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O IIOHATUN COIIPAKEHHOI'O
BAHAXOBA PACCJIOEHUNA

A. E. l'ymman, A. B. Konmes

Jl71s1 TpOM3BOJIBHOTO HEMPEPHIBHOTO 0aHAXOBA PACCIOSHHUS HAJ TTPOU3BOJIb-
HBIM TOMOJIOTHYECKUM TIPOCTPAHCTBOM BBEJEHO W WCCJIEIOBAHO MOHATHE COMPSI-
KEeHHOTrO paccimoenusi. [IpenmorkeHbl pa3HOOOpa3Hble HEOOXOANMBIE M JOCTATOY-
HBIE YCJIOBUS CYIIECTBOBAHUS COMPSAXKEHHOTO PACCIOCHUS, N3y IEHBI COOTHOITEHU ST
JIBORCTBEHHOCTH MEYKIY MCXOMHBIM U COMPSI’KEHHBIM PACCIOCHUAMHU, TOCTPOEHO
BJIOXKEHHE PACCIOCHUS BO BTOPOE COTPSIKEHHOE, & TAKXKE BBEJEHO U UCCIIETOBAHO
MOHSATHE CAA00 HEMPEPHIBHOTO CEYEHUsI. 3ATPOHYTHIE BOITPOCH PACCMOTPEHBI KaK
B OBITIIEM CITydae, TaK ¥ JiJis KOHKPETHBIX KJIACCOB PACCIOEHUH U TONOTOTHIECKIX
npocrpancTB. TlomydeHHbIe pe3yIbraThl CHAOXKEHBI TPUMEPAMHE, TOATBEPIKIAI0-
MAMA UX TOYHOCTb.

Karoneswie caro6a u passi: HempepbIBHOE BAHAXOBO PACCIOCHUE, COMPAKEHHOE
0aHAXOBO PACCIOEHHE, MTBOMCTBEHHOCTH, TOMOMOP(U3M OAHAXOBBIX PACCIOCHHIA,
HeIPepbIBHOE cetvueHne, c1ado HelPEephIBHOE CeueHue.

BBenenue

Pacciioennst TpaaMmMOHHO MCIOJIB3YIOTCSI B MATEMaTHYECKOM aHAJIN3e
TS ICCJIeIOBAHNS pa3HOOOPA3HBIX aaredOpaniecKux CHCTeM. TexXHUKa paccyio-
€HUIl TPUMEHSETCs TPU U3yUeHUH DAHAXOBBIX MPOCTPAHCTB, OAHAXOBBIX Pelle-
Tok, C*-anre6p, 6aHAXOBBIX MOJyJIel u Jap. (cM., Hampumep, [9, 11,12, 17-19]).
Peaymmzanusi HeKOTOpbIX 00BEKTOB (DYHKIMOHAJIHLHOIO aHaIu3a B BHJE TPO-
CTPAHCTB CeYeHUl COOTBETCTBYIOIIUX PACCJIOCHUN IMOCIIYXKUIa OCHOBOW JJid
CaMOCTOSITeNILHBIX Teopuit. (OHa W3 TakWxX Teopwii, W3JI0KeHHAs B paboTax
[3,13-16], mocBsimeHa MOHATHIO HEMTPEePBHIBHOTO Ganaxosa paccioenust (HBP) u
€ro IPUIOZKEHUSIM K HCCJIeTIOBAHIIO PEIIeTOYHO HOPMUPOBAHHBIX IIPOCTPAHCTB
(PHII). B pamkax 910if Teopuu, B 4aCTHOCTH, IIOJIyY€HO IIPEJICTABJICHUE PO~
m3BoJsibHOro PHII B Buje npocrpancTBa cedennii nmoaxoasmero HBP.

B onpenenennom cmoicie, HBP Haj Tomonorunueckum mpoctpancTsom
dbopmMaabHO OTpaykaeT WHTYUTHBHOE MpeJCcTaBIeHne 0 ceMeiicTBe GaHAXOBBIX
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npocTpancTB (Xy)4eQ, HEIPEPHIBHO M3MEHSIOMIUXCH OT TOUKH K TOUKE IPO-
crparcTBa (). Toumee rosopsi, 6aHaXOBO paccaoenne X HaI () TpeacTaBIsgeT
€000l 0TOOparKeHne, COMOCTABIAIONIEe KaXKIOH Touke ¢ € () 6aHAXOBO IPO-
crpancrBo X(q), HazpiBaemoe cioem X B Touke ¢. Ilpm srom paccioenne X
cHabKaeTCd JOMOJTHUTE/IHHOM TOMOIOTHYECKON CTPYKTY POii, TO3BOJIAOIIEH Tro-
BOPHUTH O HEIIPEPBLIBHOCTH CEYeHMI 9TOr0 paccjaoeHns — (GYHKIHN U, Ompee-
JIEHHBIX HA MOIMHOXKeCTBax () W HpuHUMAIONUX 3Hadenus u(q) € X(q) anga
Bcex ¢ € domu. llonarue cedyeHusd MOXKHO CUHTATH ODOOOIIEHHEM IOHSTHS
BeKTOP-pYHKINU: ecii X — DAHAXOBO MPOCTPAHCTBO, TO X -3HAYHbIE (DYHK-
Ui BJISIOTCS CeYeHUusIMU DaHAX0Ba PACC/IOCHUsI, BCE CJIOM KOTOPOTO PaBHBI X .

Bo MHOrumx Bompocax anajan3a CyIECTBEHHYIO POJIb HIPAET TEOpUus JIBOii-
CTBEHHOCTH, OJIHEM M3 OCHOBHBIX OOBEKTOB KOTOPOM SIBJISETCS COLPSIZKEHHOE
upocrpaHcrBo (cMm., naupumep, [5]). Hanuune dyHkiuonaibHoil peaiusanmu
HCXOIHOTO MPOCTPAHCTBA IMOCPEJICTBOM CEUEHUH HEKOTOPOr0 PACCIOCHHS Mpe-
JTIOCTABJIIET BO3MOXKHOCTH HMOCTPOEHUs aHAJOTHYHON peaTn3alun 11 COIp-
JKeHHOI'O0 IPOCTPAHCTBa. B YacTHOCTH, 3a1adva peau3allii COIPSAXKEHHOTO
PHII npuBoguT K MOHATHIO CONPS?KEHHOI'0 ODAHAXOBA PACCJIOCHUSI.

Bonpoc o Tom, kakoe HBP X’ ciiegyer caurarh conpsizKeHHBIM K JAHHO-
My paccioernio X (3aTpoHyThHI, HanpuMmep, B paborax [3,12-14,20]), Tecno
CBs3aH ¢ oHsgTHEeM roMomMopdusma. ['omomopduszm v HenpepbIBHOTO HaHAXOBA
paccioennsst X Haj () npeacraBisieT coboit (DyHKIMOHAIBLHO-3HATHOE 0TOOpa-
xenme v: g — v(q) € X(q), nepesoasgiee 1060e HENPEPHIBHOE CEYCHUE U PAC-
cioennst X' B HENPEPBHIBHYIO BENIECTBEHHYIO (DYHKIIMIO (u|v>: qr (u(q)|v(q))
Ompenenssa conpsizkennoe HBP X', ecTecTBeHHO PYKOBOJCTBOBATLCA CIIeIYIO-
IUMHE JIBYMS TPEeOOBAHUAME: BO-IIEPBBIX, TOMOMOPMU3MBI JIOJKHBI OBITH He-
IpepLIBHLIMA CedeHHAME paccaoenns X’ 1, BO-BTOPHIX, Bce HellpepbIBHBIE ce-
qenus X’ TOKHBI OBITH TOMOMOP(DI3MAMI.

Jlist cirydasi MpOCTOPHBIX PACCIOEHUI HaJ| IKCTPEMAJIbHO HECBSI3HBIMU
KOMIaKTaMu npobJieMa onpeesennst conpsizkennoro HBP perrena B pabore [3]
(em. Takzke [13]). OmHAKO MOAXOM K ONPEJETEHHUIO MOHSATUST COMPSIZKEHHOTO
pacc/ioeHusi, IpUMEHEeHHBINT B 3T0il pabore, CYIIECTBEHHO OIMPAETCH Ha Clie-
nududgeckne cBOWCTBA MPOCTOPHBIX PACCJAOEHUN U SKCTPEMAJIbHO HECBAZHBIX
KOMIIAKTOB U 110 9TOI NPUYUHE HE MOXKeT ObITh paciupocTpaHeH Ha OoJjiee 1iu-
poKuit Kjacc paccjoenuit. EcrecrBennoe crpemjieHue paclidpuTb KpPyr HPU-
JIOYKeHHUIl TeOpuu JABONCTBEHHOCTH MPHUBOJUT K Mpob/IeMe TMOCTPOEHHS COMpPs-
sxernoro HBP gis nponsBobHOro 6aHaxoBa pacCa0eHUs HAJ IIPOU3BOJILHBIM
TOMOJIOTHIECKHM MIpocTpancTBOM. VccsemoBanue 3Toit mpob.ieMbl U COCTABJISI-
€T OCHOBY JAHHOU CTaThH, IJIe, B TOM YHUCJIE, JTaHO OIpeJie/IeHue COMPSIKEHHOTO
pacCJI0eHU, VAOBIETBOPAIONIEro cchopMyTMPOBAHHBIM BbIIle TPeOOBaHUIM, H
[IPE/IJIOYKEH psiJl HEOOXOJMMBIX U JOCTATOYHBIX YCJIOBHIl JIJI CYIIECTBOBAHMUS
COIIPSAZKEHHOTI'0 PACCJIOCHHUS.
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B nmaparpade 1 cobpanbl BcrioMoraTeibHbIEe Pe3yIbTAaThl, KaCAIOIIHeCcs TO-
MOJIOTUYECKUX ¥ OAHAXOBBIX MPOCTPAHCTB, a TakzKe (PYHKIUM, JefiCTBYIONNX
B 3TUX IPOCTPAHCTBAX.

ITaparpad 2 mocBsIimeH uCCaeI0OBAHUIO MOHATHS FOMOMOPQPU3Ma DaHAXO-
BBIX paccjioeHuil. 3Jiecb, B YaCTHOCTH, IIPEJI0KEHO OIHCAaHHe TOMOMOPQU3-
MOB JIJIs1 IITHPOKOI'O KJIACCA PACCIOCHHIT M HCCIEJOBAH BOIPOC O HEIIPEPBIBHOCTH
IIOTOYEYHOIT HOPMBI TOMOMOPU3Ma.

Bomnpoc 0 Bo3MOXKHOCTH peann30BaTh MPOCTPAHCTBO BCEX TOMOMOPDU3-
voB u3 HBP X 8 HBP )Y B Bujie npocrpancrsa HeNpPepPbIBHBIX CEYEHUI HEKO-
TOPOro HaHaXOBa PACCIOEHUS TPUBOIUT K MOHITHIO OTIEPATOPHOTO PACCIOEHUS
B(X,Y). B naparpade 3 npejyiozKen psiji HEOOXOAUMBIX U JTOCTATOYHBIX YCJIO-
BUii CYIIECTBOBAHUS TAKOTO PACCIOEHUS.

B naparpade 4 BBejileHO U HCCJI€I0BAHO HOHSITUE CONPSIZKEHHOI0 HaHaxo-
Ba PacCJIoeHUs, KOTOpoe IpeJcTaB/iger coO0il YacTHBIN cydail omepaTopHOro
paccsioenust (paccMOTpeHHOrO B nupepiyiiem naparpade). Chopmyanpoban-
HOE 3JIeCh OIIpeJie/IeHHe COIPSKEeHHOTO PacCJOeHud 000OIIAeT Olpe/ie/IeHue,
JaHHoe B pabotre [3], rjae paccMOTpeH ciiydail pocTOpHOro GaHAX0Ba PACC/I0e-
HUS HaJ 9KCTPEeMaJbHO HECBA3HBIM KOMIIAKTOM. B Toil ke pabore, B 4acTHO-
CTH, YCTAHOBJIEHO, YTO COILPAZKEHHBIM paccjioeHueM 00/1a/1aeT BCAKOe HPOCTOP-
noe HBEP. B obmem ke ciaydae colpszKeHHOE paccJOeHne CYIIeCTBYeT JTaJIeKO
He Bcerma. TeM He MeHee OTMEYeHHOe ODOOIMEeHHE OIMPaBIABIBACTCH IIOSIBJIE-
Hrem HOBBIX KjaaccoB HBP, koropwie mmeror compsizkennbie. B maparpade 4
IPUBEJIEHBI PA3HOOOPa3Hblie HEOOXOAUMBbIE U JOCTATOYHbIE YCJA0BUS CYIIECTBO-
BaHUSI COMPSI’KEHHOTO PACCJI0EHUsI, YCTAHOBJIEHBI HOPMATHUBHBIE COOTHONTEHUSI
JBOHCTBEHHOCTH MexK Ly paccaoenusaymu X n X', a Taxzke uccie0BaHbl BOIPO-
CHI CYIIIECTBOBAHUSI BTOPOT'O CONMPSYKEHHOTO PACCJIOEHWST U BIOKEHUsI DaHaX0Ba
PaCC/I0EHUsT BO BTOPOE COIPSIZKEHHOE.

OiHuM U3 €CTeCTBEHHBIX MIATOB MPU U3YYEHWH HMOHSTHS COMPSIKEHHOTO
PACCIOeHUST SBIFETCS PACCMOTPEHHE ¢1ab0 HEMPepPBIBHBIX ceueHuii (T.e. cede-
HWi1, HETTPEPBIBHBIX OTHOCUTEIHHO JIBOMCTBEHHOCTU MEZKLy UCXOTHBIM U COTIPSI-
JKEHHBIM paccyioenusiMn). [ToHsTHe €1a00 HENPEPBIBHOIO CeUeHUsI BBOJAUTCS U
uccjegayercs B maparpade 5. 3ech, B 9aCTHOCTH, 00CYZKIAeTCS BOIPOC O
HEIIPEPBIBHOCTHU CJ1a00 HENPEPBIBHLIX CeYeHHil /i pa3IndHbIX KJIacCOB OaHa-
XOBBIX PACCJ/IOEHUIT, a TaKKe HpejjlaraloTcsl yCJ0BUsl COBIAJEHUS POCTPaH-
cTBa €200 HENPEPBIBHBIX CeUYeHHil MOCTOSHHOIO OaHAXOBa PACC/IOEHUs U MPO-
cTpaHcTBa €/1a00 HENPEePbIBHBIX BEKTOP-(PYHKIMI €O 3HAYEHUSIMU B COOTBET-
CTBYIOIIIEM CJIOE.

ToBopsi 0 GaHAXOBBIX PACCJAOEHUSIX, Mbl CJI€JIlyeM TE€PMHHOJIOIUU U 000-
3HAYEHUAM, IPUHATHIM B [3] (cM. Takxke [13]). B gacTtHOCTH, MBI pasindaem
HOHsITHs DAHAXOBA PACCIOCHHs M HENPEPHIBHOIO GAHAXOBA PACCJIOCHUS U HC-
IOJIb3YeM IIOJXO0/] K OIPE/IeJCHHIO HeIPEPBIBHOCTH CeYIeHUil, CBI3aHHbIIT C 110~
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HATHEM HElNpepbIBHON CTPYKTYphl. Bee HeoOX0auMble CBEIEHUsI, KaCAIOIIUecs
Teopnu OAHAXOBBIX PACCIOEHNIT, MOKHO HaiiTn B paborax [3,9,12-16].

Ecim X uw Y — HBP wnax tomosormyeckum mupocTpaHcTBOM (), TO
cumposiom Hom(X',)) Mbl 0603HAYAEM MHOXKECTBO BeeX (Q-roMoMopdhu3MoB
us X B Y (oGosnauaemoe s [3] uepes Homg(X,Y)). Cumson Homp(X,Y),
KaK ODOBIYTHO, UCIIO/Ib3YeTCs JIjIsi 0003HaYeHusT MHO)KeCcTBAa D-roMoMOphu3MOB
u3 X|p B Y|p, tme D C Q. Bmecro «Q-roMoMopdu3M» Mbl TOBOPHM IMPO-
€10 «roMOMOpdu3M». AHAJTOIHIHOE COTJIAIIEHNE TTPUHUMAETCS B OTHOIIEHUN
TEPMHUHOB «()-U30METPUIECKOE BJIOKEHUE» U «()-N30METPUS» .

B oramuune or [3] mbl ucnosbsyem cumBoa X Juis 0003HAYEHUs HOCTO-
SIHHOTO OaHaxoBa paccjoeHusi co cjoeM X HAJ TOMOJOTHIECKUM ITPOCTPAH-
crBom (). CumBosiom R obosnadaerca nocrosaaoe HBP co cioem R wax pac-
CMATPUBAEMBIM TOIIOJOTHIECKUM ITPOCTPAHCTBOM.

Ecin u — onpenesennoe na A C () ceuyenune pacciaoenuss X uHan (),
a v — onpejejnernoe Ha B C () orobpazkeHue, yJI0BJIETBOPSIONIEE COOTHO-
menuio v(q) € X(q)', ¢ € B, 1o cumBosom (ulv) obosuauaercs GyHKIU,
neitcrytomas u3 AN B B R mo npasuny (u|v)(q) = (u(q)|v(q))-

[Tox kKoMTaKTOM MBI, KaK OOBITHO, MMOHUMAaeM KOMTIAKTHOE XaycaopdoBO
TOIIOJIOTUYECKOe MPOCTPaHCTBO. Bce paccmarpuBaeMbie B JlaJibHEHIIEM BeK-
TOPHBIE HPOCTPAHCTBA MPE/IINOIAral0TCa 33 laHHBIMEI HaI 110J1eM R.

§ 1. BcmomorarebHbI€ PE3yJIbTATHI

B stom maparpade cobpaHbl Hcmoib3yeMble B JajbHeiineM (aKThl, Ka-
CAOIUeCsd TOMOJOINIECKNX U 0aHAXOBBIX IMPOCTPAHCTB, a TaKxKe (DYHKIHIA,
ﬂeﬁCTByIOHII/IX B 9TUX IIPOCTPaHCTBAX. HpI/IBe,Z[eHHbIe 31eCh Pe3yJIbTaThl ABJIA-
I0TCd BCIIOMOI'aT€JIbHBIMH U HE 3aTParuBalOT IMOHATUA 6aHaXOBa paccCjioeHud.

1.1. Jlemma. Ilycth x my — 3J1eMEHTHI €HHHIHONH C(hepbl HEKOTOPOTO
HOpMEpOBaHHOIO 1pocrpanctsa X . Toraa onqun u3 orpeskos [x,y| win [z, —y|
MEJTAKOM JIEKHT BHE OTKDBITOrO Iapa pajguyca 1/2 ¢ meHTpoM B HyJIe, T. e.

inf ||\ 1=MNy| =>1/2 inf |\ 1=MN(=y)|l = 1/2.
e (L= Nyl >1/2 o inf [+ (LX) ()] >/

4 Jouycrum, umerorcs BeKTopbl 4 = AT+ (1—A)(—y) u v = pr+(1—p)y
takue, 9o |[ul| < 1/2u ||v|| < 1/2. OueBunno, 0 < A\, u < 1 u x # £y. Kpome
TOr0, BEKTOPHI U U U JIUHEHHO HE3aBUCUMBbI. SHAYHUT, T = qu—+ v 1 Yy = Yu+0v
JUIsT HeKOTOpHIX v, 3,7,0 € R. 3 nuneiinoit nezapucumoctn (u,v) u (z,y) u

T EDE6) GO0
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Y 0 ) ANdp—2u \ —H A
HepapenctBa
af + 18]
L= el < ledflull +1Bl0ll < —5—
[ + 9]
L=yl < llledl + folllvll < ———
MO3BOJISIOT 3aKJII0UYHTH, 9TO
1 1
L,

-+ <
ol + 18] || +19]

. Jof + 18]+ 3| +15] < (lal +181) (17| +18]). Kax terxo smaern, At pi— 2 >
A2+ 42 — 2\ = 0. Kpome toro, |af + 8] = (2= A —pu)/(\+p—2X\p) u
Y]+ 16] = (A + p) /(A + 1 = 2Ap), orkyna
2 - 2—A—pu A
A+ p—2\u A =220 A+ p—2

Caenosaresnbno, 2(A+p—2 ) < 2(A+pu) — (A4 p)? u, naxonen, (A—pu)? < 0.
[Tostyguennoe mpoTuBOpeYre 3aBepinaeT J10Ka3aTeabCTBO JJeMMbl. >

1.2. HamoMHHM, 9TO HOCJIEI0BATEILHOCTD (I, ) 3JIeMEHTOB GaHAXOBA, IPO-
crpancTBa X Ha3bIBaeTCs cAab0 (hyndamenmarvroti, eciu Jiisd Jroboil ciaadboi
okpectHoctu nysisa U C X cymecrByer Homep n € N Takoit, 4to x,, — 2, € U
JUId BCexX n,m = M, WIK, 9T0 TO Ke caMoe, Jid Joboro dpynxmuonana r' € X’
qHCJI0Bas OCJIe0BATeIbHOCTD (T, |2') dyngaMenTanibHa.

Caenyromiee yrBep:aenne cdhopmyanposano, Hanpumep, B (21, 1 (SP1)].

Jlemma. FEcin 6anaxoBo npoctpanctBo X obuajgaer cpoiictBoMm Illypa,
TO BCsiKasl ¢J1abo0 (pyHIaMeHTaIbHAasl IOCJE0BATEBHOCTE B X CXOMHTCS IIO
HOpME.

< PaccmorpuMm He dyHIAMEHTAIBHYIO II0 HOpPMe IOCTEI0BATEIHHOCTH
(xn) C X m mokaxkeM, 4TO OHa He siBJIsieTcs ¢1abo dbyHaamenTanbuoit. Cyrre-
CTBYIOT 9HCJI0 € > () M CTPOrO BO3PACTAIONIAS TMOCTeI0BATEIbHOCTD (n;) C N
Takmue, ITO H:cnk — Ty || > ¢ an4a Beex HedeTHHIX & € N. Ilockonbky mociie-
JOBATETBHOCTD (T, —Tp,,, | ) He CXOAUTCA K HYJTO 10 HOPMe I IPOCTPAHCTBO X
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obajaer cpoiicrsoM Lllypa, 115 HekoToporo dyHKImonana @’ € X' unciosas
TOC/IEIOBATEILHOCTD (Ln, — Ty, |2') He crpemmres x wymo. Takum obpa-
30M, MOJIIOC/IEOBATENBHOCTD (L, ), & 3HAUAT, W HCXOAHAS IMOC/IEI0BATE b
HOCTD (Z,) HE sIBJSIIOTCS €1a00 dyHIaMeHTaTbHbIMu. D>

1.3. Jlemma. Ecmu X — 6eckoHeuHOMEpHOE cerapabeibHoe GAHAXOBO
[IPOCTPAHCTBO, TO BCSAKOe DECKOHeYHOMepHoe HGaHaXOBO HOAIPOCTPAHCTBO X'
COJEPIKUT CJ1AD0™ CXOMSILYIOCS K HYJIIO HOCJIEA0BATEIbHOCTD (DYHKIHOHAJIOB,
HAMEIONIHX eHHHIHYI0 HOPMY.

< Ilycrs Y — GeckonednomepHoe 6anaxoso nojanpoctpancTso X'. Pac-
CMOTPUM TIOCJIEIOBATEIBLHOCTD (YY) JIEMEHTOB eJnHnYHOl cdepbl Y Takyto,
aro ||y; — ;]| = 1/2 upu i # j (cm., manpumep, [6, 8.4.2]). Cormacuo [10, XIII]
13 (Yr,) MOYKHO BBIJIEJIUTH TMOJNOCTEI0BATETHLHOCTD (Y, ), C1A00" CXOMSTILYIOCS
K Hekoropomy ajiementy y € X', Scno, uro y € Y. Jliasg KaxK0ro Homepa
m € N monoxnM 2z, = yp,, — y. Llycts € > 0 1 (2y,,) — Taxkas mMoAHOCITIe-
JOBATENBLHOCTD (2, ), 9T0 |2, || > € mns Beex k € N. Torna (2m, / [|2m,|]) —
UCKOMag 110CJeJ10BATeIbHOCTL. D>

1.4. Jlemma. /[l1sg Jr060oro 6ecKOHEUYHOMEPHOIO0 OAaHAXOBa IPOCTPAH-
crBa X CyIECTBYIOT CJ1ab0 CXOASIAascs K HYJTI0 ceTh (To)aex C X H €XO-
JSIIAsiCss K HyJ1io 110 HopMme cetb (2))aex C X' takne, uro (xq|zl) = 1 must
Bcex a € N,

< B kadectBe N paccMOTPUM MHOXKECTBO BCEX KOHEUYHBIX MOJIMHOYKECTB
npocrpancTsa X', ynopsjouenHoe 110 BKJIIOUEHHUIO.

Badukcupyem o = {z},...,2,} € N u, ucmompsys GecKoHEUIHOMED-
HOCTh NMPOCTpaHCTBa X, PaccMOTPHM 3jeMeHT T, € ()i, kerz, ¢ nHopwmoii
|za|l = n. Barem noabepem dyukumonan x, € X', yrosaersopsionuii pa-
BeHcTBAM (To|7h) = 1 1 ||z, ]| = 1/n.

OueBugno, cerb (I)per CXOAUTCH K HYJIO N0 HOpMe. Ilokazem, 4TO
cetb (Tq)aer €160 cxomutes K Hymo. Ilyers U — mpoussBosbHas ciaabas
okpectrocth Hyntst B X. [Ilogbepem dynkmmonamsr 2,...,2, € X' Tak,

arobnr ()i kerz, C U. Torma z, € ()i_jkerz, C U ana Beex a € N,
az{z],...,aL}. D

1.5. Ilycrr X — Gamaxoso mpocTpaHcTBo. Ilogmmoxkectso B C X'
HA3BIBAETCST MOMAALHOM (W Pa30eAAI0ULUM), €CTH JIJIsT JTI0OOr0 HEHYJIEBOTO
ssementa © € X naiijgercs dyuxuuonan x’ € F rakoii, uro (x|z) # 0.

BaMedaHue. B KakjoM U3 cIeJyOmuxX caydaeB IPOCTpaHcTBO X'
CONEPXKUT CUYETHOE TOTAJIHHOE TTOAMHOYKECTBO:

(1) X — cenapabesibHOe 6aHAXOBO MPOCTPAHCTBO;
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(2) GamaxoBo mpocTpaHcTBO X H30MOPMHO COMPSIKEHHOMY K cerapa-
6eJiIbHOMY OAHAXOBY MPOCTPAHCTRY.

< (1) Pacemorpum Berogy miornoe B X muoxkecrso {z, : n € N}
C kax v HoMepoM 1 € N cBsizkeM Takoii pyukuumonan 2, € X', uro ||z ]| = 1
u (xp|z),) = ||zn||. Torma ans npousBOJLHOrO HEHYJIEBOTO 3aeMeHTa T € X
naitgerca nomep n € N, g koroporo ||z — || < ||z]|/3 u, ciegoBarenbho,

[(zl2h)| = [(znlzn)| — [{on — 2 | 27)]

2 ||lznll = [l2ll/3 = ll=ll = ll[/3 = ll=[[/3 > 0.

(2) He napymasg obuaocTn, MOzkHO cautarh, uro X =Y’ rie Y — cena-
pabesibHOE DaHAXOBO MPOCTPAHCTBO. OCTAaETCs 3aMETUTh, YTO 00Pa3 CYETHOIO
BCIOJLy IJIOTHOTO HOJMHOMKecTBa Y IpH KaHOHHUecKoM Bio:kenuu Y B Y gB-
JsgeTcd TOTAJbHBIM. [

1.6. Jlemma. Ilyctp X — 6aHaxoBO mIpocTpaHcTBO. llpemamoioxKum, 9To
npocrpancTso X' He coIep>KHT CYeTHOIro TOTaIbHOrO MHOMKecTBa. Torma cynie-
CTBYET YIOPsIJIO9€HHOE HAIIPABJIEHHOE IT0 BO3PACTAHUIO MHOKECTBO N, CUeTHBIE
IIOJMHOKECTBa KOTOPOTO 00JI1aat0T BEDXHAMH T'PAHSIMH, H CYIIECTBYIOT CJ1a00
CXOIAMASICS K HYJTIO CeTh (To)aex C X H OrpaHmveHHas ¢1ab0" CXOmSIascs
K Hymio cetb (xh)aex C X' Takme, aro (xo|2l,) = 1 mmra Beex o € N.

< O6osnaunm 4depe3 F n § MHOXKECTBA BCEX CUYETHBIX MOIMHONKECTB X
u X', ynopsjouennbie 10 Bjrodenuto. Iojgoxum N := F X G u cuabaum N
IMOKOOPIMHATHBIM HOPAAKOM. (OQUueBHIHO, YTO CUETHBIE IOIMHOXKECTBa N 00-
JIAJAI0T BEPXHUMHI T'PAHIMH.

[Iycts « = (F,G) € NX. Mpl noabepem ssevents o € X un 2z, € X/
YJIOBJIETBOPSIOIINE CJICAYOIUM YCJIOBUSIM:

(1) (zalg) =0 mas Beex g € G
(2) (f|zl,) =0 nna Beex f € F
(3) (zalzg) = llagll = 1.

PaceMoTpuM BCojty mioTHOe mOAMHOKECTBO { f @ n € N} equnnuanoii cdepbr
npoctrpancTa cllin F'. g kaxgoro Homepa n € N mnogbepem yHKIIMOHAT
fl € X', ynosnersopsiiommit pasencrsam ||f1]l = (fnlf) = 1. Tlockonbky
B X’ HeT cueTHOro TOTAJILHOTO MHOYKECTBa, Haiijercd s1eMeHT T € X Takoii,
aro (z|f}) = 0 nna Becex n € N, (x|g) = 0 n1a Bcex g € G u ||z]| = 1. Tlpn
sroM ||z — full = llw = fullll /2l 2 Kz = fal fa)] = (falfr) = 1 naa eex n € N,
orkyna = ¢ cllin F', rak kak ||z|| = 1 u muoxkectso {f, : n € N} miorno
B eauHnYHOM cdepe mpocrpancrsa cllin F'. Temepb Bo3bMeM hYHKIIHOHAJ
xl, € X', ynosnersopsiiomnii coorromennsm ||zl || = 1, (z]zl) #0n 2, =0
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na F. Hakomen, mosoxum r, = 7 L [TOHATHO, YTO SJEMEHTBl Lo M Th

|z’
yaossieTBopsttor yeaoBusim (1)—(3).

Crabas CXOAUMOCTD K HYJIIO CeTH () BBITEKAET U3 CJIEAYIONIUX PACCY K-
nennit. Ecmm 2/ € X' 10 (24|2") = 0 mus moboro snementa o = (F,G) >
({0},{2'}), mak kak (x4|g) = 0 mng Bcex g € G u 2’ € G. Ananorudano
nposepsierca caabasa™ ¢cxoauMocThb K mymo cetn (). D

1.7. Iycrs (x,) — mocjae 0BATEIBHOCTD IEMEHTOB HEKOTOPOTO HaHAX0-
Ba npocrpaHcrsa X.

Jlemma. Cirexyroriue yTBEPXKI€HUST PABHOCHIBHBI:

(a) mrs mo6oii mocrenosareaproctn (x),) C X' m moGoro smementa

t' € X' u3 cnaboit* cxonumocrn ), — &' crenyer, uro (xy|xl) — 0;

(6) mrs moboit nocaenosarersuocta (x,) C X' m mo6oro smementa
t' € X' m3 craboit* exomumoctn xl, — x' caenyer, aro (xy|xl,) — 0
opH N, M — 00;

(B) mociemoBaTembHOCTS (Xy,) CIAGO CXOMUTCS K Hy MO, 0 (Tp|x)) — 0 mast
Jr000i c1a60* cxomameiicss Kk Hyo nocaenoparerpbroctn (x),) C X';

(r) mocaenoBaresbHOCTD () C1a00 cxoauTCess K HYa0, u (Tp|z),) — 0
IIpH N, m — 00 JJIS JTI000i c1ab0* cxomsmeiicss K HyJ 0 MOCIej0Ba-
rerproctn (x),) C X/';

(1) suppen [{(znlz),)| — 0 npu n — oo mis 110608 c1ab0* cxonsimerics K
my.1o mocaegosareasaocta () C X';

(e) mast roboro omeparopa T € B(X,cp) mocaemoparenpaocts (Txy,)
CXOIUTCS K HYJIIO 1O HOPMe.

JlokazaTeibcTBO PAaBHOCUJIBHOCTH TIEPEUUC/IEHHBIX YTBEPKICHU SABJISCT-
Cd PYTUHHBIM M JIOCTATOYHO HPOCTBIM YIParKHEHUEM.

Onpenenenne. [locaenoBarenbHocTh () HA30BeM w-w*-crodausetica
K 9JIeMeHTY T € X, eC/IH MOC/IeI0BATEIBHOCTD (Ty —T) YIOBJIETBOPSIET JIIOGOMY
u3 ycsosuit (a)—(e) jleMMBbl.

Bynem rosopurh, UTO 0aHAXOBO IMPOCTpPAHCTBO X 00JaJaeT €601i-
cmeom WS (nm ocaabaernvim ceoticmeom Illypa), ecam mobast w-w*-cxos-
MASICST OCJIEOBATEIbHOCT €r0 JIEMEHTOB CXOJUTCsI 110 HOpMe (MJid, 9TO TO
JKe camoe, J00as w-w -CXOAAIasIca K HYJI0 IMOCTeI0BATETbHOCTD CXOTUTCS
K HYJIIO 110 HOpMe).

[Tepeuncianm HeKoTOPHIE OUYeBHHBIE (DAKTHI, KACAIOIINECS BBEIEHHBIX BbI-
11e IOHATUMA.

IIpensioxkenue. (1) Beskast cxoqsmasicst o HOpMe MOCIE[0BATETBHOCTh
SABJIACTC W-W  -CXOqAIICHCS.
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(2) JTrobast moamoc1e[0BATETBHOCTD W W -CXOISAMIEHCST TOCIeJ0BATETBHO-
CTH TaKzKe W -w*-CXOquTCA.

(3) Ectm X n'Y — 6anaxossr npocrpanctsa, I € B(X,Y) n nocienosa-
resbHOCTD (Ty) C X w-w*-cxoaurest kK © € X, 1o nociaenoBareabaocts (Txy,)
w-w*-cxomures kK Tx.

(4) Ecotn 6anaxoBo npocTpaHcTBo obaajaer coticteoM WS, To 3THM CBO#i-
CTBOM 00J1a/1aeT KazkKja0e ero 6aHaxoBO MOJIPOCTPAHCTBO.

(5) Ecotn 6anaxoBo npocTpaHcTBo obaajaer coiicteoM WS, T0 5THM CBOIi-
CcTBOM 00J1a/1aeT KazKja0e H30MopghHOe eMy ODaHaXOBO IPOCTPAHCTBO.

(6) Ecsm 6aHAX0OBO IPOCTPAHCTBO COJAEPAKHT H30MOPGHYIO KOIMHIO 1PO-
crpaHCTBa, He obuaazaroiero cBoiictrBom WS, TO 0OHO caMo He 00.J1agaer CBOTi-
crBom WS.

1.8. Jlemma. FEcju 3aMKHyTbl ejauHuyHblii map upocrpancrsa X'
c1a60" CeKBeHIHAILHO KOMIIAKTEH, TO OAHAXOBO IIPOCTpaHcTBO X obJagaer
cpoiicteom WS. ObpaTHOe HEBEPHO.

< Homyctum, uto X He obaamaer cBoiictBom WS. Torma cymectByer
W-w*-CXOAAMAACH K HYJIO MOCAEI0BATENBHOCTD (X,) C X, He CXoaamasics
K Hy/110 110 HOpMe. He orpanmuuBast o61IHOCTH, OyI€M CIMTATD, 9TO ||T,|| > €
g Beex n € N npu noaxopamem € > 0. Vcenonbsysa ciabo® ceKBeHIuaIb-
HYI0O KOMIIAKTHOCTh €JIMHUYHOrO Imapa mpocrpancTsa X', U3 mocjesoBaTe/h-
nocrn dyuknuonanos (z,) C X', ynosaersopsionieii yeaosuam ||z)|| = 1 n
(xp)zl) > & g Becex n € N, Boibepem c1ab0* CXOAAILYIOCH HOMIOCIEI0BA-
TebHocTh (77, ). C apyroit cropomst, (p,|r;, ) > € ana Beex k € N, uro
IIPOTHBOPEUIHUT W-W*-CXOAUMOCTH (T, ) K HYJTIO.

KorTpupumepoM K 06paTHOMY YTBEP2KIEHUIO MOXKET CJIYKHTH IPOCTPAH-
ctBo (1(R). JleiicTBHTEIBHO, 9TO IPOCTPAHCTBO obmagaer cpoiicTsom Lllypa,
a 3HavuT, u cBoiictBoM WS. C npyroii croponsl, Kak nokazauo B [10, XIII], e u-
nu4Hpli map npocrpancrsa (1 (R) me apiagercs ciabo* ceKBEHIHAIBLHO KOM-

NaKTHBIM. [

Kazxk10e u3 cie1yromnmx yCcJIoBuil IBISIETCS JOCTATOYHBIM JIJIsi TOTO, YTOOBI
O6aHaxoBo mpocTpancTBo X 06Jaaa10 cBoitcrBom WS:

(1) X obaamaer croiictom Ilypa;

(2) X cenapabesnbHO;

(3) X’ me conepwur xonuu £1;

(4) X pediiekcuBno;

(5) X saBistercsi HOAIPOCTPAHCTBOM CJIAO0 KOMIIAKTHO IIOPOZK IEHHOT0 Oa-
HAXOBA POCTPAHCTBA;

(6) mag Begroro cemapabeqbHOTO mojampocTparcTBa Y C X mpocTpaH-
crBo Y cemapabesbHo.
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[IepBoe ycoBue u3 HpeIozKeHHOIO CIUCKA C OYeBUIHOCTHIO BJIeUeT CBOIi-
crBo WS, a Bce ocTajibHbIe TapaHTHPYIOT CJ1a00" CeKBEHIMAJIbHYI0 KOMIAKT-
HOCTh 3aMKHYTOTO €JMHHIHOTO Imapa mpoctpancTsa X' (cam. [10, XIII]), uto
IIO3BOJIsIET MPUMEHHTD IIOCJeIHIO JemMMy. HamomamMm, 910 6aHAXOBO IIPO-
CTPAHCTBO Y HA3BIBAIOT CAAO0 KOMNAKMHO NOPOHCIEHHBLM, €CJIA OHO COAEPIKUT
c1a00 KOMIIAKTHOE a0COJIFOTHO BBIIYKJI0€ TOJMHOYKECTBO, JTUHEeiHAsS 0007109Ka
KOTOPOT'0 BCIOJY IJIOTHA B Y .

1.9. ToBopsar, uro GanaxoBo mpocTpancTBo X o6JaJaeT c8olucmeom
Jangopoa — IHemmuca, eciu (xyplz)) — 0 aua ao6oit caabo cxodieics
K HYJII0 TOCaeI0BaTe bHOCTH (2,) C X u J1060i c1abo cxofgieiics K HyJTio
nocaenosarensuoctu (x,) C X'

B nmaparpade 5 npu ucciieioBanuu cjabo HeIPEPLIBHBIX cedeHuil banaxo-
BBIX PACCJIOEHHIT PACKPBIBAETCS BayKHAsi POJIb BOIPOCA O TOM, KOTIa DAHAXOBO
MPOCTPAHCTBO 00JIa1aeT CJEAYIONIM CBOWCTBOM, OMU3KUM K CBoiicTBY /lam-
dopaa — Ilerruca.

Onpepenenne. Byjem ropoputh, 4To 6aHaxoBO TpocTpaHcTBO X 0bJIa-
naer ceoticmeom DP*, ecom (x,|z)) — 0 aus aoboit ciabo cxoigumeics K
HYJIIO TIoCTe0BaTebHocT (2,) C X u 1060l ci1abo™ cxoigeiics K HYITO
nocaenosarensuoctu (x,,) C X'

(3amernm, uro ananor csoiicrea DP™ mna cereil me npeacrapisger unte-
peca, HOCKOJIbKY B CHJIY JieMMbI 1.4 TaKuM CBOICTBOM 00J1a1af0T JIUIIL KOHEY-
HOMEPHBIE [TPOCTPAHCTBA. )

Ouesnano, X obmagaer csoiicrsom DP* Torma m TosbKo TOra, KOra
MHOXKeCTBa CJIa00 CXOMAIINXCA U W-w -CXOMAIINXCA IIOCJIeI0BATEIBHOCTEl B
X COBIIQIAIOT.

BanaxoBo mpocrpancTtBo X Ha3BIBAIOT npocmparcmeom I'pomenduxa
(em. [10, VII, ¢.121]), ecim 8 X' mobag cnabo® cxomsmasics mocae 0BaTe b-
HOCTH CXOAUTC €j1a00. TakoBbIM, HAPUMED, SIBISIETCS BCSIKOE pedIeKCUBHOE
IPOCTPAHCTBO.

JIerko mpoBepuTh CJeyIonue yTBepK eHus.

Jlemma. Ilycrp X — 6anaxoBo HpOCTPaHCTBO.

(1) Ecuam nmpoctpancrso X obaajaer coiictBoM Illypa, To oHO 0bs1aj1aer
cpoiictBom DP*.

(2) Ecsm npocrpancto X obaamaer cpoiicteom DP*| to oro obranaer
cpoiictBom Jlangopia — Ilertuca.

(3) Ipocrpancreo X obmanaer cpoiicteamu WS u DP* toraa m topko
Tora, Koraa oHo obuagaer cpoiicrsom Illypa.

(4) na mpocrpancrsa I'poremanka cpoiictbo DP* pasHOCHIBHO CBOJi-
ctBy /Jlangopiaa — llertuca.
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Crout orMeTuTh, 4T0 06paTHOE K yTBepKIeHuio (2) He BepHO. B camom
JieJie, IpOCTPAHCTBO Cg He obagaer cBoiictBoM Lllypa u, Oyayun cenapabdeib-
HbIM, 001aaeT coiictBom WS, a 3mauut, u csoiicteom DP* B cuny (3). Bume-
cre ¢ TeM ¢y obmagaer coiicrBom Jandopaa — Ilerruca, tak Kax ¢ =~ o
IIPOCTPAHCTBO co cBoiictBoM Illypa.

Hanomunm, 4to nepecevenne (00beuHEHHE) TIOCIIEI0BATENLHOCTH OT-
KPBITHIX (3aMKHYTBIX) MOJMHOYKECTB TOMOJIOTHYECKOTO TPOCTPAHCTBA HA3bI-
BAETCS 0 -0MEPLIMBM (T -3GMKEHYMBLM) MHOKECTBOM.

[Tycrs K — KBa3WIKCTPEMAJIbHO HECBSI3HBIT KOMIIAKT (T.€. KOMIIAKT, B
KOTOPOM 3aMbIKaHUE KaXKJO0I0 OTKPBITOIO O-3aMKHYTOI'O HOJMHOMKECTBA SIB-
asiercst orkpbiThiM). Kak uzecrno, (> u C'(K) — upocrpancrsa I'poreniuka
co croiicrBom Jlandopiaa — Ilerruca u 6e3 cpoiicrsa [lypa (CM. [10, VII,
Theorem 15, Exercise 1 (ii), XI, Exercise 4 (ii)], a takxe [8, Theorem 13.13]
u [2, Teopema V.2.1]).

Caexncreue. (1) IIpocrpancrBa (*° u C(K), rne K — KBazusKcTpe-
MaJIbHO HeCBS3HbIH KOMIAKT, 0bJ1aaior csoiicrsom DP*.

(2) BaraxoBo mpOCTPAHCTBO, cojlepKaliee H30MopghHyo Kommio (°°, He 06-
Jaazgaer coiicrBom WS.

< VrBepxKIAeHUS CIACTBHA HEMEJICHHO CJAAYIOT U3 YKA3AHHBIX BbIIIE
csoiicrs npocrpancrs £ u C(K), yreepxuennii (4) u (3) mocsenneit jemMbl
u upeioxenns 1.7 (6). D

1.10. Jlemma. /[jst mpou3BOJIEHOIO TOMOJIOTHIECKOTO IPOCTPpaHCTBA ()
PaBHOCHJIBHBI CJICAYIOIIHEC YTBEP2KIICHUS.

(a) Bce ¢pyuknuu B C(Q)) JOKATBHO TOCTOSIHHBI,

(6) st mo6oii mocaeqoBareapaocTn gyakmuii (f,) C C(Q) u Jroboi
To9KH ¢ € () CyIecTByeT OKpeCcTHOCTb ¢, Ha KOTOpOIi Bce (DyHK-
mqua frn, n € N, DOCTOSHHBT;

(B) st 060t moceoBarenpaocta pyukmnuii (f,) C C(Q) cymecrsyer
pasbmenme mpocTpancTBa () HA OTKPBITO-3aMKHYTBIE TTOJMHOKECTBA
TaKoe, 4T0 Ha KayKJIOM dJeMeHTe 9TOro pa3omenus Bce QyHKIHA fi,
n € N, IoCTOSTHHBI.

d  (a)=-(6). TocTtaTouHO HANTH OKPECTHOCTH TOYKH (¢, HA KOTOPOH paB-
Hbl HYTI0 Bce DyHKIMA g = |fn — fu(q@)] A1, n € N. IlockoabKy cymma
o0 n o o
g = >.,_19n/2" aBngerca uempepoiBHOil dyukuueii u g(¢) = 0, B cury (a)
CYIIECTBYeT OKPECTHOCTL ¢, Ha KoTopoil ¢ = 0. IIoHaTHO, 9TO Ha 9TOi OKpecT-
HOCTHU PaBHBI HYJIIO U Bce DYHKIUU Gy, N € N,

(6)=(8). B cuy (6) mrst Kaxk0it TOUKH ¢ € () mepecevIeHne 3aMKHYTHIX
MHOKeCTB [\, entfn = fu(q)} ABnserca oxpecrHOCTBIO J11060i CBOE(i TOUKH,
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a 3HAYNT, OTKPBITO-3aMKHYTO. Bce mepecedenns Takoro Bua 0Opa3yoT Tpe-
Oyemoe pa3dmeHne mpocTpaHcTBa ().

Umnukanus (8)=(a) oueBujna. D>

Onpenenenne. Tomosornveckoe MpoOCTPAHCTBO (), YIAOBIETBOPSIOIIEE
JI000MY W3 PABHOCUJIBHBIX yeaoBuii (a)—(B) mocseueii ieMMbl, GyeM Ha3bI-
BaTh PYHKUUOHANOHO OUCKDEMHDBLM.

1.11. Touka TONOJIOTHIECKOTO IPOCTPAHCTBA HA3BIBALTCS O -U30AUPOBAH-
Hoti man P -moukot, ecin nepecetdenue J000i 1oc/1e/10BaTe/IbHOCTH OKPECTHO-
CTell 3TOI TOYKU CHOBA ABJAETCH €€ OKPECTHOCTHIO.

Bameuganue. XaycaopdoBO TOMOJOTHIECKOE MPOCTPAHCTBO, COIEpKAa-
mee eJMHCTBEHHYI0 HEU30/IMPOBAHHYIO TOYKY, SBJISIETCS HOPMAaJIbHBIM U 03-
POBCKUM.

ITpennoxkeuune. Ilycrs () — BIOOJHE pery/spHOe TOIOJIOIHIeCKOe IIPO-
CTPaHCTBO.

(1) Crenyromme yrBepKieHnsi paBHOCHIbHBI:

(a) mpocrparcTBO () (DYHKIIHOHATBHO JHCKPETHO,

(6) Bce ToukH () O-H30JTHPOBAHBL,

(B) Besikoe 0-OTKPBITOE MOAMHOXKECTBO () OTKPBITO;
(r) BesiKOE 0-3aMKHYTOE MOJMHOKECTBO () 3aMKHYTO.

(2) Ecomm mpoctpanrcTBo () hYHKIHOHATIBHO JHCKPETHO, TO BCE CUETHBIE
MOJIMHOKECTBa () 3aMKHYTHI.

(3) Obparnoe K yrBepzaennto (2) He BepHO.

< (1) (a)=(6). PaccmoTpum HpOM3BOIBHYIO TOUKY ¢ € (), mocJeno-
Barenbnocte (Uy,) ee okpectnocteii un momoxum V. = (), oy Un. Mcenonesys
BIIOJIHE PETYJISPHOCTD (), I KazKaoro Homepa n € N Bo3bMeM HelpepbIBHYIO
dbyuknuio fp,: Q@ — [0,1] rakyto, uro fr(q) = 0u f, = 1 wa Q\U,. Cymma
f =721 fn/2": Q — [0,1] neupepbisHa u B cuily (a) paBHA HYJIIO B HEKO-
topoii okpectHoctu Uy touknu q. Ilockosbky f > 0 Bue V, okpecrnocts Uy
conepKuTCst B V' U, CJIeJJ0BATEIBHO, MHOXKECTBO V TaKIKe ABJISETCSH OKPECTHO-
CTBIO TOYKH (.

(6)=(B). B cuny (6) mepecedenne mocIeI0BATETHHOCTH OTKPBITHIX MOJI-
MHOKeCTB () SBJISETCH OKPECTHOCTBIO KaXK/JI0H CBOE TOUKH, T.€. OTKPBITO.

(B)=(a). B cuuy (B) mis awboit dyuxkuuu f € C(Q) n touku q¢ € @
nepecedenue [, eni2 € @ : |f(p) — f(g)| < 1/n} aBasercs oKpecTHOCTHIO
TOYKH ¢, HA KOTOPOil (byHKIHMS [ 1OCTOSTHHA.

PaBHOCHJIBLHOCTD JIBOWCTBEHHBIX yTBep:KaeHuil (B) n (1) oYeBHIHA.
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(2) TocTaTo4HO 3aMETUTh, YTO CUYETHBIE MOJAMHOMKECTBA () SIBJISIIOTCSI
0-3aMKHYTBIMH, W BOCIOJIb30BATLCsI yTBep:KaerneM (1).

(3) IocTpouM BIOJIHE PErYISPHOE TOMOJOTHYECKOe IIPOCTPAHCTBO (), BCe
CdeTHbIe IOAMHO2KECTBa KOTOPOI'O 3aMKHYTbI, W IIpEAbABUM (byHK]_H/HO ns3
C(Q), He SIBALIONIYIOCS JIOKAJTBHO MOCTOSHHOI.

[Tpesparum orpe3ok [0, 1] B Tonosorndeckoe mpocTpancTsBo (), B3sB B Ka-
JecTBe 0a3bl OTKPBITON TOMOJIOTUE BCe MOAMHOXKecTBa mosayurTepsasia (0,1]
u Bce muoxkecrsa suga [0,¢]\S, rue t € (0,1] u S — cuerHOe MOAMHOKECTBO
(0,1]. TTousTHO, YTO BCE CUYETHBIE TOIMHOMKECTBA () 3aMKHYTHI. [LOCKOJIbKY
NPOCTPAHCTBO () ABIAETCA XayCAOP(OBHIM U COAECPKUT €INHCTBEHHYIO HEN30-
JIMPOBAHHYTO TOYKY, OHO HOPMAJILHO (CM. 3aMeYaHue) U, B 4ACTHOCTH, BIOJIHE
peryispro. Kak Jilerko BHJIETh, TOXKIECTBeHHOE 0oTOOpazkenue orpeska [0, 1]
HEIPEPBIBHO U HE TOCTOSIHHO B JII000I okpecTtHocTH TOuKM (. [

1.12. HamoMmHHM, YTO TOIOJOTHYECKOE IPOCTPAHCTBO HA3BIBACTCS CYEM-
HO KOMNAKMHHLM, €CJTU U3 JTIOOOr0 CYETHOIO OTKPBITOIO MOKPBITUS 3TOTO IIPO-
CTPAHCTBA MOYKHO BBIJIETUTH KOHEYHOE MOAMOKpBITHE. Tomomormaeckoe mpo-
CTPAHCTBO HA3bIBAETCS COBEPULEHHO HOPMAAOHBIM, €CIIT OHO HOPMAJIhHO W
KazKJ10€ 3aMKHYTO€ B HEM MHOXKECTBO ABJIACTCA O0-OTKPbITbIM.

ITpennoxkeuune. Ilycrs () — BIOOJHE peryJspHOe TOIOJOIHIeCKOe IIPO-
crparctBo. Ilpu BbrmoiHEHHNH JII0OOI0 W3 CJEAVIONIHX YCJIOBHH ITPOCTPAaH-
cTBO () COJEPIKUT HE3AMKHYTOE CUeTHOe MOJMHOXKECTBO (& CJIEOBATETBHO, He
SIBJISIETCST (DYHKITHOHATBHO JTHCKPETHBIM):

(1) Q comepknuT HEAUCKPETHOE CI€THO KOMIAKTHOE ITOJITPOCTPAHCTRO,

(2) Q conepxkur 6eCKOHETHOE KOMIIAKTHOE IIOJMHOXKECTBO;

(3) Q comep:KuT HEJIUCKPETHOE MOJMHOYKECTBO, SIBJISIFOIIEECS] TIPOCTPAH-
crBoMm @Ppenie — YpbicoHa;

(4) Q couep:KUT HEYCTAHABIHUBAIOULYIOCS CXOJSILYIOCS TTOCTET0BATE b=
HOCTH;

(5) @ comep:KHT HEH30JHPOBAHHYIO TOUKY CO CUETHOH 6a30il OKPECTHO-
crei.

Kpowme Toro, copepiiieHHO HOpMAaJIbHOE TOIIOJIOrHYECKOe TPOCTPAHCTBO SIB-
JsgeTcss (DYHKIHOHAIBHO JTHCKPETHBIM TOJIBKO B TOM CJIydae, KOrjJa OHO JIHC-
KDEeTHO.

< Kak usBectHo (cMm., nanpumep, [1, ror. 111, yreepx enue 189]), Tomnosio-
IUYECKOe POCTPAHCTBO CYETHO KOMITAKTHO TOTJIA U TOJBKO TOTJIA, KOTJA BCsl-
KO€ ero 0eCKOHEYHOEe MOJIMHOXKECTBO MMEET MPEJIEJIbHYI0 TOUKY. BOCI0/1b30-
BABIIUCH STUM KPUTEPHEM, HECJIOXKHO yOeUThCsl B 0CTaTOIHOCTH yeaoBus (1)
JJId CyIIEeCTBOBaAHU A HE3AMKHYTOT'O CHETHOTI'O HOAMHOZKECTBA Q HpOBepKa 10~
crarounoctu ycaosuii (2), (4) m (5) He mpezacTaBisger Tpyna. Yciaosue (3)
PaBHOCHIBHO (4).
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CymecTBoBaHIe He JIOKAJIbHO TOCTOSHHON (DYHKIMH HA HEIUCKPETHOM
COBEPIIIEHHO HOPMAJIBHOM TONOJIOIHYECKOM TIIPOCTPAHCTBE CJIe/[yeT U3 TeOPEeMbl
Begenucosa (cm. [7, 1.5.19]). D

1.13. Eciu Tomosorndeckoe mpocTpancTBo () hyHKIMOHATIBLHO JUCKPET-
HO ¥ BIIOJTHE PEryJISPHO, TO OHO HE MOYKET YAOBJIETBOPATH HUA OJHOMY U3 yCJIO-
Buii 1.12 (1)—(5). B wacTHOCTH, eciu POCTPAHCTBO () HE ABIAETCS TUCKPET-
HBIM, TO OHO He MOXKeT OBbITb KOMIAKTHBIM, YJIOBJETBOPATH IEPBOil aKCHOME
CYETHOCTHU U TeM 0oJiee ObITh METPU3YeMbIM. DTH HAOJIOIEHUST CYIECTBEHHO
OTPAHUYMBAIOT KJIACC TOMOJOTHYECKUX IPOCTPAHCTB, B KOTOPBIH MOXKET IO-
nacTb (). B cBsa3u ¢ 3TuM ymMecTHO yOeIuThCsa B TOM, YTO BIIOJIHE PEryJisgpHOe
GYHKIIMOHAIBHO JIUCKPETHOE TOIIOJIOTHIECKOe ITPOCTPAHCTBO HEe 00s13aHO OBITH
JTACKPETHBIM.

Haunewm ¢ Toro, 4o jijist IpOU3BOJIBHOTO YIIOPSAI0YEHHOTO HAIIPABJIEHHOTO
[0 BO3PACTAHHIO MHOXKECTBa N, He MMEMIIEro HaubObIIero 3/J1eMEeHTA, OIIpe-
JIeJIIM HeJUCKPETHOE HOPMAJIbHOE TOIIOJIOTHIECKOe IIpocTpaHcTBo N°*. B kaue-
cTBe HOCHTe s BO3bMeM MHOxKecTBo N = N U {oo}, rie oo ¢ N. Cuabanm R
OPSITKOM, CHHTast, 9TO N — YIOPSIOUeHHOe MOJMHOKECTBO N, U ToJaras
0o > « ays Beex a € N. Bazoit orkpeiToit Tomosiorun N® 00bsIBUM BCE MO/
MHOZKecTBa N I Bee mpoMexkyTKH Buja (a,00] := {3 € N: a < B < oo}, rue
a € N. Tak kak B X HET HANOOJIBIIETO SIEMEHTa, TOUKa 00 € N°® He H30IUpPOBa-
HA, & 3HAYMT, OLIpee/IeHHad Ha N® TOnoI0rud He JucKkperna. [Ipocrpancrso R
HOPMaJIbHO, MOCKOJIBKY OHO, OYE€BUIHO, XayCA0pOBO U COJEPIKUT €JIUHCTBEH-
HYIO HEM30JMPOBAHHYIO0 TOUKY (cM. 3amedanue 1.11).

Bameuanue. (1) B cayuae, eciiu Bce cueTHbIe TOAMHOKECTBA N 001812~
0T BEDXHUMU IDAHSIMHE, BCsiKast HenpepbiBHag Gyukuus f: X® — R upuaumaer
MOCTOAHHOE 3HaYeHHe f(00) B HeKOTOPOil okpecTHOCTH Touknu 0o. (Hampmuep,

nepecedente (,cni|f — f(00)| < 1/n} aBasercs Taxoit 0KpecTHOCTBIO. )

(2) Jlng mpom3BOJIBHOIO TOMOJOIMYECKOTO MPOCTPAHCTBA P HempepbiB-
HoCTh yHKIHE f: R* — P paBHOoCHIbHA cxomumocTH et (f(a))qen  f(00).

[Ipumep. CymecrByer pyHKIUOHAIBHO JUCKPETHOE HOPMAJIBHOE TOIIO-
JIOTHYECKOe TTPOCTPAHCTBO, He SBJIAIONIEeCd TUCKPETHBIM.

[Iyctes N — ymopsiodeHHOe HAlPaBJIEHHOE 110 BO3PACTAHUIO MHOYKECTBO
0e3 HAMOOJIBIIEro 3JeMEHTA U BCE CUeTHBIE IMOIMHOXKECTBA N 0071a1a0T BepX-
HuME rparsMu. (TakoBBIM SBJISIETCs, HAIIPUMED, JIIO0O! HeCUeTHbIH KapIuHaJl
nJjin yrnopAJ049€eHHOE 110 BKJIIOYECHHUIO MHO2KECTBO BCEX CUHETHLIX ITOJMHOZKECTB
HEKOTOPOI'O HECUETHOTO MHOXKECTBA.) Toraa B CHJIy MOCJEJHEro 3aMevdaHust
MPOCTPAHCTBO N°® SIBJISIETCS NCKOMBIM.



22 A. E. 'ymman, A. B. Konmes

1.14. Jlemma. Ilycrh Y — JIOKaTbHO BBILYKJIOE IPOCTPAHCTBO U (Y ) —
IIOCJIEI0BATEILHOCTD 3JeMEHTOB Y, cxonsmasgca K iy € Y. Ilpeamonoxum,
aro Bekrop-pyrkmmst u: [0,1] — Y ygosmerBopsier pasenctBy u(0) = y n
aast kaxxagoro n € N orobparkaer OTpe30K [n%l_l,%] HA OTPE30K [Yn+1, Yn]
acppunHbIM 00pa3oM:

uAZg + 1= N3) =M1+ (L= Nyn, 0<ALL

Torga ¢yHKIHS u HEIPEPBIBHA.

< Ouesnnno, dbyukius v zenpepbiBHa Ha nosyunrepsasie (0,1]. Bosb-
MeM TIPOU3BOJBHYIO OKpecTHOCTH V' amementa y = u(0), 3aTeM BBILYKIYIO
okpectHocTh W C V' ToOro ke 3/1eMeHTa U PacCMOTPUM HOMED N, HAUMHA
¢ kotoporo y, € W. Torna BBuay BbIyKJI0CcTH W clipaBeinBO BKJIIOUYEHHE

1

u([0,;:]) CW. >

1.15. Jlemma. Ilyctr X — beckornedHOMEpHOE OBAHAXOBO MTPOCTPAHCTBO
u () — TOMOJIOrHYIeCKOe MPOCTPAHCTBO, HE SIBJISIIONIEECs (DYHKIIHOHATIHHO JTHC-
kperubiM. Torga cymecrsyer ciabo® nenpepbisHas ¢yuknus uz Q B X', no-
TOYEYHAsT HOPMa KOTOPOH OrpaHHYeHa W Pa3PbIBHA.

< Cormacuo Teopeme JIxxo3zedcona — Huccennpeiira [10, XII] cymecrny-
er ¢1a60™ CXOAAMAACA K HY/TIO MOCTeI0BATETBHOCTD (1,) 37€MEHTOB eTiHHIY-
noii cdepnr mpocrpanctea X', O6osznaunm y; = x| m mas xaxmoro n € N
MOJIOZKUM

s { T, ||Awn+ (L= Nad || = 1/2 ana seex A € [0,1],
n+1 —

/
—Zp,1 B UPOTUBHOM CJIyvae.

OueBu/IHO, TTOCIEA0BATEIBHOCTD (Yp) €1a00% CXOAUTCS K HYJIO, & B CHILY JIeM-
MbI 1.1 KazK b1t 0Tpe3ok [y, 1 yh], n € N, 1exKuT BHE OTKPBITOTO IMapa pa,Iiy-
ca 1/2 c nearpom B uyse. Torga onpesenentas B emmve 1.14 BekTop-byHKIUSA
w: [0,1] = X’ (rme B kauectBe Y paccmarpuBaercss nmpoctpanctBo X', cHal-
JKeHHOe cJ1aboi™ TOIoIOTHeil, 1 Y moJiaraeTcsi PABHBIM HYJIIO) sIBJIsleTCsl ¢1ab0™
nenpepsisHOil. Buecre ¢ Tem [Juf (0) = 0 u |uf ((0,1]) C [1/2,1].

Tenepnr paccmorpum dbyuakmuio f € C(Q), He mocTosiHHYI0 B JI000i
OKPECTHOCTH HEeKOTOpOil Touku ¢ € @, n nonoxum g = |f — f(q)| AN 1. c-
HO, uTo g: Q@ — [0,1], g(¢) =0 u q € cl{g > 0}. CregoBarenbHO, KOMIOIUIUSA
wog: Q — X' apngerca uckomoit Bekrop-pyHnknueii. >

1.16. /Iag TOmoJIOrmYeckoro mpocTpaHcTBa () M OGaHAXOBa IIPOCTPAH-
crBa X cumBosiom Cyy(Q, X) obo3HAUaETCsST COBOKYITHOCTH BCEX CJIAab0 Hempe-
puiBHBIX dyHKIH 13 () B X.
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Jlemma. Ilycre X — 6aHaxoBO mpoCTpaHCTBO H () — (PYHKIHOHAJIBHO
JIMCKpeTHOe ToIoJIorndeckoe npocrpaHcTso. Ilpesmnonoxkum, uro B X' cyire-
crByer cderHoe rorajabnoe noamuaoxkecrso. Torma C(Q, X) = Cy(Q, X).

< Pacemorpum npousBosibHyio BekTop-byHkimio u € Cy(Q, X). Ho-
CTATOYHO IOKA3aTh, YTO JIJII HEKOTOPOrO pa3bueHus IpOoCTpaHcTBa () Ha
OTKPBITO-3aMKHYTHIE TIOJIMHOKECTBA (DYHKIIMS U MOCTOSIHHA HA KarKJIOM JIe-
MEHTE 3TOI0 pazdueHus.

[ycts {z), : n € N} — roramsuoe mogmuoxectso X'.  TTockombKy
BekTop-byHKIMs U c1abo menpepoisha, (u|z),) € C(Q) aua Beex n € N. Co-
riaacao 1.10 (B) cymecTByeT Takoe pasbueHme MpoCTpaHcTBa () HA OTKPHITO-
3aMKHYTBIE MOJMHOYKECTBa, YTO HAa KazKJIOM JEMEeHTe TOT0 Pa3bHeHusl M0-
croguunl Bee dbynxkuum (ulz)), n € N. BBuIy TOTATBHOCTH MHOXKECTBA
{z], : n € N} Ha xaxmoM 371€MeHTe 5TOro pa3dmeHus MOCTOAHHA W (DYHK-
s u. D>

§ 2. Tomomopdu3mMbl 6aHAXOBBIX PACCIOEHUI

Jlannblit maparpad, Kak ciaeayeT U3 ero Ha3BaHUS, TOCBAIIEH HCCIeT0BA-
HUIO MOHSTHS ToMoMopdu3ma 6anaxoBbIX paccioenuii. Hekoropwie u3 npuge-
JIEHHBIX 3/1eChb (PaKTOB IHPEJICTAB/ILIOT CAMOCTOSTE/IbHbI UHTEPEC, HO OCHOB-
Hasd MEHHOCTH OOJBIMUHCTBA PE3YIbTaTOB JAHHOTO maparpada pacKpbIBaeTCs
M037Ke [IPU U3YYeHUH ONePaTOPHBIX GaHAXOBBIX paccioenuii (cMm. §3,4).

[Tepsag rpynma pe3yabratoB (cm. 2.1-2.4) npeagaraer psj yCJIoBUil, pu
BBITIOJIHEHUH KOTOPBIX HEMPEPBIBHBIE CEUYeHUsI HEKOTOPOTO DaHaxoBa, paccJioe-
HUS C OLIEPATOPHBIME CJIOSIMU SBJISIOTCS TOMOMOPMU3MaMHU.

Paznensr 2.5-2.7 npenocTaB/Igi0T HEOTHOKPATHO UCIOJIB3YyEMbBI B /Ta/Tb-
HeiieM yJ00HbII Cr1oco0 MOCTPOEHUs CeYeHuit, rToMOMOP(MU3MOB U OAHAXOBBIX
paccJIOeHA.

B pazgenax 2.8 u 2.9 ucciepyercs nonsitue pasMepHoCcTH ODaHAXOBa, pac-
crnoerus. [lomyueHHble 3/1ech pe3yabTaThl 00 001aCTIX TMOCTOSHCTBA pa3Mep-
HOCTH, Ha HAI B3IV, IPEJICTABIAIOT CAMOCTOSTE/IbHBIN HHTEpeC.

B 2.10 mpemioxkeHo omucanue roMoMophu3MoB O0AHAXOBBIX PACCIOCHUIT
HaJlT TOMOJOTHYECKAM MPOCTPAHCTBOM, VAOBJIETBOPAIONINM IEPBOl aKCHOME
CYETHOCTH. DTOT pe3yibrar cHaOxeH mnpumepamu (cm. 2.11), Koropsle 1mMOJI-
TBEPXKTAIOT CYIIECTBEHHOCTh OTPAHUYEHWI, HAKJIAIBIBAEMBIX Ha pacCMaTpH-
BaeMoOe TOTIOJIOTHIECKOe MPOCTPAHCTBO.

[Taparpad 3aBepimaercs uccaegO0BaHHEM BOIPOCA O HEIPEPHLIBHOCTH II0-
TOYEYHON HOpMBI TOMOMOpdu3Ma, aeiictByiomiero u3 HBP ¢ mocrognnoit Ko-
HEYHOH pazmMepHOCThIO B iponsBosibHoe HBP (2.12). Ps npumepos (cm. 2.13)
MOKA3bIBAET, UYTO MOCTOAHCTBO PA3MEPHOCTU ABJSIETCS CYIIECTBEHHBIM Tpebho-
BaHUEM.
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2.1. Ilpennoxenme. Ilycte X, Y n Z — HBP max tomosormaeckmm
npocrpancrom @, npuiem Z(q) C B(X(q),y(q)) JIst Beex q € @, u 1mycrb
muozxecrBa cedennii U C C(Q,X) u W C C(Q, 2) nocuoiino mwiorasr B X
u Z coorBercrBeHHO. IIpemamosoxkum, 4910 jjist j00bIx v € U mww € W
raobaibHOE cedeHne W & U paccJOeHHs ) HempepblBHO. Torma JIs BCSIKOrO
nopmuoxkecrBa D C @ umeer mecro Brogenne C (D, Z) C Homp(X,)).

< 3adwukcupyem TpoM3BOJbHOE HOAMHOXNKecTBO D C (), 3/1eMEHTHI
w e CD,X), w € C(D,Z) nu rouky ¢ € D. Ham nyxno nokasars,
9TO cedeHwe W ® U paccjaoeHus ) HeENmpephiBHO B ¢. B cuiy mpemioxke-
Hust [3, 2.3.2] i 9TOrO MOCTATOYHO JIOKA3ATh IMOJYHENPEPBIBHOCTH CBEPXY
B rouke ¢ hyukmuu || @ @ —v| : D — R gy awo6oro cevenns v € C(D, ).
[lyctb ¢ > 0w v € C(D,)). Ykax)eM OKPeCTHOCTh TOYKH (¢, B KOTODOIi
lo@u—v]| <llweu—v](g)+e.

Pacemorpum ssement u € U rakoit, uro o] (¢)||a — u|| (¢) < /8. Henpe-
PHIBHOCTD BeriecTBeHHbIX (hyHKIwii |[& — uf u ||@©] mossoasier nHaiitn okpect-
Hoctb U Touku ¢, B Kotopoit || [|a — u|| < &/4. Ananmornuso HAXOAATCS dJ1e-
ment w € W un okpecrroctsb Uy Touku g rakue, uro || — w|| (¢)|u| (¢) < /8 u
lo — w|| |Ju| <e/4naUs. Ha nepecevernun Uy NUs nMeroT MeCTO HEPABEHCTBA

lowe-weu] <flowe-wou] +oeu—-weul
< lolfle —ull + o —wlull <e/4+¢/4=¢/2.

Anajoruynbie BBIKJTQJKH JTAal0T HepaBeHCTBO | @ u—w @ ul(q) < /4.
Paccmorpum  okpecrnocts  Us  Touku ¢, B KOTOpoii Jw @ u—v| <
lw® w—v| (¢) + /4. Torna ma oxkpecrnocru Uy N Uz N Us TOYKE ¢ BBIIOTHS-
I0TCsI COOTHOIIEHUST

lo@u—v] <lo@t—-weul]| + lueu—o|

<2+ lweu—v](q) +e/4
<e2+lweu-weul(q)+ |o®a—v|(q) +e/4
<ef24e/d+|weu—v|(q) +¢e/4
=|w®u—2v|(g) +e,

4TO U TpebOBAIOCH YCTAHOBUTD IS J0KA3aTeJbCTBA MpeIoKeHus. [

2.2. CnenctBue. Ilyctp X,)Y u Z2 — HBP nax ronosormieckum mnpo-
crpancrBoM (), npuiaem Z(q) C B(X(q), y(q)) B Kaxkj10i Touke q € Q. Ilpen-

mostoxkam, aro C(Q, Z) C Hom(X,)Y). Torga mis BCIKOro mOJMHOZKECTBA
D C @ nmeer mecro Bmogenne C(D, Z) C Homp(X, D).

d  Jocrarouno B npesioxennu 2.1 momoxuts U = C(Q,X) u W =

cQ,.2). >
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2.3. CaencrBue. /Lis jiobblx 6aHaxXOBBIX 1pocTpaHcTB X um Y nmeer

mecro srouenne C(Q, B(X,Y)) C Hom(Xg, Yy).

< Jlocrarouno npumenuTsh npejjioxkenne 2.1, B3sgB B kadectse U u W
MHOKecTBa MocTosHHbIX X- 1 B(X,Y')-3naunbix dbynkuunii. >

OauH U3 eCcTeCTBeHHBIX BOIPOCOB, KOTOPHIE MOI'YT BOSHUKHYTH IIPH PAaC-
CMOTPEHHU JIOKA3AHHOTO CJIEJICTBHs, COCTOUT B CJIEJYIOIEM: B KAKUX CJLydasiX
UMeeT MEeCTO PaBEHCTBO C’(Q, B(X, Y)) = Hom(Xg, Yp)? Dror Bompoc nc-
caeJioBaH B naparpacde 3.

2.4. CaencrBue. Ilycte X, Y u Z — HBP wnajx Q, npuuem Z(q) C
B(X (q),y(q)) B Kaxkjo0it Touke ¢ € Q. Ilpeamonoxkmm, 4ro paccaoenue Z
HMeeT HEIIPEPBIBHYIO CTPYKTYPY, cojepxkaiiytocs B npocrpancrse Hom (X, )).

Torpa C(Q, Z) C Hom(X,)).

<  CdopmyanpoBaHHBI pe3y/IbTaT MOZKHO BBIBECTHU U3 Mpe IokeHus 2.1,
nosnoxkuB U = C(Q, X) u B39B B KavuecTBe VV HENPEPLIBHYIO CTPYKTYpPY Z,
cogepxainyiocst B Hom(X,Y). D

2.5. B nasbHeiitem B psijie J0Ka3aTeJILCTB Oy/IeT UCIOIb30BAH CJI€/1Y0-
LI BCIOMOIaTeJIbHbINA pe3ysbTar.

Jlemma. Ilycrs () — BiioJiHE pery/isipHOe TOIOJIOIHYeCKOe IIPOCTPAHCTBO.
Ipeanoaoxum, aro q € () sBjsiercst mpege/IbHOH TOYKOH CYeTHOIO JHCKPET-
HOro MHOXKecTBa {q, :n € N}, ¢; # qj npm i # j.

(1) Cymectsyer mocaemoBareabaoctb (W) OTKpBITHIX mOIMHOXKECTB (),
Y/IOBJIETBODSIIONIASL CIEAYIOMHM YCIOBHIM: ¢p € Wy, cl Wy NellY, 4n Wi, =9

uq ¢ clW, st Bcex n € N.

Ecimm Touka q obutagaer cueTHoit 6a30it OKpeCTHOCTEH, TO MOXKHO JIOIO.JI-
HHTEJIBHO IIOTPeb0BATH, YTOOBI (Cl Unen Wn)\ Unen Wi = {q}.

Paccemorpum nocienoBarenvaocts yaknuii (fy,) C C(Q) takmx, 4ro
fn:@Q — [0,1] u fr, = 0 ma Q \ W), st Bcex n € N. Ilycrb, Kpome TOro,
(En) — CXOUSAMIASCH K HYJIIO YHCJI0BAS HOCJIEI0BATEJIBHOCTb.

(2) Oyuknus f: Q — [0,1], onpesesennast popmysioi

B 5nfn(p)a p € Wy,
fle) = { 0, P & Upeny Was

ABJIACTCS HeIPePbIBHOM.

(3) IIycts X — HBP nax Q. Ecian (up)peny C C(Q,X) u unciao M
TakoBo, 410 ||uy| < M wa W), aist Bcex n HaumHAsI ¢ HEKOTOPOTO HOMEDA, TO
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cedernne u HaJ (), ompeneeHHOE (HOPMYIOL

w-{ enfu(p)un(p). P € W,
e 0 p¢UneNWn7

SABJISICTCS HEIIPEPBIBHEIM.
(4) IIycrp X Y — HBP nax Q. Ecan (Hp)pey € Hom(X,Y) 1 ancio K

rakoBo, uto |Hy| < K wa W), jist Bcex n HauuHAsI ¢ HEKOTOPOI'O HOMePa, TO

orobpaxkenne H: p € Q — H(p) € B (X (p),y (p)), onpeaegeHnoe Ghopmyaoi

B enfu(p)Hn(p), p € Wy,
Hip) = { 0, pé¢ UneN W,

ABJIseTCss romMoMopgu3mom u3 X B V.

(5) Ecoim X — Tomosioradeckoe BeKTOPHOe MPOCTPAHCTBO H IIOCTIEI0BA-
resbHOCTD (Ty,) C X cxomuress Kk © € X, 10 Bekrop-pyrKmus u:  — X,
orpeJieJieHHast (hopMyJIOH

o fn(p)xn+ (1_fn(p)>xa p € Wy,
U(p) a { z, b ¢ UneN Wh,

HeIlpepPBIBHA.

(6) Ectm X — 6aHaX0BO MPOCTPAHCTBO H IOCIEJ0BATETLHOCTD (DYHKI[HO-
nasos (z,) C X' cna6o* exomnres k ' € X', ro Bekrop-pynxmust H: @ — X,
ornpeJiejieHHast (hopMyJIoiH

o fn(p)x% + (1 - fn(p))xl’ p € W,
H(p) = { " 2 & Uy W,

apjgercsa romomopgusymom u3 Xg B R.

<d (1) Tlo uupykIuu jig Kazkaoro HoMepa n € N mocTponM OTKpHIThIE
muozkectBa Wy, V,, C Q. IlockoabKy mpocTpascTBO () peryispHO, TOUYKA ¢ U
3aMKHYTOe MHOKeCTBO cl{qy : k = 2} pas3messirorcst OTKPBITHIME OKPECTHOCTSI-
mu Wi u Vi coorBercTBeHHO, npudeM MHOxKecTBa W1 u Vi MOXKHO 110100paTh
Tak, 9TOOBI MX 3aMbIKaHUs He rnepecekatnch. Beau Wi n Vi yxke BoIOpanb! Jist
Bcex k < n, To muoxkectBa Wy41 n V41 mogdepem tak, 9To0Bl OHE COJIEPIKA-
JIUCH B Vj, U UX 3aMBIKAHUS PA3EJISIN TOUKY (pt] U 3AMKHYTOE MHOZKECTBO
cl{qr: k = n+ 2}. Jlerko Bugern, uro nociaegosarenbuocts (W) yaosiaerso-
psieT TpeOyeMbIM yCJIOBHSIM.

Haxkonen, nycts (U,) — cuerHas 6a3a OTKPBITBIX OKPECTHOCTEH TOU-
ku ¢, upudem Uy = Q u U, D Upyq anga Becex n € N. Torma mpu mocTpo-
eHun nocJexoBarTesbHocreil Muoxects Wy Moxuo Beidupars Wy, C Uy, rae

k(n) = max{k € N : ¢, € Uy}, aro obecrednut TpebyeMoe COOTHOIIECHHE
(AUnen Wa)\Unen dWa = {g}.
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(2) OueBumno, dbyukuus f ABAIETCS TOTOYEIHON CYMMOIl PABHOMEPHO
o
CXOIAIIErOCs PAsia » .~ 4 Ep fn U, CII€IOBATEIBHO, HEIPEPHIBHA.

Yreepxkaenus (3)—(5) DOKA3BIBAIOTCS COBEPIIEHHO AHAJOTHYHO YTBED-
xkaennio (2) (mpu mokazarenberse (3) u (4) MOXKHO BOCIHOIB30BATHCS HPEJI-
noxkenusivu |3, 2.3.6] u [3, 2.4.11] coorBercTBEHHO).

(6) B cuny (5) dbyuxnusa H cinabo™ menpepbiBHa, a 3uaaut, H @ u € C(Q)
JUTST BCeX TMOCTOsTHHBIX (yukmumit u: ) — X. Ocraercs 3aMeTHTh, YTO MOTO-

deunas HopMma GyHkuuu H orpaHnvena 1o moCTPOEHUIO, U BOCIIOIb30BATHCS
Teopemoii [3, 2.4.9]. D

2.6. CaencrBue. Ilycrp X u) — HBP wax Briosine peryisipabiv To-
IIOJIOTHIECKHM ITPOCTpaHcTBOM (). IlpeamorozkmmM, 910 TOUKa q € () SBIIETCS
[IPeJIeJIOM MOCIE[OBATETBHOCTH (G, )neN HOMAPHO PA3JTHIHBIX 2JIEMEHTOB (), He
PAaBHBIX (.

(1) Iycre xy, € X(gn) (n € N), © € X(¢) # B TOHOJOrHIECKOM TIPO-
crparcrBe () @ X (cm. [3, 2.1.4]) mmeer mecro cxommmoctsb (qn, Tn) — (¢, T)

ompu n — oo (ecsmm x = 0, TO T4 CXOAUMOCTH PABHOCHJIBHA DABEHCTBY
lim ||z,|| = 0). Torma cymecrByer orpanmdennoe cedenne u € C(Q,X),
n—oo

yaoBJeTBopsionee papeacTBaM u(qy) = &, aas Becex n € N n u(q) = .

(2) ycte romomoppuzver Hy, € Hom(X,)) (n € N) rakosl, uaro mocte-
JoBareabHOCTh (|| Hy || )nen paBHOMepHO cxomurces k Hymo. Torjga cymiecrByer
orparmaernnbiii romomoppuzm H € Hom(X,)), yrosiersopsiominii paBeH-
cram H(qn) = Hp(qn) st Bcex n € N u H(q) = 0.

(3) ILycrp X — romosioraeckoe BEKTOPHOE MPOCTPAHCTBO. IIpemmo.io-
JKHM, 910 nocaesoBareabaocts (xy,) C X exomures k © € X. Toraa cymie-
CTBYeT HelpepblBHAS BeKTOp-pyHKIms u: () — X rakas, uro u(qy,) = Ty A1
Bcex n € N u(q) = x.

(4) Iycre X — 6anaxoBo npocrparctso. IIpemnosoxmm, 9To mocse-
sopareapaocTh (1,) C X' cmabo* cxonmres x ' € X'. Torma cymecrsyer
romomoppuzm H € Hom(Xg, R) raxoii, uro H(q,) = x, aust Bcex n € N u

H(q) =«

< B nogcuennn myxaercs juimb yreepxkaenue (1). Ilpm x = 0 sto
YTBEPIKJICHUE SIBJISIETCsI IPSIMBIM CJIeIcTBHEeM jieMMbl 2.5 (3) u Teopembr Tforpe
(em. [3, 2.3.5]). Tlepexofst K JOKA3aTENLCTBY OBIIErO CJIydasi, BHOBb BOCIIONb-
3yemcst TeopeMoit [Tronpe u paceMorpuM orpanndennoe cedenne v € C(Q, X)),
NpUHUMAIOIIee 3HavYeHne T B Touke ¢. I3 mpepioxkenns [3, 2.3.8] ciemyer,
uro ||z, — v(gn)|| — 0 upu n — oco. Torma B cuy CHpaBeIMBOCTH JIOKA3bI-
BaeMOI'0 yTBepXKJIeHUs I caydas © = () cylmecTByeT OrpaHUIeHHOe CedeHne
w € C(Q,X), yaosaersopsiomiee paBeHcTBaM W(qy) = T — v(gy) (n € N) u
w(q) = 0. Ocraercs nonoxkuTh ¥ =v +w. D>
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2.7. Jlemma. Ilycrte X1 C X9 C -+ — b6aHAXOBBI IPOCTPAHCTBA, () —
BITOJIHE peryJsipHoe Tomojiornieckoe npocrpanctso u (Uy)nen — pasounenne )
takoe, 4T0 Jis1 Kazkaoro n € N muoxkecro Uy U - - - U Uy, 3amkuyTO. Toraa

cymecrsyer HBP X nas Q, yzoBierBopsitoliee ciieyloniuM yCja0BUsIM:
(a) X|u, = X, ar Beex n € N;
(6) ecam nocrenoBarenpHocTh pynkmonanos x, € X! (n € N) rakosa,
qr0 ), npogokaer xy, i ||ry,|| < 1 gz Becex n € N, To orobpa-
xerne H, yrosrersopsomee coorromenusm Hl|p, = ), (n € N),

npuragiexkut Hom (X, R).

< Paccmorpum 0OaHaxoBo paccioeHune X, yIOBIETBOPAIONIee YCJIO-
BUIO (&), M ONMpPEeJIETTMM B HEM HENPEPBIBHYIO CTPYKTYPY CJIELYIOIHM 00PA30M.
[Tooxum

Co = C(Q);
Co={feC(@Q: f=0mliu---UU,)}, neN.

Kak Jjierko BujieTb, MHOXKECTBO CedeHUit
C= {f1x1+---+fnxn: fieCy, v,e Xy, i=1,...,n, nGN}

paccioeruss X sIBJISIETCS MOIPOCTPAHCTBOM MPOCTPAHCTBA BCEX II0OATBHBIX
ceuennit X. Kpome toro, muoxkecrso C mocioiino miorao B X. /[leiicTBu-
TeJIbHO, TyCTh ¢ € Q, x € X(q), u nycrb uncao n € N takoBo, uro q¢ € Uy,
[TockoIbKY ITPOCTPAHCTBO () BIOJIHE perysspHo, Haiinerca dyaknug [ € Ch_q
co 3navenneM f(q) = 1. Takum obpazom, cevenne fr npunamiexur C u mpo-
xXoauT depe3 x B Touke q. CiemoBarenbno, C — HeIpepbiBHAS CTPYKTypa B X
(B mape ¢ KoTOpoii Mbl Oyjem paccmarpuBath X kak HBP).

[Iycrs H ynosrersopsier yeaosuio (6). IIpoepum, uro H € Hom (X, R).
B cuity Teopemst [3, 2.4.9] ajist 91010 ocraTovdHo noKazarh, 4r0 H @u € C(Q)
g Becex u € C. Ecimu = fixg+-- -+ foxp €C, fi € Ci,x € Xi,0=1,...,n,
1O U1 BCex ¢ € @ umeer mecto pasencrso (H ® u)(q) = (u(q)|z},). B csowo
oduepep,
(@) = f1(a)alel) + -+ Fala) (wnl2).

Caenosarenbio, dyakius H @ u HenpepoiBaa. >

2.8. Ompenenenmne. Ilycts X — npousBosibHOE HAHAXOBO PaCC/JIOEHUE
HaJT MHOKECTBOM (). Pasmeprocmuoio dim X paccinoenns X HazoBeMm GYHKIHIO,
CTaBSIIIYI0 B COOTBETCTBHE KaxK/0il Touke ¢ € () pazmepnoctsh dim X' (q) cios
X(q). Byzaem rosoputb, uro X umeem noCmoAHHYO PAZMEPHOCTL T, €CIIn
dim X (q) = n ans Beex q € Q.
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Jlemma. Ilyctb X — HBP ¢ koneunomepHbIMEI c10sIMH HaT MTPOU3BO.TH-
HBIM TOIOJIOTHYECKUM IpocTpancTBoM. Jlis kaxjporo unciaa n = 0,1,2,...
paccMOTpHM CJIEAVIONTHE YCTIOBHST:

(a) wmuO)kecTBO {dim X =n} oTKpBITO;
(6) muoxecrso {dim X <n} orkpsi1o;
(8) mmoxkecrBo {dim X <n} oTkpbITO;
(r) muOokecTBO {dim X >n} 3amkHYTO;
(1) muoxkecro {dim X >n} 3amkHyTO.

Ecin kakoe-mn6o n3 ycaosnii (a)—(x) cupasesimso gist Bcex n = 0,1,2, ...,
To a1t Bcex n = 0,1,2,... copaBeamBo KazKjjoe U3 3THX ycJaoBHH. B sTom
cJLydae Bce MHOYKECTBA, YIIOMSIHYThIe B yCJa0BHsIX (a)—(11), sBJISIIOTCS OTKPBITO-
3aMKHY THIMH.

< Jocrarouno 3amerTuth, 9to u3 [12, 18.1] ciemyer oTKpHITOCTH MHO-
xkectB Buga {dim X >n} u {dimX >n}, a crano 6bITh, 3AMKHYTOCTH MHO-
xecrs Buga {dim X <n} u {dim X <n}. D>

2.9. IIpepgoxkenme. (1) Ilycrs () — 63pOBCKOE TOHOJIOIHYECKOE 1IPO-
crpaucrBo. Torma mist sroboro HBP X max () ¢ kKomeuHoMepHBIME CJIOsI-
mu obbeumente | J,,5qint {dim X' =n} gprgercs oTKpBITBIM BCIOTY MIOTHBIM
MTOJIMHOKECTBOM ().

(2) Ecomn mpocrpanctBo () BrostHe pery/sapHo u s gtoboro HBP X ma Q)
¢ KOHeTHOMeDHBIMH CJIOSMH MHO2KecTBO | J,,~ int cl {dim X =n} Bcroxy mrorHo
=
B (), TO MpocTpaHCcTBO () SIBISTETCST OIPOBCKHM.

< (1) Yrobsr poKa3arh, 9T0 yKa3aHHOE OObeJINHEHHE SIBJISETCs BCIOILY
ILTOTHBIM, JOCTATOYHO JJIsI JIFOOOTO HEIyCTOro OTKPBITOro MHOXkKecTtBa U C ()
HaiiTu HemycToe oTKpbiToe nojaMuoxkectBo W C U, Ha KOTOPOM pa3MepHOCTh
X nocrogHHA.

BBuay 63poBoctu mpocrpaHcTBa () cymecTByer dmcesio n > (0 Takoe,
aro V := intcl{dim X' =n} # @. Kak HECJ0KHO BBIBECTH U3 NPEJJIOKe-
must [12; 18.1], muo)kecTtBo {dim X <n} saBiagercda 3aMKHYTBIM, OTKYJa CJie-
ayer, uro V C cl{dimX =n} C {dimX <n}, t.e. dimX < n wa V. U3
srouenust V. C cl{dimX =n} u orkpeiroctn muOxkecTBa V' coemyer cy-
mecTBoBaHue HeKOTOPOoil Toukn ¢ € V N {dim X' =n}. IlockoabKy mMHOXKe-
crBo {dim X >n} asasiercs orkpoiThiM, dim X' > n Ha HEKOTOPOH OTKPBITOMN
okpectanoctu W C V touku q. Takum obpaszom, pazMepHOCTh X OKa3bIBACTCS
MOCTOSTHHON Ha HEIYCTOM OTKPBITOM MHOXKecTtBe W C V C U.

(2) Haj npousBosibHBIM HE OIPOBCKHM BIIOJIHE DErYJISIPHBIM [TPOCTDAH-
crBoM () moctpouMm HBP X ¢ KoHeuHOMEPHBIMHI CJIOSIME TAKOe, ITO MHOZKECTBO
Unsoint el {dim X' =n} me apasercsa Beiogy mI0OTHBIM.



30 A. E. I'ymman, A. B. Konmes

[TockobKy MpOCTPAaHCTBO () He aB/geTcs O3POBCKUM, CYIIECTBYIOT HEITy-
croe oTKpbiToe MHOKecTBO U C ) u nokpeitue (Vj,)peN 9TOro MHOXKeCTBA
HUTJIe He IUIOTHBIME noaMuokectBamu V,, C U. Tlomoxum U; = Q\U u
Upt+1 =V \ (U U---UU,,) aas Beex n € N. TToHATHO, 9TO JJIst KAZKJIOTO
momepa n € N muoxkectso U, muriae e miotHo, oobeaunenne Uy U --- U U,
3aMKHYTO U, Kpome 1oro, | J,cy Un = Q.

Paccmorpum nocisiegoBaresibnocts X1 C Xo C - -+ KOHEYHOMEPHBIX Oa-
HAXOBBIX IIPOCTPAHCTB CO CTPOTO BO3PACTAIONIMMHE padMepHocTamu: dim X, <
dim X,,+1 mist Bcex n € N. [lo gemme 2.7 cymecrsyer HBP & naj () takoe,
qT0 X‘Un = X,, nng Bcex n € N. Kak j1erko BuieTh,

Jintel{dimX =n} = | J intelUy, =int Uy,

n>=0 m=0

IIpu4eM IIocjieJHee MHO2KECTBO He fABJIdeTCdA BCIOAY IIJIOTHBIM. >

CaencrBue. Eciu X — HBP ¢ romeunomepHbiME ci1osvu HaJL 63POB-
CKHM TpocTpancTBoM (), 1o st jiodoro ancaa m = 0,1,2,... umeer mecto
PAaBEHCTBO

c{dimX >m} = cl | J int {dim X =n}.

nz=m

< 3adwukcupyem gncao 0 < m € Z. Bxawovenne “DO” oueBnmno. /loka-
xkem obparHoe Briouenue. [lycrs ¢ € Q u dim X'(q) > m. B cuiy yrBepxe-
Hust (1) mpeapIayIero npeiioKenus 00be MHeHIe Un>0 int {dim X =n} Bcio-
int {dim X =n} C {dim X <m} u nocex-
nsm 0t {dim X' =n}.
int {dim X =n}, orkyga u BbITEKaeT

ay mwiorao B Q. TTockonbky |J

n<m
HEe MHOZKEeCTBO 3aMKHYTO, TOYKa ¢ HPUHAIMJICZKUT C]U

Cramo 6b1Th, {dim X >m} C cl{
JOKa3bkIBaeMoe BKJIK4YeHne. [

n=>m

2.10. Cremyrotiee yTBepK/IeHIe OTITMYAETCA OT TeopeMbl [3, 2.4.7] jumib
yCJ1O0BUAMHU, HAKJIAJAbIBA€MbIMU HA TOIIOJIOI'MYECKOE IIPOCTPAHCTBO Q

Teopema. Ilycts X u Y — HBP wnaj Brnosmne peryisipapiv ToroJioru-
9eCKHM IIPOCTPAHCTBOM (), Y/IOBJIETBOPSIONIHM IepBOIl aKCHOMe CYeTHOCTH.
Orobpasenne H: q € Q — H(q) € B(X(q),Y(q)) apisiercs romomopduzymom
3 X B Toraa u Toibko Toraa, korna H@u € C(Q,Y) ars secex u € C(Q, X).

< Heobxomumocth ciaegyer u3 Teopemsr [3, 2.4.4]. B cuay Toii ke Teo-
PeMBbI JIIs JIOKA3ATEIBCTBA JOCTATOYHOCTH OCTACTCHA yOeJMThCs B JIOKAJIBHOI
orpannvensoctu orobpazkenust H. Tomycrum, uro dpyukius || H | seorpanmnue-
Ha B JII000# OKpecTHOCTH HEKOTOPOi Touku ¢ € (). B rakom ciy4dae Giarogaps
NEePBOl AKCHOME CUETHOCTH HaiiIeTCsl CTPeMSIIasicst K ¢ MOCJIeI0BATEILHOCTh
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(¢n) momapmo pazmuunbix snementos (Q takas, uro |H| (q,) > (| H| (q) + n)?

st Beex n € N st kakoro duciaa n € N nonbepem snement x, € X(qp)
rak, arodbl ||H(qn)zn|| = ||H(gn)|| v |lzn]] < 2. To caeacrsuo 2.6 (1)
cymecTByer orpanndennoe cedenne u € C(Q,X), npuHEMAaONee 3HAYCHUS
u(qn) = L, a1 seex n € N u u(g) = 0. Torma

15 @ ull(n) = F1H (@) = 5 UH1 (@) +7)* > n,

YTO TPOTUBOPEUYHUT HENPEPbIBHOCTH cevdeHuss H @ u, Tak Kak ¢, — q #
(H®u)(q)=0. >

Bameuanue. Kak BUIHO U3 NPUBEJIEHHOIO JIOKA3aTEJbCTBA U JIOKA3a-
tesapcTBa 2.5 (3), B mocaeaneit Teopeme yerosue H ® u € C(Q,)) nng Beex
u € C(Q, X) MoxHO 3aMeHuTh “Gostee ciaabbiv” yenosuem: H @ u € C(Q,))
a5 Beex saementoB u mekoroporo CP(Q)-mommoxyis CP(Q, X), mocoitno
IJIOTHOTO B X M 3aMKHYTOTO OTHOCHTEJIHLHO PABHOMEPHBIX TpejieioB. Harpu-
Mep, B KadeCTBe TaKOIro MOAMO/LYJISI MOKHO B3SITh CAMO MHOYKECTBO C’b(Q, X).

2.11. Teopema 2.10 cchopmyimpoBana Jjisd CJIydas TOMOJIOTHIECKOrO IIPO-
cTpaHCcTBa (), YIOBIETBOPSIOINIEr0 IIEPBOH aKCHOMe CYeTHOCTH. HamMeHb-
UM CPEId PACCMATPUBAEMBIX B JIMTEPATYpPe KJIACCOB TOMOJOTMYECKHX IPO-
CTPAHCTB, PACIIMPAIONINX KJIACC IPOCTPAHCTB C MEPBOI aKCHOMON CYETHOCTH,
0OBIYHO sIBJIsieTCsl Kaace npocTpancts Ppeme — Ypoicona (cm. [7, 1.6.14]).
(HamoMHUM, 9TO TOMOJIOMMYECKOe MPOCTPAHCTBO () HA3BIBAETCS NPOCTMpPAH-
cmeom Ppewe — Ypwicona, ecan s 000 Toukn ¢ € ) u A 100000
moaMHOKecTBa P C () u3 BKIoUeHus ¢ € cl P cieayer cymecTBOBaHIe IOCTIe-
JOBATEJLHOCTH 371eMeHTOB P, crpemsiieiicst K ¢.) Y6eaumMcst B TOM, 9TO yTBEp-
Kjienne TeopeMbl 2.10 He coxpaHsieT CHIy JJIst Kjacca npocrpancTs Pperre —
VpoicoHa.

[Ipumep. MBI MOCTPONM TOMOJIOIHYIECKOE IIPOCTPAHCTBO (), 00J1a1ar0-
1ee CJAeIYIOINUMA CBOHCTBAMM:

(a) @ — mpocrpanctBo Ppere — YpPbICOHA,;

(6) mpocrpancTBO () HOPMAJIBHO;

(B) @ He yJ0oBIETBOpsiET IEPBOi aKCHOME CYETHOCTH;

(r) @ He ABISETCS JIOKAIBHO HCEBIOKOMIIAKTHBIM;

(1) @ — 6IPOBCKOE TPOCTPAHCTBO;

(e) cymecrBytor HBP X naj () ¢ KOHEYHOMEPHBIMHU CJIOSIME U OTOGpa-

xerne H: ¢ € Q — H(q) € X(¢) takoe, uto H @ u € C(Q) nna
Beex u € C(Q,X), no H ¢ Hom(X, R);
(:k) st 106010 GECKOHEYHOMEPHOrO OaHAXOBa MPOCTpAHCTBA X CyIie-

crByer orobpaxkenne H: QQ — X' taxoe, urto H@u € C(Q) nis Beex
ue C(Q,X), no H¢ Hom(Xg,R).
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Pacemorpim muozkectBo ) = (N X N)U {00}, t1e 0o ¢ N x N, u cuabanm
ero toroJjiorueit, o0bsBuB Bee 1eMeHTbl N X N n30/MpoBaHHBIMU TOYKAMHU U
B35B B KadecTBe OKPECTHOCTel 0o Bce mojmuoxkecTBa U C (), /Uil KOTOPBIX
coeUmn
(Vm eN) 3n, €N) (Vn =ny) (m,n) € U.

[TousTao, YTO
C@={f: Q=R : lm f((m,n)) = f(o0) s scex me N} (1)

ITpoBepuM, 9TO TOMOJOTHYECKOE MPOCTPAHCTBO () 001aJaeT BBIIIEHepe-
YUCIEHHBIMU CBOficTBaMK (a)—(K).

(a) HocTaTouHo paccMoTperh moJAMHOKecTBO P C (), He cojepzkaliee 1o-
CJIEIOBATEIBHOCTH, CTPEMAIIEHCs K 00, U MoKa3aTh, 910 00 & ¢l P. OuesnHo,
g moboro m € N majierca HoMep Ny, Takoi, 4TO {(m, n)eP:ne N} C
{(m,1),...,(m,np)}. CrenoBareabHO, TOUKA 0O OTJEIAETCI OT MHOXKECTBA P
cBoeii okpecrrocrbio {(m,n) : m € N, n > ny, } U{oo} u Tem campbiv He mpu-
HAIJI€ZKUT 3aMBIKAQHUIO P.

(6), (n) Cm. 3ameuanne 1.11.

CroiictBa (B) 1 (I') HEMEJIEHHO CJIEYIOT U3 YCTAHOBIEHHOIO HUZKE CBOM-
crBa (e) u Teopem 2.10 u [3, 2.4.7] cOOTBETCTBEHHO.

(e) Paccmorpum HBP X wman @) rakoe, uro X(q) = R s Bcex
q € Q\{oo}, X(o0) = {0} u C(Q,X) = {u € C(Q) : u(co) = 0}. OT06-
pazxenue H onpenemnm pasencrsamn H(oo) = 0 u H((m,n)) = m a1a Beex
(m,n) € NxN. Jlerko Busers, uro H®@u € C(Q) aas 1pOU3BOJIHHOTO CEUeHUS
u € C(Q,X) (em. (1)). Tem me Menee norouednas Hopma H He sBIseTcs JI0-
KaJbHO OrpannuenHoii, a suauut, H ¢ Hom(X, R) B cuny teopemsr [3, 2.4.4].

(>k) Coruracuo reopeme JIxkozedcona — Huccennpeiira [10, XII] na exu-
HU4HOI cdepe npocTpancTBa X' cymecTByeT c1abo* cxoadmasics K HYJI0 HO-
cateposaressuocts (2,). Honoxnm H(oo) =0 € X' u H((m,n)) = mz), ais
Beex (m,n) € N x N. Torma H ® u € C(Q) aast mpou3BOJBHOIO CETCHUST
u € C(Q, Xq). HeitctBurensuo, ns kazkaoro m € N uMeeT MeCTO COOTHOIIE-
HHe nh_)rgo(H ® u)((m,n)) = 0, rak xax nocieposarensuocts (H((m,n)))nen

cra60* cxomurest K Hymo u ||u((m,n)) — u(co)|| = 0 mpu n — co. Ocraercs
3aMEeTUTh, YTO IMMOTOYEYHasdA HOPpMa H HE JIOKAJIbHO OI'paHUY€Ha, U IPDUMEHUTH
Teopemy [3, 2.4.4].

2.12. Teopema. Ilycrs HBP X nas romosormaecknm npocrpanctBom ()
HMeeT IIOCTOSIHHYI0 KOHEIHY0 pa3sMepHOCTh, ) — npomnsBoibHoe HBP mam ()
n U — nocaoitro maornoe B X mogmuoxkecrso C(Q, X). Ecam orobpazkenne
H:pe @~ H(p) € B(X(p),Y(p)) rakoso, uro H @ u € C(Q,Y) s Beex

u €U, ro H € Hom(X,)) u noroueunast vopma || H|| wempepriBra.
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< Badwurcupyem Tpom3BOJIBHYIO TOUKY ¢ € () U TOKAyKeM HempepbiB-
Hocth ||H| B 3roii Touke. CooTHomeHue

1@ = s{ [H0) (i vo) | v e u)

= sup{ (g1 @ vl ) o) s e ).

cupaseJyiuBoe Juisi Bcex p € (), obecreduBaer IHOJIyHEIPEPHIBHOCTL CHU3Y
dbyukmun |H|. Ocraerca nokasars, uro dbynknus ||H| moayuenpepsisaa
CBepXy B TOUKe ¢. PaccMoTpum mpom3BOJIbHOE ¥nCa0 £ > (0 U TOKazKeM,
4T0 B HEKOTOPO# okpecrrocTu U rtouku ¢ umeer mecro HepaseHctso ||H| <

11 (q) + €

U3 koneunomepHocTu cios X (g) ciejyer cynecrBoBaHue Takoro Habopa
ceuwennii u = (uy,...,u,) C linU, gro 3magenus ui(q),...,un(q) umeror
eIMHNIHYI0 HOpMY U o6pasyior 6asuc X (q). TlockoabKy MHOXKECTBO

A={XeR": [Aul/(¢) =1}
orpanmdeno B R", wncio [[All; = sup{|A1]| + -+ |A\n| : (A1,..., ) € A}
KOHEeYHO. (3/1eCh U HUKe 3alUCh AU 0603HAYAET CYMMY AUl + -+ + Aplp.)
MoxGepem Takoe uncio § € (0,1), uro =5 (0 + [H| (q)) < [H]|(q) + ¢

B cuay [4, nemma 7] cymecrByer okpecrrocTh Us TOUKH ¢, B KOTOPOii 1 — 0 <
IAu| <1+ 9 ana Becex A € A. Be3 orpannvuennss OOMHOCTH MOXKHO CIHTATD,

410 Jyist J11000ro vaementa p € Us nabop u(p) = (ul(p), . ,un(p)) JINHEHHO
nezasucuM (cm. [12, 18.1]). B wacrnocru, npoussosbubiii BekTop © € X(p)
IPEJICTAB/ISIeTCS B BUIE

P
= Dol ) )

npu noaxojsmem Ay € A. Ilockonbky cevenus H @ u;, ¢ = 1,...,n, nenpe-
PBIBHBI, cymecTByeT okpecTHOCTh U C Us TOYKM ¢ Takas, 9TO

1Al max{ [ @ will (p) — 1 H @ will (a)] = i=1,...,n} <4

quist Beex p € U. B kaxoit touke p € U 3nauenne nopmst ||H (p)|| pocruraercs
Ha HEeKOTOpoM BekTope x(p) € X(p), ||z(p)| = 1. Tlosromy

1
H = ||H(p)x = I H
1) = 1H @) = e 17 © Qapu) | @)
< (e uwlle —\I)H@(Ax@)u)\\lw\+H!H®( wll @)
<15 | (||A||1max{\|||H®uzn|<>—|||H®ui|||<q>| ci=1...n}+ 1H] ()

<=6+ 1 @) < 17 (0) +2
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Bkiouenune H € Hom(X

,Y) Tenepnb cleayer u3 HENPEPBIBHOCTH TOTOYETHOI
HOpMBl H u Teopemsr [3, 2.4

4. >

CnencrBue. Ilycre X u )Y — HBP wax ogaum w rem >ke Tomosiorn-
qecKuM mpocTpancTBoM. KEcim pacciaoerne X wuMeeT MOCTOSHHYI KOHEYHYTO
pa3MepHOCTb, TO HOTOYEeYHAsT HOpMa JTFI0O0ro roMmoMopcgusma u3 X B Y Helpe-
PBIBHA.

2.13. Kak mnoka3pIBaIOT NPUBEJIEHHbIE HUYKE NPUMepbl, TpeboBaHUE M0-
CTOSTHCTBA Pa3MepHOCTH paccjioeHust X B caeJcTBUN 2.12 aBJIsieTcst CyIecTBeH-
HBIM.

Jlns Toro, YTOOBI MOMYEPKHYTh pa3HOOOpasue TeX CHUTyalldii, B KOTO-
peix 11 HBP X ¢ koHeuHOMEpHBIMHI CJI0SME BO3HHKaeT roMoMopdusm H €
Hom(&X', R), umeronuii pa3pblBHYIO HOPMY, MbI IPUBE/IEM TPU PA3JIHIHBIX IDH-
Mepa. B mepBom cirydae pazmepHOCTh X paBHA HYJIO B €INHCTBEHHON TOYKe
paspeiBa byukiuu |H| u eauHuie Bo BeeX OCTAJBHBIX TOYKAX, BO BTOPOM
cllydae pasMepHOCTh X MPUHAMAET JBa PA3JUYHBIX (BO3MOYKHO, HEHYJIEBHIX)
3HAYEHUSI, B TPETHEM — Pa3MEpPHOCTb X HpuHUMaeT OECKOHEYHOEe YHCJIO Pa3-
JIMYHBIX 3Hauenuil, a dynknus ||H| pasppiBaa B KaxK10ii TOUKE.

[Mpumepsi. (1) Iycrs @Q = [0, 1]. TTomoxum X(q) =R, ecin 0 < g < 1,
u X(0) = {0}. B xauecrBe HeNpepbIBHOI CTPYKTYPbl X BO3bMEM MHOMKECTBO
{u e C[0,1] : u(0) = 0}. Torua noroyeanast Hopma romomopbusma H, upunu-
maroriero 3uadenne idg Ha nosyunrepsase (0, 1], He siBsieTcst HelpepHIBHOI B
touke (0 € ). Herpyaso mpoeputrhb, uro B ganHoMm caydae Hom(X, R) mMoxk-
HO €CTECTBEHHBIM 00Pa30M OTOKIECTBUTH C HPOCTPAHCTBOM OIIPEIETeHHBIX HA
orpeske [0, 1] BemecrBennbix GyHKIMI, KOTOPbIE OrPAHUYEHBI U HEIPEPbIBHBI
ua noayunrepsase (0,1] u paBubl myao B Touke 0 € Q). OjHako majneko He
Bce Takue GyHKINN HenpepbiBHbI Ha [0, 1].

(2) Ha sToT pa3 paccMOTpHM BIOJIHE DPEryJasipHOe MPOCTPAHCTBO () ¢
Hen3oupoBanHoil Toukoit q. Ilomoxum Uy = {q}, Uy = Q\Uy, Us = Uy =
- = . llycrs X — KoHeuHOMepHOe DAHAXOBO HMPOCTPAHCTBO, X| — €ro
cobcTBeHHOE OANPOCTPAHCTBO U X9 = X3 = -+ = X. Badukcupyem 3anyJis-
rommiics na X1 dyukmmonan @’ € X' rakoit, uro ||2'|] = 1, n monoxum x) = 0,
ry = 24 = --- = 2/. Paccmorpum HBP X, urypupyromee B semme 2.7, u
romomopdusm H, yaosaerBopsiionuii yeaosuio (6) 3Toit memMer.  flcHo, 9TO
IH|l(¢) =0u |H|| =1 Bue {q}. Taxum o6pazom, dyuxuus | H| ne sBasiercs
HEMPEPBIBHOI, TaK KaK TOYKA ¢ HE W30/IUPOBAHA.

(3) Iycrb Q = Q — MHOXKeCTBO PAIMOHATIBHBIX YHCeT, CHAGKEHHOe ecTe-
CTBEHHOMN TOIOJIOTHEH, W IYCTb N +— ¢, — IPOou3BoOJbHas Ouexmusa N Ha ().
[Monoxum U,, = {q,} nnga Becex n € N u paceMoTpuM POU3BOIBHYIO MOCIEI0-
BATEILHOCTH OaHaXOBBIX MpocTpancTB X1 C Xo C -+ u (DyHKIMOHAIOB I,
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yoBeTBopsomux yeaosuio 2.7 (6). TlorpebyeM JOMOTHATENBHO, YTOOBI Pa3-
MepHOCTH X, M HOPMBI X, cTporo Bospacrasu. Ilycrs X' — HBP, durypupy-
tomiee B iemme 2.7, 1 H — romomopdusm, yiosaerBopstomuii yeaosuto 2.7 (6).
dcno, aro cmom X mWMerOT MONApHO PA3JIMIHBIE PA3ZMEPHOCTH, & TMOTOYCTHAS
HopMma H paspbIiBHA B KazKI0ii TOUKe ().

ABTOpaM HEU3BECTHO, ABJISIETCS JIM B OOIIEM CJIydae IOCTOSHCTBO pa3Mep-
HOCTHU pPACCJOCHHS B HEKOTOPOW OKPECTHOCTH TOYKHU ¢ HEOOXOUMBIM yCJIOBH-
€M TOI'0, Y4TO IIOTOYEYHble HOPMbI BCEX IOMOMOP(MU3MOB HEIPEPBIBHBLI B 3TO
touke. JlokazaHHas B ciejyromem naparpade Teopema 3.5 (2) gaer mMOJ0KI-
TeJbHBIN OTBET HA TOT BOIPOC B HEKOTOPOM YaCTHOM CJIydae.

8§ 3. OneparopHoe paccijioeHue

B pmamnom maparpade mpeiokeH psiJ HEOOXOAUMBIX MW JTOCTATOUHBIX
ycsioBuii cytecTBoBanus 6anaxosa pacciaoenus B(X,)), HenpepbIBHbIE ceue-
HUST KOTOPOTO TPEJICTaBISIOT coboit romomopdusvbl 3 HBP X 8 HBP Y.
OTmebHO pacCMOTPEHBI CIyYand TPOU3BOJIbHBIX paccaoennit X u ), paccioe-
HUI ¢ KOHEYHOMEPHBIMHU CJIOSIMU, & TakzKe caydail mocrosuubix HBP u HBP,
UMEOIINX MMOCTOSHHYIO KOHEUHYI0 Pa3MepPHOCTb.

3.1. Ilycrs X,Y u Z — HBP nan Tonosorudeckum npocrpancrsom (),
IpUIeM B KazKJIoi Touke ¢ € ) cioii Z(q) aBasgercs 6aHAXOBBIM TIO/IIPOCTPAH-

creom B(X(q), Y(q)).

Jlemma. Crexyiommue yTBepKeHHs PABHOCHIbHBL:

(a) C(Q,Z) =Hom(X,Y);

(6) Hom(X,)Y) sBmsiercss mocsioiiHO MIOTHBIM B Z HOJMHOXKECTBOM
C(Q, 2) (I/IHI)IMI/I ciopamu, Hom(X',)) — HempepbIBHAsT CTPYKTYPA
paccaoeHust Z )

< PasuocunbHOCTH yTBep:KaeHuii (a) u (6) HeMeJIEHHO BBITEKACT U3
caejpcrsugd 2.4. D

OueBnHo, paccioenne Z, yJaoBieTBopsitoliee ycaopuio (a) win (6) jgem-
MBI, ABISeTCA €IUHCTBEHHBIM. JTO MO3BOJILAET HAM BBECTH CJEAYIONIee ITOHM-
THUeE.

Onpepenenne. BanaxoBo paccjioeHue Z, yJIOBJIETBOPSIONIEE YCIOBUIO
(a) i (6) JieMMbl (ec/iM TAKOBOE CYHIECTBYET), HA30BEM ONEPAMOPHbIM PaC-
croenuem 1 HBP X u Y u oboznauum cumoaom B(X,)).
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JlanHOe HaMM OIpejieJIeHIe OIepaTOPHOIO PACCIOeHHs 0000IAeT aHaJI0-
IMYHOE HOHATHE, BBejeHHOoe B [3, 3.2.3] jyid ciydas pacCaoeHuil HaJl IKCTpe-
MaJIbHO HECBSI3HBIM KOMIIAKTOM.

3.2. Creayiomuii HEOJHOKPATHO UCIOIb3yeMbIil B HacTOsIIeil paboTe pe-
3yJIbTAT JaeT OCHOBHON KpUTEPUN CylIeCTBOBAHUS OLIEPATOPHOIO PACCI0EHUS.

Teopema. Ilyctb X mw Y — HBP manx romosormieckum mpocrpa-
crBom (). Jlmsa cymecrtBoBanuss paccioenuss B(X,)) Heobxoqumo u gocra-
TOYHO, 4TOOBI 10TOYeYHAsi HOpMa JiIoboro romomopgusma uz X B Y Oblia
HeINpephIBHA.

< HeobX0auMOCTh TIPHBEJICHHOTO YCIOBHS O4YeBHAHA. JlOCTATOUHOCTH
MOKHO 000CHOBATH, MCIOJIB3Ysl PABHOCH/IbHOE onpeieienue 3.1 (6) omeparop-
HOTO paccyoennst. B kaxoii Touke ¢ € @ caoii B(X,))(q) sBasercs 3a-
MmbikanneMm mojnpocrpanctBa {H(q) : H € Hom(X,))} B npocrpancrse

B(X(q),Y(q)). >

Coraacho caencrsuio [3, 3.2.2] B cayqae npocropaoro HBP X' naj sxcrpe-
MaJIbHO HECBSI3HBIM KOMITAKTOM () MOTOYeYHAasT HOPMAa JI000r0 TOMOMOpQU3Ma
n3 X B mpousposbaoe HBP Y man () menpepniBHa. Ha ocHOBe ymomstHyTOro
cjlejicTBUs JloKa3ana reopeMa (3, 3.2.3|, Koropasi yTBEpK/AET, YTO B yKa3aH-
HOM CJIyd9ae CyIIecTByeT omeparoproe paccioerne B(X,)). Dro nossosser
paccMaTpuBaTh YCTAHOBJEHHBIH HaMH KpuTepuil 3.2 Kak 0000IIeHHe Teope-
Mol [3, 3.2.3] Ha caydait nponssoabHoro HBP Ha MPOU3BOIBHBIM TOMOJIOTH-
YEeCKUM IIPOCTPAHCTBOM.

3.3. Ilpemaoxxenume. Ecim HBP X man romosormyeckmm mpocrpas-
ctBOM () HMEEeT IIOCTOSTHHYT0 KOHETHYIO pa3MepHOCTh, TO s qtoboro HBP Y
Haj () cymecrByer paccioenne B(X|)).

< VTBepikKJeHue MpeloKeHnus BbITeKaeT W3 caeAcTBHA 2.12 m Teope-
MBI 3.2. D

[Tpumepsr 2.13 ¢ yuerom 3.2 MOKa3bIBAIOT, YTO TpeOOBAHUE MOCTOSHCTBA
Pa3MepHOCTHU paccaoeHusd X B MOCIeTHEM TPeJTOKEHNH SABISIeTCS CyIeCTBEH-
HBIM.

3.4. Ilpennoxenmne. [Ipermonoxum, avro HBP X mas Brostne peryiisip-
HBIM TOIIOJIOTHIECKHM IIPOCTPAHCTBOM () HMeeT MOCTOSHHYIO KOHEUHYIO pPa3-
mepHocTb. Torma ajst Beskoro HBP Y mvax ) B kaxkigoii Touke q € () mmeer
mecto pasenctbo B(X,Y)(q) = B(X(q),Y(q)). B wacrrocrn, ecom nocrosin-
HYIO KOHEYHYIO Pa3MepPHOCTh HMeIOT KakK X, TaKk H ), TO 3THM ke CBOHCTBOM
obnanaer B(X,)).
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< 3BadukcupyeMm TOUKY ¢ € () U JUHEHHBIH oepaTop S € B(X(q), y(q)).
[Toctponm romomopdusm H € Hom(X,)) co suadenumem H(q) = S; 1
caMbIM TeopeMa OyJer JJ0OKa3aHa.

€M

Cuavajia 3amerum, 910 ecau W — 3aMKHyTasi OKPECTHOCTH ¢, CEYeHUe
w Hax W HempepbiBHO (COOTBETCTBEHHO JIOKAJTBHO OrPAHUYEHO) U (DYHKIUS
f € C(Q) 3anynsiercst Bue W, To ruobanbaoe cedenue f % w, onpejessieMoe

boptel Fw), pew
(f*w)(p)z{ojpwp’ L

HEIPEPBIBHO (COOTBETCTBEHHO JIOKAJIBHO OrpaHnyeno). 1103Tomy B Cuily Teo-
pembl (3, 2.4.4] g romomopdusma G € Homyy (X', )) orobpakenue

H=fxG:peQw— H(p) e B(X(p),V(p))

saBJjIsieTcss roMoMopguzmMom 3 X' B Y, Tak Kak nmorodednas Hopma H JIOKaJIbHO
orparnverna u H @ u = f x (G ®u) € C(Q,Y) ana seex u € C(Q, X).

[Ipurumast BoO BHUMaHmE TOT (PAKT, 9TO TPOCTPAHCTBO () BIOJHE pery-
JIFIPHO, MOXKHO morTpeboBarh, utobel f(q) = 1. Torma H(q) = G(q). Ta-
KUM 00pa30M, I J0KA3aTeIbCTBA HAIIErO YTBEPXKICHUS JOCTATOYHO HA
KaKoW-HUOYIh 3aMKHYTOI OKpecTHOCTH W TOUKM ¢ OTIpeieTuTh TOMOMOPU3M
G € Homyy (X)), npunuMaionuii 3uauenne S B TOUKE .

B cuiy [4, caencrsue 8] Haiinercs rakoii suneiinsiit oneparop 1': X(q) —
C(Q,X), aro ns Beex x € X(q) Boinosneno mepasenctso ||z|| < [|[Tz] na
nekoropoit okpecraocru U Touku q. Ilockonbky st siioboi Touku p € U
oneparop T),: v € X(q) — (Tz)(p) € X(p) obpaTum n pasmMepHOCTH PACCIOe-
uusg X nocrosuna, obpas3 1" mocmoitno mwiored B X Hag U. CormacHo Teopeme
Hiomipe (cm. [3, 2.3.5]) cymecrByer nabop cedenuii V C C(Q,Y) raxoii, uro
{v(q) : v € V} — 6asuc nomnpocrpaunctBa im S C Y(q) Ha equHHIHON che-
pe. Tenepn, npusiekas [4, 1emma 7], pacCMOTPUM TAKOH JIMHEHHBIIT orlepaTop
R: imS — C(Q,Y), uro ero obpa3 coBuagaer ¢ JuHeiiHoN 060104KOil V 1
IRyl < 2]ly|| musa Becex y € im S ma mexoropoii okpecrnoctu V' Toukm g.
AHAJIOPHYHO TOMY, KaK ObLIH ONpeIeJeHbl onepaTopbt 1), 1Jist KaxKI0il TOUKH
r € V BBeJeM B paccMOTpeHue JuHelHbIi omeparop R,: im S — Y(p). Ilo-
HSTHO, 9TO oneparop R, obparum u ||R,|| < 2 ans Becex r € V. Bmecre ¢ Tem

1715t Beex p € U mMeeT MecTo Orenka ||Tp*1|| < 1.

Haxkomnern, paccmorpum 3aMKHYTYI0 oKpecTHOCTHR W C U NV Toukm q u
€ KasKJIBIM 3JIeMeHTOM p € W cBgzKeM JTHHEHHBIH omepaTop

G(p) = Ry R'ST, T, : X(p) = V(p).
B cuiy reopemst [3, 2.4.9] orobpaxkenne G: p € W — G(p) € B(X(p),V(p))

npejcTaBisier coboii uckombiii romomopdusm, tak kak G(q¢) = S, |G <

2| RSN Tyll m G®ue C(W,Y) ans Beex u € imT. D>
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3.5. VrBepxkyenue (1) cuemyrworeii Teopembl nipu Y = R COmEPKUT
JacTHIHBI oTBeT Ha Bompoc I Tepra [12, Section 19, Problem 1, c. 231].

Teopema. Ilycto X — HDBP ¢ komeunomepubiMu crosivu Ha,T 63POBCKHM
BIIOJTHE PEryJISIPHBIM TOMOJOTHIeCKHM npoctpanctBoM (), u mycrs ) — HBP
Ha Q.

(1) /JLnst sr060ii TOYKH ¢ OTKPBITOTO BCIOJAY ILIOTHOIO B () MHOMKE-
crBa |J,5oint {dim X =n} (cm. mpemnoxenne 2.9) m .moboro omeparopa

=

T € B(X(q), y(q)) cymecrByer romomoppuzm H € Hom(X,)) rakoii, uro
H(q) =T n |H| <|T]|.

(2) Ilpeamoioxkum, aro TodKa q € () obragaer caeTHoOi 6a30i OKPECTHO-
creif U paccjoeHne ) HMEET HEHYJIEBbIE CJIOW Ha BCIOLY ILJIOTHOM MHOXKECTBE.
IloTroueunsre HOpMBI BCexX rOMOMOphu3MOB u3 X B ) HEIPepbIBHBI B TOUKE (
B TOM H TOJBKO B TOM CJIyYae, eCJTH Pa3MEePHOCTh X ITOCTOSIHHA B HEKOTOPOI
OKPECTHOCTH (.

d (1) IIyerb 0 <K n € Z, q € int{dimX =n}, U C int {dim X' =n} —
saMKHyTasl okpectHocTb touku ¢ u 1 € B(X(q),Y(q)). Kak nerko sbr-
BecTH W3 Tpeiokenust 3.4 u gemmbl [3, 2.3.9], cymecrByer romomMopdusm
G € Homy (X, ) rakoii, uro G(q) =T u |G| < ||T||. ITockoabky mpocTpaH-
crBO () BIIOJIHE DeryJssipHO, Hafigercs HenpepbiBHas dynkmusa f: Q — [0, 1],
yaosiersopsiomas coornomenusiM f(¢) = 1 u f = 0 na Q\U. Ocraerca no-
noxuth H = f+ G (eM. qokazaTenberso 3.4).

(2) HocTaTovHOCTb STOr0 YTBEPK/IEHUS BHITEKAeT U3 Teopembl 2.12. [Tjis
JIOKA3aTeIbCTBA HEOOXOIUMOCTH MPE/NOJI0KUM, 9TO B JIIOOOH OKPECTHOCTH ¢
BCTPEYAIOTCsI TOYKH, B KOTOPBIX pa3mepnoctb X Goubie dim X(q) =: m,
u nocrpoum romomopduzm H € Hom(X,)) ¢ pa3psiBHOII B ¢ MOTOYEIHOMN
HOPMOIA.

B cuny chencrBust 2.9 Touka ¢ JI€eKWT B 3aMBIKAHUH OTKPBITOTO MHO-
xecrBa (J,s,, int {dim X =n}, u, kpome ToOro, BCIOAY MIOTHOE 1O HAIIM
yeaoBusgM MHOKecTBO {dim) > 0} sBisercs OTKpuITHIM. [TOCKOIBKY TOY-
Ka ¢ 00agaeT cueTHOH 0a30ii OKPECTHOCTEH, MOXKHO BBIOPATH CTPEMSIILYOCS
K ¢ TOCJTeJI0BATEILHOCTD (¢p) MOMAPHO DA3JUYHBIX 3JIEMEHTOB MEePeceueHust
U sm int {dim X =n} N {dim Y > 0}.

Benesnicreue Teopembl  rompe [3, 2.3.5] cyInecTByrOT OrpaHUYeHHBIE
cedeHust Uj,...,U; € C(Q,X) ¢ nuHEHHO HE3aBUCHMBIMH 3HAYCHUSIMU
u1(q), ..., um(q). Kax Buano u3 npegroxennus [12, 18.1], stu cevenus: moro-
YEYHO JIMHEHHO HEe3aBUCUMbI Ha HEKOTOPOI OTKPbITOI oKpecTHOcTH U TOYKH q.
Bes orpannuenus obmuoCcTH OyaIeM CUATATH, UTO ¢, € U m1d Bcex n € N,

Hng kaxaoro n € N uepaBenctso dim X' (q,) > m 1 HEBBIPOXKJIEHHOCTH
ciost Y(qn) MO3BOJISIOT OA06pATh TaKoi omeparop 1), € B(X(qn), y(qn)), q9TO
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T, = 0 ma lin{ui (¢n), -, um(gm)} u [|Tx]| = 1. B cuny (1) mas kazxkaoro Ho-
mepa n € N cymecrByer romomopdusm H,, € Hom(X,)Y), yaoBiaerBopsioniuii
coorromenusim Hy(qn) =T, v | Hy| < 1.

O6o3naunm uepe3s Xy HBP way U, ayist koroporo lin{uy |y, ..., um|y} 8-
JIZeTCd HeIpepbIBHOW CTPYKTYPOii, U TMOJIOKAM )y = y\U. IIo Teopeme 2.12
seeesm () } €
B(XO (p), Vo (p)) IMEET HEIPEPBIBHYIO IIOTOYEUHYI0 HOPMY; HOITOMY MOZK-
HO II0JI00paTh OTKPBITYIO OKpecTHOCTh V,, C U TOYKH @, TakKyio, d9TO
1 (P) hin s () cm (@3 | < 1/ 2015 Bcex p € V.

Cormacuo smemme 2.5 (1) cymecrByer mocsenoBareabrocTsh (Wy,) OTKpBI-
THIX TOAMHOXKECTB (), yaoBaeTBopsaomas ycaosusam cl Wy, N cl Uk;én Wi =9,

T Kazkioro Homepa n € N orobpazkenne p € U — Hn(p)hin{ul (»)

an € Wy u (AUpen Wa)\Unpen Wy = {q}. Hononuurenbuo norpebyem,
arober W, C V,, mis Bcex n € N. Kpowme Toro, paccmoTpum 1oc/ie1oBaTe b
HOCTb HeNpepbIBHBIX MyHKIWH fr: Q) — [0, 1] takux, uro fy(¢,) =1u fr, =0
na Q\W,. ng kaxaoit Touku p € ) noaoxum

H(p) _ { fn(p)Hn(p)7 p € Wy,

07 p §é UnEN Wn

Ouesngno, |[H| < 1. Tlockosbky npocTpancTBO () BIOJHE PETyJIsSIPHO, MHO-
xkecrBo Ny = {u € C(Q, &) : u(q) = 0} nononnseTr THHEHHYIO 000I0UKY
lin{uy, ..., un} 10 nocmaoitno wiornoro B X noamuoxecrsa C(Q, X). Tloka-
xeM, uyro H sgBigerca romomopdusMoMm u3 X B )Y, NIPUMEHUB K 3TOMY IOJI-
MHOXKeCTBY Teopemy [3, 2.4.9].

Ecmm u € lin{uq, ..., um}, 10 pax Y - fnHy ® u cxogures paBHOMEpPHO,
TaK KaK ero 4WIieHbl UMEIOT HOMaPHO HellePeceKalonuecs: HOCUTE !, TOTOIedHasT
nopma u orpanmiena u || foH, ® uf] < {luf] xra seex n € N. Crenosarenso,
o Teopeme [3, 2.3.6] cymma H ® © yKa3aHHOIO Psijia SBJSETCS] HEIPEPbIBHBIM
CEYCHUEM.

ITycrs Tenepns u € Ny. Ceuenne H@u HenpepbIBHO Ha KazKJOM MHOKECTBe
Wy, n € N, nockosnbky clW,, comepxurcs B OTKPBHITOM MHOKecTBe () \
clUg 4n Wi u H®u coBnagaeTr Ha TOM MHOYKECTBE C HEIIPEPBIBHBIM CeUYeHHEeM

fnHy @u. Ecam Touka p npuHaIIesKUT (cl Unen Wn)\ Unen Wy, top=qn
ceuenne H @ u HenpepbiBHO B 3T0# Touke, Tak Kak || H| < 1, a dynxmus ||ul|
HerpepbIBHA U paBHa Hyiio B ¢. Haxoner, muozxectso Q\ cl U, oy Wi aBasiercs
OTKPHITHIM, 1 Ha HeM ||H @ uf = 0.

Urak, H € Hom(&X,)). Bumecre ¢ tem ||H| (q) = 0, |H| (¢n) = 1 naa
Becex n € N u ¢, — ¢; cieposarenvno, byuknus | H|| paspbisaa B Touke ¢. D>

3.6. Teopema. Ilycto X u Y — HBP nax Bmosae pery/ispabIM TOIO-
JIOTHYECKHM MPOCTPAHCTBOM (), YIOBJIETBOPSIOIIHM IIEPBOii AKCHOME CYEeTHO-
cru. Ilpemmooxkum, 910 Bee cion X KOHEIHOMEDHBI, a PacCJ0eHHne ) HMeeT
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HeHyJIeBbIe CJIOH Ha BCIOJY ILTOTHOM IOAMHOXKecTBe (). OmeparopHoe pacc/io-
eane B(X,)Y) cymecrByer B TOM H TOJBKO B TOM CJIYYae, €CJIH JJIs KaXKJ0ro
n=0,1,2,... maoxkecrBo {dim X =n} aBjisgercsa OTKpbITO-3aMKHY THIM.

< locTaTouHOCTh YKa3aHHOTO yCIOBUS [ CYHIeCTBOBAHUS PACCIOCHN A
B(X,)) BbITeKaeT U3 mpeaaoKenns 3.3.

YT00bI J0KA3aTh HEOOXOAUMOCTH, 3aMETHM, UTO B CHJIY TEOpeMbl 3.2 u
yrBep:enust (2) Teopembl 3.5 cyiiecrBoBanne pacciaoenus B(X,)) Bieder
oTKpbITOCTh MHOKeCTB {dim X' =n} mug Becex n = 0, 1,2, ..., 1 BOCHOIb3yeMCs
jgemmoit 2.8. D

3.7. U3 teopembl 3.6 HeMeJTEHHO BBITEKAeT CJAEIYIONIee YTBePKICHHE.

CaencrBue. Ilycte X — HBP ¢ koHeuHOMepHBIME CIOSIME HAT CBSI3HBIM
03POBCKHM BITOJIHE PETYJISIDHBIM TOIIOJIOTHIeCKHM IPOCTPAHCTBOM (), V/IOBJIE-
TBOPSIFOIIAM IepBoi akcmome caerHoct, ' )Y — HBP max () ¢ memymebivm
CJIOSIMH Ha, BCIOJY ILJIOTHOM HojAMHOX«KkecTBe (). Torua cymecrBoBaHue paccio-
eanst B(X,)) paBHOCHIBHO MOCTOSIHCTBY pa3mepHocTH X.

Bamernm, 4TO TPOCTPAHCTBO (), YIOBIETBOPSIOINIEE YCJIOBUSAM CJI€/ICTBUSI,
He 00g3aHO ObITH MeTpu3yeMbiM. HecsioxkHO yOeaIuThCcss B TOM, YTO TaKHUM
HEMETPU3YyEeMbIM IIPOCTPAHCTBOM SIBJISIETCs, HAIIPUMED, 1JI0CKOCTH HeMbliikoro

(em. [7, 1.2.4, 1.4.5, 2.1.10]).

3.8. Jlo xonma srtoro mnaparpada Mbl TJIABHBIM 00pa30oM paccMaTpH-
BaeM mnocrosgaubie HBP. Jlna takux HBP npob6iema cymecrBoBanus pac-
caoennsi B(Xg,Y() TecHO cBs3aHa € BOIPOCOM O CTPOIOCTH BKJ/IIOYEHHS

C(Q, B(X, Y)) C Hom(Xgq, Yg), sarpouyTsim B 2.3.

Ilpennoxkenme. /[1g 6GanaxoBbIx mpocrpanctB X w Y pacciaoeHne
B(Xq,Yq) cymecrsyer torga u Toibko Torsa, korna C(Q,B(X,Y)) =
Hom(Xgq, Yg). Kpome toro, ecn paccioenne B(Xq,Y) cymecrByer, T0 oHO
pasro nocrossaroMmy HBP co cioem B(X,Y).

< Jlokakem CcHavaja BTOpPOE YTBEPIKIEHUE. [Tycts pacciioenne
B(Xg,Yq) cymecrsyer. Coornomenus B(Xq,Y0)(q) C B(Xq(q),Yolq)) =
B(X,Y), copasemiusbie B J000# Touke ¢ € @, u C’(Q,B(X, Y)) C
Hom(Xq,Yp) = C(Q, B(Xg, YQ)) HO3BOJIAIOT 3aKJIIOUATH, YTO KazKIblil CI0i
paccioenus B(Xg,Yqp) cosnanaer ¢ npocrpancrsom B(X,Y). Kpowme roro,
C’(Q, B(X, Y)) SIBJIsIeTCS. HeIPePBIBHOIT CTPYKTypoil kak B B(X,Y), Tak n
B B(X(,Yy), a 3naunr, stu asa HBP pasuwer (cm. [3, 2.1.8, 2.1.9]). Otcio-
JIa Cpasy CJeAyeT, 9TO PABEHCTBO C’(Q, B(X, Y)) = Hom(Xg, Yg) neobxonu-
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Mo g cymecrBoBanus B(Xg,Yy). [ocrarodnocTs oueBHHA BBHIY TeOpe-
MHL 3.2. D

3.9. CanencrBue. I[lycrb X mY — 0aHaxoBbl HPOCTPAHCTBA, NPHIYEM
npoctparcTBo X komednomepHo. Torga cymecrByer paccioenne B(Xg,Y()

u, kpome toro, B(Xq,Yy) = B(X,Y)q n Hom(Xg,Yy) = C(Q, B(X,Y)).
< YTBep:KIeHHe CJaeJICTBUSA BbITeKaeT u3 3.2 u 3.8. D

3.10. Teopema. Ilyctr X — beckoHedHOMEpHOE GAHAXOBO MPOCTPAaH-
cTBO 1 () — TOMOJIOTHIECKOe MPOCTPAHCTBO. IIpenioioKum, ITo Jijisi HEKOTO-
poro HEP Y nax Q) ¢ wernymespivu ciiosivu cymectByer pacciaoenne B(Xg,Y).
Torma npoctparcTBo () (PYHKITHOHATHLHO JTHCKPETHO.

< Homycrum, uro B C(Q)) uMeeTcs He JIOKATBLHO TOCTOSHHASA (DYHKITHS,
1 nocrpouM romoMopdusm H us X¢g B YV ¢ pa3pbiBHOII MOTOYeYHON! HOPMOIL.
Tem cambiM B cujty kpurepus 3.2 Teopema Oy/eT JI0Ka3aHa.

Cormacuo stemMme 1.15 cymecTByeT ¢1ab0™ HeIpepbIBHASA BEKTOP-DYHKIINA
w: @Q — X', noroueunasa HopMa KOTOPOIl OrpaHHYeHa U pa3pbiBHa. IlycTh ¢ —
Touka paspbiBa Gynknun ||w|. Pacemorpum cevenne v € C(Q,)) ¢ neny-
JeBbIM 3HadenueMm v(q) u ompegeaum orobpaxkenne H: q € Q — H(q) €
B(X,Y(q)), nonoxus H(q): z € X — (z|w(q))v(q) mia Beex ¢ € Q.
Jng moboro mocrosuuoro cedenns u € C(Q, Xg) uMeer MecTo paBeHCTBO
H@u = (uwj € C(Q,Y). Kpome roro, [|H|| = |Jw[|v]. 13 orpann-
yennocTu ||w| cremyer jokanbHas orpanmdenuoctsb |[H|. Takum obpasow,
H € Hom(X¢q,Y) no Teopeme [3, 2.4.9]. Haxonern, nockosnpky dbynknus ||w|
pasphIBHA B TOUKe ¢, a byHKIWM ||v] HempepbiBHA U OTIUYHA OT HY/IA B 3TOMH

rouxe, [H| = Jw[v] ¢ C(Q). >

Huzke (cm. 3.13) Oyzer nokaszaHo, 4To B HOC/eIHEHl Teopeme HeoOXO/u-
MO€ yCJIOBHE CYIIEeCTBOBAHU: oneparopHoro paccioenus B(Xg,)) (a mmen-
HO, (DYHKIMOHAJIbHAS JTUCKPETHOCTH ()) SIBJSIETCS] JOCTATOYHBIM B TOM CJIy-
Jae, Korja 0aHaxoBo npocTpaHcTBO X cemnapabenbHo. B obimem ke ciydae
paccMarpuBaeMoe YCJIOBHE JOCTATOYHBIM He siBJIsieTcs (CM. npejyiokenne 3.14
IPUMEHHTETBHO K GaHaXoBy pocTpancTBy X' m pacciaoennio Y = R).

3.11. Ilpennoxxenme. Ilycrp X w Y — 0OaHaxoBbl NMPOCTPAHCTBA,
Y # {0}, u mycrp () — ronosornieckoe npoCcTPaHCTBO, HE SBISIONIEEC (DyHK-
UOHAJIBHO JUCKpeTHbIM. CJIejyIone yTBePAKACHU DABHOCHIbHBL:

(a) cymecrByer 6anaxoso paccroenne B(Xq,Y0);

(0) B(X,Y)q = B(Xq,Yq);
() Hom(Xgq,Yo) =C(Q,B(X,Y));
(r)

r) 6aHAXOBO IPOCTPAHCTBO X KOHEYHOMEDHO.
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< PasnocunbuocTh (2), (6) m (B) mokazana B 3.8, (r) caemyer u3 (a)
B cuy 3.10, (a) BerTekaer u3 (r) B cuay 3.9. D

3.12. Ilpengyoxkenmne. Ilyctb X — HBP max ¢yukmnuonanapao uc-
KPETHBIM TOHOJOrHIeCKHM mpocrpancTBoM Q. Ilpemmonoxum, aro C(Q, X)
COJEPZKHT CIETHOE IIOCIOHHO ILIOTHOE B X MOAMHOXKecTBO. Torma jiist io00ro
HBP Y najx ) cymecrByer paccioenne B(X,)).

4 Iycers U C C(Q, X) — cueTHOe TOCTOWHO MIOTHOE B X MHOXKECTBO.
Pacemorpum nipoussosbabie HBP Y Haz @, romomopdusm H € Hom (X)),
TOUKY ¢ € Q U TOKazKeM HEIIPEPLIBHOCTD B ¢ IIOTOYedHOit HopMbl H. TTockomb-
Ky IIPOCTPaHCTBO () (BPYyHKIMOHANBLHO AMCKPETHO, Haiigercsa OKpecTHOCTh U
TOUKH ¢, Ha KOTOpoii moctoannbl Bee dbynknmu |ul| u |H @ul, v € U.
Beuny mnocnoiinoit maoTHOCTH B X MHOXKECTBa U MMEET MECTO DPaBEHCTBO
IHI () = sup{lH @ ul () - w € U, Jul(p) < 1} a1a moBoit 1ok p € Q,
orkyaa caenyer, uro dbyuxknus ||H| nocrosuna ma U u, B wacTHOCTH, HENpe-
peiBHA B TOouke q. Ocraercs cociarhcs Ha Teopemy 3.2. D

3.13. CuaencrBue. Ilycrp () — LPOU3BOJIBHOE TOILOJOIHYECKOE IPO-
crpancTso u X — cenapabejibHOe 6eCKOHEeYIHOMEPHOe DAHAXOBO IPOCTPAHCTBO.
Citeyronine yTBepKAeHUsT PABHOCH/IBHBI:

(a) st smoboro HBP Y maz @) cymecrsyer paccioenne B(Xg,));
(6) cymecrByer paccroenne B(Xg,R);
(B) mpocrparcTBO () (DYHKIIHOHATBHO JTHCKPETHO.

d Umnnukanus (a)=-(6) oueBugna, (B) ciemyer u3z (6) B cmuy 3.10,
(a) BoiTekaer u3 (B) B cuty 3.12. D

3.14. Ilpenmoxkenue. Ilycth X — HecenapabeipHOE 6aHAXOBO IPO-
crparctBo. CymiecTByeT (DyHKIIHOHATBHO JUCKPETHOE HOPMAJTbHOE TOMOJIOTH-
Jeckoe IpoCcTpaHcTBO () Takoe, aro jist oboro HBP Y max () ¢ HeHymeBoIMu
cosMH He cymecTByeT paccioenns B(Xg,)Y).

< O6o3naynMm Uepe3 N MHOKECTBO BCEX CUYETHBIX MOJMHOYKECTB IIPO-
crpaHcTBa X, yHOpsi09eHHOe 110 BKJIOYeHuio. [loHgaTHO, 9TO cuerHbIe MOJ-
MHOZKeCTBa N 00/1a/1a10T BEPXHUMU I'PAHIMUA U N HE UMEeT HaubOJIbIIero djie-
MEHTA.

Kak nokaszano B 1.13, upocrpancrBo ) := N® HOpMaJIbHO U (PYHKIHO-
HAJIBHO JTUCKPETHO.

[Tycrs YV — upoussoabuoe HBP naj @ ¢ wenysieBbiMu citosimu. Onipejie-
smm romomopdusm H € Hom(X¢,Y) ¢ paspeiBHOit noTodednoit Hopmoit. s
5TOT0 paccMoTpuM cedenne v € C(Q, )), NpHHAMAOIIee HeHYIeBOE 3HAYEHE B
Touke 00 € (). Tlockoabky mpocTpancTBO X He sIBJIsIeTCs cenapabeTbHbIM, IS
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m06oro 3meMenTa v € W cymectsyer dbynkmuonan z,, € X' taxoit, uto z,, = 0
na cllina u ||2),]| = 1. Iycrs H(a) = v(a) @ 2, nna Beex o € X m H(o0) = 0.
Toryma o Teopeme [3, 2.4.9] orobpazkenue H sBiasgercs roMoMopdU3MOM, Tak
KaK Jijist JII0O0ro 1MOCTOSHHOTO cedeHus U, = ¢, © € X, cedenne H @ u, upu-
HUMAeT HyJieBble 3HavYeHHs] HA wHTepBate ({x},00], a 3HAYUT, HEHPEPHIBHO.
Bmecre ¢ Tem norodeunas nopma H paspbiBha B Touke 00. CiienoBaresibHO,
corsacHo Teopeme 3.2 He cymecTsyer pacciaoenns B(Xg,)). D

3.15. Jlemma. Illpenmosoxkum, 470 N — HaIpaBI€HHOE II0 BO3PACTAHHIO
VIIOPsLIOYEHHOEe MHOXKECTBO 0e3 HamboJibuiero sjgemenra, X — HBP nag N*
(em. 1.13) m B C(X*, X) cymecTByer Takoe MOCJIOHHO MIOTHOE HOJMHOXKECTBO,
4TO PABHOMOII[HBIE €MY IIOJMHOXKecTBa N 00/1a4af0T BEDXHUMH I'DaHsAMH. 10-
ra st ioboro HBP Y man W cymecrByer paccioenne B(X, ).

4 Iyers U — nogmuoxkectBo C(N*, X)), yaoBIeTBOPSIONIEe YCIOBHIM
JIeMMBL.

Paccmorpum npoussosibnoe HBP Y wan N® u nposepum HenpepuiBHOCTH
MOTOYEYHON HOPMbI MPOU3BOJIbHOrO romoMopduszma H € Hom(X,)). Tem
CaMbIM B CHJIy TeOopeMbl 3.2 Hallle yTBeprKJIeHNe OyJeT JOKa3aHo.

st kaxaoro snementa v € U BoibepeMm oy, € N tak, arobdsl ||ul () =
Jul (00) 1 |H @ ul () = [[H @ul|(c0) mnst Beex a > oy (cM. 3ameda-
aue 1.13 (1)) Torna aag moboro u € U jaBa MOCAEIHAX PABEHCTBA UMEIOT
MecTO TIpu Beex « = (3, rie [ — BepxHss rpaHb MHOKecTBa {ay, @ u € U}.
[TockonbKy MHOKECTBO U T1OCI0HHO 10THO B X, 3Ha41enue Hopmbl || H || B Jro-
Goit Touke o € N* ppruncagerca no dopmyne |H| (o) = sup{||H @ uf (a) :
u € U, |Ju] (o) < 1}. U3 sr0ii dopmysbl cpady BHIHO, YTO UPU O =
noroueunast Hopma H upunumaer snavenue ||H| (o) = || H| (c0), a 3nauur,
HenpepbiBHa. >

CaencrBue. /lisi Bcsskoro banaxoBa 1npocTpaHcTsa X HaH/[ercs HeJuc-
KpPeTHOe HOPMAJIbHOE TOIIOJIOTHIECKOe MTPOCTPAHCTBO () TaKoe, IT0 JJIsT JTI0O0r0
HBP Y nax Q) cymecrsyer paccioenne B(Xg,)).

< Jlocrarouno B34aTh () = N°® 1716 N — NPOM3BOJIBHBIIN Kap/uHAJI, Hpe-
BOCXOJAIINIT MOIITHOCTEL X, X BOCIIOJIHL30BAThCS IOCJIeaHel jeMMoit. [

3.16. Ilyctp X — GaHaxoBO MPOCTPAHCTBO, () — TOIOJOTHYECKOE IIPO-
crpadcTBo U Y — npousBosibHoe HBP naj () ¢ HeHysieBbIMU CJIOSIMH.

[IpuBeieHHbBI HUXKE CIHUCOK PE3YJIbTATOB MMOKA3bIBAET, KaK 3aBUCUT CY-
IIeCTBOBAHME omeparopHoro pacciaoenns B(Xg,Y) or ceoiicts X u (). DTor
CIIMCOK HE COAECPZKHUT JIOIIOJIHUTE/IbHBIX HOBbIX (,baKTOB 1 JIMIIb IIOABOAXUT UTOI'
IPOBEICHHLIM HCCJICTOBAHMIAM.
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(1) Ecau npocrpancrso X koHedHOMepHO, TO pacciaoenue B(Xg,Y) cy-
HIECTBYET.

(2) TlpeamosiozKum, 9T0 TPOCTPAHCTBO X GECKOHEYHOMEPHO.

(2.1) IIycre upocrpancrso X cenapabesbno. Paccioenne B(Xg,))
CYIIECTBYET B TOM M TOJIBKO TOM CJlydae, KOTJa MPOCTPaH-
¢TBO () PYHKIMOHAIBHO JUCKPETHO.

(2.2) Tlycre X — He cemapabesibHOE TTPOCTPAHCTBO.

(2.2.1) Ecau npoctpancTso () He DyHKIUOHATBHO TUCKPETHO,
10 paccioenus B(Xg,)) He cymecrsyer.

(2.2.2) Ecan npoctpancTio () byHKIMOHATIHHO IUCKPETHO, TO
paccroerne B(Xg,)) MOXKeT Kak CyIIeCTBOBATH, TaK
W He CYIIECTBOBATH (B TOM YHCJE MPH JIOHOJTHUTE b
HOM IIPe/IOJIOKEHIH, ITO IPOCTPAHCTBO () HOPMAJIb-
HO ¥ HEJICKPETHO).

Yreepxkaenue (1) Borrekaer u3 3.3, (2.1) cmemyer u3 3.10 u 3.13, (2.2.1)
apisiercs cieacrsueM 3.10, a (2.2.2) Borrekaer u3 3.14 u caencrsus 3.15.

§ 4. ComnpsizkeHHOe 0AHAX0BO pPaCCJIOeHUe

B stom maparpade paccmaTpuBaroTCsi BOIIPOCHI O CYIIECTBOBAHUHU U CBOIi-
cTBax pacciaoeHud X', cCONPAZKeHHOro K JaHHOMY PaccIoennio X.

B pazmene 4.2 mepedunciaenbl pazHooOpa3Hble HEOOXOIUMBIE U JOCTATOY-
HbI€ YCJIOBUS CYIIECTBOBAHUS CONPSKEHHOTO paccjoenus. Bce yTBepKieHus
9TOr0 pazjena SBIAI0TCS MPAMBIMUA CJI€ICTBUAMHI PE3YJIbTATOB IPEIbIIyIIe-
ro naparpada. Ilpeioxkenue 4.3 yrBepK/iaeT CymecTBOBAHUE COMPSIKEHHOTO
paccaoenns s HBP ¢ ruabpbepToBiMu citosmu.

OHEM M3 eCTeCTBEHHBIX IIAaroB MPHU UCCAETOBAHUU MOHSITHS CONPIZKEH-
HOTO PACCJOCHHS SIBJISETCS YCTAHOBJIEHHE HOPMATHBHBIX COOTHOIMEHUH JIBOII-
CTBEHHOCTH MezK 1y paccaoenusavu X u X/, DToif TeMe mocsaien pasaen 4.5.
[Ipeaapuresbuo B 4.4 00Cy2K/1aeTCsi YCJIOBUE MMOCJIOWHOW HOPMHUPOBKH CJIOEB
HBP 3navenusmu coorBercTByOmuX romomopdusmon. K coxkasenunio, Bompoc
O TOM, BCer'/la JIU uMeeT MeCTO TaKad HOPMUPOBKaA, MbI 6bI.HI/I BbIHY2K/ICHbI OCTa-
BUTH OTKPBITBIM, OTPAHUYUBIINCH TIEPpEeIYnCICeHUEM CHTyaHHﬁ, B KOTOPBIX OHa
3aBEJIOMO UMeeTC .

B paznenax 4.6-4.9 paccmarpuBaeTcsi CBsi3b MeEXKJLy cenapade/ibHOCTHIO
OTJIEJIBHOTO CJI0si DaHAXOBa PACCIOCHUS U KOHEYHOMEPHOCTBIO €r0 CJI0E€B WJIH
CJIOEB COLPSZKEHHOI'O PACCJIOCHUS.

Ocrapmasicst gacth naparpada (4.10-4.15) nocsiieHa u3y4eHuio Bropo-
IO CONPS?KEHHOIO PACCJ0eHHd. B Kpyr HCCIeIyeMbIX 3/1€Ch BOIPOCOB BXOUT
cymecrBoBanue paccjaoenus X', u30MeTpUUHOCTH paccMaTpUBaEeMbIX PACCJIO-
eHUil, a TaK:Ke BJIOJKEHHE DAHAXOBA PACCJOEHHS BO BTOPOE COLPIZKEHHOE.
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4.1. Onpegenenne. Ilycth X — HempepbiBHOE 6AHAXOBO pacC/IOeHHE.
Paccioenne B(X,R) (eciu oHO cymiecTByeT) Oy/eM HA3BIBATD CONPAHCEHHbIM
K X u obosnauarn cumsosiom X'. Eciam pacciaoenne X' cymiecrsyer, Mbl
roBopuM, 9r0 X UMEEM CONPANCEHHOE PACCAOCHUE.

CornacHo Teopeme 3.2 conpsizKeHHoe pacciaoenne X’ cyliecTByeT B TOUHO-
CTHU TOIJIa, KOI/Ia IOTOYEeTHbIe HOPMBI BeeX romoMopdu3MoB u3 X B R Hempe-
PBLIBHBL.

4.2. Ilpennoxenune. (1) Beskoe HBP X naju Q) ¢ nocrosinnoii koney-
HOI#l pa3MepHOCTBbI0 HMeeT collpszKeHHoe paccioenne X'. Bosee Toro, eciu
TOIOJIOrHIeCKOe MPOCTpaHcTBo () Brosme peryispuo, o X'(q) = X(q) mnsa
BCcex q € Q).

(2) HBP X ¢ komedHOMepHBIMH CJIOSIMH Haj O3DOBCKHM BIIOJIHE DEry-
JISIDHBIM TOIIOJIOTHYECKHM MPOCTPAHCTBOM, V/OBIE€TBOPSIOIUM HEPBOi aKCHO-
M€ CYEeTHOCTH, HMEeT COIPSZKeHHOE PACCJIOCHHE B TOM H TOJIBKO TOM CJLy4ae,
ecom sist kaxaoro qucaa n = 0,1,2,... muoxkecrso {dim X =n} ssasercs
OTKPBITO-3aMKHY ThIM.

(3) Ipeamo.iozkum, aro mocrostraoe HBP co cioem X nmeer conpsizkeHHOE
paccioenne. Tora nocaennee spisercs nocrosaasiy HBP co cioem X'.

(4) Ecim mocrosinroe HBP nas () ¢ 6eCKOHEIHOMEDHBIM CJI0eM HMEeT CO-
HPS2KeHHOe PACCJO0CHHEe, TO HPOCTPAHCTBO () SABJSAeTCsS (DYHKIHOHAJILHO JHC-
KpeTHBIM (B YACTHOCTH, €CJIH MPH 3TOM MPOCTPAHCTBO () BIIOJIHE DEryYJISPHO,
TO BCE €ro CUeTHBIE MOJMHOMKECTBA 3AMKHYTHI).

(5) Lzt smioboro mecenapabeibHOrO 6aHAXOBa MPOCTPAHCTBA X CYHIECTBY-
er (OyHKIHOHAJIBHO JHCKPETHOE TOIMOJOIHIECKOe IPOCTPAHCTBO () Takoe, ITo
HBP X He mmeeT colpsazKeHHOIO paCcC/IOeHHH.

(6) Iocrossrroe HBP Hax () ¢ 6eckoHeTHOMEPHBIM cenapabeibHbIM CJI0EM
HMeeT COIIPSIZKEHHOe PACCO0eHHE TOIIa H TOJIBKO TOIJa, KOrga IPOCTPAaHCTBO ()
YHKIIHOHAJIBHO JTHCKPETHO.

(7) [lnst Besikoro 6anaxoBa npoctpaHcTBa X CYINIECTBYeT HEIHCKDETHOE
HOpMaJIbHOE TOIOJIOrmiIecKoe npocrpanctso () taxoe, uro HBP Xg mmeer
COIIPSIZKEHHOE PAaCC/IOCHHE.

(8) Ecsim mpoctpancTBO () HE (DyHKIHOHAIBHO JUCKPETHO, TO JIJIST IPOH3-
BOJIBHOTO OaHAaX0Ba IIPOCTPAHCTBA X CJIEAVIOIIHE YTBePKICHHS PABHOCHIHHBI:

(a) cymecrsyer (Xg)';
(6) (X )Q = (Xq)";
((B; C(Q,X') = Hom(Xg, R);

r 6aHaXOBo 1pocTpaHcTBO X KOHEIHOMEDHO.
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< Vreepxaenus (1)—(8) memocpencrBenno BoiTekaioT u3 3.3 u 3.4, 3.6,
3.8, 3.10, 3.14, 3.13, caencrBug 3.15 u npeaioxkenud 3.11 coorBercTBeHHO. >

Bameuanue. V3 npuvepos 2.13 (1)—(3) ¢ yuerom 3.2 ciaeayer, 9To Tpe-
GoBaHMe MOCTOSHCTBA Pa3MEPHOCTH B yTBep:KaeHun (1) 1mocsieHero mpejio-
JKEHHS CYIIECTBEHHO JIJIsl HAJMYIHS CONPSIZKEHHOTO PACCIIOCHHS.

4.3. Jlemma. Ilyctrp X — HBP maxg ) ¢ rmipbeproBbivu corosivmi
(1.e. Bce cion X sBAsIIOTCST THIBOEPTOBBIMH TPOCTPAHCTBAMH). [Lst JH060-
ro rIobaJIbHOrO CedeHHs U paccaoeHns X H 000 ToukH ¢ € () HOJOKHM
h(u)(q) = (-,u(q)) € X(q)'. Torma h[C(Q,X)] C Hom(X,R). Kpome Toro,
h[C(Q, X)] saBasiercst HenpepbiBHOMH cTPYKTYpOii B (JHCKpeTHOM) GaAHAXOBOM
paccioernn co caosmu X(q) (g € Q).

<d B cuny (3, 2.4.4] Brimouenne h[C(Q), X)] C Hom(X,R) crenyer u3

COOTHOILIIeHU

(ialh(u)) = {1 (), us()) = 5 (leal® + Jual® = e — 2] ?) € C(Q),
In(u)ll = sl

crpaBe/IUBBIX Jist JTOOBIX u1,uz € C(Q, X). Bropoe yTBepK/eHue JeMMbI
BRITEKaeT u3 TeopeMbl Pucca. [

Ilpennoxxenme. Ilyctb X — HBP ¢ rmapbeproeivm ciaosimu.  Ecoan
cymectsyer pacciaoerue X', to ono muzomerpmano X (cm. [3, 2.4.12]).

< Ilycrs (Q — Ttomosoruveckoe mpoctpanctBo u X — HBP wmag Q)
¢ ruanbeproBeivu caosivu.  Pacemorpum HBP Y co cnosavm Y(q) = X(q)
(¢ € Q) wn nenpepsiBHOii crpykTypoii C = h[C(Q, X)] (cm. memmy). B cu-
ay teopembl [3, 2.4.12(3)] paccioenust X u Y msomerpudnbl. VI3 mOCI0iHOI
wiornocru C B8 Y u coornomenuit C C Hom(X, R) = C(Q, X') caenyer, uro
B Kaxk10it Touke g € Q cion X'(q) m V(q) cosnagaior n C aBageTca Hempe-
pbiBHOI cTpyKTypoit B X/, .e. X' =Y. D

4.4. Onpenenenne. [lycro X — HBP nas ronosiornyeckum mpocrpan-
crBoM (). Byzem rosopurs, uro Hom (X, R) nopmupyem X na nodmnoosicecmse
D C @, ecom puis s060it Toukn ¢ € D u soboro suementa x € X(q) umeer
MECTO PaBEHCTBO

lz]l = sup{|H(¢)z| - H € Hom(X,R), [|H|| <1}.

ToBopum, uro Hom(X,R) nopmupyem X, ecim Hom(X,R) wopmupyer X
Ha Q).
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Ham ©e w3Bectunr npumepsl HBP X, 11 KoTOpbIX MHOXKECTBO
Hom(&',R) ne nopmuposasio 661 X. (Bosee Toro, mbl He 3Haem, cyliecTByer
JIM HeHyJIeBoe BAaHAXOBO PACCIOEHHe ¢ HYJIeBBIM CONMPsIZKEHHBIM.) B HacTosmmii
MOMEHT MBI MOKEM JIMIIb YKa3aTh HEKOTOPbIE KJAacChl OAHAXOBBIX PaccJioe-
mauit X', st koropeix Hom (X', R) 3aBegomo mopmupyer X. K gucny Takux
PaCC/I0eHUIT OTHOCSITCST CJIeY FOTIHe:

(1) HBP X nax @ rakoe, 910 JJisi KaKJI0ii TOYKH ¢ € () MHOXKECTBO
{H(q) : H € Hom(X,R)} C X(q) nmopmupyer X(q) u mna -
ooro romomopdusma H € Hom(X,R) cymecrByer romomopdusm
G € Hom(&X,R), yaosrersopsitonuii coornonenusm G(q) = H(q) n
Gl € C(Q);

(2) HBP X wnaj Buo/HE peryJsipHbiM TOHOJIOIMYECKHM [POCTPAH-
cTtBOM (), V/IOBJIETBOPSIONIEE CJIEAYIOMNUM YCAOBUSM: JIIsI KayKI0M
Toukn ¢ € Q muoxectso {H(q) : H € Hom(X,R)} C X(q) nopmu-
pyer X(q) u g mo6oro romomopdusma H € Hom (X, R) maiigercs
romomopdusm G € Hom(X, R) rakoit, uro G(q) = H(q) n noroued-
Hasg HopMma (G HEIpepbIBHA B TOUKE (;

(3) mocrosunoe HBP;

(4) HBP ¢ nocrosinHOii KOHEYHON Pa3MepPHOCTBHIO HAJl BIOJIHE DEryJisip-
HBIM TOIOJIOTHYECKIM ITPOCTPAHCTBOM;

(5) HBP maja KOMIAKTHBIM TOMOJOIHYECKHM MPOCTPAHCTBOM HJIH JIO-
KAJbHO KOMIAKTHBIM XayCI0PMOBBIM TOMOJOTHIECKUM ITPOCTPAH-
CTBOM, UMEIOIEee CIeTHOE MOCTONHO MJIOTHOE MHOYKECTBO HETIPePhIiB-
HBIX CEYEeHUI;

(6) HBP ¢ konedHOMEpHBIMHU CJIOSIMU HAJL METPU3YEMbBIM JIOKAJIBHO KOM-
HAKTHBIM TPOCTPAHCTBOM;

(7) HBP ¢ runb6epToBBIME CIIOSIMHU;

(8) HBP naj pery/sipHbiM 9KCTPEMAJIbHO HECBAZHBIM TOLOJIOIMYECKUM
POCTPAHCTBOM;

(9) HBP man N ¢ cenapabe bHBIM CI0EM B TOUKE 0O;

) HBP maj xaycmopdoBbIM TOMOIOTHIECKAM TPOCTPAHCTBOM ¢ KOHEU-
HBIM 9HC/IOM HEU30/IMPOBAHHBIX TOYEK, HMEIOINee cernapade/bHbIe
CJION B TUX TOUYKAX;

(11) paccioenue, sIBISIOIIEECS COMPSZKEHHBIM K HeKoTopomy HBP.

4 JokazaresascrBo Toro dakra, yro Hom (X, R) nopmupyer X B ciy-
gagx (1) u (2), MokHO 6e3 TpyIa HOJIYyYUTh ¢ MOMOIIBI0 JTOMHOYKEHUs TOMO-
mopdusma G Ha noaxomsmii srement C'(Q).

Cayqan (3), (4) u (7) nerko cBecru K ciaydaio (1), BOCIOIB30BABIINCH
COOTBETCTBEHHO cieAcTBHeM 2.3, npemioxenneM 4.2 (1) u semmoii 4.3.

Cayuaii (5) st KOMIAKTHOTO TpocTpaHcTBa () paccmorpen B [12, 19.16],
a cJaydaii JJOKaJbHO KOMITAKTHOTO XaycaopdoBa (a cyieoBaTebHo, BIOIHE pe-
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IYJISIPHOTO) TPOCTPAHCTBA () CBOJUTCS K CJYYA0 KOMIAKTHOTO MPOCTPAHCTBA
paccMoOTpeHneM KOMIAKTHON OKPECTHOCTH HMPOM3BOJILHON TOUKH ¢ € () U J10-
MHOXKeHHeM roMoMopdu3Ma Ha HEIPEPBIBHYO BEIECTBEHHY IO (DYHKIIUIO, PAB-
HYIO €JJMHUAIIE B TOUKE ¢ U 3aHY/IAIOILYI0CA BHE PACCMATPUBAEMOI OKPECTHOCTH.
AHAJOTHIHBIME PACCYKICHUAMHE caydaii (6) MOKHO cBecTH K (5), IpuBIeKast
yrBepxaenue [12, 19.5 (iii)].

(8) Ilycts X — HBP naj peryiasipHbIM 3KCTPEMaIbHO HECBSI3HBIM TOTIO-
JIOTHYECKUM IPOcTpancTBoM D). PaceMOTpuM 3KCTpeMaIbHO HECBS3HBIH KOM-
nakt (), comepxkamuii D Kak BCIOAY IJIOTHOE MOAMHOMKECTBO, M HPOIOJIZKe-
aue SX no Croyny — Yexy pacciaoenust X Ha @ (cwm. [3, 1.1.4, 2.5.10]). O60-
3HAYMM cUMBOJIOM (X IPOCTOpHYIo 06010uKy paccioenus BX (cu. [3, 3.1.5]).
Kaxxaomy romomopdmmy H € Hom(ﬁ_X, R) COTIOCTABUM OTOOparKeHHe
H:q € Q — H(Q”Bk'(q): g € Q. U3 reopemsbl [3, 2.4.4] cremyer, Uro

H € Hom(BX,R). Ilpumenus teopemy [3, 3.3.3(1)] x paccioenuio BX,
MBI 3aKk109aeM, 1ro Hom(SX, R) mopmupyer SX. Ocraioch 3aMeTUTH, Y4TO
{H|p: H € Hom(BX,R)} C Homp(X,R).

(10) Ecan xaycmopdoBo TOMOIOrHIecKoe TPOCTPAHCTBO () NMMeeT KOHed-
HOE 9YUCJIO HEN3O0JIMPOBAHHBIX TOYEK, TO, KaK JIETKO BUJIETH, KazK/ad U3 3TUX TO-
YeK OTAe/JIdeTCd OT OCTaJIbHBIX HEU30JIMPOBAHHBIX TOYEK OTKprTO—3aMKHyTOfI
okpecrHocTbi0. CileloBaTeIbHO, Mbl He HAPYIIUM OOLIHOCTH, IPE/IO0JI0KUB,
9TO MPOCTPAHCTBO () MMeeT e IMHCTBEHHYIO HEN30JIMPOBAHHYIO TOUKY (.

[Tycrs X — HBP nan @ ¢ cenapabesbubiv ciioem X (q). Jocrarouno st
npom3BobHOTO dbynkmuonana ' € X(q), ||2’|| < 1, mocrponuts romomopdusm
H € Hom(X,R), npuunmatonnii 3nauenue H(q) = 2’ n yposnersopsontmii
nepasenctny ||H| < 1.

Paccmorpum kKakyo-uubyap cuernyio cucremy {x, : n € N} jmneitno
HE3ABUCUMbBIX JIEMEHTOB 1pocTpancTBa X(q), JmHeiinas 000J104Ka KOTOPOi
wioraa B X(q), u, Bocuosib3oBasiuch reopemoit lrompe (eum. [3, 2.3.5]), ¢ kaxk-
naeiM HOMepoM n € N cszkem cedenue u, € C(Q,X), nupoxojsiinee B TOUKe ¢
yepes op. o npemnoxenuto [12, 18.1] mua mroboro Homepa n € N cymecryer
OKpecTHOCTH U, TOYKH ¢ TaKasl, 4TO CeYCHUS U, ..., Uy TOTOUCTHO JUHEITHO
nezaBucumbl HA Uy, g mobeix n € N u p € U, onpenenum yHKIHO-
man yp(p): linf{ui(p), ..., un(p)} — R dopmymoit (ui(p)|yn(p)) = (ui(q)|z’),
1=1,...,n.

[Tockonbky ||z’ < 1, B cmny [4, semma 7] kaxmyio okpecrnocts Uy,
TOYKHU ( MOKHO YMEHBIINTD 10 OKPECTHOCTH V;, TaK, 4TOOLI OBbLIN BLIIOTHEHLI
uepaBeHcra ||yn(p)|| < 1 miag Bcex p € V,,. Bes orpanudenus obHOCTH
MOKHO CUHATaTh, 94T0 V), D V41 aig Becex n € N,

Janee, noroueanas JuHeiiHAS HE3ABUCUMOCTH MHOKeCTBA {Uy, : 1 € N} na
nepecedennyt Voo = (), Vo 1103BOJISIET HAM U151 KazK 10 TOUKH p € Vi, onpe-
JeUTh DYHKITHOHAT Yoo (p) @ lin{uy (p) : n € N} — R kak obmiee npogozkenue
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dynxnmonanos yn(p), n € N, . e. m010KATH (Un(p)|Yoo(P)) = (un(g)lz’) mna
Beex n € N. Bamernm, 910 ||yoo(p)|| < 1 mua p € V.

[Tostoxkum
0, p ¢ W,
H(p) = In(p): p € Vi\Vaqa,
Yoo (P), P € Voo,
riae Yn(p), 1 < n < 00, — Mpou3BoOIbHOE MPOIOJIKeHNe hyHKINOHAIA Yp (D)

Ha Bech caoit X (p) ¢ coxpanenuem nopmbl. Zcno, uro H(q) = 2’ u |H| < 1.

O6o3naunm wepes U muoxectro lin{u, : n € N}, nonosnennoe Bcemu ce-
YeHUSIMU C OJHOTOYEUHBIME HOCHTe MM, O9UeBHIHO, MHOKECTBO U MOCIOHHO
wiotHo B X, u s joboro sjiementa u € U bynknus (u|H) nocrosiuna B
HEKOTOPOil OKPeCTHOCTU TOUKHU ¢, a 3HAYUT, HenpepbiBHA. CJie0BaTeIbHO, 110
teopeme [3, 2.4.4] orobpakenne H siBisiercsi roMOMOPMH3MOM.

(9) Yacrustii cayaait (10).
(11) ITycrs X — HBP Ha TOMOMIOMrHYECKUM IPOCTPAHCTBOM (), HMeroTIee

conpsizkenHoe pacciaoenue. 3 [3, 2.3.9] cienyer, aro mjist m060oii Toukn ¢ € @
u moboro dbynkmuonana ' € X’(q) uMeeT MeCTO paBeHCTBO

|2'|| = sup{(u(q)|z’) : u € C(Q, X)}.

C nmpyroii croponsr, o Teopeme [3, 2.4.4] mias xkaxmoro cevennst u € C(Q, X)
orobpaxernne u”’: ¢ € Q = u(q)|y(q) npunamiexur Hom(X', R), upuiem

//||

|u”|| < |Ju||. Cremosarensno, Hom(X’, R) nopmupyer X', D

4.5. Yreepxkaenue (3) caeayOnero mpejioKeHnst aet MOJ0KATeTbHBII
oreer Ha Bompoc I.Tepua [12, Section 19, Problem 2, c.231] ans ciaygaes
paccioennii 4.4 (1)—(11), a Tak:Ke paccJOeHHH ¢ KOHETHOMEPHBIMH CJIOSMU
HaJ, G3POBCKUMHM BIIOJHE DPEryJapPHLIME TOIOJOTHICCKAME TPOCTPAHCTBAMHE
(em. Teopemy 3.5 (1)).

Ilpenyoxxenune. Ilyctb X — HBP mam Tomosormueckmm mpocTpaH-
cTBOM ().

(1) Ipexnomoxum, aro cymectByer conpszkennoe pacciaoerue X'. Torma
JIs 060t Toukn ¢ € Q m goboro smementa x' ciaos X'(q) mmeer mecto
DPABEHCTBO

'] = sup{[(w(q)|2}| : w € C(Q, X), Jull <1}.

B wacrnocrn, pis sesikoro cewenns v’ € C(Q, X') B Bexropnoii pemerke C(Q))
BBIIOJHSIETCSI COOTHOLICHHE

I/ = sup{|¢ulu)] : w € C(Q. &), Jull <1}.
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IIpeanonoxknm gomoauTeabro, aro Hom (X, R) mHopmupyer X Ha BCroIy
ILTOTHOM IIOJMHOKEeCTBe ().

(2) [Lrst Besikoro cevennst u € C(Q, X) B Bekropnoii pemerke C(()) BbI-
MTOJTHSIETCST COOTHOIITEHHE

lull = sup{|(ul )| : H € Hom(X,R), |H[| <1}.

(3) Pasromepuas mopma Jmo6oro cewenns u € C°(Q, X) npexacrasmva B
BHJIE

lullo = sup{|[(ulH)]| , : H € Hom(X, R), | H] <1}.

< (1) Hockonbky 2’ npunamnexur X (q) u muoxecrso C(Q, X) nocoii-
HO I0THO B X, HalljleTcs mocje10BaTeIbHOCTh cedennii (u,) C C(Q, X) Ta-
Kas, 9ro |un |l (¢) < 1u |2/ —1/n < (un(q)|2’) < ||2| mus Bcex n € N. Ocra-
eTcsl 3aMeTHTh, YTO B CHJLY JieMMBbI [3, 2.3.9] jij1s1 KazK10ro0 HoMepa 1 CyIIecTBy-
er ceyenne vy € C(Q, X'), ynoBierBopsioniee COOTHOIEHUAM Vp(q) = Up(q) u
lonll < 1.

(2) O6o3uauum vepe3 D BCojy ILIOTHOE MOJAMHOMKECTBO (), HA KOTOPOM
Hom(X,R) nopmupyer X, paccMoTpuM mpou3BobHoe cedenne u € C(Q, X)
U HOJIOXKAM

F={{ulH): H € Hom(X,R), |H| <1}.

OueBuzno, ||u| cayxur Bepxueit rpanuneii nis F. Ecin g € C(Q) — npous-
BOJIbHAS BEPXHSsI TPAHUIA MHOXKECTBA JF, TO, KAK JIETKO BH/IETD,

9(q) = sup f(q) = |ull ()
fer

JUTsT KazK10it Toukn ¢ € D, a 3uaqut, g > ||ul.
(3) Tycrs u € C*(Q, X). Ouesno,

vl o sup{H (u|H) || : H € Hom(X,R), | H| < }

J st mponssosibHOTO € > 0 mogGepem romomopdusm H € Hom(X, R), | H| <1,
Taxoit, uto ||ul| — ¢ < ||[(u|H)|| ., 9eM u J0oKaykeM HaIllle yTBep:KICHHe.

Paccmorpnm Touky ¢ € (), yaoBrerBopsonyio Hepasencrny |lufl (¢) >
|lull, — €, u okpectnocts U sroii Toukm, ma xoropoit |ul > |lul — e.
[Tockobky Hom(X, R) nopmupyer X' Ha BCIO/y IJIOTHOM LOJAMHOXKeCTBE (),
cymecTByeT Touka p € U Takas, 410

lul (p) = llu(p)ll = sup{|{u(p)|H (p))| - H € Hom(X,R), |H| <1},

orkyaa |ull,, —e < |(u(p)|H(p))| mana mexoroporo romomopdusma H €
Hom(X,R), [H| < 1. Buaunr, [ull, —& < [[{ulH)] . >
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4.6. Teopema. Ilycrs () — BIOJIHE pEryJsspHOe TOMOJOTHIECKOe IIPO-
CTPaHCTBO H ¢ € () — HEHm30JIHPOBAHHAS TOIKA CO CUETHOI 6a30i OKpecTHO-
creii. Ilpennonoxnm, awro HBP X max (Q nmeer conpsxernnoe paccioenme X' .
Toraa cenapabessrocts coa X (q) Breger komeanomeprocts caos X' (q).

< Ilyers cmoit X(q) cemapaGenen, a cmoit X'(q) GeckoHeuHOMEpeH.
Mzt moctpoum romomopduzMm H n3 X B R ¢ pa3pbIBHOM MIOTOYEYHONR HOPMOM
U TeM CAMBIM MOJIYYIHM MPOTHBOpeUHe (B CUIY TeOpeMbl 3.2).

ITycrs muoxectBo {z), : n € N} Beiogy miaorno B X(q), n nycrs (x],) —
Takas IOCIeJ0BATEILHOCTL daementoB X' (q), uro (z]) cmabo® cxommresa K
aymo B X(¢) n ||z}|| = 1 ana Beex n € N (em. 1.3). Byzmem cunrars,
aro [{x;|z))| < 1/n mpm ¢ = 1,...,n, TaKk KaK 3TOTO MOXKHO JOOUTHCH,
nepeiiig K MOANOCIe0BATeIbHOCTH. Bocmosb3oBaBmmch Teopemoil lompe
(em. [3, 2.3.5]), mua kaxzgoro n € N pacemorpum cedenus u, € C(Q,X) u
vy € O(Q, X') Takue, uto up(q) = xp u v,(q) = 2,

[Tycrs (Up)nen — HekoTOpasi 6asa okpectHocTedi o9k ¢. C uenosb3oBa-
HEeM XaycaopdoBocTn () Mo WHIYKINH OYEBHIHBIM 00PA30M CTPOUTCS HOBAST
6aza (Vj,)nen OKpecTHOCTEI ¢, 11t Kazkaoro n € N yIoBIeTBOPSIONAas CIey-
oM yesousiM: Vyp1 C Vi, NUL N -+ N Uy, pasaocts Vi \Viyq1 comepkur
HEKOTOPYIO TOUKY ¢y, BMECTe ¢ OTKPBITOIl OKpecTHOCTBIO W), 1 HA V), ciipaBes-
muBbl oneHku 1/2 < |lvp|| < 2 u |[(uilvp)| < 1/n mpu i = 1,...,n. Ilokaxewm,
91O Jist JII0OOT0 HempepbiBHOTO cevennsd u € C(Q), X') u mpou3BOJBHOIO THCITA
e > 0 npm A0CTATOIHO OOJBIINX 7 BBHIMOJIHSIIOTCS HepaBeHCTBa |(u|vp)| < €
Ha V. Heiicteurennno, nycrs ||u(q) —xg|| < /4 u 1/l < /2 nas noaxomsi-
mux k,l € N. TTogbepem anement V,, mocTpoerHoit 6a3bl OKPECTHOCTEH ¢, Ha
koropom |lu — ug| < /4. Torma mnga Beex n > max{k,l,m} na V,, umeror
MECTO COOTHOUICHUS

[{ulon)| < [{u = up | on)| + [(uk|vn)]

1 e 5 e
<Mu—uellonl + <524 2= c

Onpenenum Tenepb orobpazkenne H: p € Q — H(p) € X'(p). [onoxum
H(p) = 0 € X(p), ecin p ¢ U,exy Whn, u s xaxgoro n € N momoxum
H|Wn = (fnvn)‘wn, riae fn: Q@ — [0,1] — xakas-aHuOy b HenmpepbiBHAS (DYHK-
¥, paBHas eIUHNULE B (¢, U HyI0 BHE W),

Oynkuus (u|v): Q — R menpepbiBHA, TOCKOIBKY OHA HPEJICTABJISAET CO-
6oit oToueuHyo cymmy psia oo fn(ulvy), KOTOpHI paBHOMEPHO CXOAUTCH
O1aromapst nomapuoit AuzboHKTHOCTH MHOXKecTB W), (n € N) u coornomemnn-
am supp fr, C Wy, 1 supyy, |(u|v,)| < supy;, [(u|vy)| = 0 npu n — oo.

Takum obpaszom, orodOpaxkenue H sBisgercd roMoMopdu3MOM, TaK Kak
IH] < 2 (em. [3, 2.4.4]). Bumecre ¢ rem [[H|(qn) = |fn(gn)llval () =
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lvnll(gn) > 1/2 ans Bcex n € N. Kpowme toro, ¢, — ¢q u |H|(q) = 0.
CuaenoBareibuo, romoMopdusm H umveer pa3pbiBHYIO MOTOYEYHYIO HOpMY. [

4.7. Cnencrsue. Ilycrs () — BIOJIHE PErYIsIPHOE TOIOJIOTHIECKOE MTPO-
CTPaHCTBO H ¢ € () — HEHm30JIMPOBAHHAS TOYKA CO CUETHOI 6a30i OKpeCcTHO-
creii. Ilpegmosoxkum, aro HBP X wHax () ¢ ruipbeproBbiMu CJIOSIMH HMeeT
conpsizkennoe pacciaoerne. Torga cenapabebHocTh €101 X (q) paBHOCHIBHA
€ro KOHeTHOMEPHOCTH.

Takum obpazom, eciu HBP X ¢ rusibbeproBbiMu cjiogMu HaJI BIIOJIHE pe-
TYJIIPHBIM TOMOJOTHYECKAM MIPOCTPAHCTBOM UMeEET CONPAZKEHHOE PACCIOeHNUe,
TO HH OJMH CJI0ii X' B HEM30JIHPOBAHHONR TOUKE CO CUETHOI 0a30i OKpeCTHOCTeit
HE MOZKeT ObITh n3oMerpuden 2.

4.8. TIpennoskenme. Ilycts Q = N — ogrOTOUYedHAST KOMITAKTHH-
Karus HarypaapHoro psjga. HBP X wax Q) ¢ cemapabenbubiv cioem X (00)
HMEET COIIPSI2KEHHOE PACCJIOEHHEe TOIAA H TOJBKO TOLAA, KOIJA B HEKOTOPOH
OKPECTHOCTH TOUKH OO Pa3MepPHOCTh X KOHEYHA W MOCTOSHHA.

< JlocTaTodHOCTH Caeayer u3 npemaokenns 4.2 (2). YcraHoBEM HEOO-
X0auMOoCThb. [Tpe/iosiozkum, 4ro paccMarpuBaeMoe paccjoenune X umeer co-
npsizkennoe.  Torma B cuiay 4.6 mpocrpamcrBo X'(00) KoHEUHOMEPHO, OT-
kyga ¢ yaerom 4.4 (10) ciemyer KomedHOMEpHOCTH Cosi X(00). ITosoxkum
m = dim X(0c0) u paceMorpum cedeHus: uy,...,uy, € C(Q,X) c auueiino
HE3aBUCHMBIMI 3HAUCHUSIMH U1(00), . . ., U (00), CYIMIECTBOBAHNE KOTOPHIX Ta-
panTupyercst Teopemoit Trompe (cm. [3, 2.3.5]). ITo mpemmoxennto [12, 18.1]
CEYEeHUud U1, . . . , Uy, MOTOYEHHO JIMHEHHO HE3aBUCUMBbI HA HEKOTOPOW OKPECTHO-
cru U touku oo, a 3Hauut, dim X > m ua U.

JlomycTuM, 94T0 He CyMIeCTBYeT OKPECTHOCTH TOYKH 00, B KOTOPOI pa3Mep-
nocrb X nocroguna. Torjga mmeercs CTPOro BO3paCTAONIAs MOC/IEA0BATE b
HOCTh HATYDATbHBIX 9uces ng Takas, aro dim X(ng) > m masa Beex k € N.
s kazkaoro nomepa k € N monGepem dbyuknmonan zj, € X(ng), ymosie-

Teopstonii pasencrsam ||z}|| = 1 u (ui(ng)|z}) = -+ = (um(ng)|z}) = 0.
Biejem orobpazkenne H: g € Q — H(q) € X(q)" caenyiomum o6pasom:
., gq=n
ko ks
(o) = { |
0, qgé{nk.kEN}.
dcno, uro ||H| < 1. O6o3naunm uepes U muoxectso lin{uy, . .., uy}, gono-

HEHHOE BCEMHU CEYCHHSIMU C OJJHOTOYCUHBIME HOCHTE/IAMHU. O4YeBUIHO, MHOZKE-
cTBO U 1moc0iiHo TI0THO B X', U Jist 1106010 s1ementa u € U dyukuus (u|H)
PaBHa HYJIIO B OKPECTHOCTHU TOYKHU OO, a 3HAYHUT, HEIIPEPbIBHA. CJ’[e,ZLOBaTeI[bHO,
o Teopeme [3, 2.4.4] orobpaxkenne H siBisiercsi roMOMOPGMU3MOM, ITO € yUe-
TOM 3.2 IPOTUBOPEYUT CyIIecTBOBaHUIO X' BBUJY paspblBHOCTH MOTOYEYHOM
mHopMmer H. D
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4.9. Oxporodeunyno KoMunakTudukanuio () HATYPAJbHOTO PAa MOZK-
HO PACHEHnBAThH KaK HamboJIee MpOCTO YCTPOCHHOE TOMOJIOTHIECKOe TPOCTPAH-
CTBO, KOTOPOE SIBJISIETCsI, C OJJHOI CTOPOHbI, KJIACCUYECKUM (BIOJIHE PEryJisip-
HBIM, METPU3YEMbIM, KOMIAKTHBIM U T.JI.), a C JPYIroil CTOPOHbI, — HETPU-
BUAJIbHBIM (He JIMCKPETHBIM, He aHTHINCKPeTHbIM u T.1.). Kak yTBepxiaer
npepioxkenne 4.8 HBP X nan ) ¢ cenapabenbHbiM c0eM X (00) mMeeT co-
IPsIZKEHHOE PACCJO0CHHe B TOM M TOJBKO B TOM CJIydae, eCIM pa3sMepHOCTH X
IIOCTOAHHAQ 1 KOHEYHA B HeKOTOpOﬁ OKpPeCTHOCTHU TOYKHU Q. KpOMe TOoro, B Cu-
ay npenioxkenust 4.2 (4) moboe TOCTOSHHOE paccioenue HaJ () ¢ GecKoHed-
HOMEPHBIM CJI0eM He MMEET CONpPSZKeHHOro. Ilokazkem, 4TO BCe K€ HMeeTCs
HBP nax () ¢ 6ecKoHEIHOMEDHBIM CJI0EM B 00, 00JIaJAIOIIEe COMPSIZKEHHBIM
pacc/ioeHueM.

Mpumep. Mo mocrpoum HBP X nax Q = N, yaosiersopstiomiee ciie-
JYIOIIAM YCJIOBUSIM:

(a) Bce cion X max N koneunomepusr, a cioit X'(00) He cenapabeien;

(6) cymectyer X;

(B) Brmouenne X’(0o0) C X(00)" apnserca cTporn;

(r) Hom(X,R) = C(Q,X’) nopmupyer X.

JIns KazxKJIoro HaTypaJbHOTO YHCIA 71 PACCMOTPHM 3JIEMEHT €, =
X{n} € > m xoopamuarubiii dbynkuuonan o, € (>°), (x|on) = z(n) ana
BCcex x € (°°,

O6o3HaunM cnMBosIoM £1 06pa3 mpocrpancTsa {1 IpH eCTeCTBEHHOM H30-
METPUYECKOM BJIOZKEHUH 3TOr0 npocrpanctsa B (€°°). fcno, uro 0, € (1 ns
Beex n € N. TMosoxkum X(00) = £ u X(n) = lin{er,...,en}, n € N.

JL1s1 KazK10ro sjeMenTa x € (°° ompeiesiuM cedenne U, 6aHaxoBa PacCCIo-
ennst X CJIeIyIOIUM 00pa3oMm:

(x(l),...,x(q),0,0...), q €N,
uw(Q) =
x, q = oo.
Jlerko Bumerb, uro cookynunocts C = {u, : © € (>} npencrasiser coboii

HEINPEPBIBHYIO CTPYKTYPY B X, B mape ¢ KOTOPOii MbI Oy/ieM paccMaTpuBaTh X
kak HBP.

HenocpecTBeHHO W3 HOCTPOEHHS BUJIHO, UTO paccioenne X obiagaer
cBOMCTBOM ().

(6), (B) s secex n € Nu f € X(n) nomoxnm

(x| f)={(z(1),...,2(n),0,0,...) | f), =e€l>

dcno, uro mms kaxkmoro umcsaa n € N coorBercTBme [ +— f ocyriecTBiseT

n3omerpuueckoe Baoxkenne X (n)' B (1.
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[Iycts H — mpowusBosbHbIi roMoMopdusm u3 X B R. aga soboro siie-
MeHTa & € °° UMEIT MeCTO COOTHOITEHUS

(| H(m) ) = {(x(1)......2(n).0.0,...) | H(n))
= (H® ug)(n) = (H @ uy)(00) = (x| H(o0))

npu n — oo. Crajgo ObITh, MOCIEI0BATEILHOCTD (H (n)) C /! cnabo dpynna-

MEHTAJIbHA, & 3HATUT, CXOJUTCS 110 HOPME, TaK Kak npocrpanctso (1 obiazaer
cpoiicreom Illypa (cm. gemmy 1.2). Orciona ciemyer, uro H(oo) sBiasgercs

npezeom 1o HopMe nocsegosatensuocru ( H(n) ); B wacrnoctu, H(oo) € (1
u |H| € C(Q). Takum obpaszom, HBP X’ nmeer conpsizkennoe paccaoenne X,

npuaem X’(00) # X(00) B cuny Brmodennsa X' (oo) C 1.

(r) Cornacno 4.4 (1) mocrarovno aast npon3sosibHOro dbyHKnnoHama y € (1
npeabaBuTh Takoit romomopdusm H, € Hom(X,R), uro Hy,(oo) = y. Hcko-
MBIt TOMOMOPGhU3M MOZKHO OILPEIETHTD CJIeLYIOMIM 00pa3oM:

y’X S N7
) ={ 00 1T

Bxiouenne Hy € Hom (X, R) obecueunsaercs Teopemoii [3, 2.4.9] (upumenu-
TeqpHo K V = C).

4.10. Bmopuvim conpascemHvim paccroeruem K HelfpepbiIBHOMY OaHAXOBY
paccioennio X nazosem HBP X" = (X') (ecsm TakoBoe cymecrsyer). Slc-
HO, 4T0 Bcakoe HBP Haa qucKpeTHBIM TOMOJOTHYeCKUM IPOCTPAHCTBOM HMe-
€T BTOPOe CONpsi)KeHHOe paccjoenue. BarKHbIM U3BECTHBIM KJIACCOM Helpe-
PBIBHBIX OAHAXOBBIX PACC/IOCHUIl, IMEIONNUX BTOPBIE CONPSIKEHHbIE, SIBIAIOTCS
npocropubie HBP Has skcTpemasbio HecBsisHbiME KoMIakTamu (cm. [3, 3.3]).

IIpezk e Bcero oTMeTHM, UTO cyliecTBoBaHme X' He BedeT cylecTBOBa-
1
aug X",

Ilpennoxxenme. Ilycrr X — cemapabesibHOe OGaHAXOBO IPOCTPAHCTBO
¢ HecenapabebHbIM CONpsKeHHbIM (Hanpumep, X = El). Torya cymectByer
TOIOJIOTATECKOe IPOCTPaHCTBO () Takoe, uro mocrosaaoe HBP Xg mueer
COIIPSIZKEHHOE DACCJI0CHHE H He HMeeT BTOPOI'O COIPSIZKeHHOIO.

d B cuy npemioxkenns 4.2 (5) cymecrByer GyHKIHOHAIBLHO JIUCKPET-
HOE TOLOJIOrUYecKoe HpocTpancrso ) rakoe, uro HBP (X')g ne umeer coupsi-
xennoro paccsoennsi. Coruacuo 4.2 (6) HBP X nmeer conpsizkennoe pacciio-
enne (Xq)'. Ilo yrepxxaenuio 4.2 (3) paccioenue (Xqg)' coBuanaer ¢ (X')g
1 TeM CaMbIM He UMeeT COIPSKEHHOTO PACCIOEHHUs, T.€. He CYIIECTBYeT pac-
croenns (Xg)". D
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Bameganne. IIpumepom GaHAXOBa PACCTOCHHS, HMEIOIErO COMPIAZKEH-
HOE PacCIOCHHE, HO HE MMEIOIIEr0 BTOPOTO COIPSKCHHOTO, SBJISAETCA TaKzKe
HBP X, mocrpoennoe B npumepe 4.9. [leiicTBUTEIHHO, COMOCTABUM KarK-
nomy HOoMepy n € N dyuknmonan e € X'(n)/, cBasamubiii ¢ 3memenTOM
en € X(n) npasunom (z'lell) = (ey|2’) nna seex 2’ € X'(n). Tlomoxnm
G(n) =€l nna seex n € Nu G(oo) =0 € X'(00). [TorsaTHO, 9TO MHOKECTBO

D = {Hy ty € fl} nocaoitno mwiorno B X’ Tlpumenus Teopemy [3, 2.4.9]
(m1a V = D), monyunm G € Hom(X',R). Bmecre ¢ Tem |G| ¢ C(Q),
snaunt, B cuay 3.2 HBP X’ ne umeer conpsizkeHHOro paccjioeHus, T.e. He Cy-
mwecrsyer X,

4.11. IIpennoxkenme. (1) IIpernosoxkum, qro mocrosaaoe HBP co
croem X HMeeT BTOpoe COIpszKeHHoe paccaoenne. Torma mociaeanee aBIsercs
rocrostaasiy HBP co ciroem X

(2) Econ nocrosinaoe HBP wa () ¢ 6eckoHedHOMEPHBIM CJI0OEM HMEeT BTO-
DO€ COLPSIZKEHHOe DACCJI0eHHE, TO IPOCTPAHCTBO () SIBJISeTCs (DY HKIIHOHAJILHO
JIHCKPETHBIM.

(3) Ilycts X — GeckomeuHOMEpHOE GAHAXOBO IPOCTPAHCTBO, HMEOI[EE
cenapabesibHoe conpsizkenHoe. Torna cylecTBoBaHHe BTOPOIO COIPSIZKEeHHOI'O
K paccaoennio X paBHOCHIBHO (DyHKIHOHAJIBHON JHCKPETHOCTH TOIIOJIOIH-
9eCKOro mpocrpancrsa ().

(4) [lnst Besikoro G6aHaxoBa mpocTpaHcTBa X CYHNIECTBYET HEJUCKDETHOE
HOpMaJIbHOE TONOJOrmIecKoe IpocTpancTBo () Takoe, uro HBP Xg mmeer
BTOpOE COIPSI?KeHHOe PaCcCIOCHHE.

(5) Ecam npocrparcrBo () He siBasieTcsl (pyHKIHOHAJIBHO JHCKDETHBIM,
TO JIJIsI IPOU3BOJIBHOTO DAHAXOBA MPOCTPAHCTBA X CJEIYIONINE YTBEPIKJIEHHST
PABHOCHJIBHBI:

(a) cymecrsyer (Xq)”
(6) (X")q = (XQ)";
(B) cymectsyer (Xg)' n C(Q, X") = Hom ((Xg)', R);
(r) bamaxoBo npocrpancTBo X KOHEYHOMEPHO.

< Vreepxaenns (1), (2) u (5) ABIAIOTCH TPOCTHIME CJIEICTBUIMHE IIPE/T-
Jlozkenud 4.2.

JlokazarejbCTBO yTBEPK/ICHUSI (4) MOZKHO IIOJIyYUTH C TOMOIIBIO ITPOCTON
MOIUMDUKAIINN JTOKA3aTeILCTBA CaeacTBud 3.15, B3gB B KayecTse () Takoe He-
JUCKPETHOE HOPMAJIBbHOE TOIIOJIOTHYECKOe IPOCTPAHCTBO, YTO CONPIKEHHBIMU
paccaoenusamu OymyT o61aaare nocrosuasie HBP Xg u (X ! )Q OIHOBPEMEHHO.

Jokazkem yrBepxaenne (3). HeoGxommmocTh mveer MecTo B cumity (2).
[lepexozist K OGOCHOBAHUIO JOCTATOYHOCTH, 3aMETHM IMPEZKJe BCEro, 4To mpo-
crpancTBo X caMo gBigerca cenapabenbubiM. V3 4.2 (6) caeyer cymecTso-
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BaHue conpsizkenHoro paccioenus (Xq)', koropoe cormacuo 4.2 (3) coBunagaer
¢ paccioenneMm (X')g. IloBropuoe npumenenue yrsepzienus 4.2 (6) 3asep-
IIaeT J0Ka3aTeabCcTBO. D

4.12. B oramuume or curyanuu, onucanunoit B mpejjoxenun 4.10, B cie-
JyIomeM ciydae cylecrsopanne X' Bieder cymecrsosanue X,

Ilpengyioxxenne. Ecsiun HBP ¢ ruibbeproBeiMu cjiosivu HaJi TOHOJIONH-
YeCKHM MPOCTPAHCTBOM () HMEET COIPS’KEHHOE PACCJIO0EHHE, TO OHO HMEET H
BTOpOE comnpsizkerHoe. Bosee Toro, pacciaoenns X, X' u X" nonapuo nzomer-
PDHIHBL

< Ouesungno, ecsim ga HBP nzomerpudnbl u 0/1HO U3 HUX MMeEeT COMpsi-
JKEHHOE PaCC/IOeHUe, TO U JIpPYyroe MMeeT COLPSKEHHOe PACcC/IOoeHHe, IpUuYeM
9TH COIPSZKEHHbIE PACCJ0eHHsT n30MeTpuinbl. V3 3Toro dakra u npejjiozxe-
HUs 4.3 BbITEKaeT JOKa3aHHOe yTBepxkKeHune. D>

4.13. Ilycrs X — HBP majg TomosormvecKuM TpoOCTPAHCTBOM (), mMe-
omee conpsizkennoe pacciaoenune. OrToOpazkeHue 1, CTaBsINee B COOTBETCTBHE
Kau10it Touxe ¢ € @ omeparop 1(q): ¥ € X(q) = 2"|y1(q), HAZOBEM 0MOG-

pasicernuem 060t1020 wmpurosanus nis paccnoenus X. (3mecw z — a’ —
KaHOHWYECKOe BJIOKEHWEe BO BTOPOE COTPSIZKEHHOE TPOCTPAHCTRO. )

Ilpennoxxenne. Ilycrr X — HBP nasx (), nmeroriee conpsizkeHHOE pac-
cioenne, npuiem Hom(X, R) wopmupyer X. Ilycrs, Kpome TOro, 1 — 0T00-
pa’keHue JABOHHOIrO NITPHXOBAHUS st X .

(1) st kaxkzoii Toukn q € () omeparop 1(q) sIBISETCS H30METPHICCKHM
paoxkernem X (q) B X'(q)’.

(2) IIpegmomozknm, 9To paccaoerne X HMeeT BTopoe conpszkennoe. Tora
orobpaykenue 1 sipjsieTcs uzoMerpudeckuM Baoxkennem HBP X B X7,

4 (1) Hycrs g € Q u x € X(q). Torua

12" ]2 q) || = sup{(a'|a") 2" € X(q), [|2']] < 1}

= sup{(z]z’) : 2’ € X'(q ||x || }

(@) :v € C(Q,X"), |lv(g)ll <1}

(@) :v € C(Q, X7, [l < } (em. [3, 2.3.9))
= sup{(z|H) : H € Hom(X,R), ||H(q)|| <1}

= [l=I].

= sup{ (z|v

{
{
= sup{(z|v
{
{

(2) Beaencrsue yreepxaenust (1) orobpakenne v — ¢ @ U BKJIABIBACT
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npocrpanctso C(Q, X) B Hom(X', R) = C(Q, X") ¢ coxpanennem moToveqHoii
HOpMBI. OcTaercst BOCIOIB30BaThCsT Teopemoit [3, 2.4.4]. D

4.14. Ilpepnoxkenme. Ilyctb X — HBP ¢ nocrosinnoit koneunoii pas-
MepHOCTBIO HAJl BIOJIHE PErVISPHBIM TOIOJOMHIeCKHM IIpocTpaHcTBoM. Toraa
cymectsyer paccioerne X", Hom (X, R) nopmupyer X n orobpaskenne aBoii-
Horo wrrpuxopanus jjs X ocymecrsiser uzomerpuio X Ha X',

< Cormacuo yrBepxaenuto 4.2 (1) B paccMaTpuBaeMoM CJiydae CyIie-
crByeT comnpszkennoe pacciaoenue X' u dim X' = dim X'. daiee, us Toro xe
yrBep:KjieHus BbiTekaer cyiecrsosanue X u pasencrso dim X7 = dim A”.
Crano GbITh, Ay Kaxkaoi Toukn g caon X (q) nu X" (q) nveror ogny u Ty ke
KOHEYHYIO pa3MepHocTh. OcTaercst BOCMOIB30BaThes Npeioxkennem 4.13 (2)
u Teopemoii (3, 2.4.12]. D

4.15. Ilycrs X — HBP max Tomomorndeckum mpocTpaHCTBOM (), MMero-
Iee BTOPOe COMPSIZKEHHOe paccjoeHme. B cienyomux ciaydasx oToOpazKeHue
JBOIHOrO MmTpUXOBaHus s X sapiaserca uzomerpueit X na X'

(1) X — nocrosiunoe HBP ¢ pediekcuBHbIM cit0eM;

(2) X umeer HOCTOSHHYIO KOHEYHYH) PA3MEPHOCTb, & TOIOJOIMYECKOe
IIPOCTPAHCTBO () BIIOJIHE PErYJISPHO;

(3) X — HBP ¢ rusbbeproBbivMu CJI0sIMu;

(4) X — npocropuoe HBP na skcTpemMasibHO HECBIA3HBIM KOMIIAKTOM (),
1 Bce cjion X B HEM30JMPOBAHHBIX TOYKAX PeBDICKCHBHBI.

4 Vreepxaenus (1)—(4) nemocpencrsenno Boirekaror n3 4.11 (1), 4.14,
412 u [3, 3.3.5(1), 3.3.7] coorBercrBenno. [

BamernM, uto yeaosua (2) m (4) Brexyr cymecrBoBanme X’ Ge3 gomos-
HUTEJIbHBIX HpGﬂHOﬂO}KeHI/H‘/’I.

§ 5. Csrabo HenmpepbIBHBIE CEYEHUS

B nannom nmaparpade BBOJUTCS ¥ UCCJIEYeTCs MOHATHE CJ1aD0 HelpephlB-
HOT'O cevyeHust DaHaXOBa PACCIOEHUS.

[TockoJsibKy cj1ab0 HempepbIBHBIE CeYEeHHs TECHO CBA3aHbI ¢ TOMOMOPhU3-
MaMH CONPSI?KEHHOTO PACCIOeHHsl (KOTOPbIe, KaK W3BECTHO, HMEIT JIOKAIhHO
OTPAHUYEHHYIO TIOTOUEUHYIO HOPMY ), OJJHON M3 €CTeCTBEHHBIX 3314 SIBJIAETCS
MIOUCK YCJIOBUIi, TapaHTUPYIONUX JOKAJIbHYIO OIPAHHYEHHOCTD €J1ab0o Helpe-
PBIBHBIX cedeHuit. Perennio 3Toit 3a/1a4um MOCBSIEHbl pa3/iesibl H.3-5.5.

B pazaenax 5.6-5.12 g7 pa3auduHBIX KJIACCOB OAHAXOBBIX PACCIOCHUI
MCCJIEYEeTCsT BOMPOC O HEITPEPBIBHOCTH CJ1a00 HENPEePHhIBHBIX CEUeHUIA.
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Pazgensr 5.13-5.21 mocB4MeHbl MOUCKY YCJIOBHII COBHAJAEHUS MPOCTPAH-
cTBa 1200 HEIPEPBIBHBIX CEUEHHI MOCTOSHHOTO OAHAXOBA PACCIOEHUS U MPO-
cTpaHcTBa €1a00 HENPEepPbIBHBIX BEKTOP-(PYHKIMI €O 3HAYEHUSIMU B COOTBET-
CTRYIOIIIEM CJIOE.

B kawectBe mrora mccienoBaHuii, TPOBEJAEHHBIX B JaHHOM Maparpade,
B pazzenax 5.22 m 5.23 mnpuBejieHbl CIUCKHU YCJIOBUI HEMPEPBIBHOCTH CJia-
00 HeNpepBIBHBIX CEUEHMIl, a TaKKe YCJIOBHiIl COBIAJEHUS WM HECOBIIAICHUS
HPOCTPAHCTB CJIa00 HEIPEPLIBHLIX Ce€YeHUil U cj1ad0 HElPEPbIBHLIX BEKTOP-

dyHKIHi.
5.1. Ilycts X — HBP majx Tonmosornueckum npocrpancteoMm QQ u D C Q).

Onpenenenune. Ceuenne u Ha D paccioenuss X HA30BeM €aab0 Henpe-
puenvim, ecam (u|H) € C(D) nis Bcex H € Hom(X, R). CoBOKyIHOCTb BCex
Taknx cedennii oboznaanm cumposom Cy (D, X).

Ecin X umeer conpsizkennoe paccaoenne, o Hom(X, R) = C(Q, X), u B
9TOM Caydae caabas HeNPEPLIBHOCTH CEYeHHs U PABHOCHIbLHA HENPEPHIBHOCTH
bynkumii (ulu’) nna seex v’ € C(Q, X7).

Ouesugano, Cy(D,X) saBisercsds BEKTOPHBIM MOAMPOCTPAHCTBOM IMPO-
cTpaHcTBa Beex cevenuit Hag D paccioenus X u comepxur C(D,X) B Ka-
4eCTBE BEKTOPHOI'O HOIIPOCTPAHCTBA.

Ormernm, 910 €J1ab0 HENPEPHIBHOE cedeHne He 00s3aHO ObITh HEIpPepPbhiB-
ubiM. [leiictBurenibno, paccmorpes HBP X, noctpoennoe B 4.9, n 1noJioxkus
u(n) = ep, n € N, u u(oo) = 0, MBI OJIyIUM €1a00 HEIPEPBIBHOE (CM. 3aMe-
ganue 4.10), HO, OUEBH/IHO, PA3PHIBHOE CEUEHUE PACCIOeHus X.

5.2. Jlemma. Ilycrp X — 6aHax0BO IPOCTPAHCTBO, () — TOMOJIOTHYE-
ckoe npoctpancTBo u D — noamuoxkectBo Q). IIpeamooxkuM, 9To mocaea0-
BareibHOCTH (¢n) C D crpemurcs k Touke q € D.

(1) Ecam npocrpancrso () Bmosse perymspro o u € Cy(D, Xg), T0 1O-
cegoBarersaocts (u(gy)) w-w*-cxoqutes K u(q).

(2) s moboro romomoppusma H € Hom(Xg, R) mocresoBareibHOCTD
(H(qn)) cnabo* cxomures x H(q).

(3) Eciin QQ — Buosine peryssipaoe npocrpancrso ®@peme — Ypbicona u
TOYKH ¢y IOHAPHO PA3JHIHBI H HE PABHBI (, TO JIIS JIFOOOIH w-w*-cxXoasimerics:
K Hysm0 1ociegoBareasrocti (v,) C X cymecrsyer cevenne u € Cy (D, Xq),
nprHAMAoIee 3HATCHUS U(qn) = Xy, 111 Bcex n € N m u(q) = 0.

(4) Ecm u € Cy(D, X), To mocresosatensrocts (u(gn)) cabo cxoaures
K u(q).
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<d (1) Kak jilerko BUjeTh, Mbl He HAPYIIMM OOITHOCTH, HPENOIOXKHUB,

9TO TOYKH ¢ IONAPHO PA3/IMYHbI U He PpaBHbl ¢. VI3 2.6 (4) caemyer, 4To st

moboii mocaegosarensroctu () C X') crabo® cxopgmgeiica K HEKOTOPOMY

saementry z' € X', cymecrsyer romomopdusm H € Hom(Xg, R), upunuma-

fomnii 3navenust H(q,) = x), aist scex n € N u H(q) = 2.

(ugn)ley) = (ulH)(gn) — (ulH)(q) = (u(q)]").
YrBepxkaenus (2) u (4) OUeBHHBL.

Crajio ObITh,

(3) Iycrs (Wy) u (fn) — HOCI€Z0BATENBHOCTH OTKPBITBIX MOJMHO-
xKecTB () m HenpepbiBHBIX dyHKunit n3 @ B [0,1], durypupyromume B dop-
MysupoBke jieMMbl 2.5. Torma cedenne w mnan D, onpenenennoe hopMyIoit

fn(p)xna peDNW,,
u(p) =
07 b € D\ UneN WTM

ABJIACTCA Cﬂa60 HEIIPEPbIBHBIM. B CaMOM JieJjie, BO3bMEM HpOI/I3BOJIbeIﬁ ro-
momopbusm H € Hom(Xg,R). Oyukiusa (u|H) HempepblBHA HA KazKIOM
muozxkectse D N cl Wy, tak kak cl W, C Q\ cl Uk;ﬁn Wy, u Ha nepeceyenun DD
¢ nocseued (oTKpeITOi) pasHocThio (u|H) coBnamaer ¢ (x,|H) fn.

Honycrum, dyuknus (u|H) paspbiBHa B HEKOTOpOii To4Yke p €
(lUpen Wa)\ Upen 1 Wy Toraa cymectsyor qucio € > 0, mOCIe10BaTeb-
HOCTb (Pp,) C D u €TPOro BO3pACTAOIIAsl MOCJIEI0BATETBHOCTL (Ny,) C N
raxue, ato p € cMpn : m € N}, pn € Wy, u [(ulH)(pm)| > & ana
Becex m € N. Tlockonbky () — mpocrpancTtBo Pperre — YpBICOHA, MOXK-
HO BBIJEJINTH IHOIIOCAEI0BATENBHOCTD (Dpy, ), CTpeMsmyocs K p. Jlerko
IPOBEPUTDH, UTO HOC/IEJ0BATEALHOCTD (u(Pm)), a 3HAMHT, H ee MOAIOCIeN0-
BaTeIbHOCTD (U(Pm,)) w-w'cxomarca K Hymo. Buecre ¢ Tem B cuty (2)
nocinenosarensnocts (H(pm,)) c1a6o* cxomures x H(p). CaenosarensHo,
e < |(u|H)(pm,)| = |(u|H)(p)| = 0. Ipexnonoxenne o paspsiroctu (u|H)
B TOYKE P HPUBEJIO HAC K nporuBopeunio. Ocraercs J100aBUTh, 9TO HA MHOZKE-
cree Q\ cll, ey Wi dyukmus (u|H) Toxpecrsenno pasua nymo. >

5.3. IIlpumep. CymecrBytor mpocrpancTtBo Ppemre — YpoicoHa (),
banaxoBo npocrpancTBo X u cedenne u € Cy(Q, XQ) Takme, 4T0 U He sB-
JISI€TCsI JIOKAJTBbHO OI'PAHUIEHHBIM.

PacemorpuMm npocrpancTso (), mocTpoerHoe B npumepe 2.11.

Kax Buauo u3 coeacrsus 1.9 (2), npocrpancrso > cOQepKHT HEKOTO-
PYIO W-w*-CXOIAILYIOCS K HYJIIO TOCTEI0BATEILHOCTD (Xy, ), HE CXOSIILYIOCS 110
HOpMe. Be3 orpanuvenusi OOMIHOCTH MOYKHO CUHTATh, 4TO ||xy|| = 1 masa Beex
n € N (310 ycsioBue 10cTHraeTcst Hepexo0M K MO/II0CTIe0BATETbHOCTH 1 J1aJIb-
HEHITIM [03JIEMEeHTHBIM JTOMHOKeHHEM Ha HOAXOJANIYI0 KOHCTaHTY). [loso-
xuM u((m, n)) = max, ns seex (m,n) € NxNu u(co) :=0 € £°°. Ouesnzno,
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cedueHmue U He ABJISIeTCs JIOKAJIbHO orpanneHHbiM. [lokazkeMm, uro HRu € C(Q)
s mponsBoabHOro romomopdmsva H € Hom ((0°°)g, R). o nemme 5.2 (2)

s 1I060oro HoMepa m nocaegosareasnocts (H ((m,n))), _ aBasercs cia6o®

neN
cxongmeiica, orkyna (H @ u)((m,n)) = m{z,|H((m,n))) — 0 npu n — oco.

Tocseanee o3uauaer Henpepbiaocrs Gynxiun H @ u (em. onucaunue (1) sue-
menros C(Q) B upumepe 2.11).

5.4. Ilpennoxenmne. Ilycrb X — HDBP na/ ronosiornyeckum npocrpan-
creom Q. Ilpemmonoxnm, aro Hom(X, R) mopmupyer X, a mpocrpanctso ()
V/IOBJIETBOPSIET OJHOMY W3 CJIEAYIONAX YCJIOBHIL:

(a) @Q BrOJIHE DEryJISIDHO H Y/[OBJIETBODSIET HEPBOil AKCHOME CYeTHOCTH;
(6) @ JIOKAJIBHO ICEBIOKOMIAKTHO.

Torma Bcsikoe cj1abo HerpepbhIBHOE I10DajibHOe cedeHne X JIOKAJIbHO OrDaHH-
YEeHO.

< Ipeamosoxnm cuadamna, 9to () yaoBiaerBopsier yeiaosuto (a). dormy-
CTHUM, CYIIEeCTBYeT ¢1ab0 HempephIBHOE He JIOKAILHO OTPAHTICHHOE III00ATBLHOe
cedenne u paccioenus X. B rtakom ciaydae Hajimercs Touka ¢ € (), B Jr0boii
OKPECTHOCTH KOTOPO# noroueunas nHopMa ||u| meorpanuuena. Bymem cunrars,
aro [luf| (¢) = 0 (unaue, mob3yscs reopemoii Tronpe (cm. [3, 2.3.5]), u3 u Mox-
HO BBIYECTH HENPEPBIBHOE CedeHne, IPHHUMAIOIIEE B TOUKe ¢ 3HadeHue u(q)).

[TocKoIBKY MPOCTPAHCTBO () yAOBIETBOPsIET IIePBOil aKCHOME CYeTHOCTH,
CYTMIECTBYeT Takasl NOCAeI0BATETBHOCTD (¢y) C Q, uto [Jull (gn) > n?, ¢ # qj
opu i # j U ¢, — ¢. BOCIONb30BABIINCH YCIOBHAME IIPEIIOKEHH, IS
kazkgoro Homepa n € N noabepem romomopduzm Hy, € Hom (X, R), yaosie-
rBopstfoiuit coornomenusm (u|Hy)(qn) = ||u(gn)|| n |Hpl < 2.

U3 crexctBus 2.6 (2) BeITeKaeT cymiecrBoBamme romomopdusma H €
Hom(X,R) Takoro, uto H(q) = 0 u H(qy,) = 1H,(qn) ana Beex n € N.
C apyroit croponst, (u|H)(qn) = (u|Hp)(gn) = L|u(gn)|| > n, aro nporuso-
pedut caaboii HeMpPepbLIBHOCTH U, Tak Kak ¢, — q u (u|H)(q) = 0.

[Tpeano0KIM Telephb, 9To MPOCTPAHCTBO () yAOBIETBOPSET YyCa0BUIO (6).
O603Ha4YNM IPOCTPAHCTBO OIPAHUUCHHBIX TOMOMOPGU3IMOB 3 X B R CHMBO-
JIOM Homb(X ,R). Badukcupyem 1pou3BOIbHOE €J1a00 HEIPEPHIBHOE CEYCHHE U
paccimoenns X W I KaxKI0i TOYKH ¢ € () ompeie/iuM JIMHEHHBINH (DYHKIIHO-
nan T,: Hom®(X,R) — R no npasury T,(H) = (u(q)|H(q)). Crabuxas mpo-
crparctBo Hom®(X, R) paBHOMEpHOil HOPMOI H PACCMATPHBAS TPOU3BOILHOE
TICeBIOKOMITAKTHOe moamuozkectBO U C @, Mbr BuanM, [ato |75 < [lu(q)|| =,
KPOMe TOT0,

sup || Ty(H)|| = sup [(ulH)(g)| < oo
qeU qeU
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st Beex H € Homb(X,R). Cornacho [3, 2.4.11] HopMEpOBaHHOE MPOCTPAH-
crBo Hom?(X, R) siBastercs Ganaxosbiv. [Tosromy supgep [|Tqll < oo B cuy
IPUHIMIA PABHOMEPHOH orpanudennocTr. OcTaercsa NpUBIedb COOTHONICHH

lu(g)ll = sup{[(u(q)|H(9))| : H € Hom(X,R), |H|| <1} =|Ty]. >

OTMeTHM, 9TO JOMOTHATENbHOE OTPAHWYEHNe, HAK/IAIBIBAEMOE HA TPO-
CTPaHCTBO () B MOCJIEHEM HPEJJIOKEHUH, sIBJISIETCS CYIIECTBEHHBIM, JaXKe eC-
au HBP X nocrostuno (em. 5.3).

5.5. Caencrue. Ilycrs X — 6aHAXOBO MpOCTPAHCTBO H () — TOMOJIO-
rHYECKOe MPOCTPAHCTBO @, yaosiaerBopsioiee ycaosuio (a) uin (0) npemiozxe-
uus 5.4. Torja Beskoe ¢1abo HelpepbIBHOE IIobaIbHOE cedenne X ) JIOKaIbHO
OTrPAHHIEHO.

< VrBepxK/eHHe CJIeJICTBUS HEMeUIEHHO BbiTeKaeT u3 5.4 u 4.4 (3). D

5.6. Bameuanue. Kak creayer u3 ompeeseHusa HEIPEPBIBHOCTH Ce-
vyenust (M. [3, 2.1.2]), eciu () — TOMOJIOTHYECKOE TIPOCTPAHCTBO, U — HEKO-
TOPOE BEKTOPHOE TPOCTpaHCTBO cedenuit Hayx D C () pacciaoenuss X Hagx )
N BCE JJIEMEHTHI U UMEIOT HEIIPpEPbIBHbIC ITOTOYEYHbIEe HOPMbI, TO BKJIIOYEHHUE

C(D,X) C U Breuer paserctso C(D,X) =U.

Ilpengyoxxenne. Ilyctb X — HDBP max romnosiormueckum mpocrpas-
cTBOM ().

(1) Ilpeamoioxknm, aTo pacciaoerne X HMeeT CONPSIKEHHOe, H MyCTh | —
oTOOpAarKeHHe JBOHHOIO IITpHXOBaHHS Jas X. Jlas i 060ro MmOoaMHOYKECTBA
D C @ orobpazkenue u — 1® U OCyLECTBISET JHHEIHOE BJIOXKeHHEe IPOCTPAH-
crBa JIoKabHO orparmaennsix cedennii u € Cyy, (D, X) B Homp (X', R). Ecn,
kpome toro, Hom (X', R) mHopmupyer X, T0 yIOMSIHYTOe BIOKEHHE COXPAHSIET
IIOTOYEIHYI0O HOPMY.

(2) Ipeamonoxkum, uro Hom (X, R) wopmupyer X u paccioenne X uveer
Bropoe comnpsikeanoe. Ecin cevenne u € Cyy(Q), X') s10KagIbHO OrpanndeHo, 1o

ue CQ,X).

< (1) Brumouenne ¢+ ® u € Homp (X', R) umeer mMecTo B cuiy Teopembl
(3, 2.4.9]. Ecsmm e Hom(X,R) nopmupyer X, to paBeHcTBO |2 ® ul| = [|ul|
BoiTekaer u3 4.13 (1).

(2) Tlycre cevenne u € Cy(Q, X) gokambHO orpannueno. Toryja B cu-
ay yrBepxaenus (1) umeer mecro Brmouenne 1 @ u € Hom(X', R), koropoe
smecre ¢ pasencrsoM Hom (X', R) = C(Q, X”) naer nenpepblBHOCTH HOTOYEY-
HOI HOpMBI roMoMOpdu3ma ¢ ® u. TTockosbky coracuo (1) dynknun ||t ® |
u ||ul| coBnamaror, mocsenHsisi M3 HUX TakzKe HempepbiBHA. TakuM o0OpasoM,
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BEKTOPHOE MPOCTPAHCTBO U JIOKATBHO OrpaHudeHHbIX cevenuit u € C,(Q, X)
COCTOUT W3 CeYeHUil, MMeIOINX HelpepbiBHbIE TOTOYeYHbIe HOPMbBI, U COJIEP-
xut C(Q,X). TlpuseJeHHOe BBINIE 3aMeYaHUE MO3BOJISIET 3aKIHOUYATH, YTO

U=0CQ,Xx). >

5.7. Ilpennoxeuune. Ilyctb X — HBP c¢ nmocrosauoii koneuwnoii pas-
MEpHOCTHIO HAJT BITOJTHE PETYISIPHBIM TOMOJIOTHIECKAM IPOCTPAHCTBOM Q). JLtst
sioboro noamuoxkecrsa D C Q) umeer mecro pasencrso Cy(D, X) =C(D, X).

< /loxazbiBaeMoOe YTBepKIeHHEe MOXKHO BHIBECTH U3 TeOpeMbl 2.12, mpeI-
noxenns 5.6 (1) u 3amevanus 5.6. D

5.8. CaencrBue. Ilyctp Tomosorndeckoe mpocrpanctso () m HBP X

a7 () YIOBICTBOPSIOT yCJIOBHAM IIpeqaoxkenus 5.4. Torma m3 cylecTBoBa-
aust X" caenyer pasencrso Cy(Q, X) = C(Q, X).

< VTBepiKeHue CIeJCTBAS BBITEKAET U3 npeiokennit 5.4 u 5.6 (2). D>

5.9. Ilpennoxenme. Ilyctb X — HBP c¢ rumibbeproBeivu cirosimun
HaJ IIPOU3BOJBHBIM TOIIOJOTHIeCKHM IPOCTPAHCTBOM. Ecim riobajabHOe ce-
gerne X JIOKAJIBHO OrPAHHYEHO H C1a00 HEeIMPepPhIBHO, TO OHO HEIPEPBIBHO.

< Ilycrs (Q — Tomosormdyeckoe mpoctpanctBo u X — HBP maxg @
¢ TUILOEPTOBBIMU CJIOAMHU. 3adUKCHPYeM JIOKAJIbHO ONPAHUYEHHOE CeueHHe
v € Cyw(Q, X) u Bocuosibdyemest orobpazkenuem h u3 JjieMMbl 4.3, yTBEPK A0~
weit, aro h[C(Q,X)] C Hom(X,R). Takum 06pazom, cupaseijiuBbl COOTHO-
menus (c|h(u)) = (ulh(c)) € C(Q) mas Beex ¢ € C(Q, X), u3 KOTOPHIX C yde-
Tom [3, 2.4.4] caenyer, uto h(u) € Hom(X,R). 3uaunt, ||lul|® = (ulh(u)) €
C(Q). Haxonen, nocxonky [lu—c|® = Jull* = 2(c|h(w)) + Jul* € C(Q) aa
Beex ¢ € C(Q, X), ceuenne u HenpepbBHO. [

5.10. Ilpennoxxenme. I[lycre X — HBP ¢ ruibbeprosbivu cirossmu HaJL
TonoIoOrHdecKkoM rmpocrpancreoM Q). Ilpemonoxum, 9ro () yaoBaeTBopsier oj-
HOMY n3 ycaoBuii (a) win (6) npeamroxkennst 5.4 win sBAsieTCsT XaycaophoBbIM
TOHOJIOTHIECKHM MPOCTPAHCTBOM, COJEPYKAIIHM KOHEYHOe YHCJIO0 HEeH30JHPO-
panabix Todek. Torma Cy(Q, X) = C(Q, X).

< VrTBepxk/eHue UpeJIOKeHus JJIs Caydasi MPoCcTpancTBa (), yI1oBje-
TBOpsifoIero ycaosuio (a) wim (6) npenokenust 5.4, HEMOCPEJICTBEHHO BbITE-
KaeT n3 npeanoxkennit 5.4 n 5.9 n jemmsr 4.3.

[Tycts @ — xaycaopdoBO TOMOJIOTHYECKOE MPOCTPAHCTBO, COJEpIKAIIee
KOHEYHOe YHCI0 HeM30JMPOBaHHbIX Touek. Kak u B gokaszarenncrse 4.4 (10), ve
Hapy1rast O0IIHOCTH, OyJeM CIUTaTh, YTO MPOCTPAHCTRBO () MMEET eJIMHCTBEH-
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HYIO HEM30JMPOBAHHYIO TOUKY ¢q. B 3TOoM ciydae coryacHo 3amedannio 1.11
HPOCTPAHCTBO () SIBJISIETCSI HOPMAJIBHBIM U, B YACTHOCTH, BIIOJIHE PEIYJISAPHbIM.

Pacemorpum niponsBosibHoe cedenne v € Cyy(Q), X') u noKazkeM, 9TO OHO
ABJISIETCS JIOKATBHO OrpaHudeHHbiM. (Tem caMbiM B cuiy TpeioxeHus 5.9
Hallle yTBepKeHne Oyger jgokazano.) Moxuo cautarh, 4to v(q) = 0, Tak
KaK M3 U MOXKHO BBIY€CTH [VI00ATbHOE OrpAHIIeHHOE HEIPEPhIBHOE CeYeHUE CO
sHaveHueM v(q) B TOUKe ¢, cyliecTByomee 1o Teopeme lonpe (eMm. [3, 2.3.5]).

[Tycts h — orobpazkenue, purypupyiomiee B jemme 4.3. Besepcrsue aoit
aemmbt (ulh(v)) = (v|h(u)) € C(Q) maa Beex u € C(Q, X). na kaxmoii

TOYKH P € () MOJOKUM

h(v)(p), ecmn [lu(p)l| <1,

w(p) = h(v)(p)

Tle()ll”

s mroboro cevennst v € C(Q,X) cupasemauBbl coorromennst |(u|w)| <
[(ulh(v)] € C(Q) n (ulh(v))(q) = 0, orkyzma creayer, aro (ulw) € C(Q),
MMOCKOJIBKY ¢ — €JWHCTBeHHasi Hem3ompoBanHas Touka (). Cramo ObITH,
w € Hom(X, R) B cuty Teopemsl [3, 2.4.4], a 3naunt, (v|w) € C(Q). [Ipu sTom

ecu ||v(p)|| > 1.

2
(v[w) (p) :{ lo@I,  ecan flo(p)] < 1

oI, ecan [lu(p)]| > 1

Juist Beex p € @ u, caenosarenbno, v < 1 B okpecrnocru {|(v|w)| < 1}
TOYKHU (. OCTaJIbeIe TOYKH TPOCTPaAHCTBA Q ABJIAIOTCA N30JIUPOBAHHBIMU.
Takum obpasom, cedenne v JOKAJILHO OrpaHuvYeHo. [

5.11. Jlemma. Ilpeamonoxkum, aro HBP X waxg tomomormueckmm
npocTpancTtBoM () mMeer compsikeHHoe paccjoeHwme. JIjst Jir00bIx cedeHuit
uweC(Q,X) mv e Cyuy(Q, X" Bemecrsennas ¢pynxnus (u|v) HENpepHIBHA.

< [Ilycte 2 — orobpaxkenue apoitHoro mrpuxoBanus jaias X. Torma
1 ®u € Hom(X’, R) cornacno npemnoxennto 5.6 (1). CremoBarensno, (ulv) =

(v|r®@u) e C(@Q). >

IIpengyoxenne. IIpeanonoxum, aro HBP X nas ronosornaeckum mnpo-
cTpaHcTBOM () HMeeT COIPSIZKEeHHOe PAaCCJIOCHHE.

(1) Ecmu cewenne v € Cy(Q, X') mokaapro orpanmaeno, tov € C(Q, X').
(2) Ecin Tonosiornyeckoe npocrpanctso () yaoBjaerBopsier ycjaoBuio (a)
wmn (6) npemnoxenns 5.4, to Cy,(Q, X') = C(Q, X').
(3) Ecsn pacciioerne X uMeeT HOCTOSHHYIO KOHEUHYIO DA3MEPHOCTD, TO

Cu(Q, ") = C(Q, &7).
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<4 (1) Iyers v € Cy(Q, X') — nokambro orpannmuennoe cedenne. Co-
rinaco Jgemme (ulv) € C(Q) mia Beex u € C(Q,X). CuenoBaresbHo,
v € Hom(X,R) B cuny Teopemsi [3, 2.4.9] n J0KaabHONH OrPaHUYEHHOCTH V.
Octaerca BenoMunTh, uto Hom(X, R) = C(Q, X).

(2) Hocrarouno ycranosuth Brawouenne Cy,(Q, X') C C(Q,X’). Ilycrn
v € Cy(Q,X). Cormacno memme (ulv) € C(Q) mna Beex u € C(Q, X). Ecmm
npocTpancTBo () yiaosierBopsier yciaosuio 5.4 (a), to v € Hom(X,R) B cuiy
teopembl 2.10, a ecu () yaosiaerBopsier yeiaosuto 5.4 (6), o v € Hom(X, R)
B cuiay Teopembl [3, 2.4.7]. Takum o6pa3om, B JH0OOM U3 PACCMATPUBAEMBIX
cayuaes v € Hom(X, R) = C(Q, X').

(3) U3 memmer 5.11 m teopemwr 2.12 cmeayer, uto Cn(Q,X') C
Hom(X,R). C apyroii croponsr, Hom(X,R) = C(Q,X') C Cyu(Q,X'). D

5.12. Teopema. Ilycte X — 6anHaxoBo mpocTpaHcTBO i () — BIIOJIHE
PperyJisipHOe TOIOJIOrHYecKoe IpocTpancTBo Dperre — YpbIicoHA.

(1) Ecomm X obmazaer csoiicteom WS, 1o Cy(D, Xq) = C(D, Xq) ams
Bcex noaMHOXKecTB D C ().

(2) Ecmu Cy(D, Xq) = C(D, Xq) a1 mekoroporo noamuozkecrsa D C @,
COJIEPZKAINEr0 KaKyIO-THOO CBOIO MPEJeJbHYI0 TOYKY (B 4acTHOCTH, €CJIH
D = @ u npocrparcreo () He JHCKPETHO), TO GAHAXOBO MPOCTPAHCTBO X
ob.1asaer cpoiicrBom WS.

Hanpumep, ecianm mpoctpancTBo () He JHCKPETHO, TO PABEHCTBO
Cw(Q, Xg) = C(Q, Xg) pasrocmibuo ToMy, uro X obranaer csoiicteom WS.

< (1) pennonoxum, Cyy(D, Xg) # C(D, X) A/ HEKOTOPOTO MOIMHO-
kectBa D C (Q u mokazkeM, uto X He obanaer cpoiictBoM WS. BosbmeM cede-
uue u € Cy(D, Xq), paspsiBroe B Touke ¢ € D. Byaem cunrars, uro u(q) = 0,
TaK KaK MHAYe U3 U MOYKHO BBIYECTH NMOCTOSTHHOE CevYeHne co 3HadeHneM u(q).
[Tockonbky () — mpocTpancTBo Pperre — Y pHICOHA, HMEETCSI TOCTeI0BATE b
HOoCTh TOUeK (¢n) C D, crpemsimasicss k ¢, Takast, 410 ||ul(gn) > € > 0 aua
Beex n € N. B cuiry siemmbl 5.2 (1) nocsie1oBaTeibHOCTb (u(qn)) w-w*-cxoauT-
e k u(q) = 0. Caenosarensno, X ne obmagaer csoiicrsom WS.

(2) Mpeamonoxnm, uro X we obiamaer cpoiicteom WS, u ycraHOBEM
uepaserctso Cy (D, Xq) # C(D,Xqg) ana moboro nogmuoxectsa D C @,
COJIEPIKAIIEr0 KaKyIo-aub0 CBOIO IpejebHyio Touky. llycrs ¢ € D — mupe-
nmenbaast Touka D. [lockomsky () — mpoctpancTtBo @perte — YpBICOHA, CY-
IECTBYET TOCTIeI0BATEIbHOCTD (qn) C D\{q}, cTpemsamascs x ¢q. Be3 orpa-
HUYeHns: OOIIHOCTH MOYKHO CHUUTaTh, 410 ¢; # ¢; upu i # j. Iockonbky X ne
obmamaer cpoiicreom WS, nmeercs w-w*-cXoA4masacsa K HyJI0 MOCIeI0BATE b
HOCTH (2,) C X, He cxopsmiasgcs K Hymo mo Hopme. Cornacuo jgemmve 5.2 (3)
cymecrsyer cedenne u € Cy(D, Xg), upunumaromee 3nadenns u(g,) = op
must Beex n € N u(q) = 0. Ouesnano, v ¢ C(D, Xg). D
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5.13. Jlemma. IIycrs X — 6aHAXO0BO HPOCTPAHCTBO, (To)aen C X —
caabo cxomsmasics K Hygo cerb u (xh)aex C X' — orpanmvennas cia6o*
CXOMAMAACS K HYTIO0 CeTh. [IDeMIIONoKAM, 9TO YHCIOBas ceTh (Tq|rh) He
cxoauress K Hyso, u nomoxum (Q = N* (em. 1.13). Toraa Br/IrodeHHe
Cw(Q,Xq) C Cyw(Q,X) siIsieTcst crporn.

< Pacemorpum sektop-gynkunu u: Q — X u H: Q — X', ynosierso-
psonue paseHcTBaMm u(a) = xo, H(a) = 2, nas Beex o € N u u(o0) = 0,
H(oo) = 0. B cuny 3ameuanus 1.13 (2) byHKIUSA u ABAIETCS CT1a00 HEIPEPHIB-
Hoii, a pyukmua H — caabo® menpepwiBHoii. ITockoibKy, Kpome TOro, (hyHK-
nust H orpanndena, u3 reopemst (3, 2.4.9] Boirekaer, uro H € Hom(XQ,R).
C spyroii cropoHbl, BHOBb IpuBIeKast 3amedanue 1.13 (2), Mbl 3aKj109aem, 94T0
dbyuknus (u|H) ne aBugercs HempepblBHOH, a 3uaunt, u ¢ Cy(Q, Xg). D

5.14. Ilpenmoxkenue. /[t BCSIKOro 6eCKOHETHOMEPHOTO OaHaX0Ba MPO-
crparcrBa X CyHieCTByeT HOPMAaJIBHOE TOIMOJOTHYECKOe HPOCTPAHCTBO () Ta-
koe, 1r0 BEmoIenne Cy(Q, Xq) C Cyw(Q, X) apasercs crpornm.

< VrBepkjeHue npeioyKenus Boitekaer u3 1.4 u 5.13. D

5.15. CaencrtBue. Ilycrp X — 6anaxoBo npocrpanctso. Pasenctso
Cw(Q, Xg) = Cu(Q, X) nmeer mecto st 170000 TOHOJIOIHIECKOr0O IIPOCTPAH-
crBa () TOLJIa U TOJIBKO TOIJIA, KOIJA MPOCTPAHCTBO X KOHETHOMEPHO.

3aMeTuM, 4TO B CJIydae KOHEYHOMEDPHOI'O MPOCTPAHCTBA X HMMEIOT MECTO

pasercrBa C(Q, Xg) = Cu(Q, Xg) = Cu(Q, X) = C(Q, X).

5.16. Teopema. Ilycrp X — 6anaxoBo mpocTtpaHcTBO H () — HIPOH3-
BOJILHOE TOIIOJIOTHIECKOE IMPOCTPAHCTBO.

(1) Eciim Q — npocrpancrtso @perte — Ypoicona uw X obsajgaer cBoii-
crom DP*, 1o Cy (D, Xq) = Cy(D, X) mist moboro moamuoxkecrsa D C Q.

(2) ITycrp mogmuo)kecTBO D C () TakoBo, uro B C(Q) cymectByer yHK-
nus, He SABJsonjascs JjokaapHO nocrosuoii Ha D. Ecmm Cy(D,Xg) =
Cw(D, X), To npocrpancreo X obuamnaer coticrsom DP.

B gacraoctn, eci () — HeJIHCKPETHOE BIOIHE DETYISIPHOE TIPOCTPAHCTBO
®pemme — Ypricona, To pasencrso Cy(Q, Xg) = Cu(Q,X) pasrOCHIBHO
romy, uro X obaagaer csoiicrsom DP*.

<4 (1) Hyers Cw(D,Xq) # Cuw(D,X) Aas HEKOTOPOTO MOIMHOKe-
ctBa D C Q. Tloxaxkem, uto X me obaamaer cpoiicrsom DP*. Boszbmem
sekrop-yukuuio u € Cy(D, X) \ Cy(D, Xg) u paccmorpuM romomopdusm
H € Hom(Xg,R) rakoit, uro dbynxuns (u|H) paspeiBHa B HEKOTOPOIl TOUKe
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q € D. Torga B g paspsiBaa u dyuxuus (u—u, | H — Hy), rae ug u Hy — mo-
croguble GyHKuun co snavenusmu u(q) u H(g) coorsercrsenno. (dro cupa-
BeUIUBO B cuty Toro, uro yuxnuu (u|Hy), (ug|H) u (ug|Hy) nenpepbisubi.)
[Tockosbky Q) — mpocrpancTtBo Pperite — YpbICOHA, HAWIETCS CTPEMAIIASICS
K ¢ mocsenoBarebHocTh (¢n,) C D\ {q}, KoTOpas yaoBieTBOpsieT yCJIOBHUIO
[(u(qn) —u(q) | H(gn) — H(q))| > & ans mekoroporo € > 0 u Bcex n € N.
Buecre ¢ rem B cmty 5.2(2), (4) nociaenosareasnocts (u(gn) — u(g)) crabo
CXOZUTCSt K HYJIIO, a nocaegosareabnocts (H(qn) — H(q)) ciabo® cxomurest K
nymo. Crenosarenpno, X He obnagaer coiictBom DP*.

(2) Tpeanosioxkum, 4ro npocrpancrBo X He obsagaer csoiictBom DP.
Pacemorpum €1ab0 CXOIFILYIOCH K HYJIO TOCJIeI0BATeNbHOCTh (T,) C X u
caabo™ CXOAAMYIOCs K HYJ0 nocaenoareabHocth (x,,) C X' rakwme, 4ro
(xp|zl) me cxomuTea x mymo. IlepexomoM K TOANOCTeI0BATETLHOCTAM U JI0-
MHOJKEHHEM BCEX JEMEHTOB OJHOH M3 HUX Ha +0 npu noaxoasmem 6 € R
MOKHO JIOOUTHCsl BBIIOJIHEHUsI HePaBeHCTB (Ty|2),) = 1 mis Beex n € N. Jlo-
OJTHATETBHO MOTPeGyeM, 9TO0bI (Tni1|Ty,) + (Tn|z), 1) = 0 m1s Beex n € N,
9ero, B CBOKO 0Mepe/b, MOXKHO J0OUTHCs TIOMAPHBIM JIOMHOKeHneM Ha £1 siie-
MEHTOB Ty U T4, T3 u x5 u T.a. Ilycrs Bekrop-dbynxuun u: [0,1] — X u
u':]0,1] = X' ynosaersopsiior pasencrsam u(0) = 0, u/(0) = 0,

uAdg + (1= N)2) = Azpgr + (1 — Ny,

(/\n+1 +(1=Ng) =AM+ (1= Nz,

st Beex A € [0,1] m n € N. TTo semme 1.14 dbyukius u ciabo HenpepbiBHA,
a dbynkmua v’ c1abo® menpepwiBHa. Pacemorpum dbynkmmio (u|u'): [0,1] — R.
s npowssosibHbix 1 € N1 0 < A < 1 uMeroT MecTo COOTHOTITEHU T
(ulu) (A n+1 +(1=N3) = Qzpg1 + (1= Nan | Aag g + (1= A)a,)
= N (@nsalang) + (1= A (zalzy,)
+ )‘(1 - A)((xn+1|x%) + <In|xiz+1>)

>N 4+ (1-XN2+0

=20 —1/2)2+1/2

>1/2.
Urak, (ulu’)(0) = 0 u, xkpome Toro, (ulu’) > 1/2 ua (0,1]. Tenepp Bo3bMEM
HenpepbiBHyt0 dyHKIH0 g € C'(Q)) Takyo, 9T0 OrpaHudenue g|p He MOCTOSTHHO
B JII00O# OKpecTHOCTH HEKOTOpoit Touku q € D). He mnapymas obmHocTu,

MOXKHO cuuTarh, 9to g: () — [0,1] u g(¢) = 0 (cMm. mokasarenbcrBo 1.15).
Kax serko sugers, uo g|p € Cy(D,X) n v’ o g € Hom(Xg, R). fcuo, uro
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byuxmus ((uo g)|p ! u' o g) = (ult') o g|p paBHa HyIO B TOUKe ¢ U, KpOMe
TOro, obpas 3Toil (PYHKIUN Ha KazkKJI0# OKPECTHOCTH TOUKH ¢ IepeceKaercd ¢
npomekyTkoM [1/2,00). Cuienosaresnsno, (uo g)|p ¢ Cuw(D, Xq).

[Tocaennee yrBepKaeHne TeopeMbl BbITeKaeT u3 yTBepxKaenuii (1) u (2)
u npeyoxenns 1.12 (3). D

5.17. CaencrBume. Ilycrp X — 6aHaxoBO IpOCTpaHCTBO H () — TO-
1I0JIOrHYECKOe MPOCTPAHCTBO, He SIBJISIoIeecs: (DyHKIIMOHAJIBHO JIMCKPETHBIM.
B kasxtom w3 caexyomnx ciaydaen Braodenie Cy(Q, Xg) C Cy(Q, X) saBis-
€TCSI CTPOTHM:

(1) X — beckonegnomeproe ped.ieKcHBHOE OAHAXOBO MPOCTPAHCTBO;

(2) X — cenapabejibHOE 6AHAXOBO IPOCTPAHCTBO, HE 00JIAJIAIONIEE CBOI-
creoM Illypa;

(3) X — 6amaxoBo mpocTpaHCTBO, He objagatomee coiictBoM Illypa u
yaosJiersopsiomee ojaHoMy u3 yesaosuii 1.8 (3), (5) mm (6).

<d B cuny yreepxkenust (2) teopembl 5.16 10CTATOYHO TMOKA3ATH, UTO
B KayKJOM W3 PACCMOTPEHHBIX CJIydaeB NMpocTpaHcTBO X He obJiajgaeT CBOii-
creom DP*. Hapymenne sroro ycjaosus B caydasx (2) u (3) obecreunBaer-
cst temmoit 1.9 (3), a B cayvae (1) MOXKHO BocmoJib30BaThest Teopemoii Izxko-
3ecdpcona — Huccenrngpeiira [10, XII], cormacao KOTopoit Ha e TuHUYHOI cdepe
npocrpancrea X' cymecrsyer c1ab0* cxondiascs K HyJIO 110C/e10BATE b
HOCTb. [

5.18. Ilpenmaoxkenue. Ilyctb X — 6aHaxoBO IpOCTpaHCTBO H () —
(YHKIMOHAIBLHO JIHCKPETHOE TOMOJ0rniIeckoe npocrpanctso. Ecmm B X' cy-
H[ecTBYeT cdYeTHOe ToTajbHOe moaMuoxkectso, 10 C(Q,X) = C(Q,Xg) =

Cu(Q, Xq) = Cu(Q, X).

< /loka3biBaeMoOe yTBepKJIeHHe BbITeKaeT U3 JeMMbl 1.16, Tak Kak Bce-
raa cuopasequsbl coornomennst C(Q,X) = C(Q,Xg) C Cu(Q,Xg) C
Cuw(@Q,X). D

5.19. Ilpenmoxkxenme. I[Iyctr X — 6anaxoBo npocrpancTBo. IIperro-
JgoxkuM, 9To B X' HeT cyeTHOro ToTaabHOrO MHOXKecTBa. Torja cymiecTBY-
er (PpYHKIHOHAJIHHO JHCKPETHOE TOMOJOTHIECKOe TPOCTPAHCTBO () Takoe, 94To
sraoterme Cy(Q, Xg) C Cw(Q, X) aBasgercs cTporum.

< VTBepkKjeHue Mpe/I0KeHns BhITeKaeT u3 jJeMM 1.6 u 5.13 u 3ameqa-
wust 1.13 (1), D

5.20. Ciemyromee yTBEPK/ICHUE SIBJISIETCS ITPAMBIM CJIE/ICTBUEM MPE/II0-
Kernuii 5.18 m 5.19.
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Teopema. Ilycte X — mpousBoJibHOEe baHAXOBO MPOCTpaHCTBO. PapeH-
ctBo Cy(Q, Xg) = Cyw(Q, X)) HMeeT MecTO 15T BCIKOrO Py HKIHOHATIBHO JTHC-
KPETHOr0 TOHOJIOTHYECKOro IIPOCTPAHCTBa () B TOM H TOJIBKO TOM CJIydae, eCJIu
B X' cymecrByer cueTHOE TOTAJIBHOE MHOKECTBO.

5.21. CaencrBue. Ilycrs () — TOmosiormaeckoe mpocTpancTBO o X —
cerrapabejibHOe ODaHAaxXOBO NPOCTPAHCTBO, He obJiazaroiiee cpoiicrBom Illypa.
Pagenctso Cy(Q, Xg) = Cy(Q, X) nmeer MecTo B TOM H TOJBKO TOM CJIydae,
€CJTH TOIOJIOTHIECKOe MPOCTPAHCTBO () (DyHKIIHOHAIBHO JHCKPETHO.

< Heobxogumocts caegyer u3 1.8 (2), semmsr 1.9 (3) u reopemst 5.16 (2),
a JIOCTATOYHOCTh — W3 Mpejjiokenns H.18. D

B 3aBeprrenne naparpada Mbl IpUBeIeM CIIUCKU YCIOBUI HEIPEPHIBHOCTH
¢J1ab0 HelpepbIBHbIX CeYeHUil, & TaKzKe yCJIOBUIl COBLAJIEHUS UJIM HECOBIIA/le-
HUS TPOCTPAHCTB €JIaD0 HEITPEPBIBHBIX CEYEHUN U CJIa00 HEITPEPBIBHBIX BEKTOP-
dbyHKIHA. IDTH COUCKA HE COMepKaT JONOJHUTETbHBIX HOBBIX PE3YIbTATOB H
JIAIID TMOABONAT UTOT IIPOBEAECHHBIM HCCJIeTOBAHUAM.

5.22. Ilycrs X — HBP nasx ronosiormyeckum mpocrpanctsom (. B kazx-
JIOM W3 TIePEeYHNCIeHHBIX HUKe CJIydaeB mMeeT MecTo paBeHCTBO Cy(Q, X) =
C(@Q,X):
(1) X wmmeer TOCTOSHHYIO KOHEYHYIO Pa3MEPHOCTh, W TMPOCTPAHCTBO ()
BIIOJIHE PEry/ISPHO;
(2) @ — 9KCTpPEMAILHO HECBI3HBIH KOMIAKT U pAaccjioeHue X 1pOoCTOPHO;
(3) X — HBP ¢ ruasbepToBbiMu CJI0SIME, U TPOCTPAHCTBO () Y10BJIETBO-
psAeT OAHOMY W3 CJACAYIONNX YCJIOBUM:
(a) mpocrparcTBO () BIOJIHE PEryJsSIPHO U YJIOBJIETBOPSIET TEPBOii
AKCHOME CYETHOCTH;
(6) mpocrpancTBO () JOKATIHHO TCEBIOKOMIAKTHO;
(B) mpocTpancTBO () XaycaopdoBO U COMEPKAT KOHETHOE YUCIO He-
30 TUPOBAHHBIX TOYEK;

(4) X = X, rme X — 6aHaX0BO IPOCTPAHCTBO, 0014, IAM0IIee CBOHCTBOM
WS (em. 1.8), u () — Buosne peryisipuoe npocrpancrso Opere —
Vpruicona;

(5) X = Xq, rae X — rakoe 6aHAX0BO IPOCTPAHCTBO, 410 X' CONePKUT
CYETHOE TOTAJTBLHOEe MHOKECTBO (HampuMep, X cenapabebHO W sB-
JISIETCST CONPSIZKeHHBIM K cernapabesibHOMY OaHaXOBY IPOCTPAHCTBY ),
n () — PYHKIMOHAIBHO INCKPETHOE MPOCTPAHCTBO;

(6) X gaBnstercst conpsizKeHHbIM K HekoTopoMy HBP, u mpocrpancTBo ()
YAOBJIETBODsieT 0gHOMY U3 ycaoBuil (3) (a) win (3) (6);

(7) X — compsizkenHoe pacciioenue Kk Hekoropomy HBP, nmeromemy 1ro-
CTOSIHHYI0 KOHEYHYIO PA3MEPHOCTH (3aMeTHM, 9TO COTJIACHO MPEIO-
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xkenuto 4.2 (1) Beakoe HBP ¢ mocTostHHOIT KOHEYHON Pa3sMepHOCTHIO
MMeeT CONPSZKEHHOe PACCTIOCHHE);
(8) & mmeer Bropoe coupsizkenno pacciaoenne, Homg(X,R) nopmupy-

er X', u mpocTpaHCTBO () YIOBJIETBOPSIET OJHOMY U3 yciaoBuii (3) (a)
i (3) (6).

< Pasencrso Cyy(Q, X) = C(Q, X) B cayuasx (1)—(8) HemocpeacTBeHHO
BeITeKaeT u3 5.7, [3, 3.3.7(1)], 5.10, 5.12(1), 5.18, mpemmoxenus 5.11(2),
npe/ioxkenus 5.11 (3) u ciencrug 5.8 coorBercTBeHHO. >

5.23. Ilycts X — GaHaX0BO MPOCTPAHCTBO U () — TOMOJOTHYIECKOE TMPO-
CTPAHCTBO.

B caeayromux ciydasix umeer mecto pasencrso Cy,(Q, Xqg) = Cu(Q, X):

(1) mpocrparcTBo X KOHEYHOMEPHO;

(2) X obnamaer cpoitcteom DP* (em. 1.9), u () — npocrpancrso Ppe-
e — YPbICOHA;

(3) B X' cymecrByer cueTHoe TOTAJIBHOE MOJAMHOXKECTBO, U NPOCTPAH-
c¢TBO () GYHKIMOHATIHLHO AUCKPETHO.

B cueayromux cayqaax Brimodenne Cy(Q,Xq) C Cyw(Q,X) aBugercs
CTPOTHM:

(4) X me obmamaer csoiictBom DP*, m mpocrpanctBo () He saBjsieTcs
GYHKIMOHAIBHO JIMCKPETHDBIM;

(5) mpocrparcTBo X GeCKOHEYHOMEPHO, W () — TOIMOJOTHYECKOe MPO-
CTPAHCTBO, O KOTOPOM H/JIeT pedb B MpeI0KeHnn 9.14;

(6) B X' He cymecTByeT CY4eTHOrO TOTATBHOTO MOAMHOMKECTBA, W () —
(bYHKIIOHATLHO AUCKPETHOE TONOJOTHYECKOEe MPOCTPAHCTBO, O KO-
TOPOM MJIET Pedb B Ipejjloxkenun 5.19.

< st npoBepku ¢hbOpMyJINPOBAHHBIX yTBEPK IeHuil B ciaydasx (1)—(6)
JIOCTATOYHO BOCIOJIBL30BAThCs pedyabratamu 5.15, 5.16 (1), 5.18, 5.16 (2), 5.14
n 5.19 coorBercTBeHHO. [
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