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HECTAHIJAPTHAA OBOJIOYKA
HOPMUUPOBAHHOI'O ITPOCTPAHCTBA
B BYJIEBOSHAYHOM YHUBEPCYME

A. E. l'ymman, /. B. Pabxo

B mannoit pabore HEKOTOPBIE PE3yIbTaThl NH(MPUHUTE3NMAILHOTO AHAIN3A, KAca-
FOIIMEeCcs HOPMUPOBAHHBIX MPOCTPAHCTB U I0JIsl BEINECTBEHHBIX YHCEJI, IIEPEeHece-
HBI Ha (DYHKIIMOHAIBHOE MPeCTaBIeHre OyIeBO3HAYHOIO YHUBEPCYMa. B gacTHO-
CTH, /s TIPOU3BOIBHOIO TIOJTUBEPCyMa HaJ, () TOKa3aHA PABHOCUIBHOCTD CIIETYIO-
[IUX YCIOBUI: TOYKA ¢ € () HE 0-U30JIMPOBAHHA, CJIOH TOJIUBEPCY Ma HAJL TOUYKOH ¢
SIBISIETCST CIETHO-HACKIIMEHHBIM, HECTAHIAPTHAsT 000I09YKa JTF0OOTO HOPMUPOBAH-
HOT'O IPOCTPAHCTBA B CJIOE MOJMBEPCYMAa HAJ TOYKOHM ¢ MOIHA.

Karoueevie crosa u ¢pasor; OyneBo3HAYHBIN aHAIN3, HHPUHUTE3NMAJIbHbBINA aHa-
JIN3, HECTAHIAPTHBIN aHAJIN3, TIOJTUBEPCYM, HECTAHIAPTHAS 0DOJIOUKA.

OHuM W3 BayKHEUIUX TMOHATHII, BOSHUKAIONNX B MH(MUHATE3NMAILHOM
aHaJM3e TPUMEHUTEJTbHO K TEOPUU HOPMHPOBAHHBIX MPOCTPAHCTB, ABJISIETCS
MOHATHUE HeCTAHIAPTHON 000T0UYKH HOPMIPOBAHHOTO MIPOCTPAHCTBA — MHOZKe-
CTBa €ro OTPAHWYEHHBIX JTEMEHTOB, (PaKTOPU30BAHHOTO TIO OTHOIIEHUIO Oec-
KOHETHOI 6im30cTH (CM., HaTpuMep, [3]).

B pa6ore [1] asst npon3BoJbHOTO OyJIEBO3HAYHOIO YHUBEPCYMa HPEJIO-
JKeH yJI00HbI (DYHKIMOHAJIbHBINA aHAJIOl — KJIACC CEYEeHUI COOTBETCTBYIOIIE-
I'0 HENPEePBbIBHOIO HojiuBepcyMa. Takasi pyHKIMOHAJIbHAS MOJIE/Ib TO3BOJISIET,
B YaCTHOCTH, BBECTU B PACCMOTPEHUE MOHATHE OECKOHETHON OJIM30CTH S/1eMEeH-
TOB HOPMUPOBAHHOTO IMPOCTPAaHCTBa BHYTPH CJIOA MOJIUBEPCYMa U TE€M CaMbIM
OTKPBLITH JONMOJTHUTEJIBbHYIO BOSMOXKHOCTH IJId CUHTE3a METOJ0B HH(bHHHTeSH—
MaJIbHOTO H OYJIeBO3HAYHOTO aHAJIH3A.

B cBa3m ¢ 3TMM ecTecTBEHHO BOZHUKAET BOIPOC O MEPEHOCE OCHOBHBIX pe-
3yJIbTATOB KJIACCHIECKOTO NHMUHUTEINMAILHOIO aHAIN3a Ha Oy/1eBO3ZHAYHBII
yHUBepCYyM. B pamkax 3aTpoHyTOil HaMU TPOOJIEMATHKU OJHUM U3 KJIIOUe-
BBIX SIBJISIETCS BOTPOC O MOJHOTE HECTAHIAPTHON 000JJOYKH HOPMHPOBAHHOTO
IIPOCTPAHCTBA BHYTPH CJIOA HOJUBEPCYMA.

B nannoit pabore mosrydeH 1moJi0KuUTeAbHbIN OTBET Ha IMOCTABJIEHHBIN BO-
pOC B CJIydae, KOTJa TOYKA KOMITAKTA, COOTBETCTBYIOIIAs PACCMATPUBAEMO-
My CJIO0, He sIBJIsieTCst o-u30oaupoBannoit. [losiHoTy HEcTanapTHO 000I0UKY
y/JAJI0Ch J0Ka3aTh O/1arojgapst yCTAaHOBJIEHHOMY B 9TOI ke paboTe KpUTepHro
CYETHOI HACBIIEHHOCTH CJIOSI TIOJINBEPCYMA.

© A.E.Tyrman, J.B.Psoko; 2001
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8 1. IlpeaBapurejbHbIE CBEAEHUS

B sTroMm maparpade npuBesensl HEKOTOpbIE ompeaeaenns u (PakThl, HEOO-
XOIUMBIE /I JAJbHEHIIero n3a0KeHms.

CumBosiom V MBI 000O3HaYaEM KJIACC BCEX MHOYKECTB W IPE/IIOJIATAEM,
gro V sisiercst mogesbio ZFC (a tounee, NBG; cm., manpumep, (2, 11.1.3]).

Ha nporszkenun Bcero Tekcra () — 3KCTpeMaTbHO HECBSI3HBI KOMIAKT.
Cumsosiom Clop(Q)) 0603Ha9aI0T COBOKYIHOCTH BCEX OTKPBITO-3AMKHYTBIX T10/I-
mMHOKecTB (), a cumBosioM Clop(q) — COBOKYIHOCTH BCEX OTKPHITO-3aMKHY THIX
OMHOKECTB (Q, comeprKaiux Touky ¢ € Q. Ilyers VO € Q x V — kiace-
COOTBETCTBHE, Ha KOTOPOM 3aJ[aHa HekoTopas Tonosorus (em. [1, 1.2]). Kmace
BCEX OTKPBITO-3aMKHYTHIX moamuozkects V@ obosmauaerca uepes Clop(V?).
Jlas ka0l Toukn ¢ € Q kiaace VN ({q} X V) = {(q,:v) | (q,7) € VQ}
o6oznadaior cumsosoM V7. Coorsercrsie VY HA3BIBAIOT HEnpepbinvm pac-
caoernuem unan Q, a kiaace V74— caoem paccaoenust V@ B touke .

Oyuknuo u: D — V@ maspBaoT cevenuem paccaoeHus V@ nan muOKe-
creom D C ), ecn u(q) € V1 nna Becex q¢ € D. Tlox nenpepuieHvim cevenuem
paccioennst V@ HOHIMAETCS Cedenue, sSBISIONEecs HeIPepbIBHOH (byHKIHeil.
Tst mo6oro mommuoxkectsa D C Q cnmpostom C(D, V@) obosmnauaercs kiace
BCexX HempepbiBHBIX ceuennii V@ uax D.

Kax ycranosieno B [1] (mpemioxkennst 2.3 u 2.5), eciin BBIIOJHEHBI YCJI0-
BU4d

(1) Vge@ VzeV? Juel(Q, VY ulq) =z
(2) Yue C(Q,V?) VAecClop(Q) u(A) € Clop(VY),

TO HEIPEPBIBHOE PACCJIOEHUE Ve obJialaeT cje/lyomuMi CBOMCTBAMU:

(i) Tomonorus V€ xaycnopdosa;
(if) ama mobbix u € C(Q,VY) n g € Q vuoxectsa u(A) (A € Clop(q))
06pa3yor 6a3y OKpecTHOCTel TOUKH U(q);
(iif) Bce smementsr C(Q, V) SBISIOTCS OTKPHITHIME I 3aMKHYTHIME OTO-
OpaKeHusIMH;
(iv) Tomonormst V@ skcTpeManbHO HeCBS3HA.

B jasibHeiiem Mbl IpeiioaraeM, 94ro i KazxK ol Touku ¢ € () kiacc V4
IpPeJICTaBsieT OO0 anrebpanvdecKyo CUCTeMy CUIHATYpPb { € }.

st mponsBosibHOi bopmyabt ¢(t1, . .., t,) CATHATYDBI TEOPUH MHOXKECTB
¥ CeueHnit Ui, . . ., U, paccaoenns V@ cumsosiom {gp(ul, . ,un)} 0603HAYAIOT
MHOZKECTBO

{q € domu; N---Ndomuy | Vi o(ui(q), ..., un(q))}-
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Jnsa moboro snementa x € U, rne U — anrebpanmdeckasi cucTeMa CUTHA-
Typel {€}, cnyckom x maswiBaerca kiaace vl = {y € U | U = yexz}. Ecan
B cucreMe U HCTHHHA aKCHOMa KCTEHCHOHAJILHOCTH, TO Jjisd Beex x,y € U
paBeHcTBa x] = yl m x = y paBHOCWIbHBL. /[lajee Hac B ocHOBHOM Oymer
nuTepecoBarh ciaydait U = V4.

Jlst mpomssospHOro cevenns u € C(Q, V?) kmace quQ u(q)J HazbBaAIOT
Pacnaroekoll cedenust U 1 0003HAYAIOT CUMBOJIOM L.

Henpepeisroe paccioenne V& maspisaercs (nenpepvienvim) noausepcy-
mom Ha (), ecam B KaxkoM caoe VI (¢ € ()) MCTHHHBI AKCHOMBI 9KCTEHCHO-
HAJIBHOCTH ¥ PEryJsiPHOCTH U, KpOMe Toro, B jonosnenne K (1) u (2) Bbimo-
HEHbI CJIe/lyIOIIUe YCAOBUSL:

(3) Yue C(Q,V?) Lui e Clop(V9);
(4) VX € Clop(V?®) JueC(Q,V?) Lui=X.

Jlns npoussosibHbX cedennit u,v € C(Q,V?) muoxecrsa {u = v} u
{u € v} orkperTo-3amkHyTH (cM. [1, 3.3]), YTO MO3BOJIIET BBECTU B PACCMO-
TpeHue JiBe KJaacc-(pyHKInu

=, |-€-]: CQ, VP x C(Q,VY) — Clop(Q),

)

nonaras ||u=v| = {u=v} u [[ucv| = {uev}.

Pt e

Y

Heciioxxuo ybeaurbest B TOM, 9TO TPOWKA (C’ (Q, V9, )
spaisiercst oraeanmoii Clop((Q))-3HadHoii anrebpandecKoii cucTeMoi.

Kax nmokassiBaeT cJeaymoomnas TeopeMa, KJIacC HeMPephIBHBIX CEUeHU Mo-
JIMBepCyMa, IpejcTaBiasgeT coboil oomuit B 6y1eBO3HAMHOIO YHUBEPCYMA.

Teopema [1, 4.10]. Ilycrs () — cTOYHOBCKHIT KOMITAKT MOJIHOH GyJieBOii
ajirebpor B.

(a) Knace C(Q,V?) menpeprisubix cewenmii nommsepcyma V@ mag Q
siBjisiercst OymeposnadnbiM yauBepeymom Hal Clop(Q).

(6) st smro6oro GyneBosnaunoro yaupepcyma . Haj B cymecrByer mo-
msepeym VO man Q, xiace C(Q,V®) menpepsiubix cevenmii KOToporo m3o-
mopcgpen L.

[ToxpobHbIe CBEIEHNs] O HEMPEPBIBHBIX PACCIOEHUSIX W HEIPEPHIBHOM IM0-
JuBepcymMe nverorces B [1].

Beiony nanee V€ — nenpepoisubiit mosmsepeym, a V4 — ero ciioit B Tovke
q € (@, KoTophIit MBI Tak:ke Oymem obo3Hadarh cumBoiom V. (3amernwm,
qro 1V npezgcrasisier coboit mogesn ZFC.)

YeaosuMced o603Ha9aTh cuMBoJiaMu R 1 N MHOXKeCTBa BeIeCTBEHHBIX U
narypateubix qucen (0 ¢ N), a cuvsoramu R u N — srementsr C(Q, VE),
spaistoruecs: B C(Q), VQ) MHOKECTBAMHU BEIECTBEHHBIX M HATY PAJIbHBIX TUCEI.
Hanomunm, aro N = N, e (1) — xamonmueckoe siozxenne V B C(Q, VQ)



Hecmandapmuas 060404k 6 6YAe803HAUHOM YHUBEDCYME 45

(em. [2, 11.2.2.7]). Bemem Takzxke obosuadenus R = R(q), IN = N(q) n ana
ancna @ € R cumsosiom Yo yesosumest oboznauats snement o' (q) € 1V,

Ecmu snement X € 9V apngerca sayTpu 1V mosem wim ynopsao9eHHBIM
MHOKeCTBOM, TO Ha X | MOKHO €CTEeCTBEHHBIM 00pPa30M BBECTH OT€PAIMH OISt
I COOTBETCTBEHHO OTHOIIEHUe mopsaaka. Hampumep, mid o, § € YR | cymma
o+ onpenensiercs Kak Takoii ssmement v € IR |, aro 9V | (7 = a+ ). Jlerko
[POBEPUTH, YTO CIyCK 1oJist Oyaer mojem. Ecim snement X € 9V gapsiercs
BayTpu 7V BeKTOpPHBIM NpocTpancTBoM Haj nojiem I € 1V, to X | okaxkercsa
BEKTOPHBIM IIPOCTPAHCTBOM HaJl mojieM FJ.

JlemMa 1. /ls ao6oro anciaa o € R agrement Ya € 1V gpasercs auciaom
sayrpn 1V, 1 e. o € IR]. @Dynknns 4(+): R — IR| mabekrnBHA W coxpa-
HsIeT OTHOIICHHE IOPsAKA H OLEPAIHA CJ0KeHHS H yMHOKeHus. Kpome Toro,
N"(q) = 9N u R"(q) C ‘R BryTpm 9V.

JlokazaTebCcTBO 9TOW JIeMMbI HECJIOXKHO MTPOBECTH, MCIOJIb3Ysl CBOMCTBA
KaHOHMYECKOro Bo:KeHus (+)”, mpusegeHHbIe B [2], M ONUpasgch Ha KJacCH-
qecKoe oTpejie/IeHre IYNC/IOBBIX MHOYKECTB, TPH KOTOPOM HATYPaJbHBIMHU YHUC-
JlaMK CHUTAXTCA KOHe4YHble OPpAWHAJIbl, PalUMOHAJIbHbIE YHUCJ/Ia BBOAATCA KaK
KJIACChl SKBUBAJIEHTHOCTH IIap IIEJbIX YHCEJN, a BeIleCTBEHHBbIE YUCIa OLpejle-
JIAIOTCA KaK AeJCKUHIOBbI C€YeHUud MHOZKECTBa PallMOHAJIBHbBIX YHUCEJI.

YeaoBuMcd B JaJbHEHIIEM OTOXKISCTBJIATD jeMeHTH o € R n 9 € 1R
u TeM caMbiM cuuTath, 9To R C IR .

[Iycte U — Mojiesib CUTHATYpbl TEOPUU MHOXKECTB, a daeMmeHT P € U
sBaisiercst BHyTpu U orHOmenneM (T. e. MHOXKecTBOM Tap). Pacemorpum cire-
JIYIOTIee CBOICTBO MOCJIEI0BATETLHOCTH (I )neN d71eMenToB (dom P)l: eciu
qist aroboro n € N Haitgercs snement y, € U Takoit, uro

U}: ((xlayn)a-"v(xmyn) € P)7

10 cymecTByer sjaement y € U, st KOToporo
U E ((#n,y) € P) upmBeexn € N.

OtrHomenre P Ha3bIBAETCS CUEMHO-HACHIUEHHDILM, €CIN JII00as IOCIeI0Ba-
TeJIbHOCTD dJieMenToB (dom P)J o61a1aeT yKa3aHHBIM Bbilile CBOHCTBOM. [0BO-
pst, aro mozesnb U cuemno-racviuierta, ecu aodoe ornorenne B U caeTHO-
HACBIIIEHHO.

Touka TOMOJOrMYECKOTO TPOCTPAHCTBA HA3BIBAECTCH O -U30AUPOCAHHOT
(mwnu P-mowukot), ecu nepecederue J0O0r0 CYeTHOIO MHOYKECTBA €e OKPEeCT-
HOCTEH ABJAETCA OKPECTHOCTBIO 3TOW TOYKH.
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§ 2. HecranmapTHasa 060/I09Ka HOPMHPOBAHHOI'O IIPOCTPAHCTBA

B nannom naparpade ycranaB/iumBaeTcs KpUuTepuil c4eTHO HACBIIIEHHO-
CTH CJIOS TIOJIMBEPCYMa, MPeJJIaraloTcs aHaJIOTM HEKOTOPBIX TeopeM HH(UHU-
Te3MMaJIHFHOTO aHAIN3a O TOJe BEIEeCTBEHHBIX YNCceT U HOPMUPOBAHHBIX MPO-
CTPAHCTBAaX M HCCJEIYeTCd BOIPOC O IOJHOTE HECTaHIaPTHOW 000T0YKH HOP-
MHUPOBAHHOTO TMPOCTPAHCTBA B CJI0€ TOJUBEPCYMA.

Teopema 1. Kiacc 1V gpiasercs cieTHO-HACBIIIEHHBIM TOLA H TOJIBKO
Torja, Korga Touka q € () He 0-H30THPOBAHHA.

< JloctatouuocTh. lIpemamnomoxnm, 910 TOUKA ¢ HE 0 -N30JIUPOBAH-
Ha, ¥ YCTAHOBUM CUYETHYIO HACBIIIEHHOCTD Kjacca 1V,

[Iycte P — »snement 9V, gaengomuiica orHomenneMm BuyTpu V. Pac-
CMOTPHM HPOU3BOJIBHYIO TOCJIEI0BATEIBLHOCTD (T )neN 1eMentoB (dom P) u
MPEANOI0KIM, 9TO i Jaooro n € N naiigercs snement y, € 1V, yuosie-
TBOPAIOIIUNA YCIIOBUIO

WV = ((xl,yn), ooy (Tnyyn) € P).

[Tokazkem, uro cymectByer 1ement y € 1V, g koroporo 1V = ((:cn, y) € P)
npu Bcex n € N,

IIposemem uepes P cevenme P € C(Q,V?), a uepes z, u y, — ceuenus
U, vy € C(Q, V) (n € N). Onpenennm muoxecrsa W, € Clop(Q) (n € N)
CJIeJIYIONUM 00pa3oM:

Wi = |[(u1,v1) € Pll,
W2 = ”(u17v2)7 (UQ,UQ) S PH N W17

W, = ||(U1,Un), Sy (unavn) € PH N Wh-1,

Cayuaii 1: (),ey Wn He sBIsIETCS OKPECTHOCTBIO TOUKH (.

[Monoxkum Dy = Wi\Wa, ..., Dy = Wp\Wp41, ... u obo3Ha4uuM uepes
Dy nononuenne 3ambikanus | J, .y Dn 10 Q. Muoxectsa D), (n =0,1,2,...)
obpasyor pasbuenue eauHuIbl B OyiaeBoii anredpe Clop(Q).

Onpegenum cedenue 0 € C’(U;’;O Dn,VQ), nosaras | p, = vp|p, Auda
Beex n € N u 0|p, = @"|p,. Cornacno npuamuny npogomxenns (cM. [1, 3.8])
cevenue ¥ (OMpe/IeJIeHHOe HA BCIOJLY MIIOTHOM MOJMHOYXKECTBe () POIOIKALTCS
710 cevernms v € C(Q,V?). Tlokasxewm, uto saemvent y = v(q) uckomprit. s
5TOro 3aduKcupyemM MPOu3BoOILHOE Yncjio n € N u ycTaHOBUM BKJIFOUEHHE

q € [[(un,v) € Pl
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[omoxum Wy = |[(un,v) € P|| N W, u mokazkem, 9TO ¢ IPHHAIIEKHAT 3aMbl-
kanuio Wy (a ciemoarensro, g € Wy). [omycrum BOIPEKH JTOKA3BIBAEMO-
My, 4TO HeKoTopas okpectHocTb W C W, Toukm q He nepecekaercsa c¢ Wj.
Kak merpyano 3amerutb, D,, C Wy mia Bcex m = n. ClenoBaTesbHO,
wcw,\U Dy,. C apyroii ¢TOpOHBI, MHOZKECTBO

W\ U D= () W= () W

m>=n m>=n meN

m>=n

He dBJIdeTCd OKPECTHOCTLIO TOYKH (.

Cayuaait 2: ﬂneN W, siBasieTcst OKPeCTHOCTHIO TOYKH (.

[TockoabKy TOYKa ¢ HE 0-W30JIMPOBAHHA, CYIIECTBYET yObIBAIOIIAs MOCIE-
JIOBATE/ILHOCTH OTKPHITO-3aMKHYThIX OKpectHocTeii (W) ),en TOUkm ¢ Takas,
910 ),en W/ He aBngeTcs OKPECTHOCTBIO ¢. Be3 orpaHumdeHms OGIHOCTH
MOXKHO ¢auTarh, aro W, C ﬂmeN Wi s Becex n € N. Jlaabueiinee poka3a-
TEeJbCTBO CBOJMTCS K IIOBTOPEHUIO PACCYXK/IeHUi Jjist ciaydasi 1 ¢ 3amenoit W,

ua W).

Heob6xoaxumoctb. llycth ¢ — o-m3onupoBannas touka. [lokaxkewm,
410 KJjaacc 1V He gBjsgeTcs CYeTHO-HACHIIEHHBIM.

[Iycre P — saement 9V, papubiit Buyrpu 7V MuOXKecTBY Beex nap (z,y)
snemenToB N rtakux, uro x # y. Ilokaxkem, uro orHomrenue P He sBjseTcs
CYETHO-HACBIIIEHHBIM.

Ouesuno, 1V |= ((ql,q(n—l—l)), o, (In,9(n+1)) € P> Juist Beex n € N.

[IpeamoI0KuM BOTIPEKN JTOKA3bIBAEMOMY, UTO CyImecTByeT 3jemenT y € IN |,
yaoBJIeTBOpstIoInit coornomenuto In # y mis Becex n € N. Tlpoeenem vepes y
cedenue v € C(Q, V?). Toraa

g€ fveN =\ [lo=n"| =t | [l =n".

neN neN

[Tockosbky Jyist Kazkagoro m € N Touka ¢ He npunasiexut | J lv = n"|

=

n<m )
zakmodaeM, 410 ¢ € cll{J,sp, | W,, nng Bcex m € N, T.e.

q € Nmexy Wimn. C apyroit cTOpOHBI, HCIONB3YS TONAPHYIO JH3BIOHKTHOCTD

lv=mn

muoxects |[v = n[| (n € N), merpyano nokasars, uro nepecedense [ ),y W
HE ABJIAETCAd OKPECTHOCTHIO TOYKH ¢, 1 T€M CaMbIM IOJIYIYUTH MPOTUBOpEYUNeE C
0 -U30JIMPOBAHHOCTHIO TOYKHN q. D

IIpengoxenne 1. /lis srioboro muoxkecrsa C' C 9V cymectByer 3.te-
mernr C' € 9V rakoii, uro C C C|.

< [IlpoBemem uepe3 Kaxkablii ssement ¢ € C' cedenne u, € C’(Q,VQ) u
>

nosoxkuM u = {ue | ¢ € CH. $cno, uro snement C' = u(q) MCKOMBIIA.
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ITpennoxkenune 2. /lisa sroboro komedrnoro muoxecrsa C' C 1V cymre-
crByer agemenT C' € 9V rakoii, avro C = C|. Ilpu srom C sBisercs BHYy-
tpu 9V KOHEYHBIM MHOKECTBOM.

d Iyers C = {x1,..., 2y} C 9V. O603HATUM CHMBOJIOM U HOTHEM MHO-
xectBa cedennii {uy, ... u,} C C(Q,VY), npoBeseHHBIX COOTBETCTBEHHO Ue-
pes 1, ..., Ty, n nojoxum C = u(q). Ouesuuno, 1, ..., 1, € Cl. Ioxkaxewm,
a0 mo6oit saement x € C coBmagaer ¢ x; Ama HekoToporo i € {1,...,n}.
TTposeaem uepes z ceverne v € C(Q, V). fcno, uro

n n
g€ lveul=\lv=ul=Jllv=ul,

a 3Haunt, r = v(q) = ui(q) = x; nna wekoroporo ¢ € {1,...,n}. D>

Ouenno, urto siement C, durypupyommii B GOPMyIHPOBKE MPEJIO-
JKeHUsT 2, OJIHO3HATHO OMpejessiercss KoHedHbiM MHOXKecTBOM C. Mbr Gymem
HA3BIBATH 3TOT JJIEMEHT nodsemom MHOXKecTBa C' 1 0003HAYATH €r0 CHMBO-
jgom CT.

Mycrs C C 9V, D €9V u f: C — D|. Daement f € 1V 6yxem Ha3bBaTh
snympenrum npodoasiceruem byukuun f, ecau 1V = f:C — D, rne C €9V,
C CCluiVE f(c) = f(c) nus seex c € C.

Jlemma 2. Ilycrb Touka q € () He sBJsieTCst 0-H30JHPOBaHHON. Ecin

C — cuernoe mogvuOKectBO 1V 1w D € 9V, 1o smrobast pyakmnust f: C' — DJ
HMEET BHYTPEHHEE IIPOJIOIZKeHHE.

< Ilo mpemmoxkenuto 1 Haiimercsa takoit snement C' € 1V, gyro C' C C|.
[Iycte P € 1V asasiercs sayTpu 1V oTHOIEHNEM HA MHOYXKECTBE BCeX (DyHKITHIT

u3 noaMuozkecTB C' B D, onpeaeieHHBIM CJIEIYIONIM 00Pa30M:
(h,f_L) € P < h — mponosxkenue h.

[ycrs C' = {c1,...,¢n, ... }. s kaxgoro n € N o6o3nauum uepes [, Takoit
sstement 1V, uro WV k= f, = {(cn, f(cn)) }, u nonoxnm

fn = {(Cl,f(ﬁ)); SRR (Cn,f(Cn))}T

dcno, uro 1V = ((fl, Fo)seoos (fas fn) € P). Torna u3 c4eTHOI HACBIIIEHHO-
cru kiaacca 1V (rapanTupyemoii Teopemoii 1) cieyer cyniecTBOBaHHE TAKOTO
smementa f € 1V, uro 1V | ((fn,f) € P) g Beex n € N OueBuiHo,

97eMeHT f SIBIsIeTCsl MCKOMBIM BHYTPEHHUM TpojosKennem byukmun f. >
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YesoBuMcst Ha3bIBaTh deMeHTsl IR | enympernnumu wucsamu. BHYyTpeH-
HEe YHCI0 A HA30BEM CMAHIGPMHBLM, €CJIH CYIIECTBYeT Takoe ducjio « € R,
g0 Y0 = A. Bamernum, 9TO ¢ y4eTOM NPUHSITOTO PaHee COrJIaiienus (O BKJIO-
gerun R C YR ) MbI OTOXK/IeCTBIIsIEM CTaHIAPTHBIE YUCIa U TeMeHTh R.

O2paruMennvm 4ucAoM HA30BEM BHYTPEHHEE 9HCJIO, MOY/Ib KOTOPOIrO
MeHbIIle HEKOTOPOTO CTaHIAPTHOTO Ynca,  obo3naunm cumBoiom O(1R) MHO-
JKeCTBO BCeX OTpaHUYEHHBIX dHces. Uuciia, He SaBISOIIecs OrpaHnIeHHbIMIA,
Oy/ieM Ha3bIBATh OECKOHEUHO OOALWUMU.

BHyTpenHee 49HCIO A HA30BEM 0OeCKOHEWHO MaAbM, ecan |A| < o miga
JII060ro crangapraoro ducyaa « > 0. Bygem roBopurh, 9To JBa BHYTPEHHUX
qucyia 0eckoHeuHo 6AU3KU, €CIN WX PA3HOCTh OeCKOHeYHO MaJsa. OTHoIIeHue
OecKOHeUHOi1 6,1M30cTH 0003HAYUM CHMBOJIOM R, IDTO OTHOIIEHUE SIBJISETCS
OTHOIIIEHIEM SKBUBATEHTHOCTH Ha MHOYKECTBE BHYTPEHHUX UUCET. YCJIOBHMCS
0603HAYATH CHMBOJIOM [A] KJIACC 9KBUBAJIEHTHOCTH, COJEPKAIUil BHYTPEHHEE
YUCJIO0 .

Ilpengioxkenune 3. lias j1r060ro orpaHHIeHHOIO YHCJIA A CYII[ECTBYET
eHHCTBEHHOE CTAHIAPTHOE IHCJI0, OECKOHETHO OJIH3K0E K .

< CymecrBoBauue. Paccmorpum mMHOXKeCTBA
A={aeR|a< A}, B={BeR|p >}

13 orpanndennocTn ncaa A BeiTekaet, uto A, B # &. Kpome Toro, AUB =R
ua < B pas awobbix o € Au € B. Tonoxum v = sup A = inf B. Eciunu
7 < A, 10y € A u, crenoBareibHo, 7 A A (MOCKOJIBKY B 9TOM CJIydae 7y
ABJISIETCS] HAUOOJIBIMNM CTAHIAPTHBIM IHCJIOM, MeHbImuM A). Ciyuail v > A
paccMaTpuBaeTCs aHAJIOTUYIHO.

EnubncrBennocrb. Ecanm cranpaprable yucaa « U 5 TAKOBBI, YTO
a# fua,f A\ T09UCI0 | — | OTIHIHO OT HYJIs U GECKOHEYHO MAJIO, YTO
MMPOTUBOPEYUT €ro craHjgapTHoctu. [>

CuencrBue. Orobpaykenne « — [a] ocymecrsasier onekmnio R Ha
O(tR) /~.

JInst 11060T0 OTpaHUYEHHOTO YUCIA A OECKOHEYHO OJM3KOoe K HEeMYy CTaH-
JIAPTHOE YUCI0 HA30BEM CMaHIapmMHOt 4acmovio X 1 00o3HaIuM depe3 °\.

Ilpennoxkenue 4. Ilycrs Touka q¢ € () He ABIAETCS O -H30JTHPOBAH-
Hott. Ilpemmosioxkum, 4To ciyck sjaementa D € 9V comep>KHT MHOXKeCTBO
{n € N | m < n} auss nexkoroporo m € N. Torga cymecrByer 6eCKOHEUHO
6ostbImoe HaTypaJjabaoe dncao M takoe, aro Baytpn 9V crpaseinBo BKJIHOIE-
HHe

{neIN|m<n<M}CD.
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< JoctaToyHo paccMOTpeTh oTHoIIeHne P, 3aannoe BuyTpu 1V mpasu-
JIOM

(z,y) P & (r,yecDNIN, z<yu {neN|z<n<y}CD),

U BOCIIOJIL30BAThLCS CUYETHOI HacbimeHHocTeo V. D>

[Iycts X € 9V — nopMmupoBanHOe npoctpancTBo Haa ‘R BuyTpm 7V.
Dnement x € X| Ha30BeM 02paHu4eHHbLM, ecan ero HopMma BHyTpu 1V aBis-
ercst orpanndeHHbIM qucsioM. O6o3nadnm cuvBosiom O(X) MHOXKeCTBO Bcex
OTPAHUYEHHBIX 37eMEeHTOB X |.

DaemMeHTHl T,y € X OyaeM Ha3bIBaTb O€ckOHEUHO OAUSKUMU U TUCATDH
xr ~ y, ecau HOpMa ux pasunoctu BHyTpu 7V Geckoneuno maga. OrHOIIEHUE
OeckoHe4HOl OJiM30CTH 1TPeJICTaB/IsieT cOOOi OTHOIIEHWE YKBUBAJIEHTHOCTH HA
MHOKecTBe X|. Kiacc sxkBuBajmeHTHOCTH, cojaepzKaliuii smeMeHT r € X,
YCJIOBHMCsT 0003HAYATH Yepe3 [x].

O6o3nauum daxrop-muoxkecrso O(X)/~ cumosiom X u 1H0JI0KUM

x+y=[r+yl, Mx=[A] x| ="

JUI MOOBIX X,y € X u A € R, rie © u y — NIPOU3BOJIbHBIE IIPEICTABUTETN
KJ1accoB X n y u ||| — wopwma snementa x Buytpu 7V. Jlerko mokasarb, uTo
BBEJEHHBIE OIEPAINN OIpeeeHbl KOPPEKTHO M IMPEeBPAIlaloT X B HOPMUPO-

BaHHOE TTpOCTpaHCTBO HaJI R, KoTopoe MbI Oyaem ob03HAYATH CUMBOJIOM X |
HA3bIBATH HECMAHAAPMHOT 00040%K0T, HOPMUPOBAHHOIO TPOCTPAHCTBA X .

Teopema 2. Ilycte Touka q € () He sIBISETCST 0-H30JJAPOBAHHOH 1
X € 9V — nopmupoBannoe npocrpanctso BHyTpu V. Torma HOpMHDOBAH-

HO€e IPOCTpaHCcTBO X IIOJIHO.

d Iycerb (Xp)neny — dyHIAMEHTATBHAS MOCIEJI0BATETHBHOCTD B IIPO-
CTPAHCTBE X u Tp € Xy wiis Beex n € N, Torua juis siroboro k € N naitjgercs
ancsio ng € N r1akoe, ato 1V = ||, — 2y || < 1/k ps Beex n, m > ny. Pacemo-
TPUM BHyTDeHHee npojokenne (1p), 5 € 1V nociesosareabnoctn (Tn)nen,
nornmaemoii Kak Gynknus u3 N B X | (Takoe npojoszkenne cymecTByer B CHILY
nemunt 2). Moxno cunrars, uro 9V = N C 9N.

[Tokazkem, aTo Haligercss beckonedHo Oosbimoe yucao m € YN, npunam-
nexamee N| u yrosrersopsomee BayTpu ¢V nepasencrsy ||z, — xm|| < 1/k
nngBcex k,n € N, n > ny. (TeM CAMBIM MBI YCTAHOBHUM, UTO 3JEMEHT T € X |
SABJISLETCS. OIPAHUYEHHBIM H 110CJIe10BATE/ILHOCTD (Xp)peN CXOAUTCH K [T7).)

st kazxoro k € N obozuaunm uepes3 Ey snement 1V, y1oB1eTBOpSIIONTHit
BuyTpu 1V cooTHONIEHUTO

E,={m¢€ N | [|zs — 25| < 1/k nnst Becex 4,5 € N Takux, ato nj, < i, < m}.
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BameruMm, uro N C Fjil, a ciejoBareibHO, COIJIACHO IPE/JIOKEHUIO 4 UMeeT
MECTO BKJIIOUEHHUE

{m € INy | m <my} C El

JIJISI HEKOTOPOro OecKOHEeYHO OojbmIioro unmcaa mp € NJ|. MOXKHO CUNTATD,
910 Mpy1 < my aad Becex k € N. Bmaromapa cuernoit macwsimennoctn 4V

cymiecTByer 0ecKoHedHO OoJjibinoe yucao m € N| rakoe, 9410 m < myp Jid
Beex k € N. Torma m € Epl aus oboro k € N, a 3HaunT, BHYTPEHHEE YUCIO
m = m ucKkomoe. [

IMpennoxenue 5. FEcam touka q € () sABjIsteTcsT 0-w30JUPOBAHHOMN, TO
B 1V Bce BerecTBeHHBIE YHC/IA CTAHAPTHBI.

< Cuauasia nmoxkaxkem, 9To B 1V HeT HecTaHJAPTHBIX HATYPAJbHBIX Y-
cest. TIpesmooKuM BOMPEKH JOKA3BIBAEMOMY, UTO CYIIECTBYET CEUeHUe U €
C(Q,V?), xns xoroporo C(Q, V) = u € N u u(q) # % npu seex k € N. 13
O-M30/JIMPOBAHHOCTH TOUKU ¢ caegyer, 1ro Muoxkecrso W = (Vo [lu # k|
SBJIsIeTCsl OKPeCTHOCTHIO ¢. C JIpyroit CTOPOHBI,

Q=llueN|=\ lu=i|=cd ] |u=r"

keN keN

a 3uaunt, MHOKECTBO | J oy [[u = k|| = Q\W Bcroay miorso B Q, 4T0 HEBO3-
MOZKHO.

N3 nokaszaHHOTrO BhIIE ciaepyer, 9To B 4V Her GeCKOHETHO OOJIBINX Bele-
CTBEHHBIX uuncest. [ljist 3aBeplieHns JOKa3aTe/IbCTBA OCTAJIOCH 3aMETUTh, YTO
ecsim A € 1R] — HecraHmapTHOE OIPAHMYEHHOE YHUCJIO, TO Yucja0 1/(\ — °N)
Oeckone4dHo OoJibiioe. [

[Ipensioxkenne 5 o3HAYAET, UYTO B CIyUae 0-U30JUPOBAHHON TOUKHI ¢ CIIpa-
BemuBbl pasencrBa ‘R = R u IN| = N (¢ yuerom npuHaTOro patee coria-
menns o Bkiaovenun R C IR ).

Jlokaxkem Terepb yTBep:K/eHHe, 0OpaTHOe K Teopeme 2.

ITpennoxkenue 6. Ilycrs q € () — o-m3ompoBaHHass ToYKa. lorma
raigercsa saement X € 1V, gpaarommiics BayTpa 1V HOpMHPOBAHHBIM IIPO-

CTPAHCTBOM, JIJISI KOTOPOI'O HOPMHPOBAHHOE IIPOCTPAHCTBO X HE IMOJIHO.

< Paccemorpum snement X € 9V, gpnsiomuiica BayTpu 7V HEmoJHBIM
HOPMHUPOBAHHBIM IPOCTPAHCTBOM, H IIOKAaKeM, UTO ero HeCTaHJ apTHas 000-

Jiouka X He noJiHa. V3 npejiozkenust 5 BbITEKAET, 4TO DeCKOHeYHas 0JIM30CTh

97eMeHToB X | paBHOCHIbHA UX PABEHCTBY, a 3HAYUT, JJEMEHTHI X mpeJicTa-
BJISIOT 000§t CHHDIUTOHBI {2} OrpaHUYeHHBIX 37eMeHTOB € X |.

[Iycth s — snement 7V, koropsiit BuyTpu 1V gpisercs dyHaMeHTATLHOM
[OCJIeI0BATEIHHOCTBIO 3JIeMEeHTOB X , He uMmeroleil npejesna. Paccmorpum mo-
CJIEIOBATEIBHOCTD (X )peN 7eMeHToB X |, nostaras o, paBHbIM In-my dieHy
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nocsaegoBarebHocT § BHyTpu V. lcnonb3ys npejjioxkeHue 5, JIETKO IO-

Ka3aTb, 4TO ({xn})n ey — bymramenTanbuas 10cia€10BATENIHHOCTD dJIEMeH-

toB X. C Ipyroit CTOPOHBI, 9T MOCJIEI0BATETLHOCTH HE MOZKET UMETh Mpeieia,
MOCKOJIBKY U3 €e CXOJUMOCTH K 3JeMeHTy {z} € X ¢ 04eBUJIHOCTHIO BHITEKAIA
OBl CXOJUMOCTD HOCJIEIOBATEILHOCTH S K 3jieMenty  Buytpu 1V. [

B zakmaouenne chopmyaupyem Teopemy, 0ObeINHSIONLYI0 OCHOBHBIE pe-
3yJIbTATHI JIAHHON PabOTHI.

Teopema 3. Ilycrs 1V — cioii B Touke q € () HEIPpepbIBHOIO IOTHBEPCY-
Ma HaJl IKCTPEeMaJibHO HeCBA3HBIM KoMuakToMm Q). Ciepyronme yTBep K eHus
9KBHUBAJICHTHBI:

(a) Towka q He 0-H30JMPOBAHHA,

(6) mozenp 1V sgBasercss cueTHO-HACHIIIEHHOIT,

(B) HecrammaprHas 000JOYKa JIOOOr0 HOPMHPOBAHHOTO ITIPOCTPAHCTBA
puayTpu 1V morHa.
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