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THE NONSTANDARD HULL
OF A NORMED SPACE
IN A BOOLEAN-VALUED UNIVERSE

A. E. Gutman™ and D. B. Ryabko **

Abstract

In this article, we extend some results of infinitesimal analysis on normed spaces
and the field of reals to the functional representation of a Boolean-valued uni-
verse. In particular, we prove equivalence of the following three conditions for
an arbitrary polyverse over (): a point ¢ € @ is not o-isolated; the stalk of
the polyverse at ¢ is countably saturated; and the nonstandard hull of every
normed space in the stalk of the polyverse at g is complete.
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One of the most important notions arising in infinitesimal analysis in
connection with the theory of normed spaces is that of the nonstandard hull
of a normed space, i.e. the set of limited elements factored by the relation of
infinite proximity (see, for instance, [2]).

In [1], a convenient functional analog was suggested for a Boolean-valued
universe, namely, the set of sections of a corresponding continuous polyverse.
In particular, such a functional model makes it possible to consider the notion
of infinite proximity of elements of a normed space inside a stalk of the poly-
verse and thus open an extra opportunity for a synthesis of the methods of
infinitesimal and Boolean-valued analysis.

In this connection, the natural question arises of extending the main re-
sults of classical infinitesimal analysis to a Boolean-valued universe. In the
framework of the problems mentioned, the question of completeness of the non-
standard hull of a normed space inside a stalk of a polyverse is deemed of
importance.
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In this article, we give a positive answer to this question in the case when
the point of the compact space which corresponds to the stalk is not o-isolated.
We establish completeness of the nonstandard hull using a criterion proven also
of countable saturation for a stalk of the universe.

1. Prerequisites

In this section, we give some definitions and facts necessary in the sequel.

Denote by V the class of all sets and assume V to be a model of ZFC
(more exactly, NBG; see, for instance, [3, I11.1.3]).

Throughout, () is an extremally disconnected compact space.

Denote by Clop(Q) the totality of all clopen subsets of ¢ and by Clop(q),
the set of all clopen subsets of Q containing a point ¢ € Q. Let V9 € Q xV be
a class-correspondence on which a topology (see [1, 1.2]) is defined. The class of
all clopen sets of V¥ is denoted by Clop(VQ). For every point ¢ € @), the class
Ven({g}xV) ={(g. ) | (q,2) € V@} is denoted by V9. The correspondence
V@ is called a continuous bundle over @, and the class V7 is called the stalk
of V¥ at the point gq.

A function u: D — V@ is called a section of V9 on a set D C Q if
u(q) € V4 for all ¢ € D. By a continuous section of V we mean a section
that is a continuous function. For every subset D C @), we denote by C(D, VQ)
the class of all continuous sections of V¥ on D.

As is proven in [1] (Propositions 2.3 and 2.5), if the conditions

(1) Vge@ VYzeV? Juel(Q, VY wulq) =ux;

(2) YueC(Q,V?) VAcClop(Q) wu(A) € Clop(V?)
are satisfied, then V@ possesses the following properties:

(i) the topology of V@ is Hausdorff;

(ii) for every u € C(Q,V?) and ¢ € Q, the sets u(A) (A € Clop(q)) form

a neighborhood base of the point u(q);

(iif) all elements of C(Q, V@) are open and closed mappings;

(iv) the topology of V¥ is extremally disconnected.

In what follows, we assume that, for every point ¢ € @, the class V7 is
an algebraic system of signature {€}.

For aformula p(t1, ..., t,) of set-theoretic signature and sections uq, . . ., up

of the bundle V¥, denote by {(p(ul, . ,un)} the set

{q € domus N---Ndomuy, | V9= o(ui(q), ..., unl(q)) }.

Given an x € U, where U is an algebraic system of signature {€}, the class
z):={y € U| U [ yex} is called the descent of x. If U meets the exten-
sionality axiom then the equalities ] = y] and x = y are equivalent for every
x,y € U. Below, we will be interested mainly in the case of U = V1,
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For an arbitrary section u € C(Q,V?), the class Ugeq u(g)d is called
the unpack of the section u and denoted by Lu_.
A continuous bundle V¥ is called a (continuous) polyverse over @ if

the extensionality and regularity axioms are true in every stalk V¢ (¢ € Q)
and, in addition to (1) and (2), the following conditions hold:

(3) Yue C(Q,V?) Lul € Clop(V?);
(4) VX €Clop(V¥) 3uec @,V Lus=X.

For arbitrary sections u,v € C(Q,V?), the sets {u = v} and {u € v} are
clopen (see [1, 3.3]), which allows us to introduce two class-functions

[+=-1,-€-]l: C(Q,V?) x C(Q,V9) — Clop(Q)

by setting ||[u=v|| = {u=v} and ||[u€v| = {uev}.

It is easy to verify that the triple (C(Q,V?), |[-=-]|, |[-€-])) is a sep-
arated Clop(Q)-valued algebraic system.

As demonstrated by the following theorem, the class of continuous sections
of a polyverse is the general form of a Boolean-valued universe.

Theorem [1, 4.10]. Let ) be the Stone space of a complete Boolean
algebra B.

(a) The class C(Q,V?) of continuous sections of a polyverse V& over
is a Boolean-valued universe over Clop(Q).

(b) For an arbitrary Boolean-valued universe i\ over B there is a poly-
verse V¥ over Q such that (@, VQ) is isomorphic to 4.

More detailed information about continuous bundles and a continuous
polyverse can be found in [1].

Throughout the article, V€ is a continuous polyverse and VY is its stalk
at a point ¢ € ) which we will also denote by V. (Note that 9V is a model
of ZFC.)

Let us agree to denote by R and N the sets of reals and naturals (0 ¢ N),
and by R and N, the elements of C(Q,V?) which are the sets of reals and
naturals in C(Q,V?). Recall that N~ = N”, where (-)" is the canonical
embedding of V into C(Q, V) (see [3, 11.2.2.7]). Introduce also the notations
IR = R(q), IN = N(q); and if @ € R then we denote by %« the element
a’(q) € 9V.

If an element X € 9V is a field or an ordered set inside 9V then X|
is naturally endowed by field operations or an order relation respectively.
For example, for a, € 1R, the sum a + [ is defined as the element v € /R
such that 9V = (y = a + ). It is easy to check that the descent of a field is
a field. If X € 9V is a vector space inside 7V over a field F' € 7V then X| is
a vector space over F].
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Lemma 1. For every real a« € R, 9%a € 9V is a real inside 1V, i.e.,
9o € 9R]. The function 9(-): R — 9R| is injective and preserves the or-
der relation and the operations of addition and multiplication. Furthermore,
N"(g) = IN and R"(q) C IR inside V.

It is easy to prove this lemma using the properties of the canonical em-
bedding (-)" cited in [3] and basing on the classical definition of number sets
in which naturals are finite ordinals, rationals are equivalence classes of pairs
of naturals, and reals are defined as Dedekind sections of the set of rationals.

In what follows, we identify o € R and a € YR and thus assume that
R C 9R|.

Let U be a model of set-theoretic signature and let P € U be a relation
(i.e. a set of pairs) inside U. Consider the following property of a sequence
(Zn)nen of elements in (dom P)J: if, for every n € N, there is an element
yYn € U such that

[U):((xlayn)a"'?(xnayn) € P)
then there is a y € U for which

Uk ((zn,y) € P) foralln e N.

The relation P is called countably saturated if every sequence of elements in
(dom P)] possesses the above property. The model U is said to be countably
saturated if every relation in U is countably saturated.

A point in a topological space is called o -isolated (or a P-point) if the in-
tersection of every countable set of its neighborhoods is a neighborhood of
the point.

2. Nonstandard hull of a normed space

In this section, we establish a criterion of countable saturation for a stalk
of a polyverse, suggest analogs to some theorems of infinitesimal analysis on
the field of reals and normed spaces, and study the problem of completeness
of the nonstandard hull of a normed space in a stalk of the polyverse.

Theorem 1. The class 1V is countably saturated if and only if the point
q € Q is not o-isolated.

< Sufficiency. Suppose that g is not o-isolated, and prove countable
saturation of V.

Let P be an element of 9V that is a relation inside 7V. Consider an ar-
bitrary sequence (zy)nen of elements in (dom P)| and assume that, for every
n € N, there is a y, € 7V meeting the condition

VE ((#1,9n),. .-, (Tn,yn) € P).

We demonstrate that there is a y € 7V with 7V = ((zy,y) € P) for all n € N.
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Draw a section P € C(Q, V?) through P and sections u,, v, € C(Q, V%)
(n € N) through z,, and yy,. Define the sets W,, € Clop(Q) (n € N) as follows:

Wi = [[(u1,v01) € P,
Wy = H(Ul,'l}g), (UQ,UQ) € PH N Wl,

W, = ||(U1,Un), Sy (unavn) S 73” N Wn-1,

Case 1: (),eny Wa is not a neighborhood of ¢.

Put Dy = Wi\Wa, ..., Dy = W,\Wy41, ... and denote by Dy the com-
plement of the closure of | J, .y Dn to Q. The sets D, (n = 0,1,2,...) form
a partition of unity in the Boolean algebra Clop(Q).

Define a section & € C(Un—g Dn, V?) by setting 9|p, = vn|p, for all
n € Nand 9|p, = @"|p,. By the extension principle (see [1, 3.8]), the section ¥
(defined on a dense subset of Q) is extendable to a section v € C(Q,V?).
We will demonstrate that the element y = v(g) is a sought one. To prove that,
fix a number n € N and validate the containment

q € [[(un,v) € Pl

Put Wy = |[(un,v) € P|| N W,, and prove that g belongs to the closure
of Wy (and hence ¢ € Wy). Suppose to the contrary that some neighbor-
hood W C W,, of ¢ does not intersect Wy. As is easily observed, D,,, C W for
m > n. Consequently, W C W,\J D,,. On the other hand, the set

m2>n
W\ U D= () W= () W
m2>n m2>n meN

is not a neighborhood of q.

Case 2: (),ey Wha is a neighborhood of g.

Since ¢ is not o-isolated, it follows that there exists a decreasing sequence
of clopen neighborhoods (W},)nen of ¢ such that (), oy W), is not a neighbor-
hood of ¢. Without loss of generality we may assume that W, C (,,.ey Win
for all n € N. The rest of the proof amounts to repeating the argument for
Case 1 with substituting W}, for W,.

Necessity. Assume that ¢ is a o-isolated point. We prove that 4V is
not countably saturated.

Let P be an element of 9V that is equal inside 7V to the set of all
pairs (z,y) of elements of YN such that x # y. We prove that the relation P
is not countably saturated.
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Obviously, 1V = ((ql,q(n + 1)),y (T, Yn+ 1)) € P) for all n € N.

Suppose to the contrary that there exists a y € YN| meeting the relation
n # y for all n € N. Draw a section v € C(Q, V?) through y. Then

g€ llveN=\/ lo=n"|=cl{J [lv=n"[
neN neN
Since ¢ does not belong to |, <, [[v =n"| for any m € N, it follows that
q € U, llv=n"| = W, for all m € N, ie., ¢ € (),,ey Wm- On the
other hand, using pairwise disjointness of |[v = n”|| (n € N), it is easy to
prove that the intersection [,y Wi is not a neighborhood of ¢ and thus get
a contradiction to the fact that ¢ is o-isolated. D

Proposition 1. For every set C' C 9V, there exists a C € 9V such that
C cdci.
< Through every ¢ € C, draw a section u. € C(Q, V) and put u = {u, |

c € C}1. Clearly, C' = u(q) is a sought element. [

Proposition 2. For every finite set C' C 9V, there exists a C € 9V such
that C = C|. Moreover, C is a finite set inside 7V.

< Suppose that C = {z1,...,2,} C 9V. Denote by u the ascent of
the set of sections {u1, ... up} C C(Q,V?) drawn through 21, ..., z, and put
C = u(q). Obviously, z1,...,7, € C|l. We demonstrate that every element

x € C coincides with z; for some i € {1,...,n}. Draw a section v € C(Q, VQ)
through x. Obviously,

n n
g€ lveul=\llv=ul=Jlv=mul

and hence z = v(q) = u;(q) = x; for some i € {1,...,n}. D

Clearly, the element C' of Proposition 2 is uniquely defined by the finite
set C. We will call this element the ascent of C' and denote it by C1.

Suppose that C € 9V, D € 9V, and f: C — DJ. An element f € 9V is
called an internal extension of f if %V = f: C — D, where C € 9V, C C O,
and 7V |= f(c) = f(c) for all c € C.

Lemma 2. Suppose that q € () is not o-isolated. If C' is a countable
subset of 1V and D € 9V then every function f: C — DJ| has an internal
extension.

< By Proposition 1, we can find a C € 9V with C C 5¢. Assume that,

inside 9V, P € 9V is a relation on the set of all functions from subsets of C
into D defined as follows:

(h,ﬁ) € P < his an extension of h.



44 A. E. Gutman and D. B. Ryabko

Let C' = {c1,...,¢pn,...}. For every n € N, denote by f, an element of 9V
such that 9V [ f,, = {(cn, f(cn))} and put

fn = {(Cl, f(C1)), RN (Cn, f(cn))}T

Clearly, 1V |= ((fl,fn),...,(fn,fn) € P). Then the countable saturation
property of 1V (guaranteed by Theorem 1) implies existence of an f € 7V such

that 7V ((fn, ) € ) for all n € N. Obviously, f is a sought internal
extension of f. D

We call elements of YR | internal numbers. An internal number X is said
to be standard if there exists a number a € R such that 9 = A\. We observe
that, reckoning with the above agreement (on the inclusion R C IR]), we
identify standard numbers and elements of R.

We call an internal number whose modulus is less than some standard
number a limited number and denote by O(R) the set of all limited numbers.
Numbers that are not limited are called unlimited.

An internal number A is said to be infinitesimal if |A\| < a for every
standard number o > 0. We say that two internal numbers are infinitely close
if their difference is infinitesimal. We denote by ~ the corresponding relation
of infinite proximity. This is an equivalence relation on the set of internal
numbers. Denote by [A] the equivalence class of an internal number A.

Proposition 3. For every limited number A, there exists a unique stan-
dard number infinitely close to \.

< Existence. Consider the sets
A={aeR|a< A}, B={feR|p>A}

Limitedness of X\ implies that A, B # &. Moreover, AU B =R and a < 3 for
all o € Aand g € B. Put y =sup A =inf B. If v < X\ then v € A and hence
7 ~ A (because, in this case, 7 is the maximal standard number less than ).
The case v > A can be considered in the same way.

Uniqueness. If standard numbers a and § are such that a # § and
a, f ~ A then the number |a— /3| is nonzero and infinitesimal, which contradicts
its standardness. D

Corollary. The mapping o — [a] is a bijection from R onto O(IR)/~.

For every limited number A, the standard number infinitely close to it is
called the standard part of A and denoted by °\.

Proposition 4. Suppose that a point q¢ € () is not o-isolated. Assume
that the descent of an element D € 1V includes the set {n € N | m < n} for
some m € N. Then there exists an unlimited natural M such that the inclusion

{neIN|m<n<M}CD
holds inside V.
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< It suffices to consider the relation P defined inside 9V by the rule
(z,y) eP & (z,ye DNIN, z <y and {n€N|z<n<y}CD)

and use the countable saturation property of V. D

Suppose that X € 7V is a normed space over /R inside 7V. We call an
x € X limited if its norm inside 7V is a limited number. Denote by O(X)
the set of all limited elements in X .

We say that x,y € X| are infinitely close and write x ~ y if the norm of
their difference inside 9V is infinitesimal. The corresponding relation of infinite
proximity is an equivalence relation on X|. We denote the equivalence class
of v € X| by [z].

Denote O(X)/~ by X and put
°|

x+y=[r+yl, Mx=[\], [x]| ="[l]

for all x,y € X and A € R, where x and y are arbitrary representatives of
the classes x and y and ||z|| is the norm of z inside V. It is easy to prove
that these operations are well defined and turn X into a normed space over R

which we denote by X and call the nonstandard hull of the normed space X.
Theorem 2. Suppose that a point ¢ € () is not o-isolated and X € 1V
is a normed space inside V. Then the normed space X is complete.
< Assume that (xy)nen is a Cauchy sequence in X and Tn € Xp for
all n € N. Then, for each £ € N, there exists a number n; € N such that

W E ||lzn —zm| < 1/k for all n,m > nj. Consider an internal extension
(Tn),cn € TV of the sequence (5)nen regarded as a function from N into X|

(such an extension exists by Lemma 2). We may assume that 7V = N C N.
We demonstrate that there exists an unlimited number m € YN belong-
ing to N| and satisfying inside 9V the inequality |z, — zm| < 1/k for all
k,n € N, n > ny. (We thus prove that zm € X[ is limited and (Xp,)neN
converges to [zrm].)
For every £ € N, denote by E} the element of 9V meeting inside 7V
the relation

Ey={me N ‘ |zi — ;|| < 1/k foralli,j € N such that ny, < i,j < m}.
Note that N C E}J] and hence, by Proposition 4, we have the inclusion

{m € INy | m <my} C Exl

for some unlimited number my € N|. We may suppose that my; < my for
all £ € N. Since 9V is countably saturated, there exists an unlimited number
m € NJ such that m < my for all £ € N. Then m € Ej| for every k € N,
whence m = m is a sought internal number. D
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Proposition 5. If a point q € Q) is o-isolated then all reals inside 1V are
standard.

< We first prove that 9V has no nonstandard naturals. Suppose to
the contrary that there exists a section u € C(Q, V¥) for which C(Q,V¥) =
uw € N and u(q) # % for all k € N. Since ¢ is o-isolated, it follows that
W = (gen llu # k™[] is a neighborhood of g. On the other hand,

Q=lueN|=\|u=k"|=cJ|u=r;

keN keN

therefore, ey lu = || = Q\W is dense in @, which is impossible.

This implies that 9V has no unlimited reals. To complete the proof, it
suffices to note that if A € 1R | is a nonstandard limited number then 1/(A—°))
is unlimited. D>

Proposition 5 means that, in the case of a o-isolated point ¢, the equalities
IR} = R and 9N] = N hold (with the above agreement on the inclusion
R C IR taken into account).

We now prove the converse to Theorem 2.

Proposition 6. Let ¢ € ) be a o-isolated point. Then there exists
an element X € 1V that is a normed space inside YV with X incomplete.

< Consider the element X € 9V which is an incomplete normed space
inside 9V and prove that its nonstandard hull X is incomplete. From Propo-
sition 5 it follows that infinite proximity of elements of X| is equivalent to
their coincidence, and hence the elements of X are singletons {z} of limited
elements z € X|.

Let s be an element of 4V which is a Cauchy sequence of elements of X
without a limit. Consider the sequence (x,,),cn of elements of X | by setting x,
equal to the 9nth term of s inside 9V. Making use of Proposition 5, it is easy
to see that ({xn})neN is a Cauchy sequence of elements of X. On the other

hand, this sequence cannot have a limit because its convergence to an {x} € X
would obviously imply convergence of s to x inside V. D

In conclusion, we formulate a theorem that summarizes the main results
of this article.

Theorem 3. Let 9V be a stalk at a point q € () of a continuous polyverse
over an extremally disconnected compact space (). The following assertions
are equivalent:

(a) q is not o-isolated;

(b) 9V is countably saturated;

(c) the nonstandard hull of every normed space inside 9V is complete.



Nonstandard Hull in a Boolean-valued Universe 47

1.

References

Gutman A.E. and Losenkov G.A. (1998) Function representation of
the Boolean-valued universe, Siberian Adv. Math., v.8, N1, 99-120 (Trans-
lated from Russian: (1998), Mat. Trudy, v.1, N1, 54-77).

Hurd A.E. and Loeb P.A. (1985) An Introduction to Nonstandard Real
Analysis, Academic Press, Inc., Orlando, Florida 32887.

Kusraev A. G. and Kutateladze S. S. (1990) Nonstandard Methods in Anal-
ysis, Nauka, Novosibirsk (English translation: (1994), Kluwer, Dordrecht).



