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In this work, some results in infinitesimal analysis
concerning normed spaces and thefield of real numbers
are extended to afunctional representation of the Bool-
ean-valued universe. Specifically, for an arbitrary poly-
verse over Q, the following conditions are proved to be
equivalent: g 0 Q is not a o-isolated point, the stalk at
g of a polyverse is countably saturated, and the non-
standard hull of any normed space in the stalk at q of a
polyverse is complete.

One of the most important concepts in infinitesimal
analysisas applied to the theory of normed spacesisthe
concept of the nonstandard hull of anormed space, i.e.,
the set of its bounded el ementsfactorized by theinfinite
closeness relation (see, e.g., [3]).

For an arbitrary Boolean-valued universe, a conve-
nient functional analogue—the class of sections of the
corresponding continuous polyverse—was suggested
in [1]. Such a functional model makes it possible, in
particular, to introduce the concept of theinfinite close-
ness of elementsin anormed space inside a stalk of a
polyverse and, thus, offers an additional possibility of
synthesizing methodsin infinitesimal and Boolean-val-
ued analyses.

A natural task arising in this connection isto extend
the main results obtained in classical infinitesimal anal-
ysis to the Boolean-valued universe. A key question in
the framework of this subject is whether or not the non-
standard hull of anormed spaceinside astalk of apoly-
verse is complete.

A positive answer to this question is given here in
the case when the point of the compact set correspond-
ing to the stalk under consideration is not o-isolated.
The completeness of a nonstandard hull is proved by
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applying the criterion for the countable saturation of a
stalk of a polyverse established here.

PRELIMINARIES

Let Q be an extremally disconnected compact set.
Assume that points g [0 Q are associated with pairwise
digoint classes 9V that are ZFC models. Denote by QV

theunion [ ] %V . Theclass®V iscalled the stalk of QV

O
a the poi%t(a 0 Q. Suppose that a class-topology is
defined on QV (see[1]). A continuous function u: Q —
QV iscalled a continuous section of QV if u(g) 0 9V for
al q 0 Q. The symbol C(Q, ?V) stands for the class of
all continuous sections of QV.

We impose on ?V some additional conditions, spe-
cifically, those ensuring the open-closedness of the set

{a0Q: WV E d(u(a), uy(a), ..., uy(@)}

for an arbitrary formula¢(t,, t,, ..., t,) of the signature
of set theory and for sectionsu,, u,, ..., u, 0 C(Q, ?V).
This set is caled the truth of ¢(u,, u,, ..., u,) in C(Q,
QV) and is denoted by [|d(u;, U,, ..., Uy)|| Under the
conditions imposed, the class ?V is called a (continu-
ous) polyverse over Q.

A rigorous and complete description of the basic
facts about a continuous polyverse can be found in [1],
whereit is shown, in particular, that the class of contin-
uous sections of a polyverse is a general Boolean-val-
ued universe.

Let R and N denote the sets of reals and positive
integers (0 O N), and let R and N designate the ele-
ments of C(Q, V) that are the indicated sets in C(Q,
QV). We also introduce the notation ‘R = %R(q) and
9N = N(q). For anumber a O R, the symbol % stands
for the element a™(q) O 9V, where (-)” is the canonical
embedding of V in C(Q, V) (see[2]). Additionally, 9
denotes the element ¢H(q) O V.

For any element X [1 9V, the descent of X isthe class
Xl = {x0O%: 9V E x OX}. The equalities X! =Y!
and X =Y are equivalent for all X, Y O 9V.
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If X O 9V isafield or apartialy ordered set inside
a9V, then field operations or an order relation, respec-
tively, can be naturally introduced on X! . For example,
for a, B O9R\, thesum a + B is defined as an element
y O9R! suchthat %V F (y = o+ B). The descent of a
fieldisafield. If an element X O 9V is a vector space
over afield F O 9V inside 9V, then X! isavector space
over FL . For any number o O R, the element % [ 9V
isanumber insideV; i.e., % O 9R ¢ . Thefunction 9(-):
R - 9R: isinjective and preserves the order relation
and the addition and multiplication operations. More-
over, NH(q) = 9N and R™(q) 0 9R inside 9V.

Inwhat follows, weidentify theelementsa O R and
90 O 9R} and, thus, assumethat R 00 9R¢ .

Let P bean element of 9V that isarelation (i.e., aset
of pairs) inside 9V. Consider the following property of
a sequence (x,), o y Of elements of (domP)! : if for any
n O N, thereisan element y,, 0 9V such that

q\/ F ((Xla yn)’ (XZ’ yn)’ EERE] (Xn’ yn) 0 P)9
then there exists an element y O 9V such that
W E (X, y) OP)foral nON.

A relation P is called countably saturated if any
sequence of elements of (domP)! has this property. A
stalk 9V is countably saturated if any relation in 9V is
countably saturated.

A point in atopological spaceiscalled o-isolated if
the intersection of any countable set of its neighbor-
hoods is a neighborhood of that point.

MAIN RESULTS

Theorem 1. The class 9V is countably saturated if
and only if the point q O Q is not o-isolated.

By convention, the elements of 9R 1 are called inter-
nal numbers. An internal number A is called standard if
thereexistsanumber a O R such that % = A. Notethat,
in view of the above assumption (on the embedding
R O 9R 1), we identify the standard numbers and the
elements of R. A bounded number is an internal num-
ber whose modulus is less than some standard number.
The symbol O(9R) stands for the set of all bounded
numbers. Numbers that are not bounded are called infi-
nitely large. An internal number A is caled infinitesi-
mal if |A| < a for any standard number a > 0. Two inter-
nal numbers are said to beinfinitely closeif their differ-
ence is infinitesimal. The infinite closeness relation is
denoted by =. Thisrelation isan equivalence relation on
the set of internal numbers. Let [A] denote the equiva
lence class containing the internal number A.

Proposition 1. For any bounded number A, there
exists a unique standard number that is infinitely close
toA.
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Thus, the mapping a — [a] isabijection of R onto
O(9R)/=. For any bounded number A, itsinfinitely close
standard number is called the standard part of A and is
denoted by °A.

Let X 09 be anormed space over 9R inside 4V. An
element x (I X! iscalled bounded if its norm inside 4/
is a bounded number. Denote by O(X) the set of all
bounded elements of X! . Elementsx, y 1 X! arecalled
infinitely close (designated asx = y) if the norm of their
difference inside 9V is infinitesimal. The relation of
infinite closeness is an equivalence relation on X! . The
equivalence class containing an element x [J X! isdes-
ignated as[x]. Denote the quotient set O(X)/=by X, and
set

X+y=[x+yl, Ax=[Ax], |Ix||="°[}|

forany x,y O X and A O R, wherex and y are arbitrary
representatives of the classes x and y and |[x|| is the
norm of an element x inside 9V. It is easy to show that
the operations introduced are well defined and convert

X into anormed space over R, denoted by X and called
the nonstandard hull of X.

Theorem 2. Let g 0 Q not be a o-isolated point and
X 09V be a normed space inside V. Then, the normed

space X iscomplete.

If q 0 Qisao-isolated point, then all real numbers
are standard in 9V. This means that, when q is c-iso-
lated, we have ‘Rt = R and 9Nt = N (in view of the
above assumption that R [0 9R1).

Proposition 2. Let g O Q be a o-isolated poaint.
Then, there exists an element X O 9/ that is a normed
spaceinside %V and is such that the normed space X is
incompl ete.

To conclude, we state a theorem combining the
main results of thiswork.

Theorem 3. Let 9V be the stalk at g O Q of a con-
tinuous polyverse over an extremally disconnected
compact set Q. The following statements are equiva-
lent:

(a) qisnot a o-isolated point;
(b) The model 4V is countably saturated;

(c) The nonstandard hull of any normed space
inside 9V is complete.
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