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� ¤ ®© à ¡®â¥ ¨§ãç îâáï £« ¢ë¥ ª®¬¯®¥âë ¢ ¯à®-

áâà áâ¢ å ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¢¥ªâ®àëå à¥è¥âª å

¨ à¥è¥â®ç® ®à¬¨à®¢ ëå ¯à®áâà áâ¢ å. �à¨ íâ®¬ ¢¨-

¬ ¨¥ á®áà¥¤®â®ç¥®   ª®¬¯®¥â å, ¯®à®¦¤¥ëå ®¯¥à â®-

à ¬¨, á®åà ïîé¨¬¨ ¤¨§êîªâ®áâì. �á®¢ë¬¨ à¥§ã«ìâ -

â ¬¨ ï¢«ïîâáï ªà¨â¥à¨¨ ¯à¨ ¤«¥¦®áâ¨ ®¯¥à â®à  ª®¬¯®-

¥â¥ {A}⊥⊥, ¯®à®¦¤¥®© ¤ ë¬ ®¯¥à â®à®¬ A. � ¦¤ë©

¨§ ãáâ ®¢«¥ëå ªà¨â¥à¨¥¢ ¤ ¥â ª®ªà¥â®¥   «¨â¨ç¥áª®¥

®¯¨á ¨¥ à áá¬ âà¨¢ ¥¬®© ª®¬¯®¥âë.
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�¢¥¤¥¨¥

�¤®© ¨§ ¢ ¦¥©è¨å ¯à®¡«¥¬ â¥®à¨¨ ¯®«®¦¨â¥«ìëå

¨ ¬ ¦®à¨àã¥¬ëå ®¯¥à â®à®¢ ï¢«ï¥âáï   «¨â¨ç¥áª®¥ ®¯¨á -

¨¥ ®¯¥à â®àëå ª®¬¯®¥â. � áª®«ìª®  ¬ ¨§¢¥áâ®, ®¡é¥¥

à¥è¥¨¥ íâ®© ¯à®¡«¥¬ë ¤® á¨å ¯®à ¥  ©¤¥® ¨ ¨áá«¥¤®-

¢ ¨ï ¢¥¤ãâáï ¢ ®á®¢®¬ ¢  ¯à ¢«¥¨¨ ¯®¨áª  ®¯¨á ¨©

ª®¬¯®¥â ¢ à §«¨çëå ç áâëå á«ãç ïå. � ¤ ®© à ¡®â¥

¯à¨¢®¤ïâáï ¥ª®â®àë¥ ®¢ë¥ à¥§ã«ìâ âë, ª á îé¨¥áï   «¨-

â¨ç¥áª®£® ®¯¨á ¨ï £« ¢ëå ª®¬¯®¥â ¤«ï á«ãç ï ®¯¥à â®-

à®¢, á®åà ïîé¨å ¤¨§êîªâ®áâì.

�®ïâ¨¥ ª®¬¯®¥âë ¢ ¢¥ªâ®à®© à¥è¥âª¥ E ¢¢®¤¨âáï

á«¥¤ãîé¨¬ ®¡à §®¬. �«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  D ⊂ E

®¯à¥¤¥«ï¥âáï ¤¨§êîªâ®¥ ¤®¯®«¥¨¥

D⊥ = {e ∈ E : e ⊥ d ¤«ï ¢á¥å d ∈ D},

£¤¥ ⊥ | ®â®è¥¨¥ ¤¨§êîªâ®áâ¨:

e ⊥ d ⇔ |e| ∧ |d| = 0.

�®¬¯®¥â®©, ¯®à®¦¤¥®©D,  §ë¢ ¥âáï ¬®¦¥áâ¢® (D⊥)⊥

(¡®«¥¥ ª®à®âª® ®¡®§ ç ¥¬®¥ á¨¬¢®«®¬ D⊥⊥). �« ¢®© ª®¬-

¯®¥â®©  §ë¢ ¥âáï ª®¬¯®¥â , ¯®à®¦¤¥ ï ®¤®í«¥¬¥â-

ë¬ ¬®¦¥áâ¢®¬. � «®£¨çë¥ ¯®ïâ¨ï ¨ ®¡®§ ç¥¨ï ¢¢®-

¤ïâáï ¤«ï á«ãç ï à¥è¥â®ç® ®à¬¨à®¢ ëå ¯à®áâà áâ¢.

�  áâ®ïé¥© áâ âì¥ à áá¬ âà¨¢ îâáï £« ¢ë¥ ª®¬¯®¥-

âë ¢ ¯à®áâà áâ¢ å ®¯¥à â®à®¢. �à¨ íâ®¬ ¢¨¬ ¨¥ á®áà¥-

¤®â®ç¥®   ª®¬¯®¥â å, ¯®à®¦¤¥ëå ®¯¥à â®à ¬¨, á®åà -

ïîé¨¬¨ ¤¨§êîªâ®áâì.
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�«¥¤ãîé ï â ¡«¨æ  áå¥¬ â¨ç® ¨§®¡à ¦ ¥â ®á®¢ë¥

à¥§ã«ìâ âë ¤ ®© à ¡®âë.

T A
T∈{A}⊥⊥ ¯.

T :E→F A∈DPO T = g ◦A 2.6

T :E→V A∈DPO T = g ◦A 2.7

T :U →V A∈DPO, A> 0 T = g ◦AU 2.8

T :U →V A=W ◦S ◦w T = Ŵ ◦SU ◦w 2.9

T :U →V A∈DPO T =
⊕
ξ∈�

Ŵξ ◦ (ρξS)Uξ
◦wξ 2.11

T :E(X )→F (Y) Ae=W
(
(we) • s

)
Tu= Ŵ ⊗

(
(wu) • s

)
3.7

T :E(X )→F (Y) A∈DPO Tu= Ŵ ⊗
⊕
ξ∈�

(wξu • s)|Qξ
3.8

� ¯¥à¢®© ª®«®ª¥ â ¡«¨æë ãª § ë ¯à®áâà áâ¢ , ¢ ª®â®-

àëå ¤¥©áâ¢ã¥â ®¯¥à â®à T (§¤¥áì E ¨ F | K-¯à®áâà áâ¢ ,

U ¨ V | ¯à®áâà áâ¢  �  å  | � â®à®¢¨ç , X ¨ Y |

¯à®áâ®àë¥ ¡  å®¢ë à áá«®¥¨ï), ¢® ¢â®à®© ª®«®ª¥ ®¯¨-

á  ¢¨¤ ®¯¥à â®à  A (§¤¥áì DPO | ª« áá à¥£ã«ïàëå ®¯¥-

à â®à®¢, á®åà ïîé¨å ¤¨§êîªâ®áâì), ¢ âà¥âì¥© ª®«®ª¥

¯à¨¢¥¤¥ë ¯à¥¤áâ ¢«¥¨ï ®¯¥à â®à  T , à ¢®á¨«ìë¥ á®®â-

®è¥¨î
T∈ {A}⊥⊥,   ¢ ç¥â¢¥àâ®© ª®«®ª¥ ¯¥à¥ç¨á«¥ë

®¬¥à  á®®â¢¥âáâ¢ãîé¨å â¥®à¥¬.
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1. �á¯®¬®£ â¥«ìë¥ á¢¥¤¥¨ï

® ¯à®áâà áâ¢ å �  å  | � â®à®¢¨ç 

¨ ¬ ¦®à¨àã¥¬ëå ®¯¥à â®à å

�á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ä ªâë, ª á îé¨¥áï ¢¥ªâ®àëå

à¥è¥â®ª, à¥è¥â®ç® ®à¬¨à®¢ ëå ¯à®áâà áâ¢ ¨ ¬ ¦®à¨-

àã¥¬ëå ®¯¥à â®à®¢, ¬®¦®  ©â¨ ¢ [1, 4{6].

�  ¯à®âï¦¥¨¨ ¢á¥£® â¥ªáâ  ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â¥à-

¬¨®«®£¨î ¨ ®¡®§ ç¥¨ï ¨§ [2], ¯à¨ç¥¬ ¨®£¤  ¡¥§ ï¢ëå

ááë«®ª. �â¬¥â¨¬, çâ® à ¡®â  [2] ¨á¯®«ì§ã¥âáï  ¬¨ ª ª á¢®-

¥£® à®¤  á¯à ¢®ç¨ª ¨ ¯à¨áãâáâ¢¨¥ ááë«ª¨   [2] ¢ ä®à¬ã«¨-

à®¢ª¥ â®© ¨«¨ ¨®© â¥®à¥¬ë ¥ ¢á¥£¤  ®§ ç ¥â, çâ® á®®â¢¥â-

áâ¢ãîé¨© ä ªâ ¡ë« ¢¯¥à¢ë¥ ãáâ ®¢«¥ ¨¬¥® ¢ [2].

�ãáâì E ¨ F | ¢¥ªâ®àë¥ à¥è¥âª¨. �¨¥©ë© ®¯¥à â®à

T : E → F  §ë¢ ¥âáï ¯®«®¦¨â¥«ìë¬, ¥á«¨ Te > 0 ¤«ï

¢á¥å ¯®«®¦¨â¥«ìëå e ∈ E, ¨ à¥£ã«ïàë¬, ¥á«¨ áãé¥áâ¢ãîâ

â ª¨¥ ¯®«®¦¨â¥«ìë¥ ®¯¥à â®àë T1, T2 : E → F , çâ® T =

T1−T2. �®¢®ªã¯®áâì ¢á¥å à¥£ã«ïàëå ®¯¥à â®à®¢ ¨§ E ¢ F

®¡®§ ç ¥âáï á¨¬¢®«®¬ M(E,F ).

1.1. �¥®à¥¬  �¨áá  | � â®à®¢¨ç . �á«¨ E | ¢¥ª-

â®à ï à¥è¥âª  ¨ F | �-¯à®áâà áâ¢®, â®M(E,F ) ï¢«ï¥âáï

�-¯à®áâà áâ¢®¬. �à¨ íâ®¬ ¤«ï «î¡®£® ¯®àï¤ª®¢® ®£à ¨-

ç¥®£® ¯®¤¬®¦¥áâ¢  T ⊂ M(E,F ) ¨ «î¡®£® ¯®«®¦¨â¥«ì-

®£® í«¥¬¥â  e ∈ E ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â®è¥¨ï:

(sup T )e = sup{T1e1 + · · ·+ Tnen : Ti ∈ T , ei ∈ E+,
e1 + · · ·+ en = e, n ∈ N},

(inf T )e = inf {T1e1 + · · ·+ Tnen : Ti ∈ T , ei ∈ E+,
e1 + · · ·+ en = e, n ∈ N}.
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� ç áâ®áâ¨, ¥á«¨ F | �-¯à®áâà áâ¢®, â® M(E,F ) ï¢-

«ï¥âáï ¢¥ªâ®à®© à¥è¥âª®©, çâ® ¯®§¢®«ï¥â £®¢®à¨âì ® ª®¬-

¯®¥â å ¢ M(E,F ).

�ãáâì U ¨ V | à¥è¥â®ç® ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ 

(���)  ¤ ¢¥ªâ®àë¬¨ à¥è¥âª ¬¨ E ¨ F á®®â¢¥âáâ¢¥®.

�®¢®àïâ, çâ® ¯®«®¦¨â¥«ìë© ®¯¥à â®à S : E → F ï¢«ï¥âáï

¬ ¦®à â®© «¨¥©®£® ®¯¥à â®à  T : U → V , ¥á«¨Tu6 S
u ¤«ï ¢á¥å u ∈ U .

�¯¥à â®à, ¨¬¥îé¨© ¬ ¦®à âã,  §ë¢ ¥âáï¬ ¦®à¨àã¥¬ë¬.

�®¢®ªã¯®áâì ¢á¥å ¬ ¦®à¨àã¥¬ëå ®¯¥à â®à®¢ ¨§ U ¢ V ®¡®-

§ ç ¥âáï á¨¬¢®«®¬ M(U ,V).
� ¯®¬¨¬, çâ® ¯à®áâà áâ¢®¬ �  å  | � â®à®¢¨ç 

(���)  §ë¢ ¥âáï d-à §«®¦¨¬®¥ o-¯®«®¥ ���  ¤ �-¯à®-

áâà áâ¢®¬.

�® ã¬®«ç ¨î ¢á¥ ��� ¢ íâ®© à ¡®â¥ à áá¬ âà¨¢ îâ-

áï  ¤ K-¯à®áâà áâ¢ ¬¨ ¨ ¢ ®âáãâáâ¢¨¥ á®®â¢¥âáâ¢ãîé¨å

ï¢ëå ãª § ¨© ¯à¥¤¯®« £ îâáï d-à §«®¦¨¬ë¬¨.

1.2. �¥®à¥¬  [2: 1.6.9]. �ãáâì U | ���  ¤ E,   V |

���  ¤ F .

(1) � ¦¤ë© ¬ ¦®à¨àã¥¬ë© ®¯¥à â®à T : U → V ¨¬¥¥â

 ¨¬¥ìèãî ¬ ¦®à âã
(
®â®á¨â¥«ì® ¯®àï¤ª  ¢ M(E,F )

)
,

®¡®§ ç ¥¬ãî á¨¬¢®«®¬
T.

(2) �á«¨ V | ���, â® ®â®¡à ¦¥¨¥
·: T 7→

Tï¢«ï¥â-

áï à §«®¦¨¬®© M(E,F )-§ ç®© ®à¬®©   M(U ,V), ¢ ¯ à¥
á ª®â®à®© M(U ,V) ¯à¥¤áâ ¢«ï¥â á®¡®© ���.

�®á«¥¤ïï â¥®à¥¬  ¤ ¥â ®á®¢ ¨¥ ¤«ï à áá¬®âà¥¨ï

ª®¬¯®¥â ¢ M(U ,V).
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�ãáâì G | à áè¨à¥®¥ �-¯à®áâà áâ¢®, E ¨ F | äã-

¤ ¬¥âë G, U ¨ V | ���  ¤ E ¨ F á®®â¢¥âáâ¢¥®. �¨¥©-

ë© ®¯¥à â®à T : E → F  §ë¢ îâ ¥à áè¨àïîé¨¬, ¥á«¨

(∀ e ∈ E)(∀ g ∈ G)( e ⊥ g ⇒ Te ⊥ g ).

�¨¥©ë© ®¯¥à â®à T : U → V  §ë¢ îâ ¥à áè¨àïîé¨¬,

¥á«¨

(∀u ∈ U)(∀ g ∈ G)(
u⊥ g ⇒

Tu⊥ g ).

�£à ¨ç¥ë¥ ¥à áè¨àïîé¨¥ ®¯¥à â®àë  §ë¢ îâ ®àâ®-

¬®àä¨§¬ ¬¨,   ¨å á®¢®ªã¯®áâì ®¡®§ ç îâ ç¥à¥§ Orth(U ,V).
�¬¥áâ® Orth(U ,U) ¯¨èãâ Orth(U).

�ãáâì U ¨ V | ���. �¥ìî ®¯¥à â®à  T : U → V  -

§ë¢ ¥âáï ®â®¡à ¦¥¨¥ h : Pr(U) → Pr(V), ®¯à¥¤¥«¥®¥ ä®à-
¬ã«®© h(π) = supu∈U ⟨Tπu⟩.

(
�¤¥áì ¨ ¨¦¥ Pr(U) | ¡ã«¥¢ 

 «£¥¡à  ¯®àï¤ª®¢ëå ¯à®¥ªâ®à®¢ ��� U ,   ⟨u⟩| ¯®àï¤ª®¢ë©

¯à®¥ªâ®à   ª®¬¯®¥âã, ¯®à®¦¤¥ãî í«¥¬¥â®¬ u.
)

�ãáâì U | ���  ¤ E, ¥ ®¡ï§ â¥«ì® d-à §«®¦¨¬®¥.

�®¤ d-à §«®¦¨¬®© ®¡®«®çª®© U ¯®¨¬ ¥âáï ¬¨¨¬ «ì®¥

d-à §«®¦¨¬®¥ ���, á®¤¥à¦ é¥¥ U ª ª ¯®¤¯à®áâà áâ¢® á ¨-

¤ãæ¨à®¢ ®© ®à¬®©. �«ï d-à §«®¦¨¬®© ®¡®«®çª¨ U ¯à¨-

ïâ® ®¡®§ ç¥¨¥ d�nU .
�ãáâì E ¨ F | K-¯à®áâà áâ¢ , U | ���  ¤ E,

A : E → F | à¥è¥â®çë© £®¬®¬®àä¨§¬. � áá¬®âà¨¬ ¢¥ª-

â®à®¥ ¯®¤¯à®áâà áâ¢®

U0 := {u ∈ U : A
u= 0}.

�« áá íª¢¨¢ «¥â®áâ¨ ¨§ U/U0, á®¤¥à¦ é¨© í«¥¬¥â u ∈ U ,
®¡®§ ç ¥âáï á¨¬¢®«®¬ AUu. �¥£ª® ã¡¥¤¨âáï ¢ â®¬, çâ® U/U0
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¯à¥¤áâ ¢«ï¥â á®¡®© (¢®®¡é¥ £®¢®àï, ¥ d-à §«®¦¨¬®¥) ���

 ¤ F ®â®á¨â¥«ì® ®à¬ë
AUu

 := A
u. � íâ®¬ á«ãç ¥

d-à §«®¦¨¬ ï ®¡®«®çª  ��� U/U0  §ë¢ ¥âáï ®à¬ â¨¢-

ë¬ ¯à¥®¡à §®¢ ¨¥¬ U ¯®áà¥¤áâ¢®¬ A ¨ ®¡®§ ç ¥âáï á¨¬-

¢®«®¬ AU . �¨¥©ë© ®¯¥à â®à AU : U → AU  §ë¢ ¥âáï

®¯¥à â®à®¬ ®à¬ â¨¢®£® ¯à¥®¡à §®¢ ¨ï U ¯®áà¥¤áâ¢®¬ A.

�ãáâì E ¨ F |K-¯à®áâà áâ¢ , E | ¨¤¥ « E, U |���

 ¤ E, S : E → F | à¥è¥â®çë© £®¬®¬®àä¨§¬. �á«®¢¨¬-

áï ®¡®§ ç âì á¨¬¢®«®¬ SU ®à¬ â¨¢®¥ ¯à¥®¡à §®¢ ¨¥ U
¯®áà¥¤áâ¢®¬ S|E ,   á¨¬¢®«®¬ SU | ®¯¥à â®à ®à¬ â¨¢®£®

¯à¥®¡à §®¢ ¨ï U ¯®áà¥¤áâ¢®¬ S|E .

1.3. �¥®à¥¬  �ãâ â¥« ¤§¥ [2: 6.2.19]. �ãáâì E |

¢¥ªâ®à ï à¥è¥âª  ¨ F | K-¯à®áâà áâ¢®. �®«®¦¨â¥«ìë©

®¯¥à â®à T : E → F á®åà ï¥â ¤¨§êîªâ®áâì â®£¤  ¨ â®«ì-

ª® â®£¤ , ª®£¤  ¤«ï «î¡®£® ®¯¥à â®à  S : E → F , ã¤®¢«¥-

â¢®àïîé¥£® ¥à ¢¥áâ¢ ¬ 0 6 S 6 T ,  ©¤¥âáï ®àâ®¬®à-

ä¨§¬ g ∈ Orth(F ) â ª®©, çâ® 0 6 g 6 idF ¨ S = g ◦ T , £¤¥

idF : F → F | â®¦¤¥áâ¢¥ë© ®¯¥à â®à.

1.4. �¥®à¥¬  [2: 6.1.8]. �ãáâì U | ���  ¤ E, V |

���  ¤ F , U0 |  ¯¯à®ªá¨¬¨àãîé¥¥ ¢¥ªâ®à®¥ ¯®¤¯à®-

áâà áâ¢® U , T0 : U0 → V | «¨¥©ë© ®¯¥à â®à ¨ ¯ãáâì

S : E → F | o-¥¯à¥àë¢ë© ¯®«®¦¨â¥«ìë© ®¯¥à â®à, á®-

åà ïîé¨© ¤¨§êîªâ®áâì. �à¥¤¯®«®¦¨¬, çâ®T0u06 S
u0 ¤«ï ¢á¥å u0 ∈ U0.

�®£¤  ®¯¥à â®à T0 ¤®¯ãáª ¥â ¥¤¨áâ¢¥®¥ «¨¥©®¥ ¯à®¤®«-

¦¥¨¥ T : U → V â ª®¥, çâ®Tu6 S
u ¤«ï ¢á¥å u ∈ U .
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1.5. �à¥¤«®¦¥¨¥ [2: 6.2.13]. �ãáâì E ¨ F | äã-

¤ ¬¥âë K-¯à®áâà áâ¢  G,   U ¨ V | ���  ¤ E ¨ F á®-

®â¢¥âáâ¢¥®, ¯à¨ç¥¬ ��� U ¯®àï¤ª®¢® ¯®«®. �¨¥©ë©

®¯¥à â®à T : U → V ï¢«ï¥âáï ®àâ®¬®àä¨§¬®¬ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ® ¬ ¦®à¨àã¥¬ ¨ ¥£®  ¨¬¥ìè ï ¬ ¦®à â T: E → F ï¢«ï¥âáï ®àâ®¬®àä¨§¬®¬.

1.6. �à¥¤«®¦¥¨¥ [2: 6.2.14]. �î¡®© ®àâ®¬®àä¨§¬,

¤¥©áâ¢ãîé¨© ¨§ ��� ¢ ���, o-¥¯à¥àë¢¥.

1.7. �«¥¤áâ¢¨¥ [2: 6.2.16]. �ãáâì E ¨ F | äã¤ ¬¥-

âë K-¯à®áâà áâ¢  G, ¨ V | ���  ¤ F . �á«¨ ¤¢  ®àâ®¬®à-

ä¨§¬  S, T ∈ Orth(E,V) á®¢¯ ¤ îâ   ¥ª®â®à®¬ ¯®¤¬®¦¥-

áâ¢¥ E0 ⊂ E, â® ®¨ á®¢¯ ¤ îâ   E⊥⊥
0 .

�®¢®àïâ, çâ® «¨¥©ë© ®¯¥à â®à T : E → F ï¢«ï¥âáï

®¯¥à â®à®¬ ¢§¢¥è¥®£® á¤¢¨£ , ¥á«¨ áãé¥-
E

T−−−→ F

w

y xW

E′ S−−−→ F ′

áâ¢ãîâ äã¤ ¬¥âë E′ ⊂ mE ¨ F ′ ⊂ mF ,

®àâ®¬®àä¨§¬ë w : E → E′ ¨ W : F ′ → F

¨ ®¯¥à â®à á¤¢¨£  S : E′ → F ′ â ª¨¥, çâ®

T = W ◦ S ◦ w. �®¬¯®§¨æ¨ï W ◦ S ◦ w  -

§ë¢ ¥âáï WSW-¯à¥¤áâ ¢«¥¨¥¬ T ,   ®¯¥à â®àë W , S ¨ w

 §ë¢ îâáï ¢¥è¨¬ ¢¥á®¬, á¤¢¨£®¬ ¨ ¢ãâà¥¨¬ ¢¥á®¬

¯à¥¤áâ ¢«¥¨ï W ◦ S ◦ w.
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2. �¯¨á ¨¥ £« ¢ëå ª®¬¯®¥â

¢ â¥à¬¨ å ®àâ®¬®àä¨§¬®¢

� ¤ ®¬ ¯ à £à ä¥ ¤ ¥âáï ®¯¨á ¨¥ £« ¢ëå ®¯¥à â®à-

ëå ª®¬¯®¥â   ý ¡áâà ªâ®¬þ ï§ëª¥ | ¢ â¥à¬¨ å ���,

®¯¥à â®à®¢ á¤¢¨£  ¨ ®àâ®¬®àä¨§¬®¢.

2.1. �¥¬¬ . �ãáâì F | K-¯à®áâà áâ¢®, fn ∈ F+

(n ∈ N). �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì (fn)n∈N ¥ ®£à ¨ç¥ 

¢ mF , â® áãé¥áâ¢ã¥â í«¥¬¥â 0 < f ∈ mF â ª®©, çâ® ¤«ï

¢á¥å k ∈ N ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

sup
n∈N

(fn ∧ kf) = kf.

J �¥  àãè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® mF =

C∞(Q), £¤¥ Q | íªáâà¥¬ «ì® ¥á¢ï§ë© ª®¬¯ ªâ. �¯à¥¤¥-

«¨¬ äãªæ¨î α : R → [−1, 1] á«¥¤ãîé¨¬ ®¡à §®¬:

α(x) :=


(2/π)arctg(x) : |x| < ∞,

−1 : x = −∞,

1 : x = ∞.

�á®, çâ® α ï¢«ï¥âáï â®¯®«®£¨ç¥áª¨¬ ¨ ¯®àï¤ª®¢ë¬ ¨§®-

¬®àä¨§¬®¬ R   [−1, 1]. �®íâ®¬ã ®â®¡à ¦¥¨¥ f 7→ α ◦ f

¯à¥¤áâ ¢«ï¥â á®¡®© ¯®àï¤ª®¢® ¨§®¬®àä®¥ ¢«®¦¥¨¥ mF ¢

C(Q, [−1, 1]). �®¦¥áâ¢® {α ◦ fn : n ∈ N}, ®ç¥¢¨¤®, ¨¬¥¥â
áã¯à¥¬ã¬ g ∈ C(Q, [−1, 1]).

�®«®¦¨¬ A = {q ∈ Q : g(q) = 1}. �®ª ¦¥¬, çâ® A |

¥â®é¥¥ ¬®¦¥áâ¢®. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¬®¦¥áâ¢® A ï¢-

«ï¥âáï â®é¨¬, â® α−1 ◦ f ∈ C∞(Q) | ¢¥àåïï £à ¨æ  ¬®-

¦¥áâ¢  {fn : n ∈ N},   § ç¨â, ¯®á«¥¤®¢ â¥«ì®áâì (fn)n∈N
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®£à ¨ç¥  ¢ mF , çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î ¤®ª §ë¢ ¥¬®©

«¥¬¬ë.

�ç¥¢¨¤®, ¬®¦¥áâ¢® A § ¬ªãâ®. �®áª®«ìªã ®® ¥

ï¢«ï¥âáï â®é¨¬, ¥£® ¢ãâà¥®áâì ¥¯ãáâ . �«¥¤®¢ â¥«ì-

®, A á®¤¥à¦¨â ¥ª®â®à®¥ ®âªàëâ®-§ ¬ªãâ®¥ ¬®¦¥áâ¢® B.

�ãáâì f | (¥¯à¥àë¢ ï) å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï χB

¬®¦¥áâ¢  B. �®£¤ 

sup
n∈N

(α ◦ fn) ∧ (α ◦ kf) = α ◦ kf,

  § ç¨â, supn∈N(fn ∧ kf) = kf . I

2.2. �¥¬¬ . �ãáâì E, F | K-¯à®áâà áâ¢ , A : E→F

| à¥è¥â®çë© £®¬®¬®àä¨§¬. �á«¨ ¢®§à áâ îé ï ¯®á«¥¤®-

¢ â¥«ì®áâì (gn)n∈N ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ Orth(F,mF )

®£à ¨ç¥ , â® ¯®á«¥¤®¢ â¥«ì®áâì (gn ◦ A)n∈N ®£à ¨ç¥ 

¢ M(E,F ) ¨ ¢ë¯®«ï¥âáï á«¥¤ãîé¥¥ á®®â®è¥¨¥:

sup
n∈N

(gn ◦ A) =
(
sup
n∈N

gn

)
◦ A.

J �®áª®«ìªã ¯®á«¥¤®¢ â¥«ì®áâì (gn)n∈N ®£à ¨ç¥ 

¢ Orth(F,mF ), áãé¥áâ¢ã¥â supn∈N gn ∈ Orth(F,mF ). � ª

¨§¢¥áâ®, ¤«ï ¢á¥å e ∈ E+

(
sup
n∈N

gn

)
(Ae) = sup

{ n∑
i=1

giρiAe : (ρi) | à §¡¨¥¨¥

¥¤¨¨æë ¢ Pr(F ), n ∈ N
}

= sup

{( n∑
i=1

ρigi

)
Ae : (ρi) | à §¡¨¥¨¥

¥¤¨¨æë ¢ Pr(F ), n ∈ N
}
.
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�®á«¥¤®¢ â¥«ì®áâì (gn) ¢®§à áâ ¥â,   § ç¨â, ¢ ¯à¥¤ë¤ãé¥¬

¢ëà ¦¥¨¨ ¢ ª ç¥áâ¢¥ (ρi) ¬®¦® ¢§ïâì (0, 0, . . . , 0, 1); áã¯à¥-

¬ã¬ ¯à¨ íâ®¬ ¥ ¨§¬¥¨âáï:(
sup
n∈N

gn

)
(Ae) = sup

n∈N
(gnAe). (1)

�ãáâì h | â¥ì A. �®£¤ 

sup
n∈N

(gn ◦ A)e
= sup

{
g1Aπ1e+ · · ·+ gnAπne :

(πi) | à §¡¨¥¨¥ ¥¤¨¨æë ¢ Pr(E), n ∈ N
}

= sup
{
g1h(π1)Ae+ · · ·+ gnh(πn)Ae :

(πi) | à §¡¨¥¨¥ ¥¤¨¨æë ¢ Pr(E), n ∈ N
}

= sup
{
gnh(1)Ae : n ∈ N

} (
¯®áª®«ìªã (gn) ¢®§à áâ ¥â

)
= sup

n∈N
(gnAe)

=
(
sup
n∈N

gn

)
◦ Ae

(
¢ á¨«ã (1)

)
. I

2.3. �¥¬¬ . �ãáâì E, F | K-¯à®áâà áâ¢ , A : E→F

| à¥è¥â®çë© £®¬®¬®àä¨§¬ â ª®©, çâ® {imA}⊥⊥ = F , ¨

¯ãáâì T : E → F | ¯®«®¦¨â¥«ìë© ®¯¥à â®à. �à¥¤¯®«®-

¦¨¬, çâ® T ∈ {A}⊥⊥. �®£¤  áãé¥áâ¢ã¥â â ª®© ¯®«®¦¨â¥«ì-

ë© í«¥¬¥â g ∈ Orth(F,mF ), çâ® T = g ◦ A.

J � ª ¨§¢¥áâ®, ¢ª«îç¥¨¥ T ∈ {A}⊥⊥ ®§ ç ¥â

T = sup
n∈N

(T ∧ nA). (2)

�ç¥¢¨¤®, çâ® ®¯¥à â®à nA ï¢«ï¥âáï à¥è¥â®çë¬ £®¬®¬®à-

ä¨§¬®¬ ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬ 0 6 T ∧ nA 6 nA.
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�® â¥®à¥¬¥ �ãâ â¥« ¤§¥ (á¬. 1.3) áãé¥áâ¢ã¥â ®àâ®¬®àä¨§¬

gn ∈ Orth(F ) â ª®©, çâ® 0 6 gn 6 idF ¨ T ∧ nA = gn ◦ (nA).
� á¨«ã (2) ¯®«ãç ¥¬

T = sup
n∈N

gn ◦ (nA) = sup
n∈N

(ngn ◦ A). (3)

�®«®¦¨¬ �gn := ngn ¨ ¤®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì

(�gn)n∈N ®£à ¨ç¥  ¢ Orth(mF ). �ãáâì íâ® ¥ â ª. �®á-

¯®«ì§ã¥¬áï «¥¬¬®© 2.1 ¯à¨¬¥¨â¥«ì® ª ¯®á«¥¤®¢ â¥«ì®áâ¨

(�gn)n∈N. �ãáâì f ∈ Orth(mF ) | í«¥¬¥â, áãé¥áâ¢®¢ ¨¥ ª®-

â®à®£® £ à â¨àã¥â «¥¬¬ , ¨ k | ¯à®¨§¢®«ì®¥  âãà «ì®¥

ç¨á«®. �®«®¦¨¬ g̃n := �gn ∧ kf . �®á«¥¤®¢ â¥«ì®áâì (g̃n) ®£à -

¨ç¥  ¢ Orth(mF ). �â¬¥â¨¬ â ª¦¥, çâ® g̃n 6 �gn,   § ç¨â,

sup
n∈N

(g̃n ◦ A) 6 sup
n∈N

(�gn ◦ A). (4)

�à¨¢«¥ª ï «¥¬¬ã 2.2 ¯à¨¬¥¨â¥«ì® ª ¯®á«¥¤®¢ â¥«ì®áâ¨

(g̃n)n∈N, ¯®«ãç ¥¬

sup
n∈N

(g̃n ◦ A) =
(
sup
n∈N

g̃n

)
◦ A. (5)

�á¯®«ì§ãï (3), (4) ¨ (5), ¯à¨å®¤¨¬ ª á®®â®è¥¨ï¬

T > sup
n∈N

(g̃n ◦ A) =
(
sup
n∈N

g̃n

)
◦ A = kf ◦ A.

�àâ®¬®àä¨§¬ f ¥ ï¢«ï¥âáï â®¦¤¥áâ¢¥® ã«¥¢ë¬   ª®¬-

¯®¥â¥ {imA}⊥⊥. �§ â¥®à¥¬ë 1.7 á«¥¤ã¥â, çâ® f ®â«¨ç¥ ®â

ã«ï   ¥ª®â®à®¬ í«¥¬¥â¥ Ae, £¤¥ e ∈ E+. � ª¨¬ ®¡à §®¬,

Te > k(f ◦Ae), £¤¥ f ◦Ae ̸= 0,   ç¨á«® k ∈ N | ¯à®¨§¢®«ì®.
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�§ ¯®«ãç¥®£® ¯à®â¨¢®à¥ç¨ï á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì-

®áâì (�gn) ®£à ¨ç¥  ¢ Orth(mF ). �® ¯®áâà®¥¨î ¯®á«¥¤®-

¢ â¥«ì®áâì (�gn) ¢®§à áâ ¥â. �«¥¤®¢ â¥«ì®, ¬ë ®ª § «¨áì

¢ ãá«®¢¨ïå «¥¬¬ë 2.2 ¯à¨¬¥¨â¥«ì® ª ¯®á«¥¤®¢ â¥«ì®áâ¨

(�gn)n∈N. � ç¨â,

T = sup
n∈N

(�gn ◦ A) =
(
sup
n∈N

�gn

)
◦ A.

�®áª®«ìªã Orth(mF ) ï¢«ï¥âáï K-¯à®áâà áâ¢®¬, ¢ ¯à®-

áâà áâ¢¥ Orth(mF ) áãé¥áâ¢ã¥â supn∈N �gn =: �g. �ã¦¥¨¥

g := �g|F ï¢«ï¥âáï ¨áª®¬ë¬ ®àâ®¬®àä¨§¬®¬. I

2.4. �¥¬¬ . �ãáâì E, F | K-¯à®áâà áâ¢ , A : E→F

| à¥è¥â®çë© £®¬®¬®àä¨§¬ ¨ T : E → F | ¯®«®¦¨â¥«ì-

ë© ®¯¥à â®à. �ª«îç¥¨¥ T ∈ {A}⊥⊥ ¢ë¯®«ï¥âáï â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®© ¯®«®¦¨â¥«ìë© í«¥-

¬¥â g ∈ Orth(F,mF ), çâ® T = g ◦ A.

J �®áâ â®ç®áâì. �¡®§ ç¨¬ {imA}⊥⊥ ç¥à¥§ F0. �®-

ª ¦¥¬, çâ® § ç¥¨ï T «¥¦ â ¢ F0. �á«®¢¨¥ T ∈ {A}⊥⊥

®§ ç ¥â à ¢¥áâ¢®

T = sup
n∈N

(T ∧ nA). (6)

�®«®¦¨¬ Tn := T ∧ nA. �á®, çâ® § ç¥¨ï Tn «¥¦ â ¢ F0,

¯®áª®«ìªã Tn 6 nA. �à¨¬¥ïï â¥®à¥¬ã 1.1 ¨ à ¢¥áâ¢® (6),

¯®«ãç ¥¬

Te = sup

{ n∑
i=1

Tiei : n ∈ N, ei ∈ E+,
n∑

i=1

ei = e

}
(7)
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¤«ï ¢á¥å e ∈ E+. �®á«¥¤®¢ â¥«ì®áâì (Tn)n∈N ¢®§à áâ ¥â ¯®

¯®áâà®¥¨î,   § ç¨â, ä®à¬ã«ã (7) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Te = sup{Tne : n ∈ N}.
� ª¨¬ ®¡à §®¬, ®â áã¯à¥¬ã¬  ®¯¥à â®à®¢ ¬ë ¯¥à¥è«¨ ª áã-

¯à¥¬ã¬ã í«¥¬¥â®¢ K-¯à®áâà áâ¢  F0 ¨ â¥¬ á ¬ë¬ ¤®ª § -

«¨, çâ® imT ⊂ F0. �® â¥®à¥¬¥ 2.3 áãé¥áâ¢ã¥â â ª®© í«¥¬¥â

g0 ∈ Orth(F0,mF0), çâ® T = g0 ◦A. �áª®¬ë© ®àâ®¬®àä¨§¬ g

®¯à¥¤¥«¨¬ ª ª g0 ◦ ⟨F0⟩.
�¥®¡å®¤¨¬®áâì. �ãáâì ¢ë¯®«ï¥âáï à ¢¥áâ¢® T = g◦A,

£¤¥ 0 6 g ∈ Orth(F,mF ). �®ª ¦¥¬ ¢ª«îç¥¨¥ T ∈ {A}⊥⊥.

�®«®¦¨¬ gn = n · idmF ∧ g, n ∈ N. �â¬¥â¨¬, çâ® gn ◦ A ∈
{A}⊥⊥. �®á«¥¤®¢ â¥«ì®áâì (gn)n∈N ®£à ¨ç¥  ®àâ®¬®à-

ä¨§¬®¬ g; á«¥¤®¢ â¥«ì®, ¢ á¨«ã «¥¬¬ë 2.2 ¢ë¯®«ï¥âáï à -

¢¥áâ¢®

sup
n∈N

(gn ◦ A) =
(
sup
n∈N

gn

)
◦ A = T.

�¯¥à â®àë ¢ «¥¢®© ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯à¨ ¤«¥¦ â

{A}⊥⊥,   § ç¨â, íâ¨¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â ¨ ®¯¥à â®à T . I

�¥¬¬ã 2.4 ¥«ì§ï ãá¨«¨âì, ¯®âà¥¡®¢ ¢ áãé¥áâ¢®¢ ¨¥

ã¦®£® ®àâ®¬®àä¨§¬  g ¢ Orth(F ), çâ® ¯®¤â¢¥à¦¤ ¥â á«¥-

¤ãîé¨© ¯à¨¬¥à.

�à ¨¬ ¥ à . �®«®¦¨¬ E := s�n, F := l∞, ¨ ¯ãáâì A |

â®¦¤¥áâ¢¥®¥ ¢«®¦¥¨¥ E ¢ F . �àâ®¬®àä¨§¬ g ∈ Orth(mF )

®¯à¥¤¥«¨¬ ä®à¬ã«®©

g(x1, x2, . . . , xn, . . . ) = (x1, 2x2, 3x3, . . . , nxn, . . . ).

�ãáâì ®¯¥à â®à T : E → F ¤¥©áâ¢ã¥â ª ª áã¦¥¨¥ g   E.

�ç¥¢¨¤®, çâ® T = g ◦A,   § ç¨â, T ∈ {A}⊥⊥. �¥¬ ¥ ¬¥¥¥

¥â â ª®£® ®àâ®¬®àä¨§¬  �g ∈ Orth(F ), çâ® T = �g ◦ A.
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2.5. �¥¬¬ . �ãáâì E, F | K-¯à®áâà áâ¢ , A : E→F

| à¥è¥â®çë© £®¬®¬®àä¨§¬ ¨ T : E → F | à¥£ã«ïàë©

®¯¥à â®à. �ª«îç¥¨¥ T ∈ {A}⊥⊥ ¢ë¯®«ï¥âáï â®£¤  ¨ â®«ì-

ª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®© í«¥¬¥â g ∈ Orth(F,mF ),

çâ® T = g ◦ A.

J �®áâ â®ç®áâì. �ãáâì T+ ¨ T− | ¯®«®¦¨â¥«ì ï

¨ ®âà¨æ â¥«ì ï ç áâ¨ ®¯¥à â®à  T . �§ ¢ª«îç¥¨ï T ∈
{A}⊥⊥ á«¥¤ã¥â, çâ® T+, T− ∈ {A}⊥⊥. �®£« á® «¥¬¬¥ 2.4

áãé¥áâ¢ãîâ g1, g2 ∈ Orth(F,mF ) â ª¨¥, çâ® T+ = g1 ◦ A,

T− = g2 ◦ A. �«¥¤®¢ â¥«ì®, T = (g1 − g2) ◦ A.
�¥®¡å®¤¨¬®áâì. �ãáâì T = g ◦ A ¤«ï ¥ª®â®à®£® í«¥-

¬¥â  g ∈ Orth(F,mF ). �®«®¦¨¬ T1 = g+ ◦ A, T2 = g− ◦ A.
�§ «¥¬¬ë 2.4 ¢ëâ¥ª ¥â, çâ® T1, T2 ∈ {A}⊥⊥,   § ç¨â, T =

T1 − T2 ∈ {A}⊥⊥. I

2.6. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â,  ¯à¨¬¥à, ¨§

[2: â¥®à¥¬  6.1.1].

�à¥¤«®¦¥¨¥. �ãáâì E | ¢¥ªâ®à ï à¥è¥âª , F |

K-¯à®áâà áâ¢® ¨ ¯ãáâì T : E → F | à¥£ã«ïàë© ®¯¥à â®à,

á®åà ïîé¨© ¤¨§êîªâ®áâì. �®£¤  áãé¥áâ¢ã¥â ®àâ®¬®à-

ä¨§¬ f ∈ Orth(F ) â ª®©, çâ® f ◦ f = |f | = idF ¨ T = f ◦ |T |.

�¥®à¥¬ . �ãáâì E, F | K-¯à®áâà áâ¢ , A : E→F |

à¥£ã«ïàë© ®¯¥à â®à, á®åà ïîé¨© ¤¨§êîªâ®áâì, ¨ ¯ãáâì

T : E → F | ¯à®¨§¢®«ìë© à¥£ã«ïàë© ®¯¥à â®à. �ª«î-

ç¥¨¥ T ∈ {A}⊥⊥ ¢ë¯®«ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

áãé¥áâ¢ã¥â â ª®© í«¥¬¥â g ∈ Orth(F,mF ), çâ® T = g ◦ A.
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J � ª ¨§¢¥áâ®, ®¯¥à â®à |A| ï¢«ï¥âáï à¥è¥â®çë¬

£®¬®¬®àä¨§¬®¬. �§ áä®à¬ã«¨à®¢ ®£® ¢ëè¥ ¯à¥¤«®¦¥-

¨ï á«¥¤ã¥â, çâ® A = g1 ◦ |A| ¤«ï ¥ª®â®à®£® í«¥¬¥â  g1 ∈
Orth(F ), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î g1 ◦ g1 = idF .

�®áâ â®ç®áâì. �®áª®«ìªã T ∈ {A}⊥⊥ = {|A|}⊥⊥,

¯à¨¬¥¥¨¥ «¥¬¬ë 2.5 ¤ ¥â à ¢¥áâ¢® T = g2 ◦ |A| ¤«ï ¥ª®-

â®à®£® í«¥¬¥â  g2 ∈ Orth(F,mF ). �«¥¤®¢ â¥«ì®

T = g2 ◦ |A| = g2 ◦ g1 ◦ g1 ◦ |A| = g2 ◦ g1 ◦ A.

�¥®¡å®¤¨¬®áâì. �ãáâì ¢ë¯®«ï¥âáï à ¢¥áâ¢® T = g◦A
¤«ï ¥ª®â®à®£® í«¥¬¥â  g ∈ Orth(F,mF ). �®£¤  T = g ◦A =

g ◦ g1 ◦ |A|, ®âªã¤  á ãç¥â®¬ «¥¬¬ë 2.5 á«¥¤ã¥â ¢ª«îç¥¨¥

T ∈ {|A|}⊥⊥ = {A}⊥⊥. I

2.7. �¥®à¥¬ . �ãáâì E ¨ F | K-¯à®áâà áâ¢ , V |

���  ¤ F , A : E → F | ®¯¥à â®à, á®åà ïîé¨© ¤¨§ê-

îªâ®áâì, T : E → V | ¬ ¦®à¨àã¥¬ë© ®¯¥à â®à ¨ ¯ãáâìT: E→F |â®ç ï ¬ ¦®à â  T . �ª«îç¥¨¥
T∈ {A}⊥⊥

¢ë¯®«ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®©

®àâ®¬®àä¨§¬ g ∈ Orth(F,mV), çâ® T = g ◦ A.

J �®áâ â®ç®áâì. � á¨«ã â¥®à¥¬ë 2.6 áãé¥áâ¢ã¥â â -

ª®© ®àâ®¬®àä¨§¬ �g ∈ Orth(F,mF ), çâ®
T= �g ◦A. � ç « 

®¯à¥¤¥«¨¬ ®¯¥à â®à g0   ®¡à §¥ A ä®à¬ã«®© g0(Ae) := Te.

�®ª ¦¥¬ ª®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï. �¥©áâ¢¨â¥«ì®,

¯ãáâì e1 ¨ e2 | â ª¨¥ í«¥¬¥âë E, çâ® A(e1) = A(e2). �®-

ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ Te1 = Te2. �®áª®«ìªã A | £®¬®-

¬®àä¨§¬, ¢ë¯®«ï¥âáï à ¢¥áâ¢® 0 = A(e1−e2) = A|e1 − e2|.
�®£¤  ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ïTe1 − Te2

=
T (e1 − e2)

6T|e1 − e2| = �gA|e1 − e2| = 0.

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥¨¥ g0   imA ª®àà¥ªâ®.
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�®ª ¦¥¬ â¥¯¥àì, çâ®
g0(Ae)6 �g|Ae| ¤«ï ¢á¥å e ∈ E.

�®§ì¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â e ∈ E. �®£¤ g0(Ae)=
Te6T|e| = �gA|e| = �g|Ae|.

�®áª®«ìªã �g | ®àâ®¬®àä¨§¬, ® á®åà ï¥â ¤¨§êîªâ®áâì.

�§ 1.6 ¢ëâ¥ª ¥â, çâ® ®¯¥à â®à �g o-¥¯à¥àë¢¥,   § ç¨â,

¯® â¥®à¥¬¥ 1.4 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ «¨¥©®¥ ¯à®¤®«¦¥-

¨¥ g ®¯¥à â®à  g0   {imA}⊥⊥ á á®åà ¥¨¥¬ ¥à ¢¥áâ¢ g(f)6 �g(|f |) ¤«ï ¢á¥å f ∈ {imA}⊥⊥. �® â¥®à¥¬¥ 1.5 ®¯¥à -

â®à g ï¢«ï¥âáï ®àâ®¬®àä¨§¬®¬.

�¥®¡å®¤¨¬®áâì. �ãáâì T = g ◦ A, £¤¥ g ∈ Orth(F,mV).
�®£¤ , ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

T 6 g◦ A.

� á¨«ã â¥®à¥¬ë 2.6 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥
T∈ {A}⊥⊥. I

2.8. �¥®à¥¬ . �ãáâì E ¨ F | K-¯à®áâà áâ¢ , U ¨

V | ���  ¤ E ¨ F á®®â¢¥âáâ¢¥®, A : E → F | à¥è¥-

â®çë© £®¬®¬®àä¨§¬, AU | ®à¬ â¨¢®¥ ¯à¥®¡à §®¢ ¨¥ U
¯®áà¥¤áâ¢®¬ A, AU | á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ®à¬ â¨¢-

®£® ¯à¥®¡à §®¢ ¨ï, T : U → V | ¬ ¦®à¨àã¥¬ë© ®¯¥à -

â®à,
T: E → F | ¥£® â®ç ï ¬ ¦®à â . �ª«îç¥¨¥T∈ {A}⊥⊥ ¢ë¯®«ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áã-

é¥áâ¢ã¥â â ª®© í«¥¬¥â g ∈ Orth(AU ,mV), çâ® T = g ◦ AU .

J �®áâ â®ç®áâì. �¯¨à ïáì   «¥¬¬ã 2.4, ¬ë ¬®-

¦¥¬ ãâ¢¥à¦¤ âì, çâ® áãé¥áâ¢ã¥â ®¯¥à â®à �g ∈ Orth(F,mF ),

¤«ï ª®â®à®£®
T= �g ◦ A. � ç «  ®¯à¥¤¥«¨¬ ®¯¥à â®à g0

  AU [U ] ä®à¬ã«®© g0(AUu) := Tu. �®ïá¨¬ ª®àà¥ªâ®áâì

íâ®£® ®¯à¥¤¥«¥¨ï. �¥©áâ¢¨â¥«ì®, ¯ãáâì u1 ¨ u2 | â ª¨¥

í«¥¬¥âë U , çâ® AUu1 = AUu2. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥
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Tu1 = Tu2. �¥©áâ¢¨â¥«ì®,T (u1 − u2)
6Tu1 − u2


= �gA

u1 − u2
= �g

AU (u1 − u2)
= 0.

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥¨¥ g0   imA ª®àà¥ªâ®.

�¡¥¤¨¬áï, çâ®
g0AUu

6 �g
AUu

. � á ¬®¬ ¤¥«¥,g0AUu
=

Tu6Tu= �gA
u= �g

AUu
.

�áâ ®¢¨¬ à ¢¥áâ¢® {AU [U ]}⊥⊥ = AU . �§ [2: 1.4.6] á«¥¤ã-

¥â, çâ® «î¡®© í«¥¬¥â AU = d�nAU [U ] ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥∑n
i=1 ρiwi, £¤¥ {ρi : i=1, . . . , n}|à §¡¨¥¨¥ ¥¤¨¨æë ¢ Pr(E),

wi | í«¥¬¥âë AU [U ]. �ãáâì
∑n

i=1 ρiwi ∈ {AU [U ]}⊥. �®£¤ 

¤«ï «î¡®£® í«¥¬¥â  w0 ∈ AU [U ] ¢ë¯®«ïîâáï à ¢¥áâ¢ 

0 =


n∑

i=1

ρiwi

∧
w0

=

( n∑
i=1

ρi
wi

) ∧
w0

.
�®áª®«ìªã ρiwi ⊥ ρjwj ¯à¨ i ̸= j, ¬ë ¨¬¥¥¬ ρiwi ⊥ w0 ¤«ï

«î¡®£® i ∈ {1, . . . , n}. � ª ç¥áâ¢¥ w0 ¬®¦® ¢§ïâì wi. �§

ρiwi ⊥ wi ¢ëâ¥ª ¥â ρiwi = 0,   § ç¨â,
∑n

i=1 ρiwi = 0. � ª¨¬

®¡à §®¬, {AU [U ]}⊥⊥ = AU .
�® â¥®à¥¬¥ 1.4 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ «¨¥©®¥ ¯à®-

¤®«¦¥¨¥ g̃ ®¯¥à â®à  g0   {AU [U ]}⊥⊥ á á®åà ¥¨¥¬ ¥à -

¢¥áâ¢ 
̃gw6 �g

w. �® ¯à¥¤«®¦¥¨î 1.5 ®¯¥à â®à g̃ ï¢«ï-

¥âáï ®àâ®¬®àä¨§¬®¬. �¥£ª® ã¡¥¤¨âáï ¢ â®¬, çâ® ®¯¥à â®à

g := ⟨AU [U ]⟩ ◦ g̃ ï¢«ï¥âáï ¨áª®¬ë¬ ®àâ®¬®àä¨§¬®¬.

�¥®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬, çâ® T = g ◦ AU , £¤¥ g ∈
Orth(AU ,mV). �®£¤  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

T6g◦A.
�¥©áâ¢¨â¥«ì®, ¤«ï «î¡®£® u ∈ UTu=

gAUu
6gAUu

=
gAu.

�®£¤  ¢ á¨«ã 2.4 ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥
T∈ {A}⊥⊥. I
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2.9. �ãáâì E | K-¯à®áâà áâ¢®. � ¬¥â¨¬, çâ® ¤«ï

«î¡®£® w ∈ Orth(E,mE) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© í«¥¬¥â
1
w ∈ Orth(imw,E) â ª®©, çâ® w ◦ 1

w = ⟨w⟩.

�¥®à¥¬ . �ãáâì E ¨ F | K-¯à®áâà áâ¢ , U ¨ V |

���  ¤ E ¨ F á®®â¢¥âáâ¢¥®, A : E → F | ®¯¥à â®à

¢§¢¥è¥®£® á¤¢¨£ ,W ◦S◦w| ¥£®WSW -¯à¥¤áâ ¢«¥¨¥, £¤¥

w > 0. �®«®¦¨¬ U ′ = {u ∈ mU :
u∈ E′}, £¤¥ E′ = domS.

� ¦®à¨àã¥¬ë© ®¯¥à â®à T : U → V ã¤®¢«¥â¢®àï¥â ãá«®¢¨îT∈ {A}⊥⊥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  T = Ŵ ◦SU ′ ◦w ¤«ï

¥ª®â®à®£® Ŵ ∈Orth(SU ′,mV) â ª®£®, çâ®
̂W∈{W}⊥⊥.

J �®áâ â®ç®áâì. �®£« á® ¯à¥¤«®¦¥¨î 2.6 áãé¥-

áâ¢ã¥â í«¥¬¥â f ∈ Orth(F, F ) â ª®©, çâ® f ◦ f = |f | = idF
¨ W = f ◦ |W |. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì,

çâ® E′ = imw. �¯à¥¤¥«¨¬ ®¯¥à â®à B : E′ → F á«¥¤ãîé¥©

ä®à¬ã«®©: B = f ◦ A ◦ 1
w . � ¯à®áâà áâ¢¥ M(E,F ) ¨¬¥¥â

¬¥áâ® æ¥¯®çª  à ¢¥áâ¢

A ◦ 1

w
◦ w = W ◦ S ◦ w ◦ 1

w
◦ w = W ◦ S ◦ w,

ª®â®à ï, ¢ á¢®î ®ç¥à¥¤ì, ¢«¥ç¥â á¯à ¢¥¤«¨¢®áâì ¯à¥¤áâ ¢«¥-

¨ï B ◦ w = f ◦W ◦ S ◦ w. �«¥¤®¢ â¥«ì®,

B = f ◦W ◦ S = f ◦ f ◦ |W | ◦ S = |W | ◦ S.

� ¬¥â¨¬, çâ® á®£« á® ¯®á«¥¤¥¬ã à ¢¥áâ¢ã B ï¢«ï¥âáï à¥-

è¥â®çë¬ £®¬®¬®àä¨§¬®¬.

�¯à¥¤¥«¨¬ ®¯¥à â®à W̃ : SU ′ [U ′] → BU ′ [U ′] ä®à¬ã«®©

W̃ (SU ′u) = BU ′u. (�®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï ®ç¥¢¨¤-

 .)
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� á¨«ã 2.6 ¢ª«îç¥¨¥
T∈ {A}⊥⊥ = {f ◦ A}⊥⊥ ¢«¥ç¥â

à ¢¥áâ¢®
T= g ◦ f ◦ A ¤«ï ¯®¤å®¤ïé¥£® ®àâ®¬®àä¨§¬ 

g ∈ Orth(F,mF ). �«ï ¢á¥å u′ ∈ U ′ ¨¬¥¥¬T 1

w
u′
6T1

w
u′
=

(T◦ 1

w

)u′.

� ç¨â, ®¯¥à â®à
T◦ 1

w ï¢«ï¥âáï ¬ ¦®à â®© ¤«ï T ◦ 1
w .

�® â¥®à¥¬¥ 2.6, ¨á¯®«ì§ãï à ¢¥áâ¢®
T◦ 1

w = g ◦ f ◦ A ◦
1
w , ¯®«ãç ¥¬ ¢ª«îç¥¨¥

T ◦ 1
w

∈ {f ◦ A ◦ 1
w}

⊥⊥ = {B}⊥⊥.

�§ â¥®à¥¬ë 2.8 á«¥¤ã¥â, çâ® T ◦ 1
w = g̃ ◦BU ′ = g̃ ◦ W̃ ◦SU ′ ¤«ï

¯®¤å®¤ïé¥£® í«¥¬¥â  g̃ ∈ Orth(BU ′,mV). �«ï ¢á¥å u′ ∈ U ′

¨¬¥¥¬̃gW̃SU ′u′
=

̃gBU ′u′
=

̃g ◦ f ◦W ◦ S
u′=

̃gWSU ′u′
SU ′ .

�â ª, ®àâ®¬®àä¨§¬
̃g◦W |¬ ¦®à â  ¤«ï g̃◦W̃ . �®áª®«ì-

ªã SU ′ [U ′] |  ¯¯à®ªá¨¬¨àãîé¥¥ ¢¥ªâ®à®¥ ¯®¤¯à®áâà áâ¢®

SU ′,  
̃g◦ W , ¡ã¤ãç¨ ®àâ®¬®àä¨§¬®¬, ï¢«ï¥âáï ¯®àï¤ª®-

¢® ¥¯à¥àë¢ë¬ ®¯¥à â®à®¬, ¯® á«¥¤áâ¢¨î [2: 6.1.8] ®¯¥à -

â®à g̃ ◦ W̃ ¬®¦® ¯à®¤®«¦¨âì ¤® ®¯¥à â®à  Ŵ : SU ′ → mV
á á®åà ¥¨¥¬ ®æ¥ª¨

̂Wv
6̃gWvSU ′ . � ¬¥â¨¬, çâ® ¨§

¯®á«¥¤¥£® ¥à ¢¥áâ¢  á ãç¥â®¬ â¥®à¥¬ë 2.6 ¢ëâ¥ª ¥â ¢ª«î-

ç¥¨¥
̂W∈ {W}⊥⊥.

� ª¨¬ ®¡à §®¬, ¬ë ¯à¨è«¨ ª à ¢¥áâ¢ã T ◦ 1
w = Ŵ ◦SU ′ .

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ®áâ ¥âáï ã¡¥¤¨âìáï ¢ á¯à -

¢¥¤«¨¢®áâ¨ ä®à¬ã«ë T = T ◦ 1
w ◦ w. � áá¬®âà¨¬ ¯à®¨§¢®«ì-

ë© í«¥¬¥â u ∈ U ¨ ¯®«®¦¨¬ v := u− 1
wwu. �®£¤ Tv6Tv= gfA

v= gfWSw
v

= gWS
wu− w 1

wwu
= 0,

¨, á«¥¤®¢ â¥«ì®, Tu = Tv + T (u− v) = T 1
wwu.
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�¥®¡å®¤¨¬®áâì. �ãáâì í«¥¬¥â Ŵ ∈ Orth(SU ′,mV) â -
ª®¢, çâ®

̂W∈ {W}⊥⊥ ¨ T = Ŵ ◦ SU ′ ◦ w. �®£¤ Tu=
̂WSU ′wu

6
̂WSU ′wu

=
̂WSwu6

̂WSwu
¤«ï ¢á¥å u ∈ U ,   § ç¨â,

T6
̂WSw.

�á¯®«ì§ãï á®®â®è¥¨¥
̂W ∈ {W}⊥⊥ ¯® â¥®à¥¬¥ 2.6

¬ë ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã
T6 g ◦ |W | ◦ S ◦ w, £¤¥ g |

¯®¤å®¤ïé¨© í«¥¬¥â Orth(F,mF ). � ¤àã£®© áâ®à®ë, |W | ◦
S ◦ w = |A| á®£« á® § ¬¥ç ¨î [2: 6.4.1]. �®¢ì ¯à¨¢«¥ª ï

â¥®à¥¬ã 2.6, ¬ë ®ª®ç â¥«ì® ¯®«ãç ¥¬
T∈ {A}⊥⊥. I

�¥®à¥¬ã 2.9 ¬®¦® ¯à®¨««îáâà¨à®¢ âì á«¥¤ãîé¨¬ ®¡-

à §®¬. �á«¨ ¤¨ £à ¬¬ 

E -A F

@
@
@R

w

E′ - mF
S

⊂ - mF

�
�
��
W

ª®¬¬ãâ â¨¢ , â® áãé¥áâ¢ã¥â í«¥¬¥â Ŵ ∈ Orth(SU ′,mV)
â ª®©, çâ® ¤¨ £à ¬¬ 

U -T V
@

@
@R

w

U ′ - SU ′
SU′

⊂ - mV

�
���Ŵ

â ª¦¥ ª®¬¬ãâ â¨¢ .

�¨¦¥ ¬ë ãáâ ®¢¨¬   «®£¨çë© à¥§ã«ìâ â ¤«ï á«ã-

ç ï ¯à®¨§¢®«ì®£® ®£à ¨ç¥®£® ®¯¥à â®à , á®åà ïîé¥£®

¤¨§êîªâ®áâì. �«ï íâ®£®  ¯®¬¨¬ á ç «  á«¥¤ãîéãî

â¥®à¥¬ã.
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2.10. �¥®à¥¬  [2: 6.4.5]. �ãáâì A : E → F | à¥£ã-

«ïàë© ®¯¥à â®à, á®åà ïîé¨© ¤¨§êîªâ®áâì. �®£¤  áã-

é¥áâ¢ã¥â â ª®¥ à §¡¨¥¨¥ ¥¤¨¨æë (ρξ)ξ∈� ¢  «£¥¡à¥ Pr(F ),

çâ® ¤«ï ª ¦¤®£® ξ ∈ � ª®¬¯®§¨æ¨ï ρξ ◦ A ï¢«ï¥âáï ®¯¥à â®-

à®¬ ¢§¢¥è¥®£® á¤¢¨£ . �®«¥¥ â®£®, ®¯¥à â®à A à §« £ ¥âáï

¢ á¨«ì® ¤¨§êîªâãî áã¬¬ã

A =
⊕
ξ∈�

W ◦ ρξS ◦ wξ,

£¤¥ W ∈ Orth(mF,mF ), S | á¤¢¨£ A, wξ ∈ Orth(E,mE),

wξ > 0. �à¨ íâ®¬

ρξ ◦ A = W ◦ ρξS ◦ wξ ¤«ï ¢á¥å ξ ∈ �.

2.11. �¥®à¥¬ . �ãáâì E ¨ F | K-¯à®áâà áâ¢ , U ¨

V | ���  ¤ E ¨ F á®®â¢¥âáâ¢¥®, A : E → F | ®£à -

¨ç¥ë© ®¯¥à â®à, á®åà ïîé¨© ¤¨§êîªâ®áâì. � áá¬®â-

à¨¬ ¯à¥¤áâ ¢«¥¨¥

A =
⊕
ξ∈�

W ◦ ρξS ◦ wξ

¨§ â¥®à¥¬ë 2.10 ¨ ¯®«®¦¨¬ Uξ = {u ∈ mU :
u∈ imwξ}.

� ¦®à¨àã¥¬ë© ®¯¥à â®à T : U → V ã¤®¢«¥â¢®àï¥â ãá«®¢¨îT∈ {A}⊥⊥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

T =
⊕
ξ∈�

Ŵξ ◦ (ρξS)Uξ
◦ wξ,

£¤¥ Ŵξ ∈ Orth
(
(ρξS)Uξ,mV

)
â ª¨¥, çâ®

̂Wξ

∈ {W}⊥⊥.
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J �®áâ â®ç®áâì. �®áª®«ìªã ρξ
T∈ {ρξA}⊥⊥, ¯à¨-

¢«¥ª ï â¥®à¥¬ã 2.9, ¬ë ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

ρξT = Ŵξ ◦ (ρξS)Uξ
◦ wξ,

£¤¥ Ŵξ ∈ Orth
(
(ρξS)Uξ,mV

)
â ª®©, çâ®

̂Wξ

∈ {W}⊥⊥.

�¥®¡å®¤¨¬®áâì. �®«®¦¨¬

T =
⊕
ξ∈�

Ŵξ ◦ (ρξS)Uξ
◦ wξ,

£¤¥ Ŵξ ∈ Orth
(
(ρξS)Uξ,mV

)
â ª¨¥, çâ®

̂Wξ

∈ {W}⊥⊥. �®-

£¤  T6
⊕
ξ∈�

̂Wξ

◦ ρξS ◦ wξ.

�«ï ª ¦¤®£® ξ ∈ � ¨§ á®®â®è¥¨ï
̂Wξ

∈ {W}⊥⊥ ¨ â¥®à¥-

¬ë 2.6 á«¥¤ã¥â, çâ®
̂Wξ

= gξ ◦W ¤«ï ¯®¤å®¤ïé¥£® ®àâ®¬®à-

ä¨§¬  gξ ∈ Orth(mF ) ¨, á«¥¤®¢ â¥«ì®,

T6
⊕
ξ∈�

gξ ◦W ◦ ρξS ◦ wξ

=
⊕
ξ∈�

gξ ◦ ρξ ◦W ◦ ρξS ◦ wξ

= g ◦ A,

£¤¥ g =
⊕

ξ∈� gξ ◦ ρξ. �®¢ì ¨á¯®«ì§ãï â¥®à¥¬ã 2.6, ¯®«ãç ¥¬T∈ {A}⊥⊥. I
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�¥®à¥¬ã 2.11 ¬®¦® ¯à®¨««îáâà¨à®¢ âì á«¥¤ãîé¨¬ ®¡-

à §®¬. �á«¨ ¤¨ £à ¬¬ 

E -A F

@
@
@
@R
w1

E1

A
A
A
A
A
A
AAU

w2

E2

B
B
B
B
B
B
B
B
B
B
BBN

w3

E3

- F1
ρ1S

- F2
ρ2S

- F3
ρ3S

-F

⊕


⊂ - mF

�
�
�
�
�
�
���

W

ª®¬¬ãâ â¨¢ , â® áãé¥áâ¢ã¥â â ª¨¥ Ŵξ ∈ Orth((ρξS)Uξ,mV),
çâ® ¤¨ £à ¬¬ 

U -T V
@

@
@@R
w1

U1

A
A
A
A
A
A
AAU

w2

U2

B
B
B
B
B
B
B
B
B
B
BN

w3

U3

- (ρ1S)U1
(ρ1S)U1

- (ρ2S)U2
(ρ2S)U2

- (ρ3S)U3
(ρ3S)U3

- mV
Ŵ1

- mV
Ŵ2

- mV
Ŵ3



⊕
6

⊂ - mV

â ª¦¥ ª®¬¬ãâ â¨¢ .
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3. �¯¨á ¨¥ £« ¢ëå ª®¬¯®¥â

¢ â¥à¬¨ å ®¯¥à â®àëå á¥ç¥¨©

� ¤ ®¬ ¯ à £à ä¥ ¤ ¥âáï ®¯¨á ¨¥ £« ¢ëå ®¯¥à â®à-

ëå ª®¬¯®¥â   ýà¥ «¨§ æ¨®®¬þ ï§ëª¥ | ¢ â¥à¬¨ å

á¥ç¥¨© ¡  å®¢ëå à áá«®¥¨©, ®¯¥à â®à®¢ § ¬¥ë ¯¥à¥¬¥-

ëå ¨ ®¯¥à â®àëå á¥ç¥¨©. �®à¬ã«¨àã¥¬ë¥ §¤¥áì â¥®à¥¬ë

3.7 ¨ 3.8 «¥£ª® ¢ë¢¥áâ¨ ¨§ à¥§ã«ìâ â®¢ ¯ à £à ä  2 á ¯®¬®-

éìî á®®â¢¥âáâ¢ãîé¨å à¥ «¨§ æ¨®ëå â¥®à¥¬ (á¬. [2: §§ 3.4,
6.5]). �«ï ã¤®¡áâ¢  ¥ª®â®àë¥ ¨§ ¨á¯®«ì§ã¥¬ëå à¥§ã«ìâ â®¢

áä®à¬ã«¨à®¢ ë ï¢® ¢ ¤ ®¬ ¯ à £à ä¥.

�áî¤ã ¨¦¥ P , Q | íªáâà¥¬ «ì® ¥á¢ï§ë¥ ª®¬¯ ªâë.

3.1. �à¥¤«®¦¥¨¥ [2: 6.5.4]. �ãáâì E ¨ F | äã-

¤ ¬¥âë ¢ C∞(Q). �â®¡à ¦¥¨¥ W : E → F ï¢«ï¥âáï ®à-

â®¬®àä¨§¬®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï

äãªæ¨ï w ∈ C∞(Q), çâ®

We = we ¤«ï ¢á¥å e ∈ E.

�«ï «î¡®£® ®àâ®¬®àä¨§¬ W â ª ï äãªæ¨ï w ¥¤¨áâ¢¥ .

�®®â®è¥¨¥ We = we  §ë¢ ¥âáï à¥ «¨§ æ¨¥© ®àâ®-

¬®àä¨§¬  W ¯®áà¥¤áâ¢®¬ äãªæ¨¨ w.

3.2. �¥à¥§ C0(Q,P ) ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å ¥¯à¥-

àë¢ëå äãªæ¨© s : Q0 → P , ®¯à¥¤¥«¥ëå   ®âªàëâ®-

§ ¬ªãâëå ¯®¤¬®¦¥áâ¢ å Q0 ⊂ Q.

�à¥¤«®¦¥¨¥. �â®¡à ¦¥¨¥ h : Clop(P ) → Clop(Q)

ï¢«ï¥âáï ª®«ìæ¥¢ë¬ £®¬®¬®àä¨§¬®¬ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  áãé¥áâ¢ã¥â â ª ï äãªæ¨ï s∈C0(Q,P ), çâ®

h(U)= s−1[U ] ¤«ï ¢á¥å U ∈ Clop(P ).

�«ï «î¡®£® £®¬®¬®àä¨§¬  h â ª ï äãªæ¨ï s ¥¤¨áâ¢¥ .
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�®®â®è¥¨¥ h(U) = s−1[U ]  §ë¢ îâ à¥ «¨§ æ¨¥© ª®«ì-

æ¥¢®£® £®¬®¬®àä¨§¬  h ¯®áà¥¤áâ¢®¬ äãªæ¨¨ s.

�«ï ¯à®¨§¢®«ìëå äãªæ¨© s ∈ C0(Q,P ) ¨ e ∈ C∞(P )

äãªæ¨ï e • s : Q → R ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

(e • s)(q) :=
{

e
(
s(q)

)
, ¥á«¨ q ∈ dom s,

0, ¥á«¨ q ∈ Q\dom s.

3.3. �à¥¤«®¦¥¨¥ [2: 6.5.7]. �ãáâì E | äã¤ ¬¥â

¢ C∞(P ) ¨ F |äã¤ ¬¥â ¢ C∞(Q). �â®¡à ¦¥¨¥ S : E→F

ï¢«ï¥âáï ®¯¥à â®à®¬ á¤¢¨£  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áã-

é¥áâ¢ã¥â â ª ï äãªæ¨ï s ∈ C0(Q,P ), çâ®

Se = e • s ¤«ï ¢á¥å e ∈ E.

3.4. �¥®à¥¬  [2: 6.5.12]. �ãáâìE |äã¤ ¬¥â C∞(P ),

F | äã¤ ¬¥â C∞(Q) ¨ T : E → F | à¥£ã«ïàë© ®¯¥-

à â®à, á®åà ïîé¨© ¤¨§êîªâ®áâì. � áá¬®âà¨¬ à¥ «¨§ -

æ¨î h(U) = s−1[U ] â¥¨ h ®¯¥à â®à  T ¯®áà¥¤áâ¢®¬ äãªæ¨¨

s ∈ C0(Q,P ). �®£¤  áãé¥áâ¢ãîâ á¥¬¥©áâ¢® (wξ)ξ∈� ¯®«®¦¨-

â¥«ìëå äãªæ¨© ¨§ C∞(P ), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

1/wξ ∈ E ¤«ï ¢á¥å ξ ∈ �,

¤¨§êîªâ®¥ á¥¬¥©áâ¢® (Qξ)ξ∈� í«¥¬¥â®¢ Clop(Q) ¨ äãª-

æ¨ï W ∈ C∞(Q) â ª¨¥, çâ®

suppW = cl
∪
ξ∈�

Qξ = dom s = supp imT

¨

Te = W
⊕
ξ∈�

(wξe • s)|Qξ
(e ∈ E). (8)

�®®â®è¥¨¥ (8)  §®¢¥¬ à¥ «¨§ æ¨¥© ®¯¥à â®à  T ¯®-

áà¥¤áâ¢®¬ s, wξ ¨ Wξ.
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3.5. �á«¨ X ¨ Y | ¯à®áâ®àë¥ ¥¯à¥àë¢ë¥ ¡  å®¢ë

à áá«®¥¨ï (���)  ¤Q, u∈C∞(Q,X ) ¨ w∈C∞
(
Q,B(X ,Y)

)
,

â® á¥ç¥¨¥ ext(w ⊗ u) ∈ C∞(Q,Y) ®¡®§ ç ¥âáï ç¥à¥§ w ⊗ u.

�à¥¤«®¦¥¨¥ [2: 6.5.13]. �ãáâì X ¨ Y | ¯à®áâ®àë¥

���  ¤ Q, E ¨ F | äã¤ ¬¥âë ¢ C∞(Q). �â®¡à ¦¥¨¥

W : E(X ) → F (Y) ï¢«ï¥âáï ®àâ®¬®àä¨§¬®¬ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®¥ á¥ç¥¨¥ w ∈ C∞
(
Q,B(X ,Y)

)
,

çâ®

Wu = w ⊗ u ¤«ï ¢á¥å u ∈ E(X ).

�«ï «î¡®£® ®àâ®¬®àä¨§¬  W â ª®¥ á¥ç¥¨¥ w ¥¤¨áâ¢¥®.

�®«¥¥ â®£®, W(e) =we ¤«ï ¢á¥å e ∈ E.

�®®â®è¥¨¥ Wu = w⊗u  §ë¢ ¥âáï à¥ «¨§ æ¨¥© ®àâ®-

¬®àä¨§¬  W ¯®áà¥¤áâ¢®¬ á¥ç¥¨ï w.

3.6. �á«¨ X | ¡  å®¢® à áá«®¥¨¥  ¤ P , â® ¤«ï «î-

¡®£® ®â®¡à ¦¥¨ï s : Q → P ª®¬¯®§¨æ¨ï X ◦ s ¯à¥¤áâ ¢«ï¥â
á®¡®© ¡  å®¢® à áá«®¥¨¥  ¤ Q. �à®¬¥ â®£®, ¥á«¨ u | á¥-

ç¥¨¥ à áá«®¥¨ï X  ¤ D ⊂ P , â® u ◦ s | á¥ç¥¨¥ X ◦ s  ¤
s−1[D].

�«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  U á¥ç¥¨© X á¨¬¢®«®¬

U ◦ s ¬ë ®¡®§ ç ¥¬ á®¢®ªã¯®áâì á¥ç¥¨© {u ◦ s : u ∈ U}
à áá«®¥¨ï X ◦ s.

�ãáâì X | ¡  å®¢® à áá«®¥¨¥  ¤ P ¨ s | äãª-

æ¨ï, ®¯à¥¤¥«¥ ï   ¯®¤¬®¦¥áâ¢¥ Q ¨ ¤¥©áâ¢ãîé ï ¢ P .

� áá«®¥¨¥ X ◦ s, ¤®¯®«¥®¥ ã«¥¢ë¬¨ á«®ï¬¨ ¢ â®çª å
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Q\dom s, ¬ë ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ X • s. �®ç¥¥ £®-

¢®àï, á«®¨ ¡  å®¢  à áá«®¥¨ï X • s  ¤ Q ®¯à¥¤¥«ïîâáï

ä®à¬ã«®©

(X • s)(q) :=
{ X

(
s(q)

)
, ¥á«¨ q ∈ dom s,

{0}, ¥á«¨ q ∈ Q\dom s.

�á«¨ u | á¥ç¥¨¥ à áá«®¥¨ï X  ¤ D ⊂ P , â® á¨¬¢®«®¬

u • s ®¡®§ ç ¥âáï á¥ç¥¨¥

(u • s)(q) :=
{

u
(
s(q)

)
, ¥á«¨ q ∈ s−1[D],

0, ¥á«¨ q ∈ Q\dom s

à áá«®¥¨ï X • s  ¤ s−1[D] ∪ (Q\dom s). �«ï ¯à®¨§¢®«ì®-

£® ¬®¦¥áâ¢  U á¥ç¥¨© X á¨¬¢®«®¬ U • s ¬ë ®¡®§ ç ¥¬

á®¢®ªã¯®áâì á¥ç¥¨© {u • s : u ∈ U} à áá«®¥¨ï X • s.
� áá«®¥¨¥ X•s à áá¬ âà¨¢ ¥âáï ª ª ���  ¤Q á ¥¯à¥-

àë¢®© áâàãªâãà®© C(P,X )•s. �¨¬¢®«®¬ X • s ®¡®§ ç ¥âáï
¯à®áâ®à ï ®¡®«®çª  à áá«®¥¨ï X • s.

�à¥¤«®¦¥¨¥ [2: 6.5.17]. �ãáâì X ¨ Y | ¯à®áâ®àë¥

���  ¤ P ¨Q, E ¨ F |äã¤ ¬¥âë ¢ C∞(P ) ¨ C∞(Q) á®®â-

¢¥âáâ¢¥®. �â®¡à ¦¥¨¥ S : E(X ) → F (Y) ï¢«ï¥âáï ®¯¥à -
â®à®¬ á¤¢¨£  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ äãª-

æ¨ï s ∈ C0(Q,P ) ¨ ¨§®¬¥âà¨ç¥áª®¥ ¢«®¦¥¨¥ i à áá«®¥¨ï

X • s ¢ Y â ª¨¥, çâ®

Su = i⊗ (u • s) ¤«ï ¢á¥å u ∈ E(X ).

� íâ®¬ á«ãç ¥ Se = e • s ¤«ï ¢á¥å e ∈ E.

�à¨¢¥¤¥ë¥ ¢ëè¥ à¥§ã«ìâ âë ¯®§¢®«ïîâ ¯®«ãç¨âì á«¥-

¤ãîé¨¥ à¥ «¨§ æ¨®ë¥   «®£¨ â¥®à¥¬ 2.10 ¨ 2.12.
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3.7. �¥®à¥¬ . �ãáâì E ¨ F | äã¤ ¬¥âë ¢ C∞(P ) ¨

C∞(Q), X ¨ Y | ¯à®áâ®àë¥ ���  ¤ P ¨ Q, A : E→F |

®¯¥à â®à ¢§¢¥è¥®£® á¤¢¨£ , Ae=W
(
(we)•s

)
|WSW -¯à¥¤-

áâ ¢«¥¨¥ ®¯¥à â®à  A, £¤¥ w ∈ C∞(P ), W ∈ C∞(Q) ¨

s ∈ C0(Q,P ). �ãáâì, ªà®¬¥ â®£®, T : E(X ) → F (Y) | ¬ ¦®-

à¨àã¥¬ë© ®¯¥à â®à ¨
T: E → F | ¥£® â®ç ï ¬ ¦®à â .

�¯¥à â®à T ã¤®¢«¥â¢®àï¥â ãá«®¢¨îT∈ {A}⊥⊥

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®¥ á¥ç¥¨¥ Ŵ ∈
C∞

(
Q,B(X • s,Y)

)
, çâ® supp Ŵ ⊂ suppW ¨

Tu = Ŵ ⊗
(
(wu) • s

)
¤«ï ¢á¥å u ∈ E(X ).

3.8. �¥®à¥¬ . �à¥¤¯®«®¦¨¬, çâ® E ¨ F | äã¤ ¬¥-

âë ¢ C∞(P ) ¨ C∞(Q), X ¨ Y | ¯à®áâ®àë¥ ���  ¤ P ¨ Q,

A : E → F | ®£à ¨ç¥ë© ®¯¥à â®à, á®åà ïîé¨© ¤¨§ê-

îªâ®áâì. �ãáâì

Ae = W
⊕
ξ∈�

(wξe • s)|Qξ
(e ∈ E)

| ¯à¥¤áâ ¢«¥¨¥ A ¨§ â¥®à¥¬ë 3.4, T : E(X ) → F (Y) | ¬ -

¦®à¨àã¥¬ë© ®¯¥à â®à ¨
T: E → F | ¥£® â®ç ï ¬ ¦®à -

â . �¯¥à â®à T ã¤®¢«¥â¢®àï¥â ãá«®¢¨îT∈ {A}⊥⊥

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®¥ á¥ç¥¨¥ Ŵ ∈
C∞

(
Q,B(X • s,Y)

)
, çâ® supp Ŵ ⊂ suppW ¨

Tu = Ŵ ⊗
⊕
ξ∈�

(wξu • s)|Qξ
¤«ï ¢á¥å u ∈ E(X ).
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