
��� 517.98 �������������� �����
1998, â®¬ 1, ü1, 54{77

�������������� �������������
�������������� ����������

�.�. �ãâ¬ ­, �.�.�®á¥­ª®¢

�­­®â æ¨ï

�«ï  ¡áâà ªâ­®© ¡ã«¥¢®§­ ç­®© á¨áâ¥¬ë ¯à¥¤« £ ¥âáï äã­ªæ¨®­ «ì­ë©  ­ -
«®£ | ¬®¤¥«ì, í«¥¬¥­âë ª®â®à®© ï¢«ïîâáï äã­ªæ¨ï¬¨,   ®á­®¢­ë¥ «®£¨ç¥-
áª¨¥ ®¯¥à æ¨¨ ¢ëç¨á«ïîâáï ý¯®â®ç¥ç­®þ. �¢®¤¨âáï ¨ ¨áá«¥¤ã¥âáï ­®¢®¥ ¯®-
­ïâ¨¥ ­¥¯à¥àë¢­®£® ¯®«¨¢¥àáã¬ , ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ­¥¯à¥àë¢­®¥ à á-
á«®¥­¨¥ ¬®¤¥«¥© â¥®à¨¨ ¬­®¦¥áâ¢. �®ª §ë¢ ¥âáï, çâ® ª« áá ­¥¯à¥àë¢­ëå
á¥ç¥­¨© ¯®«¨¢¥àáã¬  ï¢«ï¥âáï ¡ã«¥¢®§­ ç­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬®©, ã¤®-
¢«¥â¢®àïîé¥© ¢á¥¬ ®á­®¢­ë¬ ¯à¨­æ¨¯ ¬ ¡ã«¥¢®§­ ç­®£®  ­ «¨§ ,   â ª¦¥
ãáâ ­ ¢«¨¢ ¥âáï, çâ® «î¡ ï â ª ï ¡ã«¥¢®§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  ¬®-
¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ª« áá  á¥ç¥­¨© ¯®¤å®¤ïé¥£® ­¥¯à¥àë¢­®£®
¯®«¨¢¥àáã¬ .

�«îç¥¢ë¥ á«®¢  ¨ äà §ë: ¡ã«¥¢®§­ ç­ë©  ­ «¨§, äã­ªæ¨®­ «ì­®¥ ¯à¥¤áâ ¢-
«¥­¨¥, áâ®ã­®¢áª¨© ª®¬¯ ªâ, ­¥¯à¥àë¢­®¥ à áá«®¥­¨¥, ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥.

� ®á­®¢¥ ¬¥â®¤®¢ ¡ã«¥¢®§­ ç­®£®  ­ «¨§  «¥¦¨â à áá¬®âà¥­¨¥ ­¥áâ ­-
¤ àâ­ëå ¬®¤¥«¥© â¥®à¨¨ ¬­®¦¥áâ¢ á ¬­®£®§­ ç­®© ¨áâ¨­­®áâìî. �®ç­¥¥
£®¢®àï, ¨áâ¨­­®áâì ¢ëáª §ë¢ ­¨ï ¢ â ª¨å ¬®¤¥«ïå ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢
­¥ª®â®à®© ¯®«­®© ¡ã«¥¢®©  «£¥¡à¥.

� ­ áâ®ïé¥¥ ¢à¥¬ï ¡ã«¥¢®§­ ç­ë©  ­ «¨§ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤®áâ -
â®ç­® ¬®é­ãî â¥®à¨î, ¨§®¡¨«ãîéãî ¬­®£®ç¨á«¥­­ë¬¨ £«ã¡®ª¨¬¨ à¥-
§ã«ìâ â ¬¨ ¨ ¨¬¥îéãî à §­®®¡à §­ë¥ ¯à¨«®¦¥­¨ï, £« ¢­ë¬ ®¡à §®¬, ¢
â¥®à¨¨ ¬­®¦¥áâ¢. �à¨¬¥­¨â¥«ì­® ª äã­ªæ¨®­ «ì­®¬ã  ­ «¨§ã ¬¥â®¤ë ¡ã-
«¥¢®§­ ç­®£®  ­ «¨§  ­ è«¨ ¢¥áì¬  ã¤ ç­®¥ ¯à¨¬¥­¥­¨¥ ¢ â ª¨å ®¡« áâïå,
ª ª â¥®à¨ï ¢¥ªâ®à­ëå à¥è¥â®ª ¨ à¥è¥â®ç­® ­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢,
â¥®à¨ï ¯®«®¦¨â¥«ì­ëå ¨ ¬ ¦®à¨àã¥¬ëå ®¯¥à â®à®¢, â¥®à¨ï  «£¥¡à ä®­
�¥©¬ ­ , ¢ë¯ãª«ë©  ­ «¨§, â¥®à¨ï ¢¥ªâ®à­ëå ¬¥à.

�®¢à¥¬¥­­ë¥ ¬¥â®¤ë ¡ã«¥¢®§­ ç­®£®  ­ «¨§  ¢ á¨«ã á ¬®© á¢®¥© ¯à¨-
à®¤ë á®¯àï¦¥­ë á ¤®¢®«ì­® £à®¬®§¤ª®© â¥å­¨ª®© «®£¨ç¥áª®£® å à ªâ¥à .
�®¦­® áª § âì, çâ® á ¯à £¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï àï¤®¢®£® ¯®«ì§®¢ â¥«ï-
 ­ «¨â¨ª  íâ  â¥å­¨ª  ¢ §­ ç¨â¥«ì­®© áâ¥¯¥­¨ ®â¢«¥ª ¥â ®â ¢¯®«­¥ ª®­-
ªà¥â­®© æ¥«¨ | ¢®á¯®«ì§®¢ âìáï ¤®áâ¨¦¥­¨ï¬¨ ¡ã«¥¢®§­ ç­®£®  ­ «¨§ 
¤«ï à¥è¥­¨ï â®© ¨«¨ ¨­®©  ­ «¨â¨ç¥áª®© § ¤ ç¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì-
­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  97{01{00001).

c⃝ �.�. �ãâ¬ ­, �.�.�®á¥­ª®¢; 1998
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�®áª®«ìªã ¢ äã­ªæ¨®­ «ì­®¬  ­ «¨§¥ ­ ¨¡®«¥¥ ¯à¨¢ëç­ë¬ ®¡ê¥ªâ®¬
¨áá«¥¤®¢ ­¨ï ï¢«ïîâáï à §­®®¡à §­ë¥ ¯à®áâà ­áâ¢  äã­ªæ¨©, ¢®§­¨ª ¥â
¥áâ¥áâ¢¥­­®¥ ¦¥« ­¨¥ ¨¬¥âì ¤¥«® ­¥ á  ¡áâà ªâ­®© ¡ã«¥¢®§­ ç­®© á¨áâ¥-
¬®©,   á ¥¥ äã­ªæ¨®­ «ì­ë¬  ­ «®£®¬|¬®¤¥«ìî, í«¥¬¥­âë ª®â®à®© ï¢«ï-
îâáï äã­ªæ¨ï¬¨,   ®á­®¢­ë¥ «®£¨ç¥áª¨¥ ®¯¥à æ¨¨ ¢ëç¨á«ïîâáï ý¯®â®ç¥ç-
­®þ. �à¨¬¥à®¬ â ª®© ¬®¤¥«¨ ï¢«ï¥âáï ª« áá VQ ¢á¥å äã­ªæ¨©, ®¯à¥¤¥«¥­-
­ëå ­  ä¨ªá¨à®¢ ­­®¬ ­¥¯ãáâ®¬ ¬­®¦¥áâ¢¥ Q ¨ ¤¥©áâ¢ãîé¨å ¢ ª« áá V
¢á¥å ¬­®¦¥áâ¢. �­ ç¥­¨ï¬¨ ¨áâ¨­­®áâ¨ ¢ ¬®¤¥«¨ VQ ï¢«ïîâáï ¢á¥¢®§-
¬®¦­ë¥ ¯®¤¬­®¦¥áâ¢  Q, ¯à¨ç¥¬ ¨áâ¨­­®áâì [[φ(u1, . . . , un)]] ¢ëáª §ë¢ -

­¨ï φ(t1, . . . , tn) ­  äã­ªæ¨ïå u1, . . . , un ∈ VQ ¢ëç¨á«ï¥âáï á«¥¤ãîé¨¬
®¡à §®¬:

[[φ(u1, . . . , un)]] =
{
q ∈ Q

∣∣ φ(u1(q), . . . , un(q))}.
� ­ áâ®ïé¥© à ¡®â¥ ¯à¥¤« £ ¥âáï à¥è¥­¨¥ ¯®áâ ¢«¥­­®© ¢ëè¥ § ¤ -

ç¨. � íâ®© æ¥«ìî ¢¢®¤¨âáï ¨ ¨áá«¥¤ã¥âáï ­®¢®¥ ¯®­ïâ¨¥ ­¥¯à¥àë¢­®£®
¯®«¨¢¥àáã¬ , ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ­¥¯à¥àë¢­®¥ à áá«®¥­¨¥ ¬®¤¥«¥© â¥-
®à¨¨ ¬­®¦¥áâ¢. �®ª §ë¢ ¥âáï, çâ® ª« áá ­¥¯à¥àë¢­ëå á¥ç¥­¨© ¯®«¨¢¥à-
áã¬  ï¢«ï¥âáï ¡ã«¥¢®§­ ç­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬®©, ã¤®¢«¥â¢®àïîé¥©
¢á¥¬ ®á­®¢­ë¬ ¯à¨­æ¨¯ ¬ ¡ã«¥¢®§­ ç­®£®  ­ «¨§ ,   â ª¦¥ ãáâ ­ ¢«¨¢ -
¥âáï, çâ® «î¡ ï â ª ï ¡ã«¥¢®§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ª« áá  á¥ç¥­¨© ¯®¤å®¤ïé¥£® ­¥¯à¥àë¢­®£® ¯®«¨¢¥à-
áã¬ .

§ 1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï
1.1. �ãáâì X ¨ Y | â®¯®«®£¨ç¥áª¨¥ ¯à®áâà ­áâ¢ . �â®¡à ¦¥­¨¥

f : X → Y ­ §ë¢ ¥âáï ®âªàëâë¬, ¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â «î¡®¬ã ¨§
á«¥¤ãîé¨å íª¢¨¢ «¥­â­ëå ãá«®¢¨©:

(1) ¤«ï ¢áïª®£® ®âªàëâ®£® ¯®¤¬­®¦¥áâ¢  A ⊂ X ®¡à § f(A) ®âªàëâ
¢ Y ;

(2) ¤«ï ¢áïª®© â®çª¨ x ∈ X ¨ «î¡®© ¥¥ ®ªà¥áâ­®áâ¨ A ⊂ X ®¡à §
f(A) ï¢«ï¥âáï ®ªà¥áâ­®áâìî â®çª¨ f(x) ¢ Y ;

(3) f−1(clB) ⊂ cl f−1(B) ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  B ⊂ Y .

� ¬¥â¨¬, çâ® à ¢¥­áâ¢® f−1(clB) = cl f−1(B) ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å ¯®¤-
¬­®¦¥áâ¢ B ⊂ Y â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®â®¡à ¦¥­¨¥ f ­¥¯à¥àë¢­®
¨ ®âªàëâ®.

�â®¡à ¦¥­¨¥ f : X → Y ­ §ë¢ ¥âáï § ¬ª­ãâë¬, ¥á«¨ ®­® ã¤®¢«¥â¢®-
àï¥â «î¡®¬ã ¨§ á«¥¤ãîé¨å íª¢¨¢ «¥­â­ëå ãá«®¢¨©:

(1) ¤«ï ¢áïª®£® § ¬ª­ãâ®£® ¯®¤¬­®¦¥áâ¢  A ⊂ X ®¡à § f(A) § ¬ª­ãâ
¢ Y ;

(2) cl f(A) ⊂ f(clA) ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  A ⊂ X.

� ¢¥­áâ¢® cl f(A) = f(clA) ¢ë¯®«­ï¥âáï ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  A ⊂ X
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®â®¡à ¦¥­¨¥ f :X→Y ­¥¯à¥àë¢­® ¨ § ¬ª­ãâ®.
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1.2. �ãáâì X | ­¥ª®â®àë© ª« áá. �®¤ª« áá τ ⊂ P(X) ­ §®¢¥¬
â®¯®«®£¨¥© ­  X, ¥á«¨

(1) ∪τ = X;
(2) U ∩ V ∈ τ ¤«ï ¢á¥å U, V ∈ τ ;
(3) ∪U ∈ τ ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  U ⊂ τ .

�« áá X, ­ ¤¥«¥­­ë© â®¯®«®£¨¥©, ¬ë, ª ª ®¡ëç­®, ¡ã¤¥¬ ­ §ë¢ âì â®¯®-
«®£¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬.

�á¥ ®á­®¢­ë¥ â®¯®«®£¨ç¥áª®¥ ¯®­ïâ¨ï (â ª¨¥, ª ª ®ªà¥áâ­®áâì â®çª¨,
§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢®, ¢­ãâà¥­­®áâì, § ¬ëª ­¨¥, ­¥¯à¥àë¢­ ï äã­ªæ¨ï,
å ãá¤®àä®¢®áâì ¨ â. ¯.) ¢¢®¤ïâáï  ­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« ¥âáï ¤«ï
â®¯®«®£¨¨ ­  ¬­®¦¥áâ¢¥. � ¬¥â¨¬ ®¤­ ª®, çâ® ­¥ ¢á¥ ª« áá¨ç¥áª¨¥ ¯®¤-
å®¤ë ª ®¯à¥¤¥«¥­¨î íâ¨å ¯®­ïâ¨© á®åà ­ïîâ á¢®î ä®à¬ «ì­ãî á¨«ã ¢
á«ãç ¥ ª« áá-â®¯®«®£¨¨. � ¯à¨¬¥à, ¨§ ¤¢ãå ®¯à¥¤¥«¥­¨© § ¬ª­ãâ®£® ¬­®-
¦¥áâ¢ :

( ) ª ª ¯®¤¬­®¦¥áâ¢  X, ¤®¯®«­¥­¨¥ ª®â®à®£® ¯à¨­ ¤«¥¦¨â τ ,
(¡) ª ª ¯®¤¬­®¦¥áâ¢ X, ¤®¯®«­¥­¨¥ ª®â®à®£® á ª ¦¤®© á¢®¥© â®çª®©

á®¤¥à¦¨â í«¥¬¥­â τ ,

á«¥¤ã¥â ¢ë¡à âì ¢â®à®¥.
�¯à¥¤¥«ïï § ¬ëª ­¨¥ ¬­®¦¥áâ¢  A ª ª ­ ¨¬¥­ìè¥¥ § ¬ª­ãâ®¥ ¯®¤-

¬­®¦¥áâ¢® X, á®¤¥à¦ é¥¥ A, ¬ë ¯®¤¢¥à£ ¥¬ á¥¡ï ®¯à¥¤¥«¥­­®¬ã à¨áªã:
­¥ª®â®àë¥ ¬­®¦¥áâ¢  ¬®£ãâ ­¥ ¨¬¥âì § ¬ëª ­¨ï. �¤­ ª® íâ  ¯à®¡«¥¬ 
®âáãâáâ¢ã¥â, ¥á«¨ â®¯®«®£¨ï τ å ãá¤®àä®¢ : ¢ íâ®¬ á«ãç ¥ ª ¦¤®¥ ¬­®-
¦¥áâ¢® ¡ã¤¥â ¨¬¥âì § ¬ëª ­¨¥. (�¥©áâ¢¨â¥«ì­®, ¢ á«ãç ¥ å ãá¤®àä®¢®©
â®¯®«®£¨¨ ª ¦¤ë© áå®¤ïé¨©áï ä¨«ìâà ¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ¯à¥¤¥«,   §­ -
ç¨â, á®¢®ªã¯­®áâì ¢á¥å ¯à¥¤¥«®¢ áå®¤ïé¨åáï ä¨«ìâà®¢ ­ ¤ ¤ ­­ë¬ ¬­®-
¦¥áâ¢®¬ ®ª ¦¥âáï ¬­®¦¥áâ¢®¬,   ­¥ á®¡áâ¢¥­­ë¬ ª« áá®¬.)

�¨¬¢®«®¬ Clop(X) ®¡®§­ ç ¥âáï ª« áá ¢á¥å ®âªàëâ®-§ ¬ª­ãâëå ¯®¤-
¬­®¦¥áâ¢ X (â. ¥. ¯®¤¬­®¦¥áâ¢, ï¢«ïîé¨åáï ®¤­®¢à¥¬¥­­® ®âªàëâë¬¨ ¨
§ ¬ª­ãâë¬¨). � ¤ «ì­¥©è¥¬ § ¯¨áì U @ X ¡ã¤¥â ®§­ ç âì, çâ® U ∈
Clop(X). �«ï ª« áá  {U @ X | x ∈ U} ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥-
­¨¥ Clop(x).

�®¯®«®£¨ï ­ §ë¢ ¥âáï íªáâà¥¬ «ì­® ­¥á¢ï§­®©, ¥á«¨ § ¬ëª ­¨¥ ¢áï-
ª®£® ®âªàëâ®£® ¬­®¦¥áâ¢  ï¢«ï¥âáï ®âªàëâë¬ ¬­®¦¥áâ¢®¬.

�®«ìè¨­áâ¢® ­¥®¡å®¤¨¬ëå ­ ¬ á¢¥¤¥­¨© ® â®¯®«®£¨ç¥áª¨å ¯à®áâà ­-
áâ¢ å ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [1, 2].

1.3. �ãáâìB|¯®«­ ï ¡ã«¥¢   «£¥¡à . �à®©ª  (U, [[ ·= · ]], [[ · ∈ · ]]) ­ -
§ë¢ ¥âáï ¡ã«¥¢®§­ ç­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬®© ­ ¤ B (¨«¨ B -§­ ç­®©
 «£¥¡à ¨ç¥áª®© á¨áâ¥¬®©), ¥á«¨ ª« ááë [[ ·= · ]] ¨ [[ · ∈ · ]] ï¢«ïîâáï ª« áá-
äã­ªæ¨ï¬¨ ¨§ U× U ¢ B, ®¡« ¤ îé¨¬¨ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(1) [[u = u]] = 1;
(2) [[u = v ]] = [[v = u]];
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(3) [[u = v ]] ∧ [[v = w]] 6 [[u = w]];
(4) [[u = v ]] ∧ [[v ∈ w]] 6 [[u ∈ w]];
(5) [[u = v ]] ∧ [[w ∈ v ]] 6 [[w ∈ u]]

¤«ï ¢á¥å u, v, w ∈ U.
�« áá-äã­ªæ¨¨ [[ ·= · ]] ¨ [[ · ∈ · ]] ­ §ë¢ îâáï ¡ã«¥¢®§­ ç­ë¬¨ (B -§­ ç-

­ë¬¨) ®æ¥­ª ¬¨ ¨áâ¨­­®áâ¨ à ¢¥­áâ¢  ¨ ¯à¨­ ¤«¥¦­®áâ¨.
�¬¥áâ® (U, [[ ·= · ]], [[ · ∈ · ]]) ¬ë ®¡ëç­® ¡ã¤¥¬ ¯¨á âì ¯à®áâ® U ¨ ¢ á«ã-

ç ¥ ­¥®¡å®¤¨¬®áâ¨ á­ ¡¦ âì á¨¬¢®«ë ¡ã«¥¢®§­ ç­ëå ®æ¥­®ª ¨áâ¨­­®áâ¨
¨­¤¥ªá®¬ [[ ·= · ]]U ¨ [[ · ∈ · ]]U.

�ã«¥¢®§­ ç­ ï á¨áâ¥¬  U ­ §ë¢ ¥âáï ®â¤¥«¨¬®©, ¥á«¨ ¤«ï «î¡ëå
u, v ∈ U ¨§ [[u = v ]] = 1 á«¥¤ã¥â u = v.

1.4. � áá¬®âà¨¬ ¡ã«¥¢®§­ ç­ë¥  «£¥¡à ¨ç¥áª¨¥ á¨áâ¥¬ë U ¨ V ­ ¤
¯®«­ë¬¨ ¡ã«¥¢ë¬¨  «£¥¡à ¬¨ B ¨ C ¨ ¯à¥¤¯®«®¦¨¬, çâ® ¬¥¦¤ã  «£¥-
¡à ¬¨ B ¨ C ¨¬¥¥âáï ¡ã«¥¢ ¨§®¬®àä¨§¬ j : B → C. �§®¬®àä¨§¬®¬ ¡ã-

«¥¢®§­ ç­ëå  «£¥¡à ¨ç¥áª¨å á¨áâ¥¬ U ¨ V, á®£« á®¢ ­­ë¬ á ¨§®¬®àä¨§-

¬®¬ j, ­ §ë¢ ¥âáï ¡¨¥ªâ¨¢­ ï ª« áá-äã­ªæ¨ï i : U → V, ã¤®¢«¥â¢®àïîé ï
á®®â­®è¥­¨ï¬

j([[u1 = u2 ]]U) = [[i(u1) = i(u2)]]V,

j([[u1 ∈ u2 ]]U) = [[i(u1) ∈ i(u2)]]V

¤«ï ¢á¥å u1, u2 ∈ U. �®¢®àïâ, çâ® ¡ã«¥¢®§­ ç­ë¥ á¨áâ¥¬ë ¨§®¬®àä­ë, ¥á«¨
¬¥¦¤ã ­¨¬¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬.

� â®¬ á«ãç ¥, ª®£¤  U ¨ V | ¡ã«¥¢®§­ ç­ë¥  «£¥¡à ¨ç¥áª¨¥ á¨áâ¥-
¬ë ­ ¤ ®¤­®© ¨ â®© ¦¥  «£¥¡à®© B, ¢áïª¨© ¨§®¬®àä¨§¬ i : U → V ¯®
ã¬®«ç ­¨î ¯à¥¤¯®« £ ¥âáï  áá®æ¨¨à®¢ ­­ë¬ á â®¦¤¥áâ¢¥­­ë¬ ¨§®¬®à-
ä¨§¬®¬: [[u1=u2 ]]U = [[i(u1)= i(u2)]]V, [[u1 ∈ u2 ]]U = [[i(u1)∈ i(u2)]]V. �à¨
­¥®¡å®¤¨¬®áâ¨ ¯®¤ç¥àª­ãâì íâ® ®¡áâ®ïâ¥«ìáâ¢®, ¬ë ¡ã¤¥¬ ­ §ë¢ âì â -
ª®© ¨§®¬®àä¨§¬ B -¨§®¬®àä¨§¬®¬ ¨ ­ §ë¢ âì á®®â¢¥âáâ¢ãîé¨¥ á¨áâ¥¬ë
B -¨§®¬®àä­ë¬¨.

1.5. �áî¤ã ¢ ¤ «ì­¥©è¥¬, ã¯®âà¥¡«ïï § ¯¨áì ¢¨¤  φ(t1, . . . , tn), ¬ë
¯® ã¬®«ç ­¨î ¯à¥¤¯®« £ ¥¬, çâ® φ | ä®à¬ã«  â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­-
­®© á¨£­ âãàë, ¢á¥ á¢®¡®¤­ë¥ ¯¥à¥¬¥­­ë¥ ª®â®à®© ¯®¯ ¤ îâ ¢ á¯¨á®ª
(t1, . . . , tn).

�à®¨§¢®«ì­ë© ­ ¡®à (u1, . . . , un) í«¥¬¥­â®¢ á¨áâ¥¬ë U ­ §ë¢ ¥âáï
®§­ ç¨¢ ­¨¥¬ á¯¨áª  ¯¥à¥¬¥­­ëå (t1, . . . , tn). �¥ªãàá¨¥© ¯® á«®¦­®áâ¨
ä®à¬ã«ë ®¯à¥¤¥«ï¥âáï (¡ã«¥¢®§­ ç­ ï) ¨áâ¨­­®áâì [[φ(u1, . . . , un)]] «î¡®©
ä®à¬ã«ë φ(t1, . . . , tn) ®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­®£® ®§­ ç¨¢ ­¨ï (u1, . . . , un)
¯¥à¥¬¥­­ëå (t1, . . . , tn). �á«¨ ä®à¬ã«  φ  â®¬ à­ , â. ¥. ¨¬¥¥â ¢¨¤ t1 = t2
¨«¨ t1 ∈ t2, â® ¥¥ ¨áâ¨­­®áâì ®â­®á¨â¥«ì­® ®§­ ç¨¢ ­¨ï (u1, u2) ¯®« £ ¥â-
áï à ¢­®© [[u1 = u2 ]] ¨ [[u1 ∈ u2 ]] á®®â¢¥âáâ¢¥­­®. �áâ¨­­®áâì ¦¥ ä®à¬ã«
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¡®«ìè¥© á«®¦­®áâ¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

[[φ(u1, . . . , un) & ψ(u1, . . . , un)]] := [[φ(u1, . . . , un)]] ∧ [[ψ(u1, . . . , un)]],

[[φ(u1, . . . , un) ∨ ψ(u1, . . . , un)]] := [[φ(u1, . . . , un)]] ∨ [[ψ(u1, . . . , un)]],

[[φ(u1, . . . , un) → ψ(u1, . . . , un)]] := [[φ(u1, . . . , un)]] ⇒ [[ψ(u1, . . . , un)]],

[[¬φ(u1, . . . , un)]] := [[φ(u1, . . . , un)]]
⊥,

[[(∀t)φ(t, u1, . . . , un)]] :=
∧
u∈U

[[φ(u, u1, . . . , un)]],

[[(∃t)φ(t, u1, . . . , un)]] :=
∨
u∈U

[[φ(u, u1, . . . , un)]],

£¤¥ á¨¬¢®« b⊥ ®¡®§­ ç ¥â ¤®¯®«­¥­¨¥ b ¢ ¡ã«¥¢®©  «£¥¡à¥ B. �®¢®àïâ, çâ®
ä®à¬ã«  φ(t1, . . . , tn) ¨áâ¨­­  ¢  «£¥¡à ¨ç¥áª®© á¨áâ¥¬¥ U ®â­®á¨â¥«ì­®
®§­ ç¨¢ ­¨ï (u1, . . . , un), ¥á«¨ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® [[φ(u1, . . . , un)]] = 1.
� íâ®¬ á«ãç ¥ ¯¨èãâ U |= φ(u1, . . . , un).

1.6. �à¥¤«®¦¥­¨¥. �á«¨ ä®à¬ã«  φ(t1, . . . , tn) ¤®ª §ã¥¬  ¢ ¨áç¨-
á«¥­¨¨ ¯à¥¤¨ª â®¢, â® [[φ(u1, . . . , un)]] = 1 ¤«ï ¢á¥å u1, . . . , un ∈ U.

▹ �¥á«®¦­® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¢á¥  ªá¨®¬ë ¨áç¨á«¥­¨ï ¯à¥¤¨ª -
â®¢ ¨áâ¨­­ë ¢ á¨áâ¥¬¥ U,   ¯à ¢¨«  ¢ë¢®¤  á®åà ­ïîâ ¨áâ¨­­®áâì. �®-
á«¥¤­¥¥ ®§­ ç ¥â, çâ® ¢ë¢®¤¨¬®áâì ä®à¬ã«ë φ ¢ ¨áç¨á«¥­¨¨ ¯à¥¤¨ª â®¢
¨§ ä®à¬ã« φ1, . . . , φn ®¡¥á¯¥ç¨¢ ¥â ­¥à ¢¥­áâ¢® [[φ1 ∧ · · · ∧ φn ]] 6 [[φ]]. ◃

�§ ¯®á«¥¤­¥£® ¯à¥¤«®¦¥­¨ï, ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¤«ï «î¡®© ä®à-
¬ã«ë φ(t, t1, . . . , tn) ¨ «î¡ëå í«¥¬¥­â®¢ u, v, w1, . . . , wn ∈ U ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢® [[u = v ]] ∧ [[φ(u,w1, . . . , wn)]] 6 [[φ(v, w1, . . . , wn)]].

1.7. �ãáâì u ∈ U â ª®¢®, çâ® U |= u ̸=∅. �¯ãáª®¬ í«¥¬¥­â  u ­ §ë¢ -

¥âáï ª« áá
{
v ∈ U

∣∣ U |= v ∈u
}
, ª®â®àë© ¡ã¤¥â ®¡®§­ ç âìáï á¨¬¢®«®¬ u↓.

1.8. �ãáâì (uξ)ξ∈� | á¥¬¥©áâ¢® í«¥¬¥­â®¢ U ¨ (bξ)ξ∈� | á¥¬¥©áâ¢®
í«¥¬¥­â®¢  «£¥¡àë B. �«¥¬¥­â u ∈ U ­ §ë¢ ¥âáï ¯®¤ê¥¬®¬ á¥¬¥©áâ¢ 
(uξ)ξ∈� ®â­®á¨â¥«ì­® (bξ)ξ∈�, ¥á«¨ [[v ∈ u]] =

∨
ξ∈� bξ ∧ [[v = uξ ]] ¤«ï ¢á¥å

v ∈ U.
�ãáâì U | ¯®¤¬­®¦¥áâ¢® U. �«¥¬¥­â u ∈ U ­ §ë¢ ¥âáï ¯®¤ê¥¬®¬

¬­®¦¥áâ¢  U , ¥á«¨ [[v ∈ u]] =
∨

u∈U [[v = u]] ¤«ï ¢á¥å v ∈ U, â. ¥. u ï¢«ï¥âáï
¯®¤ê¥¬®¬ á¥¬¥©áâ¢  (u)u∈U á ¥¤¨­¨ç­ë¬¨ ¢¥á ¬¨.

�à¥¤¯®«®¦¨¬, çâ® (bξ)ξ∈� |  ­â¨æ¥¯ì ¢  «£¥¡à¥ B. �«¥¬¥­â u ∈ U
­ §ë¢ ¥âáï ¯¥à¥¬¥è¨¢ ­¨¥¬ á¥¬¥©áâ¢  (uξ)ξ∈� ®â­®á¨â¥«ì­® (bξ)ξ∈�, ¥á«¨

[[u = uξ ]] > bξ ¤«ï ¢á¥å ξ ∈ � ¨ [[u = ∅]] > (
∨

ξ∈� bξ)
⊥.

�á«¨ á¨áâ¥¬  U ®â¤¥«¨¬  ¨ ¢ ­¥© ¨áâ¨­­   ªá¨®¬  íªáâ¥­á¨®­ «ì­®-
áâ¨, â® ¯®¤ê¥¬ (¯¥à¥¬¥è¨¢ ­¨¥) «î¡®£® á¥¬¥©áâ¢  (uξ)ξ∈� ®â­®á¨â¥«ì­®
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á¥¬¥©áâ¢  ( ­â¨æ¥¯¨) (bξ)ξ∈� ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬. � íâ®¬
á«ãç ¥, ¥á«¨ ¯®¤ê¥¬ (¯¥à¥¬¥è¨¢ ­¨¥) áãé¥áâ¢ã¥â, ¬ë ¡ã¤¥¬ ®¡®§­ ç âì
¥£® á¨¬¢®«®¬ ascξ∈� bξuξ (á®®â¢¥âáâ¢¥­­® mixξ∈� bξuξ). �«ï ¯®¤ê¥¬  ¬­®-
¦¥áâ¢  U ⊂ U ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥ U↑.

1.9. � ¡ã«¥¢®§­ ç­®¬  ­ «¨§¥ ®á®¡ãî à®«ì ¨£à îâ âà¨ ®á­®¢­ëå
¯à¨­æ¨¯  | ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ¯à¨­æ¨¯ ¯¥à¥¬¥è¨¢ ­¨ï ¨ ¯à¨­æ¨¯
¯®¤ê¥¬ . �â® á¢ï§ ­® á â¥¬, çâ® ¢  «£¥¡à ¨ç¥áª¨å á¨áâ¥¬ å, ã¤®¢«¥â¢®àï-
îé¨å íâ¨¬ ¯à¨­æ¨¯ ¬, ¯®ï¢«ï¥âáï ¢®§¬®¦­®áâì á ¯®¬®éìî à ­¥¥ ¨¬¥î-
é¨åáï í«¥¬¥­â®¢ ª®­áâàã¨à®¢ âì ­®¢ë¥.

� íâ®¬ ¯ã­ªâ¥ ¬ë áä®à¬ã«¨àã¥¬ ã¯®¬ï­ãâë¥ ¯à¨­æ¨¯ë ¨ ¨áá«¥¤ã¥¬
¢§ ¨¬®á¢ï§ì ¬¥¦¤ã ­¨¬¨, ®áâ ¢¨¢ ¢ áâ®à®­¥ ¨å ¯à®¢¥àªã ¤«ï ª®­ªà¥â­ëå
 «£¥¡à ¨ç¥áª¨å á¨áâ¥¬.

�ãáâì B | ¯®«­ ï ¡ã«¥¢   «£¥¡à  ¨ U | B -§­ ç­ ï  «£¥¡à ¨ç¥áª ï
á¨áâ¥¬ .

�à¨­æ¨¯ ¬ ªá¨¬ã¬ . �«ï «î¡®© ä®à¬ã«ë φ(t, t1, . . . , tn) ¨ í«¥¬¥­-
â®¢ u1, . . . , un ∈ U áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â u ∈ U, çâ®

[[(∃t)φ(t, u1, . . . , un)]] = [[φ(u, u1, . . . , un)]].

�à¨­æ¨¯ ¯¥à¥¬¥è¨¢ ­¨ï. �«ï ¢áïª®£® á¥¬¥©áâ¢  (uξ)ξ∈� í«¥¬¥­-
â®¢ U ¨ «î¡®©  ­â¨æ¥¯¨ (bξ)ξ∈� ¢  «£¥¡à¥ B áãé¥áâ¢ã¥â ¯¥à¥¬¥è¨¢ ­¨¥

(uξ)ξ∈� ®â­®á¨â¥«ì­® (bξ)ξ∈�.

�à¨­æ¨¯ ¯®¤ê¥¬ . (1) �«ï ¢áïª®£® á¥¬¥©áâ¢  (uξ)ξ∈� í«¥¬¥­â®¢ U
¨ «î¡®£® á¥¬¥©áâ¢  (bξ)ξ∈� í«¥¬¥­â®¢  «£¥¡àë B áãé¥áâ¢ã¥â ¯®¤ê¥¬

(uξ)ξ∈� ®â­®á¨â¥«ì­® (bξ)ξ∈�.
(2) �«ï «î¡®£® í«¥¬¥­â  u ∈ U áãé¥áâ¢ãîâ á¥¬¥©áâ¢® (uξ)ξ∈� í«¥-

¬¥­â®¢ U ¨ á¥¬¥©áâ¢® (bξ)ξ∈� í«¥¬¥­â®¢  «£¥¡àë B â ª¨¥, çâ® u ï¢«ï¥âáï
¯®¤ê¥¬®¬ (uξ)ξ∈� ®â­®á¨â¥«ì­® (bξ)ξ∈�.

1.10. �¥®à¥¬ . �á«¨ B -§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  U ã¤®¢«¥-

â¢®àï¥â ¯à¨­æ¨¯ã ¯¥à¥¬¥è¨¢ ­¨ï, â® ®­  â ª¦¥ ã¤®¢«¥â¢®àï¥â ¨ ¯à¨­æ¨-
¯ã ¬ ªá¨¬ã¬ .

▹ � áá¬®âà¨¬ ä®à¬ã«ã φ(t, t1, . . . , tn), ®¡®§­ ç¨¬ á¨¬¢®«®¬ u⃗ ­ -
¡®à ¯à®¨§¢®«ì­ëå í«¥¬¥­â®¢ u1, . . . , un ∈ U ¨ ¯®«®¦¨¬ b = [[(∃t)φ(t, u⃗)]].
�® ®¯à¥¤¥«¥­¨î ¡ã«¥¢®§­ ç­®© ¨áâ¨­­®áâ¨ b =

∨
v∈U [[φ(v, u⃗)]]. �« £®¤ àï

¯à¨­æ¨¯ã ¨áç¥à¯ë¢ ­¨ï ­ ©¤ãâáï  ­â¨æ¥¯ì (bξ)ξ∈� ¢  «£¥¡à¥ B ¨ á¥¬¥©-
áâ¢® (vξ)ξ∈� í«¥¬¥­â®¢ U â ª¨¥, çâ®

∨
ξ∈� bξ = b ¨ bξ 6 [[φ(vξ, u⃗)]]. �® ãá«®-

¢¨î â¥®à¥¬ë áãé¥áâ¢ã¥â ¯¥à¥¬¥è¨¢ ­¨¥ v ∈ U á¥¬¥©áâ¢  (vξ)ξ∈� ®â­®-
á¨â¥«ì­®  ­â¨æ¥¯¨ (bξ)ξ∈�. � ç áâ­®áâ¨, [[v = vξ ]] > bξ. � á¨«ã ¯à¥¤«®-
¦¥­¨ï 1.6 ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  [[φ(v, u⃗)]] > [[v = vξ ]] ∧ [[φ(vξ, u⃗)]] > bξ.
�«¥¤®¢ â¥«ì­®, [[φ(v, u⃗)]] >

∨
ξ∈� bξ = b. �¥à ¢¥­áâ¢® [[φ(v, u⃗)]] 6 b ®ç¥-

¢¨¤­®. ◃
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1.11. �¥®à¥¬ . �ãáâì B -§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  U ã¤®¢«¥-

â¢®àï¥â ¯à¨­æ¨¯ã ¯®¤ê¥¬  ¨ ¢ U ¨áâ¨­­   ªá¨®¬  íªáâ¥­á¨®­ «ì­®áâ¨.
�®£¤  ¤«ï U á¯à ¢¥¤«¨¢ ¯à¨­æ¨¯ ¯¥à¥¬¥è¨¢ ­¨ï.

▹ �ãáâì (uξ)ξ∈� | á¥¬¥©áâ¢® í«¥¬¥­â®¢ U ¨ (bξ)ξ∈� |  ­â¨æ¥¯ì ¢
 «£¥¡à¥ B. �® ãá«®¢¨î â¥®à¥¬ë ¤«ï ¢áïª®£® ξ ∈ � ­ ©¤ãâáï á¥¬¥©áâ¢®
(uαξ )α∈A(ξ) í«¥¬¥­â®¢ U ¨ á¥¬¥©áâ¢® (bαξ )α∈A(ξ) í«¥¬¥­â®¢  «£¥¡àë B â ª¨¥,
çâ®

[[v ∈ uξ ]] =
∨

α∈A(ξ)

bαξ ∧ [[v = uαξ ]] ¤«ï ¢á¥å v ∈ U.

� áá¬®âà¨¬ ¬­®¦¥áâ¢® � = {(ξ, α) | ξ ∈ �, α ∈ A(ξ)} ¨ ¤«ï ª ¦¤®©
¯ àë γ = (ξ, α) ∈ � ¯®«®¦¨¬ cγ = bξ ∧ bαξ ¨ vγ = uαξ . �ãáâì u ∈ U | ¯®¤ê-

¥¬ á¥¬¥©áâ¢  (vγ)γ∈� ®â­®á¨â¥«ì­® (cγ)γ∈�. �¥¯®áà¥¤áâ¢¥­­ë© ¯®¤áç¥â á
¯à¨¢«¥ç¥­¨¥¬ ®¯à¥¤¥«¥­¨© ¤ ¥â á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

[[v ∈ u]] =
∨
γ∈�

cγ ∧ [[v = vγ ]]

=
∨
ξ∈�

∨
α∈A(ξ)

bξ ∧ bαξ ∧ [[v = uαξ ]]

=
∨
ξ∈�

bξ ∧ [[v ∈ uξ ]].

�®ª ¦¥¬, çâ® u ï¢«ï¥âáï ¯¥à¥¬¥è¨¢ ­¨¥¬ á¥¬¥©áâ¢  (uξ)ξ∈� ®â­®á¨-
â¥«ì­® (bξ)ξ∈�. �­ ç «  ãáâ ­®¢¨¬ ­¥à ¢¥­áâ¢® [[u = uξ ]] > bξ. � á¨«ã

¨áâ¨­­®áâ¨  ªá¨®¬ë íªáâ¥­á¨®­ «ì­®áâ¨ ¤®áâ â®ç­® ¯®ª § âì
(
[[v ∈ u]] ⇔

[[v ∈ uξ ]]
)
> bξ ¨«¨, çâ® â® ¦¥ á ¬®¥, bξ∧ [[v ∈ u]] = bξ∧ [[v ∈ uξ ]]. �®áª®«ìªã

bξ ∧ bη = 0 ¯à¨ ξ ̸= η, ¬ë ¨¬¥¥¬

bξ ∧ [[v ∈ u]] =
∨
η∈�

bξ ∧ bη ∧ [[v ∈ uη ]] = bξ ∧ [[v ∈ uξ ]].

�®ª ¦¥¬ â¥¯¥àì, çâ® [[u ̸= ∅]] 6
∨

ξ∈� bξ. �¥©áâ¢¨â¥«ì­®,

[[u ̸= ∅]] = [[(∃t) t ∈ u]] =
∨
v∈U

[[v ∈ u]] =
∨
v∈U

∨
ξ∈�

bξ ∧ [[v ∈ uξ ]] 6
∨
ξ∈�

bξ. ◃

1.12. �¥®à¥¬ . �á«¨ B -§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  U ã¤®¢«¥-

â¢®àï¥â ¯à¨­æ¨¯ ¬ ¬ ªá¨¬ã¬  ¨ ¯®¤ê¥¬ , â® ®­  â ª¦¥ ã¤®¢«¥â¢®àï¥â ¨
¯à¨­æ¨¯ã ¯¥à¥¬¥è¨¢ ­¨ï.

▹ �ãáâì ∅∧ ∈ U | ¯®¤ê¥¬ ¯ãáâ®£® ¯®¤¬­®¦¥áâ¢  U. �¥£ª® ¯à®¢¥-
à¨âì, çâ® [[∅∧ = ∅]] = 1. (�¤¥áì, ª ª ¨ ¢áî¤ã ¢ ¤ «ì­¥©è¥¬, § ¯¨áì u = ∅
®§­ ç ¥â (∀t) t /∈ u.)
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� áá¬®âà¨¬ á¥¬¥©áâ¢® (uξ)ξ∈� í«¥¬¥­â®¢ U ¨  ­â¨æ¥¯ì (bξ)ξ∈� ¢  «£¥-

¡à¥B. �®«®¦¨¬ b = (
∨

ξ∈� bξ)
⊥. �¯à¥¤¥«¨¬ á¥¬¥©áâ¢® (vξ)ξ∈�′ ¨ à §¡¨¥­¨¥

¥¤¨­¨æë (cξ)ξ∈�′ á«¥¤ãîé¨¬ ®¡à §®¬: �′ = � ∪ {�}, vξ = uξ, cξ = bξ ¯à¨

ξ ∈ � ¨ v� = ∅∧, c� = b. �ãáâì u ∈ U | ¯®¤ê¥¬ á¥¬¥©áâ¢  (vξ)ξ∈�′

®â­®á¨â¥«ì­® (cξ)ξ∈�′ . �¥£ª® ¯®­ïâì, çâ® [[u ̸= ∅]] = 1. �¥©áâ¢¨â¥«ì­®,

[[vξ ∈ u]] > cξ ¯à¨ ξ ∈ �′, ®âªã¤  á«¥¤ã¥â, çâ®

[[u ̸= ∅]] =
∨
v∈U

[[v ∈ u]] >
∨
ξ∈�′

cξ = 1.

� ª¨¬ ®¡à §®¬, [[(∃t) t ∈ u]] = 1. �®£« á­® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ­ ©¤¥âáï
â ª®© í«¥¬¥­â v ∈ U, çâ® [[v ∈ u]] = 1. �®£¤  ¯® ®¯à¥¤¥«¥­¨î ¯®¤ê¥¬ 

cξ = 1 ∧ cξ =
∨
η∈�′

cη ∧ [[v = vη ]] ∧ cξ = [[v = vξ ]] ∧ cξ

¨, áâ «® ¡ëâì, [[v = vξ ]] > cξ ¤«ï ¢á¥å ξ ∈ �′. � ç áâ­®áâ¨, ¯à¨ ξ ∈ �
¨¬¥¥¬ [[v = uξ ]] > bξ. �à®¬¥ â®£®, ¢ á¨«ã «¥¬¬ë1.6 ¢ë¯®«­¥­ë á«¥¤ãîé¨¥
á®®â­®è¥­¨ï:( ∨

ξ∈�
bξ

)⊥
6 [[v = ∅∧ ]] = [[v = ∅∧ ]] ∧ [[∅∧ = ∅]] 6 [[v = ∅]].

�«¥¤®¢ â¥«ì­®, v ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¥¬¥è¨¢ ­¨¥ á¥¬¥©áâ¢  (uξ)ξ∈�
®â­®á¨â¥«ì­®  ­â¨æ¥¯¨ (bξ)ξ∈�. ◃

1.13. �ãáâì B | ¯®«­ ï ¡ã«¥¢   «£¥¡à  ¨ U | B -§­ ç­ ï  «£¥¡à ¨-
ç¥áª ï á¨áâ¥¬ . �¨áâ¥¬  U ­ §ë¢ ¥âáï ¡ã«¥¢®§­ ç­ë¬ ã­¨¢¥àáã¬®¬ ­ ¤ B
(B -§­ ç­ë¬ ã­¨¢¥àáã¬®¬), ¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ âà¥¬ ãá«®-
¢¨ï¬:

(1) á¨áâ¥¬  U ®â¤¥«¨¬ ;
(2) U ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¯®¤ê¥¬ ;
(3) ¢ U ¨áâ¨­­ë  ªá¨®¬ë íªáâ¥­á¨®­ «ì­®áâ¨ ¨ à¥£ã«ïà­®áâ¨.

�¥®à¥¬  [7]. �«ï «î¡®© ¯®«­®© ¡ã«¥¢®©  «£¥¡àë B áãé¥áâ¢ã¥â

B -§­ ç­ë© ã­¨¢¥àáã¬, ¯à¨ç¥¬ ¥¤¨­áâ¢¥­­ë© á â®ç­®áâìî ¤® B -¨§®¬®à-
ä¨§¬ .

�®¤à®¡­®¥ ¨§«®¦¥­¨¥ â¥®à¨© ¡ã«¥¢ëå  «£¥¡à ¨ ¡ã«¥¢®§­ ç­ëå  «£¥-
¡à ¨ç¥áª¨å á¨áâ¥¬ ¨¬¥¥âáï ¢ [3{6].
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§ 2. �®­ïâ¨¥ ­¥¯à¥àë¢­®£® à áá«®¥­¨ï

2.1. �ãáâì Q | ¯à®¨§¢®«ì­®¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® ¨ V Q ⊂ Q× V |
ª« áá-á®®â¢¥âáâ¢¨¥. (�¤¥áì ¨ ¤ «¥¥ V ®¡®§­ ç ¥â ª« áá ¢á¥å ¬­®¦¥áâ¢.)
�«ï ª ¦¤®© â®çª¨ q ∈ Q ª« áá

{q} × V Q(q) = V Q ∩
(
{q} × V

)
=
{
(q, x)

∣∣ (q, x) ∈ V Q
}

®¡®§­ ç¨¬ á¨¬¢®«®¬ V q. �ç¥¢¨¤­®, V p ∩ V q = ∅ ¯à¨ p ̸= q. �®®â¢¥â-
áâ¢¨¥ V Q ¡ã¤¥¬ ­ §ë¢ âì à áá«®¥­¨¥¬ ­ ¤ Q,   ª« áá V q | á«®¥¬ à áá«®-
¥­¨ï V Q ¢ â®çª¥ q.

�ãáâì D ⊂ Q. �ã­ªæ¨î u : D → V Q ­ §ë¢ îâ á¥ç¥­¨¥¬ à áá«®¥-
­¨ï V Q ­ ¤ ¬­®¦¥áâ¢®¬ D, ¥á«¨ u(q) ∈ V q ¤«ï ¢á¥å q ∈ D. �« áá ¢á¥å

á¥ç¥­¨© V Q ­ ¤ D ®¡®§­ ç îâ á¨¬¢®«®¬ S(D, V Q). �¥ç¥­¨ï, ®¯à¥¤¥«¥­-

­ë¥ ­  Q, ­ §ë¢ îâ £«®¡ «ì­ë¬¨. �á«¨ X | ¯®¤¬­®¦¥áâ¢® V Q, â® á¨¬-
¢®«®¬ S(D,X) ®¡®§­ ç îâ ¬­®¦¥áâ¢® ¢á¥å á¥ç¥­¨© à áá«®¥­¨ï X ­ ¤ D.

�®çªã q ∈ Q ­ §®¢¥¬ ¯à®¥ªæ¨¥© í«¥¬¥­â  x ∈ V Q ¨ ®¡®§­ ç¨¬ á¨¬¢®-
«®¬ pr(x), ¥á«¨ x ∈ V q. �à®¥ªæ¨¥© ¬­®¦¥áâ¢  X ⊂ V Q ¡ã¤¥¬ ­ §ë¢ âì

á®¢®ªã¯­®áâì
{
pr(x)

∣∣ x ∈ X
}
¨ ®¡®§­ ç âì ¥¥ á¨¬¢®«®¬ pr(X).

2.2. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® Q | â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¨
­  ª« áá¥ V Q ⊂ Q × V § ¤ ­  ­¥ª®â®à ï â®¯®«®£¨ï. � íâ®¬ á«ãç ¥ ¬ë
¡ã¤¥¬ ­ §ë¢ âì V Q ­¥¯à¥àë¢­ë¬ à áá«®¥­¨¥¬ ­ ¤ Q.

�®¤ ­¥¯à¥àë¢­ë¬ á¥ç¥­¨¥¬ à áá«®¥­¨ï V Q ¯®­¨¬ ¥âáï á¥ç¥­¨¥, ï¢«ï-
îé¥¥áï ­¥¯à¥àë¢­®© äã­ªæ¨¥©. �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  D ⊂ Q á¨¬¢®-
«®¬ C(D, V Q) ®¡®§­ ç ¥âáï ª« áá ¢á¥å ­¥¯à¥àë¢­ëå á¥ç¥­¨© V Q ­ ¤ D.

�­ «®£¨ç­ë¬ ®¡à §®¬, ¥á«¨ X | ¯®¤¬­®¦¥áâ¢® V Q, â® á¨¬¢®«®¬ C(D,X)
®¡®§­ ç ¥âáï á®¢®ªã¯­®áâì ¢á¥å ­¥¯à¥àë¢­ëå á¥ç¥­¨© X ­ ¤ D. �ç¥¢¨¤-
­®, C(D,X) = C(D, V Q) ∩ S(D,X).

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë áç¨â ¥¬, çâ® Q | íªáâà¥¬ «ì­® ­¥á¢ï§­ë©
ª®¬¯ ªâ, ¨ ¯à¥¤¯®« £ ¥¬ ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï:

(1) ∀ q ∈ Q ∀ x ∈ V q ∃u ∈ C(Q, V Q) u(q) = x;

(2) ∀u ∈ C(Q, V Q) ∀A @ Q u(A) @ V Q.

2.3. �à¥¤«®¦¥­¨¥. �¥¯à¥àë¢­®¥ à áá«®¥­¨¥ V Q ®¡« ¤ ¥â á«¥¤ãî-

é¨¬¨ á¢®©áâ¢ ¬¨:

(1) â®¯®«®£¨ï V Q å ãá¤®àä®¢ ;

(2) ¤«ï «î¡ëå u ∈ C(Q, V Q) ¨ q ∈ Q á¥¬¥©áâ¢®
{
u(A)

∣∣ A ∈ Clop(q)
}

ï¢«ï¥âáï ¡ §®© ®ªà¥áâ­®áâ¥© â®çª¨ u(q);

(3) ¢á¥ í«¥¬¥­âë C(Q, V Q) ï¢«ïîâáï ®âªàëâë¬¨ ¨ § ¬ª­ãâë¬¨ ®â®-
¡à ¦¥­¨ï¬¨ (á¬. 1.1).
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▹ �ãáâì x ¨ y | à §«¨ç­ë¥ í«¥¬¥­âë V Q. �®«®¦¨¬ p = pr(x) ¨

q = pr(y). � á¨«ã 2.2 (1) ­ ©¤ãâáï á¥ç¥­¨ï u, v ∈ C(Q, V Q) â ª¨¥, çâ®
u(p) = x ¨ v(q) = y.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® p = q. � á¨«ã 2.2 (2) ¬­®¦¥áâ¢® A =

{q ∈ Q | u(q) ̸= v(q)} = Q\u−1
(
v(Q)

)
®âªàëâ®-§ ¬ª­ãâ®. �®£¤  u(A) ¨

v(A) | ­¥¯¥à¥á¥ª îé¨¥áï ®ªà¥áâ­®áâ¨ â®ç¥ª x ¨ y.
�ãáâì â¥¯¥àì p ̸= q. � íâ®¬ á«ãç ¥ áãé¥áâ¢ãîâ A,B @ Q â ª¨¥, çâ®

A ∩ B = ∅, p ∈ A ¨ q ∈ B. �®£¤  u(A) ¨ v(B) | ­¥¯¥à¥á¥ª îé¨¥áï
®ªà¥áâ­®áâ¨ â®ç¥ª x ¨ y.

�â¢¥à¦¤¥­¨¥ (2) á ®ç¥¢¨¤­®áâìî ¢ëâ¥ª ¥â ¨§ 2.2 (2).
�â¢¥à¦¤¥­¨¥ (3) íª¢¨¢ «¥­â­® 2.2 (2) ¢ á¨«ã â®£® ®¡áâ®ïâ¥«ìáâ¢ , çâ®

Clop(Q) ï¢«ï¥âáï ¡ §®© ª ª ®âªàëâ®©, â ª ¨ § ¬ª­ãâ®© â®¯®«®£¨¨ ¢ Q. ◃

2.4. �¥¬¬ . �®¤¬­®¦¥áâ¢® X ⊂ V Q ®âªàëâ®-§ ¬ª­ãâ® â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  u−1(X) @ Q ¤«ï ¢á¥å u ∈ C(Q, V Q).

▹ � ¯®ïá­¥­¨¨ ­ã¦¤ ¥âáï «¨èì ¤®áâ â®ç­®áâì. � áá¬®âà¨¬ ¯à®¨§-
¢®«ì­ë© í«¥¬¥­â x ∈ V Q. �ãáâì á¥ç¥­¨¥ u ∈ C(Q, V Q) ¨ â®çª  q ∈ Q
â ª®¢ë, çâ® u(q) = x.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® x ∈ X. �®áª®«ìªã ¬­®¦¥áâ¢® A = u−1(X)
®âªàëâ®-§ ¬ª­ãâ®, u(A) | ®ªà¥áâ­®áâì x, á®¤¥à¦ é ïáï ¢ X. � á¨«ã
¯à®¨§¢®«ì­®áâ¨ x § ª«îç ¥¬, çâ® ¬­®¦¥áâ¢® X ®âªàëâ®.

�á«¨ ¦¥ x /∈ X, â®, ¢®á¯®«ì§®¢ ¢è¨áì ®âªàëâ®-§ ¬ª­ãâ®áâìî ¬­®¦¥-
áâ¢  A = Q\u−1(X), § ª«îç ¥¬, çâ® u(A) | ®ªà¥áâ­®áâì x, ­¥ ¯¥à¥á¥ª î-
é ïáï á X. �à®¨§¢®«ì­®áâì x ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤, çâ® ¬­®¦¥áâ¢® X
§ ¬ª­ãâ®. ◃

2.5. �à¥¤«®¦¥­¨¥. �®¯®«®£¨ï V Q íªáâà¥¬ «ì­® ­¥á¢ï§­ .

▹ �ãáâì X | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V Q. � á¨«ã å ãá¤®àä®¢®áâ¨
â®¯®«®£¨¨ V Q § ¬ëª ­¨¥ clX ï¢«ï¥âáï ¬­®¦¥áâ¢®¬,   ­¥ á®¡áâ¢¥­­ë¬
ª« áá®¬ (á¬. 1.2). �à¨ íâ®¬ ¤«ï ¢áïª®£® á¥ç¥­¨ï u ∈ C(Q, V Q) ¬­®¦¥áâ¢®

u−1(clX) = clu−1(X) ®âªàëâ®-§ ¬ª­ãâ®. � á¨«ã «¥¬¬ë 2.4 ¬­®¦¥áâ¢®
clX ®âªàëâ®. ◃

2.6. �¥¬¬ . �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  X ⊂ V Q ¢ë¯®«­¥­ë á«¥¤ã-

îé¨¥ à ¢¥­áâ¢ :

X =
∪

u∈C(Q,V Q)

u
(
u−1(X)

)
,

intX =
∪

u∈C(Q,V Q)

u
(
intu−1(X)

)
,

clX =
∪

u∈C(Q,V Q)

u
(
clu−1(X)

)
.
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▹ �ç¥¢¨¤­®¥ á«¥¤áâ¢¨¥ 2.2 (1) ¨ ®âªàëâ®áâ¨ ¢á¥å ­¥¯à¥àë¢­ëå á¥-
ç¥­¨©. ◃

2.7. �¥¬¬ . �®¤ª« ááëX, Y ⊂ V Q á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  u−1(X) = u−1(Y ) ¤«ï ¢á¥å u ∈ C(Q, V Q).

▹ �®§ì¬¥¬ ¯à®¨§¢®«ì­® q ∈ Q, x ∈ V q ¨ à áá¬®âà¨¬ á¥ç¥­¨¥ u ∈
C(Q, V Q) â ª®¥, çâ® u(q) = x. �á«¨ x ∈ X, â® q ∈ u−1(X) = u−1(Y )
¨, á«¥¤®¢ â¥«ì­®, x = u(q) ∈ Y . �¡à â­®¥ ¢ª«îç¥­¨¥ ãáâ ­ ¢«¨¢ ¥âáï
 ­ «®£¨ç­®. ◃

2.8. �à¥¤«®¦¥­¨¥. �¥ç¥­¨¥ u ∈ S(D, V Q), ®¯à¥¤¥«¥­­®¥ ­  ®âªàë-
â®¬ ¯®¤¬­®¦¥áâ¢¥ D ⊂ Q, ­¥¯à¥àë¢­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  imu|
®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V Q.

▹ �à¥¤¯®«®¦¨¬, çâ® á¥ç¥­¨¥ u ­¥¯à¥àë¢­®. �«ï ¢áïª®£® q ∈ D
¯®¤¡¥à¥¬ á¥ç¥­¨¥ uq ∈ C(Q, V Q) â ª®¥, çâ® uq(q) = u(q). �­®¦¥áâ¢® Dq ={
p ∈ D

∣∣ u(p) = uq(p)
}

= u−1(imuq) ®âªàëâ® ¢ D,   §­ ç¨â, ¨ ¢ Q.

�®íâ®¬ã ®¡à § u(Dq) = uq(Dq) ®âªàëâ ¢ á¨«ã ®âªàëâ®áâ¨ £«®¡ «ì­ëå
­¥¯à¥àë¢­ëå á¥ç¥­¨©. �ç¥¢¨¤­®, D =

∪
q∈DDq, â ª ª ª q ∈ Dq. �â «®

¡ëâì, ¬­®¦¥áâ¢®

imu = u(D) = u

( ∪
q∈D

Dq

)
=
∪
q∈D

u(Dq)

ï¢«ï¥âáï ®âªàëâë¬.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® imu | ®âªàëâ®¥ ¬­®¦¥áâ¢®. � áá¬®âà¨¬
¯à®¨§¢®«ì­ãî â®çªã q ∈ D ¨ ¯®¤¡¥à¥¬ á¥ç¥­¨¥ uq ∈ C(Q, V Q) â ª®¥, çâ®

u(q) = uq(q). �­®¦¥áâ¢®
{
p ∈ D

∣∣ uq(p) = u(p)
}
= u−1

q (imu) ®âªàëâ® ¨
ï¢«ï¥âáï ®ªà¥áâ­®áâìî â®çª¨ q, ®âªã¤  á«¥¤ã¥â ­¥¯à¥àë¢­®áâì á¥ç¥­¨ï u
¢ â®çª¥ q. ◃

2.9. �¥¬¬ . �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  X ⊂ V Q ¢ë¯®«­¥­ë á«¥¤ã-

îé¨¥ á®®â­®è¥­¨ï:

(1) pr(clX) ⊂ cl pr(X);
(2) pr(intX) ⊂ int pr(X).

▹ � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ á¥ç¥­¨¥ u ∈ C(Q, V Q). � ãç¥â®¬ 1.1

¨ 2.3 (3) ¬ë ¨¬¥¥¬ u−1(clX) = clu−1(X) ⊂ cl pr(X), ®âªã¤  ¡« £®¤ -

àï à ¢¥­áâ¢ã pr(X) =
∪

u∈C(Q,V Q) u
−1(X) á«¥¤ã¥â ¢ª«îç¥­¨¥ pr(clX) ⊂

cl pr(X).

�®®â­®è¥­¨¥ (2) ãáâ ­ ¢«¨¢ ¥âáï  ­ «®£¨ç­®. ◃
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§ 3. �¥¯à¥àë¢­ë© ¯®«¨¢¥àáã¬
3.1. � áá¬®âà¨¬ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® Q ¨ à áá«®¥­¨¥ V Q ⊂ Q × V.

�à¥¤¯®«®¦¨¬, çâ® ¤«ï ª ¦¤®© â®çª¨ q ∈ Q ª« áá V q ï¢«ï¥âáï  «£¥¡à ¨-
ç¥áª®© á¨áâ¥¬®© á¨£­ âãàë {∈}.

�«ï ¯à®¨§¢®«ì­®© ä®à¬ã«ë φ(t1, . . . , tn) ¨ á¥ç¥­¨© u1, . . . , un à áá«®¥-

­¨ï V Q á¨¬¢®«®¬ {φ(u1, . . . , un)} ¡ã¤¥¬ ®¡®§­ ç âì ¬­®¦¥áâ¢®{
q ∈ domu1 ∩ · · · ∩ domun

∣∣ V q |= φ
(
u1(q), . . . , un(q)

)}
.

�«ï «î¡®£® í«¥¬¥­â  x ∈ V q ¯®«®¦¨¬ x↓ = {y ∈ V q | V q |= y ∈x}.
�ç¥¢¨¤­®, ¥á«¨ ¢ á¨áâ¥¬¥ V q ¨áâ¨­­   ªá¨®¬  íªáâ¥­á¨®­ «ì­®áâ¨, â® ¤«ï
¢á¥å x, y ∈ V q à ¢¥­áâ¢  x↓ = y↓ ¨ x = y à ¢­®á¨«ì­ë. �á«¨ X |
¯®¤¬­®¦¥áâ¢® V Q, â® á¨¬¢®«®¬ ⊔X ®¡®§­ ç ¥âáï ®¡ê¥¤¨­¥­¨¥

∪
x∈X x↓.

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® Q | íªáâà¥¬ «ì­® ­¥á¢ï§-
­ë© ª®¬¯ ªâ ¨ V Q | ­¥¯à¥àë¢­®¥ à áá«®¥­¨¥ ­ ¤ Q.

�«ï ¯à®¨§¢®«ì­®£® á¥ç¥­¨ï u ∈ C(Q, V Q) ª« áá
∪

q∈Q u(q)↓ ¬ë ¡ã¤¥¬

­ §ë¢ âì à á¯ ª®¢ª®© á¥ç¥­¨ï u ¨ ®¡®§­ ç âì á¨¬¢®«®¬ xuy.
3.2. �¥¯à¥àë¢­®¥ à áá«®¥­¨¥ V Q ­ §®¢¥¬ ­¥¯à¥àë¢­ë¬ ¯®«¨¢¥àáã-

¬®¬ ­ ¤ Q, ¥á«¨ ¢ ª ¦¤®¬ á«®¥ V q (q ∈ Q) ¨áâ¨­­ë  ªá¨®¬ë íªáâ¥­á¨®-
­ «ì­®áâ¨ ¨ à¥£ã«ïà­®áâ¨ ¨, ªà®¬¥ â®£®, ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

(1) ∀ q ∈ Q ∀ x ∈ V q ∃u ∈ C(Q, V Q) u(q) = x;

(2) ∀u ∈ C(Q, V Q) ∀A ∈ Clop(Q) u(A) ∈ Clop(V Q);

(3) ∀u ∈ C(Q, V Q) xuy ∈ Clop(V Q);

(4) ∀X ∈ Clop(V Q) ∃u ∈ C(Q, V Q) xuy = X.

3.3. �«ï ¯à®¨§¢®«ì­ëå á¥ç¥­¨© u, v ∈ C(Q, V Q) à ¢¥­áâ¢  {u= v} =
u−1(im v) ¨ {u∈ v} = u−1(xvy) ®¡¥á¯¥ç¨¢ îâ ®âªàëâ®-§ ¬ª­ãâ®áâì ¬­®-
¦¥áâ¢ {u = v} ¨ {u ∈ v}, çâ® ¯®§¢®«ï¥â ­ ¬ ¢¢¥áâ¨ ¢ à áá¬®âà¥­¨¥ ¤¢¥

ª« áá-äã­ªæ¨¨ [[ ·= · ]], [[ · ∈ · ]] : C(Q, V Q) × C(Q, V Q) → Clop(Q), ¯®« £ ï
[[u= v ]] = {u= v} ¨ [[u∈ v ]] = {u∈ v}.

�¥á«®¦­® ã¡¥¤¨âìáï ¢ â®¬, çâ® âà®©ª 
(
C(Q, V Q), [[ ·= · ]], [[ · ∈ · ]]

)
¯à¥¤áâ ¢«ï¥â á®¡®© ®â¤¥«¨¬ãî Clop(Q)-§­ ç­ãî  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã
(á¬. 1.3).

�§ ®¯à¥¤¥«¥­¨ï ­¥¯à¥àë¢­®£® ¯®«¨¢¥àáã¬  3.2 (4) á«¥¤ã¥â áãé¥áâ¢®-
¢ ­¨¥ ­¥¯à¥àë¢­®£® á¥ç¥­¨ï ∅∧, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î x∅∧y = ∅.
�ç¥¢¨¤­®, â ª®¥ á¥ç¥­¨¥ ¥¤¨­áâ¢¥­­®. �à®¬¥ â®£®, «¥£ª® § ¬¥â¨âì, çâ®
V q |= ∅∧(q)=∅ ¤«ï ¢á¥å q ∈ Q, [[∅∧=∅]] = Q,   â ª¦¥ [[u=∅∧ ]] =

[[u=∅]] ¤«ï ¢á¥å u ∈ C(Q, V Q).

3.4. �¥¬¬ . �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  X ⊂ V Q ¨¬¥îâ ¬¥áâ® á«¥-

¤ãîé¨¥ á®®â­®è¥­¨ï:

(1) ¥á«¨ X @ V Q, â® pr(X) @ Q;
(2) ¥á«¨ ¬­®¦¥áâ¢® X ®âªàëâ®, â® pr(clX) = cl pr(X).
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▹ (1) �á«¨ X @ V Q, â® ­ ©¤¥âáï á¥ç¥­¨¥ u ∈ C(Q, V Q) â ª®¥, çâ®

⊔ imu = xuy = X. �ç¥¢¨¤­®, pr
(
⊔ imu

)
= [[u ̸=∅]], ®âªã¤  á«¥¤ã¥â

®âªàëâ®-§ ¬ª­ãâ®áâì pr(X).

(2) �ãáâì X | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V Q. �®£¤  § ¬ëª ­¨¥ clX
®âªàëâ®-§ ¬ª­ãâ®, ª ª ¨ ¥£® ¯à®¥ªæ¨ï pr(clX). �ç¥¢¨¤­®¥ ¢ª«îç¥­¨¥
pr(X) ⊂ pr(clX) ¢«¥ç¥â cl pr(X) ⊂ pr(clX). �¡à â­®¥ ¢ª«îç¥­¨¥ ãáâ ­®-
¢«¥­® ¢ 2.9. ◃

�  ¬ ¥ ç   ­ ¨ ¥ . �«¥¤ãîé¨¥ ¢®¯à®áë ¯®ª  ®áâ îâáï ®âªàëâë¬¨.

(1) �¥à­® «¨, çâ® ¨§ § ¬ª­ãâ®áâ¨ ¯®¤¬­®¦¥áâ¢  X ⊂ V Q á«¥¤ã¥â
§ ¬ª­ãâ®áâì ¥£® ¯à®¥ªæ¨¨ pr(X) ⊂ Q?

(2) �¯à ¢¥¤«¨¢® «¨ à ¢¥­áâ¢® pr(clX) = cl pr(X) ¤«ï «î¡®£® (­¥

®¡ï§ â¥«ì­® ®âªàëâ®£®) ¯®¤¬­®¦¥áâ¢  X ⊂ V Q?

3.5. �®á¨â¥«¥¬ á¥ç¥­¨ï u ∈ S(D, V Q), ®¯à¥¤¥«¥­­®£® ­  D ⊂ Q,

­ §ë¢ ¥âáï ¬­®¦¥áâ¢® suppu =
{
q ∈D

∣∣ V q |= u(q) ̸=∅
}
. �ç¥¢¨¤­®,

suppu = {u ̸=∅} = {u ̸=∅∧}. � ª¨¬ ®¡à §®¬, ¥á«¨ u ∈ C(Q, V Q), â®
suppu | ®âªàëâ®-§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢®.

�ãáâì u | ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥ V Q ¨ D | ¯®¤¬­®¦¥áâ¢® suppu.
�¨¬¢®«®¬ C(D, u) ®¡®§­ ç ¥âáï ª« áá{

v ∈ C(D, V Q)
∣∣ (∀q ∈ D) V q |= v(q)∈u(q)

}
.

�ç¥¢¨¤­®, C(D, u) = C(D, xuy).
�¯ãáª®¬ á¥ç¥­¨ï u ¡ã¤¥¬ ­ §ë¢ âì ª« áá C(suppu, u) ¨ ®¡®§­ ç âì

¥£® á¨¬¢®«®¬ u↓. �¥£ª® § ¬¥â¨âì, çâ® u↓ = C(suppu, xuy). �ç¥¢¨¤­®,
¢ á«ãç ¥ {u ̸=∅} = Q á¯ãáª á¥ç¥­¨ï u ¯à¥¤áâ ¢«ï¥â á®¡®© á¯ãáª u ª ª
í«¥¬¥­â  ¡ã«¥¢®§­ ç­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë (á¬. 1.7).

3.6. �à¥¤«®¦¥­¨¥. �«ï «î¡ëåX @ V Q ¨ u ∈ C(Q, V Q) á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

(1) xuy = X;
(2) u(q)↓ = X ∩ V q ¤«ï ¢á¥å q ∈ Q;

(3) suppu = pr(X) ¨ u↓ = C
(
pr(X), X

)
;

(4) [[v ∈ u]] = v−1(X) ¤«ï ¢á¥å v ∈ C(Q, V Q).

▹ (1)→(3). �®áâ â®ç­® «¨èì § ¬¥â¨âì, çâ® suppu = [[u ̸=∅]] =
pr(xuy), ¨ ¢®á¯®«ì§®¢ âìáï à ¢¥­áâ¢®¬ u↓ = C(suppu, xuy).

(3)→(2). �®«®¦¨¬ A = supp u. �¥£ª® ¯®­ïâì, çâ® X∩V q = ∅ = u(q)↓
¤«ï ¢á¥å q ∈ Q\A.

�«ï ¯à®¨§¢®«ì­®© â®çª¨ q ∈ A ­ ©¤ãâáï x ∈ u(q)↓ ¨ vq ∈ C(Q, V Q)
â ª¨¥, çâ® vq(q) = x. �ãáâì Bq = [[vq ∈u]]. �¥¬¥©áâ¢® (Bq)q∈A ®¡à §ã¥â
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®âªàëâ®¥ ¯®ªàëâ¨¥ ª®¬¯ ªâ  A, ¯®íâ®¬ã ¨§ ­¥£® ¬®¦­® ¢ë¡à âì ¯®¤¯®-
ªàëâ¨¥ (Bq)q∈F , £¤¥ F | ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® A. �® ¯à¨­æ¨¯ã ¨á-
ç¥à¯ë¢ ­¨ï ­ ©¤¥âáï  ­â¨æ¥¯ì (Cq)q∈F â ª ï, çâ® Cq ⊂ Bq ¤«ï q ∈ F

¨
∪

q∈F Cq =
∨

q∈F Cq =
∨

q∈F Bq = A. �®áâà®¨¬ á¥ç¥­¨¥ v ∈ S(A, V Q),

¤«ï ª ¦¤®© â®çª¨ p ∈ A ¯®« £ ï v(p) = vq(p), £¤¥ q â ª®© (¥¤¨­áâ¢¥­­ë©)
í«¥¬¥­â F , çâ® p ∈ Cq. �¥ç¥­¨¥ v ­¥¯à¥àë¢­®, ¯®áª®«ìªã v = vq ­  Cq

(q ∈ F ). �¥£ª® § ¬¥â¨âì, çâ® v ∈ u↓ = C(A,X).
�ãáâì q | ¯à®¨§¢®«ì­ë© í«¥¬¥­â A.

� áá¬®âà¨¬ x ∈ u(q)↓, ¯®¤¡¥à¥¬ á¥ç¥­¨¥ w ∈ C(Q, V Q) â ª®¥, çâ®

w(q) = x, ¨ ¯®áâà®¨¬ á¥ç¥­¨¥ w ∈ S(A, V Q) á«¥¤ãîé¨¬ ®¡à §®¬:

w(p) =

{
w(p), ¥á«¨ p ∈ [[w∈u]],
v(p), ¥á«¨ p ∈ A\[[w∈u]].

�ç¥¢¨¤­®, á¥ç¥­¨¥ w ­¥¯à¥àë¢­®, ¨ w ∈ u↓ = C(A,X), ®âªã¤  á«¥¤ã¥â,
çâ® x = w(q) ∈ X ¢ á¨«ã ¢ª«îç¥­¨ï q ∈ [[w∈u]].

�ãáâì â¥¯¥àì x ∈ X ∩ V q. � ª ¨ à ­ìè¥, ¯®¤¡¥à¥¬ á¥ç¥­¨¥ w ∈
C(Q, V Q) â ª®¥, çâ® w(q) = x. � áá¬®âà¨¬ á¥ç¥­¨¥ w ∈ S(A, V Q), ®¯à¥¤¥-
«¥­­®¥ á«¥¤ãîé¨¬ ®¡à §®¬:

w(p) =

{
w(p), ¥á«¨ p ∈ w−1(X),

v(p), ¥á«¨ p ∈ A\w−1(X).

�§ ®ç¥¢¨¤­ëå á®®â­®è¥­¨© w ∈ C(A,X) = u↓ ¨ q ∈ w−1(X) ¢ëâ¥ª ¥â, çâ®
x = w(q) = w(q) ∈ u(q)↓.

(2)→(4). � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ á¥ç¥­¨¥ v ∈ C(Q, V Q). �á«¨ q ∈
[[v ∈ u]] = v−1(xuy), â® v(q) ∈ xuy ¨, á«¥¤®¢ â¥«ì­®, v(q) ∈ u(q)↓ = X ∩ V q,

â. ¥. q ∈ v−1(X).

�á«¨ ¦¥ q ∈ v−1(X), â® v(q) ∈ X ∩ V q = u(q)↓,   §­ ç¨â, V q |=
v(q)∈ u(q) ¨ q ∈ [[v ∈ u]].

(4)→(1). � ¬¥â¨¬, çâ® v−1(xuy) = [[v ∈u]] = v−1(X) ¤«ï ¢á¥å v ∈
C(Q, V Q). �®íâ®¬ã á®£« á­® «¥¬¬¥ 2.7 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®X = xuy. ◃

�«ï ª ¦¤®£® ¬­®¦¥áâ¢ X @ V Q á¥ç¥­¨¥ u, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨-
ï¬ (1){(4), ®ç¥¢¨¤­®, ¥¤¨­áâ¢¥­­®. �â® á¥ç¥­¨¥ ¬ë ¡ã¤¥¬ ­ §ë¢ âì ã¯ -
ª®¢ª®© ¬­®¦¥áâ¢  X ¨ ®¡®§­ ç âì á¨¬¢®«®¬ pXq.

�¥á«®¦­® ã¡¥¤¨âáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥. �ãáâì X | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V Q. �¥ç¥­¨¥

u ∈ C(Q, V Q) á®¢¯ ¤ ¥â á pclXq â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u ï¢«ï¥âáï

¯®â®ç¥ç­® ­ ¨¬¥­ìè¨¬ áà¥¤¨ á¥ç¥­¨© u ∈ C(Q, V Q), ã¤®¢«¥â¢®àïîé¨å
¢ª«îç¥­¨î X ∩ V q ⊂ u(q)↓ ¤«ï ¢á¥å q ∈ Q.
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3.7. �¥¬¬ . �á«¨ u ∈ C(Q, V Q) ¨ A ∈ Clop(Q), â® ⊔u(A) ∈
Clop(V Q).

▹ �«ï «î¡®£® á¥ç¥­¨ï v ∈ C(Q, V Q) ¬­®¦¥áâ¢® v−1
(
⊔u(A)

)
= A ∩

[[v ∈ u]] ®âªàëâ®-§ ¬ª­ãâ®, ®âªã¤  ¢ á¨«ã 2.4 á«¥¤ã¥â ®âªàëâ®-§ ¬ª­ã-
â®áâì ¬­®¦¥áâ¢  ⊔u(A). ◃

3.8. �à¥¤«®¦¥­¨¥. �î¡®¥ ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥ V Q, ®¯à¥¤¥«¥­­®¥
­  ®âªàëâ®¬ ¨«¨ § ¬ª­ãâ®¬ ¯®¤¬­®¦¥áâ¢¥ Q, ¯à®¤®«¦ ¥âáï ¤® £«®¡ «ì-
­®£® ­¥¯à¥àë¢­®£® á¥ç¥­¨ï.

▹ �ãáâì A ⊂ Q ¨ u ∈ C(A, V Q). �«ï ª ¦¤®© â®çª¨ q ∈ A ­ ©¤ãâáï

á¥ç¥­¨¥ uq ∈ C(Q, V Q) ¨ ¬­®¦¥áâ¢® Bq @ Q â ª¨¥, çâ® q ∈ Bq ¨ uq = u ­ 
Bq ∩ A.

�à¥¤¯®«®¦¨¬, çâ® ¬­®¦¥áâ¢® A ®âªàëâ®. �¥ ­ àãè ï ®¡é­®áâ¨,
¬ë ¬®¦¥¬ áç¨â âì, çâ® Bq ⊂ A. � áá¬®âà¨¬ ®âªàëâ®¥ ¬­®¦¥áâ¢® X =∪

q∈A u(q)↓ =
∪

q∈A ⊔uq(Bq) ¨ ¯®ª ¦¥¬, çâ® (clX) ∩ V q = u(q)↓ ¤«ï ¢á¥å

q ∈ A. �à®¢¥à¨¬ «¨èì ¢ª«îç¥­¨¥ (clX) ∩ V q ⊂ u(q)↓ (®¡à â­®¥ ¢ª«îç¥-
­¨¥ ¢ëâ¥ª ¥â ¨§ ®ç¥¢¨¤­ëå á¢®©áâ¢ § ¬ëª ­¨ï). �ãáâì x ∈ (clX) ∩ V q.

� ©¤¥âáï á¥ç¥­¨¥ v ∈ C(Q, V Q) â ª®¥, çâ® v(q) = x. �ç¥¢¨¤­®, ¤«ï ¢áï-
ª®© ®ªà¥áâ­®áâ¨ B @ Q â®çª¨ q ¯¥à¥á¥ç¥­¨¥ v(B) ∩ X ­¥¯ãáâ® ¨, áâ -
«® ¡ëâì, ­ ©¤¥âáï â ª ï â®çª  p ∈ B ∩ Bq, çâ® v(p) ∈ u(p)↓. � ¤àã-
£®© áâ®à®­ë, u(p) = uq(p) ¨, á«¥¤®¢ â¥«ì­®, v(B) ∩ ⊔uq(Bq) ̸= ∅. �­®-
¦¥áâ¢® ⊔uq(Bq) § ¬ª­ãâ®, ¨ ¯®íâ®¬ã x ∈ ⊔ uq(Bq), ®âªã¤  á«¥¤ã¥â, çâ®
x ∈ uq(q)↓ = u(q)↓. �®«®¦¨¬ u = pclXq. �§ ãáâ ­®¢«¥­­®£® ¢ëè¥ ¢ëâ¥-
ª ¥â à ¢¥­áâ¢® u(q)↓ = u(q)↓ ¤«ï ¢á¥å q ∈ A. � ª¨¬ ®¡à §®¬, u| ¨áª®¬®¥
£«®¡ «ì­®¥ ¯à®¤®«¦¥­¨¥ á¥ç¥­¨ï u.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¬­®¦¥áâ¢® A § ¬ª­ãâ®. �¥¬¥©áâ¢® (Bq)q∈A
®¡à §ã¥â ®âªàëâ®¥ ¯®ªàëâ¨¥ ª®¬¯ ªâ  A,   §­ ç¨â, ¨§ íâ®£® ¯®ªàëâ¨ï
¬®¦­® ¢ë¡à âì ¯®¤¯®ªàëâ¨¥ (Bq)q∈F , £¤¥ F | ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® A.
�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯à¥¤¯®« £ âì, çâ®

∪
q∈F Bq = Q.

�® ¯à¨­æ¨¯ã ¨áç¥à¯ë¢ ­¨ï ­ ©¤¥âáï  ­â¨æ¥¯ì (Cq)q∈F â ª ï, çâ® Cq ⊂ Bq

¤«ï ¢á¥å q ∈ F ¨
∪

q∈F Cq = Q. �®áâà®¨¬ á¥ç¥­¨¥ u ∈ S(Q, V Q), ¤«ï

ª ¦¤®© â®çª¨ p ∈ Q ¯®« £ ï u(p) = uq(p), £¤¥ q | â ª®© (¥¤¨­áâ¢¥­­ë©)
í«¥¬¥­â F , çâ® p ∈ Cq. �¥ç¥­¨¥ u ­¥¯à¥àë¢­®, ¯®áª®«ìªã u = uq ­  Cq

(q ∈ F ). �ç¥¢¨¤­®, u = u ­  A. ◃

�«¥¤áâ¢¨¥. �á«¨ A| ®âªàëâ®¥ ¨«¨ § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® Q, â®
C(A, V Q) = {u|A : u ∈ C(Q, V Q)}.

�à¨­æ¨¯ ¯à®¤®«¦¥­¨ï. �«ï «î¡®£® á¥ç¥­¨ï u ∈ C(A, V Q), ®¯à¥-
¤¥«¥­­®£® ­  ®âªàëâ®¬ ¯®¤¬­®¦¥áâ¢¥ A ⊂ Q, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥

á¥ç¥­¨¥ u ∈ C(clA, V Q), ¯à®¤®«¦ îé¥¥ u.
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▹ �®£« á­® ¯à¥¤«®¦¥­¨î 3.8 áãé¥áâ¢ã¥â á¥ç¥­¨¥ u1 ∈ C(Q, V Q)
â ª®¥, çâ® u1 = u ­  A. �®«®¦¨¬ u = u1|clA.

�¤¨­áâ¢¥­­®áâì ¯®áâà®¥­­®£® ¯à®¤®«¦¥­¨ï ®ç¥¢¨¤­ . ◃

�¥ç¥­¨¥ u, ä¨£ãà¨àãîé¥¥ ¢ ä®à¬ã«¨à®¢ª¥ ¯à¨­æ¨¯  ¯à®¤®«¦¥­¨ï,
¡ã¤¥¬ ­ §ë¢ âì § ¬ëª ­¨¥¬ á¥ç¥­¨ï u ¨ ®¡®§­ ç âì á¨¬¢®«®¬ ext(u).

3.9. �¥á«®¦­® ã¡¥¤¨âáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬ . � áá¬®âà¨¬ á¥¬¥©áâ¢® (uξ)ξ∈� £«®¡ «ì­ëå ­¥¯à¥àë¢­ëå

á¥ç¥­¨© V Q,  ­â¨æ¥¯ì (Bξ)ξ∈� ¢  «£¥¡à¥ Clop(Q) ¨ ¯®«®¦¨¬B=(
∨

ξ∈�Bξ)
⊥.

�®£¤  ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥

u = ext

( ∪
ξ∈�

uξ|Bξ
∪ ∅∧|B

)

ï¢«ï¥âáï ¯¥à¥¬¥è¨¢ ­¨¥¬ (uξ)ξ∈� ®â­®á¨â¥«ì­® (Bξ)ξ∈�. � ç áâ­®áâ¨,

¤«ï ¡ã«¥¢®§­ ç­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë C(Q, V Q) á¯à ¢¥¤«¨¢ ¯à¨­æ¨¯
¯¥à¥¬¥è¨¢ ­¨ï.

�«¥¤áâ¢¨¥. �ã«¥¢®§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  C(Q, V Q) ã¤®-
¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .

3.10. �¥®à¥¬  ® ¯®â®ç¥ç­®© ¨áâ¨­­®áâ¨. �«ï «î¡®© ä®à-

¬ã«ë φ(t1, . . . , tn) ¨ ¯à®¨§¢®«ì­ëå á¥ç¥­¨© u1, . . . , un ∈ C(Q, V Q) ¨¬¥¥â
¬¥áâ® à ¢¥­áâ¢®

[[φ(u1, . . . , un)]] =
{
q ∈ Q

∣∣ V q |= φ
(
u1(q), . . . , un(q)

)}
. (∗)

▹ �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¨­¤ãªæ¨¥© ¯® á«®¦­®áâ¨ ä®à¬ã«ë φ.
�á«¨ ä®à¬ã«  φ  â®¬ à­ , â. ¥. ¨¬¥¥â ¢¨¤ t1 ∈ t2 ¨«¨ t1 = t2, â®

à ¢¥­áâ¢® (∗) ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥­¨ï ®æ¥­®ª ¨áâ¨­­®áâ¨ [[ ·= · ]] ¨ [[ · ∈ · ]].
�®¯ãáâ¨¬, ¤«ï ä®à¬ã« ¬¥­ìè¥© á«®¦­®áâ¨ â¥®à¥¬  ¤®ª § ­ . �ë

®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ «¨èì â®£® á«ãç ï, ª®£¤  ä®à¬ã«  φ ¨¬¥¥â

¢¨¤ (∃t0) ψ(t0, t⃗ ).
�á«¨ V q |= (∃t0) ψ

(
t0, u⃗(q)

)
, â® ­ ©¤¥âáï â ª®© í«¥¬¥­â x ∈ V q, çâ®

V q |= ψ
(
x, u⃗(q)

)
. �®¤¡¥à¥¬ á¥ç¥­¨¥ u0 ∈ C(Q, V Q), ã¤®¢«¥â¢®àïîé¥¥

à ¢¥­áâ¢ã u0(q) = x. �® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ q ∈ [[ψ(u0, u⃗)]] ⊂
[[(∃t0) ψ(t0, u⃗)]], çâ® ¤®ª §ë¢ ¥â ¢ª«îç¥­¨¥ ý⊃þ ¢ á®®â­®è¥­¨¨ (∗).

�®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �ãáâì q ∈ [[(∃t0) ψ(t0, u⃗)]]. �® ¯à¨­-
æ¨¯ã ¬ ªá¨¬ã¬  ­ ©¤¥âáï ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥ u0 â ª®¥, çâ® [[ψ(u0, u⃗)]] =

[[(∃t0) ψ(t0, u⃗)]]. �®£¤  ¯® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ V q |= ψ
(
u0(q), u⃗(q)

)
¨,

§­ ç¨â, V q |= (∃t0) ψ
(
t0, u⃗(q)

)
. ◃
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3.11. �¥¬¬ . �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  X ⊂ V Q ¨¬¥îâ ¬¥áâ®

á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

(1) ⊔ clX ⊂ cl⊔X;
(2) ⊔ intX ⊂ int⊔X;

(3) ¥á«¨ X ∈ Clop(V Q), â® ⊔X ∈ Clop(V Q);

(4) ¥á«¨ ¬­®¦¥áâ¢®X ®âªàëâ®, â® ⊔X| ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V Q;
(5) ¥á«¨ ¬­®¦¥áâ¢® X ®âªàëâ®, â® ⊔ clX = cl⊔X.

▹ (1) �ãáâì x ∈ ⊔ clX. �®£¤  x ∈ y↓ ¤«ï ­¥ª®â®à®£® y ∈ clX.

� áá¬®âà¨¬ á¥ç¥­¨ï u, v ∈ C(Q, V Q) â ª¨¥, çâ® u(q) = x ¨ v(q) = y, £¤¥
q = pr(x). �«ï ¢áïª®£® A ∈ Clop(q) ¢ë¯®«­¥­® v(A) ∩ X ̸= ∅. �®«®¦¨¬
B = A ∩ [[u ∈ v ]] @ Q. �®áª®«ìªã q ∈ B, ­ ©¤¥âáï â ª ï â®çª  p ∈ B, çâ®
v(p) ∈ X. �ç¥¢¨¤­®, u(p) ∈ v(p)↓ ⊂ ⊔X ¨, áâ «® ¡ëâì, u(A) ∩ ⊔X ̸= ∅.
�«¥¤®¢ â¥«ì­®, x ∈ cl⊔X.

(2) �à¥¤¯®«®¦¨¬, çâ® x ∈ ⊔ intX, ¨ à áá¬®âà¨¬ y ∈ intX ¨ u, v ∈
C(Q, V Q) â ª¨¥, çâ® x ∈ y↓, u(q) = x ¨ v(q) = y, £¤¥ q = pr(x). �á­®,

çâ® ¬­®¦¥áâ¢® B = v−1(X) ∩ [[u ∈ v ]] ï¢«ï¥âáï ®ªà¥áâ­®áâìî q,   §­ ç¨â,
u(B) | ®ªà¥áâ­®áâì x. �à®¬¥ â®£®, u(p) ∈ v(p)↓ ⊂ ⊔X ¤«ï ¢á¥å p ∈ B,
â. ¥. u(B) ⊂ ⊔X. �â «® ¡ëâì, x ∈ int⊔X.

(3) �®£« á­® «¥¬¬¥ 2.4 ¤®áâ â®ç­® à áá¬®âà¥âì ¯à®¨§¢®«ì­®¥ á¥ç¥-

­¨¥ v ∈ C(Q, V Q) ¨ ¯®ª § âì, çâ® ¬­®¦¥áâ¢® v−1(⊔X) ®âªàëâ®-§ ¬ª­ãâ®.
�ãáâì u = pXq. �ç¥¢¨¤­®, v(q) ∈ ⊔X â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

V q |=
(
∃ t ∈ u(q)

)
v(q) ∈ t. �® â¥®à¥¬¥ ® ¯®â®ç¥ç­®© ¨áâ¨­­®áâ¨ v−1(⊔X) ={

q ∈ Q
∣∣ V q |=

(
∃ t ∈ u(q)

)
v(q) ∈ t

}
= [[(∃ t ∈ u) v ∈ t]] ¨, á«¥¤®¢ â¥«ì­®,

v−1(⊔X) @ Q.
(4) �à¨¢¨ «ì­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ (2).
(5) �ãáâì ¬­®¦¥áâ¢® X ®âªàëâ®. �®£¤  ¥£® § ¬ëª ­¨¥ clX ®âªàëâ®-

§ ¬ª­ãâ®, ¨ á®£« á­® (3) ¬­®¦¥áâ¢® ⊔ clX â ª¦¥ ï¢«ï¥âáï ®âªàëâ®-§ -
¬ª­ãâë¬. �ç¥¢¨¤­®¥ á®®â­®è¥­¨¥ ⊔X ⊂ ⊔ clX ¢«¥ç¥â cl⊔X ⊂ ⊔ clX.
�¡à â­®¥ ¢ª«îç¥­¨¥ á¯à ¢¥¤«¨¢® ¢ á¨«ã (1). ◃

�  ¬ ¥ ç   ­ ¨ ¥ . �«¥¤ãîé¨¥ ¢®¯à®áë ¯®ª  ®áâ îâáï ®âªàëâë¬¨.

(1) �¥à­® «¨, çâ® ¨§ § ¬ª­ãâ®áâ¨ ¯®¤¬­®¦¥áâ¢  X ⊂ V Q á«¥¤ã¥â

§ ¬ª­ãâ®áâì ⊔X ⊂ V Q?
(2) �¯à ¢¥¤«¨¢® «¨ à ¢¥­áâ¢® ⊔ clX = cl⊔X ¤«ï «î¡®£® (­¥ ®¡ï§ -

â¥«ì­® ®âªàëâ®£®) ¯®¤¬­®¦¥áâ¢  X ⊂ V Q?

3.12. �¥®à¥¬ . �ã«¥¢®§­ ç­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  C(Q, V Q)
ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¯®¤ê¥¬ .

▹ �ãáâì (uξ)ξ∈� | á¥¬¥©áâ¢® £«®¡ «ì­ëå ­¥¯à¥àë¢­ëå á¥ç¥­¨© V Q

¨ (Bξ)ξ∈� | á¥¬¥©áâ¢® ®âªàëâ®-§ ¬ª­ãâëå ¯®¤¬­®¦¥áâ¢ Q. � áá¬®âà¨¬
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®âªàëâ®-§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢® X = cl
∪

ξ∈� uξ(Bξ) ¨ ¯®«®¦¨¬ u = pXq.
�®ª ¦¥¬, çâ® ¯®áâà®¥­­®¥ â ª¨¬ ®¡à §®¬ á¥ç¥­¨¥ u ∈ C(Q, V Q) ï¢«ï¥â-
áï ¯®¤ê¥¬®¬ (uξ)ξ∈� ®â­®á¨â¥«ì­® (Bξ)ξ∈�. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£®

á¥ç¥­¨ï v ∈ C(Q, V Q) ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

[[v ∈u]] = v−1(xuy) = v−1

(
cl
∪
ξ∈�

uξ(Bξ)

)
= cl v−1

( ∪
ξ∈�

uξ(Bξ)

)
= cl

∪
ξ∈�

v−1
(
uξ(Bξ)

)
= cl

∪
ξ∈�

Bξ ∩ [[v=uξ ]] =
∨
ξ∈�

Bξ ∧ [[v=uξ ]].

� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ á¥ç¥­¨¥ u ∈ C(Q, V Q) ¨ ¯®ª ¦¥¬,

çâ® ®­® ï¢«ï¥âáï ¯®¤ê¥¬®¬ ­¥ª®â®à®£® á¥¬¥©áâ¢  í«¥¬¥­â®¢ C(Q, V Q) ®â-
­®á¨â¥«ì­® ¯®¤å®¤ïé¥£® á¥¬¥©áâ¢  í«¥¬¥­â®¢ Clop(Q). �ãáâì X = xuy.
�«ï ª ¦¤®£® x ∈ X ¯®¤¡¥à¥¬ â ª®¥ á¥ç¥­¨¥ ux ∈ C(Q, V Q), çâ® x ∈ imux.

�®«®¦¨¬ Bx = [[ux ∈u]] = u−1
x (X). �ç¥¢¨¤­®, x ∈ ux(Bx) ⊂ X ¤«ï ¢á¥å

x ∈ X, ®âªã¤  á«¥¤ã¥â, çâ® X =
∪

x∈X ux(Bx) = cl
∪

x∈X ux(Bx). �­ «®-
£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­® ¢ ¯¥à¢®© ç áâ¨ ¤®ª § â¥«ìáâ¢ , ¬®¦­® ãáâ -
­®¢¨âì à ¢¥­áâ¢® [[v ∈ u]] =

∨
x∈X Bx ∧ [[v=ux ]] ¤«ï ¢á¥å v ∈ C(Q, V Q).

� ª¨¬ ®¡à §®¬, u| ¯®¤ê¥¬ á¥¬¥©áâ¢  (ux)x∈X ®â­®á¨â¥«ì­® (Bx)x∈X . ◃

3.13. �ãáâì D ⊂ Q ¨ U | ¯®¤¬­®¦¥áâ¢® S(D, V Q). �«ï ª ¦¤®©
â®çª¨ q ∈ D ®¡®§­ ç¨¬ á¨¬¢®«®¬ U(q) á®¢®ªã¯­®áâì {u(q) | u ∈ U}.

�à¥¤«®¦¥­¨¥. �ãáâì U | ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® C(D, V Q), £¤¥

D @ Q. �«¥¤ãîé¨¥ á¢®©áâ¢  á¥ç¥­¨ï u ∈ C(Q, V Q) íª¢¨¢ «¥­â­ë:

(1) u = pcl
∪

u∈U imuq;
(2) [[v ∈ u]] = cl

{
q ∈ D

∣∣ v(q) ∈ U(q)
}
¤«ï ¢á¥å v ∈ C(Q, V Q);

(3) [[v ∈ u]] = cl
∪

u∈U{v=u} ¤«ï ¢á¥å v ∈ C(Q, V Q);

(4) u↓ =
{
ext
(∪

u∈U u|Du

) ∣∣∣ (Du)u∈U | à §¡¨¥­¨¥ ¥¤¨­¨æë
¢  «£¥¡à¥ Clop(D)

}
;

(5) u↓ = C(D, cl
∪

u∈U imu);
(6) á¥ç¥­¨¥ u ï¢«ï¥âáï ¯®â®ç¥ç­® ­ ¨¬¥­ìè¨¬ áà¥¤¨ á¥ç¥­¨© ~u ∈

C(Q, V Q), ã¤®¢«¥â¢®àïîé¨å ¢ª«îç¥­¨î U(q) ⊂ ~u(q)↓ ¤«ï ¢á¥å

q ∈ D.

▹ (1)→(2). �®«®¦¨¬ X =
∪

u∈U imu. �®£¤  xuy = clX ¨ ¯®íâ®-

¬ã [[v ∈u]] = v−1(xuy) = v−1(clX) = cl v−1(X) ¤«ï ¢á¥å v ∈ C(Q, V Q).
�¥á«®¦­® ã¡¥¤¨âìáï ¢ â®¬, çâ® X =

∪
q∈D U(q),   â ª¦¥ ãáâ ­®¢¨âì íª¢¨-

¢ «¥­â­®áâì ¢ª«îç¥­¨© v(q) ∈ U(q) ¨ q ∈ v−1
(∪

q∈D U(q)
)
.

(2)→(3). �®áâ â®ç­® ¯®ª § âì, çâ® ¬­®¦¥áâ¢ 
{
q ∈ D

∣∣ v(q) ∈ U(q)
}
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¨
∪

u∈U{v=u} á®¢¯ ¤ îâ ¤«ï ¢á¥å v ∈ C(Q, V Q). �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî
â®çªã q ∈ D.

�á«¨ v(q) ∈ U(q), â® ¤«ï ­¥ª®â®à®£® í«¥¬¥­â  u ∈ U ¢ë¯®«­¥­® v(q) =
u(q) ¨, á«¥¤®¢ â¥«ì­®, q ∈ {v=u}.

�á«¨ ¦¥ q ∈
∪

u∈U{v=u}, â® ¤«ï ¯®¤å®¤ïé¥£® u ∈ U ¨¬¥¥â ¬¥áâ®
¢ª«îç¥­¨¥ q ∈ {v=u},   §­ ç¨â, v(q) = u(q) ∈ U(q).

(3)→(4). � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â v ∈ C(D, V Q) ¨ ®¯à¥¤¥-

«¨¬ á¥ç¥­¨¥ v ∈ C(Q, V Q) á«¥¤ãîé¨¬ ®¡à §®¬:

v(q) =

{
v(q), ¥á«¨ q ∈ D,

∅∧(q), ¥á«¨ q /∈ D.

�ãáâì v ∈ u↓. �®£¤  D = {v ∈u} ⊂ [[v ∈u]] = cl
∪

u∈U{v=u} ⊂ D. �«ï

¢á¥å u ∈ U ¬­®¦¥áâ¢® {v=u} = u−1(im v) ®âªàëâ®-§ ¬ª­ãâ®. �®£« á­®
¯à¨­æ¨¯ã ¨áç¥à¯ë¢ ­¨ï ­ ©¤¥âáï  ­â¨æ¥¯ì (Du)u∈U ¢  «£¥¡à¥ Clop(Q)
â ª ï, çâ® Du ⊂ {v=u} ¨∨

u∈U
Du = cl

∪
u∈U

{v=u} = D.

�ç¥¢¨¤­®, á¥ç¥­¨¥ w =
∪

u∈U u|Du ­¥¯à¥àë¢­®, ¬­®¦¥áâ¢® domw ®âªàëâ®,

D = cl domw ¨ {w= v} = {w= v} = domw. �á­®, çâ® ext(w) ∈ C(D,V Q)
¨ {ext(w)= v} = D. �®íâ®¬ã ext(w) = v ¨, â ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®
¢ª«îç¥­¨¥ ý⊂þ.

�áâ ­®¢¨¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �ãáâì (Du)u∈U | à §¡¨¥­¨¥ ¥¤¨­¨-
æë ¢  «£¥¡à¥ Clop(D) ¨ v = ext(

∪
u∈U u|Du). �®ª ¦¥¬, çâ® v ∈ u↓. �®-

áª®«ìªã dom v = D, ¤®áâ â®ç­® ãáâ ­®¢¨âì ¢ª«îç¥­¨¥ im v ⊂ xuy. �ç¥-
¢¨¤­®, u(Du) ⊂ xuy ¤«ï ¢á¥å u ∈ U ¨, á«¥¤®¢ â¥«ì­®,

∪
u∈U u(Du) ⊂ xuy.

� ¬¥â¨¬, çâ® im v = cl
∪

u∈U u(Du),   §­ ç¨â, im v ⊂ xuy.
(4)→(5). �®«®¦¨¬X = cl

∪
u∈U imu. �ãáâì (Du)u∈U |à §¡¨¥­¨¥ ¥¤¨-

­¨æë ¢  «£¥¡à¥ Clop(D) ¨ v = ext(
∪

u∈U u|Du). �ç¥¢¨¤­®, dom v = D. �®-
ª ¦¥¬, çâ® im v ⊂ X. �§ ¢ª«îç¥­¨ï u(Du) ⊂ X á«¥¤ã¥â

∪
u∈U u(Du) ⊂ X,

®âªã¤  á ãç¥â®¬ à ¢¥­áâ¢  im v = cl
∪

u∈U u(Du) ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ á®®â-
­®è¥­¨¥ im v ⊂ X. � ª¨¬ ®¡à §®¬, u↓ ⊂ C(D,X).

�«ï ¤®ª § â¥«ìáâ¢  ®¡à â­®£® ¢ª«îç¥­¨ï à áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥
á¥ç¥­¨¥ v ∈ C(D,X) ¨ ãáâ ­®¢¨¬ à ¢¥­áâ¢® v = ext

(∪
u∈U u|Du

)
¤«ï

­¥ª®â®à®£® à §¡¨¥­¨ï ¥¤¨­¨æë (Du)u∈U ¢  «£¥¡à¥ Clop(D). �ç¥¢¨¤­®,

v−1(X) = D. �®áª®«ìªã á¥ç¥­¨¥ v ®âªàëâ®, D = cl v−1(
∪

u∈U imu). �à®¬¥

â®£®, ¬­®¦¥áâ¢® A = v−1(
∪

u∈U imu) ®âªàëâ® ¨ ¯«®â­® ¢ D.
� ª ¦¤ë¬ í«¥¬¥­â®¬ u ∈ U á¢ï¦¥¬ ®âªàëâ®-§ ¬ª­ãâ®¥ ¬­®¦¥áâ¢®

Cu = {v=u} = v−1(im u). �§ ®ç¥¢¨¤­®£® à ¢¥­áâ¢  A =
∪

u∈U Cu á«¥¤ã¥â,
çâ®

∨
u∈U Cu = D. �®£« á­® ¯à¨­æ¨¯ã ¨áç¥à¯ë¢ ­¨ï ­ ©¤¥âáï à §¡¨¥­¨¥



�ã­ªæ¨®­ «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¡ã«¥¢®§­ ç­®£® ã­¨¢¥àáã¬  73

¥¤¨­¨æë (Du)u∈U ¢  «£¥¡à¥ Clop(D) â ª®¥, çâ® Du ⊂ Cu ¤«ï ¢á¥å u ∈ U .
�®«®¦¨¬ w =

∪
u∈U u|Du . �á­®, çâ® ¤«ï ª ¦¤®£® u ∈ U ¨¬¥îâ ¬¥áâ®

à ¢¥­áâ¢  w|Du = u|Du = v|Du , â ª ª ª Du ⊂ {v=u}. �«¥¤®¢ â¥«ì­®, ¯®
¯à¨­æ¨¯ã ¯à®¤®«¦¥­¨ï ext(w) = v, çâ® ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥.

(5)→(1). �®áâ â®ç­® § ¬¥â¨âì, çâ® D = pr(cl
∪

u∈U imu), ¨ ¢®á¯®«ì-
§®¢ âìáï ¯à¥¤«®¦¥­¨¥¬ 3.6 (3).

�ª¢¨¢ «¥­â­®áâì (1) ¨ (6) ®ç¥¢¨¤­ . ◃

�¥ç¥­¨¥ u, ä¨£ãà¨àãîé¥¥ ¢ ãá«®¢¨¨ ¯à¥¤«®¦¥­¨ï, ®ç¥¢¨¤­®, ¥¤¨­-
áâ¢¥­­®. �ë ¡ã¤¥¬ ­ §ë¢ âì íâ® á¥ç¥­¨¥ ¯®¤ê¥¬®¬ ¬­®¦¥áâ¢  U ¨ ®¡®-
§­ ç âì á¨¬¢®«®¬ U↑.

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ U ⊂ C(Q, V Q) ãá«®¢¨¥ (3) ¬®¦­® § ¯¨á âì ¢

á«¥¤ãîé¥¬ ¢¨¤¥: [[v ∈ u]] =
∨

u∈U [[v=u]] ¤«ï ¢á¥å v ∈ C(Q, V Q). � ª¨¬

®¡à §®¬, ¥á«¨ U | ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® C(Q, V Q), â® ¯®­ïâ¨¥ ¯®¤ê-
¥¬  U á®¢¯ ¤ ¥â á ®¤­®¨¬¥­­ë¬ ¯®­ïâ¨¥¬, ¢¢¥¤¥­­ë¬ ¢ 1.8.

§ 4. �ã­ªæ¨®­ «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥
¡ã«¥¢®§­ ç­®£® ã­¨¢¥àáã¬ 

�  ¯à®âï¦¥­¨¨ ¢á¥£® ¯ à £à ä  ¬ë ¯à¥¤¯®« £ ¥¬, çâ® Q | íªáâà¥-
¬ «ì­® ­¥á¢ï§­ë© ª®¬¯ ªâ ¨ U | ¡ã«¥¢®§­ ç­ë© ã­¨¢¥àáã¬ ­ ¤ Clop(Q).

4.1. �«ï ¤ «ì­¥©è¥© à ¡®âë ­ ¬ ¯®­ ¤®¡¨âáï ¯®­ïâ¨¥ ä ªâ®à-ª« áá 
X/∼, £¤¥ X | (á®¡áâ¢¥­­ë©) ª« áá,   ∼ | ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨
­  X. �à ¤¨æ¨®­­®¥ ®¯à¥¤¥«¥­¨¥ ä ªâ®à-ª« áá , ¢¢®¤¨¬®¥ ¤«ï â®£® á«ã-
ç ï, ª®£¤  X ï¢«ï¥âáï ¬­®¦¥áâ¢®¬, ­¥ ¢á¥£¤  ¯¥à¥­®á¨âáï ­  á«ãç © á®¡-
áâ¢¥­­®£® ª« áá , ¯®áª®«ìªã í«¥¬¥­âë X, íª¢¨¢ «¥­â­ë¥ ¤ ­­®¬ã x ∈ X,
¬®£ãâ, ¢®®¡é¥ £®¢®àï, ®¡à §®¢ë¢ âì á®¡áâ¢¥­­ë© ª« áá. �â® ¯à¥¯ïâáâ¢¨¥
¯à¥®¤®«¨¬® á ¯®¬®éìî á«¥¤ãîé¥£® ä ªâ .

�¥®à¥¬  �à¥£¥ | � áá¥«  | �ª®ââ . �«ï «î¡®£® ®â­®è¥­¨ï

íª¢¨¢ «¥­â­®áâ¨ ∼ ­  ª« áá¥ X áãé¥áâ¢ã¥â äã­ªæ¨ï F : X → V â ª ï,
çâ®

F (x) = F (y) ↔ x ∼ y ¤«ï ¢á¥å x, y ∈ X. (∗)

� ª ç¥áâ¢¥ F ¬®¦­® ¢§ïâì äã­ªæ¨î, ®¯à¥¤¥«¥­­ãî á«¥¤ãîé¨¬ ®¡à -
§®¬:

F (x) =
{
y ∈ X | y ∼ x & (∀z ∈ X)

(
z ∼ x → rank(y) 6 rank(z)

)}
.

� ªãî äã­ªæ¨î F ¯à¨­ïâ® ­ §ë¢ âì ª ­®­¨ç¥áª®© ¯à®¥ªæ¨¥© ®â­®è¥­¨ï
íª¢¨¢ «¥­â­®áâ¨ ∼. �®®â­®è¥­¨¥ (∗) ¯®§¢®«ï¥â à áá¬ âà¨¢ âì F (x) ª ª
 ­ «®£ ª« áá  íª¢¨¢ «¥­â­®áâ¨, á®¤¥à¦ é¥£® í«¥¬¥­â x ∈ X. � á¢ï§¨ á
íâ¨¬ ¬ë ¡ã¤¥¬ ®¡®§­ ç âì F (x) á¨¬¢®«®¬ ∼(x).
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4.2. �«ï ª ¦¤®© â®çª¨ q ∈ Q ¢¢¥¤¥¬ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ ∼q

­  ª« áá¥ U á«¥¤ãîé¨¬ ®¡à §®¬:

u ∼q v ↔ q ∈ [[u= v ]].

� áá¬®âà¨¬ à áá«®¥­¨¥ V Q =
{(
q,∼q(u)

) ∣∣ q ∈ Q, u ∈ U
}
¨ ãá«®¢¨¬áï ®¡®-

§­ ç âì ¯ àã
(
q,∼q(u)

)
á¨¬¢®«®¬ û(q). �ç¥¢¨¤­®, ¤«ï ª ¦¤®£® í«¥¬¥­â 

u ∈ U ®â®¡à ¦¥­¨¥ û : q 7→ û(q) ¯à¥¤áâ ¢«ï¥â á®¡®© á¥ç¥­¨¥ à áá«®¥­¨ï V Q.

� ¬¥â¨¬, çâ® ¤«ï ¢áïª®£® x ∈ V Q áãé¥áâ¢ãîâ u ∈ U ¨ q ∈ Q â ª¨¥, çâ®
û(q) = x. �à®¬¥ â®£®, à ¢¥­áâ¢® û(q) = v̂(q) ¢ë¯®«­¥­® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  q ∈ [[u= v ]].

�à¥¢à â¨¬ ª ¦¤ë© á«®© V q à áá«®¥­¨ï V Q ¢  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã
á¨£­ âãàë {∈}, ¯®« £ ï

V q |= x∈ y ↔ q ∈ [[u∈ v ]],
£¤¥ í«¥¬¥­âë u, v ∈ U â ª®¢ë, çâ® û(q) = x ¨ v̂(q) = y. �¥£ª® ã¡¥¤¨âì-
áï ¢ â®¬, çâ® ¯à¨¢¥¤¥­­®¥ ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®. �¥©áâ¢¨â¥«ì­®, ¥á«¨
û1(q) = x ¨ v̂1(q) = y ¤«ï ª ª®©-«¨¡® ¤àã£®© ¯ àë í«¥¬¥­â®¢ u1, v1, â®
¢ª«îç¥­¨ï q ∈ [[u∈ v ]] ¨ q ∈ [[u1 ∈ v1 ]] íª¢¨¢ «¥­â­ë.

�¥á«®¦­® ã¡¥¤¨âìáï ¢ â®¬, çâ® ª« áá {û(A) | u ∈ U, A @ Q} ï¢«ï¥âáï
¡ §®© ­¥ª®â®à®© ®âªàëâ®© â®¯®«®£¨¨ ­  V Q, çâ® ¯®§¢®«ï¥â ­ ¬ à áá¬ âà¨-
¢ âì V Q ª ª ­¥¯à¥àë¢­®¥ à áá«®¥­¨¥.

4.3. �¥®à¥¬ . (1) � áá«®¥­¨¥ V Q ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¯®«¨¢¥à-

áã¬®¬.
(2) �â®¡à ¦¥­¨¥ u 7→ û ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã ¡ã«¥¢®§­ ç-

­ë¬¨ ã­¨¢¥àáã¬ ¬¨ U ¨ C(Q, V Q).

�®ª § â¥«ìáâ¢® ¯®á«¥¤­¥© â¥®à¥¬ë à §®¡ì¥¬ ­  ­¥áª®«ìª® íâ ¯®¢.

4.4. �¥¬¬ . �á«¨ u ∈ U ¨ A @ Q, â® û(A) @ V Q.

▹ �«ï ª ¦¤®£® í«¥¬¥­â  x ∈ V Q\û(A) ­ ©¤ãâáï v ∈ U ¨ q ∈ Q â ª¨¥,
çâ® x = v̂(q).

�á«¨ q ∈ A, â® û(q) ̸= x = v̂(q), q ∈ [[u ̸= v ]] ¨ ¯®íâ®¬ã ¬­®¦¥-
áâ¢® v̂([[u ̸= v ]]) ï¢«ï¥âáï ®ªà¥áâ­®áâìî â®çª¨ x, ­¥ ¯¥à¥á¥ª îé¥©áï á û(A).
�á«¨ ¦¥ q /∈ A, â® ®ªà¥áâ­®áâì v̂(Q\A) â®çª¨ x ­¥ ¯¥à¥á¥ª ¥âáï á û(A). ◃

4.5. �¥¬¬ . �« ááë {û | u ∈ U} ¨ C(Q, V Q) á®¢¯ ¤ îâ.

▹ � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â u ∈ U ¨ ¯®ª ¦¥¬, çâ® á¥ç¥­¨¥
û ­¥¯à¥àë¢­®. �á«¨ v ∈ U ¨ A @ Q, â® ¬­®¦¥áâ¢® û−1

(
v̂(A)

)
= A∩ [[u= v ]]

®âªàëâ®. �à®¨§¢®«ì­®áâì v ¨ A ¯®§¢®«ï¥â § ª«îç¨âì, çâ® û ∈ C(Q, V Q).

�áâ ­®¢¨¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �ãáâì f ∈ C(Q, V Q). �«ï ª ¦¤®©
â®çª¨ q ∈ Q ¯®¤¡¥à¥¬ â ª®© í«¥¬¥­â uq ∈ U, çâ® ûq(q) = f(q), ¨ ¯®«®¦¨¬

Aq := {p ∈ Q | ûq(p) = f(p)} = f−1
(
ûq(Q)

)
@ Q.
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� ª¨¬ ®¡à §®¬, (Aq)q∈Q | ®âªàëâ®¥ ¯®ªàëâ¨¥ ª®¬¯ ªâ  Q,   §­ ç¨â, ¨§
­¥£® ¬®¦­® ¢ë¡à âì ¯®¤¯®ªàëâ¨¥ (Aq)q∈F , £¤¥ F | ª®­¥ç­®¥ ¯®¤¬­®¦¥-
áâ¢® Q. �® ¯à¨­æ¨¯ã ¨áç¥à¯ë¢ ­¨ï ­ ©¤¥âáï  ­â¨æ¥¯ì (Bq)q∈F â ª ï,
çâ® Bq ⊂ Aq ¤«ï ¢á¥å q ∈ F ¨

∪
q∈F Bq = Q. �®áª®«ìªã ¡ã«¥¢®§­ ç­ ï

 «£¥¡à ¨ç¥áª ï á¨áâ¥¬  U ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¯¥à¥¬¥è¨¢ ­¨ï, ã ­ á
¥áâì ¢®§¬®¦­®áâì à áá¬®âà¥âì í«¥¬¥­â u = mixq∈F Bquq ∈ U. �¥á«®¦­®
ã¡¥¤¨âìáï ¢ â®¬, çâ® û = f . ◃

4.6. �¥¬¬ . �®¯®«®£¨ï V Q íªáâà¥¬ «ì­® ­¥á¢ï§­ .

▹ �ëâ¥ª ¥â ¨§ «¥¬¬ 4.4 ¨ 4.5 ¨ ¯à¥¤«®¦¥­¨ï 2.5. ◃

4.7. �¥¬¬ . �â®¡à ¦¥­¨¥ (u 7→ û) : U → C(Q, V Q) ï¢«ï¥âáï ¡¨¥ª-
æ¨¥©, ¯à¨ç¥¬ ¤«ï ¢á¥å u, v ∈ U ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

[[u= v ]]U = [[û= v̂ ]]C(Q,V Q),

[[u∈ v ]]U = [[û∈ v̂ ]]C(Q,V Q).

▹ �¥£ª® § ¬¥â¨âì, çâ® ¤«ï ¢á¥å u, v ∈ U ¨ q ∈ Q ¨¬¥îâ ¬¥áâ®
á®®â­®è¥­¨ï

V q |= û(q)∈ v̂(q) ↔ q ∈ [[u∈ v ]],
V q |= û(q)= v̂(q) ↔ q ∈ [[u= v ]].

�¥¬ á ¬ë¬ âà¥¡ã¥¬ë¥ à ¢¥­áâ¢  ãáâ ­®¢«¥­ë. � «¥¬¬¥ 4.6 ¯®ª § ­ 
áîàê¥ªâ¨¢­®áâì ®â®¡à ¦¥­¨ï u 7→ û. � ¬ ®áâ ¥âáï ®¡®á­®¢ âì ¥£® ¨­ê¥ª-
â¨¢­®áâì. �ãáâì í«¥¬¥­âë u, v ∈ U â ª®¢ë, çâ® û = v̂. �®£¤  [[u= v ]] =
[[û= v̂ ]] = Q, ®âªã¤  ¢ á¨«ã ®â¤¥«¨¬®áâ¨ á¨áâ¥¬ë U á«¥¤ã¥â à ¢¥­áâ¢®
u = v. ◃

� ª¨¬ ®¡à §®¬, âà®©ª 
(
C(Q, V Q), [[ ·= · ]], [[ · ∈ · ]]

)
¯à¥¤áâ ¢«ï¥â á®¡®©

¡ã«¥¢®§­ ç­ãî  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã ­ ¤ Clop(Q), ¨§®¬®àä­ãî U,  

§­ ç¨â, C(Q, V Q) ï¢«ï¥âáï ¡ã«¥¢®§­ ç­ë¬ ã­¨¢¥àáã¬®¬ ­ ¤ Clop(Q).

4.8. �¥¬¬ . �á«¨ u ∈ C(Q, V Q), â® xuy | ®âªàëâ®-§ ¬ª­ãâ®¥ ¯®¤-

¬­®¦¥áâ¢® V Q.

▹ �ãáâì u ∈ C(Q, V Q). �®áª®«ìªã C(Q, V Q) ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨-
¯ã ¯®¤ê¥¬ , ¬ë ¨¬¥¥¬ u = ascξ∈�Bξuξ ¤«ï ­¥ª®â®à®£® á¥¬¥©áâ¢  (uξ)ξ∈�
­¥¯à¥àë¢­ëå á¥ç¥­¨© V Q ¨ á¥¬¥©áâ¢  (Bξ)ξ∈� ®âªàëâ®-§ ¬ª­ãâëå ¯®¤-

¬­®¦¥áâ¢ Q. �«ï ¢áïª®£® v ∈ C(Q, V Q) ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

v−1

(
cl
∪
ξ∈�

uξ(Bξ)

)
= cl

∪
ξ∈�

v−1
(
uξ(Bξ)

)
= cl

∪
ξ∈�

Bξ ∩ [[v=uξ ]]

=
∨
ξ∈�

Bξ ∧ [[v=uξ ]] = [[v ∈ u]] = v−1(xuy).
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� ª¨¬ ®¡à §®¬, á®£« á­® «¥¬¬¥ 2.7 ãáâ ­®¢«¥­® à ¢¥­áâ¢®

xuy = cl
∪
ξ∈�

uξ(Bξ).

�­®¦¥áâ¢®
∪

ξ∈� uξ(Bξ) ®âªàëâ®, ¯®íâ®¬ã ¢ á¨«ã «¥¬¬ë 4.6 ª« áá xuy
ï¢«ï¥âáï ®âªàëâ®-§ ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬. ◃

4.9. �¥¬¬ . �«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  X @ V Q áãé¥áâ¢ã¥â â ª®¥

á¥ç¥­¨¥ u ∈ C(Q, V Q), çâ® xuy = X.

▹ � ª ¦¤ë¬ í«¥¬¥­â®¬ x ∈ X á¢ï¦¥¬ á¥ç¥­¨¥ ux ∈ C(Q, V Q) â ª®¥,

çâ® x ∈ imux. �ç¥¢¨¤­®, ¬­®¦¥áâ¢® Bx = u−1
x (X) ®âªàëâ®-§ ¬ª­ãâ®.

� áá¬®âà¨¬ ¯®¤ê¥¬ u = ascx∈X Bxux ¨ ãáâ ­®¢¨¬ à ¢¥­áâ¢® xuy = X.
�®áª®«ìªã x ∈ ux(Bx) ⊂ X ¤«ï ¢á¥å x ∈ X, ¬ë ¨¬¥¥¬ X =

∪
x∈X ux(Bx) =

cl
∪

x∈X ux(Bx). �«ï ¯à®¨§¢®«ì­®£® á¥ç¥­¨ï v ∈ C(Q, V Q) á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï

v−1(X) =
∪
x∈X

v−1
(
ux(Bx)

)
=
∨
x∈X

Bx ∧ [[v=ux ]] = [[v ∈u]] = v−1(xuy).

�®£« á­® «¥¬¬¥ 2.7 âà¥¡ã¥¬®¥ à ¢¥­áâ¢® ãáâ ­®¢«¥­®. ◃

4.10. �¥¬¬ . �«ï «î¡®© ä®à¬ã«ë φ(t1, . . . , tn) ¨ ¯à®¨§¢®«ì­ëå á¥-

ç¥­¨© u1, . . . , un ∈ C(Q, V Q) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

[[φ(u1, . . . , un)]] =
{
q ∈ Q

∣∣ V q |= φ
(
u1(q), . . . , un(q)

)}
.

▹ �®ª § â¥«ìáâ¢® «¥¬¬ë ¢ â®ç­®áâ¨ ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®-
à¥¬ë 3.10 ® ¯®â®ç¥ç­®© ¨áâ¨­­®áâ¨. ◃

�§ ¯®á«¥¤­¥© «¥¬¬ë á«¥¤ã¥â, çâ® ¢ ª ¦¤®¬ á«®¥ ¨áâ¨­­ë  ªá¨®¬ë íªá-
â¥­á¨®­ «ì­®áâ¨ ¨ à¥£ã«ïà­®áâ¨. � ª¨¬ ®¡à §®¬, â¥®à¥¬  4.3 ¯®«­®áâìî
¤®ª § ­ .

� § ª«îç¥­¨¥ áä®à¬ã«¨àã¥¬ â¥®à¥¬ã, ®¡ê¥¤¨­ïîéãî ®á­®¢­ë¥ à¥-
§ã«ìâ âë § 3, 4.

�¥®à¥¬ . �ãáâì Q | áâ®ã­®¢áª¨© ª®¬¯ ªâ ¯®«­®© ¡ã«¥¢®©  «£¥-

¡àë B.

(1) �« áá C(Q, V Q) ­¥¯à¥àë¢­ëå á¥ç¥­¨© ¯®«¨¢¥àáã¬  V Q ­ ¤ Q
ï¢«ï¥âáï ¡ã«¥¢®§­ ç­ë¬ ã­¨¢¥àáã¬®¬.

(2) �«ï «î¡®£® ¡ã«¥¢®§­ ç­®£® ã­¨¢¥àáã¬  U ­ ¤ B áãé¥áâ¢ã¥â ­¥-

¯à¥àë¢­ë© ¯®«¨¢¥àáã¬ V Q ­ ¤ Q, ª« áá C(Q, V Q) ­¥¯à¥àë¢­ëå á¥ç¥­¨©
ª®â®à®£® ¨§®¬®àä¥­ U.
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