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Disjointness preserving operators have its own theory which is very rich in re­

sults and includes such questions as boundedness, continuity, spectral and geometric 

properties, multiplicativity, compactness, etc. The list of publications devoted to 

studying disjointness preserving operators is so extensive that it could serve as 

a reason for a separate review. Leaving aside many rather interesting directions, 

we will only concentrate our attention on analytic representation and decompo­

sition of disjointness preserving operators. B. Z. Vulikh [7-9] was one of the first 

who considered these questions. Later, disjointness preserving operators were stud­

ied by Yu. A. Abramovich, E. L. Arenson, D. R. Hart, A. K. Kitover, A. V. Koldunov, 

P. T. N. MacPolin, A. I. Veksler, A. W. Wickstead, A. C. Zaanen, and many others 

(see, for instance, [1-3, 19,32,37,41,42]). We also observe that the question of 

analytic representation of disjointness preserving operators includes such a power­

ful direction as descriptions of isometries of vector-valued LP -spaces (the so-called 

Banach-Stone theorems). 

In the current chapter, we study disjointness preserving operators in K-spaces 

and lattice-normed spaces. In particular, we find their analytic representations 

and decompositions into simpler components. We begin with studying general 

properties of disjointness preserving operators; then we consider orthomorphisms, 

shift operators, weighted shift operators, and, finally, return to arbitrary operators 

and apply the accumulated experience. 

5.1. Prerequisites 

This section contains some preliminary information about Boolean homomor­

phisms, vector lattices, and lattice-normed spaces which was not exposed in the pre­

vious chapters. 

5.1.1. In the sequel, we deal with various convergences (such as 0- and r-con­

vergences) and related notions (such as 0- and r-closures, 0- and r-continuity, etc.). 

For the sake of convenience and in order to avoid duplication, we present some gen­

eral definitions now. 

Let X be an arbitrary set and let c be some convergence in X. The totality 

of the c-limits of all c-convergent nets in X constituted by elements of some subset 

Xo c X is called the c-closure of Xo. A set is called c-closed if it coincides with 

the c-closure of itself. The set Xo is said to be c-dense in X if X is the c-closure 
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of Xo. Suppose now that Xl and X2 are some sets with convergences Cl and C2, 

respectively. A mapping f: Xl --t X2 is called Cl -C2 -continuous if Cl-convergence 

Xa --t x implies C2-convergence f(xa) --t f(x) for every net (Xa)aEA in Xl and 

every element x E Xl. If the convergences Cl and C2 have the same notation c, then 

any cl-c2-continuous mapping is called c-continuous. 

Considering only countable nets in the above definitions results in the no­

tions of countable c-closure, countable c-closedness, countable c-density, and count­

able Cl -C2 -continuity. By replacing nets with sequences, we obtain the notions of 

sequential c-closure, sequential c-closedness, sequential c-density, and sequential 

Cl -C2 -continuity. 

5.1.2. Ring and Boolean homomorphisms are often met in our further consid­

eration. We recall the relevant definitions. 

Let A and B be Boolean algebras. A mapping h: A --t B is called a ring 

homomorphism if the following equalities hold for all al, a2 E A: 

(a) h(al V a2) = h(at) V h(a2); 

(b) h(al A a2) = h(at) A h(a2); 

(c) h(al \a2) = h(ad\h(a2)' 

where x\y stands for x A yl. and xl. stands for the complement of x in a Boolean 

algebra. We observe that (a) is a consequence of (b) and (c), as well as (b) is 
a consequence of (a) and (c). Every ring homomorphism h: A --t B preserves 

order, i.e., al ~ a2 implies h( ad ~ h( a2) for all al, a2 E A. 
A ring homomorphism h: A --t B is called a Boolean homomorphism in case 

h(l) = 1. Obviously, a mapping h: A --t B is a Boolean homomorphism if and only 

if it satisfies one of the conditions (a) or (b) and, in addition, h(al.) = h(a)l. for 

all a E A. Every ring homomorphism h: A --t B is a Boolean homomorphism into 

the Boolean algebra Bh(l) = {b E B : b ~ h(l)}. The image h[A] of the homomor­

phism h is a Boolean subalgebra of Bh(l)' A bijective Boolean homomorphism is 

called a Boolean isomorphism. 

The following description of Boolean homomorphisms is convenient in studying 

disjointness preserving operators. 

Proposition. Let A and B be Boolean algebras. A mapping h: A --t B is 

a Boolean homomorphism if and only if, for every partition (al' a2, a3) of unity 

in A, the triple (h( al), h( a2), h( a3)) is a partition of unity in B. 
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<J Necessity is obvious; thus, we only prove sufficiency. Suppose that the map­

ping h preserves triple partitions. Applying this property of h to the triple (0,0,1), 

we obtain the equality h(O) = O. Considering the triple (a, a1., 0), we conclude that 

h( a1.) = h( a)1. for every a E A. It remains to establish the relation h( al V a2) = 

h(al) V h(a2)' First, we prove this equality for disjoint al and a2. To this end, 

it is sufficient to apply the partition preservation property of h to the triples 

(al,a2,(al V a2)1.) and (al V a2,(al Va2)1.,0). Finally, taking arbitrary elements 

aI, a2 E A and using the above-established facts, we obtain 

h(al V a2) = h((al \a2) V (al 1\ a2) V (a2 \al)) 

= h(al \a2) V h(al 1\ a2) V h(a2 \al) 

= (h(al \a2) V h(al 1\ a2)) V (h(al 1\ a2) V h(a2 \ad) 

= h(ad V h(a2). I> 

5.1.3. Proposition. Let A and B be Boolean algebras. 

( a) The following properties of a Boolean homomorphism h: A ---t B are 

equivalent: 

(1) h is o-continuous; 

(2) if a subset C c A has a supremum then h(supC) = suph[C); 
(3) if a subset C c A has an infimum then h(infC) = inf h[C); 
(4) if (a),),EA is a net in A and a), i 1 then sUP),EA h( a),) = 1; 

(5) if (a),),EA is a net in A and a), 1 ° then inf),EA h(a),) = 0. 

(b) The following properties of a Boolean homomorphism h: A ---t B are 

equivalent: 

(1) h is countably o-continuous; 

(2) if a countable subset C c A has a supremum then h(supC) = 

suph[C); 

(3) if a countable subset C C A has an infimum then h(inf C) = inf h[C); 
(4) if (an)nEN is a sequence in A and an i 1 then sUPnEN h(an) = 1; 

(5) if (an)nEN is a sequence in A and an 10 then infnEN h(an) = 0. 

If the Boolean algebra A is complete (O'-complete) then each of the five condi­

tions (a) (respectively, (b)) is equivalent to the following one: suph[D) = 1 for 

every (countable) partition D of unity in A. 
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In view of the equivalence of conditions (a)(1)-(a)(3), o-continuous homomor­

phisms are often called full or complete. Observe that the implication (b )(5):::}(b )(1) 

implies equivalence of countable and sequential o-continuities of a Boolean homo­

morphism. 

5.1.4. Let A and B be Boolean algebras. We say that a ring homomorphism 

h: A -t B dominates a function ho: A -t B (and write ho ~ h), if ho(a) ~ h(a) for 

all a E A. 

Proposition. Let A and B be Boolean algebras. A ring homomorphism 

h: A -t B dominates a ring homomorphism ho: A -t B if and only if ho(a) = 
ho(l) /\ h(a) for all a E A. 

<J The equality ho(a) = ho(l)/\h(a) ensues from the relations ho(a) ~ ho(l)/\ 
h(a), ho(a.L) ~ ho(l) /\ h(a.L), and ho(a) V ho(a.L) = ho(1). [> 

5.1.5. Let E be a vector lattice. Given an element e E E, the symbol (e) 
denotes the band projection onto the principal band {e }.L.L (if such a projection 

exists). For e,f E E, we define (e < f) := ((f - e)+), (e ~ f) := (f < e).L, 

(e > f) := (f < e), and (e ~ f) := (f ~ e). It is clear that (e ~ f) = max{7r E 

Pr(E) : 7re ~ 7r1}. 

5.1.6. Let f be an arbitrary positive element of a vector lattice E. An element 

sEE is called an f -step element, if s = E~=1 >";7r;f for some >"1, ... ,>"n E IR and 

7r1, ... ,7rn E Pr(E). 

Proposition. Suppose that a vector lattice E possesses the principal projec­

tion property (for instance, E is a Ku-space). Let Ef be the ideal of E generated 

by a positive element fEE. Then, for every element e E Ef and every number 

c > 0, there is an f -step element s E Ef such that lsi ~ lei and Ie - sl ~ cf. 
In particular, the set of all f -step elements is r -dense in E f. 

<J Assume all the hypotheses of the proposition to be satisfied and consider 

an arbitrary element e E Ef and a number c > O. Let numbers m, n E N be such 

that lei ~ mf and lin ~ c. Then the sum 

-1 . (. 1 .) mn. ( . . + 1 ) L .: ~ 1 < e ~ ':1 1 + L': .: 1 ~ e < _z -I 1 
. n n n nn n 
t=-mn i=1 

is a desired f -step element. [> 
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5.1. 7. We use the abbreviation LNS for "lattice-normed space" (see 1.6.1) 

and BKS for "Banach-Kantorovich space" (see 1.6.3). Each LNS considered in 

the current chapter is assumed to be normed by a K-space (if the opposite is not 

stated explicitly). The lattice-valued norm in an LNS is denoted by 1·1 by default. 

The phrase "0&' is an LNS over E" means that E is a K-space and (0&', 1·1, E) is 

an LNS in the sense of 1.6.1. We assume that the equality {lui: u E O&'}.l.l = E 

holds for every LNS 0&' over E that we consider. We also assume by default that 

all the LNSs are d-decomposable (see 1.6.2). The Boolean algebra of band projec­

tions in an LNS 0&' over E is denoted by Pr(O&') and conventionally identified with 

the Boolean algebra Pr(E) of band projections in E (see 1.6.2). 

5.1.8. One of useful properties of d-decomposable LNSs is realized in the pos­

sibility of evaluating band projections on their elements and mixing them to obtain 

new elements. Here, we will discuss such operations. 

If (ue )eES is an arbitrary family in an LNS 0&' and (7l'e )eES is a partition 

of unity in the Boolean algebra Pr(O&'), then the sum o-L:eEs 7l'eUe (if the latter 

exists) is called the mixing of the family (ue )eES with respect to (71' deES. Let "1/ be 

a subset of 0&'. The totality of ~l mixings of arbitrary (finite) families in "1/ is called 

the cyclic hull (the finitely cyclic hulQ of "1/ and denoted by mix "1/ (by mixfin "1/). 
The cyclic hull of the union "I/u {O} is called the d-closure of "1/ and denoted by d"l/. 

Similarly, the symbol dfin"l/ is used to denote the finitely cyclic hull of "1/ U {O}. 
The set "1/ is called cyclic (finitely cyclic) if mix "1/ = "1/ (mixfin"l/ = "1/). It easy 

to verify that the (finitely) cyclic hull of a set "1/ is the smallest (finitely) cyclic set 
that includes "1/. Obviously, for a set 1/ to be finitely cyclic, it is sufficient that it 

contain the sums 7l'V + 7l'.lw for all v, w E "1/ and 71' E Pr( 0&'). 

5.1.9. Let 0&' be an arbitrary, not necessarily d-decomposable, LNS over an ar­

bitrary vector lattice E. Suppose that ad-decomposable LNS 0&' over E contains 0&' 
as a subspace with the induced norm. We say that the LNS 0&' is ad-decomposable 

hull of 0&', if dfin 0&' = 0&', i.e., 0&' is a minimal d-decomposable LNS that contains 0&' 
as a subspace with the induced norm. 

Proposition. Suppose that a vector lattice E possesses the principal pro­

jection property. Then every (not necessarily d-decomposable) LNS over E has 

a d-decomposable hull which is unique to within an isometry. 
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<I In order to construct a d-decomposable hull of an LNS %' over E, we em­

ploy the schema of formal mixing, which is traditionally used in similar situations 

(cf. [5,6,16]). Denote by %' the totality of all finite families ((7ri' Ui»)iEI of elements 

in Pr(E) X %' such that (7ri)iEI is a partition of unity in the Boolean algebra Pr(E). 

Introduce in %' the equivalence relation by letting ((7ri,Ui»)iEI '" ((Pj,Vj»)jEJ if 

and only if 7riPjlUi - Vj 1= 0 for all i E I and j E J. Define %' to be the quotient set 

%' i'" and agree to denote the coset of a family ((7ri' Ui»)iEI by I:iEI 7riUi. By iden­

tifying the elements U E %' with "monomials" lu E %', we assume that %' c %'. 
It is easy to become convinced that %' is an LNS over E under the operations 

L 7riUi + L PjVj:= L 7riPj( Ui + Vj), 
iEI jEJ iEI,jEJ 

A L 7riUi := L 7riAUi, 

iEI iEI 

L 7riUi := L 7rdUd 
iEI iEI 

and is a d-decomposable hull of %'. Uniqueness of a d-decomposable hull is obvi­

ous. I> 

5.1.10. Let E be a universally complete K-space and let (E~)~ES be a fam­

ily of pairwise disjoint ideals of E. The symbol EB~ES E~ denotes the ideal of 

the K-space E constituted by all elements e E E that satisfy the relation (E~)e E Ee 
for each ~ E 3. Obviously, 

Suppose that, for every ~ E 3, we are given an LNS %'~ over E~. It is not difficult 

to become convinced that the vector space IleEs %'~ is an LNS over EB~ES E~ with 

respect to the norm I(U~)~ESI = o-I:~ES Iud. This LNS is denoted by EB~ES %'~ 
and called the disjoint sum of the family of LNSs (%'~)~ES. 

5.1.11. Let E and F be K-spaces and let %' be an LNS over E. Suppose that 

a function S: E --+ F satisfies the following conditions: 

(a) S(e} + e2) ~ Se} + Se2 for all positive e},e2 E E; 



Disjointness Preserving Operators 

(b) S( Ae) = AS e for all positive e E E and A E IRj 

(c) if 0 ~ el ~ e2 then Sel ~ Se2. 

367 

Consider the vector subspace %'0 := {u E %' : Siul = O} and agree to denote by 

S~ u the coset in %' / %'0 containing an u E%'. It is easy to become convinced 

that the space %' /%'0 is an LNS over F with respect to the norm IS~ul := Siul. 
Observe that the LNS %' /%'0 need not be d-decomposable (for instance, in case 

%' = E = F = IR 2 and S (x, y) = (x, x) ). Slightly abusing the language, we call 

a d-decomposable hull of the LNS %' /%'0 the norm transformation of %' by means 

of S and denote it by S%'. The linear operator S~ : %' -t S%' is called the operator 

of norm transformation of %' by means of S. 

5.1.12. As is known (see 1.3.7 (8)), every universally complete K-space E can 

be endowed with multiplication so that E becomes a commutative ordered algebra. 

If we additionally fix an order unity in E and require it to be a multiplication unity 

then the way of introducing multiplication in E becomes unique. Furthermore, for 

every fEE, there exists a unique element gEE such that f 9 = (J) 1, where 1 E E 

is the multiplication unity. We denote such an element 9 by 1/ f. The product 

e(l/ f) is denoted by e/ f for brevity. 

As is known (see 1.6.5), every BKS %' over a universally complete K-space E 

with a fixed order unity IE can be endowed with the structure of a module over E 

so that lEU = u and leul = lellul for all e E E and u E %'. Below (see 5.5.17) 

we will see that the relation I eu I = I e II u I uniquely determines the structure of 

a module in %'. 
Let %' be an arbitrary BKS over an order-dense ideal E of a universally com­

plete K-space g with a fixed order unity. Given arbitrary e E g and u E %', we 

say that the product eu is defined in %' (and write eu E %'), if the product eu 

calculated in the universal completion of %' belongs to %'. Obviously, the latter is 

true if and only if lellul E E. 

5.1.13. The module structure of a BKS is often used for finding elements that 

satisfy certain conditions imposed on their norm. Here is one of typical examples. 

Lemma. Let %' be a BKS over E. For all u E %' and e E E+, there exists 

an element U e E %' such that luel = e and lu - uel = Ilul- el. 

<l Fix an order unity 1 in the universal completion E of the K-space E, en-
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dow E with the corresponding multiplication and introduce in the universal com­

pletion 0/1 of 0/1 the structure of a module over E. Let u be an element of 0/1 such 

that lui = 1 and u = lulu. Obviously, U e := eu is the desired element. [> 

5.2. Order Approximating Sets 

In this section, we introduce the notions of order approximating and h-approx­

imating subsets of an LNS. We also present equivalent descriptions of the notions 

in terms of convergences of various types. The notion of order approximation seems 

to be useful in the general theory of LNSs. As for h-approximation, it will play its 

role in studying disjointness preserving operators. 

5.2.1. Lemma. Let 0/1 be an LNS over a K -space E and let 1/ be a finitely 

cyclic subset of 0/1. Then, for every u E 0/1, there exists a net (Vol )o<EA in 1/ such 

that the net (lu - vo<Oo<EA decreases and {lu - vo<l : 0: E A} = {Iu - vi: V E 1/}. 

In particular, lu - vo<l '\, infvEY lu - vi. 

<l Suppose that a set 1/ C 0/1 meets the hypothesis of the lemma and fix 

an arbitrary element u E 0/1. We introduce in 1/ relations of equivalence and 

preorder as follows: 

v"'w ¢:} lu-vl=lu-wl, 

v ~ w ¢:} lu - vi ~ lu - wi. 

For any two elements v, w E 1/ we can find a projection 7r E Pr(E) such that 

lu - (7rV + 7r..Lw) I = lu - viA lu - wi. Since 1/ is finitely cyclic, the latter means 

that the set (1/, ~) is directed. Therefore, the quotient set A := 1//", (endowed 

with the quotient order) is a directed ordered set. Taking an element Vol E 0: in 

every coset 0: E A, we obtain the desired net (Vo<)o<EA. [> 

5.2.2. Let 1/ be a subset of an LNS 0/1. We say that 1/ (orderly) approximates 

an element u E 0/1 if infvEY I u - v I = O. We say that 1/ (orderly) approximates 

a subset "ft/ c 0/1 if 1/ approximates every element of "ft/. A subset of 0/1 is called 

(order) approximating if it approximates 0/1. Any order dense ideal of an LNS is 

an example of an approximating set. 

Proposition. Let X, Y, and Z be subsets of an LNS. If X approximates Y 

and Y approximates Z, then X approximates Z. 
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<l For an arbitrary element z E Z, denote infxEx Ix - zl bye and assume by 

way of contradiction that e =1= O. Since infYEY I y - z I = 0, there is an element y E Y 
and band projection p such that ply - zl < pe/2. Similarly, in view of the equality 

infxEx Ix - yl = 0, there is an element x E X and an band projection 7r such that 

7rlx - yl < 7rpe/2. The following contradictory relations complete the proof: 

7rpe :::;; 7rplx - zl :::;; 7rplx - yl + 7rply - zl < 7rpe/2 + 7rpe/2 = 7rpe. [> 

5.2.3. Proposition. Let 1/ be a subset and let u be an element of an LNS. 

The set 1/ approximates u if and only if u is the o-limit of some net in mixfin 1/. 

<l If 1/ approximates u then inf{lu - wi: w E mixfin 1/} = O. Therefore, in 

view of 5.2.1, there exists a net (Wa)aEA in mixfin 1/ such that lu - wal '\. O. 

Conversely, if u is the o-limit of a net in mixfin 1/ then mixfin 1/ approximates u. 

It remains to use Proposition 5.2.2 on observing that 1/ approximates mixfin 1/. [> 

Coronary. If a subset 1/ of an LNS %' is finitely cyclic, then its o-closure 

consists of all elements u E %' approximated by 1/. 

Coronary. If a subset 1/ of an LNS %' is finitely cyclic, then its o-closure is 

o-closed and, hence, is the least o-closed subset of %' that includes 1/. 

<l The claim follows from the previous corollary and Proposition 5.2.2. [> 

5.2.4. Proposition. The following properties of a subset 1/ of an LNS %' 

are equivalent: 

(1) 1/ is an approximating subset of <W; 

(2) for every ideal %'0 C %', the set dfin 1/ n %'0 is o-dense in %'0; 

(3) the set dfin 1/ is o-dense in %'; 

( 4) dfin 1/ is an approximating subset of %'. 

<l The implications (2) :::} (3) :::} (4) are obvious. It remains to prove that 

(1) :::} (2) and (4) :::} (1). 

(1) :::} (2): Suppose that the set 1/ C %' satisfies condition (1), fix an arbitrary 

ideal %'0 C %' and its element u E %'0, denote the set dfin 1/ n %'0 by 11/, and 

assign e := infwE1f' lu - wi. Obviously, e :::;; lui. According to 5.2.1, there exists 

a net (Wa)aEA in 11/ such that lu - wal '\. e. It remains to show that e = O. 

If e =1= 0 then, in view of 5.2.3, there are W E mixfin 1/ and 7r E Pr( E) such that 
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1I"Iu - wi < 1I"e. The inequalities 11I"wl ::;; 11I"w - 1I"ul + 11I"ul ::;; e + lui::;; 21ul ensure 

the containment 1I"W E "fI/ and, thus, we have the following contradictory relations: 

1I"e ::;; 1I"Iu - 1I"wl < 1I"e. 

(4) => (1): Denote the set dfin"j/ by "fI/ and suppose that it is an approximating 

subset of all. 

Denote inf vE'Y I v I by e and prove that e = O. If it is not so, then there is an ele­

ment u E all that satisfies the inequalities 0 < lui::;; e/2. Since infWE1F lu - wi = 0, 

there is an band projection 11" i= 0 and an element W = 11"1 vI + ... + 11" n Vn E "fI/ 

(Vi E "j/) such that 11"0 I u - wi < 11"0 I u I for all 0 i= 11"0 ::;; 11". It is clear that 1I"W i= 0 

and, hence, p:= 1I"i/\1I" i= 0 for some i. Now, the inequalities plu - vd < plul ::;; pe/2 

lead to a contradiction: pe ::;; plvd ::;; plu - vd + plu I < pe/2 + pe/2 = pe. 

Thus, infvE'Y Ivl = 0, which implies that "j/ approximates "j/U {O}. However, it 

is obvious that the set "j/ U {O} approximates dfin"j/ and the latter approximates all. 

It remains to apply Proposition 5.2.2. [> 

REMARK. Replacing dfin"j/ by mixfin "j/ in condition (2) of the last proposition 

can lead to a nonequivalent assertion even if all = E. Indeed, the totality "j/ of 

all numeric sequences convergent to 1 is an approximating subset of the K -space 

all of all sequences; however, the set mixfin"j/ coincides with "j/ and has empty 

intersection with the order-dense ideal 0//0 c all of all vanishing sequences. 

5.2.5. Lemma. If"j/ is an approximating subset of ad-complete LNS all over 

E then, for every u E all, e E E, and n E N, there exists an element W E mix "j/ 

satisfying the inequality (e}lu - wi ::;; e/n. 

<l Suppose that all and "j/ meet the hypotheses of the lemma and consider 

arbitrary elements u E all, e E E, and n E N. According to 5.2.4, there is a net 

(Vo)oEA in mixfin"j/ o-convergent to u. We may assume that this net is order 

bounded. In view of 1.3.9, there is a partition of unity (1I"~)OEA in the Boolean 

algebra Pr(E) such that 1I"~(e)lvo - ul ::;; e/n for all Q E A. It is clear that the sum 

W := o-I:oEA 1I"~Vo is the desired element of mix "j/. [> 

5.2.6. Suppose that an order unity 1 is fixed in the norming K -space of 

an LNS. Then the r-convergence with regulator 1 is called the uniform conver­

gence in the LNS. The notions of uniformly dense subset and uniform closure are 
introduced in such an LNS similarly. 
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Proposition. Let "f/ be a subset and let u be an element of an LNS over 

a K -space with a fixed order unity. The set "f/ approximates u if and only if u is 

a uniform limit of some sequence in mix "f/. 

<J Necessity is a straightforward consequence of Lemma 5.2.5; sufficiency is 

established as in the proof of Proposition 5.2.3. I> 

5.2.7. Proposition. Let 0/1 be ad-complete LNS over a K -space with a fixed 

order unity. The following properties of a subset "f/ c 0/1 are equivalent: 

(1) "f/ is an approximating subset of 0/1; 

(2) for every ideal 0/10 c 0/1, the set d"f/ n 0/10 is uniformly dense in 0/10 ; 

(3) d"f/ is uniformly dense in 0/1; 

(4) d"f/ is an approximating subset of 0/1. 

<J Suppose that an LNS 0/1 over E meets the hypotheses of the proposition 

and 1 is an order unity in E. The implications (2) :::} (3) :::} (4) are obvious 

and the implication (4) :::} (1) is established as in the proof of Proposition 5.2.4. 
It remains to show that (1) => (2). 

Suppose that a subset "f/ C 0/1 satisfies condition (1), fix an arbitrary ideal 

0/10 c 0/1, and denote the set d"f/ n 0/10 by "fI/. 

Show that "fI/ approximates 0/10, For this purpose, we fix an arbitrary element 

u E 0/10, assign e := infwE1If lu - wi, and establish the equality e = O. If e =1= 0 then, 

in view of 5.2.6, there are W E mix"f/ and Tr E Pr(E) such that Trlu - wi < Tre. 

Obviously, e :::; Iu I. The inequalities ITrw I :::; ITrW - TrU I + ITrU I :::; e + Iu I :::; 21u I 
ensure the containment TrW E "fI/ and, thus, we have the following contradictory 

relations: Tre :::; Trl U - TrW I < Tre. 

Since "fI/ approximates 0/10, in view of 5.2.5 there exists a sequence (w n )nEN 

in mix"fl/ such that (u)I U - Wn I :::; (I U 1/\ 1)/ n for all n E N. It is clear that 

the sequence ((U)Wn)nEN is constituted by elements of"fl/ and r-converges to u 

with regulator 1. I> 

REMARK. Replacing d"f/ by mix"f/ in condition (2) of the last proposition 

can lead to a nonequivalent assertion even if 0/1 = E. Indeed, the totality "f/ of 

all numeric sequences with every member nonzero is an approximating subset of 

the K -space 0/1 of all sequences; however, the set mix"f/ coincides with "f/ and has 
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empty intersection with the order dense ideal %'0 C %' of all finitary ( = terminating) 

sequences. 

5.2.8. Proposition. Let "f/ be a subset and let u be an element of an LNS. 

The set l' approximates u if and only if u is the r-limit of some sequence in 

mix "f/. 

<l SUFFICIENCY: Suppose that "f/ approximates u. Consider an arbitrary 

element v E "f/ and assign e : = 1 u 1 V 1 v I. It is sufficient to fix an n E N and 

find an element w E mix"f/ that satisfies the inequality 1 u - wi:::;; e / n. According 

to Lemma 5.2.5, there exists an element Wo E mix"f/ that satisfies the inequality 

(e)lu - Wo 1 :::;; e/n. It is clear that the sum (e)wo +(e).lv belongs to mix "f/, coincides 

with (e)wo, and, thus, is the desired element w. 

Necessity is established in the same way as in Proposition 5.2.3. I> 

5.2.9. Proposition. Let %' be ad-complete LNS. The following properties 

of a subset "f/ C %' are equivalent: 

(1) "f/ is an approximating subset of %'j 

(2) for every ideal %'0 C %', the set d"f/ n %'0 is r -dense in %'0 j 

(3) d"f/ is r -dense in %' j 

( 4) d"f/ is an approximating subset of %'. 

<l The implications (2) * (3) * (4) are obvious, the equivalence (4) {:} (1) is 

established in Proposition 5.2.7, and the proof of the implication (1) * (2) word for 

word repeats that of the analogous implication in Proposition 5.2.7, with the only 

difference that 1 is replaced by lu I. I> 

REMARK. Replacing d"f/ by mix"f/ in condition (2) of the last proposition can 

lead to a nonequivalent assertion. There is an appropriate example in the previous 

remark (see 5.2.7). 

5.2.10. A net (ea)aEA in a vector lattice E is said to be asymptotically bounded 

if there exists an index a E A such that the set {ea : a ~ a} is order bounded. 

Obviously, every a-convergent net is asymptotically bounded. 

In the sequel, we need some modification of Theorem 1.3.9. 

Lemma. Let (ea)aEA be a net in a K -space E and let e E E. 

(1) The net (ea)aEA a-converges to e if and only if it is asymptotically 
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bounded and the relation o-limaEA (d)(lea - el > d) = 0 holds in the Boolean 

algebra Pr( E) for all positive dEE. 

(2) Let D be a set of positive elements in E such that the band Dl.l. contains 

e and all the members of the net (ea )aEA. If the net (ea )aEA is asymptotically 

bounded and o-limaEA(d)(lea - el > din) = 0 for all d E D and n E N, then 

o-limaEA ea = e. 

<l (1) It is easy to verify the necessity of the criterion formulated, and its 

sufficiency follows from (2). 

(2) Let an index Q E A be such that the set {ea : a ~ Q} is bounded. Assign 

eo:= infa~asup,8~a Je,8 - el· If the net (ea)aEA does not converge to e then eo> 0 

and, thus, there are 7r E Pr(E), d E D, and n E N such that 0 < 7rdln < eo. 

Therefore, for each index a ~ Q, we have 

sup(d)(le,8 - el > din) = (d)( sup le,8 - el > din) ~ 7r, 
,8~a ,8~a 

which contradicts the convergence of (d)(le a - el > din) to zero. I> 

Corollary. Suppose that a K -space E has an order unity 1, (ea )aEA is 

an asymptotically bounded net in E, and e E E. Then o-limaEA ea = e if and 

only if the relation o-limaEA (lea - el > lin) = 0 holds in the Boolean algebra 

Pr( E) for all n E N. 

The condition of asymptotic boundedness presented in the above assertions is 

essential. Indeed, let a net (7r a )aEA of band projections and an element e E E be 

such that o-limaEA 7ra = 0 and 7rae i= 0 for all a E A. Endow the Cartesian product 

A X N with the lexicographic order: 

(a,m) < ({3,n) {:} a < {3 or (a = {3 and m < n). 

Then o-lim(a,n)EAxN(d)(ln7rael > d) = 0 for all positive dEE; however, the net 

(n7ra e)(a,n)EAxN is not asymptotically bounded and, hence, has no order limit. 

5.2.11. By simplifying the proof of Lemma 5.2.10, we can obtain the following 

assertion. 
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Lemma. Let (ee)eE3 be a family of positive elements of a K -space E. 

(1) The equality infeE3 ee = 0 is valid in the K -space E if and only if the re­

lation infeE3 (d) (ee > d) = 0 holds in the Boolean algebra Pr( E) for all positive 

dE E. 
(2) Let D be a set of positive elements of E such that ee E Dl..l.. for all ~ E 3. 

If infeE3(d)(ee > din) = 0 for all dE D and n E N, then infeE3 ee = o. 

Coronary. Suppose that a K-space E has an order unity 1 and (ee)eE3 is 

a family of positive elements of E. Then infeE3 ee = 0 if and only if the relation 

infeE3(ee > lin) = 0 holds in the Boolean algebra Pr(E) for all n E N. 

5.2.12. Throughout the remainder of the current section, we assume that E 

is a K -space, B is a complete Boolean algebra, and h : Pr( E) -+ B is a ring 

homomorphism. Say that a net (7ra )aEA in Pr(E) h-converges to zero and write 

h-limaEA 7ra = 0 whenever O-limaEA 7ra = 0 in the Boolean algebra Pr(E) and 

o-limaEA h(7ra) = 0 in the Boolean algebra B. In case h-limaEA 7r; = 0, i.e., if 

o-limaEA 7r 0' = 1 and o-limaEA h( 7r 0') = h(l), we say that the net (7r 0' )aEA h -con­

verges to unity and write h-limaEA 7r 0' = 1. We say that a net (eO' )aEA in E h -con­

verges to e E E and write h-limaEA eO' = e if the net (eO' )aEA is asymptotically 

bounded and h-limaEA(d)(lea - el > d) = 0 for all positive dEE. In this case, 

we call the element e the h -limit of the net (eO' )aEA. We say that a net (ua )aEA 

in all h-converges to u E all and write h-limaEA U a = U if h-1imaEA IUa - U I = o. 
In this case, we call the element U the h -limit of the net (u a )aEA. The totality 

of the h-limits of all h-convergent nets in a subset "f' C all is called the h-closure 

of "f'. We call a set h -closed if it coincides with the h-closure of itself. We say that 

a set is h -dense in %' if its h-closure coincides with %'. 

If a family (7rehE3 in Pr(E) is such that infeE3 7re = 0 in the Boolean algebra 

Pr(E) and infee:=: h(7re) = 0 in the Boolean algebra B, then we write h-infeE3 7re = o. 
In case h-infeE37rt = 0, i.e., if SUPeE37re = 1 and sUPeE3 h( 7re) = h(l), we 

write h-SUPeE37re = 1. For an arbitrary family (ee)eE3 of positive elements of 

a K-space E, the notation h-infeE3 ee = 0 means that h-infeE3(d)(ee > d) = 0 for 

all positive dEE. 

REMARK. The criterion for o-convergence which is formulated in Corollary 

5.2.10 has no analog for h-convergence. The same is true of Corollary 5.2.11. In­
deed, consider as E the K -space of all numeric sequences. Let the Boolean homo-



Disjointness Preserving Operators 375 

morphism h : Pr(E) -? {O, I} be the characteristic function of some nonprincipal 

ultrafilter in the Boolean algebra Pr(E). Denote by F the set of all positive se­

quences convergent to 1. Obviously, the sequence e = (m )mEN is an order unity in E 

and the relation h-inf/EF(J > eln) = 0 holds for all n E N. Moreover, indexing 

each element of F by itself and endowing the index set with the reverse pointwise 

order, we obtain a set (J)/EF that satisfies the relation h-lim/EF(J > eln) = O. 

Nevertheless, h(J > 1/2) = 1 for all f E F. 
The following assertion follows from Lemmas 5.2.10 and 5.2.11. 

Proposition. (a) For every net (ea)aEA in E and arbitrary element e E E, 

from h-limaEA ea = e it follows that o-limaEA ea = e. If the homomorphism 

h is o-continuous, then the relations h-limaEA ea = e and o-limaEA ea = e are 

equivalent. 

(b) For every net (ee )eEB of positive elements of E, from h-infeEB ee = 0 it fol­

lows that infeEB ee = O. If the homomorphism h is o-continuous, then the relations 

h-infee ee = 0 and infeEB ee = 0 are equivalent. 

5.2.13. REMARK. In the sequel of the current chapter, while establishing 

equalities of the form limaEAh((d)(ea > d)) = 0 or infeeh((d)(ee > d)) = 0, 

we often assume that h(d) = 1. This assumption does not restrict generality. In­

deed, leaving aside the trivial case h(d) = 0 and replacing B by the Boolean algebra 

{b E B : b ~ h(d) }, we arrive at the situation h(d) = 1. 

5.2.14. Let "j/ be a subset of an LNS 0/1. We say that "j/ h -approximates 

an element u E 0/1 if h-infvEY lu - v I = O. We say that "j/ h -approximates a set 

"fI/ c all if"j/ h-approximates every element of "fI/. A subset of an LNS all is called 

h -approximating if it h-approximates all. From Proposition 5.2.12 it follows that 

every h-approximating set is approximating and, in case the homomorphism h is 

o-continuous, the notions of approximating and h-approximating set coincide. 

Proposition. Let X, Y, and Z be subsets of an LNS. If X h-approximates Y 

and Y h -approximates Z, then X h -approximates Z. 

<l Consider an arbitrary element z E Z, fix a positive element d of the norm­

ing lattice, and assign b:= infxEx h((d)(lx - zl > d)). Due to 5.2.2, it is sufficient 

to establish the equality b = O. For simplicity, we assume that h(d) = 1 (see 5.2.13). 

Suppose to the contrary that b =1= O. Then, in view of infYEY h(ly - zl > d/2) = 0, 
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there is an element y E Y such that bo := b 1\ hOy - zl > d/2) < b. Similarly, 

in view of the equality infxEx h(lx - yl > d/2) = 0, there is an element x E X 

such that (b\bo) 1\ h(lx - yl > d/2) < (b\bo). It is easy to verify that x satisfies 

the inequality b 1\ h(1 x - z I > d) < b, which contradicts the definition of b. I> 

5.2.15. Proposition. Let Y be a subset and let u be an element of an LNS. 

The set Y h-approximates u if and only if u is the h-limit of some net in mixfin Y. 

<l NECESSITY: If Y h-approximates u then, in view of 5.2.1, there exists 

a net (Wa)aEA in mixfin Y such that the net (lu - Wa I) aEA decreases and 

{lu - wal : 0: E A} = {lu - wi: W E mixfin Y}. 

It remains to observe that h-limaEA I u - Wa I = O. 

SUFFICIENCY: If u is the h-limit of a net in mixfin Y, then mixfin Y h-ap­

proximates u. It remains to observe that Y h-approximates mixfin Y and to use 

Proposition 5.2.14. I> 

Corollary. If a subset Y of an LNS '2! is finitely cyclic, then its h-closure 

consists of all elements u E '2! h-approximated by Y. 

Corollary. If a subset Y of an LNS '2! is finitely cyclic, then its h-closure 

is h-closed and, hence, is the least h-closed subset of CW that includes 'Y. 

<I The claim follows from the previous corollary and Proposition 5.2.14. I> 

5.2.16. Proposition. Let Y be a subset of an LNS '2! and satisfy the relation 

h-infvE'Y Ivl = o. Then the following assertions are equivalent: 

(1) Y is an h -approximating subset of '2!; 

(2) for every ideal '2!0 C '2!, the set dfin Y n '2!0 is h -dense in '2!0; 

(3) the set dfin Y is h-dense in '2!; 

(4) dfin Y is an h-approximating subset of '2!. 

<I The implications (2) =? (3) =? (4) are obvious. It remains to prove that 

(1) =? (2) and (4) =? (1). 
(1) =? (2): Suppose that a subset Y c '2! satisfies condition (1). Fix an 

arbitrary ideal '2!0 C CW and denote the set dfin Yn '2!0 by "11/. Consider an arbitrary 
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element u E %'0. According to 5.2.15, there exists a net (Wa)aEA in mixfin 1/ that 

h -converges to u. For each Q E A, we assign 7r a : = (I u - Wa I ~ I u I). The relations 

l7rawa l ~ lui + lu - 7rawa l = lui + (7ra lu - wal + 7r;;lul) 

~ lui + (7ra IUI + 7r;;lul) = 21ul 

ensure that the net (7raW a)aEA is constituted by elements of"fll and the relations 

together with h-limaEA lu - wal = 0 give h-limaEA lu -7rawal = O. 

(4) =} (1): From the relation h-infvE"Y Ivl = 0 it follows that 1/ h-approximates 

1/ U {O}. On the other hand, the set 1/ U {O} obviously h-approximates dfin 1/, 

the latter in turn h-approximating all. It remains to apply Proposition 5.2.14. [> 

5.2.17. The difference between the statements of Propositions 5.2.4 and 5.2.16 

is essential: the condition h-infvE"Y I v I = 0 in the latter proposition cannot be 

omitted. Indeed, consider the I< -space E of all numeric sequences and assign 

%' := {u E E : inf(Limlul\{O}) > O}, where Lim lui is the set of all partial 

limits of the sequence lui. We make %' an LNS over E by defining lu I := lui for all 

u E all. As in Remark 5.2.12, let the Boolean homomorphism h: Pr(E) ---7 {O, I} be 

the characteristic function of some nonprincipal ultrafilter in the Boolean algebra 

Pr(E). Consider as 1/ the set {u E E: infLimlul > O} and assign d:= (l/n)nEN. 

It is clear that dfin 1/ = all; however, h(lvl > d) = 1 for all v E 1/. 

Proposition. Let all be an LNS over E. Suppose that, for every positive 

e E E, there is an element u E all satisfying the inequalities e ~ I u I ~ 2e (this 

is true, for instance, in case all is o-complete, see 1.6.3). Then the condition 

h-infvE"Y I v I = 0 in the statement of Proposition 5.2.16 can be omitted. 

<J Consider an arbitrary subset 1/ C all, denote dfin 1/ by "fII, suppose that "fII 

h-approximates %', and establish the relation h-infvE"Y Iv I = o. Due to 5.2.4 

(we now use the implication (4) =} (1)), it is sufficient to fix an arbitrary positive 

element dEE and to show that 

inf h((d)(lvl > d)) = O. 
vE"Y 
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For the sake of simplicity, we assume that h(d) = 1 (see 5.2.13). Denote the element 

infvE'Y h(1 v I > d) by b and assume to the contrary that b i= O. Consider an arbitrary 

element u E all satisfying the inequalities d/4 :::;; lui:::;; d/2. In view of the equality 

infwE~ h(lu - wi> d/5) = 0, there exists an element w = 7rlVl + ... + 7rn Vn E "fI/ 

(Vi E 1/) such that b/\ h(lu - wi> d/5) < b. Using the equality 

(Iu - wi > d/5) 

= 7rl (Iu - vIi> d/5) V··· V 7rn (lu - vnl > d/5) V (7rl V··· V 7rn).L(d), 

it is easy to verify that b/\h(lu - Vi I > d/5) < b for at least one index i E {1, ... , n}. 

Then, applying the relations 

(lvd > d) :::;; (lu - vd + lui> d) :::;; (Iu - vd > d/2) :::;; (Iu - vd > d/5), 

we arrive at the equality b /\ h(lvd > d) < b, which contradicts the definition 

of b. C> 

5.2.18. A disjoint family (7re)eE3 in the Boolean algebra Pr(E) is called an 

h -partition of unity if h-SUPeE37re = 1. If (ue )eE3 is an arbitrary family in 

an LNS all over E and (7r e )eE3 is an h-partition of unity in Pr( E), then we call 

the sum o-L:eE3 7reUe (if it exists) the h-mixing of the family (Ue)eE3 with respect 
to (7re )eE3. For an arbitrary subset 1/ C all, the totality of various h-mixings of all 

(all countable) families in 1/ is called the h -cyclic hull (the countably h -cyclic hull) 

of the set 1/ and denoted by h-mix 1/ (by h-mix".1/, respectively). A set 1/ C all 
is called h -cyclic if it coincides with the h-cyclic hull of itself. It is easy to verify 

that the h-cyclic hull of 1/ is the least h-cyclic set that includes 1/. 

5.2.19. REMARK. We confine ourselves to the criteria for h-approximation 

given in Propositions 5.2.15 and 5.2.16. We did not succeed in using the notion of 

h-cyclic hull to obtain efficient descriptions for h-approximation analogous to those 

presented in 5.2.6-5.2.9. 

5.3. Order Bounded Operators 

In this section, we depart from the general conventions made in 5.1.7 and 

consider not only decomposable LNSs over f{ -spaces but also arbitrary LNSs over 

arbitrary vector lattices. We do it not for the sake of generality but rather for 
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avoiding duplication of formulations both for LNSs and vector lattices. Indeed, 

every vector lattice together with the modulus function 1·1 is an LNS over itself. 

Thus, a definition or an assertion formulated for LNSs can be formally extended to 

the case of vector lattices. Observe that a vector lattice is a-complete as an LNS 

(i.e., is a BKS) if and only if it is a K -space. 

5.3.t. Let 0/1 be an LNS over a vector lattice E. A net (Ua,)aEA in 0/1 is called 

asymptotically bounded if the net (lUal)aEA possesses this property; i.e., if there 

exists an index a E A such that the set {I ua ! : Q ~ a} is order bounded in E. 

(a) We say that a subset "fI/ C 0/1 is r -annullable (a-annullable, boundable) 

if, for every net (Wa)aEA in "fI/ and every vanishing numeric net (Ca)aEA' the net 

(caWa)aEA is r-convergent to zero (a-convergent to zero, asymptotically bounded). 

(b) We say that a subset "fI/ c 0/1 is countably r -annullable (countably a-an­

nullable, countably boundable) if, for every countable net (Wa)aEA in "fI/ and every 

vanishing numeric net (ca)aEA, the net (caWa)aEA is r-convergent to zero (a-con­

vergent to zero, asymptotically bounded). 

(c) We say that a subset "fI/ c 0/1 is sequentially r -annullable (sequentially 

a-annullable, sequentially boundable) if, for every sequence (Wn)nEN in "fI/ and every 

vanishing numeric sequence (cn)nEN, the sequence (cnWn)nEN is r-convergent to zero 

(a-convergent to zero, bounded). 

(d) We say that a subset "fI/ C 0/1 is semibounded (countably semibounded, 

sequentially semibounded) if, for every net (countable net, sequence) (Wa)aEA in "fI/ 

and every vanishing numeric net (ca)aEA, the relation infaEA !cawa! = 0 holds in 
the vector lattice E. 

Theorem. Let 0/1 be an LNS over a vector lattice E and let "fI/ C 0/1. 

(a) The following assertions are equivalent: 

(1) the set "fI/ is r -annullable; 

(2) the set "fI/ is a-annullable; 

(3) the set "fI/ is boundable; 

( 4) the set {I wi: W E "fI/} is order bounded in E. 

(b) The following assertions are equivalent: 

(1) the set "fI/ is countably r -annullable; 

(2) the set "fI/ is countably a-annullable; 

(3) the set "fI/ is countably boundable; 
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( 4) for every countable subset 110 c "fII, the set {I wi: W E 110} is order 

bounded in E. 

( c) The following assertions are equivalent: 

(1) the set "fII is sequentially r -annullable; 

(2) the set "fII is sequentially o-annullable; 

(3) the set "fII is sequentially boundable. 

(d) The following assertions are equivalent: 

(1) the set "fII is semibounded; 

(2) the set "fII is countably semi bounded; 

(3) the set "fII is sequentially semibounded; 

(4) infnEN Iwnl/n = 0 for every sequence (Wn)nEN in "fII. 

<l (a) The implications (4) =? (1) =? (2) =? (3) are obvious. We will show 

that (3) =? (4). Order the Cartesian product "fII x N by comparing the second 

component: (WI, nl) < (W2' n2) ¢:} nl < n2' Applying assertion (3) to the nets 

(w)(w,n)EWxN and (1/n)(w,n)EWxN, we obtain a pair (w, 71) E "fII xN and an element 

e E E such that Iwlnl ~ e for all (w,n) ~ (w,71). In particular, Iwl(71 + 1)1 ~ e 

for all w E "fII, which implies that the set {I wi: w E "fII} is bounded from above by 

(71+1)e. 
(b) This is established in the same way as ( a). 

(c) The implications (1) =? (2) =? (3) are obvious. We will show that (3) =? (1). 

Fix an arbitrary sequence (Wn)nEN in "fII and a vanishing numeric sequence (cn)nEN. 

According to (3), the set {llcnI1/2Wnl : n E N} has some upper bound e E E. 
In order to prove assertion (1), it remains to observe that Icnwnl ~ Icnl1/2e for all 

n E N. 

(d) The implications (1) =? (2) =? (3) =? (4) are obvious. We show that 

(4) =? (1). Fix an arbitrary net (WO')O'EA in "fII and a vanishing numeric net (cO')O'EA' 

For each natural n E N, choose an index a(n) E A so that cO'(n) ~ lin. Then, 

using (4), we obtain the relations infO'EA IcO'wO' I ~ infnEN IcO'(n)wO'(n) I = o. [> 

A subset "fII C 'W satisfying the conditions listed in items (a), (b), and (c) 

of the last theorem is called bounded, countably bounded, and sequentially bounded, 

respectively. 

5.3.2. Obviously, every bounded set is count ably bounded, every countably 

bounded set is sequentially bounded, and every sequentially bounded set is semi-
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bounded. We observe that the four types of boundedness differ pairwise even if 

'W = E. Indeed, in the K-space of all functions e : lR -t lR with countable supports 

e -1 [lR \ {O}], the set {et : t E lR} of the characteristic functions of all singletons 

{t} C lR is count ably bounded but not bounded. The set {en : n E N} of the char­

acteristic functions of all singletons {n} C N is a sequentially bounded but not 

a count ably bounded subset of the K -space of vanishing numeric sequences. 

We will give an example of a semi bounded but not sequentially bounded subset 

in the K -space M ([0, 1]) of cosets of real-valued Lebesgue-measurable functions on 

the interval [0, IJ. For this purpose, we construct the family of intervals I:;' (n E N, 
mE {1,2, ... ,2n }) as follows: 

[2._ [3 4]. 
4'- 4' 4 ' 

I n ._ [0 1] 
1 .- 2n , 2n , 

In ._ [1 2] 
2'-2"'2"' 

and denote by r:;, the coset in M([O,I]) containing the characteristic function of 

the interval I:;'. Then the set {2nr:;, : n E N, m E {I, 2, ... , 2n} } is the desired one. 

5.3.3. Theorem. Let 'W and 1/ be LNSs over respective vector lattices E 

and F and let T be a linear operator from 'W into 1/. 

(a) The following assertions are equivalent: 

(1) T is r-continuous; 

(2) T is r-o-continuous; 

(3) if r-limaEA Ua = ° in 'W then the net (Tu a )aEA is asymptotically 

bounded; 

(4) T takes bounded subsets of'W into bounded subsets of 1/; 

(5) for every e E E+, the set {lTul : lui ~ e} is bounded in F. 

(b) The following assertions are equivalent: 

(1) T is countably r-continuous; 

(2) T is countably r-o-continuous; 

(3) if r-limaEA Ua = ° in 'Wand the index set A 1S countable, then 

the net (TUa)aEA is asymptotically bounded; 
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(4) T takes countably bounded subsets of all into countably bounded 

subsets of Yj 

(5) T takes bounded subsets of all into countably bounded subsets ofYj 

(6) T takes countable bounded subsets of all into bounded subsets of Y. 

( c) The following assertions are equivalent: 

(1) T is sequentially r -continuousj 

(2) T is sequentially r-o-continuousj 

(3) if r-limnEN Un = 0 in all then the sequence (TUn)nEN is boundedj 

(4) T takes sequentially bounded subsets of all into sequentially bounded 

subsets of Yj 

(5) T takes bounded subsets of all into sequentially bounded subsets 

ofY. 

( d) The following assertions are equivalent: 

(1) ifr-limaEA Ua = 0 in all then infaEA ITual = OJ 

(2) if r-limaEA Ua = 0 in all and the index set A is countable, then 

infaEA ITual = OJ 
(3) if r-limnEN Un in all then infnENITun I = OJ 
(4) T takes semibounded subsets of all into semi bounded subsets of Yj 

(5) T takes bounded subsets of all into semi bounded subsets of Y. 

<l (a) The implications (1) => (2) => (3) and (4) => (5) are obvious. Using 

boundability as a criterion for boundedness (see Theorem 5.3.1 (a)), it is easy to 

deduce (4) from (3). It remains to show that (5) => (1). Suppose that the oper­

ator T satisfies condition (5) and, for every positive element e E E, denote by Ie 
some upper bound of the set {lTul : lui ~ e} in the lattice F. Let (Ua)aEA be 
an arbitrary net in all r-convergent to zero with regulator e E E. Fix an arbitrary 

number c > 0 and choose an index a E A so that Iual ~ ce for all a ~ a. Then, 

for all a ~ a, we have: ITual = clTua/cl ~ cle. 

(b) The implications (1) => (2) => (3) and (4) => (5) => (6) are obvious. 

Using countable boundability as a criterion for countable boundedness (see Theo­

rem 5.3.1 (b)), it is easy to deduce (4) from (3). It remains to show that (6) => (1). 

Suppose that the operator T satisfies condition (6). Let (Ua)aEA be an arbitrary 

countable net in all r-convergent to zero with regulator e E E. For every nat­

ural n, denote by an an element of A such that IU a I ~ e/n for all a ~ an. 
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The set 0//0 := {nu o : n E N, a E A, a ~ an} is countable and bounded; 

hence, there is an element f E F such that I Tu I ~ f for all u E 0//0 , Then 

ITu o I = ITnuo I/n ~ f /n for all a ~ an· 

(c) The implications (1) =} (2) =} (3) and (4) =} (5) are obvious. Using sequen­

tial boundability as a criterion for sequential boundedness (see Theorem 5.3.1 (c)), 

it is easy to deduce (4) from (3). It remains to show that (5) =} (1). Let (Un)nEN be 

an arbitrary sequence in all r-convergent to zero with regulator e E E. Then there 

exists a vanishing numeric sequence en > 0 such that IU n I ~ ene for all n E N. 

Boundedness of the set {un/en: n E N} and condition (5) allow us to conclude 

that the set {Tun/en: n E N} is sequentially r-annullable and, hence, the sequence 

(TUn)nEN r-converges to zero. 

(d) The implications (1) =} (2) =} (3) =} (4) are obvious. We will show that 

(4) =} (1). Let (u o )oEA be an arbitrary net in all r-convergent to zero with regulator 

e E E. Then, for every natural n E N, there exists an index a(n) E A such that 

IUo(n)1 ~ e/n. Boundedness of the set {nuo(n) : n E N} and condition (4) allow us 

to conclude that the set {Tnuo(n) : n E N} is semibounded, hence, infOEA ITu o I ~ 
infnEN ITuo(n) 1= infnEN ITnuo(n)l/n = 0 (see Theorem 5.3.1 (d)). I> 

An operator T : all --t "j/ satisfying the conditions listed in items (a), (b), 

(c), and (d) of the last theorem is called bounded, countably bounded, sequentially 

bounded, and semibounded, respectively. Obviously, every bounded operator is 

count ably bounded, every countably bounded operator is sequentially bounded, 

and every sequentially bounded operator is semi bounded. We devote a large part 

of this section to presenting examples which show that the four types of bounded­

ness of operators differ pairwise. Operators arising in each of the examples below 

act from Banach spaces into K -spaces. 

5.3.4. EXAMPLE. There exist a Banach space X, a universally complete 

K -space F, and an operator T : X --t F that is count ably bounded but not 

bounded. 

We call a sequence (aI, a2,' .. ) of countable ordinals an finitary if there is 

an index n E N such that an =J 0 and am = 0 for all m > n. In this case, 

the number n is called the dimension of the sequence a and denoted by dim( a). 

Denote the set of all finitary sequences of countable ordinals by A and endow it 

with the lexicographic order by defining a < f3 if and only if, for some n E N, we 
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have a1 = 131, ... , an-1 = j3n-1, and an < j3n. For all a,j3 E A, we denote by 

la, j3[ the open interval bE A : a < I < j3}. 
For every sequence a E A, assign 

a + 1 := (al, ... , adim(a)-b adim(a) + 1,0,0, ... ). 

Consider a,j3 E A. We say that a is a fragment of 13 and write a c 13 if a = 
(131,132, ... ,j3dim(a), 0, 0, ... ). 

Lemma 1. For all a, 13 E A, the following relations are equivalent: 

(1) la, a + 1[ n lj3, 13 + 1[ :f: 0; 

(2) la, a + 1[ C lj3, 13 + 1[ or la, a + 1[ :J lj3, 13 + 1[; 

(3) a C 13 or 13 C a. 

<I If dim( a) = dim(j3) then the claim is obvious. For definiteness, assume 

that dim( a) < dim(j3). Therefore, if a < (131, . .. ,j3dim(a), 0, 0, ... ) then a + 1 < 13, 

and if a > (131,"" j3dim(a), 0, 0, ... ) then a > 13 + 1. In both cases, the intervals 

la, a + 1[ and lj3, 13 + 1[ are disjoint. The lemma is proven. [> 

Endow the set A with the order topology, for which {la,j3[ : a,j3 E A} is 

a base of open sets. Denote by Q the Stone compactum of the Boolean algebra 

Rop(A) of regular open subsets of A. Let U ~ 0 be an isomorphism of Rop(A) 

onto the Boolean algebra Clop(Q) of clop en subsets of Q. Observe that Rop(A) 

contains all intervals ja,j3[ (a,j3 E A). For every sequence a E A, assign Qa:= 

la,a + 1[1\ E Clop(Q) and denote the characteristic function of the subset Qa C Q 

by Xa. Thus, Xa E C(Q). 

Lemma 2. For every nonempty open set U C A and every n E N, there is 

a sequence a E A such that dim(a) > n and ja,a + 1[ CU. 

<I By the definition of order topology, the set U includes some intervalja, 13[, 
a < 13. Assign m := min{i EN: ai < j3;} and k := max{m,n}. The sequence 

(a1' ... ,ak, ak+1 + 1,0,0, ... ) is the desired one. [> 

Lemma 3. For every n E N, the relation 

sup {la,a + 1[ : a E A, dim(a) ~ n} 1 

holds in the Boolean algebra Rop(A). 

<I The claim is immediate from Lemma 2. [> 
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Lemma 4. In the K-space Coo(Q) the sum fs := o-E",Esdim(a)x", exists 

for every countable subset SeA. 

<l The formula f(q) := E",Esdim(a)x",(q) defines a function f : Q --+ iR. 
According to [12: Chapter XIII, Theorem 2.32J, in order to prove the lemma, it 

is sufficient to establish that f- 1 ( 00) is a meager subset of Q. Taking account of 

Lemma 1, we conclude the following: if a point q E Q satisfies f(q) = 00, then 

there is a chain a(l) C a(2) C .. , C a(n) C ... of pairwise different elements 

in S such that q EnnEN Q",(n). Thus, f-1( 00) c nnEN U"'ES(n) Q"" where S(n) = 

{a E S : dim( a) ~ n}. Consequently, the lemma will be proven if we establish that 

int nnEN cl U"'ES(n) Q", = 0, i.e., infnEN sUP",ES(n) Q", = ° in the Boolean algebra 

Clop(Q) or, equivalently, infnEN sup"'ES(n)Ja,a+1[ = ° in the Boolean algebra 

Rop(A). 

Assume that the last equality does not hold. Then, according to Lemma 2, 

there exists a sequence f3 E A such that the interval Jf3, f3 + 1[ is included in 

sUP"'ES( n) Ja, a + 1 [ for every n E N and, in particular, for n = dim(f3) + 1. De­

note the set h E S(dim(f3) + 1) : Jf3, f3 + 1[ n h, ,+ 1[ =1= 0} by r. Obviously, 

Jf3, f3 + 1 [ c sUPoyEf h, I + 1 [ and, consequently, for every sequence a < f3 + 1, there 

exists an element I E r such that 1+1 ~ a. However, Lemma 1 implies that f3 is 

a fragment of every element of r; therefore, for alI, E r, we have 

,+ 1 = (f31,' .• ,f3dim(,8), Idim(,8)+b ... ,/dimb) + 1,0,0, ... ) 

~ (f31,'" ,f3dim(,8)"dim(,8)+1 + 1,0,0, ... ) 

~ (f31"'" ,8dim(,8), sup (/~im(,8)+l + 1),0,0, ... ) < ,8 + 1, 
oylEr 

which easily yields a contradiction. I> 

Let fr be the vector space of all bounded functions x : A --+ lR with countable 

support {a E A : x( a) =1= O}. Obviously, fr is a Banach space with respect to 

the uniform norm 11·11 00 and a K -space with respect to the pointwise order. 

Lemma 5. For every function x E fr, the sum o-E"'EA dim(a)x(a)x", exists 

in the K -space Coo(Q). 

<l Denote by S the support of the function x E fr. Applying Lemma 4, we 

have E"'EA dim(a)x+ (a)x", (q) ~ Ilxlloofs(q) at every point q E Q, which implies 
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the existence of the sum o-L:aEA dim( 0: )x+ (0: )Xa in Coo ( Q). Similar arguments for 

the function x- complete the proof of the lemma. I> 

We now begin defining the spaces X and F and the operator T. The Banach 

space X is defined as the closure of the subspace of :r constituted by all functions 

with finite supports. As the K-space F, we take Coo(Q). Finally, the operator 

T : X -t F is defined by the formula 

Tx = 0- L dim(o:)x(O:)Xa, 
aEA 

in which the existence of the o-sum is guaranteed by Lemma 5. 

The operator T is countably bounded. Indeed, if the norms of all the elements 

of a countable subset Xo C X are bounded from above by a number A and S is 
the union of the supports of all the functions in Xo, then, in view of Lemma 4, we 

have ITxl :::; Als for all x E Xo. Thus, the operator T satisfies condition (b)(6) 

of Theorem 5.3.3, i.e., it is countably bounded. 

We show that the operator T is not bounded. For every sequence 0: E A, denote 

the characteristic function of the singleton {o:} C A by Xa. If the set {Tx : x EX, 

IIxlioo :::; I} had an upper bound in the K-space F, then, according to Lemma 3, 

for every n E N we should have 

sup{Tx: x EX, IIxli oo :::; I} ~ sup{Txa : 0: E A, dim(o:) ~ n} 

~ sup{nXa : 0: E A, dim(o:) ~ n} = nIF, 

where IF is the identical unity. Thus, the operator T does not satisfy condition 

(a)(5) of Theorem 5.3.3, i.e., it is not bounded. 

5.3.5. EXAMPLE. There exist a Banach space X, a K -space F, and an operator 

T : X -t F that is sequentially bounded but not count ably bounded. 

<l Endowing the vector space Co of vanishing numeric sequences with the uni­

form norm 11·11, we obtain a Banach space to be denoted by X. On the other hand, 

endowing the space Co with pointwise order, we obtain a K -space which we denote 

by F. Consider the identity mapping T : Co -t Co as an operator from X into F. 

For every natural n E N, denote by en the characteristic function of the subset 
{n} C N. The operator T is not count ably bounded, since it takes the bounded 
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countable subset {en : n E N} of the Banach space X into an unbounded subset of 

the K -space F (see (b )(6) of Theorem 5.3.3). 

We will show that the operator T is sequentially bounded by using criterion 

(c)(3) of Theorem 5.3.3. Consider an arbitrary sequence (Xn)nEN in X convergent 

in norm to zero and define a sequence x by the formula x(m) = sUPnEN IXn(m)1 

(m EN). It is sufficient to show that x(m) -+ ° as m -+ 00. Fix an arbitrary 

number c > 0. Let a number n E N be such that IIxnll :::; c for all n > n and let 

mEN be such that (IXll V IX21 V··· V IXnl)(m) :::; c for all m > m. Then x(m) :::; c 
for all m > m. [> 

5.3.6. EXAMPLE. There exist a Banach space X, a universally complete 

K -space F, and an operator T : X -+ F that is semi bounded but not sequentially 

bounded. 

<l Denote by ~ the set of all finite sequences of unities and zeroes: ~ := 

{(8(1), ... ,8(n)) : n E N, 8(i) E {O, I}}. Enumerate the elements of the set ~, 
listing first all the sequences of length 1, then of length 2, etc.: 

81 := (0), 82 := (1); 

83 := (0,0), 84 := (0,1), 85 := (1,0), 86 := (1,1); 

For every element 8 = (8(1), ... , 8( n)) E ~, denote by 16 the following interval of 
the real line: 

By way of explication, we observe that 

where I~ are the intervals considered in 5.3.2. 

Denote by X the Banach space £1 (~) of summable functions x : ~ -+ R 

with the norm IIxil = L:6EA Ix(8)1 and define F to be the K -space M([O, l]) of 
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cosets of real-valued Lebesgue-measurable functions on the interval [0,1]. For ev­

ery element b E ~, denote by 10 the characteristic function of the interval Io 

and by fo the coset in M ([0, 1]) that contains the function 10. Define the op­

erator T : X -+ F by the formula Tx = 0- L:oE~ 2dim 0 x( b) fo, where dim b is 

the length of a sequence b. The last a-sum exists, since the corresponding pointwise 

sum L:oE~ 2dim 0 x( b)1o is, obviously, measurable and the integral of its modulus is 

equal to L:oE~ 2dimo lx(b)1 J.l(Io) = L:oE~ IX(b)1 = Ilxll and, hence, is finite. Thus, 

J ITxl = Ilxll, which immediately implies semiboundedness of the operator T. 

We show that the operator T constructed is not sequentially bounded. For ev­

ery element b E ~, denote by eo the characteristic function of the singleton {b} c ~. 
Then the sequence (2- dim On eOn) nEN converges in norm to zero; however, its image 

(fon) nEN with respect to the operator T does not r-converge to zero. I> 

5.3.7. Let all and Y be LNSs over respective vector lattices E and F. A pos­

itive operator S: E -+ F is said to be a dominant of an operator T: all -+ Y if 

ITul ~ Siul for all u E all. An operator possessing a dominant is called dominated. 

The totality of all dominated operators from all into Y is denoted by M( all, Y). 
Obviously, M( all, Y) is a vector subspace of the space of all linear operators from all 

into Y. 

Proposition. Let E and F be vector lattices and let all and Y be LNSs. 

(1) An operator T: E -+ F is regular if and only if it is dominated. 

(2) If an operator T: all -+ Y is dominated then it is bounded. 

(3) If F is a K-space and an operator T: E -+ F is bounded then it is 

dominated (= regular). 

<l Assertions (1) and (2) are obvious. A proof of (3) is presented in [12: 

VIL1.27; 10: Theorem VIIL2.2]. I> 

REMARK. A bounded operator need not be dominated. Indeed, by endowing 

the vector space £00 of bounded numeric sequences with coordinatewise order, we 

obtain a K-space (hence, a BKS) which is denoted by all. On the other hand, by 

endowing £00 with the uniform norm, we obtain a Banach space (hence, a BKS) 

which is denoted by Y. Then the identity mapping of £00 onto itself, as an operator 

from all into Y, is bounded but not dominated. 
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5.3.B. Theorem [16]. Let all be an LNS over E and let Y be an LNS over F. 

(1) Every dominated operator T: all -+ Y possesses a least dominant (with 

respect to the order of the vector lattice M(E, F) of regular operators), denoted 

by ITI and called the exact dominant of T. 

(2) If Y is a BKS tben tbe mapping 1·1: T f-t ITI is a decomposable 

M(E,F)-valued norm on M(O//, Y) under wbicb M(O//, Y) is a BKS. 

5.3.9. Theorem [16]. Consider a BKS all over E, an LNS Y over F, and 

a linear operator T: all -+ Y. For eacb positive element e E E, assign 

Tde):= {ITud + ... + ITunl : Ui E all, Iud + ... + Iunl ~ e}, 

T=(e):= {ITud + ... + ITunl : Ui E all, Iud + ... + lunl = e}, 

T.l(e):= {ITull + ... + ITunl : Ui E all are pairwise disjoint, 
Iud + ... + lunl ~ e}. 

The operator T is dominated if and only if, for every positive element e E E, 

one (bence, eacb) of tbe sets T~(e), T=(e), or T.l(e) is bounded. In tbis case, 

ITle = supT~(e) = supT=(e) = supT.l(e) for all e ~ O. 

5.4. The Shadow of an Operator 

Our main tool for studying disjointness preserving operators is the so-called 

shadow, a ring homomorphism in Boolean algebras which is generated by the action 

of the operator on bands. Many properties of an operator are expressible in terms 

of its shadow. In particular, this is true of certain questions of continuity. 

5.4.1. Let all and Y be LNSs. An operator T: all -+ Y is said to be dis­

jointness preserving whenever Ul 1- Uz implies TUI 1- Tuz for all Ul, Uz E all. It is 

not difficult to become convinced that every disjointness preserving positive oper­

ator in K-spaces is a lattice homomorphism. The following assertion shows that 

all disjointness preserving operators, not only positive, are closely related to lattice 

homomorphisms. 

Theorem. Let E be a vector lattice, let F be a K-space, and let T: E -+ F 

be a regular disjointness preserving operator. Assign p := (T+[E+]), where E+ = 

{e E E : e ~ O}. Tben tbe operators poT and - p.l 0 T are lattice homomorpbisms. 

In particular, T = (p - p.l)ITI. 
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<J The claim follows directly from [21: Theorem 3.3]. I> 

In the sequel, we repeatedly use the last theorem in order to reduce considera­

tion of an arbitrary regular disjointness preserving operator to the case of a positive 

operator. 

5.4.2. The shadow of an operator T: 0/1 -+ "Y is the mapping h: Pr(o/I) -+ 

Pre "Y) defined by the formula h( 7r) = sUPufOk' (T7ru). In other words, h( 7r) = 

(T[7ro/lJ). 

Proposition. A linear operator in LNSs is disjointness preserving if and only 

if its shadow is a ring homomorphism. 

<J Only necessity requires proving. Assume that a linear operator T: 0/1 -+ "Y 

in LNSs 0/1 and "Y is disjointness preserving. Without loss of generality, we may 

assume that (imT).l.l = "Y. Prove that the shadow h: Pr(o/I) -+ Pr("Y) of Tis 

a Boolean homomorphism. To this end, use Proposition 5.1.2. Let (7rl' 7r2, 7ra) be 

a partition of unity in the algebra Pr(o/I). Then 

h(7rl) 1\ h(7r2) = sup (T7rlUl) 1\ sup (T7r2U2) = sup (T7rlUl) 1\ (T7r2U2) = 0, 
uIE"lI u2E"lI Ul,U2E"lI 

i.e., h( 7rd 1.. h( 7r2). The relations h( 7rd 1.. h( 7ra) and h( 7r2) 1.. h( 7ra) can be estab­

lished similarly. Moreover, 

h(7rl) V h(7r2) V h(7ra) = sup (T7rlUl) V (T7r2U2) V (T7raua) 
Ul,U2,uaE"lI 

= sup (T(7rlUl + 7r2U2 + 7raua)) = sup (Tu) = 1, 
Ul,U2,UaE"lI uE"lI 

whence it follows that (h( 7rd, h( 7r2), h( 7ra)) is a partition of unity in the algebra 

Pr("Y). I> 

5.4.3. Proposition. Consider LNSs 0/1 and "Y, a linear operator T: 0/1 -+ "Y 

and a ring homomorphism h: Pr(o/I) -+ Pr("Y). The following assertions are 

equivalent: 

(1) h dominates the shadow of T (see 5.1.4); 

(2) {Tu} :::; h(u) for all u E 0/1; 

(3) T7ru = h(7r)Tu for all u E 0/1 and 7r E Pr(o/I). 

H, in addition, h(1) = {im T} then each of conditions (1 )-{3) is equivalent to 
coincidence of the shadow of T with h. 
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<l The implications (3)=>(1)=>(2) are obvious. Assume (2) to be satisfied 

and prove (3). Fix arbitrary elements u E au' and 11' E Pr(au'). From (2) it follows 

that T1I'u and T1I'.1u are disjoint. Consequently, there exist a projection p E Pr(1') 

such that T1I'u = pTu and T1I'.1u = p.1Tu. In order to ensure the equality pTu = 
h(1I')Tu, it is sufficient to show that p(Tu) = h(1I')(Tu). The relations p(Tu) = 
(T1I'u) ~ h(1I') imply the inequality p(Tu) ~ h(1I')(Tu). One can establish similarly 

that p.1(Tu) ~ h( 11'.1 )(Tu). The two last inequalities directly imply the equality 

p(Tu) = h(1I')(Tu). 

According to Proposition 5.1.4, condition (1) and the equality h(1) = (im T) 
imply that the shadow of T coincides with h. [> 

5.4.4. Proposition. Let T be a dominated operator acting from a BKS into 

an LNS. Then the shadows of T and ITI coincide. 

<l Let an operator T acts from a BKS au' over E into an LNS l' over F. De­

note the shadow of T by hT and the shadow of I T I by hiT I. Of course, coincidence 
of the functions hT: Pr( au') --t Pr( 1') and hiT I : Pr( E) --t Pr( F) is understood 

with the identifications Pr(o//) = Pr(E) and Pr(1') = Pr(F) taken into account 

(see 1.6.3). The inequality hT(1I') ~ hITI(1I') (11' E Pr(E)) is obvious. To prove 

the reverse inequality, it is sufficient to observe, that the conditions 

imply 

and to use the formula ITI1I'e = supT~(1I'e) (see 5.3.9). [> 

Corollary. A dominated operator T from a BKS into an LNS is disjointness 

preserving if and only if its exact dominant ITI is disjointness preserving. 

5.4.5. Let all and l' be LNSs and let h: Pr(au') --t Pr(1') be a ring homomor­

phism. Following the general rule (see 5.1.1), we say that the mapping T: au' --t l' 

is h-o-continuous whenever h-lim U Oi = u (see 5.2.12) implies o-lim Tu Oi = Tu for 
OlEA OlEA 

every net (U Ol )OIEA in all and every u E all. 
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Theorem. Let E and F be K-spaces. Every disjointness preserving operator 

T: E - F is h-o-continuous, wbere h is tbe sbadow of T. 

<l Since the shadow of ITI coincides with the shadow of T (see Proposi­

tion 5.4.4), we may assume that the operator T is positive. To prove h-o-con­

tinuity of T, it is sufficient to consider a net (eO' )aEA in E, which is h-convergent 

to zero, and to show that o-lim Tea = O. Asymptotic boundedness of the net 
aEA 

(Tea)aEA follows from that of (ea)aEA and from boundedness of T. According to 

Lemma 5.2.10 (2), o-convergence of Tea to zero will be established if we prove that 

o-lim(Te)(Tea > Te/n) = 0 for all e E E and n E N. The latter relation can be 
aEA 

obtained as follows: 

(Te)(Tea > Te/n) = (Te)((T(ea - e/n))+) = (Te)(T((ea - e/n)+)) 

:::; h((e))h(((ea - e/n)+)) = h((e)(ea > e/n)) ~ O. I> 

Corollary. Every disjointness preserving dominated operator from a BKS 

into an LNS is h-o-continuous, wbere h is its sbadow. 

<l The claim follows from Proposition 5.4.4 and the last theorem. I> 

REMARK. It is sometimes useful to take the following fact into account (the 

fact follows directly from the last assertion): if %' is a BKS, 11 is an LNS, and 
a ring homomorphism h: Pr(%') _ Pr(1I) dominates the shadow of an operator 

T: all - 11, then the latter is h-o-continuous. 

5.4.6. Coronary. Tbe following properties of a disjointness preserving dom-

inated operator T from a BKS into an LNS are equivalent: 

(1) T is (sequentially) o-continuous; 

(2) ITI is (sequentially) o-continuous; 

(3) tbe sbadow of T is (sequentially) o-continuous. 

Countable and sequential o-continuity of tbe operator T are equivalent. 

<l It is sufficient to combine 5.4.4,5.1.3,5.2.12, and 5.4.5. I> 

5.4.7. Corollary. Consider a BKS %' and an LNS 11 and assume tbat 

tbe sbadows of two dominated operators S, T: %' _ 11 are dominated by tbe same 

ring bomomorpbism h: Pr(o//) _ Pr(1I). If S and T coincide on some h-approxi­

mating subset of%' (see 5.2.14) tben tbey coincide oil tbe entire %'. 
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<J The claim follows from Remark 5.4.5 and Propositions 5.2.16 and 5.2.17. I> 

5.4.B. Proposition. Let ~ be an LNS over E, let r be a vector subspace 

of F, let ~o let ~, To: ~o --t r be a linear operator, let S: E --t F be a dis­

jointness preserving positive operator, and let h: Pr(E) --t Pr(F) be the shadow 

of S. Denote by h~o the LNS of all elements of ~ that are h-approximated by ~o 

(see 5.2.14, 5.2.15). Assume that ITouo I ~ Sluo I (respectively, ITouo I = Sluo I) for 

all Uo E ~o. Then there exists a unique linear extension T: h ~o --t r of the op­

erator To such that ITul ~ Siul (respectively, ITul = Slul) for all u E h~o. 

<J First, we prove the assertion about extension with the inequality preserved. 

If 7l" E Pr(~) and Uo E ~o are such that 7l"Uo = 0, then h(7l")Touo = 0, since 

h(7l")ITouol ~ h(7l")Sluol = S7l"IUol = 0. This fact implies that the following defini­

tion of an operator To is sound: 

To (t, 7l"i Ui) := t, h( 7l"i)ToUi 

(7l"i E Pr(~) are pairwise disjoint, Ui E ~o), 

which extends To onto dfin ~o and satisfies the inequality !1'ou I ~ Siu I for all 

u E dfin~O. In view of Proposition 5.2.15, for every u E h~o, there exists a net 

(Uo,)aEA in dfin~O that is h-convergent to u. From the inequality IToua - Tou,al ~ 
Slua - u,al and h-a-continuity of S (see 5.4.5) it follows that the net (Toua)aEA is 

a-fundamental. Since the LNS r, is a-complete, it contains an a-limit of the net. 

Obviously, the limit depends only on u and, therefore, can be denoted by Tu. It is 

not difficult to become convinced that the operator T: h~o --t r thus obtained is 

the desired one. Uniqueness of the extension constructed is ensured by its h-a-con­

tinuity inherited from S. 

Assume now that I To Uo I = SI Uo I for all Uo E ~o. In view of what was 

proven above, there exists an extension T: h~o --t r of the operator To such that 

ITul ~ Siul for all u E h~o. For every Uo E ~o and 7l" E Pr(~), the relations 

Sluol = ITuol = IT7l"uol + IT7l".Luo l ~ SI7l"uol + SI7l".Luo l = Sluol 

and the inequalities I T7l"uo I ~ SI7l"uo I and I T7l".Luo I ~ SI7l".Luo I imply I T7l"uo I = 

SI7l"uo I. Since Uo E ~o and 7l" E Pr(~) were chosen arbitrarily, we have ITul = Siu I 
for all u E dfin~O. The equality ITul = Siul for all u E h~o is now deduced from 

what was proven with the help of Proposition 5.2.16. I> 
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Corollary. Let all be an LNS over E, let "j/ be a BKS over F, let 0//0 be 

an approximating vector subspace of all, let To: 0//0 ~ "j/ be a linear operator, 

and let S: E ~ F be a disjointness preserving o-continuous positive operator. 

Assume that ITouo I :::; Sluo I (respectively, ITouo I = Sluo I) for all Uo E 0//0, Then 

there exists a unique linear extension T: all ~ "j/ of To such that I Tu I :::; SI u I 
(respectively, I Tu I = SI u I) for all u E all. 

5.4.9. If D is a subset of a K-space E then IDI denotes the set {Idl : dE D}, 
and linlDI stands for the linear span of IDI. The smallest ideal of E that contains D 

is conventionally denoted by ED. 

Lemma. Let E be a K-space, let D be a subset of E, let "j/ and 1f/ be 

arbitrary LNSs over the same K-space F, and let S: E ~ "j/ and T: E ~ 1f/ 

be dominated operators. Assume that the shadows of S and T are dominated 

by the same ring homomorphism h: Pr( E) ~ Pr( F) and denote the h -closure of 

the ideal ED by hED. 

(1) If "j/ = 1f/ and the operators S and T coincide on D, then they coincide 

on hED. 

(2) If ISel = ITel for all e E linlDI then ISel = ITel for all e E hED. 

<l We only prove assertion (1), since (2) can be proven similarly and even 

easier. Assume that the operators S and T meet all the hypotheses of the lemma 
and coincide on D. We will prove coincidence of Sand T on hED in several steps. 

(a) Suppose that e E IDI, i.e., e = Idl for some d ED. Then 

Se = S(d+)d + S(d-)d = h( (d+) )Sd + h((d-) )Sd 

= h( (d+) )Td + h( (d-) )Td = T(d+)d + T(d-)d = Te. 

(b) From (a) it follows that the operators Sand T coincide on the set linlDI. 

(c) Let e be ad-step element of E with dE linlDI, i.e., e = E7=111'iAidfor some 

numbers Ai and pairwise disjoint projections 7r; E Pr(E). Then, in view of (b), we 

have 

n n n n 

Se = L S(7r;A;d) = L A;h(7ri)Sd = L Aih(7r;)Td = LT(7ri A;d) = Te. 
i=l ;=1 ;=1 ;=1 
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(d) Suppose now that e E ED. Then lei ~ d for some d E linlDI. In view 

of 5.1.6, there exists a sequence (en)nEN of d-step elements of E that is r-conver­

gent to e. According to (c), the operators Sand T coincide on the elements en. 

Therefore, using r-continuity of S and T, we arrive at the equality Se = Te. 

(e) Finally, if e is an arbitrary element of hED then the equality Se = Te 

follows from (d) and h-o-continuity of Sand T. I> 

Corollary. Let ~ be a BKS over E, let D be a set of positive elements in E, 

let 11 and "fI/ be arbitrary LNSs over the same K-space F, and let S: ~ - 11 

and T: ~ - "fI/ be dominated operators. Assume that the shadows of S and T 

are dominated by the same ring homomorphism h: Pr( E) - Pr( F) and denote 

by hE D the h -closure of the ideal ED. 

(1) If 11 = "fI/ and the operators S and T coincide on the set {u E ~ : I u lED} 

then they coincide on the set {u E ~ : lui E hED}. 

(2) If ISul = ITul for all u E ~ with norm lui E linD then ISul = ITul for 

all u E ~ with norm lui E hED. 

<l Prove assertion (1) (assertion (2) can be proven similarly). Assume that 

the operators S and T meet all the hypotheses of the corollary and coincide on 

the set {u E ~ : lui ED}. Consider an arbitrary element u E ~ with norm 

lui E hED and establish the equality Su = Tu. 

Fix an order unit 1 in the universal completion E of the K-space E, introduce 

the corresponding multiplication in E and endow the universal completion ~ of ~ 

the structure of a module over E (see Corollary 5.1.12). Let it be an element of ~ 

such that lui = 1 and u = lulu. Consider operators Su, Tu: E - 1/ acting by 

the rules Sue = S(eit) and Tue = T(eu). It is clear that the shadows of Su and Tu 
are dominated by the homomorphism h and the operators themselves coincide on D. 

Therefore, according to assertion (1) of the last lemma, the operators Su and Tu 

coincide on hED. In particular, Su = Sulul = Tulul = Tu. I> 

5.4.10. As is seen from the following theorem, all the four types of bounded­

ness introduced in 5.3.3 coincide for each disjointness preserving operator defined 

on a vector lattice. 

Theorem. Let E be a vector lattice and let 11 be an LNS. The following 

properties of a disjointness preserving operator T: E - 11 are equivalent: 
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(1) T is bounded; 

(2) T is countably bounded; 

(3) T is sequentially bounded; 

(4) T is semibounded; 

(5) ifel,e2 E E and lell ~ le21 tben ITed ~ ITe21· 

Cbapter 5 

<] The implications (5)=>(1 )=>(2)=>(3)=>( 4) are obvious. The proof of The­

orem 2.1 in [37] that establishes the implication (4 )=>( 5) is presented for the case 

Y = E; however, it remains valid for an operator with values in an arbitrary 

LNS. c> 

The proof of the implication (4 )=>( 5) becomes particularly simple and clear in 

the case when E possesses the principal projection property (for instance, when E 

is a K.,.-space). Indeed, assume that an operator T meets condition (4), fix ar­

bitrary elements el,e2 E E satisfying the inequality lell ~ hi, and denote by S 

the set {2:?=l1l'iAile21 : 1I'i E Pr(E), IAil ~ I}. It is not difficult to become con­

vinced that ITsl ~ ITe21 for all S E S. Moreover, in view of 5.1.6, there exists 

a sequence (Sn)nEN of elements in S that is r-convergent to el with regulator le21. 
Condition (4) together with the relations ITed ~ ITel - TSnl + ITe21 (n E N) 
now yields the desired inequality ITell ~ ITe21. 

5.4.11. The analog of Theorem 5.4.10 for operators defined on LNSs is not 
true. Moreover, all the four types of boundedness are pairwise different for this 

class of operators. Indeed, every normed space is an LNS over lR and every linear 

operator from a normed space into an arbitrary LNS is disjointness preserving. 

Consequently, operators considered in Examples 5.3.4-5.3.6 act from BKSs into 

BKSs and are disjointness preserving. 

5.4.12. Lemma. Let all be a BKS over E, let Y be an LNS, let T: all ---+ V 

be a disjointness preserving semibounded operator, and let e be a positive element 

of E. For eacb u E all satisfying tbe inequality lu I ~ e, tbere is an element u E all 

sucb tbat lui = e and ITul ~ ITul. 

<] Suppose that lui ~ e. Due to the equality {lui: u E o//} = {e E E : 

e ~ OJ, we do not restrict generality by assuming that (u) = (e). Obviously, 

the product (e' flu Du is defined in all for all e' E E (see 5.1.12). Define an operator 

S: E ---+ Y by the formula See') = T((e'/luDu) and assign u := (e/luDu. It is easy 
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to see that the operator S is disjointness preserving and semibounded. According 

to Theorem 5.4.10, the operator S meets condition 5.4.10 (5). This allows us to 

conclude that ITul = Siul ~ Se = ITitl. It remains to observe that litl = e. I> 

Proposition. Let o/t be a BKS over E and let "j/ be an LNS. A disjointness 

preserving operator T: o/t --+ V is dominated if and only if it is bounded. Fur­

thermore, ITle = sup{ITul : u E o/t, lui ~ e} = sup{lTul : u E o/t, lui = e} for 

all positive e E E. 

<J For an arbitrary positive element e E E, the equality ITle = sup{lTul : 

u E o/t, lui ~ e} is easily deduced from the criterion 5.3.9 involving the set T.L(e). 

It remains to employ the lemma proven above. I> 

The last result does not provide any new information about operators in vector 

lattices, since dominatedness and boundedness are always equivalent for operators 

with values in a K-space (see Proposition 5.3.7 (3)). However, an analog of the last 

proposition is true in the case of vector lattices: 

Tbeorem [38]. Let E and F be arbitrary vector lattices. A disjointness 

preserving operator T: E --+ F is regular (= dominated) if and only if it is 

bounded. 

5.4.13. As was noted in 5.4.11, countable boundedness is not sufficient for 

boundedness of a disjointness preserving operator. It is interesting to clarify which 

(easily verified) additional assumptions yield boundedness of operators bounded in 

a weaker sense. Leaving this question open, we only formulate one corollary to 

Lemma 5.4.12 which is a small step in the indicated direction. 

Proposition. Let o/t be a BKS over E and let "j/ be an LNS over F. A dis­

jointness preserving operator T: o/t --+ "j/ is bounded if and only if it is semi­

bounded and, for every positive element e E E, the set {I Tu I : u E o/t, I u I = e} is 

order-bounded in F. 

Note that any semibounded disjointness preserving operator defined on a vector 

lattice obviously meets the hypotheses of the last proposition. This allows us to 

consider Proposition 5.4.13 as a generalization of Theorem 5.4.10. 

5.4.14. One of the main results concerning disjointness preserving operators 

provides their representation as sums of certain special operators taking pairwise 

disjoint values (see Section 5.7). Here we pay attention to such sums. 
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Lemma. Let %' and "f' be LNSs and let S, T: %' - "f' be linear operators. 
The following assertions are equivalent: 

(1) Su 1. Tu for all u E %'; 

(2) SUI 1. TU2 for all UI,U2 E %', i.e., imS 1. imT. 

<l Only the implication (1)~(2) requires proving. Let UI and U2 be arbitrary 

elements of %'. The relations SUI 1. TUI and SU2 1. TU2 imply: 

ISud t\ ITu21 = ISud t\ ITuI + TU21 :::; IT(UI + U2)j, 

ISud t\ ITu21 = ISUI + SU21 t\ ITu 21 :::; IS(UI + U2)j. 

It remains to observe that S(UI + U2) 1. T(UI + U2). I> 

Operators S and T that meet each of the equivalent conditions (1) or (2) are 

called 8trongly di8joint. Let %' and "f' be LNSs and let (Te )eES be a family of linear 

operators from %' into "f'. We say that an operator T: %' - "f' is decomposable 

into the 8trongly di8joint 8um of operators Te (and write T = ffieEs Te), whenever 

the operators Te are strongly disjoint and, for every U E %', the relation Tu = 
o-L:eEs Teu holds. 

Assume that T = ffieEs Te and assign Pe := (im Te) for each ~ E 3. According 

to the lemma, the projections Pe are pairwise disjoint; therefore, for all ~ E 3 

the equality Te = Pe 0 T holds. In particular, this implies that the strongly disjoint 

sum EDeEs Te is disjointness preserving if and only if so is each summand Te. 

5.5. Orthomorphisms 

This section is devoted to one of the simplest classes of disjointness preserv­

ing operators, the class of band preserving operators. Simplicity of such operators 

notwithstanding, the question about their regularity (= order boundedness) is far 

from trivial. It is known that all band preserving operators in a universally com­

plete K-space are regular if and only if the K-space is locally one-dimensional. 

However, it seems to have been unknown so far whether there exist nondiscrete 

locally one-dimensional K-spaces. In the present section we give a positive an­

swer to the question. As an auxiliary result, we establish that a K-space is locally 

one-dimensional if and only if its base is (7-distributive. 

Throughout the section, G is a universally complete K-space with a fixed order 

unity la, Q is the Stone compact space of the Boolean algebra Pr( G) (recall that 
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this algebra is the base of G), E and F are order-dense ideals of G, and 'PI and 1/ are 

LNSs over E and F, respectively. We introduce a multiplication in the K-space G 

which makes it a commutative ordered algebra with unity 1G (see 5.1.12). Recall 

also that we identify the Boolean algebras Pr(G), Pr(E), Pr(F), Pre%') and Pr(1/). 

A subset of a Boolean algebra with supremum unity is called a cover of the algebra. 

A cover constituted by pairwise disjoint elements (i.e. a partition of unity) is referred 

to as a partition of the algebra for brevity. 

5.5.1. An element 9 E G+ is called locally constant with respect to an 1 E G+, 

if 9 = VeE2 )..(1[" d for some numeric family ()..e )eE2 and a family (-rr e )eE2 of pair­

wise disjoint band projections. A universally complete K-space G is called locally 

one-dimensional if it satisfies one of the following equivalent conditions (see [37: 

Theorem 3.1]): 

(1) all elements of G+ are locally constant with respect to some order unity 

ofG; 

(2) all elements of G+ are locally constant with respect to every order unity 

ofG; 

(3) for every function 9 E eoo ( Q), there exists a partition (Ue )eES of the alge­

bra Clop( Q) such that the function 9 is constant on each of the sets U e. 

5.5.2. A linear operator T: G -t G is said to be band preserving if, for all 

I,g E G, from 1 1- 9 it follows that TI 1- g. 
The following statement combines a result of Yu. A. Abramovich, A. 1. Veksler, 

and A. V. Koldunov ([3: Theorem 2.1]) and that ofP. T. N. McPolin and A. W. Wick­

stead ([37: Theorem 3.2]). 

Tbeorem. Let G be a universally complete K-space. Every band preserving 

operator T: G -t G is regular if and only if G is locally one-dimensional. 

In order to avoid misunderstanding, while reading the articles [3] and [37], one 

should be aware of the following two circumstances. First, despite of the fact that 

an arbitrary nondiscrete K-space is mentioned in the statement of Theorem 2.1 

of [3], the proof of the theorem is given only for locally one-dimensional K-spaces. 

Second, the example of a nondiscrete locally one-dimensional K-space presented 

in [37] contains an error, which was recently reported by A. W. Wickstead in the ar­

ticle [22]. Thus, the question whether every locally one-dimensional K-space must 

be discrete (i.e. have an atomic base) seems to have been open so far. 
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5.5.3. The notion of locally one-dimensional K-space admits the following 

Boolean-valued interpretation. (For an explanation of the main notions of Boolean­

valued analysis, we refer the reader to Chapter 1 of the present book and to the sec­

ond part of the monograph [15J.) Let B be a complete Boolean algebra, let &i be 

the field of reals inside V( B), and let lR" be the canonical embedding of lR into V( B) . 

Theorem. The equality lR" = &i holds if and only if the descent of &i is 

a locally one-dimensional K-space. 

<l Knowing the general structure of the descents of objects that have the form 

X", it is easy to deduce the stated assertion from E. I. Gordon's theorem 1.3.2 (see 

also [15: 3.1.1 (1),5.2.1, and 5.2.2]). I> 

From private conversations with colleagues, the author of the present chapter is 

aware that, among the specialists in the domain of Boolean-valued analysis, the su­

perstition is rather popular of atomicity of all Boolean algebras B that provide 

the equality lR" = &i in V(B). Thus, the question about the connection between 

discrete and locally one-dimensional K-spaces has a rather wide domain of appli­

cations, at least including vector lattices, positive operators, and Boolean-valued 

analysis. 

After a certain preliminary discussion of the main notions, we give an example 

of a purely nonatomic locally one-dimensional K-space. Due to Theorem 5.5.2, we 

shall thus obtain a purely nonatomic universally complete K-space G, for which all 

band preserving operators T: G --+ G are regular. Due to Theorem 5.5.3, we shall 

have a purely nonatomic complete Boolean algebra B, for which lR" = &i in V(B). 

5.5.4. A a-complete Boolean algebra B is called a-distributive if it satisfies 

one of the following equivalent conditions (see [18: 19.1]): 

(1) AnEN VmENb':n = VmEW" AnENb':n(n) for all b':n E B (n,m EN); 

(2) V nEN AmEN b':n = AmENN V nEN b':n(n) for all b':n E B (n, mEN); 

(3) Ve:E{l,-l}N AnEN c(n)bn = 1 for all bn E B (n EN), where Ibn bn 
and (-1 )bn is the complement of bn . 

5.5.5. Let B be an arbitrary Boolean algebra and let C be a cover of B. 

A subset Co of the algebra B is said to be refined from C if, for each Co E Co, there 

exists acE C such that Co ::;; c. An element b E B is called refined from C if the set 

{b} is refined from C, i.e., b::;; c for some element c E C. If (Cn)nEN is a sequence of 
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covers of the algebra B and an element bE B is refined from each of the covers Cn 

(n EN), then we say that b is refined from the sequence (Cn)nEN. We also refer 

to a cover, all elements of which are refined from the sequence (Cn)nEN, as refined 

from the sequence. 

Proposition. Let B be a a-complete Boolean algebra. The following asser­

tions are equivalent: 

(1) the algebra B is a-distributive; 

(2) from every sequence of countable covers of B, one can refine a (possibly, 

uncountable) cover; 

(3) from every sequence of finite covers of B, one can refine a (possibly, 

infinite) cover; 

( 4) from every sequence of two-element partitions of B, one can refine a cover. 

<l A proof of the equivalence (1)<=>(2) can be found in [18: 19.3]). Asser­

tion (4) is a reformulation of condition (3) in the definition of a-distributivity. 

The implications (2):::}(3):::}( 4) are obvious. [> 

Corollary. Let B be a complete Boolean algebra. The following assertions 

are equivalent: 

(1) the algebra B is a -distributive; 

(2) from every sequence of countable partitions of B, one can refine a (pos­

sibly, uncountable) partition; 

(3) from every sequence of finite partitions of B, one can refine a (possibly, 

infinite) partition; 

(4) from every sequence of two-element partitions of B, one can refine a par­

tition. 

<l The claim follows from the last proposition in view of the exhaustion prin­

ciple. [> 

5.5.6. We say that a function 9 E Coo ( Q) is refined from a cover C of the 

Boolean algebra Clop( Q) if, for every two points q', q" E Q satisfying the equality 

g( q') = g( q"), there exists an element U E C such that q', q" E U. If (Cn )nEN is 

a sequence of covers of the algebra Clop( Q) and a function 9 is refined from each 

of the covers Cn (n EN), then we say that 9 is refined from the sequence (Cn)nEN. 
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Lemma. From every sequence of finite covers of the algebra Clop( Q), one 

can refine a function of C( Q). 

<l Let (Cn)nEN be a sequence of finite covers of the algebra Clop(Q). With 

the help of induction, it is not difficult to construct a sequence of partitions Pm = 

{Urn, U2 , ... ,Ur:,.} of the algebra Clop( Q) possessing the following properties: 

(1) for every n E N there is a number mEN such that the partition Pm is 

refined from the cover Cn; 
(2) U::, = u;;~i V U;;+l for all mEN and j E {I, 2, ... ,2m }. 

For each number mEN, define a two-valued function Xm E C(Q) as follows: 

2 m -l 

Xm := L X(u;t), 
;=1 

where X(U) is the characteristic function of a subset U C Q. Since the series 

E:=l 3~Xm is uniformly convergent, its sum 9 belongs to C(Q). We will show 

that the function 9 is refined from (Cn)nEN. Due to property (1) of the sequence 

( Pm )mEN, it is sufficient for this to establish that the function 9 is refined from 

(Pm)mEN. 
Assume the contrary and consider the smallest number mEN, for which 

the function g is not refined from the partition Pm. In this case, there are two 

points q', q" E Q that satisfy the equality g( q') = g( q") and belong to distinct 

elements of Pm. Since the function 9 is refined from the partition Pm- 1 (for m > 1), 
from property (2) of the sequence (Pm)mEN it follows that the points q' and q" 

belong to adjacent elements of Pm, i.e. elements of the form Up and UJ-t1' where 

j E {I, ... , 2m - I}. For definiteness, suppose that q' belongs to an element with 

even subscript and q" with odd one, i.e., Xm(q') = 1 and Xm(q") = O. Therefore, 

taking into account the fact that Xi(q') = X;(q") for all i E {I, ... , m -I}, we have: 

which contradicts the equality g(q') = g(q"). I> 

5.5.7. Theorem. A universally complete K-space is locally one-dimensional 

if and only if its base is a-distributive. 



Disjointness Preserving Operators 403 

<l Let G be a universally complete K-space and let Q be the Stone com­

pact space of its base. Suppose that G is locally one-dimensional and consider 

an arbitrary sequence (Pn)nEN of finite partitions of the Boolean algebra Clop(Q). 

According to Corollary 5.5.5, in order to prove a-distributivity of the base of G, 

it is sufficient to refine a cover of Clop(Q) from (Pn)nEN. In view of Lemma 5.5.6, 

one can refine a function 9 E Coo(Q) from the sequence (Pn)nEN. Since G is locally 

one-dimensional, there exists a partition (Ue)eE3 of the algebra Clop( Q) such that 

the function 9 is constant on each of the sets Ue. Show that the partition (Ue)eE3 
is refined from the sequence (Pn)nEN. To this end, we fix arbitrary indices ~ E 2: 

and n E N and establish that the set Ue is refined from the partition Pn . We may 

assume that Ue =1= 0. Let qo be an element of Ue. Finiteness of the partition Pn 

allows us to find an element U of it such that qo E U. It remains to observe that 

Ue C U. Indeed, if q E Ue then g(q) = g(qo) and, since the function 9 is refined 

from Pn , the points q and qo belong to the same element of the partition Pn , i.e., 

q E U. 

Now, assume that the base of G is a-distributive and consider an arbitrary 

function 9 E Coo ( Q). According to condition (3) of the definition of a locally one­

dimensional K-space, it is sufficient to construct a partition (Ue )ee of the algebra 

Clop( Q) such that the function 9 is constant on each of the sets U e. For every 

natural n and every integer m, denote by U::, the interior of the closure of the set of 

all points q E Q for which ~ ~ g(q) < m;tl and define Pn := {U::, : m E Z}. Due 

to Corollary 5.5.5, from the sequence (Pn)nEN of countable partitions of the alge­

bra Clop(Q), one can refine some partition (Ue)eE3. It is not difficult to become 

convinced that the partition constructed is the desired one. [> 

Thus, the question about existence of a purely nonatomic locally one-dimen­

sional K-space is reduced to existence of a purely nonatomic a-distributive complete 

Boolean algebra. The remainder of the note is devoted to constructing such an al­

gebra. 

5.5.S. A Boolean algebra B is called a-inductive if every decreasing sequence 

of nonzero elements of B admits a nonzero lower bound. A subalgebra Bo of 

a Boolean algebra B is said to be dense if, for every nonzero element b E B, there 

exists a nonzero element bo E Bo such that bo ~ b. 

Lemma. If a a-complete Boolean algebra contains a a-inductive dense sub-
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algebra then it is a-distributive. 

<J Let B be a a-complete Boolean algebra and let Bo be a a-inductive dense 

subalgebra of B. Consider an arbitrary sequence (Cn )nEN of countable covers of B, 

denote by C the set of all elements in B that are refined from (Cn)nEN, and assume 

by way of contradiction that C is not a cover of B. Then there exists a nonzero 

element b E B that is disjoint with all elements of C. 
By induction, we construct sequences (bn)nEN and (Cn)nEN as follows. Let C1 

be an element of C1 such that b 1\ C1 =J o. Since Bo is dense, there is an element 

b1 E Bo such that 0 < b1 ::;; b 1\ C1. Suppose that the elements bn and Cn are already 

constructed. Let Cn+1 be an element of Cn+! such that bn 1\ Cn+1 =J O. As bn+1 we 

take an arbitrary element of Bo that satisfies the inequalities 0 < bn+1 ::;; bn 1\ Cn+1. 

Thus, we have constructed sequences (bn )nEN and (cn )nEN such that bn E Bo, 
bn ::;; Cn E Cn and 0 < bn+1 ::;; bn ::;; b for all n E N. Due to the fact that Bo 

is a-inductive, it contains an element bo which satisfies bo ::;; bn for all n E N. 
In view of the inequalities bo ::;; Cn, the element bo is refined from (Cn)nEN, i.e., 

belongs to C. On the other hand, bo ::;; b, which contradicts disjointness of b with 

all elements of C. I> 

5.5.9. As is known, for every Boolean algebra B, there exists a complete 

Boolean algebra B that contains B as a dense subalgebra (see [18: Section 35]). 

Such an algebra B is unique to within an isomorphism and called a completion 

of B. Obviously, a completion of a purely nonatomic Boolean algebra is purely 

nonatomic. In addition, due to Lemma 5.5.8, a completion of a a-inductive algebra 

is a-distributive. Therefore, in order to prove existence of a purely nonatomic a-dis­

tributive complete Boolean algebra, it is sufficient to present an arbitrary purely 

nonatomic a-inductive Boolean algebra. Examples of such algebras are readily 

available. For the sake of completeness, we present here one of the simplest con­

structions. 

EXAMPLE. Let B be the Boolean algebra of all subsets of N and let I be 

the ideal of B consisting of all finite subsets of N. Then the quotient algebra B / I 

(see [18: Section 10]) is purely nonatomic and a-inductive. 

<J Pure nonatomicity of the algebra B / I is obvious. In order to prove that 

the algebra is a-inductive, it is sufficient to consider an arbitrary decreasing se­

quence (bn)nEN of infinite subsets of N and construct an infinite subset beN such 
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that the difference b\bn is finite for each n E N. We can easily obtain the desired 

set b = {m n : n E N} with the help of induction by letting ml min b1 and 

mn+l := min{m E bn+1 : m > m n }. [> 

5.5.10. A linear operator T : 'W ---+ Y is said to be band preserving if it satisfies 

one of the following equivalent conditions: 

(1) (Tu) :::; (u) for all u E 'W; 

(2) T7ru = 7rTu for all U E 'W and 7r E Pr( G); 
(3) 7rU = 0 implies 7rTu = 0 for all u E 'Wand 7r E Pr( G); 
(4) lul-L 9 implies ITul-L 9 for all u E 'Wand 9 E G; 

(5) lul-L 9 implies ITul-L 9 for all u E 'Wand all elements 9 of some order­

dense ideal of the K-space G. 

Obviously, the last definition generates the known notion of band preserving oper­

ator acting in vector lattices (see 5.5.2 and [2,3,37,41,42]). 

5.5.11. Bounded band preserving operators are called orthomorphisms. The 

totality of all orthomorphisms from 'W into Y is denoted by Orth( 'W, Y). We write 

Orth('W) instead of Orth('W, 'W). 
In accordance with Theorem 5.5.2, it seems interesting to clarify, which addi­

tional requirements imposed on band preserving operators yield their boundedness. 

Of course, band preserving operators are disjointness preserving and, therefore, 

they are subject for such boundedness criteria as 5.4.10 and 5.4.13. It is known (see 

5.3.4-5.3.6), that semiboundedness, sequential boundedness, and even countable 

boundedness of a disjointness preserving operator do not yield its boundedness. 

In the case of band preserving operators, the situation is different: 

Theorem. The following properties of a band preserving operator T from 

a BKS into an LNS are equivalent: 

(1) T is bounded; 

(2) T is countably bounded; 

(3) T is sequentially bounded; 

(4) T is semi bounded. 

<l The implications (1)=>(2)=>(3)=>(4) are obvious. It remains to show that 

(4)=>(1). Assume that an LNS 'W is order-complete and an operator T: 'W ---+ Y 

is band preserving and semi bounded. Fix an arbitrary positive element e E G and 
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prove that the set {lTul : lui ~ e} is order-bounded in F. We divide the proof 

into two steps. 

(a) Show first that the set {I Tu I : I u I ~ e} is order-bounded in the universally 

complete K-space G. Without loss of generality, we may assume that G = Coo(Q), 
where Q is an extremally disconnected compact space (see Theorem 1.4.6 (3)). De­

note by D the totality ofthose points q E Q, for which sup{lTul(q): lui ~ e} = 00. 

Assume that the set {lTul : lui ~ e} is not bounded in Coo(Q). Then, accord­

ing to [12: Chapter XIII, Theorem 2.32], the clopen set U := int cl D is nonempty. 

For each natural n and each point q E UnD, consider an element u~ E %' satisfying 

the conditions lu~1 ~ e and ITu~l(q) > n. Denote by U~ a clop en subset of Q such 

that q E U~ C U and ITu~l(p) ~ n for all p E U:. It is clear that, for each n E N 

the relation SUPqEUnD U: = U holds in the Boolean algebra Clop( Q). In view of 

the exhaustion principle, there exists a family (VJ)qEUnD of pairwise disjoint ele­

ments of Clop(Q) such that VJ C U~ for all q E un D, and SUPqEUnD VJ = U. 

According to 1.6.7(5), the sum o-L:qEUnD(VJ)U~ exists in the BKS %'. Denote 

the sum by Un. For all n E N and q E Un D, we have 

After passing to the supremum over q E U n D, we obtain ITu n I ~ nxu for all 

n E N; which, together with the inequalities IU n I ~ e, yields a contradiction with 
semiboundedness of T. 

(b) Denote by f the upper envelope of the set {lTu I : lu I ~ e} in the K-space G 

and show that f E F. Without loss of generality, we may assume that f > 0 on some 

comeager subset of Q. Then, according to [12: Chapter XIII, Theorem 2.32], the set 

of all points q E Q, for which 0 < sup{lTul(q) : lui ~ e} = f(q) < 00, is comeager 

in Q. For any such point q, consider an element U q E %' satisfying the conditions 

IU q I ~ e and ITu q I(q) > f(q)/2. By repeating the idea of step (a) and "mixing up" 

the elements U q in an appropriate way, we can construct an element u E %' such 

that I Tu I ~ f /2; whence the containment f E F follows directly. I> 

Additional requirements, yielding boundedness of band preserving operators, 

can be imposed on the spaces rather than on operators acting in them. In the 

present article, we are not going to develop this idea. We only observe that many 

results in the indicated direction are presented in [2: Theorem 2; 3: Theorem 3.2 

and 3.3; 37: Corollaries 2.3 and 2.4]. 
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5.5.12. It is easy to become convinced that Orth(E, F) is an ideal of the 

K-space M(E, F) and, therefore, is also a K-space. 

If an element 9 EGis such that 9 . e E F for all e E E then the operator of 

multiplication by 9 is obviously an orthomorphism from E into F. Many papers 

about disjointness preserving operators contain results in this direction (see, for 

instance, [1-3, 23, 24, 41, 42]). The following statement generalizes, in a sense, 

the experience from finding multiplication representation of orthomorphisms acting 

in K-spaces. 

Theorem. For every orthomorphism T: E ~ F, there exists a unique el­

ement gT E G such that Te = gT . e for all e E E. The mapping T 1--+ gT 

performs a linear and order isomorphism of the K-space Orth(E, F) onto the ideal 

{g E G : g. e E F for all e E E} of the K-space G. 

Identifying an orthomorphism T with the element gT E G, we assume in the se­

quel that Orth(E, F) c G. Obviously, Orth(E) contains 10 and is a sub algebra 

of G. In particular, Orth(E) is an f -algebra (see [32,42]). The last theorem justifies 

the term weight operator which is sometimes used instead of "orthomorphism." 

5.5.13. Proposition. Let an LNS 02f be order-complete. A linear operator 

T: 02f ~ Y is an orthomorphism if and only if it is dominated and its exact 

dominant ITI: E ~ F is an orthomorphism. In particular, the space Orth(02f, Y) 
endowed with the dominant-norm is a BKS over the K-space Orth(E, F). 

<l The claim follows directly from Propositions 5.4.12 and 5.4.4. I> 

5.5.14. Corollary. Every orthomorphism from a BKS into an LNS is o-con­

tinuous. 

5.5.15. Corollary. If two orthomorphisms from a BKS 02f into an LNS Y 

coincide on some order-approximating subset of 02f (see 5.2.2), then they coincide 

on the entire 02f. 

<l The claim follows from 5.5.14 and Proposition 5.2.4. I> 

5.5.16. Corollary. If two orthomorphisms S, T E Orth(E, Y) inequality on 

a subset Eo C E then they coincide on Ed-l.. In particular, if the K-space E has 

an order unity 1 and 8(1) = T(1) then 8 = T. 
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5.5.17. Proposition. For every BKS all over E there exists a unique opera­

tion Orth( E) x all -+ all making all a module over Orth( E) such that I gu I = Ig II u I 

for all 9 E Orth(E) and u E all. Furthermore, all is a unital module, i.e., leu = u 

for all u E all. For every 9 E Orth(E) and u E all, the element gu coincides with 

the product of 9 and u calculated in the universal completion of all (see 5.1.12). 

<J Let a BKS mo// over G be a universal completion of all. Then all = {u E 

mo// : lu lEE}. In view of 5.1.12, the space mo// can be endowed with the structure 

of a module over the ring G so that leu = u and Igul = Igllul for all 9 E G and 

u E mo//. In order to prove existence of a desired module structure in the BKS all, 

it is sufficient to observe that, for all 9 E Orth( E) and u E all, we have Ig II u lEE 

and, consequently, gu E all. 

Now prove uniqueness. Assume that, together with the operation (g,u) 1-+ gu 

introduced above, there is another one, (g, u) 1-+ 9 * u, also making all a module 

over Orth(E) and satisfying the condition Ig * ul = Igllul for all 9 E Orth(E) and 

u E all. Fix an element u E all and define the mappings S, T: Orth( E) -+ 1/ by 

the formulas S(g) = gu and T(g) = 9 * u. Obviously, Sand T are orthomorphisms. 

Observe that T(le) = S(le), i.e., Ie * u = u. Indeed, 

lIe * u - ul = Ie '11e * u - ul = lIe * (Ie * u - u)1 

= l(le ·le) * u - Ie * ul = o. 

For proving the equality S = T, it remains to employ 5.5.16. I> 

The fact that any BKS over G can be endowed with the structure of a module 

over G allows us to define a simple class of orthomorphisms. If a BKS all over E and 

a BKS 1/ over F are order-dense ideals of the same BKS over G and 9 E Orth( E, F), 

then the operator u 1-+ gu is an orthomorphism from all into 1/. We call such 

operators scalar orthomorphisms. 

5.5.18. Proposition. Let all be an order-complete LNS, T E Orth(O//, 1/), 

9 E G, and u E all. If the product gu is defined in all (see 5.1.12) then the prod­

uct gT( u) is defined in 1/ and the equality T(gu) = gT( u) holds. In particular, 

Tog = goT for every orthomorphism 9 E Orth(E). 

<J Fix an arbitrary element u E all and denote by Gu the order-dense ideal 

{g E G : gu E o//} of the K-space G. Let m1/ be the universal completion of 1/. 
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Consider the mappings L, R: G u ---t m"j/ defined by the formulas L(g) = T(gu) 

and R(g) = gT(u). Obviously, Land Rare orthomorphisms and L(le) = R(1e). 

From 5.5.16 it follows that L = R. [> 

5.5.19. We conclude this section by a useful fact, which will be repeatedly 

employed in the sequel. 

Tbeorem [17]. Let E be a vector lattice and let F be a K-space. A positive 

operator T: E ---t F is disjointness preserving if and only if, for every operator 

S: E ---t F satisfying tbe inequalities 0 ~ S ~ T, tbere is an ortbomorpbism 

9 E Orth(F) sucb tbat 0 ~ 9 ~ idF and S = goT, wbere idF : F ---t F is 

tbe identity operator. 

Combining the last theorem with Theorem 5.4.1, we obtain the following result. 

Corollary. Let E be a vector lattice and let F be a K-space. A regular 

operator T: E ---t F is disjointness preserving if and only if, for every regular 

ope~ator S: E ---t F satisfying tbe inequality lSI ~ ITI, tbere is an ortbomorpbism 

9 E Orth(F) sucb tbat Igl ~ idF and S = goT, wbere idF: F ---t F is tbe identity 

operator. 

5.6. Shift Operators 

Another class of disjointness preserving operators is considered in this section. 

Here, we introduce and study so-called shift operators, which are abstract analogs 

of the composition mappings f f-+ f 0 s. This class of operators is closely related 

to another notion discussed here, the notion of operator "wide on a set." While 

studying shift operators, we suggest their equivalent characterizations, describe 

the maximal domain of definition on which they can be extended, and show that 

the notions of shift operator and that of a multiplicative operator coincide. We also 

introduce here the notion of the shift of a disjointness preserving operator, which 

concentrates, in a sense, multiplicative properties of the operator. 

Throughout the section, g and § are universally complete K-spaces. In case 

order unities 1£ and 1$ are fixed in g and §, we regard the K-spaces as ordered 

algebras with unities 1£ and 1$ (see 5.1.12). The ideal of the K-space g generated 

by d Egis denoted by gd. In particular, gl stands for the ideal of g gener­

ated by 1£. We point out that some notions introduced in this section depend of 

a concrete choice of 1£ and 1$. 
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5.6.1. Let E be a K-space, let D be a subset of E, and let 'P' be an LNS. We say 

that an operator T: E ---t 'P' is wide on the set D whenever T[D].L.L = T[E].L.L. 

Proposition. Suppose that E is a K-space, D is a subset of E, 'P' is an LNS, 
T: E ---t 'P' is a disjointness preserving operator, and h: Pr( E) ---t Pr( 'P') is its 
shadow. The following assertions are equivalent: 

(1) T is wide on the set D; 

(2) T is wide on the ideal ED; 
(3) the shadow of the restriction of T onto ED coincides with the shadow 

ofT; 

(4) the set T[ED] is o-dense in T[E]; 

(5) the ideal ED h-approximates the space E. 

<l The implications (1 )::}(2)~( 4) are obvious. Since the shadow of T domi­

nates that of the restriction of T onto ED, the equivalence (2)¢}(3) readily follows 

from Proposition 5.1.4. We show that (1)~(2)::}(5)::}(4). 

(2)=>(5): Assume condition (2) to be satisfied, consider an arbitrary element 

e E E, and show that h-infll'EII 1re = e, where II = {1r E Pr(E) : 1re E ED}. 
For every n E Nand dEED, assign 1r! := (lei:::; nidi). Obviously, 1r! E II. Since 

for all n E N, we have r- lim 1r!d = d. Using r-continuity of the operator T 
n--+oo 

and taking account of the equality T(1r!d) = h(1r!)Td, we arrive at the relation 

sUPnEN h( 1r!) ~ (Td). Since the element dEED was chosen arbitrarily, we conclude 

by (2) that sUPll'EII h( 1r) = h(1) and, consequently, h-infll'EII 1re = e. 

(5)=>( 4): Consider an arbitrary element e E E. From (5) and Proposition 5.2.3 
it follows that e is the h-limit of some net (eO')O'EA of elements in ED. In view of 

Corollary 5.4.5, we have o-lim T(eO') = Te. 
O'EA 

(2)::}(1): For every element e E ED, there exist d1, ... ,dn ED such that 

lei:::; Id11 + ... + Idnl· In view of Theorem 5.4.10, we conclude that (Te) :::; (Td1 ) V 

... V (Tdn ). It remains to employ condition (2). I> 

REMARK. As is seen from the last proposition, the fact that an operator T is 

wide on a set D reflects connection of D with the domain of definition and with 

the shadow of T rather then with the operator T itself. 
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5.6.2. Let all and "j/ be LNSs and let D be a subset of the norming lattice 

of all. We say that an operator T: all --+ "j/ is wide on the set D, whenever 

{Tu : lu I E D}.l.l = (im T).l.l. If all and "j/ are K-spaces then the last definition 

is equivalent to that given in 5.6.1, which justifies preservation of terminology. 

Lemma. Let all be a BKS over a K-space E, let "j/ be an arbitrary LNS, and 

let D be a subset of positive elements in E. A disjointness preserving operator 

T: all --+ "j/ is wide on D if and only if its exact dominant ITI is wide on D. 

<l A proof can be easily obtained with the help of Proposition 5.4.12. Indeed, 

the relations 

(lTle) = sup (Tu) ~ sup (Tu) = sup sup (Tu) = sup (lTld), 
lul=e lulED dED lul=d dED 

which hold for every positive element e E E, prove necessity; whereas the relations 

(Tu) ~ (lTllul) ~ sup (lTld) = sup sup (Tu) = sup (Tu), 
dED dED lul=d lulED 

that are valid for each element u E all, establish sufficiency. [> 

Proposition. Suppose that all is a BKS over a K-space E, D is a subset 

of positive elements in E, "j/ is an arbitrary LNS, T: all --+ "j/ is a disjointness 

preserving bounded operator, and h: Pr(o//) --+ Pr("j/) is its shadow. The following 

assertions are equivalent: 

(1) T is wide on the set D; 

(2) T is wide on the ideal ED; 

(3) the shadow of the restriction of T onto the set {u E all lu I E ED} 

coincides with the shadow of T; 

(4) the set {Tu: lui E ED} is a-dense in imT; 

(5) the ideal ED h-approximates the space E. 

<l The equivalence (2)¢:}(3) is established in the same way as in 5.6.1. Equiv­

alence of assertions (1), (2), and (5) ensues from Propositions 5.4.4 and 5.6.1 and 

the last lemma. The implication (4)=}(2) is obvious. It remains to show that 

(5)=}(4). 

Let u be an arbitrary element of all. From (5) and Proposition 5.2.3 it fol­

lows that lui is the h-limit of some net (e")"EA of positive elements in ED. 
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In view of Lemma 5.1.13, there exists a net (Ua)aEA in all such that Iual = eO' 

and Iu - ual = Ilul- eal. Then h-lim Ua = U and, according to Corollary 5.4.5, 
aEA 

we have o-limaEA TU a = Tu. [> 

5.6.3. Proposition. Let E be an ideal of C generated by a positive element 

dEC. For every ring homomorphism h: Pr( C) -+ Pr( §), the following sets 

coincide: 

(1) the h-closure of Ej 

(2) the h-cyclic hull of Ej 

(3) the countably h-cyclic hull of Ej 

(4) the set of such e E C that infnEN h(lel > nd) = O. 

<l The relations (4)C(3)C(2)C(4) are obvious. The inclusion (4)C(1) can 

be easily established with the help of the first corollary in 5.2.18. It remains to 

show that (1)C(4). Suppose that a net (ea)aEA of elements in E h-converges to 

e E C. For each a E A, denote by nO' the natural number satisfying the inequality 

leal ~ nad. By using the relations h-infaEA Ie - eal = 0 and 

h(lel > 2nad) ~ h(lel > 2leai) 

= h((e)(lel-Ieal > leI/2)) ~ h((e)(le - eal > leI/2)), 

we obtain the desired equality infnEN h(lel > nd) = O. [> 

The coincident sets (1)-(4) described in the last proposition are denoted by hE. 

5.6.4. Proposition. Fix an order unity 1,c in the K-space C. Then the set 

hC! is a subalgebra of C. 

<l This fact ensues from 5.6.3 (we mean the equality hC! = (4) for d = 1,c) 

and from the following relations: 

inf h(le/l > n1,c) = inf h(le/l > mn1,c) 
nEN m,nEN 

~ inf h((lel > ml,c) V (III> n1,c)) 
m,nEN 

= inf (h(lel > ml,c) V h(1/1 > nl,c)) 
m,nEN 

= inf h(lel > ml,c) V inf h(lfl > nl,c). [> 
mEN nEN 
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5.6.5. Lemma. Let d be an arbitrary order unity in <f. For every sequence 

( 71' n )nEN of projections in Pr( <f) that decreases to zero, there is an element e E <f 

such that 7rn = (lei> nd) for all n E N. 

<I Since the K-space <f is universally complete, the series 2::::'=17rnd has 

an o-sum in it. Denote the sum by 8. It is clear that (8 > nd) = 7rn+1 for all 

n E N and, consequently, we can take 8 + d as the desired element e. I> 

Corollary. Let h: Pr(<f) --+ Pr($) be a ring homomorphism and let d be 

an arbitrary order unity in <f. The equality h<fd = <f holds if and only if the ho­

momorphism h: Pr( <f) --+ Pr( $) is sequentially a-continuous. 

5.6.6. Let all be an LNS over an order-dense ideal E of the universally com­

plete K-space <f, let d be a positive element of <f, and let Y be an arbitrary LNS. 

We say that an operator T: all --+ Y is wide at the element d whenever it is wide 

on the set {e E E : e is a fragment of d}. 

Lemma. Suppose that E is an order-dense ideal of <f, d is a positive element 

of <f, Y is an LNS, T: E --+ Y is a disjointness preserving bounded operator, 

and h is its shadow. Assign II:= {7r E Pr(<f) : 7rd E E}. The following assertions 

are equivalent: 

(1) the operator T is wide at the element d; 

(2) sUPll'EII h(7r) = h(l) and, for al17r E II the equality (T7rd) = h(7r) holds; 

(3) E C h<fd. 

<I The equivalence of (1) and (3) is contained in Proposition 5.6.1, the im­
plication (2)=}(1) is obvious. It remains to show that (1 )=}(2). If (1) is valid then, 

for every projection 71'0 E II, we have 

h( 71'0) = h( 71'0) sup(Te) = h( 71'0) sup (T7rd) = sup (T7r0 7rd) = (T7r0 d). I> 
eEE lI'EII lI'EII 

5.6.7. Proposition. Fix arbitrary order unities 1£ and 1§ in the K-spaces <f 

and $. For every ring homomorphism h: Pr( <f) --+ Pr( $), there exists a unique 

regular operator S: h<f1 --+ $ such that the shadow of S is equal to h and 

8(1£) = h(l)l$. Furthermore, the operator S is positive. 

<I For the sake of convenience, assume that h(l) = 1. We divide the con­

struction of the operator S into three steps. 
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1. Define the operator S on the set of step-elements of ef by letting 

n n 

S(L Ai1l"il£):= LA;h(1I";)I$ 
i=1 i=1 

for arbitrary A}, ... ,An E R and 11"}, ••• ,11" n E Pr( ef). 
2. Extend the operator S onto ef}. To this end, fix an arbitrary element e E Gi 

and choose a sequence (en )nEN of step-elements in ef so that it r-converges to e 

with regulator 1£. It is easy to verify that the sequence (Sen)nEN is r-fundamental 

(with regulator 1$), Assign Se := r- lim Sen. 
n--+oo 

3. Finally, extend S onto the entire set hef1. Every element e E hef} can be rep-

resented as the mixing o-L:nEN 1I"nen of elements en E ef} by means of an h-partition 

(1I"n)nEN. Assign Se := o-L:nEN h(1I"n)Sen. 
It is easy to verify that the definition of S is sound at each of the steps. Obvious 

positiveness of S ensures its regularity. In order to prove uniqueness of S, it is 

sufficient to observe that, at step 3, the sequence (L::=1 1I"n en) mEN is r-convergent 

to e with regulator o-L:nENn1l"nlenl E heft. l> 

The operator S, whose existence is asserted in the last proposition, is called 

the shift by h and denoted by Sh. Let E be an order-dense ideal of ef and F be 

an order-dense ideal of $. We say that an operator S: E --t F is a shift operator, 

if there exists a ring homomorphism h: Pr( ef) --t Pr( $) such that E C hGi and 

S = Sh on E. It is clear that, in this case, the homomorphism h is the shadow of S. 

Observe that the notion of the shift and that of shift operator depend on the choice 

of unities 1£ and 1$ in the K-spaces ef and $. 

5.6.S. Proposition. Fix order unities in the universally complete K-spaces g 

and $. Let E be an order-dense ideal of ef, let F be an order-dense ideal of $, 

and let S, S: E --t F be shift operators. H S :::; S then S = p 0 S for some 

projection p E Pr(F). 

<l The claim ensues from Propositions 5.1.4 and 5.6.7. l> 

Let p E Pr( $), let h: Pr( ef) --t Pr( $) be a ring homomorphism, and let S 

be the shift by h. Then the shift by the homomorphism po h is denoted by pS. 

Observe that, in general, dom pS is wider than dom S; therefore, pS differs from 

the composition po S. However, in view of the last proposition, the operators pS 
and po S coincide on dom S and, thus, pS extends po S. 
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5.6.9. Theorem. Fix order unities I.e and 1$ in tbe K-spaces g and $. 

Let E be an order-dense ideal of g and let F be an order-dense ideal of $. A linear 

operator S: E ~ F is a sbift operator if and only if it satisfies tbe following 

conditions: 

(a) S is disjointness preserving; 

(b) S is regular; 

(c) S takes fragments of I.e into fragments of 1$; 

(d) S is wide at I.e. 

<I Necessity of conditions (a)-(c) is obvious and necessity of (d) follows from 

5.6.6. Let us show sufficiency. Suppose that the operator S satisfies conditions 

(a)-(d), denote the shadow of S by h and assign II := {?r E Pr(g) : ?rl.e E E}. 

Lemma 5.6.6 implies the equality (S(?r I.e )) = h(?r) for each ?r E II, which, together 

with condition (c), yields S(?rl.e) = Sh(?rl.e). The same lemma ensures the inclu­

sion E c hg}. In view of Lemma 5.4.9, we now conclude that S = Sh on E. [> 

Corollary. Fix order unities I.e and 1$ in tbe K-spaces g amd $. Let E 

be an order-dense ideal of g containing I.e and let F be an arbitrary order-dense 

ideal of $. A linear operator S: E ~ F is a sbift operator if and only if it satisfies 

tbe following conditions: 

( a) 8 is disjoin tness preserving; 

(b) S is regular; 

(c) S(I.e) is a fragment of 1$; 

(d) {8(1.e)}.LL = (im 8)1-1-. 

REMARK. Conditions (d) in the statements of the theorem and the corollary 

may not be omitted. Indeed, let $ = JR., let g be the space of all sequences, and 

let E be the ideal of g generated by the sequence eo(n) = n (n EN). Denote 

by Q the Stone-Cech compactification of the discrete topological space N and fix 

an arbitrary point q E Q\N. Naturally identifying the spaces g and Coo(Q), define 

an operator S: E ~ $ by the formula Se = (e/eo)(q). Letting l.e(n) = 1 (n E N) 

and 1$ = 1, we see that the operator S satisfies conditions (a)-(c) of the last 

lemma, but S(I.e) = O. 

REMARK. In particular, from the last corollary it is clear that the domain of 

definition hg} of the shift by h is maximally wide. More precisely, hg} contains 
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the domain of definition of every regular operator S acting from an order-dense 

ideal of g into $, having shadow h, and satisfying the equality S(I£) = h(I)I~. 

5.6.10. Fix order unities 1£ and 1~ in the K-spaces g and $. A linear 

operator S: E --t $ defined on an order-dense ideal E egis called multiplica­

tive if Se I Se2 = S(eIe2) for any two elements el,e2 E E, whose product belongs 

to E. Observe that the notion of multiplicative operator depends on the choice of 

unities 1£ and 1~. 

Theorem. Let E be an order-dense ideal of g. A linear operator S: E --t $ 

is a sbift operator if and only if it is multiplicative. 

<l The fact that every shift operator is multiplicative is easily established by 

checking all the steps of its construction in 5.6.7. We will show that any multi­

plicative operator S: E --t $ is a shift operator by verifying conditions (a )-( d) of 

Theorem 5.6.9. 

(a) Disjointness of elements ell e2 E E is equivalent to the equality el e2 = o. 
The same is true for elements of $. Consequently, S is disjointness preserving. 

(b) Show that the operator S is positive. We divide the proof into three steps. 

(bd If e E E and 0 ~ e ~ 1£ then Se ~ o. Indeed, in this case, e3 and eye 

belong to E in view of the inequalities e3 ~ e and eye ~ e; consequently, (S e)3 = 

S(e3 ) = S((eye)2) = S(eye)2 ~ O. 
(b2 ) If e E E and e ~ 1£ then Se ~ o. Indeed, in this case, ye E E in view of 

the inequality ye ~ e; consequently, S e = S (( Je)2) = S ( ye) 2 ~ O. 

(b3) If e E E and e ~ 0 then Se ~ o. Indeed, Se = S(e ~ 1£)e+S(e > 1£)e ~ 0 

in view of (bl ) and (b2 ). 

(c) The fact that an element e E E is a fragment of 1£ is equivalent to the equal­

ity e2 = e. The same is true for fragments of 1~. Consequently, S takes fragments 

of 1£ into fragments of 1~. 

(d) Show that {Se : lei ~ 1,c}.L.L = (imS).L.L. Consider the projection p E 

Pr($) onto the band {Se : lei ~ 1£}.L and define an operator T: E --t $ by 

the formula Te = pSe. The proof will be completed if we establish that T = O. 

Obviously, the operator T is multiplicative and Te = 0 whenever lei ~ 1£. We also 

observe that, in view of (b), the operator T is positive. Let e be an arbitrary 

positive element of E. For each n E N, the equality T(ejn) = Ten holds, where 

en = (eln > 1,s)eln. Since Fn ~ en ~ eln, we have the inclusions Fn, en E E 



Disjointness Preserving Operators 417 

and the inequality T ye:;; ~ Ten. Consequently, 

for all n E N, which is possible only in case Te = O. I> 

5.6.11. REMARK. There is a number of results describing multiplicative oper­

ators (= shift operators) as extreme points of certain sets of operators (see [25, 26, 

39]). 

5.6.12. REMARK. It is known (see [10: Theorem VIII.10.1]) that every regular 

operator T: Cl -t $ admits an integral representation 

00 

Te= J '\d<p((e~'\l£)) (eECl ), 

-00 

where <p is an arbitrary order-bounded additive function from Pr(C) into $. It is 

not difficult to become convinced that T is a shift operator if and only if the values 

of the function <p are fragments of 1~. Furthermore, the shadow h of T is defined by 

the formula h( 7r) = (<p( 7r)). Some classes of multiplicative operators (= shift oper­

ators) are described form the viewpoint of the integral representation in the papers 

by B. Z. Vulikh [7,9]. 

5.6.13. Fix order unities 1£ and 1~ in the K-spaces C and $. Let CiJt and 1/ 

be LNSs over order-dense ideals E C C and F C $, let T : CiJt -t 1/ be a disjointness 

preserving operator, and let h: Pr(E) -t Pr(F) be its shadow. Then the shift 
Sh: hI:l -t $ by h is called the shift of the operator T. 

Proposition. Let CiJt and 1/ be LNSs over order-dense ideals E C C and 

F C $ and suppose that the LNS CiJt is order-complete. Assume that T: CiJt -t 1/ 

is a disjointness preserving bounded operator with shift S. If elements e E dom S 

and u E CiJt are such that the product eu is defined in CiJt, then the product S( e )T( u) 
is defined in 1/ and the equality T( eu) = S( e )T( u) holds. In particular, Tog = 
S(g) 0 T for every orthomorphism 9 E Orth(E) n dom S. 

<l Fix an arbitrary element u E all and denote by Cu the order-dense ideal 

{e E dom S : eu E o//} of the K-space C. Let m1/ be the universal completion of 1/. 

Consider the mappings L, R: Cu -t m1/ defined by the formulas L( e) = T( eu) and 
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R(e) = S(e)T(u). Obviously, the operators Land R are bounded (= dominated) 

and disjointness preserving; moreover, their shadows are dominated by the shadow 

of T. Since L(I.e) = R(I.e) and gu c domS, Lemma 5.4.9 implies the equality 

L = R. I> 

5.6.14. Fix order unities I.e and 1$ in the K-spaces g and $. Let Ci2f be 

an LNS over an order-dense ideal E C g and let Y be an LNS over an order-dense 

ideal F C $. An operator S : Ci2f ---t Y is called a shift operator if there exists a shift 

operator s: E ---t F such that ISul = slul for all u E Ci2f. Obviously, s = lSI, i.e., 

the operator s is the exact dominant of S (see 5.3.8). 

REMARK. Thus, if S: Ci2f ---t Y is a shift operator then it is dominated and its 

exact dominant lSI: E ---t F if a shift operator. The converse is false in general. 

Indeed, if Ci2f and Y are Banach spaces and the norm of an operator S: Ci2f ---t Y is 

equal to unity then its exact dominant I S I : lR ---t lR is the identity operator (and, 

hence, a shift operator), while the operator S itself is a shift operator only if it is 

an isometric embedding. 

Proposition. Let Ci2f be an LNS over an order-dense ideal E C g and let Y 

be an LNS over an order-dense ideal F C §. An operator S: Ci2f ---t Y is a sbift 

operator if and only if tbere exist a sbift operator s: E ---t F and an F -isometric 

embedding t: s%' ---t Y sucb tbat S = t 0 S,,//, wbere s"// : %' ---t s%' is tbe norm 

transformation of Ci2f by means of s (see 5.1.11). 

<l Only necessity requires proving. An elementary verification shows that 

the formula 

t(tPiS,,//Ui) = tPiSUi (Ui E Ci2f, Pi E PreY)) 
&=1 &=1 

soundly defines a function t: sCi2f ---t Y that is the desired isometry. I> 

5.6.15. The following description of shift operators generalizes criterion 5.6.9 

to the case of LNSs. 

Theorem. Fix order unities I.e and 1$ in tbe K-spaces g and $. Let Ci2f be 

a BKS over an order-dense ideal E C g and let Y be an LNS over an order-dense 

ideal F C $. An operator S: Ci2f ---t Y is a sbift operator if and only if it satisfies 
the following conditions: 
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( a) 8 is disjointness preserving; 

(b) 8 is bounded; 

(c) if u E all and lui is a fragment of 1~ then ISul is a fragment of 1§; 

(d) 8 is wide at 1~. 
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<J Necessity of conditions (a)-(d) follows immediately from Theorem 5.6.9. 

Assume that an operator S satisfies conditions (a)-(d). Denote by lSI the exact 

dominant of 8 and show first that 181: E -t F is a shift operator by verifying 

conditions (a)-(d) of Theorem 5.6.9. Condition (a) ensues from Corollary 5.4.4, 

condition (b) is ensured by the fact that 181 is positive, condition (c) follows from 

Proposition 5.4.12, and condition (d) from Lemma 5.6.2. Thus, lSI is a shift oper­

ator. Since the shadows of 8 and 181 coincide (see Proposition 5.4.4), the opera­

tor 181 is the restriction of the shift of S onto E. 

Assign 0//1 := {u E all : lu I is a fragment of 1~ }, consider an arbitrary element 

u E 0//1, and show that ISul = ISllul. For the sake of convenience, we assume 

that lui = 1~ and 1811~ = 1§. This assumption does not restrict generality, 

since 8 [(u)o//] C (lSlIul)1", and, therefore, we may regard 8 as an operator from 

(u)o// into (lSlIul)1". Denote the projection (8u).L by p. Since ISul is a fragment 

of 1§, it is sufficient to show that p = O. Assume to the contrary that p =1= O. 

Then, by Proposition 5.4.12, there is an element Ul E all such that lUll = 1~ 

and p8Ul =1= O. Assign e := lUI + 3ul· The equalities lui = Iud = 1~ readily 

imply 21~ ~ e ~ 41~; hence, t1~ ~ lie ~ ~1~. The last inequality proves that 

the product u := (l/e)(ul + 3u) is defined in all. By using Proposition 5.6.13 and 
the equality pSu = 0, we obtain: 

plSul = pIS((l/e)(ul + 3u)) 1= pISI(l/e)IS(ul + 3u)l 

= ISI(1/e)lpSul + 3pSui = pISI(l/e)ISull = (pSul)ISI(l/e). 

Observe that lui = 1~ and, consequently, ISul is a fragment of 1§. Therefore, 

the relations 

plSul = (pSul)ISI(l/e) ~ (pSul)ISI G1~) = ~(PSUl)l§, 
yield the inequality plSul ~ (pSul)l§, which contradicts the following relations: 

(p8Ul)1§ ~ pl8ul = (pSul)lSI(l/e) ~ (pSul)lSIG1~) = ~(PSUl)l§. 
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Thus, we established that IS u I = I S II u I for all u E 0//1 , Denote by h 

the shadow of S. As is known, h coincides with the shadow of lSI. Then, ap­

plying Corollary 5.4.9 (2) to the operators S: all --+ 1/ and I S I%' : all --+ IS 10//, we 

obtain the equality ISul = ISliul for all u E all with norm in hef1 • It remains to 

observe that {u E all : I u I E heft} = all, since E = dom I Sic hef1 • I> 

5.7. Weighted Shift Operator 

Weighted shift operators considered in this section are the compositions W 0 

Sow of two orthomorphisms wand Wand a shift operator S. Representability 

of a disjointness preserving operator as such a composition is related to existence 

of a bounded set on which the operator is wide. In addition to this criterion, 

we also suggest some sufficient conditions for represent ability of an operator in 

the form W 0 Sow. The main result of the present section is representation 

of an arbitrary disjointness preserving operator as the strongly disjoint sum of 

weighted shift operators. Thus, operators of the form W oS ow play the role of simple 

elements, from which wider classes of operators are constituted. In the sequel, 

this fact will allow us to construct one of analytic representations of disjointness 

preserving operators. 

Throughout the section, E and F and order-dense ideals of the K-spaces ef 

and §. In the spaces ef and §, we fix order unities 1£ and 1$ and consider 

the multiplication that makes the spaces commutative ordered algebras with unities 

1£ and 1$, respectively (see 5.1.12). We recall that orthomorphisms in the K-spaces 

under consideration are multiplication operators and we identify them with the cor­

responding multipliers (see 5.5.12). The ideal of the K-space ef generated by the el­

ement 1£ is denoted by ef1 . Observe that some notions introduced in this section 

depend on a concrete choice of unities 1£ and 1$. 

5.7.1. We say that a linear operator T: E --+ F is a weighted shift operator 

if there exist order-dense ideals E' C ef and F' C §, orthomorphisms w : E --+ E' 

and W: F' --+ F, and a shift operator S: E' --+ F' such that T = W 0 Sow, i.e., 

the diagram 
E~F 

jw 
E'~F' 
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is commutative. The composition W 0 Sow is called it WSW-representation of T, 

and the operators W, S, and ware respectively called the outer weight, the shift, 

and the inner weight of the representation W 0 Sow. 

Observe that, in view of Theorem 5.4.1, a regular operator T: E -t F is 

a weighted shift operator if and only if so is its modulus ITI. Moreover, if one 

of the operators T or ITI admits a WSW-representation then the other one admits 

a WSW-representation with the same shift and inner weight. Thus, while discussing 

the question of whether an operator is a weighted shift operator, we may always 

assume the operator positive. 

From the viewpoint of the above definition, the property of a mapping to be 

a weighted shift operator depends on the choice of 16" and 1$. Actually, there is 

no such a dependence. Indeed, let an operator T admit a WSW-representation 

where" * " is the multiplication corresponding to the unities 16" and 1$. Then, after 

replacing 16" and 1$ by 1~ and 1~ and introducing the new multiplication"·" in 

the K-spaces under consideration, the operator T remains a weighted shift operator 

and admits the WSW-representation 

Te = W· S'(w' . e) (e E E), 
where 

S'x = (1~/1$)· S(l6"· x) (x E (domS)/l6") 

and w' = w /1~ (here, the division and the power operation also correspond to 
the new unities). Thus, the notion of a weighted shift operator T: E -t F makes 

sense for "pure" K-spaces E and F, without any dependence on their embed­

ding into universally complete K-spaces and introducing a multiplicative structure. 

In particular, this implies that a positive operator T: E -t F is a weighted shift 

operator if and only if it can be made a shift operator by an appropriate choice of 

unities 16" and 1$. 

Simple examples show that a single weighted shift operator can have different 

WSW-representations. However, variety of the components of a WSW-representa­

tion for a given operator T is naturally restricted by their connection with T and 

with each other. Two main aspects of this connection are reflected in the following 

proposition. 
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Proposition. Let T: E -t F be a weighted shift operator and let W 0 Sow 

be a WSW-representation of it. Assign p := (im T). 

(1) Denote the shift of T by ST. Then ST extends p 0 S and the equality 

W 0 Sow = W 0 ST 0 w holds. 

(2) Identify w and W with the corresponding elements of C and $ and 

assign WT := o-lim T7r(1£/w) E $, where II = {7r E Pr(C) : 7r(1£/w) E E}. 
1rEII 

Then pW = WT and W 0 Sow = WT 0 Sow. 

<l Assertion (1) readily follows from 5.6.7 and 5.6.8. Let us prove (2). Due to 

the obvious equality To (w).L = 0, we do not restrict generality by assuming that 

(w) = (1). Then 

o-lim T7r(1£/w) = o-lim WSTw7r(1£/w) = o-lim WST7r1£ = (sup h(7r))W, 
1rEII 1rEII 1rEII 1rEII 

where h is the shadow of T. Since p = h(1), it is sufficient to show the relation 

sUP1rEII h(7r) = h(1). From E C dom(ST 0 w) it follows that w[E] C domST = hCl 

and, hence, E C hCl / w ' It remains to employ Lemma 5.6.6. t> 

Thus, a WSW-representation of a concrete operator determines to a great ex­

tent by the choice of the inner weight. Observe that every weighted shift operator 

admits a WSW-representation with positive inner weight. Indeed, consider an ar­
bitrary WSW-representation W 0 Sow. Identifying the orthomorphism w with 

an element of C (see 5.5.12), denote the projection (w+) E Pr(E) by 7r and assign 

p:= (S(7r1£)). Then 

W 0 So w = W 0 So (7rlwl- 7r.Llwl) 

= W 0 (p 0 So Iwl- p.L 0 S 0 Iwl) = (pW - p.LW) 0 So Iwl. 

REMARK. If W 0 Sow is a WSW-representation of an operator T with positive 

inner weight w, then the operators T+, T-, and ITI admit the following WSW-rep­

resentations: T+ = W+ 0 Sow, T- = W- 0 Sow, and ITI = IWI 0 Sow. 

5.7.2. Theorem. Let w be an arbitrary positive element of C. A linear 

operator T: E -t F admits a WSW-representation with inner weight w if and 

only if it is disjointness preserving, regular, and wide at the element 1£/ w. 
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<l Necessity ensues from Proposition 5.7.1 (2). Let us prove sufficiency. Sup­

pose that a disjointness preserving operator T: E -t F is wide at 1<f/w. With­

out loss of generality, we may assume that the operator T is positive. Assign 

IT := {7r E Pr( t.&") : 7r(1<f /w) E E} and denote by W the orthomorphism of multipli­

cation by sUPll'EII T7r(1<f/w) E $. Considerthe composition (1$/W)oTo(1<f/w) as 

an operator from w[EJ into $ and denote it by S. By proving that S is a shift oper­

ator, we will obtain the desired WSW-representation WoSow for T. In accordance 

with Theorem 5.6.9, it is sufficient to show that the operator S satisfies conditions 

(a)-(d) presented in the statement of that theorem. Verification of the conditions 

causes no difficulties. I> 

We say that a subset of the K-space E is t.&" -bounded if it is bounded in t.&". 

A subset %'0 of an LNS over E is called t.&" -bounded if the set {Iuo I : Uo E %'o} is 

t.&"-bounded. 

Corollary. A linear operator T: E -t F is a weighted shift operator if and 

only if it is disjointness preserving, regular, and wide on some t.&" -bounded subset 

of E. 

<l If the operator T is wide on a set DeE and an element e E t.&" is such 

that Idl ~ e for all d ED, then the operator T is wide at e and, in view of the last 

theorem, it admits a WSW-representation with inner weight 1.1/ e. I> 

5.7.3. Proposition. Assume that regular operators T, T: E -t F are dis­

jointness preserving and satisfy the inequality ITI ~ 11'1. Then T is a weighted 
sbift operator if and only if so is T. Moreover, tbe following assertions are true: 

(1) If W 0 S 0 w is a WSW-representation of l' then the operator T admits 

a WSW-representation of the form W 0 S 0 w, where IWI ~ IWI. 
(2) If W 0 Sow is a WSW-representation of T then the operator l' admits 

a WSW-representation of the form Wo Sow, where (imT)IWI ~ IWI. 
<l Without loss of generality, we may assume that the operators T and Tare 

positive. 

(1) The claim is ensured by Corollary 5.5.19. 

(2) Assume that T admits a WSW-representation W 0 Sow and assign p := 

(imT). According to Theorem 5.7.2, the operator T is wide at the element 1<f/w. 

Then the operator T also has this property and, by the same Theorem 5.7.2, it 
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admits a WSW-representation W 0 Sow. The desired interrelation between W 
and W ensues from Proposition 5.7.1. [> 

5.1.4. In accordance with Theorem 5.7.2, it seems interesting to study situa­

tions in which an operator T: E --t F turns out to be wide on some C -bounded 

subset of E. Without touching the general problem, we will only discuss several 

particular cases. 

First of all, we point out a trivial corollary to Theorem 5.7.2: if {Te } 1.1. = 

(im T)l.l. for some element e E E then T is a weighted shift operator (and it 

admits a WSW-representation with inner weight Ie/e). In particular, the following 

assertion holds: 

Proposition. If there exists a strong order unity e in the K-space E then ev­

ery disjointness preserving regular operator T: E --t F is a weighted shift operator 

and admits a WSW-representation with inner weight Ie/e. 

Of course, the indicated cases admit generalizations. For instance, since every 

set of pairwise disjoint elements in E is C -bounded, we have the following assertion: 

Proposition. Let T: E --t F be a disjointness preserving regular operator. 

If {Tee : , E 3}1.1. = (im T)l.l. for some family (edeES of pairwise disjoint 

elements in E, then T is a weighted shift operator. 

The condition stated in the last proposition is not necessary. indeed, let 

C = Coo(P), where P is an extremally disconnected compact space containing 

a nonisolated point pEP. Denote by E the order-dense ideal {e E C : e(p) = O} 

of the K-space C. Consider the set Q := P\ {p} and let § be the K-space of 

all real-valued functions defined on Q. Define an operator T: E --t § as follows: 

Te = e I Q. Obviously, the operator T is wide on the C -bounded set {e E E : I e I ~ I} 
(and, therefore, it is a weighted shift operator), but the family (edeES mentioned 

in the statement of the last proposition does not exist. 

Another class of weighted shift operators resulted by combining Lemma 5.6.6 

and Corollaries 5.4.6 and 5.6.5. 

Theorem. Every disjointness preserving sequentially o-continuous regular 

operator T: E --t F is a weighted shift operator. Moreover, for every order unity 

wE C, such an operator T admits a WSW-representation with inner weight w. 
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5.7.5. It is known that not every disjointness preserving regular operator is 

a weighted shift operator. For the sake of completeness, we will present here the cor­

responding example from [19], the more so as the example is, in a sense, typical 

(see below). 

Let Q be an extremally disconnected compact space without isolated points. 

In this case, we can find an order-dense ideal E C Coo(Q), a family (edeE2 in E, 

and a family (qe )eE2 in Q so that the following conditions be satisfied: the set 

{qe : e E 3} is dense in Q, ee(qe) = 00 for all e E 3, and, for each e E E, 

the number set {(e/ee)(qe) : e E 3} is bounded. Then the operator T: E -+ £00(3) 

acting by the rule (Te)(e) = (e/ee)(qe) is disjointness preserving and regular (even 

positive), but is not a weighted shift operator. 

The above construction of an operator T possesses the following property: if 

we denote by Pe the operator of multiplication by the characteristic function XW' 

then we obtain a partition of unity (pe)eE2 in the algebra Pr(£00(3)) such that all 

fragments of the form Pe 0 T are weighted shift operators. It turns out that of all 

disjointness preserving regular operators are structured in the same way. 

Tbeorem. Let T: E -+ F be a disjointness preserving regular operator. 

Then there exists a partition of unity (pe)eE2 in the algebra Pr(F) such that, 

for each e E 3, the composition Pe 0 T is a weighted shift operator. Moreover, 

the projections pe can be taken so that each composition Pe 0 T admit a WSW-rep­

resentation with inner weight 18/ee, where ee is a positive element of E. In this 

case, the operator T is decomposed into the strongly disjoint sum 

T = EB W 0 peS 0 (18/ee), 
eE2 

where S is the shift of T and W: $ -+ $ is the orthomorphism of multiplication 

by o-EeE2 peTee. 

<I By applying the exhaustion principle to the relation 

sup (Te) = (im T), 
eEE+ 

we obtain a disjoint family (pe )eE2 in the algebra Pr( F) and a family (ee )eE2 of pos­

itive elements in E such that sUPeE2 pe(Tee) = (im T). After adding the projection 
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(im T).L to the family (pe )eE3 and the zero element to the family (ee )eE3, we make 

(pe)eE3 a partition of unity and preserve the relation sUPeE3 pe(Tee) = (im T). 
By Theorem 5.7.2, for each ~ E S, the composition Pe 0 T is a weighted shift oper­

ator and admits a WSW-representation with inner weight l$/ee. If S is the shift 

of T then the shift of Pe oT is equal to peS (see 5.6.8); thus, using Proposition 5.7.1, 

we conclude that Pe 0 T = peTee 0 peS 0 (l$/ee). I> 

5.7.6. Let 0/1 be a BKS over an order-dense ideal E C C and let Y be a BKS 

over an order-dense ideal F c~. We say that a linear operator T: 0/1 -+ Y is 

a weighted shift operator if there exist a BKS 0/1' over an order-dense ideal E' C C, 

a BKS Y' over an order-dense ideal F' c ~, orthomorphisms w: 0/1 -+ 0/1' and 

W: Y' -+ Y, and a shift operator S: 0/1' -+ Y' such that T = W 0 Sow, i.e., 

the diagram 

0/1' ~ Y' 

is commutative. As in the case of an operator in K-spaces, the composition WoSow 

is called a WSW-representation of T and the operators W, Sand ware respectively 

called the outer weight, the shift, and the inner weight of the representation W oS ow. 

Of course, use of the terminology of 5.7.1 in the case of operators in LNSs is not quite 

correct, since a K-space is a particular case of an LNS. Therefore, in order to avoid 

confusion, we sometimes call a weighted shift operator scalar or vector, referring 

to definition 5.7.1 or 5.7.6, respectively. By analogous reasons, we speak about 

scalar or vector WSW-representations. A vector WSW-representation W 0 Sow of 

an operator T: 0/1 -+ Y will be called semivector if w is a scalar orthomorphism 

(see 5.5.17), i.e., 0/1 and 0/1' are order-dense ideals of the same BKS over C and 

the orthomorphism w acts by the rule u f-+ eu for some fixed orthomorphisms 

e E Orth(E, E'). 

Theorem. Let 0/1 be a BKS over an order-dense ideal E c C and let Y 

be a BKS over an order-dense ideal F c ~. A linear operator T: 0/1 -+ Y 

is a vector weighted shift operator if and only if it is dominated and its exact 

dominant I T I : E -+ F is a scalar weighted shift operator. Moreover, the following 

assertions hold: 
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(1) H W 0 S 0 W is a vector WSW-representation ofT then I TI admits a scalar 

WSW-representation W 0 lSi 0 Iwi such that 0 ~ W ~ IWI. 

(2) Let W 0 Sow be a scalar WSW-representation of ITI with positive 

weights W and w. Then T admits a semi vector WSW-representation W 0 S 0 w 

such that IWI = w, lSi = S, and w is the orthomorphism of multiplication by w. 

<l (1) The claim readily follows from 5.7.3(1). 

(2) Suppose that W 0 Sow is a scalar WSW-representation of IT!, where 

w: E -+ E', S: E' -+ F' and W: F' -+ F. Let mo/l be the universal completion 

of 0/1, let 0/1' be the ideal {u E mo/l : lu lEE'} ofthe BKS mo/l, and let w : 0/1 -+ 0/1' 
be the orthomorphism of multiplication by w. Denote by "j/' the o-completion of 

the norm transformation of 0/1' by means of S (see 5.1.11) and consider the corre­

sponding operator of norm transformation S: 0/1' -+ "j/'. Now, we are to construct 

an orthomorphism W: "j/' -+ "j/. 

Assign "j/; := (S 0 w)[o/I] and define a linear operator Wo : n -+ "j/ as follows: 

Wo(Swu) := Tu. Such a definition is sound, since the equality SWUl = Swuz 
implies 

ITul - Tuzl ~ ITllul - uti = WSWIUl - uti 

= WSIWUl - wuzl = WISwul - Swuzl = O. 

Assign p:= (imT). Since p ~ ((Sow)[o/I]) and w[o/I] = {v' E "j//: Iv'l E 

w [En, the operator p 0 5 is wide on the ideal w [E] c E'. Consequently, by 

Proposition 5.6.2((2)=>(3»), the set n = (p o5)[w[0/IJ] approximates (p 0 5)[0/1']. 
The latter set, by the definition of the norm transformation So/I', approximates 

the set p[So/I'], which in turn approximates p["j/']. Therefore, in view of 5.2.2, 
the set n approximates p["j/']. Obviously, IWov&1 :::;; Wlv&1 for all v& E n. 
According to Corollary 5.4.8, the operator W 0 admits a (unique) linear extension 

WI: p[ "j/'] -+ "j/ such that I WI V' I ~ Wi v' I for all v' E "j/'. Then the composition 

WI 0 p: "j/' -+ "j/ satisfies the inequality I WI 0 p I ~ Wand, consequently, it 

is an orthomorphism. Thus, we have already constructed a WSW-representation 

(W lOP) 0 So w of the operator T. However, we cannot assign W : = WI 0 P at this 

moment, since the equality IWI = W will not be guaranteed. 
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For all positive e E E, we have 

IWI 0 plSwe = sup{IWIPv'l : v' E 1/', Iv'l = Swe} 

~ sup{pIWov~l: v~ E 1({, Iv~1 = Swe} 

= sup{pIWoSwul: u E eIk', ISwul = Swe} 

= sup{lTul : Swlul = Swe} 

~ sup{lTul : lui = e} = ITle = WSwe, 

Cbapter 5 

whence IWI 0 plSwe = WSwe by the inequality IWI 0 pi ~ W. Thus, W 0 Sow 
and IWI 0 pi 0 Sow are two WSW-representations of the operator ITI. Hence, 

according to Proposition 5.7.1 (2), the equality IWI 0 pi = pW holds. To ensure 

the equality I W I = W, it is sufficient to define W as the sum of the orthomorphism 

WI op and some "inactive" supplement with norm p1.W. Proposition 5.5.13 implies 

existence of an orthomorphism W 2 E Orth( elk' ,1/) such that I W 21 = W. We assign 
- - - 1. 
W:= WI 0 P + W 2 0 p. I> 

REMARK. (1) The inequality W ~ IWI presented in assertion (1) of the last 

theorem can be strict. In other words, the equality ITI = IWI 0 lSi 0 Iwl cannot be 
guaranteed for every WSW-representation T = WoSow. (A simple counterexample 

can be given in the case when 0/1 and 1/ are Banach spaces.) However, (2) implies 

that every weighted shift operator T: elk' -+ 1/ admits a WSW-representation W 0 

So w such that ITI = IWI 0 lSi 0 Iwl· 
(2) From the last theorem it follows that each vector weighted shift operator 

admits a semivector WSW-representation. Moreover, if an operator admits a vector 
WSW-representation with inner weight w then it admits a semivector WSW-repre­
sentation with inner weight the operator of multiplication by I w I. 

(3) If we consider each of the K-spaces E and F as a BKS (over itself) then 

the exact dominant of every regular operator T: E -+ F coincides with its modu­

lus ITI. This observation and the last theorem allow us to conclude the following: 

a mapping T: E -+ F is a vector weighted shift operator if and only if it is a scalar 

weighted shift operator. This fact justifies correctness of using the common term 

"weighted shift operator" for operators in BKSs as well as for operators in K-spaces. 

5.7.7. Each of the assertions stated in the following theorem readily follows 
from a similar "scalar" assertion (see 5.7.1-5.7.4) and Theorem 5.7.6. 
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Theorem. Let a&' be a BKS over an order-dense ideal E C C and let 1/ be 

a BKS over an order-dense ideal F c $. 

(1) The property of a mapping T: a&' ---t 1/ to be a weighted shift operator 

does not depend on choosing unities Is and Ig:. 

(2) A linear operator T: a&' ---t 1/ is a weighted shift operator if and only if it 

is disjointness preserving, bounded, and satisfies the relation T[a&'oJ.l.l = T[a&'J.l.l 

for some C -bounded subset a&'o ca&'. 

(3) Let w be an arbitrary positive element of C. A linear operator T: a&' ---t 1/ 

admits a WSW-representation with inner weight of norm w if and only if it is 

disjointness preserving, bounded, and wide at the element Is/w. 

( 4) Let T: a&' ---t 1/ be a disjointness preserving bounded operator. If the rela­

tion {Tu }.l.l = (im T).l.l holds for some element u E a&' then T is a weighted shift 

operator and admits a WSW-representation with inner weight of norm Is/lui. 

(5) If there exists a strong order unity e in the K-space E then every disjoint­

ness preserving bounded operator T: a&' ---t 1/ is a weighted shift operator and 

admits a WSW-representation with inner weight of norm Is/e. 

(6) Every disjointness preserving sequentially o-continuous bounded operator 

T: a&' ---t 1/ is a weighted shift operator. Moreover, for every order unity wEe, 

such an operator T admits a WSW-representation with inner weight of norm w. 

5.7.8. Theorem. Suppose that a&' is a BKS over an order-dense ideal E C 

C, 1/ is a BKS over an order-dense ideal F C $, ma&' and m1/ are universal 

completions of a&' and 1/, and T: all -+ 1/ is a disjointness preserving bounded 

operator. Then there exists a partition of unity (pe hE=: in the algebra Pr( 1/) such 

that, for each e E 3, the composition Pe 0 T is a weighted shift operator. 

The projections Pe can be chosen so that each composition Pe 0 T admit 

WSW-representation with inner weight of norm Is/ee, where ee is a positive 

element of E. 

For each e E 3, assign Ee := {ejee : e E E} and o//e := {u E mo// : lui E Ed, 

where ma&' is the universal completion ofa&', and denote by we: all -+ o//e the scalar 

orthomorphism of multiplication by Is/ee. Then there exist a BKS 1/' over $, 

strongly disjoint shift operators Se: a&'e -+ 1/' (~ E 3), and an orthomorphism 

W: 1/' ---t m 1/ such that the operators T and I T I decompose into the following 
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strongly disjoint sums: 

T= EBWoSeowe, 
eES 

Cbapter 5 

ITI = EB IWI 0 ISei 0 lwei· 
eES 

<] Consider an arbitrary disjointness preserving bounded operator T: all --t 

"f'. By Theorem 5.7.5, there exists a partition of unity (pe )eES in the algebra Pr(F) 

such that, for each ~ E 3, the composition Pe 0 ITI is a weighted shift operator 

and, moreover, admits a WSW-representation with inner weight l£/ee, where ee 
is a positive element of E. Define BKSs o//e and orthomorphisms we: all --t o//e in 

the same way as in the statement of the theorem being proved. By Theorem 5.7.6, 

for each ~ E 3, there exist a BKS ~ over an order-dense ideal Fe c pd§]' a shift 

operator Se: o//e --t ~, and an orthomorphism We: ~ --t pd"f'] such that Pe 0 T = 

We 0 Se 0 we and Pe 0 ITI = lwei 0 ISei 0 lwei. In order to complete the proof, 

it remains to construct the desired BKS "f" and "glue" the orthomorphisms We 
together to obtain a single orthomorphism W. 

Assign "f'rf := EBeEs ~ (see 5.1.10) and denote by "f" a universal completion 

of the BKS Yo'. Naturally identifying ~ and pdYo']' we regard Se as an oper­

ator from o//e into "f". For each element v& = (Ve)eES E Yo', assign Wo(v') := 

o-L:eEs We( ve) E m"f'. Due to Corollary 5.4.8, the orthomorphism Wo : Yo' --t m"f' 

admits a unique extension to an orthomorphism W: "f" --t m"f'. !> 

5.8. Representation of Disjointness Preserving Operators 

Constructing analytic representations of disjointness preserving operators is 

an old tradition. This question was studied by everyone who was interested in 

these operators from the abstract point of view. Representation of various classes 

of operators as composition and multiplication mappings is presented, for instance, 

in [2, 3, 8, 9, 14, 19-21,41, 42]. According to Theorem 1.4.6 (3), an order-dense 

ideal of the K-space Coo ( Q), where Q is an extremally disconnected compact space, 

is the general form of a K-space. This fact provides a base for representation 

methods of studying operators in K-spaces. Analytic representations of operators 

are constructed in this section with the help of such operations as a continuous 

change of variable and the pointwise multiplication by a real-valued function. 

Throughout the section, X and Y are totally disconnected, and P and Q 
extremally disconnected compact spaces. The symbol 1M denotes the function on 

a set M which is identically equal to unity. 
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5.8.1. Assume that some "abstract" objects A and B (for instance, Boolean 

algebras, K-spaces, or BKSs) are represented via isomorphisms i: A - A and 

j: B _ E in the form of some "concrete" objects A and E (for instance, algebras 

of sets or spaces of functions). Then the interpretation of a mapping f: A -

B (with respect to the representations i and j) is defined to be the composition 

j 0 f 0 i-I: A - E. 

5.8.2. Denote by Co(Y, X) the totality of all continuous functions s: Yo - X 

defined on various elopen subsets Yo c Y. 

Proposition. A mapping h: Clop(X) - Clop(Y) is a ring homomorphism 

if and only if there exists a function s E Co(Y, X) such that h(U) = s-1 [U] for all 

U E Clop(X). For every ring homomorphism h, such a function s is unique. 

<J The elaim follows directly from the well-known theorem of R. Sikorski (see 

[18: § 11; 40]). I> 

The relation h(U) = s-1 [U] is called the representation of the ring homomor­

phism h by means of the function s. Observe that, due to the Stone theorem, 

the last proposition describes the structure of ring homomorphisms acting in arbi­

trary Boolean algebras. 

5.8.3. The following proposition shows that every ring homomorphism (to 

within an isomorphism) is the mapping of intersection with a fixed set. 

Proposition. Let h: Clop(X) - Clop(Y) be a ring homomorphism. Then 
there exist a closed subset Z C X and an order isomorphism i of the Boolean 

algebra Clop(Z) onto imh such that h(U) = i(U n Z) for all U E Clop(X). 

<J Let h(U) = S-1 [U] be the representation of h by means of a function 

s E Co(Y, X). Assign Z:= ims and, for each element W E Clop(Z), define the set 

i(W) E Clop(Y) by the formula i(W) := s-1 [W]. Verification of the assertions of 

the theorem causes no difficulties. I> 

5.8.4. Proposition. Let E and F be order-dense ideals of Coo ( Q). A map­

ping W: E - F is an orthomorphism if and only if there exists a function 

w E Coo(Q) such that W(e) = we for all e E E. For every orthomorphism W, 

such a function w is unique. 
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<J The assertions stated are a reformulation of Theorem 5.5.12 with account 

taken of Theorem 1.4.6 (3). [> 

The relation W( e) = we is called the representation of the orthomorphism W 

by means of the function w. Observe that, due to Theorem 1.4.6 (3), the last 

proposition describes the structure of orthomorphisms acting in arbitrary K-spaces. 

5.S.5. Given arbitrary s E Co( Q, P) and e E Coo(P), the function ees: Q ~ iR 
is defined as follows: 

{ 
e(s(q)) 

(ees)(q):= 0 
if q E doms, 

if q E Q\ doms. 

Of course, to ensure correctness, while using the notation e e s, we must always have 

in mind a fixed set Q containing dom s. Obviously, the function e e s is continuous 

but, in general, does not belong to Coo ( Q), since it can assume infinite values on 

a set with nonempty interior. The totality of all functions e E Coo(P) for which 

e e s E Coo(Q) is denoted by Cs(P). 

Proposition. Let h: Pr(Coo(P)) ~ Pr(Coo(Q)) be a ring homomorphism 

and let hC(P) be the order-dense ideal ofCoo(P) defined in 5.6.3. Then hC(P) = 
Cs(P), where h(U) = s-1 [U] is the representation of h by means of an s E Co(Q, P) 

(with respect to the natural representations of Pr( Coo(P)) and Pr( Coo ( Q))). 

<J The claim follows from Propositions 5.6.3 and 5.8.2. [> 

A continuous function s: Q --t P is called a-exact, if s -1 [cl G] = cl S -1 [G] for 

every open a-closed subset G c P. Below (see. 5.9.1), this property of a function 

is considered in more detail. 

Lemma. Denote the image of a function s E Co(Q, P) by R. 

(1) For every function e E Cs(P), the intersection R n dome is dense in R, 

i.e., Cs(P) c {e E Coo(P) : elR E C oo(R)}. 

(2) If the function siR is a-exact then Cs(P) = {e E Coo(P) : elR E Coo(R)} 

and Coo(R) = {eiR : e E Cs(P)}. 

<J (1) Consider an arbitrary function e E Cs(P). If there were a nonempty 

open set W c R disjoint from dom e then the function e e s would assume infinite 

values on the nonempty open set s-1 [W], which would contradict the inclusion 

e • s E Coo ( Q). Consequently, the intersection R n dom e is dense in R. 
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(2) Let a function e E Cs(P) be such that the intersection R n dom e is dense 

in R. Then, using the fact that the function siR is a-exact and the intersection 

R n dom e is a a-closed open subset of R, we obtain 

cl(e 0 s )-1 [lR] = cls-1 [dome] = cls-1 [R n dom e] 

= S-1 [cl(R n dom e)] = s-1 [R] = doms, 

and the first equality is established. The second equality follows from the first one 

due to the Tietze-Urysohn theorem. [> 

REMARK. The requirement in condition (2) of the lemma, that the function siR 

be a-exact, is essential, since the set Cs(P) is not in general determined by the image 

of s. Indeed, suppose that pEP is not a P-point, i.e., the intersection of some 

sequence of neighborhoods of p is not a neighborhood of p. Let P := P U {oo} 

be the enrichment of P by a new isolated point 00. Then the identity function 

s: P -+ P and the function s := s U {( 00, p)} : P -+ P have the same image, while 

the sets Cs(P) and Cs(P) does not coincide. 

5.8.6. If E c Ceo(P) and ReP then the set {eiR : e E E} is denoted by 

EIR. 

Lemma. Denote the image of a function s E Co(Q, P) by R and assume that 

the function siR is a-exact. Then 

(1) Ceo(R) is a vector sublattice of Ceo(R); 

(2) if E is an ideal of the K-space Cs(P) then EIR is an ideal of the vector 

lattice Ceo(R). 

<l Assertion (1) readily follows from Lemma 5.8.5 (2). Let us prove (2). As­

sume that a function 9 E Ceo(R) satisfies the inequalities 0 ~ 9 ~ elR for some 
positive element e E E. In view of Lemma 5.8.5 (2), there is a positive function 

e E Cs(P) such that 9 = eiR' Then e 1\ e E E and 9 = (e 1\ e)IR. [> 

5.8.7. Proposition. Let E be an order-dense ideal of Ceo(P) and let F be 

an order-dense ideal of Ceo ( Q). A mapping S: E -+ F is a shift operator if and 

only if there exists a function s E Co( Q, P) such that Se = e. s for all e E E. 

<l Sufficiency can be easily established with the help of Theorem 5.6.9. Let us 

show necessity. Suppose that S: E -+ F is a shift operator and h: Pr(E) -+ Pr(F) 
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is its shadow. Represent the algebras Pr(E) and Pr(F) as Clop(P) and Clop(Q) 

and consider the representation h(U) = 8-1 [U] of the corresponding interpretation 

h: Clop(P) -+ Clop(Q) of the homomorphism h by means of an 8 E Co(Q,P). 
According to Proposition 5.8.5, the equality hC(P) = Cs(P) holds. Since the op­

erators (e 1--+ e. 8): Cs(P) -+ Coo(Q) and Sh: hC(P) -+ Coo(Q) have the same 

shadow h and satisfy the equalities 1p.8 = Sh(lp) = h(l )lQ, they coincide in view 

of Proposition 5.6.7. Therefore, Se = She = e. 8 for all e E E. I> 

5.8.8. The function 8 connected with the shift operator S in the way described 

in the last proposition is not unique in general. Indeed, assume that the compact 

space P contains two different nonisolated points PI and P2, assign E := {e E 

Coo(P) : e(pI) = e(P2) = O} and consider the functions 81,82: Q -+ P identically 

equal to PI and P2, respectively. Then e. 81 = e. 82 = 0 for all e E E. 

The following proposition clarifies the question about uniqueness of a repre­

sentation of a shift operator. 

Proposition. Let E be an order-dense ideal of Coo(P), let F be an order­

dense ideal of Coo ( Q), and let S: E -+ F be a shift operator. Assign Qo := 

suppim S = cl UeEE supp Se. 
(1) If functions 81,82 E Co(Q,P) satisfy the equalities Se = eesl = ees2 for 

all e E E then Qo C dom81 n dom82 and 81 = 82 on Qo. 
(2) There exists a unique function s E C(Qo,P) such that Be = e. 05 for all 

e E E. Furthermore, if 8 is such a function then h(U) = 05-1 [U] is a representation 

of the shadow h of the operator S. 

<J (1) Denote by D the totality of all points in P, at which some functions 

in E are nonzero. Obviously, the set 8~1 [D] is dense in Qo; therefore, it is sufficient 

to establish the equality 81 = 82 on this set. Take an arbitrary point q E 8~1 [D] and 

assume to the contrary that 81 (q) =f. 82 (q). Since 81 (q) ED, there exists a function 

e E E that satisfies the relations e(81(q)) =f. 0 and e(82(q)) = 0, which contradicts 

the equality e • 81 = e • 82. 

(2) Existence of the function 8 follows from Proposition 5.8.7, and its unique­

ness from assertion (1). The fact that 8 represents the shadow of S ensues from 

the proof of the Proposition 5.8.7. I> 

If a function s satisfies the conditions stated in assertion (2) then the relation 
S e = e. 8 is called the representation of the shift operator S by means of the func-
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tion 8. Observe that, due to Theorem 1.4.6 (3), Propositions 5.8.7 and 5.8.8 describe 

the structure of shift operators acting in arbitrary K-spaces. 

5.8.9. The following proposition shows that every shift operator (to within 

an isomorphism) is the operator of restriction onto a fixed set. 

Proposition. Let E be an order-dense ideal of Coo(P), let F be an order­

dense ideal of Coo ( Q), and let S: E 4 F be a shift operator. Then there exist 

a closed subset ReP and a mapping i: EIR 4 F such that 

(1) EIR is a vector sublattice of the K-space Coo(R); 

(2) i is a linear and order isomorphism of EIR onto imS; 

(3) Se = i( elR) for all e E E. 

<l Let S e = e • 8 be the representation of S by means of a function 8 E 

Co(Q,P). Assign R := im8 and, for each element 9 E EIR, define the function 

i(g) E C( Q, i) by the formula i(g) := g. 8. Verification of assertions (1 )-(3) causes 

no difficulties. I> 

5.8.10. Tbeorem. Let E be an order-dense ideal of Coo(P) and let F be 

an order-dense ideal of Coo ( Q). A mapping T: E 4 F is a weighted shift operator 

if and only if there exist functions 8 E Co(Q, P), w E Coo(P), and W E Coo(Q) 

such that we. 8 E Coo(Q) and Te = W(we. 8) for all e E E. 

<l The claim readily follows from Propositions 5.8.4 and 5.8.7. I> 

5.8.11. Simple examples show that the components of a representation Te = 

W( we. 8) of a weighted shift operator T are not unique. However, omitting certain 

details, we may say that the function 8 is unique and W is uniquely determined by 

the choice of w. This observation can be precisely stated as follows. 

Proposition. Let E be an order-dense ideal of Coo(P), let F be an order­

dense ideal of Coo ( Q), and let T: E 4 F be a disjointness preserving regular 

operator. Assign Qo := suppim T. 

(1) Let functions 81,82 E Co(Q,P), Wl,W2 E Coo(P) and WI, W2 E Coo(Q) 

be such that Te = Wl(Wle. 8d = W2(W2e • 82) for all e E E. Then Qo C 

dam 81 n dam 82 and 81 = 82 on Qo. If, in addition, WI = W2 then WI = W2 

on Qo. 



436 Chapter 5 

(2) Let a positive function w E Coo(P) be such that the operator T is 

wide at l/w (see 5.6.6). Then there exist unique functions 8 E C(Qo,P) and 

WE Coo(Q) such that W = 0 outside Qo and Te = W(we e 8) for all e E E. Fur­

thermore, supp W = S-1 [supp w] = Qo, Se = ee8 is a representation of the shift S 

of the operator T, and h(U) = 8-1 [U] is a representation of its shadow h. 

<J Assertion (1) follows immediately from Proposition 5.7.1 (due to 5.8.4 

and 5.8.8). Let us show (2). Existence of functions s and W ensues from The­

orems 5.7.2 and 5.8.10, and their uniqueness from assertion (1). Connection of 

the function s with the shift and shadow of the operator T follows from Proposi­

tions 5.7.1 (1) and 5.8.8 (2). I> 

If s, w, and W satisfy the conditions stated in assertion (2), then the relation 

Te = W( we e s) is called the representation of the weighted shift operator T by 

means of the functions s, w, and W. Observe that, due to the Theorem 1.4.6 (3), 

assertions 5.8.10 and 5.8.11 describe the structure of weighted shift operators acting 

in arbitrary K-spaces. 

REMARK. If Te = W( we e 8) is a representation of a weighted shift operator T 

then the operators T+, T-, and ITI admit the following representations: T+ e = 
W+(we e s), T-e = W-(we e s), and ITle = IWI(we e s). 

5.8.12. Given arbitrary functions f,g E C(Q,iR), the product fg E C(Q,iR) 

is defined by the rule 

{ 
f(q)g(q) if the product f(q)g(q) makes sense, 

(fg)(q) := i.e., does not have the form O· ±oo or ±oo· 0, 

o if f == 0 or 9 == 0 in a neighborhood of q 

on a dense subset of Q and then extends onto the entire space Q by continuity. 

Theorem. Let E be an order-dense ideal of Coo(P), let F be an order-dense 

ideal of Coo ( Q), and let T: E -t F be a disjointness preserving regular operator. 

Consider the representation h(U) = S-1[U] of the shadow h of the operator T by 

means of a function 8 E Co(Q,P). Then there exist a family (We)eEs of positive 

functions in Coo(P) and a family (WdeES of pairwise disjoint functions in Coo ( Q) 

such that l/we E E for all e E 2: and 

Te = o-L: We(wee es) (e E E). 
eES 
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<J The assertion stated is a reformulation of Theorem 5.7.5 with account 

taken of Proposition 5.8.11 (2). I> 

Observe that the functions wee e s in the representation (*), being continuous 

functions from Q into i, need not belong to Coo ( Q), while the products We( Wee e s) 
do belong to Coo ( Q). 

We call the relation Te = o-L:eEB We( wee e s) the representation of the op­

erator T by means of the functions s, we, and We. Observe that, due to The­

orem 1.4.6 (3), the last theorem describes the structure of disjointness preserving 

regular operators acting in arbitrary K-spaces. 

REMARK. If Te = o-L:eEB We(wee e s) is a representation of the operator T 
then the operators T+, T-, and ITI admit the following representations: 

T+e = o-I:wt(weees), 
eEB 

T-e = o-I: We-(wee e s), 
eEB 

ITle = o-I: IWel( wee e s). 
eEB 

5.8.13. REMARK. It is known (see [16,27]) that order-dense ideals of the LNS 

of extended continuous sections of an ample Banach bundle over 

an extremally disconnected compact space Q exhaust all BKSs. Furthermore, ev­

ery BKS over a Kantorovich-Pinsker space is isometric to an ideal subspace of 

M(n, the BKS of cosets of measurable sections of a measurable Banach bun­

dle with lifting over a measure space n (see [28]). 

These facts allow us to construct analytic representations for operators in 

Banach-Kantorovich spaces which are analogous to those for operators in K-spaces 

(see, for instance, [31]). Unfortunately, we cannot present here the corresponding 

results for reasons of space. 

5.9. Interpretation for the Properties of Operators 

The representation theorems of § 5.8 allows us to interpret various properties of 

orthomorphisms, shift operators, weighted shift operators, and arbitrary disjoint­

ness preserving operators in terms of the properties of certain components of their 
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representation. As an illustration, we consider order continuous operators, injective 

operators, and operators with ideal image. 

Throughout the section, P and Q are extremally disconnected compact spaces. 

5.9.1. Lemma. Let X and Y be totally disconnected compact spaces and 

let s: X Y be a continuous function. 

(a) The following assertions are equivalent: 

(1) S-1 [int F] = ints-l [F] for every closed subset FeY; 

(2) s-l[clG] = cls-l [G] for every open subset G c Y; 

(3) if F is a closed subset of Y and int F = 0 then int s-1 [F] = 0; 

(4) ifG is an open subset ofY and clG = Y then cls-l [G] = X; 

(5) the inverse image s-I[D] of every meager subset DeY is a meager 

subset of X; 

(6) the inverse image S-1 [D] of every com eager subset DeY is a comea­

ger subset of X. 

(b) The following assertions are equivalent: 

(1) S-1 [int F] = ints-l [F] for every closed (J-open subset FeY; 

(2) s-l[clG] = cls-1 [G] for every open (J-closed subset G c Y; 

(3) ifF is a closed (J-open subset ofY and int F = 0 then int s-l [F] = 0; 

(4) ifG is an open (J-closed subset ofY and cl G = Y then cl s-1 [G] = X. 

A function s satisfying any of the conditions in (a) (in (b)) is called exact 

( (J-exact). 

REMARK. If the compact space Y is extremally disconnected then the list (a) 

can be extended by the following equivalent assertions: 

(7) if U is a clop en subset of X then stU] is a clopen subset of Y; 

(8) if U is an open subset of X then stU] is an open subset of Y. 

As is known, a function s satisfying condition (8) is called open. Thus, if 

the compact space Y is extremally disconnected then the classes of exact and open 

functions s E C(X, Y) coincide. The author does not know analogs of assertions (7) 

and (8) that are equivalent to the fact that the function s is (J-exact. 

5.9.2. Proposition. Let X and Y be totally disconnected compact spaces 

and let h: Clop(X) Clop(Y) be a ring homomorphism. Consider the represen­

tation h(U) = s-1 [U] of h by means of a .function s E Co(Y, X). The homomor-
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phism h is o-continuous (sequentially o-continuous) if and only if the function 8 

is exact (a -exact). 

<J There is a proof in [18: § 22]. [> 

5.9.3. Let 0/1 and "f/ be LNSs over order-dense ideals of the K-spaces Coo(P) 

and Coo ( Q), respectively. If T: 0/1 ---t "f/ is a disjointness preserving operator and 

h( U) = 8 -1 [U] is the representation of the shadow h of the operator T by means of 

a function 8 E Co( Q, P), then we say that 8 is the shift function of the operator T. 

Theorem. Suppose that E and F are order-dense ideal8 of Coo(P) and 

Coo ( Q) (re8pectively), 0/1 is a BKS over E, "f/ is an LNS over F, T: 0/1 ---t "f/ 

is a disjointness preserving bounded operator, and 8 E Co (Q, P) is its shift func­

tion. The operator T is o-continuous (sequentially o-continuous) if and only if 

the function 8 is exact (a-exact). 

<J Since the function s represents the shadow of T, the claim follows from 5.9.2 

and 5.4.6. [> 

5.9.4. Proposition. Let X and Y be totally disconnected compact spaces 

and let h: Clop(X) ---t Clop(Y) be a ring homomorphism. Consider the represen­

tation h(U) = 8-1 [U] of h by means of a function 8 E Co(Y, X). The homomor­

phism h is injective if and only if the function 8 is surjective. 

5.9.5. Theorem. Suppose that E and F are order-dense ideals of Coo(P) 

and Coo ( Q) (respectively), T: E ---t F is a disjointness preserving regular operator, 

and s E Co( Q, P) is its shift function. The operator T is injective if and only if 

the function 8 is surjective. 

<J NECESSITY: In view of Proposition 5.9.4, it is sufficient to assume injec­

tivity of the operator T and establish injectivity of its shadow h: Pr( E) ---t Pr( F). 
Consider an arbitrary projection 7r E Pr(E) and suppose that h(7r) = o. Then 

T7re = 0 for all e E E. Due to injectivity of T, the latter means that 7re = 0 for all 

e E E, i.e., 7r = O. 

SUFFICIENCY: Let Te = EBeEB W( wee e 8 )IQe be the representation of the op­

erator T by means of 8 E Co(Q, P), we E Coo(P), Qe E Clop(Q), and W E Coo(Q). 

Assume that the function 8 is surjective. For each e E 3, assign Pe := supp we. Con­

sider an arbitrary functions e E E and suppose that Te = o. Then W( Weee8 )IQe = 0 
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for all E 3. The latter means that, for each E 3, the equality wee. s = 0 holds 

on Qe, which implies the equality wee = 0 on s[Qel and, hence, the equality e = 0 on 

s[QeJ nPe· Thus, the function e is equal to zero on the union D := UeE3 s[Qel nPe. 
It remains to show that the set D is dense in P. 

Let a clopen set U be contained in the difference P\D. Then, for all e E E 

and E 3, the equality we(U)e = 0 holds on Ul. U Pl- From the inclusion 

s[QeJ n Pe C Ul. it follows that we(U)e = 0 on s[QeJ. Therefore, (we(U)e). s = 0 

on Qe and, hence, W (( we (U)e). s) IQe = O. Arbitrariness of E 3 allows us to con­

clude that T(U)e = 0, and arbitrariness of e E E yields the equality h(U) = o. Ac­

cording to injectivity of h (see Proposition 5.9.4), the latter means that U = 0. I> 

5.9.6. REMARK. The author did not succeed in obtaining an adequate crite­

rion for injectivity of an operator in BKSs. Simple examples show that the direct 

generalization of the last theorem to the case of an operator in BKSs is not true. 

Interpretation for injectivity of such operator must involve the outer weight of 

the representation. 

5.9.7. Proposition. Let X and Y be totally disconnected compact spaces 

and let h: Clop(X) -+ Clop(Y) be a ring homomorphism. Consider the representa­

tion h(U) = s-1 [UJ of the homomorphism h by means of a function s E Co(Y, X). 

The equality im h = [0, h(l)J holds if and only if the function s is injective. 

5.9.8. Lemma. A continuous function s: Q -+ P is injective if and only if 
the operator (e H e a s): C(P) -+ C(Q) is surjective. 

<l If the function s is injective then it is a homeomorphism of Q onto im s. 

In this case, every function f E C(Q) can be represented as gas, where g E C(ims). 

By the Tietze-Urysohn theorem, the function g extends to an e E C(P). 

If points q1, q2 E Q are different then there is a clopen set V C Q that contains 

only one of them. If the operator e H e a s is surjective then the characteristic 

function of V can be represented as e a s, whence s(qt) i= S(Q2). I> 

5.9.9. In the sequel, we discuss interpretation of the fact that an operator has 

ideal image. In order to clarify this property, we present a result established in [32: 

Lemma 2.7J. 

Lemma. Let E and F be vector lattices and let T: E -+ F be a disjointness 

preserving regular operator. The following assertions are equivalent: 
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(1) imT is an ideal of Fj 
(2) im ITI is an ideal of Fj 
(3) ITHO, e] = [0, ITle] for all positive e E E. 
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The list of equivalent properties (1 )-( 3) of the operator T can be extended by 

the following one: the operator T takes ideals of E into ideals of F, i.e., for every 

ideal Eo C E, the set T[Eo] is an ideal of F. 

5.9.10. Proposition. Suppose that E and F are order-dense ideals of Coo ( P) 

and Coo ( Q) (respectively), T: E 4 F is a disjointness preserving regular operator, 

and s E Co( Q, P) is its shift function. Assume that (Te) = (im T) for some element 

e E E. The image of T is an ideal of F if and only if the function s is injective. 

<I Due to Theorem 5.4.1, we may assume that the operator T is positive and 

e O. Moreover, for the sake of convenience, we assume that (im T) = 1, i.e., 

dom8 = Q. 
Let the image of T be an ideal. In view of Lemma 5.9.8, to prove injectivity of s, 

it is sufficient to fix an arbitrary function (3 E C( Q), 0 (3 1, and represent it as 

a 0 s, where a E C(P). According to Lemma 5.9.9, the inequalities 0 (3Te Te 

imply existence of an element e E E such that 0 e e and Te = (3Te. Let a 

function a E C(P) be such that e = ae. Then, according to 5.6.13, we have 

(a 0 8 )Te = T( ae) = Te = (3Te, whence a 0 8 = (3 due to the equality (Te) = 1. 

Suppose now that the function 8 in injective. Fix arbitrary elements e E E and 

f E F satisfying the inequalities 0 f Te and show that f E im T. Let a function 

(3 E C(Q) be such that f = (3Te. By injectivity ofthe operator (e f-+ e08): C(P) 4 

C( Q) (see 5.9.8), there exists a function a E C(P) such that a08 = (3. Then ae E E 

and, in view of 5.6.13, we have T(ae) = (a 0 8)Te = (3Te = f. I> 

5.9.11. Existence of an element e E E satisfying the equality (Te) = (im T) 

is an essential condition in the statement of Proposition 5.9.10. Without this re­

quirement, the function 8 need not be injective even when T is a surjective shift 

operator. We will give a corresponding example in this subsection. 

Lemma. Consider functions 8 E Co(Q,P) and f E Coo(Q). Suppose that 

there is an open set D C P such that 8 is injective on 8-1 [D] and f is the identical 

zero outside 8-1 [D]. Then f = e. 8 for some function e E Coo(P). For a positive 
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and/or bounded function f, tbe corresponding function e can be cbosen witb 

tbe same property. 

<l Denote the image of s by R and define a function g: R -t iii as follows: 

._ {f(s-1(p)) if pER n D, 
g(p) .- 0 if p E R\D. 

Fix an arbitrary point pER and show that the function 9 is continuous at p. 

(1) Suppose that pER n D. Since the set D is open, we thus have a clopen 

set U C P such that p E U C D. From injectivity of s on s-1[D] it follows 

that the restriction slu is a homeomorphism of S-1 [U] onto R n U. Therefore, 

the function glu = f 0 (slUr 1 is continuous. 

(2) Suppose now that p E R\D. Fix an arbitrary number c > 0 and show 

that Igl < c in a neighborhood of p. Assign Qe := {q E Q : If(q)1 c}. Taking 

account of the fact that f = 0 outside s-1 [D], we have the inclusion Qe C s-1 [D]j 

hence, s[Qe] C D. Since If I < c outside Qe, we conclude that Igl < c outside s[Qe]. 
It remains to observe that R\s[Qe] is a neighborhood of p in the space R. 

Thus, the function 9 is continuous. Obviously, g. s = f. This implies that 

9 E Coc;,(R) (if Igl = 00 on a nonempty open set We R then If I = Ig. sl = 00 on 
the nonempty open set s-1[W), which contradicts the containment f E Coo(Q)). 
According to the Tietze-Urysohn theorem, there exists a function e E Coo(P) such 

that e = 9 on R. Obviously, e is the desired function. Observe that positiveness 

and/ or boundedness of the function f implies the same property of g, which in turn 

allows us to choose a function e with the appropriate property. I> 

EXAMPLE. As is known, the difference ,aN\N contains a discreet set D of 

cardinality continuum (see [4: Chapter IV, Problem 52]). Denote by s: ,aD -t ,aN 

the continuous extension of the identity mapping of D. Introduce the notation 

D := clPN D, E := {e E C(,aN) : e = 0 on D\D}, F := {J E C(,aD) : f = 0 on 

,aD\D}, and assign Se := eo s for all e E E. Then S: E -t F is a surjective shift 

operator, while its shift function s is not injective. 

<l First of all, show that s is actually the shift function of the operator S. 

To this end, we should establish the equality supp im S = ,aD (see 5.8.8). Since 

the subset D C ,aN is discreet, each point qED has a neighborhood U C ,aN such 
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that Un D = {q}. Then Xu E E and (Sxu)(q) = XU(8(q)) = xu(q) = 1. Thus, 

Dc suppimS, whence suppimS = f3D. 
Now, show that the operator S is surjective. Fix an arbitrary element I E F 

and assign f3N\(D\D). Then is an open subset of f3N, 8-1 = 8-1 [D] = D, 
8 is injective on D, and I is the identical zero outside D. Therefore, in view of 

the last lemma, there exists a function e E C(f3N) such that I = eo 8. It is clear 

that e E E and, therefore, I E im S. 

It remains to observe that the function 8: f3D --+ f3N is not injective, since (see 

[4: Chapter VI, Problem 180]) 

If3DI = 221DI > 221NI = If3NI, 

where IXI stands for the cardinality of a set X. [> 

5.9.12. Theorem. Suppo8e that E and F are order-dense ideals of Coo(P) 
and Coo ( Q) (respectively), T: E --+ F is a disjointness preserving regular operator 

and 8 E Co(Q,P) is its shift function. The image of T is an ideal of F if and 

only if, for every element e E E, the function 8 is injective on the set suppTe. 

The last property of the function 8 is equivalent to its injectivity on the union 

U{ supp Te : e E E} (which is an open dense subset of dom 8). 

<l NECESSITY: Suppose that the image of T is an ideal and consider an ar­

bitrary element e E E. It is clear that the image of the composition (Te) 0 T is 

an ideal too and, in view of Proposition 5.9.10, its shift function is injective. It re­

mains to observe that the shift function of the operator (Te) 0 T coincides with 

the restriction of 8 onto supp Te. 

SUFFICIENCY: Theorem 5.4.1 allows us to assume that the operator T is pos­

itive. Fix arbitrary positive elements e E E and I E F satisfying the inequality 

I Te and show that I E im T. Since the function 8 is injective on the set 

suppTe, in view of Proposition 5.9.10, the image of the composition (Te) 0 T is 

an ideal of F. According to Lemma 5.9.9, the inequalities 0 I (Te)Te imply 

existence of an element eo E E such that 0 eo e and (Te)Teo = I; whence 

Teo = f. 
Injectivity of the function 8 on each set of the form supp Te (e E E) implies 

injectivity of 8 on the union u{suppTe : e E E}, since the containments q1 E 

suppTe1 and q2 E suppTe2 yield q1,q2 E suppT(le11 V le21). [> 
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REMARK. Under the hypotheses of the last theorem, injectivity of the func­

tion 8 on the union U{Supp Te : e E E} is not sufficient for the image of T to be 

an ideal (here Supp f = {q E Q : f( q) i= O}). Indeed, assign P = Q = ;3N, fix 

a point p E P\N, and, naturally identifying C( Q) and £00, consider the operator 

T: C(P) C(Q) acting by the rule 

(Te)(n) = { e(p) 
e(n)jn if n > 1 

if n = 1, 
(n E N) 

for all e E C(P). The image ofT is not an ideal, since, for instance, (1, t, ... ... ) 
belongs to im T, but (1,0,0, ... ) does not. However, the shift function 8 of the oper­

ator T is injective on the set U{SuppTe : e E E} = N, since 8(1) = P and 8(n) = n 
whenever n E N\{1}. 

5.9.13. As is known (see 5.5.17), every BKS over an order-dense ideal of 

Coo(P) is a module over C(P). A subset %'0 of such BKS is called a C(P)-submodule 

of it, if au E %'0 for all u E %'0 and a E C(P). 

Lemma. Suppose that E and F are order-dense ideals ofCoo(P) and Coo(Q) 
(respectively), %' is a BKS over E, and l' is a BKS over F. The following 

properties of an operator T: %' l' are equivalent: 

(1) T takes C(P)-submodules of%' into C(Q)-submodules of 1'; 

(2) for every u E %' and every ;3 E C(Q), there exists a function a E C(P) 

such that T( au) = ;3Tu. 

<I It is sufficient to observe that the set {au: a E C(P)} is a C(P)-submod­

ule of %'. I> 

5.9.14. Proposition. Suppose that E and F are order-dense ideals of Coo(P) 

and Coo(Q) (respectively), %' is a BKS over E, l' is a BKS over F, T: %' 1'is 

a disjointness preserving bounded operator, and 8 E Co( Q, P) is its shift function. 

Assume that (Tu) = (im T) for some element u E%'. The operator T takes 

C(P)-submodules of %' into C(Q)-submodules of l' if and only if the function 8 

is injective. 

<I For the sake of convenience, we assume that (im T) = 1, i.e., dom 8 = Q. 
Suppose that T takes C(P)-submodules of %' into C(Q)-submodules of 1'. In view 
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of 5.9.8, to prove injectivity of s, it is sufficient to fix an arbitrary function (3 E C( Q) 
and represent it as a 0 s, where a E C( P). According to Lemma 5.9.13, there exists 

a function a E C(P) such that T(au) = (3Tu. Then, due to 5.6.13, we have 

la 0 s - (3IITul = I(a 0 s)Tu - (3Tul = IT(au) - (3Tul = 0; 

whence a 0 s = (3 in view of the equality (Tu) = 1. 
Now, such that the function s is injective. Fix arbitrary elements u E 0/1 and 

(3 E C( Q). According to surjectivity of the operator (e 1--+ e 0 s): C( P) ---t C( Q) 
(see 5.9.8), there exists a function a E C(P) such that aos = (3. Then, due to 5.6.13, 

we have T(au) = (a 0 s)Tu = (3Tu. It remains to employ Lemma 5.9.13. I> 

5.9.15. Lemma. Let 0/1 be a BKS over an order-dense ideal of Coo(Q). 

For any elements u, v E 0/1, there is a function I E C ( Q) such that (u + I v) = 
(u) V (v). 

<l As I we can take any function that is different from lul/lvl everywhere. 

For instance, we may let 

1:= (lul/lvl 2)3 + (lul/lvl > 2)1. 

Then the equality (u + Iv) = (u) V (v) ensues from the following relations: 

(u) V (v) (lui =I- !Iv!) (u + Iv) (u) V (v). I> 

Theorem. Suppose that E and F are order-dense ideals of Coo(P) and 
Coo(Q) (respectively), 0/1 is a BKS over E, r is a BKS over F, T: 0/1 ---t r 
is a disjointness preserving bounded operator, and s E Co( Q, P) is its shift func­

tion. The operator T takes C(P)-submodules of 0/1 into C(Q)-submodules of r 
if and only if, for every element u E 0/1, the function s is injective on the set 

supp ITu I. This property of the function s is equivalent to its injectivity on 

the union U{suppITul: u E o/I} (which is an open dense subset ofdoms). 

<l NECESSITY: Suppose that T takes C(P)-submodules of 0/1 into C(Q)-sub­

modules of r and consider an arbitrary element u E 0/1. It is clear that the compo­

sition (Tu) oT preserves submodules too and, in view of Proposition 5.9.14, its shift 

function is injective. It remains to observe that the shift function of the operator 

(Tu) 0 T coincides with the restriction of s onto supp ITu I. 
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SUFFICIENCY: Fix arbitrary elements u E %' and (3 E C( Q). Since the func­

tion s is injective on the set supp ITu I, in view of Proposition 5.9.14, the composi­

tion (Tu) oT takes C(P)-submodules of %' into C(Q)-submodules of't'. According 

to Lemma 5.9.13, there exists a function a E C(P) such that (Tu)T(au) = (3Tu; 
whence, due to the relations (T(au)) = ((aes)Tu) (Tu), we have T(au) = (3Tu. 

Show that injectivity of the function s on each set of the form supp I Tu I 
(u E %') implies injectivity of s on the union U{supplTul : u E %'}. To this 

end, it is sufficient to fix arbitrary elements Ul, U2 E %' and find a u E %' such 

that supp ITu I = supp ITud U supp ITu21. According to the last lemma, there is 

a function (3 E C( Q) that satisfies the relation supp ITul + (3TU21 = supp ITud U 

supp ITu21. Injectivity of s on the set supp ITu21, in view of Lemma 5.9.8, implies 

existence of a function a E C(P) such that a 0 s = (3 on supp ITu21. It remains to 

observe that T(UI + aU2) = TUI + (a e S)TU2 = TUI + (3TU2' [> 

Comments 

It is worth noting that as a rule we confine ourselves to considering K-spaces 

and Banach-Kantorovich spaces. Generalizations of the obtained results to the case 

of arbitrary vector lattices and lattice-normed spaces will appear elsewhere. 

5.1. Section 5.1 only contains the information about vector lattices and lattice­
normed spaces which was not exposed in the previous chapters. For the basic 

definitions and facts about the objects under consideration, we refer the reader to 

Chapter 1. 

The description of Boolean homomorphisms stated in Proposition 5.1.2 is ob­

tained in [29]. Propositions 5.1.3-5.1.6 are well known (see [10,18]). The schema 

of a formal mixing employed in the proof of Proposition 5.1.9 steams from [5,6, 

16]. The notion of the disjoint sum of a family of LNSs (see 5.1.10) is introduced to 

be employed in the main result 5.7.8 on decomposition of a disjointness preserving 

operator into weighted shift operators. The new notion of the norm transformation 

of an LNS (see 5.1.11) is used for describing vector shift operators in Section 5.6. 

5.2. Naturally, the notion of order convergence or o-convergence plays an im­

portant role in the theory oflattice-normed spaces. However, certain key problems 

related to this notion were not solved for a long time. Among them, the follow­
ing natural question deserves mentioning: Is the o-closure of a subset of an LNS 
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o-closed, i.e., is it true that the second o-closure does not add new elements? Since 

o-convergence is not topological, this question is not trivial. While constructing 

the o-closed hull, authors had to consider Borel classes, i.e., to enrich a given set 

with o-limits of its elements, then with o-limits of o-limits, etc. (see [12]). Induction 

(and even transfinite induction) thus resulted made the proofs and constructions 

rather intricate (see, for instance, [13: 1.4.11, 4.1.8 (b); 16: 3.6-3.11]). 

The concept of order approximation which is developed in Section 5.2 allows us 

to solve the indicated problems. All the results in this section appeared for the first 

time in [29]. The section also contains a generalization of the concept of order 

approximation to the case of h-convergence, which is useful in studying questions 

of continuity for disjointness preserving operators. 

5.3. The notion of dominated operator is based on a simple idea ascending 

from Cauchy's method of dominants. Loosely speaking, the idea can be expressed 

as follows: if an operator is dominated by another operator, called a dominant, 

then the properties of the latter have a substantial influence on the properties of 

the former. Thus, an operator possessing a dominant qualified in a sense must be 

qualified itself. 

A mathematical apparatus providing a natural shape for the idea of a dominant 

was suggested by L. V. Kantorovich in 1935-36 (see [11,12]). Later, many authors 

studied various particular cases of dominated operators within the theory of vector 

and normed lattices. Recent achievements in studying dominated operators in 

lattice-normed spaces belong to A. G. Kusraev and his students (see [13, 14, 16, 

33-36]). 

The notion of dominated operator is closely related to so-called order-bounded 

operators. In many cases, the two classes of operators coincide (see, for instance, 

Proposition 5.4.12). From the theory of topological vector spaces it is well known 

that some continuity of a linear operator is often equivalent to its boundedness of 

relevant type. The indicated idea seems to be left without attention in the theory of 

lattice-normed spaces. In particular, this explains the fact that connection between 

different types of continuity of operators in LNSs is also not studied in its essence. 

This circumstance is expressed for instance in the general delusion that r-con­

tinuity is sequential. It is a simple matter that r-convergence is sequential, but 

this fails for r-continuity. In Section 5.3, we show in particular that r-continuity 
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and sequential r-continuity differ. Moreover, countable r-continuity differs from 

each of the two properties and occupies a strictly intermediate position between 

them. All the results and examples in this section, except 5.3.7-5.3.9, appeared for 

the first time [29]. 

5.4. The shadow of an operator as a Boolean homomorphism (without intro­

ducing the corresponding term) was first considered in [14: Theorems 1.r and 1.6] 

for lattice homomorphisms and disjointness preserving operators in lattice-normed 

spaces. 

In Section 5.4, we develop this notion and show that many properties of dis­

jointness preserving operators can be expressed in terms of their shadows. In partic­

ular, this is true of certain questions of continuity. The results stated in 5.4.1-5.4.9 

are published for the first time. 

The problem of finding sufficient conditions for an operator to be bounded 

or dominated is traditionally studied for disjointness preserving operators (see [14: 

6.5]). Yu. A. Abramovich's condition (R) [19: Theorem A] was the first equiva­

lent for boundedness of disjoint ness preserving operators weaker than sequential 

r-o-continuity. Later, this condition was also weakened. P. T. N. MacPolin and 

A. W. Wickstead showed [37: Theorem 2.1] that, for a disjointness preserving oper­

ator in vector lattices to be bounded, it is sufficient that the operator under test be 
r-semicontinuous (the latter term is introduced in 5.3.3 and the result is presented 

in 5.4.10). 

Attempts at generalizing the Abramovich-MacPolin-Wickstead criterion to the 

case of operators in lattice-normed spaces cannot lead to a success, since all the four 

types of boundedness considered in 5.3.3 are pairwise different for that class of 

operators (the corresponding examples are presented in 5.3.4-5.3.6). Thus the main 

problem about sufficient conditions for boundedness remains open for disjointness 

preserving operators in LNSs. A small step in this direction is made in 5.4.13. 

5.5. An orthomorphism is a band preserving operator that is order-bounded. 

The problem of finding sufficient conditions for boundedness of disjointness preserv­

ing operators is actually solved for operators in vector lattices (see [19: Theorem A; 

37: Theorem 2.1] and Theorem 5.4.10). However, the problem remains actual for 

operators in lattice-normed spaces (see the commentary for Section 5.4). Our The­
orem 5.5.11 asserts that, for band preserving operators in LNSs, all the types of 
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boundedness coincide. However, this result does not answer the natural question, 

whether every band preserving operator must be bounded automatically. This ques­

tion, raised for the first time by A. W. Wickstead in [41], admits different answers 

depending on spaces in which the operator in question acts. There are many results 

that guarantee automatic boundedness for a band preserving operator acting in con­

crete classes of vector lattices (see [2: Theorem 2; 3: Theorem 3.2; 3: Theorem 3.3; 

37: Corollary 2.3]). 

For the first time, existence of an unbounded band preserving operator was 

announced in [2: Theorem 1]. Later, it was clarified that the situation described in 

the paper is, in a sense, typical. Namely, it was established (see [3: Theorem 2.1; 37: 

Theorem 3.2]) that all band preserving operators in a universally complete K-space 

are automatically bounded if and only if the K-space is locally one-dimensional. 

(The definition of a locally one-dimensional K-space is presented in [37: 3.1] with 

a preliminary analysis. See also 5.5.1 and 5.5.2.) 

Thus, A. W. Wickstead's question about boundedness of band preserving op­

erators was given an exhaustive answer. However, a new notion of locally one­

dimensional K-space crept into the answer. Unfamiliarity of this notion resulted in 

the conjecture about its coincidence with the notion of discrete (= atomic) K-space. 

Interesting events are connected with the conjecture. In 1981, Yu. A. Abramovich, 

A. I. Veksler, and A. V. Koldunov [3: Theorem 2.1] gave a proof for existence of 

an unbounded band preserving operator in every nondiscrete universally complete 

K-space, thus corroborating the conjecture of coincidence locally one-dimensional 

and discrete K-spaces (see also [19: Section 5]). However, the proof occurred to 
be erroneous. Later, in 1985, P. T. N. MacPolin and A. W. Wickstead [37: Sec­

tion 3] gave an example of a nondiscrete locally one-dimensional K-space, con­

futing the conjecture this time. However, an error was discovered in the exam­

ple. Finally, in 1993, A. W. Wickstead [22] fixed the conjecture as an open ques­

tion. 

It is interesting that the same superstition (naturally, expressed in other terms) 

was popular among the specialists in Boolean-valued analysis (see 5.5.3). 

The conjecture under discussion is confuted in 5.5.4-5.5.9. This is made with 

the help of describing a locally one-dimensional K-space in terms of its base (The­

orem 5.5.7). The mentioned results belong to A. E. Gutman [30]. 
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Subsections 5.5.12-5.5.19 are devoted to a study of the module structure in 

a Banach-Kantorovich space and its relation to the notion of orthomorphism. The 

results presented here are essentially known (see, for instance, [13]). 

5.6. The study of multiplicative operators in vector lattices was initiated by 

B. Z. Vulikh [7,9] who proved that o-continuous shift operators in K-spaces with 

unity are multiplicative. Theorem 5.6.10 generalizes this result to the case of ar­

bitrary shift operators in arbitrary K-spaces. The idea of considering the shift of 

a disjointness preserving operator is not new. Analogs of this notion occur, for 

instance, in [32] and in many papers about isometries of LP -spaces. 

5.7. The main criterion for WSW-representability stated in 5.7.2 is close to [21: 

3.12]. Some of the criteria presented in 5.7.4 and 5.7.7 are also known (see [1, 
20,21]). Note that one of the sufficient conditions for WSW-representability (the 

second proposition in 5.7.4) was mistakenly regarded as necessary in [1: Theorem 5]. 
The corresponding counterexample is given in 5.7.4. Existence of a similar example 

due to A. V. Koldunov is mentioned in [21: 3.14]. 

It is worth observing that our notion of weighted shift operator differs slightly 

from the analogous construction in the literature. The classical construction does 

not contain an inner weight (see [2: Theorem 6; 3: Theorem 4.1; 14: Theorems 2.8 

and 2.9; 1: Theorem 6; 21: 3.8-3.18]). We regard this circumstance is a small 
demerit of the theory which, in particular, restricts the class of representations 

of vector lattices providing the WSW-representability and makes the problem of 

a global WSW-representation more difficult. 

None of the known results ensured representation of an arbitrary bounded 

disjointness preserving operator on the entire domain of definition. Each repre­

sentation theorem either restricted the class of operators under consideration (for 

instance by requiring order continuity), or restricted the class of spaces (for in­

stance, by considering only Banach lattices), or did not guarantee a representation 

on the entire domain of definition (but only, for instance, on its principal ideals). 

In our opinion, the failure in searching for a global representation of disjointness 

preserving operators is mainly determined by the absence of an inner weight in 

the definition of a weighted shift operator. Involving an inner weight allows us to 

decompose an arbitrary bounded disjointness preserving operator in lattice-normed 
spaces into the strongly disjoint sum of weighted shift operators (Theorem 5.7.8). 
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This result is new even for the case of operators in K-spaces (Theorem 5.7.5). 

5.8. Many facts presented in Section 5.8 are not new. Some of them just repeat 

Yu. A. Abramovich's results and treat the corresponding representations in more 

detail. Only Theorem 5.8.12 is new. This theorem interprets the decomposition 

in 5.7.5 of a disjointness preserving operator into the sum of weighted shift operators 

in terms of their functional representations. 

5.9. The global representation of 5.8.12 for a disjointness preserving operator, 

as well as the notions of the shift of an operator and the corresponding shift function, 

allows us to interpret the abstract properties of the operator in terms of its concrete 

function representation or in terms of the properties of its shift function. Examples 

of similar interpretations can be found, for instance, in [1,20,21]. 
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