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Disjointness preserving operators have its own theory which is very rich in re-
sults and includes such questions as boundedness, continuity, spectral and geometric
properties, multiplicativity, compactness, etc. The list of publications devoted to
studying disjointness preserving operators is so extensive that it could serve as
a reason for a separate review. Leaving aside many rather interesting directions,
we will only concentrate our attention on analytic representation and decompo-
sition of disjointness preserving operators. B.Z.Vulikh [7-9] was one of the first
who considered these questions. Later, disjointness preserving operators were stud-
ied by Yu. A. Abramovich, E. L. Arenson, D. R. Hart, A. K. Kitover, A. V. Koldunov,
P.T.N.MacPolin, A.I Veksler, A. W. Wickstead, A.C.Zaanen, and many others
(see, for instance, [1-3, 19, 32, 37, 41, 42]). We also observe that the question of
analytic representation of disjointness preserving operators includes such a power-
ful direction as descriptions of isometries of vector-valued LP-spaces (the so-called
Banach-Stone theorems).

In the current chapter, we study disjointness preserving operators in K-spaces
and lattice-normed spaces. In particular, we find their analytic representations
and decompositions into simpler components. We begin with studying general
properties of disjointness preserving operators; then we consider orthomorphisms,
shift operators, weighted shift operators, and, finally, return to arbitrary operators

and apply the accumulated experience.

5.1. Prerequisites

This section contains some preliminary information about Boolean homomor-
phisms, vector lattices, and lattice-normed spaces which was not exposed in the pre-

vious chapters.

5.1.1. In the sequel, we deal with various convergences (such as o- and r-con-
vergences) and related notions (such as o- and r-closures, o- and r-continuity, etc.).
For the sake of convenience and in order to avoid duplication, we present some gen-
eral definitions now.

Let X be an arbitrary set and let ¢ be some convergence in X. The totality
of the c-limits of all c-convergent nets in X constituted by elements of some subset
Xy C X is called the c-closure of X,y. A set is called c-closed if it coincides with
the c-closure of itself. The set X, is said to be c-dense in X if X is the c-closure
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of Xo. Suppose now that X; and X, are some sets with convergences ¢; and ¢,
respectively. A mapping f: X; — X; is called ¢ -c; -continuous if ¢;-convergence
4 — z implies cp-convergence f(z,) — f(z) for every net (z4)aea in X; and
every element z € X;. If the convergences ¢; and ¢, have the same notation ¢, then
any ¢;-c¢;-continuous mapping is called ¢-continuous.

Considering only countable nets in the above definitions results in the no-
tions of countable c-closure, countable c-closedness, countable c-density, and count-
able cy-cz-continuity. By replacing nets with sequences, we obtain the notions of
sequential c-closure, sequential c-closedness, sequential c-density, and sequential

¢ -Co -continusty.

5.1.2. Ring and Boolean homomorphisms are often met in our further consid-
eration. We recall the relevant definitions.

Let A and B be Boolean algebras. A mapping h: A — B is called a ring
homomorphism if the following equalities hold for all a;,a; € A:

(a) h(a1Vay) =h(a1)V h(az);
(b) h(a1 A a2) = h(al) A h(ag);
(c) h(ai\az) = h(a1)\h(a2),

where \y stands for z A y* and z* stands for the complement of z in a Boolean
algebra. We observe that (a) is a consequence of (b) and (c), as well as (b) is
a consequence of (a) and (c). Every ring homomorphism h: A — B preserves
order, i.e., a1 < ay implies h(a1) < h(az) for all ay,a2 € A.

A ring homomorphism h: A — B is called a Boolean homomorphism in case
h(1) = 1. Obviously, a mapping h: A — B is a Boolean homomorphism if and only
if it satisfles one of the conditions (a) or (b) and, in addition, h(a') = h(a)* for
all a € A. Every ring homomorphism h: A — B is a Boolean homomorphism into
the Boolean algebra Bj(1y = {b € B : b < h(1)}. The image h[A] of the homomor-
phism % is a Boolean subalgebra of By(;y. A bijective Boolean homomorphism is
called a Boolean isomorphism.

The following description of Boolean homomorphisms is convenient in studying

disjointness preserving operators.

Proposition. Let A and B be Boolean algebras. A mapping h: A — B is
a Boolean homomorphism if and only if, for every partition (ay,as,a3) of unity
in A, the triple (h(a1), h(az), h(a3)) is a partition of unity in B.
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<1 Necessity is obvious; thus, we only prove sufficiency. Suppose that the map-
ping h preserves triple partitions. Applying this property of k to the triple (0,0,1),
we obtain the equality A(0) = 0. Considering the triple (a,a',0), we conclude that
h(at) = h(a)' for every a € A. It remains to establish the relation h(a; V a3) =
h(a1) V h(az). First, we prove this equality for disjoint a; and az. To this end,
it is sufficient to apply the partition preservation property of h to the triples
(al,az,(al V az)t) and (a1 Vag,(a; V ag)J‘,O). Finally, taking arbitrary elements
ay,az € A and using the above-established facts, we obtain

h(ar V az) = h((a1\az2) V (a1 A az) V (az\a1))
= h(ai\a2) V h{a; A az) V h(az\a1)
= (h(a1 \a2) V h(a; A (12)) v (h(a1 Aag)V h(ag\al))
= h(a1) V h(az). >

5.1.3. Proposition. Let A and B be Boolean algebras.

(a) The following properties of a Boolean homomorphism h: A — B are
equivalent:
(1) h is o-continuous;
(2) if a subset C C A has a supremum then h(sup C) = sup h[C];
(3) if a subset C C A has an infimum then h(inf C') = inf h[C};
(4) if (ax)ren Is a net in A and ay T 1 then supygy h(ar) =1;
(5) if (ax)rea 1s a net in A and ax | 0 then infaea h(ax) = 0.

(b) The following properties of a Boolean homomorphism h: A — B are
equivalent:
(1) h is countably o-continuous;
(2) if a countable subset C C A has a supremum then h(supC) =

sup h[C];
(3) if a countable subset C C A has an infimum then h(inf C') = inf h[C];
(4) if (an)nen is a sequence in A and a, 71 then sup, ey h(an) = 1;
(5) if (an)nen is a sequence in A and a, | 0 then inf,en h(a,) = 0.
If the Boolean algebra A is complete (o-complete) then each of the five condi-

tions (a) (respectively, (b)) is equivalent to the following one: suph[D] = 1 for
every (countable) partition D of unity in A.
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In view of the equivalence of conditions (a)(1)-(a)(3), o-continuous homomor-
phisms are often called full or complete. Observe that the implication (b){5)=(b)(1)
implies equivalence of countable and sequential o-continuities of a Boolean homo-

morphism.

5.1.4. Let A and B be Boolean algebras. We say that a ring homomorphism
h: A — B dominates a function hg: A — B (and write kg < k), if ho(a) < h(a) for
all a € A.

Proposition. Let A and B be Boolean algebras. A ring homomorphism
h: A — B dominates a ring homomorphism ho: A — B if and only if ho(a) =
ho(1) A h(a) for all a € A.

< The equality ho(a) = ho(1)Ah(a) ensues from the relations ho(a) < ho(1)A
h(a), ho(at) < ho(1) A h(at), and ho(a) V ho(at) = ho(1). ©

5.1.5. Let E be a vector lattice. Given an element e € E, the symbol (e)
denotes the band projection onto the principal band {e}++ (if such a projection
exists). For e, f € E, we define (e < f) := ((f — e&)t), {e < f) == (f < e)*,
(e > f):=(f <e),and (e > f) := (f > e). It is clear that (e < f) = max{r €
Pr(E): e < nf}.

5.1.6. Let f be an arbitrary positive element of a vector lattice E. An element
s € E is called an f-step element, if s = 5 ._, \im; f for some Aq,..., A\, € R and
T1y...,7n € Pr(E).

Proposition. Suppose that a vector lattice E possesses the principal projec-
tion property (for instance, E is a K, -space). Let E; be the ideal of E generated
by a positive element f € E. Then, for every element e € E¢ and every number
€ > 0, there is an f-step element s € Ey such that |s| < |e|] and |e — 5| < ef.
In particular, the set of all f-step elements is r-dense in Ey.

< Assume all the hypotheses of the proposition to be satisfied and consider
an arbitrary element e € E¢ and a number € > 0. Let numbers m,n € N be such
that |e| < mf and 1/n < . Then the sum

-1 Z Z—]. . mn . . +1
> ;< - f<e<§f>f+;§<§f<e<’n f>f

i=—mn

is a desired f-step element. >
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5.1.7. We use the abbreviation LNS for “lattice-normed space” (see 1.6.1)
and BKS for “Banach-Kantorovich space” (see 1.6.3). Each LNS considered in
the current chapter is assumed to be normed by a K-space (if the opposite is not
stated explicitly). The lattice-valued norm in an LNS is denoted by |-| by default.
The phrase “% is an LNS over E” means that E is a K-space and (%, ||, E) is
an LNS in the sense of 1.6.1. We assume that the equality {|u] : v € Z}*+ =E
holds for every LNS % over E that we consider. We also assume by default that
all the LNSs are d-decomposable (see 1.6.2). The Boolean algebra of band projec-
tions in an LNS % over E is denoted by Pr(% ) and conventionally identified with
the Boolean algebra Pr(E) of band projections in E (see 1.6.2).

5.1.8. One of useful properties of d-decomposable LNSs is realized in the pos-
sibility of evaluating band projections on their elements and mixing them to obtain
new elements. Here, we will discuss such operations.

If (ug¢)eez is an arbitrary family in an LNS % and (m¢)eez is a partition
of unity in the Boolean algebra Pr(%), then the sum 0-) ..z meue (if the latter
exists) is called the mizing of the family (u¢)eez with respect to (mg)eez. Let ¥ be
a subset of %. The totality of all mixings of arbitrary (finite) families in ¥ is called
the cyclic hull (the finstely cyclic hull) of ¥ and denoted by mix ¥ (by mixgsi, ¥).
The cyclic hull of the union ¥ U {0} is called the d-closure of ¥ and denoted by d¥'.
Similarly, the symbol din ¥ is used to denote the finitely cyclic hull of ¥ U {0}.
The set ¥ is called cyclic (finitely cyclic) if mix ¥ = ¥ (mixgin ¥ = ¥). It easy
to verify that the (finitely) cyclic hull of a set ¥ is the smallest (finitely) cyclic set
that includes 7. Obviously, for a set 7 to be finitely cyclic, it is sufficient that it
contain the sums mv + 71w for all v,w € ¥ and 7 € Pr(%).

5.1.9. Let % be an arbitrary, not necessarily d-decomposable, LNS over an ar-
bitrary vector lattice E. Suppose that a d-decomposable LNS % over E contains %
as a subspace with the induced norm. We say that the LNS % is a d-decomposable
hullof % , if dgin% = % ,i.e., % is a minimal d-decomposable LNS that contains %

as a subspace with the induced norm.

Proposition. Suppose that a vector lattice E possesses the principal pro-
Jjection property. Then every (not necessarily d-decomposable) LNS over E has
a d-decomposable hull which is unique to within an isometry.
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< In order to construct a d-decomposable hull of an LNS % over E, we em-
ploy the schema of formal mixing, which is traditionally used in similar situations
(cf. [5, 6, 16]). Denote by % the totality of all finite families ((7r;, u,-)) icl of elements
in Pr(E) X % such that (7;)ier is a partition of unity in the Boolean algebra Pr(E).
Introduce in % the equivalence relation by letting ((ri,ui)ie P ((pj,vj))j es if
and only if 1r,-pj|u; — vjl =0foralli € I and j € J. Define % to be the quotient set
?’-/V/r\a and agree to denote the coset of a family ((w;,ui)_ia by 3 ;ermiui- By idili_
tifying the elements u € % with “monomials” lu € %, we assume that % C %.
It is easy to become convinced that % is an LNS over E under the operations

Y omui Y pvii= Y mips(ui+v;),

i€l j€J t€l,jed
)\Z’R’iu; = Zﬂ';)\u;,
i€l i€l
Emu,- = Zm[u;l
i€l i€l

and is a d-decomposable hull of %. Uniqueness of a d-decomposable hull is obvi-

ous. D

5.1.10. Let E be a universally complete K-space and let (E¢)¢cz be a fam-
ily of pairwise disjoint ideals of E. The symbol 69665 E; denotes the ideal of
the K-space E constituted by all elements e € E that satisfy the relation (E¢)e € E
for each £ € E. Obviously,

PDeE = {OZ e¢ : (eekeez €[] Ee}-

£€E £€E £€=

Suppose that, for every £ € =, we are given an LNS % over E¢. It is not difficult
to become convinced that the vector space [[;cz % is an LNS over B,z E¢ with
respect to the norm I(uf)f‘EEI = O'ZeeE |u5| This LNS is denoted by EB{GE U
and called the disjoint sum of the family of LNSs (% )¢c=.

5.1.11. Let E and F be K-spaces and let % be an LNS over E. Suppose that
a function S: E — F satisfies the following conditions:

(a) S(e1 + €2) < Sey + Seg for all positive ey,e; € E;
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(b) S(Ae) = ASe for all positive e € E and A € R;
(c) if 0 < €1 < g then Sey < Sey.

Consider the vector subspace % := {u € % : S|u| = 0} and agree to denote by
Sau the coset in % /% containing an u € %. It is easy to become convinced
that the space % /% is an LNS over F with respect to the norm |Squ| := Sjul.
Observe that the LNS % /% need not be d-decomposable (for instance, in case
% = E = F =R? and S(z,y) = (z,z)). Slightly abusing the language, we call
a d-decomposable hull of the LNS % /%, the norm transformation of % by means
of S and denote it by S%. The linear operator So : % — S% is called the operator
of norm transformation of % by means of S.

5.1.12. As is known (see 1.3.7(8)), every universally complete K-space E can
be endowed with multiplication so that E becomes a commutative ordered algebra.
If we additionally fix an order unity in E and require it to be a multiplication unity
then the way of introducing multiplication in E becomes unique. Furthermore, for
every f € E, there exists a unique element g € E such that fg = (f}1, where1 € E
is the multiplication unity. We denote such an element g by 1/f. The product
e(1/f) is denoted by e/ f for brevity.

As is known (see 1.6.5), every BKS % over a universally complete K-space E
with a fixed order unity 1g can be endowed with the structure of a module over E
so that 1gu = u and |eu| = |e||u] for all e € E and u € . Below (see 5.5.17)
we will see that the relation [eu| = |e|ju]| uniquely determines the structure of
a module in %.

Let % be an arbitrary BKS over an order-dense ideal E of a universally com-
plete K-space & with a fixed order unity. Given arbitrary ¢ € & and u € %, we
say that the product eu is defined in % (and write eu € %), if the product eu
calculated in the universal completion of % belongs to %. Obviously, the latter is
true if and only if |e||u] € E.

5.1.13. The module structure of a BKS is often used for finding elements that

satisfy certain conditions imposed on their norm. Here is one of typical examples.

Lemma. Let % be a BKS over E. For all u € % and e € E*, there exists
an element u, € % such that |u.| = e and |u — ue| = ||u] — €l.

< Fix an order unity 1 in the universal completion E of the K-space E, en-
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dow E with the corresponding multiplication and introduce in the universal com-
pletion % of % the structure of a module over E. Let @ be an element of % such

that |a| =1 and u = |u|a. Obviously, u, := eu is the desired element. ©

5.2. Order Approximating Sets

In this section, we introduce the notions of order approximating and h-approx-
imating subsets of an LNS. We also present equivalent descriptions of the notions
in terms of convergences of various types. The notion of order approximation seems
to be useful in the general theory of LNSs. As for h-approximation, it will play its

role in studying disjointness preserving operators.

5.2.1. Lemma. Let % be an LNS over a K -space E and let ¥ be a finitely
cyclic subset of % . Then, for every u € %, there exists a net (vy)aea I ¥ such
that the net (Ju - val)aEA decreases and {|u —va|:a € A} ={Ju—v|:v € ¥V}
In particular, Ju — va] \, infyey Ju — v].

< Suppose that a set ¥ C % meets the hypothesis of the lemma and fix
an arbitrary element u € % . We introduce in ¥ relations of equivalence and

preorder as follows:

vrw & Ju—v|=]u—wl|,

vsw & |lu—v]| 2 |lu—w|

For any two elements v,w € ¥ we can find a projection # € Pr(E) such that
lu —(mv + W'Lw)l = |u — v| A |u — w]. Since ¥ is finitely cyclic, the latter means
that the set (¥, <) is directed. Therefore, the quotient set A := ¥/~ (endowed
with the quotient order) is a directed ordered set. Taking an element v, € « in

every coset a € A, we obtain the desired net (va)aea. D

5.2.2. Let ¥ be a subset of an LNS %. We say that ¥ (orderly) approzimates
an element u € % if infyey |u —v| = 0. We say that ¥ (orderly) approzimates
o subset W C % if ¥ approximates every element of #". A subset of % is called
(order) approzimating if it approximates /. Any order dense ideal of an LNS is

an example of an approximating set.

Proposition. Let X, Y, and Z be subsets of an LNS. If X approximates Y
and Y approximates Z, then X approximates Z.
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< For an arbitrary element z € Z, denote inf;¢x |z — 2| by € and assume by
way of contradiction that e # 0. Since infyey |y — 2| = 0, there is an element y € ¥
and band projection p such that p|y — z| < pe/2. Similarly, in view of the equality
infzex |z — y| = 0, there is an element z € X and an band projection 7 such that

wlz — y| < wpe/2. The following contradictory relations complete the proof:
npe < mplz — z| < wple —y| + 7ply — 2| < wpe/2 + wpe/2 = wpe. >

5.2.3. Proposition. Let ¥ be a subset and let u be an element of an LNS.
The set ¥V approximates u if and only if u is the o-limit of some net in mixg, V.

< If ¥ approximates v then inf {|u —w] : w € mixg, “//} = 0. Therefore, in
view of 5.2.1, there exists a net (wq)oea in mixgy, ¥ such that |u — wa] \, 0.
Conversely, if u is the o-limit of a net in mixg, ¥ then mixg;, ¥ approximates u.

It remains to use Proposition 5.2.2 on observing that ¥ approximates mixg, ¥. >

Corollary. If a subset ¥ of an LNS % is finitely cyclic, then its o-closure
consists of all elements u € % approximated by V.

Corollary. If a subset ¥ of an LNS % is finitely cyclic, then its o-closure is
o-closed and, hence, is the least o-closed subset of % that includes ¥

< The claim follows from the previous corollary and Proposition 5.2.2. >

5.2.4. Proposition. The following properties of a subset ¥ of an LNS %
are equivalent:

(1) ¥ is an approximating subset of % ;

(2) for every ideal % C %, the set diin¥ N % is o-dense in %;
(3) the set dgin ¥ is o-dense in % ;

(4) diin ¥ is an approximating subset of % .

< The implications (2) = (3) = (4) are obvious. It remains to prove that
(1) = (2) and (4) = (2).

(1) = (2): Suppose that the set ¥ C % satisfies condition (1), fix an arbitrary
ideal % C % and its element u € %, denote the set dgjn ¥ N % by #/, and
assign e := infyew |u — w]. Obviously, e < |u]. According to 5.2.1, there exists
a net (wq)eea in # such that |u —we| \, e. It remains to show that e = 0.
If e # 0 then, in view of 5.2.3, there are w € mixg, ¥ and 7 € Pr(E) such that



370 Chapter 5

m|u — w| < we. The inequalities |rw| < |7w — mu| + |ru] < e + |u| € 2|u] ensure
the containment 7w € #  and, thus, we have the following contradictory relations:
me < mlu — Tw| < we.

(4) = (1): Denote the set dgin ¥ by # and suppose that it is an approximating
subset of % .

Denote inf,ey |v| by e and prove that e = 0. If it is not so, then there is an ele-
ment u € % that satisfies the inequalities 0 < |u] < €/2. Sinceinfyew |[u — w| =0,
there is an band projection 7 # 0 and an element w = mv; + -+ + v, € ¥
(vi € V) such that mo|u — w| < mo|u| for all 0 # 7o < 7. It is clear that 7w # 0
and, hence, p := T A7 # 0 for some ;. Now, the inequalities p|u — v;] < pju] < pe/2
lead to a contradiction: pe < plvi| < plu — vi| + plu] < pe/2 + pe/2 = pe.

Thus, inf,ey v} = 0, which implies that ¥ approximates ¥ U{0}. However, it
is obvious that the set ¥'U {0} approximates dsin ¥ and the latter approximates % .
It remains to apply Proposition 5.2.2.

REMARK. Replacing dfiy ¥ by mixgiy, ¥ in condition (2) of the last proposition
can lead to a nonequivalent assertion even if % = E. Indeed, the totality ¥ of
all numeric sequences convergent to 1 is an approximating subset of the K -space
% of all sequences; however, the set mixsin ¥ coincides with ¥ and has empty

intersection with the order-dense ideal %4 C % of all vanishing sequences.

5.2.5. Lemma. If ¥ is an approximating subset of a d-complete LNS % over
E then, for every u € %, e € E, and n € N, there exists an element w € mix ¥
satisfying the inequality (e)|u — w| < e/n.

< Suppose that % and ¥ meet the hypotheses of the lemma and consider
arbitrary elements u € %, ¢ € E, and n € N. According to 5.2.4, there is a net
(Va)aea in mixsiy ¥ o-convergent to u. We may assume that this net is order
bounded. In view of 1.3.9, there is a partition of unity (7%)aeca in the Boolean
algebra Pr(E) such that 77 ({e}|ve — u| < e¢/n for all @ € A. 1t is clear that the sum
W = 0-),ca Tavq is the desired element of mix ¥. >

5.2.6. Suppose that an order unity 1 is fixed in the norming K-space of
an LNS. Then the r-convergence with regulator 1 is called the uniform conver-
gence in the LNS. The notions of uniformly dense subset and uniform closure are
introduced in such an LNS similarly.



Disjointness Preserving Operators 371

Proposition. Let ¥ be a subset and let u be an element of an LNS over
a K -space with a fixed order unity. The set ¥ approximates u if and only if u is

a uniform limit of some sequence in mix ¥

< Necessity is a straightforward consequence of Lemma 5.2.5; sufficiency is

established as in the proof of Proposition 5.2.3. >

5.2.7. Proposition. Let % be a d-complete LNS over a K -space with a fixed
order unity. The following properties of a subset ¥ C % are equivalent:

(1) ¥ is an approximating subset of %

(2) for every ideal % C %, the set d¥ N % is uniformly dense in %;
(8) d7 is uniformly dense in %;

(4) dV is an approximating subset of % .

< Suppose that an LNS % over E meets the hypotheses of the proposition
and 1 is an order unity in E. The implications (2) = (3) = (4) are obvious
and the implication (4) = (1) is established as in the proof of Proposition 5.2.4.
It remains to show that (1) = (2).

Suppose that a subset ¥ C % satisfies condition (1), fix an arbitrary ideal
% C %, and denote the set d¥ N % by #'.

Show that #  approximates %;. For this purpose, we fix an arbitrary element
u € %, assign e := infyew |Ju — w|, and establish the equality e = 0. If € # 0 then,
in view of 5.2.6, there are w € mix¥ and n € Pr(E) such that n|u — w| < =e.
Obviously, e € |u]. The inequalities |rw| < |rw — 7u| + [ru| < e + |u] € 2|u]
ensure the containment 7w € # and, thus, we have the following contradictory
relations: e € 7|u — 7w| < we.

Since # approximates %, in view of 5.2.5 there exists a sequence (wy)nen
in mix# such that (u)|u —w,] < (Ju] A1)/n for all n € N. It is clear that
the sequence ((u)wn)n N 18 constituted by elements of # and r-converges to u
with regulator 1.

REMARK. Replacing d¥ by mix ¥ in condition (2) of the last proposition
can lead to a nonequivalent assertion even if % = E. Indeed, the totality ¥ of
all numeric sequences with every member nonzero is an approximating subset of

the K-space % of all sequences; however, the set mix ¥ coincides with ¥ and has
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empty intersection with the order dense ideal % C % of all finitary (= terminating)

sequences.

5.2.8. Proposition. Let ¥ be a subset and let u be an element of an LNS.
The set ¥V approximates u if and only if u is the r-limit of some sequence in

mix ¥ .

< SUFFICIENCY: Suppose that ¥ approximates u. Consider an arbitrary
element v € ¥ and assign e := |u]| V |v]. It is sufficient to fix an n € N and
find an element w € mix ¥ that satisfies the inequality |u — w| < e/n. According
to Lemma 5.2.5, there exists an element wo € mix ¥ that satisfies the inequality
(e)Ju — wo| < e/n. Itis clear that the sum (e)wo+(e)Lv belongs to mix ¥, coincides
with (e)wg, and, thus, is the desired element w.

Necessity is established in the same way as in Proposition 5.2.3.

5.2.9. Proposition. Let % be a d-complete LNS. The following properties
of a subset ¥ C % are equivalent:

(1) ¥ is an approximating subset of %

(2) for every ideal % C %, the set d¥ N % is r-dense in Y;
(3) d¥ is r-dense in %;

(4) dV is an approximating subset of % .

< The implications (2) = (3) = (4) are obvious, the equivalence (4) & (1) is
established in Proposition 5.2.7, and the proof of the implication (1) = (2) word for
word repeats that of the analogous implication in Proposition 5.2.7, with the only
difference that 1 is replaced by |u]. >

REMARK. Replacing d¥ by mix ¥ in condition (2) of the last proposition can
lead to a nonequivalent assertion. There is an appropriate example in the previous
remark (see 5.2.7).

5.2.10. A net (eq)aea In a vector lattice E is said to be asymptotically bounded
if there exists an index & € A such that the set {eq : @ > a} is order bounded.
Obviously, every o-convergent net is asymptotically bounded.

In the sequel, we need some modification of Theorem 1.3.9.

Lemma. Let (eq)aca be a net in a K-space E and let e € E.
(1) The net (eq)aca o-converges to e if and only if it is asymptotically
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bounded and the relation o-limaea(d)(|ea —€| > d) = 0 holds in the Boolean
algebra Pr(E) for all positive d € E.

(2) Let D be a set of positive elements in E such that the band D1 contains
e and all the members of the net (eq)aca. If the net (eq)aca is asymptotically
bounded and o-limaea (d)(|ea — €| > d/n) =0 for all d € D and n € N, then

o-limyep €4 = €.

< (1) 1t is easy to verify the necessity of the criterion formulated, and its
sufficiency follows from (2).

(2) Let an index @ € A be such that the set {eq : a > a} is bounded. Assign
eo :=infazasupgy, les — €], If the net (e4)aeca does not converge to e then ey > 0
and, thus, there are 7 € Pr(E), d € D, and n € N such that 0 < xd/n < e,.

Therefore, for each index a > &, we have

sup(d)(Jes — ¢| > d/n) = <d><;g§ leg — ¢l > d/n) > ,

za

which contradicts the convergence of (d)(|e — €| > d/ n) to zero. >

Corollary. Suppose that a K-space E has an order unity 1, (ea)aca is
an asymptotically bounded net in E, and ¢ € E. Then o-limgca €q = € if and
only if the relation o-limaea (leq ~ €] > 1/n) = 0 holds in the Boolean algebra
Pr(E) for all n € N.

The condition of asymptotic boundedness presented in the above assertions is
essential. Indeed, let a net (74 )aea of band projections and an element ¢ € E be
such that o-limaea 7o = 0 and 7qe # 0 for all @ € A. Endow the Cartesian product
A x N with the lexicographic order:

(e,m)<(B,n) & a<pB or (a=p and m < n).

Then o-lim(q n)ea xN(d)<|n7rae| > d> = 0 for all positive d € E; however, the net

(nTa€)(a,n)eaxN i Dot asymptotically bounded and, hence, has no order limit.

5.2.11. By simplifying the proof of Lemma 5.2.10, we can obtain the following

assertion.
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Lemma. Let (e¢)¢cz be a family of positive elements of a K -space E.

(1) The equality infeez e = 0 is valid in the K -space E if and only if the re-
lation infeez(d){e¢ > d) = 0 holds in the Boolean algebra Pr(E) for all positive
deE.

(2) Let D be a set of positive elements of E such that e € D1+ for all ¢ € E.
If infeez(d)(e¢ > d/n) =0 for all d€ D and n € N, then infeez e = 0.

Corollary. Suppose that a K-space E has an order unity 1 and (e¢)eez is
a family of positive elements of E. Then inf¢ez e¢ = 0 if and only if the relation
infeez(e¢ > 1/n) = 0 holds in the Boolean algebra Pr(E) for all n € N.

5.2.12. Throughout the remainder of the current section, we assume that E
is a K-space, B is a complete Boolean algebra, and h : Pr(E) — B is a ring
homomorphism. Say that a net (74)aca in Pr(E) h-converges to zero and write
h-limyea mo = 0 whenever o-limyep 7o = 0 in the Boolean algebra Pr(E) and
o-limyea h(mo) = 0 in the Boolean algebra B. In case h-limaep 7 = 0, ie., if
o-limgea 7o = 1 and o-limgep (7o) = h(1), we say that the net (7o )aca h-con-
verges to unity and write h-limgea o = 1. We say that a net (eq)oca in E h-con-
verges to e € E and write h-limaep e = € if the net (e4)aeca is asymptotically
bounded and h-limaea (d)(lea — €| > d) = 0 for all positive d € E. In this case,
we call the element e the h-limit of the net (eq)aca. We say that a net (uaq)qea
in % h-converges to u € % and write h-limgea g = u if h-limyea Jue — u] = 0.
In this case, we call the element u the h-limit of the net (uq)aca. The totality
of the h-limits of all h-convergent nets in a subset ¥ C % is called the h-closure
of ¥. We call a set h-closed if it coincides with the h-closure of itself. We say that
a set is h-dense in % if its h-closure coincides with % .

If a family (m¢)¢ez in Pr(E) is such that infgez m¢ = 0 in the Boolean algebra
Pr(E) and inf¢ez h(m¢) = 0 in the Boolean algebra B, then we write h-infgez me =0.
In case h-infgez 7 = 0, ie., if supgezme = 1 and supges h(me) = h(1), we
write h-supgez m¢ = 1. For an arbitrary family (eg)eez of positive elements of
a K-space E, the notation h-infgez e; = 0 means that h-infeez(d)(ee > d) = 0 for
all positive d € E.

REMARK. The criterion for o-convergence which is formulated in Corollary

5.2.10 has no analog for h-convergence. The same is true of Corollary 5.2.11. In-
deed, consider as E the K -space of all numeric sequences. Let the Boolean homo-
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morphism k : Pr(E) — {0,1} be the characteristic function of some nonprincipal
ultrafilter in the Boolean algebra Pr(E). Denote by F the set of all positive se-
quences convergent to 1. Obviously, the sequence e = (m)men is an order unity in £
and the relation h-infse p( f>e/ n> = 0 holds for all n € N. Moreover, indexing
each element of F' by itself and endowing the index set with the reverse pointwise
order, we obtain a set (f)ser that satisfies the relation h-limger(f > e/n> =0.
Nevertheless, h(f > 1/2> =1forall feF.

The following assertion follows from Lemmas 5.2.10 and 5.2.11.

Proposition. (a) For every net (eq)aca in E and arbitrary element e € E,
from h-limgep €o = e it follows that o-limyea eq = €. If the homomorphism
h is o-continuous, then the relations h-limyca € = € and o-limyep €4 = € are
equivalent.

(b) For every net (e¢)eez of positive elements of E, from h-infeez e = 0 1t fol-
lows that inf¢ez e = 0. If the homomorphism h is o-continuous, then the relations

h-infeez e¢ = 0 and infeez e = 0 are equivalent.

5.2.13. REMARK. In the sequel of the current chapter, while establishing
equalities of the form limaea h({d){ea > d)) = 0 or infeez h({d)(e¢ > d)) = 0,
we often assume that h{d) = 1. This assumption does not restrict generality. In-

deed, leaving aside the trivial case h{d) = 0 and replacing B by the Boolean algebra
{b€ B:b< h(d)}, we arrive at the situation h(d) = 1.

5.2.14. Let ¥ be a subset of an LNS %. We say that ¥ h-approzimates
an element u € % if h-inf,cy |u —v| = 0. We say that ¥ h-approzimates a set
W C % if ¥ h-approximates every element of #. A subset of an LNS % is called
h-approzimating if it h-approximates %. From Proposition 5.2.12 it follows that
every h-approximating set is approximating and, in case the homomorphism A is

o-continuous, the notions of approximating and h-approximating set coincide.

Proposition. Let X,Y, and Z be subsets of an LNS. If X h-approximatesY
and Y h-approximates Z, then X h-approximates Z.

< Consider an arbitrary element z € Z, fix a positive element d of the norm-
ing lattice, and assign b := infzex h((d)(|z — 2| > d)). Due to 5.2.2, it is sufficient
to establish the equality b = 0. For simplicity, we assume that h{d) = 1 (see 5.2.13).
Suppose to the contrary that b # 0. Then, in view of infycy A(ly — 2} > d/2) =0,
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there is an element y € Y such that by := b A h{ly — 2| > d/2) < b. Similarly,
in view of the equality inf,ex h{lz — y| > d/2) = 0, there is an element z € X
such that (b\bo) A h{lz —y| > d/2) < (b\by). It is easy to verify that z satisfies
the inequality b A h{]z — z| > d) < b, which contradicts the definition of b. >

5.2.15. Proposition. Let ¥ be a subset and let u be an element of an LNS.

The set ¥ h-approximates u if and only if u is the h-limit of some net in mixg, V.

< NECESSITY: If ¥ h-approximates u then, in view of 5.2.1, there exists

a net (Wq)aca in Mixgn ¥ such that the net (Iu — Wy I)a €A decreases and
{lu —wql:a €A} ={|u—w|:w € mixg, ¥}.

It remains to observe that h-limyea |u — wo| =0.

SUFFICIENCY: If u is the h-limit of a net in mixg, ¥, then mixg, ¥ h-ap-
proximates u. It remains to observe that ¥ h-approximates mixs, ¥ and to use
Proposition 5.2.14. >

Corollary. If a subset V' of an LNS % is finitely cyclic, then its h-closure
consists of all elements u € % h-approximated by V.

Corollary. If a subset ¥V of an LNS % is finitely cyclic, then its h-closure
is h-closed and, hence, is the least h-closed subset of % that includes V.

< The claim follows from the previous corollary and Proposition 5.2.14.

5.2.16. Proposition. Let ¥ be a subset of an LNS % and satisfy the relation

h-inf,ey |v]| = 0. Then the following assertions are equivalent:

(1) ¥ is an h-approximating subset of %

(2) for every ideal % C %, the set dgin ¥ N % is h-dense in %p;
(3) the set dgin ¥ is h-dense in %

(4) dgin¥ is an h-approximating subset of % .

< The implications (2) = (3) = (4) are obvious. It remains to prove that
(1) = (2) and (4) = (1).

(1) = (2): Suppose that a subset ¥ C % satisfies condition (1). Fix an
arbitrary ideal % C % and denote the set dgin ¥ N %4 by #. Consider an arbitrary
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element u € %. According to 5.2.15, there exists a net (wq)aea in mixg, ¥ that

h-converges to u. For each a € A, we assign 74 := {Ju — w,| < |u]). The relations

Iﬂawal < Iul + Iu - Wawa' = Iul +(7T01|u _wal +7er;|u|)

< lul + (molul + w3 |u]) = 2]u]
ensure that the net (Tawq)aea is constituted by elements of # and the relations
lu = Tawa| = To|u — wao| + W&L|u| < malu —we| + W(J;Iu —wo| = |u — wq

together with hA-limaea |u — wo| = 0 give hA-limyen [u — Towo| = 0.

(4) = (1): From the relation h-inf,ey |v]| = 0 it follows that ¥ h-approximates
7 U {0}. On the other hand, the set ¥ U {0} obviously h-approximates dgj, ¥,
the latter in turn h-approximating % . It remains to apply Proposition 5.2.14. >

5.2.17. The difference between the statements of Propositions 5.2.4 and 5.2.16
is essential: the condition h-infyey |v] = 0 in the latter proposition cannot be
omitted. Indeed, consider the K-space E of all numeric sequences and assign
% = {u € E : inf(Lim|u[\{0}) > 0}, where Lim|u| is the set of all partial
limits of the sequence |u|. We make % an LNS over E by defining |u| := |u] for all
u € % . As in Remark 5.2.12, let the Boolean homomorphism h : Pr(E) — {0,1} be
the characteristic function of some nonprincipal ultrafilter in the Boolean algebra
Pr(E). Consider as ¥ the set {u € E : inf Lim |u| > 0} and assign d := (1/n).en.
It is clear that dgin ¥ = %; however, h{jv| > d) =1 forallv € ¥.

Proposition. Let % be an LNS over E. Suppose that, for every positive
e € E, there is an element u € % satisfying the inequalities e < |u| < 2e (this
is true, for instance, in case % is o-complete, see 1.6.3). Then the condition

h-inf,ey |v] = 0 in the statement of Proposition 5.2.16 can be omitted.

< Consider an arbitrary subset ¥ C %, denote dgi, ¥ by #/, suppose that #
h-approximates %, and establish the relation h-inf,ey |v| = 0. Due to 5.2.4
(we now use the implication (4) = (1)), it is sufficient to fix an arbitrary positive
element d € E and to show that
inf h((d){]v] > d)) =0.

vEY
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For the sake of simplicity, we assume that h{d) = 1 (see 5.2.13). Denote the element
infyey h{lv] > d) by b and assume to the contrary that b # 0. Consider an arbitrary
element u € % satisfying the inequalities d/4 < |u] < d/2. In view of the equality
infyew h{Ju —w] > d/5) = 0, there exists an element w = 7v1 + -+ + Tpvp € #
(vi € ¥) such that b A h(Ju — w| > d/5) < b. Using the equality

(lu —w| > d/5)
=m{lu—vi] >d/5) V- Vap{lu —va| > d/5) V(7 V---Vrn)‘L(d),

it is easy to verify that bAR(Ju — v;] > d/5) < bfor at least one index : € {1,...,n}.
Then, applying the relations

(loil > d) < (lu — vil + [u] > d) < (fu —vil > d/2) < (Ju —vi] > d/5),

we arrive at the equality b A h{]vi] > d) < b, which contradicts the definition
ofb. D

5.2.18. A disjoint family (7¢)¢ez in the Boolean algebra Pr(E) is called an
h-partition of unity if h-supgezme = 1. If (ug)eez is an arbitrary family in
an LNS % over E and (7¢)¢ez is an h-partition of unity in Pr(E), then we call
the sum 0-) .= meug (if it exists) the h-mizing of the family (ug)eez with respect
to (m¢)ee=. For an arbitrary subset 7" C %, the totality of various h-mixings of all
(all countable) families in ¥ is called the h-cyclic hull (the countably h-cyclic hull)
of the set ¥ and denoted by h-mix ¥ (by h-mix, ¥, respectively). A set ¥ C %
is called h-cyclic if it coincides with the h-cyclic hull of itself. It is easy to verify
that the h-cyclic hull of ¥ is the least h-cyclic set that includes 7.

5.2.19. REMARK. We confine ourselves to the criteria for h-approximation
given in Propositions 5.2.15 and 5.2.16. We did not succeed in using the notion of
h-cyclic hull to obtain efficient descriptions for h-approximation analogous to those
presented in 5.2.6-5.2.9.

5.3. Order Bounded Operators

In this section, we depart from the general conventions made in 5.1.7 and
consider not only decomposable LNSs over K -spaces but also arbitrary LNSs over
arbitrary vector lattices. We do it not for the sake of generality but rather for
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avoiding duplication of formulations both for LNSs and vector lattices. Indeed,
every vector lattice together with the modulus function |-| is an LNS over itself.
Thus, a definition or an assertion formulated for LNSs can be formally extended to
the case of vector lattices. Observe that a vector lattice is o-complete as an LNS

(i.e., is a BKS) if and only if it is a K-space.

5.3.1. Let % be an LNS over a vector lattice E. A net (uq)aca in Z is called
asymptotically bounded if the net (Juqs|)aea possesses this property; i.e., if there
exists an index @ € A such that the set {Juqs| : @ > @} is order bounded in E.

(a) We say that a subset # C % is r-annullable (0-annullable, boundable)
if, for every net (wq)aca in # and every vanishing numeric net (¢4)aca, the net
(EaWa)aea is T-convergent to zero (o-convergent to zero, asymptotically bounded).

(b) We say that a subset # C % is countably r-annullable (countably o-an-
nullable, countably boundable) if, for every countable net (wq)aca in # and every
vanishing numeric net (€4)aea, the net (€4wq)aea is r-convergent to zero (o-con-
vergent to zero, asymptotically bounded).

(c) We say that a subset #' C % is sequentially r-annullable (sequentially
o-annullable, sequentially boundable) if, for every sequence (wp )nen in # and every
vanishing numeric sequence (&, )nen, the sequence (€, wy ))ney is r-convergent to zero
(o-convergent to zero, bounded).

(d) We say that a subset # C % is semibounded (countably semibounded,
sequentially semibounded) if, for every net (countable net, sequence) (wq)aea in #
and every vanishing numeric net (€4)aea, the relation infaea |€awa] = 0 holds in
the vector lattice E.

Theorem. Let % be an LNS over a vector lattice E and let # C % .

(a) The following assertions are equivalent:

(1) the set # is r-annullable;

(2) the set # is o-annullable;

(3) the set ¥ is boundable;

(4) the set {jw}: w € #'} is order bounded in E.
(b) The following assertions are equivalent:

(1) the set # is countably r-annullable;

(2) the set # is countably o-annullable;

(3) the set # is countably boundable;
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(4) for every countable subset Wy C ¥, the set {|w|: w € #4} is order
bounded in E.
(c) The following assertions are equivalent:
(1) the set W is sequentially r-annullable;
(2) the set W is sequentially o-annullable;
(3) the set ¥ is sequentially boundable.
(d) The following assertions are equivalent:
(1) the set ¥ is semibounded,
(2) the set # is countably semibounded,
(3) the set ¥ is sequentially semibounded;
(4) infpen |wn]/n = 0 for every sequence (wp)nen in #'.

< (a) The implications (4) = (1) = (2) => (3) are obvious. We will show
that (3) = (4). Order the Cartesian product # x N by comparing the second
component: (w1,n1) < (w2,n2) € ny < ng. Applying assertion (3) to the nets
(w)(w,nyewxn and (1/1)(y n)ew xN, We obtain a pair (@0,n) € # xN and an element
e € E such that |w/n| < ¢ for all (w,n) > (¥,7). In particular, |w/(7 +1)| < e
for all w € #/, which implies that the set {jw]: w € #'} is bounded from above by
(7 4 1)e.

(b) This is established in the same way as (a).

(c) The implications (1) = (2) = (3) are obvious. We will show that (3) = (1).
Fix an arbitrary sequence (w;, )nen in # and a vanishing numeric sequence (€, )nen-
According to (3), the set {I|<‘:n|l/2
In order to prove assertion (1), it remains to observe that |e,wn| < |€,,|1/ %e for all
n €N,

(d) The implications (1) = (2) = (3) = (4) are obvious. We show that
(4) = (1). Fix an arbitrary net (wq)qea in # and a vanishing numeric net (€4 )aea-

wnl : n € N} has some upper bound e € E.

For each natural n € N, choose an index a(n) € A so that e4(n) < 1/n. Then,
using (4), we obtain the relations infyea |€qwa | € infpen Isa(n)wa(n)l =0. >

A subset # C % satisfying the conditions listed in items (a), (b), and (c)
of the last theorem is called bounded, countably bounded, and sequentially bounded,

respectively.

5.3.2. Obviously, every bounded set is countably bounded, every countably
bounded set is sequentially bounded, and every sequentially bounded set is semi-
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bounded. We observe that the four types of boundedness differ pairwise even if
% = E. Indeed, in the K-space of all functions e : R — R with countable supports
e”1[R\{0}], the set {e; : t € R} of the characteristic functions of all singletons
{t} C R is countably bounded but not bounded. The set {e : n € N} of the char-
acteristic functions of all singletons {n} C N is a sequentially bounded but not
a countably bounded subset of the K -space of vanishing numeric sequences.

We will give an example of a semibounded but not sequentially bounded subset
in the K-space M ([0, 1]) of cosets of real-valued Lebesgue-measurable functions on
the interval [0, 1]. For this purpose, we construct the family of intervals I}, (n €N,
m € {1,2,...,2"}) as follows:

e[ 1[5 2)
B[4 B L3 Be= R B
=[] B=lkE, . =525

and denote by f7 the coset in M([0,1]) containing the characteristic function of
the interval I7,. Then the set {2"f,',‘1 :n €N, me€ {1,2,...,2"}} is the desired one.

5.3.3. Theorem. Let % and ¥ be LNSs over respective vector lattices E
and F and let T be a linear operator from % into V.

(a) The following assertions are equivalent:
(1) T is r-continuous;
(2) T is ro-continuous;
(3) if r-limgea uq = 0 in % then the net (Tuy)aca is asymptotically
bounded,
(4) T takes bounded subsets of % into bounded subsets of ¥
(5) for every e € E*, the set {|Tu] : |u] < ¢} is bounded in F.

(b) The following assertions are equivalent:
(1) T is countably r-continuous;
(2) T is countably r-o-continuous;
(3) if r-limyea ue = 0 in % and the index set A is countable, then
the net (Tuqy)qea Is asymptotically bounded,
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(4) T takes countably bounded subsets of % into countably bounded
subsets of V;

(5) T takes bounded subsets of % into countably bounded subsets of 7,

(6) T takes countable bounded subsets of % into bounded subsets of V.

(c) The following assertions are equivalent:

(1) T is sequentially r-continuous;

(2) T is sequentially r-o-continuous;

(8) if r-limpenun, =0 in % then the sequence (Tun)nen is bounded;

(4) T takes sequentially bounded subsets of % into sequentially bounded
subsets of ¥,

(5) T takes bounded subsets of % into sequentially bounded subsets
of V.

(d) The following assertions are equivalent:
(1) if r-limyea uo =0 in % then infyen |Tuol = 0;
(2) if r-limgep uo = 0 In % and the index set A is countable, then
infoea 'Tuo1| = 0;
(3) if r-limpenupn in % then infpen |Tun| = 0;
(4) T takes semibounded subsets of % into semibounded subsets of ¥;
(5) T takes bounded subsets of % into semibounded subsets of V.

< (a) The implications (1) = (2) = (3) and (4) = (5) are obvious. Using
boundability as a criterion for boundedness (see Theorem 5.3.1(a)), it is easy to
deduce (4) from (3). It remains to show that (5) = (1). Suppose that the oper-
ator T satisfies condition (5) and, for every positive element e € E, denote by f,
some upper bound of the set {|Tu| : |u] < e} in the lattice F. Let (uq)aca be
an arbitrary net in % r-convergent to zero with regulator ¢ € E. Fix an arbitrary
number € > 0 and choose an index @ € A so that |uy| < €e for all @ > a. Then,
for all & 2> @, we have: |Tu,| = elTuo,/el <Lefe.

(b) The implications (1) = (2) = (3) and (4) = (5) = (6) are obvious.
Using countable boundability as a criterion for countable boundedness (see Theo-
rem 5.3.1(b)), it is easy to deduce (4) from (3). It remains to show that (6) = (1).
Suppose that the operator T satisfies condition (6). Let (uq)aeca be an arbitrary
countable net in % r-convergent to zero with regulator e € E. For every nat-
ural n, denote by a, an element of A such that Jus| < ¢/n for all @ 2> a,.
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The set % := {nus : n € N, @ € A, a 2 a,} is countable and bounded;
hence, there is an element f € F such that |Tu| < f for all u € 2. Then
[Tuo| = |Tnugl/n < f/n for all a 2 a,.

(c) The implications (1) = (2) = (3) and (4) = (5) are obvious. Using sequen-
tial boundability as a criterion for sequential boundedness (see Theorem 5.3.1(c)),
it is easy to deduce (4) from (3). It remains to show that (5) = (1). Let (#n)nen be
an arbitrary sequence in % r-convergent to zero with regulator e € E. Then there
exists a vanishing numeric sequence €, > 0 such that |u,| < €pe for all n € N.
Boundedness of the set {u,/e, : n € N} and condition (5) allow us to conclude
that the set {Tun/e, : n € N} is sequentially r-annullable and, hence, the sequence
(Tun)nen r-converges to zero.

(d) The implications (1) = (2) = (3) = (4) are obvious. We will show that
(4) = (1). Let (uq)aca be an arbitrary net in % r-convergent to zero with regulator
e € E. Then, for every natural n € N, there exists an index a(n) € A such that
|tta(n)| < €/n. Boundedness of the set {nuq(n) : 7 € N} and condition (4) allow us
to conclude that the set {Tnuq(,) : n € N} is semibounded, hence, infqea [Tuq | <
inf,en ITuo,(,,)l = infhen ITnua(,,)|/n =0 (see Theorem 5.3.1(d)). >

An operator T : % — 7V satisfying the conditions listed in items (a), (b),
(c), and (d) of the last theorem is called bounded, countably bounded, sequentially
bounded, and semibounded, respectively. Obviously, every bounded operator is
countably bounded, every countably bounded operator is sequentially bounded,
and every sequentially bounded operator is semibounded. We devote a large part
of this section to presenting examples which show that the four types of bounded-
ness of operators differ pairwise. Operators arising in each of the examples below

act from Banach spaces into K -spaces.

5.3.4. EXAMPLE. There exist a Banach space X, a universally complete
K-space F, and an operator T : X — F that is countably bounded but not
bounded.

We call a sequence (ai,as,...) of countable ordinals a, finitary if there is
an index n € N such that @, # 0 and a, = 0 for all m > n. In this case,
the number n is called the dimension of the sequence a and denoted by dim(a).
Denote the set of all finitary sequences of countable ordinals by A and endow it

with the lexicographic order by defining o < 3 if and only if, for some n € N, we
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have a; = B1, ..., Gn—1 = PBn-1, and a, < Pp. For all @, € A, we denote by
Ja, B[ the open interval {y € A: a <y < f}.

For every sequence a € A, assign
a+l:= (0(1, -+ +y Odim(a)—1> O¥dim(a) T 1,0,0,.. )

Consider o, € A. We say that « is a fragment of § and write a C S if o =
(B1, B2, - -+ Bdim(a)» 0,0,... ).

Lemma 1. For all o, € A, the following relations are equivalent:

(1) Je,a+1[N]B, 8+ 1[ # 2;

(2) lo,a+1{c]B,8+ 1 orJo,a+1[D]8,8+1];

(3) acBorBCoa.

< If dim(a) = dim(B) then the claim is obvious. For definiteness, assume
that dim(a) < dim(B). Therefore, if o < (f1,...,Bdim(a),0,0,...) then a + 1 < 3,
and if & > (B1,...,Bdim(a),0,0,...) then o > § + 1. In both cases, the intervals
la,a + 1] and |3, 8 + 1] are disjoint. The lemma is proven. >

Endow the set A with the order topology, for which {]a,[ : a,8 € A} is
a base of open sets. Denote by @} the Stone compactum of the Boolean algebra
Rop(A) of regular open subsets of A. Let U — U be an isomorphism of Rop(A)
onto the Boolean algebra Clop(Q) of clopen subsets of Q. Observe that Rop(4)
contains all intervals Ja, 8] (o, € A). For every sequence a € A, assign Q4 :=
Ja, @ + 1[" € Clop(Q) and denote the characteristic function of the subset Qo C Q@
by Xa- Thus, xo € C(Q).

Lemma 2. For every nonempty open set U C A and every n € N, there is
a sequence a € A such that dim(a) > n and |a,a+ 1[C U.

< By the definition of order topology, the set U includes some interval e, £,
@ < (. Assign m := min{s € N: o; < i} and k := max{m,n}. The sequence
(a1,...,ak,ap+1 + 1,0,0,...) is the desired one. >

Lemma 3. For every n € N, the relation
sup {la,a+1] : @€ 4, dim(a)2n} = 1
holds in the Boolean algebra Rop(A).

< The claim is immediate from Lemma 2. >
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Lemma 4. In the K-space Coo(Q) the sum fs := 0y, s dim(a)y, exists
for every countable subset S C A.

<4 The formula f(g) := },csdim(a)xq(g) defines a function f : Q — R.
According to [12: Chapter XIII, Theorem 2.32], in order to prove the lemma, it
is sufficient to establish that f~'(oco) is a meager subset of Q. Taking account of
Lemma 1, we conclude the following: if a point ¢ € Q satisfies f(q) = oo, then
there is a chain o C o® C ... C o™ C ... of pairwise different elements
in § such that ¢ € ey Qatm- Thus, f71(0) C N, en Uaes(n) @a> Where S(n) =
{a € §: dim(e) 2 n}. Consequently, the lemma will be proven if we establish that
int(), eyl UaES(n) Qo = 9, e, infnenSuP,eg(n) Qo = 0 in the Boolean algebra
Clop(Q) or, equivalently, inf,ey SUPaes(n)J@ @+ 1[ = 0 in the Boolean algebra
Rop(A).

Assume that the last equality does not hold. Then, according to Lemma 2,
there exists a sequence § € A such that the interval }8,8 + 1 is included in
SUP4es(n)|@, @+ 1[ for every n € N and, in particular, for n = dim(8) + 1. De-
note the set {y € S(dim(8) +1) : 18,8+ 1[N}y, v+ 1[ # @} by I'. Obviously,
18,8 + 1[ C sup,er J7,7 + 1[ and, consequently, for every sequence o < B+1, there
exists an element y € I such that v + 1 > a. However, Lemma 1 implies that Bis
a fragment of every element of I'; therefore, for all ¥ € T', we have

v+ 1= (ﬂlw . 7/6dim(ﬂ)77dim(ﬂ)+la +++ s Ydim(5) + 1707 07 .. )
< (/317 s 7ﬂdim(ﬂ)’7dim(ﬂ)+l + 17070’ e )
< (,31" .. 7ﬂdim(/3)’ sup (7('iim([3)+l + 1)’0707 .. ) < ﬂ +1,
Y €T

which easily yields a contradiction.

Let 2 be the vector space of all bounded functions z : A — R with countable
support {a € A : z(a) # 0}. Obviously, & is a Banach space with respect to
the uniform norm ||-|| , and a K -space with respect to the pointwise order.

Lemma 5. For every function © € &, the sum 0" , dim(a)z(a)yq exists
in the K-space Coo(Q).

< Denote by S the support of the function z € 2. Applying Lemma 4, we
have ) ., dim(a)z*(a)xa(g) € l|lz]| o fs(q) at every point ¢ € @, which implies
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the existence of the sum 0-y ¢ 4 dim(a)z¥ (@)x4 in Coo(Q). Similar arguments for
the function 2~ complete the proof of the lemma. >

We now begin defining the spaces X and F and the operator T. The Banach
space X is defined as the closure of the subspace of & constituted by all functions
with finite supports. As the K-space F, we take Coo(@). Finally, the operator
T : X — F is defined by the formula

Tz = o- Z dim(a)w(a)Xa,
a€A

in which the existence of the o-sum is guaranteed by Lemma 5.

The operator T is countably bounded. Indeed, if the norms of all the elements
of a countable subset X3 C X are bounded from above by a number A and S is
the union of the supports of all the functions in X, then, in view of Lemma 4, we
have |Tz| < Afs for all ¢ € X,. Thus, the operator T satisfies condition (b)(6)
of Theorem 5.3.3, i.e., it is countably bounded.

We show that the operator T is not bounded. For every sequence o € A, denote
the characteristic function of the singleton {a} C A by z4. If the set {Tz:z € X,
llzll . < 1} had an upper bound in the K-space F, then, according to Lemma 3,
for every n € N we should have

sup{Tz:z € X, ||z||,, € 1} 2 sup{Tzq: @ € 4, dim(a) > n}
> sup{nyx. : a € 4, dim(a) > n} =nlp,

where 1p is the identical unity. Thus, the operator T does not satisfy condition
(a)(5) of Theorem 5.3.3, i.e., it is not bounded.

5.3.5. EXAMPLE. There exist a Banach space X, a K -space F', and an operator
T : X — F that is sequentially bounded but not countably bounded.

< Endowing the vector space cg of vanishing numeric sequences with the uni-
form norm |-||, we obtain a Banach space to be denoted by X. On the other hand,
endowing the space ¢g with pointwise order, we obtain a K -space which we denote
by F. Consider the identity mapping T : ¢y — cg as an operator from X into F.
For every natural n € N, denote by e, the characteristic function of the subset
{n} C N. The operator T is not countably bounded, since it takes the bounded
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countable subset {e, : n € N} of the Banach space X into an unbounded subset of
the K-space F' (see (b)(6) of Theorem 5.3.3).

We will show that the operator T is sequentially bounded by using criterion
(¢)(3) of Theorem 5.3.3. Consider an arbitrary sequence (2, )nen in X convergent
in norm to zero and define a sequence z by the formula z(m) = sup,cy |zn(m)|
(m € N). It is sufficient to show that z(m) — 0 as m — oco. Fix an arbitrary
number ¢ > 0. Let a number 72 € N be such that ||z,|| < ¢ for all n > 72 and let
m € N be such that (|z1|V [z2| V-V [za[)(m) < € for all m > m. Then z(m) < ¢
forallm>m. >

5.3.6. EXAMPLE. There exist a Banach space X, a universally complete
K -space F, and an operator T : X — F that is semibounded but not sequentially
bounded.

<t Denote by A the set of all finite sequences of unities and zeroes: A :=
{(6(1),...,8(n)) : n € N, §(i) € {0,1}}. Enumerate the elements of the set A,
listing first all the sequences of length 1, then of length 2, etc.:

b :=(0), & :=(1)
b3 :=(0,0), & :=(0,1), & :=(1,0), & :=(1,1);

627!_1 :=(0,0,...,0), 62" :=(0,0,..‘,1), ceey 62n+1_2 ::(1,1,...,1);

For every element § = (6(1),...,8(n)) € A, denote by I; the following interval of

the real line:

[65_})4’%%)-{---'4-65:), %4—6—53—)_{....4_55:)4_2%]'

By way of explication, we observe that
Iy=0, Iy=1, I,=0}, I,=1% Iy, =1I%, Ij,=1I% ...,

where I, are the intervals considered in 5.3.2.
Denote by X the Banach space £'(A) of summable functions z : A — R
with the norm |[[z]| = } 5.4 [2(6)| and define F to be the K-space M([0,1]) of
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cosets of real-valued Lebesgue-measurable functions on the interval [0,1]. For ev-
ery element § € A, denote by fs the characteristic function of the interval I
and by f5 the coset in M([0,1]) that contains the function f5. Define the op-
erator T : X — F by the formula Tz = o) ;e 29™%2(8)f5, where dim$ is
the length of a sequence §. The last o-sum exists, since the corresponding pointwise
SUm Y 5cn 24im 8 (6) f5 is, obviously, measurable and the integral of its modulus is
equal to Y sen 2478 |2(6)| p(Is) = Ysen |2(6)| = ||z|| and, hence, is finite. Thus,
J |Tz| = ||z||, which immediately implies semiboundedness of the operator 7.

We show that the operator T constructed is not sequentially bounded. For ev-
ery element § € A, denote by €5 the characteristic function of the singleton {6} C A.
Then the sequence (27 4im é» egn)n €N

(fén)n eN with respect to the operator T does not r-converge to zero. >

converges in norm to zero; however, its image

5.3.7. Let % and ¥ be LNSs over respective vector lattices E and F. A pos-
itive operator S: E — F is said to be a dominant of an operator T: % — V if
|Tu] < Slu] for all u € % . An operator possessing a dominant is called dominated.
The totality of all dominated operators from % into ¥ is denoted by M(%Z, V).
Obviously, M(% , V) is a vector subspace of the space of all linear operators from %
into V.

Proposition. Let E and F be vector lattices and let % and ¥ be LNSs.
(1) An operator T: E — F is regular if and only if it is dominated.
(2) If an operator T: % — ¥ is dominated then it is bounded.

(83) If F is a K-space and an operator T: E — F is bounded then it is
dominated (= regular).

< Assertions (1) and (2) are obvious. A proof of (3) is presented in [12:
VIIL.1.27; 10: Theorem VIIL.2.2]. >

REMARK. A bounded operator need not be dominated. Indeed, by endowing
the vector space £*° of bounded numeric sequences with coordinatewise order, we
obtain a K-space (hence, a BKS) which is denoted by %. On the other hand, by
endowing £°° with the uniform norm, we obtain a Banach space (hence, a BKS)
which is denoted by ¥". Then the identity mapping of £°° onto itself, as an operator
from % into ¥, is bounded but not dominated.
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5.3.8. Theorem [16]. Let % be an LNS over E and let ¥ be an LNS over F.

(1) Every dominated operator T: % — V¥ possesses a least dominant (With
respect to the order of the vector lattice M(E, F) of regular operators), denoted
by |T| and called the ezact dominant of T.

(2) If ¥ is a BKS then the mapping |-|: T — |[T| is a decomposable
M(E, F)-valued norm on M(% ,7") under which M(%,V’) is a BKS.

5.3.9. Theorem [16]. Consider a BKS % over E, an LNS ¥ over F, and

a linear operator T: % — V. For each positive element e € E, assign

T¢(e) == {ITusl + - + | Tual : wi € Z, |l + -+ |unl < e},
T-(e) :={|Tur|+ -+ |Tun] : vi €%, lur] + -+ |un]| =€},

Ti(e):={|Tuil + - +|Tun] : ui € % are pairwise disjoint,
[ur] + -+ + Jun] < e}

The operator T is dominated if and only if, for every positive element e € E,
one (hence, each) of the sets T¢(e), T=(e), or Tyi(e) is bounded. In this case,
|T|e = supT¢(e) = supT=(e) = sup Ty (e) for all e > 0.

5.4. The Shadow of an Operator

Our main tool for studying disjointness preserving operators is the so-called
shadow, a ring homomorphism in Boolean algebras which is generated by the action
of the operator on bands. Many properties of an operator are expressible in terms

of its shadow. In particular, this is true of certain questions of continuity.

5.4.1. Let % and ¥ be LNSs. An operator T: % — ¥ is said to be dis-
joininess preserving whenever uy L us implies Tuy L Tus for all uy,us € Z. It is
not difficult to become convinced that every disjointness preserving positive oper-
ator in K-spaces is a lattice homomorphism. The following assertion shows that
all disjointness preserving operators, not only positive, are closely related to lattice

homomorphisms.

Theorem. Let E be a vector lattice, let F be a K-space, and let T: E — F
be a regular disjointness preserving operator. Assign p := (T*[E"]), where E* =
{e € E: e >0}. Then the operators poT and —poT are lattice homomorphisms.
In particular, T = (p — p1)|T|.
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< The claim follows directly from [21: Theorem 3.3]. >

In the sequel, we repeatedly use the last theorem in order to reduce considera-
tion of an arbitrary regular disjointness preserving operator to the case of a positive

operator.

5.4.2. The shadow of an operator T: % — ¥ is the mapping h: Pr(%) —
Pr(7) defined by the formula h(7) = sup,cq (T7u). In other words, h(r) =
(T[r%)).

Proposition. A linear operator in LNSs is disjointness preserving if and only

if its shadow is a ring homomorphism.

< Only necessity requires proving. Assume that a linear operator T: % — ¥
in LNSs % and ¥ is disjointness preserving. Without loss of generality, we may
assume that (imT)"" = ¥. Prove that the shadow h: Pr(%) — Pr(¥) of T is
a Boolean homomorphism. To this end, use Proposition 5.1.2. Let (71,72, 73) be
a partition of unity in the algebra Pr(%). Then

h(my) Ah(my) = sup (Tmiur) A sup (Tmaug) = sup (Tmug) A (Tmoug) =0,
u 1 E% u EU uy,u €%

i.e., h(my) L h(my). The relations h(m;) L h(m3) and h(my) L h(m3) can be estab-

lished similarly. Moreover,

A(m1)V h(ma)V h(ns) =  sup  (Tmiu) V(Tmous) V (Tmsus)
u1,U2,u3€
= sup <T(7r1u1 + moug + 7r3u3)> = sup (Tu) = 1,
u1,u2,u3€¥ wEY

whence it follows that (h(w),h(m2), h(m3)) is a partition of unity in the algebra
Pr(7). >

5.4.3. Proposition. Consider LNSs % and ¥, a linear operator T: % — ¥V
and a ring homomorphism h: Pr(%) — Pr(¥). The following assertions are
equivalent:

(1) h dominates the shadow of T (see 5.1.4);

(2) (Tu) < h(u) for all u € %;

(3) Tmu = h(x)Tu for all u € % and 7 € Pr(%).
If, in addition, h(l) = (imT) then each of conditions (1)~(3) is equivalent to
coincidence of the shadow of T with h.
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< The implications (3)=>(1)=(2) are obvious. Assume (2) to be satisfied
and prove (3). Fix arbitrary elements v € % and 7 € Pr(%). From (2) it follows
that Tnu and Tr1u are disjoint. Consequently, there exist a projection p € Pr(%)
such that T7u = pTu and Trtu = p1Tu. In order to ensure the equality pTu =
h(m)Tu, it is sufficient to show that p(Tu) = h(r)(Tu). The relations p(Tu) =
(Tru) < h(r) imply the inequality p(Tu) < h(7)(Tu). One can establish similarly
that p1(Tu) < h(n1)(Tu). The two last inequalities directly imply the equality
p{Tu) = h(m)(Tu).

According to Proposition 5.1.4, condition (1) and the equality A(1) = (im T
imply that the shadow of T coincides with h. >

5.4.4. Proposition. Let T be a dominated operator acting from a BKS into
an LNS. Then the shadows of T and |T| coincide.

< Let an operator T acts from a BKS % over FE into an LNS ¥ over F. De-
note the shadow of T' by ht and the shadow of | T| by hyr|. Of course, coincidence
of the functions hr: Pr(%) — Pr(¥) and hyr|: Pr(E) — Pr(F') is understood
with the identifications Pr(%) = Pr(E) and Pr(¥) = Pr(F) taken into account
(see 1.6.3). The inequality hr(r) < hyri(r) (v € Pr(E)) is obvious. To prove

the reverse inequality, it is sufficient to observe, that the conditions
e€E, n€Pr(E), uy,...,un €%, Jui]+--+|un] < we
imply
({Tur]+- - +1Tunl) = (|Trus |+ - +|Trugl) = (Trur) V-V (Tru,) < hp(n),

and to use the formula |T|re = sup T¢(we) (see 5.3.9). >

Corollary. A dominated operator T from a BKS into an LNS is disjointness

preserving if and only if its exact dominant |T| is disjointness preserving.

5.4.5. Let % and ¥ be LNSs and let h: Pr(%) — Pr(7) be a ring homomor-
phism. Following the general rule (see 5.1.1), we say that the mapping T: % — ¥
is h-o-continuous whenever h—lig{i uq = u (see 5.2.12) implies o- lié% Tuq = Tu for

every net (uq)aea in % and every u € %.
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Theorem. Let E and F be K-spaces. Every disjointness preserving operator

T: E — F is h-o-continuous, where h is the shadow of T.

< Since the shadow of |T| coincides with the shadow of T' (see Proposi-
tion 5.4.4), we may assume that the operator T is positive. To prove h-o-con-
tinuity of T, it is sufficient to consider a net (eq)aeca in E, which is h-convergent
to zero, and to show that o-iigi Te, = 0. Asymptotic boundedness of the net
(Teqa)aea follows from that of (eq)qea and from boundedness of T. According to
Lemma 5.2.10(2), o-convergence of Te, to zero will be established if we prove that
O'li£<Te><Te“ > Te/n) = 0 for all e € F and n € N. The latter relation can be

obtained as follows:

(Te)(Teq > Te/n) = (Te){(T(ea — e/n)) ™) = (Te)(T((ea — e/n)t))
< h((e))h{{(ea — e/n)")) = h({e){ea > ¢/n)) 2 0. >

Corollary. Every disjointness preserving dominated operator from a BKS

into an LNS is h-o-continuous, where h is its shadow.

< The claim follows from Proposition 5.4.4 and the last theorem. >

REMARK. It is sometimes useful to take the following fact into account (the
fact follows directly from the last assertion): if % is a BKS, ¥ is an LNS, and
a ring homomorphism h: Pr(%’) — Pr(¥) dominates the shadow of an operator
T: % — V¥, then the latter is h-o-continuous.

5.4.6. Corollary. The following properties of a disjointness preserving dom-
inated operator T from a BKS into an LNS are equivalent:

(1) T is (sequentially) o-continuous;

(2) 1T is (sequentially) o-continuous;

(3) the shadow of T is (sequentially) o-continuous.

Countable and sequential o-continuity of the operator T are equivalent.
< It is sufficient to combine 5.4.4, 5.1.3, 5.2.12, and 5.4.5. >
5.4.7. Corollary. Consider a BKS % and an LNS ¥ and assume that

the shadows of two dominated operators S,T: % — ¥ are dominated by the same
ring homomorphism h: Pr(% ) — Pr(¥). If S and T coincide on some h-approxi-
mating subset of % (see 5.2.14) then they coincide on the entire % .
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< The claim follows from Remark 5.4.5 and Propositions 5.2.16 and 5.2.17. >

5.4.8. Proposition. Let % be an LNS over E, let ¥ be a vector subspace
of F, let % let %, Ty: % — V¥ be a linear operator, let S: E — F be a dis-
jointness preserving positive operator, and let h: Pr(E) — Pr(F) be the shadow
of S. Denote by h%, the LNS of all elements of % that are h-approximated by %,
(see 5.2.14, 5.2.15). Assume that | Toug| < Sluo| (respectively, | Touo| = Sluol) for
all ug € % . Then there exists a unique linear extension T: h%y — ¥ of the op-
erator Ty such that |Tu| < S|u| (respectively, |Tu| = S|ul) for all u € h%,.

< First, we prove the assertion about extension with the inequality preserved.
r e Pr(%) and ug € % are such that mug = 0, then h(m)Toue = 0, since
h(m)| Touo| € h(m)S|ug| = S7|uo| = 0. This fact implies that the following defini-

tion of an operator Ty is sound:

T, (i Wiug) = i h(mi)Tou;
=1 i=1

(7(,- € Pr(% ) are pairwise disjoint, u; € %),

which extends Ty onto ds,% and satisfies the inequality ITgul < Slu| for all
u € dan%. In view of Proposition 5.2.15, for every u € h%4, there exists a net
(4a)aea in din% that is h-convergent to u. From the inequality IToua -~ ToUﬂI <
Slua - uﬂl and h-o-continuity of S (see 5.4.5) it follows that the net (Toua)aeA 1s
o-fundamental. Since the LNS ¥, is o-complete, it contains an o-limit of the net.
Obviously, the limit depends only on u and, therefore, can be denoted by Tw. It is
not difficult to become convinced that the operator T: h% — ¥ thus obtained is
the desired one. Uniqueness of the extension constructed is ensured by its h-o-con-
tinuity inherited from S.

Assume now that |Toug] = Slue] for all vy € 2. In view of what was
proven above, there exists an extension T': h%4 — ¥ of the operator T, such that
|Tu| < Slu] for all u € h%p. For every ug € % and 7 € Pr(%'), the relations

Sluol = |Tuo| = |Truo| + lTﬂ'"‘uoI < Slrue] + Sleuol = Sluo|

and the inequalities |T7uo| < S)rug| and |T7rLu0| < Slwluol imply |Truo| =
S}muol. Since ug € % and 7 € Pr(% ) were chosen arbitrarily, we have |Tu| = S|u|
for all u € dga%. The equality |Tu| = S|u| for all u € h% is now deduced from
what was proven with the help of Proposition 5.2.16. >
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Corollary. Let % be an LNS over E, let ¥ be a BKS over F, let % be
an approximating vector subspace of %, let To: % — ¥ be a linear operator,
and let S: E — F be a disjointness preserving o-continuous positive operator.
Assume that |Toug| < S|uo] (respective]y, |Touo] = Sluol) for all ug € %. Then
there exists a unique linear extension T: % — V of Ty such that |Tu| < S|u|
(respectively, |Tu| = S|ul) for all u € %.

5.4.9. If D is a subset of a K-space E then |D| denotes the set {|d|: d € D},
and lin|D| stands for the linear span of |D|. The smallest ideal of E that contains D
is conventionally denoted by Ep.

Lemma. Let E be a K-space, let D be a subset of E, let ¥ and # be
arbitrary LNSs over the same K-space F, and let S: E — ¥ and T: E - W
be dominated operators. Assume that the shadows of S and T are dominated
by the same ring homomorphism h: Pr(E) — Pr(F') and denote the h-closure of
the ideal Ep by hEp.

(1) If ¥ =¥ and the operators S and T coincide on D, then they coincide
on hEp.

(2) If |Se| = |Te] for all e € lin|D| then |Se| = |Te| for all e € hEp.

< We only prove assertion (1), since (2) can be proven similarly and even
easier. Assume that the operators S and T meet all the hypotheses of the lemma
and coincide on D. We will prove coincidence of S and T on hEp in several steps.
(a) Suppose that e € | D}, i.e., e = |d| for some d € D. Then

Se = S(d*)d + S{d~)d = h((d*))Sd + h({(d™))Sd
=h((d*))Td + h((d"))Td = T(d*)d + T{d")d = Te.

(b) From (a) it follows that the operators S and T coincide on the set lin|D].

(c) Let e be a d-step element of E with d € lin|D|, i.e.,e = Y"1 m;A;d for some
numbers A; and pairwise disjoint projections m; € Pr(E). Then, in view of (b), we
have

Se = Z S(ﬂ',‘/\,'d) = Z /\,'h(m)Sd = E /\,'h(’lr,')Td = i T(ﬂ','/\,'d) =Te.
=1 i=1 =1 =1
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(d) Suppose now that e € Ep. Then |e| < d for some d € lin|D|. In view
of 5.1.6, there exists a sequence (en)nen of d-step elements of E that is r-conver-
gent to e. According to (c), the operators S and T coincide on the elements e,.
Therefore, using r-continuity of S and T, we arrive at the equality Se = Te.

(e) Finally, if e is an arbitrary element of hEp then the equality Se = Te
follows from (d) and h-o-continuity of S and T. >

Corollary. Let % be a BKS over E, let D be a set of positive elements in E,
let ¥ and # be arbitrary LNSs over the same K-space F, and let S: % — V
and T: % — W be dominated operators. Assume that the shadows of S and T
are dominated by the same ring homomorphism h: Pr(E) — Pr(F) and denote
by hEp the h-closure of the ideal Ep.

(1) If ¥ = # and the operators S and T coincide on the set {u € % : |u| € D}
then they coincide on the set {u € % : |u| € hEp}.

(2) If|Sul = |Tu]| for all w € % with norm |u| € linD then |Su| = |Tu]| for
all w € % with norm |u| € hEp.

< Prove assertion (1) (assertion (2) can be proven similarly). Assume that
the operators S and T meet all the hypotheses of the corollary and coincide on
the set {u € % : |u] € D}. Consider an arbitrary element u € % with norm
|u] € hEp and establish the equality Su = Tu.

Fix an order unit 1 in the universal completion E of the K-space E, introduce
the corresponding multiplication in E and endow the universal completion % of %
the structure of a module over E (see Corollary 5.1.12). Let @ be an element of %
such that |#] = 1 and u = |u]a. Consider operators S,,T,: E — ¥ acting by
the rules Sye = S(eu) and Tye = T(eu). 1t is clear that the shadows of S, and T,
are dominated by the homomorphism h and the operators themselves coincide on D.
Therefore, according to assertion (1) of the last lemma, the operators S, and T,

coincide on hEp. In particular, Su = Sylu| = Ty|u] = Tu. >

5.4.10. As is seen from the following theorem, all the four types of bounded-
ness introduced in 5.3.3 coincide for each disjointness preserving operator defined

on a vector lattice.

Theorem. Let E be a vector lattice and let ¥ be an LNS. The following

properties of a disjointness preserving operator T: E — ¥ are equivalent:
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(1) T is bounded;

(2) T is countably bounded;

(3) T is sequentially bounded,;

(4) T is semibounded;

(5) if e1,e2 € E and |e;| < |ez| then |Tey| < |Tez|.

< The implications (5)=>(1)=(2)=(3)=>(4) are obvious. The proof of The-
orem 2.1 in [37] that establishes the implication (4)=(5) is presented for the case

¥ = E; however, it remains valid for an operator with values in an arbitrary

LNS. >
The proof of the implication (4)=>(5) becomes particularly simple and clear in

the case when E possesses the principal projection property (for instance, when E
is a K,-space). Indeed, assume that an operator T meets condition (4), fix ar-
bitrary elements €;,e; € E satisfying the inequality |e;| < [e2], and denote by S
the set {31, midilea| : m € Pr(E), |A:] < 1}. It is not difficult to become con-
vinced that |T's| < |Tey| for all s € S. Moreover, in view of 5.1.6, there exists
a sequence (sp)nen Of elements in S that is r-convergent to e; with regulator |es].
Condition (4) together with the relations |Te;| < |Ter — Tsn| + [Tez| (n € N)
now yields the desired inequality |Te;| < |Teq].

5.4.11. The analog of Theorem 5.4.10 for operators defined on LNSs is not
true. Moreover, all the four types of boundedness are pairwise different for this
class of operators. Indeed, every normed space is an LNS over R and every linear
operator from a normed space into an arbitrary LNS is disjointness preserving.
Consequently, operators considered in Examples 5.3.4-5.3.6 act from BKSs into
BKSs and are disjointness preserving.

5.4.12. Lemma. Let % be a BKS over E, let ¥ be an LNS, let T: % -V
be a disjointness preserving semibounded operator, and let e be a positive element

of E. For each u € % satisfying the inequality |u| < e, there is an element @ € %
such that |@]| = e and |Tu| < |Tal.

<1 Suppose that |u] < e. Due to the equality {ju] : v € ¥} = {e € E :
e > 0}, we do not restrict generality by assuming that (u) = (e). Obviously,
the product (e'/|u])u is defined in % for all ¢’ € E (see 5.1.12). Define an operator
S: E — ¥ by the formula S(¢') = T((¢'/]u|)u) and assign 4 := (e/|u])u. It is easy
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to see that the operator S is disjointness preserving and semibounded. According
to Theorem 5.4.10, the operator S meets condition 5.4.10(5). This allows us to
conclude that |Tu| = S]u| < Se = |Tu|. It remains to observe that |u] =e. >

Proposition. Let % be a BKS over E and let ¥ be an LNS. A disjointness
preserving operator T: % — V is dominated if and only if it is bounded. Fur-
thermore, |T|e = sup{|Tu|: u € %, |u| < e} = sup{|Tu| : u € %, |u| = ¢} for
all positive e € E.

< For an arbitrary positive element ¢ € E, the equality |T|e = sup{|Tu] :
u € %, |u| < e} is easily deduced from the criterion 5.3.9 involving the set T (e).

It remains to employ the lemma proven above. >

The last result does not provide any new information about operators in vector
lattices, since dominatedness and boundedness are always equivalent for operators
with values in a K-space (see Proposition 5.3.7(3)). However, an analog of the last

proposition is true in the case of vector lattices:

Theorem [38]. Let E and F be arbitrary vector lattices. A disjointness

preserving operator T: E — F is regular (= dominated) if and only if it is

bounded.

5.4.13. As was noted in 5.4.11, countable boundedness is not sufficient for
boundedness of a disjointness preserving operator. It is interesting to clarify which
(easily verified) additional assumptions yield boundedness of operators bounded in
a weaker sense. Leaving this question open, we only formulate one corollary to

Lemma 5.4.12 which is a small step in the indicated direction.

Proposition. Let % be a BKS over E and let ¥ be an LNS over F. A dis-
jointness preserving operator T: % — V¥ is bounded if and only if it is semi-
bounded and, for every positive element e € E, the set {|Tu| :u € %, |u| =€} is
order-bounded in F.

Note that any semibounded disjointness preserving operator defined on a vector
lattice obviously meets the hypotheses of the last proposition. This allows us to

consider Proposition 5.4.13 as a generalization of Theorem 5.4.10.

5.4.14. One of the main results concerning disjointness preserving operators
provides their representation as sums of certain special operators taking pairwise

disjoint values (see Section 5.7). Here we pay attention to such sums.
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Lemma. Let % and ¥V be LNSs and let S,T: % — ¥ be linear operators.
The following assertions are equivalent:

(1) Su L Tu for all u € %;
(2) Suy L Tuy for all uy,u; € %, ie.,imS L imT.

< Only the implication (1)=(2) requires proving. Let u; and u; be arbitrary
elements of %. The relations Su; L Tu; and Suz L Tus imply:

IS'U,1| A IT'U,2| = |Su1| A |Tu1 +TU2 < lT(u1 + uq I
IS'U,1| A |Tu2| = |Su1 +SU2| A ITU2 < IS Uy +U2)l

It remains to observe that S(u1 + u2) L T(u1 + u2). >

Operators S and T that meet each of the equivalent conditions (1) or (2) are
called strongly disjoint. Let % and ¥ be LNSs and let (T¢)¢ez be a family of linear
operators from % into 7. We say that an operator T: % — ¥ is decomposable
into the strongly disjoint sum of operators T (and write T = @ teE T&)a whenever
the operators T are strongly disjoint and, for every u € %, the relation Tu =
0-) ¢z Teu holds.

Assume that T = Dz T¢ and assign p¢ := (im T¢) for each { € E. According
to the lemma, the projections pg are pairwise disjoint; therefore, for all £ € =
the equality T; = p¢ o T holds. In particular, this implies that the strongly disjoint
sum Pcz T is disjointness preserving if and only if so is each summand T.

5.5. Orthomorphisms

This section is devoted to one of the simplest classes of disjointness preserv-
ing operators, the class of band preserving operators. Simplicity of such operators
notwithstanding, the question about their regularity (= order boundedness) is far
from trivial. It is known that all band preserving operators in a universally com-
plete K-space are regular if and only if the K-space is locally one-dimensional.
However, it seems to have been unknown so far whether there exist nondiscrete
locally one-dimensional K-spaces. In the present section we give a positive an-
swer to the question. As an auxiliary result, we establish that a K-space is locally
one-dimensional if and only if its base is o-distributive.

Throughout the section, G is a universally complete K-space with a fixed order
unity 1g, @ is the Stone compact space of the Boolean algebra Pr(G) (recall that
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this algebra is the base of G), E and F are order-dense ideals of G, and % and ¥ are
LNSs over E and F, respectively. We introduce a multiplication in the K-space G
which makes it a commutative ordered algebra with unity 1g (see 5.1.12). Recall
also that we identify the Boolean algebras Pr(G), Pr(E), Pr(F), Pr(% ) and Pr(¥).
A subset of a Boolean algebra with supremum unity is called a cover of the algebra.
A cover constituted by pairwise disjoint elements (i.e. a partition of unity) is referred

to as a partition of the algebra for brevity.

5.5.1. An element g € GV is called locally constant with respect to an f € G¥,
ifg= V&eE Aeme f for some numeric family (A¢)eez and a family (mg)eez of pair-
wise disjoint band projections. A universally complete K-space G is called locally
one-dimensional if it satisfies one of the following equivalent conditions (see [37:

Theorem 3.1]):

(1) all elements of G* are locally constant with respect to some order unity
of G;

(2) all elements of G* are locally constant with respect to every order unity
of G;

(3) for every function g € Coo(Q), there exists a partition (Ug)eez of the alge-
bra Clop(Q) such that the function ¢ is constant on each of the sets U,.

5.5.2. A linear operator T: G — G is said to be band preserving if, for all
f.g € G, from f L g it follows that T'f L g.

The following statement combines a result of Yu. A. Abramovich, A. 1. Veksler,
and A. V. Koldunov ([3: Theorem 2.1]) and that of P. T. N. McPolin and A. W. Wick-
stead ([37: Theorem 3.2]).

Theorem. Let G be a universally complete K-space. Every band preserving

operator T: G — G is regular if and only if G is locally one-dimensional.

In order to avoid misunderstanding, while reading the articles [3] and [37], one
should be aware of the following two circumstances. First, despite of the fact that
an arbitrary nondiscrete K-space is mentioned in the statement of Theorem 2.1
of [3], the proof of the theorem is given only for locally one-dimensional K-spaces.
Second, the example of a nondiscrete locally one-dimensional K-space presented
in [37] contains an error, which was recently reported by A. W. Wickstead in the ar-
ticle [22]. Thus, the question whether every locally one-dimensional K-space must

be discrete (i.e. have an atomic base) seems to have been open so far.
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5.5.3. The notion of locally one-dimensional K-space admits the following
Boolean-valued interpretation. (For an explanation of the main notions of Boolean-
valued analysis, we refer the reader to Chapter 1 of the present book and to the sec-
ond part of the monograph [15].) Let B be a complete Boolean algebra, let # be
the field of reals inside V(&) and let R” be the canonical embedding of R into V{(B),

Theorem. The equality R* = & holds if and only if the descent of # is
a locally one-dimensional K-space.

< Knowing the general structure of the descents of objects that have the form
X", it is easy to deduce the stated assertion from E.I. Gordon’s theorem 1.3.2 (see
also [15: 3.1.1(1), 5.2.1, and 5.2.2]). >

From private conversations with colleagues, the author of the present chapter is
aware that, among the specialists in the domain of Boolean-valued analysis, the su-
perstition is rather popular of atomicity of all Boolean algebras B that provide
the equality R* = 2 in VB, Thus, the question about the connection between
discrete and locally one-dimensional K-spaces has a rather wide domain of appli-
cations, at least including vector lattices, positive operators, and Boolean-valued
analysis.

After a certain preliminary discussion of the main notions, we give an example
of a purely nonatomic locally one-dimensional K-space. Due to Theorem 5.5.2, we
shall thus obtain a purely nonatomic universally complete K-space G, for which all
band preserving operators T: G — G are regular. Due to Theorem 5.5.3, we shall

have a purely nonatomic complete Boolean algebra B, for which R* = Z in V&),

5.5.4. A o-complete Boolean algebra B is called o -distributive if it satisfies

one of the following equivalent conditions (see [18: 19.1]):

(1) /\nEN VmEN b7 = Vimenn /\neN b%(n) for all b7, € B (n,m € N);

(2) Vaen Amen b = Amen Vioen b"m(n) for all b, € B (n,m € N);

(3) Veept,~1pvNnené(n)bn = 1 for all b, € B (n € N), where 1b, = by
and (—1)b, is the complement of by,.

5.5.5. Let B be an arbitrary Boolean algebra and let C be a cover of B.
A subset Cy of the algebra B is said to be refined from C if, for each ¢q € Cy, there
exists a ¢ € C such that ¢y € ¢. An element b € B is called refined from C if the set
{b} is refined from C, i.e., b < ¢ for some element ¢ € C. If (Cy )nen is a sequence of
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covers of the algebra B and an element b € B is refined from each of the covers C,
(n € N), then we say that b is refined from the sequence (Cyr)nen. We also refer
to a cover, all elements of which are refined from the sequence (Cp)nen, as refined

from the sequence.

Proposition. Let B be a o-complete Boolean algebra. The following asser-

tions are equivalent:

(1) the algebra B is o-distributive,

(2) from every sequence of countable covers of B, one can refine a (possibly,
uncountable) cover;

(3) from every sequence of finite covers of B, one can refine a (possibly,
infinite) cover;

(4) from every sequence of two-element partitions of B, one can refine a cover.

<1 A proof of the equivalence (1)<(2) can be found in [18: 19.3]). Asser-
tion (4) is a reformulation of condition (3) in the definition of o-distributivity.
The implications (2)=>(3)=>(4) are obvious. >

Corollary. Let B be a complete Boolean algebra. The following assertions

are equivalent:

(1) the algebra B is o-distributive;

(2) from every sequence of countable partitions of B, one can refine a (pos-
sibly, uncountable) partition;

(3) from every sequence of finite partitions of B, one can refine a (possibly,
infinite) partition;

(4) from every sequence of two-element partitions of B, one can refine a par-

tition.

< The claim follows from the last proposition in view of the exhaustion prin-
ciple. >

5.5.6. We say that a function ¢ € Coo(Q) is refined from a cover C of the
Boolean algebra Clop(Q) if, for every two points ¢',¢" € Q satisfying the equality
g(¢') = g(¢"), there exists an element U € C such that ¢',¢" € U. If (Cp)nen is
a sequence of covers of the algebra Clop(@Q) and a function g is refined from each

of the covers C;, (n € N), then we say that g is refined from the sequence (Cp)nen.
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Lemma. From every sequence of finite covers of the algebra Clop(Q), one

can refine a function of C(Q).

< Let (Cp)nen be a sequence of finite covers of the algebra Clop(@). With
the help of induction, it is not difficult to construct a sequence of partitions P, =

{U, U, ..., Ufs} of the algebra Clop(Q)) possessing the following properties:
(1) for every n € N there is a number m € N such that the partition P, is

refined from the cover Cj;
(2) Ur = Uz";f% v UZ";'H forallm € Nand j € {1,2,...,2™}.
For each number m € N, define a two-valued function x, € C(Q) as follows:

2m—1

Xm = Z x(U3),
i=1
where x(U) is the characteristic function of a subset U C Q. Since the series
Y om=1 3 Xm is uniformly convergent, its sum g belongs to C(Q). We will show
that the function g is refined from (Cp)nen. Due to property (1) of the sequence
(Pm)men, it is sufficient for this to establish that the function g is refined from
(Pm)men-

Assume the contrary and consider the smallest number m € N, for which
the function ¢ is not refined from the partition P,. In this case, there are two
points ¢',¢" € Q that satisfy the equality g(¢') = ¢(¢") and belong to distinct
elements of Pp,. Since the function ¢ is refined from the partition Pp,—y (for m > 1),
from property (2) of the sequence (Pm)men it follows that the points ¢' and ¢"”
belong to adjacent elements of Pp, i.e. elements of the form U and U}, where
j € {1,...,2™ — 1}. For definiteness, suppose that ¢’ belongs to an element with
even subscript and ¢” with odd one, i.e., xm(¢') = 1 and xm(g") = 0. Therefore,
taking into account the fact that xi(¢') = xi(¢"") foralli € {1,...,m — 1}, we have:

oo} o0

' " 1 1 ! " 1 1 1
- = — —{x: — Xi 2 — - a1 — 9
9(¢) - 9(¢") = 3o + ign;l 3 (6(d) = xi(e") > 57 i=;{-l 3 =537 >0

which contradicts the equality ¢(¢') = ¢(¢"). >

5.5.7. Theorem. A universally complete K-space is locally one-dimensional
if and only if its base is o-distributive.
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< Let G be a universally complete K-space and let @ be the Stone com-
pact space of its base. Suppose that G is locally one-dimensional and consider
an arbitrary sequence (P, )nen of finite partitions of the Boolean algebra Clop(Q).
According to Corollary 5.5.5, in order to prove o-distributivity of the base of G,
it is sufficient to refine a cover of Clop(Q) from (P, )nen. In view of Lemma 5.5.6,
one can refine a function g € Coo(Q) from the sequence ( Py, )nen. Since G is locally
one-dimensional, there exists a partition (Ug )eez of the algebra Clop(Q) such that
the function ¢ is constant on each of the sets Ug. Show that the partition (Ug)ee

1] m

is refined from the sequence (Pp)nen. To this end, we fix arbitrary indices £ € =
and n € N and establish that the set U is refined from the partition P,. We may
assume that Us # @. Let go be an element of U;. Finiteness of the partition P,
allows us to find an element U of it such that go € U. It remains to observe that
Ue C U. Indeed, if ¢ € Ug then g(g) = g(go) and, since the function g is refined
from P,, the points ¢ and ¢, belong to the same element of the partition Py, i.e.,
geU.

Now, assume that the base of G is ¢-distributive and consider an arbitrary
function ¢ € Coo(Q). According to condition (3) of the definition of a locally one-
dimensional K-space, it is sufficient to construct a partition (Ug )¢cz of the algebra
Clop(@) such that the function g is constant on each of the sets Ug. For every
natural n and every integer m, denote by U the interior of the closure of the set of
all points ¢ € Q for which 2 < g(¢) < ™ and define P, := {U} : m € Z}. Due
to Corollary 5.5.5, from the sequence (Py)aen of countable partitions of the alge-
bra Clop(@), one can refine some partition (Ug)ee=. It is not difficult to become
convinced that the partition constructed is the desired one. ©

Thus, the question about existence of a purely nonatomic locally one-dimen-
sional K-space is reduced to existence of a purely nonatomic o-distributive complete
Boolean algebra. The remainder of the note is devoted to constructing such an al-
gebra.

5.5.8. A Boolean algebra B is called o -inductive if every decreasing sequence
of nonzero elements of B admits a nonzero lower bound. A subalgebra By of
a Boolean algebra B is said to be dense if, for every nonzero element b € B, there

exists a nonzero element by € By such that by < b.

Lemma. If a o-complete Boolean algebra contains a o -inductive dense sub-
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algebra then it is o-distributive.

< Let B be a o-complete Boolean algebra and let By be a o-inductive dense
subalgebra of B. Consider an arbitrary sequence (Cr)nen of countable covers of B,
denote by C the set of all elements in B that are refined from (C; )nen, and assume
by way of contradiction that C is not a cover of B. Then there exists a nonzero
element b € B that is disjoint with all elements of C'.

By induction, we construct sequences (b, )nen and (cn)nen as follows. Let ¢;
be an element of C; such that 8 A ¢; # 0. Since By is dense, there is an element
b; € By such that 0 < b; < bAcy. Suppose that the elements b, and ¢, are already
constructed. Let cp+1 be an element of Cp41 such that b, A cpy1 #0. As bpyg we
take an arbitrary element of By that satisfies the inequalities 0 < bp41 < b A cngr.

Thus, we have constructed sequences (bp)nen and (cn)nen such that b, € By,
by < cn € Cpand 0 < byy1 € by < bfor all n € N. Due to the fact that By
is o-inductive, it contains an element by which satisfies by < by, for all n € N.
In view of the inequalities by < ¢,, the element by is refined from (Chr)nen, i-€.,
belongs to C. On the other hand, b < b, which contradicts disjointness of b with
all elements of C. >

5.5.9. As is known, for every Boolean algebra B, there exists a complete
Boolean algebra B that contains B as a dense subalgebra (see [18: Section 35]).
Such an algebra B is unique to within an isomorphism and called a completion
of B. Obviously, a completion of a purely nonatomic Boolean algebra is purely
nonatomic. In addition, due to Lemma 5.5.8, a completion of a o-inductive algebra
is o-distributive. Therefore, in order to prove existence of a purely nonatomic o-dis-
tributive complete Boolean algebra, it is sufficient to present an arbitrary purely
nonatomic ¢-inductive Boolean algebra. Examples of such algebras are readily
available. For the sake of completeness, we present here one of the simplest con-

structions.

EXAMPLE. Let B be the Boolean algebra of all subsets of N and let I be
the ideal of B consisting of all finite subsets of N. Then the quotient algebra B/I

(see [18: Section 10]) is purely nonatomic and o-inductive.

<! Pure nonatomicity of the algebra B/I is obvious. In order to prove that
the algebra is o-inductive, it is sufficient to consider an arbitrary decreasing se-
quence (b, )nen of infinite subsets of N and construct an infinite subset b C N such
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that the difference b\b, is finite for each n € N. We can easily obtain the desired
set b = {m, : n € N} with the help of induction by letting m; := minb; and

Mpt1 ;= min{m € byy1 :m >my}. >

5.5.10. A linear operator T': % — ¥ is said to be band preserving if it satisfies
one of the following equivalent conditions:

(1) (Tu) < (u) for all u € %;

(2) Tru = 7Tu for all u € Z and 7 € Pr(G);
(3) mu = 0 implies 7Ty = 0 for all u € % and 7 € Pr(G);

(4) |u]| L g implies |Tu] L g for all w € % and g € G;

(5) |ul L g implies |Tu] L ¢ for all u € % and all elements g of some order-

dense ideal of the K-space G.

Obviously, the last definition generates the known notion of band preserving oper-
ator acting in vector lattices (see 5.5.2 and [2, 3, 37,41, 42]).

5.5.11. Bounded band preserving operators are called orthomorphisms. The
totality of all orthomorphisms from % into ¥ is denoted by Orth(%, 7). We write
Orth(%) instead of Orth(%, % ).

In accordance with Theorem 5.5.2, it seems interesting to clarify, which addi-
tional requirements imposed on band preserving operators yield their boundedness.
Of course, band preserving operators are disjointness preserving and, therefore,
they are subject for such boundedness criteria as 5.4.10 and 5.4.13. It is known (see
5.3.4-5.3.6), that semiboundedness, sequential boundedness, and even countable
boundedness of a disjointness preserving operator do not yield its boundedness.
In the case of band preserving operators, the situation is different:

Theorem. The following properties of a band preserving operator T from
a BKS into an LNS are equivalent:

(1) T is bounded;

(2) T is countably bounded;

(3) T is sequentially bounded;

(4) T is semibounded.

<1 The implications (1)=>(2)=(3)=(4) are obvious. It remains to show that
(4)=(1). Assume that an LNS % is order-complete and an operator T: % — ¥

is band preserving and semibounded. Fix an arbitrary positive element e € G and
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prove that the set {|Tu| : |u]| < e} is order-bounded in F. We divide the proof
into two steps.

(a) Show first that the set {|Tu|: Ju] < e} is order-bounded in the universally
complete K-space G. Without loss of generality, we may assume that G = Co(Q),
where @ is an extremally disconnected compact space (see Theorem 1.4.6 (3)). De-
note by D the totality of those points ¢ € @, for which sup{|Tu|(q) : |u] < e} = o0.
Assume that the set {|Tu] : |u| < €} is not bounded in Coo(Q). Then, accord-
ing to [12: Chapter XIII, Theorem 2.32], the clopen set U := intcl D is nonempty.
For each natural n and each point ¢ € UN D, consider an element uf € % satisfying
the conditions |ul | < e and |Tuf|(¢) > n. Denote by U{ a clopen subset of @ such
that ¢ € U2 C U and |Tul|(p) = n for all p € US. It is clear that, for each n € N
the relation sup,eynp U§ = U holds in the Boolean algebra Clop(Q). In view of
the exhaustion principle, there exists a family (an )qEUn p of pairwise disjoint ele-
ments of Clop(Q) such that V{ C U{ for all ¢ € UN D, and sup,ecynp Vi§ = U.
According to 1.6.7(5), the sum 0y qunD<an )ug exists in the BKS %. Denote
the sum by u,. For all n € N and ¢ € U N D, we have

(VO Tunl = | TV ua| = |T(Vul| = (VHITuL| > nxvy.

After passing to the supremum over ¢ € U N D, we obtain |Tu,| > nyy for all
n € N; which, together with the inequalities |u,| < e, yields a contradiction with
semiboundedness of T'.

(b) Denote by f the upper envelope of the set {|Tu]| : |u| < e} in the K-space G
and show that f € F. Without loss of generality, we may assume that f > 0 on some
comeager subset of Q. Then, according to [12: Chapter XIII, Theorem 2.32], the set
of all points ¢ € @, for which 0 < sup{]Tu|(¢q) : |u| < e} = f(g) < o0, is comeager
in Q. For any such point ¢, consider an element u, € % satisfying the conditions
|ug] < e and lTqu(q) > f(g)/2. By repeating the idea of step (a) and “mixing up”
the elements u, in an appropriate way, we can construct an element v € % such
that |Tu| > f/2; whence the containment f € F follows directly. >

Additional requirements, yielding boundedness of band preserving operators,
can be imposed on the spaces rather than on operators acting in them. In the
present article, we are not going to develop this idea. We only observe that many

results in the indicated direction are presented in [2: Theorem 2; 3: Theorem 3.2
and 3.3; 37: Corollaries 2.3 and 2.4].
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5.5.12. It is easy to become convinced that Orth(E,F) is an ideal of the
K-space M(E, F) and, therefore, is also a K-space.

If an element ¢ € G is such that ¢ - ¢ € F for all ¢ € E then the operator of
multiplication by ¢ is obviously an orthomorphism from E into F. Many papers
about disjointness preserving operators contain results in this direction (see, for
instance, [1-3, 23, 24, 41, 42]). The following statement generalizes, in a sense,
the experience from finding multiplication representation of orthomorphisms acting

in K-spaces.

Theorem. For every orthomorphism T: E —» F, there exists a unique el-
ement gr € G such that Te = g7 -¢ for all e € E. The mapping T — gr
performs a linear and order isomorphism of the K-space Orth(E, F') onto the ideal
{g€G:g-e€F for all e € E} of the K-space G.

Identifying an orthomorphism T with the element g7 € G, we assume in the se-
quel that Orth(E, F) C G. Obviously, Orth(E) contains 1¢ and is a subalgebra
of G. In particular, Orth(E) is an f-algebra (see [32, 42]). The last theorem justifies

the term weight operator which is sometimes used instead of “orthomorphism.”

5.5.13. Proposition. Let an LNS % be order-complete. A linear operator
T: % — V¥ is an orthomorphism if and only if it is dominated and its exact
dominant |T|: E — F is an orthomorphism. In particular, the space Orth(%,¥)
endowed with the dominant-norm is a BKS over the K-space Orth(E, F).

< The claim follows directly from Propositions 5.4.12 and 5.4.4. >

5.5.14. Corollary. Every orthomorphism from a BKS into an LNS is o-con-
tinuous.

5.5.15. Corollary. If two orthomorphisms from a BKS % into an LNS ¥
coincide on some order-approximating subset of % (see 5.2.2), then they coincide
on the entire % .

< The claim follows from 5.5.14 and Proposition 5.2.4. >

5.5.16. Corollary. If two orthomorphisms S,T € Orth(E,¥) inequality on
a subset Ey C E then they coincide on Ej-*. In particular, if the K-space E has
an order unity 1 and S(1) = T(1) then S=T.
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5.5.17. Proposition. For every BKS % over E there exists a unique opera-
tion Orth(E) x % — % making % a module over Orth(E) such that |gu| = |g||u|
for all g € Orth(E) and u € % . Furthermore, % is a unital module, i.e., lgu = u
for all u € % . For every g € Orth(E) and u € %, the element gu coincides with
the product of g and u calculated in the universal completion of % (see 5.1.12).

< Let a BKS m% over G be a universal completion of %. Then Z = {u €
m% : |u| € E}. In view of 5.1.12, the space m% can be endowed with the structure
of a module over the ring G so that lgu = u and |gu| = |g|]u| for all ¢ € G and
u € m% . In order to prove existence of a desired module structure in the BKS %,
it is sufficient to observe that, for all ¢ € Orth(E) and u € %, we have |g||u] € E
and, consequently, gu € % .

Now prove uniqueness. Assume that, together with the operation (g,u) — gu
introduced above, there is another one, (g,u) — g * u, also making % a module
over Orth(E) and satisfying the condition |g * u] = |g||u| for all ¢ € Orth(E) and
u € %. Fix an element u € % and define the mappings S,T: Orth(E) — ¥ by
the formulas S(g) = gu and T(g) = g *u. Obviously, S and T are orthomorphisms.
Observe that T(1g) = S(1g), i.e., 1g * u = u. Indeed,

|1c,~*u—u|=lg-|lg*u—u|=|lg*(lg*u—-u)|

:I(lg-la)*u—lg*u|=0.

For proving the equality S = T, it remains to employ 5.5.16.

The fact that any BKS over G can be endowed with the structure of a module
over G allows us to define a simple class of orthomorphisms. If a BKS % over E and
a BKS ¥ over F are order-denseideals of the same BKS over G and g € Orth(E, F'),
then the operator v — gu is an orthomorphism from % into ¥. We call such

operators scalar orthomorphisms.

5.5.18. Proposition. Let % be an order-complete LNS, T € Orth(%, V),
g €G, and u € %. If the product gu is defined in % (see 5.1.12) then the prod-
uct gT(u) is defined in ¥ and the equality T(gu) = ¢gT(u) holds. In particular,
Tog=goT for every orthomorphism g € Orth(E).

< Fix an arbitrary element u € % and denote by G, the order-dense ideal
{9 € G : gu € %} of the K-space G. Let m¥ be the universal completion of ¥.
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Consider the mappings L,R: G4 — m7 defined by the formulas L(g) = T(gu)
and R(g) = ¢T(u). Obviously, L and R are orthomorphisms and L(1g) = R(1g).
From 5.5.16 it follows that L=R. »

5.5.19. We conclude this section by a useful fact, which will be repeatedly
employed in the sequel.

Theorem [17]. Let E be a vector lattice and let F' be a K-space. A positive
operator T: E — F is disjointness preserving if and only if, for every operator
S: E — F satisfying the inequalities 0 < S < T, there is an orthomorphism
g € Orth(F) such that 0 < ¢ < idp and S = go T, where idp: F — F is
the identity operator.

Combining the last theorem with Theorem 5.4.1, we obtain the following result.

Corollary. Let E be a vector lattice and let F' be a K-space. A regular
operator T: E — F is disjointness preserving if and only if, for every regular
operator §: E — F satisfying the inequality |S| < |T|, there is an orthomorphism
g € Orth(F) such that |g| <idr and S =goT, whereidr: F — F is the identity

operator.

5.6. Shift Operators

Another class of disjointness preserving operators is considered in this section.
Here, we introduce and study so-called shift operators, which are abstract analogs
of the composition mappings f — fos. This class of operators is closely related
to another notion discussed here, the notion of operator “wide on a set.” While
studying shift operators, we suggest their equivalent characterizations, describe
the maximal domain of definition on which they can be extended, and show that
the notions of shift operator and that of a multiplicative operator coincide. We also
introduce here the notion of the shift of a disjointness preserving operator, which
concentrates, in a sense, multiplicative properties of the operator.

Throughout the section, & and & are universally complete K-spaces. In case
order unities 1o and 1g are fixed in § and &, we regard the K-spaces as ordered
algebras with unities 14 and 1g (see 5.1.12). The ideal of the K-space & generated
by d € & is denoted by &;. In particular, 81 stands for the ideal of & gener-
ated by 1g. We point out that some notions introduced in this section depend of

a concrete choice of 1o and 1g.
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5.6.1. Let E be a K-space, let D be a subset of E, and let ¥ be an LNS. We say
that an operator T: E — ¥ is wide on the set D whenever T[D]*+ = T[E]++.

Proposition. Suppose that E is a K-space, D is a subset of E, ¥ is an LNS,
T: E — V¥ is a disjointness preserving operator, and h: Pr(E) — Pr(¥) is its
shadow. The following assertions are equivalent:

(1) T is wide on the set D;

(2) T is wide on the ideal Ep;

(3) the shadow of the restriction of T onto Ep coincides with the shadow

of T;
(4) the set T[Ep] is o-dense in T[E];
(5) the ideal Ep h-approximates the space E.

< The implications (1)=>(2)<(4) are obvious. Since the shadow of T' domi-
nates that of the restriction of T onto Ep, the equivalence (2)<(3) readily follows
from Proposition 5.1.4. We show that (1)<(2)=>(5)=(4).

(2)=(5): Assume condition (2) to be satisfied, consider an arbitrary element
e € E, and show that h-infrer e = e, where I = {r € Pr(E) : me € Ep}.
For every n € N and d € Ep, assign 74 := (|e| < n|d|). Obviously, 74 € II. Since

|d - ndd| = (x2)M1d] < (72) “lel/n < Jel/n

for all n € N, we have r- hm ndd = d. Using r-continuity of the operator T

and taking account of the equahty T( dd) = h( n)Td, we arrive at the relation
sup, ey h(rd) > (Td). Since the element d € Ep was chosen arbitrarily, we conclude
by (2) that sup,cp h(7) = k(1) and, consequently, h-infrer 7e = e.

(5)=(4): Consider an arbitrary element e € E. From (5) and Proposition 5.2.3
it follows that e is the h-limit of some net (eq)aca of elements in Ep. In view of
Corollary 5.4.5, we have o-iié% T(eq) = Te.

(2 )=>(1)' For every element e € Ep, there exist di,...,d, € D such that
|e| |di|+ - +|dn|. In view of Theorem 5.4.10, we conclude that (T'e) < (T'd;) Vv

V (Td,). It remains to employ condition (2).
REMARK. As is seen from the last proposition, the fact that an operator T is

wide on a set D reflects connection of D with the domain of definition and with
the shadow of T rather then with the operator T itself.
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5.6.2. Let % and ¥ be LNSs and let D be a subset of the norming lattice
of %. We say that an operator T: % — ¥ is wide on the set D, whenever
{Tu: |u| € D}** = (imT)*+. I % and ¥ are K-spaces then the last definition

is equivalent to that given in 5.6.1, which justifies preservation of terminology.

Lemma. Let % be a BKS over a K-space E, let ¥ be an arbitrary LNS, and
let D be a subset of positive elements in E. A disjointness preserving operator

T: % — V¥ is wide on D if and only if its exact dominant |T| is wide on D.

< A proof can be easily obtained with the help of Proposition 5.4.12. Indeed,
the relations

<|T|e> = sup (Tu) < sup (Tu) =sup sup (Tu)= sup (IT1d),
[z]=e |u]eD deD |u]|=d de

which hold for every positive element e € E, prove necessity; whereas the relations

< (ITMul) € sup (IT|d) = sup sup (Tu) = sup (Tu),
€D Jul=d luleD

that are valid for each element v € %, establish sufficiency. >

Proposition. Suppose that % is a BKS over a K-space E, D is a subset
of positive elements in E, ¥ is an arbitrary LNS, T: % — V¥ is a disjointness
preserving bounded operator, and h: Pr(%) — Pr(¥) is its shadow. The following

assertions are equivalent:

(1) T is wide on the set D;
(2) T is wide on the ideal Ep;
(3) the shadow of the restriction of T onto the set {u € % : |u| € Ep}
coincides with the shadow of T
(4) the set {Tu: |u| € Ep} is o-dense in im T}
(5) the ideal Ep h-approximates the space E.
< The equivalence (2)<>(3) is established in the same way as in 5.6.1. Equiv-
alence of assertions (1), (2), and (5) ensues from Propositions 5.4.4 and 5.6.1 and
the last lemma. The implication (4)=(2) is obvious. It remains to show that
(8)=(4).
Let u be an arbitrary element of %. From (5) and Proposition 5.2.3 it fol-

lows that Ju| is the h-limit of some net (eq)aca of positive elements in Ep.
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In view of Lemma 5.1.13, there exists a net (uq)aea in % such that |us] = eq
and |u — us| = ||u| — o] Then h-li& uq = % and, according to Corollary 5.4.5,
[ 4

we have o-limgep Tug = Tu. D>

5.6.3. Proposition. Let E be an ideal of & generated by a positive element
d € &. For every ring homomorphism h: Pr(&) — Pr(#F), the following sets

coincide:

(1) the h-closure of E;

(2) the h-cyclic hull of E;

(3) the countably h-cyclic hull of E;

(4) the set of such e € & that inf,en h(le| > nd) = 0.

< The relations (4)C(3)C(2)C(4) are obvious. The inclusion (4)C(1) can
be easily established with the help of the first corollary in 5.2.18. It remains to
show that (1)C(4). Suppose that a net (eq)aea of elements in E h-converges to
e € &. For each a € A, denote by n, the natural number satisfying the inequality
lea| € nod. By using the relations h-infaep |6 — 4] = 0 and

h{le] > 2n.d) < h(le| > 2]eq|)
= h({e){le| = leal > lel/2)) < h((e){le - ea] > lel/2)),
we obtain the desired equality infn,en h(le| > nd) =0. >
The coincident sets (1)—(4) described in the last proposition are denoted by hE.

5.6.4. Proposition. Fix an order unity 1¢ in the K-space &. Then the set
hé, is a subalgebra of &.

<t This fact ensues from 5.6.3 (we mean the equality hé} = (4) for d = 14)
and from the following relations:
;rég h(lef] > nlg) = mi,r':iéNh(Iefl > mnleg)
< _inf h({lel > m1s) v (1f] > nle))
= infe'N(h(]eI > mlg) Vh(|f| > nle))

= 'iréil;l h{le] > mlg) Vixg‘ R{|fl > nle). >
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5.6.5. Lemma. Let d be an arbitrary order unity in &. For every sequence
(mn)nen of projections in Pr(&) that decreases to zero, there is an element e € &

such that 7, = (le| > nd) for all n € N.

< Since the K-space & is universally complete, the series Y o°  m,d has
an o-sum in it. Denote the sum by s. It is clear that (s > nd) = mp4q1 for all
n € N and, consequently, we can take s + d as the desired element e. >

Corollary. Let h: Pr(&) — Pr(&) be a ring homomorphism and let d be
an arbitrary order unity in &. The equality h&y = & holds if and only if the ho-
momorphism h: Pr(&) — Pr(F) is sequentially o-continuous.

5.6.6. Let % be an LNS over an order-dense ideal E of the universally com-
plete K-space &, let d be a positive element of &, and let ¥ be an arbitrary LNS.
We say that an operator T: % — ¥ is wide at the element d whenever it is wide
on the set {e € E : e is a fragment of d}.

Lemma. Suppose that E is an order-dense ideal of &, d is a positive element
of & ¥ is an LNS, T: E — ¥ is a disjointness preserving bounded operator,
and h is its shadow. Assign Il := {r € Pr(&) : nd € E}. The following assertions
are equivalent:

(1) the operator T is wide at the element d;
(2) sup,ep h(7) = k(1) and, for all = € II the equality (T'nd) = h(7) holds;
(3) E C héy.

< The equivalence of (1) and (3) is contained in Proposition 5.6.1, the im-
plication (2)=>(1) is obvious. It remains to show that (1)=-(2). If (1) is valid then,
for every projection 7y € II, we have

h(mg) = h(mo)sup(Te) = h(mp) sup(Tnd) = sup(Twond) = (Tmed). >
e€E n€ll w€ll

5.6.7. Proposition. Fix arbitrary order unities 1¢ and 1 in the K-spaces &
and #. For every ring homomorphism h: Pr(&) — Pr(%), there exists a unique
regular operator S: héy — % such that the shadow of S is equal to h and
S(1¢) = h(1)1g. Furthermore, the operator S is positive.

<1 For the sake of convenience, assume that h(1) = 1. We divide the con-
struction of the operator S into three steps.
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1. Define the operator S on the set of step-elements of & by letting

ZA mile) : E/\ h(mi)ls

for arbitrary Aj,...,An € Rand my,...,m, € Pr(&).

2. Extend the operator S onto &;. To this end, fix an arbitrary element e € &
and choose a sequence (e, )nen Of step-elements in & so that it r-converges to e
with regulator 1¢. It is easy to verify that the sequence (Sen)nen is r-fundamental
(with regulator 1¢). Assign Se:=r- hm Seq.

3. Finally, extend S onto the entlre set hé&;. Every element e € hé} can be rep-
resented as the mixing O-En eN Tn€n of elements e,, € 61 by means of an h-partition
(Tn)nen. Assign Se:=0-), .y h(Tn)Sen.

It is easy to verify that the definition of S is sound at each of the steps. Obvious
positiveness of S ensures its regularity. In order to prove uniqueness of §, it is

sufficient to observe that, at step 3, the sequence (E,’f:l 7r,,e,,) is r-convergent

meN
to e with regulator o-y_ oy n7nlen| € A& >

The operator S, whose existence is asserted in the last proposition, is called
the shift by h and denoted by S;. Let E be an order-dense ideal of & and F be
an order-dense ideal of #. We say that an operator S: E — F' is a shift operator,
if there exists a ring homomorphism h: Pr(&) — Pr(%#) such that E C hé) and
S = S, on E. It is clear that, in this case, the homomorphism A is the shadow of S.
Observe that the notion of the shift and that of shift operator depend on the choice
of unities 1¢ and 1# in the K-spaces & and .Z.

5.6.8. Proposition. Fix order unities in the universally complete K-spaces &
and F. Let E be an order-dense ideal of &, let F' be an order-dense ideal of %,
and let S,S: E — F be shift operators. If $ < S then § = po S for some
projection p € Pr(F).

< The claim ensues from Propositions 5.1.4 and 5.6.7. >

Let p € Pr(F), let h: Pr(&) — Pr(F) be a ring homomorphism, and let S
be the shift by A. Then the shift by the homomorphism p o h is denoted by pS.
Observe that, in general, dom pS is wider than dom S; therefore, pS differs from
the composition p o S. However, in view of the last proposition, the operators pS

and p o S coincide on dom S and, thus, pS extends po S.
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5.6.9. Theorem. Fix order unities 1¢ and 1g in the K-spaces & and %.
Let E be an order-dense ideal of & and let F be an order-dense ideal of #. A linear
operator S: E — F is a shift operator if and only if it satisfies the following
conditions:

(a) S is disjointness preserving;

(b) S is regular;

(c) S takes fragments of 1¢ into fragments of 1g;

(d) S is wide at 1g.

< Necessity of conditions (a)—(c) is obvious and necessity of (d) follows from
5.6.6. Let us show sufficiency. Suppose that the operator S satisfies conditions
(a)-(d), denote the shadow of S by h and assign Il := {7 € Pr(&) : 7ls € E}.
Lemma, 5.6.6 implies the equality (S(r1¢)) = h(r) for each 7 € II, which, together
with condition (c), yields S(7lg) = Sa(nls). The same lemma ensures the inclu-
sion E C hé;. In view of Lemma 5.4.9, we now conclude that $ =S5, on E. b

Corollary. Fix order unities 1¢ and 1g in the K-spaces & amd %. Let E
be an order-dense ideal of & containing 1¢ and let F be an arbitrary order-dense
ideal of #. A linear operator S: E — F is a shift operator if and only if it satisfies
the following conditions:

(a) S is disjointness preserving;

(b) S is regular;

(¢c) S(1¢) is a fragment of 1 g;

(d) {S(1e)} = (m )L,

REMARK. Conditions (d) in the statements of the theorem and the corollary
may not be omitted. Indeed, let # = R, let & be the space of all sequences, and
let E be the ideal of & generated by the sequence ey(n) = n (n € N). Denote
by Q the Stone-Cech compactification of the discrete topological space N and fix
an arbitrary point ¢ € Q\N. Naturally identifying the spaces 6 and Coo(Q), define
an operator S: E — & by the formula Se = (e/e)(g). Letting 1#(n) = 1 (n € N)
and 1g = 1, we see that the operator S satisfies conditions (a)-(c) of the last
lemma, but S(14) = 0.

REMARK. In particular, from the last corollary it is clear that the domain of
definition h&; of the shift by A is maximally wide. More precisely, h& contains
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the domain of definition of every regular operator S acting from an order-dense
ideal of & into &, having shadow h, and satisfying the equality S(1¢) = h(1)lg.

5.6.10. Fix order unities 1¢ and 1 in the K-spaces & and #. A linear
operator S: E — % defined on an order-dense ideal E C & is called multiplica-
tive if Se;Se; = S(ejez) for any two elements e1,e; € E, whose product belongs
to E. Observe that the notion of multiplicative operator depends on the choice of

unities 1g and 1¢.

Theorem. Let E be an order-dense ideal of &. A linear operator S: E — &

is a shift operator if and only if it is multiplicative.

< The fact that every shift operator is multiplicative is easily established by
checking all the steps of its construction in 5.6.7. We will show that any multi-
plicative operator S: E — & is a shift operator by verifying conditions (a)-(d) of
Theorem 5.6.9.

(a) Disjointness of elements e1,e; € E is equivalent to the equality eje; = 0.
The same is true for elements of #. Consequently, S is disjointness preserving.

(b) Show that the operator S is positive. We divide the proof into three steps.

(b)) If e € E and 0 < e < 1 then Se > 0. Indeed, in this case, €* and e /e
belong to E in view of the inequalities €* < e and e/e < e; consequently, (Se)® =
S(e%) = S((ev/e)?) = S(eve)’ > 0.

(b2) If e € E and e > 1s then Se > 0. Indeed, in this case, \/e € E in view of
the inequality v/ < e; consequently, Se = S((ve)?) = S (\/5)2 > 0.

(b3)Ife € Eand e > 0then Se > 0. Indeed, Se = S{e < 1g)e+S(e > 1g)e 2 0
in view of (b1) and (bs).

(c) The fact that an element e € E is a fragment of 1,4 is equivalent to the equal-
ity e2 = e. The same is true for fragments of 1z. Consequently, S takes fragments
of 14 into fragments of 1 ¢.

(d) Show that {Se : |e] € 1g}** = (im S)t+. Consider the projection p €
Pr(#) onto the band {Se : |e] < 1g}* and define an operator T: E — & by
the formula Te = pSe. The proof will be completed if we establish that T = 0.
Obviously, the operator T is multiplicative and T'e = 0 whenever |e¢] < 1. We also
observe that, in view of (b), the operator T is positive. Let e be an arbitrary
positive element of E. For each n € N, the equality T(e/n) = Te, holds, where
en = (e/n > 1g)e/n. Since \/e, < en < €/n, we have the inclusions \/en, e, € E
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and the inequality T'y/e, < Ten. Consequently,
Te=nTe, = nT(\/e—nZ) = n(T\/e—,;)2 < n(Ten)? = n(Te/n)? = (Te)?/n

for all n € N, which is possible only in case Te = 0. >

5.6.11. REMARK. There is a number of results describing multiplicative oper-

ators (= shift operators) as extreme points of certain sets of operators (see [25, 26,

39)).

5.6.12. REMARK. It is known (see [10: Theorem VIII.10.1}) that every regular
operator T: & — & admits an integral representation

Te = / )\dcp((e < /\1,3’)) (6 € éal))

where ¢ is an arbitrary order-bounded additive function from Pr(&’) into F. It is
not difficult to become convinced that T is a shift operator if and only if the values
of the function ¢ are fragments of 1. Furthermore, the shadow h of T is defined by
the formula h(7) = (p(n)). Some classes of multiplicative operators (= shift oper-

ators) are described form the viewpoint of the integral representation in the papers

by B.Z. Vulikh [7, 9].

5.6.13. Fix order unities 14 and 1# in the K-spaces € and &. Let % and ¥
be LNSs over order-denseideals E C £ and F C &, let T: % — ¥ be a disjointness

preserving operator, and let h: Pr(E) — Pr(F) be its shadow. Then the shift
Sh: h&1 — F by h is called the shift of the operator T.

Proposition. Let % and ¥ be LNSs over order-dense ideals E C & and
F C % and suppose that the LNS % is order-complete. Assume thatT: % — V
is a disjointness preserving bounded operator with shift S. If elements e € dom S
and u € % are such that the product eu is defined in % , then the product S(e)T(u)
is defined in ¥ and the equality T(eu) = S(e)T(u) holds. In particular, Tog =
S(g) o T for every orthomorphism g € Orth(E) N dom S.

< Fix an arbitrary element v € % and denote by &, the order-dense ideal
{e € dom S : eu € %} of the K-space &. Let m¥ be the universal completion of ¥.
Consider the mappings L, R: &, — mY defined by the formulas L(e) = T(eu) and
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R(e) = S(e)T(u). Obviously, the operators L and R are bounded (= dominated)
and disjointness preserving; moreover, their shadows are dominated by the shadow
of T. Since L(lg) = R(lg) and &, C dom S, Lemma 5.4.9 implies the equality
L=R »

5.6.14. Fix order unities 1 and 1g in the K-spaces & and F. Let Z be
an LNS over an order-dense ideal E C 4 and let ¥ be an LNS over an order-dense
ideal F C &. An operator S: % — ¥ is called a shift operator if there exists a shift
operator s: E — F such that |Su| = s|u] for all u € . Obviously, s = |S], i.e.,

the operator s is the exact dominant of S (see 5.3.8).

REMARK. Thus, if S: % — ¥ is a shift operator then it is dominated and its
exact dominant |S| : E — F if a shift operator. The converse is false in general.
Indeed, if % and ¥ are Banach spaces and the norm of an operator S: Z — ¥ is
equal to unity then its exact dominant |[S]: R — R is the identity operator (and,
hence, a shift operator), while the operator § itself is a shift operator only if it is

an isometric embedding.

Proposition. Let % be an LNS over an order-dense ideal E C & and let ¥
be an LNS over an order-dense ideal F C &. An operator S: % — ¥ is a shift
operator if and only if there exist a shift operator s: E — F and an F-isometric
embedding ¢: s% — V¥ such that S = 10 sq, where sqg: % — s% 1is the norm

transformation of % by means of s (see 5.1.11).

<0 Only necessity requires proving. An elementary verification shows that
the formula

L(Z p,-s%u;) = Zp;Su; (ui € %, pi € Pr(¥))
i=1 i=1

soundly defines a function ¢: s% — ¥ that is the desired isometry. >

5.6.15. The following description of shift operators generalizes criterion 5.6.9
to the case of LNSs.

Theorem. Fix order unities 1¢ and 1 in the K-spaces & and %. Let % be
a BKS over an order-dense ideal E C & and let ¥ be an LNS over an order-dense
ideal F C & . An operator S: % — V¥ is a shift operator if and only if it satisfies

the following conditions:



Disjointness Preserving Operators 419

(a) S is disjointness preserving;

(b) S is bounded;

(c) if u € % and |u| is a fragment of 1¢ then |Su| is a fragment of 1g;
(d) S is wide at 1.

<1 Necessity of conditions (a)-(d) follows immediately from Theorem 5.6.9.
Assume that an operator S satisfies conditions (a)-(d). Denote by |S]| the exact
dominant of S and show first that |S|: E — F is a shift operator by verifying
conditions (a)-(d) of Theorem 5.6.9. Condition (a) ensues from Corollary 5.4.4,
condition (b) is ensured by the fact that | S| is positive, condition (c) follows from
Proposition 5.4.12, and condition (d) from Lemma 5.6.2. Thus, |S| is a shift oper-
ator. Since the shadows of S and |S| coincide (see Proposition 5.4.4), the opera-
tor |S| is the restriction of the shift of S onto E.

Assign % = {u € % : |u| is a fragment of 1,5»}, consider an arbitrary element
u € %, and show that |Su] = |S||u]. For the sake of convenience, we assume
that |u| = 1¢ and |S|lg = 1g. This assumption does not restrict generality,
since § [(u)% ] C {ISllu])¥, and, therefore, we may regard S as an operator from
()% into {|S|lu|)¥. Denote the projection (Su)* by p. Since | Su| is a fragment
of 1, it is sufficient to show that p = 0. Assume to the contrary that p # 0.
Then, by Proposition 5.4.12, there is an element u; € % such that |u;| = 1g
and pSu; # 0. Assign e := |u; + 3u]. The equalities |u| = ju;| = le readily
imply 21¢ < e < 41¢g; hence, ilg <1l/e %lé». The last inequality proves that
the product @ := (1/e)(u1 + 3u) is defined in %. By using Proposition 5.6.13 and
the equality pSu = 0, we obtain:

pISTl = p|S((1/e)(u + 3u))| = Al SI(1/€)] S(us + 3u)]
= 1SI(1/e)lpSu1 + 3pSul = pISI(1/) Sus] = (pSui)IS|(1/e).

Observe that || = 1s and, consequently, |S%| is a fragment of 1. Therefore,
the relations

ISl = (pSuISI(1/¢) > (pSun)IS1(51e) = 3 (pSurlls,

yield the inequality p|S4| > (pSu1)le, which contradicts the following relations:

(pSur)Ls < plSul = (pSun)ISI(1/e) < (pSunlS1(51e) = 5(pSur)Ls.
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Thus, we established that |Su] = |S|lu| for all u € %;. Denote by h
the shadow of S. As is known, h coincides with the shadow of |S|. Then, ap-
plying Corollary 5.4.9(2) to the operators S: % — ¥ and |S|y : % — |S|%, we
obtain the equality |Su| = |S||u] for all * € % with norm in hé;. It remains to
observe that {u € % : |u] € hé1} = %, since E = dom |S| C h&1. >

5.7. Weighted Shift Operator

Weighted shift operators considered in this section are the compositions W o
S o w of two orthomorphisms w and W and a shift operator S. Representability
of a disjointness preserving operator as such a composition is related to existence
of a bounded set on which the operator is wide. In addition to this criterion,
we also suggest some sufficient conditions for representability of an operator in
the form W o S o w. The main result of the present section is representation
of an arbitrary disjointness preserving operator as the strongly disjoint sum of
weighted shift operators. Thus, operators of the form WoSow play the role of simple
elements, from which wider classes of operators are constituted. In the sequel,
this fact will allow us to construct one of analytic representations of disjointness
preserving operators.

Throughout the section, E and F and order-dense ideals of the K-spaces &
and #. In the spaces & and %, we fix order unities 1¢ and 1 and consider
the multiplication that makes the spaces commutative ordered algebras with unities
1# and 14, respectively (see 5.1.12). We recall that orthomorphisms in the K-spaces
under consideration are multiplication operators and we identify them with the cor-
responding multipliers (see 5.5.12). The ideal of the K-space & generated by the el-
ement lg is denoted by &7. Observe that some notions introduced in this section

depend on a concrete choice of unities 1 and 1&.

5.7.1. We say that a linear operator T': E — F is a weighted shift operator
if there exist order-dense ideals E' C & and F' C &, orthomorphisms w: E — F’
and W: F' — F, and a shift operator S: E' — F' such that T = W o Sow, i.e.,

the diagram
E—X1-F

o [w
B 5,
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is commutative. The composition W ¢ S o w is called a WSW-representation of T,
and the operators W, S, and w are respectively called the outer weight, the shift,
and the snner weight of the representation W o S o w.

Observe that, in view of Theorem 5.4.1, a regular operator T: E — F is
a weighted shift operator if and only if so is its modulus |T|. Moreover, if one
of the operators T or |T'| admits a WSW-representation then the other one admits
a WSW-representation with the same shift and inner weight. Thus, while discussing
the question of whether an operator is a weighted shift operator, we may always
assume the operator positive.

From the viewpoint of the above definition, the property of a mapping to be
a weighted shift operator depends on the choice of 14 and 1. Actually, there is

no such a dependence. Indeed, let an operator T admit a WSW-representation
Te=WxS(wxe) (e€E),

where “*” is the multiplication corresponding to the unities 14 and 1 &. Then, after
replacing 1¢ and 1# by 1) and 1’y and introducing the new multiplication “-” in
the K-spaces under consideration, the operator T remains a weighted shift operator

and admits the WSW-representation

Te=W-S'(w'-e) (e€E),
where

S'z=(lg/1g) S(ls-2) (.’L‘ € (dom S)/l,g)

and w' = w/1% (here, the division and the power operation also correspond to
the new unities). Thus, the notion of a weighted shift operator T: E — F makes
sense for “pure” K-spaces E and F, without any dependence on their embed-
ding into universally complete K-spaces and introducing a multiplicative structure.
In particular, this implies that a positive operator T: E — F is a weighted shift
operator if and only if it can be made a shift operator by an appropriate choice of
unities 1 and 1.

Simple examples show that a single weighted shift operator can have different
WSW-representations. However, variety of the components of a WSW-representa-
tion for a given operator T' is naturally restricted by their connection with T and
with each other. Two main aspects of this connection are reflected in the following
proposition.
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Proposition. Let T: E — F be a weighted shift operator and let Wo Sow
be a WSW-representation of it. Assign p:= (imT).

(1) Denote the shift of T by St. Then St extends p o S and the equality
WoSow=WoSTow holds.

(2) Identify w and W with the corresponding elements of & and & and
assign Wr := o—}rié?ITw(lg/w) € F, where Il = {r € Pr(&) : n(le/w) € E}.
Then pW = Wr and WoSow =WroSow.

< Assertion (1) readily follows from 5.6.7 and 5.6.8. Let us prove (2). Due to
the obvious equality T o (w)® = 0, we do not restrict generality by assuming that
(w) = (1). Then

o—1lr1€r111I Tr(le/w) = o-1lr1éII1I WSrwr(le/w) = 0-11r1é1111 WSrrle = (ilellpl h(7r)>W,

where h is the shadow of T. Since p = h(1), it is sufficient to show the relation
supe A7) = h(1). From E C dom(St o w) it follows that w[E] C dom S = hé;
and, hence, E C hé/,. It remains to employ Lemma 5.6.6. >

Thus, a WSW-representation of a concrete operator determines to a great ex-
tent by the choice of the inner weight. Observe that every weighted shift operator
admits a WSW-representation with positive inner weight. Indeed, consider an ar-
bitrary WSW-representation W o § o w. Identifying the orthomorphism w with
an element of & (see 5.5.12), denote the projection (w*) € Pr(E) by m and assign
p:=(S(nle)). Then

WoSow=WoSo (rw| —rtw|)
=Wo(poSo|w|—ptoSolw|)=(pW —p W)oSoluw|

REMARK. If WoSowis a WSW-representation of an operator T with positive
inner weight w, then the operators T+, T~ and |T'| admit the following WSW-rep-
resentations: Tt =W+t oSow, T- =W~ 0Sow, and |T| = |W|o S o w.

5.7.2. Theorem. Let w be an arbitrary positive element of &. A linear
operator T: E — F admits a WSW-representation with inner weight w if and

only if it is disjointness preserving, regular, and wide at the element 1¢/w.
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< Necessity ensues from Proposition 5.7.1(2). Let us prove sufficiency. Sup-
pose that a disjointness preserving operator T: E — F is wide at 1g/w. With-
out loss of generality, we may assume that the operator T is positive. Assign
II := {r € Pr(#) : 7(1¢/w) € E} and denote by W the orthomorphism of multipli-
cation by supen Tn(lg/w) € #. Consider the composition (1g/W)oTo(le/w) as
an operator from w[E] into .# and denote it by S. By proving that S is a shift oper-
ator, we will obtain the desired WSW-representation WoSow for T. In accordance
with Theorem 5.6.9, it is sufficient to show that the operator S satisfies conditions
(a)—(d) presented in the statement of that theorem. Verification of the conditions
causes no difficulties. >

We say that a subset of the K-space E is &-bounded if it is bounded in &.
A subset % of an LNS over E is called &-bounded if the set {|u0| Tug € %} is
& -bounded.

Corollary. A linear operator T: E — F is a weighted shift operator if and
only if it is disjointness preserving, regular, and wide on some & -bounded subset

of E.

< If the operator T is wide on a set D C E and an element ¢ € & is such
that |d| < e for all d € D, then the operator T is wide at e and, in view of the last
theorem, it admits a WSW-representation with inner weight 1g/e. >

5.7.3. Proposition. Assume that regular operators T,T: E — F are dis-
jointness preserving and satisfy the inequality |T| < |T| Then T is a weighted
shift operator if and only if so is T'. Moreover, the following assertions are true:

(1) If W 0o S oW is a WSW-representation of T then the operator T admits
a WSW-representation of the form W o § o w, where |W| < IWI

(2) If W o S o w is a WSW-representation of T then the operator T admits
a WSW-representation of the form W o S o w, where (imT)|W| < |W|.

< Without loss of generality, we may assume that the operators T and T are
positive.

(1) The claim is ensured by Corollary 5.5.19.

(2) Assume that T admits a WSW-representation W o .S o w and assign p :=
(imT). According to Theorem 5.7.2, the operator T is wide at the element 1/w.
Then the operator T also has this property and, by the same Theorem 5.7.2, it
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admits a WSW-representation W o S o w. The desired interrelation between W
and W ensues from Proposition 5.7.1. >

5.7.4. In accordance with Theorem 5.7.2, it seems interesting to study situa-
tions in which an operator T': E — F turns out to be wide on some &-bounded
subset of E. Without touching the general problem, we will only discuss several
particular cases.

First of all, we point out a trivial corollary to Theorem 5.7.2: if {Te}tt =
(imT)+L for some element ¢ € E then T is a weighted shift operator (and it
admits a WSW-representation with inner weight 1¢/e). In particular, the following

assertion holds:

Proposition. If there exists a strong order unity e in the K-space E then ev-
ery disjointness preserving regular operator T: E — F is a weighted shift operator
and admits a WSW-representation with inner weight 1¢/e.

Of course, the indicated cases admit generalizations. For instance, since every

set of pairwise disjoint elements in E is &-bounded, we have the following assertion:

Proposition. Let T: E — F be a disjointness preserving regular operator.
If {Teg : ¢ € E}L = (imT)t for some family (e¢)eez of pairwise disjoint
elements in E, then T is a weighted shift operator.

The condition stated in the last proposition is not necessary. indeed, let
& = C(P), where P is an extremally disconnected compact space containing
a nonisolated point p € P. Denote by E the order-dense ideal {e € & : ¢(p) = 0}
of the K-space &. Consider the set @ := P\{p} and let &# be the K-space of
all real-valued functions defined on . Define an operator T': E — % as follows:
Te = ¢|q. Obviously, the operator T is wide on the £-bounded set {e € E : |¢| < 1}
(and, therefore, it is a weighted shift operator), but the family (e¢)¢cz mentioned
in the statement of the last proposition does not exist.

Another class of weighted shift operators resulted by combining Lemma 5.6.6
and Corollaries 5.4.6 and 5.6.5.

Theorem. Every disjointness preserving sequentially o-continuous regular
operator T: E — F is a weighted shift operator. Moreover, for every order unity

w € &, such an operator T admits a WSW-representation with inner weight w.
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5.7.5. It is known that not every disjointness preserving regular operator is
a weighted shift operator. For the sake of completeness, we will present here the cor-
responding example from [19], the more so as the example is, in a sense, typical
(see below).

Let @ be an extremally disconnected compact space without isolated points.
In this case, we can find an order-dense ideal E C Coo(Q), a family (eg)eez in E,
and a family (g¢)eez in @ so that the following conditions be satisfied: the set
{ge : € € E} is dense in @, e¢(ge) = oo for all £ € Z, and, for each e € E,
the number set {(e/e¢)(g¢) : € € Z} is bounded. Then the operator T: E — {*°(E)
acting by the rule (Te)(§) = (e/e¢)(ge) is disjointness preserving and regular (even
positive), but is not a weighted shift operator.

The above construction of an operator T possesses the following property: if
we denote by p¢ the operator of multiplication by the characteristic function x e,
then we obtain a partition of unity (p¢)eez in the algebra Pr(¢°°(Z)) such that all
fragments of the form p¢ o T are weighted shift operators. It turns out that of all

disjointness preserving regular operators are structured in the same way.

Theorem. Let T: E — F be a disjointness preserving regular operator.
Then there exists a partition of unity (p¢)eez in the algebra Pr(F) such that,
for each { € Z, the composition pe o T is a weighted shift operator. Moreover,
the projections pg can be taken so that each composition p¢oT admit a WSW-rep-
resentation with inner weight 1¢/e¢, where e¢ is a positive element of E. In this

case, the operator T is decomposed into the strongly disjoint sum
T= @Wopgso(lg/eg),
¢€E

where S is the shift of T and W: # — % is the orthomorphism of multiplication
by 03 ¢cz peTee.

< By applying the exhaustion principle to the relation

sup (Te) = (imT),
e€E+

we obtain a disjoint family (p¢)eez in the algebra Pr(F) and a family (e¢)¢ez of pos-
itive elements in E such that supgez pe(T'eg) = (im T'). After adding the projection
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(im T)* to the family (p¢)¢ez and the zero element to the family (e¢)eez, we make
(p¢)eecs a partition of unity and preserve the relation supgez pe(Teg) = (imT).
By Theorem 5.7.2, for each ¢ € =, the composition pg o T is a weighted shift oper-
ator and admits a WSW-representation with inner weight 1¢/e;. If S is the shift
of T then the shift of p¢oT is equal to p¢.S (see 5.6.8); thus, using Proposition 5.7.1,
we conclude that pg o T = peTeg 0 peSo(lg/eg). D

5.7.6. Let % be a BKS over an order-dense ideal E C & and let ¥ be a BKS
over an order-dense ideal F' C #. We say that a linear operator T: % — ¥ is
a wesghted shift operator if there exist a BKS %' over an order-dense ideal E' C &,
a BKS 7" over an order-dense ideal F' C %, orthomorphisms w: % — %' and
W:¥' — ¥, and a shift operator S: %' — ¥’ such that T = Wo Sow, i.e.,
the diagram

vy L,y

oL w

L
is commutative. As in the case of an operator in K-spaces, the composition WoSow
is called a WSW-representation of T and the operators W, § and w are respectively
called the outer weight, the shift, and the inner weight of the representation WoSow.
Of course, use of the terminology of 5.7.1 in the case of operators in LNSs is not quite
correct, since a K-space is a particular case of an LNS. Therefore, in order to avoid
confusion, we sometimes call a weighted shift operator scalar or vector, referring
to definition 5.7.1 or 5.7.6, respectively. By analogous reasons, we speak about
scalar or vector WSW-representations. A vector WSW-representation Wo S ow of
an operator T: % — ¥ will be called semivector if w is a scalar orthomorphism
(see 5.5.17), i.e., Z and %' are order-dense ideals of the same BKS over & and
the orthomorphism w acts by the rule u — eu for some fixed orthomorphisms

e € Orth(E, E'").

Theorem. Let % be a BKS over an order-dense ideal E C & and let ¥V
be a BKS over an order-dense ideal F C #. A linear operator T: % — ¥V
is a vector weighted shift operator if and only if it is dominated and its exact
dominant |T|: E — F is a scalar weighted shift operator. Moreover, the following

assertions hold:
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(1) fWoSow is a vector WSW-representation of T then |T| admits a scalar
WSW-representation W o I_S-'_I o |w] such that 0 < W < IWI

(2) Let W o S ow be a scalar WSW-representation of |T| with positive
weights W and w. Then T admits a semivector WSW-representation W 0 S o @
such that lWl =W, I?I = §, and W is the orthomorphism of multiplication by w.

< (1) The claim readily follows from 5.7.3(1).

(2) Suppose that W o § o w is a scalar WSW-representation of |T'|, where
w:E—>E,S:E — F and W: F' — F. Let m% be the universal completion
of % ,let %' betheideal {u € m% : |u| € E'} ofthe BKS m%,andlet w: % — %'
be the orthomorphism of multiplication by w. Denote by ¥” the o-completion of
the norm transformation of %' by means of S (see 5.1.11) and consider the corre-
sponding operator of norm transformation S: %' — ¥’. Now, we are to construct

an orthomorphism W: 7' — ¥.
Assign ¥ := (S ow)[%] and define a linear operator Wy : ¥ — ¥ as follows:

Wo(Swu) := Tu. Such a definition is sound, since the equality Swu; = Swu,

implies

|Tu1 - TU2| < |T||u1 - u1| = WSw|u1 - u1|
= Wslwul - w’uzl = Wl?ﬁul — STU—’U2| =0.

Assign p := (imT). Since p < ((S o W)[%]) and W[%] = {v' € V' : |V'| €
w[E]}, the operator p o S is wide on the ideal w[E] C E'. Consequently, by
Proposition 5.6.2((2)=>(3)), the set ¥/ = (p o §)[w[%]] approximates (p o §)[%"].
The latter set, by the definition of the norm transformation S%’, approximates
the set p[S%'}], which in turn approximates p[¥’]. Therefore, in view of 5.2.2,
the set ¥ approximates p[¥']. Obviously, [Wovg| < W]|v| for all vj € .
According to Corollary 5.4.8, the operator Wy admits a (unique) linear extension
Wi: p[¥'] = ¥ such that |W1v'| < le’l for all v' € ¥'. Then the composition
Wiop: 7' — ¥ satisfies the inequality I—W—l ) pl £ W and, consequently, it
is an orthomorphism. Thus, we have already constructed a WSW-representation
(W10p)0Sotw of the operator T. However, we cannot assign W := W1 o p at this
moment, since the equality IWI = W will not be guaranteed.
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For all positive e € E, we have

|W1 o plS’we = sup{IWIpv'l v eV, |v'| = Swe}
2 sup{plWov(')l tvy €Y, Iv(')l = Swe}
= sup{p|W0§Uu| uE%, |§m| = Swe}
= sup{lTu| : Swlu| = Swe}
> sup{|Tu]: [u| = e} = [T]e = WSwe,

whence |W1 o p|Swe = WSwe by the inequality |W1 o p| < W. Thus, WoSow
and |W1 o pl 0 S ow are two WSW-representations of the operator |T'|. Hence,
according to Proposition 5.7.1(2), the equality lWl o pl = pW holds. To ensure
the equality |W| = W, it is sufficient to define W as the sum of the orthomorphism
W10p and some “inactive” supplement with norm pW. Proposition 5.5.13 implies
existence of an orthomorphism W3 € Orth(%,¥) such that lel = W. We assign
W::Wl op+W2 opl. >

REMARK. (1) The inequality W < IW' presented in assertion (1) of the last
theorem can be strict. In other words, the equality |T'| = |_W_| o |§| o |w| cannot be
guaranteed for every WSW-representation T = WoSow. (A simple counterexample
can be given in the case when % and ¥ are Banach spaces.) However, (2) implies
that every weighted shift operator T: % — ¥ admits a WSW-representation W o
S 0 such that |T| = IW' o |§| o |w].

(2) From the last theorem it follows that each vector weighted shift operator
admits a semivector WSW-representation. Moreover, if an operator admits a vector
WSW-representation with inner weight w then it admits a semivector WSW-repre-
sentation with inner weight the operator of multiplication by |w].

(3) If we consider each of the K-spaces E and F as a BKS (over itself) then
the exact dominant of every regular operator T': E — F coincides with its modu-
lus [T'|. This observation and the last theorem allow us to conclude the following:
a mapping T': E — F is a vector weighted shift operator if and only if it is a scalar
weighted shift operator. This fact justifies correctness of using the common term

“weighted shift operator” for operators in BKSs as well as for operators in K-spaces.

5.7.7. Each of the assertions stated in the following theorem readily follows

from a similar “scalar” assertion (see 5.7.1-5.7.4) and Theorem 5.7.6.



Disjointness Preserving Operators 429

Theorem. Let % be a BKS over an order-dense ideal E C & and let ¥ be
a BKS over an order-dense ideal F C &.

(1) The property of a mapping T: % — ¥ to be a weighted shift operator
does not depend on choosing unities 1 and 1g.

(2) A linear operator T: % — V¥ is a weighted shift operator if and only if it
is disjointness preserving, bounded, and satisfies the relation T[%)*+ = T[%]*+
for some & -bounded subset % C % .

(3) Let w be an arbitrary positive element of &. A linear operator T: % — ¥
admits a WSW-representation with inner weight of norm w if and only if it is

disjointness preserving, bounded, and wide at the element 1¢/w.

(4) Let T: % — 7V be a disjointness preserving bounded operator. If the rela-
tion {Tu}*++ = (im T)1 holds for some element u € % then T is a weighted shift
operator and admits a WSW-representation with inner weight of norm 1g/|u].

(5) If there exists a strong order unity e in the K-space E then every disjoint-
ness preserving bounded operator T: % — 7V is a weighted shift operator and
admits a WSW-representation with inner weight of norm 1g/e.

(6) Every disjointness preserving sequentially o-continuous bounded operator
T: % — YV is a weighted shift operator. Moreover, for every order unity w € &,

such an operator T admits a WSW-representation with inner weight of norm w.

5.7.8. Theorem. Suppose that % is a BKS over an order-dense ideal E C
&, V is a BKS over an order-dense ideal F C %, m% and m?¥ are universal
completions of % and ¥, and T: % — V¥ is a disjointness preserving bounded
operator. Then there exists a partition of unity (p¢)¢cz in the algebra Pr(¥') such
that, for each { € =, the composition pg o T is a weighted shift operator.

The projections p¢ can be chosen so that each composition pe o T admit
WSW-representation with inner weight of norm lg/e¢, where e¢ is a positive
element of E.

For each £ € Z, assign E¢ := {efe¢ : e € E} and % := {u € m% : |u| € E¢},
where m% is the universal completion of %, and denote by w¢ : % — % the scalar
orthomorphism of multiplication by l1g/ee. Then there exist a BKS V' over Z,
strongly disjoint shift operators Sg: % — V' (€ € E), and an orthomorphism
W: ¥'" — mV¥ such that the operators T and |T| decompose into the following
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strongly disjoint sums:

T=§GWOS€O’LUE, ITI=§9IWIOIS§IOIU)£I.
€E €=

< Consider an arbitrary disjointness preserving bounded operator T: % —
. By Theorem 5.7.5, there exists a partition of unity (p¢)eez in the algebra Pr(F)
such that, for each £ € Z, the composition p¢ o |T| is a weighted shift operator
and, moreover, admits a WSW-representation with inner weight 1/eg, where e¢
is a positive element of E. Define BKSs % and orthomorphisms we: % — % in
the same way as in the statement of the theorem being proved. By Theorem 5.7.6,
for each ¢ € Z, there exist a BKS ¥ over an order-dense ideal F¢ C p¢[#], a shift
operator S¢: % — V¢, and an orthomorphism W : % — pe[¥] such that p¢o T =
We o Seowe and pe o |T| = |W€| o I.S'fl o wal In order to complete the proof,
it remains to construct the desired BKS ¥’ and “glue” the orthomorphisms We
together to obtain a single orthomorphism W.

Assign ¥ := @¢ez % (see 5.1.10) and denote by ¥” a universal completion
of the BKS ¥;. Naturally identifying % and p¢[¥]], we regard S¢ as an oper-
ator from % into ¥'. For each element vj = (v¢)eez € %5, assign Wy(v') =
0 ¢cz We(ve) € m¥. Due to Corollary 5.4.8, the orthomorphism Wy : % — m¥

admits a unique extension to an orthomorphism W: ¥’ - m7?. >

5.8. Representation of Disjointness Preserving Operators

Constructing analytic representations of disjointness preserving operators is
an old tradition. This question was studied by everyone who was interested in
these operators from the abstract point of view. Representation of various classes
of operators as composition and multiplication mappings is presented, for instance,
in [2, 3, 8,9, 14, 19-21, 41, 42]. According to Theorem 1.4.6(3), an order-dense
ideal of the K-space C'o(Q), where Q) is an extremally disconnected compact space,
is the general form of a K-space. This fact provides a base for representation
methods of studying operators in K-spaces. Analytic representations of operators
are constructed in this section with the help of such operations as a continuous
change of variable and the pointwise multiplication by a real-valued function.

Throughout the section, X and Y are totally disconnected, and P and @
extremally disconnected compact spaces. The symbol 1 denotes the function on

a set M which is identically equal to unity.



Disjointness Preserving Operators 431

5.8.1. Assume that some “abstract” objects A and B (for instance, Boolean
algebras, K-spaces, or BKSs) are represented via isomorphisms i: A — A and
j:B— B in the form of some “concrete” objects Aand B (for instance, algebras
of sets or spaces of functions). Then the interpretation of a mapping f: A —

B (with respect to the representations ¢ and j) is defined to be the composition
jofoi'1:2—>§.

5.8.2. Denote by Co(Y, X) the totality of all continuous functions s: ¥y —» X
defined on various clopen subsets Yy C Y.

Proposition. A mapping h: Clop(X) — Clop(Y) is a ring homomorphism
if and only if there exists a function s € Co(Y,X) such that h(U) = s~*{[U] for all
U € Clop(X). For every ring homomorphism h, such a function s is unique.

< The claim follows directly from the well-known theorem of R. Sikorski (see
[18: §11; 40]). >

The relation h(U) = s~1[U] is called the representation of the ring homomor-
phism h by means of the function s. Observe that, due to the Stone theorem,
the last proposition describes the structure of ring homomorphisms acting in arbi-

trary Boolean algebras.

5.8.3. The following proposition shows that every ring homomorphism (to

within an isomorphism) is the mapping of intersection with a fixed set.

Proposition. Let h: Clop(X) — Clop(Y) be a ring homomorphism. Then
there exist a closed subset Z C X and an order isomorphism 1 of the Boolean

algebra Clop(Z) onto im h such that h(U) =i(U N Z) for all U € Clop(X).

< Let h(U) = s71[U] be the representation of h by means of a function
s € Co(Y, X). Assign Z :=ims and, for each element W € Clop(Z), define the set
#(W) € Clop(Y) by the formula (W) := s~}[W]. Verification of the assertions of
the theorem causes no difficulties. D>

5.8.4. Proposition. Let E and F be order-dense ideals of Coo(Q). A map-
ping W: E — F is an orthomorphism if and only if there exists a function
w € Coo(Q) such that W(e) = we for all e € E. For every orthomorphism W,
such a function w is unique.
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<1 The assertions stated are a reformulation of Theorem 3.5.12 with account

taken of Theorem 1.4.6(3). >

The relation W(e) = we is called the representation of the orthomorphism W
by means of the function w. Observe that, due to Theorem 1.4.6(3), the last

proposition describes the structure of orthomorphisms acting in arbitrary K-spaces.

5.8.5. Given arbitrary s € Co(Q, P) and e € Coo(P), the function ees: Q — R

is defined as follows:
e(s(g)) if ¢ € doms,

(ees)e) = { 0 if ¢ € @\ domss.

Of course, to ensure correctness, while using the notation e e s, we must always have
in mind a fixed set @ containing doms. Obviously, the function e o s is continuous
but, in general, does not belong to Coo(@), since it can assume infinite values on
a set with nonempty interior. The totality of all functions e € Co(P) for which
e s € Co(Q) is denoted by Cy(P).

Proposition. Let h: Pr(Coo(P)) - Pr(Coo(Q)) be a ring homomorphism
and let hC(P) be the order-dense ideal of Coo(P) defined in 5.6.3. Then hC(P) =
Cy(P), where h(U) = s~1[U] is the representation of h by means of an s € Co(Q, P)
(with respect to the natural representations of Pr(Coo(P)) and Pr(Ceo(Q))).

< The claim follows from Propositions 5.6.3 and 5.8.2. >

A continuous function s: Q@ — P is called o-ezact, if s71[c1G] = cls™1[G] for
every open o-closed subset G C P. Below (see. 5.9.1), this property of a function
is considered in more detail.

Lemma. Denote the image of a function s € Co(Q, P) by R.

(1) For every function e € C,s(P), the intersection RN dome is dense in R,
ie, Cs(P) C {e € Co(P): ¢|r € Coo(R)}.

(2) If the function s|® is o-exact then Cy(P) = {€ € Co(P) : €|r € Coo(R)}
and Coo(R) = {e|R ie € C,(P)}.

< (1) Consider an arbitrary function e € C4(P). If there were a nonempty
open set W C R disjoint from dom e then the function e @ s would assume infinite
values on the nonempty open set s~1[W], which would contradict the inclusion

e e s € Co(Q). Consequently, the intersection RN dome is dense in R.
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(2) Let a function e € Cy(P) be such that the intersection R N dome is dense
in R. Then, using the fact that the function s|® is g-exact and the intersection

RN dome is a o-closed open subset of R, we obtain

cl(eos) ! [R] = cls™!{dome] = cl s} [RN dome]
= s"![cl(RNdome)] = s™'[R] = doms,

and the first equality is established. The second equality follows from the first one
due to the Tietze-Urysohn theorem. >

REMARK. The requirement in condition (2) of the lemma, that the function s|®
be o-exact, is essential, since the set C4( P) is not in general determined by the image
of s. Indeed, suppose that p € P is not a P-point, i.e., the intersection of some
sequence of neighborhoods of p is not a neighborhood of p. Let P := P U {00}
be the enrichment of P by a new isolated point co. Then the identity function
s: P — P and the function 5 := sU {(0c0,p)} : P — P have the same image, while
the sets Cs(P) and C5(P) does not coincide.

5.8.6. If E C Coo(P) and R C P then the set {e|r : ¢ € E} is denoted by
E|r.

Lemma. Denote the image of a function s € Cy(Q, P) by R and assume that
the function s|® is o-exact. Then

(1) Cwo(R) is a vector sublattice of Coo(R);
(2) if E is an ideal of the K-space C,(P) then E|g is an ideal of the vector
lattice Coo( R).

< Assertion (1) readily follows from Lemma 5.8.5(2). Let us prove (2). As-
sume that a function ¢ € Coo(R) satisfies the inequalities 0 < g < e|g for some
positive element e € E. In view of Lemma 5.8.5(2), there is a positive function
€ € C4(P) such that g = €|g. TheneAe€ Eandg=(eAe)|lp. >

5.8.7. Proposition. Let E be an order-dense ideal of Coo(P) and let F be
an order-dense ideal of Coo(Q). A mapping S: E — F is a shift operator if and
only if there exists a function s € Co(Q, P) such that Se =ees for alle € E.

< Sufficiency can be easily established with the help of Theorem 5.6.9. Let us
show necessity. Suppose that S: E — F is a shift operator and h: Pr(E) — Pr(F)


































































