omeparop 1 SABIAETCS CEKBEHIHMAIBHO OTPAHWYEHHBIM, BOCIOJB30BABIINCH KPHUTEPH-
em 1.6.3 (8)(3). PaccMOTpuM MpOU3BOIBHYIO MOCTEAOBATENLHOCTD (X )pneN SEMEHTOB X, CXOAMAIILYIOCT K HYJTIO
[0 HOpMe, H ONPEIENHM MOCIeI0BATEILHOCTE & hopMynoil £(m) = sup,cy |2n(m)| (m € N). Hocrarouno mo-
Kazarb, 4yro x(m) — 0 npu m — oco. adurcupyem npoussosbhoe uucio € > 0. Ilycrs 7 € N Takoe uuciio,
aro ||z, || < € anst Beex n > 7, a ™ € N raxoe, uto (|z1] V |2| V- V |zz|)(m) < € ans secex m > m. Torna
x(m) < € nng Bcex m > m. »

1.6.6. IIpuwmep. CymecrByor HaHaxoBO MpocTpancTBO X, pacimpentoe K-mpocrpancTBo F' u ore-
parop T': X — F, apagromuiicst MOMyOrpaHUIeHHBIM, HO He CeKBEHITHAIBHO OTDAHMIEHHBIM.

<« Ob6oznaunm uyepe3 A MHOXKECTBO BCEBO3MOMKHBIX KOHEUHBIX TOCJIEIOBATEILHOCTEN Hy/MeH M eIMHUIL:
A= {(6(1),...,6(n)) : n €N, 6(i) € {0,1}}. Iepenymepyenm 3/1eMeHTbI MHOKECTBa A, IePEUUCTHE CHAYALA
BCE IIOCJEIOBATEILHOCTH IJIMHEL 1, 3aT€M OJWHBL 2 U T. I.:

01:=(0), 9 = (1);

03 := (0, O) 54 (0,1), d5:=(1,0), &6 :=(1,1);
Son_1 = (0,0,...,0), pn = (0,0,...,1), ..., Soni1_o:=(1,1,...,1);
Js kaxoro snementa 6 = (6(1),...,8(n)) € A oboznaunM Uepes I5 OTPE3OK BELIECTBEHHOM HIPsMOiL

[27'0(1) +27%6(2) + - +27"0(n), 27'6(1) +2726(2) +--- +27"5(n) + 27"].
L1t Toro 9To0BhI 06IErIUTh TOHNMAHUE TIOCTeaHeH (POPMYIIBI, 3aAMETHM, ITO

Is, =1}, Is, =1L, I

_ 72 . 72 _ 712
1 2 3—117 Is, = I, 155_13’ 166_14’

rje I} — orpe3ku, paccmorpenHsbie B 1.6.2.

O6osnauum yepes X Ganaxopo npoctpanctso £(A) cymmupyembrx dbyukiuii x: A — R ¢ nHopmoit ||z =
> sea |2(8)| u nonoxum F pasubin K-npocrpancrsy M ([0, 1]) ki1accos BelecTBeHHbIX n3MepuMbIX 10 JleGery
dbyuxuwmit Ha orpeske [0, 1]. s kaxa0ro snemMenTa § € A obo3HAYNM depe3 f5 XapaKTePHCTUIECKYIO BDYHKITHIO
orpeska I5, a uepes f5 — kiacc skBuBasienTHOCTH U3 M ([O, l]), comepxkammit dyuknuio f5.  Onpenenum
oneparop 1: X — F dbopmyoii

Tr = O—Z om0 (),
dEA

rie dimd — muHa mocaemosarensHocTu J. IlociaenHsisi 0-CyMMa CYIIECTBYET, TaK Kak COOTBETCTBYIOIIAS
MIOTOYEYHAA CyMMa 25€A 2d1m5x(6)f5, OY€eBUTHO, U3MEPUMa, & MHTErPAJI €e MOAYJIS paBeH

> 20z (8)|u(ls) = Y a(8)] = ||

dEA SEA

H, caenoBaresbio, Koneden. Taknmm obpaszom, [|Tz| = ||z||, oTKyzna HEmocpeCTBEHHO BBITEKAET TOLYOTPAHH-
YeHHOCTH onepartopa 1.

ITokazkeM, 9TO TOCTPOEHHBIH oneparop 1 He ABIAETCH CEKBEHIMAILHO ONPAHHYCHHBIM. JIIg KaxKkIoro
syeMenTa 0 € A 0603HAIMM [epes €5 XapaKTePUCTHIECKY (DYHKITHIO OJHO3JEMEHTHOTO MOAMHOKECTBA {0} C

A. Torpa nocienoparebHOCTD (2_ dim on, e(;n) CXOIUTCA K HYJIIO TIO HOPME, B TO BpeMs Kak ee obpas (fgn)

neN
OTHOCUTENLHO onepaTopa 1', 09eBUIHO, HE SBASETCH 7'-CXOMANIEHCS K HYJITI0 MOCAeIOBATETHbHOCTHIO. P

neN
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1.6.7. Ilycre F u F — Bekropubie pemterku. Omeparop 1: E — F Ha3bIBAIOT NOAOKHCUMEAbHDIM, ECITH
Te > 0 mist BCEX TOJNIOKUTETHHBIX € € F, U pezyaaphoim, €CIU CYIECTBYIOT TAKHE TOJOKUTEIbHBIE OMEPATOPHI
Tl,TQI E — F, yro T =17 — T5.

IIycts U u V — PHII nan Bektopabivu perterkavu E u F' coorBercTBenHo. ['0BOpST, 9TO TOIOXKATENHHBIN
omeparop S: E — F sawsusiercs mascopanmoti oneparopa T: U — V, ecmu |Tu| < Slu| anst Beex u €
U. Omeparop, UMeEONHI MAYXKOPAHTY, HA3BIBACTCSI Mmascopupyembim. COBOKYITHOCTD BCEX MAXKOPUPYEMBIX
oneparopos u3 U B V obozuauaercs cumsogom M (U, V). Ouesunno, M (U, V) npeicrasisier coboit BEKTOPHOE
MOITPOCTPAHCTBO MPOCTPAHCTBA BCEX JIMHEHHBIX Omeparopos u3 U B V.

Ilpennoxenne. Ilycte E u F — Bexkrtoprsie pemrerku, a Ul u ) — PHIL

(1) Oneparop T: E — F peryiasapen Torja u TOJbKO TOIa, KOIJA OH MAXKODHDYEM.

(2) Econ oneparop T: U — V Mazkopupyem, TO OH OrPDAHHYCH.

(3) Ecou F' — K-npocrpancrso u oneparop T': E — F orpannteH, 1o OH MaxkKopupyem (= peryJsipeH).

< VYrsepxkaenus (1) u (2) oueBmmmer.  JokazarenscrBo (3) mmeerca B [60: VIIL1.27; 33: reopema
VIIL2.2. »

SBameuvanue. OrpanudeHHblil oneparop MoxkeT He ObITh MaykopupyeMmbiM. leficTBuTenbHO, cHabxKast
BEKTOPHOE MPOCTPAHCTBO ™ OrpaHUYEHHBIX YUCTIOBLIX MOCIEI0BATETLHOCTEN TTOKOOPAMHATHBIM TOPIIKOM, MbI
nonyuuMm K-mpocrpascrso (a 3uaunt, IIBK), koropoe ofoznauum depes U. Hagenus xe (° paBHOMEPHOI
HOPMO#, MBI TIoJyunM GaHaxoBo npocrpancTso (a 3uauut, I[IBK), koropoe obosnaunm cumsosiom V. Torna
TOXKIECTBEHHOE OToOpazkenue £°° Ha cebs Kak oneparop u3 U B V OyJeT OrpaHUYeHHbIM, HO HE MaXKOPUPYEMBIM.

1.6.8. Cuabnum BexropHoe npocrpanctso M (E, F') nopsakom, nogoxus S < T TOrga U TOJLKO TOT/A,
korma Se < Te s Bcex nonoxkuTeabHbIX ¢ € E (1. e. korga pasuoctb T — S sBjgercs MOJOKUTEIbHBIM
OIIEPaTOPOM ).

Teopema N Pucca — Kanroposuua. Ilycre E — BexrTopHas pemerka, a F — K-npocrpaHcTBO.
(1) IIpocrparcreo M (E, F) apisiercs Bekroproii pemerkoii. s jirobpix oneparopos S,T € M(E, F) u
JF060r0 MOJIOXKHTEJIBHOIO 3JIeMeHTa € € E uMeroT MecTo caeayiorme COOTHOUICHUS:

(SvTe=sup{Sz+Ty : z,y
(SAT)e=inf{Sx+Ty : z,y
Tte=sup{Tz : 0 < x < e},
T e=—inf{Tz : 0 <z < e},
|T|e = sup{|Tz| : |z| < e} =sup{Tz : |z| < e}.

(2) Bexropuas pemuerka M (E, F) apiserca K-upocrpancrsom. [Lis a060ro nopsaxoBo orpaHHIeHHOIO
noamuoxkectsa T C M(E, F) u a060ro nojoxureapsHoro siremenra e € E umeror mecro caepyronme coorHo-
ITCHHSA:

(sup T)e = sup {T161 +--+The, : T, €T, ¢
(inf T)e = inf {T161 + -+ The, : T, €T, e

20, el+"'+en:e};
>0, el—l—---—l—en:e}.

Brepeble B puBe/ieHHOI hOpMyIUpOBKe TeopeMma Oblia mokazana JI. B. Kanroposudaenm B 1936 1. (cm. [57]).
U neitnoii nmpeamnocbuikoii 5Toro pesyibrara ssuaach pabora @. Pucca [224], B KoTOpPOi#i 6bL1 pacCMOTPeH Carydail
GYHKIIMOHATIOB Ha C([O., 1]) HokazarenscrBo Teopembl Pucca — Kanroposuua moxuo maiitu 8 [60: VII.1.23]
i B [33: Teopema VIII.2.1].

Bameuanune. Qopmynsl, mpuseieHHble B hopMyanpopke Teopembl Pucca — Kanrtopoenuya, mo3posis-
0T BBIYHCIISATH 3HAYEHHs] COOTBETCTBYIOIIMX ONEPATOPOB B JI000H ToUKe MX 00JacTH omnpe/enenns. JleicTu-
TETBHO, KAZKBIH suHeliHbIi oneparop T: E — F OMHO3HAYHO ONPENENAeTCs CBOMMH 3HAMEHHUAME HA MOJIOXKH-
TeLHBIX 1eMenTax E: mist Beex e € E mveer mecro pasenctso 1'(e) = T(e™) — T(e™).
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1.6.9. Teopema [95]. IIycts U — PHII mag E, aV — PHII nax F.

(1) Kaxxaprii maxkopupyemsiii omeparop T: U — V uMeeT HAHMEHBIIYIO MAXKODAHTY (OTHOCHTeﬂbHo
nopsinka B M (E, F )), obozragaemyro camposom |T.

(2) Ecin V —IIBK, 10 orobpaxenue |-| : T — |T'| upexcrasusier coboii paznoxkumyio M (E, F)-3uaqnyio
mopmy Ha M(U,V), B nape ¢ koropoit M (U, V) asasercsa IIBK.

WNmest B Buay TO 0OCTOATENBCTBO, YTO KaXK/1asd BEKTOPHAS perneTka npeacrassier coboit PHII max camoit
€000, TOCIeIHMI PE3YIbTAT MOXKHO PACCMATPUBATEH Kak 0000menne Teopemsl Pucca — KanToposuaa. Monyns
oneparopa T € M(E, F), o4eBuaHO, COBIANAET ¢ HanmMeHbIeii Maskopanroii T, kak oneparopa u3 PHII (E, |-|)
B IIBK (F, ||)-

1.6.10. Teopema [95]. Paccmorpum IIBK U man E, PHIL YV nax F' u smmneiineni oneparop T: U — V.
JL1st Kaskgoro moJIoKHTEILHOTO djIeMeHTa e € E momoxxnm

T<(e) :={|Turl + -+ |Tun| :w; €U, |ur]+ -+ |un| < e},

T—(e) := {|Tur|l + - + |Tun| s wi €U, |ur| + -+ |un| = e},

T (e) :={|Tui]l + -+ |Tun| : ui € U nonapao nu3BHOEKTHEI,
lurl + -+ lun] < e}

Oneparop T MaxkopupyeM TOTZa W TOABKO TOTAA, KOTAA JJIS JIEOOOTO HOJOXKATEIBHOTO djaeMenta ¢ € E
MOPSIKOBO OIPAHHYEHO OJHO (a Torna u kaxkiaoe) uz mHOxectB T¢(e), T—(e) mmu T (e). B s10M ciaydae
IT|e =supT¢(e) =supT=(e) = sup T (e) mrsa Bcex e = 0.

Hano ckasars, uro pasencrso |T'|le = sup T (e) 6buio GopMabHO MOAYIEHO B MPEIONOKEHUN MaXKO-
pupyemocru oneparopa T' (cum. [95: npegmoxkenue 4.2]). Tem He menee npusenennoe B [95] 10Ka3aTENbCTBO HE
HCTIONB3YET 3TO TPEJTIONOKEHUE W TEM CAMBIM YCTAHABINBACT KPUTEPHH MaskKOPUPYEMOCTH B CPOPMYTUPOBAH-
HOM BBIIIE BHIE.
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§ 1.7. BanaxoBpl paccjoeHus

B nannoit pabore paccMarpuBaioTCs GaHAXOBBI PACCJIOEHUS IBYX BUIOB — HENPEPLIBHBIE W N3MEPUMBIE.
O6a NOoHATUA UMEIOT HEKOTOPBIH OOIIMII KPYT BOIPOCOB, CBA3AHHBIN CO CJIOSMHU U CEUEHUsIMU (TIOCIOMHAS TLIOT-
HOCTb, IOTOYEYHAA HOPMA, OIIEPAIUH HAJ| CEUEHUAMHU, CXOIUMOCTh MOCJIEI0BATEIbHOCTH CEYEHUH 1 T. 1), KOTO-
PBIit U SABISETCS COIep:KanueM 3Toro Hebombinoro maparpada. Hamo ckazars, 9To B CBSA3M C BBEIEHHEM HOBOTO
MOHATUS U3MEPUMOro DaHAXOBA PACCIOEHUsT ABTOD OBLIT BBIHYKJIEH MOUTH HA HEKOTOPOE M3MEHEHWE MPUHSTON
TEPMUHOJIOTUH: IO CUX IIOP CJIOBOCOUeTanne <6aHaxoBo paccioeHues 0b03HAYAIO TO, YeMy B JaHHON paboTre co-
OTBETCTBYET TEPMUH <HeIPepbIiBHOe HaHAXOBO pacciioenues. [lockosbKy HaHaXOBO PACCIOEHUE B HOBOM CMBICJIE
SIBJISETCS HENPEPBIBHBIM OAHAXOBBIM DACCIOEHUEM HAJ, JUCKPETHBIM TOIOJOTMYECKUM MPOCTPAHCTBOM, BO W3-
OexkaHwe HeIOPA3YMEHU MbI OyIeM WHOTIa TOBOPUTh <JUCKPETHOE DAHAXOBO PACCIOEHHNE> BMECTO <OaHAXOBO
paCCIIOCHHAE> .

1.7.1. TIlycrb QQ — Hemycroe MHOXKECTBO. (Jluckpemmvim) OGHATOSbIM paccaoenuem Had () Ha3bIBAETCs
BCsIKOE oToOpaxkenue X, ompejesienHoe Ha () U CTaBsAllee B COOTBETCTBUE KaXKIOH TOUKE ¢ € () HEKOTOPOE
6anaxoBo npocrpancrBo X (g). 3nauenue X(g) GaHaXOBa PACCIOEHMs HA3BIBAETCS €0 CA0EM B TOUYKE ¢ € Q.
Hopma siementa « 5 cioe X(q) Gyzer obosnauarbea cumposioM ||z 4, wm npocro ||z, econ acno, o kakom
CJIO€ UIET PEb.

1.7.2. Ilycts X — Hanaxopo paccioenue uHas (). QyHKIH U, ONpeaeenHas Ha noaMmuoxectse D C Q)
HasblBaeTCd cenenuem paccaoenus X nad D, eciu u(q) € X(q) pus seex ¢ € D (oGosnaaem u € S(D, X)).
OTMernM, 9TO BMECTO TEPMUHA <CEYEHNE> B TEOPUM OAHAXOBBLIX PACCIOEHHN WHOIIA YIOTPEOJISIOT ero CHHO-
HUMbL: <CEJIEKTOD> UM <BEKTOPHOE mojie>. duementhbl S(Q), X') HazbiBaoTCd 2406a4bHbiMmU ceverusmu. Ecan
Ha MHOXecTBe () 33JaHa TOIOJOTHs, TO CeYeHUs HAJ KOTONIAMHU TOAMHOXKECTBaMu () HOCAT HA3BAHUE NOYMU
2a06aavnoir. Ecam xe @ gBiasercd IpOCTPAHCTBOM C MEPOM, TO MOYTH IIO0AJbHBIMH €CTECTBEHHO ObLIO ObI
HA3bIBATH CEYEHWS, ONMpeeeHHbIe TTouTH BCioay B (). OaHako BO n3bekaHue JBYCMbBICJIEHHOCTH MBI HE Oyaem
yIoTpedsIsiTh 3TOT TEPMUH B CJIydae MPOCTPAHCTBA ¢ Mepoi. BmecTo 3Toro 6yaeT ncnoab30BaThbca 0003HAMEHNE
S~ (Q, X) misg COBOKYIHOCTH ceueHuil pacciaoenust X, OMPeNe/ICHHBIX TIOUTH BCIOJLY.

Muoxkecrso ceuennit U C S(Q,X) HasbBaeTca nocaolino niomubm B X, eciu COBOKymHOCTb {u(q)
u € U} scropy mwiorHa B X(q) s 1060i Toukn g € (). VHoOrma oKaswbiBAeTCs YAOOHBIM MMETh TIOHITHE
MTOCJTOMHOM IIJIOTHOCTH B HECKOJIBKO OOOOIEHHOM BHIE: MHOXKECTBO U, COCTOMAIIEe M3 CEeYeHmi pacciaoenus X
HaJT PA3JIMIHBIMY TOAMHOXKECTBAMU (), HA3BIBAETCS NOCA0UHO naomubim 6 X na D C (), eciin COBOKYITHOCTh
{u(q) : w € U, g € domu} Bcrogy mnorna B X (g) nmnsa moboit Toukm q € D.

1.7.3. Muoxecrso S(D, X) Bcex cedenuit nag D C ) ecrecTBeHHBIM 00PA30M HAJIEISAETCS CTPYKTYPOi
BEKTOPHOro mpocTpancTsa: (Au + puv)(q) = Au(q) + pv(q) maa A\, u € R, u,v € S(D,X), ¢ € D. Ilpocrpancrso
S(D,X) moxker TakKe pacCcMaTpuBaThCd Kak MOAyib HaJ KosbioMm S(D) Bcex dyukuuit uz D B R: misa Bcex
e € S(D) uu € S(D,X) ceuenne eu € S(D,X) onpenengerca dopmyoit (eu)(q) = e(q)u(q). Ouepanuu
BEKTOPHOTO IIPOCTPAHCTBA M MOJIYJsS ONPENCTAIOTCA TakKxKe Ajd mmap (yHKIHH, MMEIOMHUX Pa3Hble 06IaCcTH
onpesenenns: ecmu A, 1 € R, u € S(A,X), v € S(B,X) ue € S(C), o A+ pv := Aulans) + p(v]ans) n
eu:=e

ANC U‘Amc-

Hnsa u € S(D,X) m A C Q cumbonom (A)u obozradaeTca cevenne Ham D, HefCTBYIONEE MO MPABUIY:
((A)u)(q) = u(q) npu g € DNAu ((A)u)(g) = 0(q) upu q € D\A, rae 0(q) — Hy1b B 6aHAXOBOM IIPOCTPAHCTBE
X(q). ®opmynst Buna u(q) = 0(q) nnnu u(q) # 0(g) mbr 6yaem 3anuceiBath Kopode: u(q) = 0, u(q) # 0.

Eciu Ha MHOXKecTBe () 3aJaHa TOMOJOTHs, TO JJIsA Kaxjgoro cedenns u € S(D,X) oupenensiercst ero
nocumenv supp u := cl{q € D : u(q) # 0}, tae cl — onepanus 3aMbIKAHUA B TOIOJOIMIECKOM MPOCTPAHCTBE ().

1.7.4. Ecau X u Y — 6aHaX0OBBI IPOCTPAHCTBA, TO MHOXKECTBO BCEX JIMHEHHBIX HEMPEPHIBHBIX (= orpa-
HUYEHHBIX) oneparopos u3 X B Y obosnauaercsa wepes B(X,Y). Cumson X' ucnonbsyerca s 0603HAUEHMST
conpgzkennoro k X mpocrpancrea B(X,R). Bamuce (r|r') obosmagaer 3navenme dbynkrmonana ¢ € X' Ha
sneMerTe € X.

IIpeanonoxum, uro X u Y — 6anaxoBbl paccioenus Hag Q. Ilycrs GyHKUMA w craBUT B COOTBETCTBUE

Ka¥KJI0il TOYKEe ¢ HEKOTOpOro nmojMHoxkecTsa D C Q anement w(q) € B(X (q), y(q)), 4uTO B JasibHeineM 6ymer
CHMBOJIHYECKN 3aIMCBIBATHCA Cledyomum obpasom: w : g € D — w(q) € B(X(q),Y(q)). Torma mns moboro
ceuenns u € S(A, X) nan A C Q cumBoioM w ® u MbI OyaeM obo3Hauarh ceyenue uaa A N D paccioenns ),
onpenensiemoe coornomenueM (w & u)(q) = w(q)u(q), ¢ € AN D. B cayuae, xoraa Y(q) = R nasg Becex g € Q,
BMECTO W & u ucnosb3yercsa 3amuch (u(-)|w(+)). Ecmm  — 5KCTPEMATbHO HECBA3HBIH KOMOAKT, (DYHKITHST
(u(-)|w(-)) menmpepbiBHA, a ee obmacTs onpenenerns A N D Berogy mmotHA B Q, TO npogomxkenne (u(-)|w(-)) mo
smemenTa Coo (Q) Gymer obozmagaThbes wepes (u|w) (em. 1.1.2).
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Eciu X — 6Ganaxoso paccaoenune Hajg P, To aja moboro orobpaxkenus s: (Q — P kommosuius X o s
TIpencTaBisieT coboit banaxoso paccaoenne Hamd (). Kpowme Toro, ecim u — ceuenne paccaoennsi X nam D C P,
TOo u o s — ceuenne X o s maz s [D]. IIns mpoussoabHoro MHoxkectsa U cedennit X cumBoaoM U © § MBI
0003Ha4a€eM COBOKYIIHOCTH CedeHuii {u o s : u € U} pacciaoenus X o s.

IIycts X — Ganaxopo paccioenue Hazg P u s — yHKIMA, OIpee/leHHasd Ha IOAMHOXKecTBe () u jeii-
crBytomas B P. Paccioenue X o §, JONONHEHHOE HYJIEBBIME CI0sMu B Toukax @\ dom s, mbl Gyzmem obo3HagaTh
cumpoJiom X e s. Tounee rosopsi, cjou banaxoBa paccioenus X o s HaJ () OIpenendTcs GOPMyYJIOi

X(s(g)), ecmu g € doms,

(X es)la) = {0}, ecm ¢ € Q\ dom s.

Ecmu u — ceuyenne paccimoenns X uwam D C P, To cuMBOJIOM U ® S MbI DyeM 0003HAYATD CEUEHUE

(wes)(q) =4 (@) ccma €D,

0, ecu g € Q\ dom s

paccioenns X e s Hag s 1[D] U (Q\ dom s). JIis mpousBoabHOro Muoxectsa U cedenuit X cumBoaom U @ § Mbl
0003Ha4a€eM COBOKYIHOCTH cedenuii {u e s : u € U} paccnoenun X o s. BesycnoBHo, mjig obecedenns KOPPeKT-
HOCTH TIPH UCIOJH30BaHUN ODO3HAYEHUN TUIIA U ® § CJIEyeT BCEr/a MMETh B BHUJY HEKOTOPOe (PUKCUPOBAHHOE
MHOXKECTBO (), obbemitomiee dom s.

1.7.5. Hna xaxgoro cevenns u € S(D,X) paccmarpusaercs ero nomoveuwnas nopma ||uf|: ¢ € D —
[lu(q)]]. Ceuenms u € S(A, X) mv € S(B,X) maspmarorca dussronkmubuimu, ecan ||u(qg)|| A ||v(q)]] = 0 nmst Beex
ge ANB.

ToBopsIT, YTO MOCAEI0BATEBHOCTD cedenuii u, € S(D,, X) nomoueuno crodumes x u € S(D, X) na muo-
arcecmee A C Q, ecm A C dom uN ()~ dom u,, 1 mocnenosarensuocTs Gyrxmmit ([|un|a — ulal| )nEN MOTOY€Y-

HO CXOIUTCA K Hyso. Eciu mocienosarenbuocts cevenuii u, € S(D, X') moroueuno cxomuresa kK u € S(D, X) na
D, 10 cedenue u HA3BIBAIOT TOMOUEHHbIM NPEOCAOM TOCIEIOBATEILHOCTH (Uy,). [ommuoxkecrso U C S(D, X)

Ha3bIBACTCA NOMOYEYHO 3AMKHYTIBIM, €CJIN OHO COAEP2KUT BCE IIOTOYCIHDIE IIPE/1EJIbL HOCJ’IEﬂOBaTeﬂbHOCTeﬁ CBO-
nXxX JIEMEHTOB.

1.7.6. Pasnomepnot nopmot ||ul| cevenuss v € S(D,X) nasbiBaercss (KOHEUHOE WM GECKOHEUHOE)
aucio sup,ep |[u(q)||. Cedenne u maspBaior ozpanuvennwm (na U C D), ecmn ||ull,, < oo (coorsercrsemio
lulr]l o < 00). MuoxecTBO Beex orpanmteHHBIX cedenuit u € S(D, X) obozuazaercsa wepe3 £°(D, X). Heco-
muedno, (D, X) asnserca BeKTopHbiM noxnpocrpancrsom S(D,X), a paBuomephas nopma Ha (D, X)
[PEBPAITAET 3TO BEKTOPHOE ITPOCTPAHCTBO B BaHAXOBO.

CoBeplIlieHHO aHAJIOTHYHO CBOUM TOTOYEYHBIM AHAJIOTaM BBOJATCS TOHATHS PAEHOMEPHOT CLOOUMOCTIU,
PasHOMEPH020 Npedesa u pasromepholi samxrymocmuy (cp. 1.7.5).

B cayuae, xorja () SBISETCS TONOJOTMYIECKHM TIPOCTPAHCTBOM, €CTECTBEHHBIM 00pDA30M BBOJAATCS TaKHe
HOHSATHS, KaK AOKAAbHAA 02ZDAHUMEHHOCTID CEUCHUS, AOKAADHO PABHOMEPHAA CLOOUMOCTID TIOCIIEOBATEIBHOCTI
ceuenuit u T. 1. T'oBopsaT, uro MHONKecTBO cevennii U C S(Q, X) pasnocmenenno A0KAALHO 02PaHUNENO, ECIU
JUIs 1000l ToukM () HaiimeTcsa ee OKPEeCTHOCTb, Ha KOTOPOH OrpaHUYEeHbl BCe ceyeHusd u3 U.
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Inmasa 2. HEITPEPBIBHBIE BAHAXOBbI PACCJIOEHU A

Henpeproisroe 6anaxoso pacciaoenne (HBP) max Tonosornueckum npocrpancrsom ) sapigerca GopMasib-
HBIM YKBUBAJIEHTOM HHTYUTUBHOIO IIPEJICTABICHAS O ceMeficTBe 6aHaxOBBIX MPOocTPaHCTB (X¢)qe@, HEIPEPHIBHO
U3MEHSIIOIIUXCS OT TOYKH K TOYKe TPOCTpaHcTBa (). M3006perenne HaHAXOBBIX PACCIOEHUN TPUHSTO CBSI3BIBATH
¢ nmerem JIxx. dpon Heitmama, kotopsrit B 1937-1938 rr. BhICKa3aa HEKOTOPBIE WIEH, KACAIOIMINECS MEePEMEHHBIX
6anaxoBbix mpocTpancTs. CoorBercrByromue (hOpMabHBIE OMUCAHUST BOZHUK/IKM npubau3uTensbuo B 1950 1. B
paborax P.Tonemana, 1. Kamnauckoro, M. M. lenndanga u M. A. Haltmapka. CerofHst Teopusi HENPEPHIBHBIX
OAHAXOBBIX PACCJOGHUIN TpEACTaBsieT cobol BechbMa OOIMMPHYIO 00JaCTh MCCAeIOBaHui. AdekBaTHOE Tpe/-
CTaBJIEHUE O COBPEMEHHOM COCTOSTHUU 3TOU TEOPUM MOXKHO TOJIYYUTh, OOPATUBIIHUCH K JIUTEPATYPHBIM 0030pam
u ccbuikaM, umeorumed B [141]. Monorpadus [144] comepxut noapobubie 06cy K nenust GOIbITHHCTBA HEOOXO0-
JUMBIX HaM TOHATHUH, cBA3aHHbIX ¢ HBP.

B nmawnoi ryiaBe mpuUBEEHBI OMPEIEIeHNsT U 3JIEMEHTAPHBIE CBOMCTBA BCEX OCHOBHBIX OOBEKTOB TEOPUHU
HBP. Peus uper 0 HEIPEPHIBHBIX CTPYKTYPax B OAHAXOBBIX PACCIOEHUSAX W CIIOCODAX WX BBEIECHWS; O HEIpe-
PBIBHBIX CEUEHMAX, UX CBONCTBAX W OMEpAIAX HAI HUME; O ToMoMopduismax kareropun HBP u mx skBuBa-
JIGHTHBIX onmcanugx. llouru Bech MaTepwas 3TOH TIaBbl TaK min nHade u3Becred. Hexkoropbie HOBbIE (DaKTHI
MOSTBJISIIOTCST TOJIBKO B maparpadax 2.4 n (B GonbInedi crenenn) 2.5.
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§ 2.1. OcHOBHbBIE IOHATHUA

B namnoii pabore m30paH MOIXOI K ONPEIETEHUIO0 HEIPEPBIBHOCTH CEYEHWH, OCHOBAHHBIN Ha MOHITHN
HEMPEPBIBHON CTPYKTYpPbI. Takoit BHIOOP 00YCI0BIEH MPOCTOTON BOSHUKAIOMINX TIPH 3TOM O0BEKTOB, JEIKOCTHIO
WX KOHCTPpyHpoBaHuA # yaobcrBoMm mpumenenuss Kk Teopun PHII. pyroii — romomormdyeckuit — moaxosm B
AKCHOMATHIECKO# hopMe He TIPUBEIEH, OTHAKO YKA3aH MEXAHU3M HCIIOJIb30BAHUS €10 OYEBHIHBIX [TPEUMYIIECTB.

2.1.1. IIycrs Q) — romosoruyeckoe mnpocrpancTso. Muoxkecrso C C S(Q, X) rnobanbHbIX cedeHuii
GaHaxopa paccyoenusi X HaJ () HA3BIBAETCS HenpepuieHoll cmpykmypoli 6 X, eCl BBITOJHEHBI CJIEIYOIIHe
YCJIOBHSL:

(a) wmuoxkecTBO C sIBAAETCA BEKTOPHBIM HozanpocTpancTBoM S(Q, X');

(6) moroweunas mopma ||| : @ — R mro6oro snementa ¢ € C HempPepHIBHA;

(8) muoxkecro C 10CJIORHO WIOTHO B X

Ecnu C — uenpepoiBhas crpykrypa B X, 1o napa (X,C) Ha3bIBAETCI HENPEPbLLEHDbIM OAHALOGHIM DACCAOEHUEM

(HBP) wnad Q. Ilpu srom Bmecro (X,C) obbruno OyaeM nucarb npocro X, a HENPEPLIBHYIO cTpykTypy C
obozHagaTh cuMBOJIOM Cy .

2.1.2. Ilycrs (X,C) — HBP nan ronosnormueckum npocrpancrsom (). Ceuenme u € S(D,X) nan
D C @ naszwviBaercsa C-nenpepuenvim 6 mouke ¢ € D, ecmu dbyuxmus |Ju — ¢|| : D — R uenpepbisHa B TOYKE
q ays moboro snementa ¢ € C. Ceuenne u € S(D,X), C-HenpepblBHOE B KaXKA0# TOYKE ¢ € (), HA3BIBAETCS
C -nenpepvienoim (0bosuataem u € C(D, X|C)). B wacrrocTH, cevenne u € S(Q, X) npunagnexur C(Q, X|C) B
TOM M TOJIbKO TOM ciaydae, eciu ||u — ¢f| € C(Q) ans Beex ¢ € C.

B nasbaeiimem HenpepbiBHas crpykrypa C, Kak IpaBuio, He Oyaer (purypupoBaTh B SBHOM BUJe. B cBsi3u
¢ 91uM C-HernpepbiBHbIE (B TOYKE) CEYEHUs Mbl OyJEM Ha3bIBATH [POCTO HENpepbuieHbimy (6 mouke) U yrnorped-
agare oboznagenue C(D, X) suecro C(D, X|C) (cp. 2.1.9). COoBOKyIHOCTBH BCEX HEMPEPBIBHBIX OrPAHNICHHBIX
ceuenuii nay D obosnagaerca cumpoiaom C(D, X).

2.1.3. Ilpusemennsiit B 2.1.2 cocob onpeneneHus HEIPEPLIBHOCTHA CEYEHHUIl BIEPBBIE OBLT MPEIIOKEH,
no-puaumomy, B 1949 r. P. Tomemanom (cMm. passuTne storo Metona B [146]). B coepemenHoit aureparype o 6a-
HaXOBBIX PACCIOEHUSIX MCIOIB3YETCs TAKXKE JPYTOH MOIXO0, TPU KOTOPOM HEIIPEPBIBHOCTH CEYEHU! BOIHUKAET
KaK YUCTO TOMOJIOTHYECKOe onATne. 31mkenne 060uX yIOMAHYTBIX METO/OB, 8 TAKXKe ODOCHOBAHUE WX IKBU-
BAJIEHTHOCTH MOXKHO HaiiTy B MoHOrpaduu [144]. He ocranapimpasich moapoGHO HA BTOPOM IMOAXOE, MbI JIHIIH
[IOsICHUM CB$3b HEIPEPBIBHOCTH OTHOCUTEJHHO HEIIPEPBIBHON CTPYKTYPBI C TOIOJIOTUYECKON HENPEePBIBHOCTHIO.

2.1.4. Ilycte X — HBP nag Q. CumBosom @ @ X' 0603HAYAETCA MHOXKECTBO Hap quQ({q} x X(q)),

a cumsosom (Q ® X)* — noxmuoxecrso (Q ® X)?, cocroauwee u3 snemenros susa ((¢,z),(q,y)). Hna
npoussosbHoro cedenus u € S(D,X) nang D C @ Beoaurca dbyukiua Q@ @ u: D — Q ® X, neiicrByomast

no npasuiy (Q ® u)(q) = (q,u(q)).
MMycrs U C Q, u € S(Q,X), ¢ > 0. Tpybrot pamuyca € uam U BOKPYr « HA3BIBAETCS MHOMKECTBO
Ulu,e) ={(g,x) e QX : ¢ € U, ||z — u(q)|| < e}.

Jlemma. g mo6oro HBP (X, C) max Q muoxxectBo Tpy6ok U(c, €), onpenenasdeMbIx OTKDPhITHIMU O/
maOkecTBaMu U C @, cewerusivu ¢ € C u paguycamu € > (0, sBasercs 6a308 HEKOTOPOH OTKPBITOH TOIOJIOTHH

HA QQ ® X.
<« JokazarenbcrBo nmeerca B [144: 5.3].  »

B zanbneitimem s awoboro HBP X mag @ muokecTBO (Q ® X OyAeT 10 yMOJTYaHUIO CHAOXKATHCSA TOIIOIO-
rueit TpybOoK, ONMMCAHHON B JEeMMe.

2.1.5. IIpemnoxeume. s mo6oro HBP X Hax @ caexgyromime orobpazkeHus HEIPEPhIBHDL:

pro: QX = Q, pro(e, ) = g;

[l: Q@ X = R, I-l(q, z) = [l=|;

= Rx(QeX) = Qox, *(\(g1) = (g \);
+:(QeX) =QeX, +((¢,2),(q,) = (g +y).
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< HenpeprIBHOCTD OTOOParKeHU PIy OUeBuIHA. HempepsIBHOCTS [|-|| MOzKeT GBITH TOKa3aHa CIIeTy oMM
oBpazom: ecan (qo, Tg) € QX ma < ||xo|| < S, To, BEIGpas ¢ € Cx ¢ mOCTATOYHO GIU3KUM K X 3HAUeHUEM ((o)
U B35IB OKPECTHOCTH U TOYKH g U 9uCs0 € > () JOCTATOTHO MAJBIMU, MOXKHO JOOHTBCS HEpaBeHCTB ¢ < ||z|| < B

s Beex (g, x) € U(e, €). HempepbIBHOCTD OTOOPAKEHME * W + yCTAHABIMBAETCH TEMU YK€ TIPUEMAMU U CTOJb
JKe IpoCcTo. P

2.1.6. Jlemma. FEcau X — HBP max Bonosse peryiaspHbIM OPOCTPAHCTBOM (), TO TOIOJOIHIECKOE
npocrpascrso Q @ X BIIOJIHE PEryJIspHO.

<« Ilycrs G — oTKpbiTOE OAMHOXKECTBO QR X 1 IIpenonoxkumM, 9o napa (qo, o) € QX npunasiexuT
G. Toraa maiinyrcs okpecruocTb U Touku go, cevenue ¢ € Cy u aucyo € > 0 takue, 4ro (go, o) € U(c,e) C G.
TMockonbky mpocTpancTBo () BrONHE peryaapro, mmeerca Takaa dyuxmua ¢ € C(Q), ato ¢ = 0 Bae U n
©(qo) # 0. Hns kaxkmoit naper (¢,z) € Q ® X nmonoxkum f(q,x) = ¢(q) - max{e — ||c(¢q) — z||,0}. Torma B
CHJIy HEIpPEepLIBHOCTH cedeHust ¢ 1 omeparuii + u ||-|| (cM. 2.1.5) dyukmus f: Q ® X — R rakke HempepbIBHA.
Ocranocs 3ameruts, uro f =0 Bue G u f(qo, o) #0. »

2.1.7. Teopema. IIycts X — HBP man Q u D C Q. /Lna wenpepsisHOCTH cedenus u € S(D,X) B

touke ¢ € D B cmbicie 2.1.2 HeoOX0QuMO U JOCTATOYHO, 9T00bI pyHKIHA Q @ u: D — Q ® X 6bL1a HelpepbIBHA
B TOYKE ¢ B TOHOJOTHIECKOM CMBICIIE.

<« HeobxomumocTs HenpepbiBHOCTH MyHKIMN () ® 1 oueBUAHA. JOKaXKeM JOCTATOUYHOCTD ITOTO YCJIOBUS.
IIpeamnonoxkum, aro dpyukmus QRu: D — Q® X HenpepwIBHA B TOUKE ¢, 3aDUKCAPYEM TPOU3BOIBHBIN 3IEMEHT
¢ € Cx m mokaxkeMm HenpepbiBHOCTH (hyHkmmn ||u — ¢|| : D — R B Touke ¢. st 3TOr0 BO3bMEM MPOH3BOIBHOE
amcao € > 0 u, o6ozuaqms ||u(q) — c(q)| 1epes A, ycranoum mepasencrsa A — & < ||u(p) — c¢(p)|| < A + ¢ ana
BCEX P M3 HEKOTOPOil OKPECTHOCTH TOYKHM ¢ B IpocTpancTse D.

BeiGepem cedenne v € Cx mak, utobsl ||u(q) — v(q)|| < €/2. Torma B cuty HerpepbiBHOCTH DYHKIMH Q) @ U
B TOUKE ¢

llu(p) — v(p)|| < €/2 B OKpecTHOCTH TOUKH . (1)

Iockomeky [[v(q) — c(@)l| < [[ulg) — (@)l + [[ulg) — v(@)]| < A+¢/2, B cnny menpeppmrocTH GynKmam [|v — cf|
MBI IMEEM
lv(p) — e(p)|| < A+¢/2 B OKpecTHOCTH TOYKM . (2)

Ilo Tem Ke coOOpakeHUsAM W3 HEPABEHCTB

[v(g) — ()l = llulg) — ()| = llulg) —v(g) > A —e/2

CIIe/IyeT, ITo
lv(p) — c¢(p)|] > A — €/2 B OKpecTHOCTH TOYKH q. (3)

Yuurhsas coorHomenns (1)—(3), B OKPECTHOCTH TOYKH ¢ MBI NMeeM

A—e=(A=-¢/2) —¢/2 <|v(p) — c(p)|| = llulp) — v(p)||
< lulp) — @)
< lo(p) = @)l + lulp) —v@)l < (6/2+A) +e/2=A+e. »

2.1.8. TIIpensnoxkenme. Creayromnme COOTHOIIEHHS MKy HenpepbiBHbIME crpykTypamu C u D B
baHaXOBOM paccjoeHnd X HaJd TOMOJOIHIeCKHM MPOCTPAHCTBOM () PABHOCHJIBHBI:
(1) C(Q,X[C) = C(Q, X|D);
(2) C(Q,X|C) C C(Q,X|D);
(3) CcC(Q,XD);
(4) mepeceuenne C(Q, X|C) N C(Q, X|D) nocoiino miporno B X';
(5)

ronosioran B () @ X, coorBercrByomue HenpepblBHbIM cTpykTypam C u D, coBnagaior.

< UMmmmikanum (1)=(2)=-(3)=(4) ouesunnunl. Ycnorwe (1) caeayer us (5) B cuny 2.1.7. Ocraercst sumib
HOSICHUTL uMILIuKanuio (4)=(5).

[peanonoxum BeinoaHeHHbIM yesaosue (4). 13 coobpaxkenuil cummerpun fijis 1oKa3areabersa (5) gocra-
TOYHO YCTAHOBUTD, UTO TOMOJOrHs B () ® X, coOTBeTcTByOmAas CTpyKType C, cirabee TOMONIOTUU, COOTBETCTBY-
fomeit D. Ilycrs U — orkpsiToe mommuokectBo @, ¢ € C, ¢ > 0 u (q,z) € U(c,e). Ham ocraerca naiirn
OTKPBITOE TIOAMHOXKecTBO V' C (@, cedenne d € D u wuciao § > 0 takue, uro (¢,z) € V(d,§) C U(c,e). Dro
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MOXKHO OCYIIECTBUTH B 1Ba 3rama. CHauamna suibepem u € C(Q, X|C) N C(Q, X|D) ¢ mocTarouno GAM3KUM K
x 3HadenveM u(q) u Bo3bMeM oKpectHOCTh Uy C U ToYKH ¢ u 4ucio £ > 0 JOCTATOYHO MAJIBIMA TaK, 9TOOBI
ObLiu BbINOJIHEHDbI BKaouenus (¢, z) € Up(u,eq) C U(c,e). 3arem, Boibpas d € D ¢ mocTarodno 6IU3KUM K &
suadenuneM d(q) u B3gB okpecrHocrb V. C Uy Todku ¢ u 9uciao § > 0 JOCTATOYHO MaJIbIMU, MOXKHO JOOUTHCS
Bryouennit (¢, z) € V(d, ) C Up(u,e0). »

HenpepbiBubie crpykrypnl C u D, yAOBIETBOPAIONIME OJIHOMY M3 DPaBHOCUIbHBIX yciaosuii (1)—(5), Gymem
HA3BIBATH 9K6UBAAEHMHbLMY. OUEBUIHO, YTO it TIOOOH HempepbIBHOH cTpyKTYPhI C B GAHAXOBOM PACCIOCHUN
X man @ npocrpancreo C(Q, X|C) apngerca HanbGoMbIIel HEMPEPBIBHON CTPYKTYPOi B X, 9KBHBaTEHTHOM C.

2.1.9. Banaxosbl pacciaoenus (X,C) u (X, D), uMeroriue IKBUBAJCHTHbIE HENPEPBIBHBIE CTPYKTYPhI C
n D, OTOXKAECTBISIOTCS B PaMKaX TOMOJOTHIECKOTO MOAXoma, yrmoMmsuyToro B 2.1.3. ITlockonbKy B manbHe-
IIIeM HeMPepbIBHbIE CTPYKTYPHI, KaK MPAaBUJIO, B SIBHOM BHJIE (DUTYPUPOBATEH He OYAYT, TAKOE OTOMXKIECTBICHUE
YMECTHO ¥ B HAIIIEM CIydae, TeMm 00Jiee ITO OHO yZKe TIOArOTOBIeHO coramenneM B 2.1.1 0 Hanucannn X BMeCTO
(X,C). 3amerum, uro B cuiay 2.1.8 cumBoa Cy MOKHO MBICJUTH KaK OGO3HAYEHHE IPOU3BOJIBLHOIO IOCIOHHO

nioruoro B X' noanpocrpancrsa C(Q), X).
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§ 2.2. IIpumepst

DToT HEDOMBION maparpad COmEPKUT HaubOJIee JacTo UCHoab3yeMmbie npuMepbl HBP u omepammit mam
unMmu. Peub mmer o mocrosuubix HBP, mompaccnoenusix, orpanndennsx HBP u 1. m. 3asepmaer maparpad
semma 2.2.7, B KOTOPO# MPUBEIEH HEOTHOKPATHO UCIOIb3YEeMbIi B JaJIbHEHIeM Clioco0 KOHCTPYHPOBAHNS HOBBIX
HBEP.

2.2.1. TIpocteim mpumepoMm GaHAXOBA PACCTIOCHUS SBJIAETCA MOCTOAHHOE oTOOparxkennme X = @ X {X},
CTaB4INEe B COOTBETCTBUE KAYKION TOYKE TOMOJIOIHIECKOTO MPOCTPAHCTBA () OTHO U TO e GAHAXOBO MPOCTPAH-
cro X. Eciu B KadecrBe HenpepbIBHON cTPyKTYpbl C B3SITh COBOKYIHOCTb IIOCTOSHHBIX (PyHKIMHA c: @ — X,
10 HenmpepbiBHbIMU cedeHusMu HBP (X C), HA3BIBAEMOTO NOCTROAHHbIM, OKAXKYTCA B TOYHOCTH HENPEPLIBHLIE
dbyukuun u: Q — X. 3amerum, uro cosokynuocTh C(Q, X) Beex HenpepbiBHbIX GyHKIMA u: Q — X Takke
SIBJISIETCS. HEMTPEPBIBHON CTPYKTYPOi# B mOCTOSHHOM paccmoennn @ X { X}, mpudeM 3KBUBATIEHTHON CTPYKType
C mocrostubix dyukimii (cM. 2.1.8).

2.2.2. Paccmorpum HBP X wan Q. HBP Ay man @ nassiBaercsa (nenpepughoim) nodpaccaoenuem X,
ecau Xy(q) aBngerca GanaxoBbiM nognpocrpancTsoM X (g) aug moboil Touku g € Q u, kpome Toro, C(Q, Xy) =

Iycrs reneps Xy — (muckpernoe) 6GaHaxOBO paccioeHue, Kaxkbiii cioit Xy(g) koroporo apiusercs 6a-
HAXOBBIM IIOIIPOCTPAHCTBOM cooTBercrByoiiero ciod X(g). Ecau nepecevenue C(Q, X) N S(Q, Xy) nocioiino
IJIOTHO B Ay, TO OHO 00pa3yeT HEMPEPBIBHYIO CTPYKTYPY HA Xy, B ITape ¢ KOTOPOit Xy CTAHOBUTCS HEIIPEPHIBHBIM
noapaccaoerneM X. ByneM ropopurb, 4TO HEIpEPBIBHASA CTPYKTypa Xy ukdyyuposana us X. JIBolCTBEHHBIM
00pa3oM BesAKoe BeKTOpHoe mommnpocrpanctso U C C(Q, X) undyyupyem nodpaccaoenue Xy, HENPEPLIBHOM
CTPYKTYPOIi KoToporo oHo sasiserca: Xo(q) = cl{u(q) : u € U} (g € Q).

2.2.3. TIIpeanoxkenue. Ilycres Xy u X — HBP mag Q, npuyem ais moboit Toukn q € Q caoii Xg(q)
sapjisercs: 6aHaxoBeiM nogupocrpancreom X (q). Torma Xy — noapaccaoerne X B TOM U TOJBKO TOM CJIYYae,
ecan () ® Xy — TOHOJIOrHYIecKoe HOAIPOCTPAHCTBO QQ @ X.

<« Cuenyer uz 2.1.7. »

2.2.4. Ilyctb X — HBP nan Q, a Xy — (nuckpernoe) 6aHaxoBo paccjioeHue, Kaziplii cuaoit Xy(q)
KOTOPOTO SIBJISIETCs BAHAXOBBIM MOANPOCTPAHCTBOM COOTBETCTBYIOMEro ciod X (q). Obosuauum uepes Cy coBoO-
KynHOCTb Beex ceuennit u € C(Q, X), nyst KoTopeix MHOXKecTBO {¢ € Q : u(q) € Xp(q)} ABAsAETCA KOTOMNM B
Q. OueBugno, Cy asisercs BekropabiM nognpocrpatcreom C(Q, X'). Cumposom X A Xy Mbl Oyuem 0603Ha4aTH
nozapaccioenne X, unmyruposanuoe npocrpancrsom Cy (cm. 2.2.2). 3amerum, 910 B OOIIEM CIIy4Yae HeJIb3sd
rapanrupoBars Hu Briodenue (X A Xp)(q) C Xp(q), nu Bruouenne Xp(q) C (X A Xp)(q)-

2.2.5. Ilycts X — HBP wag Q, D C Q. Eciu C — HenpepbiBHasi CTPYKTypa X, TO COBOKYITHOCTh
{c|p : ¢ € C} mpencrasasier cofoii HEMPEPHIBHYID CTPYKTYPY B (JAUCKPETHOM) GAHAXOBOM DACCIOeHHH X|p.
IMonyyennoe takum oOpasom HBP mam D maseiBaerca ozpanuuenuem HBP X wa D u obosnagaerca X|p.
OueBuHO, C’(A, X\D) = C(A, X) ana aoboro nogmuoxkecrsa A C D.

2.2.6. Ilycts P u (Q — tomosoruueckue npocrpanctsa u X — HBP manx P. Eciu s — HenmpepbIBHOE
orobpakenne () B P, To pacciioenne X' 0 s MbI OyIeM MO yMOTIAHUIO paccMarpuBaTh Kak HBP man (), cuabxkas
ero HenpepbiBHOl cTpyKTYpoit Cyos (cm. 1.7.4). Ecnu xe s — dbyukiusd, onpe/iejieHHad Ha OTKPbITO-3aMKHYTOM
noaMHOXKecTBe () u geiicTByiomaa B P, To paccioenue X e s Oymer paccmarpuBarhest kak HBP wam Q ¢
HEeIpPEPBLIBHOM cTpYKTypoii Cx @ S.

Ilpennoxenne. Ilyctb X — HBP mam P n s — HenpepblBHOE 0TOOpAaXKeHHE TOMOJIOTHYIECKOrO MPO-
crparcrea Q B P. Torma eciu u — menpepsiBHoe cedenne X Hag D C P, T0 u 0 S — HEIPEPBLIBHOE CEUCHUE
X o s mag s~'[D]. B gacraoctn, C(P,X)os C C(Q,X os).

<« C oueBHAHOCTLIO BhITEKaeT u3 2.1.7. »
Bameuanue. Bkmwouenue C(P,X)os C C(Q, X os) moxker 6birh crporum. Hanpumep, ecau orobpa-

JKEHHE $ TIOCTOAHHO, T. €. §: @ — {p} mys mexoropoit roukm p € P, To muoxkecrso C(P, X) o s mpencrasmisier
co6Oll COBOKYIIHOCTh BCEX MOCTOSHHBIX (& HE BCEX HempepbiBHBIX) dyuKImii u3 Q B8 X (p).
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2.2.7. Ilycth () — TOMONOTMYECKOE MPOCTPAHCTBO. MBI 6yIeM TOBOPHUTH, YTO MYJILTUHOPMHPOBAHHOE
IPOCTPAHCTBO (U, (H'”q)qGQ) nopoosicdaem HBP X man @), eciim CymecTByeT Takoil JWHEHHBI MOHOMODPQU3M
i:U — C(Q,X), uro muoxecrso i{U] nocuoitno mwiorno B X' u [li(u)(q)|| = ||lull, m1a Beex u € U n q € Q.

Monomopdusm i B 310M ciayuae Oyner Ha3bBaThCs KanoHuueckum saoscenuem U 6 C(Q, X). Huxe (cm. 2.4.13)
OyIeT yCTaHOBIEHO, 9TO TAKOE PacciaoeHne X B ONPEJETCHHOM CMBICJE €JIUHCTBEHHO.

Jlemma. Mysbsranopuuposannoe npocrpanctso (U, (|||lq)qeq) mopoxaaer nexoropoe HBP naz Q To-
714 0 TObKO Torna, Korfa ¢ynxmsa q — ||ul|, Henpepbsra g1 Kaxg0r0 B1eMenta u € U.

<« B pokasarenbcrBe HyKAaercs JIMIIb JOCTATOYHOCTD IPEJIAraeMOro yeaous. 3aduKCupyeM mpous-
BOJIbHYIO TOUKY ¢ € () 1 nonoxum U, 1= {u eU : |lu = O}. Torna dbakrop-npocrpancTso U /Uy, crabxeHHOE
dbakrop-nonynopmoit |||, /Uy, apagercs nopMuposanEbM TpocTpancTBOM. OB603HAMMM €ro MOTOTHe e Yepes
X(q), u mycrs i(u)(g) — oOpa3 smementa u € U mpu KaHoHmdeckoM snuMopdusme U — U/U,. Torpa, pac-
cMmarpuBag i[U] KaKk HeNPEPBIBHYIO CTPYKTYPY B GanaxoBom paccsoenuu X, Mbl nosygaem uckombie HBP X u
MoHOMOPDU3M . P
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§ 2.3. HenpepbIBHBIE CEYEeHUHA

B sTom maparpade dbopmymupyoTcs npu3Haku HenpepbiBHOCTH cedennii HBP, BoigcHaeTca HempepbiB-
HOCTH PA3JIMYHBIX OIeparuii HaJl CEYEHUsIMHU, & TAKKE ODCYKIAETCS BOIPOC O CYMIECTBOBAHUE HEITPEPBHIBHOTO
ceveHnsd, MPOXOAAINero depe3 (PUKCHPOBAHHYIO TOUKY (pukcuposanuoro ciosg HBP.

2.3.1. IIpennoxenue. Ilycre X —HBP van Q,q€ D C Q,u,ve S(D,X),e: D —-R, A\ ueR.
(1) Ecim cevenne u HEPEPBIBHO B TOUKE (, TO €ro HoTodedHast HopMa ||u|| HempepsiBra B TOUKE q.

(2) Ecan dynxnmsa e u cedMeHne U HeOPEPBIBHBL B TOUKE ¢, TO MPOU3BEICHAE €U HETIPEPHIBHO B TOIKE (.
(3) Ecsu cevennus: & u U HEIPEPBIBHBL B TOUKE ¢, TO CYMMa AU + [lU HEIPEPBIBHA B TOUKE (.

<« Henocpencreennoe caeacrsue 2.1.7 u 2.1.5. »

2.3.2. IIpennoxenue. Ilycrs maoxkecrsoV C C(Q, X) nocuofino wirorao B HBP X nag Q. Ceuenne
u € S(D,X) nang D C Q) venpeppiBao B TOUKe ¢ € D TOIIa H TOJIBKO TOLAa, KOIAA s JI000ro sjeMeHTa v € V
dyaxmus ||u — v|| : D — R nogyrenpepsisaa cBepxy B TOUKE (.

<« HeoOxonuMocTh TOMyHEIPEpLIBHOCTA cBepXy dyHkmmu ||u — v| craenyer usz 2.3.1. Iogcuum mocra-
TOYHOCTH 3TOrO yeiaoBuda. Eciau tpyoka Ul(c,€) ABIAETCS OKPECTHOCTHIO TOYKH (q,u(q)) B Q® X, ToO MOXKHO
BLIOpaTh cedeHue v € 1V ¢ JOCTATOUHO OIU3KUM K u(g) 3HAYEHUEM B TOYKE ¢ U, BOCIOJL30BABIIUCH TIOJYHEIIPe-
PBIBHOCTBIO cBepxy GyHKIWN ||[u — v|| B TOUuKe ¢ U HempepbIBHOCTBIO GyHKIWN ||V — ¢||, o6UThCA BhITOTHEHHS
HepaBeHcTBa [|u — ¢|| < € B HeKOTOpOIT MomokpectHocTH Uy C U Toukm ¢q. Ilocientee HEpaBEHCTBO 03HAYAET
BKJIIOYECHHE (p, u(p)) € U(c,e) maa Beex p € Uy, KOTOPOE, B CBOIO 0U€PEb, N0KA3bIBAET HEMPEPHIBHOCTH CEYEHUS
u B Touke ¢q (eMm. 2.1.7). »

2.3.3. 3Bameuanwue. U3 mokasarenbcTsa 2.3.2 BUAHO, UTO TPeDOBAHME MOCIONHOM MJIOTHOCTH MHO-
kectBa V B paccaoernn X MoxkeT ObITh ocaabmeno mo yeaosus u(q) € cl{v(q) : v € V}.

2.3.4. IIpemnoxenme. Ilycre X — HBP maxz QQ u u — ero cevenne vag D C Q. Ilpeamosoxkum,
uro cymectyer cedenne v € C(Q, X), npuanmaromee 3uadernue v(q) = u(q) B Touke ¢ € D. Torga cevenne u

HEIIPEPBIBHO B TOYKE ¢ B TOM H TOJIBKO TOM Cjaydae, ecj ¢yukmusd ||u — v| : D — R noxynenpeprpisaa csepxy
B TOYKE q.

<« Henocpencreenno caenyer u3 2.3.2 u 2.3.3. »

2.3.5. Crnenyroiee yTBepKIeHNE YTOUHSET 0DJIACTH TPUMEHUMOCTH KPUTEPUsT HETPEPBIBHOCTH, CHOp-
MYJTUPOBAHHOTO B 2.3.4.

Teopema (M. J.Dupré). Eciu X — HBP naj Buosne peryiasipupiv npoctpanctsoM @, 1o st a060ro
T € X(q) naiinerca cevenme v € C°(Q, X) Taxoe, aro v(q) = x.

< Joxazarenncrso umeercd B [144: 2.9,2.10]. »

2.3.6. TIlpemmoxenwme. Jlra scaxoro HBP X man Q muoxecrso CP(Q, X) mpencrapmser coboit 3a-
MKHYTOe BekTopHOe rognpocrpancrso £°(Q, X). B uacrrocrn, C°(Q, X') — 6aHAXOBO IIPOCTPAHCTBO (B CMBICTIE
pasHoMepHOiT HopMbI). BoJiee Toro, eciiu nocaen0BaTebHOCT CeYeHul U, cxoquresa K u € S(D, X') paBHomepHO

na muaoxkecrse D C @ (cm. 1.7.6), 170 HenpepbIBHOCTD Bcex cedenuil U, B GUKCHPOBAHHOIT TO4Ke q¢ € D Bieder
HENPEepPbIBHOCTD B 9TOH TOYKE CEUCHHUS U.

<« U3 2.3.1 cienyer, uro muoxkecrso CP(Q, X) sigerca BeKTOpHBIM noAnpocrpancTsoM £°°(Q, X). s
JIOKA3aTeIbCTBO HETPEPHIBHOCTH PABHOMEPHOTO TPEIENa U MOCAEI0BATEIBHOCTH (Uy,) TPOIIE BCETO BOCIIOIb-
30BATHCS PABHOMEDHOH CXOMUMOCTHIO ||uy, — ¢|| & [lu — ¢|| amst moGoro cevenusi ¢ € C(Q, X) (cp. [144: 1.9-
112]). »

2.3.7. Paccmorpum HBP X wan ). Byuem rosopurs, uro cevenue v € S(D,X) nan D C Q umeem
npedea x € X(q) B upenenbHoil Touke ¢ MHOKecTBa D, ecau lim (p,u(p)) = (¢,z) B Q ® X. Ilpu srom Gyuem
p—q
nucarb lim u(p) = x. OuesBumHo, eciu cevenue u € S(D,X) HenpepbiBHO B npeienbHOil Touke ¢ € D, 10
p—q
lim u(p) = u(g). MbI IEPEHOCUM 3TO COOTHOINEHHE Ha W30JAMPOBaHHBE TOUKK ¢ € D, monaras lim u(p) := u(q)
—q p—q

B CJIy9ae HEMPEPBIBHOIO cevueHus . Taxkmm 06pa30oM, Ipe/iesl HEPEePhIBHOIO CeYeHns] MOXKeT ObITh PACCMOTPEH
B 11000 TOYKE 3aMbIKaHUs OOJIACTH OIPEIETIEHIS YTOI0 CEUEHNUs .
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2.3.8. IIpemnoxkeume. Ilycte X — HBP max QQ, u — ero cedenne vax D C QQ u q — mpeneapHas
touka muoxkecrBa D. Ilpemnonoxum, uro nogmuoxecrso V C C(Q,X) nocuoiino mwiorao B X. Torna
CJIEVIOIIIHE YCIOBUS SKBHBAJICHTHBI:

1 Ik =
(1) lim u(p) = z;
2

2) i u(p) — o)l = o — vl 2 peex v € V;
(3) ecrmv € V, e > 0m|lx—v(Q)| < e 1o |ulp)—vp)| < e iz scex p € D\{q} B mekoTOpOH
(4)

OKPEeCTHOCTH TOYKH (;

4) lim ||u(p) — v(p)|| = 0 aaz mexoroporo (a Torma m moboro) cewenns v € C(Q,X), npuHIMAIOMEro
p—aq

3nagenue v(q) = x B To4YKe ¢ (KOJIb CKOPO TAKOE CEYEHHE CYIIECTBYET).

<4 DKBHUBAJEHTHOCTH KazKI0T0 U3 ycyioBHii (2)—(4) coornomenuto (1) ¢ serkocTsio BoiTekaer 3 2.1.2, 2.3.2
u 2.3.4, ecnn yuecTh, uTO paBeHCTRO lim u(p) = = 03HAYAET HEMPEPHIBHOCTh B TOUKE ¢ CEUEHWs U, JOOTpPEee-
p—q

JICHHOT'O WJIN IIepeOoIIpeae/IeHHOIO B 3TOI TOYKE 3HAUECHUEM T. P

2.3.9. Jlemma. Ecm X —HBP wanQ, u e C(Q,X) uq € Q, ro naiigercsa rakas ¢pyuxnus e € C(Q),
uro 0 < e <1, e(q) =1 n fleu] < [lu(g)ll-

<« Uckomas GyHKIMS € MOXKeT ObITh olpenesieHa cieayomuM obpazoM: e(p) := 1 npu ||u(p)|| < |Julq)|]
u e(p) = [[u(g) |/ [lu(p) || mpu [u@)]| > [lu(g)ll. »

2.3.10. CueacrBue. FEcan X — HBP wang Q mwq € Q, 1o {u(q) : v € C(Q,X)} = {u(q) : u €
C*(Q, X))}

<« Crenyer u3 2.3.9u 2.3.1. »

2.3.11. Cuaeancrsue. Eciu X — HBP wax Brnoane peryaspaeiM npocrpancrsomM Q m q € @, 10
{z e X(q) =] <1} ={ulg) : v € C(Q, &), [lu]| <1}

<« Cruenyer w3 2.3.5, 2.3.9 u 2.3.10. »
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§ 2.4. T'omomopdu3mbl

[ousarue romomopduzma HBP umeer #e TobK0 Teoperuko-kaTeropuoe 3uadenne. C wHTEpECYOMEl HAC
Touku 3penus, romomopdusm HBP — 310, mpex e Bcero, oaHO u3 3/1eMEHTAPHBIX AHAJTUTUIECKUX TPEICTAB-
JIEHUI OIpeJIeJIEHHOTO KJIACCA JIMHEUHBIX ONepAaTOPOB, JEMCTBYIOMNX B IIPOCTPAHCTBAX HEIIPEPBIBHBIX CEYEHUI.
WNmenHo 310 coobpazkenune chbopMUPOBAJIO CTHIIbL U3JIOKEHHUsI Marepuasa B JanHoM mnaparpade. Hauas ¢ kiac-
CHUYIECKOTO OIPeIesIeHrsT TOMOMOPGMU3Ma, HE ONEPUPYIOMIEr0 MOHSITHEM CEUEHUsI, Mbl 3ATeM CTPEMUMCS OIUCATH
CBOMCTBA I‘OMOMOp(bI/IIBMOB HUCKJIIOYUTE/IbHO B TePMHHAX UX rELeIL/‘ICTBI/IIL/‘I Ha HEIIPEPBIBHBIX CEYCHUAX.

2.4.1. IIpegnosoxum, uro X u Y — HBP man tomonormyeckum npocrpanctsoM @, D C Q u H: g €
D — H(q) € B(X(q),Y(q)). Cumporom Q ® H obosnauaercs orobpaxenne D @ X 8 D ® Y, neficTyromee 1o
npasuiy (Q® H)(q,z) = (¢, H(q)z). Orobpazenue H Ha3bIBAETCS 02PAHUMERHBM (AOKAALHO 0ZPANUMEHHBIM),
€CJIM TAKOBOI sBsIAeTCA ero nmoroueunas HopMma ||[H|| : ¢ € D — ||H(q)||.

2.4.2. Ilyctb X u Y — HBP nan ). Oyukuua H: ¢ € Q — H(q) € B(X(q),y(q)) Ha3bIBACTCH
2omomopdusmom xamezopuu HBP wnad Q winu Q -zomomopdusmom uz X 8 Y, eciu Q@ H € C(Q R X,Q ®
Y). Mmuoxecrso Bcex Q-romomopdusmos w3 X' B ) obosHautaercs cumsosom Homg(X,)). Ecm D C Q,
TO 1Jid MHOXKecTBa Homp (X D, V| D) ucnonb3yercs 6onee kKoporkoe obosznadenue: Homp(X,)). DuemenTst
Homp(X,Y) moryT 6biTh HazBaubl 20momoppusmamy ud X 6 Y nad D.

Hycrs X u Y — HBP wag Q, X u ) — uX HOIPACCIOeHHs. ByneM roBOPUTH, YTO 20MOMOPHUIM
H € Homg(X,Y) npodoasicaem zomomopdusm H € Homg (X, Y), ecima oneparop H(q): X(q) — V(q) apnserca
npogomkennem H(q): X(q) — YV(q) ans Beex g € Q.

IMpeanonoxum tenepnb, uro X u Y — HBP wax P u Q coorsercrBenno. Ecau o € C(Q,P) u H €
Homg (X o0 0,)), 1o napa (o, H) nassiBaercst 2omomopPusmom (xamezopuu HBP) us X 6 ). MuoxecTBo Beex
romomopdusmos uz X B Y Gynem obozuadars cumBosom Hom(X, D).

Iycrs X, Y u Z — HBP nan P, Q u R coorsercreenno. Ecin (0, G) € Hom(X,Y) u (1, H) € Hom(), Z),

10 Komnosuyuet (T, H) o (0, @) nassiBaerca romomopdusm (p, F') € Hom(X, Z), onpeneneHupiii CieayonmMu
COOTHOIICHUSIMH:

p=T1oo, F(r)=H(r)oG(r(r)) (r€R).

Kaxk serko BumeTsh, BBeIeHHBIE TIOHATHSA TpeBparnaioT Kiacc Bcex HBP B kareropmio. s moGoro Tomo-
JIOTUYECKOTO TPOCTPAHCTBa () yeiaoumcest kareropuio HBP wan (Q v ux (Q-roMoMOp(PU3MOB CUUTATH TTOIKATE-
ropueit kareropun Bcex HBP, oroxgectiss Q-romomopdusm H ¢ romomopduszmonm (idg, H). B casu ¢ stum
MBI CIUTAEM, 9TO TOMOMOPMU3M, AHCTBYIOMKH B PACCIOCHUAX HAJ OJHHM W TEM K€ MPOCTPAHCTBOM (), TO
YMOJTIAHUIO ABJIAeTC (Q-TOMOMODP(DUIMOM.

2.4.3. Ilycts X u )Y — HBP uazn upocrpancrsamu P u @) coorsercrsenno. L'omomopdusm (o, H) €
Hom(X,)) 6yner Ha3bIBATHCA USOMEMPUNECKUM GA0MHCEHUEM X B ), €CI OTOOPAKEHUE O ABJISIETCA TOMEOMOD-
dusmom @ Ha P, a oneparop H(q) uzomerpudecku BkiaapBaer X (U(q)) B Y(q) B Kaxn0ii Touke ¢ € (). Ecin,
Kpome Toro, Bce oneparopbl H(g) ciopbekTushbl, To Bioxkenue H Gyner HaszbiBarbes udomempuet X na ). B
9TOM Cityuae orobpaxkenue T ® (H o 7): (p,x) — (7(p), H(7(p))z), rne 7 = o~ *
PRXuaQ®).

Ecmu paccnoenusi X u Y onpenesieHbl HaJl OTHUM U TeM Ke IPOCTPAHCTBOM (), TO B COOTBETCTBHU
¢ 2.4.2 npeanosaraeTcs, YTO M30METPUYECKOe BJIOXKeHne X B ) M0 YMOTYAHUIO ABJIsgeTcs ()-roMoMopdu3Mom
u TakuM 00pa3oM mpezcraBiusieT coboii orobpaxenne H € Homg(X,)), comocrapismomee KaxkI0ii TOYKe
q € () usomerpuueckoe Bioxkenne H(q): X(q) — Y(q). Ecan, kpome toro, H — uzomerpusi, T0 0TOOparKeHwe
Q ® H sensercs romeomopdusmom @ ® X Ha QQ ® Y. Bo usbexanue Hemopa3yMeHUs B KOHKPETHON CUTyaIluu
M30METPUUIECKOE BJIOYKEHHNE, SIBISIONAACS ()-TOMOMOP(U3MOM, MOXKET OBITH HA3BAHO () -U30MEMPUMECKUM, A

, ABIIAETCA TOMEOMOP(PUIMOM

uzomerpust — Q-usomempuet. HBP, mexny xoropbiMu umeercsi mzomerpus ((Q)-u3oMeTpus), Ha3bIBAIOTCHI
ugomempushvimu ((Q) -U30MEMPUEHBLMU).
Crenyrotiiee yTBEpIK/I€HHE BBITEKAET HEMOCDPEICTBEHHO W3 ompenenenuili: ecan H — usomerpuyeckoe

Bioxkenue X' B ), To B ) cyiiecrByer Takoe (eIMHCTBEHHOE) moapacciaoenue Vo, uro H apisierca uzomerpueit
X Ha yo.

2.4.4. Teopema. Ilycts X u)Y — HBP nan Q. Orobpaxenne H: ¢ € QQ — H(q) € B(X(q),y(q))
ABIsgercsa romomMopgusmom u3 X B Y TOrAa H TOJBKO TOIA, KOLAA BHITOJHEHBI CICIYIONHE IBa, YCIOBHA:

(a) orobpaxkenne H JIOKaIbHO OrpaHUYEHO;
(6) H®ue C(Q,)Y) msg Becex u € C(Q, X).
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<« Ilpegmonoxnum, uro H € Homg(X,Y), u ycranosum (a) (ycaosue (6) ouesnguo sBuay 2.1.7). Ina
KaXKJIOTO HATYPAJIBHOTO N 0003HAIHM MHOKECTBO {p € Q : ||[H(p)|| > n} uepes U,. Homyctum, ato dyHKINA
| H|| me orpammuena B mr06OH OKPECTHOCTH HEKOTOPOH TOUKM ¢ € (). DTO O3HATAET, UTO ¢ MPHUHAIJIEIKAT
sambikarmuo U, n1a seex n € N. O6oznaunm wepes N (q) duasrp oxpecrrocreit Touxu g. s moberx V € N (q)
u n € N BribepeM TpoU3BOIBHBIM 06pasoM axement g € V N U,. TlockoabKy ||H (q,‘f ) || > n, HallIeTCa TaKoii
37eMeHT z), € X(q,‘{), uTO ||x¥|| <1l/nu HH(qZ)xE{H > 1. Paccmarpusas ua muoxkectee N(¢) X N nopsiioxk,

upu koropom (Vi,ny) < (Va,ne) B caygae Vi D Vo u ny < ng, Mbl LOJIyYaeM CeThb ((q,‘f,x,‘{))(vn)ej\[(q)xN
1%

asleMeHToB Q ® X, cxomguryiocs K (g,0). Oxmako cerb H(q,‘f)xn, oueByHO, He cxomurcs K H(q)0 = 0, uro
MPOTUBOPEYUT HempepbiBHOCTH (Q @ H.

IIpenmnonoxkum Tenepb BbINOIHEHHBIME yeaoBus (a) n (6). dns nposepku Briawodenuss H € Homg (X, ))
JIOCTATOUHO MOKA3aTh OTKPBITOCTE B (Q ® X' mHOKecTBa (Q ® H) ™' [V (v,6)] ans moboro uncna § > 0, cevenns
v € C(Q, ) u orkpbrtoro noamuokectsa V C Q. 3adukcupyem mpon3BoIbHBIE Takue §, v 1 V U, IPEIIOJIOKUB,
aro (¢,2) € (Q ® H)'[V(v,6)], zaiimemca momexkom wmena € > 0, cevennss u € C(Q,X) u oTKpbITOrO
noamuozkecTBa U C (), yA0BIETBOPHIONIMX BKIIOYEHUAM

(¢,2) € U(u,e) C (Q® H)™! [V(v,é)]. (4)

Bei6epenm g Tax, atober |[v(q) — H(q)x|| < dp < 6. B cmny ycnosus (a) maiimercsa OTKpbITas okpectHOCTE Vo C V
TOYKH ¢, Ha KOTOpo# dhyukmmsa || H|| orparmvena cpepxy Hekoropbm umcsom b. Iomoxmum € = (0 — 0g)/(2b) m
BeIOepeM ceuenne u € C(Q, X) Tak, urober ||u(q) — z|| < e. Torma

lv(q) — H(@)uw(@)|| < [lv(q) — H(g)z| + [ H(g)x — H(g)u(g)||
< 0o + bllz — u(q)|l
< &g + be.

Beuny ycaoeus (6) dyurnus ||v — H ® u| HempepbiBHA, U TeM caMbIM Ha#eTCs TaKask OTKPHITas OKPECTHOCTH

U C V, roukn g, uro ||[v(p) — H(p)u(p)|| < do+be qnsiBeex p € U. Tormaecmup € U, x € X(p) u ||u(p) — x| < ¢,
TO

[v(p) — H(p)z|| < [lv(p) — H(p)ulp)|| + [[H (p)u(p) — H(p)z|
< g + be + blju(p) — ||
< g + be + be
— 5,

410 U obecrnedusaer (4). »

2.4.5. Teopema. FEcuu B ycaoBuu reopembl 2.4.4 gonosHurebao norpebosars X(q) # 0 ausg Bcex
g € @, TO JIOKagbHAs OrpaHuYeHHOCTh orobpaxkenus H, rpebyemas B 1. (a) rteopembr 2.4.4, sxBuBaseHTHA
caenyomeMy ero ceofictBy: (a') cymecrByer mocaoitao maoTaoe B X PABHOMEPHO 3AMKHYTOE BEKTOPHOE IOJ-
npocrpancrso U C C°(Q, X) raxoe, uro muoxectso cevenmii {H @ u : uw € U} paBHOCTEIIEHHO JOKATBHO
orpanmgeno (cm. 1.7.6).

<« JInsa obocuosanus neobxomuMocTu yeaosus (a') mocrarouno nonoxuts U = C(Q, X).

Ipeanonoxkum, uro orobpazenue H: ¢ € Q — H(q) € B(X(q),Y(q)) u noxupocrpancrso U C C*(Q, X)
yAoBaeTBOpstoT yeiaoeuio (a'). Jlna mokasarenbersa 2.4.4 (a) 3aduKCEpyeM NPOU3BOMBHYK) TOYKY o € (Q m
OpPeANnoNoRNM, 910 U — OTKpBITas OKPECTHOCTH (g, Ha KOTOPOH OrpaHWYeHbl cedenust H @ u nast Beex u € U.
Hna kaxmgoit toukn ¢ € U onpenennm muHeiinsii oneparop Ty: U — Y(¢) no mpasuny Tyu = H(q)u(q).

Cualkasi BEKTOPHOE MPOCTPAHCTBO U pasHOMEpHOH HOpMOi (cm. 1.7.6), mbr Bumum, uro ||T,]] < ||H(g)|| u,
KpOMe TOrO,

sup || Tqul| = sup [|(H ® u)(q)|| < oo
qeU qeU

nng Beex u € C(Q,X). Coraacuo 2.3.6 HopMupoBaHHOE NPOCTPAHCTBO U gBisercs GanaxosbiM. Iloaromy
sup,ep [|Tyl] < oo B cuny npunnuna pasHomeproii orpanmyennocru. s xaxiofi Touku ¢ € U obosnaumm
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qucyo supq{|ju(q)]| : u € U, |Ju| < 1} uepes e(q). Beuay mocnoiinoii miaoraoctu U B X MBI HMeeM

T, = sup {||H(q)u(q)|| - welUd, Jlul] <1}
=sup {[[H(g)z| : z € X(p), =] <e(q)}
=e(q) - [|H(9)|-

TMocnoiinas mIOTHOCTh U ¥ HEBBIPOKIAEHHOCTb ciosg X (q) JaloT Ham Takwxke HepaseHcTBO e(q) > 0 mis Beex
q € U, n, takum obpasom, ||H(q)|| = ||T,4]l/e(q). Tockonbky dyukuus e momynenpepbiBHa cHA3Y, GyHKIHA
1/e nonynenpepbiBHA CBEPXY, & 3HAYUT, JIOKAJIBHO OrpaHuyeHa. B cuiy storo dyHkius 1/e orpanudeHa Ha
nekoropoit okpectHoctu Uy C U 1OuYku ¢, a TOrma Ha 3TOM K€ OKPECTHOCTH OTDAHUYEHO U OTOOpazKeHue

H. »

2.4.6. Cuaenyromuii mpuMep TOKA3BIBAET, 9TO TPeOOBAHNE HEBBIPOXKIEHHOCTH cjioeB X B Teopeme 2.4.5
HE MOYKeT OBITH OIIYIIEHO.

Mpumep. O6ozmaumm omaOTOUeuHYI0 KOMnakTadmkamuio N U {00} MMCKPETHOrO TOMOIOrHIecKOTO
mpocTparcTBa N depe3 () W paccMOTPUM HempepbIBHOE GAHAXOBO MOAPACCTOeHHe X MOCTOSHHOTO DACCTOSHUS
Q x {R}, onpenensemoe coornomennamu X (n) = R (n € N), X(c0) = 0. Ilycrs orobpaxkenne H: ¢ € Q +—
H(q) € B(X(q),X(q)) meitcrsyer no npasuity H(n)z = nx (z € R) mua scex n € N. O6osnaunm uepes U
OZIHOMEPHOE TPOCTPAHCTBO {Aug : A € R} cewennit paccnoenna X, re cevenne ug Hag () TPAHAMAET 3HAYEHUE
up(n) = 1/n? B Touke n € N. Torma MHOXKecTBO U TIpesicTapasieT cobOi MOCIOHHO TIOTHOE B X paBHOMEPHO

3aMKHyTOe Homnpocrpasctso CP(Q, X) u, xpome toro, H @ u € C*(Q,X) nnsa Bcex u € U. Oamako H ne
sTBIIsIeTcst roMmomMopdnamom u3 X B X

[MpuBemerubIit TPUMEp MOXKHO JErKO MOZHMUIMPOBATH JJIsT CAyUasi, KOTAa () SBIsMeTcss KOMIAKTHMUKAIA-
eii N mo Croyny — Yexy. Takum 06pa3om, yCaoBre HEBBIPOXKIEHHOCTH CJI0EB B 2.4.5 ABIIETCSA CYIIECTBEHHBIM
JlayKe B CUTYAIlUU KCTPEMATBHO HECBA3HOTO KOMIIAKTA.

2.4.7. Tono/iorM4eckoe NpOCTPAHCTBO HA3BIBAETCH TCEGIOKOMNAKMHHLM, €CIU BCAKAs OlPEIE]IeHHAA U
HelpepbIBHAS HA HEM BelllecTBeHHas QYHKIHMs orpanudeHa (cM. [233: 17.7.7]). Jlokaavho ncesdokomnaxmmvim
HA3BIBAETCH TOLOJOIMYECKOE IPOCTPAHCTBO KazKJIas TOYKA KOTOPOIO MMEET CEBJIOKOMIIAKTHYIO OKPECTHOCTD.

Teopema. Ilycts X u)Y — HBP max s0xaapHO 1ICEBAOKOMIIAKTHBIM TOIOJOTHIECKAM MPOCTPAHCTBOM
Q). Orobpazkenne H: q € Q — H(q) € B(X (9), y(q)) Apagercsa romoMopgusmom u3 X B Y TOrma H TOJBKO
rorga, korga H @ u € C(Q,Y) aus Bcex u € C(Q, X).

< B cuny Teopembr 2.4.4 mocTaTodHO, TPEANIONOKUB HEMPEPBIBHOCTHL cevenuit H ® u 1jd Beex u €
C(Q, X), nokazarh JIOKAJIbHYIO OrpaHuYeHHoCTb H.

s xazxa0# Toukn ¢ € () ompeenum mmHedEbI oneparop Ty, : C*(Q,X) — Y(q) no npasuny Tyu =
H(q)u(q). Cuabxas npocrpanctso C°(Q, X') paBHOMEpHON HOPMOII M PACCMATPHBAS HPOM3BOJIBHOE ICEBIO-
KOMTaKTHOE MoaMHOKecTBO U C (), MBI, Kak u B 2.4.5, 3aKIH09aeM, 9TO SUP ¢ (s |74l < oo. Ocraerca 3amerntp,
4T0 Ha ocHOBaHuu 2.3.11

1H (@)l = sup {[|1H (g)z] € X(g) : [l=]| <1}
sup {||H(q)u(q)|| : v e C(Q, &), [lull, <1}
1Tyl »

2.4.8. Conocrasmsis Teopembl 2.4.4 u 2.4.7, MBI BUAUM, 9TO B CJIyYae JIOKAJIHHO IMCEBIOKOMIAKTHOTO
npocrpancTsa @ yciosue (a) B dbopmysnuposke Teopembr 2.4.4 Boirekaer u3 (6). IIpesnaraembiii HuxKe npumep
0OOCHOBBIBAET CYIECTBEHHOCTD TPEIIIOIOXKEHUS O JIOKAJIBHON MCEBIOKOMIAKTHOCTH B 2.4.7.

MBI TOCTPOUM SKCTPEMAJBHO HECBA3HBIN KOMIAKT (), MHOXKecTBO () C @), comepiKaliee OTKPBITOE BCIOLY
IIOTHOE TIOAMHOMKECTBO (), Ganaxoro mpocTpancTso X n orobpaxkenwe H: Q — X' tax, uro H @ u € C(Q)
mns Beex u € C(Q, X), vo dyukuua H He sBjsiercd JIOKAJbHO orpanudeHHoil. IlpeniaraemMast KOHCTPYKIUs
0e3yCJIOBHO nMeeT 0oJiee TPOCThIE AHAMOTH TIPH MeHee OTPAHNIUTEILHBIX TPEOOBAHUSX.

IMycts Q@ — npou3BOJBHOE HECUETHOE MHOXKECTBO, P, ()) — COBOKYIIHOCTH BCEX €r0 CYETHBIX MOIMHO-

kects. Hanenus 2 X N nuckpersoii ronosorueit, nogoxum () pasubiM koMmnakTudukanun () x N) npocrpan-
crea 0 X N no Croyny — Yexy. EcrecrBennpiM 06pa3om oToxaecTBasAs 3aMbikanue B () mHOKecTBa ) X {n}
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¢ mpomssesiernem (B8)) x {n}, 6yaem cumTaTs, uTo (3Q) X N C Q. O603HaumM 1epes Qy mepecedeHne HAIPAB-
JIEHHOTO BHU3 CeMeHCTBa HelmycThIX 3aMKHYThIX MHOKecTB Q\ cl(X x N), ¥ € P, (), u nomoxnM () paBHBIM
oobequrernio (Q x N) U Qp. 3aMeTnM, 9T0 B CHITy KOMIIAKTHOCTH () MHOMKECTBO (Jo HETycTo.

Ob6osnaunm yepe3 X cHafKeHHOE PABHOMEPHOI HOpMOil 6aHAXOBO MPOCTPAHCTBO ¢o(12) Beex dyHkImil u3
C(BQ), sanynsiomuxcs Bue (). (BMeCTo ¢o() B kauecrBe X MOXKHO B3aTh Jii0boe u3 npocrpancts (P (), 1 <
p< oo.) Orobpaxenune H: QQ — X' onpegenum crenyronmm obpazom: H(w,n)z := n-z(w) npu (w,n) € A x N
u H(q) := 0 upu q € Qp. Ouesnano, dyukuus H gBjisiercs HEOrpAHUYEHHON Ha JIIOOOH OKPECTHOCTU KaMK IO
Toukm, nexameil B (Hemycrom) muokectse Qo\(8Q x N). okaxkem ogmako, uro H @ u € C(Q) mna Beex

u e C(Q, X).
Paccmorpum npoussosbhbiil ssement u € C(Q, X). Buaaromaps muckpernoctu ronosoruu Ha 2 X N
JIOCTaTOYHO YCTAHOBUTH paBeHCTBO H ® u = 0 B HEKOTOPOH OKPECTHOCTH MHOXKecTBa (Jg. O003HAUMM

Qu mZePG(Q) B\ cl ¥ wepes Q. Ouenngno, uto Q x N C Q. 3BadukcupyeMm TpOW3BOIBHOE HUHCIO N €

N. M3 menpepurocTn Ha Q yEKmmit w — u(w,n) 1 w — u(wy,n)(w), wg € Q, ¥ U3 HepaBeHCTBA
lu(wr, n)(wr) — u(wse, n){ws)| < |lu(wr,n) — ulws, n)|| + |u(ws, n)(wi) — u(ws, n)(ws)| BEITEKAET HEMPEPHIBHOCTH
by f,: w — u(w,n)(w) 1a Q. IockonbKy orobparenne U IPUHEMAET CBOM 3HAYEHHH B IPOCTPaHCTBE X,
Mer mveeM [, (w) = 0 mpu w € Q\Q.

Jokazkem, 4o byHKIMS f,, paBHa HyIO Ha () BHE 3aMblKanug cl ¥,, HEKOTOPOrO CYETHOTO MOIMHOMKECTBA
¥, C Q. Iockomeky f, = 0 ma Q\Q, HaM TOCTATOYHO TOKa3aTh CIETHOCTL MHONKecTBa {w € Q@ f,(w) # 0}.
[IpeanonoxumM, 9T0 HOCTEAHEE MHOXKECTBO HE SIBJSETCA CYETHBIM M BBLIETMM B HEM TPAHC()UHUTHYIO IIOCJIE-
JIOBATEIBHOCTD (W )a<R, MOIAPHO PA3JIUIHBIX JIEMEHTOB, 3aHYMEPOBAHHYIO OCPEICTBOM [EPBOr0 HECUETHOrO
opaunana Nj. Ilockoubky fn(we) # 0 mua Beex a < Nj, a opaunan N; He umeer CY€THOrO KOHGMUHAIDL-
HOTO IOJMHOMKECTBA, 10CIIe0BaTeIbHOCTD ( fn(wa))a <, HE MOXET CXOIMTBCA K HYIIO. 910 o3HAUaET Cy-

mecTBoBaHme uncaa € > 0 m kondmuanbaoro moamuokecrsa A C Ny rtakux, urto |fn(we)| > € mas Beex
a € A. U3 HeCYeTHOCTH MHOXKECTBA {w, : @ € A} m kommakTHOCTH () ClEmyeT HEmyCTOTa TMEpeceueHust
Qo = nEePG(Q) (H{wa : @ € A}\ I X). fcno, uto |f,] > € na Qy. C apyroit cropost, {)y conepKUTCS B MHO-

xectBe Q\(), Ha KoTOpOM byHKIHSA f, PaBHA HyT0. [lOTy9IeHHOE MPOTHEOPEYHE JTOKA3BIBAET CYIIECTBOBAHUE
HWCKOMOI'O MHOXKECTBA Y.

Tak kak o6beamuerne X := | J _n 2, cuerno, maoxkectso U := Q\ cl(X x N) asasiercs okpectHOCTBIO Qg

neN
B . Ocranocek 3ameruts, uro (H @ u)(w,n) = n-u(w,n){(w) = 0 upu (w,n) € (A xN)NU, a 3uauur, H ®@u =0

na U.

2.4.9. Teopema. Yciosue (6) B ¢popmyanpoBre reopembr 2.4.4 voxer 6bITh OCAAOIEHO JO CJAELYIO-
mero:
(6') cymecrByer mocoiino mioraoe B X mogmuoxkectso V C C(Q,X) raxoe, uro H @ v € C(Q,Y) aas
BCeX v € V.

< Jlna obocroBarus HeobxomuMocTu yeaosus (6') mocratouno monoxuts V = C(Q, X).

Yeranosum cBoiictso 2.4.4 (6) orobpaxkenus H, ucxond u3 ero ocaadjieHHoro sapuanta (6') u ycio-
Bus 2.4.4(a). Cornacuo 2.3.2 mis 9TOro JOCTATOYHO, 3abUKCUPOBAB MPOM3BOJbHbIE cevenud u € C(Q,X)
nw € C(Q,Y), noKa3aTh MOIyHENPEPHIBHOCTE cBepxy dyrkmnn ||H ® u — w|| B kaxmoit Touke ¢ € Q. Iycts
amcao A takoso, uro || H(q)u(g) —w(q)|| < A. Torma, BOCHOMB30BABINCH OrPAHUYIEHHOCTHI0 H B OKPECTHOCTH
¢ u HenpepbIBHOCTHIO GyHkumii ||[u —v|| u ||H ® v — w| ana Beex v € V, MOXKHO BHIOpaTh CeYeHUE U ¢ Ha-
CTONBKO Ost3KnM K u(q) 3HagenneM v(q), uro HepapercTro ||H (p)u(p) — w(p)|| < A Gymer cobmomero nyisi Beex
3JIEMEHTOB p) HEKOTOPOH OKPECTHOCTH TOYKH (. W

2.4.10. TIIycrs X u Y — HBP max . Kax yreepxkigaer Teopema 2.4.5, cBoiictso (a’) orobparkenus
H:qeQw~ H(q) € B(X(q),Y(q)) okasbBaeTcs1 9KBHBAIEHTHBIM GOJIee CHIBHOMY, Ha MEPBbIil B3MIIS, YCIIO-
Buio 2.4.4 (a). Tlpemnaraemoe xe B 2.4.9 ycnosue (6') melicTBUTENBHO cabee anasornatoro Tpebosanus 2.4.4 (6).
B camom siene, corsacuo 2.4.7 B ciaydae JIOKAJbHO TCEBIOKOMIIAKTHOIO MpocTpancTBa @ us yeaosus 2.4.4 (6)
BerTekaer 2.4.4 (a). Oxnako, KaK MOKa3bIBACT CAeayomui npuMep, yeaosne 2.4.9 (6') me obecrieunsaet 2.4.4 (a),
Jaxke ecan () — 3KCTpeMaabHO HECBSA3HBI KoMmakT, a HBP X' u ) mocTosmrHbI.

IIycrs @ — komnaxkTuduKanys AUCKPETHOrO Tornosiorudeckoro npocrpancrea N no Croyny — Hexy, cg —
6aHaXOBO IIPOCTPAHCTBO CXOAAIIUXCS K HYJIIO [IOC/IEI0BATEIbHOCTEH (CHAGKEHHOE PABHOMEPHON HOPMO#), Sfin —
IPOCTPaHCTBO (GUHUTHBIX (= yCTAHABIMBAIOIINXCA HA Hys€) mociaenoparenbrocrei. Tomoxmv X = Q X {co},
Y := Q x {R} n onpenennm orobpaxenne H: Q) — ¢ caeayomum obpazom: H(n)z = n-x(n) npu n € N
u H(q) = 0 npu ¢ € Q\N. Ecsu renepp 0603HaUNTE wepe3 V' COBOKYNHOCTH BCEX TOCTOSHHBIX (hyHKITHI
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v: Q — Sfn, T0 H®v € C(Q) mpu v € V, omHako orobpaxkenne H, 0ueBHIHO, He SABIAETCSA JOKAJBHO
OI'PaHUYE€HHBIM.

2.4.11. TIlycts X w Y — HBP nax . Obozmasnm 4gepe3s Z 6aHaxXoBO pacciioenne Ham () €O CA0AMA
B(X(q)J)(q)) B TouKax ¢ € Q. M3 2.4.4 cnenyer, uro muo)kectBo Homg(X,)) Becex @Q-romomopduzmMoB u3

X B )V 1 MHOXKeCTBO Hom%(?( , V) BCeX OrpaHnveHHBIX (Q-roMoMopdu3MoB 3 X B ) SBIAAOTCS BEKTOPHBIMU
noanpocrpancreamu S(Q, Z).

b .
Ilpennoxenue. Muoxecrso Home (X, ) npejcrasiser coboit 3aMKHyTOe BEKTODHOE HOIPOCTDAH-

crBo £°(Q, Z). B gacrHOCTH, Hom% (X,)) — 6aHaxoBO IPOCTPAHCTBO (B CMBIC/IC PABHOMEDHOH HOPMBI).

< B cuy 2.3.10 muO)ecTBO O°(Q, X) mocoitno miorro B X. Ilostomy cormacuo 2.4.9 nj1s TOro 4ToGht
JIOKa3aTh, 9TO paBHOMEpHBI npenen H € (°(Q), Z) nocaenosarenpaocru romomopbusmos H, € Homg(X,))
SBJIACTCA TOMOMOPMHU3MOM, TOCTATOTHO YCTAHOBITE HEMPEPLIBHOCTD cevenns H @u s xkaxaoro u € C°(Q, X).
Tlocnennee ¢ 0UeBUAHOCTBIO caeayeT u3 2.3.6 BBUAY paBHOMEPHOH CXOIMMOCTH cedeHuit H, ® u € Cb(Q, V) x
Hou. »

2.4.12. Ilycrb X u Y —HBP nan Q, U u ¥V — Bexropusie noanpocrpancrsa C(Q, X) u C(Q, Y) coorser-
cTBenHO. Jluneitabiii oneparop i: U — V mazweBaerca C(Q) -usomempuneckum eaoncenuem, ecan ||i(w)|| = |||
ntst Beex u € U (cp. 1.4.2). Cropbektusroe C(Q)-nsomerpudeckoe Biaokenne Hasbibaercs C(Q)-usomempued.
Ipocrpancrsa U u V uasbisaior C(Q)-usomempuunsimu, ecau cymecrsyer C(Q)-uzomerpus U ua V.

Teopema. Caenyrommue csoiictBa HBP X u Y Hajg () 9KkBuBajIeHTHBI:

(1) HBP X u Y sapasorcs QQ-u30MeTpHIHBIMY;
(2) mpocrpancrea C(Q, X) u C(Q,)) apasorca C(Q)-u3oMeTpudHpIMy;
(3) mpocrpancrea C(Q, X) u C(Q,Y) umeror C(Q)-u30MeTpudHbIe HOCAOHHO IJIOTHBIE HOAIPOCTDAHCTBA.

< UMmmmkanum (1)=(2)=-(3) ouesunusr. [Tokaxkewm, uro (3)=(1). Iycts i apaserca C(Q)-uzomerpueit
UnaV, tmeld C C(Q,X) uV C C(Q,)Y) — mocaolHO MIOTHBIE TOAIPOCTPAHCTBA. BbemeMm ofo3HaYeHUs
Xo(q) = {ulq) : w € U} u Volq) := {v(q) : v € V} u onpenenmm ymueiinyo usomerpuio Hy(g) mpocTpancTsa
Xo(q) ma Yo(q) Tak, aro Ho(q)u(q) = i(u)(q) ang Bcex u € U. Beuny mnornoctn nmoampocrpancts Xp(q) C X(q)
u Vo(q) C Y(q) oneparop Hy(q) nponomxkaerca no uzomerpuu H(q): X(q) — Y(q). 13 reopem 2.4.4 u 2.4.9
cJleslyer, 9To mocTpoeHHoe orobpaxkenue H ocymecrsisier u3omerpuo X Ha Y. B

2.4.13. CueacrBue. HBP, nopoxaeHnoe JaHHBIM MyJIbTHHOPMHDPOBAHHBIM HPOCTDAHCTBOM (cM. 2.2.7),
€IHHCTBEHHO C TOIHOCTHIO 70 H30METPHH.
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§ 2.5. banaxoBpl paccjioeHus
HaJ[ 9KCTPEMAJIbHO HECBA3HBIMU KOMMIAKTAMM

B sTom maparpade cobpanbr ocHoBHbIE cBefienng 0 HBP Ham skcTpeMaibHO HECBA3HBIMU KOMITAKTAMH.
I'maBuoit ocobennocThio Takux HBP saBisgercs BO3MOKHOCTBH IIPOJOKUTDL JIIODOE HEIPEPBIBHOE CEYUEHNE HA
HEKOTOPYIO HaubOMIBIIYI0 001aCTh OIpeeseHns. Bo3HUKaIee B 3TOH CBI3H [TOHSTHE PACIIMPEHHOTO CEUEHUSI
B JIaJbHEHIeM UIpaeT KJIIUYEBYIO POJb. B TacTHOCTH, UMEHHO M3 TAaKUX CEUEHUil COCTABJIAIOTCS peaTn3allu-
ounble mpocrpancTea A PHIL. Jlanubrii naparpad BKIIOYAET TAKKE W HEKOTOPbIE (DAKTHI, MPEICTABIISIONINE
CaMOCTOATENbHBIN UHTepec. Hampumep, Teopema 2.5.7 mipefjaraer pa3jiudHbIe TOTOJOTHYECKUE OMMMCAHUS aTl-
MPOKCUMUPYIOIINX MHOXKECTB cedennii. Teopema 2.5.9 meMOHCTPUPYET, HACKOJBKO YIIPOMIAETCs (hOPMYIUPOBKA,
teopembl Ctoyna — BeiiepmiTpacca B ciiydae, korna 6asza HBP saBisercst skcTpeManibHO HECBSI3HBIM KOMITAKTOM.

Ha mporskennn Beero nmaparpada (Q — Henmycroil IxkcTpeMabHO HecBsa3HbI kKoMnakT, X — HBP man Q.

2.5.1. Ilycrs u — HenpepsiBHOe cedenne X HaJ BCIOAY IJIOTHBIM HoAMHOXKecTBOM D C Q). O6o3HadnM

4yepez D COBOKYIHOCTb BCex TOYeK (), B KOTOpBIX cedeHue u umeer npezen (cm. 2.3.7, 2.3.8), u mosnoxum
@(q) = lim u(p) nna Beex q € D.
P—q

Jemma. (1) @ymxmrs U npejcrapaser coboil HenpepbisHOe cedenme X Ham D.
(2) Mruosxectso D aBisercs koronmum B Q.

< (1) TlockOMbKY TOTIOIOTHYECKOE TPOCTPAHCTBO () ® X siBasieTcs BrosnHe perymsipebiv (cm. 2.1.6),
MBI MOKEM BBECTH B PaCCMOTPEHHE KaKyio-1n00 ero kommaktudukamuio Q ® X. HenpepoiBHas (yHKIus
QRu:D — Q ® X umeer (equHCTBEHHOE) HenpepbiBHOE npojoskerne Q) @ u: @ — Q® X. Hecnoxuo
y6emurbest B ToM, ut0 {¢ € Q : Q®u(q) € Q® X} = D u Q®@u(q) = (¢,u(g)) onz Beex ¢ € D. na
000CHOBAHNSA HENPEPBIBHOCTH CEYeHUA U OCTaJIOCh COCJAAThLCA Ha Teopemy 2.1.7.

(2) Hna xaxznoit Touku ¢ € D u umcma n € N pacemorpum Kakoe-1ubo cedenne ug, € C(Q, X), npumu-
Maroree 3HaUenue uq(q) = u(q) B Touke ¢, m 0bo3HauMM wepes Uy' OTKPHITO-3aMKHYTYIO OKDECTHOCTh ¢, Ha
koropoit ext(|lu — ugl|) < 1/n. Tlockompky obbemumenue (J, oo Uy CONEPKAT BCIOMY TIOTHOE TIOAMHOKECTBO
D, ® 6ynesoit anre6pe Clop(Q) BBITOTHEHO COOTHOMEHHE SUP,cq Uy = Q. B cumy mpunmumna ncuepnbiBanus
(cm. 1.2.1) cymecrByer Takoe pa3OUEHUE €IUHUIIbI (Vq"’)qu B Clop(Q), uro V' C U} nasa Beex ¢ € Q. Hna
kazkzoro n € N nepememmsanue u, = J,cq Uqlv, npeacrasnzer coboit nenpepbisioe ceuenne Hajl OTKPBITLIM
Berofy mioTHbIM MHOKecTBOM Gy = (J o Vy'- Ouesunno, ||u—u,| < 1/n ma scrony nmornom nepecedenun
DNG,, urem cambv ext(||u — uy[|) < 1/n ma Q. Hocaenree cooTHOmEHnE 06eCTIEINMBACT QY HIAMEHTATHLHOCTD
[OC/IEI0BATETHLHOCTH (un(q))17 cny AL K&XKJIOro SJIeMeHTa ¢ KOTOIIero Muoxecrsa G = Ny Gn. Ilomaras
v(q) = TLILH;O U, (q) 1s Beex ¢ € G, MBI TIOJIYYaEM CEUEHHE U, KOTOPOe, OyAyd9u PABHOMEDHBIM IIPEIEIOM TIOCTe-

JIOBATENBHOCTH (Up)nen Ha G, aBnsgercd HenpepsBHBIM (cM. 2.3.6). Ocrasocs 3aMernts, dro lim u(p) = v(q)
p—aq

npu q € G u TeM cambim G C D.  »

2.5.2. Caenactsue. QOnpengenernnoe B 2.5.1 cegenne U sBAA€TCT HAHNOOJIBIITHM HEIIPEPBIBHBIM TPOIOI-

JKEHHeM U, T. €. 0OJIaCTh OHIpedeeHHs JI0O0T0 HeIIPEPHIBHOIO MPOMOIZKEHHS U codepkuTcsa B D u, 6osee Toro,
U SIBJISIETCST TIPOJOJIZKEHHEM JTF0O0TO HENPEPBHIBHOIO MPOJOKCHHST U.

Ceuenue % Mbl OyJeM HA3BIBATH MOKCUMEALHbM pacuiupenuesm u (B paccaoerun X)) u 0603HAYATH CUM-
BostoM ext(u) wim, Gosmee moapobHo, exty(u) (cp. 1.1.1). HempepbiBHOe ceueHme u HAJ| BCIOLY MIOTHBIM IIOA-
muOXkecTBOM D C @ Oymer HasbBaThea pacwupennvim, ecan ext(u) = u. Cumbon Coo(Q,X) obosnauaer
MHOZKECTBO BCEX pacimupenHbrx cedennii X. 113 2.5.1 caemyer, 9T0 BCe PACHIMPEHHBIE CEYEHUSA SIBJAIOTCS IIOYTH
rinobanbabivE. COBOKYITHOCTD BCeX OrpaHMHYeHHBIX PACHIIPEHHLIX cedenuii X oboszmadaerca gepes CO(Q, X).

Ha muoxkecrse Coo(Q, X) BBemem crpykrypy PHII nan Coo(Q) cnemyromum obpazom. Ecaum A\, p € R
u u,v € Coo(Q,X), To nuHelinag KOMOUHAIUA AU + (U ONPENESdercd Kak ext(Au\D + ;w|D), e D =
domu N domv. (Hamomuum, 4To nepecedeHre KOTOMIMX MHOYKECTB SIBJISETC KOTOIMM M, B YACTHOCTH, BCIOIY
IoTHLIM B GapoBckoM npocrpancrse ().) B kauecrse nopmbl |u| cevenus u € Cop (@, X') BO3bMEM IPOIOIIZKEHHE

ext(f|ul]) € Coo(Q) menpepoisrOil GynKmH ||u] . O603HAMeHRE | U] Mg byrknun ext(||u]| ) ncnonp3yercs Takke
W B TOM CJIy9ae, KOrJa HEMPEPHIBHOE CEUEHWE U OMPEACTCHO HA MPOU3BONBLHOM BCIOAY TJIOTHOM TIOIMHOXKECTBE

Q. TIpocrparctBo Co(Q, X) mpencrabusier coboit momynp Han Coo(Q), Tae eu = ext (e\domu . u|d0me) 14
e € Cu(Q) nue Cx(Q,X).
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2.5.3. Teopema. PHII Co(Q,X) sBasiercs (pactupernusiv) IIBK mag Coo(Q).

<« Paznoxumocrs PHII Cop (@, X) oueBuana. Ha ocnoanuu reopembt 1.4.3 st J0Ka3aTes1bCTBa, 0-10JI-
HOTBI Coo (@, X') TOCTATOUHO YCTAHOBUTH €r0 d- W T-TOJHOTY.

ITycrp (ug)eez — cemefcTBO HOMAPHO MU3BIOHKTHBIX 31eMeHTOB Coo(Q), X). JTU3bIOHKTHOCTD CeYeHHI Ug
O3HAAeT B Halllell CUTyalny TU3bIOHKTHOCTh HX (OTKPBITO-3aMKHYTHIX) HOcuTeneil Q¢ = supp ue. O6o3Ha MM
cIMBOTIOM = pacmmpenue ZU{oo} MHOKecTBa = He COleprKaIIuMCs B HeM 37eMEeHTOM 00 1 MOTOTHAM CeMeiiCTBa
(ug) m (Qg¢) COOTBETCTBEHHO HYJIEBBIM CEUCHHEM U W MHOKECTBOM Qoo = Q\ clUgez Q¢. dna xaxmoro & € =
nonokuM D¢ := Q¢ Ndom ue. Cemeitctso (Q¢) ¢z NPpeAcTaBseT co0oii pasbuenne exuHUNEL B OyneBoll anredpe
Clop(@). Tosromy cornacuo 1.1.10 obbenunenue Ugei D¢ sBaseTcd KOTOIMNM W, B YACTHOCTH, BCIOAY TINIOTHBIM
noamuokecTBoM (). O603HAYMB yepe3 U MaKCUMAJIBHOE DACIIUpeHHe (HEelNPEephIBHOIO) CeYeHUs U§€§ ug|py,
HETPYZHO yOe[UThCA B TOM, UTO U = 0-) g Ug.

IMycTh nocenoBareabHOCTD (U, )neN 371eMeHTOB Coo (@, X) T-dbyHnaMenTambia ¢ peryasaropoM e € Coo(Q).
Torma MoOCIENOBATEILHOCTE (un(q))n oy dyHIaMenTaNbHA 171 KaXKJOrO SJIEMEHTa ¢ KOTOIIEro MHOMKECTBA
D = domeN(),cy
ny T-byHaaMeHTanbHOCTU (Uy,) U JIOKAJILHOH ONPAHUYEHHOCTH €, 110CJIEJ0BATEJLHOCTD (Uy) CTPEMHTCH K Ug

JIOKAJThHO PAaBHOMEPHO Ha D, u, TakuM o0pasom, cedeHme uy HempephiBHO (cM. 2.3.6). O6osHaums uepes u
MAaKCHMAaJIbHOE PACIIAPEHUE Uy, HETPYAHO yOenuTbcd B TOM, 9T0 U = - lim w,, c peryagropom e. »
n—oo

dom u,,. O6o3Ha4YMM 4Yepe3 ug NOTOYEUHbIH Lpeies 1nociesoBarenbiocru (uy,) na D. Bau-

2.5.4. Ecm E — unean B Coo(Q), To mMuoxkecrso E(X) = {u € C(Q,X) : |u| € E}, cuabxen-
Hoe onepanusaMu, uaayuuposanubivu u3 Coo(Q, X), ouesuano, npezacrapiser coboit [IBK nan E. Huxe
(cm. 3.4.2, 3.4.4) mbr yBuauM, 9To npocTpancTBo F(X) sBasercsa B onpeaesenHoM cMbicie obmumM sugoM [TBK.
Ecrm U C E(X), o muoxectso cl ], supp v naspisaerca nocumesem U 1 0603HAYAETCH CHUMBOIOM

suppU (cp. 1.3.7). Ouesunno, uro (suppU) = (U), T. e. oneparop u — ext(Xsuppy U) ABIAETCS NOPSIKOBBIM
MPOEKTOPOM HA KOMITOHEHTY, MOPOZKIEHHYI0 MHOXKeCTBOM U. B wacTrOCTH, (Supp u) = (u) s moboro ceueHus
u € E(X).

Bamernm, 4To MpOCTPAHCTBO r10basbHbIX HenpepbiBHbIX cedennit C(Q, X)), 6ynyuu PHII nan C(Q), Boo6-
e rosops, He sasterca [IBK (cu., Hanpumep, 5.1.3) 1 TeM caMbIM He COBIIAIAET € UACATBHBIM MPOCTPAHCTBOM

E(X), rne E = C(Q).

2.5.5. IIpemgyoxkenme. Ilycts u u v — HenpepbIBHBIE ce€YeHUsT X HaJ BCIOAY ILIOTHBIMH ITOIMHOXKE-
crBamu ). Crenyromniue yTBepKJIeHUS] PABHOCHIBHBI:

(1) ext(u) = ext(v);
(2) 117'13}1 u(p) = v(q) s Beex g € domv;

(3) obbemunenne u U v saBasgercs HenpepbiBHbIM cedernem Hag domu U domv (B wactmocTn, u = v Ha
domu Ndomuv).

2.5.6. Bseunem ornowenune sxsusasenmuocmu ~ Ha Muoxecrse Cg(Q, X') Bcex HeNPepbIBHBIX CedeHuil
X Haj BCIOLY ILIOTHBIME MOJMHOXKECTBAMHA (), MOJIOKHB U ~ U B TOM M TOJBKO TOM CJIy4ae, €CJIM BBIIOJHEHO
OJIHO U3 PABHOCHJIBLHBIX ycstoBnii (1)—(3), nepeuncienHbIX B Ipeyiozkennn 2.5.5.

ScHo, uTo ecau mepecedeHure 0OMACTEN ONPEeIeHNs CEYeHNil U U ¥ BCIOAY IIOTHO B () (HampuMep, Koraa
9TU CEUEHUs MOYTH II0BAIBHBL), TO IKBUBAJEHTHOCTD U ~ U DABHOCHJIbHA COBIAJACHUIO U U v Ha dom uMNdom v.
3aMeTuM OIHAKO, UTO MEPECeueHne ABYX BCIOAY TLUIOTHBIX MOAMHOKECTB SKCTPEMATBHO HECBAZHOTO KOMIAKTA
HE BCErIa SABJFETCS BCIOAY ILJIOTHBIM M MOXKET OKA3aThCsl MYCTBIM, NAXKE €CJIU OJHO U3 MHOMKECTB KOTOIIEe.
JeficTBUTENBbHO, TYCTh () — SKCTPEMAIBHO HECBAZHBIH KOMIAKT YAbLTPAMUILTPOB B MOJHON Oysiesoil anrebpe
BCEX DEryJdpHBIX OTKPLIThIX noamuoxkects [0,1]. O6osznadum dyepe3d D COBOKYIHOCTH BCeX ybTPaduibTPOB
u3 (), pacCIIUPSIONUX (GUIBTPHI PECYASPHBIX OTKPBITHIX OKPECTHOCTEH palnoHaIbHbIX unces. Torma uz 1.2.10
caemyet, 9To D ABASETCA TONMM BCIOY ILTOTHBIM MOAMHOKECTBOM ().

OuveBHTHO, CHIXKEHUE OMIEPATOPA €Xt, OCYITECTBISET B3aAMMHO OMHO3ZHAYHOE COOTBETCTBIE MEXKTY JTEMEHTa-
mu dakrop-maoxkecrsa Cy(Q, X')/~ u mpocrpancta Coo (Q, X'). C OMOIIBIO TAKOTO COOTBETCTBAS MHOIKECTBO
Ca(Q, X)/~ moxkno ecrecrBentubiM 06pasom uHagenuts crpykrypoii [IBK mag Coo(Q) (cm. 2.5.2, 2.5.3).

Kak cmemyer u3 2.5.1, B xaxaom kmacce sxpusanenTHOCTH n3 Cy(Q, X')/~ mMeroTces moarn raobambHbe
npeacrapuTenn. [lockoabpKy paboTaTh ¢ HUMHU 3HAYATEIHHO MPOMIE, 9eM ¢ CEUYCHMSAMHU HAJl TPOH3BOJLHBIMA
BCIO/Ly TIOTHBIME MOAMHOKecTBaMu (), B paMkax Teopun PHIT 06bMMHO OrpaHAYMBAIOTCSA PACCMOTPEHUEM JIAIIh
nouTH 100aNIbHBIX cedenuil (cM., Hanpumep, [52, 95]). Bamerum, 4TO HOCTPOEHUE IPOCTPAHCTBA PACIIUPEHHBIX
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ceuennit Coo (@, X) dbakTHIECKN 3aKITI0OUAETCS B BBITEIEHUN B KaXKI0M Kiacce skpuasenTHoctn u3 Cy(Q, X))/~
110 KAHOHUIECKOMY IIPEJICTABUTENIO C HAUDObINEH 0DIACTBIO OIPeIeIeHN.

2.5.7. Hna npoussosbroro noamuokectBa U C Coo(Q, X) u Touku gy € ) 0603HAYMM COBOKYIHOCTH
{ulgo) : w € U, go € domu} cumsomom U(go). Kpome Toro, Benem ofosuadenne () @ U nms MHOKECTBA
{(q,u(q)) u €U, g€ domu} = ul.

Teopema. Crenyrompe csoiicta nomuuoxecTBa U C Coo(Q, X') 9KBHBATCHTHBI:

(1) mmoxkecTBO Q @ U BCroxy mwiorHO B Q ® X;

(2) Besaroe cegenne v € C(Q, X) npuanMaer 3radernns v(q) € clU(q) HA BCIOIY MIOTHOM IIOJMHOXKECTBE
Q;

(3) Besroe cegenne v € Coo(Q, X') npunumaer 3nagenus v(q) € clU(q) ma Koromem nosMuOKecTBE Q;

(4) U siBasiercst anmporenvupyromnM 1oaMHOKecTBOM Coo (@, X).

< Ycranosum nenouky mmmamkanwi (1)=(4)=(3)=(2)=(1), B roropoit suuis 3Benbs (1)=(4)=(3)
TPeDyIOT T0KA3ATETHCTBA.
(1)=(4). Cornmacuo 1.5.2 HaM IPEACTONT YCTAHOBUTH PABEHCTBO

inf Jv —u|=0
ucl

B K-mpocrpancree Coo(Q) st moboro ssmementa v € Coo(Q, X). Ecau mocsieamee paBeHCTBO HE UMEET MECTA,
HaMIyTCST HEMyCTOe OTKPBITOE NOAMHOXKeCTBO U C @ u uncno € > 0 rakue, uro |v — u| > e na U nyig Becex u € U.
Boszbmem npoussosbhoe cedenne ¢ € C(Q, X) co 3uauennem c(q) = v(g) B Hekoropoit Touke ¢ € U N domv.
Torma ecmn Uy C U — OKPECTHOCTD ¢, HA KOTOPO# |¢ — v| < £/2, o |¢ — u| > /2 ma Uy mna Beex u € U, ato
npoTuBopeunT yeaorwio (1).

(4)=(3). B cuny npenmoxkenns 1.5.4 s moboro v € Coo(Q, X) Haiizercs cerb (uy) 3aeMenToB danld,
o-cxonsmasicst K v. OcCranoch 3aMeTHTh, YTO COMIACHO TeopeMe 1.3.5 MMeer MecTo CXOIMMOCTh Uq(q) — v(q)
JUIS BCEX 3JIEMEHTOB ¢ HEKOTOPOrO KOTOIIErO OAMHOXKECTBa (). W

2.5.8. Teopema. Cienyromue cpoiicrBa moapacciaoerns X HBP X mang () S5KBHBATEHTHBIL:

(1) Mmmox)ecTBO Q @ X Beroay mroTHO B Q @ X;

(2) Beakoe cewenne u € C(Q, X) npuamvaer suagerns u(q) € X(q) Ha BCIOAY TIOTHOM TIOAMHOMKECTBe
Q; o

Beskoe cedenne u € Coo (Q, X) npuanmaer 3aavenns u(q) € X(q) Ha Koromem HOIMHOXKeCTBE Q;
muoxKectBo C(Q, X) o-maorwo B C(Q, X);

Beskoe noamuoxectso Coo(Q, X), mocioiino minornoe B X Ha BCIOLY WIOTHOM HOAMHOXKecTBE (),

A~~~
[ TSN L]
= =

apiasgerca ammporcavupyomaM B Coo (Q, X).

<« Hemocpeacrenno cnemyer u3 teopemsr 2.5.7 u npeanoxkenns 1.5.4. »

IMonpaccnoenue X, obagaioinee OAHUM U3 IEpPeIUCIeHHbIX cBOMCTB (1)—(5), Oyaer Ha3bIBATLCH 6C100Y
NAOMHBIM 68 X.

2.5.9. Crenyrommee yTBepKIeHIe IpeACTaBiIser coboii BapuanT Teopemsl Croyna — Befiepmrpacca s
HBP nan skcrpemasibHo HeCBsa3HbIM KOoMakToM (cp. [144: §4]).

Teopema. ITycrs Bekropuoe nogqupocrparcrsoUd C C(Q, X) nocaoiino miotHo B X U CONEPKAT OCKOJIKH
(U)u Bcex cBoux 3J1eMeHTOB U € U, COOTBETCTBYIOIUE OTKPHITO-3aMKHYThiM HogqmuoxkectBam U C Q. Torma U
pasromepuo wioteo B C(Q, X).

<« TIpeamonoxum, uto noanpocrpanctso U C C(Q, X) yIOBIETBOPSAET YCIOBUAM TEOPEMBI. 3abUKCUDY-
em ceuenve v € C(Q, X) u 11 TPOU3BOJILHOTO Yucaa € > ) HallgeM s/1eMenT u € U, yIOBIETBOPSIONIHI HEPABEH-
crBy ||u — v||,, < e. s kaxkgoit Touku ¢ € @ mogbepeM cedenue u, € U TaK, 9Tobsl ||ug(g) — v(g)|| < . Kpome
TOTO, 0603HAYNM CUMBOJIOM Uy KaKyIo-THO0 OTKPBITO-3aMKHYTYI0 OKPECTHOCTD ¢, Ha KOTOPOit |uq — vl <e. U3
oTKpbITOro HOKpeITusd (Uy)qecq KoMmakTa () BeIGepeM Koneunoe noamokpsuirue (Uy,, ..., Uy, ). Cormacuo mpun-
muny ucaepubiBanus (cM. 1.2.1) umeercs takoe pasbuenue (Vi,...,V,) kommakTa ) Ha OTKPBITO-3aMKHY ThIE

. n

noamMHOKecTRa, uto V; C Uy, st Beex @ = 1,...,n. fcwo, uaro cevenne u = Y., (V;)u,, nckomoe. »
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2.5.10. Jlemma. JLas jqiroboro HBP X Hax Bcrony mmorHeiM mommHoxkecrBoM D C Q) cymecrByer
eAUHCTBEHHOE ¢ TOYHOCTHIO g0 m3omerpun HBP BX max @ taxoe, aro X = BX|p m Besgxoe orpaHmaeHHOE
cevenne u € C(D, X) nponomxkaercs 10 4 € C(Q, BX).

< O6oznaunm BekrToproe npocrpancteo CP(D, X) uepes U n cuabaum ero mymbrunopmoit (||-]q)qe0;
nonoxus [lul, = ext(Jlull ) (q) ans Beex uw € U u g € Q. Mycrs X — HBP nan Q, N0pOxkKI€HHOE MyJIbTUHOD-

MUPOBaHHBIM IpocTpancTsoM U u i: U — C(Q, BX) — cooTBeTcTBYIOIEEe KAHOHUYECKOE BioxkeHue (cMm. 2.2.7).
CgoiicTBa mpocTpaHCcTBa U MO3BOJAIOT 3aKII0UHTh, uTo i[U] = C(Q, fX) (cm. 2.3.6, 2.5.9). [Insg kaxkmoit To4-
ki ¢ € D moxuO onpejiesnuTs guneiinyo uzomerpuio H(q) mexay cnoamu X(q) u SX(q), yA0BIETBOPSIONLYIO
pasenctBy H(q)u(q) = i(u)(q) ana Bcex u € U. U3 2.4.9 crenyer, uro H mpezncrabasger cobol H30METPHIO
X Ha BX|p. <Bamenus> cion BX wam D rmak, 9To6h n3oMopdusMel H(q) TpeBpaTuiInch B TOXKIECTBEHHBIE
onepaTopsl, Mbl osryunM uckomoe HBP. Ero equncrsennocTs Boirekaer u3 2.4.12.  »

Qurypupyioiee B GopMynInpoBKe mocaearero yreep:xkaenns HBP SX Gyner HazniBaThes npodoascenuem
no Cmoyny — Yexy paccinoenus X (Ha IPOCTPAHCTBO Q).

2.5.11. Jlemma. Ilpenmonoxknm, 910 ceth (Uq) B Coo(Q, X) o-cxonnrcs k cedennro u € Coo(Q, X).
Torma vaiinercs rakas cerb (eq) B C(Q), uro 0 < eq < 1, |equa| < |ul u cers (equn) o-cxonurest k u.

< Jlns xaxzoro snementa € € Coo(Q) cymectsyer enuncrsennas dynknus + € Coo(Q), yaoBIeTBOPS-
IOIAsT YCJIOBUSIM e(q)%(q) = 1mupu e(q) # 0u 1(¢) = 0 mpu ¢ ¢ suppe. Herpymno y6emuThcs B TOM, GTO

e
bysRIIT €4 = |u|ﬁ A 1 06pa3yIoT HCKOMYIO CeTh. P

2.5.12. Jlemma. Ilpemnonoxum, uro X(q) # 0 mis Beex q¢ € Q. Torma mnsa Kaxkaoit Toukn ¢ € Q u
soboro asementa x© € X(q) cyiecrByer takoe cedenne u € C(Q, X)), uro u(q) = z u ||u] = ||z

<4 Moxuno caurars, 4ro ¢ # 0. Ilycrs ceuenne vy € C(Q, X') npunumaer 3HadeHne Vo(g) = £ B TOUKE (.
O6o3Ha4mM Yepes () KaKyr-mmb0 OTKPBITO-3aMKHYTYI0 OKPECTHOCTD ¢, Ha, KOTOPOH CEYEHHE Vg BCHOLY OTIHYHO
or "y, u oaokuM Q1 := Q\Qo-

Jst ka0l ToUKE p € Q1 monbepeM cedenne u, € C(Q, X) Tak, 9robut uy(p) # 0. ComocraBuM Kaxk oMy
3JIEMEHTY P € ()1 ero OTKPBITO-3aMKHYTYIO OKpecTHOCTh Up C (1, Ha KOTOPO¥ CedeHne Uy, BCIOAY OTJIHIHO OT

ayasa. Ilycrs (Up,,...,Up,) — KOHEYHOE HOKPHITHE KOMIAKTa ()1, COCTABIEHHOE U3 3JIEMEHTOB OTKDPLITOTO
noxportust (Up)peg, . Cormacuo npunnuny ucaepnbiBamus (cM. 1.2.1) cymectsyer taxkoe pazbuenne (V1,...,V,)
KOMIakTa ()1 Ha OTKPBITO-3aMKHYThIE MOJMHOXKecTBa, 4t0 V; C U,, mist Beex ¢ = 1,...,n. Torma cymma

vy = Y (Vi)up, ommuna or Hyss Beosy Ha Q.

Taxum obpasom, cevenne v = (Qo)vg + (Q1)v1 BCIOLY OTIMYIHO OT HyJsl M NIPUHUMAET 3HadeHue v(q) = &

B TOUKe ¢. ZIcHO, 9TO MpoW3BeIeHue U = Hv SIBJIAIETCA UCKOMBIM cedenmeM (cMm. 2.3.1). »
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Iimasa 3. IIPOCTOPHBIE BAHAXOBbBI PACCJIOEHU 1

JIOBOIBHO CYIECTBEHHBIM TEXHUYECKUM IPEIATCTBHEM B pabore ¢ pacmmpeHHbIMEI cedeHuavu HBP 3a-
YACTYIO OKA3BIBAETCS HECOBIAJEHNE 00NacTell OnpeIe/eHrsl PACITUPEHHOro cedenuss u u ero Hopmbl |u|. Ilo-
Hsitrie mpocropaoro HBP, B wacTHOCTH, OBLIO TPU3BAHO YCTPAHUTH 3TO HEYTOOCTBO. B mporecce maabHeiinero
uzydenusi npocropubie HBP obnapyxumm apyruve cBow mpeumyInecTsa. Tak, TOJBKO MOCJE TPEeIIOOKEHUS
upocroproctu HBP X nogsagercs BosmoxkuocTs BBectu B paccmorpenne HBP B(X,)), nenpepbiBubiMu cede-
HUSIMH KOTOPOI'O SABJA0TCA roMoMopdusmbl 13 X B Y. To :Ke OTHOCHTCH U K IIOHATHUIO conpsikennoro HBP X7,
Hakomner, TpeboBanne MpOCTOPHOCTU MO3BOJIAET A00ABUTH YTBEPXKIEHWE O €JUHCTBEHHOCTH DPEAJUIAIUOHHOTO
HEP B teopemy o npencrasnenun PHII B Buge mpocrpancTBa cedenwmii.
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§ 3.1. OcHOBHbBIE IOHATHUA

B sTom maparpade BBOAUTCA 1 00CY K AAETCS MMOHATHE TIPOCTOPHOTO HAHAXOBA PACCTOSHNs, 3 TAKKE MCCIIe-
JYIOTCS 3JIEMEHTapPHBIE CBOMCTBA MpocTopHbIX 0bomodek HBP. B wacTtHoCTH, M3y9aeTcsa BOIPOC O MPOAOIKEHIH
roMoMopdu3Ma Ha MPOCTOPHBIE OOOJOYKH COOTBETCTBYIONIUX PACCIOCHUT.

Kax wu panbliie, Ha mpoTsiKeHHH BCero naparpada () — Hemycroil 3KCTpeMajbHO HEeCBAZHBIM KOMIAKT,
X — HBP nman Q.

3.1.1. Teopema. Crueayromue cBoiicrBa HBP X Has sxcTpemMasbHO HECBA3HBIM KOMIIAKTOM () 9KBH-
BAJIGHTHBI:
(1) kaxm0€e HEIPEPhIBHOE OrPAHUYCHHOE cedeHHe X HaJ BCIOJY ILIOTHBIM MOAMHOXKECTBOM () IPOIOIKA-
ercst /{0 17106a/IbHOr0 HEIIPEPHIBHOIO CEYEHHST;
(2) domwu = dom |u| mus 060r0 pacimHpEeHHOro HEIPEPHIBHOIO CEYCHUS U;
(3) PHII C(Q, X) sastercs IBK max C(Q).

< UMmmnukanus (2)=(1) ouesngna. Ocraercs nokasars, uro (1)=(3)=(2).

[Ipeanosnoxkum, aro paccioenue X yiaosiersopsier ycaosuio (1) u 3aduxcupyem 1pousBosbayo o-byHia-
MeHTAJBHYI0 ceTh (Uq) aementor C(Q, X). Cormacro 2.5.3 cerb (u,) umeer o-npemen u B I[IBK Cu (Q, X).
DyHIAMEHTATBHOCTD (Uqo) B CMbICHE 0-cxoaumocT B C((Q)) obecrneunBaer OrpaHHYeHHOCTD CEUeHHsT U W 0-CXOJTH-
MocTh |ty —u| — 0 B C(Q). dus obocHoBanus yTBep:KaeHus (3) OCTaJ0Ch 3aMETUTH, YTO CEUEHUE U ABJISETCS
riiobasibibM B cuity (1).

IpeanonoKum BeIIOIHEHHBIM yeaopure (3) u qokaxkeM (2). ITycerb w — mponsBosbHblii aeMeHT Coo (Q, X).
BBuy JIOKAIbHON OrPAHUYEHHOCTH CEHYeHns U, Mbl HE HAPYIIUM OOLIHOCTH, IIPEAIIOJIOKHB, 9TO OHO SBJIAETCH
orpanndeHabiM. CorsacHo 2.3.5 /1715 KaxkJ0ro ameMenTa ¢ € dom u cymecrsyer cederne v € C(Q, X), npuHEMa-
romee 3uadenne v(q) = u(g) B TOUKe ¢. YUUTHIBAd, IUIOTHOCTh MHOXKecTBa dom u B (), MbI IIPUXO/IUM K BBIBOJLY,
gro inf{|u —v]: v € C(Q, X)} = 0 8 K-npocrpancree C(Q). Bocmomssyemces 1.5.1 u sernenmm 8 C(Q, X') Takyo
ceTh (Vo )aea, 9TO |4 — vq| 4 0. C yuerom yemorust (3) mocsenree coorHomenne paet sriatouenne u € C(Q, X),
T. e. domu = dom |u|] = Q. »

Henpepoisnoe 6anaxoBo paccioenue, obianaoliee oJHUM U3 YKBUBaJeHTHBIX cBoiicts (1)—(3), mepeunc-
JIEHHBIX B (DOPMYJIUPOBKE TEOPEMbI, OyJeM HA3bIBATH NPOCTIOPHOIM HETPEPLIGHbIM OGHATOGHIM DACCAOCHUEM.
Iepedopmysnuposas yciaosue (1), MOXKHO cKa3arh, 4T0 paccjoeHue X POCTOPHO TOIAA M TOJILKO TOIJA, KOLJA
oHo sByserca npogoskenuem o Croyny — Yexy (cum. 2.5.10) mro6oro csoero cyxkenus X|p Ha BCIOLY MIOTHOE
monMHOXKecTBO D C Q.

3.1.2. U3 caeayromero yreepxkiaenusi BUAHO, uro ycaosue (1) B dopmynuposke teopemsbt 3.1.1 moxer
ObITH <OCJIabIeHO> .

Ilpeagoxenne. /s npocroprocry HBP X mag (Q HeobXomumo u A0CTATOYHO, YTOOBI KaXKI0€ HEIIpe-
DBIBHOE OTPAHUYCHHOE cederne X HaJl OMKPbimvtm BCIOIY MIOTHBIM MOJMHOYXKECTBOM () TPOJOIKAIOCH JIO TJI0-
6aJIPHOTO HEIIPEPBHIBHOTO CEYEHHS.

<« B npexanonoxennu <ciaaboro> Bapuanta ycaosus (1) moKazaTesbCTBO MOPsIKOBOH 1monHoTHI PHIT
Coo(Q, X) B 2.5.3 nociosuo nepenocurca na caydait PHII C(Q, X) Grarogapst ToMy, 94TO BO3HUKAOIIME TAM
MHOXKeCTBa D¢ 1 D OKa3bIBAIOTCA OTKPBITBIMU. B

3.1.3. Caencrsue. HBP X max Q apaserca mpocTopHBIM Torga H TOJIBKO Torga, korga O (Q, X) =

c(Q, X).

3.1.4. CuaencrBue. Ilycro HBP X nax () npocropuo. Torma mias moboro ceuwenns u € Coo(Q, X)
HAIIeTCs HOCTeA0BATEIBHOCTD (Un ) neN HOIAPHO AU3BIOHKTHBIX daementos C(Q, X) raxas, 910 u = 0=y, c Un.-

<« Brorrekaer n3 1.3.3 1 3.1.3. »

3.1.5. IIpocmopnot obosoukott HBP X masviBaerca Bcaxoe mpocropuoe HBP X, comepskamee X B
KAYeCTBE BCIOIY TJIOTHOTO MOAPACCIOSHUS.

Teopema. Bcearkoe HBP man skctpemaapHO HECBA3HBIM KOMIAKTOM HMEET €HHCTBEHHYIO C TOYHOCTHIO
JI0 H30METDPHH HPOCTOPHYIO OO0JIOUKY.
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<« Pacevorpum HBP X man Q. Crabaum BextopHoe npoctpancto C4 (Q, X) mymbrumopmoit (||-[|4)qeq;
nomoxus [ull, = |ul(g) ans Beex u € C%(Q,X) u ¢ € Q. Cormacro 2.2.7 TOTyHeHHOE TaKUM 00PA3OM

MyJILTHHOPMEPOBAHHOE IPOCTPAHCTBO NOpoxkaaer Hekoropoe HBP max @, KoTopoe MBI 0003HAYUM uepe3 X.
ycrs i: C8(Q,X) — C(Q, X) — cooTBeTCTBYIONEe KAHOHIIECKOe BIOKenHne. B Kaxk 10 Touke ¢ € () MOXKHO
oTpesiennThL m3oMeTpiIeckoe Buoxkerwne H(q): X(q) — X(q), ynosnersopsiomee pasernctsy H(q)u(q) = i(u)(q)

nng Beex u € C(Q,X). Uz 2.4.4 cnenyer, uro H npescrasaser coboit romomopdusm X B X u tem cambiM
ocyiecTisier u3omerpuio X Ha GanaxoBo moapaccioenue X. Coryracao 2.5.8 3TO MOApPACCIOEHNE SIBJISETCS
IJIOTHBIM B X .

Enuncreennocts mpocropuoii obomoukn HBP ¢ Tounocthio mo w3omerpun BoiTekaer u3 2.4.12. »

3.1.6. TIIpennoxenme. Ilycre X — moapaccaoenue npocropaoro HBP Y manx Q.
(1) s npocroprocrtu X HeOGXOAUMO H JOCTATOYHO, 4T06bI MHOXKECTBO () ® X 6bLI0 3aMKHYTO B Q ® ).

(2) Ilpocropuoit 060.104K0it X aBAdeTC MOCHAOHHO HAHMEHBINEE IPOCTOPHOE TTOAPACCTAOCHHE X DPACCIOCHHS!
Y, nocaoiino conepxkamee X . Ilpu stom Q ® X coBuazaer ¢ 3aMbIKaHHeM MHOx«ecTBa Q @ X B Q ® ).

<« (1) Hpeanonoxum, 4ro pacciaoerue X IPOCTOPHO, 3ahUKCUPYEM TPOU3BOILHDIE 31eMeHT (¢, L) 3aMbl-
KaHus Q®X u ycraHoBuM BKJouUeHue (¢, ) € QRX. Ilycrs cevenne v € C(Q),Y) npunumaer 3Hauenune v(q) = &
B Touke ¢ (cm. 2.3.5). OBGo3HAUMM 9epe3 e TOUHYH HIKHIOK rpamuiny muHOXKecrBa {|u —v]| : u € C(Q,X)} B
K-npocrpancrse C(Q). U3 npunamnexknocru (g, ) 3ambikanuo Q@ X cineayer, 9ro e(q) = 0. B cuny 1.5.1 naii-
JIeTCsl TaKas OlDAHUYEHHAd ceTb (Uq)aea ementoB C(Q, X), uro |ua — v| | e. Corsacuo 1.3.3 mius kazkuoro

o MOTAPHO MH3BLIOHKTHBIX TIOPSAKOBBIX MpoeKkTopos B C(Q), obecneunsa-

“)aeA
tomee HepaBeHcTBO Ta||ug — v] — e < 1/n ana Becex a € A. Ilopaakosaa mommora PHII C(Q, X') nossonger
BBECTH B PACCMOTPEHHE CyMMY Wy = 0=y, ca Tata € C(Q,X). Torma [|lw, —v]| —e| < 1/n u, B wacrHo-
cru, ||lwy(q) —v(g)|| — e(g) = 0. Ilpunaanexknocrs wy,(¢) 3amkayTOMYy nomupocrpanctsy X(q) C V(q) naer
Tpebyemoe BKItouenue x € X(q).

IIpocroprOCTh X' JIEMKO BBIBOANUTCS M3 3aMKHYTOCTH MHOXKeCTBa () ® X ¢ npusieyenuem 2.1.7.

n € N cyIecTByer ceMeiicTBO (TI'

(2) O6osnaganm gepes X mompacciaoeHne ), WHIYIHPOBAHHOE MHOXKeCTBOM Tex cedennmit u € C(Q,)),
KOTOpble npuHuMaioT 3Hadenus u(q) € X(g) va Bcrogy mwiorHoMm noamuoxecrse Q) (cm. 2.2.2). OueBuuHO,

MHOXKeCTBO Q ® X Bciogy mwiorHo B @ @ X. C yuerom (1) m0CTaTOYHO MOKA3ATh IIPOCTOPHOCTH PACCIOCHUS

X. Tlnanupys socnonb3obarbes 3.1.3, saduxcupyem npoussosbhoe cedenue u € C2 (Q, X) u o6osnauum yepes
u € C(Q,Y) ero makcumanbHoe pacumpenue. Cormacuo 2.5.8 cevuenue 4, KakK W U, TPUHUMACT 3HAUCHUS

a(q) € X(q) ma Bciomy mIOTHOM TOAMHOKeCTBe (). DTO 03Hakaer, yro U € C(Q, X) u, B wactHOCTH, U = U. P

Paccnoenue X, durypupyioniee B 1. (2) mOC/IEIHEr0 NPEJIOKEHUST, OYIET HA3BIBATHCI 3AMOKAHUEM NO0-
paccaoenus X.

3.1.7. Jlemma. Ecau kazkaplii cioit X(q) paccaoenus X siBAs€TCs THIBGEDTOBBIM IIPOCTPAHCTBOM, TO
Kax bl ¢aoit X (q) upocropHoii 0bogoukn X Takxke ruab0epTOBO HPOCTPAHCTBO.

< 3Badukcupyem mpomspoabhbie ceuenns u,v € C(Q,X). Ecma Touka ¢ € Q Takosa, uro u(q),v(q) €
X(q), 10

2 2 2 2
[u(q) + v(@)]” + llu(g) — v(@II” = 2[lu(g)[I” + 2[v(g)
6aaronaps runbbeprosoctu npocrpancrsa X(g). 13 2.5.8 cmemyer, 4ro Takme Touku ¢ 06pasyioT KOTOIIEe

noaMHOXKecTBO (). lloatomy
lu+v]* + |u—v]* = 2lul® + 2|v]*.

Ipussekas Temeps 2.3.5 u Teopemy dbor Heitmana — Hoprama, momydaem tpeGyemoe. b

3.1.8. Teopema. IIycts X ) — HBP nax Q, X u) — ux npocropasie obosodkn u D — kororee
noamuoxectso Q. Torga sr06oit rovomopguszm H € Homp(X,Y) enuncrBenupiM 06pa3oM MPOIOIKAETCS 10
romomopusma H € Homp(X,Y). Ipu srom noroueunsie nopumer ||H|| u ||H|| coBnazator na mexoropom
KOoTomeM HoAMHOX«KeCTBe (.
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<« 3aduxcupyem mponssosbHbIl romomopdumsm H € Homp(X,)) u ana mobbix ¢ € D u € X(q)
onpenernv H(q)Z € Y(q). Has storo Buibepem ceudenme & € C(Q,X) Tak, arobwr 4(q) = T (cm. 2.3.5), u
0603HAMNM Fepe3 U OrpaHuveHne cedeHnd U Ha KOTOmee moaMHokectBo {p € Q : @ € X(p)} (cm. 2.5.8). fcho,

a0 cedernne H @ u paccioenus ) ABigeTcs HEMPEPBIBHBIM 1 MoITH raobambabiM. 1lycts H @ u € Coo (Q,Y) —
MaKCHMaTbHOe pacimpente cedenns H ®u B paceoennn ). TockombKy cormacho 2.4.4 motoueanas wopma || H ||
JIOKAJIbHO orpanuyena, ¢pyukims ||H ® u|| orpannuena Ha (KOTOIIEM HOJAMHOXKECTBE) HEKOTOPOH OKPECTHOCTH
TOUKN g U, cefoBaTensho, ¢ € dom H @ u (em. 3.1.1(2)). Homaraem H(q)Z := H @ u(q). Hecnoxuas nposepka
NOKa3bIBaeT, 4To 3Hadenne H @ u(q) He 3apucuT oT BHIOOpa cedenua 4 € C(Q, X), yIOBIETBOPAIONMETrO YCIOBIIO
u(q) = ¥, u, TakUM 00Pa30M, KOPPEKTHO OTPeieTeH NCKOMbIiT roMoMopduay H. Emmmrcrennocts H BhITekaeT
u3 pasencrsa H(q) (extz(u)(q)) = exty(H ® u)(q) ams Beex u € C2(Q,X) n q € Q.

YcTaHoBUM Tereph CBA3L Meskiy morodewnbivu Hopmamn ||H|| u ||H||. Cormacwo 2.3.11 mas mo6oit
TOYKHA ¢ € D BBIIOIHEHBI CIIEMYIOIIHE COOTHOIIEHNS:

IH]l (q) = sup {|H @ ul(q) : u € C(Q,X), |ul <1},
I H|| (@) = sup {1H @ ul(q) : u € Co(Q, X), [ul <1}

IMosTomy, yuurbiBas Teopemy 1.3.5, s nokasarenbcrBa cosnafenus (yukuuil |H| n H|FH| Ha KOTOITEM
TOAMHOXKECTBE () JOCTATOYHO MOJIYYUTH PABEHCTBO

sup{|H ®@u| : ue C(Q,X), |u] <1}
=sup{|H @u| : u€ Cu(Q,X), |ul <1},

B KOTOPOM TOYHBIE BEPXHUE IPAHUIBL Bbruucsorcs B K-npocrpancrse Coo (Q). ObocuoBanue Tpebyercs JIUIb
I HepaBeHcTBa >. B cuiy 2.3.5 umeer mecro coorronienne QQ ® C(Q, X) = Q® X, u3 koroporo corsacuo 2.5.7
cienyer, uyro muoxecrso C(Q,X) o-mnorao B Coo(Q,X). U3z 2.5.11 Beivekaer, uro s 106010 cedeHus
u € Coo(Q, X), |ul < 1, Halizerca o-cXomsmaacsa K v ceThb (Uq)aca dmeMenTos C(Q,X), ya0BIETBOPSIOIINX
HepapeHCTBY |uq| < 1. Torma coornomenue |H Q@ uq, — H @ u| < H‘FW |t — u|, BoImOMHEHHOE HA D N dom wu,

Bieder o-cxonuMocTb |H ® uo| x |H ® u|, u3 xoropoit ciaeayer mepasencrso |H @ u| < supyea |[H @ ual,
3aBEPIAINee JOKA3ATETLCTBO. P

3.1.9. Kak nokaspBaeT CIeayomuii npuMep, B ycaosuax 3.1.8 dbyrakumun ’Hﬁ‘“ u ||H|| moryT He coBma-
IaTh Ha BCeM MHOXKecTse D.

O6o3HaunM CUMBOJIOM () KOMIAKTU(MUKAIAIO nucKperHoro npocrparcrsa N mo Croyrny — Yexy u mosio-
KM X = Q x {co} mY = Q x {R} (¢g — GaHaxoBO MPOCTPAHCTBO CXOMSIIUXCST K HYJIO TTOCIEIOBATETHHOCTENH ).
OTOXAECTBIAA MOCTIE0BATENLHOCTD U3 Co C €€ TPOJOJIZKEHNEM /10 HENPEPBIBHON (GyHKIMM Ha (), Onpeaennm
orobpaxkenne H: Q) — ¢, no npasuny H(q)z = x(q). N3 nepasencrra |z(q) — y(p)| < ||z — y|| + |y(p) — y(q)|,
BBIOTHEHHOTO s BeeX T,y € ¢o u p,q € Q, creayer, uto H € Homg(X,Y). Hycrs X — mpocropras 060-
nouka X u H € Homg(X,)) — upononmenne H. Tlokazewm, uTo, B OTIHYHe OT noTOYeudnoit Hopmbr || H |,
KOTOpasi ABIAETCS UWHAUKATOPOM moaMHokecTBa N C @, dbyHKIMs |HF|H OTJIMYHA OT HyJIs Ha BCEM IIPOCTPAH-
cre () (B NefCTBUTEIBHOCTH H‘ﬁ”‘ = 1). Paccmorpum ceuenne u € C(N, X), ynoBserBopsitoiiee HEpaBEHCTBAM
lu(n)|| < 1= ||H(n)u(n)| = 1/2 ana seex n € N. O6ozmaumm gepes @ € C(Q, X') MakcHMaIbHOE paclTHpeHte
ceuenns u B paccioenun X. Torma dyHKuus |HF® ﬂw SIBJISIETCST HETIPEPBIBHBIM TpomokerneM || H @ uf| wm,

cienoarensho, ||H @ uf| > 1/2 na Beem Q.

3.1.10. Cuaexncrsue. Hzomerpus H wmexxny HBP X u Y man Q npomomkaercs ;o mzomerpun H
MeKJTy HX TPOCTOPHBIMHE 0b0g0uKaMi X 11 ).

3.1.11. IIycrb X — npocropuoe HBP nan @, a Xy — (auckpernoe) 6aHaX0BO paCcCJOCHUE, KAXKJIbLii
cioii Xg(g) KoTOporo siBjsieTcs GAHAXOBBIM MOANPOCTPAHCTBOM COOTBETCTBYOMEro cnost X (q). B cremyiomeit
sieMmMe chopMyIupoBaHbl HekoTopbie cBolictea HBP X' A Xy (cum. 2.2.4).

Jlemma. (1) Paccioenne X N\ Xy npocTopHO.
(2) Ilyctp Sy — COBOKYNHOCTH BCEX CedeHHH u pacciaoenmus X, Mt KOTOPbIX MHOXKecTBO {q € domu :

u(q) € X(q)} aBaserca xkoromumm B Q). Torma C(Q, X ANXy) = C(Q, X)NSy 1 Coo(Q, X NXy) = Coo(Q, X)N Sy
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< (1) Crenyer u3 (2) u 3.1.3.

(2) Pasencreo C(Q, X NXy) = C(Q, X)NSp BeiTeraer u3 2.5.9 u 6raronapsi npocropHocTd X ofecnednpaer
Bryodenne Coo(Q, X A Xy) D Coo(Q, X) N'Sy. dnst obocHoBanus 06paTHOrO BKJOUEHUsT C MPEIIIOJIOKIM,
ato u € Coo(Q, X N Xp). Ilpunamiesknocts cedenust u MHOKecTBY Sy cienyer us 2.2.4 u 2.5.7((1)=(4)).
IMpunaniexuocts v € Coo(Q, X) BBIBOIUTCA TENEPh W3 YCTAHOBJIEHHOTO BBINIE BKJIIOUEHNS D MEPEXOIOM K
exty(u). »
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§ 3.2. PacciioeHue mmpoCTPaHCTB OIIEPATOPOB

Dror naparpad MOCBLAIIEH UCCIEI0BAHNIO OCHOBHBIX cBolicts HBP B(X,))), HenpepblBHBIMU CeYeHUAMY
KOTOPOTO sBJsitoTcst romomopduzmbr w3 HBP X 8 HBP ). Bosbinoe BHUMaHWE yae/sieTcs OMUCAHWIO HeTpe-
PBIBHBIX ceuenuil paccioenus B(X,)Y). 3uech xe BblacHdercd, B Kakux ciydadx 310 HBP npocropro u kak
BBITJISIZIUT €r0 IIPOCTOPHAs 000I0YKA.

Ha nporszkennu Bcero naparpada (Q — HemycToil 3KCTpeMasbHO HecBsa3HbIl koMmmakr, X u ) — HBP

Hag Q.

3.2.1. Jlemma. Ilycrs D — Bcroay miornoe noamuoxecrso () u orobpaxkenne H: ¢ € D — H(q) €
B(X(q),Y(q)) raxoso, uro H ® u € C(D,Y) ana scex u € C(Q,X). Ipemuonoxnum, uro paccioernne X
npocropao. Torna noroyednas nopMa || H|| mempepsisHa.

<« Ilycrs BmOnmeHsr Bce ycaoBus JgeMmbl. B cmmy 2.3.11 mmeer mecro pasencrso ||H| (¢) =
sup{|H @ ul(q) : v € C(Q,X), |u] < 1} ana Beex ¢ € D, orxyaa caenyer, uro dbyuxnus ||H| nomyrenpe-
pbiBHA cHU3Y. [l J0Ka3aTeNbCTBA MOMYHENPEPhIBHOCTYH CBEPXY moToueuHoil HopMbl || H|| B mpoussonbHOi
Toure ¢ € D mpenmonozkum, aro ||H| (¢) < A, u ycrarosum HepapercTso || H|| (p) < A 1ysi Becex 31€MeHTOB p
HEKOTOPOI OKPECTHOCTH TOYKHU ¢ B MHOXKecTBe D.

Honycrnm nporusroe. Torma, BeiGpas umcao Ag tak, atobs || H||(¢) < Ao < A, u nomoxus V = {p €
D : ||H| (p) > Ao}, MbI mpuxomum K BBIBOLY, uTO ¢ € V. ng moboro smementa p € V nonbepem ceuenue
up € C(Q, X) Tax, 9T06bI |up| <lm |H ® upl(p) > A\o. B cuty HempepsiBHOCTY DYHKITUN |H ® upl JIJTST KasK J0H
rTouky p € V Haiimercst Takasi ee OTKPBITO-3aMKHYyTast OKpecTHOCTH V), C @, 4T0 |H ® upl > Ao va V, N D.
Hecnoxuo nmpoBeputhb, 4T0 cl Upev Vp = cl V. U3 upunnuna ucaepussanug (cum. 1.2.1) ciaegyer cylecTBoBaHHE
cemeticta (Up)pey NMOMAPHO He MEPECEKAIOIIUXCH OTKPBHITO-3AMKHYTHIX MIOJMHOXKECTB (), YIOBIETBOPSIOMINX
yeaosusim U, C V,, (p € V) u 1Y U, = clV. Bnaromapst mpocTOpHOCTH X HEIPEpLIBHOE OTPAHUIEHHOE
ceuenne |

peV

pev Uplu, U0|Q\ a1 v pacciioenma X' raz seroty maotHbM B Q MuozecTBoM ey Up U(Q\ €l V) MozkmO
IPONOIKUTE 10 TIobanbHoro cedenns u € C(Q, X). Ouesnznno, uro |u| < 1. U3 coBnamenus ceveHuit u u u,

ua U, cnenyer, uro |H @ u| > A\ ma clV. Iocnennee nporusopeant wepasenctsy || H| (¢) < Xo. »

3.2.2. CaencrBue. Ecmu paccioenne X upocropro, 1o 060t romomoppusm H € Homg(X,Y)
HMeeT HenpeppIBHYIo notoednyo ropmy || H|.

W3 3.1.9 BugHO, YTO yCI0BHE MPOCTOPHOCTH X B (GHOPMYTUPOBKE CJIEICTBHUS SIBJISIETCS CYIECTBEHHBIM.
Bousee Toro, B 3.3.8 OyaeT mokazaHo, YTO TPOCTOPHOCTH PACCIOEHHUsT X TIO-CYIIECTBY OKA3hIBAETCS HEOOXOIMMBIM
YCIIOBUEM JIJIsi HETPEPBIBHOCTU TOTOYEYHBIX HOPM roMoMopdu3mos u3 X B ).

3.2.3. Teopema. IlIpequonoxum, uro paccaoerne X npocropuo. Torna cymecrByer (0 eqHHCTBEHHO)
takoe HBP B(X,Y) man Q, aro caoii B(X,Y)(q) B kaxnoii Touke q € () aBastercss GaHAXOBBIM HOIIPOCTDAH-

crsom B(X(q),Y(q)) 1 C(Q, B(X,Y)) = Homg(X, ).

<« Paccvorpum auckperHoe HaHAXOBO paccyoenue Ham, (), CIoil KOTOPOro B KazKI0H ToUuke q € () paBeH
sambikanuio noanpocrpancrsa {H(q) : H € Homg(X,Y)} 8 B(X(q),Y(¢q)). B cuny 3.2.2 npocrpancrso
Homg(X,)) sBisgerca HeNpepbIBHON CTPYKTYPOH B 9TOM DACCIOCHUH U, TAKAM OOPA30M, LIPEBPAIAET €r0 B

uckomoe HBP B(X,Y). Pasencreo C(Q, B(X,Y)) = Homg(X,Y) creayer us 2.5.9 u 2.4.11. »

3.2.4. Cuenyromuii npumep noxasbisaer, uro skiosenue B(X,V)(q) C B(X(q),Y(q)) moxer ObiTb
CTPOTHM.

P IMycrs @ — wommakTudukaima auckperuoro mnpocrpancrsa N mo Croyny — Yexy, X — mpocrophas
obonouka nocrosiiHoro HBP @ x { X} ¢ nepediekcupubiv coem X Y = @ x{R}. Tokaxewm, uro B(X,Y)(q) #
B (X (q),y(q)) B Kaxoit Touke ¢ € Q\N. leiicrBurensno, npocrpanctBo X(q) HepedJIEKCUBHO, TaK KaK
cozepKuT HepedaekcusHoe noanpocTpancTso X . IMo Teopeme Ixkeiimca cymecrsyer dbyuxiuonan ¢’ € X(q) =
B(X (q),y(q))7 He JOCTHTAIONME CBOeH HOPMBI HA 3AMKHYTOM elInHuYHOM mmape By(g). [lomycrum, mveerca
ceuenne H € C(Q, B(X,y)), npuanMatomee 3Havenue H(q) = 2’ B Touke ¢. dua kaxmoro n € N nonbepem
smemenT u(n) € X Tax, 9to0sl |Ju(n)|| < 1w ||[H(n)u(n)|| > |[H(n)| — 1/n. O6osxaunm uepes 4 € C(Q, X)
OPOJIOJIXKEHNE TOCTPOEHHOro TakuM obpasom ceuenus u € C'(N, X). dcuo, uro

| ()| = [H(@)a()| = lm [H(n)u(n)] = [H(w)| = [|'].
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IMonyuenHoe mpoTuBOpedne nokasbiBaer, uro &' ¢ B(X,Y)(q) (cum. 2.3.5).
BameruM, UTO TOAXOAAIIEH 3aMEeHON NpOCTpaHcTBa () MOXKHO mo0uThes coornornenuit B(X,))(q) #
B(X(q), y(q)) BO BCEX TOYKaX ¢ € ) onHoBpemenuo (cp. 3.3.5).

3.2.5. IIpeminoxenme. QOrobparkeHue ((q,:c),(q,T)) — (¢, Tx), zeiicrByromee u3 HOAMHOXKECTBA
(Q®X) x (Q® B(X,Y)) B Q® Y, HenpepbisHO.

<« 3adukcupyem 37eMeHThl § € @, T €
OPUHAIJIEXRKUT OTKpBITON TpyOke V(v,v) C @
C(Q,B(X,Y)) rax, urobbt u(q) =z u H(7) =T.

lo(q) = Tzl < [lv(g) — H(@u(@) + [ H | o [u(g) — =]
+1H () = Tl (lu(g) — 2l + ull),

BBIIOJIHEHHBIM fis Beex ¢ € Q, x € X(q) u T € B(X,Y)(q), moxuo Tak nogobpars okpecraocru U(u, ) C
QX uW(HpL) CQ®B(X,Y) nap (4,Z) u (7,T) coorsercrsento, urobut (g, Tx) € V(v,v) misa seex
(¢.2) €U(u,a) m (¢, T) € W(H,B). »

X( 9 w T € B(X,Y)(q). Tpeamonoxum, aro mapa (G, 17)
® Y (em. 2.1.4). Bwibepem ceuennst u € C(Q,X) u H €
Toraa, BOCIONIB30BABIIMCH HEPABEHCTBOM

3.2.6. Teopema. IlIycrs paccroennme X HPOCTOPHO. Caenyromme cBotictBa ceuennss H €
S (D7 B(X, y)) HaJ[ BCIOJY IJIOTHBIM 1HOAMHO2KecTBOM D C () 9KBHBAJICHTHBI:

(1) HeC(D,B(X,)));
(2) H € Homp(X,Y);
(3) Hewue C(D,)Y) mqma scex u € C(Q, X).

< Yciosue (2) caexyer u3 (1) B cuny 3.2.5. Umnnukanus (2)=(3) oueBngna (cm. 2.4.4). Iloxkaxewm,
aro (3)=>(1). Ecm ceuenne H ynoenersopser ycnosuwo (3) u G € C(Q,B(X,Y)), o (H —G)®@u € C(D,Y)
mng Beex u € C(Q, X). Torna |H — G| € C(D) B cuny 3.2.1. »

BameTnM, UTO B CJydae, KOTIa MOAMHOXKeCTBO D C @ sIBISIeTCS KOTOIIMM, TIOCTEAHUN PE3YIbTaT MOYXKET
OBITH 3HAYUTENHLHO yeuaeH (cMm. 3.2.13).

3.2.7. Ilpensoxkeume. IlpearnosoxkuM, 4TO B yCJAOBUIX TeopeMbl 3.2.6 BBITOJTHEHO OJHO W3 CJCTYIO-
IIAX JABYX YCJAOBHI:

(a) mmOKecTBO D OTKpDBITO,

(6) paccaoenue Y npocTopHO.

Torna teopema 3.2.6 ocraHercst BepHOIU, eciu B ee (pOPMYJIHPOBKE 3aMeHHTh TpeboBanue H € S (D, B(X, y))
6osee crabbiv yerosnem H: g € D — H(q) € B(X(q), Y(q)).

<« Kak Buano u3 nokazarenscrsa reopemst 3.2.6, pocrarodno gokasars umiuinkaimo 3.2.6 (3)=3.2.6 (1).
Mycts BBIMONHEHO yemosue (3).

IMpeanonoxum cHauana, 9ro MHOXKecTBO D oTKpBITO (yenosue (a)). Torma kaxkimas Touka ¢ € D umeer
okpectHocte U C D, orkpbITo-3aMkHyTYIO B Q. U3 2.4.7 crenyer, uro (U)H € Homg(X,)), B cuny [ero
H(q) € B(X,)Y)(q) u, rakum obpasom, H sinsiercs cedenneM paccioennst B(X,Y). Jas nokasaremncrsa (1)
Teneph MOYKHO COCIAThCA Ha TeopeMy 3.2.6.

Ipeanonoxum Ha ITOT pas, 4To paccaoenue Y npocropHo (yeiaosue (6)). Tlockonbky dyukuus || H||
JIOKAJIbHO OTrpaHuYeHa B cuiy 3.2.1, Mbl He HADPYIIMM OOIIHOCTH NpH JoKazareabcrse (1), eciou Gyaem caurarhb
ee orpanmuennoi. CroiictBo (1) orobpaxkenust H GyaeT yCTAHOBIEHO, €CJIM MBI MTOCTPORM TTPOJOJIZKAOIIEE ETO
cevernne H € C(Q,B(X,Y)). Jaa mobex ¢ € Q u z € X(q) nonoxum H(q) := ext(H ® u)(q), rae ceuenne
u € C(Q,X) makoBo, uro u(g) = x. DTo onpele/ieHue KOPPEKTHO, TaK Kak 3Hadenue ceuenus ext({H @ u) B
TOYKe ¢ onpeseneHo (B cany orparnuenuoctn || H || u npocroprocTn )) m HE 3aBUCHT OT BBIGOPA U (MTO JIErKO
IPOBEPUTH OTIATH ¥Ke Oaaromapst orparmdentoctn byakmm | H|| ). Ouesumno, H — mckomoe cedenme. b

Bameuanus. 1. Huxke (cm. 3.2.13) nokasaHo, 4ro yciosue (a), HAKIAIBIBAEMOE HA MHOXKECTBO
D B dopMyaupOBKe MOCTETHETO IPEIJIOKEHHS, SIBASETCS W30BITOYHBIM. JloCTAaTodIHO mOTpeboBaTh, ITOODBI
noaMuOKecTBO D C () ObLIO KOTOIIHMM.

2. Asropy He u3BeCTHO, sBjsiercd ju TpefoBanue (6) MPOCTOPHOCTH PACCIOEHUs ) CYIIECTBEHHLIM B
GbOpMYIUPOBKE TIOCTETHETO TTPEITIOKEHMST.
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3.2.8. Jlemma. IIpennonoxum, 4ro paccaoerue X mpocTopHO, n mycTh ¢ € Q. Torma uz X(q) # 0 u
Y(q) # 0 creayer B(X,Y)(q) # 0.

<« TIpeanonoxum, aro X(q) # 0 u Y(q) # 0. Iycrs cevenus ug € C(Q,X) u vy € C(Q,)) Takossl,
910 Uug(q) # 0 u vo(q) # 0. Tlo reopeme Xana — Banaxa — Kanroposuua [90: 1.4.14 (1)] cymecrByer Takoit
muneitnbli oneparop T: C(Q,X) — C(Q), uro |Tu| < |u]l ana secex u € C(Q,X) n [Tug| = |ug|. Hna
KaxK0ft Touku p € Q onpesenun oneparop H(p) € B(X(p),Y(p)), nonoxus H(p)z = (Tu)(p) - vo(p) mnsa
kaxgoro x € X(p), rae ceuenne u € C(Q,X) yumosaersopsier ycaosuio u{p) = x. CpoiicrBa oneparopa T,
04eBHIHO, 00ECIEeYUBAIOT KOPpeKTHOCTh onpenenenusa H(p). U3 nocrpoenus orobpazkenus H caenyer, 4To
Hou=Tu-vy € C(Q,Y) nns scex u € C(Q, X). B cuny 2.4.7 nocsiennee oznaqaer, uyro H € C’(Q, B(X,y)).
Ocramnock 3ameruts, aro || H(q)u(q)|| = |luo(g)] - llvo(g)]| # 0. »

3.2.9. Teopewma. Ilpeqmogoxum, ar0 X — IPOCTOPHOE PACCIOEHIE.
(1) Econ paccnoenne Y npocropso, To B(X,)) npocropso.
(2) Econ X(q) # 0 mis Bcex q € QQ u paccaoenue B(X,)) npocropao, T0 Y HPOCTOPHO.

< (1) Hpeanonoxkum, 910 paccaoeHune ) MPOCTOPHO, U 1ycTh H — OrpaHuYeHHOEe HENpepbIBHOE Ce-
gyenue B(X,)) Han BCIOAY ILUIOTHBIM HOAMHOXKeCTBOM KoMmnakra (). Torma, moBropsis uueio I0Ka3aTeqbCTBa
npepokeHna 3.2.7, MOYKHO ONpeelnTh npofomkerne H: g € Q — H(q) € B(X(q), y(q)) orobpaxkenus H,
yaosmersopsiomiee paserctBy H (q)u(q) = ext(H @ u)(q) ana seex u € C(Q, X) u q € Q.

(2) Ipeamonoxum renepb, 4ro paccioenue B(X,)) upocropuo u Bce cion X Hepbipoxjennbie. Ilycrb
U — OrpaHUYEHHOE cedeHue ) HaJ OTKPBITHIM BCIOIY TIOTHBIM moAMHOXKecTBOM D C Q. 13 3.1.2 cienyer, 1aro
JUTST IOKA3aTebCTBA TPOCTOPHOCTH ) IOCTATOYHO TPOJIONKUATEL CEUEHNE ¥ JI0 TI0OATBHOTO.

O6o3naumm wepes R mocroguuOe GaHaxoBo paccaoenme @ X {R}. B cmay 2.5.12 n 3.2.8 cymectByer

cevenne w € C(Q, B(X,R)) ¢ norodeunoii nopmoit [|w|| = 1. B kaxuoii Touke ¢ € D onpesenum oueparop
H(q) € B(X(q),Y(q)), nonoxus H(q)z := (w(q)z) - v(q) mus Beex x € X(q). Ouepnzno, uro H @ u € C(D,))
npu u € C(D,X). U3 upennoxenuns 3.2.7 caenyer, uro H € C(D,B(X,y)). Bararomapsa orpaHm4eHHOCTH
dbynxmm ||H|| = ||v|| w npoctoprocTn paccioerms B(X,)) ceuenne H mpomomkaercs 10 rnobambHoro H €
C(Q B(X,)).

ITycts Y — mpocropras oGosnovka pacciaoenus Y. Paccmorpum mpogoskenue 0 € C(Q,Y) cedenus v u B
KaxK/01 Touke ¢ € () OIpenesnM Omeparop ﬁ(q) € B(X(q),Y(q)), nonoxus ﬁ(q)x = (w(q)z) - v(q) anst Beex
x € X(q). fcHo, uro He C’(Q, B(x, ?)) Taxkum 0Opa3oM, MBI IMEEM NIBa, HETPEPBHIBHBIX TVIOOATBHBIX CETEHNS
H w H paccioenust B(X,Y), cosmajenune KOTOPBHIX Ha BCIOMY TJIOTHOM MOAMHONKecTBe D C () TPHBOIUT K

paserctey H = H. Otcioma creyer, uto H — cederme B(X,)), a 3Haunt, U — cedeHne ), TOCKOIBbKY
w(q) #0 nnga Becex ¢ € Q. »

3.2.10. Jlemma. IlIycrs X ) — npocropusre obosoukn HBP X u)), D — koTolee MoJMHOMXKeCTBO
Q uU C C(D,X) nocnoiino mioruo B X wa D. Ilpemmosoxnm, dro orobpaxenne H: g € D — H(q) €

B (X (9), y(q)) nepesoaut 060i saement u € U B menpeppisaoe cevenne H @ uw € C(D,Y). Torzga cymecrsyer
emuncrenHoe cevenne H € Cu(Q,B(X,Y)) raxoe, uro omeparop H(q) mpomomxaer H(q) mms Becex q €

D NndomH. Ipu srom ||H|| < ||H|| #a D 1 dynxnnu ||H|| u ||H|| cosnazaror na mexoropom xoromem
noaMHOKEeCTBe (.

< Ofo3HaunM CHMBOJIOM Uj COBOKYTTHOCTH BCEBO3MOXKHBIX OCKOJKOB (A)u 3memenToB u € U, cooTBET-
CTBYIOIIUX OTKPBITO-3aMKHYTHIM moaMHOKecTBaM A C @, Ha koTopbix ||ul| < 1. W3 nocrioiinoi mnoraoctn U B
X ma muoxecTBe D ciemyer, uTo sup, <y, | H @ ul(q) = [[H(q)|| < oo ansa Beex g € D. Tlockomeky D apisiercs
KOTOIIUM MOAMHOKECTBOM (), coryiacuo Teopeme 1.3.5 muokectso {|H @ u| : u € U; } umeer B K-npocrpascrse
Co(Q) TOYHYIO BEPXHIOI IPAHUILy, KOTOPYIO Mbl 06o3uauuM depe3 h. Quesumno, uro |H| < h na D, u no-
sromy dbyuknua ||H|| |p, mokansro orpanmdena na (koromem) muoxectse Do := D Ndom h. U3 2.4.9 caenyer,
uaro H|p, € Homp, (X, )).

Hycts Hy € Homp,(X,Y) — mnpomonxenme romoMopdusma H|DO (em. 3.1.8). Torma H, €
C (DO,B(?7 y)) B cuiy mpensozxenus 3.2.7. O6o3HaunM depe3 H MakCHMaJsbHOE paclinpeHne cedexnss H,
H € Cx(Q,B(X,Y)). Cornacuo 3.1.8 pyrkuun ||H| =n |HF’H COBIIAJAIOT HA, KOTOIIEM TMOAMHOXKECTBE (),
YTO ZAET HAM PaBEHCTBO |F| = h. Bnarogaps npocropuoctu paccioenus B(X,)) (cm. 3.2.9) Mbl motydaem
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coorHomennst dom H = domh u Dy = D Ndom H. Takum obpasom, cedenne H siBisiercss HCKOMBIM. Eaun-
crBenHoCTh H obecneduBaercs copnagenueM cedenuii H @4 u H @ 4 Ha KOTOLIEM IOAMHOKECTBE () 1151 KazK10r0

aeC(QX). »

Bameuanue. Ilpumep 2.4.6 mMOKa3BIBAET, YTO YCJIOBHUS [TOCJIEIHE JJEMMBbI HE TADAHTUPYIOT BKIFOUEHUST
vuOXkectBa D B dom H.

3.2.11. CuaeactBue. Ilycrs paccroerme X npoctopHo m )Y — mnpocropHas obomouka ). Torza
B(X,Y) — npocropras obonouxa paccaoernus B(X,)).

<4 Borekaer u3 3.2.10 u 3.2.9. »

3.2.12. Jlemma. Ilpexmosoxum, dro pacciaoeame X mpocropro. Jlmas moboro cedermmsas H €
Ce (Q, B(X,Y)) u uncna € > 0 naiinercs raxoii snement u € C(Q, X), uro |u| < 1w |H @u| > |H| —e.

< [na gaxgoro snementa ¢ € D := dom | H| nonbepem cevenne u, € C(Q, X) 1 OTKPHITO-3aMKHYTYIO
okpecTHOCTb Uy C () TOUKM ¢ TaK, 9ToObI Ha U, OBITH BBITIOTHEHBI HEPABEHCTRA qul <lwum IH ® uql > |H|—ce.
3aTeM, BOCIOIBb30BABIINCEH IPUHIMIOM HcUepnbBanus (cMm. 1.2.1), Haiinem Takoe cemelictso (V)qep mOmapHO
HE IIEPECEeKAIONINXCA OTKPBITO-3aMKHYTBIX MoAMHOKECTB (), uro Vi C Uy ana Beex ¢ € D n el qep Va = Q.
Owesnino, cevenne u = 0y p(Vy)uy ABAACTCA MCKOMBIM. B>

3.2.13. Teopema. IlpegnosoxuMm, 410 paccaoerue X mpocropHo, D — Korouiee HoIMHOXKECTBO ()
ulUd C C(D,X) nocmoiino miorao B X wa D. Ilpenmnomoxum, uro orobpaxenue H: q € D — H(q) €
B(X(q),Y(q)) mepesomur mwo6oii snement u € U B HenpepsibHoe cedenne H ® u € C(D,Y). Torza H €

C (D, B(X,)).

<« Iycrs Y — npocropuas obonouka Y u H € Coo (Q, B(X,Y)) — ceuenne, CymecTBOBAHEE KOTOPOTO
yrBeprknaerca B gemme 3.2.10. Scmo, wro H = H ma D Ndom H. Ocraerca mokazars, uro D C dom H.
I[IpenonoKIM, BOIPEKH JOKA3bIBAEMOMY, 9TO cymecTByeT Todka ¢ € D\ dom H. Cormacro 3.2.12 mmeercs
rakoe ceuenue @ € C(Q, X), 9ro |F ® ﬂl > |H| —1. Baaromaps nocyoituoii wmotHoctu U B X Ha D, cymecTByer
aseMeHT u € U Takoi, uro ||u(q) — u(q)|| < 1/2. Torma |u — @] < 1/2 B OKpeCTHOCTH ¢, W TOITOMY

|H(q)u(q)|| = 1H @ ul(q) = |H ® ul(q)
> (|H@u| - [H|lu-al)(q) > (5| H| - 1)(q) = o

HonyquHoe IPOTUBOPEYNE 3aBEPHIIACT JOKA3aTEJIbCTBO. B
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§ 3.3. ConpskeHHOe 6aHAXOBO PACCJI0EHHNE

OcHOBHOE BHEMAaHUE IIPU U3Y9ICHUN CONPAXKEHHOro K X paccmoennd X' yaensdercsa TBORCTBEHHOCTH MEXK LY
ceuermamu X u X'. Kpowme Toro, B manrOM naparpade mceaeayercst BOIpoc O coBnaaeanu npoctpancts X’ (q)
u X(q), a Takke ycranapausaercst Biaokeane HBP Bo BTOpOe compsixkeHHOe.

Ha mporsizkennn Bcero maparpada X — mpoctoproe HBP Ham HemycThIM 3KCTpeMabHO HECBI3HBIM
KOMMakToM Q).

3.3.1. O6osmaunm uepes R (mpocroproe) mocrogaroe HBP @ x {R}. Paccmoenme B(X,R) Gyner

Ha3bIBATLCA conpacennbm ® X u obosHauarbcs cumposom X’. Huxxe nepeumcienbl OCHOBHbIE CBOHCTBA
COTPSAKEHHOTO PACCIOCHU, BHITEKAIONINE U3 MTPEIIECTBYIOMINX PE3YIbTATOB.

Teopema. Ilycte X — npocroproe HBP Hag skcTpemaibHO HECBSI3HBIM KOMIAKTOM ().

(1) Paccaoenne X' mpocropro.

(2) B kaxuaoit Touke q¢ € Q caoti X'(q) aBaserca 6amaxoseiv mopmpocrparcteom X (q)'. Brmovenne
X'(q) C X(q)' moxer GBITH CTPOTHM.

(3) dnst kaxnoit Touxm q € Q mepasencrso X(q) # 0 Breger X'(q) # 0. (Huxe B 3.3.4 nonyueno Gomnee
CUIIbHOE YTBEDIKIEHVE. )

(4) Iycre D — Bcroay mmorHOe HoAMHOXKecTBO ). Kak10e u3 npHBeIeHHBIX HIKE yTBep)K,Z[eHI/H/I (a)—(B)
(a ecn MHOXKECTBO D KoTOmee, To 1 (T)) SKBHBAJIEHTHO NPHHALTEKHOCTH oTobpaxena u': q € D — u'(q) €
X(q)" nmpocrpancrey C(D, X'):

(a) v € Homp(X,R);

(6) (u()[u'(-)) € C(D) ana eex u € C(Q, X);

(B) ymxuma ||u'|| moxampro orpanmuena u (u(-)|u/(1)) € C(D) ams Bcex 2J€MEHTOB U HEKOTOPOTO

(npoussosibroro) noamuoxecrsa C(D, X)), nocaoitno mwioraoro B X Ha D;
(r) (u()|' () € C(D) mns Bcex 37I€MEHTOB U HEKOTOPOrO MOCJIOHHO HIOTHOTO B X MOAMHOXKECTBA

cQ,x).
< (1): 3.2.9; (2): 3.24; (3): 3.2.8; (4)(a),(0): 3.2.7; (4)(B): 2.4.9; (4)(r): 3.2.13. »

3.3.2. Jlemma. C kaxzapmvnemenrom v’ € C(Q, X’) csazxem smmetinbiii oneparop [u') : Coo(Q, X) —
Coo(Q), meficreyromuii mo npasuay |u')(u) = (ulu’) (em. 1.7.4). Torma orobpaxkenne v’ — |u') ocymecrBasier
6uexnmo maokecrea {u’ € C(Q,X) |u | 1} ma cybaupdepennmarn || pemerodnoii HOpMbI IPOCTPAHCTBA,

Coo(@Q, X).

<« Paccvorpum npousBosibbiil siuneiinbiil onepaTop 1: Coo(Q, X) — Coo(Q), yuosiersopsionuii Hepa-
serctBy |Tu| < |u| st Beex u € Coo(Q, X). Hnst Beex ¢ € Q u x € X(q) nonoxum v'(q)z = (Tw)(q), rae
u € Coo(Q, X) — npoussonbHOe cedeHre, MpuHUMaoliee 3uadenue u(q) = x B Touke ¢. CBoiicTBa oneparopa
T, oueBuAHO, OGECTIEINBAIOT KOPPEKTHOCTE ONpeeeHns: nckomoro ceuernns u' € C(Q, X7'). »

3.3.3. Teopema. Omnpenenernnas B 1.7.4 ¢popma (-|-) npusoaur mpocrparctBa Coo (Q, X) 1 Coo(Q, X')
B Coo(Q)-3H24HYIO gBOicTBeHHOCTE (cM. [83: 1.1.1]), KOoTOpast obianaeT CAeAYIOIUMH CBOHCTBAMI.

(1) Lnst Besiroro cevennsi u € Coo(Q,X) B K-npocrpancrse Coo(Q) umeer mecro coornomenune |u]| =
max{ (ulv') : v’ € C(Q,X"), |/ | 1}.

(2) Iycrs v’ € Coo (Q X"

(a) B K—HpOCTpaHCTBe Coo(Q) umeer mecTo coorHONICHHE
|| = sup {(u|v) : we C@Q,X), lul <1}.
(6) s Jiroboii Touku q € () BBIIOJIHEHO DABEHCTBO
|u'[(q) = sup {(ulu')(q) : v € C(Q,X), |ul <1}.

(8) Ecmi Touka q € () He ABIAETCA 0 -H30JIUPOBAHHOMH, TO

| |(q) = max {(u|v')(q) : v e C(Q,X), lu] <1}.
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< VYreepxkaenue (1) ciemyer HenmocpencTsenHo u3 3.3.2 u Teopembl Xana — Banaxa — Kanroposuua
[90: 1.4.14 (1)]. Papencrro (2)(a) obecneanBaercst cooTHorenueM (2)(6), KOTOPoe, B CBOK 0Y€PEb, BBITEKAET
u3 3.2.12. Ocraercst qokasarsb (2)(B).

Badukcupyem mpomssonbHOe ceaerne u' € Coo(Q, X'). B cury 3.2.12 nMeercst Takast TOCTEI0BATETLHOCTE
cevennit u, € C(Q,X), uro |u,| < 1 u (uyfu’) > |u/| — 1/n anst Beex n € N. Eciu touka ¢ € Q
HE ABIAETCA O-W30AMPOBAHHON, TO CymecTByer caerHoe cemeiicTBO (Up)pen MONAPHO HE MEePECeKArOIIIXCT
OTKPBITO-3AMKHYTBIX HOAMHOKeCTB ), obbemunenue |J, U, KoTOpOro Beiomy mioTHo B () M HE COmEPIKUT
toukn ¢ (cm. 1.1.8). Ouesmano, cegenne u := 0y, n(Un)un € C(Q,X) yaosaersopser nepasencrsy |u| < 1
u, kpome roro, (ulu’) > |[v/| - 1/n na U,. Ina noxasareabcrsa pasercrsa (ulu’)(q) = |u'|(g) ocraercs
3aMETHTh, UTO JIE00AsT OKPECTHOCTh TOUKM ¢ TIEPECEKAETCST ¢ BECKOHETHBIM UHCIOM UJIEHOB TIOCTIEI0BATEIBHOCTH

(Un)neN- >

3.3.4. CnencrBue. (1) Jdma moboii Touxn q € Q npocrpamctso X' (q) mopmupyer X (q). Bomee toro,
|z]| = max{{z|z’) : 2’ € X'(q), ||2’|| < 1} mnz Bcex x € X(q).

(2) Tor ¢paxt, uro X(q) mopmmpyer X'(q), ouesnmen B cury Brmogerns X'(q) C X(q)'. Oamaxo ecim
Touka q € QQ me sBasgercsa o-uzoaupoarnoil, To Mexay X (q) m X'(q) B sToM cMBICTE HMeeTcs Gosee CHIBHAS
cBs3p: ||2'|| = max{(z|z’) : © € X(q), ||z|| < 1} mmsa Beex ' € X'(q).

3.3.5. Teopema. 3adurcupyeM IpOH3BOJIBHYK TOUKY q € ().
(1) Ecim 6araxoso npocrparcteo X(q) pedpaexcusro, To X' (q) = X(q)'.
(2) Ecm touka q e apasercs o-nzomaposanroi n X'(q) = X(q)', To mpocrparcrso X (q) pedaexcusro.

< (1) TIpemnonoxum, aro mpocrpanctso X (q) pednexcusno. Ecmu X7(q) asngerca coberrenubiM (3a-
MKHYTBIM) TIOATIPOcTpancTBoM X(q)’, TO mo Teopeme OTACIUMOCTH (B TOMONOTHIECKOH (HOpME) CyIecTByeT
nenyneBoli dynkumonan r € X(q)” = X(q) Takoi, uro (z|z’) = 0 mna seex 2’ € X'(g). Dro mpormsope-
qur 3.3.4 (1).

(2) TIpeamosoxkuM, 9TO TOYKA ¢ He siBasieTcss o-usoimporannoii u X'(q) = X(q)’. Torma w3z 3.3.4(2)
cienyer, uro aoboit dyukuponan @’ € X(g)’ npuHHMaeT 3HaUeHHE SUD, ¢ g (T|T’) B ONHON U3 TOUEK eAUHUIHOTO
mapa B npocrpancrsa X'(q). Ilo teopeme Jlxkeiimca 310 o3nauaer pediiekcusaocrb X (g). B

IMocnenree yTRepKICHEE MO3BOJACT 3AKIIOUATE, 9T0 pasenctso X' (¢) = X(q)’ ana komkpernbix X u g
MOXKeT KaK OBbITh, TAK W He OBITH BBIMOJMHEHHBIM. Hampumep, myctb X — 0aHAXOBO IIPOCTPAHCTBO, & X —
npocTopHas obomouka mocrosanoro HBP @ x {X}. Ecmm npocrpancteo X rumsbepToro, 10 B cmty 3.1.7
st moboit Toukn ¢ € Q mmeer mecto pasernctso X'(q) = X(q). Ecmm xe X — mepednexcusHOe GaHAXOBO
npocTparcTBo, To X'(q) # X(g) B KaxKa0l He 0-N30aMPOBAHHON TOUKE ¢ € Q).

3.3.6. Jlemma. 3agukcupyem OpoH3BOJBHYIO TOYKY q € () H pacCMOTPHM KAHOHHYECKOE BJIOXKEHUE
x +— 2’ mpocrpancrsa X(q) B X(q)". Torza orobpaxenne x +— x"|xi(q) OCyIECTBIAET H30METDHIECKOE
saoxerne X(q) 8 X" (q), rme X' — conpszkennoe paccroenme k X'

<« Tlokaxem, uro 2’| x1(q) € X"'(q) nna npomssosbHOro smementa x € X(q). Ilycrs ceuenne u € C(Q, X)
npuHIMACT 3Hadenune u(q) = x B Touke ¢. s seex p € Q ompenenmm dynkuuonan u” (p) € X' (p) o dpopmyme
u"(p) == u(p)”|x+(p). Torma as kaxgoro cevenns v € C(Q, X') bynxmus (v(-)[u”(-)) = (u(-)|v(-)) menpepsisua,
aro cornacuo 3.3.1(4) osmauaer smouenne u” € C(Q, X”). B wacrnocrn, x| x/(q) = u"(q) € X" (q).
zomerpudnocTs BaOXKeHus &+ x| x1(q) crepyer menocpeacTsenno u3 3.3.4(1). »

3.3.7. Ilpunumas npusemennoe B 3.3.6 Baoxkenne cioes X B cooTreTcTRyIOmuE caon X'/ 3a ToX1ecTReH-
HOE OTOOpaXKeHue, B JaibHeimeM Mbl Oynem cantarsb, ato X' (¢) C X" (q) B xaxmoit Touke q € Q.

Teopema. HBP X sapiserca noapaccioenuem X''. B qactHOCTH, 3TO 03Ha4YaCT, 4TO

(1) s menpepsiBHOCcTH cedenns u € S(D, X) nax Bcrogy niaorHbiM nogMuoxkecrsoM D C Q) Heobxomumo
u gocraroaro, arober Gynkmus (u(-)|u'(-)) 6puia menpepreBra gt kazxaoro u' € C(Q, X');
(2) Coo(Q,X) ={u € Coo(Q,X") : u(q) € X(q) mm Bcex q € domu}.

< Brmouenne C(Q,X) C C(Q,X") ouesnnno. IlpeamonoskuM, 9To TIOOATBHOE CEUCHUE U PACCIOS-
mus X mpumagiexur C(Q,X"). Torma nns mpomssoswsaoro ¢ € C(Q,X) mbr mmeem u — ¢ € C(Q,X") n,
cnenosaresnbho, |u — c|| € C(Q). Hocnennee oznagaer, aro u € C(Q, X). »
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3.3.8. CdopmyampoBaHHOe HUKE YTBEPIKICHUE MOIOHIET caeacTsue 3.2.2.

Ilpennoxenne. Currexgyiomue cBoiicrBa npocropaoro HBP X masx () sSKBUBAJICHTHDI:

(1) ecim X — peropy miornoe noapacciaoenue X, Y — HBP nan Q, Y(q) # 0 ans Becex ¢ € Q n
noroueunas zopma || H|| so6oro romomopdusma H € Homg(X,Y) menpeprsra, 1o X = X;
(2) aas moboit Toukn q € Q) m moboro coberBennoro 6anaxosa mognpocTpanctsa X C X(q) cymectsyer

raxoii Gpynxunonar ¥’ € y/(q), aro ||z'|x || < ||2']].

< (1)=(2). Jonycrum, ato X yraosnersopsier yeraosuo (1), X — cobCTBeHHOE HaHAXOBO MOATPOCTPAH-
etBo cnost X(qo) B HeKOTOPOIt ToukKe qo € Q u ||2’|x || = ||2’|| Amst Beex 2 € ?I(qo). 3aMeTHM, 9TO B ITOM CIIyUae

?/(qo) # X(qo)', m TOITOMY TOUKa Go He ABAAeTca m3ommposamHOi. Ilomoxkum X(qo) = X u X(q) := X(q)
npu q # qo. fcHo, uro 6anaxoBo paccaoenne X, CHAGKEHHOE MHYIMPOBAHHON n3 X HEIpPEepBIBHON CTPYKTY POl
(cM. 2.2.2), sBASETCA BCIOMY TLIOTHBIM TofpacceaoerneM X (cu. 2.5.8). Tlomoxum Y := @ x {R} u paccmorpum
npon3BobHbL romomMopdusm H € Homg(X,Y). na nocrtuzkeHnst HCKOMOTO MPOTHBOPEYUS AOCTATOYHO MO~
Ka3aTh HENPEPBIBHOCTH moTovYedHoi HOpMEL || H||. W3 3.1.8 caexyer, uro H npogoskaercs 10 roMmoMopdusma

H € Homg(X,Y), nopma || H|| xoroporo nenpepbisua 5 cumy 3.2.2. Ocrasnocs 3ameruts, aro || H| = || H||,
nockonbKy H(q) = H(q) mpu ¢ # qo 1, kpome Toro, |H(q)|| = ||F(q0)|XH = HF(qO)H

(2)=(1). onycrum, uro X ymosiersopser yciosuto (2), X — BCiojy ILIOTHOE mHOapaccioexue X,
crou Y me seipokienst u ||H| € C(Q) mna scex H € Homg(X,Y), no tem me memee X(qo) # X(qo)
B HEKOTOPOH TOuke ¢y € (). B cmmy 2.3.5 m ycnosua (2) cymecrByer takoe cedenme @' € C’(Q,y/), 9TO
1@ (90)| x(a0) || < 17 (q0) |- Homoxum u'(q) := @ (q)|x(q) Ana Beex ¢ € Q. Ouesuano, u' € Homg (X, Q x {R}).
13 3.1.8 caeayer, aro noroueanse HopMet [|u']| u ||@'|| coBnamator Ha HEKOTOPOM KOTOImEM MOAMHOZKECTBE ().
Tostomy mempepwisrOCTE dyrknun ||T/|| u ee Hecomanenme ¢ ||u'| HA Beem xKommakTe ) TOBOPAT O TOM, 9TO
dynkuug ||v'|| He aBageTca HenpepbIBHOMA.

Cornacuo 2.5.12 cymecrpyer cevenne v € C(Q,)) ¢ noroueunoi mopmoit ||v|| = 1. B xaxaoit Touke
q € Q onpenemnm oneparop H(q) € B(X(q),V(q)), nonoxus H(q)z := (z[u/(q)) - v(q) misa Beex z € X(q).
N3 2.3.1 u 2.4.4 crenyer, aro H € Homg(X,)), u mostomy dyuxuus ||u'|| = || H|| mempeprsra. onyuennoe

TIPOTUBOPEYNe 3aBePIaeT NOKA3aTENhCTRO. P

Bameuanune. (a) [Ipocroproe HBP X obmamaer csoiictsom (2), ecim, Hampumep, f/(q) = X(q)
B KaxKo# Touke ¢ € (). Papencrso f/(q) = X(q)', B cBOIO OYepenb, NMeET MECTO B TOM CIydae, KOTIa
npocrpanctBo X (q) pedIeKCHBHO WM TOYKa ¢ W30IMpoBana, (cM. 3.3.5).

(6) ApTopy He m3BecTHBI TpUMepHI TpocTopabx HBP X, koTophie 6b1 He 06mamamu cBoiicTBoM (2).
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§ 3.4. Peanuzanug npocrpanctB banaxa — KaHTopoBu4da

B sTom Hebosbinom naparpade BCKPhIBAETCS OCHOBOIIOIATAIONIAA POJIb OAHAXOBBIX PACCA0CHUH (TIaBHbIM
06pa30oM, IPOCTOPHBLIX) B BOpocax anasurudeckoro npezacrapiedus PHII. Boiscusercs (cum. 3.4.2-3.4.4), yro
Besikoe o-moiaoe PHIT w3omerpudno GyHIaMeHTy TPOCTPAHCTBA PACITUPEHHBIX HEMPEPBIBHBIX CEYEHUH HEKO-
TOPOrO OIHO3HAYHO omnpernessemoro mpocropaoro HBP. Bee ocuoabie dakrer 06 HBP u ux cedenusix ciemyer
OIEHMBATH C YYETOM ITUX PEATU3ANUOHHBIX TeopeM. Hampumep, ¢ dopManbHO#i TOUKM 3peHus Teopema 2.5.7
TOBOPHUT O CBOHCTBAX HEKOTOPOTO MHOMXKECTBA cedeHHU. B meficTBUTEILHOCTH Ke OHA mpejjiaraeT KOHKPETHBIE
AHATUTUYECKHIE XapaKTePU3AINH alllPOKCUMUPYIONIETo TOAMHOXKeCTBa mpousBoabHoro PHIT.

Ha nporsxkenuu gaHHOro naparpada mpeanojaraercs, 9ro () — HemycTol 3KCTPEeMATbHO HECBSI3HBIN
KOMIIAKT.

3.4.1. IIpemnoxkeume. Ilycres X u) — mpocropabie HBP Hax QQ, E — ¢yrnament K-npocrpaHcTBa
C(Q). PHII E(X) u E(Y) uzoMerpudHsl TOr4a U TOJBKO TOIA, KOra pacciaoenns X U Y H30MeTPHIHBL.

<« IIpenmomoxxum, 9To paccioennss X um ) m3oMmerpudHbl. Torma cormacuo 2.4.12 mzomerpuunst PHII
C(Q,X) u C(Q,Y). B cuny 2.5.7 PHII C(Q,X) o-mnorao B Coo(Q, X). Torma mz 1.5.4 cienayer, drto
C(Q, X)NE(X) o-tnorro B E(X). Ananornuno ycranasiausaercs, 9ro C(Q, V)N E(Y) o-mnorwo 8 E(Y). His
nokazaresnbersa uzomerpudnocry PHIT E(X) u E(Y) ocraerca BOCHONB30BATBCS UX 0-TIONHOTOR (cM. 2.5.4).

IIycrs reneps PHIT E(X) u E(Y) usomerpuunst. Torna wzomerpuanst PHIT Eo(X) u Eg(Y), roe Ey =
E N C(Q). Bnaromaps mpocroprocTu paccioennit X u Y umeror mecto BRiwouenus Eo(X) C C(Q,X) u
Ey(Y) C C(Q,Y). O6oznauum uepes Xg u Yy noppaccioennss X v ), MHAYIMPOBAHHbIE NPOCTPAHCTBAME
Eo(X) u Eo(Y) cooreercrierHo (cm. 2.2.2). Ouesmmno, PHII Ey(X) u Ey(Y) nocuoitno miotasl (B Xy n
Vo coorBercrBenno) u uzomerpuunbl. 13 2.4.12 cnenyer, uro paccaoenus Xg u Yy uzomerpuunbl. [TockonbKy
K-upocrpancrso E spaserca dbynnamentoM Cos (Q)), paccioenune X npejcrasisier co6oii NpocTopHy 0 060I0UKY
Xo, a Y — upocropuyio obonouky Y, (6onee toro, X = Ay u Y = Yy Ha OTKDPLITOM BCIOAY ILIOTHOM
nonmHOKecTBe Q). JloKasareabcTBO 3aBepuiaer cehlika Ha 3.1.10. »

3.4.2. Cnenyrommii pe3yabTaT SBASETCS DA3BATHEM DEaNM3amoHnoi Teopembl Kycpaesa — Crprkes-
ckoro [95: 5.5].

Teopema. s sno6oro IIBK U nan ¢pynnamenrom E C Coo(Q) cylrecTByer eqUHCTBEHHOE ¢ TOYHOCTBIO
a0 uzomerpuu npocropaoe HBP X uan Q) takoe, wro PHII U u E(X) uzomerpudsbi.

<« Ilycrs IIBK U u K-upocrpancrso E yaoBjierBopstoT ycjaoBuaM rteopembl. O003Ha4YuM (DyHIAMEHT
{u € U : |ul € C(Q)} npocrpanctea U 4epe3 Uy. CHabmuM BEKTOPHOE MPOCTPAHCTEO Uy MYJIBTHHOPMOM
([[lg) g, momozmus [[ull, := lul(q) ans Beex u € Up. Mycrs Xy — HBP majn @, mopox/aenHoe TOCTPOSHHBIM
MYJIBTHHOPMUPOBAHHBIM IpocTparcTBoM, u i: Uy — C(Q, Xy) — COOTBETCTBYIOIIEE KAHOHUIECKOE BIIOXKEHUE
(cm. 2.2.7). Mbl nokazkem, 9To npocropuas obosiouka X paccioenust Xy sapisierca uckombiv HBP.

Jlerko y6euThest B TOM, 9TO JJid IPOM3BOIBHOTO JJIeMEeHTa U € U CylIecTByeT ceMeiicTBO (T, )neN NOIapHO
JM3BIOHKTHBIX HOPAJKOBBIX IPOEKTOPOB B F, yIOBIETBOPHIONMX YCIOBHAM U = O0-y, N Tpl U Tpu € Uy
(n € N). Honapnas 1usbloHKTHOCTD cevennii i(m,u) € C(Q,X), nepasencreo |i(myu)| < |u| u nopsukosas
nosmrora, PHIT E(X) mossossior BBecT: B paccMoTpenme cymmy j(u) := 0y,  yi(mu) € E(X), xoropas,
OYEBUIHO, HE 3ABUCHUT OT BLIOOPA CEMEHCTBa (7, )neN- [IOKazKeM, 4T0 OTOOPAKEHUE § OCYIIECTBIISET U30METPUIO
U na E(X).

B nokazaresbeTBe HyXKIAeTCs JUIIb CIOPbEKTUBHOCTL 0TOOpazKenus j. V3 mMOCA0HHON IIOTHOCTH MHOMXKE-
crBa i[Up] B Ay cenyer mmotHOCTH @ ® j[U] B Q @ X. Cormacuo 2.5.7 muO)kecTBO j[U] 0-tmoTHO B Coe (@, X),
a rorja B cuiy upeggoxenus 1.5.4 jU] o-unorno B E(X). Ocraercs BOCIOAb30BATHCS 0-1IOJIHOTON U.

EmnncreennocTh paccmoerns X, yIOBIETBOPSIONIEr0 YCIOBUIM TEOPEMBI, cienyer u3 3.4.1. »

3.4.3. Cuaencrsue. Iz moboro IIBK U wax E u gas aroboro nzomopgusma K-mpocrpascrsa E Ha
dyrnament F C Coo(Q) cymectByror (eauHcrBenHOE ¢ TOYHOCTBIO /[0 n3omerpuu) rnpocropaoe HBP X nazg Q
u uzomerpusi U na F(X), accomuuposannasi ¢ gqanupiv nzomopdusmom E na F.

3.4.4. Cuaencreue. sz groboro [IBK U cymecTByroT sKcTpeMaabHO HECBSI3HBIH KOMOAKT (), (pyH-
gament F' C Coo(Q) u npocroproe HBP X nay QQ raxue, aro PHII U u F(X) uzomerpudsi.

Hpocrpanctso F(X) (a Tounee, n3omerpust U Ha F(X)) Gyner nasbBarbes (menpepbiehot) peasusayued
OBK U, a X — pearusayuonnom HBP nua U (cp. 4.4.8). MoKHO MOKa3aTh, 4TO PEANTU3AIUOHHOE PACCIOCHIE
as ganaoro [IBK equHCTBEHHO C TOYHOCTBIO 10 H30METPHUH.



§3.4. Peaausayus npocmpancme Banaxa — Kanmoposuua 109

BameruM, uTo npeioxkenHas peamusanus [IBK uneitno 61uska ananoruanomy npescrasiennto C((Q))-Bbi-

HOYKJIBIX MOAyJeil (cM., HampuMmep, [144: §7]) u, Kak BUAHO U3 [95], MOXKeT GBITH MOJyYEHA HA OCHOBE 3TOTO
IPEJCTABICHUSL.

3.4.5. CuaeancrBue. (1) B mob6om pacuupennom K-npocrpancrse E ¢ (puKcHpOBAHHOH HODIAKOBOL
enuHnnei 1 MOXKHO OOPEIeTUTh MPOU3BEJEHHe TaK, 470 E npeBparurcs B KOMMYTATHBHYH YIOPSIOYCHHYI)
aarebpy, B KOTOpoii 1 sBasercs equHurei yMHOXKEHNS.

(2) Beskoe IIBK U nag pacimmpennbiv K-npocrpancrsom E ¢ ukcupoBannoii nopsiakosoil exqununeii 1g

MOXKHO HAACIUTh CTPYKTYpoil Moayas uan E rakum obpazom, uro 1pu = u u |eu| = |e||u| a1 Bcex e € E u
uel.
Huxe (cm. 6.2.17) mbr nokaxkem, uto coornomenwe |eu| = |e||u| ompenensier ctpykrypy momymns wa U

€IMHCTBEHHBIM 00pPa30M.

IMycrs U — npoussonbroe TIBK nan dbyumamenrom E pacmupentnoro K-npocrpancrsa €. Bynem roeo-
purb, 410 B U onpedeserno npoussedenue 3nementos € € € u u € U (u uucars eu € U), eciu poussejieHue eu,
BBIUHCJIEHHOE B MAKCUMAJBHOM pacimupennu U, mpunaiexxut U. OdeBUaHO, TOCTEIHEE BBITOIHEHO TOTA U
TOJIBKO TOT/IA, Koraa |el|u] € E.

Mogynbrasg crpykrypa IIBK gacTo ncmonb3yercs: mpu MONCKe 3/1eMEHTOB, YIOBJIETBOPSIONINX OIIPEe/Ie/TeH-
HBIM YCJIOBHSIM Ha HOpMY. BOT O/lMH M3 THNHWYHBIX [IPUMEDOB.

Jlemmva. IIycrs U — IIBK maz E. s mobeix w € U m e € EV cymecrsyer taxoii sgeMenT ue € U,
uro |ue| = e u |lu — ue| = [|u] — ¢l

<« 3adukcupyeM IOPEIKOBYIO eUHALY 1 B MAaKCHMaJIbHOM pacimupenun £ K-npocrpancrsa F, cHabamM
E coorBercTBYIONMM YMHOXKEHUEM U BBefeM B MakcuManabuoMm pacimupenun U [IBK U crpykrypy Momyns maz

E. Bnaromapst npemyoxenuio 1.4.3 cymecreyer takoii amement 4 € U, uaro |u] = 1 u v = |u|u. Oduesumno,
SJEMEHT Ue := €U sIBIIeTCS UCKOMBIM. P

3.4.6. IIpemnoxkeume. FEcau HBP X max Q sapisercsa peamnzammonapiM pacciaoernem a1 IIBK U,
10 PHII Coo(Q, X) m30MeTpHIHO MAKCHMAIBHOMY paciiupeHuio U.

3.4.7. IIpemnoxkenme. Paccmorpum npocropaoe HBP X man () u npowussoasHbrii pyagament E C
Cx(@).

(1) st Besikoro npocropHoro nozpaccaoenus Xg pacciaoenus X npocrpancrso E(Xy) npencrapisier coboii
0-TIOJIHOE PEIETOYHO HOPMHUPOBAHHOE HOANMPOCTPanHcTBO E(X).

(2) JLnst m060ro 0-moAHOr0 PeLIeTOYHO HOPMAPOBAHHOrO noqupocrparcrsa U C E(X) cymecrByer equn-
CTBEHHOE IIPOCTOPHOE nouapaccaoerue Xog pacciaoenus X rakoe, aro U = E(Xp).

<« B nosicHenun Hyxzpaercs Jjuiib yreepxkiaenue (2). PaccMorpum npousBosibHOE 0-1IOJIHOE PEelerovHo
HOpMUpOBaHHOEe noanpocTpanctso U C FE(X) u obosuaunum depes Xp sambikanue (cm. 3.1.6) mompaccioenus
HBP X, unnynuposanuoro mpocrpaucteoM U N C(Q,X) (cm. 2.2.2). Brurouenwe U C E(Xp) oueruHO.
Cosnajnenune U ¢ E(Xy) cnenyer uz 2.5.7, 1.5.4 u o-nonnorsr U (Cp. ¢ J0OKa3aTENbCTBOM CIOPBEKTHBHOCTH j
B 3.4.2). »

Bameuanue. Ilocrennee npeioKeHne yMECTHO CPABHUTHL ¢ TeopeMoil o peaymsanuu C(Q)-1m0amo-
qynedi mpocrpancrea C(Q, X) (cum. [144: 8.6]).

3.4.8. Teopewma. Ilycte X — npocropuoe HBP nan Q. Ilpemmosoxum, aro ¢pyagamentsr E u F
pacmmperroro K-mpocrparctsa Coo(Q) obpasyror gyamasupyromyto napy (cm. 1.4.4). Torma PHII E*(X')
mzomerpuaro E(X)*, rne msomerpust ocymectBaserca comocrapaennem cedemmio v € E*(X') omeparopa
[u): w — (u|v') m3 E(X) B F. B wacruocrn, ecim X — peanmzanuornuoe paccaoenne mis IIBK U, o X' —
peaan3amHoHHOe paccaoerne s conpserennoro ITBK U™,

< Crenyer u3 3.3.2 u pasencrsa E(X)* = U{e*d|-| : 0 < e* € E*}. »

3.4.9. IIpemnoxxenume. Ilycts X — HBP max Q. Ilpocropras oborouxa X paccioenus X saBisercs
peasmzanuorabi HBP st ipocrpancrsa Coo (Q, X). st soboro nieana E C Coo (Q) omeparop ext (cum. 2.5.1)

ocymecrsiasger uzomerpuio IIBK E(X) na E(X).

<« Cruenyer u3 Teopemsr 2.5.8. »



110 I'nasa 4. U3MEPHUMbBIE BAHAXOBbBI PACCJ/IOEHHA

Timasa 4. UISMEPVUMbBIE BAHAXOBbBI PACCJIOEHUN

IIycrs X — HenpepbiBHOE 6aHAXOBO PACCIOEHHE HAJT JOKAIBHO KOMIIAKTHBIM TPOCTPAHCTBOM ) ¢ Mepoii
Pagona. Ceuenne u € S(Q, X') Ha3blBaeTCa U3MEPUMbIM, €CJIH JJIs Kaxkaoro kommakra K C () cymecrsyer 1o-
CJIEIOBATE/ILHOCTD HEPEPBIBHBIX cevdenuii u, € C(, X), cxomnsmasica K u nouru seoay Ha K. Taxoil moaxon
K OTMPEeIeIEHUI0 U3MEPUMOCTH CEUEeHUH O CUX TIOp SIBJIAJICS €CJIVM He €IMHCTBEHHBIM, TO, BO BCIKOM CJIytae,
TOCTIOJICTBYIOIMM B JINTEPATYpPe 0 DAHAXOBBIX pacciaoenusix. OQmMHAKO B HAIMEH CUTYAITMH OKA3AJICS YMECTHBIM
HECKOJIbKO MHOM 1oaxoi. B 9T0ii riaBe u3Mepumbie CeYeHHUd ONPENEN[IOTCd KaK NPeebl MoYTH BCooay (Ha
HOJMHOXKECTBAX KOHEYHON Mepbhl) HOCJIEA0BATEIBHOCTEH IEMEHTOB HEKOTOPOI'O AKCHOMATHYECKH BbIIEIEHHO-
0 MHOXKECTBA CEYEHW, HA3BAHHOIO M3MEPUMON CTpYKTypoi#t. Takoil crocod BBemeHWsT M3MEPUMBIX CEUEHUH
aHATOrnYeH KOHCTPYKIwmu Jlanusng u saiagerca dpopmanbHo 6osiee obIUM IO CPABHEHHUIO ¢ TPAIUITUOHHBIM TO-
MOJIOTHIECKUM TOAX0a0M. Hamo ckazarb, UTo uiesd W3MEPHUMOil CTPYKTYyphl Oblia Bbickasana H. JduHKymeamy
emre B 1966 1., OIHAKO € TeX MOP TaK, MO-BUIUMOMY, U He ObLIA MOABEPTHYTA HOCTATOYHO AETAIHHOMY PACCMOT-
DPEHHUIO.

B 3710l rTaBe ycTaHABIUBAIOTCS JIEMEHTAPHBIE CBOMCTBA M3MEPUMBIX CEUEHUH, Oy IeHHBIX TTOCPEICTBOM
U3MEPUMOM CTPYKTYDBI, BBOAWTCS W WCCAEAYETCs MOHATHE JUMTHHTA B (PaKTOP-TPOCTPAHCTBE M3MEPUMBIX
ceveHwuit, a Takxke (POPMYNIUPYIOTCS PE3YIbTAThl HCITOIH30BAHUST TEOPUU MMPOCTOPHBIX DAHAXOBBIX PACCIOEHUN B
HCCIeIOBAHNN U3MEPUMBIX paccioenuii. Ha mporskenun Bceit rasbl () — TPOCTPAHCTBO C HEHYJIEBOUW Mepoit
(cm. 1.1.11).
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§4.1. OcHOBHbBIE IOHATHUSA

B nannom naparpade Bsopurcd nonsarTue usmepumoro 6anaxosa paccioenusi (IBP) kak Ganaxosa pac-
ciioenwsi, CHabKEHHOI'O TaK HA3BIBAEMOM M3MEPUMON CTPYKTYPOIl — CBOErO PO W3MEPHMbBIM aHAJIOTOM Helpe-
peiBHOI cTpyKTypbl (cp. 2.1.1). [lano onpejesienne U yKa3aHO HECKOJLKO KPUTEPUEB M3MEPUMOCTH CEUCHMUsI
UBP. B pamkax uccie0BaHus KOHIIENIIUA U3MEPUMON CTPYKTYPbI BBOAATCA M YTOUHAIOTCH IOHATHS SKBUBA-
JIHTHBIX U 3/IEKBATHBIX CIPYKTYD, & TAKI)KE OIMCHIBAETCH HAMOOJIbIIA U3 a/I€KBATHBIX U3MEPUMBIX CTPYKTYD,
COBIIAIAIOIIAS C MHOXKECTBOM BCEX M3MepuMbIX cedenuil manunoro VUBP (cm. 4.1.12). B srom xe maparpade
cOOpAHBI CBeMIeHUs ODIIEr0 XapakTepa 00 M3MEpUMbBIX CEUEHUSX U ONepanusgx Hal HuMu. W3ydenue smeMeHTap-
HbIX cBOlicTB UBP 3aBepriaercs paccMoTpeHnEM MMPOCTPAHCTBA KJIACCOB SKBUBAJEHTHOCTH M3MEPUMbBIX CEUEHMUIH,
KOTOpPOE B GOJBIIMHCTBE ciy4yaeB okasbiBaercs o-noaubiv PHIT (cm. 4.1.14).

4.1.1. Tlycrs X — Ganaxoso paccaoenune Hag € (cm. 1.7.1). Muoxkecrso ceuennii C C S (€2, X') nazosem
USMEPUMOT cmPyKMypoti 6 X, eCIIH OHO YJIOBJIETBODSIET CIEIYIONIAM YCIOBUSAM:

(a) Aicr + Asce € C ayisi Beex A, Ay E Ru ¢y, 00 €C;

(6) moroveunas mopma [|cf| : dom ¢ — R moboro smemenra ¢ € C u3mMepuma;

(B) wmuoxkectBo C MOCJIORHO WIOTHO B X

Ecnu C — uzmepumast crpykrypa B X', 10 napy (X', C) Mbl HA3bIBAEM USMEPUMBIM OAHATOGHIM PACCAOEHUEM
nad Q. Ilpu stom BMmecro (X,C) obbruno Gymem nucarh npocro X, a uzmepumyo crpykrypy C obo3Hauarh

cumposiom Cy (cp. 2.1.1). Muoxkecrso C C S (2, X), yuosaersopsmoriee ycaosuto (a), GymeMm Ha3bBaTH
NUHETHbLM.

4.1.2. TIlycrs (X,C) — UBP nazx Q. Ceuenue s € S (2, X) nazosem C-cmynensamorm (WM ITPOCTO
CTYNEHambiM, €CITH SCHO, O KAKOil N3MepUMOil CTPYKType UIET peds), ecan s = y . (A;)¢; 1 HeKOTOpBIX
neN A,...,A, € BQ)ucy,...,cp € C. Ceuenne u € S.(Q, X) nazpBaerca C-usmepumvim (AIH TPOCTO
ugmepumoim), ecau g Beakoro K € Bgy () malizercs takas nocjaenoBareibHOCTb (Sp)nen C-CTyleH9IaThix

cevennii, 4To Sp(w) — u(w) nmourw aas Beex w € K. MuoxkectBo Beex C-u3MepuMbIx cedenuii X' obo3Hadaercsa
cumposiom M(Q, X|C) nmu, kopoue, M (2, X).

4.1.3. IIpepgmoxenme. IIycre X — UBP nazg Q, u,v € So(2,X), e: @ =R, \,ueR.
(1) Ecim cevwenne u mu3mepumo, 0 ¢pyuknmsa ||uf| m3mepnma.

(2) Ecoin ¢pynknus e u cedeHne u H3MEPHMBI, TO NPOU3BEACHUE el H3MEPHMO.

(3) Ecsiu cedenns: u u U H3MEDHUMbI, TO CyMMa AU + (41U H3MEPHMA.

4.1.4. Ilpepnoxenme. FEciun X — UBP nasn o-ronednsiv mpocrpaHCTBOM ¢ Mepoii {), TO u3MepH-
Moctb cedenust U € S (Q, X) sxBuBajeHTHA HAJIMYUIO TAKOH HOCACHOBATEIBHOCTH (Sp)neN CIYHEHYATHIX cede-
HUIT, 9T0 $p(w) — u(w) moury s Beex w € §.

4.1.5. Hua seakoro nogmuoxkecrsa ¥V C M(Q, X) cevennit UBP X may Q Gynem 0603Ha4aTh CUMBOIOM

dfinV COBOKYITHOCTD BCEBO3MOKHBIX CyMM Y., (A;)v;, tie v; € V u n3mepumble noamMuokectsa A; C () momapso
He IepeceKaroTCs.

JIemma. ITycrp X — UBP nax Q, V — cyernoe nogmuoxecrso M(Q, X), u € S(Q, X). Ipernono-
SKHM, 9TO JIIs Kaxkoro v € V ¢yukmus ||u — v|| usmepuma u inf ey [|[u(w) — v(w)|| = 0 mourn mis Beex w € €.
Torna Haitgercs HOCA€A0BATEIBHOCTD JJeMEHTOB dfn )V, CXOQAAsCA K U HOYTH BCIOJY.

<« Ilycrs muoxecrBo V = {v, : n € N} u ceuenne u € S..(Q, X) ynOBIE€TBOPAIOT yCJIOBHAM JE€MMBI.
TlocTponM TOCTIENOBATENBHOCTE (Wy)neN C dfnV O MHAYKIWMH, TOJOXKWB Wy = V] U Wpiq = (Ap)w, +
(NA)Upt1, Toe Ay = {w € Q¢ Jwp(w) — u(w)|| < ||vpt1(w) —u(w)||}. Torma mocaenoBaTENBHOCTH BDYHKITHI

llwn, — u]| moroueuno ybeBaer u ||w, — ul| < ||v, — ul| s Beex n € N. Ouesugno, 910 (Wh)nen — UCKOMAS
I0CJ1€I0BATEILHOCTD.

4.1.6. IIpepgoxenwme. Ilycre X — UBP nan Q. Ecnu gua kaxkaoro K € B, () umeercs cuernas
ceTh u3MepuMbIX cedeHuli X | cxousmasics K u € S~ (Q, X) mouru Beiogy va K, 10 cedenue u uzMepumo.

<« 3adurcupyem K € Bg, (Q) u monycrum, 910 cUeTHAS CETh (Ug)acA ITEMEHTOB U CXOAUTCS K U TOUTH
Beiofy Ha K. Jlist Kay0ro sJleMenTa a € A CyIecTBYeT TOC/Ie0BaTenbHOCTh (s5) ¢ CTYTCHYATBIX CeveHmi,
CXOIAMAACH K U, IOuTH BCIOMy HA K. Hecnoxkuo mposeputs, uto dyukmmn (K)||s¥ — uf| n3mepumbr mus mo6brx
a € A un €N u, kpome Toro, infaecp nen |85 (w) — u(w)|| = 0 mourn mrs Beex w € K. Temeps n3amMepuMocThb
cedenud u caenyer u3 4.1.5 u npoussosbaocTu Muoxkecrsa K € Bg,(2). »
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4.1.7. TIlpepuoxkenune. Ilycte X —UBP nanQ u (A¢)ecg — cemeiictpo snementos B(), annpokcu-
mupyomee Q. Ecim ocxongn (Ag)u cewenms u € S (Q, X) m3mepnmpr 1t Beex £ € E, T0O cevwenne u H3MePUMO.

< IIpenmonoxum, 9To ceMefcTBO (A¢)ecs U CeUeHUe U yAOBIETBOPAIOT YCIOBUAM JTOKA3BIBAEMOIO yTBEp-
s aenud. Jocrarouno sabukcuposaTh npoussosbhbii snement K € Bgn(Q) u nokasarh U3MEpUMOCTh OCKOJIKA
(K)u. Cormacuo 1.1.14 mmeeTcs Takas mocaenoBaTeabHOCTh (£, )neny C 2, 9TO

U 4e, nK ~ K.
neN

OcraeTcst BOCIIOIB30BATHCST U3MEPUMOCTBIO OCKOJIKOB <A§n NK >u u npemyoxkenuem 4.1.6.  »

4.1.8. TIlycrs (X,C) — UBP nag Q. O6oznaumm cumboioMm St(€), X') COBOKYIHOCTb BCEBO3MOMKHBIX
cevenmit X', IPeICTaBUMBIX B BUJIE D ¢ = (Ag)ce, 1€ (¢¢)eez — cemeticTro amementos C, a (A¢)cez — cemeiicTpo
MOTIAPHO HE MEPECEKAONNXCA N3MEPUMBIX MHOXKECTB, annpokcumupytomee (1. COBOKyITHOCTH BCEX ITEMEHTOB
St(€2, X'), npejcraBuUMBIX B BUJE CYETHBIX CyMM . n(An)cn, obosmauum dwepes St, (2, X). Bamerum, uro
u3 4.1.7 cnepyer rutouenue St(Q, X) C M(Q, X).

IIpennoxenune. (1) Ceuenne u € S(Q, X) u3MepuMo TOrJAA H TOJBKO TOIJA, KOIJA JJis JI000ro
K € Ban(Q) nmeercs nocaenoparenpaocts (Sp)nen C Sty (2, X), paBHOMEDHO CXOASAIIAACH K U HA HEKOTOPOM
MmuHOXKectBe Ko ~ K.

(2) Ecyiz mpocTpascTBO ¢ Mepoii §) 061342t CBOHCTBOM MPIMOL CyMMBI, TO JJISl H3MEPHMOCTH CeIeHH U €
S~(Q, X) HeobxomUMO H HOCTATOYHO, YTOOBI HMEIACH IOCAEI0BATEIBHOCT (Sp)neny C St(Q, X)), paBHOMEpHO
CXOAAIIASICS K U HA HEKOTOPOM MHOXKecTBe (g ~ ().

<« baarogapa 4.1.6 B mokasarenbCcTBe HYXKIAETCS JIAITL HEOOXOANMOCTD IIPEIaraeMbIX YCJIOBHI M3Me-
PUMOCTH.

(1) Hpeanonoxum, aro v € M(Q,X), u 3abukcupyem npoussosbhbie MuokecTBO K € Bg,(Q) u uuc-
m0 n € N. Tlo onpemenennio m3MepuMocTH 4.1.2 CyImecTByeT HOCIEIOBATEIBHOCTb CTYIIEHYATHIX CEYeHUI
(sfn)meN, cxopguagcs K v nouru serony #a K. Toraa o-limyy, oo (H\s?n — u| }K) = 0 B K-ipocrpancree M (K)

(cm. 1.3.10). Cornacuo 1.3.3 umeercs Takoe pa3bUeHUE eJIUHUIIbL (wﬁl) B Oy7eBOil anrebpe MOPsAKOBBIX TPO-

meN
exropos Pr(M(K)), uro 7% ([Is?, — ull |x)” < 1/n upn Becex m € N. MoxkHO BBIGPATH NOCIIELOBATETBHOCT

n

n n\~\ _
(Am)m cny TIONIAPHO He NEepeCceKaoluXCsl N3MEPUMbIX MOAMHOXKeCTB K Tak, 1To0br <(Am) > =

Ipu BCEX

m € N (cm. 1.3.11). Ouernano, mociegoBaTerbHOCTh cevenmit (A7 )sy, € Sty (Q, X) (n € N) nckomas.
(2) CpoiicTBO HPAMOIT CyMMBbI IO3BOJIAET 3aPUKCUPOBATD ceMeiicTBO (K¢ )¢cz MOLAPHO HE MEPECeKAOINX-
sl I3MEPUMBIX MHOJKECTB KOHEUHOH Mepbl, anmpokcamupytomee (). Ecam w € M(Q, X)), To B cuty moka3anHOTO

yrBepxkaenus (1) ams kaxaoro £ € E uMeercs NOCJIe10BATEIbLHOCTD (s%) sstlemeHToB St (€2, X), ynosiaerso-

neN
PAIOIINAX HEPABEHCTBY |Hu - si}” < 1/n mourn seiony na Ke. Hcnons3ysa 1.2.12, jmerko yOemuTLCs B TOM, 9TO

HOCJIEI0BATEILHOCTD CEeUeHMH Z§EE<K§>S§L € St(Q, X) (n € N) apasgercs uckomoit. b

4.1.9. Jlemma. Ilyctrb X — UBP naz Q, V C M(Q,X) uu € S.(Q,X). Ipeanomoxum, 410
dyaxnmn ||u — v|| m3mepmvbr mast Beex v € V m infuey |lu —v||” = 0 B K,-npoctpancree M (). Toraa
cegenne u m3MepuMo u 1 Besaxoro K € Bg, (Q) mafigercs nocaenosareabHOCTD 9.1€MEHTOB dgy YV, CXOAAMATCT
K u rmodru Bcogy Ha K.

<« Tlpeanonoxum, uro X', V u u yIOBJIETBOPSIOT BCEM YCIOBUAM JOKA3BIBAEMOrO yTBEpKIeHus. Jljis
O0BOCHOBAHMS M3MEPUMOCTH CEYEHUS U JOCTATOYHO 3a(UKCMPOBATH TMPOM3BONBHBIA 31emenr K € Bgn(Q) n
nokazarh, 4ro ockoMok (K)u wsmepum. Ilockompky B K-mpoctpanctse cuernoro tuma M (K) BbIIOIHEHO
coornomenue infyey([lu—v|l|x)” = 0, naiinercs Takoe cuernoe mogmuoxkectso {v, : n € N} C V, uro

infhen(flu — vall k)™ =0 (em. [33: VI.2.2]). Ocraercs Bocnonb3osarbes 4.1.5 u 4.1.6. »

4.1.10. CuaencrBue. Ilycrp (X,C) — UBP naxg Q. Tua wzmepumocru cevenust u € S (2, X') Heob-
XOIUMO H JOCTATOYHO, 9T06bI pyukmun ||u — ¢|| 6bumm m3mepmumbr st Beex ¢ € C, minfeec|lu—c¢||™ =0 B
K, -npocrpancree M ().

SBameuanue. U3 chopMynnpoBaHHONO KPUTEPHUSA H3MEPUMOCTH CEYEHWI CIEIyeT MPUHINIUATBHAS
BO3MOKHOCTH TOJHOCTBIO Pa3BuTh Teopuio UBP, me mcmonb3ysi Mepy Kak TakoByio. Jlad 3Toro HeoOXoamm

JIVIIb O -TIOJIHBII Ueas TPeHeOPeKUMMBIX MHOXKECTB, KOTOPBI MOYKeT ObITh BBEIEH <aKCHOMATHUYECKH>, 0e3
TIPUBJIEYEHUS MepHI.
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4.1.11. IIycrs X — UBP nan Q. Ioamuoxecrso ¥V C M(Q, X) Ha30BEM annpoKcuMupyousum, eciu
st moboro u € M(Q, X) B8 K,-npocrpancree M () omonaeno inf,yeyp [[u — v||~ =0 (cp. 1.5.2).

Ilpengoxxenme. Cirenyroiie cOOTHOIIEHHS MeXKIy u3MepuMbiMu cTpykrypamu C u D B 6aHaxoBoMm
paccaoernn X Hax () paBHOCH/IBHBI:

(1) M(Q, X|C) = M(Q, X|D);

(2) CCM(Q,X|D)uDcC M(Q,X[C);

(3) C — amupokcumupyiomee noamaoxkecrso M (2, X|D);

(4) D — amnporcumupyroutee noamuoxkecrso M(Q, X|C);

(5) ynxumn ||c — d|| n3mepumpr g Beex ¢ € C mwd € D, u B K,-npocrparcree M(Q) mmeror mecto

coorromernst inf gep |[c — d||~ = 0 mma xaxxaoro ¢ € C u inf.cc ||c — d||~ = 0 ana xaxaoro d € D.

<« Jlocrarouno Bocmosb3opathbed 4.1.6 u 4.1.10.  »

Nsmepumbie crpykrypbt C u D, yaoBJIeTBOPSIONIHE OJAHOMY U3 paBHOCHIbHBIX yeiosuii (1)—(5), 6yaem Ha-
3bIBATH dkeusaseHmHoimy. Femm X — UBP, 10 Beakaa maMepuMasi CTPYKTYpa, SKBUBAJEHTHAS €0 MCXOIHON
crpykrype Cx, Oyuer nasbiBarbcd adexsamuoli. Takum obpaszom, noamuokecrso M (), X') apiserca ajexpar-
HOI M3MEepPuMOil CTPYKTYypoit B X TOrga U TOMBKO TOT/A, KOTIa OHO JTMHEHHO, MOCIOWHO MJI0THO B X W SBJIAETCA
anmpokcumupyiomum B M(, X).

TTockOMBKY B JATLHENRTIEM H3MEPUMBIE CTPYKTYPHI, KaK MPaBUJIo, B TBHOM BrIe (bUTypHpoOBaTh He OyIyT,
MbI yesioBuMcs oroxaectsiaTs UBP (X, C) u (X, D), uMeronye SKBUBaJIEHTHBIE U3MEPUMbIE CTPYKTYPbL. Takoe
OTOXKJIECTBJIEHUE YK€ MOArOTOBJIEHO corialieruem o Hamucanuu X Bmecro (X, C) (cp. 2.1.9).

4.1.12. Teopema. Ilycts um3amepumas crpykrypa U B bamaxoBoMm paccaoennn X Hasg () comepkur
OCKOJIKH BCeX CBOHX 3jeMeHTOB, T. €. (A)u € U mis mobpix A € B(Y) u u € U. Torna nepedncienupie HHKE
cBOricTBA MHOXKeCTBa U SKBHUBAJIEHTHBI.

(1) U =M(Q,X|C) mast nexkoropoit mamepumoii crpyrTypsr C B X.

(2) Ecan cegenne u € S (2, X) rakopo, 4ro s Beskoro K € Bg,(Q) umeercs nocieqoBare/ibHOCTh
asieMeHTOB U, cxomsamascs K u modtH Bcrogy Ha K, tou € U.

(3) MuoxecrBo U yaoBAETBOPIET CJACAYVIOUIUM TPEM YCJIOBHSIM:
(a) ecmt (up)nen — MOCAEAOBATENLHOCTD MONAPHO AH3BIOHKTHBIX 9IeMEHTOB U, T0 Y Uy, € U;
(6) ecan mocsenOBaTEIBHOCTH 3JeMEHTOB U cxomures K cevennio u € S (), X') paBHOMepHO Ha

HEeKOTOpoM MHOxKkecTBe A ~ Q, Tou € U;

(B) ecam cewernne u € S (Q, X) Taxoso, aro (K)u € U ams moboro K € Bg,(Q), Tou € U.

< Ycraworum 1enouky wmrmumkanuii (1)=(2)=(3)=(2)=(1). B neii gums dparment (3)=(2) HyX-
JIaeTcsi B JoKasaresnberBe: 3BeHbs (2)=(3) u (2)=(1) ouernansl, a nmmankarmus (1)=>(2) saBasercsa npsiMbIM
caencrsuem 4.1.6.

Ipennonoxus seimonsenasiMu yeaosud (3)(a)—(3)(8), paccMorpuM npousBosbHOe cedenne u € S (Q, X),
sacdukcupyem Muoxectso K € Bg, () u mouycrum, 4ro H0CIEA0BATENBHOCTD (U )neN dJ1€MeHTOB U cxoauTcs
K u moutu Berooay Ha K. Jas nmpomssoabHbIX n,m € N o6osnaunm wepes AP, cosokymHocTh {w € K
lun(w) —u(w)|| < 1/m}. Jlerko ybenurhes B ToMm, 9To MHOWecTBa Aj, m3mepumbl U Ay, = (J, oy Ay, ~ K.
Tax kak MHO)KecTBO B(K) := {A € B(2) : A C K}, ynopsi/J04eHHOe OTHOIIIEHUEM BKJIIOUEHWs!, TPEICTABIISIET
coboit o-nosnyio GysneBy anredpy, COrIACHO IPUHIMITY ucdepibiBanus (cM. 1.2.1) mas kaxaoro n € N umeercs

IOCIEJOBATENHHOCTD (B,’}l) HOTIAPHO TU3BIOHKTHBIX dsteMenToB B(K) Takast, uto B)Y, C A, nasBecexn € Nu

neN
Unen Br, = Am. Tlonoxus vy, = ZneN<BZ}L>un, B cuity (3)(a) Mbr 3akIO9aEM, 9TO Uy € U. Yuautsisas (3)(6)
u (3)(8), a5t 060CHOBAHUS BKJIIOYeHHs U € U OCTAETCs 3aMETUTh, YTO [OCJIEA0BATENBHOCTD (U, )meN CXOAUTCH
K U paBHOMEpPHO Ha miepecedenn [, .y Am ~ K. »

Bameuanue. Oroxaecrsienve UBP, nMeomux sKBUBATEHTHBIE H3MEPUMBIE CTPYKTYPbI, W UCKJIIO-
YeHHe CUMBOJIA U3MEPUMOi CTPYKTYpbI u3 obosuadenus UBP (cm. 4.1.1, 4.1.2) — 370 nipueMbl, paboTaoliue B
TOM K€ HAIIPABJIEHUU, UTO U MOCJIEIH:AA TeopeMa. JlefiCTBUTENbHO, MOXKHO CYUTaTh, UTO Teopema 4.1.12 mpen-
JIaraeT MoAXo/l K OMPEIeIeHII0 N3MEPUMOCTH, UCKITIOYAIOIINA N3MEPUMYIO CTPYKTYPY KaK IIOHITHE, — IIOIXO/I,
3aKJIFOYAOIIUICSA B ABHOM YKA3aHUM MHOXKECTBA BCEX U3MEPUMBIX CEYEHIUH.
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4.1.13. IIpeamonoxum, uro X — UBP max . Ha muo)kectBe M(Q, X') paccMOTpUM OTHOIIEHHE
SKBUBAJIEHTHOCTH ~, ODO3HAYAOINEE COBIAEHNE MOYTH BCIOLY: U ~ U PABHOCWIBHO paBeHCTBY u(w) = v(w)
nouty Jis Beex w € (). Kyace sKBUBaIeHTHOCTH, cofepxKainuii snement u € M(Q, X) Gyaem obo3nagarsh depes
u”™. @arrop-muOKECTBO M({, X')/~ ecTecTEeHHBIM 06PA30M MPEBPAIAETCA B BEKTOPHOE MPOCTPAHCTBO: MBI
nonaraeM Au~ + pv~ = (Au+ p)~Y upu A, p € R u u,v € M(Q,X). Kpome Toro, mis KaxKaoro sjieMeHTa,
u~ € M(R, X))/~ moxnuo onpeaemuts ero (Bektoprayo) Hopmy |u™| = |ul|~ € M(Q) (em. 1.1.12). dcno,
aro mapa (M(Q, X)/~, |-|) npeacrasaser coboit PHIT vaxy M (Q), kotopoe MbI Gy1eM 0603HAMATD CHMBOJIOM
M(Q, X). Bamerum, uro npocrparctso M (), X) ecrecTBeHHBIM 00PA30M HAJENIETCS CTPYKTYPOH MO HAT,
kosbrioM M (2): crenyer nosoxuth e~ u™ 1= (eu)™ mias Beex e € M(Q) u v € M(Q, X).

Hocumenem waacca u € M(Q,X) nasemaerca knace {w €  : u(w) # 0}~ € B(Q), onpenensemprii
OPOM3BOJIBHLIM HpejcraBuresieM ¥ € u. OQdueBuaHO, qu3bOHKTHOCTD 3nementros PHII M(Q, X') paBrocmibHa
JMM3BIOHKTHOCTH X HocuTeneli B Gynesoii anrebpe B(). Ecmm u € M(Q,X) u A € B(Q), o 3nagenmem (A)u
nopsiakosoro mpoektopa (A) (cm. 1.3.11) ma kuacce u sinstercs kaacce ((Ayu)~, rme A€ A nu € u.

4.1.14. Teopema. Ecau npocTpaHCTBO ¢ HeHyIeBoit mepoii () obiagaer CBOHCTBOM MPSIMONH CyMMBI, a
X — UBP wazn 2, ro M(Q, X) sapasierca IBK nag M (Q).

<« Paznoxumocrs PHIT M(Q,X) oueBuana. B cuiy reopembr 1.4.3 mjisi 10Ka3aTeIbCTBA O-NOMTHOTHL
M(Q, X) 10cTaTO9HO YCTAHOBUTH €ro d- U T-IIOJHOTY.
Hycrs (ug)eez — cemeiictpo snementos M (2, X'), umeromux MONapHO JM3BIOHKTHBIE HOCHTENH Ag¢ €

B(Q) (cm. 4.1.13). O6oszmaumnm uepes = pacimperne = U{oo} MEOKeCTBa = He COTEPIKAITIMCS B HEM 3TeMEHTOM
00 U TIOJIOKUM Uso = 0 1 Ay 1= (SUPgeE Ag)L. 3adukcupyem sudrunr p npocrpancrsa L () (cm. 1.1.14)
u monoxkum Ag 1= p(A¢) ma kaxoro € € Z. B cuny 1.2.12 o6beunenne Ugez A¢ uamepumo u orsmiaercs or
Q muoxkectBoM Hysesoit Mepbr. Hecroxmo yGemutbes B Tom, 910 cedenne (Jg oz ue|a, n3mepumo n coneprrarmpumit
€r0 KJIacC SKBUBAJIEHTHOCTH NPENCTaBJideT cOO0H UCKOMYIO CyMMYy O'dea ug € M (Q, X).

Paccmorpum renepb r-dyHIAMEHTAIBHYIO IOCIEA0BATENbHOCT (U )nen ementoB M (2, X). B srom
cydae modTH A5 Beex w € ) GyHIaMenTaNbHa I0CIEA0BATENEHOCTS (U, (w)) cn- Biaronaps nosHore ciioes
X cymecrsyer ceuenne u € S (€, X'), K KOTOPOMY [OYTH BCIOLY CXOIUTCS NOCJAEAOBATEIBHOCTD (U )neN- ZACHO,
9TO CeYeHNe U M3MEPHUMO M COIEPIKAIINH ero KJIACC SKBUBAJIEHTHOCTH NPECTABIAET OO0 HCKOMBIH 7 -Tpeies
IOCIE0BATEIHbHOCTI (ug )n ent »

Bameuanune. KEcam #He TpeboBaTh, YTOOBI MPOCTPAHCTBO ¢ Mepoil () 0067a1a710 CBOMCTBOM MPSIMOIt
cymmbl, To M (£, X) okasbiBaerca cuerno (= cekBeHumaiabho), o-nonubiM PHIT nan K, -npocrpancreom M (§2)
(cm. 1.4.3).

4.1.15. FEcau 2 — mpocTpaHCTBO ¢ MepOii, 00IaIai0Inee CBOUCTBOM TIPSAMOM cyMMbl, 1 F — umean B
M(Q), To muoxkectBo E(X) := {u € M(Q,X) : |u] € E}, cnabxenuoe onepanusMu, WHIYIUPOBAHHBIME W3
M(, X), oueBuuno, upencrasiser coboit IIBK nan E. Huxe (reopema 4.4.8) Mbl yBUAMM, YTO HPOCTPAHCTBO
E(X) asnsercs B onpenenenaom cmbicsie obmmM sugoM [IBK wax E (cp. 3.4.2). Cumsonom L2(Q, X) Oyzxer
obosHauaThCs MHOKeCTBO {u € M(Q, X) : [lul| € L2(Q)}, a ero snementsr 6yayT HAZBIBATBCS (CYUECMEEHHO)
02POHUMEHHBMY USMEPUMBIMYU cevenuamu VUBP X. Kiacchl 9KBUBAJIEHTHOCTH, COCTOMIINE W3 CYIIECTBEHHO
OTPAHMYEHHBIX CEIEHUT, HASBIBAIOTCA 02PAHUNERHIMU KAGCCAMU, 8 COBOKYITHOCTh BCEX TAKHAX KJIACCOB 0603HA-
qaercst yepe3 L (0, X'). Ouepnano, L (0, X) conagaer ¢ E(X), rne E = L*°(Q). B wacrroctu, L>(Q, X') —
IIBK wanx L>(Q).
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§4.2. IIpumepst

Hewmmorouncnennsiit cincok npumepoB NBP, npusesenuniii B atoMm naparpade, skaodaer UBP ¢ mocro-
AHHBIM CJI0EM, H3MEpHuMOoe moapacciaoenne n orpanndenne UBP, a takxke monsrre n3omerpuanbix UBP.

4.2.1. Ilycrr X — 6aHaxoBO MPOCTPAHCTBO. ECau B KaduecTBe M3MEPUMON CTPYKTYPBHI B IMOCTOSHHOM
6anaxopoM paccioennn X = } X {X} B3ATH COBOKYIMHOCTH MOCTOSTHHBIX dyHKIWi ¢: @ — X, T0 MHOKECTBO
M(Q, X) Gyzer cocTosATh B TOYHOCTH U3 U3MEPUMbIX 0 Boxuepy X -3HauHbIX (DYHKIUI, ONPEIe/IEHHBIX TI0UTH
Bcrony B ). B sroM ciyuae mbr Gygem mcnosb3oBarh 3amuck M(Q, X) Bmecto M(Q, X). 3amermm, uro
coBokynHocTh M (€2, X) Bcex uamepuMbix DYHKIMA TAKKE SBJILETCA HENPEPBIBHON CTPYKTYDPOli B IOCTOSHHOM
paccmoennn ) X {X }, mpuaeM 5KBUBATEHTHOM! CTPYKType TOCTOSHHBIX dbyHKnmit (¢p. 2.2.1).

4.2.2. Paccmorpum UBP X nan . UBP X nan 2 nasbiBaerca (usmepumsim) nodpaccaoenuem X | eciu
Xo(w) siBAsiercss GaHAXOBBIM THoOANpocTpaHcTBoM X (w) mis goboit Toukn w € ) u, Kpome Toro, M(Q, Xy) =
M, X) NS (Q, Xy) (cp. 2.2.2). Ecim Xy — noapaccioenre X, 1o, OTOXKAeCTBIsIsA Kiaacchl {u € M(Q, Ap) :
un~uyt € M(Q, X)) u {ue MEL,X):u~u} € M(Q,X) ana kaxxmoro cedenns ug € M(, Xp), mbr Gyaem
caurarh, uro M (Q, Xy) comepxkurca M (2, X)),

[Ipeanosnoxkum renepp, 4ro KaxAplil cioi Xp(w) auckpernoro GanaxoBa paccioenus Xy siBigercd Gana-
XOBBIM MOAITPOCTPAHCTBOM COOTBETCTBYIOMEro cios X (w). Ecam mepecewenune M(, X) NS (0, Xy) mocsoiino
IJIOTHO B Xy, TO OHO 00Opa3yerT M3MEPUMYI0 CTPYKTYPy B Xy, B mMape ¢ KOTOPOil X CTAHOBUTCA H3MEPHUMbBIM
noapaccyaoerneM X. Mpbl OyaeM IOBOPUTH, YTO M3MepuUMasdg CTPYKTypa Xy undyuyupoeana u3 X. 3amerum,

gro nepecevenne M(Q, X) NS (Q, Ay) Bcerma nocoiino mwiorHo B Xy, €C/U OJHOTOUYEUHbIE TTOAMHOKECTBA, §)
U3MEPUMBI.

HpoiicrBennbiv o6pa3oM Besikoe jnHeitHoe nogamuoxectso U C M(Q, X) (cm. 4.1.1) undyyupyem nodpac-
caoenue Xo, I3MEPAMON CTPYKTYPOi KOTOpOro oHO sBagerca: Xp(w) = cl{u(w) : u € U} (w € Q).

4.2.3. IIpepnoxenme. Ilycte X — noapacciaoerane UBP X uan Q, C uC — aIeKBaTHBIC H3MEPHMbIC
crpykrypbl B X u X coorBercrBerHo. CIenyromnine yTBEP>KIeHUsT SKBUBAICHTHBI:

(1) xaxmoe cevernme 4 € M(, X) npurmvaer 3uavenns U(w) € X (w) mourn s Beex w € ();

(2) E(X) = E(X) axs moboro ¢yrramenta E C M(S)) (paBencTso ciemyeT HOHHMATD B CMBICIE
OTOKIECTBICHHS Kaaccos cedernii X n X — cum. 4.2.2);

(3) E(X) = E(X) a1 wexoroporo ¢yniamenta E C M(f);

(4) C aBasercs ammpoxcnvupytommy moamaoxkectsom M(Q, X);

(5) B K,-nmpocrpancree M (Q) Bomonaneno inf.cc ||¢ — ¢||~ = 0 g seex ¢ € C.

< UMNummkanuw (1)=(2)=(3) u (4)=(5) ouerngnbl. Ecim F — dbyngament M (), To MHOXKecTBa
{fue M(Q,X): ||lul|~ € E} u{a € M(Q,X) : |a||~ € E} apasiorcs ajeKBarHbIMi X3MEPUMBIME CTPYKTYPaMK
B X u X coorsercreenno. Ilostomy (3) Biewer (4) cormacuo 4.1.11. Ocraercs nokasats, aro (5)=(1). B
cuny 4.1.9 uz (5) crenyer, uTo Kakaoe cedenme ¢ € C mpuHUMaeT 3Hadenus ¢(w) € X (w) modrm s Beex
snemenTos w € K soboro muoskecrsa K € Bg, (). Torma srum cpoiicrsoM obiasaror see ceuenns 4 € M (€, X)
(cm. 4.1.11 (1) u 4.1.2). Vreepxnenue (1) Teneps BeITekaer u3 1.2.12.  »

IMonpaccnoenue X, objafaionee OJHUM U3 3KBUBAIEHTHLIX cBoiicTe (1)—(5), Oymem HasbBATL 6C100Y
naommvem nodpaccaoeruem UBP X,

4.2.4. Ilycte X — UBP nan ) u D — u3smepumoe noamuoxkectso ). Eciou C — usmepumas crpykrypa
X, To cosokymuocTh {c|p : ¢ € C} npencrasuser coboii U3MEPUMYIO CTPYKTYDY B (IMCKpPETHOM) GaHAXOBOM
paccioenun X|p. Ilomyuennoe takum obpasom UBP wax D uaswiBaerca ozpanuvenuem UBP X na D u
oboznadaercs cumsosiom X |p. Ouesuano, uro M (D, X|p) = {ulp : u € M(Q, X)} (cp. 2.2.5).

4.2.5. Ilycts X u Y — WUBP Hax ogauMm u TeM ke mpocTpancTBoM ¢ Mepoil 2. Otobpakenune H: w €
Q — H(w) € B(X(w),Y(w)) nazosem usomempuueckum eaosceruem X 6 Y, eciu B Kaxaofl Touke w €
omeparop H (w) ocymecTrisier n3oMerpuyaeckoe Biaokenne X (w) B Y(w) u umeer Mecro pasencrso M(Q,Y) =
{H ®@u:ue M(Q, X)} Ecau, kpome Toro, Bce oneparopbl H(w) ClOpbeKTUBHBL, TO BioKenue H HasbiBaeTcst
usomempuett X wa Y. B caydae cymecrBoBanus Takoil msoMmerpun H paccimoenuss X u Y OyayT HA3BIBATHCS
ugomempuyhimu. BEcan mag kaxmoro u € M(Q, X) onpenenurs kinacc H @ u € M(Q,Y) no npasuiy

H®u = (H ®u)™, rge u — Opou3BOJIbHBINA 3J1€MEHT U, TO orobpazenue u — H @ u Gyzer oCylecTBisTh
uzomerputo PHIT M(Q, X) na M(Q,Y).
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Ilpennoxenne. Ilycte X u)Y — UBP Hax Q) u orobpazkerne H cornocrapiser Kaxmoil Touke w € )
saunednyo uzomerpmo H(w) cmos X (w) va Y(w). st Toro urober orobpazkenue H 6bLio msomerpueii X
Ha ), HEOGXOAUMO H JOCTATOYMHO HAJJIHIH TaKOTO anmpokcmmupyromero mogmuoxectsa C C M(Q, X)), 1ro
{H ® ¢: c € C} — annpokcumupyromee noamuoxecrso M(Q,).

<« B noxkazarenbcrBe Hy:KIAeTCs JIUITh AOCTATOYHOCTE MPEJIOKEHHOTO YCIOBUS. [IpeamonoRum, 9To
umeerca Muoxkecrso C, obianatomee chopmyaupoBanibim csoiicrBoM. Ecim u € M(Q, X'), To misa kaxa0ro sJie-
menTa ¢ € C dyuxmus |[H @ u— H @ c| = ||Ju — ¢|| usmepuma n infeec ||H @ u—HQc||” =infeec||lu—c||~ =
0 8 K,-mpocrparcree M(Q), orkyna B cuny 4.1.9 cnemyer usmepumocts cedenuss H ® u. CoBepIeHHO aHAIO-
MYHO BBIBOAUTCA U3MepUMOCThb ceuenust u € S (Q, X') u3 usmepumoctu H @ u.  »
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§4.3. JIudTuHr B npocTpaHcTBaxX Ce4YeHUil

B sToMm maparpade BBOAUTCSA U UCCAEAYETCA MOHATHE JUMTHHTA B (PAKTOP-MPOCTPAHCTBE N3MEPUMBIX Ce-
vennit IBP. U3mepumble 6aHAXOBBI paccaoenus ¢ JudTuHroM B Kiaacce Bcex UBP 3amnmaror, B onpeneieHHOM
CMBICJIE, TO K€ MECTO, 9TO 1 MMPOCTOPHBIE HEIIPEPBIBHBIE DAHAXOBBI paccaoenns B Kaacce Bcex HBP. Muorowmc-
JIGHHBIE TIOJATBEPXKAEHHAS TOMY MOXKHO M3BJjedb u3 §4.4, 31eCh 2Ke YCTAaHABIUBAETCH siBHAs CBA3b Mexkay NIBP
¢ audrunarom u upocropuasiMu HBP. Teopema 4.3.4 mpemmaraer mexanu3m mocrpoennsi UBP ¢ gudrurrom
Ha OCHOBE MPOM3BOALHOTO TpocTopaoro HBP Haz coOTBETCTBYIOMMM 3KCTPEMATBHO HECBA3HBIM KOMITAKTOM, a
Teopema 4.3.5 YTBEDKIAET, YTO TAKOW MEXAHU3M SABIAETCA YHUBEPCAIBHBIM.

Ha mpors:kernn Bcero maparpada () — MIpPOCTPAHCTBO C HEHYJIEBOH Mepoil, obaaarornee CBOMCTBOM
PSMOI CyMMBI.

4.3.1. Ilycre X — UBP nax Q. Paccmorpum audrunr p: L°(Q) — L2(0) (em. 1.1.13). Orobpaxkenune
px: L®(Q, X)) = L2(Q, X) 6ynem nazpviBars augmunzom L°(Q, X) (accoyuuposarnvim ¢ p), ecau s Jr00bIX
u,v € L®(Q,X) u e € L™®()) nMeroT MeCTo CIeIyIONNe COOTHOIITEHNST:

a) px(u) € uudompy(u) =Q;

(

©) llpx(@)l = p(lul);

(8) pax(u+v)=px(u)+px(v);

(r) px(ew) = p(e)px(u);

(m) wmoxkectBo {px(u) :u € L>®(N, X)} nocnoiino miorHo B X.

B cayuae cymecrsoBanus qudgrunra L°(Q)) u accoruuposannoro ¢ uuMm judrunra L (Q, X) Oyxem
ropoputb, yro X — UBP ¢ augmunzom. Ilpu 3TroM ecin sSICHO, 0 KaKMX JUMTUHIAX HAET PEYb, TO IJIs

e € L>®()) nuu e L>®(Q,X) Bumecto p(e) u px(u) OyJeM mucaTh COOTBETCTBEHHO €. U U~. s e € L)

uu € LN, X) zanucu p(e™), px(u™), (7))~ u (u™). 3aMensiorcs cumposamu ple), px(u), e~ u U~
COOTBETCTBEHHO.

4.3.2. TlpuBenem npumepsbl, MOKa3bIBAIONIME, YTO yciaoBue (1) B onpenenenun audrunra 4.3.1 He BbiTe-
kaer u3 ycaosuit (a)—(r).

(1) Pacemorpum mocrosunoe paccaoenme X = [0, 1] X {R} man npocrparcreom [0,1] ¢ mepoii JleGera. B
Ka4ecTBe U3MEPUMOl CTPYKTYPbl B X BO3bMEM COBOKYIIHOCTbH HOYTH BCIOJAY PABHBIX HYJIO dynkiwmii u: [0,1] —
R. Torua, Beibpas npoussosbhbliil audrunr npocrpancrsa L ([0, 1]), Mbl Bugum, 4ro orobpazkeHue, CTaBsiliee B
cooTBeTCTBHIE Jr00oMy Kaaccy u € L([0,1], X') ToxxmecTBeHHO paBHYIO HYII0 DYHKINIO py (1), yI0BIeTBOPSIET
yenosusim 4.3.1 (a)—(r), HO He (7).

(2) Ycmosme 4.3.1 (1) crkopee siBIsieTCS OTPasKeHWEM WHIWBUAYAILHBIX cBOMcTB audruara L™ (Q, X),
nexkenu ceoiicts UBP X. Tounee roBopst, BO3MOXKHO CYINECTBOBAHKE JABYX OTOOpayKeHuil p; u po uz L= (Q, X)
B L(€), X), KaxK/10e U3 KOTOPHIX yI0BIeTBOpseT yeaopusim 4.3.1 (a)—(r), mpudem mepBoe y0BJIETBOPSET TAKIKe
u ycnosuio (i), T. e. siBagercsd JudTHHIOM, a Bropoe — Her. IIpocToil nmpumMep MOXKHO HOIYyYUTb, PACCMOTPER
upoussosbaoe UBP ¢ smudrunrom X nan ), cuoit X'(@w) koroporo B HEKOTOPO# npeHeOpeKUMOii Touke @ € )
(1. e. Takoit, uro {®} ~ &) msomerpmuen cobereennoMy momnpocrpanctey X C X(©). Torma ecmm p; —
sudprunr npocrpanctsa L (Q, X), a T — usomerpusa X (@) va X, 1o orobpaxkenue ps: L2, X) — L2(Q, X),
JEUCTBYIOIIee O MIPaBUILY

() () p1(u)(w), ecm w # w,
P2t T(p1(u)(w)), ecmn w = w,
yaosaersopsier yeaosusm 4.3.1 (a)—(r), Ho He (7).
Texnuka npocTopHbIx HAHAXOBBIX PACCIOEHUIA 03BOJIAET 3HAYUTEIBHO yeuaurh npumep (2) (cm. 4.4.9).

4.3.3. Ilycrs p — smdrunr L>®(Q), a X u Y — UBP ¢ sudrunravmu wag . Paccaoenus X u Y
HA30BEM P -U30OMEMPUBHBLMU, €CIU UX JUMTHHTU Py U Py ACCOIUUPOBAHBI C p U CYIIECTBYET TAKAgd U30METPHL
H paccinoenuss X Ha Y, 910 py(H @ u) = H ® px(u) mnas secex u € L*°(, X). Bynem rosoputh, uro UBP
X HenodeuscHo OMHOCUMENLHO P WA P-HENOJBUNCHO, ECIA B JMIOOBIX P-HEPA3IUIMMBIX TOYKAX wi,ws € )
(cm. 1.1.13) mmeror Mecto papeHcTBa X (wi) = X(ws) 1 u(wy) = u~(w2) 115 Beex u € L®(Q, X).

Crenytomee yTBEpPZKIEHNE TIO3BOIAET MPEANIONAraTh, He HapyIras OOIIHOCTH, 9TO KAXKI0€ PACCMAaTPHBae-
voe UBP ¢ audTuHroM HEMOABU?KHO OTHOCHUTEIHHO COOTBETCTBYIOIIETO <CKAISIPHOTO> JTU(TUHTA.

Ilpennoxenne. sz scaxkoro UBP wax ), mMmeromero juGTHHAI, acCOHMHPOBAHHBIN € p, Haiigercs
p-um3omerpuaHoe eMy p-uernoaBmkaoe UBP ¢ mugrurrom.
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<« IIpemmonoxum, uro IUBP X' ynosierBopsieT yCIOBHIM JOKA3BIBAEMOrO yTBEP:KICHUI. 3apUKCAPYEM
MPON3BOJIBLHYIO TIAPY pP-HEPABNUUNUMBIX TOUYEK wi,ws € (2. J[OCTATOYHO MOCTPOUTH TAKYH M30METDHIO § CJIOS
X(wr) Ha X(ws), ar0 i(u~(w)) = uo(ws) mas Beex u € L>°(€), X). [IeHCTBUTENBHO, B 9TOM CIydae CJIOU HaJ
HEPA3IMIMMBIME TOYKAME MOI'YT ObITh <OTOXKIECTBIICHBI> IIOCPEACTBOM TAKHX U30METPHil.

s kaxaoit Toukn w € Q obosraunm uwepes Xy(w) mommpocrpanctso {u~(w) : u € L*(Q,X)} cnoa
X (w). Hycrps knacesr u, v € L (), X) Takosbi, 410 U (wy) = v (wr). Torga u.(ws) = v (w2), HOCKOIBKY €
yaeroMm 1.1.13 MBI nMeeM

[ur(ws) = v (wa)| = [u—v] (w2)

=lu—v]| (@) = [lu~(wr) = va(wr)]| = 0.

D10 1O3BOJIET HAM BBECTH B paccMmorpenue Guekimio ig: Xp(wi) — Xp(ws), AelcrByoinylo 1o npaBuiy
io(u~(wr)) = u~(wo) mua xaxzoro xiaacca u € L>(, X). Buaronaps miorsocrs noampocrpascts Xp(w)
B COOTBETCTBYIOLIMX 051X X (W), n30MeTpus 49 HPOJOIZKAETCH 10 UCKOMOIL uzomerpuu i: X(wy) — X(ws). »

4.3.4. TIlpeamosioxkuM, 910 () — CTOYHOBCKHiT KOMIakT Oysesoii aarebpot B() (cm. 1.2.8) u 7: O —
() — xanonuueckoe norpyxenue () B (), coorsercryoriee judrunry p npocrpancrsa L>°(Q) (cm. 1.2.13).

Teopema. Ilycts X =) o7, rae Y — npocropuoe HBP mazx Q.

(1) Eciin C — mocaoitno mwiroraoe B Y BekTopHoe nogupocrparctso C(Q,)) (manpumep, eciiu C = Cy), 10
MHOKecTBO C 0 T ABJSAETCSI H3MEPUMOI cTpyKTypoil B X. [List jar00bIX HOCJAOHHO HAOTHBIX B ) HOAIPOCTPAHCTB
C,D C C(Q,X) uzmepumbie crpykrypsr C o 7 u D o T skpuBasenthsl. (B nanbueiimem paccnoenune X = Yot
Bcerna paccmarpusaercd kak VUBP ornocurensio usmepumoii crpykrypot Cy o 7.)

(2) Iourn BCrody onpeneseHHoe Ce9eHue U PAccaoeHuss X H3MepHUMO TOIJA U TOJBKO TOIa, KOIJa U ~ VOT
Juts Hekoroporo ssementa v € Coo(Q, V).

(3) Jlns mo6oro kmacca u € M(Q,X) cymecrsyer exuucrennoe cedenune 1 € C(Q,)), nawomee
npescrapieHde u B Brjge (o 7).

(4) Orobpazkenue u +— 0 ocymecrsaser uzomerpuio IIBK M(Q, X) na Coo(Q,)), accomuupoBaHHyio
¢ m3omoppusmom (e — &): M(2) — Cx(Q) (em. 1.3.13, 1.4.2). O6pasom L*°(Q, X) npu s1oii nzomerpan
sapaserca C(Q,Y). O6parnas uzomerpus Coo(Q,Y) ma M(Q,X) geiicrByer mo mpasuwity v — (v o T)~ u
accorposana ¢ uzomopgusmom (e — (€0 7)~): Coo(Q) — M ().

(5) Orobpaxenne u — ot npexacrapisier coboii mcruar L (2, X), acconuuposannpiii c p. Crabxkennoe
srum jqupturarom UBP X sapiasgercs p-HemoaBuKHBIM.

< (1) Ecau C — mnocaoitro maoraoe noxnpocrpancrso C(Q,Y) u ¢ € C, 1o ||coT| = ||c|| o 7 —
uzmepumasg pyuknus (cm. 1.3.13). Ocranbablie cBoiicTBa MHO)KecTBa C 0T, BXOJSAIIME B OLPEIEIeHIe U3MEPUMO
CTPYKTYPbIL, OYEBUIHBI. DKBUBAICHTHOCTD U3MEPUMBIX CTPYKTYD C o7 u Do T ajisi JI00bIX MOCIOHHO MIOTHBIX
B )Y nogupocrpaucrs C,D C C(Q,Y) caenyer uz 2.5.7 u 4.1.11.

(2) Tpexkzae Bcero, 3ameruM, 4ro B cuiy TeopeMbl 1.2.13 mas Besikoro v € Coo(Q,Y) Kommosunus v o T
onpenenena nouru seioay B ). O6o3naunm uwepes U muoxkecrBo {u € S.(Q,X) : u ~ v o T jjus HEKOTOPOrO
v € Co(Q,Y)} m noxakem, aro U = M(Q, X).

Mycts v € Coo(@,Y). Cornacuo 3.1.4 cymecTByer Takas HOCIEIOBATEIBHOCTD (Up )neN HOMAPHO JU3b-
ioHKTHBIX 31ementos C(Q,Y), 910 v = 0-) \Vn. OueBnmmo, uro vo 1 ~ Y (v, o 7). Taxum obpasom,
UCMEQX). Bcmv € Coo(Q,Y), AcB(Q) u A=A~ 10

o~

(AY(wor) ~ (A (woT) = (r"'[A])(vor) = ((A)w) o,

OTKYJIa CJIEJLYET, ITO MHOKECTBO U COEPKUT OCKOIKH BCeX CBOuX dneMentoB. Corsacuo 4.1.12 nns obocHoOBaHMsA
obparroro Briodenus U O M(Q, X) nocrarouno nposepursb yenosust 4.1.12 (4)(a)—(B) ms MHOXKecTBa U.

(a) Ilycrb ceuenus u, ~ U, O T IONAPHO AUIBIOHKTHBL. TOrja MOMAPHO JU3BIOHKTHBI CEYEHUS Up W,
CIIeI0BATEIBHO, HMEETCs U i= 0y, .y Un € Coo(Q, ). Acno, uro ) Un ~vOT.

(6) IIpeanonoxum, 9T0 HOCJAEAOBATEIBHOCTD CEUEHUI U, ~ Up O T cxomurTcd K cedenuto u € S(Q, X)
PABHOMEPHO Ha HeKoTopoM MuoxecrBe A ~ Q. Uz r-cxogumocru |u) —uy | — 0 B M(2) cormacuo 1.3.13
CIIEYET T'-CXOAUMOCTD |V, — Uy | = 0 B Coo(Q). Baaromaps o-monuore PHIT Cop (Q, V), cyimecTByeT r-mpeaes
v € Coo(Q,Y) nocenoBarensrocT (vy,). OUEBHIHO, U ~ VO T.

(B) Ilyctb cewenme u € S (0, X) rakoso, uro (K)u € U ana moboro K € Ba,y (). CpoiicTBo mpsmoit
CYMMBI TIO3BOJIAT Pa3buTh MHOKeCTBO () Ha moamHoxecTBa K¢ (€ € ) KOHeIHOi Mephl Tak, 9T0 SUPgcg K £ =
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Q~ (em. 1.2.12). Jna xaxkaoro € € E umeerca takoe cedenne ve € Coo(Q, ), uto (K¢)u ~ ve o 7. TocKoIbKy
CeYeHNd V¢ IOIAPHO AW3BIOHKTHBI, CYHNIECTBYeT O-CyMMa U = O—ZE€E v € Cx(Q,)). IKBUBAIEHTHOCTH
U ~ v o T BEITeKaeT u3 1.2.12.

(3) Ecan ceuenust v,w € Coo(Q),)) cBsi3aHbl COOTHOIIEHHEM v o0 T ~ w o T, 70 |[u —w] o7 = 0. Torma
u3 1.3.13 cnenyer, uro |v —w| =0, 1. e. v = w.

(4), (5) CdopmysmupoBanHbie yTBEPKAEHUS [IPOBEPAIOTCS JIEMEHTAPHO. B mosicHeHun Hy»Kaaercs pa3se
40 papercrso dom(tio 7) = Q auyia npoussoasaoro u € L>(Q, X'). Hepasencrso |u| < A, BbiosinenHoe jjis
HEKOTOpOTO uucia A, B cuiy 1.3.13 Bneuer wepasenctro || < A. Teneps u3 3.1.3 caenyer, uro dom i = @, a
rorga dom(io7) =Q. »

Ceuenne i € Co(Q,)), coorBercrBymowiee sementy u € M(Q, X) cormacuo n. (3), Gysem HazbBaTh
cmoynosckum npeobpasosaruem u (cp. 1.3.13).

4.3.5. Teopema 4.3.4 onuceiBaer crocod nocrpoernss UBP ¢ mudTrHromM Ha 0CHOBE HEKOTOPOTO MPOCTOP-
woro HBP max coorBercrBytonmm croyHOBCKUM KOMIAakTOM. Crienyronuil pe3yabTaT MOKA3bIBAET, YTO KAXK 0
WBP c nmudrrarom mMoxker ObITH HOJYyHYeHO UMEHHO TAKUM CIIOCOOOM.

Ipeanosnoxum, uro p — mudrunr L=(Q) u 7: ) — Q — cooTBeTCTBYIOIIEE KAHOHUYECKOE [IOIDYKEHUEe
Q B croyHOoBCKU# KOMIakT () OyneBoii anrebpor B(1).

Teopema. Ilycte X — p-menoasmxuoe UBP wmas (), umeromee JH/Id)TI/IHF aCccONMUPOBAHHBIH C p. TOF,Z[&

CYHIECTBYET €IHHCTBEHHOE ¢ TOYHOCTBIO 10 m3oMerpun mpoctoprHoe HBP by Haj ) rakoe, yro X = Xorm
u. =uoT g Becex u € L>®(Q, X), rae i — croyHOBcKoe npeobpazopanue .

<« Hemonsmxkaocts UBP X orHOCHTENBHO p MO3BOJISIET HAM ONPEAETUTh DAHAXOBO PACCIOEHUE ) HAT
71Q] dopmymoit Y(7(w)) = X(w) u cHabIUTH ero HempepbiBHOI cTPyKTYpolt {u. o 771 : u € L>(Q, X)}.
Torzna npotomkerne X paccroenns Y Ha Q no Croyny — Yexy (cm. 2.5.10) asaserca uckombim HBP. Bosb-

LIMHCTBO HEOOXOIMMBIX CBOHCTB paccsioenusi X NPOBEPSIOTCS JIEMEHTAPHO. Mbl OCTaHOBHMCS JIMINb HA €ro
IIPOCTOPHOCTH.

Corunaco 2.5.10 s kaxzoro kiacca u € L°(€), X) orpannuentoe cedenne u o7 € C(7[Q], V) upogosn-
skaercs 10 snementa C(Q, X ), KOTOpbI Mbl 0fo3HaYMM 4epe3 U. Jlerko ybeauTbes B TOM, 4TO OTOOparKeHre
u — 10 ocymiecTageT uzoMerpudeckoe Biaoxenne PHIT L>°(Q, X) B C(Q, X), acconunpoBanuoe ¢ u3omMophus-
MoM (e — é): L>®(Q) — C(Q). U3 2.5.7 u 1.5.4 cnexyer, uro obpa3 L™ (Q, X') upu 3T0M BJIOKEHUU O-ILJIOTEH

B C(Q,/'?). B cuny o-mommorer L (), X') sror ofpa3 coenamaer ¢ C(Q,z’?), u nosromy PHII C(Q,)?) TOXKe
O-TIOJTHO.

EIMHCTBEHHOCTH paceioennst X Bhrrekaer u3 4.3.4 (4) u 3.4.1. »

IIpocroproe HBP by , durypupyioiiee B GHOPMYyJIUPOBKe TOCTEIHEN TeOpeMbl, OyIeT HA3LIBATHCI CINo-

ynosckum npeobpasosanuem UBP ¢ augmunzom X. 3amernm, aro X sapisercs peanusanuonnbiv HBP mma
M(Q,X) (cum. 3.4.4).
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§4.4. IIpuoxkeHus Teopuu MPOCTOPHBIX DAHAXOBBLIX PACCJIOCHMIA

Koncrpykrusnasa cBa3b mexay UBP ¢ audTrarom n npocropusivu HBP, ycramasnmmBaemasa teopema-
vu 4.3.4 u 4.3.5, no3BossieT neperHecTu HyKBaJIbHO BCe OCHOBHBbIE (hakThl Teopuu npocropuabix HBP ma cay4ait
UBP. Peaynabrarsr, chopMmyaapoBaHHbie B 9TOM maparpade, MoJydeHbl UMEHHO TaKUM MEPEHOCOM. 3JeCh, B
YAaCTHOCTH, MIPUBEJEH KPUTEPUI U3MEPUMOCTH CEUEHWH B TEPMUHAX JTUMTUHTA, OMUCAHBI AMTPOKCUMUPYIOIINE
MOJIMHOYKECTBA B PAKTOP-TIPOCTPAHCTBE U3MEPUMBIX CEUEHHI, YKA3aH CIIOCO0 BIOKEHUT OMPEIETEHHOrO KIacca,
UBP B UBP ¢ audrunrom (anasor npocrophoii obonouku HBP), nepedncieHbl OCHOBHBIE CBOHCTBA U3MEPH-
Merx pacenoennit B(X,Y) u X', a Takzke chOPMyIMPOBAH DA Pe3yabTaToB O npeacrasnenun PHIT B Bume
TTPOCTPAHCTBRA KitaccoB n3MepnMbix cevennit UBP ¢ audruarom.

Ha nporskermn Bcero maparpada () — IpOCTPAHCTBO C HEHyJIEeBO#l Mepoii, 00/aiarolnee CBONCTBOM
npaMoii cymmbl, p — judruar LP(Q) u 7: @ — @ — COOTBETCTBYIOIIEe KAHOHUYECKOE IOrpysKenue () B
cToyHOBCKuil kommakT ) Gynesoit anrebpor B(()). Ecau X' — (p-senoupuxkuoe) UBP ¢ qudrunrom wax Q u
X — croynoBckoe npeobpaszoBanue X, TO, Kak OOBIYHO, CTOYHOBCKHE IpeoOpa3oBaHust Kiaaccos e € M(Q)) u

u € M(Q,X) obosunagatorcst coorBercTBeHHO Yepe3 € € Coo(Q) 1 1t € Con (@, )?), a UX JUQPTUHTH — 9epe3 €~
U U~ .

4.4.1. Vcmosue () B onpenesnennn audrunra 4.3.1 BImonHsieTcst B 60Jee CUIbHON dopwme:

Ilpennoxenne. Eciu X — UBP ¢ ympruarom wvax £, 1o st 10608 Touku w € §) MHOXKECTBO
{u(w) :u e L>®(Q,X)} copmagaer ¢ X(w).

<« Creayer u3 4.3.3,4.3.5u23.5. »

4.4.2. TIpepgyoxenwme. Ilycre X — UBP ¢ ymu¢prunrom wazg Q. Ceuenne u € S(Q, X) m3mepumo
u gexnr B obpase jsudruara L>®(Q, X) rorma u Toapko Tora, Koraa ijis Kaxkjaoro kjacca v € L>(Q,X)
byaxmus ||u — vo|| m3meprva m mexur B obpasze mudrmara L ().

<« HeobxoaumocTh 1pejiaraeMoro KpuTepusi W3MEPUMOCTH OYEBHJIHA, IIOKAKEM €ro JIOCTATOYHOCTD.
Mycre mudruar L>(Q, X') acconuuposan ¢ p. Cornacho 4.3.3 paccnoenue X MOXKHO CUMTATH P-HEHOIBUK-

M. [Tycrs X' — croymosckoe npeobpasosanue X. Tlpeamonoxum, uro dbyukims ||u — v || mexur B obpase
sudprunra L (Q) masa kaxgoro kiacca v € L*(Q, X). Ucnonbsys 4.4.1 u p-HeNnoABUKHOCTb paccioeHus X,
JIETKO TIOKA3aTh, YTO CEUEHUE U MPUHUMAET OJMHAKOBbIE 3HAYEHUS B P-HEPAIUIMMBIX TOUKAX. DTO TO3BOJISIET

HAM BBECTH B PACCMOTPEHHE CeueHue v € S(T[Q],)? ), onpenenentoe (HhOpMyIIoi ’U(T(w)) := u(w). CeoiicTBa
ceveHns U 0GeCednBAOT HempepblBHOCTE byHKImi [|v — V|| mms Bcex v € L™®(Q, X), uro o3Havdaer Hempe-
PBIBHOCTD cedennst v. OUeBUIHAST OrPAHUYEHHOCTh U BJIEUET OTPAHMYEHHOCTD U, U 0J1ar0aapsi MpOCTOPHOCTH by
cevenne v npomoakaerca 10 v € C(Q, )?) OcTanoch 3aMeTHThb, 9TO U = U 0 T, U COCHaThed Ha 4.3.4.  »

4.4.3. IIpepgmoxenwmne. Ilycre E — ¢dynnamenr K-upocrpancrea M(Q), X u Y — UBP nax Q ¢
saugruaramu (accouuupoBanubivu ¢ p). [IBK E(X) u E(Y) u3zomerpudnbl TOr4a H TOJBKO TOLAA, KOLJA
paccioennst X 'Y H30METPUUHBI (p-H30METPHYIHET).

<« Crenyer u3 4.3.3,4.3.5u3.4.1. »

4.4.4. Ilycre X — UBP c sudrunrom nan Q. na upousposbHoro nogmuoxecrsa U C L*°(Q,X) u
TOYKHA w € §) 06o3HaunM MHOXKeCTBO {u.(w) : u € U} cumBosom U (w).

Teopema. Cuenyromue cBoiicrsa nogmuoxecrsa U C L®°(Q, X') sxBuBaienTHbr:

(1) Besroe cevenne v € M(§, X) npuanMaer 3Hadenns v(w) € clU(w) mourn jist Beex w € §);

(2) gna aroboro kmacca v € L®(Q, X) umeror mecro Brarovenns v..(w) € clU.(w) mouarm mist Beex
w e Q;

(3) U sBasiercs nopsaKOBO AIIPOKCHMUDYIOMmUM noaMuoxecrsom M(Q, X);

4) {ueM(Q,X):u~ €U} — ammpoxcamupyromee moamaOKecTBO M, X).

< UMNmmmkanuw (1)=-(2) u (3)<(4) ouernannl. Jokazkem, uro (2)=(3). Ipeamonozkum, 9to audTHHT
L>(Q, X) accoumuposan ¢ p. Cormacao 4.3.3 paccinoenme X' MOXKHO CUUTATH P-HEMOABUKHBIM. Ilycte X —

croyHOBCKOe peobpazosanne X. O6ozmaqanm maokecTBo {it: u € U} C C(Q, 2?) aepes U. C yuerom 4.3.4 4)
u 2.5.7((2)=>(4)) 110651 060CHOBATH (3) TOCTATOMHO NOKA3ATH, YTO I KAXKAOro Kiaacca v € L (), X) ceuennue
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v npumiMaer suagennsa v(q) € clid(q) ma Beromy mwIoTHOM MOAMEOKeCTBE Q. ECTH IOCIeIHCE HE BHIIOMHCHO, TO
Vig) ¢ Al (q) 1J1s Bcex 2J1eMEHTOB ¢ HEKOTOPOI'O HEIYCTOI'O OTKPLITO-3aMKHYTOro noamuoxkecrsa A C (). Toraa
vo(w) ¢ clUo(w) 15 Beex 3/1eMEHTOB W MHOXKeCTBa T 1 [A], uMeromero HeHyIeBy0 Mepy, YTO MPOTHBOPEYUT
(2). Ummmkauus (3)=>(1) sbirekaer us 4.3.5 u 2.5.7((4)=(3)). »

Bameuanue. Iloanamoruu ¢ 2.5.7 ocienHee yTBEPXKIEHTE MOKHO OOOOIIUTE Ha CIyYail TPOU3BOIE-
Horo moamuoxkectsa U C M(Q, X). Ilpu stom mox U.(w) cieLyeT HOHMMATH COBOKYIHOCTH BCEBO3MOZKHBIX

snavenuit ((A)u) (w), rie u € M(Q,X) u A € B(2) Takosbl, uro (A)u € L>(, X) (cm. 4.1.13).

4.4.5. Teopema. Ilyctb X — UBP nmax Q. Ilpenmoaoxum, uro C — HEKOTOpas aJeKBATHAS H3ME-
pumas cTpykTypa B X, Bee saements ¢ € C koropoii yaopaersopsor yeaosuau ||c|| € L2(Q) u p(||c])) = ll¢]l -

Torza cymecrByer (equHCTBEHHOE ¢ TOYHOCTBIO 10 p-uzomerpuu) UBP ¢ iugrunrom X nasx Q) rakoe, 4ro ero
JIHDTHHT p3 ACCOIMHPOBAH ¢ p, X SIBASETCS BCIOAY TVIOTHBIM TofpaccaocerneM X u px(c) = ¢ st Beex ¢ € C.

<« IIpennonoxkum, yro UBP X u ero msmepumas crpykrypa C yIOBJIETBOPHAIOT YCJIOBUAM TEOPEMBL.
Cornacuo 3.4.3 umetorcs npocropuoe HBP Y nan Q u uzomerpus i: M(Q, X) — Coo(Q,Y), acconmupoBantast

¢ m3omopduamom (e — &): L>®(Q) — C(Q). Oboznaumy UBP ¢ mudrunrom Y o 7 vepes X (cum. 4.3.4). Ilns
JOKa33aTEeNbCTBA TEOPEMBI J0CTATOYHO mocTponTh n3omerpuio H MBP X ma BCclogy miIoTHOE MOApPacCIOeHne
UBP X taxyto, uto pe(H ®c¢) = H @ ¢ aaa seex ¢ € C. (B arom caydae cion X MOXKHO GyIeT <IOAIPaBHTH>
TaK, 4ro uzomerpus H craHer TOXKIECTBEHHBIM BJIOXKEHHEM. )

Hna kaxnoit Touknm w € §) 0603HAYMM BCIOAY MIIOTHOE moampocrpancTBo {c(w) : ¢ € C} cmoa X(w)
qepes Xp(w) u onpenenmm ymmHednbI omepatop Ho(w): Xp(w) — X(w) caemytonmm obpasom: Ho(w)c(w) :=
i(c™) (T(w)), ¢ € C. KoppekrHocTh onpeesienus oneparopa Hy(w) u ero u30MeTrpuyHOCTDb CIEAYIOT U3 COOTHO-

[i(c™) (r@)[| = [i(c)](7(@)) = 171" (7(w)) = p(I™ D) (w) = [le@)],

BBIOJTHEHHBbIX 17151 Beex ¢ € C. Ilyers H(w) — mpomomkenne Hy(w) mo m3omerpudeckoro eioxenust X (w) —

X (w). Muowxectso {c~ : ¢ € C} apnserca anmpokcuvupytommm & M (2, X). Cremosarenswo, {i(c™) :c € C} —
anmnpokcumupyiomee noaMHOKecTBO Cop (@, Y), a, mockonbky H ® ¢ = i(c¢™) o 7 muga Beex ¢ € C, MHOXKECTBO
{(H®c)~ : ¢ € C} apnserca amnpoxcumupytonym B M(Q, X). W3 4.2.5 caeayer, uro orobpaxenue H
OCyTIEeCTBAAET M30MeTpHi0 X Ha TMJIOTHOE MOAPACCIOCHHe X, WHIYIHPOBAHHOE JTHHEHHBIM MOIMHOMKECTBOM
{H®c:ceC} T M(Q,X) (cm. 4.2.2).

EuncrBeHHOCTb paccioenus (C TOYHOCTHIO J0 p-u30MeTpun) Boitekaer u3 4.2.3 u 4.4.3. »

4.4.6. Teopema. Ilycte X w) — UBP wmax ), umerornue muruaru, acCOUAPOBAHHBIE ¢ OJHHM U
rem ke siupruarom L2 (Q). Torma cymecrsyer (u enuncrsento) rakoe UBP ¢ smugrunrom B(X,)) mag ), uro

(a) B Kaso0ii Touke w € O caoit B(X,Y)(w) apaserca 6anaxosbiv nompocrpancrsor B(X(w), Y(w));
(6) ecimmue M(Q,X)unHeM(QBX,))), ro HRue M(Q,));

(8) (H®u)w =Heo ®u~ g mobbrx u € L2(Q,X) n H € L2(Q, B(X,)));

(r) ecnu orpanmuennoe orobpaxenne H: w € Q0 — H(w) € B(X(w),Y(w)) Takoso, 4To s BCAKOIO
u € L>(Q,X) cevenne H @ u mzmepumo 1 H @ u. = (H @ u)~, 10 H € L>(Q, B(X,))).

<« Crenyer u3 4.3.3,4.3.5u 3.2.3. »

4.4.7. O6o3maunm gepe3 R nocrogaroe UBP Q x {R} (¢ mudruarom). Ecom X' — UBP ¢ mmdrraroMm
uaz Q, To paccnoerne B(X,R) naswBaerca conpascennom UBP 1 X u obosmauaercs cumpomom X’. Hmke
MepPEYnCIeHbl OCHOBHBIE CBOMCTBA compskerntnoro UBP, Beirekaromue 61aromaps 4.3.5 u3 aHAIOTUYIHBIX CBOWCTB
coupsizkenroro HBP. (Bamncs (u|u’) ucnonbayerca swecro (u(-)|w/(+)) — cm. 1.7.4.)

Teopema. IIycro X — UBP c au¢prunarom maz ).

(1) X — UBP ¢ audruarom.

(2) Ecim ) — croyHOBCKOE peobpazosamme X, T0 Y' — cTOYHOBCKOE mpeobpasosanne X'.

(3) B kaxnoii Touke w € Q caoit X'(w) saBasercs banaxoseiv nomrpocrparcreoM X (w)'.  Briroderne
X' (w) C X(w)' moxker GbITH CTPOrUM.

(4) Ecmm v € M(Q,X) nu' € M(Q,X"), 1o (ulu') € M(Q).

(5) s mobpix u € L, X) nu' € L2(Q, X') ppmommeno (u|u') = (u|ul,).
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(6) Ecnm orparmaennoe orobpazxenne u: w € Q — u'(w) € X(w)’ takoso, aro s eskoro u € L(Q, X)
byuxums (ulu') mamepuma u (u|u'y = (u|u')~, To v’ € L2(, X').

(7) dms npomnseosabHpIx KaaccoB u € M(Q,X) nu’ € M(Q, X’) obozraunm vepes (uju’) krace (ulu')™ €
M(Q), tne v € u, v’ € u'. Torga 6umureiinas ¢opma (u,u’) — (uu’) mpusogur npocrparcrea M(Q, X) u
M(Q,X") B M(Q)-3889HY10 ABOHCTBEHHOCTD.

(8) dns xaxgoro u € M (), X') BeHiosHeHO

[u] = max{(ulu’) : v’ € L=(Q, "), || <1}
(9) dn= xaxgoro v’ € M (2, X') ppmoarero
[u'] = sup{(ulu’) : u € L®(Q, X), |u] < 1}.
(10) Ecin v’ € L™(Q, X"), 10 B Kaxx 10l ToUKe w € §) HMEET MeCTO PABEHCTBO
[u']_(w) = sup{(ulu’) () : u € L®(Q, X), [u] <1}
(11) dns moboti Toukn w € ) npocrparcrso X' (w) mopmupyer X(w). Bogee Toro,
]| = max{(z[a') : 2" € X' (w), [|2"|| <1}

Jutst Beex © € X (w).

(12) Ecan caoii X(w) B HEKOTOpOI# TOUKe w € §) pedhrexcusen, o X' (w) = X (w)'.

(13) Badurcapyem npomsBoapHYIO TOUKY W € () H PACCMOTPHM KAHOHHYIECKOE BJAOKeHHe T +— z' mpo-
crparcra X (w) B X(w)”. Torna orobpasxkenne x +— ''|x1(,) ocymecrsiser mzomerpudeckoe Broxenne X (w)
B X"(w), tne X" — compszxennoe paccroenne k X'

(14) Ipunnmas Beesennoe B (13) Bnoxenne cioes X B coorsercrByomme ciaon X' 34 TOXKIECTBEHHOE

orobpaxkenne, 6yaem cantath, 910 X (w) C X" (w) B Kaxkgoi Touke w € §). Torna X ABISETCT HOAPACCTOCHAEM
X,

4.4.8. Ilpenyaraemprii HuxKe HAOOP PAKTOB SABJISIETCH HEIIOCPEICTBEHHBIM CJIEICTBUEM IIPUIIOKEHUS TEO-
pembl 4.3.5 K peajin3alMOHHBIM pe3yJibraraM Teopuu nmpocropabix HBP (cum. §2.4).

Teopema. Ilycts ) — npocTpaHCcTBO ¢ HEHYIEBOH MepO, 00JIagar0Iee CBOHCTBOM TIPSIMOH CYMMBI.

(1) Jlnst mo6oro TIBK U wan dymmamenrom F' C M(Q) cymecrByer eIuHCTBEHHOE ¢ TOYHOCTBIO J0
uzomerpuu UBP ¢ nmugrunrom X nax ) raxoe, aro PHII U u F(X) uzomerpudsi.

(2) [Lnst mo6oro IBK U nax E u juis mo6oro uzomopgusma K-npocrpancrsa E na gynpament F C M(Q)
cymecTByOT (eguacTBeHHoe ¢ TO9HOCTHIO 10 n3omerpun) UBP ¢ sm¢pruarom X nan Q u uzomerpus U na F(X),
ACCOMMUPOBAHHAS C JaHHBIM H30Mopusmom E ma F.

(3) Hdust moboro IIBK U wan npocrpancrsom Kanropopuua — Ilunckepa cyimectByioT HpOCTDAHCTBO €
mepoit Q, obnanaromee cBotictBoM npamoii cymmbl, ¢pyagament F C M(Q) u UBP ¢ auprunrom X wax ()
raxne, yro PHII U n F(X) nzomerpudss.

(ITpocrpanctso F(X) — a rounee, nzomerpus U Ha F(X) — Gyner HasbiBaTbCs (usmepumoti) pearusayued
IBK U, a X — peaausayuonnvim UBP maa U (cp. 3.4.4). Moxkuo nokazarh, uro peanusaiuonnoe UBP s
naunoro [IBK equHCTBEHHO ¢ TOYHOCTHIO OO I/ISOMeTpI/II/I.)

(4) Ecniu UBP X naxg Q spiaserca peanuzanquoHHbIM pacciaoenueM aas IIBK U, o PHII M(Q, X) wu3o-
METpHYHO MAKCHMAJIBLHOMY pacmupenuro U.

(5) Ilycrb X — UBP ¢ sm¢prunrom wan Q. Ipeamonoxum, uro ¢yagamentor E u F pacimpenaoro
K-npocrpancrsa M () obpasyror gyamazupyromyto napy (cM. 1.4.4). Torma PHII E*(X') uzomerpmaro E(X)*,
1€ H30METPHSI OCYIECTBISIETCS comocTaBaerneM kaaccy w € E*(X’) omeparopa [u'): u — (u|u’) m3 E(X) B F.

B uacrrocrn, eciain X — peannszanuonnoe UBP aaa IIBK U, To X' — peannzannonnoe UBP giis conpsizkennoro
IIBK U*.
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4.4.9. B 4.3.2 ycranosneno, uro ceoiicteo snudrunra (m) (cM. 4.3.1) He BbITeKaeT u3 CBOWCTB (a)—
(r). TIpumenus TexHWKY mpocTopHbIX HBP, MBI ycnimMm 310 yTBep:KeHUe W MoKaykeM, uTo ycaoBusi (a)—(T)
COBMECTHMBI € <TIOCTONHHBIM> OTpHIAHHEM (J1), MPUYeM Jaxe B TOM CJiydae, KOrja paccmarpupaemoe NBP
umMeer U THHT.

Ilpenmnoxenne. /s mo60oro 6e3aTOMHOIO HPOCTPAHCTBa ¢ Mepoi ) um Jm¢THHra p HPOCTPAHCTBA
L>(Q) cymecrsyior UBP X max Q u asa orobpackenus py u ps u3z L®(Q,X) B L®(Q, X), kaxkg0e H3 KO-
TOPBIX yroBjaerBopser yeaopusm 4.3.1 (a)—(r), npagem neppoe 06/1a4a€T TaKxKe U CBOHCTBOM (1), T. €. SBJIIeTCs
JHpTHHTOM, & BTOpoe TakoBo, 4To MHOXecTBo {pa(u)(w) : u € L®(Q, X)} ne apagerca norupy B X (w) Hu
JJIA OZHOH TodkH W € ).

<« Tlycrs Q — GesaroMHOE OPOCTPAHCTBO € Mepoit, p — mudrunr L¥(Q) u 7: @ — Q — coorser-
CTBYIOIEE KAHOHUYECKoe norpyzxKenue () B cToyHOBCKuil kKoMnakT () Oyiesoii anrebpor B(2). 3aduxcupyem
npou3BosbHble (6ECKOHEUHOMEDPHOE) MHIBLGEPTOBO IPOCTPAHCTBO Z U JinHelinyo uzomerpuio 1': Z — Zy Ha cob-

CTBEHHOE TIONPOCTPaHCTRO Zg C Z. ObozHaunm uepes X rumbbepToso mpoctpancTso (2(Q, Z), cHabikeHHOe
CKaJIAPHBIM IIPOMU3BEIACHUEM

(@,y) => (2(q),y(q)) (v,y€X).

q€Q

Hua kaxk 06t Touku ¢ € @ onpenenum Jjunedinbiii oneparop H(q): X — X, nonoxus (H(q)x) (9) == T(:U(q))
" (H(q)z) (p) := z(q) upu p # q. Ouesugno, oneparop H(q) uzomerpuano orobpazkaer mpocTpaHcTBo X Ha
ero cobereennoe noanpocrpancTeo {x € X : x(q) € Zp}. Ilyers YV — npocropHas 06oouka moctosanoro HBP
Q x {X}. Coraacnuo 3.1.7 Bce cyion ) SIBISIFOTCS TUTBOEPTOBBIME MTPOCTPanCcTBaMu. Vcmomb3ys sTor Gakr, mis
KayKJI0i TOuKE ¢ € @ mzomerpuio H(q) MOXKHO ¢ JIETKOCTBIO TPOJOKHTE 10 m3oMerpun H (g) mpocTpaHcTBa
Y(¢) Ha HEKOTOPOE €ro COGCTBEHHOE MOANIPOCTPAHCTBO.

I[Mokazkem, uTo Beskoe cedenne v € C(Q,)) copmagaer ¢ H @ v Ha HEKOTOPOM KOTOIIEM TIOIMHOKECTBE (.

(a) YcraHOBUM CHagamIa, 9TO [ Kaska0ro o € X mMeeT MecTo papeHcTBo H (q)x = x A7Is Beex 971eMeHTOB
g HEKOTOpOoro Korouiero noamuoxkecrsa ). eiicrurenbHo, u3 oupeneienus oneparopa H(g) Buauo, 4ro
H(q)x = x nnga Bcex Tex To4uek ¢ € @, B Koropbix x(q) = 0. Ocramoch 3aMeTuTh, 4TO MHOXKeCTBO {¢ € @ :
x(q) # 0} cuerHo, a B cuiy GesaromHOCTH anrebpbl B({)) Bee cueTHBE MOAMHOKECTBA () ABJISAIOTCS TOIINMU.

(6) O6o3nauum cumBojioM C COBOKYITHOCTb BCEX MOCTOsSHHBIX (dyHKIMHA ¢: @ — X, a cumsonom dC —
muKIngeckyio 06omo4ky MuokectBa C B PHII Co(Q,Y) (cm. 1.4.1). Braromapsa 1.1.10, u3 (a) crexyer, gro
JUIS KazKI0ro deMenta s € dC cedenne H ® s COBIAJAeT ¢ S Ha KOTOMIEM TIOIMHOKECTBE ().

(8) Ilycrs Teneps v — npoussBonbhbiii 3nement C(Q,Y). U3 2.5.7 oirekaer, uro C dABIAeTC ANIPOK-
cumupyromM oAMHOKeCTBOM Coo (@, )). B cuay mpenmiosxkennst 1.5.7 MHOXKecTBO dC PABHOMEDHO TUUIOTHO B
Co(Q,Y) 1, CAeI0BATENBHO, UMEETCS MOCAEI0BATENBHOCTD 31eMeHTOB dC, paBHOMEPHO (T. €. ¢ peryasaTopoM 1)
cxonsmasca K v. Copnagenne cevennii v u H ® v Ha KoToueM nojmHozkecrse () Tenepnb sbirekaer u3 (6).

O6oznaunm vepes X UBP Y o 7 ¢ amdruaroM pr: u — 1o 7 (cm. 4.3.4). Bropoe n3 mckoMbIx oTobpa-
JKenmii ompeseaum 1o npasuny pa(u) = (H @ @) o7, u € L>®(, X). BoapmmucTBO HEOGXOAHUMBIX CBOHCTE
P2 IPOBEPAETCA JEMEHTapHO. B moscHeHMM HyzKJaercsd JMIlb BKJIOYeHHE po(u) € u, iy 000CHOBAHMS KO-
TOPOrO JOCTATOYHO YCTAHOBUTH COBIAJEHUE MOYTH BCIOLY cedenuii pi(u) u pa(u). Tocnemmee ke ciaemyer u3s
Teopembl 1.2.13 n coBmageHus cedeHuit U u H ® 0 Ha KOTOIEM TIOAMHOKecTBE (. B
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I'masa 5. IIPOCTPAHCTBA BEKTOP-®YHKIIUN

Knaccuaecknmu npumepamu npocrpamcts Barnaxa — KanropoBuya siBAAIOTCH MPOCTPAHCTBA HEITPEPHIB-
HBIX, CJ1a00 HEMPEPBIBHBIX, U3MEPUMBIX U €100 M3MEPUMBIX BEKTOP-DYHKINH. DTH TPOCTPAHCTBA JOCTATOTHO
MPOCTO YCTPOEHBI, W MPEJCTABICHNE UX B BHUJIE MPOCTPAHCTB CEYEHUI DAHAXOBBIX PACCIOEHWIH HE BHOCUT J0-
MOJIHATEBHON SICHOCTH B UX CTPYKTypy. OIHAKO Takoe MpeacTaBjeHne HeoOXOAUMO IJid IMPUMEHEHUsT K Mpo-
CTpaHCTBaM BEKTOP-(hyHKIWMIA 06mux pe3ynabraros o npocropabix HBP u UBP ¢ mudgrunrom (cM. rnaset 3 u 4).
Jlannas ry1aBa MOCBAIIEHA U3y YEHUIO CTPYKTY Pl PEAJIN3ANMOHHBIX PACCIAOEHUI IPOCTPAHCTB BEKTOP-(DYHKIIHAHN.
3mech Ke IMPUBOIATCS HEKOTOPBIE MPUJIOKEHHUS IOy 9eHHBIX PE3YIbTATOB K YCTAHOBJICHUIO CBs3EH MEXK Ty IIPO-
CTPAHCTBAMU M3MEPHUMbIX U HEIIPEPBIBHBIX BEKTOP-(QYHKIUHN, 8 TAKIKE K ITOCTPOEHUIO PA3JIMIHBIX JUDTUHIOB B
[IPOCTPAHCTBAX M3MEPUMbIX BEKTOD-DYHKIHIA.

Hwuxe npenmonaraercst, uro X u Y — GaHaXOBBI MPOCTPAHCTBA, TPUBEIEHHBIE B JIBONCTBEHHOCTH OUIIH-
neitnoit popmoit (-|): X X Y — R, npuuem Y mopmupyer X, T e. |[z| = sup{(z|y) : y € Y, [ly|| < 1} ana
Beex ¢ € X. Takas cBA3bL MexKIy npocrpaHcTsamu X u Y moszposser cumrarh, 9ro X C Y/ rme z € X
oroxaecragerca ¢ (x| € Y.
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§ 5.1. HenpepsbiBHbIe BEKTOP-(PYyHKINT

B sTom maparpade mocrpoensr peanusanuonusie HBP Xg u (X|Y) ana PHII menpeprBHBIX u Y-c1260
HEMpPEepBLIBHBIX X -3HAYHBIX (DYHKIHIT, ONpeaeeHHbXx B (), uceyiemosan sonpoc o npocropuoctu HBP ¢ mocro-
SHHBIM CJIOEM, & TakxKe cPOPMYIUPOBAHBI HEKOTODPHIE CBONCTBA HEIPEPLIBHBIX BEKTOP-(DYHKIMH, HOIyIeHHbIe
B pe3yabTaTe mpuioxkennd Teopun HBP.

Ha mpotrsikennn marroro maparpada () — HEmyCTo# 3KCTPEMATBHO HECBSI3HBIH KOMIAKT.

5.1.1. Kak yxe 6buto ormedeno & 2.2.1, HenpepbiBHBIME cevdeHusiMu TocTosaEOro HBP @ X {X} sB-
JISIOTCSL HeIpephiBHbIe X -3Ha4YHbIE (DYHKIMH. B cBsi3u ¢ aTuM pesyabrarsl Teopun HBP, kacatomnmecs cBoiicTs
HEIMPEPBLIBHBIX CEUEHU, MPAKTUIeCKU 0€3 W3MEHEHU! TepEeHOCITCs Ha ciiy4ail BekTop-dyrkmuii. Huxke npuse-
JIeHBl HEKOTOPbIE CBEJEHUS, TOTYIeHHbBIE C TIOMOIIBI0 TAKOTO MEPEHOCA.

Iycts w: D — X — HenpepbiBHAs (DYHKITHS, ONpeJeeHHas Ha BCIOAY TIJIOTHOM moaMmHOX)ecTBe D C Q.
O6osuaunm depe3 D COBOKYMHOCTL BCEX TOUEK (), B KOTOPLIX (DYHKIUS U UMEET Mpeesi, U MOJoKuM 4(q) =

lim u(p) ana secex ¢ € D. Torma muOXkecTBo D aApagerca xorommM B Q u dyrkmua @: D — X HempephIBHA.
p—q

Takum 00pa3oM, HYHKIUA U ABJIAETCI HAKOOBITUM HENPEPLIBHBIM POIOKEHUEM U, T. €. 00JaCTh Ompeeie-
HIA TI060TO HEMPePLIBHOTO MPOIOKEHHUS U COMepKuTca B D 1, 60s1ee TOro, U ABIACTCS TTPOJOIKEHHEM TI000TO
HEMPEPBIBHOTO MPONOIKEHNSA . DYHKIUA U HA3BIBACTCS MAKCUMAALHOIM DACUUPEHUEM U T ODO3HATACTCS CUM-
BosioM ext(u) wiu, Gosee nonpobuo, exty(u). HenpepoiBras dyukuusa u: D — X, onpenesnennas Ha BCIOAY
nsiorHoM noaMuokecTse D C (), HasbiBaercd pacwupennod, eciau ext{u) = u. OTMeTuM, 4To BCe PACIIUPEHHBIE
GyHKIIME OnpeseeHbl Ha KOTOMAX MOAMHOXKECTBaxX (.

Cumon Coo (@, X)) 0603HATAET MHOXKECTBO BCEX paciiupenHbix X -3Hadnbix Gynkuumit. COBOKYITHOCTD BCEX
OTPaHIYeHHBIX PACIIHPEHHBIX byHKImil obosnadaerca gepes CP(Q, X). Ha muoxkectse Co (Q, X) ecTecTnen-
ubiM 06pazom BeoguTca crpykTypa PHIT nan Coo(Q) u momyma uan Coo(Q). Tpu srom nopma |u] € Coo(Q) ai1e-
menTa U € Coo(Q, X) ABNAETCA HENPEPBIBHBIM MPOAOZKEHIEM MOTOUedHOH HOPMBI ||| @ ¢ € dom uw — |lu(g)].

PHII Coo(Q, X) aBaserca (pacumupentbiv) IIBK nan Coo(Q). Eciiu E — unean Coo(Q), TO MHOKECTBO
E(X) := {u € Coo(Q, X) : |ul € E}, cuabxkenHoe onepaiusamu, uaayuuposanubiMu u3 Coo(Q, X ), oueBuHO,
npeacrasaser coboit IIBK man E. 3amernm, 9T0 MPpOCTPAHCTBO BCIOAY ONPEIEIEHHBIX HEPEPBIBHBIX (DYHKITHI
C(Q, X), 6ynyun PHII nax C(Q), Boobie rosops, we asnsgercs IIBK (cM. 5.1.3) 1 Tem caMbIM He COBIA/IAET €
npocrparcreom E(X), rtae E = C(Q).

5.1.2. Cumsonom X Mbl OyaeM B gasibHeieM 0003HA4aTh IPOCTOPHYIO 060104Ky nocrostHHoro HBP
Q x {X} (cm. 3.1.5). Crenyioiiee yTBepKieHue siBjsercs nepedhopMyaupoBKoil npeaiokenus 3.4.9 s pac-
cnoernss X = Q x {X}.

JIlemma. Paccroernne X¢ spiasiercs peanmsaruonusiv HBP i IIBK Coo(Q, X) (cm. 3.4.4). s
moboro mueana E C Oy (Q) omeparop extx,, (cm. 2.5.1) ocymecrsiser nzomerpmio IIBK E(X) na E(Xg).

5.1.3. Teopema. JInsa npocTopHOCTH MOCTOSHHOrO paccaoenns @ X { X} Heobxomumo u g0cTaTodHO,
4100BI KOMIAKT () ObLI KOHe4eH ujin 6aHaxoBO HpocTpaHcTBO X ObLI0 KOHEYHOMEDHO.

<« Jlocrarounocts cdopmyauposantoro yeaosua npocropaoctu HBP @ X {X} ouesunna. s moka-
3aTeIbCTBa €ro HeOOXOAMMOCTH Mbl IPEIIONOKUM OECKOHEYHOCTh () M OECKOHEYHOMEPHOCTH X U YCTAHOBHUM,
91O B 3TOM cayuae pacciaoenue () X {X} me aBaserca npocropubiM. U3 GecKoHEYHOCTH KOMIakTa () ciie-
JlyeT CyllecTBoBaHue Takoil nocienoBarenbHocty (Up,)nen HEMYCTHIX MOMAPHO HE IEPECEKAIONUXCA OTKPBITO-
3AMKHYTBIX TOAMHOXKeCTB @, uro obveaumenne D := J, .y Un Beoogy mnorno s Q. U3 6eckomeunomeprocti
IPOCTPAHCTBA X CIENYeT CYMECTBOBAHUE TAKOH MOCIENOBATENBHOCTH Ty )neN d7eMenTOB X, uro ||2,|| = 1 n
|2 — Zm| > 1/2 nms Beex n,m € N, n # m. Oupenenum orparnuentuyto dyukmuo u € C(D, X), nonoxus
u(q) := x, upu ¢ € U, (n € N). Torua u He umeer HeupepblBHOIO LpojoszkeHus Ha Q. leiicrBurenbHo,
npeamnosoxkum, uro dyukima 4 € C(Q,X) gBnserca MPOmOJKEHUEM u. B Cuiy CBOell 3aMKHYTOCTH 00pa3
{zn : n € N} dyskumm u cosnagaer ¢ obpasom . ITostomy obvemunenne |J, oy @ ' (x,) HemycTsx nomapHo

HE [EPECEKAIOIIMXCSA OTKPLITLIX MHOXKECTB COBIAIACT C IPOCTPAHCTBOM (), 9TO IPOTHUBOPEUHUT KOMIIAKTHOCTH
mocjae gHero. »

5.1.4. Hamomuuwm, uro pyukmysa v: D — X, onpesenennas Ha moaMHOXKecTee D C @, saBisiercs Y -caabo
Henpepuehol, eCai i TI000To d1eMenTa, iy € Y BemectBenHas dbynkmus |y)ou: D — R menpeprisra. Eciu npu
5TOM MHOKECTBO D BCIOAy TWIOTHO B (), TO cEMBOJIOM (u|y) MBI GymeM 0603HAIATh MAKCHMATBHOE PACITAPEHIE
dbyuxmn |y) o u mo smementa Coo (Q).
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Jns mo6oit Y-cmabo HempepbiBHOI dyHKIUS u: D — X, omnpeneieHHOH Ha BCIOIY ILTOTHOM IIOIMHO-
xectee D C @, cymecrByer Haubosbiiee Y-cyiabo HEMPEPBIBHOE MPOAOJIKEHNE, T. €. Y-CJAab0 HempephIBHAS
dbynkms 4: D — X, mpomomKaonas m060e Y-ci1ab0 HelpepbIBHOE TMPOIOKEHNe 1. (,ZLOCTaTquo 3aMETHTh,
9TO MPOCTPAHCTBO X, cHaOKeHHOE Y-cmaboil Tomomorneit, aBaseTcs BIIOJIHE PeryasapHBIM, U COCAATHCSI Ha TEO-
pemy 1.1.1.) Hauboubiiee npojgoskenue @ GpyHKUUM U Mbl, KAK OObIYHO, HA3BIBAEM MaKCUMasbHoim (Y -caabo
HENPEPBIEHbLM) pactuupenuem U u 0bozHadaeM cuMBo/IoM ext(u) uiu, 6osee noapobuno, ext x|y (u).

5.1.5. B omwmume or pacmupeHHbIX HernpepbiBHbIX GyHKIuil (cM. 5.1.1), obsacTh onpeneieHns MaKCu-
MaJIBHOTO CJIA00 HEMPEPHIBHOTO PACIIMPEHUsT MOKET He ObITh KOTOIIeH B () U JaskKe MOXKET OKa3aThCsl TOIIEH.

IIpennoxenne. CymecTBYIOT IKCTPEMAIBHO HECBSI3HBIH KOMIAKT (), OAHAXOBO HPOCTPAHCTBO X, TO-
mee Bciody II0THOe mogmMuoxkectso D C (Q u X'-cinabo HenpepwiBHas orpanmdennas ¢gpynxmnus u: D — X,
J/IOBIETBOPSTIOMAS YCIOBHIO ext x| x+(u) = u.

<« Poss X B Hamewm npumMepe Hymer urpath IPOCTPAHCTBO Cy CXOMATIUXCA K HYJIIO TOCIET0BATEIBHOCTEH.
O6o3HaunM yepe3 B 3aMKHyTHIM €IWHUYHBIN Map B TPOCTpaHcTBe (°°) a uepe3 By — ero mepecevyeHme ¢
co. Ilaper B u By Mbl 6yaeM paccMaTpUBATL KaK TOIIOJIOIMYECKHE IIPOCTPAHCTBA OTHOCHTENbHO £l -c1aboit
ronosioruun. OuepunHo, By — BCIOAY ILIOTHOE IIOAMHOXKECTBO KoMnakTa B. Kpome Toro, By aBisercsa Tommm
HOJIMHOXKECTBOM B, TIOCKOJIbKY CONEPIKUTCS B OObeIMHEHNN HUT/E He TUIOTHBIX MHOXKECTB {z € B : |zy,| < 1/2
npu m >n}, n €N.

ITycrs @ — croynoBckuit komuakr Oysnesoii anrebper Rop(B) u a: Qp — B — abcomoruzauusa B.
U3 1.2.10 (2) caenyer, uto Qp = @, orobpaxenue «: () — B nemnpepbiBHO, a MHOxecTBo D = o~ ![By]
SIBJISIETCS TOLIUM U BCIOAY IIOTHBIM B (. OueBuiHO, cyxkeHue o Ha D siBisiercs uckomoit dbyHkuei u. »

5.1.6. Kax cnenyer u3 5.1.5, a7 Toro 4robbl Ha KAKOM-IO0 MHOXKECTBE CJIa00 HENPEPBIBHBIX (DYHK-
Uil MOKHO OBLIO €CTECTBEHHBIM 00pPA30M BBECTH CTPYKTYPY BEKTOPHOIO IIPOCTPAHCTBA, MbI BBIHYXK/JIEHBI Ha-
KJI3/pIBATH JOIOJTHATEIBHBIE OrPAHUYEHNsT HA 0O1acTH onpesenennst (pyHKIMIA U3 3TOr0 MHOXKECTBA. Bcesikoe
OTPAHMYEHHME TAKOrO POJA B OIPEIENEHHOM CMBIC/IE MCKYCCTBEHHO. B03MOKHO, GOJ€e IPe IO TUTENbHBIM Obl-
JI0 Obl HaJIOXKeHue ycaoBus Ha napy (X,Y), upu cobonennu KOTOpOro MakCuMaJbHbie Y-C1ab0 HelpepbIBHbIE
pACIIMPEHUs ABTOMATUIECKH UMEJIH Obl JIOCTATOYHO MupoKue obnactu onpenenerns. OmnHAKO B 1anHol padore
BBRIOpAH TIEPBBIil MOIX0/, KAk Oosiee oOmImii.

Mser 6ymem HazbiBaTh Y-ciabo mempepbiBHyO dyHKIHIO u: D — X pacwupennod, ecim D — xoromee
nogmuoKecTB0 @ U extx)y(u) = u. Mnoxectso Cyo(Q, X|Y) Bcex pacmmpennprx Y-c1abo HempepbIBHBIX
X -3Ha9HBIX QYHKIMH €CTECTBEHHBIM 0GpPa30M MPEBPAIACTCS B BEKTOPHOE MPOCTPAHCTBO, TIE TOJ, JAHEHHON
koMOuHAIEEH AU + (U TOHMMAETCs MAKCHMAJBbHOE Y-C1ab0 HENPEPBIBHOE PACIIMPEHHE MTOTOYEIHON CyMMbI
Aldomv + HU|domw- I3 Teopembr 1.3.5 cienyer, uro mus kaxuoi ¢yukmun u € Cuo(Q, X|Y) cemeiicrso
{{uly) :y € Y, |ly| <1} orpanuueno s K-npocrpancrse Coo (Q). Beps B kauecrse HopMmbl |u| Toumyro BepxHIOw
rpaHuily 3TOro cemeiicrsa, Mbl npespamaeMm npocrpaicrBo Coo (@, X|Y) 8 PHII nag Coo(Q). 3amerum, yro
dbysxuna ||ul: ¢ € domu — |Ju(q)|| aBaserca morouednONl TOWHON BepxHEH TrpaHUUEl TOTO K€ CEMEHCTBA.
Tostomy ||u|| < |u| va dom u, npuyem 3Havenns oroOpazkenuii ||u] u |u| coBnagaroT Ha HEKOTOPOM KOTOIIEM
noamuoKecTBe ) (cM. Teopemy 1.3.5). M3 caemyromero npumepa BuaHO, 9T [|ul| n |u| MoryT He coBnazars Ha
dom u.

IIpennoxenne. Ilycts () — GECKOHEUHBIH IKCTPEMATBHO HECBSI3HBIH KOMIIAKT, 8 X — OECKOHEYHOMED-
rOe rmipbeproBo npocrparcreo. Cymecrsyror ¢yaknus u € Coo(Q, X|X') u Tourka ¢ € domu takme, aro
u(q) =0, no |u|(q) = cc.

<« B cuny 6eckoneunocru ) umeercs nocsenoareabHoctb (U, )pen HOMAPHO HE epeceKaronUXcs OTKPbI-
TO-3aMKHYTBIX TOIMHOXKeCTB (), o0benunenve D := UneN U,, xoropoii Bciogy mnotao B . TIpocrparcreo X
BBU/Y CBOell HECKOHEUHOMEDPHOCTU COIAEPHKUT HEKOTOPYIO OPTOHOPMUPOBAHHYIO [10CJIEA0BATENLHOCTD (€n)neN.
Pacevorpum ysKImO Up: D — X, TOXKIECTBeHHO paBHYIO \/ne, #a U, (n € N). Ilycts X — Kakag-mu6o
KOMIAKTH(UKALNS TPOCTPAHCTBA X, CHAOKCHHOro caboi Tomonoruei, a iy: @ — X — HeIpepbIBHOE Ipo-
Jomkenne (PYHKIUHU Ug. SICHO, 9TO CyzKeHHe u :=— EOIX seastercs 3nemerToMm Co (Q, X|X'). Kak ussectHO,
Hysb 0 mpocTpancTBa X MPUHAIIEKAT CIabOMy 3aMBIKAHUIO MHOXKECTBA {\/ne, : n € N} (cm., manmpumep, [106:
perenne 3a1aan 21]). TTostomy obpas byHKIMHU Ug, OYAyIH 3aMKHYTBIM MOIMHOKECTBOM X, conepxur 0, u,

cremosarebio, u(q) = 0 ayst mexkoTopoit Toukn g € dom u. C apyroit cropons, |ul(g) = oo, Tak kKax |u| = /n
waU, meN)yung¢ D. »
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5.1.7. Bsemem oTHOIIEHNE sx6usaseHmuocmu ~ Ha MHOKecTBe C (@, X|Y) Beex Y-c1ab0 HEMpephIBHBIX
X -3HauHBIX (PYHKLMIL, ONpPENeEHHBIX HA KOTOIIMX IIOAMHOMXKECTBAX (), HOJIOXKHUB U ~ U B TOM M TOJIBKO TOM
caydae, ecmu u u v copnazaror Ha domu N domwv. OueBnano, CHEXKeHHE omepaTopa exty|y OCYIIeCTBIIACT

B3aMMHO ONHO3ZHAYHOE COOTBETCTBHE MeXIy snemeHTamu (akrop-muaokecrsa C.(Q, X |Y)/~ u npocrpancrsa
Coo(Q, X|Y). C momompio Takoro coorsercteust MaOKecTBO Co(Q, X|Y)/~ MOXKHO ecTecTBeHHBIM 06pa3zoM
nageaurs crpykrypoit PHIT nan Coo(Q) (cm. 5.1.6). Paccmorpenue pacuimpenubix QyHKUUiA, KAK U B CJly4ae
cevennii GaHaxXOBBIX pacciaoenuii (cp. 2.5.6), 3aKI0YAETCI B BHLICICHUN B KaYXKIOM KJIACCE IKBUBAJCHTHOCTH U3
C(Q, X]|Y)/~ 00 KAHOHHYECKOMY IPEJCTABUTENIO ¢ HAMOOIbINEH 06JACTHIO ONpEIeIeHNs .

5.1.8. Ilycre V' — compskeHHOE PACCIOeHMe K MPOCTOPHOH o6omouke ) mocroguaroro HBP @ x {Y'}
(em. 2.2.1, 3.1.5, 3.3.1). Bxumouenma V'(q) C V(¢), Y C Y(¢) m X C Y’ mo3onsaoT A KaxkI0H TOUKH
q € Q pacemorpers Ganaxoso noaupocrpatcrso YVi(q) = {z € V'(q) : zly € X} caon YV'(q). Ilpocroproe HBP
V' AV (em. 2.2.4, 3.1.11) 6yner obosnadarbes cumpoaoM (X |Y)q. daa kaxoro ceqenns u € Coo (Q, (X|Y)g)
obosHaduM 4epes uy dynknuo (g — u(q)}y): domu — Y'. Ouemmmo, uro uy € C.(Q,Y’'|Y), npuuem
u3 3.1.11 cmenayer, 4To IpoOOpPa3 u;,l [X] stBastercst kKoromuM noaMHOXKecTBOM (). CrieoBaTesbHO, CyKeHue

uy |X mpunagmexur C.(Q, X |Y), 1 MbI BipaBe paccMOTPeTh ero MakcuMambHoe pacimpenne Uy € Coo(Q, X|Y)
(cm. 5.1.6).

Jlemma.  OTobpaskeHie u — Ui OCYMECTBJISET H30METPHIO PEHIeTOYHO HOPMAPOBAHHOTO IPOCTDAHCTBA

COC (Q’ (XIY)Q) Ha Coo(Qv X|Y)

<« TlokaxkeM W30METPUYHOCTDL JTMHEHHOTO OTOOpasKeHUs u — uij. JahpuKCHpyeM TPOM3BOILHOE Ccede-

ane u € Coo(Q,(X|Y)q). Hepasencrso |uf| < |u| ouesnnno. Iockombky (X|Y)q — moxpaccioenue ),
cornacHo 3.3.3 MbI mMeeM

lul = sup{(v|u) : v € C(Q,)), |v] <1}.
Badukcupyem npoussosbhoe cedenne v € C(Q,)), |v] < 1, u 3amerum, 9T0 HA HEKOTOPOM KOTOIIEM MOIMHO-
KecTBe () BBITIOMHEHBI COOTHOMEHUS Uy = Uir |u§5| = |Hu§fH| nv=1ov" :=v", orkyga

(o) = 0¥ ) = (07 oy = (07 ) < [l | =

Ha TOM 7Ke KOTOIeM nojgMmuoxKecTBe (). IIpom3BONBHOCTH BBIOOpA CedeHHs U ODECIEYHBAET HEJAOCTAOIIEe
HepapeHCTBO |u| < |u{5 |

OcTanoch TOSCHUTD CIOPBEKTHBHOCTEL O0TOOpaskeHust u — ui. Ecmm w € Coo(Q, X|Y), To aas kaskmoro
ceuenng v € C(Q,)) dbyukuus ¢ — (w(q)|v(q)) ompeeneHa u HempepbIBHA HA KOTONIEM IOIMHOXKECTBE
domw Nv Y] C Q. Obozmauaum wepes (w|v) ee mpogomkenue n0 3mementa Coo(Q). s mobbix ¢ € dom |ul
uy € Y(q) monoxum u(q)(y) = (wlv)(q), rme cevenme v € C(Q,)) Takoso, uro v(q) = y. Hecmoxuas
[IPOBEPKA IMOKA3BIBAET, YTO MPEIJIOKEHHBIE IOCTPOEHHsT KOPPEKTHO onpenessiior cedenue u € Coy (Q, (X |Y)Q),

YAOBJIETBOPsIOINEee COOTHOMICHUTO ’UJ{/( =w. »

5.1.9. Ecuu E — uznean C(Q), TO MHOXKECTBO
E(X]Y) = {u € Cu(Q,X|Y) : |u| € EY,
cHabkenHOe onepanusamu, nHAyEposarabiME 3 Coo(Q, X |Y'), npencranser coboit PHII man E.

Caencrsue. (1) PHII Coo(Q, X|Y) sBasiercst (pacimupernnsiv) TIBK Hag Coo (Q).

(2) HBP (X|Y)q sBisercsa peanusanmoHubiM paccaoenneM gt Coo(Q, X|Y).

(3) st moboro upeana E C Coo(Q) orobpaskenne u — uy ocymecrsisger mzomerpuio [IBK E((X|Y)q)
ma E(X|Y).

5.1.10. PaccmoTpum OTAETBHO CJIy4ail, KOrIa B POJU ABONCTBEHHBIX TPOCTPAHCTB X ¥ Y BBICTYIAKOT
coorsercrBerno X' m X. Cornacuo 3.3.1 u 5.1.2 cumson (Xg)' o603HAUAET CONPAZKEHHOE DACCIOCHUE K
npocropHoii obonouke mocroaaroro HBP @ x {X}, a cumBon (X')g — npocTopryio 060I0YKY HOCTOSHHOTO
HBP @ x {X'}. B coorsercrenn ¢ 5.1.8 must kaszoro cevenns u € Coo (Q, (X'|X)q) 1epes ux obosnauaeTcs

dbynkuua (¢ — u(g)|x): domu — X'
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CaencrBue. Paccnoenne (X'|X)q cosmagaer ¢ (Xq) . dma moboro nneana E C Coo(Q) orobpakerue
u — ext x| x (ux) ocymecrsser nzomerpuio IIBK E((Xq)') na E(X'|X).

<4 Buirekaer nenocpeacreenso u3 5.1.8 u 5.1.9. »

Takum obpazom, [IBK Cu(Q, X'|X) usomerpuuno C (Q, (XQ)’). Kpowme toro, B 5.1.2 ycranosnena
uzoMeTpudHocTh Coo (@, X') u Cop (Q, (X’)Q). Mockonbky TTBK Coo(Q, X') M30MeTPUYHO BKIAIBIBACTCS B
Coo(Q, X' X), u3 npengmoxennst 3.4.7 crexyer, uro HBP (X')g MOXKHO paccMarpuBaTh Kak 0AHAXOBO IIOA-
paccnoenne (Xg)'. Pasencro (X')g = (Xg)' nmeer mecto B caydae coBnagenus npoctpanctB Coo(Q, X') m
Coo(Q, X'|X), 9T0 BLIMOHEHO, HATTPUMED, IPH perynaaprocTu Gymeroit anredper Clop(Q) u cenapabenbrocTn
npocrpancrea X' (cu. [83: 4.1.12 (8)]).
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§ 5.2. Iamepumbie BeKTOP-QyHKIAN

B sTom maparpade ucciemoBan BOIPOC O CYIECTBOBAHUY JTU(MTUHTA, B TPOCTPAHCTBE M3MEPUMbBIX BEKTOD-
dyuxmwmii, noctpoeno Baoxkenne UBP ¢ mocrosaubim ciioem B UBP ¢ mudrTunrom, a takxke copMyaIupOBaHbI
HEKOTOPBIE CBOUCTBA W3MEPUMBIX U CJIA00 U3MEPUMBIX BEKTOP-(DYHKIUH, TIOIyYeHHbIe B PE3YIbTATE TPUIOKE-
uus teopun UBP.

Bceroay B masbueiimenm () — npocrpaHcTBO ¢ HeHyseBoil Mepoil (obiajatoniee CBORCTBOM MPAMOI CyMMBI),
p — audrunr L>(Q). Kak u panbme, X u Y — upusejeHHble B JBOHCTBEHHOCTb OAHAXOBBI IPOCTPAHCTBA,
npudem Y HOpMmupyeT X.

5.2.1. Cumson M(, X) oboznauaer mHOXKecTBO Bcex usMmepumbix (no Boxuepy) dynkuwmii, ounpeue-
JIEHHBIX TIOUTH BCIOAY B () ¥ IpUHUMAIONMX 3HaveHus B npocrpancree X. Yepes M (€, X) mbl obGosnavaeMm
COBOKYITHOCTH KJIACCOB 9KBUBAJEHTHOCTH 3jeMeHToB M (), X)) mo oTHOIIEHNO paBeHcTBa movTh BCoLy. CuMm-
Bostom L£°(f, X) obosnamaerca muoxkectso {u € M(Q,X) : |ul| € £L>(Q)}, a ero snemMeHTH HAZBIBAIOTCS
(cywecmeenho) 02panUSeHHbBMY USMEPUMBIMU GynKUusmU. KIacchl SKBUBAJEHTHOCTH, COCTOSIIUE U3 CyIIe-
CTBEHHO OIPAHUYEHHDIX (DYHKIMIA, HA3BIBAIOTCS 02PDEHUYEHHbLMYU KAGCCAMU, & COBOKYITHOCTh BCEX TAKUX KJIACCOB
oboznauaercs yepe3 L>(Q, X).

Ha wmuoxecrtse M(Q, X) ecrecrBennbiM obpaszoM BeomutTcst crpykrypa PHIT wmag M(Q) u Momynsa wan
M(€). TIpu srom Hopma |u| kinacca u € M (£, X) Brmouaer moroueunbie HOpMbI [|u|| Beex ero npencrasureeit
u € u. Ecom E — upean M(Q), o muaoxkecrso E(X) := {u € M(Q,X) : |u| € E}, cnabxennoe onepanusvu,
unnyuupoantbivu u3 M (Q, X), oueBugno, npeacrasiasier coboii PHIT nan F. Ouesunno, L™= (Q, X) conanaer
c BE(X), tue E = L>(Q).

5.2.2. Orobpaxenue px: L=(Q, X) — L>(Q, X) nazosem augmunzom L (2, X) (accoyuuposarmvim
¢ p), ecnu pig m06pix u, v € L (Q, X) u e € L>°(Q) umeror MeCTo Cieayolue COOTHOIIEHUS:

(a) px(u): @ — X upx(u) €y

©) llox )]l = p(lul);

(8) px(u+v)=px(u)+px(v);

(r) px(en) = p(e)px(u);

(m) px(c™) = ¢ nuas Beex nocrosHEBIX dyHKIMI c: @ — X.
Kak u B ciyuae mudrunra B npocrpancTse cedenuii (cp. 4.3.1), Mbl Gyaem ynoTpebasaTh 3amuch px (4) BMECTO
px(u™) qst u € L2(Q, X), p(e) smecro p(e™) anst e € L2(Q) u p(A) Bmecro p(A™) ans A € B(Q).

Teopema. Jlusa cymecrsoBanus jqugrunra npocrpancrsa L™ (Q, X) Heobxomumo u gocTaTo9HO, 4TOOBI
HPOCTPAHCTBO ¢ MEPOL §) ObLIO ATOMHBIM HJIH OAHAXOBO HPOCTPAHCTBO X ObLIO KOHEYHOMEDHBIM.

<« TIposepka mocrarodnocty CHOPMYIHPOBAHHOIO YCIOBHST HE COCTABIAET TPYAA, ¥ MBI OCTAHOBUMCS
JIMIIB HAa 000CHOBAHUU €ro HeobxoauMocTd. IIpennonoxkum, uro X OeCKOHeYHOMEPHO U () He ABISeTCS ATOMHBIM.
He mapymiast ob1iHOCTH, MBI MOXKEM CIUTaTh () 6E3aTOMHBIM MPOCTPAHCTBOM € KOHEYHON HEHYJIEBOU MEpOil.
JomycTuM, 970, BOIPEKH J0Ka3biBaeMoMy, mpocrpancTtBo L (), X) umeer qudTunr px, acCONUUPOBAHHBIN C
p.

13 6ecKOHEYHOMEPHOCTH NPOCTPAHCTBA X CJIEAYeT CYIIECTBOBAHUE TAKOH MOCHEIOBATENLHOCTH (T )neN
asemenToB X, 910 ||z,| = 1 u ||2n — 2| = 1/2 mnua sBecex n,m € N) n # m. Baaromapsa GezaroMHOCTH
npocrpascTBa ), CymEeCTBYIOT TOYKA Wy € {1 M 1MOCIeI0BATeNbHOCTh (A, )peN HOMAPHO HE IEePEeCeKaroIUXCs
HEIIyCTBIX H3MEPHMBIX moaMuoxects () rakme, 910 p(An) = Ap u wo ¢ U,eny An ~ Q. Takyio mocnemosa-

TeJILHOCTD MOXKHO HOCTPOMTH MHIYKTHUBHO, pa30uBas Ha KaskIoM mare odepentoii ocratok O\ J;_, A; Ha nBa
HOAMHOXKECTBA, A U B, UMEOIUX paBHbIE MEPHI, U BbIOMpas B kadectBe A, 11 To uz muokecrs p(A) um p(B),
KOTOPOE HE COMEPKUT TOUKY Wo.

Omnpenennm dynkimo u € L>2(Q, X), monoxkus u(w) = x, npn w € A,. U3 croiicrsa (r) mudrunra px
ciepyer, 4ro dyHkuusa px(u) nponomkaer u. O6o3HaunM 3HaYeHHE px (U) B TOUYKE Wy HEPE3 To M MOKAKEM,
9TO T TPUHAJIEIKAT MHOKECTBY {Z, : n € N}. JleficTBUTENBHO, €CIM 3TO HE TaK, TO JJid HEKOTOPOTO IHCIA
€ > 0 mbI OymeM uMeTh ||xg — &, || = € npu Beex n € N, 4T0 IPUBOAUT K MTPOTUBOPEUYUBLIM COOTHOIICHUSIM

0= llpx () = ol (wo) = llpx (v = o)l (wo) = p(llu — o[l )(wo) = € > 0.

Urak, ©o = x, ana mekoroporo n € N. Tlockoabky [|[u — x| > 1/2 mourn scromy ma Q\A,, Mbl uMeeM

llox(uw) —xn|l = p(Jlu — xn|l) = 1/2 va Q\A,. Cremoearenbho, wy € A,, H UCKOMOE TIPOTHBOPETNE MOy e~
HO.
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5.2.3. Paccmorpum mocTogHHOE H3MepuMoe 6anaxoBo paccioenue ) x { X }. Kak 6bu1o ormedeno s 4.2.1,
coBokyrHOCTh M (2, 2 X { X }) usmepumbix ceuenuii sroro pacciaoenus copnagaer ¢ M(Q, X). 13 4.3.1 caenyer,
g0 Hasgmuue judrunra B paccaoennn () X {X} — apnenme penkoe. OHAKO, KAK TOKA3BIBACT CJICAYIONIAST
TeopeMa, paccroernne ) X { X} moxkuo mnorao Baoxurh 8 UBP ¢ mudruarom.

Teopema. CymecrByer (exuHcrBeHHoe ¢ To4HOCTBIO A0 p-uzomerpun) UBP ¢ sudrunrom X wan
TaKoe, 4To

(1) X spasercs 6aHAXOBBIM MOANPOCTPAHCTBOM KaxKA0ro cjos X(w), w € §);

(2) kaxzmoe ceuenne u € M(Q, X) npunumaer znavenns u(w) € X mouru mist Bcex w € ;
3) M(Q,X)={ueM(Q,X):imucC X}={u*:ueMQX)};

(4) smpTHHD py ACCONHHPOBAH C p;

(5) px(c™) = ¢ ama Bcex nocroanaabix Gyrkmmii c: O — X.

<« Crnenyer u3 4.2.3 u4.4.5. »

UBP X, o koropoMm uper peub B TMOCAeqHEN Teopeme, Oyaer obo3HAUATHCS cUMBOJIOM Xq. fZcHO, uTO
nocrosaroe UBP ) x {X} sBnsiercs BCoomy WIOTHBIM mogpaccnoerneM Xq B cMbicie 4.2.3.

5.2.4. Cuaencrsue. PHII M(Q,X) sapaserca (pacmmpennsv) IIBK nan M(Q). Paccroenne Xg
spaisercs peasimzanuonnpiv UBP s npocrpancrsa M (Q, X). Ecin E — naean M(Q)), 1o orobpaxenne
u — unNM(Q, X) ocymecrpasier mzomerpuro IIBK E(Xq) ra E(X).

5.2.5. @OyHKOuA u, OUpemeNEeHHAS TOYTH BCOAY B () W NPUHMMAMOMAS 3HAYEHHAS B NPOCTpaHCTBE X,
HA3bIBACTCA Y -cAa60 ugmepumotli, ecau s moboro y € Y semectsennas dyukius (uly) := |y) o u usMepuma.
CoBOKYNHOCTH BCeX TakuX (PyHKIMH 1« MbI OyaeM obosaagars cumsoaom M(Q, X|Y). Tlouru Beropy onpee/ieH-
uble X -3HAYHBIE (DYHKIWKA U U U HAZBIBAIOTCA Y -CAGH0 IKGUBGAEHMHLMUY, €CIIN [T KAXKI0T0 Yy € Y byHKInn
(uly) m (v|y) coBmagaror nourn Beromy. OtHomenwne Y-cnaboit skeuBanenTHOCTH Ha MHOKecTBe M (2, X|Y) MBI
Oyner 0003HAYATDH CUMBOJIOM ™~ B OTJIMYHE OT CHUMBOJIA, ~, 0D03HAYAOIIErO OTHOIIEHNE PABEHCTBA, TOYTH BCIOLY.
DakTop-muOKecTBO M(Q, X|Y)/~ obo3rawaercs wepes M (Q, X|Y). Hanomanm, 910 miusa GbakToOp-MHOKECTBA
M(Q, X)/~ 6bu10 BBeneno obozuagenune M(Q, X) (cm. 5.2.1). Ecommu € u € M(Q, X|Y) ny € Y, 10 cumson
(uly) oboznauaer kmacc (uly)™~ € M ().

Ouesnano, aro M(Q2, X) C M(Q, X|Y), npudem Braoverne moxker 6piTh crporuM. CyImecTByoOT npu-
MephbI cJ1a00 IKBUBAJIEHTHBIX DYHKIME, He copmanaomux noutn seioay (cu. [131: I1.1]). Oanako n3secTHO, 9TO
X'-cnabo SKBUBANEHTHBIE M3MEpUMBbIE 110 Boxnepy dyuximu pasubt moarn seony (em. [131: 11.2, crencrsue 7]).
HUcnonb3oBanue qudrunra p npocrpancTsa L () 103BOJSET ¢ JErKOCTHIO YCUIUTh 3TOT PE3YJIbTaT.

Jlemma. Ecinu ¢yakonn u,v € M(Q, X) Y-crabo skBuBaienTHbl, TO OHH PABHBI II0YTH BCIOLY.

<« JIns BesAkoil cryneHdaroil (= m3MepuMoil KOHeYHO3HAYHOM) DyHKIMH § = Z?:l X A; T OLUPEIEIM
crynenuaryo Gyrkmuo p(s) ~ s no npasmy p(s) = >0 Xp(a)Li- Ouennano, aro (p(s)|y) = p((sly)) ana
qoboro y € Y.

CranJapTHBIME PACCyKIEHUSIMU MOXKHO CBECTH JIOKA3BIBAEMOE yTBepxKaeHue K ciaygao u € L2(Q, X),
v = 0. PaccMOTPHM Takyl MOCIENOBATEIBHOCTD (Sp)neN CTYHEHUAThIX dyHKImi, uro ||s, —ul| < 1/n mis
Bcex n € N. U3 Y-cnaboit sxBuBameHTHOCTH U =~ () BBITEKAET, UTO [JId KaXKJIOTO DJIEMEHTa Yy € Y | UYucmia
n € N pomosseso | (s, |y)| < ||y||/n moaru Berogy, u mostomy |{p(sn)|y)| < ||lyll/n Bcroay Ha 2. CremoBaresnbHo,
p(sp) — 0 ma Q. Ocraerca 3aMeTHTh, 9TO P(S,) — U MOYTH BCIOAY. P

IMocsennee yrBepKaenue no3posisger Ham Juisi Kaxkaoil dyukimuu v € M(€Q, X) OToXKIECTBUTH KIIACCHL
{veMOQ,X):v~ut e M(Q,X) m {ve MQ,X|Y):v~u} € M(Q,X]Y). B nanbreiimem 06a 3Tm Kiacca
OyayT 00603HAYATHCA OSHUM W TE€M K€ CHMBOJIOM u” .

5.2.6. Mmnoxecrso M (2, X|Y) ecrecTBenHbIM 06pa3s0M IPEBPAIIAETCST B BEKTOPHOE MTPOCTPAHCTBO: MBI
nosaraeM A\u~ + pv™ = ()\u|dom1) +;w|d0mu)N g A p € Ruu,v e M(Q,X|Y). OueBugno, aro M(Q, X) —
BekTOpHOEe moampocrpadcreo M(Q, X|Y). M3 1.3.10 cnexyer, uro mas moboro kmacca u € M(Q, X|Y)
muOokecTBo {(uly) : y € Y, |yl < 1} nopsakoso orpanudeno B M(2). Beps B KadecrBe HOpMBI |ul
knacca u € M(Q, X|Y) rounyio Bepxmion rpanwmiy muokectBa {(uly) : y € Y, ||y]| < 1} B M(Q), mB
npeeparmaem mpocrparcteo M(Q, X|Y) 8 PHII man M(Q). Ecm E — wmanean B M({)), TO MHOKECTBO
EX|Y) := {u € M, X|Y) : |u| € E}, cnabkennoe onepammamu, mHAynuposanubvu u3 M (€2, X|Y),
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oueBuHO, mpencrasiser coboit PHIT wan E. Ilpu F = L*°(Q) mpoctparcrteo E(X|Y) obosnauaercsa [depes
L>(Q,X]Y), a UL®(Q, X|Y) — gepe3 L>*(Q, X[|Y). Haa v € M(Q, X|Y) cumponom |u| mbl 6yaem 0603Ha-
4aTh MPOM3BOJIBHLIA 31eMenT kaacca |u™| (koukperssiit BeiGop npencrasurend |u| € |u™| we Gymer urparh
posu npu ynorpebiaenuu cumsosa |ul).

5.2.7. Ecmu u € M(Q,X|Y), ro ana moboro knacca K € B()) KoHeuHOIl Mepbl CYIIECTBYeT Takas
OCJIEI0BATENILHOCTD (Yn )neN deMeHToB equunyanoro mapa Y, uro (K)|u| = sup,n(K)(uly,). Tem cambiv
ecnn (K¢)eez — pasbuenne exunumns B Oysesoit anrebpe B(()), cocrodimnee u3 KIaccoB KOHEIHON MePHI, TO I

moGoro u € M(Q, X|Y) cymecrsyer takoe cemeiictso (y§)5Sy anementos emummamoro mapa Y, 1o

lu] = sup sup (Ke)(ulys).
(€= neN

U3 BbineckasaHHoro ciaemyer, uro s joboi Gyakuuun u € M(, X|Y) umeer MecTo HEpaBEHCTBO
lul < ||lu|| mourn Berony Ha Q. Bosbiero ckazath o cesa3u dysrimii |u] u ||uf B obmem ciayuae Hemb3s.
Oynkmus ||ul| moxer 6prTh Hemzmepumoit. Bosmoxkna curyanns, npu koropoii |u| ~ 0, HO ||ul| = 1. Takuwm
obpazom, dyaxmma |u| w moroueanas rparuna sup{{(uly) : y € Y, |ly|]| < 1}, Boobme rogopsi, He CBS3aHBI APYT
¢ apyrom. Curyaius MeHsiercs, ecau, 3adukcuposas judrunr npocrpancrsa L (), 3amenurb B nocienseit
dopmyne (uly) wa (uly)~ (cm. 1.1.13): cormacuo 1.3.10 myst mroboit dyurimm v € M(Q, X|Y') mourn Bcroxy Ha
Q Bemonneno pasenctso |ul| = sup{(uly)~ :y €Y, |ly| < 1}.

4.8, CIIA v € , Q TO HKIUSA Vx @ W H— V(W)|x U3 domv B O4Y€BUJIHO, IPUHAIJIECIKUT
5.2.8. E M(9,(Xq)'), 1o by (w)lx w3 d X, , Tp

M(Q, X'|X). Ona kaxzaoro saementa v € M(,(Xq)') obosnaunm cumsonom vx kaacc us M (€, X'|X),
cozepkauit GyHKIUU VX IPU U € V.

Jlemma. OrobpakeHne v — Vx OCYIIECTBJISET H30METPHIO PEIIETOYHO HOPMUPOBAHHOIO IIPOCTPAHCTBA
]W(Q, (XQ)/) ma M(Q, X'|X).

<« TlokaxkeM M3OMETPUYIHOCTD JIMHEHHOTO OTOOpAXKEHUa V — Vy. 3aQUKCUPYEM MTPOU3BOJIBHBIN KIIACC
v € M(Q,(Xq)). Cormacuo 4.4.7 mbr umeenm |v] = sup{(ulv) : u € M(Q, Xg), |u|] < 1}. Hepasencrso
Ivx| < |v] oueBumno. Pacemorpum npoussosbhbiii 3aement u € M (2, Xq), |u] < 1, u 3amerum, uro

(uv) = (u¥|vx) < |u¥| - Ivx] < Ivxl,
rme u¥ — wmacc w3 M(Q, X), conepskammit bynxmmm u|X mpu u € u (em. 5.2.3). IpomssombHOCTL BEIGOpa 1
obecrieumBaeT Hemocramolee HepaseHcTso |v] < |vix|-

OcTanoch NOACHUTH CIOPBEKTHBHOCTD OTOOpaxkeHus v — V. Jng xaxmoro snemenra w € M(Q, X'|X)
Haimerca takoe pasbuenme eauanubt (K¢)ecz B Gynesoii aarebpe B(Q), uro (K¢)|w| € L>®(Q) nna Beex € € =
(cMm. 1.3.3). Badurcuposas npoussosbubie § € 2, w € (K¢)~ nx € Xg(w), Betbepem u € L*((}, Xq) TaK, 9T0051
u(w) =z (eMm. 4.4.1) u nonoxkuM v(w)x := (u|w) . (w). HecroxHas TpOBEpKa MTOKA3LIBAET, UTO MPEJIOKEHHBIE
IMOCTPOCHUS KOPPEKTHO OIPEIENSIOT CeYCHHE U € M(Q, (XQ),), YAOBJIETBOPAIONIEe cooTHOIeHno (V™ )x =
w. »

Caencreue. PHII M(Q, X'|X) apasercs (pacimmpennsiv) [IBK mag M(Q). Paccaoenne (Xq)' aBas-
ercsa peanmzanuorubiv UBP mis pemerourno mopmuposarroro npocrparctea M(Q, X'|X). Ecimn E — npean
M(f2), To orobpazkenne u — ux ocymecrsasger usomerpuio IIBK E((Xq)') na E(X'|X).
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§5.3. CBg3b MKy HEIIPEPBIBHBIMU
1 U3MEPUMBIME BEKTOP-(DYHKIIUIME

PesyabraTer, chopmynupoBanibie B 3TOM mnaparpade, ABAGIOTCS CAEACTBUSAMU CBA3EH TPEX BHUIOB:

(a) Mexkiy npocTpaHcTBaMu HenpepbiBHBIX BekTop-dyHKimii 1 HBP (cm. §4.1),
(6) Mexay npocrpaHcTBaMu u3MepuMblix BekTop-dyukimii 1 UBP (cM. §4.2),
(8) wmexay UBP u HBP (cm. §3.3).

Ilepeunciertbie HHCTPYMEHTHI MTPUMEHSTIOTCST 371eCh, TPEXK/e BCero, st YCTAHOBJIEHUS CBsI3efl MEXIy Tpo-
CTPAHCTBAMHU U3MEPUMBIX U HEMPEPBIBHBIX BEKTOP-(MYHKIUA pa3HooOpa3sHOro THUIA B TEPMUHAX TaK HA3BIBA-
€MOT0 CTOYHOBCKOTO TpeoOpa3oBaHmsi. 3aBepinaercss maparpad cepweil momyTHO yCTaHOBIEHHBIX (BaKTOB O
CYNIECTBOBAHUH PA3HOTO POAa JTNGTHHTOB B MPOCTPAHCTBAX U3MEPUMBIX BEKTOD-DYHKITHI.

Kak u pambire, {) — IpoCTPaHCTBO ¢ HEHYJIEBON Mepoii (obBasatoniee CBOACTBOM NPSAMON CyMMbI), p —
audrunr LX), X u Y — upusenenubie B JBOHCTBEHHOCTh GaHAXOBBI IPOCTPAHCTBA, MPUYEM Y HOPMHUDPYeT
X, uro nossojser paccMarpuBarb X Kak OaHaxopo noanpocrpancrso Y'. Kpowme Toro, (Q — croyHoBcKHit
KoMNakT Oynesoii anrebpel B()) u 7 — kanoHudeckoe norpyxenue ) B ), cooTBETCTBYIONIEE JUDTUHTY .
IMone3no uMeTh B BULY, 4TO TOIIUE IIOAMHOMXKECTBA () B JAHHOM CJydae fABJSIOTCS HUIJIE He IJIOTHBIMU (CM.
reopemy 1.2.13).

B mambrefimem mer cantaeM, 9t0 Coo(Q, X) C Coo(Q, X|Y), oroxmectinsig byuxkmum v € Coo(Q, X) n
extx|y (v) € Coo(@, X[|Y) (cm. 5.1.4). Hamommmm, uro moxoxum cmocobom B 5.2.5 mbr Brozkumu M (2, X) B
M(Q, X|Y).

5.3.1. Jlemma. HBP X sBrsgerca croynoBckum mpeobpasopannem UBP Xq, T. e. MOXKHO cYnTars,
gyro X = Xgor.

<« Crenyer w3z 4.3.4,4.3.5u5.2.3. »

5.3.2. Teopema. (1) Ilouru Bcrogy B § onpenenennas X -3HaduHasi (QyHKUHSI U H3MEPUMa TOLJA H
TOJIBKO TOIJA, KOIJa U ~ v O T ijisi HeKoroporo ajementa v € Coo(Q, X).

(2) st gio6oro kamacca u € M(Q, X) cymecrByer eauncrennas dyuxuus 0 € Coo(Q, X), marowas
npescrapgeHne u B Brje (o 7).

(3) Orobpazxkenne u — 0 ocymecrsjser uzomerpuio IBK M(Q, X) na Co(Q, X), accomuupoBanuyio
¢ mzomoppuzmom (e — &): M(Q) = Cuo(Q) (em. 1.3.13). Obparnas mzomerpus Coo(Q,X) ma M(Q, X)

neitcrsyer 1o npasuay v — (vo 7)™ 1 acconunpoBata ¢ uzomopdusmoM (e — (eo7)~): Co(Q) — M(Q).

<« Caenyeruz 4.3.4,5.2.3,5.2.4 u 5.3.1. JIpyrue nokazarenscrsa uzomerpuanoctu M(Q, X) u Coo (Q, X)
MOXKHO HaiiTw B [235: Teopema 2.9] n B [83: Teopema 4.1.15]. »

Dyuxiua 1 € Co(Q, X), coorBercrByomas kiuaccy u € M(Q, X) cowacuo 1. (2), 6yier naspiBarbcs
CMOYHOBCKUM TPEobpasosatuem .

5.3.3. Jlemma. IlycTp BhITOJIHEHA OAHA U3 CACAVIONIHX AP YCIOBHIH:

(1) v e Cu(Q,X) u noguuozkecrso Xo C X 3aMKHYTO B TOIIOJOIHU HOPMDI,
(2) velCx(Q,X|Y) n Xy C X 3amrryTO B Y-C1aboft Tomogornm.

Ob6pa3 pyHKIHH U cOxepKUTCst B Xg TOLJa H TOJIBKO TOIJa, Korda B Xo CoqepKuTCA 06pa3 KOMOO3HIHH U O T.

<« Ecnm obpas Gyukmun v He comepKutces B Xg, To MHOKecTBO v [ X(] He ABIsgeTcs BCIOLy MIOTHBIM B (),
U, CJleIoBaTeTbHO, MMeeTCs HelyCToe OTKPLITO-3aMKHYyToe B () moamuokectro U C Q\v~![X(]. B Takom cayuae

IIOYTHU BCIOAY Ha MHOXKECTBE T_l[U] HEHYJIEBOU MepbI (DYHKIINS v O T MPUHUMAET 3HAYEHUS, HE TIPUHAJIEIKATITIE
Xo. »

CaencrBue. Ilycre Xy — samknyroe moamuoxecrso X. 3padenns u(w) ¢yokmmn u € M(Q, X)
npuHagaexkar Xo moyrn aad Becex w € () Torga H TOJBKO TOLAA, KOIJa 00pa3 CTOYHOBCKOTO IIPe0OPa30BAHMS
Kaacca u” coxepxurca B Xg.
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5.3.4. O6osnaunm uepes L°(, X) (coorBercrenno uepes L5 (2, X)) COBOKYIHOCTB BeeX TeX yHKIIMiL
u € M(Q, X), nast koropbix 06pa3 u[A] Hekoroporo MHokecTBa A ~ () SIBJISIETCST OTHOCHTEIHHO KOMIAKTHBIM
B CMBICJIe TOTOJIOTHH HOPMBI (COOTBETCTBEHHO B cMbIcie Y-caaboii Tomosorum). Ormernm, uro L°(Q, X) C
L5(Q,X) C LN, X) u LS(Q,X') = L°(Q,X). Bekroproe npocrpanctso {u™ : u € L5(Q,X)} C
L>*(Q,X) mbr Oynem obosnauars cumbosom L§ (2, X), a ero mogmpocrpamcreo {u™~ : u € L9(Q,X)} —
cumBosiom L(Q, X).

Cnencreue. Ilycrs pyHKIHS U olpedeieHa HOYTH Beroay B () 0 IpHHUMAaeT 3HaYeHHs B IIPOCTPAHCTEE
X.
(1) @yaknusa u npuaagiexur L°(Q, X) Toraa u TOAbKO TOrAa, KOLAa U ~ VO T [jisi HEKOTOPOI'O 3JI€MEHTa

v € C(Q,X). Croynopckoe npeobpaszoBarne u — 0 ocymiecrsisaer u3omerpuo PHII L¢(Q, X) Ha C(Q, X),
accoruupoBauyo ¢ uzomopduzmom (e — é): M(Q) — Coo(Q).

(2) Oynkuus u npurapiexxnar LS, (Q, X) toraa u TOgIbpKO TOIa, KOLLa U ~ VO T JIjI HEKOTOPOTO dJIEMEHTa
v € Coo(Q, X)NC(Q, X|Y). CroyroBcKkoe nmpeobpasoparne u — U ocymecrsiasger uzomerpuro PHIT LS (Q, X)
Ha Coo (Q, X) N C(Q, X|Y'), accoruuposannyto ¢ uzomoppusmom (e — &): M(Q) — Coo(Q).

5.3.5. Teopema (F.D.Sentilles). IIpocrpancra Coo(Q,X|X') n Coo(Q,X) coBmagamor.

<« U3 [235: Teopemur 2.5 u 2.8] cremyer pasernctso O (U, X|X') = C% (U, X) ans xawma0ro smemeHTa
U € Clop(Q), mpoo6pas 7~ 1[U] koroporo umeer koneunyto mepy. CBOfICTBO IPAMOii CyMMBbI, KOTOPbIM 00J1a,/1aeT
(), HO3BO/IAET HAM PACIPOCTPAHHUTD HOC/IE/IHee PaBeHcTBo Ha Bech kommakT: C2 (Q, X|X') = C% (Q, X). Yrsep-
JKJIEHUE TEOPEMBI TETEPh caiemyeT m3 Toro (akTa, uaro ans xkaxaoi dyrkmmm v € Coo (@, X|X') cymectsyer
pas6uenne exuanipt (U, )nen B Gymtenoit anre6pe Clop(Q), obecreunsarormee srmouenne (U, )u € CY(Q, X |X')
npu Bcex n € N (em. 1.3.3). »

5.3.6. Cuaencreue. Ilourn Bcrony B €0 omnpenenenmnas X -3HauHAs DOYHKIHSA U TPHHAJIEKHT
L5/(Q, X) rorma m TompkO TOrmA, KOTAA U ~ U O T s Hekoroporo aementa v € C(Q,X|X'). Croymos-
cKoe mpeobpaszoBanme u — U ocymecrsasger mzomerpuio PHIT LS, (Q, X) ma C(Q, X|X'), accoumupopannyrio ¢
uzomopuzmom (e — &): M(Q) = Co (Q).

<« Burrekaer u3 5.3.4(2) u 5.3.5. »

5.3.7. Teopema. (1) Ilourm Bcrony B §) onpenerernas X'-3pavnas dymkmms X -cnabo msmepuma
TOrJga H TOJBKO TOIAa, KOIa OHA X -c1ab0 9KBHBAJEHTHA KOMIIO3HIHH U O T JJI HEKOTOPOI'O 3JIeMEHTa U €
CaalQ, X'|X).

(2) dms mro6oro xaaccau € M (), X'|X) cymecrsyer emurcrBenras Gynxnmsa 0 € Coo (Q, X'| X)), maromas
npescrapgerne u B Brjge (Lo 7).

(3) Orobpazkenne u — 0 ocymecrsiasger uzomerpuio [IBK M(Q, X'|X) na Coo(Q, X'|X), acconuupo-
BaHHYIO ¢ nzoMopdusmom (e — &): M(Q) — Cx(Q). O6parnas mzomerpus Coo(Q, X'|X) wa M(Q, X'|X)

geticrsyer no npasmiy v — (vo 7)™ u accomumposana ¢ nzomopduzmom (e — (o)) : O (Q) — M().

< U3528,53.1,44.7(2), 4.3.4 u 5.1.10 creayer memouka mzomerpuit M(Q, X'|X) ~ JV[(Q, (XQ)’) ~
Cx(Q, (X)) ~ Cu(Q, X'|X). »

Oynxmma 0 € Coo(Q, X'|X), coorBercTByromas kmaccy u € M(Q, X’|X) cormacno n. (2), Gymer Ha-
3BIBATBCA CMOYHOBCKUM npeobpasosanuem u. Ecrm kmace u npuaamiexut npocrparctsy M (Q, X'), To ero
CTOYHOBCKHE IIPEOOPA30BaHUsd B CMbICIE 5.3.2 U B CMbICIE 5.3.7 COBIAIAIOT (c yuaerom saoxenuit M(Q, X') C

M(Q, X'|X) u Coo(Q, X') C Coo(Q, X'| X)), uTo OLpaBapIBaeT UCIOIb30BAHYE Ll HUX OJMHAKOBBIX TEPMHHOB
1 0bO3HAYMEHMIH.

5.3.8. Tlockomeky M(Q, X|Y) C M(Q,Y’|Y), croyHoBckoe ipeoGpaszosanre U € Coo(Q, YY) moxker
OBITH onpeseneno Takxke s snementor u € M(Q, X|Y). B wacrmocrn, ecim u € M(Q, X|X'), To u €
Coo(Q, X" X"). Buauenme u(q) € Y’ croynosckoro mpeobpasosanns kaacca u € M(Q, X|Y) B Touke ¢ € domt
MOZKHO OIPEJIEeNUTD caieayommmM oopasom: (y|u(q)) = (uly)”(q), y € Y. B Takom Bue OHO BO3HUKAET B paboTax
[182, 236] mya xaaccos u € L>®(Q, X|X').

Kak cnenyer u3 Teopembr 5.3.7, CTOYHOBCKOE TPEOOpPA30BAHUE OCYIIECTBJISET W30METPUIHOE BIIOXKEHUE
PHIT M (9, X]Y) B IBK C(Q,Y’|Y). 3amernm, uto 06pa3 3TOr0 BIOKEHUS MOMKET HE COBIIAJATH HU C
Coo(Q,Y'Y), v ¢ Coo (Q, X|Y).
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Teopema [236]. Kumacc u € M(Q,X|X') mpunamrexur M(), X) rTorma m ToaBKO TOTJa, KOIJA
a X"\ X] aBasgercs TomuM (= HHIJe He MIOTHBIM) MOJMHOKECTBOM Q.

<« Crenyer u3 teopem 5.3.2 u 5.3.5. »

5.3.9. @yskumio v € M(Q, X|Y) nazosem xomnarmmotl, eciu ee ofpa3 OTHOCHTEILHO KOMITAKTEH B
cmbiciie Y-cinaboit romosiorun. Cumsosiom L£(€2, X|Y') o6o3nauaercst COBOKyIHOCTH Beex vnementos M(Q, X|Y),
Y-cnabo 9KBUBATEHTHBIX KOMIAKTHBIM (yHkmuam. Ormernm, uro muoxkectso L°(Q, X'|X) conamaer c
L°(Q, X'|X) n npencrasnser coboil COBOKYITHOCTb BCEX MOYTH BCIOIY OMPEENEHHBIX X -3HAYHBIX (DYHKITHI
u, yIoBaeTBopsiomux yeaosuwo (u|z) € L2() ana xaxmgoro © € X. B ofmem ke ciaydae uMeeT MECTO TOJIBKO
sraouenne L0, X|Y) C L>(Q, X|Y). Bekroproe moampoctpanctso {u™ : u € L, X|Y)} C L®(Q, X|Y)
MBI Gyer obosnadars cuMBoaoMm Le(Q, X|Y).

Caencrsue. Ilourn scrony B Q) onpenenennas X -3aavnas Gynxnms u npuaagiexnt L°(Q, X|Y) Torga
¥ TOIBKO TOTZA, KOrAa OHA Y-CI1ab0 SKBHBAJIEHTHA KOMIO3HITUH U O T JJIs HEKOTOpOro saementa v € C(Q, X|Y).
CroyHOBCKOE mpeobpasoBaHue u — 0 ocymectsiasger uzomerpuro PHIT L(, X|Y) na C(Q, X|Y'), acconuupo-
BanHYIO ¢ nzomopguzmom (e — &): M(Q) — Coo(Q).

<« Broirekaer 3 5.3.7u 5.3.3. »

5.3.10. Cuencrtsue [131: III, §4]. IIpocrpancrea L°(Q, X|X') n L%, (Q,X) copnagaror. Hupmm
caoBamu, ecau ciaabo mamepnmass Gyaknus u: 0 — X #mmeer ciab0 OTHOCHTETIBHO KOMIAKTHBIH 00pa3, TO
OHa €J1aD0 IKBHBAJIEHTHA HEKOTOPOH m3mepumor no Boxwepy ¢yaxmum v: ) — X, rakxke mmerorreii caabo
OTHOCHTEJIFHO KOMIIAKTHBIH 00pa3.

<« DBrrrekaer u3 5.3.6, 5.3.9 u 5.3.5. »

5.3.11. Mmaueue MQ,X|Y)ny €Y dbyukuus |y) o u oboznauaerca qepes (u|y), a comeprrartuit
ee xmacc (ul|y)™~ — uepe3 (uly). Iycrs L — Bexroproe mommpocrparcrteo L®(Q, X|Y), a Z — Gamaxoso
noanpocrparctso Y. Orobpaxenwe pr: L — L2°(Q, Z|Y) mbr Gymem mazeats Z|Y -caaboim asudmurzom
npocmpancmea L (accoyuuposanmsim ¢ p), €ciii OHO YIOBJIETBOPAET CJIEAYIOIUM YCIOBUSIM:

(a) pr(u): Q@ = Z nus moboro u € L;

©) (pr(w)ly) = p({uly)) Ars pcex u € Luy €Y.

Ecnu Z|Y -cnabbiii iudTUHT pf, VAOBAETBOPSIET TAKIKE YCIOBUIM:

(B) ecom u € u € L, To dyukiuu u u pr, (1) PaBHBI OYTU BCIOAY;

(r) lloc(u)ll = p(lal) nna kaxaoro u € L,

T0 oH Oymer Ha3BIBATHCA Z|Y -cuabhoim audmunzom npocmpancmed L. Ormerum, aro moboit Z|Y -caaborit
audTUHT pr, 00IaTAET CIeAYIONIMA CBOHCTBAMUT:

(1) ecnu u € u € L, To dbyukiun u u pr,(u) Y-cnabo 9KBUBaJIEHTHbI;

(2) ecnmu,v € L, 10 pr.{u+v)=pr(u)+ pr(v);

(3) ecmmue L,ec L) neuc L, 10 preu) = p(e)pr(u);
(4) ecom dbyukuus c: @ — X nocrosiuaa u ¢~ € L, 1o pr(c™) = c.

5.3.12. Teopema. Jlua Joboro Jmcpruura p: L=°(Q) — L%(Q) cymiecrByioT eJuHCTBEHHbBIH
X |X'-cunpupri mrprunar px npocrpancrsa L¢(Q, X) n equrcrsennsii X |Y -crabpiii mrgrunr px|y mpocTpam-
crea L(Q, X|Y), accoumupopaunsie ¢ p. Ilpu srom s kaxkgoro sjgemenra u € L6(Q, X) (COOTBeTCTBeHHO
ue L0, X|Y)) ¢yaxuns px (u) (coorsercrsenno px|y(u)) cobmagaer ¢ o T, rge i — CTOYHOBCKOE IPEos-
pa3oBaHUe KJacca U B CMbIcae 5.3.2 (COOTBETCTBEHHO B cMbicie 5.3.8), a T — KaHOHHYecKoe morpyzkenne () B
Q, coorBercrByfomee TUGpTHATY p.

<« Brorrekaer n3 5.3.4 1 5.3.9. »
5.3.13. Hwmxe mepedncaeHbl HEKOTOPBIE PE3YIbTATHI, BHITEKAIONINE U3 TOCTIEIHEH TEOPEMBI.

Caencreue. Ilycrs () — mpocrpaHCTBO ¢ HEHYJIEBOI Mepoii, objiagaroniee CBOHCTBOM HPSIMOIl CYMMBI,
X n Y — npuBenenusie B ABOHCTBEHHOCTh DAHAXOBBI IPOCTPAHCTBA, npudem Y HOpMupyer X.

(1) Mpocrparcrro L°(Q, X) umeer X | X' -cuabwplit sndTuar.

(2) Ilpocrpancrso LS (Q, X) nmeer X|Y -cnabprit audprunr.
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(3) Ipocrpancreo L (), X') umeer X'| X -ciaabplit audrusr.

(4) Mpocrpancreo L°(Q, X|Y) nmeer X |Y -crabprii augraHT.

(5) IIpocrparcreo L= (Q, X|Y) mmeer Y'|Y -cnabprii aucprunr.
(6) IIpocrparcreo L™= (Q, X'|X) mmeer X'| X -cnabprii muchrunr.
(7) Opocrparcreo L™ (Q, X|X') ameer X" | X' -cnabprii suraar.

IIpuBeeHHBIH CIMCOK PE3YIbTATOB HE ABJISAETCA HOBBIM M MMEET WILTIOCTDATUBHBIH xapakrep. Hanpumep,
yrBepKaenusi (3) u (4) moxkHO m3Bmeus u3 [166: VI, §4-7].
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Imasa 6. OIIEPATOPbI, COXPAHAIOIIIVE VM3 bIOHKTHOCTD

Oneparopbl, COXPAHAOIMIAE U3 bIOHKTHOCTE, IMEIOT COBCTBEHHYI0 OOraTyIo pe3yabTaTaMy TEOPUIO, BKIIIO-
YAOILY0 TAKAE BOIPOCHI, KAK OTPAHUIEHHOCTH, HEMPEPBIBHOCTH, CIIEKTPATIBHBIE W MEOMETPHYIECKHE CBOHCTBA,
MyJTbTHIMIAKATHBHOCTD, KOMIAKTHOCTH 1 Ap. Crucok paboT, MOCBAIEHHBIX NCCIEI0BAHNAI) COXPAHAIOIINX T3 b-
IOHKTHOCTB ONIEPATOPOB, HACTOIBKO BEJNK, 9TO MOT OBI OCIY?KHTH TIOBOAOM JJIs OTAEIBHOro 0630pa. Ocrapub
6€e3 pacCMOTPEHNS MHOTHE BECHMA WHTEPECHBIE HATPABIEHUS NCCIEIOBAHNIN, MBI COCPEIOTOYNM BHUMAHHUE JIAIIH
Ha TIOMCKE aHAJTNTHYIECKOro npeacrapnenns. OOHUM M3 MEPBBIX 3aMHTEPECOBANCA STHM Bompocom B. 3. Bymux
(cm. [30-32]). B pmanpreiimeMm K 3To#i mpobremarnke mogrmounanch . A. A6pamosuu, E.JI. Apencow,
A N.Bekcaep, A.B.Bukcren, A.K.3aanen, A.K.Kurosep, A.B.Komayuos, II. T. H. Maknonun, . P. Xapr
U MHOTTe Jpyrue (cM., HampuMmep, [2-4, 108, 158, 199, 254, 256]). OTmeruM Takxke, YTO K BOIPOCY 00 aHAIMTH-
YECKOM IIPEJCTABIEHIH OIEPATOPOB, COXPAHSIONNX JU3bIOHKTHOCTb, OTHOCUTCA TAKOE MOIIHOE HAIIPABJIEHHE,
KaK ONUCAHUE U30METPHUHl NPOCTPAHCTB U3MEPUMBIX BeKTOD-(YHKIMI (Tak Ha3blBaeMble TeopeMbl Banaxa —
Croyna).

B sT0if riaBe MBI 3aiiMeMCsa M3y9eHUEM W TOMCKOM AHAJTMTHYECKOTO MPEACTABICHUS COXPAHSIONIAX T3 b-
IOHKTHOCTH omeparopos, aeiicteytonux B PHII. Hagas ¢ uccienoBanms o0Imux CBOMCTB TAKUX OMEPATOPOB, MBI
3aTe€M PaCCMOTPHAM OPTOMOP(MHU3MBI, ONEPATOPBI CABUTA, ONEPATOPHI B3BEIICHHOTO CIBHTA W, HAKOHEI, BHOBbL
BEPHEMCS K TIPOM3BOJLHBIM OIEPATOPAM JJIsl TOTO, YTOOBI MPUMEHUTDL K HUM HAKOILJICHHBIH OIIBIT.



§6.1. Tenv onepamopa 137

§6.1. Tenp onrepaTopa

Hanmmym oCHOBHBIM MHCTDYMEHTOM HKCCJIEIOBAHUS OIEPATOPOB, COXPAHAIONINX U3 bIOHKTHOCTD, SIBJISAETCH
TAK HA3bIBAEMas T€Hb — HEKOTOPBIH KOJbIEBOH romMomMopdusm OyaeBbix aarebp, MOPOXKICHHBIN JeficTBUEM
oreparopa Ha KOMOOHeHTaX. (OKa3bIBAETCs, MHOIME CBOHCTBA, OIEpaTopa MOTyT ObITh CHOPMYIUPOBAHLL HA,
A3BIKE ero TeHU. B 9acTHOCTH, K CBOWCTBAM TEHH CBOAATCA MHOTHE BOIIPOCHI HENPEPBIBHOCTH.

6.1.1. Ilycres U u V — PHII. ToBopsr, uro oneparop 1T: U — V coxpansem OussOHKMHOCTb, €CIH U3
uy L uy BeiTekaeT Tuy L Tuy ams mobbIX uy, uy € U. HecnokHo yOeauThbCs B TOM, UTO BCAKHI COXPAHSIIONTHI
JU3BIOHKTHOCTD MOJIOKUTEIBHBIN OMepaTop, AefCTBYONmMI B K-IPOCTPAHCTBAX, ABASETCS PEIeTOIHBIM TOMO-
Mopduamom. Kak mokaswpBaer caeayrolnee YTBEDKIEHNE, TECHYIO CB3b € PEIIETOYHBIMYU rOMOMODPhu3MamMu

HUMEIOT JIIO0BbIE ONepaTOPhI, COXPAHSIONIHE U3 bIOHKTHOCTD, — HE TOJBKO TOJOKUTEILHBIE.
Teopema. Ilycto E — Bekropnast pemerka, F' — K-npocrpaucrso u 1T: E — F — peryaspHbrit
oneparop, coxpausortuii ausbioHKkTHOCTh. Ionoxmy p == (TT[ET]), tne BT = {e € E : e > 0}. Torza

oneparopsl po T i —p* o T apnsrorcs pemeroursivu romomMopgusmamu. B wacrnocru, T = (p — p)|T).
<« Henocpencrsenno cienyer u3 [110: reopema 3.3].  »

B nasnpheiiiiem Mbl HE Pa3 BOCIIOIb3yeMCs [IOCJIEHEN TeOpeMOii, YTOOBI CBECTHA PACCMOTPEHHE IIPOU3BOIb-
HOT'O PETYJIAPHOTO ONEPATOPA, COXPAHLAIOIIET0 MU3BIOHKTHOCTD, K CIYJal0 MOJOKHUTETHHOTO OIEpaTopa.

6.1.2. Tenwro onepamopa T: U — V mbl Oyaem HazbiBarh orobpaxkenue h: Pr(d) — Pr(V), onpenesnen-
Hoe dopmyiiofi h(m) = sup, ey (Tru). Nnaue rosops, hr) = (T[xlU]).

Ilpennoxxenwme. Jluweiinorit oneparop, geficreyromuii B PHIL, coxpanser TH3bIOHKTHOCTH TOT.Ta H TOJTb-
KO TOIJa, KOI/[a €ro TeHb SIBISETCS KOJBI[EBBIM TOMOMOP(U3IMOM.

<« B rnoxazarenbcrBe HyXKIAeTCs JIMIIb HEOOXOAUMOCTH.  lIpemmoso:kum, 9TO JIMHEHHbBIH OmepaTop
T:U — V, neticteyromuit 8 PHII U u V, coxpansier mu3biOHKTHOCTh. He Hapyimas OODIMIHOCTH, MBI MOXKEM
camrars, aro (imT)"" = V. Jlokamem, aro rens h: Pr(id) — Pr(V) oneparopa T SBasercs GyIeBsIM TOMO-
mopduzmom. Jlis 3Toro Mbl Bocnonb3yemcst npengioxkenuneM 1.2.4. Ilycrs (71, o, T3) — pasbuenune eIUHUNBLI B
anrebpe Pr(U). Torna

h(m1) A h(ma) = sup (Tmiur) A sup (Tmouz) = sup (Tmiur) A (Tmaus) = 0,
u €U ugs €U uy,us €U

1. €. h(m) L h(m). Ananornuno ycranasiusatorcs coornouenus h(m) L h(ms) u h(ms) L h(ms). Kpome roro,

h(m) V h(m) V h(mg) = sup (Tmuy) V (Tmaus) V (Trsug)

uy U9, uz EU

= sup <T(7r1u1 + TouUs + 7r3u3)> = sup(Tu) = 1,
u1,ug,uz EU ueU

orkyza caenyer, aro (h(m), h(m2), h(rs)) — pasbuenne exumunp! B anreépe Pr(V). »

6.1.3. IIpennoxkenme. Paccvorpum PHII U u V, annefinsii omeparop T: U — V u KoJpieBoit
romomopuzm h: Pr(U) — Pr(V). Creayromniue yTBepXKIeHAS IKBUBAJICHTHBL:

(1) h maxopupyer tens T (cm. 1.2.6);

(2) (Tw) < h{u) mrs Becex u € U;

(3) Twu = h(m)Tw gus Bcex uw € U u m € Pr(U).

Ecmm, xkpome toro, h(1) = (im T'), To kaxaoe n3 ycaopnii (1)—(3) pasrocurpao copnanenmo Tean T ¢ h.

<« Wuvmukanun (3)=(1)=(2) ouesuanbl. IIpeanosokuM BHINOJHEHHBIM ycaoBue (2) u ycranosuM (3).
3adukcupyeM pon3BoJibHbIE jteMeHTHl 4 € U u m € Pr(U). U3 (2) BbiTekaeT AM3bIOHKTHOCTH TTu n
Trtu. Cnenosarensro, cymecryer Taxoii npoektop p € Pr(V), uwro Tru = pTu u Trtu = ptTu. Hna
obocroBaams pasenctBa pTu = h(w)Tu nocrarouno mokazats, aro p(Tu) = h(w)(Tu). W3 coorHOmEHWI
p(Tuy = (Tmu) < h(w) sorrekaer HepasenctBo p(Tu) < h(m)(Tu). AHATOTMYHO yCTAHABIMBAETCS, 9UTO
pH(Tu) < h(r1)(Tu). U3 nocieqnux AByX HEPABEHCTB C OYEBMIHOCTLIO ciejayer pasencrso p{Tu) = h(m)(Tu).

Yenosue (1) u pasenctso h(1) = (im T) BiekyT cosnamenue Tenu T ¢ h B cuny npemoxenua 1.2.6.  »
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6.1.4. IIpengsoxkeume. Ilycto T — mazxkopupyemsrii oieparop, aeticreyroruii u3 IIBK B PHII. Torza
rern oneparopoB T u |T'| coBuagaror.

<« Ilycrb oneparop T apeiicreyer us I[IBK U nan E B PHII YV nag F. O6o3naqum tenb 1" gepes hr, a TeHb
|T'| — uepes g Besyciosno, copnanenue gyuxkuuit hy: Pr(id) — Pr(V) u Iyp: Pr(E) — Pr(F) nonumaerca
¢ yuerom oroxiecrsiennit Pr(Uf) = Pr(E) n Pr(V) = Pr(F) (em. 1.4.1). Hepasencrso hp(m) < hypy(m)

(7 € Pr(E)) oueuano. [l ycTaHoB/IeHUs! OGPATHOIO HEPABEHCTBA JOCTATOMHO 3aMETHTb, YTO U3 YCJIOBUiL
e€eE, mePr(E), up,...,up €U, |ug|l+ -+ |u,| < me

caemyeT
(Tur]l + -+ | Tunl) = (|Trur| + -+ - + | Trun ) = Trug) V-V (Truy) < hp(w),

u Boconb3oBarbea dhopmyioit |1 |me = sup T (me) (cm. 1.6.10). »

Caencrue. Mazkopupyembrit oneparop 1', geiicrBytomuit u3 IIBK B PHII, coxpansaer an3brOHKTHOCTH
TOIA | TOJBKO TOTAA, KOLJAa ero HauMeHbInas maxkopanta |T'| coxpanser gu3bIOHKTHOCTD.

Taxkum 0O6pazoM, MasKOPUPYEMbI OMEpPaTOp COXPAHIET MU3bIOHKTHOCTH TOT/IA U TOJBKO TOTIA, KOTJA €ro
HAMMEHBITAsT MAXKOPAHTA SIBJIIETCS PEIETOTHBIM TOMOMOP(MU3ZMOM.

6.1.5. Ilycrb Y u V — PHII u h: Pr(d) — Pr(V) — xoabrepoii romomopduszm. Creays obiemy
npasuiy (cu. 1.1.15), Mbl 6ynem roBoputh, uro orobpaxkenue 1: U — V apusiercsa h-o-nenpepuenoim, €cau u3
h—lirr/i Uo = u (cM. 1.5.12) caenyer o- lirri Tuy = Tu pua moboit cetn (Ug)aea demenToB U u moboro u € U.

ac [e1S

Teopema. Ilycto E m F — K-npoctpancrBa. Beskwuii coxpamsmomuit JH3bIOHKTHOCTD PEry/IsIPHDBIH
oneparop T: E — F aBasiercs h-o-oenpepsiBabiM, rie h — tenn T

< Tlockombky Tenb |T| comagaer ¢ Tenwpto T (cM. mpenmoxkenne 6.1.4), MOXKHO CIUTATB, YTO OMEPATOP
T monoxurenen. JIng nokazareabcrea h-0-HENPepPbIBHOCTH 1 TOCTATOYHO PACCMOTPETH h-CXOMANYIOCT K HYJITIO

ceTb (€q)acA eMenToB E U 110Ka3arb, 4To o—lirr[i Te, = 0. Acumnroruveckas orpanudeHtoctsb cetu (Teq)aca
agc

cIlelyeT W3 acHMITOTHYECKOH ONPAHMYEHHOCTH (€q)aca ¥ orpanmdensoctu 1. Cormacro jsemme 1.5.10(2)
o-cxonumocTh Te, K Hymo GyIer ycTaHOB/IEHa, eCIH Mbl J0KasKeM, HTO o—lini (Te)(Teq > Te/n) = 0 nms
ac

Bcex e € ' u n € N. [locnennee cooTHOIIIEHNE MOXKHO TOJYYUTh CIAETYOIUM 00pa30M:

(Te)(Teq > Te/n) = (Te){(T(ea — e/n))+> = (Te)(T((ea —e/n)"))
< h((e))h({(ea —e/n) 1)) = h((e){ea > €e/n)) > 0. »

CaencrBue. Bceskuit coxpaHaomuil JU3bIOHKTHOCTD MAa’KOPHPYEMBIH OHEpaTop, ACHCTBYIOMIHH H3
IIBK B PHII, saBasiercs h-o-menpeppiBHBIM, 177€¢ h — €ro TeHs.

<« Buitekaer u3 npennoxenust 6.1.4 u nocnenneit TeopemMbr.  »

Bameuanue. UHOrma momesHo MMETH B BUAY CIEAYIOMMHA (DAKT, ¢ OYEBUIHOCTHIO BBITEKAIONIWN W3
nocsennero yreepxkiaenusi: ecim U — I[IBK, V — PHII u konbuesoii romomopdusm h: Pr(d) — Pr(V)
MaxKopUpyeT TeHb oneparopa 1: U — V, 10 nocaenuuil sBasgeTcs h-0-HEMPepbIBHBIM.

6.1.6. Cuaenctsue. Clieayromue CBOHCTBA COXPAHSIOIEIO AH3BIOHKTHOCTh MAXKOPHPYEMOI'O Onepa-
ropa T, neticryromero u3 [IBK B PHII, paBaocuibubi:

(1) omeparop T (cekBennuaabHO) O-HEIPEPHIBEH;
(2) oueparop |T'| (cekBennuasnbuo) o-HenpeppiBen;
(3) rewn T (cexkBEHIHAIBHO) O-HEIPEDHIBHA.

Cuernas u CEeKBEHIIHAJIbHAasA O-HEIIPEePBbIBHOCTH OIIepaTopa T 3KBHBAJICHTHBI.

<« JHocrarouno comocrasurs 6.1.4, 1.2.5, 1.5.12 u 6.1.5. »
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6.1.7. Caexacrsue. Paccvorpum IIBK U n PHII V u npeanosoxum, ITo TeHH ABYX MaXKOPHPYEMbIX
omeparopoB S, T: U — V MaxKopupyroTcs OJHHM H TeM e KOJbleBbiM romomopguzmom h: Pr(U) — Pr(V).
Ecan S uT coBuagaror Ha HekoropoM h-anmpokcumupyiomiem noamuoxecrse U (cm. 1.5.14), 1o onn coBuajawor
Ha Bcem U.

<« DBrrrekaer u3 3amevanua 6.1.5 u npegoxennit 1.5.16 u 1.5.17. »

6.1.8. IIpemmoxkenme. Ilycrs U — PHII waxg E,V — IIBK nax F', Uy — BekTOpHOE MOANPOCTPAH-
crBo U, Ty: Uy — V — JmHeliHpIl oneparop, S: E — F — H0J0KHTEIbHBIH OHEpaTop, COXPAHSIOMHUN JU3b-
FOHKTHOCTB, U h: Pr(E) — Pr(F) — renn S. O6oznaunm vepes hidy PHII Bcex snemenToB U, h-annpokcumupye-
Mbix muORecTBoM Ug (em. 1.5.14, 1.5.15). Hpeamoaoxum, aro |Toug| < Slug] (COOTBeTCTBeHHO |Toug| = S|u0|)
1rst Beex ug € Up. Torma cymecrByer exnmHCTBEHHOE jTHHEHHOE npogoskernne 11 hidy — V omeparopa Ty rakoe,
gro |Tu] < S|u| (COOTBeTCTBeHHo |Tu| = S|u|) Jst Beex u € hidg.

<« JlokaxkeM CHadaJia yTBEPXKJEHUE O NPOJOJIKEHUM C COXpaHeHueM HepaseHcrBa. Ecim m € Pr(U) u
ug € Uy takosbl, uro mug = 0, o h(m)Tpuy = 0, tak kak h(m)|Toug| < h(m)Slug| = Smlug| = 0. Dro
00CTOATEIHLCTBO 00eCIIeYnBaeT KOPPEKTHOCTD CJIE/IYIOIIEro onpeesenus oneparopa 1y:

To <i 7Tiui> = i h(m-)Toui
i=1 i=1

(m € Pr(U) momapHO TU3BIOHKTHBI, U; € Uo),

KoTOpbIit TpomokaeT 1y Ha dgaUy ¥ yIOBIETBOPSIET HEPABEHCTBY |T Oul < Slu| anst Beex u € dgUy. B cuny
npeyoxkenns 1.5.15 qyst moforo snementa u € hidy CymecTByeT ¢eTh (Uq)aca 31eMeHTOB danly, h-cxoagimasics
K u. I3 mepasencrsa |Toua —Tou5| < Slua — u/gl u h-o-senpepsiBHocTH oneparopa S (cm. 6.1.5) caenyer
o-byumamentanbHoctb cetu (ToUa)aca. Baaromapsa o-nonunore PHIT V B Hem cymiecTByeT o-mpeuen 3Toit
CETH, KOTOPHIH, OUEBHIHO, 3ABUCUT TOJBKO OT U W MO3TOMY MOXKET OBITh 0b03HaueH cumBosioMm Tu. Hecmosxwo
yOeIUTHCA B TOM, YTO IOJIYYEHHBIH TakuM 0bpasom oneparop 1': hldy — V sBisiercd nCKoMbIM. EIMHCTBEHHOCTH
IIOCTPOEHHOTO MPOAOJIKEHHA 00ECIIEUNBAETCS €r0 h-0-HelpephIBHOCTHIO, HACAEAYEeMOIl oT oneparopa S.

[pennonoxkum Temepb, uto |Toug| = Slug| amsa Becex ug € Uy. Tlo gokazaHHOMY BBIINE CYIIECTBYET
npogokenne 1: hidy — V oneparopa Ty Takoe, aro |Tu]| < S|u| ana Beex u € hldy. dnst mobbix ug € Uy u
m € Pr(U) n3 coorHomennit

Slugl = 1Tug| = |Tmue| + |Trtu| < Slrugl + S|mtuo| = Sluol

u Hepaseucts |Tmug| < S|rug| u ITﬂ'J‘UOI < Slﬂluol cnenyer, aro |Tmug| = S|rug|. Hockombky ug € Uy u
7 € Pr(U4) 6buim BeIGpaHbl NpOu3BOILHO, Mbl uMeeM |Tu| = S|u| ansa Beex u € dgyly. Pasencrso |Tu| = S|ul
JUIs Beex u € hldy Tenepb BBIBOOUTCA M3 JOKA3aHHOIO C IIOMOLIBIO Ipeajoxkerus 1.5.16. »

Caencreue. Ilyctre U — PHII mag E, V — IIBK wHan F, Uy — annmpokcuMupyrooiiee BEKTOPHOE
noanpocrparcro U, Ty: Uy — V — smumeitapni oneparop u S: E — F — o0-HeHIpepbIBHBIH MOJOXKHTETHHBIL

oneparTop, COXPaHSOMU Au3bIOHKTHOCTE, IIpemmonoxum, aro |Toug| < Slug] (COOTBeTCTBeHHo |Toug| =
Slug |) I Becex ug € Uy, Torma cymiecrByer eamuacTBeHHOE JTHHEHHOE mpoaoskernne T : U — )V oneparopa T
takoe, 4ro |Tu| < S|u| (COOTBeTCTBeHHo |Tu| = S|u|) Jrst Beex u € U.

6.1.9. Ecaun D — nonmuo)kecTBo K-ipocrpancrea E, To cuMmbosioM |D| obosnagaercs MHOXKecTBO {|d]| :
d € D}, a cumposioum lin|D| — sameiinas o6omouka |D|. Hawmmenwmmit wnean E, conep:kamuiit MEOKECTEO D,
Kak 06braHo, 06o3Havaercs cumposioM Fp (cm. 1.3.1).

Jlemma. Ilycrs E — K-npocrpancrso, D — noamuoxkecrso E, V u W — npoussoabasie PHII mag o1-

HuM u rem ke K-npocrpancrsom F,a S: E— YV uT: E — W — maxopupyempie oneparopsl. IIpemiiooxum,

aro TeHn S 1 T Ma>KOpHpYIOTCS OQHAM H TeM e KOJbIeBbIM roMoMopgusmom h: Pr(E) — Pr(F) u obo3naunm
h-3ampikanne uneana Ep cumsoaom hEp.

(1) Ecim V = W u oneparopsr S u T copnagaior a Muoxecrse D, T0 OHH COBHAJIAIOT HA MHOXKECTBE

hED.

(2) Ecam | Se| = |Te| mnst Becex e € lin|D|, 1o |Se| = |Te| ans Bcex e € hEp.
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< Mub mokazkeMm Jmrib yrBepKaenue (1), MOCKONBKY yTBepkeHue (2) AOKA3BIBACTCS AHAIOIUYIHO U
naxe npome. IIpenmnonoxkum, 4ro omepaTopbl S U T yIOBIETBOPAIOT BCEM YCJIOBUSIM JIEMMBL M COBIIAJAIOT HA
muozxkectse D. Cosnanenne S n T ma hEp MBI JOKasKeM B HECKOJIBKO 3TAIOB.

(a) Hycts e € |D|, T. e. e = |d| mna mekoroporo saementa d € D. Torma

Se = S(d")d + S(d~)d = h((d"))Sd + h({d~))Sd
= h((d")Td+ h((d™))Td = T(d")d +T(d")d = Te.

(6) U3 (a) cnemyer, uro oneparopbt S u T coBmanarT Ha MHOKeCTBe lin|D|.
(B) lycrb snement e € E asasercs d-crynendarsi, rae d € lin|D|, 1. e. e = > | m;\;d A5 HEKOTOPBIX
qHcen A; ¥ MOMAPHO TU3BIOHKTHLIX HpoekTopoB m; € Pr(E). Torga B cumy (6)

n

i=1 i=1

=1 i=1

(r) IIycre Teneps e € Ep. Torma |e| < d ana mexoroporo smementa d € lin|D|. B cuay 1.3.4 cymectByer
HOCJ/IEIOBATEILHOCTD (€5, )neN d-CTYIEHYATHIX dj1eMeHToB F, r-cxongmasics K e. Cornacuo (B) omeparopbl S
n T COBmasarmT Ha JEMEHTAX €,. [109TOMYy, BOCHOIB30BABUIMCH T'-HEMPEPBIBHOCTHIO S 1 T, MbI IPUXOAUM K
paeenctBy Se = Te.

(1) Haxowrern, eciiu e — npousBosibHbI 3ieMent hEp, To paserncrso Se = T'e Buirekaer us (r) u h-o-nenpe-

poiBHOCTH S T. B

Caencrsue. Ilycte U — IIBK mag E, D — HeKoTOpoe MHOXKECTBO MOJIOXKHTEIBHBIX JIEMEHTOB I,
YV u W — npounssosasabie PHII nan onaum u tem ke K-npocrpascreom F, a S:U - V uT: U - W —
mazxkopupyemble oneparopbel. IIpennonoxum, 1o Tean S n T MaXKOpUDYIOTCST OJHHM U TE€M K€ KOJbBIEBBIM
romomopuzmom h: Pr(E) — Pr(F) u obozaaunm h-3ampikanne mieana Ep cumpoaom hEp.

(1) Ecin V = W u oneparoper S u T cosnanaior na muoxkecrse {u € U : |u| € D}, To onu coBuagaor Ha
mHO)RectBe {u € U : |u] € hEp}.

(2) Eciu |Su| = |Tu| mna scex u € U ¢ mopmoii |u| € linD, 1o |Su| = |Tu| g1a Bcex u € U ¢ HOpMOIH
|ul € hEp.

<« Jlokaskem yreepxKjeHue (1) (yTBepkjeHve (2) mTOKAa3bIBAETCS COBEPIIEHHO aHAJOTMYHO). Ilpen-
MOJIOKUM, ITO OmepaTopbl S u 1 yIAOBIETBOPSIOT BCEM YCJIOBUSAM CJIEICTBUS W COBIAJAIOT HA MHOXKECTBE
{u € U : |u| € D}. Paccmorpum npon3BosbHbI nement . € U ¢ mopmoit |u| € hEp m ycTaHOBAM DABEHCTEO
Su = Tu.

BadukcupyeM IOPAIKOBYIO eIHHHIYY 1 B MakcuManbHOM pacimuperun E K-npocrpancrsa FE, caabmum E
COOTBETCTBYIONINM YMHOMKEHHEM ¥ BBeJeM B MakcmMambHoM pacumpennn U [IBK U cTpykTypy Momyas Han
E (cm. caencrsue 3.4.5). Ilycrs 4 Takoif amement U, uto |u| = 1 m u = |u|u. PaccmoTpmm omepaTops
SusTw: E — V, nelicreyiomue no npasuiaMm Sye = S(et) u T,e = T(ew). cho, uro Tenu oneparopos S,
u Ty, Maxkopupyrorcs romoMopdusmom h, a camu orneparopsl coBliafaloT Ha MHoxecrse D. Ilostomy B cuiy
yrBepxaenus (1) mocaenneii jeMmbl oneparopbl S, u T, coBnanaior ua hFEp. B uactaoctu, Su = S,|u| =
Tulul=Tu. »

6.1.10. Kak BuaHO U3 CIEAYIONEH TEOPEMBI, JIJI COXPAHSAIONIETO TU3bIOHKTHOCTL OMEpaTopa, onpene-
JIEHHOTO Ha BEKTOPHON peleTrke, Bce pacCMOTpeHHbe B 1.6.3 4eThIpe THIIA OrPAHUYEHHOCTH COBIAJIAOT.

Teopema. Ilycre E — Bextopnast pemmerka n YV — PHIL. Crexyronime cBoiicTBa COXpaHAIOMErO U35~
OHKTHOCTH ortepatopa 1': E — V 3KBHUBaJIEHTHHI:

(1) omeparop T orpanmden;

(2) omeparop T cuerHo orpannyien;

(3) omeparop T CeKBEHIHAIBHO OrPAHUYCH;

(4) omeparop T mosyorpanuyen;

(5) ecmmer,es € FE mler| < lea|, To |Ter| < |Tes].

< vummkanum (5)=(1)=(2)=(3)=(4) oueBunnsl. Jokazarenspcrso reopemsl 2.1 B crarbe [199], yera-
HapuBaoriee umiwinkanuio (4)=-(5), npuseneno mis ciaydas V = E| onHAKO OHO HE OMUPAETCS Ha, ITO YCIOBUE
¥ COXPaHSET CHIIY JJis OIeparopa co 3HadenusaMu B npoussosbraom PHIL.  »
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HokazaTenberso ummmkaimu (4)=(5) cTaHOBUTCS OCOOEHHO MPOCTHIM U TPO3PAUHBIM B TOM CJIy4ae, KO-
ra CYIIECTBYIOT HOPSIIKOBbIE TIPOEKTOPDI Ha TIABHBIE KOMIIOHEHTHI perterku F (Hanpumep, koraa E aBisercs
K ,-npocrpancrsom). JeficTBUTENHHO, TPEANIOIOKIM, 9TO oneparop 1’ yiaosaersopsier yciaouio (4), 3adukcu-
PYeM ITPOM3BOILHBIE 3JIEMEHTHI €1, €2 € F, yIOBIeTBOpSIONzue HEPABEHCTRY |e1| < |es|, m 0603HaINM MHOKECTBO
{30 miXilea] s m € Pr(E), |A;] < 1} uepes S. Hecnoxuo yGeaurses B rou, uro |T's| < |Tes| amnst Beex s € S.
Kpowme toro, B cuy 1.3.4 cymecTByeT nocaea0BaTenbHOCTD (Sy, )neN 3TEMEHTOE S, 7'-CXONATAsICA K €1 C PETyJIs-
TopoM |es|. Temeps ycmosue (4) Bmecre ¢ coornomenusvu |Ter| < |Tey — T'sy| + |Tex| (n € N) maer myxu0e
HaMm HepaseHCTBO |Te| < |Tes].

6.1.11. Awnaznor reopembr 6.1.10 mama omeparopos, onpenenennbrx va PHII, me Bepen. Bomee Toro, Bce
YeThIPE THUIIA OTPAHUYEHHOCTH TIOMAPHO PA3INYHBI JIJIsT TOTO KJiacca oneparopos. [lefictBurenbho, ar0boe HOP-
MHPOBAHHOE MPOCTPaHCTBO Tpeacrasager coboit PHIT mag R u mo6oit aumelinbiii oneparop, JefCTBYIONINNA 13
HOPMUPOBAHHOTO TpocTpancTBa B mpoussoabuoe PHII, coxpanser nu3bionkTHOCT. Cile0BaTeIbHO, OIepaTo-
pbl, paccmorpernbie B npumepax 1.6.4-1.6.6, meiicreyor u3 [IBK B IIBK u coxpansoT Iu3bIOHKTHOCTD.

6.1.12. JlemMma. Ilycre U —IIBK max E,V — PHIIL, T: U — V — coxpausromuii 1u3bIOHKTHOCTH
TIOIyOrpAHHICHHBIH OePaTop H e — HOJOXKuTeabHbIH daement E. s kaxmoro amementa u € U, ymoBaeTBo-
psroriero HepaseHCTBY |u| < e, Halinercs Takoit amement u € U, aro |u| = e u |Tul| < |Tul.

<« Tlycrs |u] < e. Bnarogapa pasenctsy {|u] : w € U} = {e € E : e = 0} MbI He HAPYIIUM OBIITHOCTD,
npeanonoxus, 910 (u) = (e). Ouesmano, npomssenenme (€' /|u|)u onpemeneno B8 U ana veex ¢ € E (cm.
crencreue 3.4.5), toe npobn e /|u| normmaerca B cmbicae 3ameuanus 1.3.7. Oupenenum omeparop S: E — V
dbopuymoit S(e’) = T((e’/|u|)u) u nojoxkuM 4 := (e/|u])u. Jlerko BumeTh, YTO OmEpaTOp S COXpaHAET
JIU3bIOHKTHOCTH ¥ nojyorpanuyen. Corsacuo teopeme 6.1.10 oneparop S yaosaersopsier ycaosuio 6.1.10 (5).
Ha sTom ocHoBanmu Mbl 3akiao4daeM, aro |Tu| = S|u| < Se = |T'@|. Ocranock 3amerurs, uro |a] =e. »

IIpennoxenne. Ilyctb U — TIBK man E w V — PHIIL. Coxpassromuii AH3bIOHKTHOCTD ONEPaTOD
T:U — V maxopupyeMm TOTAA H TOJIBKO TOTAA, Korga o orpanmden. Ilpm stom |Tle = sup{|Tu| : v € U,
lul < e} =sup{|Tu|:uel, |u| = e} mra Bcex nomoxkurenpupix e € E.

<« Pasencrso |T|e = sup{|Tu| : v € U, |u| < e} ang NPOU3BOJLHOrO IOJOKUTENBHOIO 3JIeMeHTa ¢ € F
6e3 TpyJa BLIBOAUTCS W3 KpuTepus Maxkopupyemocru 1.6.10, 3ameiicrsyromero Muoxectso 1| (e). Ocraercs
TIPUBJIEYh NOKA3aHHYIO BBIMIE JIEeMMY. B>

Ilocenamit pe3ynbprar He gaer HOBOH mHpOpManuu 00 omeparopax, AEACTBYIONUX B BEKTOPHBIX PeEIeT-
KaX, TMMOCKOJIbKY MaXKOPUPYEMOCTHh U OTPAHUYCHHOCTH BCETAd 3IKBUBAJICHTHLI OJIA ONEPATOPOB, TPUHUMAIOIITUX
3HadeHns B K-TIpocTpaHCcTBe (CM. npejuioykenne 1.6.7 (3)) Tem He MeHee aHAJIOT TOCJETHETO TPEIIOXKEHUS
nMeeT MeCTO U B CJIyYae BEKTOPHbBIX DEIEeTOK:

Teopema [200]. Ilycrs E u F' — upounzposbnbie BekTopabie peirerku. COXpaHsiOmuil 1u3bIOHKTHOCTD
oneparop T: E — F peryisipen (= Mazkopupyem) TOrjga u TOJbKO TOIJA, KOIJa OH OIPDAHHYCH.

6.1.13. Kaxk 0o ormedeno B 6.1.11, cuerHas OrpaHUYEHHOCTH B OOIIEM CIydae OKA3bIBAETCS HEIO-
CTATOYHBIM YCJIOBUEM [IJIsi OTPAHUYEHHOCTH OIEPATOPA, COXPAHSIONIErO N3 bIOHKTHOCTh. BbIIO ObI MHTEPECHO
BbLACHUTD, KaKue (110 BO3MOXKHOCTH, JIEIKO IIPOBEPSIEMbIE) AOIOJHUTE/IbHBIE IPEAIOJNOKEHUS IPUBOJAT K OrPa-
HUYEHHOCTH OIT€PATOPOB, OIPAHKIEHHBIX B Oosee ciaaboM cmbiciae. OCTaBUB 3TOT BOMPOC OTKPBITHIM, MBI JIHIITH
copmynupyem omHO cireacTue seMmMbl 6.1.12; apasromeecss pOOKUM IMIaroM B YKA3aHHOM HAIPABJIEHUU.

Ilpenmoxenne. Ilycte U —IIBK nan F u) — PHII vag F'. CoxpaHsirorguii Tu3bIOHKTHOCTD OIIEPATOD
T:U — V orparuven Torjaa i TOJIbKO TOLA, KOLTA OH MOJIYOrDAHIYIEH U AJIS JTIOOOI0 MOJIOXKUTEIHFHOIO JJIEMEHTA,
e € E muoxecrso {|Tu| : u € U, |u| = e} nopsakoso orpanuveno B F.

Samernm, 9TO JIOOOH TOJYOrPDAHUIEHHBIN COXPAHSIONNHA IU3bIOHKTHOCTD ONEPATOp, OMPEIeJeHHbIH Ha
BEKTOPHOI peIneTKe, ¢ OUeBUIHOCTHIO YIOBIETBOPSAET YCIOBUAM MOCTAETHETO Tpeaiokenus. Ha 3Tom ocHoBanun
npemmoxkenne 6.1.13 MoxkHO paccmarpuBaTh Kak obobmenue Teopemsr 6.1.10.

6.1.14. OpHUM W3 OCHOBHBIX PE3YJIBTATOB 00 OMEpPATOPaX, COXPAHSIONUX AU3BIOHKTHOCTD, SBJISETCS
UX TIpeJCTaBJeHUe B BHUJIE CYMMbI OIEPATOPOB CIENHAJbHOI'O BHU/IA, NMPUHUMAIONINX IIONAPHO JIU3bIOHKTHBIE
suadenus (cMm. §6.4). 3uech Mbl yaejuM BHUMAHHUE HOAOOHBIM CyMMAaM.
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Jlemma. Ilycro U uV — PHII u S,T: U — V — gunetinvie oneparopnl. CIeayiomine yTBep:K IeHUs
9KBUBAJIEHTHBI:

(1) Suw L Tu ama Beex u € U;
(2) Suy L Tus aust Beex ug,us €U, . e. im S L im T

< B noscuenun myxgaercs nunb uminikanus (1)=(2). IIycrs 4 u us — IpOU3BOJIBHBIE 1eMEHTHI U.
U3 coornomennit Suy L Tuy u Sus L Tus COOTBETCTBEHHO CJIEAyeT

|Sur| A Tuz| = |Sur | ATuy + Tus| < |T(ug + us) |
<

|Sur| A Tus| = |Suy + Sua| A |Tus| | u1+u2|

Ocranocs 3aMerutrn, 910 S(ug + ug) L T'(ur + uz). »

Oueparopbt S u T, ynossersopsiomue Jji000My U3 dKBUBaJeHTHbIX yciaoBuil (1) wiu (2), mbl Oynem
HA3BLIBATL CUALHO Ougstonkmhusmuy. Ilyers U mw V — PHII u (Tg)ecz — CeMeHCTBO JIMHEHHEIX OIEpPaTOpPOB
n3 U B V. Bynem roBoputs, uro oneparop 1': U — V pasaazaemca 6 cusvho JussIHOHKMHYIO CYMMY OLIEPATOPOB
T (1/1 mucarb 1 = @EEE Tg), ecsu onepaTopsl T NOIapHO CUABHO AU3BIOHKTHBL U A4 JII000ro 3jeMenTa u € U
IMeeT MeCTO COOTHomeHue T'u = O—dea Teu.

Honycrnym, aro T' = P,z Te, 1 ana xazxzoro § € = nonoxnu pg := (im T¢). Cormacto nemme IpoeKTOPEL
p¢ TIOTIADHO JW3BIOHKTHBI, TIO3TOMY JIJIF BCeX § € E MMeeT MecTO paBeHCTBO 1: = p¢ o T. I3 crazaHHOTO, B
YAaCTHOCTH, CJIeAyeT, 9TO CHJIbHO JU3BIOHKTHAS CYMMa eagea T¢ coxpaHsAeT ITU3bIOHKTHOCTH TOT/A W TOIBKO
TOT/12, KOTJa COXpaHdAeT NU3BbIOHKTHOCTh KaxKaoe ciaraemoe Tg.
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§6.2. Opromopduamsl

Dror maparpad MOCBAINEH OJHOMY U3 HanbOJee MPOCTO YCTPOEHHBIX KJIACCOB OMEPATOPOB, COXPAHIIONIAX
JU3BIOHKTHOCTD, — KJIACCY HEPACIIUPAIONUX onepaTopos. HecMOTpst HA BCIO IPOCTOTY ONEPATOPOB ITOTO KJIAC-
ca, BOIPOC 00 UX PEryjspHOCTH (= NOPSAIKOBOI OrpAHMYEHHOCTH) JAJEKO HEe TpuBMAaJjeH. V3BecTHO, 4TO BCe
HEPACHIUPSIOIINE ONEPATOPHI, AeHCTBYIOIINE B PACIIUPEHHOM K-TTPOCTPAHCTBE, PEryASPHBL TOTIA U TOJIBKO TO-
T2, KOTIa paccMaTpuBaemoe K-TrpocTpaHCTBO JIOKAABHO OnHOMEepHO. OHAKO 0 CUX MOP OBLIO, MO-BUINMOMY,
HEU3BECTHO, CYNIECTBYIOT JIU HEIMCKPETHBIE JIOKAJIBHO OqHOMepHbe K-nipocTpancrBa. B Hacrosmem maparpa-
de 1aH MOMOXKUTENBHBIN OTBET HA ITOT BOMPOC. B KadecTBe BCIIOMOTraTesbHOTO PE3YJIbTATA YCTAHOBIEHO, UTO
JIOKAJIbHAS OJTHOMEPHOCTH K-TTPOCTPAHCTBA PABHOCU/IBHA, 0 -TUCTPUOYTUBHOCTH €10 Oa3bI.

Ha nporsikenun Bcero maparpada G — pacimmpenroe K-TIpocTpaHCTBO ¢ (DUKCHPOBAHHON TOPSIIKOBOMN
enuuuiiel 1g, ) — croynosckuii komnaxT Oysnesoil anrebpsl Pr(G) (naswiBaemoii 6a3oit G), E u F — dbynna-
ventel G, alUd u V — PHII nag E u F coorBercrBenno. B K-mpocrpanctBe G paccMaTpUBAETCs YMHOKEHHUE,
IPEBPAILAIOIIEe ero B KOMMYTATUBHYIO YIIODAIOYeHHYIO aireOpy ¢ exunuuei 1o (cMm. 3ameuanue 1.3.7). Ha-
TNOMHHUM, YTO B CHJIy COrammenuii, 3akmouennsx B 1.3.1 u 1.4.1, Mb1 oroxkaectBasiem Oynesnl anreOpbl Pr(G),
Pr(E), Pr(F), Pr(U) u Pr(V). Pasbuenusa equuunnl B Gyiesoil anredpe Mbl s KPATKOCTH OyjeM Ha3bIBATh
pa3buenusiMu aareOpbl, a MOJAMHOKECTBA, CYIPEMYM KOTOPBIX PDABEH €JIUHUIE, — MOKPBITUAMU AJreOPBHI.

6.2.1. uement g € G Ha30BEM A0KAALHO NOCMOANHbLM OTHOCHTENbHO f € GT, econ g = \/seE Aeme f

T HEKOTOPOTO IHCIOBOIO CeMEeHCTBa (¢ )ecm U CeMeHCTBA (g )¢ ez MONAPHO TU3BIOHKTHBIX TOPAIKOBBIX IPOEK-
ropoB. Pacmmpennoe K-npocTpancTso G HA3BIBACTCA AOKAALHO 00HOMEPHBLM, CIIH OHO YIAOBIETBOPAET OTHOMY
U3 CJIEAYIOMNX IKBUBATIEHTHBIX yeaoBuii (eMm. [199: Teopema 3.1]):

(1) BcesaemenTbl G ABAAIOTCS JIOKAIBHO OCTOSHHBIMH OTHOCUTEILHO HEKOTOPOI OPAIKOBOI €/ IUHUIIbE

G;
(2) BCe 2s1€MEHTBI G ABIHIOTCS JIOKAIBHO IIOCTOAHHBIME OTHOCUTEILHO J110603 HOPs1KoBoil eauuupl G
(3) mna moboit pyuknun g € Co(Q) cymecrsyer taxkoe paszduenne (Ug)ecz amrebpst Clop(Q), wro

byHKIINA g TOCTOSHHA HA KAXKIOM U3 MHOKeCTB Ug.

6.2.2. Jluneitustit omeparop 1T': G — G Ha3BIBAETCST HEPACUUPAIOULUM WITH COLPGHANULUM KOMNOHEH-
mot, ecan aias awobeix f,g € G us f L g cneayer Tf 1 ¢g. Caemymomasa TeopeMa oObeIuHSIET pe3yJibra-
el FO. A. A6pamornua, A.U. Bekcnepa u A.B.Kongynosa [4: Teopema 2.1], a taxxke II.T. H. Maknosuna n
A.B. Buxcrega [199: Teopema 3.2].

Teopema. Ilycrs G — pacmmupennoe K-pocrpancrso. Kaxkapiii nepacmupsomuii oneparop T : G — G
PETYJIAPEH TOTAA U TOJBKO TOrga, Korga K-npocrpancteo G JIOKaIbHO OZHOMEDHO.

Bo usbexanue nemopasymenuii npu grenun crarveii [4] u [199] ciexyer umers B Buiy CIEHYIOLIHME /IBA
obcrogresnberBa. Bo-nepsbix, HecMorpst HA TO, 4T0 B (hopmysuposke reopembl 2.1 u3z [4] durypupyer upous-
BOJIBHOE HEIUCKPETHOEe K-IIPOCTPaHCTBO, JOKA3ATEIBCTBO 3TOM TEOPEMBI PUBEACHO JIUIIb A1 K-IIpOoCTpaHCTs,
HE ABJSFOIIUXCs JIOKAJIbHO OJIHOMEPHBIMU. BO-BTOPBIX, IPUMED HEJUCKPETHOIO JIOKAJIBLHO OJHOMEPHOro K-npo-
CTpaHCTBa, NpuBeAeHHBIH B [199], comepxur ommbky, o yem A.B. Bukcresn venasuo coobmmn B crarbe [111].
Takum 06pazomM, BOTIPOC O TOM, BCSIKOE JIU JIOKAJIHLHO OJHOMEPHOE K-TPOCTPAHCTBO JOMYKHO OBITH IUCKPETHBIM
(1. e. uMeTh aroMHyI0 6a3y), [0 BCell BUIMMOCTH, 0 CHX II0D OCTABAJICH OTKPBITHIM.

6.2.3. Ilonsarume sI0KATBHO OMHOMEPHOTO K-IIPOCTPAHCTBA HMEET CJIEIYIONIYIO OyIeBO3HAYHY IO HHTEPIIPe-
ramuio. (3a pasbsACHEHUEM OCHOBHBIX MOHSATHI OyJI€BO3HAYHOIO AHAIM3A Mbl OTCHLIAEM YUTATENd KO BTOPOI

gactn MoHorpadun [91].) Tlycrs B — mnonnast Gysnesa anrebpa, R — TI0Jie BEIIECTBEHHBIX YNCEN BHYTPH A\
u R" — kanonuueckoe norpyzxkenue R s V(5.

Teopema. Paperncrso R = R mMmeeT mMecTo Toria o TOJBKO TOTIA, KOTJAA CIYCK R ABIAETCS JOKATIBLHO
oraOMepHBIM K-1ipocrpancrBom.

<« 3nasg obmmee yCTpoicTBO cycKa 00beKToB Bua X, chopMyIHPOBaHHOe yTBEPKIEHIe JeTKO BBIBECTH
u3 u3pectHoit Teopemsl E. . Topaona (cm. [91: 3.1.1(1), 5.2.1 u 5.2.2]). »

W3 smunbix Gecesr ¢ KoJjleraMu aBTOPY M3BECTHO, YMTO CPENN CIEIUAIUCTOB B 00JsiacTH GYJIEBO3HATHOIO
aHaIN3a BeChMa TOMYApHA THITIOTe3a 06 aTOMHOCTH Beex ByIeBhIX anrebp B, obecrnednBaronmmx paseHcTso RN =
R B VB), Takum 06pasom, BOIIPOC 0 CBA3U MEXKLY JUCKPETHBIMHU H JIOKAIBHO OQHOMEPHBIMHU K-IIpOCTpaHCcTBAMY
HMEET IOBOJILHO MIHPOKY IO 06IaCTh TPUIIOXKEHWIA, TI0 KpaiiHeil Mepe BKIIIOYAOITY 0 TEOPUIO BEKTOPHBIX PEIIETOK,
TEOPHUIO TIOJOKUTEIBHBIX OMEPATOPOB U OyJIeBO3HAYHDBIN aHAIUS.
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ITocne HEKOTOPOro MpeaBAPUTENHHOIO ODCYK/I€HUsT OCHOBHBIX ITOHATHI MBI IPHUBEIEM IIpHMep 6e3aToM-
HOTO JIOKaJIbHO omHOMepHOro K-mpoctpancrsa. B cumy Teopembl 6.2.2 MBI T€M CaMbIM MTOLyYNM 0E3aTOMHOE
pacmupentoe K-tpocrpanctso G, 1jisi KOTOPOTO BCe Hepacumpsionye oneparopbl 1: G — G peryisgphbl, a B

cuity TeopeMbl 6.2.3 MBI GyeM HMeTh 6e3aTOMHYIO MOJHYIO OyiaeBy anrebpy B, mnst koropoit RN = R B VB

6.2.4. HaunomuumMm, 4T0 o-1n0JHas aiarebpa B HasblBaercs 0 -0ucmpubymueHotl, eCliid OHA YA0BJIETBOPAET
OJIHOMY M3 CJIeYIOIINX SKBHBANCHTHBIX yciosnuit (em. [100: 19.1]):

(1) /\nEN \/mEN b?n = \/mENN /\nEN bnm(n) AJ1 JIHOOBIX b?n €B (n? me N)7
2) Vyen Amen bm = Ament Vaen by (ny A mo6bIX by, € B (n,m € N);
(3) Veep 1y Anene(n)by =1 ana moberx b, € B (n € N), tne 1b, = by, a (—1)b, — nonommensue b,.

6.2.5. Ilycrs B — npousBosibHas bysesa anrebpa. DieMeHT b € B Ha3bIBAETCS 6NUCGHHBIM 6 NOKPBLITIUE
C anrebpnr B, eciin b < ¢ gyst wekoroporo snnemerTa ¢ € C. Tosopsit, uro noxpumue Cy 6nucaho 6 noxpumue
C, ecau kaxapiii ssement Cy srucan B C. Eciu (Cp)neny — NOCHEI0BATENBHOCTH NOKPLITHI anrebpsl B u
sslemedT b € B Brnucan B Kaxkaoe u3 nokpbiruit Cy, (n € N), 10 MbI 6yJeM roBOpUTH, 4TO 3JeMeHT b énucan 6
nocaedosamenvnocms (Cp)nen. TIokpbiTHe, Bee 3j1€MEeHTBL KOTOPOIo BIUCAHBL B 110C/e10BaTesbHOCTb (Ch)nen,
MBI TaKKe OyIeM HA3BIBATH BIIHCAHHLIM B 3Ty MOCIIEIOBATEIBHOCTD.

Ilpengioxkenume. Ilycre B — o-nostaas 6ysesa anrebpa. Coenyoniue yTBep K /IeHHsT SKBUBAJICHTHBIL:
(1) amrebpa B o-muctpubyruBHa;

(2) B JO6YI0 MOCAEHOBATEBHOCTD CYETHBIX HOKPBHITHH B MOXKHO Brcarb (BO3MOXKHO, HECUETHOE) I10-
KDbITHE;

(3) B Jar06YI0 mOCIEH0BATEIBHOCTD KOHEYHBIX IOKPHITHI B MOXHO Brmcars (BO3MOXKHO, GECKOHEYHOE)
TTOKPBITHE;

(4) B 106YI0 TOCAEIOBATEABHOCTD JBYXJIEMEHTHBIX pa3bueHuii B MOXKHO BIHCATH HOKPBITHE.

<« JokazarenpcTBo SKBHBaJEHTHOCTH yTBeprkienuit (1) um (2) moxkno naiitm B [100: 19.3]. VYrsep-
skenne (4) steasiercst mepedOPMyMNPOBKO yciosust (3) B ONMpeeNeHNH o -ANCTPpUOYTHBHOCTH. VIMIIHKA-
mn (2)=(3)=>(4) oueBnaHel. P

Caencrsue. Ilycto B — nosnas Oyiesa aarebpa. Ciaexyroinue yTBePXKIEHHS SKBUBAJICHTHDBL

(1) amrebpa B o-guctpubyrusha;

(2) B Ja06YI0 HOCACAOBATEABHOCTH CUYCTHBIX pa3buenuii B MOxkHO Biucars (BO3MOXKHO, HECUETHOE) pa3-
bmeHme;

(3) B JOGYO HOCJHEAOBATENBPHOCTD KOHEYHbIX pa3buenuii B MoxHO Bimcars (BO3MOXKHO, BECKOHEYHOE)
pasbuenme;

(4) B 1OGYI0 TOCAEHOBATEIBHOCTD IBYXIJIEMEHTHBIX pa3bueHuii B MoxHO Bucarh pa3buenue.

< Broirekaer u3 nocnaeHero mpeUIoKeHns B CUILY HPUHIMIA HedepnbiBanud (cm. 1.2.1).  »

6.2.6. Dyukuuio g € Co(Q) HazoBeM 6nucannot ¢ noxpumue C Oynesoii anrebpur Clop(Q), ecnu mis
moObIX AByX ToueK ¢, ¢ € Q, ynosnersopsommx pasenctsy g(¢') = g(q”), cymecTsyer Taxoii anement U € C,
aro ¢',q¢" € U. Ecmm (Cp)ney — nocnenoBarenbrOCTh NOKphITH anreOpsr Clop(Q) w dynknus g Bnucana B
kaxkj0e u3 nokpbiruii C, (n € N), To Mbl 6y/IeM rOBOPHUTL, 4TO QYHKIUA § 6NUCHHA 6 NOCAC00GATEADHOCTIL

(On)nEN .

Jlemma. B uo6yio nocienoBareabHOCTh KoHedHbIX HOKpbrTHii aareoppr Clop(Q) MoxHO Bumcars ¢GyHK-

muto n3 C(Q).

<« Ilycrs (Cp)nen — mnocienoBareibHOCTh KOHeYHbIX MOKpbITHil anrebpbl Clop(Q). C nomomuisio un-
m

JYKIIMHA HECJ0KHO TOCTPOUTDH MOCIEI0BATEIHFHOCTD pa3duenuit P, = {U{”’,UQ”, .o UL m} anrebpor Clop(Q),
00JIATAIONTYIO CJIEYIONTUMHU CBOMCTBAMMU:

(1) aya kaxaoro n € N naiinerca womep m € N rakoit, yro pazbuenue P, srucano B nokpbitue Cy;
(2) Um= Q’?H VUPH nmaseex meNmje{1,2,...,2m}
s kaxkzaoro nomepa m € N onpenenum apysnadnyio GyHkuuo X, € C(Q) caepyomum obpazom:

27n,—1

O ()

i=1
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rne x(U) — xapakTrepucrriaeckas dyHKnus nogmuoxkectsa U C Q. IIoCKONBKY P Y v, 5 Xm PABHOMEPHO
cxomurest, ero cymma g npunamiexkur C(Q). Toxaxem, uro dyukius g snucana B (Cp)nen. Biaromaps
csoiictBy (1) mocaemoBarenbHocTd (P, )men, JIg 3TOMO JOCTATOUHO YCTAHOBUTDH, UTO (DYHKIMA ¢ BIMCAHA B
(Pm)m€N~

[IpenmosoKuM TIPOTHBHOE M PACCMOTPUM HauMenbinee uucao m € N, mis koroporo (pyHKIusS ¢ He
BIHUCHIBaeTCA B pasbuenue Pp,. B sroM ciydae mMerorca gase Touky ¢, ¢” € @, yIOBIETBOPAIONINE PABEHCTBY
9(¢") = 9(¢"") u npunagnexamue pazauunbiM snemenTaM Pp,. TTockonbky (byHKIMs ¢ BOucana B pasbueHue
P,,—1 (mpm m > 1), u3 cpoiictra (2) mocnemoparentnocta (P, )men cremyer, aro Touku ¢ u ¢” npuHammexar

coceHuM 3eMenTaM P, T. €. smementam suga U w UL, rie j € {1,...,2™—1}. TlycTb ms OMPEETEHHOCTH
¢’ IPUHAJIEKUT 3JEMEHTY ¢ YeTHBIM HUKHUM HHIEKCOM, & ¢ — ¢ HEUeTHBIM, T. €. Xm(q') = 1 u xm(¢”) = 0.
Torna, yaursBas, ato X;(q") = xi(¢") nna seex i € {1,...,m — 1}, MbI nmMeem
1 = 1 1 = 1 1
/ "y _ AN (A L L
g(q)*g(q)—gfmfz 3 (ald) = xid") = 37 Z =5 g >0
i—m-+1 1=m-+1

9T0 TpotuBopeunt pasercty g(q') = g(q”). »

6.2.7. Teopema. Pacmmupennoe K-npocTpaHCTBO JOKaJIbHO OJHOMEDHO TOTJA H TOJIBKO TOTIa, KOTAA
ero 6aza o-auCTpHOYy THBHA.

<« Ilycts G — pacmmpennoe K-mpocrpancTtBo u (Q — croyHoBCKUi KoMmakT 6a3br G. Ilpeanomoxkum,
yro K-npocrpancrBo G JIOKAJIBHO OJHOMEDHO, U PACCMOTPUM IIPOU3BOJBHYIO IOCIEI0BATENBHOCTD (P )neN
KOoHe4HbIX pasbuenuii Hysesoit anredbpor Clop(Q). CoruacHo caegcrsuio 6.2.5 st 10Ka3aTe/IbCTBA 0 -UCTPU-
OyTuBHOCTH Oa3bl G mocTaTouno BOUCATh B (P,)nen Kakoe-nmubo pasduenue Clop(Q). B cuny nemwmsr 6.2.6 B
noc/en0BaTeIbHOCTD (P )neny MoxkHO Buucarh dbyakiumio g € Coo(Q). TTockonbky K-npocrpancrso G I0KaIbHO
ONHOMEpHO, cymecTByeT Takoe pasdumenue (Ug)¢ecz amrebpsr Clop(Q), uro ¢yHKIUS ¢ MOCTOSHHA HA KarKIOM
u3 muoxkects Ug. TToraxem, uro pasbuenue (Ug)e¢cg BOHCAHO B HOCTEROBATENLHOCTD (Pp)nen. st 3T0r0 MBI
3aduKCHpyeM TTPOM3BOJLHBIE HHIEKCH { € 2 n n € N 1 ycTaHOBNM, UTO MHOMXKeCTBO Uy BIIMCAHO B pa3OneHMe
P,. Moxuo cuurars, uro Us # @. llycts gy — mponssosbnblil anement Ug. Koneunocts pasbuenus P, 1mos-
BOJIAET TOA00PATh TaKoit ero ajmeMenT U, uto qo € U. Octanock 3amernts, uto Us C U. [eitcTBuTensHO, ecin
q € Ug, 0 g(q) = 9(qo), & mOCKOIBbKY (DYHKIUSA ¢ BOHCAHA B P, TOUKU ¢ U gy OPHHAATIERKAT ONHOMY U TOMY
Ke 3/ieMeHTy pasdbuenus P,, 1. e. g € U.

[IpenmonoxkumM Tereph, uro 6asza G o-aucTpubyTHBHA, W PACCMOTPUM TPOM3BOJBHYI (DYHKIHMIO ¢ €
Co(@Q). Cornacuo ycuoButo (3) onpenesieHus JOKAJIbHON OJIHOMEPHOCTH, JOCTATOYHO MOCTPOUTH TaKoe pas3-
Ouenne (Ug)eez amrebpst Clop(Q), 910 DyHKIUS ¢ HOCTOSIHHA HA KaXKAOM H3 MHOXKeCTB Ug. s moGoro
HATYDAJILHOTO N U 1EJI0T0 M 0603HaYuM depe3 U BHYTPEHHOCTH 3aMbIKAHUS MHOMKECTBA BCEX TOYEK ¢ € @),
g KoTopeix < g(q) < %, u nojoxum P, := {U;ﬁl :m € Z}. B cuny cimencrsusa 6.2.5 B mociaeno-
BaTEIbHOCTE (Pp)nen cueTHBIX pasbuenuii anreGpol Clop(Q)) moxkmo Bnmcars mekoTopoe pasbuenue (Ug)ees.
Hecsioxxnao ybenuThed B TOM, UTO MOCTPOEHHOE PAa30MEHNE SBJIAETCS UCKOMBIM. P

Taxkum ob6pa3oM, cyIiecTBOBaHue 6€3ATOMHOIO JOKAJIBLHO OTHOMEPHOTO K-TIPOCTPAHCTBA CBONTCS K CyTITe-
CTBOBAHUIO HE3ATOMHON 0-mucTpubyTUBHON TOHOM OyIeBoil aniredphl.

6.2.8. DByuesa anrebpa B Ha3bIBaeTCsd 0 -uHIYKMUGHOT, eciin 100as yObIBaIOIMIAs IOCIEA0BATENBHOCTD
HEHYJIEBBIX 9JIEMEeHTOB B nMeeT HeHyIeByI0 HUKHIO rpanuity. Iloganrebpa By 6ymesoit aarebpbr B Ha3piBaeTca
nAOMHOT WITH Maccuerot, eciin MHOKecTBO Bo\{0} kounnmmansruo B B\{0} (nnn, 9410 3KBHBASEHTHO, MHOXK6-
crBo By\{1} xondmuansro 8 B\{1}), T. e. mag moboro menynesoro smementa b € B cymecTByeT HEHYNEBOW
snemenT by € By rakoit, 4ro by < b.

Jlemma. Ecin o-nonnas 6yreBa ajirebpa COMZEpXKHT O -HHJAYKTHBHYIO IVIOTHYIO HOJaJrebpy, TO OHa
O -IUCTPHOY THBHA.

« Ilycts B — o-nmonnas 6ynesa anrebpa u By — ee o-uHAyKTUBHAS IJI0THAA momaarebpa. Pacecmorpum
OPOM3BOJIBHYIO MOCAEA0BATENbHOCTD (Ch )neN CUETHBIX NOKPBITHI ajirebpbl B, 06o3naunm depe3 C' MHOXKECTBO
Bcex asiemenToB B, snucannbix B (C),)neN, U OPEANOJNOKUM, BONPEKH J0KasbiBaeMomy, 410 C' He sBJigercs
nokpbITHeM anrebpbl B. Torma cyimecTByeT HeHyIeBoi ajeMentT b € B, MTu3bIOHKTHBIN BeeM sjementaM C.

IMocrpoum no unaykImu nocaenoBareabHocT (by,)nen U (Cp)nen caenyomum obpazom. Ilycrsb ¢; rakoii
sanement C, uro bAcy # 0. B cuny morroctu By uMmeercs ajieMenT by € By, yIOBJIETBOPSIONIHH HEPABEHCTBAM
0 < by < bA ¢, Hpegnonoxkum, 910 3aeMeHThI b, U ¢, mOcTpOeHBL. IlycTh €)1 Takoit amement C 1, 9TO
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bn A cpiq # 0. B kauecrBe b, MBI BO3bMEM IIPOU3BOJIBHBIN 3/1eMeHT By, YAOBIETBOPSIONINN HEPABEHCTBAM
0< bn+1 < bn A Cn+1-

Wrak, MbI MOCTPOUIM TaKue MOCAeA0BATELHOCTH (by)nen ¥ (Cn)nen, 910 by € B, b, < ¢, € Cp u
0 < bpy1 < by < b ans scex n € N Bnaronapst o-uniyKTUBHOCTH anredbpsl By B Hell nmeercsd Takoil HEHYJIeBOR
sseMenT by, 9ro by < b, mis Bcex n € N. B cuny HepaseHcTB by < ¢, 97eMeHT by BIMCAH B IOCIEJ0BATEIBHOCTD
(Cr)nen, T. €. npunagyexur maoxkecTsy C. C apyroii cropotbr, by < b, 4T0 IPOTUBOPEYUT JUILIOHKTHOCTH b
BceM ajementam C.  »

6.2.9. Kax ussectno, s 000 OyseBoit aaredbpsr B cymecTeyer notHas Oysaesa anrebpa B, conepixka-
mad B kak naorayio nogasnre6bpy (cu. 1.2.7). OgeBumno, nonosnnenue 6e3aromMuoil anre6pol 6ezaromuo. Kpome
TOTO, B CHJY JIeMMbI 6.2.8 MOMOJHEHNEe O-UHIYKTUBHOW anrebpbl o-auctpubyTuBHo. I[loatomy mia mokalza-
TEJIbCTBA, CYIIECTBOBAHUs DE3aTOMHON 0 -AuCTPUOYTUBHON TOJIHON OysieBOi ajreOphl JOCTATOYHO MPETbIBUTH
MIPOU3BOIBHYIO OE3aTOMHYIO 0-HHAYKTUBHYIO OyaeBy aarebpy. IIpumeps! Takux anredp, 6e3yClI0BHO, M3BECTHBI.
JII9 TIOTHOTHI KAPTWHBI MBI TIPUBEJIEM 3/I€Ch OJHY W3 HAKOOIee MPOCTHIX KOHCTPYKITHIL.

Mpumep. Ilycre B — Oynesa anredpa Bcex moamuoxkects N, a I — umean B, cocrosmuii U3 BCex
koreunbrx noamuaokecTs N. Torma dbaxrop-amrebpa B/I (cum. [100: §10]) GesaToMHA B 0-HHAYKTUBHA.

<« Bezaromuocrs anredbpol B/I ouesumna. [ljis m0Ka3aTeibCTBA O -UHIYKTUBHOCTH 3TOH aireOpbl J10-
CTaTOYHO PACCMOTPETH MPOU3BOIBHYIO YOBIBAIOILYIO MOCIEA0BATENLHOCTD (D), )neN BECKOHEUHBIX HOIMHOXKECTB
N u mocrponts Takoe Geckoreunoe MuHOKeCTEO b C N, wro pasmocrs b\b, xomeuna mmst Becex n € N. Heof-
XomuMoe MHOXKeCTBO b = {m,, : n € N} jerko mojayunTh ¢ TOMOIIBI WHIYKIMH, TOJOKUB My = minb; u
Mpy1 ;= min{m € b, 1 :m >my,}. »

6.2.10. Jluneiinbrit omeparop 1: U — )V HA3BIBAETCH HEPACUUPAOULUM WU COTPAHANOUUM KOMNOHEH-
Mbl, €CIIU OH YJIOBJIETBOPAET ONHOMY U3 CJAeNyIOUINX 3KBUBAJIEHTHBIX yCJIOBHI:

(1) (Tu) < (u) nys Beex u € U;

(2) Tru=7nTu qmust 10061x ©w € U n 7 € Pr(G);

(3) w3 mu =0 cnepyer 7Tu = 0 pug mobeix © € Y u m € Pr(G);

(4) w3 |u] L g cnenyer |Tu| L g aya mobbix u € U u g € G

(5) wm3 |ul L g cnenyer |Tu| L g nna Bcex w € U u Bcex 3J1EMEHTOB ¢ HEKOTOpOro dyHIamMeHTa

K-npocrpancrsa G.

OdeBunno, mocaeaHEE OIpEAeIeHEe 000OIIACT U3BECTHOE NOHATHE HEPACIIMPAIONIErO OMEPATOPA, ACHCTBYIOMIETo
B BEKTODHBIX perreTkax (cM. 6.2.2, a makke [3, 4,199, 254, 256]).

6.2.11. OrpaHWdYeHHBIE HEPACIIUPSAIOIINE OMEPATOPHI HABBIBAIOTCA 0pmomopPusmamy. COBOKYITHOCTD
Bcex opromopdusmos u3 U B V oboznadaerca depe3 Orth(U, V). Buecro Orth(U,U) nuuryt Orth(U).

B cBs3u ¢ Teopemoii 6.2.2 npeacTaBiIseTCs NHTEPECHBIM BBISCHUTD, KAKWUE TOMOJTHUTEIbHbIE TPeOOBaHNS,
HaJIAraeMble Ha HEPACIIUPSIONINE OEePATOPHI, TPUBOAAT K UX OIPAHUYIEHHOCTH. Be3yCI0BHO, HEPACIIMPSIONTHE
OTNIEPATOPBI COXPAHSAIOT TU3IBIOHKTHOCTD, W T€M CAMBIM K HUM IMPUMEHWMBI TaKWe KPUTEPUN OTPAHUYIEHHOCTH,

kak 6.1.10 u 6.1.13. Ussecrno (cM. 1.6.4-1.6.6), 94T0 MOMYOrpaHUYEHHOCTH, CEKBEHIUAILHASA OIPAHUIECHHOCTD U
Jlake CYeTHAs OrPAHMYEHHOCTH COXPAHAIONIErO U3 BIOHKTHOCTH OMEPATOPA €Ile HE ODECIIEYNBAIOT ero OrPAHMU-
9EeHHOCTH. B ciIydae HepPACHIUPAIOUX OIePATOPOB UMEET MECTO WHASA KAPTHUHA.

Teopema. Crenymomue cBoiicTBa Hepacmupsomero omeparopa 1, meticreyromero uz 1IBK B PHII,
9KBUBAJICHTHDI:

(1) omeparop T orpanuven;

(2) omeparop T cuerHo orpanuven;

(3) omeparop T ceKBEHOHAIBHO OTDAHHYICH;
(4) omeparop T nosiyorpanuyes.

< vmmukannn (1)=(2)=(3)=(4) oueBnamer. Ham ocraerca mokaszars, uro (4)=(1). Ipeamomoxmnm,
aro PHII U nopsakoso mosiHo, a omeparop 1: U — V sgBasercsd HEpaCIIUPSIONAM U TTOJYyOrPAHUIEHHBIM.
BadurcrpyeM MPOM3BOIBHBIA MOJOKHATEILHBIH d1eMenT e € (. JlokasarenscTBo Toro (hakTa, 9TO MHOKECTBO
{|Tu] : |u] € e} mopankoso orpanndeHo B F', Mbl pa300beM Ha, JBa 3TAIIA.

(a) Cuauama Mbl mokaxkeMm, uro MuokKecTBO {|Tu| : |u] < e} mopaaKoBO OrpaHUYEHO B PACHIUPEHHOM
K-upocrpancrse G. He mapymas obiiHocTH, MOXKHO cuutarb, 9To G = Cx(Q), rme ) — 3KCTPEMATbHO
HecBaA3HbIl kKoMmakT (cM. Teopemy 1.3.7). O6oznadum depe3 D COBOKYIHOCTH T€X TOYEK ¢ € (), Jid KOTOPHIX
sup{|Tul(q) : |u] < e} = oco. Homycrmm, muoxkectso {|Tu| : |u| < e} me orpanmueno B Coo(Q). Torma
corsacHo reopeme 1.3.5 (2) orkpsiro-3amMmkHyToe MHOKecTBO U := int c]l D ne apigerca nycrbim. s kazkiaoro
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HaTYpPaJIbHOTO UNCIa N U KaxK10# Toukn ¢ € UND BBeneM B pacCMOTPEHME 3JIEMEHT Ul € U, yI0BIeTBODSIIONINI
yenousm |ul|l < e u |Tull(g) > n. O6osuaunm uepes U Takoe OTKPBITO-3aMKHYTOE IIOIMHOKECTBO (), 9TO
ge Ul CUu|Tull(p) =2 n nusa seex p € UZ. dcuo, aro mua kaxuaoro n € N B 6ynesoii anrebpe Clop(Q)
MMEeT MeCTO COOTHOMeHne SUP,cnp Ul = U. B cuny npunmuma ncaeprbpanuna (cM. 1.2.1) cymecTyeT Takoe

cemeiictso (V,4)geunp monapso nu3boHKTHBIX sementos Clop(Q), uro V¢ C Ul nna Beex ¢ € UN D u
supgepnp Vil = U. Cormacuo reopeme 1.4.3 cymectsyer cymma 0. cynp(Vid)ud, B IIBK U, xoropyio wbr
0003HaAYNM 1uepe3 U,. Huas Bcex n € Nu g € U N D mMbr umeem

<V,?>|Tun| = |T<V7§>un| = |T<V7§>UZ| = <V7‘L]>|Tu?l| = nxya.

Ilepexons k cynpemymy 1o ¢ € U N D, mbl nonydaem |Tu,| = nxy aag Becex n € N, 9410 ¢ yu4eroM HEPABEHCTB
|t | < e TpUBOIUT K MPOTHBOPEUHIO ¢ MOJYOrPAHUYEHHOCTHIO oneparopa 1.

(6) O6osmaumm wepe3 f TOUHYI0 BepxHIOKW rpamuiny muOoKecTBa {|Tu| : |u| < e} B K-mpocrpancrse
G un nokaxem, uro f € F. He napywmas oOumHOCTH, MOXKHO cuurarb, 4ro f > 0 Ha HEKOTOPOM KOTO-
mem noaMuoxkecrse (). Torma cornacuo Teopeme 1.3.5(3) MHOXKeCTBO Tex TOoueK ¢ € (), s KOTOPbIX
0 < sup{|Tul(q) : |lu] < e} = f(q) < oo, aBasgerca korommm B (. I Kaxmol TAKOH TOYKH ¢ PACCMOT-
DHM 3JIEMEHT U; € U, YIOBIETBOPSIOMUN yCIOBUAM |uq| <em |Tuq|(q) > f(q)/2. TloeTOpHUB Huew 3Tama (a)
U <IIEPEMEIIAB> JIO/DKHBIM 00Pa30M JIEMEHTHI Uy, MOKHO MOCTPOUTD Takoi smement u € U, aro |Tu| > f/2,
OTKyJia HEMOCPEJACTBEHHO BBITEKAET BKOueHne f € F.  »

JomonmnuTenbuble TpeGOBaHUS, TNPHUBOIANIME K OTPAHHYCHHOCTH HEPACIIUPSIONINX OMEPATOPOB, MOTYT
HAJIAraThCsd HE HA CAMHM OIEPATOPHI, 4 Ha IPOCTPAHCTBA, B KOTOPLIX OHH JCHCTBYIOT. B mannoii paBore Mbl
He HAMEDEHBI pa3BuBaTh 3Ty uaer. OTMETHM JIMIIb, 9TO PsAJl PE3YJILTATOR B YKA3AHHOM HAIIPABJICHAU UMEETCS
B paborax [3: reopema 2; 4: reopemsl 3.2 u 3.3; 199: cinencrsus 2.3 u 2.4].

6.2.12. Jlerko y6eaurncsa B ToM, uro Orth(E, F') upexncrasusier coboii unean K-upocrpaucrsa M (E, F)
U, CIEJOBATENBHO, TOXKE ABIAeTCA K-TPOCTPAHCTBOM.

Ecmu snement g € G TakoB, 4to g - ¢ € F ans Bcex ¢ € F, TO oneparop yMHOXKEHHSA HA ¢, OYEBHUJIHO,
apngerca opromopdusmom n3 E B F. B 60abIIMHCTBE CIYy9IaeB OKA3BIBAETCS, ITO OPTOMOPMU3MBI IBIIAIOTCSI
OTepaTOpaMu YMHOXKEHHS B TOM HJIM WHOM cMbicsie. Muorme paGoTsbl 06 onepaTopax, COXPaHSIONUX T3 b-
OHKTHOCTb, COZIEPKAT PE3yJIbTaThl B 9TOM HampapjeHun (M, HanpuMmep, [2—4, 122, 128,254, 256]). Caenyromas
GbOpMYIMPOBKA B HEKOTOPOM CMBICJE 0O00IIAET OIBIT IOUCKA MYJBTHILIMKATUBHOTO MPEJCTABICHHUS OPTOMOD-
buzmMoB, meficrByomux B K-mpocTpaHcTBax.

Teopema. Jlus jo6oro opromoppusva T: E — F cymecrByer equHcTBeHHDIH 3eMeHT gp € G Takoi,
aro Te = gr-e ansa Beex e € E. Conocrasaenne T — gp OCYIECTBJISET JHHEHHBIH 1 TOPSTKOBBIH H30MOPGU3M
K-npocrpancrsa Orth(E, F) ma ugean {g € G : g-e € F jsa Bcex e € E} K-npoctparcrsa G.

OroxgectBisis opromopdusMm T ¢ snementom gr € G, Mbl OyleM B JaJbHEHIIEM CYHTATH, YTO
Orth(E,F) C G. OwueBunno, Orth(FE) conepxur lg u apasercs noganrebpoii G. B uwacrnocru, Orth(E)

npencTasiger coboit f-amrebpy (cm. [158, 256]). VMmes B BUAY IOCJIEAHION TeOpeMy, OPTOMOPGhU3MbI HHOTA
HA3LIBAIOT GECOGBLMU ONEPAMOPAMY WA ONEPAMOPAMY GECa.

6.2.13. IIpemmoxkenme. Ilycrs PHII U nmopsakoso morno. Jluuetinbrii oneparop T: U — V aBjstercst
OpTOMOPCPH3MOM TOIZA H TOJIBKO TOLAA, KOIJa OH MasKOpHUpyeM H ero HauMmeHpmias maxkopasra |T|: E — F
spJisiercs opromopgusmoM. B ugacrnocrn, npocrpancrso Orth(U,V), cuabkennoe MazKOpaHTHOH HOPMOI,
npencrasaser coboii IBK wax K-npocrpancreom Orth(E| F).

<« Henocpencreenno ciaenyer u3 npegmoxennit 6.1.12 u 6.1.4. »
6.2.14. CuenctBue. Jlwoboii opromopuzm, ngeticrsyromuii u3 IIBK B PHII, o-menpepsisen.

6.2.15. Cuaenctsue. FEcaun asa opromopgusma, aeticreyromme u3z [IBK U B PHII V, coBnazaror na
HEKOTOPOM MOPSIIKOBO anmpokcuMupyomeM mogmuoxkectse U (em. 1.5.2), to onn conagaior ua Becem U.

<« Brorrekaer n3 6.2.14 u npennoxennsa 1.5.4. »

6.2.16. CueacrBue. Ecan asa opromopgpuzma S, T € Orth(E,V) coBnajaror Ha HEKOTOPOM MOIMHO-

sxectse By C E, 1o onn cosnagator Ha Ey . B wacrrocrn, ecmr 8 K-npoctpanctse E mveercss nopsikosas
emuanna 1 u S(1) =T(1), 7o S=T.
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6.2.17. IIpeagoxenme. sz mo6oro IIBK U man E cymecrsyer equucrsentast omepanns Orth(E) x
U — U, npespamatomas U B moayas uax Orth(E) raxoii, aro |gu| = |g||u| mrg Bcex g € Orth(E) uu € U.
IHpu srom U siiasiercs yHATAIBHBIM MOJAYJIeM, T. €. lgu = u jaug Bcex u € U. usa mobbix g € Orth(E) u
u € U ssreMeHT gu COBHAAAET € IPOU3BEJEHHEM ( M U, BBIYHCJICHHBIM B MakKcHMajbHOM pactmpenun U (cum.
cnencreue 3.4.5).

< IIycrs IBK mlU man G — makcumanbuoe pacmmpenwe U (em. 1.4.3). Tornad = {u € mU : |u| € E}.
B cuny crnencreusg 3.4.5 mpocrpaHcTBO M MOMXKHO HAMETUTh CTPYKTYPOH MOXyas Han KOAbIoM (G Takum
obpazom, ato lgu = u n |gu| = |g|/|u] nma Beex g € G mw v € mU. dns noxa3aTenbCTBa CyIECTBOBAHUS
ucKOMOit crpykTypbl Moayis B IIBK U nocrarouno 3ameruts, uro aig Beex g € Orth(E) u w € U BbinosHeHO
lgllul € E u, cneposarensho, gu € U.

[IpucrynuM K 10KA3aTENBCTBY €QMHCTBEHHOCTH. 1IPEAIIONOKIM, 9TO TIOMAMO BBEJIEHHOM BBIIIE ONEPAIAN
(g,u) — gu umeercs eme omua: (g,u) — ¢ * u, Takxke npespamanomas U B monyab Hag Orth(E) u ymnosie-
TeOpsaomasn ycrosuio |g x u| = |g|lu| ans Bcex g € Orth(E) u u € U. 3adbukcupyem MpOU3BONLHBIN 3JIEMEHT
u € U u pacemorpum orobpaxkenus S,T: Orth(E) — V, onpenenennnie dpopmynamu S(g) = gu u T(g) = g * u.
Ouesunno, S u T asngorca opromopdusmamu. 3amerum, 410 I'(1g) = S(lg), 1. e. lg*u = u. HeiicTBurenbHo,

|1g*u—u|zlg-|1g*u—u|:|1g*(1g*u—u)|

:|(1g-1g)*u—1g*u|:().

Jls ycranosnenust papencrsa S = T ocraercsa npusjieds 6.2.16.  »

To obcrositesiberBo, 4ro Besikoe IIBK wan G MOKHO HajenuTb CTPYKTYpoil moayssa Hajg G, O3BOJSIET
OmIpenenuThb oauH mpoctoit Kiaacc opromopdusmos. Ecau IIBK U wag E u IIBK V man F asnstorcs dyHma-
mentamu onHoro u Toro xke IIBK wag G u g € Orth(E, F), 10 oneparop u — gu gBjsierca OpToMOpdOU3MOM 13
U B V. Opromopdu3amMbl TAKOrO BHUIA MbI OYIEM HA3BIBATH CKAAAPHOLMU.

6.2.18. IIpeausioxenme. Ilycrs PHII U nopsiakoso noamo, T € Orth(U,V), g € G uu € U. Eciu B
U onpenesrero npousseaenne gu (cMm. caencrsue 3.4.5), 10 B V onpeseneno npoussegenne g1 (u) u umeer mMecro
pasercrso T'(gu) = gT'(u). B wacraocru, T o g = go T aust io6oro opromopduszma g € Orth(E).

<« 3adukcupyem npou3BobHBIA 31eMeHT u € U u obozHauum depes G, byngament {g € G : gu € U}
K-npocrpancrsa G. Ilycrs mV — makcumasbhoe pacimpenue V. Pacemorpum orobpaxkenus L, R: G, — mV),
onpenenennnie dopmynamu L(g) = T'(gu) u R(g) = ¢T(uv). OgeBunuo, L u R sBisiorcss opTroMopdusMamMu u
L(1g) = R(1g). U3 6.2.16 cneayer, uto L= R. »

6.2.19. B zakmouenue 3roro maparpada Mbl IPUBEIEM OIWH MTOJIE3HbIH (PAKT, KOTOPBIH B JaJbHEHIIEM
OyaeT HEOTHOKPATHO HCIOJb30BAH.

Teopema [96]. Ilycrs E — Bexropnas pemerka u F' — K-npocrpancrso. Ilonoxurespubliit oneparop
T: E — F coxpaHser gu3bIOHKTHOCTH TOIZa H TOJIBKO TOIA, Korda i Jjroboro omeparopa S: E — F,
yaosaerBopstomero Hepaseacrsam 0 < S < T, matizercs opromopgpusm g € Orth(F) rakoii, uro 0 < g <idp u
S=goT, rmeidp: F — F — ToxKaecrBeHHBIH OOEPATOP.

CoImocTaBuB MOCAEIHIO TeopeMy ¢ TeopeMoi 6.1.1, MBI TIOJIyYuM CJAEAYIONINI PE3yIAbTAT.

Caencrue. Ilycrs E — Bexropnas pemerka u F' — K-npocrpancrso. Peryiaspmusiii omeparopT: E —
F coxpaHsier qu3blOHKTHOCTh TOLJA H TOJBKO TOrAA, KOIJa s Jjroboro peryasapaoro omneparopa S: E — F,
yaosjerBopsoniero Hepaserctsy |S| < |T|, Haitgerca opromopguzm g € Orth(F) rakoit, gro |g| < idp u
S=goT, rneidp: F — F — TOXK1eCTBEHHBIH OOEPATOP.
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§ 6.3. OmepaTopsl caBura

B srom maparpade Mbl paccMaTpHBAEM OYEPEIHON KIACC OMEPATOPOB, COXPAHSIONINX TU3BIOHKTHOCTD.
Beogumbie v m3ydaeMble HAMHA OMEPATOPBI CIBUTA SIBJSAIOTCS aDCTPAKTHBIME AHAJTOTAMHU MPEOOPA3OBAHUS 3a-
MeHbI epemennoii f — fos. C 3TuM KJAcCOM OMEPATOPOB TECHO CBIA3aHO €Ie OTHO 0DCYKIaeMOoe 3J1eCh
TOHSATHE — OIEepaTop, MUPOKUil HA HEKOTOPOM MHOXKecTBe. 110 Mepe m3yueHHs OMepaTOpOB CABWUTA MBI TIPEI-
JlaraeM WX SKBUBAJEHTHBIE XapAKTEPU3allli, ONMACHIBAEM MAaKCHMAJbHYIO OOJACTH ONpeeeHns, Ha KOTOPYIO
OHH MOTYT OBITh MPOMOJIZKEHBI, W TIOKA3bIBAEM, UTO MOHATHUS OTEPATOPA CABUTA W MYJBTHIIMKATABHOTO OITe-
paropa coBmamaroT. ccienoBanne My IbTUITHIKATHBHBIX OMEPATOPOB B K-MPOCTPAHCTBAX BOCXOAUT K paboTam
B.3.Bynuxa [30] n [32], v1e, B 9aCTHOCTH, YCTAHOBJIEHA MYJIbTUTLIMKATHBHOCTD {-HEMTPEPHIBHOTO OTMEpaToOpa
casura B K-mpocrpancrsax c enumnwnneii. Hamra teopema 6.3.10 obobmiaer mociaemauii pe3yiabTarT HA CILy4ait
MIPOU3BOJIIBHOTO OMEPATOPA CABUTA B MPOM3BOJILHBIX K-mipocTpancrBax. Tperuil m3 OCHOBHBIX OOBEKTOB 3TOTO
naparpada — CABUT OEPATOPA, COXPAHIONIETO TU3BIOHKTHOCTD, — B OMPEIETEHHOM CMBICIIE COCPEIOTOYHBAECT
B cefe MyJIBTHILIMKATHBHBIE CBOMCTBA HCXOTHOTO Oneparopa. AHAJOTH 3TOr0 MOHSATHS UMEOTCs B crarhe [158],
a Takyke BO MHOTHX paborax ob m3omeTpusx LP-TIpocTpaHCTB.

Ha mporsaxenun storo naparpada & u F — pacmmpennbie K-poctpancrBa. B Tex ciydasx, Korma B
K-nipocrpancrax € u F (DUKCUPOBAHDI TIOPSIIKOBBIE €IUHUIBI 1g 11 17, MBI [T0 YMOJUIAHUIO BBOJAUM YMHOXKEHHE,
npespamaioniee £ u F B KOMMYTATUBHBIE YIIOPSAOYEHHBIE aireOphl ¢ eauaunaMu lg u 17 coorBeTcTBeHHO (CM.
samedanue 1.3.7). Unean K-npocrpancrsa £, nopoxaenublii snementom d € £, obo3nauaercs cumpojiom ;. B
vacTHOCTH, &1 0603HaUaeT uean &, MOpoKIeHHbIH 1. OTMETHM, ITO HEKOTOPBIE BBOANMBIE B 9TOM maparpade
TIOHSITHST 3aBUCSAT OT KOHKPETHOTO BRIOOpa equHuIl 1g n 1£.

6.3.1. Ilycto E — K-upocrpamcrBo, D — moamuoxkecrBo F u V — PHII. Byaem rosopurb, 9TO
oneparop T: E — V wupor na mmoscecmee D, ecoim T[D]*+ = T[E].

Ilpennoxenne. Ilycre F — K-npocrpancrso, D — momguuoxecrtso FE, V — PHII, T: E — V —
coXpaHgonHl JU3bIOHKTHOCTD OrpanudeHusiii omeparop u h: Pr(E) — Pr(V) — ero reun. Creayronue
VTBEDPXKICHHS IKBUBAJTCHTHBI:

(1) owmeparop T mupok na muoxecrse D;

(2) omeparop T mmupok na uneane Ep;

(3) rewn cyxenus T na Ep couagaer ¢ reapio T';
(4) wmmoxecrso T[Ep] o-wiorno B T[E];

(5) wmaean Ep h-annpoxcumupyer npocrpanctso E.

<« Wuvngvkanuu (1)=(2)<(4) ouesuanni. [lockonbky Terb 1 Mazkopupyer Tedb cyxkenus 1 na Ep, 9K-
BHBAJIEHTHOCTD (2)<(3) ¢ oueBraHOCTHIO CiemyeT u3 npemnoxkennd 1.2.6. Mbr mokaxkeMm, uro (1)<=(2)=(5)=(4).

(2)=(5). TlpeanosOKME BHITOJHEHHBIM YCJIOBHE (2), pAacCMOTPUM HPOW3BOJBHBIA 3yeMeHT € € E u
nokazkem, 910 h-inf cpme = e, tne II = {r € Pr(F) : me € Ep}. Hna mwbex n € N u d € Ep monokum
73 := (le| < n|d|). Ouesuano, 72 € II. TlockomnbKy

|d - nld| = (x) " |d] < (72) el /n < le]/n

nist Beex n € N, Mt umeem 7- lim 78d = d. Mcnonb3ys r-HenpepbiBHOCTS oneparopa T’ 1 yIuThIBAS PABEHCTBO
n—oo

T(wdd) = h(72)Td, mpr npuxoaum K cooTHOWweEHUIO sup, ey h(78) > (Td). Iockonbky snement d € Ep 6bL1
BBIOPAH IPOM3BOIBHO, B CHILy (2) MBI 3aKJIOUaeM, 9TO SUP, o h(7) = h(1l) u, crenxosarensHo, h-inf cnme = e.

(5)=(4). Paccmorpum npou3sBonbHbLl amement e € E. U3 (5) u npeanoxkenus 1.5.3 crenyer, 9T0 € sABiser-
csd h-npesenoM HEKOTOPOH ceTH (€q)aeca eMentoB Fp. B cuny caencrsus 6.1.5 Mbl umeem o—iié% T(eq) = Te.

(2)=(1). Hdna moboro saementa e € Ep cymecrBywor di, . .. ,d, € D takue, aro |e| < |di|+-- -+ |dy,|. Ha
ocroBaunu TeopeMbl 6.1.10 Mbr 3akmouaem, uro (Te) < (T'dy)V---V(Tdy,). Ocraercs npussieus ycioeue (2).  »

€

SBameuanue. Kaxk BUAHO U3 [OCJEAHErO IIPEIJIOKEHUsI, TOT (PaxT, 4TO oneparop 1 IMMPOK HA MHO-
xkecrBe D, oTpaxkaer cBs3b MHOXKecTBa D He ¢ oneparopom T’ KaK TaKOBBIM, a C €0 OOJIACTHIO ONMPEIeIeHNsT 1
TEHBIO.

6.3.2. Ilycto Y mw V — PHII u D — moaMHOXKECTBO HOPMHPYIOIIEH perneTkn mpocTpancTsa . Mer
6yaeM ToBOpUTh, uTo omepatop 1: U — V wupox na muosicecmee D, ecmu {Tu : |u] € D} = (imT)++.

Ecmn U n V aeasaiorcs K-mpocTpaHCTBaMHU, TO TOCTEIHEE OIpemeseHrne SKBHBAJEHTHO JaHHOMY B 6.3.1, 910
OTIPABIBIBACT COXPAHEHUE TEPMHUHOJIOIHH.
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Jlemma. Ilycre U — IIBK wag K-mpocrpamcrsom E, V — mpomnzpoapaoe PHII u D — #ekoropoe
MHOYKEeCTBO TOJIOKHUTEIbHBIX dj1emeHToB . Coxpassromuii JU3bIOHKTHOCTh OrPaHHIeHHbIH oneparop 1 : U —
V mupok vHa D Torza u TOJIBKO TOrAA, KOrJa ero HauMeHbas maxkopanta |T'| mmpoka Ha D.

<« Joka3aTesbCTBO MOYKHO JIETKO MOJIYYUTH € TIOMOIIbIO Tpeayioxkenns 6.1.12. JleficTBuTesbHO, COOTHO-
IIeHN s

(ITle) = sup (Tw) < sup (Tw) = sup sup(Tu) = sup (|T'|d),
|u|=e |u|6D deD |u|=d deD
BBLINIOJIHEHHDIE JJI JTI000r0 MOJOXKATEILHOTO 3JIEeMEeHTa, ¢ € F, T0Ka3bIBaloT HEOOXOIUMOCTD, & COOTHOIICHHS

(Tu) < <|T||u|> < sup <|T|d> = sup sup (Tu) = sup (Tu),
deD |ul=d [ule D

UMEIOIIIEe MECTO I KaKI0r0 JIeMeHTa U € U, yCTaHABINBAIOT JOCTATOIHOCTH. P

IIpenmoxenne. Ilycte U — TIBK max K-mpocrparncreom E, D — HeKOTOpOE MHOXKECTBO MOJIOXKH-
TeabHBIX 31eMeHToB F, YV — nponssoasnoe PHIL, T. U — V — coxpaxsronuii AH3bIOHKTHOCTH OTPAHHICHHBIH
oneparop u h: Pr(U) — Pr(V) — ero renn. Crenyomue yTBepxKIeHNs SKBUBAJICHTHDIL:

(1) omeparop T mmupok na muoxkecrse D;

(2) owmeparop T mupok na upease Ep;

(3) eun cysxenus T ma mmear {u € U : |u| € Ep} coBmagaer ¢ rensio T';
(4) wmmoxecrso {Tu: |u| € Ep} o-mmorno B im T

(5) wmaean Ep h-annpoxcumupyer npocrpanctso E.

<4 DkBUBAJIEHTHOCTH (2)<(3) ycraHaBamBaeTcs Tak ke, Kak B 6.3.1. DKBHBaJEHTHOCTH YTBEDXK/Ie-
muii (1), (2) u (5) BeiTekaeT n3 upemaoxkennii 6.1.4, 6.3.1 u nocnegueit nemvel. Ummnukanus (4)=-(2) oueBugna.
Ocranoch nokazars, 410 (5)=(4).

IMycth u — npoussosbHbLil sjement U. U3 (5) u npemnoxenus 1.5.3 cienyer, uro |u| ssnserca h-npenenom
HEKOTOPOIi CeTH (€4)aecA IMOJOKUTEIbHBIX d1eMenToB Ep. B cusy smemmbr 3.4.5 cymecrByer Takas ceTh (Uq )acA
a51eMeHTOB U, 910 |t | = eq 1 |u — ug| = ||u] — eq]. Torma h—iig& Uy = U, U B cuiy caenctBus 6.1.5 MbI umeem

o-limpep Tuq = Tu. »

6.3.3. IIpemnoxkeume. Ilycrs E — uueas &£, HOPOXK IEHHBIH HOJI0KUTEAbHBIM 3jeMeHToM d € €. lis
J1060ro Kojbnesoro romomopguzma h: Pr(€) — Pr(F) ciaenyromue MHOXKECTBA COBIAJIAIOT:

(1)

(2)
(3) cuerno h-mmkmmgeckas obonouka E;
(4) mmoxecTBO Takmx € € £, aro inf, ey h{|e] > nd) = 0.

h-3ampikanne E;
h-nukandeckas oboqodka F;

<4 Coornomenus (4)C(3)C(2)C(4) oueunubl. Braodenne (4)C(1) 7€erko ycraHOBHTBH € MOMOIIBIO TEP-
Boro caegcrsug 1.5.15. Ocraercs nokazars, 9410 (1)C(4). Ilycrs cetb (€q)aca 3mementos £ h-cxonurcak e € E.
Jia xaxgoro o € A 0603HAUUM YEPE3 N, HATYPAJIBHOE UUCIO0, VIOBIETBOPSIOIIEE HEPABEHCTBY |eq| < nod.
Ucnonb3yst coornoriennst h-infyeca le —eq| =0 u

h{le| > 2n,d) < h{le| > 2|eq])
= h((e)(le] = leal > le/2)) < h((e){le — eal > le]/2)),
MBI TIOJIy4aeM HCKOMOe paBeHcTBO inf,cn hle| > nd) =0. »

Cosnamaomue MuO)ecTBa (1)—(4), omucaHHble B MOCTEIHEM MPEIIOKEHUN, MBI OyaeM 0603HAYATH CHM-
BosioMm hE.

6.3.4. IIpemnoxkeume. Dukcupyem nopsakopyio equauny le B K-pocrpancrse €. Torma MHOXKeCTBO
h& aBasercsa nonaarebpoii £.
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< Dror dakr BoiTekaer u3 6.3.3 (umeercs B Buay pasencreo hE; = (4) mpu d = 1lg) u crenyronmx
COOTHOIIIEHUT:

in%h(\eﬂ >nleg) = inf h{lef| > mnlg)
ne

m,neN

< ingNh(ﬂe\ >mle) V(|f] > nle))
= ingN(h<|e| > mlg) V h(| f| > nle))

nllrého(|e| >mlg) Vyllrégh<|f| >nleg). »

6.3.5. Jlemma. Ilycrs d — npousBosbHas nopstakoBast eaumanna E. /s 060 MOHOTOHHO yObI-
Bawoniell K HYJIO [O0CAeJ0BATEHAbHOCTH (T )neN HpoekTopoB u3 Pr(E) maiizercs rakoii ssemenr e € &, 4ro
mn = {|e] > nd) ana Bcex n € N,

o0
<« Tlockonbky K-mpocrpancrso £ sBIf€TCH PACUIMPEHHBIM, DAL » .~ | Tpd UMEET B HEM 0-CyMMYy, KO-
TOPYIO MBI 0003HAYHM [wepe3 s. fcHo, uaro (s > nd) = mp.1 maug Beex n € N u, cnenoBaTespHO, B KAYECTBE
HMCKOMOT'O 3JIEMEHTd, € MOXKHO B34Tb S +d. B

CaencrBue. Ilycrs h: Pr(€) — Pr(F) — roabnesoii romoMopdusM u d — MPOH3BOJIBHAS ITOPSIKOBAST

equanna €. Papencrso h€g = £ mMeer MecTo Torjga H TOJBKO TOTJa, Korjga romomopgusm h: Pr(€) — Pr(F)
CEKBEHITHAIHHO O-HEIIPEPBIBEH.

6.3.6. Ilycrs U — PHII nag dbyugamenrom E pacimupersoro K-npocrpasctsa &£, d — MOIOKUTENIbHBIH
snemenT € u V — upoussoasnoe PHIIL. Byaem rosopurs, uro oneparop 1T: U — V wupor na saemenme d, eciau
OH MUPOK Ha MHOKecTBe {¢ € E : e — 0cKonoK d}.

Jlemma. Ilycre E — ¢pynaament £, d — noaoxkurenapsblii sgemenr £, V — PHII, T: F — V —
COXpaHIONAN JU3bIOHKTHOCTH OrpaHudeHHbl oneparop u h — ero renb. ITogoxnm 11 := {x € Pr(€) : nd €
E}. Cuenyiomue yTBep:XKaeHHs S5KBUBAJICHTHBI:

(1) omeparop T mmupok na saemente d;
(2) sup,epg h(m) = W(1) u mura Beex m € I umeer mecro paserncrso (I'nd) = h(r);
(3) E C h&.

<« OxksuBasenrnocth (1) u (3) comepxkurca B npenokenuu 6.3.1, ummaukarus (2)=-(1) ogesugHa.

Ocranoch nokasarb, uro (1)=>(2). Ecau soimosseno yciosue (1), To mjus moboro npoekropa mg € I Mbl
nMeeM
h{(mg) = h(mo) sup(Te) = h(mg) sup(T'nd) = sup(Tmond) = (T'med). »
ecE well mell

6.3.7. TIIpensnoxkenme. @urcupyem nopsakoBsie eqmuanisl 1¢ w1y B K-npoctpancreax & w F. [Lisa
Jo6oro koypuesoro romomopgusma h: Pr(€) — Pr(F) cymecrByer eauHCTBEHHBIH pEry/sipHbIi oneparop

S: h& — F rakoii, uro reur S pasna h u S(lg) = h(1)1x. Ilpu s10M oneparop S OKa3pIBAETCS MOJOXKH-
TEJIbHBIM.

<« Paju ynobersa 6ysem cuurars, 4yro h(1) = 1. Mbl pazobbem 1ocTpoeHue oleparopa S Ha TPU ralia.

1. Ompexnenum omeparop S HA MHOMXKECTBE CTYIEHYATHIX JIEMEHTOB £, MOJOXKUB S (ZZL:I /\milg) =
> Aih(m)1F ans npOM3BOABHBIX A1, ..., A\, € Rumq,...,m, € Pr(€).

2. Ilpomomxum oneparop S Ha &. 3adukcupyeMm TpOU3BOJIBLHBIN 3JeMeHT e € £ U BhIOEpeM TOCIeI0Ba-
TEJIBHOCTD (€5, )neN CTYIEHYATHIX 2JEMEHTOB &, I'-CXOALINYIOcd K e ¢ peryiaaropoM lg. Jlerko npoBeputb, 910
nocsienoBarenbHocTh (Sey,)nen 6yder B 9ToM ciayvae r-dynaamenranbia (¢ perynaropom 1x). Mbl monaraem

Se :=r- lim Se,.
n—oo

3. Haxkomerr, mpomomskumM S Ha Bce MHOXKECTBO h&. TIpon3BoabHbIi ameMenT e € hE; MOKHO MPEICTaBUTH
B BUJIE NIEPEMEINUBAHUS O-y Tn€n DIEMEHTOB e, € &£ nocpeactBoM h-pasbuenus (7, )nen. Mbl mojgaraem
Se =0y, h(mn)Sen.

KoppekTHOCTb OmpesesieHrs omeparopa S Ha KazkJAoM 3raine mposepserca 6e3 ociaoxkuenuii. OueBnpHas
[IOJIOYKMTENBHOCTh oneparopa S oDecreduBaeT ero peryjsipHoOCTb. /[l moKa3aTenbCTBa €AMHCTBEHHOCTH S

JIOCTATOYHO 3aMETUTh, UTO HA STAIle 3 MOCIeI0BATEILHOCTE (D i | Tpey) 7-CXOIUTCS K € C PEryasTOpOM
0-) S enNTnlen| € REL. »

neN

meN
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Omnepatop S, cylecTBOBaHHE KOTOPOI'O YTBEPXKIAET MOCIEIHEe IPEIIOKEHNe, OyIeT HA3BIBATHC C06U20M
Hna h u obosHayaTbes cuMposioM Sp. Ilycrs E — dywgament £, a F' — dyngamenr F. Byzem rosoputs,
yto oneparop S: E — F sBuserca onepamopom c¢d6uza, €CIu CyMECTBYET TAKOH KOJBIEBOH roMOMOpdU3M
h:Pr(€) — Pr(F), uro E C h& u S = S, va E. dcHo, uro B 3T0M ciaydae roMoMopdusM h ABISETCS TEHBIO
omepartopa S. OTMeTHM, YTO TIOHSITHSI CIBUTA W OTMEPATOpPA CJABWUTa 3aBUCAT OT BHIOOpa eawHuI lg u 1r B
K-npocrpancrsax € u F.

6.3.8. IIpemioxkenume. ODHKCHpPYEM MOPSAKOBBIE eIHHUIBI B pacimupeHHbIX K-mpoctpancreax € u F.
Ilycrs E — ¢ynnament €, F — pysnamenr F u S, S: E — F — oneparopsr ciasura. Ecom S < S, 105 = poS
JIsI HEKOTOPOro npoektopa p € Pr(F).

<« DBorrekaer uz npesgoxkennii 1.2.6 u 6.3.7. »

Iycre p € Pr(F), h: Pr(€) — Pr(F) — kosbueroii romomopdusm u S — casur Ha h. Torma casur Ha
romomopdusm p o h Gyzer 0603HaYATHCA CUMBOJIOM pS. 3aMeruM, 910, Boobire rosops, dom pS mupe dom S, u
MO3TOMY OIIEPATOP P.S OTINIAETCS OT KOMIIO3UIAH po.S. Bupodem, B Crty OCIeIHETO IPeIOKEHU ONEPATOPHI
pS u po S copuagarpT Ha dom S, U, crano ObITh, PS SABIAETCS MPOMOJKEHHEM P O S.

6.3.9. Teopema. @urcupyem nopsyakosbie equaunsl 1g u 1y B K-npocrpancrsax € u F. IHycrs E —
¢dyunament £, a F — ¢yngamenr F. Jlunetinbtii oneparop S: F — F sapasercs oneparopoM CIBHTA TOLIAA U
TOJIBKO TOINA, KOTJ[a OH YIOBJETBOPSAET CJACIYIOUIHM YCAOBHSIM:

(a) omeparop S coxpaHser QU3BIOHKTHOCTH;

(6) omeparop S perymaspen;

(B) S mepesomut ockosaku lg B OCKOJIKH 17;

(r) S mupok na lg.

<« Heobxonumocrs yenosuit (a)—(B) oueBuna, a Heobxomumoctsb (T) caeayer u3 6.3.6. Tlokaxkem jgocra-
TOYHOCTH. IIpeamosiozkuM, 910 omeparop S ymosiersopsier ycioeusim (a)—(r), ob6o3HaunM TeHb S depe3 h n
nonokum 11 := {7 € Pr(&) : nlg € E}. Uz nemmst 6.3.6 caenyer pasencrso (S(mle)) = h(r) mis kaxioro
7w € II, uro B coderanun ¢ ycnosuem (B) maer S(mlg) = Sp(mleg). Ta ke jgemMa obecriednBaeT BKIIIOYEHHE
E C h€&,. Teneppb na ocuoBanum jieMmmMbl 6.1.9 MblL 3akiaoyaem, yro S = S, va £, »

Ciaencreue. @urcupyem nopsakospie equauibl le u 1 B K-npocrpancrsax € u F. Ilycrs E —
dyanamenrt &, conepxxammit l¢, a F — npousBosbHblii ¢pyHzament F. Jluneiinopii oneparop S: E — F
SABJISETCS OMEPATOPOM CIABHTA TOTJA W TOJBKO TOTJA, KOTJIA OH YIOBJIETBOPSET CACIYIONIHM YCIOBHSIM:

(a) omeparop S coxpaHser QU3bIOHKTHOCTD;

(6) omeparop S peryuaspen;

(B) S(lg) aBastercss ockoakom 1r;

1L .
(1) {1} = (mS)*L,

r

Bameuanue. Ycaosus (1) B GOPMYJUPOBKAX TEOPEMBL U CJIEJCTBUs HE MOTYT ObIThH omyIinenbl. Jleii-
crBUTENbHO, ycrh F = R, &€ — mpocrpaHcTBo Beex nocjaepoBareabHocreii 1 F — uiean &, MOPOXKI€HHbIA
noc/enoBareabHoCThIo eg(n) = n (n € N). O6o3naunmM uepes () KOMNAKTUMOUKAIUIO JTUCKPETHOIO TOIOJIOIH-
yeckoro npocrpancrsa N mo Croyny — Yexy u 3adukcupyeMm npoussoibayio Touky ¢ € Q\N. EcrecTBeHHBIM
obpazom oroxecrBisd npocrpancTBa £ u Coo (Q), onpenenum oneparop S: E — F dbopwmysnoit Se = (e / eo) (9).
TMomnaras 1g¢(n) =1 (n € N) u 17 = 1, MbI BUANM, 9TO omepaTop S yAOBAETBOP:AET ycaoBuaM (a)—(B) mocemmeit
snemmbl, HO S(1lg) = 0.

Bameuanune. U3 mocmennero cienacTBusl, B YACTHOCTH, BUIHO, UTO 00IACTh onmpenesenns hE, CABUTA
Ha h ABJseTCd MaKCUMAaJJIbHO IIMPOKOi. To4unee ropopsi, h&; obbemiier 00/1acTh OLpeeeHus JI00r0 Peryiap-
HOTO omeparopa S, meiicrByomiero u3 dyugamenta & B F, UMEIOIIEro TeHb L U yI0BIETBOPSIONIEr0 PABEHCTBY
S(lg) = h(1)1£.

6.3.10. Quxcupyem nopsiakopbie eauHunbl 1l¢ u 1x B K-npocrpancreax & u F. Jluneiinsiil oneparop
S: E — F, onpenenennbiii na dyamamenre E C &£, HA3BIBACTCS MYAbMUNAUKAMUBHbLM, ecin SejSes =
S(eyes) ams mOGHIX IBYX 3JEMEHTOB e1,es; € E| mpoussenenue Koropbix npunaiyiexur E. Ormerum, 410
MYJIBTHILIMKATUBHOCTH OIIEPATOPA 3aBUCUT OT BhIOOpa exmuui] 1g u 1x.
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Teopema. Ilycte E — ¢yanamenr . Jlubetinolii oneparop S: E — F ABASETCS OIepaToOpOM CIABHTA,
TOoraa U TOJIBKO TOr/la, KOr/Jla OH MYJ/IBTHILTHKATHBCH.

<« B MyJBTUIIMKATEBHOCTH OMEPATOPA CABUTA JIETKO yOeaUThCs, IIPOCJIETUB BCE ITAIBI €r0 MOCTPOECHUS
B 6.3.7. MbI OKazKeM, 4TO MYJIbTUILIMKATUBHBIA oneparop S: F — F aBisercs: OnepaTropoM CABHUIA, IPOBEPHB
ycnosusi TeopeMsbr 6.3.9 (a)—(r).

(a) Ju3bIOHKTHOCTH 3JIEMEHTOB e1,es € E paBHocuibHa paBeHcTBY e1es = 0. To ke orHOCHTCS M K
snementaMm JF. ClaenoBarenbHo, S COXpAaHAET IU3bIOHKTHOCTL.

(6) Mbr nokaxkem, uro oneparop S nosoxkurener. JJokazaresbcrBo pazobbeM Ha TPH ITala.

(61) Ecme € En 0 < e < 1g, To Se > 0. JleiicTBuTensHo, B 3ToM cayyae e u ey/e mpunaaiexar E B
2
cuity HepasencTs €2 < e u ey/e < e, u, cenosarensto, (Se)® = S(e?) = S((ey/e)?) = S(eye)” > 0.
(62) Ecrm e € Em e > 1g, To Se > 0. [efictBuTenbHo, B 3TOM caydae /e € E B cury HEpaBeHCTBA

Ve < e, m, crenosarensho, Se = S((y/e)?) = S(\/E)2 > 0.

(63) Ecniu e € Eu e > 0, 10 Se > 0. [leiicreurenbuo, Se = S{e < lg)e + S{e > 1g)e > 0 B cuny (61) u
(62).

(8) Tot akr, uTo snement e € E apnasgercsa ockonkom 1g, papHocuien pasencTsy €2 = e. To e OTHOCHTCH
1 K ockonkaMm 1r. CrenoBaTebHo, S IEPEBOIUT OCKOJIKM lg B OCKOJIKH 1x.

(r) Mokaxewm, uto {Se : |e| < 1lg}tt = (im S)L+. Paccmorpum mpoektop p € Pr(F) ma KoMmonenty
{Se : |e| < 1g}* u onpenennm oneparop T: E — F dbopuyoit Te = pSe. Jlokazarenncrso OyaeT 3aBepiieHo,
ecau Mbl yeranosuM, 9o T = 0. Ouesumno, oneparop T mynbrumiukarusen u Te = 0 npu |e| < 1g. Bamerum
rakxke, 9To B cuay (6) oneparop T nonoxkurenen. I[IycTh e — NpOU3BOILHBIA MOIOKUTENbHBIH 1eMenT F. s
kaxzaoro n € N semonneno pasercrso T'(e/n) = Tey, tue e, = (e/n > lg)e/n. Iockonbky /€, < e, < e/n,
MBI UMeeM BKJIOUEHHUS /€y, e, € E u nepasencrso 1'\/e, < T'e,. Caegosarennuo,

Te=nTe, = nT(\/en2) = n(T«/en)2 <n(Ten)? = n(Te/n)? = (Te)?/n
s Beex n € Nj 910 BO3MOXKHO TOABKO B caydae Te =0. »

6.3.11. Bameuanmue. VMmeercsa psa pe3yabTaTOB, OMMUCHIBAIOIINX MYJIBTUILINKATHBHBIE OTEPATOPHI
(= oneparopbl ciBUTa) KAK KpaiiHue TOYKM TeX WJIM MHBIX MHOXKECTB oneparopos (cum. [136, 137, 218]).

6.3.12. Bawmeuanue. Hzpecrro (cM. [33: reopema VIIL.10.1]), uro KaxKabIii peryIsipHBIi oneparop
T: & — F uMeeT MHTErpaIbHOE TIPEICTABICHNE

Te = /Adcp((eSAld) (c € &),

rjle ¢ — NPOU3BOJIbHAS TIOPSIKOBO OrpanuyeHHas anaurusnas dbyuxuus uz Pr(€) B F. Hecnoxuo ybeaurbes
B TOM, 4T0 1  sIBJI€TCd OMEPATOPOM CABHUIA TOIJIA W TOJLKO TOrJA, KOIJAA 3HadeHus (DYHKIUU @ ABJISIOTCI
ockosikamu 1x. Tlpwm sToM Tenw h oneparopa T ompenensiercst dbopmyaoit h(m) = (p(mr)). Hexoropble Kaaccht
MYJILTUILIHKATABHBIX OIEPATOPOB (= OIEPATOPOB CIABUra) OMUCAHBL ¢ TOUKHU 3PEHUsI MHTETPAIBHOIO TPEICTAB-
senus B padorax B. 3. Bynuxa [30, 32].

6.3.13. durcupyem nopsikoBbie equauibl lg u 17 B K-mpocrpancrBax € u F. Ilycts U u V — PHII
nag gyunamerramu E C & u F C F coorBercrBento, T: U — V — COXpaHSIONMI JTU3BIOHKTHOCTD OEPATOP
u h: Pr(E) — Pr(F) — ero reub. Torua capur Sy, : h€y — F na h Gyaer nassiBarbes cdeuzom onepamopa 1.

ITpengmoxxenwne. Ilycrs U uV — PHII nag pyrngavenravn E C € u I C F, npuaem PHI1 U nopsiaroso
noaro. Hpermonoxum, aro T: U — V — coxpaHsoniii AH3bIOHKTHOCTH OTPAHHYEHHBII OIIepaTop O CABUTOM
S. Ecam saementsr ¢ € dom S um u € U TakoBbl, 4T0 B U ompeaeseHo Mpou3BeAeHne eu, TO B V) OmpeaeeHo
npouszsenenne S(e)T(u) u umeer mecro pasercrso T(eu) = S(e)T(u). B wacruocru, T og = S(g) o T sz
ao6oro opromopcuzma g € Orth(E) Ndom S.

<« 3adukcupyem 1pou3BOJILHBIN 1eMenT U € U u 06o3HaunM yepes £, bynnament {e € dom S : eu € U}
K-mipocrpancrra £. Ilycth mV — makcnmanbHoe paciipenne V. Pacemorpum orobpaskenns L, R: €, — mV,
onpenenernnbie dopmynamu L(e) = T'(eu) n R(e) = S(e)T(u). Ouesnano, omeparopsbl L m R orpaHudeHbl
(= MaxKopuUpyeMbl) U COXPAHSIOT JU3bIOHKTHOCTH, IPUYEM UX TEHH MaXKOPHUPYIOTCd TeHbio omeparopa 1.
IMockonbky L(lg) = R(lg) u &, C dom S, u3 nemwmsr 6.1.9 cienyer pasencrso L = R, »
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6.3.14. Qukcupyem HOpsSIKOBbIe enuHHUIBL 1g u 1x B K-ipocrpanctBax & u F. Ilycrs U — PHII man
dbyumamentom E C £, a V — PHII nang dyamamentom F C F. Omneparop S: U — V Ha30BEM 0nepamopom
cdeuza, €CIU CyIeCTBYeT Takoi omeparop casura s: E — F, uro |Su| = s|u| ona Bcex u € U. OueBugso,
s =|S], 1. e. oneparop s siBJsiercs HauMenblell MazkopauToit S (cm. 1.6.9).

Sameuvanue. Wrak, ecim S: U — V — oneparop CABUra, TO OH MaXKOPUPYEM M €r0 HAUMEHbINAs
MaxkopanTa | S| : E — F sBasierca oneparopoM casura. O6parHoe, BooOIIe ToOBOpst, HeBepHO. JlelicTBUTeNbHO,
ecu U u YV — GaHaxoBLI IPOCTPAHCTBA M HOpMa omeparopa S: U — V paBHa €IUHULE, TO €r0 HANMEHDLIIAs
mazkopanta |S|: R — R saBigerca TOXKIAeCTBEHHBIM ONEpPaTOpoM (& 3HAYUT, OLEPATOPOM CABHIA), B TO BPEMs
KakK caMm omeparop S Oymer OmepaTopoM CBUTA JIMINL B TOM CJIydae, KOT/Ia OH SIBJISETCS U30METPHIECKUM
BJIOXKEHUEM.

Ilpennoxenne. Ilycte U — PHII mag ¢pysgamenrom E C €, aV — PHII vag ¢pyagamentom F C F.
Omneparop S: U — V sABJsIeTCcs onepaTopoM CJBHTA TOIA U TOJIBKO TOIJA, KOTAA CYUIECTBYIOT OIEpaTop CABHIA
s: B — F u F-uzomerpuueckoe Biaoxkenue L: sU — V takue, uro S = 10 sy, rae sy : U — s — oneparop
HOpMATHBHOTO 1peobpasoBanus U nocpeacrsonm s (em. 1.4.7).

<« B jpokazarenbcTBe HYKAAETCH JHIIDL HEOOXOAUMOCTb. DJIEMEHTAPHAsS IPOBEPKA MOKA3BIBAET, HYTO
dopmyna

L(Z pisuui> = ZpiSui (ui eU, p; € Pr(V))
=1 =1

KOPPEKTHO OnpeensieT GYHKIMI (: s — V, IPeICTaBASIONIYy0 COO0 NCKOMYIO H30METPHI0. B
6.3.15. Crenyroree omucaHue ONepPaTOpPoOB caBura 00600maer kpurepuit 6.3.9 na caywait PHIL.

Teopema. @urcupyem nopsakosbie equuuipl 1l u 1x B K-npocrpancrsax € u F. Ilycte U — TIBK
aaj ¢pyagamenrom E C £, aV — PHII max ¢pyagamenrom F C F. Oueparop S: U — V siBjstercst onepaTropom
CABHTa TOTJIA M TOJHKO TOLA, KOLJA OH YAOBJETBOPSIET CJECYIONHM YCJIOBHSIM:

(a) omeparop S coxpaHser JU3bIOHKTHOCTb;

(6) omeparop S orpanmyen;

(B) ecmmu € U n |u| — ockomox 1g, To | Su| — ockomok 1x;

(r) omeparop S mupok Ha lg.

<4 Heobxommmocts yemosuit (a)—(r) ¢ 049eBUAHOCTHIO BbITeKaeT U3 Teopembl 6.3.9. IlpemnomoxuM, 410
omeparop S yzaossersopsier ycsopusM (a)—(r). Oboznauum gepes |S| HauMeHbIIyIO MaXKOPaHTy S U MOKarKeM
cuavasa, 410 |S|: E — F gBusgercs oneparopom cisura, nposepus yciosus (a)—(r) reopembr 6.3.9. Yesosue (a)
BbITeKaeT u3 ciaenctsus 6.1.4, yciaosue (6) obecrneunBaercs MOJOKUTENLHOCTBIO | S|, yenosue (B) ciemyer us
npesyoxenns 6.1.12; a yeaosue (r) — u3 jgemmbt 6.3.2. Urak, |S| — oneparop cusura, a mockoibky Tenu S u
| S| coBnagaror (cMm. npenyoxkenue 6.1.4), oneparop | S| npeacrasiasier coboii cyxkenue casura S na E.

TMonoxum Uy := {u €U : |u] — ockonok 1¢ }, paccMOTpUM NPOM3BOILHBLA 3/IEMEHT U € U; K TOKAXKEM, 9TO
|Sul = |S||ul|. das yaobersa 6ymem camrars, uto |u] = 1g u |S|lg = 1x. D10 mpeanonoxkenue He HAPYITIAET
OOIIHOCTH, TaK Kak S[(u)L{] C (ISllul)V, u nosTomy MBI MOXKeM paccMarpuBarh S Kak omneparop us (u)l B
(SIul)V. O6osmaamm mpoektop (Su)’ wepes p. Hockombky |Su| sBIserca ockomkoMm 1, HaM JOCTATOIHO
mokazarb, aro p = 0. IIpeamonoxkum, BOpeku AokazbiBaeMomy, 9o p # 0. Torma mo mpenioxenuo 6.1.12
Haijerca Takoil amement uy; € U, uro |u] = lg u pSuy # 0. Tlomoxum e := |u; + 3u|. Pasencrsa

lul] = |ui]l = 1lg ¢ oueBumuocrbio BAeKyT 21l < e < 4lg, a 3HaYUT, %15 < 1/e € %15. W3 nocnenpero
HEPABEHCTBA CIemyet, 9To B U onpeneneno nmpomseenerne (1/e)(u; + 3u), KOToOpoe Mbr 0003HAIAM CHMBOJIOM .
Ucnonb3ysa npemmoxkenne 6.3.13 u pasercreo pSu = 0, MbI moxyIaeM

pISul = p| S((1/€)(us +3u) | = plS1(1/€)]|S(us + 3u)|
= |S1(1/e)lpSu + 3pSul = pISI(1/)1Sur] = (pSui)|S|(1/e).

Bamerum, uro |u| = 1g u, cmenosarensuo, | Su| ssasercs ockoakoM 1x. [losToMy cooTHOIIEHMST

oISl = (pSu)IS1(1/e) > (pSun)lS1(J1e ) = 3 pSu)1r,
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JaoT HepaBeHCTBO p| S| = (pSuy)lr, KOTOPOE IPOTUBOPEYUT CIEAYIONIAM COOTHOIIEHUAM:

(pSu1)lr < plSa| = (pSu1)|S|(1/e) < <pSu1>|S|<%1g) = %(pSulﬂ}-.

Takum obpazom, Mbl yeranosman, 9to | Su| = | S||u| anst Becex u € Uy. O6o3HaunM depes h TeHb OTIEpaTopa
S, COBIAJAIONIYTO, KAK U3BECTHO, ¢ Terbio |S|. Torma, npumenus cuencrsue 6.1.9 (2) k oneparopam S: U — V u
1Sy : U — | S|U, vbt monyuum paserctso | Su| = | S| u| a1 Bcex w € U ¢ mopmoit u3 hE;. Ocramoch 3aMeTHTD,

aro {u € U : |u] € h&1} = U, nockomeky E = dom | S| C hE;. »
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§ 6.4. OmmepaTopbl B3BEIIIEHHOT'O CABUTa

PaccmaTpuBaembie B 3TOM maparpadge onepaTopbl B3BEIIIEHHOTO CABUTA, MPEACTABISIIOT COOO0M KOMIIO3UIINHI

WoSow apyx opromopdusvon w u W u oneparopa casura S. [peactaBuMocTh COXPAHAIONIETO U3 HIOHKTHOCTD
orepaTopa B TaKOM BHJIE CBA3aHA C CYIECTBOBAHMEM OTDAHMYEHHOI'O MHOYKECTBA, HA KOTOPOM 3TOT OMEPATOP

mupok. Kpowme 3Toro Kpurepusi MbI IpejjaraeM TaKyKe HEKOTODbIE JTOCTATOYHBIE YCJIOBHS HPEICTABHMOCTH
omeparopa B Bume W o S o w. OCHOBHBIM pe3yJIbTATOM HACTOSIIEr0 maparpada sBAsSeTcs MPeICTaBICHUe
IIPOU3BOJILHOTO COXPAHSAIONIETO AU3IBIOHKTHOCTE OTIEPATOPA B BUJE CHIIBHO JU3BIOHKTHONW CyMMBI OIEpPaTOpPOB
B3BEIEHHOTO ¢aBuTa. Takum obpazom, omeparops Buga WoSow UrpatoT posh TPOCTHIX 3JIEMEHTOB, 13 KOTOPHIX
COCTABJIAIOTCS H0JIee MUPOKUE KIACChl OIIepaTopoB. DTOT BaKT MO3BOJIUT HAM B JAJIbHEHIIEM TOCTPOUTDH OTHO
M3 aHAJTUTUYECKUX [PE/ICTABIEHU 0IepaTOpPOB, COXPAHAIONINX AU bIOHKTHOCTD.

Ha npotrstzkenun Tekymero maparpacda E u F'— dyunaventst paciupennsix K-npocrpancts & u F. B
mpocTpancTBax £ u F HUKCHPYIOTCS TIOPSIKOBBIE eIUHUTIB 1 U 17 ¥ pacCMaTpHUBAETCST YMHOMKEHWE, MPEBpa-
HIAOLIEe UX B KOMMYTaTUBHbIE yIIODsI0YeHHbIe aarebpbl ¢ exununamu lg u 17 coorBercrBeHHo (cM. 3aMeda-
une 1.3.7). HamoMEuM, 9TO OPTOMOPDU3MEI, TEHCTBYOIIHE B PACCMATPUBAEMBIX K-TTPOCTPAHCTBAX, SIBISIOTCS
OIIePATOPAME YMHOXKEHUs U OTOXKIECTB/IAIOTCA C COOTBETCTBYIOMUME MHOKUTeRsMu (cM. 6.2.12). Wmean upo-
cTpaHcTBa &, MOPOKIEHHBIN 37eMeHTOM lg, obo3Hadaerca cumBosoM & . OTMeTHM, YTO HEKOTOPBIE BBOAUMBIE
B 3TOM Laparpade HOHATUs CYLIECTBEHHO 3aBUCAT OT KOHKPETHOIO Bbibopa equnun lg u 1 7.

6.4.1. Jluneiinwiit oneparop T: E — F Ha30BEM ONEpPAmopom 636CULEHH020 €06U2a, €CJIH CYIIECTBYIOT
dynnamenter E' € € m F' C F, opromopdusmel w: E — E' uw W: F' — F u oneparop cusura S: B/ — F’
takue, uro T = W o S o w, 1. e. nuarpaMma,

E L, F

o [w

B 2

koMmmyTaruBHa. Kommnosuuus W oS o w nasweiBaerca WSW-npedcmasaernuem oneparopa T, a oneparopsr W, .S
" W — COOTBETCTBEHHO BHEUHUM 8ECOM, COBU20M U BHYMPEHHUM Gecom TipencTasyernus W o S ow.

Bamernum, uTo B cuiy Teopembl 6.1.1, perynsipubiii oneparop T: EF — F gapisercd onepaTropoM B3BeIlleH-
HOIO CIBUIA TOLJA W TOJBKO TOTMA, KO TaKOBLIM gBjsiercsa ero moayiab |T'|. Bosee Toro, eciu oqun u3
oneparopos T mwmm |T| mmeer WSW-npencrasnenne, 1o Bropoii mmeer WSW-npencrapnenne ¢ TeMm e CIBH-
rOM ¥ BHYTpeHHUM BecoM. Takum 0Opazom, oOCy:KIast BOOPOC O TOM, SIBJSETCH JIU TOT WX WHOU OmepaTrop
OTepaTOPOM B3BEITEHHOTO CIABUTA, MBI BCETJA MOXKEM CUMTATh PACCMATPUBAEMBINA OMEPATOD MOJIOKUTEILHBIM.

C TouYKM 3peHUsi JAHHOTO BBINIE ONPEIeJeHNs CBOUCTBO OTOOpaXKeHus ObITH OMEPATOPOM B3BEMIEHHOTO
CIBUTA 3aBUCUT OT BbIOOpa eauuut le u 17. B meficTBuTeNbHOCTH Ke 9TOH 3aBUCHMOCTH HeT. B camom merne,
nyctb orneparop 1 umeer WSW-npencrasienne

Te=WxS(wxe) (e€ k),

roe *  — yMHOXKEHHe, cooTBeTcrByiomiee enuaunaMm lg m 1r. Torma mocie 3amensl lg m 1xr Ha 1’5 u 13T
¥ BBEIEHHS HOBOT'O YMHOXKEHHsI - omepaTop 1 OCTaHeTCs OmepaTopoM B3BEIIEHHOTO CIBHUIa W OyIeT WMeThb
WSW-npencrapnesue

Te=W - -S'(w -e) (e€R),

S'v = (Us/17) - S(le-x) (z € (dom S)/1¢)

rie

n w' = w/1% (3mecb jmeneHue u BO3BEJEHME B KBAJIPAT TAKIKE COOTBETCTBYIOT HOBBIM eMHHIAM). Takum
00pa3oM, MOHSITHE OIEpaTOpa B3BemeHHOro ¢asura 1: F — F 0CMBICIEHO s <YHCTBRIX> K-mpocTtpancrs F
u ' — BHe 3aBUCHMOCTH OT WX BJIOYKEHHUs B PACIIHPEHHBbIE K-IPOCTPAHCTBA W BBEIEHUS MYJIbTUILIUKATUBHON
CTPYyKTypbl. M3 cKa3zaHHOrO, B YACTHOCTH, CJIEAYET, UTO IOJOXKHUTENbHBIH omneparop 1: F — F asngerca

OIIEPaTOPOM B3BEIIEHHOTO CIABHUIA, TOT/A M TOJBKO TOTIa, KOTIA MOAXOAAINM BBIOOpOM emwHHIl lg m 1r ero
MOXKHO TIPEBPATUTL B ONIEPATOP CIABUTA.

IIpocreiimume npuMephbl MOKA3BIBAIOT, YTO OAWH M TOT K€ OMEPATOP B3BEIIEHHOTO CIBUTA MOYKET MMETh
pasmuunble WSW-npencrasienus. Tem He menee pasHoobpasue komnonenr WSW-npencrapieHust JaHHOTO
omeparopa 1', eCTECTBEHHO, OFPDAHMYMBAETCS WX CBA3BIO C omeparopoM 1’ u mpyr ¢ apyrom. JlBa OCHOBHBIX
ACIMEKTa, 3TOH B3aWMOCBS3U OTPAYKEHBI B CJIEIYIONIEM TIPEIJIOKEHUN.

Ilpeagoxenne. Ilycrs T: E — F — oneparop B3Beniennoro capura u W o S o w — ero WSW-npes-
crapaerne. Iomoxum p := (im T').

(1) Obosuaunm casur omneparopa T uepes Stp. Torma St upomospkaer p o S u HMeET MECTO DABEHCTBO
WoSow=WoSrow.
(2) Oroxxnecreum w u W ¢ coorBercrByommMu saementamu € u F u nonoxum Wy 1= o—linﬁ Tr(lg/w) €
TE

F,rmell ={m € Pr(&) : n(lg/w) € E}. Torna pW =Wpr uWoSow=WrpoSow.
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< Yreepxkaenue (1) nerko poiBogurcs u3 6.3.7 u 6.3.8. Tokaxkem (2). Brarogaps oueBrIHOMY DABEHCTBY
T o (w)* = 0, MBI He HAPYIIAM OBIIHOCTH, TpeamonoKuB, uto (w) = (1). Torma
“lim Tr(le /w) = o-lim WSpwr(le /w) = o-lim WSrrle = ( sup h(m) )W,
o-lim m(lg/w) =0 lim Twn(lg/w) = o lim WSrmle 7srtelll_)I (m)
rae h — tenn 1. Iockompky p = h(1), ZOCTATOYHO HOKA3ATDL, UTO SUP, <y A(m) = h(1). I3 E C dom(St o w)
crexyer w(E] C dom St = héy, a snauut, £ C h&; /,,. Ocranocs npusieds gemmy 6.3.6. »

Takum obpaszom, WSW-npencraBienne KOHKPETHOTO ONEPATOPA B 3HAUUTENLHON CTEMEHH OMPEIesieTCs
BBIOOPOM BHYTPEHHErO Beca. 3aMeTHM, UTO J060i omepaTop B3BeIeHHoro capura umeer WSW-npencrasienve
¢ MOJIOXKUTETbHBIM BHYTPEHHUM BecoM. JleficTBUTEIBHO, paccMoTpuM mnpousBosibHoe WSW-npencrasienve
W o Sow. Oroxnecrsasisi opromopdusm w ¢ smementom € (em. 6.2.12), obosnatmm npoextop (w') € Pr(E)

cumBosom 7 u nonoxum p := (S(mle)). Torma
WoSow=WoSo (rlw| —rtw|)
=Wo(poSolu|—p"oSolul)= (oW — p W)oSoul.
Bameuanue. KEcau WoSow— WSW-npencrasnenne oneparopa 1’ ¢ MOJOKUTENIBHBIM BHY TDEHHUM

BecoM w, To onepatopbl T, T~ u |T| umeior crepyiomue WSW-npejcrasienus: TT = Wt o Sow, T™ =
W-oSowu|T|=|W|oSow.

6.4.2. Teopema. Ilycts w — NOPOH3BOJBHBIN MOJOKHTEIbHBIH 3aeMeHT €. Jluneiinsiii omeparop
T: E — F umeer WSW-npencrapienue ¢ BHYTPEHHHM BECOM W TOTAA H TOJIBKO TOLJA, KOTJAA OH COXPAHSIET
JH3BIOHKTHOCTD, PEryJIAPEH H IIHPOK Ha 3j1eMeHTe lg /w.

<« Heobxonumocrs Beitekaer u3 npegokenus 6.4.1 (2). Jokaxem nocrarounocts. [lycrs coxpansroimit
JU3bIOHKTHOCTD perynsapHbiii oneparop 1T: E — F mwmpok Ha snemente lg/w. He mapymas obmpocTu, MOKHO
caurars, 1o omeparop T monoxurenen. Ionoxum I := {7 € Pr(€) : n(lg/w) € E} u obosHAYMM Uepes
W opromopdusm ymuoxeHust Ha sup,.cp I'm(lg /w) € F. Pacemorpum xomnosummio (1x/W) o T o (1¢/w) rak
oneparop u3 w[E] B F u obozHatuM ee cuMBosioM S. Jlokazas, uro S ABJISETCS ONEPATOPOM CIBHUIA, MBI TEM
caMbIM 110J1y 4uM uckomoe WSW-npencrapiienne Wo Sow ansa T. B coorsercrBuu ¢ Teopemoii 6.3.9 jocraTrouHo
[OKa3aTh, 4TO OneparTop S objajaer npuseIeHHbIME B ee (hopmyauposke ceoiicrBamu (a)—(r). IIposepka sTux
CBOWCTB HE COCTABJISET TPyJa. P

ITommuoxkecrBo K-mpocrpanctsa F masoseMm & -02panusdenibim, €CIA OHO MOPATKOBO OTPAHMYEHO B E.
IlonvuoxkectBo Uy PHII nan E wazoBem &£ -ozpanusertsim, €CIH MHOKECTBO {|u0| tug € Z/lo} £ -orpaanyeno.

Caencrsue. Jluneiiapiii oneparop T: E — F saBiasercs ornepaTropoM B3BEUIEHHOI'O CIBHIa TOLJA U
TOJIBKO TOTJA, KOIJa OH COXPAHSAET AHIBIOHKTHOCTH, PErVJSPEeH U HIHPOK HAa KaKOM-au00 & -OrpaHudeHHOM
noaMHozkecrse F.

<« Ecau oneparop T mupok Ha MuOKectBe D C E u anement e € € takosn, uto |d| < e as Beex d € D,
TO omeparop 1’ IMMPOK Ha 3JIEMEHTE € U B CUJIy TIOCTIeaHell TeopeMbl umeeT WSW-tpencrasienue ¢ BHYTPEHHUM
Becom lg/e. »

6.4.3. IIpennosxkenme. IIpemnosoxim, aro peryispasie oneparopst T, T: E — F coxpasior 1u3b-
IOHKTHOCTH H YJOBJeTBOpaioT HepaseHCTBY |T| < |T’ Torga T spasgerca oneparopoM B3BEIICHHOI'O CIBUIA B
TOM H TOJILKO TOM CJIVUae, €CIH TaKOBBIM ABjgerca 1. Boee TOro, HMeIOT MECTO CIEAVIOIHE yTBEPK 1eHI.

(1) Ecim W o S ow — WSW-npeacrapienne oneparopa T, To omeparop T mmeer WSW-npencrasiemire
suga W o Sow, rae [W| < |W].

(2) Ecim W o S o w — WSW-npeacrapienme oneparopa T, To omeparop T nmeer WSW-npeacrasiemire
Brga W o Sow, rae (imT)|W| < |[W|.

<« He napymas o6IIHOCTH, MOJKHO CUHTATh, YTO OHepaTopbl 1 1 T MOJIOKUTEILHEL.

(1) OGecueunBaerca crencrsueM 6.2.19.

(2) Homycrum, ato omneparop T umeer WSW-npencrasnerue Wo Sow, u momoxkum p := (im T'). Cornacuo
teopeme 6.4.2 oneparop T mmpok na saemente lg /w. Torna oneparop T Tem 6osee 061a5aeT STUM CBOICTBOM
U B cuily Toii ske TeopeMbl 6.4.2 umeer WSW-npencrasmnerue W o S o w. Tpebyemoe cooTromenue Mexxay W u
W BBITeKaeT u3 mpeyioxenus 6.4.1. »
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6.4.4. B cBs3u ¢ yTBep:KIeHUIMH pasiena 6.4.2 ObLIO ObI HHTEPECHO 0OJTee MOAPOOHO HCCIIETOBATH
TE€ CUTYyallud, B KOTOpBLIX omneparop 1: F — F 0OKa3blBaercs IMUPOKUM Ha TOM WJIH WHOM &-OrPAHUICHHOM
nonmuOKecTBe F. He 3arparupast mpobieMbl B 1€JI0M, MBI JIUITh ODCYINM HECKOJIBKO YACTHBIX CJIYYAeB.

IIpezx ie Bcero, orMeruM TpuBHaibHOe ciaejacrsue Teopembl 6.4.2: ecim {Te}tt = (im 7)1+ nns nexoro-
poro asiemenTa e € F, mo T gBjsierca onepaTopoM B3BeleHHoro capura (u momyckaer WSW-npencrasienve ¢
BHYTDEHHUM BecOM lg/e). B 4acTHOCTH, MMEeT MECTO CJICIYIONEe YTBEPIKICHUE.

Ilpennoxenne. Ecam B K-pocrpascrBe E cymecTByer cuibHAs MOPSAKOBAS €IUHHAIA €, TO JH0OOH
COXpaHsIoNui U3 bIOHKTHOCTH peryJsipablii oneparop 1T: E — F aBjisercs oneparopoM B3BEIMEHHOI'O CABHTA
u umeer WSW-npencrasienune ¢ BHyTpeHHUM BecoM lg/e.

Ykazanuble ciaydan, 6€3yCI0BHO, A0MycKaoT obobmenns. Hampumep, mockosibKy ai0060e MHOKECTBO TIO-
MAPHO JU3bIOHKTHBIX 3J1eMeHTOB E gBisgercs £-OrpanuvaeHHbIM, Mbl UMEEM CJIE/IYIOIIEe yTBEPAK ICHUE.

Ilpenmoxenne. Ilycre T: E — F — peryasipHbIii oniepaTop, COXPAaHSIOMUN AH3bIOHKTHOCTD. FEcmm

{Tee : € € 2}t = (imT)1+ ra mexoroporo cemeiicrpa (e¢)¢cs monapuo aH3BIORKTHBIX s1ementos E, o T
SIBJIAETCS ONMEPATOPOM B3BEIIEHHOTO CABHTA.

MozKeT noKa3aThCs, 9TO YCJa0BUE, CHOPMYJUPOBAHHOE B IIOCIEIHEM NPEJIOKEHUN, SBJISETCI U HEOOX0-
auMbiM (CM., Hanpumep, [2: Teopema b)), omHako 1o me Tak. HeifictBurensHo, nycrh £ = Coo(P), rae P —
9KCTPEMAJIBHO HECBSI3HBIN KOMIIAKT, COIAEPXKAINAN HEN30JUPOBAHHY0 TOUKy p € P. O6o3naunm uepe3 E byn-
nament {e € £ : e(p) = 0} K-mpocrpancrea €. Pacemorpum muOokectBo @ := P\{p} u nonoxum F pasHbIM
K-nipocTpaHCTBY BCEX BEIIECTBEHHBIX (QYHKIWI, onpeaenenubix Ha (). Omnpenenum omeparop T: E — F cie-
nyronum obpaszom: Te = e|Q. Ouesunno, oneparop T’ mwmpok Ha £-orpanndennom MHOKecTBe {e € E : |e| < 1}
(1 TIO3TOMY SIBJIICTCA OMEPATOPOM B3BEIIEHHOTO CJBUTA), HO YIOMAHYTOE B (DOPMYIUPOBKE TMOCICIHETO MPE-
JIOZKEHUST CeMeHCTBO (€¢)¢cz OTCYTCTBYET.

Jlpyroit KIacc omeparopoB B3BEIIEHHOT'O CABHUIA BO3HUKAET B PE3YJILTATE COMOCTABICHNA JieMMbI 6.3.6 co
caeacreuamvu 6.1.6 u 6.3.5.

Teopema. Kaxxaplif CeKBEHIIHAIBHO O-HEIIPEPBHIBHBIH COXPAHSIONHI U3 BIOHKTHOCTD PErY/ISPHBIH OI1e-
parop T: E — F sapasercs onepaTropoM B3BEIIEHHOTO casura. Bosee Toro, mas 060 MOpSIKOBOI €IHHUIIBI
w € & rakoii oneparop T nmeer WSW-npescrasiienne ¢ BHyTPEHHHM BECOM W.

6.4.5. Us3sBecTHO, YTO HE BCAKUI COXPAHSIONIMI U3 bIOHKTHOCTD PETYJISIPHBIN OIIEPATOP SABJISETCS OlePa-
TOPOM B3BEINEHHOTO CABUTA. JIJisT TOTHOTHI KAPTHHBI MBI BOCTTPOW3BENIEM COOTBETCTBYIONIH TprMep 13 [108] —
Tem 00s1ee, 9TO, KAK BBIACHATCA HUZKE, ITOT MPUMED SABIAETCS B ONMPEAETEHHOM CMBICIE THITHIHBIM.

IMycts ) — 3KCTPEMAJbHO HECBA3HBIA KOMIAKT 6€3 M30JUPOBAHHBIX TOYEK. B 3TOM Caydae MOMKHO
nonobpars ¢yumament E C Coo(Q), cemeiicTBo (e¢)¢cz dmeMenToB F u ceMeficTBO (ge¢)ees TOUEK () Tak,
9T0 OYAYyT BBIIOJHEHBI CIELYIONUIME YCIOBHS: MHOKECTBO {g¢ : & € E} miotno B @, ec(ge) = 00 st BCEX
¢ € Z m, XpoMe TOro, Ijisd KazKIOro 3JIeMEHTa ¢ € F 9hCciIoBoe MHOXKECTBO {(e/eg)(qg) 1€ e E} OTPAHUYIEHO.
Torna oneparop T: E — (°°(Z), neiicreyomuii no upasuiry (Te)(€) = (e/es)(ge), cCOXpangeT AM3bIOHKTHOCTD
u peryjsapes (JaxKe IIOJOKUTENEH), HO HE ABJISETCS OIEPATOPOM B3BEIIEHHOIO C/BUTA.

IIpuBenennast KOHCTPyKnus omeparopa T’ 00IamaeT CaeayIonM CBORCTBOM: €CIl MBI 0DO3HATHM Iepe3 g
OTIepaTOP YMHOXKeHN Ha XapaKTepHCTHIECKYIO (hyHKINIO X {¢}, TO TIOMYTHM TaKoe pasOrnenne eUHUTB (p¢)ecs
B anrebpe Pr(€°° (E)), “ITO BCE OCKOJIKH BUA P¢ 0" SIBJISIFOTCS OEPATOPAaMH B3BEIIeHHOro casura. (OKa3pIBaeTcs,
TaK YCTPOEHBI BCE PETYISAPHBIE ONMEPATOPHI, COXPAHSAIOMNE A3 bIOHKTHOCTD.

Teopema. Ilycte T: E — ' — perynsapHbIi onepaTop, COXpaHSIIONHE JAH3bIOHKTHOCTH. Torma cy-
mecTByeT Taxoe pasbmenme equHHIBI (p¢)cez B aaredbpe Pr(F'), gro gms xaxnoro { € E xommosurus pg o T
ABJIAETCH OLEpaTOpPOM B3BelleHHOro casura. Bosee toro, mpoexTopsr pe MOXKHO 110700paTh Tak, 9T0 KaxKIasd
kommosunust pg o T 6yxer umers WSW-npencrapienne ¢ BHyTpeHHHM BecoM lg [eg, rjie e — IIOJIO0XKHTEIbHBI
ssaement E. B stom ciaydae omeparop T pasziaraercs B CHJIBHO JUIBIOHKTHYIO CYMMY:

T = @WopgSo (1g/ee),
cex

rae S — casur onepatopa T, a W: F — F — oproMopphu3M yMHOXKEHHST HA O—ZEGE peTee.
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<« TIpumenus npunnun ucuepnbiBanus (cM. 1.2.1) K COOTHONIEHNIO

sup (Te) = (im T,
ecE+

MBI IOIYYINM IUIBIOHKTHOE CeMeHCTBO (p¢)¢ez B amrebpe Pr(F') m cemeHcTBO (€¢)¢cz NMONMOKUTENBHBLIX 3iIe-
mentos E taxue, 910 supgcz p¢(Teg) = (imT). JloGasus k cemeiictsy (p¢)¢ez mpoektop (imT)*, a k cemeii-

CTBY (€¢)gcz — HYNEBO TEMEHT, MbI LPEBPATHM (p¢)ecz B pasbHeHne €IUHUIBI U COXPAHHM COOTHOIIEHHE
supgez pe(Tee) = (imT). Tlo reopeme 6.4.2 mma xaxioro § € Z kommosunus pg 0 T ABIAETCA OHEPATO-
pOM B3BelIeHHOTO casura u umeer WSW-npencrasmenume ¢ BHyTpeHHEM BecoM lg/ec. Ecmm S — casur T,

TO cABUr omeparopa pg © T pamen peS (cM. 6.3.8), u, ucnons3ys npejoxenne 6.4.1, MBI 3aKI0YaeM, UTO
peoT = peTeg o peSo(le/ee). »

6.4.6. Ilycro U — IIBK wag dyumamentom E C £, a V — IIBK nax dyunamentom F C F. Jluneitusrit
oneparop T: U — )V HA30BEM 0NEPAMOPOM 636ewenn020 coeuza, ecau cymectsyor IIBK U’ nan dyrgamenToM
E' c & TIBK V' nang dpynmamentom F' C F, opromopdusver w: U — U' w W: V' — V u oneparop capura
S: U — V' Takme, uro T = W o S ow, T. e. quarpamma

u —L vy

o [w
u —>— v

KOMMyTaTHBHa. Kak u B ciaydae omeparopa, AeiicrByomiero B K-npocrpancrax, xKommosunusas W o S o w
HasbiBaercs WSW-npedcmaeaenuem oneparopa 1T, a omeparopsl W, S M w — COOTBETCTBEHHO GHEULHUM
secom, cdeuzom U erympennum ecom tpencrapienus W o S o w. Besycmosro, mepenoc repmunonorun 6.4.1
Ha caydaii omeparopos, aeticrByomux B [IBK, He BIogHE KOPpPEKTEH, MOCKOIBKY K-TIPOCTPAHCTBO SBIAETCA
qactabIM caydaeMm IIBK. ITosromy, xKenast yCTPaHUTh ABYCMBICTIEHHOCTD, MBI OyJeM MHOTIA HA3bIBATH OIEPATOP
B3BEIIIEHHOTO CJBUTA CKAAAPHHLM U 8EKMOPHHIM, UMes B Buay onpenenenns 6.4.1 wian 6.4.6 coorBeTCTBEHHO.
Tlo anasorn4HbIM COOOParKEHUSIM MblI OyIeM FOBOPHTH O CKAJAPHBIX WM BeKTOpHBIX WSW-npeacraBieHusx.
Bekroproe WSW-npencrasiaenue W o S o w oneparopa T: U — V Gymer Ha3bIBATHCI NOAYEEKMOPHbLM, ECIH
w — cKaJgpHbIi opromopdusM (M. 6.2.17), 1. e. U u U’ asnsiorca dbyugamentamu oguoro u toro ke I[IBK
Hag € u oproMOpdHU3M W AEHCTBYET 10 HPAaBUIY U — €U JJisi HEKOTOPOro (PUKCHPOBAHHOIO OPTOMOpQdH3MA

e € Orth(E, E').

Teopema. Ilycrs U — TIBK man ¢pyumamenrom E C £, a V — 1IBK naxg ¢yrmzamenrom F C F.
Jlunettuprii omeparop T: U — V saBisgeTcs BEKTOPHBIM OHEPATOPOM B3BEIIEHHOIO CABHIa, TOIIA H TOJBKO
TOIVIa, KOTJIa OH MAasKOPHPYeM H ero HauMeHbnas Maxkopanta |T|: E — F saBaseTcs CKaJspHBIM OTepaTOpOM
B3BENIEHHOI'O CABATA. Bosee TOro, AMenT MecTo CAEIyIOIHe yTBEPKICHHS.

(1) Ecin WoSow — sexroproe WSW-npeacras.ienme oneparopa T, To | T'| nmeer cxanaproe WSW-npe-
crapieane W o |§| o |w| rakoe, aro 0 < W < |W|

(2) Ilyctp W o S o w — cransipuoe WSW-npezncrasinenne oneparopa |T'| ¢ nonoxurensupivu Becamu W
nw. Torga T nmeer norysextoproe WSW-npexcrasienne W o S oW Takoe, aro |W| =W, |S| =S, aw —
OpTOMOPPU3M YMHOMKEHHA HA W.

< (1) Cnenyer memocpencrento n3 6.4.3 (1).

(2) Tpexnomoxum, aro W o S o w — ckamapuoe WSW-npencrasnenue oneparopa |T|, tne w: E — F’,
S:E' - F uW:F — F. llycte mU — maxcumansuoe pacumpenne U, U — wumean {u € mU : |u| € E'}
IBK mU, aw: U — U" — opromopdusm ymuOKeHH Ha w. OBG03HaUMM Yepes V' 0-TIOnoaHEeHre HOPMATHBHOIO
npeobpasosarus U’ nocpencreom S (em. 1.4.7) W paccMOTPUM COOTBETCTBYIOMHUI OMEPATOP HOPMATHBHOTO

npeobpazopanus S: U — V'. Tenepb HAM IPEICTOUT IOCTPOUTH oproMopdmuam W: V' — V.
Ionoxum V] = (S o W)[U] u oupeaenum amueiinbii oueparop Wo: Vi — V caepyomum obpazom:
WO (gﬁu) := Tu. Taxoe ompeaenenne KOPPEKTHO, TTOCKOIbKY N3 PABEHCTBA Swu, = Swus caenyer

|Tuy — Tus | < [Ty — ug ] = WSwluy — us
= WS'@Ul - EUQI = ngmqll — S@uzl = 0.



160 Inasa 6. OIIEPATOPBI, COXPAHAONOIUE JU3bIOHKTHOCTD

Honoxnm p := (im T). Tlockomexy p < ((Sow)[U]) mw[U] = {v' € V' : || € w[E]}, oneparop po S mupok na
uneane w[E] C E'. Cnenosarensuo, no npeanoxkenno 6.3.2((2)=>(3)) muoxecrso V) = (po S)[w[U]] anmpox-

cmvmpyer (p o S)[U']. Tlocmenree MHOMKECTBO IO OTIPeIETeHI0 HOPMATHBHOTO Tpeobpasosanna SU’ anIpoKcH-
Mupyer MHOXKecTBO p[SU'], KoTOpoe, B CBOIO 0Yepe s, anmnporcnmupyer p[V’']. Tloaromy B crity 1.5.2 MHOMKECTBO
V{ annpokcnvupyer p[V']. Ouesummo, |W0v6| < le(')l ans Beex vy € Vi, Cormacno caencrsuio 6.1.8 onepa-
top Wy umeer (emmmHcTBenHOE) THHEiHOE TpooKernne Wik p[V'] — V Takoe, uTo |W1v’ | < le' | JIISL BCEX
v’ € V'. Torpma xomnosuiua Wi o p: V' — )V yIOBIETBOPAET HEPABEHCTBY |W1 o pl < W n, crenoBarensHo,
apasgerca opromopdusmoM. Takum obpazom, Mbl yke mocrporman WSW-npencrapmenue (W o p) oS oW ome-

paropa T. Opnako, nosoxurs W := W; o p Ha maHHOM 3Talle HEJb3sd, HMOCKOJBbKY B 3TOM Ciaydae He Oyaer
obecrredeHo PaBeHCTBO |W| =W.

JIst Bcex TMOJIOKUTENbHBIX € € F MbI nMmeem

|[W1 o p|Swe = sup{|W1pv'| : " € V', || = Swe}

sup{p|Wouvg| : v € V5, |vh| = Swe}
sup{p|WoSwu| : v € U, |Swu| = Swe}
sup{|Tu| s Swlu| = Swe}
> sup{|Tu| Dul = e}
=|T]e
= W Swe,

WV

OTKY1a |W1 ) plSwe = W Swe ¢ yueroM HepaBeHCTBa |W1 o pl < W. Takum obpazom, Wo Sow u |W1 o pl o
S ow — asa WSW-npeancrapsenns oneparopa |T'|. Ilosromy cornacuo npemnoxenuto 6.4.1(2) umeer mecro
PaBEHCTBO |W1 o pl = pW. Jlna obecrieuenns PaBeHCTBA |W| = W mam gocrarodno ompegemuth W Kak

cymmMy opromopduzma Wi o p u HEKOTOPOi <XOJI0CToit> m06aBku ¢ HopMoit pW. U3 mpemmoxennii 6.2.13
u 1.4.3 caepyer cyumecrsosanue rakoro opromopduszma Wy € Orth(U,V), uro |W2| = W. Mp nosaraem

W::WIOP+WQOPJ_. >

Bameuanus. (1) Hepasencrso W < |W|, dburypupyoiee B yreepxkuenuu (1) mocienueil reopemsl,
MOXKeT ObITh cTporum. WHbIMU cjaoBamu, paseHctso |T| = |W| o |§| o |W| wesb3st TapaHTHUPOBATHL IS

moboro WSW-npencrapienua T = W o S o w. (IIpocToif KORTPIPEMED MOXKHO MPHBECTH B CIydae 6aHaXOBBIX
upocrpancts U u V.) Tem ne menee uz (2) caenyer, uro jo6oii oneparop p3pewientoro capura 1': U — V umeer
takoe WSW-npexncrasienne W o S ow, uro |T| = |W| o |§| o |w].

(2) U3 nocuenmeii TeopeMbl CieIyeT, YTO KarKIblil BEKTOPHBIA OINEPATOD B3BEIIEHHOIO CIBHUIA WMEET
nonysekTopaoe WSW-npencrasnenne. Bosee Toro, ecan omneparop umeer BekTopuoe WSW-npencrasienve ¢
BHYTPEHHMM BECOM W, TO OH UMeeT U noaysekropaoe WSW-npeacrapienue, BHY TPEHHIHA BEC KOTOPOIO SIBJISETCS
omepaToOpoOM yMHOXKeHus Ha |w.

(3) Eciu paccmorpers kaxkaoe u3 K-npocrpancrs E u F' kak IIBK (#az camum co6oit), TO HauMeHbIIAs
MaxKOpaHTa Jboro perymsproro omeparopa T: E — F Gyner cosnagats ¢ ero momynem |T|. Dto mabmio-
JIEHVE TIO3BOJISIET CIEJATH CIASAYIOMNH BBIBOJ HA OCHOBAHWU MOCJTeIHEN TeopeMmbl: orobpaxkenue 1: E — F
SIBJSETCA BEKTOPHBIM OIEPATOPOM B3BEIIEHHOI'O CABUIA TOL/A U TOJILKO TOIZA, KOTAA OHO ABJISETCH CKAJISIPHBIM
OIIEpPaTOPOM B3BEIIEHHOI'O CABHIA. JTO 0OCTOATENBCTBO ODOCHOBBIBAET KOPPEKTHOCTH YIOTPEOJIEHUS €IUHOIO
TEpMUHA <OIMEPATOP B3BEIIEHHOTO CIBUTA> KAaK [IJIsT OMIEPATOPOB, AEHCTBYIONMX B K-TpOCTpaHCTBAX, TaK U JJIst
onepatopos, aeficteyiomux B [IBK.

6.4.7. Kaxnoe w3 yTBepxaenuii, choOpMyJIUPOBAHHBIX B CJAEAYIONIEH TeOpeMe, HEIOCPEICTBEHHO BbITE-
KAeT U3 aHAJOIMYHOIO <CKaJddpHOro> yreepxiaenus (cm. 6.4.1-6.4.4) u reopembr 6.4.6.

Teopema. Ilycrs U — IIBK nasg pynmamenrom E C £, aV — IIBK nax ¢pymgamenrom F C F.

(1) CsoiicrBo orobpazkenus T: U — V 6bITh 0mEepPATOPOM B3BEIIEHHOIO CIBHTA HE 3aBHCHT OT BBIGODA
equHaAIl 1g mw 1x.

(2) JIuneiinpi oneparop T: U — V sapisiercsi oneparopoM B3BEIIEHHOI'O GABHIA TOLJA H TOJBKO TOIJA,
KOIIa OH COXPaHSeT JH3bIOHKTHOCTD, OrpaHmden u ynosjersopser coornomenmio T[Uplt+ = TUt s
HEKOTOPOro & -orpanumdeHHoro moqMuaoxecrsa Uy C U.
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(3) Ilycts w — MpOH3BOJBHBII MOMOKHTENbHBIH ddeMmeHT €. Jluneitnsii omeparop T: U — V umeer
WSW-upencrapjiedue ¢ BHyTPEHHHM BECOM HOPMbI W TOLAA H TOJBKO TOIVA, KOIJA OH COXPAHSET JH3bIOHKT-
HOCTDB, OTPAHUYECH U HIHPOK Ha djeMente lg /w.

(4) Hycrs T: U — V — orpaHmdennplii oneparop, coxpaHsmoumii qu3bionkraocts. Eemn {Tu}tt =
(im T)*+ mnsa mexoroporo smementa u € U, To T ABisercs omepaTropoM B3BEIIEHHOIO CABHIA H JOIYCKAET
WSW-npencrapnerne ¢ BHyTpeHEIM BecoM HOpMBI 1g /|u].

(5) Eciu B K-ipocrpancrse E cymecrByer cuiibHas HOPSJAKOBAs €AHHHUIA €, TO JHOOOH COXPaHAIOMHIT
JIU3BIOHKTHOCTH OrpanudeHHblii oneparop 1: U — V spiisiercs oneparopoM B3BEIEHHOI'O CABHIA H HMEET
WSW-npexacrasienue ¢ BHYTPEHHHM BECOM HOPMBI lg /e.

(6) Kaxkapiii CeKBEHIUAJIBHO O-HEIPEPbIBHBIL COXPAHSIOMHN U3 bIOHKTHOCTH OrDAHHYEHHDI OHepaTop
T:U — V aBasgercs onepaTopoM B3BEIIEHHOrO ¢aBura. Bosee Toro, mist 060k mopsakoBoi equHunsl w € £
taxoii oneparop T umeer WSW-nipescrapiienune ¢ BHyTpEHHUM BeCOM HOPMbI W.

6.4.8. Teopema. Ilycte U —IIBK nmag ¢pysgamenrom E C £,V — IIBK max ¢pyagamentom F C F,
miU 1 mV — makcumaababie pacumperus U m'V u T: U — V — orpaHmdeHHbBIH OIepaTop, COXPAHSIOIIIH
AM3bIOHKTHOCTH. Tornma cymecrByer Takoe pasbuenne eaunuIpl (pg)ecz B aiarebpe Pr(V), 4ro mms kaxiaoro
§ € E xommosunng pe o T' apasgerca oneparopoM B3pereHHoro casura. IIpoekToprr pe MoxHO HOZ00paTh TakK,
qr0 Kaxkgas komnosuuus pe o T Oyner uvers WSW-npeacrasiienne ¢ BHyTPEHHHM BECOM HODMBI lg/eg, re
e — nojoxkuTeapusl srement E. g kaxnoro § € = nonoxkum Ee :={efec :e € B}, Ug :={u e mld : |u] €
E¢}, rme mUd — maxcumanaproe pacmmpenue U, n o6o3aadnm qepes we: U — Uy crasmapusbiii opromopdusm
yMHOxKeHns Ha meMent lg /ec. Torma cymecrsyror IIBK V' nan F, cuIbHO AH3BIOHKTHDBIC OIEPATOPDI CABHIA
Se:Us — V' (€ € E) u opromoppuzm W: V' — mV rakme, uro oneparopnr T' u |T'| pasmararorcs B CHIBHO

JH3BIOHKTHBIC CYMMBbI
T:@Wosgowg, |T|:@|W|O|55|O|w5|.
cez ceg

<« PaccvorpuM mpou3BOIBHBIN COXPAHAONINY AU3BIOHKTHOCTh OTPpAaHWYEHHBI omeparop 1: U — V.
ITo Teopeme 6.4.5 cymecrByer Takoe pasbuenne equuuipl (p¢)ecz B anredbpe Pr(F), gro ang kaxgoro £ € =
KoMmmo3uiust p¢ o |T'| siasieTca omeparopoM B3BeIIEHHOrO cABHra u, Gosee Toro, mmeer WSW-nperncrasienue
C BHYTPeHHUM BecoM lg/e¢, raoe ee — momoxurensuoiit anement E. Onpemenum ITBK U u opromopdusmbr
we: U — Ug Tak, KaK 3TO clenano B GOPMyIHPOBKe JOKa3BIBaeMOil TeopeMbl. Ilo Teopeme 6.4.6 m1a xazkmoro
¢ € E cymecrsyior IIBK V, man dyngamentom Fr C pe[F], oneparop casura Se: Us — Ve u opromopdusm
We: Ve — pe[V] rakue, uto peoT = WeoSeowe u peo|T| = |We|o|Se|o|we|. Hna sasepmenns nokasarenscrsa
ocraerca sumpb nocrpouts Tpebyemoe IIBK V' u <cknenth> opromopdusmbr We B onun opromopduzm W.

Momoxmm Vg = @gez Ve (em. 1.4.5) n obosnanm wepes V' maxcmmambroe pacimpenne IIBK Vg, Ecre-
CTBeHHBIM 00pa3oM oroxkzaecTBaaa Ve u pe[Vj], Gymem paccmarpusarh S¢ kak oneparop u3 Ues B8 V. Ina
KazK710ro sementa vy = (ve)eez € Vg momokmm Wo(v') 1= 03 ez We(ve) € mV. Cormacuo crexcreuio 6.1.8
opromopdmsm Wy : V) — mV umeer eauacTBEHHOE NPOAOIZKeHHe 10 oproMopdusma W: V' — mV. »
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§ 6.5. Peasninzaliusg onepaTopoB, COXPaHAIOINNX AN3bIOHKTHOCTD

[Touck aHATUTHIECKOTO MPEICTABIEHUS JIs OMEPATOPOB, COXPAHSIIOMNAX U3 bIOHKTHOCTb, — JTABHSIS TPa~
qunys. V3ydyernem 3TOr0 BOMpOCa TaK WU WHAYE 3aHUMAJICS KaXK bl U3 TeX, KOT'0 9TH OIePaTOPhl MHTEPECOBA-
J ¢ abCTPAKTHON TOYKY 3penusi. [IpeacTapienne pa3audHbIX KJIAaCCOB OMEPATOPOB B BHUJIE OMEPATOPOB 3aMEHbI
nepeMeHHON U yMHOXKeHusi umeerca B paborax [3, 4, 31, 32, 84, 108-110, 254, 256]. Corunacuo Teopeme Bymu-
xa — Oracasapbl (reopema 1.3.7) dynumamenr K-npocrpancrBa Coo(Q), rae () — 3KCTPEMAbHO HECBH3HbILIA
KOMIIAKT, MPEACTaBasdeT coboit obmmmit Bua K-npocrpancrsa. Kpowme Toro, cormacuo ciaeacrsuio 3.4.4 dynma-
MEHTBI PEIIETOYHO HOPMHUPOBAHHOTO MpocTpaHcTBa Coo(Q, X), Tae X' — HempepbiBHOE BAHAXOBO PACCIOCHUE
HaJ, (), ucuepnbiBaoT Bee npocrpancTsa Banaxa — Kanroposuua (ITBK). 91u nBa dhaxra jexar B OCHOBE pea-
JIM3AIMOHHBIX METOIOB UCCTAETOBAHUS OMepaTopoB, JeiicTByiomux B K-npoctpanctsax n [IBK. ITpennaraembie
B TOM maparpade aHaATUTUYECKUE MPEICTABIEHNS OMEPATOPOB KOHCTPYUPYIOTCS C TIOMOIIBIO TAKUX OTEPAITni,
KaK HEMPEePBLIBHAS 3aMeHa MePeMeHHOM, MOTOYeYHOe YMHOKEHUE HA BEIIeCTBEHHYI0 (DYHKIWIO W MOTOYETHOE
MPUMEHEHNEe ONePATOPHO3HAYHON (DYHKITHHN.

Ha npotrsizkenun Bcero naparpada X u Y — BLOJIHE HECBA3HbIE KOMIAKTHI, a P u () — 3KCcrpeMasibHO
HecBs3HbIe KOMIAKThI. CuMmBos 1p; 00603HAMAET TOXKIECTBEHHO PABHYIO eAuHuIe (DYHKIIUIO, ONpeIeTeHHYI0 Ha
MHOXKecTBe M.

6.5.1. TIpenuosioxum, 4TO JJis KAKUX-IU00 <abCTPakTHBIX> 00bekToB A u B (mampumep, GyaeBbx
anrebp, K-mpoctpancts man IIBK) pacemarpuBatorcst peanmsamnm i: A — Awn j: B — B s BUJIE KaKWX-
b0 <KOHKPETHBIX> OODbEKTOB AuB (nanpumep, anrebp MHOxecTB miu npocrpancrs dyuakuuii). Torza
unmepnpemayueti orobpaxkenus f: A — B (0THOCHTENHLHO peau3anuii ¢ U j) Mbl OyJieM Ha3bIBATH KOMITOZUIIIO
jofoi™l: A— B.

6.5.2. Cumposnom Cy(Y, X) MBI 0603HaYaEM COBOKYITHOCTh BCEX HEMpPEphIBHBIX dyHKImi s: Yy — X,
OlIPE/IEJIEHHBIX HA BCEBO3MOXKHBIX OTKPbITO-3aMKHYTHIX I0JIMHOX)KeCTBaxX Yo C Y.

IIpengioxxenne. Orobpaskenne h: Clop(X) — Clop(Y') spisiercst Koab1eBbIM roMOMOPGH3IMOM TOIA
u ToabKo Toraa, korga cymecrsyer gynkuus s € Co(Y, X) raxas, uro h(U) = s~ [U] mis scex U € Clop(X).
Jlast mioboro KoJibiieBoro roMmoMopguszMa h takas yHkIus S eTHHCTBEHHA.

< HenocpecreenHo cieyer u3 u3ectHoi Teopembl P. Cukopcekoro (em. [100: § 11], a Takxke [239]). »

Coornomenue h(U) = s1[U] Gyner nazuiBaThes peasusayuet, Koblesoro romomopdusma b mocpeacrsom
dyukiuu s. 3amerum, 4ro buaronaps reopeme Croyna — OracaBapsbl 1.2.8 mocseinee mpejiozKeHne OluchbiBaeT
YCTPORCTBO KOJIBIEBBIX TOMOMOP(U3IMOB, AEHCTBYIONINX B IIPOU3BOJIbHBIX Oy/IE€BBIX aarebpax.

6.5.3. Cremnyrotee mpeIiioKeHNne MOKA3BIBAET, YTO BCAKUN KOJIBIEBOH TOMOMOP(MHU3M TPEICTABIISIET CO-
60ii (¢ TOUHOCTHIO 10 M30MOPGU3MA) ONEPALUIO TIEPeceUeHus ¢ (PUKCHPOBAHHBIM MHOMKECTBOM.

IIpenmnoxkenune. Ilycrs h: Clop(X) — Clop(Y) — koubnepoii romomopgusm. Torga cymecrByror
3aMKHYTOe IOIMHOXKECTBO Z C X m mopsanxobiit mzomopgusm i Gymesoii aarebpor Clop(Z) ma im h raxue,
aro h(U) = i(U N Z) mna Beex U € Clop(X).

< llycrs h(U) = s U] — peamusanust h nocpeacreom dbyuxmun s € Co(Y, X). Tomokum Z := im s
u aia kaxgoro snementa W € Clop(Z) onpenenum muoxectso (W) € Clop(Y) dopmymnoit i(W) := s~1[W].
ITpoBepka yTBEpKIAEHHUI TEOPEMBL HE COCTABISET TPYIa. W

6.5.4. IIpemnoxenue. Ilycrs E u F' — ¢pyunamenrbr Coo(Q). Orobpazkenne W: E — F spjsercs
opTroMopu3MOM TOLAa H TOJBKO Torga, korga cyiecrByer gyukuus w € Coo(Q) rakas, aro W(e) = we s
Bcex e € E. Jlna mro6oro opromopguzma W rakast (pyHKIHS W €HHCTBEHHA.

<« Ilpuenennbie yrBepxkiaeHus sApjsroTcs nepedopmyauposkoit Teopemsr 6.2.12 ¢ ygerom teopemsbr By-
quxa — Oracasaper 1.3.7. »

Coornomenue W(e) = we Gyner HaspiBarbea peasusayued opromopdusma W nocpencrsoM (yHKIMH w.
Samernm, arto baaromaps reopeme Bymuxa — OracaBapst 1.3.7 mociennee mpe/ijioyKeHNE OMUCHIBAET YCTPORCTBO
opToMOpdhuU3MOB, IEACTBYIOIINX B MIPOU3BOIBHBIX K-IPOCTPaHCTBAX.
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6.5.5. Jlna mpoussombrbx s € Cp(Q, P) u e € Cuo(P) ompenenuym byHKIHIO € 0 5: Q — R creayromum
ofpaszom (cp. 1.7.4):

(co5)(q) =

e(s(q)), ecm g€ doms,
0, ecm ¢ € @\ dom s.

BesyciosHo, s obecriedenns KOPPEKTHOCTH TIPU UCIIOJIb30BAHUN OOO3HAYEHUs € ® S CJIEIYeT BCErja MMEeTh B
BUJIy HEKOTOpOE (PUKCUPOBAHHOE MHOKECTBO (), obbemiomiee dom s. PyHKIUs € ® S, OUEBU/HO, HEIIPEPBIBHA,
HO, BOOOIIE TOBOp#A, He mpuHAMIEKAT Coo((Q)), MOCKONBKY MOMKET NPUHUMATH OECKOHETHBIE 3HAYEHWS HA MHO-
JKECTBE C HemyCToi BHYTpeHHOCTHI0. CoBOKYMHOCTH Beex GyHKImil e € Coo (P), mst KoTopnix € @ s € Coo(Q),
oboznavaercs cuMoaoM Cs(P).

Ipenyoxenne. Ilycrs h: Pr(Coo(P)) — Pr(Coo(Q)) — xombuesoii romomopusm u hC(P) — dynia-
ment Co (P), onpenenennsiii 5 6.3.3. Torga hC(P) = Cs(P), rge h(U) = s™1[U] — peasmzaius h nocpeacrsom
s € Co(Q, P) (ornocurensno ecrecrsennbrx peamsamiii Pr(Coo(P)) 1 Pr(Coo(Q)), eum. 1.3.7).

<« Cruenyer u3 npennoxenntt 6.3.3 u 6.5.2. »

Henpepoisras bynkmusa s: Q — P masbaerca o-mownoti, ecim s H[clG] = cls™![G] nna moboro
OTKPBITOr0 0-3aMKHyTOro noamuokectsa G C P. Huwxe (cum. 6.6.1) 310 cBOiicTBO DyHKIMU pacCMaTpPUBAETCS
0oJiee JeTaJIbHO.

Jlemma. O6osuadnm obpas yukmuu s € Co(Q, P) uepes R.

(1) dns moboit pynkuun e € Cy(P) nepecewenne R N dome serony miorno 5 R, 1. e. Cs(P) C {e €
Cxo(P) :elp € Coo(R)}.

(2) Ecnn pynkuus | o-rouna, 10 Cs(P) = {e¢ € Cxo(P) 1 €|r € Co(R)} 1 Co(R) = {e|r : € € Cs(P)}.

<« (1) Paccmorpum mpoussombhyio dyakimio e € Cg(P). Ecau 6bl CyIIEecTBOBAIO HEMYCTOE OTKPBITOE
muokectso W C R, me nepecekaromieeca ¢ dome, 1o QyHKIHM € ® S TPUHIMAIIA Obl DECKOHEYHBIE 3HAYEHU
Ha HEIyCTOM OTKPBLITOM MHOxkecTse s~ [W], uro mporusopeunt Bratodenuio € o s € Coo(Q). Cremosarennho,
nepeceuenre R N dom e Bcroay mnorao B R.

(2) Iycrs dyukmus e € Cs(P) rakoBa, uro nepecevenue R N dome Bewoay mwiorno 8 R. Torma, uc-

nome3ys ToT dakT, 9o ynkmma s/t o-rouna, a mepecedenme R N dom e ABIAETCS 0-3aMKHYTHIM OTKDPBITHIM
MTOJIMHOXKECTBOM R, MBI TOJIy4aeM

cl(eos) 'R] =cls '[dome] = cls ! [RN dome]
=s'[cl(RNdome)] = s~'[R] = doms,

U TIepBOe U3 PABEHCTB YCTAHOBJIEHO. BTOpOe paBeHCTBO ciemyeT w3 mepBoro diaromaps jgemme 1.1.5. »

Bameuanue. Tpebopanue o-rounoctu bynknuu s/ B yrsep:kaenun (2) 1eMMbI ABISETCH CYMIECTBEH-
HBIM, IIOCKOJIbKY B obieM cayuae muoxkectso C,(P) He onpenessercs obpazom s. delicrBuresnbro, eciau p —

He 0-W30IMpoBanHas Touka P, a P := P U {oo} — oboramenue KoMmakTa P HOBOil H30MMPOBAHHOI TOUKOMH 00,
TO TOXKIecTBeHHas byHKIwa s: P — P u dynkimusa § := s U {(oo,p)}: P — P umeror oauH U TOT XKe 00pa3, B
To Bpems Kak MHOKecTBa Ci(P) u C5(P), 04eBUIHO, HE COBIAIAIOT.

6.5.6. Eciu E C Coo(P) u R C P, o Muoxectso {€|p : e € E} obosnauaercs cumsonom E|g.

Jlemma. O6ozmaunm ob6pas pyuxnmn s € Co(Q, P) wepes R u npeanonoxum, uro dynxmus s\ o-rouna.
Torna

(1) Coo(R) apisercs sexropuoii noapemerkoii Coo (R);

(2) ecrm E — mmear K-npocrpancrsa Cs(P), To E|r — naear sextoproii pemerkn Coo(R).

< YrBepkaenne (1) HenocpeacTBeHHO cieayer u3 aemmbl 6.5.5 (2). Hokaxkem (2). IIpeamonoxknm, 410
dynkmusa g € Coo(R) yrosmersopsier mepaserncTsam 0 < g < e|r J7is HEKOTOPOTO MOJOKATEILHOTO 3IEMEHTA
e € E. B cuny aemmbr 6.5.5 (2) naiigerca rakas nonoxkurenbias dyukius € € Cy(P), uyro g = é|g. Torna
ENe€c Emwg=(ENe)|g- »
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6.5.7. IIpemuioxxenme. Ilycts E — ¢pyrnament Coo(P), a F — ¢pyrnament Coo(Q). Orobpazkernue
S: E — F gmasercs onepaTopoM CGABHTa TOLAa H TOJBKO TOrJa, korda cymiecrByer ¢yukmusa s € Co(Q, P)
TaKasi, 9To Se = e @ s ;s Bcex e € F.

<« JlocTarouHOCTH JIErKO yCTAHOBUTHL ¢ TOMOIILI Teopembl 6.3.9. Ilokazkem meobxomumocTs. IlycTh
S: E — F — oneparop capura u h: Pr(E) — Pr(F) — ero veup. Peanuzyem anrebpor Pr(E) u Pr(F)
B Buge Clop(P) u Clop(Q) u paccMoTpuM peain3aruio ﬁ(U) = s U] cooTBeTcTByIOMmEl WHTEPIIPETAIINN
h: Clop(P) — Clop(Q) romomopdusma h nocpencrsom s € Co(Q, P). Corsacuo upemjioxenuto 6.5.5 umeer
mecro pasBercrso hC'(P) = Cs(P). Tockonbky oneparopst (e — eos): Cs(P) — Coo(Q) u Sp: hC(P) = Co(Q)
UMEIOT ODIILYI0 TeHb h U yIZOBIETBOPAIOT paBeHcTBaM lp ® s = Sp(lp) = h(1)lg, oHM cOBHANAIOT B CHIY
npeagiozkerns 6.3.7. Ilosromy Se = Spe = eces g Bcex e € £, »

6.5.8. DyHKUMSA S, CBA3AHHAS C OTIEPATOPOM CABUTA, S OMMCAHHBIM B MTOCTEIHEM TTPEIJIOKEHIH CITOCOOOM,
BOOOITE TOBOpsI, HE €AMHCTBEHHA. JlefCTBUTENBHO, MOMYCTHM, YTO KOMIAKT P CONEpPXKUT JBe PA3TUIHBIE
HEU30JMPOBAHHBIE TOUKU P W Po, nonoxkuM E = {e € Co(P) : e(p1) = e(p2) = 0} m pacemorpum byHKIAN
S1,82: QQ — P, TOXJIECTBEHHO paBHbIE P; U Po cOOTBETCTBEHHO. Torma c e sy = e @ so = 0 st Beex e € E.

Crenytoliee peIIoKEeHNe YTOYHSIET BOMPOC O €INHCTBEHHOCTH PEATTU3AINN OTIEPATOPa, CIBUTA.

Ipennoxenune. Ilycrs E — dyunament Coo(P), F — dynaavenr Coo(Q) u S: E — F — oneparop
casura. Iomoxum Qo :=suppim S (cm. 1.3.7).

(1) Ecan ¢yuxmuu s1,se € Co(Q, P) yaosiaersopsiior papercram Se = e ® 51 = e Sy 151 Bcex € € E, 1o
Qo C dom sy Ndom ss u s1 = s5 Ha Q.

(2) Cymecrsyer equncrennas ¢yukuus s € C(Qq, P) rakas, uro Se = e ® s szt Bcex e € E. Ipu srom
h(U) = s~ U] — peamuszanus renu h oneparopa S.

<« (1) O6osnauum dvepes D COBOKYNMHOCTH BCeX TOYeK P, B KOTOPBIX OTJIMYHBLI OT HYJs KaKue-ju6o
bynxmm uz E. Ouesumno, MHOKecTO 57 ' [D] m0THO B (p, TOITOMY HAM JOCTATOYHO YCTAHOBHTH PABEHCTRO
$] = S9 HA ITOM MHOZKECTBE. BO3bMeM IPOU3BOIbHYIO TOUKY ¢ € 87 [D] 1 A0IyCTUM, BOIPEKH JOKA3bIBACMOMY,
aro $1(q) # s2(q). Tockombky s1(q) € D, cymecrsyer dyukuusa e € E| yIoBaeTBOpAIONas COOTHONIEHUAM
6(81 (q)) #0wu 6(82 (q)) = (0, 9YTO TPOTUBOPEYUT PABEHCTBY € ® S| = € ® Sy.

(2) CymecrBoBanue (DyHKIMH § CIEAyeT U3 Mpeijiokenus 6.5.7, a ee eIUHCTBEHHOCTh — U3 yTBEPIK/Ie-
uus (1). Tor daxr, 9r0 PyHKIMs S peanusyeT TeHb S BLITEKAET U3 JOKA3ATENbCTBA IpejioKenus 6.5.7.  »

Ecnu dynkuusg s ynosaerBopser yeaoBuaM yTBepzkaeHus (2), To cooTHoleHre Se = ees Oyaer Ha3blBATbCA
peanusayueti oTiepaTopa caBura S mocpeacTBoM (byHKIUM S. 3aMeruM, dTo Ojaromapsi reopeme Bymmxa —
Oracasapbr 1.3.7 npemyioxenust 6.5.7 u 6.5.8 OMUCHIBAIOT yCTPOICTBO OMEPATOPOB CIABUTA, IEHCTBYIONIUX B
[IPOM3BOJBHBLIX K-IIPOCTPAHCTBAX.

6.5.9. Cuenyroliee npeioKeHNe MOKA3BIBAET, YTO BCAKUI OMEPATOD CABUra MpejacTaBjiser coboil (¢
TOYHOCTBIO /10 U30MOP(U3MA) ONEPATOp Cy¥KeHus Ha (PUKCUPOBAHHOE MHOMKECTBO.

Ipennoxenune. Ilycrs E — dyunament Coo(P), F — dynaavenr Coo(Q) u S: E — F — oneparop
casura. Torna cymecTByIoT 3aMKHyToe noaMHokecTBo R C P m orobpazkenne i: E|gp — F taxme, 910

(1) E|r — Bexropuas noapemerka K-npocrpancrsa Coo(R);

(2) ¢ — smmedinprii u nOpAAKOBBI H30MOopdusM E|r Ha im S;

(3) Se=i(e|r) mus Beex e € E.

<« Ilycrs Se = ¢ o s — peanuzanusa S nocpeacrsom dyukuuu s € Co(Q, P). Tomoxum R := ims u
JUIA Kazioro snementa g € F|g onpenennm dynxuuio i(g) € C(Q,R) dopmymnoit i(g) := g e s. Ilposepka
yreepxKaenuit (1)—(3) we cocrapasier Tpyna. »

6.5.10. Teopema. Ilycts E — ¢yugamenr Coo(P), a F — ¢dymnamenr Coo(Q). Orobpakenue
T: E — F spasercsa oneparopoM B3BEIICHHOTO CIBHIA TOLJA H TOJBKO TOLJA, KOIAA CYIIECTBYIOT (DYHKIHH

s€Cy(Q,P), we Coo(P) uW € Cxo(Q) Tarme, uro we ® s € Coo(Q) 1 Te = W(we ® s) s Beex e € E.

<« Henocpeacreenno ciaenyer u3 npejimoxennit 6.5.4 u 6.5.7. »
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6.5.11. IIpocreiimme TpuMepLI IOKA3BIBAIOT, UTO Tpescrasienue Te = W(we e s) omepaTopa B3BeIeH-
Horo casura 1’ He emuHCTBEHHO. TeM He MeHee, OmyCKasi HEKOTOPbIE JeTajid, MOXKHO CKa3aTh, 9T0 DyHKINUI S
eIUHCTBeHHA, a W OZHO3HAYHO ONMPEeJeaeTca BBIOOPOM w. DTO HABMIOAEHWE MOXKHO CTPOTrO chOPMyTHPOBATH
CITeIYIOMMUM 00Pa30M.

Ipennoxenue. Iycrs E — ¢pyrnament Coo(P), F — ¢pynnamenr Coo (Q) uT: E — F — peryasipabiii
OmepaTop, COXPAHAIOMIHN U3 bIOHKTHOCTD. Tlomoxknm Qg := suppim 7.

(1) Ilyctp ¢dyukumu sy, sy € Co(Q, P), w1, ws € Coo(P) u Wi, Wy € Coo(Q) raxossr, uro Te = Wi(wie o
s1) = Wa(wae o sy) auist Becex e € E. Torma Qo C dom sy Ndom se u s1 = se Ha Qp. Ecom, kpome Toro, wy = wo,
TO W1 = W2 Ha Qo.

(2) Iycrp nomoxurenbHas ¢yuknus w € Cu(P) rakoa, uro omeparop T mmpok wa 1/w (cm. 6.3.6).
Torza cymecrsytor enuncrsennsie ¢yaxmun s € C(Qo, P) u W € Cx(Q) rarkue, yro W = 0 Bue Qg u
Te = W(we o s) mrsa scex e € E. Ipu arom supp W = s [supp w] = Qq, Se = ¢ @ s — peanusamza cipura S
omeparopa T, a h(U) = s 1[U] — peammzanus ero Tenu h.

<« VYreepxkaenre (1) memocpencreenno ciaemyer u3 npeanoxenuda 6.4.1 (c yaerom 6.5.4 u 6.5.8). Ilosc-
auM (2). CymecrBoBanue dynkuuit s u W Bbirekaer uz reopem 6.4.2 u 6.5.10, a ux eAUHCTBEHHOCTH — U3
yreepxkaenusi (1). Cesasp GyHKIMU $§ €O CABUTOM U TeHBIO omeparopa T cieayer u3 mpezmoxenuit 6.4.1(1)
n6.58(2). »

Ecnu s, w u W ynosserBopsitior yciaoBusim yrBepxKiaenus (2), To cooruomienue Te = W(we o s) Gyner
HA3BIBATLCA PeaAusayueti oneparopa B3BemenHoro casura 1 nocpegcreom dynakmmii s, w u W. 3Samernum,
aro Giarogapsi teopeme Bymmxa — Oracasapsr 1.3.7 yreepxaenusi 6.5.10 u 6.5.11 onmceiBarOT yCTPOHCTBO
ONEPATOPOB B3BEIIEHHOTO CJIBUTA, JEHCTBYIONINX B MPOU3BOIBHBIX K-IIPOCTPAHCTBAX.

Bameuanue. EcauTe=W(wees)— peanusaius oneparopa B3BEIUIEHHOrO cABUra 1, TO onepaTopbl
T+, T~ u |T| umeror caemyiomue peammsanun: 1T He = WH(wees), T-e =W (wees) u |[T|e = |W|(we e s).

6.5.12. JInsa mo6ux dynxmmit f, g € C(Q,R) npoussenenne fg € C(Q,R) ompenensercs mo npasuy

f(9)g(q), ecmm nponssenenue f(q)g(q) ocmbreaeno,
(f9)(q) == T. e. He uMeeT BrOa 0 - +00 mam 400 - 0,

0, ectt f =0 wim g =0 B OKPECTHOCTH ¢
Ha BCIOJY ILTOTHOM TIOJAMHOXKECTBE () U 3aTeM MPOJOJIKACTCS Ha BECh KOMIAKT () TI0 HEMPEPbIBHOCTH.

Teopema. Ilycts E — ¢yugament Coo(P), F — ¢ynaavmenr Coo(Q) u T: E — F — peryasapusiii
omepaTop, COXpaHSIOIHit JH3BIOHKTHOCTh., Paccemorpum peammzammio h(U) = s~ U] remn h omeparopa T
nocpencreom pyuknan s € Co(Q, P). Torga cymecTByioT ceMeficTBO (We)ecm HOMOKHTEIbHBIX (DYHKIUI 13
Coo(P) u cemetictBo (We)ees momapuo auswionkrabix ¢yarnui m3 Coo(Q) takme, uro 1/we € E mza Bcex
EelEm

Te = O—Z We(weeos) (e € E). ()
S=

<« IlpuBenennoe yrBepxjenve saBisgercsa nepedopMyaupoBkOil Teopembr 6.4.5 ¢ yderoMm mnpesioxe-

Hust 6.5.11(2). »

3ameTnM, 9T0 DYHKIMH Wee ® S, YIACTBYIONIME B IPEICTABIEHUN (%), XOTHA W ABAAIOTCA HENPEPHIBHBIMA
bynxmmavn w3 Q B R, me obasamsr npunagtexats Coo(Q), B To Bpemsa kax mpoussenenus We(wge o s) yxe
npuaaexar Coo(Q).

Cootnomrenne Te = O‘dea We(wee o s) Ml OymeM Ha3bIBATh peasudayuel; omeparopa T mocpencTBOM
dynkumit s, we m We. 3amernm, aro 6aaronapsa Teopeme Bynnxa — Oracasaper 1.3.7 mocienfsasa TeopemMa OH-

CBIBAIOT YCTPOMCTBO PEryIsPHBIX COXPAHSIONINX U3 BIOHKTHOCTH OMEPATOPOB, JEHCTBYIOMINX B MTPOU3BOJIBHBIX
K-mmpocTpancTBax.
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Bameuanue. FEcmu Te= 0—2565 We(wee @ s) — peanmsanus onepatopa T', 1o omeparopst T+, T~ n
|T| mMeroT caenyromue peann3aryn:

Tte = O—Z Wg (wee o s),

£es

T e= O—Z We (wee e s),
§€E

Tle = 03 [Wel(wge o ).
§€E

OcraBiasicss 9acTh TAHHOTO Haparpada MOCBIIIEHA PeATU3alii OIepaTOPOB, JEMCTBYIONUX B MPOCTPAH-
crBax bamaxa — Kanroposuda.

6.5.13. Ecau X u Y — upocropusie HBP nan Q, u € Coo (Q, X) u w € Cop (Q,B(X,y)), TO CeUCHUE
ext(w @ u) € Coo(Q,)) Byaer 0603HATATHCST CUMBOJIOM W @ U.

IIpennoxenune. Ilycre X u)Y — upocropupie HBP wan Q, a E u F — ¢ynnamentor Coo(Q). Or106-
paxernue W: E(X) — F(Y) saBasercsa opToMopdH3MOM TOTAa H TOJBKO TOLJA, KOTJAA CYHIECTBYET CEYCHHE
w € Cu (Q,B(X,)))) takoe, 40 Wu = w ® u g Bcex u € E(X). JLns moboro opromopgusma W rakas
¢yuknus w enquacrsenna. Ipu srom |W(e) = |wle aus Beex e € E.

<« Ilycrs W: E(X) — F()) — opromopduszm. Paccmorpum peasnuzanuio |W|(e) = ge opromopduszma,
|W]: E — F nocpencrsom byukimu g € Coo(Q) (cm. 6.2.13 u 6.5.4). O6oznauum uepe3 D (0OTKPBITOE BCIOLY
[JIOTHOE) MHOYKECTBO BCEX TOUEK (), B KOTOPBIX KOHEUHA (DYHKIMS ¢ U OTJUYHBL OT HyJid Kakue-iubo dhyHKImu
u3z E. Kpowme Toro, nonoxkum Fy := ENC(Q). Onpenenum orobpaxkenue wy: ¢ € D — w(q) € B(X(q), y(q))
criepyionmmM o6pazom: s obeix ¢ € D ux € X(q) BosbMeM cedenue u € Fy (X)), yI0OBIETBOPSIOIIEE PABEHCTBY
u(q) = z, (Taxkoe cedenne cymecrsyer B cuny 2.3.11) u momoxum wo(q)x := (Wu)(q). KoppekrHocTs Takoro
OIPENIENIEHNS W OTPAHWIEHHOCTH OMEPaTopa Wy (q) 06ecreanBarTCs COOTHOMEHUSIMI

Wu) ()| = 1Wul(g) < (IW Hul)(q) = (glul)(q) = g(a)lu(a)],

BBILIOJIHSIIOIIMUCs 1151 Beex ¢ € D uu € E (X). Io reopeme 3.2.13 mbt umeem wy € C(D, B(X,Y)). Iomnoxum
w := ext(wy) € Coo (Q, B(X,Y)). HenocpencrseHHO U3 1ocTpoeHust cederns: w ciaedyer, 4ro Wu = w ® u g
Beex u € By (X). Muoxecrso E; (X)), 6yayun dbynnamenrom IIBK E(X), annpokcumupyer nocaeanee. [Toaromy
B cuiy 6.2.15 opromopdusmbr W u u — w @ u coBuagaioT Ha BceM npocrpancrse F(X).

IMokaxkem emuuCTBEeHHOCTH w. IlycTh cedenns wi,wy € Cuo (Q,B(X ,y)) YAOBJETBOPSIOT PABEHCTBY
wy @ u = wy @ u g Beex u € F(X). Oboznauum gepes Dy MHOKECTBO BCeX TOYEK (), B KOTOPBIX OTJIHYHBI
or Hyns Kakue-mbo dyukuuu uz E, u nonoxum D := Dy Ndomw; Ndomws. Hycrs ¢ € D uz € X(q). B
cuiy 2.3.11 umeercsa Takoe cedenne u € E(X), uro u(q) = . [osromy

wi(g)z = (w1 @ u)(g) = (w2 ® u)(q) = wa(q)-

Jlnst 0BOCHOBAHMS PABEHCTBA W1 = Wy OCTAJIOCH 3AMETUTh, YTO MHOXKECTBO [ BCIOMY IIOTHO B ().
Ycranosum pasercrso |W(e) = |wle. U3 2.3.11 caenyer, uro

lw| = sup{lw@ul ru € C(Q, &), |ul <1}

TlosTomy fitst Bcex MONOKUTENBHBIX € € ' Mbr nmeem

|Wle = sup |[Wu| = sup |W(eu)|
|u|§e |u|§1

= sup |w@(eu)| = sup |w@u|e = |wle. »

Jul<1 ul<1

Coorromrerne Wu = w ® u OyeT Ha3BIBATHCA peaaudayuet opromopdusma W nocpeacTeom cedenus w.
Samernm, uro Gnaromapsa ciaencrsuio 3.4.4 mocaenHee TPeTIOKEHNE OMUCHIBAET YCTPOMCTBO OPTOMOPGU3MOB,
JeficTByonmux B mpon3BOoabHBIX [IBK.



§6.5. Peaausauyus onepamopos, COTPaHAIOUUL JU3BIOHKMHOCTMb 167

6.5.14. IIpepyoxkeume. Ilycte X u) — npoussosasabie HBP Hax @, npudyem ) mpocropuo. Ilpen-
nogoxnm, uro E — ¢ynnamenr Coo(Q), U n YV — pemrerouno HopmupoBaHubie noginpocrpancrsa E(X) u
E(Y) coorBercreenno u U annpokcumupyer E(X). Orobpazkenne I: U — V sBisiercss H30MeTPHYECKHM BJIO-
JKEHHEM TOLJIa H TOJBKO TOLIA, KOTAa CyHIeCTBYeT H30METPHIECKOE BJOKEHHE | paccaoenus X B Y Takoe, 910
I(u) =i®@u jmsg Becex u € U.

<« B npoeepke Hy:xkmaerca numib HeoOX0IUMOCTh. [lycrs [: U — V — uzoMeTpuyeckoe BioxkeHue. B
cuny crencreus 6.1.8 cymecrsyer mzomerpuueckoe Biaoxkenue I: Coo(Q, X) — Coo(Q,)), npomomxaiomee 1.
O6osHamM "epes X TpocTopHyto 060104Ky X, peammsyeM Coo(Q, X) B Buge Coo(Q, X) (cm. 3.4.9) u paceMoT-
PUM PEATH3AINIO f(u) = i @ U COOTBETCTBYIOIEH UHTepLpeTauy | : Coo(Q, X) = Coo(Q, ) opromopdusma I
nocpencTBoM cedeHnd i € Co (Q, B(X, y)) HecnoxKHO y6eauThcd B TOM, 9TO § — M30METPHYECKOE BIIOKEHUE
X B Y. Jna kaxuoit Touxn q € Q momoxnM i(q) = i(q) |X(q). Mo ompenenenuto romomopduszma (cm. 2.4.2) Mbl

mveem Q ®i € C(Q®X,Q®Y). Hosromy Q ®i = (Q®1)|gexr €EC(Q®X,Q®Y), 1. e. i € Homg(X, V) n,
cTleioBaTeNbHO, i — M3oMeTpuyeckoe Biaoxkenne X B Y. Ocranoch 3ametnth, uto [(u) = I(u) = iQu=i®u
g Bcex u €U, »

Crenytomuit pesynbrar yrodnser kputepuit 3.4.1 uzomerpuunoctu PHII.

Caeacrsue. Ilycrs X u Y — npocropabie HBP nag Q w E — ¢ynnavent Coo(Q). Orobpakenue
I: E(X) — E()) sBasgercsa H30MeTPHIECKHM BJIOKE€HHeM (H30Merpueii) Toriaa W TOJIBKO TOIJA, KOIJa CYIIe-
CTBYET H30METPHYECKOe BjOxKenue (mzomerpus) i paccioenus X B (Ha) Y rakoe, uro I(u) = i ® u gus Beex
u e E(X).

Baaronaps coresicrsuio 3.4.4 mocsieinee yTBEPIKIEHNE OIUCHIBAET YCTPONCTBO N30METPUIECKUX BIIOKEHU
npoussosibHbIX 1TBK.

6.5.15. Jlemma. IIycts X — npocropuoe HBP mag P, s € Co(Q,P) u u € Co(P,X). Ecmu
lul € Cs(P), Toues € Coo(Q, X @ 5).

<« Bo-nepsbix, obactb onpejesenus cedenus u o § copnagaer ¢ dom(|u| e s) u nosromy miaorHa B
Q Gmaronaps sriouennio |u| € Cs(P). Bo-BTOpbIX, ecjiu cedeHHe u ® § MMeeT Ipeaes B Touke ¢ € @, 10
g € dom|ues| =dom(Ju] ®s) =dom(ues). »

Bamerum, 4ro npocroprocTh X He obecneuuBaer npocropHocru X e s. eiicrBurenbro, eciau caoit X (p)
OEeCKOHEYHOMEPEH, KOMIAKT () GeckoHedeH, a dpyHKiua s: () — P mocrosHua ¥ paBHa p, TO 1Mo Teopeme 5.1.3
paccioenue X e § HEIPOCTOPHO.

6.5.16. Jlemma. Ilycts X — npocropuoe HBP najn P, E — ¢yunamenr Coo(P), F — dynuament
Co(Q) u S: E — F — oueparop capura. O6ozuaqaum I[IBK E(X) yepez U u paccmorpum oneparop HOpMa-
TuBHOrO npeobpazopanus Sy : U — SU (em. 1.4.7). Ilycrs Se = e s — peanuzanus oneparopa S MOCPEACTBOM
yuxmmm s € Co(Q, P). Toraa cymecrsyer F-uzomerpudeckoe piaoxernne i: SU — F(X e s) rakoe, uro
iSyu = ues st Beex u € E(X).

< Oupenennm oneparop ip: Sy[U] — F(X es), monoxus ig(Syu) := ues qys Bcex u € U. KoppekTHOCTH
Takoro omnpezesnenus obocHopbiBaeTca pasencrsamu |u o s| = |u] o s = Slu| = |Syu| (v € U), u3 koropeix B
TOM 9UCTIE CIELYeT, 9TO |i0 (v)l = |v| nna Beex v € Sy[U]. Tlo caencruio 6.1.8 oneparop iy npomoIKaeTcd 10
HCKOMOI'O M30MeTPHYECKOro Biioxenust i: SU — F(X os). »

6.5.17. IIpepsoxenme. Ilycte X u ) — mpocropubie HBP man P u ), a E u F' — (yHgamenTsr
Coo(P) u Cso(Q) coorsercreenno. Orobpaxenne S: E(X) — F()) sBasiercs oneparopoM cABUra TOLJAa o
TOJIBKO TOIJIA, Korya cymmectByiorT yrakmusa s € Cy(Q, P) n nsomerpudeckoe Biaoxkenne i paccaoeris X e s B Y
rakue, 410 Su =1 ® (u e s) st Bcex u € E(X). B srom ciyuae |Sle = e ® s st Bcex e € E.

<« /locTarouHOCTH JIETKO IMPOBEPUTH € MOMOIIBI0 TeopeMbl 6.3.15, a HeoOXOIUMOCTh MOXKHO YCTAHOBUTH
TOCJIeI0BATEIbHBIM IIPUMeHeHneM TipeiioxKenust 6.3.14, jemmbr 6.5.16 u npenjoxenus 6.5.14.  »

Eciu B dpopMymupoBke mMoC/IeIHErO TPEIIOKEHNUs JOMOTHUTEIBHO MOTPeOOBATH, 9TO0BI QyHKIUS S ObLIA
omnpeneiena Ha suppim.S (em. 2.5.4), To BbIGOp s u i, malOUX npercrasiedue Su = ¢ ® (u ® s), craHeT
€IMHCTBEHHBIM (3TO JIETKO BbIBECTH 13 npejyioxenud 6.5.8). B srom ciygae coornomenne Su = { @ (u o )
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OymeT Ha3BIBATLCSA peaausayuets OepaTopa caBura S MOCPeACTBOM (DYHKIIUU S U BJIOXKEHUS . 3aMETUM, UTO
6raromaps caefcTuio 3.4.4 mocaennee MpeIoyKeHNe OMCHIBAET YCTPOHCTBO OMEPaTOPOB CABNTA, AEHCTBYIOMINX
B mpou3BobHLIX [TBK.

6.5.18. Teopema. IlIycts X u) — npocropusie HBP mag P u @, a E u F — ¢ynnamentsr Coo (P) 1
Coo(Q) coorBercrBenno. Orobpakenue T: E(X) — F(Y) sBasercs oneparopoM B3BEUICHHOTO C/BUIa TOLAA U
TOJIBKO TOLZa, KOIJa CYINeCTBYIOT nojgoxureabaas Gyukinus w € Coo(P), orobpazkenne s € Co(Q, P) u ceuenne
W e Cy (Q, B(X e s, y)) (rze X @ s — mpocropHas oboouka X  5) Taxne, aro Tu = W @ (wu e s) 11 Beex
u € E(X) u|T|e=|W|(wees) gz cex e € E. Ilpu s1oM MoxkHO cuntarh, yro dom s = suppimT o W = 0
BHe suppim 7.

<« ocTarovHOCTH JIEMKO MPOBEPUTH C TIOMOIIIBIO petozkennuit 6.5.13 u 6.5.17. Ilokaxkem He0OX0IUMOCTD.
Ecin T: E(X) — F(Y) — omepaTop B3BeIIEHHOTO CIBWTa, TO COTIAcHO Teopeme 6.4.6 cymecrsytor TIBK V'
Hag, HekoTopbiM dyumamentoM F' C Coo(Q), ckansapubriit opromopdusm w: E(X) — Coo (P, X)), IOpOK AeHHbII
TOTOKUTETBHBIM opToMopdbmsMoM w: B — Co(P), omeparop casura S: (wE)(X) — V' u opromopdusm
W:V — F(Y) trakme, uto T = WoSow n |T| = |W| o |§| o |w|. Bbnaromaps cneacrBuio 3.4.4 MbI
MOXKeM cuuTaTh, uro V' = F/(Z), rne Z — npocroproe HBP man Q. Cornmacno npemnoskennto 6.5.17 nmerorcs
dbynxmma s € Cy(Q, P) n m3oMeTpryeckoe BIOKeHne i paccioenns X e s B Z Takue, 9to Su = i ® (u @ ) 171
Beex u € (WE)(X). B cuny caeacrsus 3.1.10 romoMopdusM ¢ NpOIoIKaeTcsd 10 U30METPUYECKOrO BJIOXKEHUs

i paccioernss X o s 8 Z. Buarogaps upenyoxenuto 6.5.13 opromopdusm (v i— W(i @ v)): F/(X e s) — F(Y)
MOXKHO IPEICTABUTL B Buge v — W Q@ v, tme W € Cy (Q7B(X ° s,y)). Hecnoxuo y6eauThes B TOM, 9TO
nOCTpOeHHbIe QyHKIMA W, § 1 W ABIAI0TCA MCKOMBIMHU. P

Eciu byukmmm w, s u W ynoBierBOpsOT yCaoBusaM, chopMyanpoBaHHbiM B Teopeme 6.5.18, To cooTHO-
menve Tu = W ® (wu e s) Gyner HazbiBaThCs peasusayued oneparopa T nocpencrsom s, w u W. Bamernwm,
4yTo Gsaronapst cieAcTBuio 3.4.4 MOCeIHsIS TEOPEMa OIUChIBAET YCTPONCTBO ONEPATOPOB B3BEIIEHHOIO CIBUTA,
JeficTByonmux B mpom3BoabHBIX [IBK.

6.5.19. IIycts Y — HBP nan Q u (Q¢)ecz — mu3bioHKTHOE ceMeiictBo anementos Clop(Q). Ilpen-
MOJIOKHUM, 9TO st Kaxkzaoro & € 2 sanano cedenne ve € C(Dg,)) Ham BCIOLY NMIOTHBIM TOAMHOXKECTBOM
D¢ C Qe. Homoxmm D := Q\ el Ugeg Qe- fcno, uro obvemmnenue (Jecz De U D ABasierca BCiogy MIOTHBIM
TIOIMHOYKECTBOM @, a onpenesnenas Ha Hem GyRKIuA (Jgcg ve U0 p ipencTapasier coboii HempephiBHOE cevenme
Y. MakcumasbHOe PACIIHPEHIe STOr0 HEIPEPLIBHOTO CedeHns: MbL OyeM B JajbHeleM 0003HauaTh CHMBOJIOM

@EGE Vg

Teopema. Ilycrs X u Y — npocropusie HBP nwag P u Q, E u F' — ¢dyngamentol Coo(P) 1 Coo(Q)
coorsercreerto, 1T: E(X) — F()) — orpanmdennsiii omeparop, coxpassomuii gu3pionktaocrb, u h(U) =
s U] — peannzamus tenn h oneparopa T nocpeacrsom ¢yuxmmm s € Co(Q, P). Torga cymecTByioT cemeiicTBo
(we) ez monoxkurennusrx Qyuknmit n3 Coo(P), gu3vionkrnoe cemeiictso (Q¢)eexz dmemenron Clop(Q) u cedenne
W € Co(Q, B(X 5,)) takue, uro supp W = cl Ugez Q¢ = doms = suppim 7', 1/we € E pna pecex { € m

TuzeaVV®(wguos)|Qg (u € BE(X)). (%)
£eE

<« IlpuBenennoe yreepxaenune saBiagercsa nepedopMyanpoBkoil Teopemsr 6.4.8 ¢ ygerom 6.5.18. »

BameTnM, 9T0 DYHKIMI WeU ® S, YIACTBYIOIINE B IIPEACTABJIEHUN (*%), XOTSA U ABIHIOTCH HENPEPHIBHBIMA
ceueHusIMu paccyioenusi X e s, He 00st3aHbl MpuHaIIeRATh Cop (Q, Xe s), B TO BpeMs Kak CyyKeHns (weu e s)|q,
npunaanexar Cyo (Qg, Xe s).

Coornomrenne Tu = Pz W ® (weu o s)|q, Oyner naspieathest peaausayueti oneparopa 1" (mocpesicteom

s, wg, Q¢ mw W). Ormerum, uro Gmaromaps ciencrsuio 3.4.4 mocmenHas TeopeMa OMMCHLIBAET yCTPOHCTBO
OTPAHUYEHHBIX COXPAHAIONINX JTU3BIOHKTHOCTD OMEPATOPOB, JeHCTBYIOMUX B Mpon3BobHbIX [TBK.
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§6.6. lnTepuperanus CBOMCTB OIIEPATOPOB
B TEpPMHUHAX MX peain3anmii

Peanusarmontbie Teopemsl § 6.5 MperocTaBasiOT BO3MOXKHOCTD TTepedopMyInpoBaTh pa3sHoOOpa3HbIe CBO-
CTBa OPTOMOP(U3MOB, OMEPATOPOB CIIBHUTA, OMEPATOPOB B3BEIIEHHOTO CIBUTA W MPOU3BOJIBHBIX COXPAHSIONINX
JW3BIOHKTHOCTD OMEPATOPOB B TEPMUHAX CBOWCTB TEX WM WHBIX YIACTHUKOB WX peajnsaruu. B KadecTee mi-
JIFOCTPAIIAYA MBI PACCMOTPUM TAKUE CBOMCTBA OMEPaTOPa, KAK TOPSIKOBAS HEMPEPBIBHOCTh, WHHEKTUBHOCTE U
HIeaTbHOCTL 00pasa.

Ha nmporsizkennn Beero maparpada P u ( — 3KCTpeMabHO HECBSI3HBIE KOMITAKTHI.

6.6.1. Jlemma. Ilycts X mY — BrosHe HecBsi3HbIC KOMTAKTHT H §: X — Y — HenpepbiBHasT (DyHK-
st

(a) Cuenyromue yTBep>KICHUS PABHOCH/IBHDI:
1) s~ lint F] = int s~ [F] gst moboro samkmayTOro mogmuoxecrsa F C Y

2) s YclG] = el sG] ans moboro orkperroro mogmuoxkectea G C Y

&Y

(

(2)

(3) ecmn F — 3zamknyTOe noamuOkectBo Y mint F = &, o int s~ [F] = ;
(4) ecmn G — orkpbriToe mogmuoxkectBo Y n clG =Y, 1o cls71G] = X;
(5)
(6)

Ut

npoobpasz s~ *[D] Jmoboro Tomero nompvuoxkectsa D C'Y apiasercs tomum moqMHOKeCTEOM X ;
6

1poobpas s~ ! [D] aroboro korowero noamuoxecrsa D C'Y apisiercs: KOTOMEM II04MHOXKECTBOM

(6) Cuaexnyroriue yTBepKIEHUS PABHOCH/IBHDIL:
(1) s Yint F] = int s~ '[F] g1 mm060ro 3aMKHYTOTO 0-OTKPHITOTO TIOAMHOKecTBa F C Y';

(2) s YclG] = el sG] ans moboro orkperToro o-3amkHyTOro nogMuokecrsa G C Y;
_ - : — it s~ LUF] = &
2 ’
(3) ecim F — samKHYyTOE 0 -0TKpBITOE ITOAMHOKECTBO Y Hint F = @, o int s™![F] = @
_ - — 11 —
=Y, =X.
(4) ecin G — oTKphITOE 0 -3aMKHYyTOE HoAMHO)KecTBO Y H clG =Y, 10 cls™ 1G] = X

QYHKINIO S, YAOBIETBOPAIONIYIO J000oMy 13 yciosuit (a) (coorsercrBenHo (6)), MBI OyneM Ha3bIBaTh
mounot (o-mounot).

Bameuanue. Ecau xoMmakT Y 3KCTpeMabHO HECBS3€H, TO CIHUCOK (&) MOYKHO JOMOJHUTH CJIEILYIO-
IUMH SKBUBAJIEHTHBIMHU Y TBEDIK IEHUSIMU:

(7) ecan U — orkpprro-zamkuyroe noamuoxecrso X, 1o s{U] — orkppiro-3aMKHyT0€ HOAMHOXKeCTBO Y ;
(8) ecau U — orkpsrroe nomqvuokectso X, 10 s[U] — orkpbiToe mogMHOxKecTBO Y.

Kaxk m3BectHo, byHKIMS S, yIOBIeTBOpsiomas yciaosuio (8), Hasbisaercst omxpomoti. Takum obpazom,
ecM KOMIIAKT Y 3KCTPEeMabHO HECBS3€H, TO TOYHOCTH HEmpepbIiBHON (dyHKInH S: X — Y paBHOCHIbHA ee
OTKPBITOCTH. ABTODPY He M3BECTHBI aHAJIOTU yTBepkKaenuii (7) u (8), paBHOCUIBHDBIE 0-TOYHOCTH (YHKIUH S.

6.6.2. IIpennoxkenue. Ilycrs X uY — Brnoane wecssznbie komnakTsl 1 h: Clop(X) — Clop(Y) —
KoJ1b1eBoit romomopcpusm. Pacemorpum peanmzammio h(U) = s1[U] romomopdmzma h nocpeacrsom bynxmumn
s € Co(Y, X). I'omomopgusm h o-neupeppiBeH (CeKBEHIHAIBHO O-HEIPEPBIBEH) TOLAA H TOJBKO TOLLA, KOLJA
byuKIHs § TOYHA (0-TOYHA).

<« Joxazarenncrso umeercda s [100: §22]. »

6.6.3. Ilycrs U u V — PHII nan dyunamenramu K-npocrpancts Coo(P) u Coo(Q) coOOTBETCTBEHHO.
Ecin T: U — V — oneparop, coxpansdionuii au3bionktHocts, 1 h(U) = s U] — peamusamua tenu h
oneparopa T nocpeacrsom dyukiuu s € Co(Q, P), 10 Mbl Oy/ieM 'OBOPUTH, 4TO S — yHkyus c06u2a OLepaTopa,

T. OnpasaanueM TaKOH TEPMUHOJOTUU ABJAETCS TOT (PAKT, 4T0 (PYHKIMA S peanmu3yeT casur omeparopa 1 B
cmbicae 6.5.17.

Teopema. Ilycrs E u F — ¢pyngamentsr Coo(P) u Coo(Q) coorBercrBenno, U — IIBK man E, V —
PHII man F, T: U — V — orpanudeHHbI 0HEPATOP, COXPAHSIONIT Tu3bIOHKTHOCTD, U s € Co(Q, P) — ero
dyuxnua capura. Oneparop T o-HenpepbiBer (CEKBEHIUAIBHO O-HEIIPEPHIBEH) TOLAA H TOJBKO TOLJA, KOLJA
dyuknus s Touna (o-ro4uHa).

<« llockombky dyHKING s peanusyer TeHb omeparopa 1, mOKa3blBaeMoe yTBepkKIaeHue ciaeayer u3 6.6.2
n6.1.6. »
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6.6.4. IIpenuioxxenme. Ilyctes X uY — Bmonne neceasabie komnakTel i h: Clop(X) — Clop(Y) —
KoJTbIIeBOIT roMomopdusm. Pacemorpum peamzanmio h(U) = s~ [U] romomopusma h nocpesncrsom gynmnm
s € Co(Y,X). I'omomoppusm h nHbEKTHBEH TOIAA H TOJBKO TOLAA, KOIJA (DYHKIHS S CIODHEKTHBHA.

6.6.5. Teopema. Ilycts E u F — dyumamentol Coo(P) n Coo(Q) coorsercrBenno, T: E — F —
DeryJssipabiii oreparop, coxpausiouuii au3boakTHocts, u s € Co(Q, P) — ero dynkuus capura. Oueparop T
HHBEKTHBEH TOTA U TOJBKO TOTJa, KOTAa (GYHKIOHS S CIOPBEKTHBHA.

< Heobzodumocmob. B cuny npepnoxenus 6.6.4 10CTaTo4HO, HPENON0KUAB HHHEKTHBHOCTL OIlEpa-
ropa T, yCTaHOBUTH MHBEKTHBHOCTH ero Tenu h: Pr(E) — Pr(F). PaccMorpuM Npou3BOJILHBIH MPOEKTOD
m € Pr(E) u upennonoxum, 9ro h(m) = 0. Torma Twe = 0 gna Bcex e € E. Bnarogaps unbexrtusroctn T,
mocyieiaee o3Havaer, uro me = 0 aig Bcex e € E . e. m = 0.

Llocmamounocmo. Tlyers Te = Dz W(wee o s)|g, — peammsamma omeparopa 1’ mocpeacTsoM
s € Co(Q, P), weg € Coo(P), Q¢ € Clop(Q) u W € Cru(Q), mpudem byHKIMS S CIOPLEKTHBHA. I KaxKI0ro
¢ € 2 nonoxkum Pe := supp we. Pacemorpum mponssonbHyo GyHKINIO e € F u mpegmonoxknM, uto T'e = 0.
Torna W(weeeo s)|Q5 = 0 mst Beex £ € 2. Ilocnennee o3nauaeT, 9T0 A5t KaxKA0ro { € = BBIIOTHEHO weeos = ()
Ha (¢, OTKYyIa ciaeayeT paeHeTBO wee = 0 Ha s[Q)¢], a 3HaguT u paseHctso € = 0 Ha $[Q¢] N FPe. Takum obpaszom,
byHKIMA € paBHA HYJII0 HA 00benuHernn D = UE cz 5[Q¢] N Pe. Ocraercsa nokasars, 410 MHOKecTBO D BCromy
mIoTHO B P.

ITycTh OTKpBITO-3aMKHYTOE MHOXKeCTBO U comepxkurca B pasuoctu P\D. Torma ana Bcex e € Em € €
umeer mecto papencrso we(U)e = 0 ma Ut U Pg-. U3 skmouenus s[Q¢] N Pe C U caenyer, uro we(U)e =

[ o 111

Ha s[Q¢]. Iosromy (we(U)e) @ s = 0 na Qg, a snauur u W ((we(U)e) o s)|g, = 0. Ilpoussonbrocts & €
NO3BOJIAET HaM 3aKaiounTh, ato 1T (U)e = 0, a npoussombrOCTh € € E naer paserctso h(U) = 0. Tlocrennee
CUITy UHbEKTUBHOCTH h (cM. mpemoxenue 6.6.4) osHauaer, uto U = &.  »

o]

6.6.6. Bameuyanume. ABTOpPY HE yIAJOCHh TOJYYUTH YAOBIETBOPUTEIbHBIN KPUTEPHIT MWHHEKTHBHO-
cru omeparopa, aeficryomero B IIBK. Kak moka3siBaioT 371eMeHTapHbIE MPUMEPHI, MpsAMoe 0000IIenne mo-
cireiHel TeopeMbl Ha caydait omeparopoB B [IBK me mmeer mecta. Peanmm3annonHnoe onrcanne HHHEKTUBHOCTH
TAKOTO OMEPATOPA TOJKHO B TOM WJIM WHOM BHJE 3aTPArWBATh BHEIHUN BEC PeaM3aIlnu.

6.6.7. IIpennoxenue. Ilycts X uY — Brnoane mecsssubie kommakTsl 1 h: Clop(X) — Clop(Y) —
KoJIbIeBoit romomopcpusm. Pacemorpum peanmzammio h(U) = s 1[U] romomopdmzma h nocpeacrsom ynxmumn
s € Co(Y,X). Pasencrso im h = [0, h(1)] umeer mecro Torga u TOJIBKO TOIJA, KOIAa (DyHKIHI S HHHEKTHBHA.

6.6.8. Jlemma. Henpepsiras ¢yuknms s: () — P HHbeKTHBHA TOIIa H TOJBKO TOIJA, KOIJa ONepa-
Top (e — eos): C(P) — C(Q) cropbekTuseH.

<« Ecmm QyHKIMA S MHBEKTHBHA, TO OHA OCYIIecTBJgeT roMeoMopdusMm () Ha ims. B srom caygae
mobyo dyuripo f € C(Q) MOXKHO TPeICTaBUThL B BHe go s, rae g € C(im s). Tlo Treopeme Turiie — YpbicoHa
GYHKIMIO ¢ MOKHO TIPOAOKUTH 10 dhyukuuu e € C(P).

Ecmu touku q1,q2 € () pasaudHbl, TO HAWIETCA OTKPBITO-3aMKHYTOEe MHOXKecTBO V. C @, comepzkaiee
POBHO oziHy 13 HUX. B ciIydae CIOpBEKTHBHOCTH OTIEPATOPA € > €05 XaPAKTEPUCTUIECKYTO (DYHKITHIO MHOKECTBA
V' MOXKHO mpeJcTaBuTh B BUJE € O S, OTKY/a cjienyer, uro s(qi) 7 s(ga). »

6.6.9. B pmanbueiiiiem pedb mOHIET O peATH3ANMOHHON HHTEPIPETANNH UACAJTHHOCTH 00pa3a omeparopa.
JIns MOsiCHEHHsT STOTO CBOMCTBA MBI IPUBEJEM OJMH DE3yJIbTaT, YCTaHOBJIeHHbIH B [158: memma 2.7].

JlemMma. Ilycrs E u F' — Bektopuble permerku u 1': E — F' — peryispHbIil omepaTop, COXpaHSIONTHE
JAU3BIOHKTHOCTE. CJIeAyIoIre YTBEPIKIEHHST SKBHBATCHTHBI:

(1) imT — nunean F;
(2) im|T| — ugean F;
(3) |T[0,¢e] =[O0, |T|e] must Bcex momoxknrensHbIx € € E.

K croucky sksusanenrtusix cpoiicts (1)—(3) omeparopa T Moxkuo mobaBurh caepywouiee: oneparop T
nepeBoauT upeansl E B uieanst F| 1. e. qyig soboro uieana Eo C E muoxecrso T[Eg| — uupean F.
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6.6.10. IIpengyoxxenme. Ilycts E u F — ¢yrgamentsl Coo(P) n Co(Q) coorBercrenro, T: E —
F — peryaspHblii oneparop, coxpansiomuii qu3bioakTHocTh, 1 s € Co(Q, P) — ero ¢pyuknus casura. Ilpemio-
aoxum, 9ro (T'e) = (imT') gus HeKoTOpOrO 37aeMeHTa € € E. O6pas oneparopa T spiasercs mwreanom F' roraa
H TOJBKO TOIJA, KOraa (GyHKIHSI S HHbEKTHBHA.

<« Birarogaps Teopeme 6.1.1 Mbr MOKEM cUUTATD, 9TO OrepaTop 1’ mosoxkurener u € > 0. Kpowme Toro,
s ynoOceTsa 6ymeM caurarh, uro (im7T) = 1, T. e. dom s = Q.

IIycts obpas3 T asngerca mmeanoMm. B cumy smemmbr 6.6.8 mj1d moKasaTenbCTBa WHHEKTUBHOCTH S JTOCTA-
TOYHO 3abUKCUPOBATH POU3BOAbHYIO dyukmuio S € C(Q), 0 < f < 1, u npejcraBuTh ee B BUIE (O S, I
a € C(P). Cornacuo nemme 6.6.9 u3 nepasencrs 0 < fTe < TE€ cienyer CyIIECTBOBAHUE TAKOIO 3JIEMEHTA
e€ E,aro 0 < e<éuTe=pTe. Ilycrb dynukuusa a € C(P) rakosa, uro e = aé. Torma c yuerom 6.3.13 Mbr
nmeem (oo s)Te = T(ae) = Te = Tée, orkyna ao s = § B cuny pasenctea (T€) = 1.

[peanonoxum Temepb, 9T0 HYHKIUSA S UHHEKTUBHA. J3a(PUKCUPYEM MPOU3BOJIBHBIE IJIeMEHTh € € F
u f € F, ynosnersopsionme HepaserncTBam 0 < f < Te, u mokaxkem, uro f € im7T. Ilycrs dyurnus
B € C(Q) rakosa, uro f = fTe. B cuny coopbekrusrocru oneparopa (e — eo s): C(P) — C(Q) (cm. 6.6.8)
cywecrpyer rtakas dyukiua a € C(P), uro aos = . Torna ce € E u ¢ yderom 6.3.13 mbl umeem
T(ae)=(aos)Te=pTe=f. »

6.6.11. CymecrpoBanue snemenTa € € FE, ymoenersopsitornero pasenctsy (T€) = (imT), aBmserca
CYIIECTBEHHBIM ycjoBreM B (opmysmpoBke npemroxkenus 6.6.10. Bes sroro TpeboBanms byHKIHS S MOXKET
OBITH HEMHBEKTUBHOM JTaKe B TOM CJIy4dae, Korma 1 sBJIsfgeTcss CIOPBHEKTUBHBIM OMEPATOPOM CIBHUTA. B 3TOM
pazzesie Mbl TPUBEIEM COOTBETCTBYIOMNI MPUMED.

JIemma. Paccvorpam s € Co(Q,P) u f € Cx(Q). Ilycrs nmmeercss Takoe OTKDBITOE MHOXKECTBO
D C P, uro ¢pynxnus s navextupna #a s~ [D)], a ¢pyuxmus f pasna mymo sue s [D]. Torna f = e e s s
rmexoropolt pyrakman e € Coo(P). dnsa nomoxurenpHON H/Hmu orpaHudeHHON GyHknma [ MOXKHO moq00paTh
COOTBETCTBYIOIYIO (DYHKIIHIO € C TEM K€ CBOICTBOM.

<« O6o3nauum o6pa3 s uepes R u ompexenum dyHKmmo ¢: R — R ciaeyommM 06pa3om:

f(s7*(p)), ecamp € RN D,

9(p) :=
0, eciu p € R\D.
SadurcupyeMm MpOU3BOIBHYIO TOYKY p € R u mokaxkem, 910 QyHKIUS § HEIPEPHIBHA B P.
(1) Iycts p € RN D. Tlockonbky MHOXKECTBO D OTKDBITO, B ITOM CJy4ae UMEETCs TAKOe OTKDPLITO-

samMKrHyTOe MHOWKecTBO U C P, uto p € U C D. U3 uanektusrOCTH 5 Ha s 1 [D] craenyer, uto cyxenne s|U

ABjgercd roMmeoMopdu3MoMm st

[U]l ma RNU. Tostomy dyukmus gly = f o (S\U)_l HelpepbIBHA.

(2) Iycrs Teneps p € R\D. 3adwurcupyem mpomssonbHoe umesno € > 0 m mokaxkewm, 9to |g| < € B
okpecrrocru Touku p. Honoxum Q. = {q € Q : |f(q)| > €}. Vuursisas, uro f = 0 Bue s 1[D], Mbl umeem
piodenne Q. C s~ '[D], a snaunt, s[Q:] C D. Iockonbky |f| < € BHe Q., MBI 3aKm09aeM, 4TO |g| < € BHe
s[Qc]. Ocraercs samerntsh, uro R\s[(Q):] — OKpECTHOCTH TOYKH P B MpocTpaHcTBe R.

Urax, bynkmus g senpepbisaa. Odesnano, uto ges = f. Orcioma ciemyer, ato g € Coo(R) (ecm/I lg| =
Ha HemyCTOM OTKpbITOM MHO)ecTBe W C R, To |f| = |g @ s| = 0o Ha HemycToM oTKpbITOM MHONKecTBe s~ 1[W],
YTO TPOTHUBOPEYNT BKJIIOUEHN [ € C’OO(Q)). Cornacuo nemme 1.1.5 cymecrsyer Takas Gyukius e € Co (P),
gro e = g Ha R. OueBugno, ¢ — uckomas (HyHKIHSI. 3aMETUM, U4TO TIOJOKUTENbHOCTD U/ WIH OrPAHUYEHHOCTh

dyukiuu f BIedeT COOTBETCTBYIOIIEE CBORCTBO ¢, KOTOPOE, B CBOIO OYEPeib, MO3BOJsgEeT MOno6parh (DyHKIUIO
€ C Hy?KHBIM CBOHCTBOM. P>

Mpuwmep. Kak ussecrno, pazaocts SN\N comepKuT mucKpeTHOE MHOKECTBO D MOITHOCTH KOHTHHYYM
(cm. [8: . IV, 3anaua 52]). O6o3nauum udepes s: D — [N HenpepblBHOE NPOJOIIKEHHE TOXKIECTBEHHOIO
orobpakernuss D. Bremem Taxwe oboznauenus D = clgn D, E := {e € C(BN) : e = 0 ma D\D}, F := {f €
C(BD) : f = 0 ua SD\D} u nonoxxum Se := eo s gna Beex e € E. Torma S: E — F — CIOpbHEKTUBHBIII
OTIEPATOP CABUTA, B TO BPeMs Kak ero (pyHKIIHs CABUTA S HE SBISETCS WHbEKTUBHOIL.

<« TIpexe Bcero, MOKaskeM, u4To § JeHCTBUTEILHO sBJIsieTcst (PYHKIHeH casura oneparopa S. s aroro
HY?>KHO YCTAHOBUTH paBeHCTBO suppim S = D (cum. 6.5.8). Ilockonbky mnogmuoxecrso D C SN nuckperto,
y Kaxmo# Toukm q¢ € D mmeerca takas okpectnoctb U C AN, wro UND = {q}. Torma xy € E mn

(Sxv)(q) = xvu (s(q)) = xv(q) = 1. Takum obpazom, D C suppim S, orkyza ciaeunyer, 4ro suppim S = SD.
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[Tokaxkem Temepb, 9TO omepaTop S CIOPbEeKTHBEH. JadukcupyeM TpPOU3BOIBHBIN 3dMemenT [ € F u
nosozkum D := BN\(D\D). Torsa D — orkpbiroe nogmuoxecrso SN, s~HD] = s7![D] = D, dbyuxuus s
uabekTuBHa Ha D) a dyuknus f pasua mymao Bue D. I[losToMy B cuity JIeMMBI CYIIECTBYET Takas (DyHKIIHs
e € C(ON), uro f = eos. fcuo, uro e € E, n nosromy f € im S.

Ocranock 3ameruTh, uro dbyakuus s: fD — SN He uwbexTnBHA, MOCKOIBKY (cM. [8: 1. VI, 3a1a4a 180])

5D 5IN|
8D] = 227 > 22 = |pN|,

rje cuMBoa | X | 0603HAYAET MOMIHOCTH MHOXKeCTBAa X. B

6.6.12. Teopema. Ilycts F u F' — ¢dyngamentor Coo(P) n Coo(Q) coorBercrsenno, T: E — F —
peryssipabiii oneparop, coxpaHsomuii qusbioakraoctb, u s € Cy(Q, P) — ero ¢yuknus capura. O6pa3
omeparopa T sBasercs mgeanom F Torma m TOABKO TOrAa, KOrda JJIsT JIIOOOro sjeMenta e € FE ¢yrakmumsa s
nabekTHBHA Ha MHOXecTBe supp Te. Ilocnenmee cBoficTBO (DYHKIUH S DABHOCHIBHO €€ HHBbEKTHBHOCTH HA
obbemuaennn U{supp Te : ¢ € E} (npeacrasusomem coboii OTKPBITOE BCIOAY IJIOTHOE MOAMHOXKECTBO dom s).

< Heobrodumocms. Tpemmonoskum, uro obpa3 1 ABJAeTCS WIeaIoM, I PACCMOTPUM MPOM3BOILHEIIL
anementT e € E. dcno, uto komnozumus (Te) o T Toxe UMEET WIeATBHBIN 00pa3 W B CUly Tpeaioxkenus 6.6.10
ee byHKIMs cnBuTa MEBEKTHBHA. (QCTANIOCh 3aMETHTh, uTo dyHKImMs capura oneparopa (Te) o T mpencrapmiser
coboii cyxxenue s Ha supp Te.

Llocmamounocmo. Teopema 6.1.1 mo3BoIgeT CYUTATH OmepaTop 1 MOMOKHTETLHBIM. JabHKCHpyeM
[IPOUBBOJIbHBIE TIOJIOKUTENbHBIE dsieMedThl ¢ € F u f € F| ynosnersopsiomue nepasenctsy f < Te, u mokaxem,
yro f € imT. IlockoabKy (byHKIMS S MHbEKTUBHA Ha MHOXKecTBe supp Te, B cuiny npeanoxkenus 6.6.10 obpas
komnozuimu (T'e) o T apnserca uneanom F. Cornacuo jsemme 6.6.9 us wepasercrs 0 < f < (Te)Te caenyer
CYIIECTBOBAHUE TaKOro ieMenta eg € E, uro 0 < eg < e u (T'e)Teg = f, orkyna BoiTekaeT paBeHcrso Tey = f.

U3 uabekTuBHOCTH QYHKIMU § HA KaxKI0M U3 MHO)KecTB Buza supp Te (e € E) caenyer uHbEKTUBHOCTD
s ma obbemnumaennn U{suppTe : e € E}, mockombKy BKiaueHus ¢ € supple; m ¢o € suppTes BIekyT

a1,q2 € supp T (Jer| V]e2). »

BamMeuanume. B ycnoemax mocnaemHell TEOpPEMBI MHBLEKTUBHOCTL (DYHKIUM S Ha OOLEIWHEHHH
U{SuppTe : e € E} nenocrarouna ais uieansuocru obpasa T (3zecs Supp f = {q € Q : f(q) # 0}). Heii-
cTeuTenbHO, omoxuM P = @ = AN, sadurcupyem touxy p € P\N m, ecrecTBeHHBIM 06pa30M OTOXKIECTBIISIA
upocrpancrsa C(Q) u £°°, paccmorpum oneparop 1': C(P) — C(Q), aeficrByomuii 0o npaBuLy

e(p), ecmu n =1,
o = { (neN)
e(n)/n, ecmn>1
s seex e € C(P). O6pas oneparopa T He siBJgeTCA UAEATIOM, TaK Kak, Hanpumep, (1,1/2,...,1/n,...)eim T,

Ho (1,0,0,...)¢ imT. Tem e menee dbyHknus ¢apura s oneparopa 1 unbekrusua Ha Muoxkecrse U{Supp Te :
e€ E} =N, rak kak s(1) =p u s(n) =n npu n € N\{1}.

6.6.13. Kaxk ussecrno (cum. 6.2.17), Beakoe IIBK nan dbynnamentom Co(P) siBisercda momyieMm HaJ

C(P). Tlogmuoxecrso Uy Taxoro IIBK nassiBaerca ero C(P)-nodmodyaem, ecau au € Uy nast Bcex u € Uy u
a e C(P).

Jlemma. Ilycrs E u F — ¢yrmamentsr Coo(P) 1 Coo(Q) coorercrienro, U — TIBK wazg E, V — IIBK
nag F. Cuexyromue coiicrBa oneparopa T: U — V 3KBHBAJIEHTHBI:

(1) omeparop T mepepogur C(P)-nommonymn U B C(Q)-monmonynn V;

(2) gna mobeix u € U 1 B € C(Q) cymecrByer takas dyakius o € C(P), aro T(ou) = fTu.

<« JlocraTouno 3ameTuTs, 4ro Muoxectso {au : a € C(P)} asaserca C(P)-nonmonynem U.  »

6.6.14. IIpemmoxkenme. Ilycts E u F — ¢ynnamentsr Coo(P) n Coo(Q) coorsercrsenno, U —
IIBK wmax E,V — IIBK waxg F, T: U — V — orpaHumdeHHBIH OMEPATOD, COXPAHSIONHUIN AH3BIOHKTHOCTD, H
s € Co(Q, P) — ero pyrkmus capura. Ilpeamonoxkum, uro (Tu) = (imT) ams HeKoTOporo sjaeMeHTa U € U.

Ouneparop T nepepomur C(P)-mommonyau U B C(Q)-mommonyau V Torga U TOJBKO TOIA, KOLAa (DYHKIHS S
HH'bLEKTUBHA.
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<« nsa ymobersa Oymem cautars, uro (im7T) = 1, 7. e. dom s = Q. Ilycts T nmepesoaut C(P)-nommonynu
U B C(Q)-nommonymu V. B cuny 6.6.8 mjis 10Ka3aTeNbCTBA MHBEKTHBHOCTH § JOCTATOYHO 3a(hUKCUPOBATH
npoussosbhyo dyukimio € C(Q) u upeacraBurb ee B Buje « o s, riae o € C(P). Cormacuo semme 6.6.13
cymectiyer Takas dyaknusa o € C(P), aro T'(«@) = fT4. Torma ¢ yaerom 6.3.13 mbr mveem |« o s — B||Ta| =
|[(avos)Ta — pTa| = |T(au) — BTu| = 0, orkyna a0 s = 8 B cuny pasencrsa (Ta) = 1.

[IpenmonmokumM Tenepb, 9To MYyHKIUA S MHBEKTHBHA. Ja(PUKCHPYEM TPOU3BOJLHBLIC 3JEMEHTEI U € U u
B € C(Q). B cuny ciopbexrusHocru omneparopa (e — e o s): C(P) — C(Q) (cm. 6.6.8) cymecrByer Takas
dysxuug o € C(P), o aos = B. Torma ¢ ygerom 6.3.13 mbt umeem T(au) = (o s)Tu = fTu. Ocranocs
npuBieds gjemMmy 6.6.13. »

6.6.15. Jlemma. Ilycts U — TIBK wnan ¢yumamenrom Coo(Q). s siobbix smementoB u,v € U
Hafinercsa rakas Gyaxuna f € C(Q), aro (u+ fv) = (u) V (v).

<« B kauecrse f nomoiiner nobas dyukuus, seogy ommdnad or |ul/|v]. Haupumep, MOXKHO NONOKATH
[ o= <|u|/|v| < 2>3 + <|u|/|v| > 2>1. Torma paseHcTBO (u + fv) = (u) V (V) BBITEKAET W3 CIEIYIONAX

COOTHOILIEHUN: <u> v <v> < <|U| + f|7)|> < <u_|_ f'U> < <u> \Y <’U> >

Teopema. Ilycrs E u F — ¢yngamentsr Coo(P) u Coo(Q) coorsercrsenno, U — IIBK wan E, V —
NBK wax F, T: U — V — orpaHudeHHbIil ONEpaTOp, COXPAHSIONUT TU3bIOHKTHOCTD, H s € Co(Q, P) — ero
¢yuxnus ¢apura. Oneparop T nepesoaur C(P)-nommonymu U B C(Q)-nogmonyau V Toraa u TOJIBKO TOIIA,
KoOTJa JJIst JII06Oro ajaeMenta u € U ¢pyskmnus s uabekTHBHA HA MHOXKecTBe supp |Tu|. Iocmemnee cBoiicTBo
GhyHKIIA S pABHOCHJIBHO €€ HHBEKTHBHOCTH Ha obbeammermu U{supp |Tu| : u € U} (mpencraBasmomenm cobori
OTKDBITOE BCIOAY IIOTHOE 110AMHOxkecTBO dom S).

< Heobxodumocmob. Tlpeanonoxmm, aro T mepesomut C(P)-nommoxymu U B C(Q)-nogmomymu V, n
pPaCCMOTPUM TPOW3BOJBHBIA amementT v € U. cro, aro xomnosurmsa (Tu) o T ToKe COXPAHAET TOIMOIYIIH,
u B cuay npemoxkenus 6.6.14 ee dpyukims capura nHbeKTHBHA. (OCTaI0Ch 3aMeTuTh, 9TO (DYHKIWS CIABUTA,
oneparopa (T'u) o T mpexncrapuser coboii cyxenune s ma supp |Tul.

Jocmamoyunocms. 3adbuxcupyem npoussonbhbie saementsl © € U u B € C(Q). TockonbKy gyHK-
Ust § UHbEKTUBHA HA MHOXKecTBe supp |Tu|, B cuny npenyoxkenus 6.6.14 xomnosunus (Tu) o T mepesomut
C(P)-nommonymu U B C(Q)-nonmonynu V. Cornacho nemme 6.6.13 cymecrsyer takas dyukius o € C(P),
gro (Tw)T(au) = fTu, orkyga B cuiy coorrommeruii (T'(au)) = ((a @ s)Tu) < (T'u) BbITEKAaET PABEHCTBO
T(au) = fTu.

ITokaxkem, 4TO U3 MHBEKTUBHOCTH (DYHKIMK S HA KaXKIOM U3 MHOxecTB Buga supp |Tu| (v € U) crneayer
UHBEKTUBHOCTL § Ha obbemnuuenun U{supp |Tu| : v € U}. dasa sToro goctarodHo 3adUKCUpOBATL TPOU3-
BOJIbHBIE 3JIEMEHTHI U1, Us € U u malitu Takoil anement v € U, aro supp |Tu| = supp |Tui| U supp |Tuz].
Cormacao siemme umeercs ¢yuknus [ € C(Q), ymoenersopsitomasi coorHomenuto supp |Tuy + Tus| =
supp |Tuq| U supp |Tuz|. UNabektuBHOCTL, pyHKIME S Ha MHOXKecTBe supp |Tus| B cuiay aemmbl 6.6.8 Bie-
gyer cymectBoBanue Takoit dyukumun o € C(P), uto oo s = [ ua supp|Tuz|. Ocraercs sameruth, 4TO
T(uy + aus) = Tuy + (e s)Tus = Tuy + fTus. »
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