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MOPSIAKOBLIE CBOMCTBA
MPOCTPAHCTBA KOHEYHO-ALANTUBHbLIX
MEPEXOAHbIX ®YHKLINN

A. E. I'yrman, A. 1. CoTHUKOB

AnHoTanus. N3y49alTcs OCHOBHBIE IOPSIKOBEIE (& TaKXKe HEKOTODBIE METPUYECKHE U
anrebpanyeckue) CBOMCTBA MHOXKECTBA KOHEIHO-3[TUTUBHBIX IePeXOAHBIX dhyHKIuH (Ha
IPOM3BOJIBHOM H3MEPUMOM IPOCTPAHCTBE), HAJEJIEHHOTO CTPYKTYPOH yIODSJOIEHHON
HOPMHPOBAHHOH! alare6pbl, U UCCIELYETCS ero CBA3b C KJIACCHIECKUMHU POCTPAHCTBAMHA
JIMHEHHBIX OIIEPATOPOB, BEKTOPHBIX Mep U M3MEPHMBIX BeKTOp-dyHKIui. B gacrHoCTH,
PacCMATPUBAETCS BOIPOC O PA3JIOXKEHHH IPOCTPAHCTBA MEPEXOAHBIX (DYHKIHI B CyM-
My MNOAIPOCTPAHCTB CYETHO-3ATUTUBHBIX H THUCTO KOHETHO-3ISUTHBHBIX MI€PEXOILHBIX
byHKIMI.

KurouyeBble ciyioBa: nepexojHasi QYHKIHASI, MAPKOBCKUH OIEPATOpP, YUCTO KOHEYHO-
AJUTUBHAS Mepa, BEKTOPHAs Mepa, H3MepUMasi BeKTOP-(DyHKIUs, JAMDTUHT IPOCTPAH-
CTBa C MepO#, yHOPsiJ0YeHHOE BEKTOPHOE NMPOCTPAHCTBO, BEKTOPHAs pemierka, K-upo-
CTPAHCTBO, 6AHAXOBA peIlIeTKa, yIOpsAouYeHHas OaHaxoBa ajredpa.

8§ 1. BBenenue

[Iycts X — HEKOTOpPOE HEIyCTOe MHOXKECTBO, Y. — o-ajredpa ero moIMHOXKECTB.
Mapy (X,¥) GymeMm Ha3bIBaTh USMEPUMbBLM NPOCTIPAHCMBOM, A& DJIEMEHTBI Y —
USMEPUMBLMU MHONHCECTNEAMU.

O6o03nauum uepe3 B(X, ) wiu, 60see Koporko, B(X) 6aHaX0BO IPOCTPAHCTBO
BCEX OTPAHNYEHHBIX Y-u3MepuMbix dyrkuuii f: X — R ¢ mopmoit || f|] = sup |f(x)].

rzeX

B sanHoil cTaThe TEPMUH Mepa 03HAUAET KOHEUHO-QIIUTUBHYIO (DYHKIHIO, jIefi-
crByfomyto u3 o-anrebpel B R. Crenys [1], 6yaem ob6oznadars depes ba(X, X) nan
ba(Y) BeKTOpPHOE IPOCTPAHCTBO BCEX OrpaHUYeHHbIX Mep u3 X B R, a uepes ca(X, X)
unu ca(X) — nogupocrpanctso ba(X), cocrosiiee U3 Beex CYeTHO-3 AU TUBHBIX OIDa-
nudentbix Mep. (Kak ussecrno, B ciyuae 6eckonednoil o-aurebpbl ¥ BKJIOUEHUE
ca(X) C ba(X) siBasiercst CTpOrUM. )

B reopuu BepositHOCTE# 11€1b MapKOBa, OJHO3HAYHO ONPENEIAETC NePETOOHOT
8EPOAMHOCDI0 — TPON3BOMbHON dyHKmume#n p: X X ¥ — R, ymosaerBopsromei
CTIEIYIOIAM YCJIOBHSAM:

(a) p(-, E) € B(X) nna scex E € X
p(z,+) € ca(X) nuga Beex x € X
(¢) plz,E)>0mnaseexerec Xuklek;
p(z, X) =1 nnst Beex z € X.

B pa6orax A. 1. 2Kunanka [2—4] BBoAgsTCH 1 UCCIEAYIOTCH KOHEYHO-A/L/IUTUBHBIE
nenu MapKoBa, epexofHas BEPOATHOCTL KOTOPBIX YIOBJIETBOPAET Oojiee CaaboMy
anagory ycaosust (b): p(z,) € ba(X) mna Bcex © € X. CrpeMsch NpeBpaTUTh
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MHO2KECTBO PACCMATPUBAEMBIX (DYHKIUI B BEKTOPHOE MPOCTPAHCTBO, MBI OTKA3bI-
BaeMcsd OT UX HOJIOXKHUTEIbHOCTH M HOPMHUPOBAHHOCTH U IPUXOAUM K CJEIYIOIIEMY
OIIPEMIEJIEHUIO TIEPEXOIHON (DYHKIINH.

OnpeAeAEHUE 1.1. Ilycrs (X, ¥) — usmepumoe npocrpaucrso. Ilepexodnot
Pynryued na (X, X) nazopem orobpaxenue p: X X X — R, ynosserBopsroliee ciie-
JIYIOIITUM YCTIOBHUSIM:

(1) p(-,E) € B(X) nns Beex E € %;
(2) p(z,:) € ba(X) nnst Beex z € X.

Creyer 3aMeTuTh, YTO TEPMUH <«IE€pexoiHas (PyHKIHA» HHOL/A UCIOTIb3YIOT
KaK CHHOHUM <IIEPEXOIHON BEPOATHOCTH». MBI JKe pa3andyaeM 9T ABA TEPMUHA U
ynorpebsisieM MOCAeIHU NI i (DyHKIN, yIOBIeTBOPSIONIMX C(HOPMYINPOBAH-
HBIM BbIIIe yeaoBusaM (a)—(d).

COBOKYITHOCTD BCEX TEPEXOIHBIX (DYHKIMI Ha u3MepuMoM pocTpancTse (X, X))
Gynem obozHauaTh cumposiom (X, X).

B namnoit pabore Mbl u3ydaem MHOXKecTBO (X, Y), HalENeHHOE CTPYKTYDPOi
YIOPSIIOUEHHON HOPMHUPOBAHHOM aaredphl, U HCCIEIyeM ero B3aUMOCBSI3U C KJIac-
CHYIECKUMU TTPOCTPAHCTBAME JIMHEHHBIX OMEPATOPOB, BEKTOPHBIX MED W W3MEPUMBIX
BEKTOP-PyHKIHIA.

B Teopuu BeposiTHOCTEH € KaxKJI0i MepexoIHON BEPOSITHOCTHIO P HA U3MEPUMOM
npocrpancTse (X, Y) CBA3BIBAIOTCA [BA TaK HA3BIBAEMBIX MUPKOGCKUL ONEPATOPA
T,: B(X) = B(X) n Ap: ca(E) — ca(X), oupenengeMbix GopMymaMu

(T, f)(x) = / Fp(z,?),  (Ap)(E) = / P+, E) dp,
X

X

rne f € B(X), z € X, p € ca(¥), E € ¥. Kak cuenyer u3 pesynbraros §4,
B CIy4ae IPOM3BOJLHBIX IEPEXOAHBIX (DYHKIMA aHAJIOTM MAPKOBCKHX OIIEPATOPOB
MEPBOTO BUJIA COCTABJIAIOT NpocTpancTBo £ (B(X)) Beex TUHEHHBIX OrpAHUIEHHBIX
oneparopos Ha B(X), B TO BpeMs KaK aHAJIOIM MAPKOBCKHMX OIEPATOPOB BTOPOIO
BUIa 00Pa3yIOT Olpee/ieHHoe TOMIpPocTpancTBo £ (ba(X)), a MUMEHHO MPOCTPAHCTBO
Zw(ba(X)) Bcex caabo® HenpepbIBHBIX JuHeliHbIX oneparopos Ha ba(X). Ilpu srowm,
B YAaCTHOCTH, IIOKA3aHO, ITO OTOOpaskeHust p — 1, u p — A, npencrasmsiror coboit
u30MOpdU3Mbl yUOPsA04eHHON HOpMuUPoBaHHOU anrebpol P (X, Y) na Z(B(X)) u
Zw(ba(X)) coorBeTCTBEHHO.

OTMernM, 4TO PACCMOTPEHHE MAPKOBCKHX ONEPATOPOB JJI KOHEIHO-a,ITATHB-
HBIX TIEPEXOJIHBIX BEPOSITHOCTEH OBLII0 MHUITMUPOBaHO B paborax [2—4]. Kpome Toro,
OJIVH W3 MCCJIEAYyeMbIX HaMu BOMPOcoB (B §5) — o pasnoxenun P (X, Y) B cymmy
HOJAITPOCTPAHCTE CUYETHO-3IMTUBHBIX U YUCTO KOHEYHO-AJIMTUBHBIX NEPEXOHBIX
dyukuuit — Buepsbie 6bu1 OAHAT B padore [2].

§ 2. IIpenBapureibHbIe CBEeICHUS
W3 TeopuHu yNOPAJOYeHHBIX IIPOCTPAHCTB

B mannOoM maparpadye MbI TPUBOAUM HEKOTOPbBIE OTPeIesieHust U (DAKTHI U3 TEO-
pUU YIIOPSAIOYEHHBIX BEKTOPHBIX ITPOCTPAHCTB U TOJIOXKHUTETHHBIX OMIEPATOPOB, HEOD-
XOAUMBIE A7 JIAJIbHEHIIero U3J10KeHud.

Mpr mpeamonaraeM, 9TO YATATENb 3HAKOM € TAKWUMU TOHSTHUSIMU, KaK yIOps-
JOYEHHOE BEKTOPHOE IPOCTPAHCTBO, MOJOKUTEIbHAS U OTpULATE/IbHAA YaCTU dJe-
menra (u', uT), BEKTOpHas pelleTKa, HOPMUPOBAHHAs pellleTKa, K-1pocTpaHcTBo,
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o . . o
IOPAOKOBBIU IIPEOe/I IIOCICIOBATEJIbHOCTH U CETH (o—hm Up,, O- IHI ey Uy — u), I10-
n—r00 ac

PSIIKOBas CyMMa ceMefcTBa (0—2145), JA3BIOHKTHOCTH SJIEMEHTOB U TIOAMHOMXKECTB
£e=

BekTopHOi pemerku (u L v, U LV, u L U), (u3bIOHKTHOE JONOJHEHNE U JIBOM-
HOe nu3bIoHKTHOE jonommerue (UL, UL), momoca (mmm KoMToHeHTa) BEKTOPHOM
pemrerku, OyreBa anarebpa, mosHag OymeBa anarebpa, arom OyseBoi anredphl, MOJIO0-
JKUTeNbHBLT TnHedHbI oneparop. (Bee HeobxomuMble cBepenns nmeorca B [5-14].)

TepMmun «omeparops BCIOJAY O3HAYAET «JIHHEHHBIN oneparops. Bce paccmarpu-
BaeMbIe B JIAHHON CTATbE BEKTOPHBIE ITPOCTPAHCTBA MPEINONAraloTCs 3aJaHHBIMA
HaJ TIosieM R BEIEeCTBEHHBIX YUCET, 8 BEKTOPHBIE PEIIEeTKH IIPEIITONAral0TCa apXu-
MEIOBBIMHU.

loBopsiT, uro MHOKecTBO U Hacaedcmeenno 6.4001ceno B yIOPsiIOU€HHOE TPO-
crpanctBo V', eciim U C V u as kaxkoro mopmuaokectsa Uy C U u3 cyiecTBOBaHUS
supy Up BeiTekaror cymecrBosanue supy Uy u paBenctso supy Uy = supy Up.

IMommuOKRecTBO U BEKTOPHOH penieTkd V' HAa3BIBAIOT MUHOPUPYowum (1 TOBO-
par, aro U munopupyem V), ecau aya Kaxaoro sgementa 0 < v € V' cymecrsyer
asmemernt u € U takoii, ato 0 < u < v.

OrHomenre TU3bIOHKTHOCTA | Ha BEKTOPHOH penieTke 00JIaaeT BCEMHU CBOH-
CTBaMM «aOCTPAKTHOMY TU3BIOHKTHOCTH, OMPEIeIIeMOi CIeIYIONIM 0Dpa30M.

OnpPEIEJEHUE 2.1. Ilycts V' — BekTOpHOE TTPOCTPAHCTBO U d — HEKOTOPOE
orHomenwe Ha V, T. e. d C V2. Jlag mpou3BoibLHOTO moaMHOXKecTsa U C V moso-
xum Ud = {v € V : u d v aas seex u € U}. Bmecro (U?)? Gynem ucnonszosatsb
6omee kparkymo 3amuck U, Bynem roeopurs, uto d aBisgercsa omuowenuem 0uss-
tonkmuocmu Ha V', ecam st BeeX v,v1,v2 € V u A € R BbITIONHEHB! cyieayonne
YCJIOBHST:

(1) vdo;

(2) ecmuvdwv, rov=0;

(3) ecau vy d vg, TO Vo d vy;

(4)  ecmm {vy }94 N {wy}99 = {0}, To vy d vy;
(5) ecam v; d v, To Avy d v;

(6) ecom vy dvuwvydo, 0 (V1 +v2) do.

[MonsiTre JUIBIOHKTHOCTH HA BEKTOPHOM IIPOCTPAHCTBE V SIBJISETCH B HEKOTO-
POM CMBICIIE YACTHBIM CJIYYAeM TOHSITHS JTU3HIOHKTHOCTH, BBEIeHHOTO B [13] st
MIPOM3BOJIBHOIO MHOXKECTBA, V.

IIycts d — mpom3BOIbHOE CHMMETPHYIHOE OTHOIIeHHE Ha MHOKecTtBe V. Ilom-
muoxecrso W C V nasesaerca d-noaocoti, ecru W94 = W. 3amerum, uro W
apasiercss d-mosocoit Torma u Tonbko Toraa, kKorna W o= U4 ams mekoroporo mos-
vuokectBa U C V. Ecam d — oTHOIMIeHHe IU3IBIOHKTHOCTHA HA BEKTOPHOM IIPO-
CTPaHCTBE, TO BCsAKas d-10JI0CA SBJISETCS BEKTOPHBIM MTOATTPOCTPAHCTBOM.

Teopema 2.2. Ilycts V — BekTOpHas pemnierka o V — MHHODPHDYIOIIEe BEK-
TopHOE noanpoctpaactso V. Beemem ma V' orwomenmne d, momaras v; d vy B TOM
" TOJBKO TOM ciy4ae, ecor vy L vy (1. €. v1,v9 € V AH3BIOHKTHDI KaK 2JIEMEHTDI

BekTopHOil permerku V). Torga uMeT MECTO CAELYIOIUe Y TBEPIK ICHUST:

(1) 'V macmeacrsenno BaoxeHo B V;

(2) supy{veV:0<v<0v}=0vgmaBcex0<veV;

(3) U =Ur NV ara moboro mommosxectsa U C V;

(4) orwomenue d sBiaseTcs orHOmMeEHueM Jqu3bIOHKTHOCTH HA V.
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JOKA3ATEJNLCTBO. (1) Ilycrs U C V u v = supy U. Tlokaxem, uro v =
supy-U. PaccMoTpuM IpOH3BONLHYIO BEPXHIOIO IPAHb U € V wmuoxkectsa U u 1o-
KaykeM HepaBeHCTBO v < 7. O6o3HauuMm T A v 4depe3 Ty W NPEIINOIOKIM BOIIPE-
KU JI0KA3BIBAEMOMY, 4TO U9 < v. IlockombKy V MEHOpHpYeT V, CyMIecTByer 3je-
Ment w € V Takoi#i, uro 0 < w < v — 9y. Hna moboro ssementa v € U nmeem
u < Ty = Pptw—w < Ty+(v—7p) —w = v—w. CremosarensHo, v = supy U < v—w,
YTO TIPOTUBOPEYUT HepaBeHCTBY w > (.

(2) Oycrs 0 < v € V. Tonowum U = {v € V : 0 < v < 0} u nHoKazkeM, 9TO
supy U = 0. PaccMoTpuM IPOU3BONBHYIO BEPXHIOIO TPaHb Uy € V muoxectsa U u
yCTaHOBUM HepaBeHCTBO U < 1. OO03HAUMM U1 AV 4epe3 Uy U IPEINOI0KAM BOTTPEKH
JOKa3bIBaeMOMY, 9To U9 < . IlockombKy V mMmHOpHpyeT V, CYIIECTBYeT 3JeMeHT
v € V rakoit, uro 0 < v < ¥ — Ty. CornacHo npuHIUIy ApxuMeaa HEPABEHCTBO
nv < ¥ He MOXKeT ObITh BBITOTHEHO A7 Bcex n € N. Ilycts n — nHambosbimee
HATyPaJIbHOE YUCII0, YIOBIETBOPsIONIee HepaseHCTBY nv < ¥. Torma nv € U, oTkyaa
(n+Dv=nv+v <79+ v < T+ (T—7Tp) =T, 4TO IPOTUBOPEIUT BLIOOPY 7M.

(3) Brmowernme UL NV C U9 ouepnmno. Ilokaskem obpaTHOe BKIIOYEHHE.
Iycrs v € U, Torna, kax jerko sugers, v L UTNV. Jns nokazarenscrsa Tpedy-
emoro coorromtenust v L UL 10CTaTOMHO pACCMOTPETh TPOU3BOIBHBII TTOIOKITE b-
Hbrit sement U € UL u nokasars, aro v L 0. Homosmum W = {w € V : 0 < w < o},
3 coornomenns 0 L U soirexkaer W L U, orkyna W C U+ NV, a 3nauur,
v L W. Tlociemsee ¢ y4ueroM yTBep:KieHus (2) IOKA3bIBAEMON TEOPEMBI JAET
v Lsupy W = 0.

(4) B mokazarenbcrBe HyXKIaercs auib yeiaopue (4) onpenenenns 2.1. Iycrs
u,v € V, {u}dd N {v}dd = {0}, mo Tem me menee W = |u| A |v| # 0. Hockombky V
MuHOpHpYeT V, HMeeTca ameMenT w € V Takoif, 9to 0 < w < W. YUuTHIBAS yTBEp-
xerre (3) MOKa3bIBAEMOM TeopeMbl, 3akmiodaeM, ato w € {u}tt N {v}+t NV =
{u}d4 N {v}4d, Tlomyuennoe mpoTuBOpeyne 3aBepimaeT JOKAa3aTeIbCTBO. [

HopmupoBanHoe IpocTpancTBO, CHAOXKEHHOE MTOPSIIKOM, OTHOCUTEJIBHO KOTOPO-
T'0 OHO ABJILETCH YIOPATOUYEHHBIM BEKTOPHBIM TPOCTPAHCTBOM, YCJIOBUMCS HA3BIBATD
YNOPAJOUEHHBIM HOPMUPOBAHHBIM TLPOCTPAHCMEOM (KAKOE-TH00 COIIACOBAHUE HOD-
MBI U TIOPSITKA He TIPEJITTOIaraeTest).

3AaMEYAHUA 2.3. IMycrs (X, ¥) — npou3BOJIbHOE U3MEPUMOE IIPOCTPAHCTBO.
Hanenum HopmupoBanuoe npocrpancrBo B(X) morouednbiM nopsaakoM, NPeBpaTHB
€ro TeM CaMbIM B DAHAXOBY PEIETKY.

(1) B nopmuposanHoii perierke B(X ) orpaHu4eHHOCTD [0 HOPME SKBUBAJIEHTHA
MIOPSIIKOBOM OTrpaHndeHHOCTH. llodTOoMy B masbHeiinieM Mbl OymeMmM ymorpebiarsb
TEPMUH «OTPAHUUYEHHOCTb» JJIs1 KarXKJIOTO U3 ITUX SKBUBAJEHTHBIX CBOWCTE.

(2) MocnenoparenbHOCTD ( fp)nen 351eMenToB B(X) orpanndena Toraa u TOJIBKO

roraa, korna B B(X) cymecrByior sup f, u ingI fn. Ilpu sTom njs Bcex x € X
neN ne

crpaBeiuBbl paBeHcTBa (sup fr)(x) = sup fr(z) u (inf f,)(z) = inf f,(z).
neN neN neN neN

(3) IlocnenoBaresnbruocts saementoB B(X) o-cxomurea k dbyukuun f € B(X)
TOT/IA U TOJBKO TOT[A, KOT/IA 3TA MOCTIeIOBATETbHOCTh OIPAHIYEHA U CXOIUTCS MO-
TOYEYHO K f.

Ynopadowennotl anzebpoti HA3BIBAIOT anredpy V| ABISIONIYIOCH YIOPSIOYEH-
HBIM BEKTOPHBIM TPOCTPAHCTBOM U ODJIAJAIONIYIO CJIEAVIONIMM CBOWCTBOM: €C/in
u,v €V mu,v>0, 0 uv > 0.

Hopwuuposanuyio anarebpy, CHaAOKEHHYIO MOPAIKOM, OTHOCHUTEIHHO KOTOPOTO
OHA, sIBJIAETCS YIOPSIOYEHHON airedpoil, yCJIOBUMCH HA3bIBATh YNOPAJoueHHol Hop-



84 A. E. I'yrman, A. U. Corankos

MUPOBarHot anzebpoli (Kakoe-1ub0 COrIACOBAHME HOPMbI U MOPSIIKA HE IIPEJIIOa-
raercs). IIpumepom ynopsiioueHHON HOPMUPOBAHHON aJrebphl sABIAETCA IIPOCTPAH-
crBo Z(V, V) Beex orpanudensbix (110 HOpME) OLLEPATOPOB, AEACTBYOLIUX B HOPMU-
poBamHHOit pererke V.

[TonHyto o HOpME YIOPSITOYEHHYI0 HOPMUPOBAHHYIO anrebpy OyaeM Ha3bIBATh
ynopadouennol 6aHarosot anzedpoil.

Ecau V — HOpMHPOBaHHOE IIPOCTPAHCTBO, TO CUMBOJIOM V' GyneM 0603HAYATE
conpsizkeHHoe K V' 6aHaxoBO TMPOCTPAHCTBO, T. €. MPOCTPAHCTBO BCEX OrPAHUYECH-
HBLIX JuHeRHbx dpynknuonasnos 13 V B R. Ilonmuoxkecrso V', Beiony minornoe B V'
B CMBICJIE CI1aboi™ romonornu, GygeM Ha3bIBATh cA4a60* naommvim. CumvBosom T7
oboznauaercs oneparop us L (W' V'), conpaxkennsrii k oneparopy T € L (V, W).

Hnga wopmmposarubix npocrpancts V u W camsomom %, (V/, W') mb1 060-
3HaYaeM MHOXKeCTBO cjabo* HenpepbIBHBLIX omneparopos u3 V' B W', 1. e. oneparo-
POB, HENPEPBIBHBIX B CMBICIE CIaboii™ Tomomormu. Samernm, uro .2, (V/, W') C
LV, W’) (370 BKIIOUEHNE BHITEKAET, HAIPUMED, U3 TEOPEMbI O 3aMKHYTOM rpadu-
Ke).

Oneparop T: V — W, nelicrBytoluii B yIOPsJ0YEHHBIX BEKTOPHBIX IIPOCTPaH-
crBax V u W, HA3BIBAIOT CEKGEHUUANDHO O-HENPEPLLEHBIM (AT T-0-HENPEPLLEHBIM ),
ecnn u3 v, — v Borekaer Tv, — Tv mnsa mo60i HOCIEIOBATETBHOCTH (Un)neN
B V u jroboro snementa v € V. MHOXKECTBO BCEX CEKBEHITHAIBHO O-HEIIPEPBIBHBIX
oneparopos u3 V B W obosnauaercs cumoiiom Z,(V, W).

Ecnu npocrpancrsa V u W cosnagator, to B 3anucax £ (V, W), L, (V' ,W’),
Z,(V,W) mbl GylieM, Kak 370 OObIYHO IPUHSITO, OMYCKATH CUMBOJ BTOPOIO IIPO-
cTpaHCcTBa U nucarb, nanpumep, £ (V) smecro Z(V, V).

Crenyroliee yTBEPKIAEHHUE C JIEPKOCTHIO BBIBOAUTCSA W3 TOro (hakrTa, 4To 0Opas
HOPMHPOBAHHOTO IPOCTPAHCTBa V TIpu ecTecTBeHHOM Biaoxkenun V B V' copmanaer

€ MHOXKECTEOM BCeX CJab0* HempephIBHBIX (QYHKIHOHAIOB Ha V' (CcM., HAmpuMep,
[1, V.3.9)).

ITpengmoxkenue 2.4. Ilycrs V u W — #HopMmupoBanubie npocrpancrsa. Onepa-
rop u3 W' B V' apasgercs conps>KeHHbIM K HEKOTOPOMY OTDAHHYCHHOMY OMEPATODY
3V B W rorma m TopKO TOrMa, Korjga OH ¢iab0* HelpepbIBeH.

§ 3. BcecmomoraresasHbie (paKThl U3 TEOPUHA MeEPhI

B srom naparpade Mbl HPUBOIUM OCHOBHBIE CBEJEHHUS U3 TEOPUU MEPHI (B TOM
quCsIe Kacarolnecsi KOHEUHO-aIIuTHBHBIX Mep [15-19], BekropHbix Mep [1,20,21] n
HU3MepHUMbIX BeKTOp-byHKImit [12,21]), a Tak:Ke yCTaHABIMBAEM HEKOTODBIE BCIIOMO-
raresibHbIe (DAKTHI, 3aTPArKBaOIINe TPOCTPAHCTBA ¢ Mepoii u udruaru (cM. [12, 20,
22,23)).

OnpPEAEJEHUE 3.1. Tlom npocmpancmeom ¢ mepotli B TaHHONH paboTe OHUMA-
erca Tpoiika (X, X, |-]), rme (X,X) — usMepumoe mpoCTPAHCTBO, a |+| — MMOJ0KHU-
TebHasA CYeTHO-aanuTHBHAA ByHKIMA 13 ¥ B R (TPajuIHOHHO HABIBACMAs MEPOii),
YJOBJIETBOPAIOIIAS CJICLYONIAM yCIOBHM:

.

(1) eciu EC X u ENF € ¥ nns seex F' € ¥ koneunoii Mepsl, 10 E € X

(2) ecom E € ¥ u |E| = 0o, T0 cymecTByer Takoil anement Ey € ¥, uro
Ey CEu0<|Ey < oo

(3) ecrm E€ X |E|=0uEy C E, 10 Ey € %

(1) |X|#0.
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(Bamerum, YTO C TOYHOCTBHIO 10 ycjaoBus (4) Hallle omnpenesieHue MPOCTPAHCTBA C
MEpO# COBIIAJIAET, HAIPUMED, ¢ oupejenenneM, npuarbiM B [9, 1.6.2].)

Muoxecrsa E,F € Y HaspBaloTca sxeucaschmuvimu, ecou |[E A F| = 0.
Kiracc sxBuBajeHTHOCTH, cOepxKammii MHOXKecTBO E € Y, ycioBumcest 0003HAYATH
cumBosioM E™, a dbakTop-MHOKECTBO X 110 OTHOIIEHHIO KBUBAJIEHTHOCTH — CHM-

BosoM Y. CHabKeHHOe eCTeCTBEeHHBIM IOPSIKOM (MHLYIMPOBAHHBIM OTHOIICHUEM
BKJIIOYEHNsT) MHOMKECTBO Y aasercs Oy7neBoit anareOpoil W HA3BIBAETCS GHaKMOp-
anzebpoti mpocrpadcrsa ¢ Mepoit (X, X, |+|).

Kak 00br9HO, MBI OyI€M TOBOPUTD, 9TO TO UJIM WHOE YCJIOBUE BBIMOTHEHO TLOUINU
6ct00y, €CTM OHO MMEET MECTO JjIsA BCEeX 3JEeMEHTOB X, 33 MCKJIIOUEHMEM HEKOTO-
poro MHoxkecTBa HyseBoil Mepbl. Cumpoaom £°°(X) o603Ha4aeTcs COBOKYNHOCTD
BCEX ONMpPENETIeHHBLIX TIOUTH BCIOAY CYIIECTBEHHO OTPAHWYEHHBIX M3MEPUMBIX BeIle-
cTBeHHBIX (DYHKIWMHA, a cuMBOJOM L°°(X) — mpocTpaHcTBo (PEIeTovHo yIopsiIo-
YyenHas GaHaxoBa ajrebpa) KJIACCOB IKBUBAJIEHTHOCTH TAKUX (PYHKIMI [0 OTHOIIIE-
HUIO PABEHCTBA IOYTH BCIOMy. Kiace SKBHBAJIEHTHOCTH, COAEPKAIMA (DyHKIMIO
f e Z£*>°(X), ycnopumcsa obosnadars uepes f~

Orobpaxkenue p: L>®(X) — £°°(X) nazbiBaercs Aumunzom npocmpancmsa ¢
mepot (X, X, |]) wmm aupmunzom npocmpancmea L®°(X), ecom pua mobbx
a,f€Ruf ge L®°(X) uMeior MeCcTo CIeayIolue COOTHOIIEHUS:

(1) pf) €f udomp(f) = X;
(2) ecom f < g, 1o p(f) < p(g) Beroay Ha X;
() plaf + pg) = ap(f) + Pp(g), p(fg) = p(f)p(g), p(fV g) = p(f) V p(g)

u p(f A g) = p(f) A p(g);

(4) p(0~)=0wu p(1~) =1 Bcrogy Ha X.
(Hekoropble U3 NEepeYUCIEHHBIX YCIOBUI SBJISIOTCH CI€ACTBUSIMHU OCTAJIbHBIX. )

Ecmu f € £°(X), ro nqna dyukuuu p(f~) npunaro Gosiee KOporkoe 0003Ha-
genue: p(f). Ilockosbky JudTHHT ABJSeTCS NPaBbIM OOPATHBIM K OTOOPAKEHUIO
f = f~, MBI Oymem MHOI/IA MCHO/Ib30BATh 3AIIUCH f~ Bmecro p(f).

Orobpazkenne p: S — Y HasbiBaercd aupmunzom daxmop-aszebpo E ecu
ans mobeix kaaccos B, F € Y HMET MecTo CJIeIYIOIINE COOTHOIIEHMSI:

(1) p(E) € E;

(2) ecm E < F, 10 p(E) C p(F);

(3) p(EVF) = p(E) Up(F), p(E AF) = p(E) N p(F);

(4) p((X\E)™) = X\p(E~ ) s Beex B € X

(5) p(2™) = p(X~) =
ITo anasnoruu ¢ smdrunrom npocrpancrsa L>(X) mbt 6yaem unoraa nucars p(E)
win E., Bmecto p(E™) U TeM caMbIM CUUTaTh, 9TO p: % — X.

Cremyrommee J0CTATOYHO OYEBHIHOE HAOJIOAEHUE 3a9aCTYIO MO3BOJIIET yIIPO-
CTUTH TPOBEPKY TOro hpakTa, o0JaJaeT Jin KaKoe-TudDO KOHKPETHOE OTODpaKeHue
BCEMHM CBO#CTBamMu JU(PTHHTA.

IIpennoxenne 3.2. Iycrs (X, X, ||) — mpocrparctso ¢ mepoii. OTobpazke-
HHE P Y — ¥ apagerca JHGTHHTOM (PAKTOP-AIre6phI S B TOM H TOIbKO TOM caydae,
€CJIH OHO YJIOBJETBOPSIET CIACAYIOIIHM JBYM YCJIOBHSIM:

(a) p(E) €E gz Beex E € DF
(b) ra kaxkmo#t Toukn x € X muoxkecrBo {E € Size p(E)} aBasercst
yAbTpahHIETPOM OYI€BOI aaredpbl T
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Ecau p: L*°(X) — £°°(X) — mudrunr npocrpancrsa L (X), to orobpaxe-
ane E — {2 € X : p(1g)(x) # 0} ssasercs mudrunrom dakrop-amredpsr & (31ech
1g € L*°(X) — xuacc, comep:kaiuii xapakrepuctudeckue byHKIMU 1p MHOXKECTB
E € E). O6parno, mjus moboro audrunara Gakrop-aaredpbl s CYNIECTBYET €JINH-
cTBenHbI I THHT MpocTpancTa Lo°(X), cBA3aHHbI ¢ JIMGTUHIOM ¥ yKasaHHbIM
BeITIe o6pazom (cM. [20, §11]).

Ussecrno (cm. [20,23]), aro npocrpancrso ¢ mepoit (X, X, |-]) umeer sudrunr
TOLJIA U TOJIBKO TOL/A, KOIJA OHO 00JIaJaer Tak Ha3bIBAEMbIM C80UCTNEOM NPAMOL
CYMMbi: CYLIECTBYET ceMeiicTBO (Fe)ecg NOMAPHO HE MEPECEKAIOIINKC U3MEPHMBIX
MHOYKECTB KOHETHOH MEphI TAKOe, UT0 B Gy/IeBoil arebpe Y CIpaBeIHBO COOTHO-
meHue iup Eg = X~ (1. e. ana moboro msmepmumoro MEOxkectsa E w3 |[E| > 0

€E
Berrekaer |E N E¢| > 0 npu zHekoropom ¢ € =). B wacrnocru, mudgruarom oba-
JIaeT BCAKOE NPOCTPAHCTBO ¢ KOHEYHON WJIM O-KOHEUHO# Mepoii (mocienuuil daxr
BIIEDBbIE yCTAaHOBJIEH B [22]).

B jmanbHeiiieM HaM TPUTOIUTCS CEMYIONTHN JIEMKO YCTAHABINBAEMBIN PE3ylb-
TaT.

JIemma 3.3. Iycts (X, Y, |-|) — mpocrpanctso ¢ Mepoti, npmaem Gyiesa ai-
rebpa Y He mMeer aToMOB.

(1) Ecmm z € E € ¥ u |E| < 00, To cymecTByer Takoe MEOXKeCTBO F' € X, 910
reFCEulF|=1|E|

(2) Ecan npocrpancrso (X, X, |+]) obaanaer sucprunrom, v € E € ¥, E., = E
u |E| < 0o, T0o cymecTByer takoe mHOXkectBo F € X, arox € F C E, F, = F u
|F| = 3|E].

JIOKA3ATEJIBCTBO. YTrep:kaeHne (1) HENOCPEICTBEHHO BBITEKAET U3 KIIACCH-
geckoit Teopembl I1. Xanmormma o6 obpasze mepbl (cM. [24]), a (2) caenyer u3 (1) u
3JIEMEHTAPHBIX CBOWCTB jmpTrHra. [

Caenctsue 3.4. Ecaun ¢paxrop-anrebpa 5 mpocrpancra ¢ mepoii (X, X%, |+])
6e3aToMHa, TO BCE OQHOTOYEYHBIE HOAMHOXKeCTBa X H3MEDHMbI H HMEIOT HYJIEBYIO
Mepy.

JIOKABATEJILCTBO. [ocraTouno 3ameruts, uro bnarogaps 3.1 (1), (2) kaxgas
TOYKA IPUHAJJIEKUT KAKOMY-JTM00 U3MEPUMOMY MHOXKECTBY KOHEIHON MEPBHI, U BOC-
nonb3oBaTbea yrBep:kaennem (1) memmsr 3.3. O

OrmernMm, 9To yTBEpXKAeHUE, obparHoe ciaegcreuio 3.4, He umeer mecra. Jleii-
CTBUTEBHO, €CIU MHOXKeCTBO X HECUYETHO, 0-ajaredpa ¥ COCTOUT WX BCEX CUYETHBIX
MOAMHOXKeCTB X U WX JIONOJTHEHUI, a Mepa |+| paBHA HYJIIO Ha, CI€THBIX MHOKECTBAX U
€JVHULE HA UX JONOJIHEHUSX, TO BCE OJHOTOUEUHBIE IOIMHOKECTBA X UMEIOT HyJle-

.

BYIO Mepy, HO TeM He MeHee X ~ sBJISeTCd aTOMOM (DAKTOP-AJrebphl 3 MPOCTPAHCTBA
¢ mepoii (X, X, |-]).

[Tycrs (X,Y) — mpou3BOABHOE U3MEPUMOE TIPOCTPAHCTBO. Jlig 11060 Touku
x € X n muoxectBa E € ¥ nonoxnm 0,(E) = 1, ecim ¢ € E, u §,(FE) = 0 B nporns-
HoM caydae. OmnpeneneHnyio TakuMm 006pa3oM Mepy d, NPUHATO HA3BIBATH JeAbma-
mepoti nnm mepot Jdupaka (Boipoxkaenuoli B Touke x). OueBuino, uro 0, € ca(X)
anst Bcex © € X.

Byzaem rosoputh, uro muoscecmeo E C X pasdeasem mowwu x,y € X (uwnu
mouku & u Yy pazdessomes muodicecmeom E), ecm mmbo x € E wy ¢ E, mbo
x¢ Emy € E. Tourn x,y € X OymeM HA3BIBATH X -pa30eaumbimu, €CITA T W Y
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PA3AENSIOTCA HEKOTOPBIM JIEMEHTOM %, U Y. -HEPA30eAUMBLMU B TIPOTHBHOM CJIydae.
O4eBHIHO, 9TO TOYKH T W Y ABJISIOTCH L-HEPA3AETUMBIMH TOTJA W TOJBKO TOT/A,
KOIZIa 05 = Oy.

Kak jerko Buzerh, OTHOEHWE Y-HEPA3ACINMOCTH ABJISCTCS OTHONTEHNEM 3K-
BHBANCHTHOCTH. PAKTOP-KIACCHI MHOXKECTEA X O OTHOIICHHIO Y-HEPA3ICTUMOCTH
OyaeM Ha3bIBATh Komkamu pocTpancTsa (X, X).

OueBuaHO, 4TO M3MepHUMbIe KOMKM npocrpancTsa (X,Y) — 3T0 B TOYHOCTH
aToOMBI DyIeBOil anredpoI 2.

SAMEYAHUE 3.5. OrMerum, 94T0 KOMOK He 00s3aH ObITh MW3MEPUMBIM MHOXKE-
crBoM. JeitcrBurensro, mycts X = [0,1]. Paccmorpum Hemsmepumoe 1o Jlebery
MuO)KeCTBO G C X ¥ TOJIORUM

Y={Fe¥: EDGwm ENG =0},

rie £ — o-anrebpa msMepuMbix 1o Jlebery mommuoxkects X. OueBUIHO, UTO
(X,Y) — usmepumoe npocrpancrso u G — ero Heusmepumblii Komok. (Bce ocrasib-
HbIe KOMKHM M3MepuMbI 1 umelor Bug {2}, tne © € X\G.)

TloavmokecTtBo Y C X OymeM Ha3bIBATH Xi-CO2AGCOBGMHHBIM, €CITH Y HE pa3me-
JIgeT Y-Hepa3aeJuMble TOYKH WM, 9TO TO 2Ke camoe, Y sBIgeTcs 00beTnHeHneM
HEKOTOPOTO MHOXKECTBA, KOMKOB. (COBOKYITHOCTH BCEX Y-COTJIACOBAHHBIX MOIMHO-
skecTB X 00O3HAYMM CHMBOJIOM Y. Kak JIerko BuueTh, % sABJjsercd 0-airebpoit u
noTHOH aToMHO GysTeBoit anrebpoii, comepKameii ¥ (Bompoc o coBmajeHnn ¥ U %
pPacCMOTpPEH HUXKe B Ipeiioxkenun 3.6).

Dyukmuo f: X — R wazosem X-coeaacosannot, ecnu f(x) = f(y) ana aro-
ObIX Y-HEepa3IETUMBIX TO4YeK x,y € X, T. e. gad Jio0biXx -,y € X W3 paBeHCTBA
d; = J, Buirekaer pasencTBO f(z) = f(y). OueBmgno, uro byHKIMS sBIAETCH
3-COIJIACOBAHHOM B TOM M TOJIBKO TOM CJIy4ae, €CJIM OHA M3MEePHUMa OTHOCHTEJHHO
o-anarebpsr Y. OTmernM, 9To mpocrpanctso B(X,Y) Beex Y-COrIacoBaHHBIX OTpa-
HUYEHHBIX (DYHKIINH sABAsseTCs 6aHAXOBBIM K-IIpOCTPaHCTBOM.

Nsmepumoe npocrpancrBo (X, Y) yciaoBUMCd HA3LIBATH NOMOYEUHO UMEDU-
movem, ecm {x} € ¥ noa Beex © € X.

N3mepnmoe mpoctpancTo (X, X)) HA30BEM amoMHbLM, €CTH BCE €T0 KOMKH W3-
MepUMBL (T. €. SBJISIFOTCS aTOMaMM ) HJIH, 9TO TO XKe CaMoe, O0beINHEHHe BCeX
aTOMOB Y, COBIAIaeT ¢ X.

Kaxk serko suzern, ecau (X, ¥) — aroMHOe U3MepUMOe IIPOCTPAHCTBO, TO X —
aromuas GymeBa anrebpa. O6parHoe yTBepKaeHue HepepHo. Hampumep, namepumoe
upocrpanctso (X, ¥), nocrpoenHoe B 3amedanuu 3.5, He SABJIETCH ATOMHBIM, OJHAKO
Y, — aromHas OyseBa aaredpa.

IIpeanoxenue 3.6. Crexyromue cBoicTBa H3MepuMOro npocrpaacrsa (X, %)
PAaBHOCHJIBHBI:

(1) (X,X) sapastercss aroMubIM 0 Y — 1oJiHast GyJeBa ajarebpa;
(2) Bce ¥-cornacoBamnpie nogmuoxkecTsa X usmepumbl (1. e. X =X );

3) ¥ ={U X;:J C I} gus mexoroporo pasbmenns (X;)ic; MHONKECT-
JjeJ
Ba X.

JJOKA3ATENBLCTBO. Nmmmkanuu (3)=(2) u (3)=-(1) ouesnanbl. s jgoka-
3aresbeTBa uMiuimKanuu (2)=>(3) gocrarouno B3sATH B Kadecrse (X;);c; cemMeiicTBO
BCex KOMKOB npocrpancrsa (X, X).

Hokaxem, ummmkaiuio (1)=-(3). Ilycrs (X;)ier — cemeiicrBo Bcex aromoB .
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Pacemorpum E € ¥ u monoxum J = {i € I : X; C E}. omycrmm, uTo
E # |J Xj, 7. e. cymectsyer Touka x € E\ |J X;. ITockombky |J X; = X, rouka
jeJ jeJ i€l
x mpuHaIIeXRUT X; 1y HeKoToporo ¢ € I\J, a smauwt, X; me conepxurca B E, HO
nMeeT ¢ F obIIyto TOUKY, 9TO MIPOTHBOPEUHUT Y-COIVIACOBAHHOCTH MHOXKECTBa, .
Ilycrs Teneps J — mpowmsBosibHOE TOAMHOKeCTBO I. B cuny mosmHorsr OyseBoit
anrebpsl ¥ cymecTyer I/ = sup X; € X. Bocnonp3oBaBIIChH MEPBOH JacThIO J10-

jeJ
KazaresbeTBa uMIuukanmu (1)=-(3), merko ycranosurs, uto E = |J X, a 3xauur,
jed
U X]‘ ex. O
jeJ

WsmepuMoe mpoCTpaHcTBo, obmagaoiiee oguuM u3 ceoiicts (1), (2) wmm (3),
chOPMYIUPOBAHHBIX B IPEIIOKeHUU 3.6, OyIeM HA3BIBATH JUCKDEMHbIM.

3aMeTnM, YTO MOTOYETHO W3MEPUMBbIE W JUCKPETHBIE M3MEPUMBbIE MPOCTPAH-
CTBa SABJIAIOTCS ATOMHBIME. [IpuMepoM HEIUCKPETHOTO MOTOYETHO U3MEPUMOTO MPO-
CTPAHCTBA MOXKET CJIYKUTb uucjoBad npsimas R ¢ 6openesckoil o-anrebpoit B(R).
B kadgecTBe mpuMepa aTOMHOTO W3MEPHMOTO MPOCTPAHCTBA, KOTOPOE HE SIBJISIETCS
HU TOTOYEYHO M3MEPHUMbBIM, HU JUCKPETHBIM, MOMXKHO PACCMOTPETH MPOCTPAHCTBO
(RZL{AXR: Aec BR)}).

CewmeiictBo MHONKECTB (E;);c1 HA3BIBAIOT U3MEPUMbBLM PA36UEHUEM MHOKECTBA,
FeX,eemm E;NE;=@upni#j, UE, =FukFE; €Y anascex i € 1.

iel

Hamomunwm, uto eapuayuets mepbl p € ba(X) HaswiBaerca mepa |p| € ba(X),

onpenesnsiemas HOPMyJIOi

|u|(E) = sup Z |u(E)| : (Ey,..., E,) — usMepumoe pazbuenune E
i=1

Bamernm, uTto Juist Beex E € ¥ mmeror MecTo papeHcTBa (cM. [18])

Hl(E) = sup (u(F) — u(G)) = sup (u(F) — u(X\F)).
F,GEX Fex
F,GCE FCFE

U3BecTHO, 9TO BEKTOpHBIE mpocrpancTBa ba(X) u ca(X), cHabXKeHHbIE ecTe-
cTBeHHBIM TOPAKOM (f11 < o, ecau py (E) < po(E) g Becex E € X)) u HOpMOii
lxll = |pl(X), apagtorca GarnaxoBbiMu permeTkamu (n mazke GaHAXOBBIMEH K-TIpO-
crpancrBamu, cM. [18]). Tlpm 3ToM Bapmainusi Mephl COBIAJAET C €€ MOIYJIeM B
COOTBETCTBYIOIIEH BEKTOPHOU peleTKe.

[Monoxkurensaas Mepa i € ba(X) Ha3BIBAETC “UCTO KOHEUHO-aIOUMUEHOT, eC-
au g moboit mepol v € ca(X) uz 0 < v < p Boirekaer v = 0. IIpoussosb-
Has mepa p € ba(X) HazblBaeTCH WUCMO KOHEUHO-adIUMUEHOT, eciu Mepbl pt U
[T YHCTO KOHEUHO-a auTuBHBL. Iloampocrpamcrso ba(X), cocrosimee u3 BCeX qu-
CTO KOHEUHO-aIIUTHBHBLIX OrPDAHUYEHHBIX MEp, Mbl OyaeM 0003HAYATH CUMBOJIOM
pfa(X,X) wm pfa(X).

3AMEYAHUE 3.7. Uzeecrro (cMm. [18]), uro pfa(¥), kak u ca(X), spisercs
6anaxosbiM K-nipocrpancrsom, npudem ca(X) u pfa(X) — B3aUMHO JONOJIHUTEb-
upie nosockl B ba(¥), 1. e. ca(X)t = pfa(X) u pfa(X)t = ca(X). B uacrmoctu,
ba(X) = ca(X) @ pfa(X).

B panpmefimmem HaM MOHAIOOUTCA CiIeayOmuil (pakT.
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Teopema 3.8. Ilycrs (X, 3, |-|) — mpocTpancTsBo ¢ Mepoti, obmagaromee aug-
THHIOM p: Y — Y., u OyjeBa ajirebpa Y He HMeeT aTOMOB. Torga cymecTByeT MHO-
xectBo Xo € ¥ rakoe, aro | X\Xo| =0 u §; 0 p € pfa(X) mma seex x € Xy. Ecan,
KPOME TOro, Mepa || sBasercss o-KoReqHoi, 10 0, o p € pfa(X) mus Beex x € X.

JIOKABATEJBCTBO. U3 cBOcTB MUTUHTA ¢ OUEBUIHOCTHIO BBITEKAET BKITIO-
qeHne d, o p € ba(X) g Beex x € X.

[MockosbKy mpocrpancTBo ¢ Mepoii (X, X, |+|) obnanaer ¢cBORCTBOM IIPAMOI CyM-
MBI (CM. BBIIIE), CYLUIECTBYET CeMeHcTBO (F¢)¢cs MOMAPHO He MEPECEKAIONINXCS U3-
MEPUMBIX MHOXKECTB KOHETHOH HeHyseBoil Mepbr Takoe, 4ro sup £ = X™. Ilono-

£e=
xuMm Xo = |J p(E¢). Cormacmo [12, 1.2.12; 23, rur. I] mHOXKecTBO X() H3MEPUMO H
£e=
| X\ Xo| = 0. Kaxnoit Touke z € X comoctaBuM mHIAEKC &, € =, uIst KOTOPOTO

z € p(Eg,).

TTokaskem, [uTo O, o p € pfa(X) nust Becex © € Xo. dast aTor0 3admKcupyem
OPOM3BOJIBHYI0 TOUKY & € X, paccMOTpuM Mepy i € ca(X), YIAOBIETBOPSIONLYIO
yesopusim 0 < 1 < d, 0 p, U yCTAaHOBUM paBeHCTBO 1t = 0.

Bamerum, uro pu(E) = 0, kak Tosbko F € ¥ u |E| = 0. CregoBarenbHo, Mepa, [
abCOJIIOTHO HENPEPBIBHA OTHOCUTEJNLHO |+|.

Momoxum, Fy = p(Fe,). Ilo unnykium, npuMeHsis teMMy 3.3, IOCTPOHM
yOBIBAIOIYIO [OCJe0BaTeNbHOCTE MHOKecTB Fi? € ¥ (n € N), ymosaersBopsio-
mux cretyomuM yeaosuam: x € FY p(FP) = F2, |Fff| = %‘Fg’ Lia Bcex
n € N umeem 0 < p(X\F?) < 6,(p(X\F2)) = 6,(X\F?) = 0. C apyroit cro-
POHBI, YCTpeMJIsii N K OECKOHEYHOCTH U YUHTBHIBAS, UTO |Fff| — 0, 3akmiovaeMm
w(X\EFF) = p(X) — p(F2) — p(X) B cnny abCOMOTHON HEMPEPBIBHOCTH [i OT-
HocuTesbHO |+|. Crenosarenbro, (1 = 0.

Tenepb JONOJIHUTENHHO TPEINOI0KIM, YTO MEPa |+| ABJIMETCs O-KOHEUHOH, 1
HOKayKeM, 4TO BKJIOUYeHHe 0, o0 p € pfa(X) mMeer MeCcTO He TOJBKO Jjis PACCMO-
TpeHHOrO BhIme ciaydas © € Xg, #HO u qys @ € X\ Xg. das sroro sadwukcupyem
npou3BOIBHY0 TouKy & € X\ Xg, paccmorpum mepy i € ca(X), yIOBIETBOPSIIONIY IO
yeaopuam 0 < g < 0, 0 p, U yCTAaHOBUM PaBEHCTBO [t = 0.

IMockonbky muoxecrsa Ee nonapuo ne nepecexatorcs u |Ee| > 0 na Bcex § € =,
U3 0-KOHEUHOCTH MEPHI |+| C OUE€BHIHOCTHIO BHITEKAET CIETHOCTH MHOKECTBA = (CM.,

Hanpumep, [9, X.1.6]). Crenosarensno, u(Xy) = u(gg:p(Eg)) = f%;ﬂ(p(Eg)) <

> 6u(p(Ee)) = 0. Kpome toro, pu(X\Xo) < d,(p(X\Xp)) = 6,(&) = 0. Takum
EEE
obpazom, p=0. U

Paccmorpenne nepexonsbix byl Ha (X, ¥) 1 0meparopoB B IPOCTPAHCTBAX
B(X) u ba(X) TecHo cBa3ano ¢ Teopueil BeKTOpHbIX Mep. Huzke Mbl mpUBOIUM
OCHOBHBIE OnpesesieHus 1 PAKTBL ITOH TEOPHH.

Iycrs (X, X) — usmepumoe TpocTpancTBO U V' — HOPMUPOBAHHOE [IPOCTPAH-
crBo. Oyukuug m: ¥ — V nazsiBaercs ozpanusennot sexmopnot (V -gnaunoi)
Mmepotl, ecan

(1) m(EUF)=m(E)+ m(F), nna mobbix E,F € ¥, ENF = @;
(2) ofpa3 m orpaHuYeH 10 HOPME.

Cumsosiom ba(X, X, V) unmu ba(X,V) Gymem o6o3HAYATH BEKTOPHOE HPOCTPAHCTBO
BCEX OTPAHUYEHHBIX V -3HAYHBIX MEp Ha Y. JIerKo 3aMeTuTh, 9TO ecau V — HOpMU-
poBannasd perierka, To ba(X, V) sapisercs ynopsmoueHHbIM BEKTOPHBIM IIPOCTDAH-
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CTBOM OTHOCHTEJILHO CJIEIYIOIIEro nopsaka: my < ma, Kak Tosibko my (E) < ma(E)
g Bcex B € X,

Bamernm, 9o @ o m € ba(X) mas mobeix ¢ € V' um € ba(X,V) u ba(X,V)
SABJIAETCA HOPMUPOBAHHBIM IIPOCTPAHCTBOM OTHOCHTEIHHO HOPMBI

[m| = sup [[pom| = sup |pom|(X).
peV’ peV’
lell<1 lell<1

SAMEYAHUE 3.9. B cayuae V = B(X) dopmyny ang HOPMbI BEKTODHOR Me-
PBI MOYKHO YTIPOCTUTH. A MMeHHO, 1Jist 000 BekTOpHOH Mepbl m € ba(X, B(X))
CIIPABEJINBO PABEHCTBO

[ml| = sup [|m(:)(z)],
reX

T. e. |[m|| = sup ||¢, o m||, tae dbyrkunornan ¢, € B(X)' onpemensierca dopmymoit
zeX

0.(f) = f(x). HeitcrBurensHo,

[ml| = sup [lpom| = sup sup (p(m(E))—e(m(F)))

pEB(X)’ pEB(X) E,FexX
llell <1 llell<1

= sup  sup (p(m(E) —m(F)))= sup_|[m(E) —m(F)]
E,FeX peB(X)’ E,FeY

llell<1

= sup_sup [m(E)(z) —m(F)(z)| = sup sup |[m(E)(z) —m(F)(z)|

E,FEY z€X zeX E,FEY

sup [|m()(x)]|
reX

[Iycrs V — nopmupoBanHas perierka. Bekropuyio mepy m € ba(X, V) 6yaem
HA3LIBATL NOPACK0GO Henpepbierot (WIn o-Henpepuieholl), eCiu 1jis 060l moce-
JIOBATEIBHOCTH U3MEPUMBIX MHOXKECTB (E,)nen u3 Fy, | @ Bbirekaer m(E,) 2 0.
Bekroprast Mepa m € ba(X, V) HazbBaeTCs nopadkoso cuemmo-addumuenot (nan
o-cuemno-addumuenot), ecau s 000l nocaepoareasoctu (Fy)pen MOOapHO
JIU3BIOHKTHLIX U3MEPUMbIX MHOXKECTB UMeeT MeCTO PaBeHCTBO

m GE” :O—im(En)-
n=1 n=1

CoBeplIleHHO aHAJIOTHIHO CKAJIAPHOMY cay4aro (eM., HanpuMep, [7, IV.1]) noka3sbiBa-
eTCsl, YTO BEKTOPHAS Mepa 0-HeMPEPBIBHA TOTIa U TOJIBKO TOT/IA, KOT/IA OHA 0-CUETHO-
agguruBHa. MHOKECTBO BCEX O-CYETHO-3JIUTHBHBIX BEKTOPHBIX Mep 0003HAYNM
yepes o-ca(X, X, V) niu o-ca(X, V).

[Iycrs V' — GamaxoBo npocrpasctso u m € ba(X, V). Cumsonom St(X,X)
unu St(X) obo3nauum HOpMupoBanHoe nognpocrpancrso B(X), cocrosginee u3 Beex
crynenuyarbix GyHkumil (1. e. uzMepumbix GyHKIMA ¢ KoHeuHbIM obpazom). Oupe-

n
nemum, oreparop Ip,: St(X) — V|, monaras I,s = > a;m(E;) masa awo6oi cry-
n i=1
nenvaroii Gyakuuu s = Y a;lg,, rae muoxkecrsa E; € ¥ nomapHo IU3bIOHKTHBL
i=1
(KOPPEKTHOCTH TAKOrO OMPEIeSICHUs JOCTATOUHO OUeBUIHA). Heca0KHO MpoBepuTh,
4r0 oneparop I, orpanmnden no wopme. IMockoabky St(X) — BCIOAY IJIOTHOE TIOJ-
npocrpancreo B(X), a V' — 6aHaxoBo IpPOCTPAHCTBO, CYIIECTBYET €IUHCTBEHHOE
upo/osKenue oneparopa I, 10 orpanuyensoro oneparopa usz B(X) B V. Buauenue
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5TOro npoaosKenus Ha saemenrte f € B(X) nasbiBaercs unmezpasom gynxyuu f no
sexmophot mepe m 1 obo3Hadaercs cuvbooM [ f dm wmm (f, m) (em. [20, . IL7]).
X

13 mocrpoenms maTerpana menocpencreerno caemyer, aro || (f, m)|| < || f]] ||
it mooeix f € B(X) um € ba(X, V).

Eciu V =R u p € ba(¥), To, N0ab3ysCh MPUBEIEHHON BbIllle KOHCTPYKIIUEH,
MbI IPUXOJUM K HOHATUIO unmeezpana Pynryuu [ € B(X) no xoneuno-addumuenot

Mepe (i, KOTODBIH, Kak W Bblme, Oygem obosHadars cumsonoMm [ fdu wmm (f, pu)
X
(cm. [25, ta. VII]). Bamernm, 4ro onpejesieHHbIH TaKuM OOpPa30M HHTErPaj COB-

nagaer va B(X) ¢ rak HasbiBaeMbiM 06001IeHHbIM MHTErpasom Pagona (cum. [26,
X1.3; 1]).

MHorue cBoficTBa MHTETpasIa 0 KOHETHO-/IINTHBHON Mepe COBIAJIAI0T € AHA-
JIOTHYHBIME CBOJicTBaMu HMHTerpasa Jlefera w WHTErpaja MO CYETHO-a/IUTHBHOM
(3nakonepemennoii) mepe (cM., nanpumep, [26, X1.3]). B uacraocru, nna no6bix
f € B(X) u s € ba(%) cnpasesausst nepasencrsa |(f, )| < (1f1,lul) < A1 1l

3AMEYAHUE 3.10. Ussectro (cM. [26, XI1.4]), uro a1060il THHEHHBIH orpaHy-
gennblit dyaximonan ¢: B(X) — R enuncrBenHbiM 06pa30M IPEACTABIISAETCS B
BUJe MHTErpajia [0 HEKOTOpoil Mepe [, € ba(X). Ilpu sToMm coorBercTBHE O — [i
stBsieTcst muHERHON m3omerpueit B(X) ma ba(X). C ywerom storo daxra mpo-
crpancTBo ba(X) MOKHO cuuTarbh coupsKeHHbiM K ipocrpancrsy B(X). Haupu-
Mep, TOBOpsi 0 caaboit™ Tonosorun Ha ba(X), Mbl Beerna pacemarpusaeM ba(X) kak
COnpsizKeHHOE TpocTpaHcTBo K B(X).
O603HaunM cumBooM A(X) BeKTOpHOE HOAIPOCTPAHCTBO ba(X), cocrosree u3
n
BCEX MeD BuAa Y a;0,, The o; € Rmx; € X.
i=1
3AMEYAHUE 3.11. Ussectno, uro muoxkecrBo A(Y) ¢inabo™ mmorHo B mpo-
crpancTie ba(X) (cm. [18, 4.9]), orkyzaa ¢ yuerom sratouernns A(X) C ca(X) caenyer,
gro ca(¥) Takxke ciaabo™ mwiorHo B ba(XL).
B upocrpancrse ba(X, B(X)) BBenem npousBejieHue, noaaras

(ma xma)(E)(z) = (m2(E), mi(-)(x))
ara Beex ¢ € X u B € ¥, OrHocurensHO BBeneHHOTO npousseaenud ba(X, B(X))
sBagercd HopMuposanHoil anre6poii. Huxe (cum. caencrsue 4.9) 6yaer nokasaHo,
aro ba(E, B(X)) npencrasaser coboil ynopsIoueHHY0 OaHaXoBy airedpy.

IIycts V' — 6anaxoBo TPOCTPAHCTBO. Bynem roBopuTh, UTO BEKTOP-(DYHKITHS

w: X — V oepanuyena, ecim sup ||w(zx)| < oco.
zeX

Bekrop-dpyukuus w: X — V' nasbipaerca €660 usmepumoti, €CiIm AJjis Kazk-
nmoro snementa v € V dbyuxmms (v,w(-)): X — R usmepuma, T e. {z € X :
(v,w(z)) < a} € ¥ muaseex v €V u o € R. Yepes (2(X, 2, V') wm £52(X, V')
0003HAYMM MHOXKECTBO BCEX OIDAHWYEHHBIX CJ1a00" W3MEPUMBIX BEKTODP-(DYHKIHIA
m3 X B V'. Muoxectso £°(X, V') aBnsercs HOpMUPOBAHHBIM MPOCTPAHCTBOM OT-
HOCHTEJIBHO TIOTOYETHBIX JTUHEWHBIX onepanmit u HopMbl ||w|| = sup |lw(z)]|.

reX

B cayuae V = B(X) B mpocrpanctee (50(X, V') = £32(X, ba(X)) MoKHO BBECTH
[POU3BEACHHUE, TIOTATA
(w1 * wa)(z)(E) = (ws(+)(E), wi(z))
aisi Beex ¢ € X u E € ¥, Kak mokazano Hke (cM. crencreue 4.9), oTHOCHTETB-

HO BBEJIEHHOIO IIPOU3BEJIEHHS U [IOTOYEYHOro opsiKa npocrpancTso (5°( X, ba(X))
ABIAETCA YIOPAIOTEeHHON 6aHAX0BOM amrebpoii.
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[Mopmpocrpancreo £5°(X, ba(X)), cocrosimee u3 dbyukimii, 06pa3 KOTOPbIX Jie-
xkut B ca(X), yeaoBumca oboznadars cumoiiom o9 (X, ca(X)).

IIpennoxenne 3.12. Ecau (X,Y) — u3mepumoe npocTpancTBo ¢ GecKoHed-
Hoil o-asrebpoit X, ro sriovenne £, (ba(X)) C £ (ba(X)) sapusierca crporum.

JIOKA3ATEJBCTBO. Ilockonbky ca(X) siBisiercst cOGCTBEHHBIM 3aMKHYTHIM
noAIpocTpancTBoM ba(X), CyIecTByer HEHY/IEBOM OrpaHUYeHHbLH JUHERHbIH (HYHK-
muonau ¢: ba(X) — R rakoii, uyro ¢ = 0 Ha ca(X).

[Iycts v — mpousBonbHLIHA HenyneBoit snement ba(X). Omupemenum omeparop
A: ba(X) — ba(X), nomaras Ay = @(u)v nas seex p € ba(X). OduesumHo, 9TO
A e ZbaX)), A #0u A =0 na ca(X). Takum obpaszoMm, HEHYJIEBOH orepa-
Top A paBeH Hy/0 Ha caabo™ maoTHOM noaMHOXKecTBe ba(X) U, cienoBaTeNbHO, He
stByIsIeTCs cnabo™ HempepwIBHBIM, T. €. A ¢ %, (ba(X)). O

Hna npoussonbroro oneparopa A € £ (ba(X)) u muoxectBa E € ¥ 06o3HadnM
cumposiom Ap dyukuuio uz X B R, oupenenennyio dopmynoit Ag(z) = (Ad)(E)
s Beex © € X.

3AMEYAHUE 3.13. Ecin A € £, (ba(X)), to Agp € B(X) nns Bcex E € X.
HeitcTBUTENBHO, [JIS TPOW3BOJIBHOIO MHOXKecTBA F € ¥ paccMorpuM (DyHKITHIO
vr: ba(¥) — R, onpenenennyio dopmynoit pr(pn) = (Ap)(E), p € ba(X). Oue-
BHJIHO, UTO @p — cj1abo® HenpepbiBHBI JuHelnblii dyakiuonas. C yderom 3ame-
gannst 3.10 cymecreyer dyukuus f € B(X) rakast, uro pp(p) = (f, p) mas Beex
€ ba(X). Caenoparenpro, Ap(r) = (Ad)(E) = ¢p(ds) = (f,0z) = f(z) mus
Bcex ¢ € X.

O6parnoe, Boobuie rosopsi, Hegepro: oneparop A € Z(ba(X)), nocrpoennblii B
JIOKa3aTeIbCTBe TpeyioxKenns 3.12, ve npuHagnexnt 2, (ba(X)), Ho TeM He MeHee
yaosiersopsier coorHomernio Ap € B(X) nns Bcex E € X.

Samernm, 9To B cuiy npeijoxkenus 2.4 u 3ameuanus 3.10 umeer mecTo pa-
BeHCTBO %y (ba(X)) = {T" : T € £(B(X))}. Tosromy, yIuThiBass COOTHOIIEHUE
(T'Ty) = T4T], ecrecTBeHHO CHAGIUTH TPOCTPAHCTBO %, (ba(X)) mponsreneHnem
Ay x Ay = As Ay, oTHOCHTEHLHO KOTOPOTro %, (ba(X)) aBnsiercs ynopanodentoii 6a-
HaXOBOI aJredpoii.

OnPEAENEHUE 3.14. Oueparop A € £, (ba(X)) HazoBeM ca-un8apuaHmHbLM,
ecn Aca(X) C ca(¥). MHOXKeCTBO BCeX Ca-MHBAPHAHTHBIX C1ab0™ HENPEPBIBHBIX
OTepaTopoB 0003HAYNM CUMBOJIOM Ly (ba(X)).

Ouerunno, 910 %, (ba(X)) aBnsieTcsa ynopsao9eHHON GaHAX0BOM MomAArebpoil

Zw(ba(X)).

§ 4. N3omopdusmMbl MeXKAY MPOCTPAHCTBOM MEPEXOTHBIX
(bYyHKIUH 1 APYTrAMHA KJIACCUYECKUMU MTPOCTPAHCTBAMM

B nanuom naparpade Mbl HaJeIMM MHOXKECTBO nepexoaubix Gynkiuuit Z(X, X))
CTPYKTYPO#l yIIOPAL09IeHHOH HOPMHUPOBAHHOM aJredpbl 0 UCCAEIYEM €r0 B3aNMOCBSI-
34 C IIPOCTPAHCTBAMU JIMHEHHbBIX OI1€epaTOPOB, BEKTOPHBIX MED U U3MEPUMBbIX BEKTOD-
dyurmmii. Byner takke yCTAaHOBIEHO, 9TO YIOPSI0YEHHOE BEKTOPHOE TPOCTPAHCTBO
MEPEXOIHBIX (DYHKIUI B OOIEM ClIyuae He ABJISeTCsS BEKTOPHOU PEIeTKOM.

B nanbueiimem (a uMenno B §5) Ham npurogurcs cieiyioniee obobiieHue 1mo-
HATHS IEPEXOIHON DYHKIINUN.
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ONPEAENEHUE 4.1. Ilycts Xy u 3y — o-aarebpbl MOJAMHOXKECTB HEKOTOPO-
ro muoxkecrsa X. O6ozuauum cumposiom (X, Y1, Yo) MHOXKeCTBO BCeX QyHKIUIL
p: X X X1 — R, y1oBIeTBOPSIONINX CJAETYIONIAM YCIOBUIM:

(1) p(-, E) € B(X,Xs) nnsa Beex E € Xy;
(2) p(z,:) € ba(Xy) nns Beex © € X.

Teopema 4.2. Ecanp € P(X,%1,Ys), 70 PyHKIUA P PABHOMEPHO OTDAHUTIE-
Ha u, 6osee Toro, sup ||p(z, )| < co.
zeX

JIOKABATEJILCTBO. s kaxoit Touku & € X nojpoxum p, = p(x,-). Co-
rimacHo 4.1 uMmeeM py € ba(Xq) u sup |pg(E)| < oo must Bcex E € ¥y, U3 reo-
zeX

pembr Hukoauma 06 orpannuennocru (cm. [21, 1.3.1]) caenyer, aro sup ||p(z, )| =
reX

sup ||uz| = C < oco. B wacrmocrn, |p(x, E)| < ||p(z,-)|] < C ang Beex z € X m
reX

EFe¥;. O

Hnsa moboit dyukim p € P(X,%;, %) obo3naunm depe3 T, OyHKIMIO U3
B(X,%;) 8 R¥, onpenensemyto pasencrsom (T,f)(z) = (f,p(x,+)) ana mobbrx
feBX, %) nzxeX.

JIemma 4.3. Ecmmp € P(X,%1,%,), o T, € Z(B(X,X1),B(X,%,)). Ilpu
orom [Ty < sup [[p(z -)]l

JLOKABATENBLCTBO. Odesnuo, uro 1, — mwmHeitnslit oneparop n3 B(X, %)
B R¥. Tlokasxem, uro oneparop T}, meficreyer B B(X, Xs). s KaxKI0ro seMenTa
E € ¥, mveem Tplp = p(+, E) € B(X,%,). U3 muueitnocrn T), 3aKIH09aeM, ITO
T,s € B(X,X,) nna moboit crynendarolt dyuknmu s € St(X, ;). Ilycrs Temepn
f — npounspombabll smement B(X, Y1) u s, € St(X, %) (n € N) — nocienosa-
TETBHOCTH CTYIIEHYATHIX (DYHKIFH, PABHOMEPHO CXOAAMAACA K f. 3aMETHM, 9TO
(Tp())(z) € B(X,X1) nna seex © € X. Caenosarensvuo, (T,s,)(z) — (T, f)(x)
opu n — 00 aad Beex € X, a 3HauuT, QyHKnud 1, f ABigercsa Y,-U3MepHUMOil,
Oydy49y MOTOYEUHBIM MPEIEJIOM Yo-u3MepuMbix (yuknuii. Kpome Toro, mis Bcex
r € X numeem

(T ) (@) = [(fple, D<A F I G, I < 1] sup Ip(y, )|I- (%)

Yaursas 4.2, 3akmodaeM, 410 Tp, f € B(X, X,). Takum obpasom, 1), — auHeHHbII
oneparop u3z B(X,X;) B B(X,X,). U3 (%) Takike BbITEKAET OIEHKA MJIs HOPMbI
oneparopa Tp,. [

[Iycrs Z(X,X) — MuoxKecTBO Beex nepexoaubix Gyukuuit (cm. § 1) Ha uzmepu-
MoM mpocrpancTse (X, X). 13 Teopemsr 4.2 HEMOCPEICTBEHHO CIEAYET, UTO KAXK A
dyukuus p € £ (X, ¥) paBHoMepHO orpanuuera u sup ||p(z, )| < oo.

zeX

Haznenum mMuoxecrso Z(X,Y) crpykTypoil BEKTOPHOIO IIPOCTPAHCTBA € [10TO-
YEYHBIMU JIMHEHHBIMU OlEePAlUsaMU. B MOJIydeHHOM BEKTOPHOM IIPOCTPAHCTBE BBE-
JIeM HOPMY, ToJIarast

Ipll = sup [[p(z, )|l = sup |p(z,)[(X).
reX reX

Cuabaum npocrpancrBo Z (X, Y¥) MOTOUYEUHBIM IOPSTKOM:

p1 < po, ecau pr(z, E) < po(z, E) ans mobeix x € X u F € 3.
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OunpeennM onepalyo yMHOKEHN NepexoaHbix MyHKImii pr,py € P (X, X) cuemy-
oMM 00pa3oM:

(pl *p2)($7E) = <P2('7E)>P1(xa )> JJId BCEX T S X u E S 3.

Hecnoxuo yo6euThest B TOM, YTO TTPOU3BEICHNE TIEPEXOAHBIX (hYHKIMH TeHCTBUTEb-
HO SBJSIETCA TEePeXOIHOM (DyHKIMeil U OTHOCHTENBHO BBEIEHHBIX OIEPAIIHL
P (X, Y) apigercsd ynopsig0ueHHON HOPMUPOBAHHON aJreGpoii.

Huxe MBI OKaXkeM m30MOP(MHOCTD YIOPSIIOYEHHBIX HOPMUPOBAHHBIX aarebp
(X, %), Z(B(X)), Zu(ba(X)), ba(Z, B(X)) n £7 (X, ba(X)).

OnPEINENEHUE 4.4. Hua mobeix p€ P (X, %), T € Z(B(X)), Ac L, (ba(X)),
m e ba(X, B(X)), ve X (X, ba(X)) onpenennm GYHKIEA P, DA, Dm, Do X XL — R,
T, T4, T, Ty: B(X) - B(X), Ap, Ap, A, Ap: ba(E) — ba(X), mp, mp,ma,my :
Y = B(X), vp,vr, 04,0 X — ba(X) cneayrommmu GbopMyTaMu:

pr(e,B) = (T1p)(2), (Tp)@) = (£.p(e.)),  (A)(E) = (p(-, ), ),
pa(w, E) = (AS)(E), (Taf)(@) = (£.A8,),  (Arw)(E) = (T1p.p),
Pl B) = m(E)(), (Tnf)(@) = (frm)(@),  (Anp)(E) = (m(E), ),
po(a. B) =v(@)(E),  (T)(@) = (fo(@),  (Ap)(E) = (0(-)(E), ),
my(B)(2) = p(a, E),  v,(2)(E) = p(z, E),
mr(B)(2) = (T1)(2), vr(z)(E) = (T1p)(2),
ma(E)(x) = (AL)(E), val@)(E) = (48,)(E),
my(E)(@) = v(@)(E),  vn(2)(E) = m(E) (),

rnex € X, EeX, feB(X), ucba(X).

JIemma 4.5. s mobpix T € L (B(X)), f € B(X) u p € ba(X) umeer mecro
DAaBEHCTBO

—

Hupivu c10BaMH, TIDH €CTECTBEHHOM OTOKqecTBiaeHnn npocrpadcrs B(X) u ba(X)
(cm. zamewanne 3.10) cnpasemmso coorromenue A = T'.

JIOKA3ATENBCTBO. Iomoxkum ¢ = (T(+),u). Oqermmno, uto ¢ € B(X)',
a 3HavwT, @ = (-, V) 1yIst HeKOTOPoit Mephl v € ba(X) (cm. 3amewanme 3.10). na Beex
E € ¥ uvmeem (Arp)(E) = (T1g,p) = ¢(1g) = (1g,v) = v(E). CaenoraresnbHo,
(Tf,p) = (f) = (fv) = (f, Arp). D

Ilpennoxenne 4.6. B yciaoBusix onpenenerns 4.4 uMer0T MECTO BKJIIOTICHH
PT,PA, Pm,Pv € ,@(X, E); Tp7 Ta, T, Ty € X(B(X)); Ap; ATa Ama A’u S gw(ba(z));
My, My, MA, My € ba(X, B(X)), vp, vr,v4, U € {9 (X, ba(X)).

JIOKA3ATEJBCTBO. Briovenne T), € Z(B(X)) Bbirekaer n3 jeMMmbr 4.3.

Hna seex E € ¥ umeem Apu(E) = (p(+, E), 1) = (Tplp,p) = Ar,u(E). Ilo-
ckonmbKy Ar, = T, (cM. memmy 4.5), u3 npemyozxerus 2.4 BbITEKAeT BKIIHOUCHHE
A, € Z,(ba(X)).

TMokaxkem, uro v, € (X, ba(X)). Hna moboro MHOXkecTBa E € ¥ nmeem
(1g,vp(+)) = p(+, E) = Tp1g. Crenosarensho, (s, vp(+)) =T,s qna Beex s € St(X, X).
Ecan reneps f € B(X), 10 (£,0,(@)) = m (s,,v,(2)) = lim (Tys,)(x) = (T,.f) ()

mig Beex © € X, rye (Sp)neN — PABHOMEPHO cXoagdiiasgcd K f I10C/ae10BaTeb-
HOCTD 3eMenToB St(X, X). Ocraerca 3ameruts, 4ro sup ||vy(z)| = sup ||p(z, )| =

OcrasnbHble BKIIOUEHUsT JINO0 OUEBUIHBL, JIUOO0 C JIETKOCTHIO BHIBOJATCS U3 yCTa-
HOBJIEHHBIX BBIIIE C TIOMOIIBIO teMMbl 4.5, npemioxkenns 2.4, 3ameuanns 3.13 u pa-
BercTBa pa(+, E) = Ag (F € X). O
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JlemMma 4.7. Ilycts Vi, ..., V, — ynopsgodeHHbIE HOPMHPOBAHHBIE IPOCTPAH-
CTBA H Oy, . .., 0y — OTOOPAYKEHUSI, YAOBJCTBOPSIOIIHE CACTYIOIIM YCAOBUIM JIJIS
Beex 1 =1,...,n:

(a) «; — snmmeiinpli oneparop u3 V; B Vi
(b) lleu()|l < l[vll s Beex v € Vi
(¢) vz Becex v € V; m3 v > 0 Borrekaer a;(v) > 0;
(d) (iyn—1-aip104)(v) =v ang Beex v € V;,

e Vo1 =Vinmonir =0 miak =1,...,n—1. Torna kaxk0e u3 0TOOpakeHHIT o
SIBJISI€TCS JIHHEHHON H30MEeTPHENH U MOPSIKOBBIM n30Mopgu3Mom mexay Vi u Viyq.

JIOKABATEJILCTBO. 3adukcupyem i € {1,...,n}. Oueparop q; CIOPbEKTUBEH,
HOCKOIBKY O ((Qign—1 -+ Qipar1)(w)) = w s Bcex w € Viyq cormacuo (d). st
v € Vi cyderoum (d) u (b) mueen [[vf| < [leipnall - [leipa |l el lv]l < [[v]l. Creno-
BaTENbHO, (v ABaserca u3omerpueir V; Ha V1. Ocramock 3aMeTUTh, 9TO COIIACHO
(d) u (¢) mus Bcex v € Vi u3 a;(v) > 0 Boirekaer v = (Qiyn—1 - qip104)(v) =
(Cipn—1--aip1)(os(v)) 2 0. O

Teopema 4.8. [lnarpamma, BeprimHaMu KOTOPOI SIBJISIOTCS HsITh IPOCTPAHCTB
P(X,D), L(B(X)), Lu(ba(X)), ba(Z, B(X)) 1 £2(X, ba(L)), a peparm — pa-
JIaTh OTODOpaKkeHut, onpenaeeHHpIXx B 4.4, kommyTarusHa. Kpome TOro, kKaxkmoe
H3 IBAJIATH OTOODAXKEHHI SIBJISTETCS H30MOP(HU3MOM MEXKITY COOTBETCTBYIOIIHMU
IPOCTPAHCTBAMH, TJe MOJ H30MOP(H3MOM MOHHUMAETCS JIHHEHHAS H30METDHsI, CO-

XPAHSIOMA OPOU3BEIEHAE U ABIAOMAACT HOPAIKOBBIM H30MOP(PHIMOM.

JIOKA3ATENBCTBO. Ionoxkum Vi = Vg = P(X,Y), Vo = Z(B(X)), V5 =
Zy(ba(X)), Vi = ba(X, B(X)), V5 = £57(X,ba(X)) u paccMoTpuM 0TOOpazKeHU
a;: Vi = Vigy (i =1,...,5), oupenenennsie dhopmynamu aq(p) = Ty, ao(T) = Ar,
az(A) =ma, ag(m) = vy, as(v) = py.

TTokaxkem, uro orobpazkenus «; yaosjerBopstor ycjopusM (a)—(d) jsemmbr 4.7
W COXPaHSIIOT Mpon3Besierne. Yeiosne (b) Jerko mpoBEPHTH, MCTIOMB3Ysl, HATTPAMED,
aemMmy 4.3 u 3amedanue 3.9. IlpoBepka OCTaNIbHBIX YCIOBUH TaKyKe HE COCTABJIS-
eT Tpyza. B KadecTBe IEMOHCTPAIMU MBI MOSCHAM COOTHOIICHUST ATPva =Amn

Tprsps = Tp,Tp, mnst Becex A € Z(ba(X)) u p1,p2 € P(X,X). IockombKy, Kak
nerxo sugets, (Ar 62)(E) = (Ad,)(E) ans Becex € X u E € ¥, oneparopsr

Pom 4
Ar, ~ m Acommanaior na ci1abo” miaoraom mommuokecTse A(Y) C ba(X) (cM. 3ame-
m

ganue 3.11), a 3HauuT, coBnamaoT Bcoay Ha ba(X) B cuy ciaboil* HENPEPLIBHOCTH.
Coorromenne T}, vp, = T}, T, BBITEKALT N3 HEMPEPBIBHOCTH PACCMATPHBAEMBIX OTTe-
pPaToOpOB M JIErKo ycTaHaBanBaeMoro paBeHcTBa (1, «p, 15)(2) = (Tp, Tp, 15) () mis
Becexz € X u B e},

Nrak, B cury meMMbI 4.7 0TOOpazKEHNT Oy, . . . , (5 SIBJIAIOTCS H30MOP(PU3IMAMII.
Tor daxr, yro orobpaxkennsa T +— pp, A — Ta, m — Ay, v = My ©p — Uy
SIBJIAIOTCST OOPATHBIMEU K COOTBETCTBYIOIINM U30MOPMDUIMAM v, . . . , (5, CIEAYET U3
OYEeBHJIHBIX DABEHCTB Pr, = P, MA, = M, Uy, = U, Py, = P U COOTHOIIEHUS
(Ar,p)(E) = (Talg,p) = (1, Ap) = (Ap)(E), cupasenaueoro jist Bcex £ € ¥ u
i € ba(X) B cumy memmbr 4.5.

VTBepKEHNE TEOPEMBI TENEPHh HECJIOXKHO MOJYYNTh C MOMOIIBI0 YCTAHOBIEH-
HbIX Bbile Gaxkros, . (d) semmbr 4.7 s orobpaxkeHuit v, . . ., 5, & TAKIKE JIECKO
TIPOBEPSIEMBIX PABEHCTB (M — pp) = asay, (A — pa) = azagas, (m — Tp,) =
ajasay, (V= T,) = aros, (p— Ap) = agag, (v Ay) = asoyas, (p— my) =
agasay, (T — myp) = agas, (T — vr) = agazas, (A= va) = agas. O
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Cuaencreue 4.9. Ipocrpancrea (X, YY), £ (B(X)), Zw(ba(X)), ba(X,B(X))
u £ (X, ba(X)) apasorcsa ynopsamgodeHHbIME GAHAXOBBIMU aJreO6paMu.

JLOKA3ATEJLCTBO. Hocrarouno zameruts, uro £ (B(X)) — ynopsanodenuas
b6anaxoa ajrebpa, u BOCIOIB30BaThCs Teopemoit 4.8. [

U3 creayromero yTBepKIeHnsA BBITEKAET, ITO YOS J0ICHHBIE BEKTOPHBIE PO~
crpancta (X, Y), Z(B(X)), ZLw(ba(X)), ba(X, B(X)) n £52(X,ba(X)), Boobire

w
TOBOpPd, HE ABJIAIOTCA BEKTOPHBIMH DEIIeTKaMHu.

Teopema 4.10. Ilycrs (X,X,|+|) — mpocrpancTBo ¢ Mepoil, umeroniee jug-
raar, npagem {¢} € ¥ u |{z}| = 0 ana Bcex © € X m cymecTByer HEH3MEPHMOE
nmommaokectBo G C X . (B KauecTBe TAKOrO MPOCTPAHCTBA € MEPOH MOYKHO B3ATh,
nanpumep, orpe3ok [0, 1] ¢ mepoit JleGera.) Torua ynopsioueHHoe BEKTOPHOE IPO-
crparctBo £ (B(X)) He sBIAETCS BEKTOPHOIT PENIETKOM.

.

JOKA3ATENBCTBO. Oupenenum T € £ (B(X)), nonaras T f = 1g(f—f) naa
Beex f € B(X), u ybeauMcs B TOM, 9TO ONPEIETIEHHDBIH TaKUM 00PA30M OIepaTop
He uMeer nojoxkuTebHoi yactu. (Tor ¢gakr, uyro oneparop T AelicTBYET UMEHHO B
B(X) u sBagercd orpaHuYeHHbIM, BBITEKAET U3 coBuagenus dbyukumii f u f. nouru
seroay u cootromenntt | 1g(f—fo)| < |fl+|f~] = |fl+]|f]l~ < 2| f]], obecneunBaemprx
cBoiicrBamu sudruHra.)

JlomycTrM BONIPEKH JOKA3BIBAEMOMY, 9TO Omeparop 1 MMeeT MOJIOKATENTbHYIO
gacte 1. Torma gns Beex © € G cnpapeanussl coorromrenns TH1x > T 1,y >
Tl =1y, . e. TTlx > 1 na G. Baduxcupyem npoussoibHyto 104Ky & € X\G
1 OIIPEJIe/INM TIOJIOKUTE/IbHbII onepaTop Z, € £ (B(X)) dopmynoit Z, f = 1x\ (a2} f,
[ € B(X). Torma nna secex nonoxurenvhbix f € B(X) umeem Z,f = 1x\(o}f >
laf > 1¢(f — fo) =Tf, 1. e. Z, > T. Cnenosarensio, Z, > TT u, B yacTHOCTH,
Zy1x > TT1x, orkyza soiTekaer pasenctso 171y = 0 ma X\G. C mpyroii cro-
pOHBI, KaK ObLI0 ycranosieno sbime, 171y > 1 na G, a snaunr, dynxnua T 1x
Hem3Mepuma. [

§ 5. CyeTHO-aAJUTUBHBbIE M YMCTO KOHEYHO-AUTUBHbIE
mepexoanble pyHKITAN

B pamnoM naparpade Mbl BBOAUM M HCCIEILyeM OPOCTPAHCTBA Poo(X,X) u
Ppio(X,E) CIeTHO-aIANTUBHBIX U IUCTO KOHEYHO-3IJUTHBHBIX IE€PEXOIHBIX (PYHK-
7, TOKA3BIBAEM, YTO OHH ABJIAIOTCHA B3AUMHO JIOHOJHUTEIBHBIMA OJOCAMH OTHO-
CHUTENILHO €CTECTBEHHON JN3bIOHKTHOCTH, W PACCMATPUBAEM BOTIPOC O PA3JIOKEHUN
P (X, %) = Pea(X,X) ® Ppa(X, X).

Ormerny, uro anamorn npoctpancTs P (X, Y), Poo(X,X) 1 Pp(X, %) naa
cITydas KOHETHO-3JINTUBHBIX TTEPEXOHBIX BEPOSTHOCTEH GBI PACCMOTPEHBI B Da-
Gore A. 1. ZK nanka [2] (B uX cBsA3M ¢ COOTBETCTBYONMME Hensimu Maprosa). B roit
JKe paboTe OBUT BIEPBBIE MOJHAT BOIPOC O PA3I0KEHNH KOHEYHO-aTHTHBHBIX TIepe-
XOJHBIX BEPOATHOCTEH B CYyMMY CYETHO-3JIUTHBHON M YHCTO KOHEYHO-a/IUTHBHOM
cocraistiolux. Huxke mbl uccsepyem sror soupoc (B Hosee obueil curyanuu 1po-
U3BOJILHBIX TTEPEXOTHBIX DYHKIWMI) U, B YACTHOCTH, YCTAHABINBAEM, UTO TAKOE Pa3-
JloXKeHre, BOOBIIE TOBODsI, He nMeeT MecTa. IIOMyTHO MBI MJIOTHBIM 00pa30M BKJIa-
esaeM 2 (X, Y) B Heroropoe Ganaxopo K-npocrpanctso Z(X,Y) u msydaem mo-
PAIKOBBIE CBOCTBA 9TOTO BIIOXKEHHUH.
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[Iycrs (X, ¥) — npousBoiabHOE H3MEPUMOE IPOCTPAHCTBO.

OnPEAEJAEHUE 5.1. Tlepexomuyio dbyukimio p € P(X %) Gynem Ha3bBaTH
cuemno-addumuenot, eciu p(x,+) € ca(X) mag Bcex x € X. MHoxecTBO BCex
CYETHO-3JIUTUBHBIX IIEPEXOAHBIX QYHKIMH 0003HauuM cuMBOIOM Peq (X, X).

Teopema 5.2. Kaxxnoe u3 npocrparcts P..(X,X), Z,(B(X)), ZLuc(ba(X)),
o-ca(X,B(X)) u (9 (X,ca(X)) sapuasercs ynopsiiodeHHoil 6aHaxoBol noxaredpori

w
2(X,Y%), Z(B(X)), ZLuba(¥)), ba(X,B(X)) u 2(X,ba(X)) coorBercTBeHHO.
JuarpaMva, BepiimHAME KOTOPOI CJAYKAT 3TH IISITh moqajarebp, a pebpamu — Cy-
JKEHHS JBAJNaTH 0Tobpakewuit, onpenenenubix B 4.4, komMmyrarunBaa. Kaxkmoe u3
JBAIIATH CYXKEHUH — H30MODPH3M MEXKIY COOTBETCTBYIOIIHMH MPOCTPAHCTBAMH,
e oA u30MOpQU3MOM OHUMAETCS JTHHEHHAS H30METPHsI, COXPAHSIONAs MIPOH3-

BeJICHHEe U ABJISIOITASCA IMOPAITKOBBIM I/IS’OMOpd)I/IS’MOM.

JLOKABATEJBLCTBO. llpunumas Bo BuuManue Teopemy 4.8, 10CTaTOYHO 3ame-
TUTh, 4T0 %, (B (X)) apasercs ynopsanodennoil 6anaxosoit nopaiaretpoii £ (B(X)),
u ycTaHoBUTh BKItodenus 1), € Z,(B(X)), Ar € Lue(ba(X)), ma € o-ca(X, B(X)),
U € L2 (X, ca(X)), py € Pea(X,X) ana mobbix p € Peo(X, ), T € Z,(B(X)),
A€ Lye(ba(X)), m € o-ca(E, B(X)), v € £52(X, ca(X)).

B UpHBOIMMBIX HEUKE PACCYKICHUAX MBI MHOTOKPATHO HCIOTIB3YeM 3aMeda-
Hus 2.3 6e3 SBHBIX CCBLIOK.

Hokaxem, aro T, € Z,(B(X)). Ilycrs nocaenoBarensrocTs (fr)nen d/1€MeH-
toB B(X) o-cxomuresi k f € B(X). Tak kak p(z, -) € ca(X) (x € X), B cuity TeopeMbl
Jebera st Beex ¢ € X umeeM (T, fn)(2) = (fo,p(z,*)) = (f,p(z, ) = (T f)(z).

Kpowme toro, || Ty full < | Tyl sup || fm |l ans seex n € N, a smauwt, T, f, = Tpf-
meN

Yeranoeum Bratouenne Ap € Lye(ba(X)). Mycrs p € ca(X), E, € ¥ (n € N)
u E, | . CekBeHnmanbHas 0-HENMPEPBHIBHOCTL oneparopa 1 BaeveT CXOmAUMOCTb
Tlg, % 0. Cremosarensro, B cuny Teopemsr Jlebera (Aru)(E,) = (T1g, 1) — 0
opu n — 00, 1. e. App € ca(X).

ITokaxkem, uro m4 € o-ca(X, B(X)). Ilycrs E,, € ¥ (n € N), E,, | @. Ina Bcex
x € X ¢ yderom Briovennsg Ady € ca(X) nmeem ma(Ey)(x) = (Ad)(Ey) — 0 mpn
n — 0co. Kpome toro, |ma(E,)| < |[mal| mansa secex n € N, a suaunr, ma(E,) > 0.

Braouenus v, € £5°(X, ca(X)) u py € Peo(X,X) oueBugubl. [

w

Bremem obozHauenme ~ s OTHONIEHUS Y.-HEPA3IeMMOCTH Ha X, T. €. 3aIHCh
Z ~ Yy 03HAYAET, YTO TOUKM T,y € X JjiexkaT B OHOM KOMKe nmpocrpancrsa (X, X).
O603maunm cumpoaoM P (X, Y) muoxkectso Beex dynxmmii p: X x ¥ — R,
VAOBJAETBOPSIOMNX CICAVIOMNM YCIOBUAM A1 Ti00bix ¢,y € X n B € X:
(a) p(z,-) € ba(X);
(b) ecau x ~y, 1o p(z, E) = p(y, E);
(¢c) dyukuusa p(-, E) orpanuuena.

IIpesparum MHOKECTBO & (X, X)) B yHOPAIOIEHHOE HOPMUPOBAHHOE MPOCTPAHCTEO,

HA/IE/IUB €r0 MOTOYETHBIMU JUHEHAHBIMHA ONEPAIMAMHE, NOTOYEIHBIM TIOPAIKOM U HOD-

moit ||p|| = sup ||p(z,-)|| = sup |p(z,)|(X), xoreIHOCTH KOTOpOI OBECHEIMBAELTCS
reX zeX

Teopemoii 4.2 B cuay oueBmmHoro pamenctsa Z(X,Y) = Z(X,%,%), roe ¥ —
o-anredpa Y-COrIaCcOBAHHBIX TTOIMHOKECTB X .

V1ops104eHHOe HOPMIPOBAHHOE IIPOcTPancTBo Z(X,Y) ¢ OUeBUIHOCTBIO H30-
mopduo 6anaxosomy K-npocrpanctBy £ (X, ba(¥)) Beex orpanndeHHBIX X-COMTa-
coBauublx ba(X)-3Haunbix QyHKIW, T. €. orpanuydeHubix byukimi v: X — ba(X),
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yaosnersopsomux yeaosuio v(z) = v(y) upu x ~ y. Tem campin Z(X,Y) Tak-
XKe gpigerca DaHaxoBbiM K-mpocrpancrBoMm. Kpome TOTo, COBEPINEHHO AHAJTIOIHY-
HO JIOKa3aTe/IbCTBY TeopeMbl 4.8 ycranasiusaercs uzomopduocrs Z(X, X)) 6anaxo-
BiM K-ipoctpanctsam £ (B(X, X)), B(X, X)), Ly (ba(X),ba(2)) u ba(T, B(X,X)).
Konkperubie n30MOpdU3MbI MEXK/TYy BCEMU YIOMIHYTHIMUA MPOCTPAHCTBAMHU OMPEIe-
asgroTcst GOpMyaaMu, IPUBEIEHHBIMA B Oonpeaerennn 4.4.

OnPEAEJEHUE 5.3. Ilepexonubie dyukuuu py,ps € & (X, X) 6ynem Ha3zbBarh
QUBBIOHEMHbLMY U TIUCATH Py L po, ecaiu Mepbl py(x,+) U po(x,+) TU3BIOHKTHBI JJid
Kaxk10i Touku T € X.

Bamernu, uto Z(X,¥) C Z(X, %) u nepexoanbie GyHKIHR p1,ps € (X, Y)
JU3bIOHKTHEL B CMBIC/IE IIPHBEIEHHOTO BBIIMIE OIPEIeIeHHs TOrIA U TOJIbKO TOLZA,
KOTJa p1 U P qu3blonkTHbL B K-nipocrpancree £ (X, X).

Teopema 5.4. Ilycrs (X,Y) — aromHoe u3Mepumoe poCTPaHCTBO.

(1) Muoskecrso 2 (X, %) munopupyer 2 (X, ).

(2) Muoskecrso P (X, X) nacnencrsenno pioxeno 8 2(X,%).

(3) Eciu cemeiicrBo nepexonubix Gyuknmii (pe)ecz nmeer B Z (X, X)) cyupemym
nu HHQGUMYM, TO COOTBETCTBEHHO

(suppg)(x, ') = sup pi(mv ')a (inipg)(x, ') = in£ pf(fﬁ, ')

§€EE ¢e= §€E £€E
it Beex © € X | rjge TOYHbIE IDAHUIIBI B IPABBIX YACTSX DABEHCTB BBIYUC/ISIOTCS B
K-mpocrparcrse ba(X).

(4) Beegennoe B 5.3 ornomenne | sgpjsercs orHONIEHHeM JU3bIOHKTHOCTH HA
BekTOpHOM 1pocrpancree (X, Y) B cupicie onpeseaenns 2.1.

(5) Kazaprii snement p € P (X, Y) npeacraBum B Bue p = 0-y . pg LISl HEKOTO-

£EE
poro cemetictsa (pe)eez C (X, X) monapHo JU3bIOHKTHBIX HEPEXOSHBIX (DyHKIHI.

JTOKABATE/ILCTBO. Hokaxkem (1). Hycts 0 < p € Z(X,X). Buibepem mpo-
U3BOJIbHYIO TOUKY Zg € X, muisg KOTOpoit p(xg,+) > 0, oboznadyum depes A arom X,
comepKamuii xg, u nonoxkum p(z, E) = 1a(z)p(z, F) nna Bcex x € X u E € 3.
OueBuuno, yro p € (X, XY n 0 <p < p.

Yreepxkaenus (2)—(4) crenytor uz (1), reopemst 2.2 u Toro daxrTa, 9To TOIHLIE
rpanunel B Z(X,Y) onpenensiorcs (bopMyaamu, bUTYPHPYIOIIME B yTBEPK Ie-
unu (3) (mociteHee BhITEKaeT, HApUMep, 13 u3oMopduocTn P (X, %) K-npocrpan-
ctBy /% (X, ba(X)), B KOTOPOM TOYHBIE TPAHMIIBI BBIYUCISIOTCS TTOTOYEYHO).

YuomsiHyTOE B yTBepKAeHIH (5) CeMeiCTBO (D¢ )eem MOKHO ONpPeIeTuTh (hOpMy-
namu pe(z, E) = 1¢(z)p(x, E) nusaiseex £ € 2, ¢ € X u B € X, rne E — MHOXKECTBO
Bcex aromoB Y. [

ITpuMEP 5.5. Ilokaxkem, 4To TpebOBaHIE ATOMHOCTH HU3MEPHMOIO IPOCTPAH-
crBa (X, X) gaBISETCs CyNIECTBEHHBIM JIJisl CIPABEJIMBOCTH KAXKIOTO U3 YTBEPIKIE-
Huii Teopembr 5.4.

[Iycrs X = [0,1]. Paccmorpum neusmepumoe 1o Jlebery muoxkecrso G C X u
[IOJIOXKUM

Y={FeZ: EDGuwm ENG = @},

e £ — o-anarebpa uaMepumbix 1o Jlebery nogmuoxkecTs X. Kak yxke ObI10 0TME-
4eHo B 3.5, MHOkecTBO G npencrapiser coboil neusmepumbiii Komok (X, ¥) u, craso
6biTh, u3MepuMoe npocrpaHcTso (X, X)) He sABIAeTCA aATOMHbBIM.
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IIycrs || — cyxenune mepsr JleGera va . Hecmoxuo yOemuThes B TOM, 9TO
tpoiika (X, X, |-|) — npocTpanCcTBO ¢ Mepoii B cmbicte onpenenenns 3.1. Paccvorpam
sudrunr A akrop-anrebpol £ (orHOCUTENbHO Mepb Jlebera Ha X ) u 18 KaxK10ro
MHOXKeCTBa F € ¥ moIoKuM

(B~) = { MEYYUG, ecau E DG,
L AMEM\G,  ecmu ENG = 2.

IlpocTast MpoBepKa MOKA3BIBAET, UYTO OTOOPAIKEHHE ) ONPEIEICHO KOPPEKTHO H SB-
sstercst udruaroM (akrop-anredpbl ¥ npocrpancTsa ¢ Mepoit (X, X, |+|) (ais sroit
OPOBEPKU MOYKHO IIPUBJIEYb, HAIPUMED, NPeIInKeHue 3.2).

Konmpnpumep daa (1), (5). Hyers p € ba(X), p > 0. Paccmorpum smement
0<pe Z(X,Y), onpenenennntii popmyioit

p(z, E) =1g(z)mE), z€X, E€X,

U TIOKAYKEeM, YTO OH He MUHOPUPYETCS MOJIOKUTETbHBIMY TEPEXOIHBIMA (DYHKIUSIMU
(Tem cambiM OyIeT oy deH KOHTpIpuMep Jis yreepxKaenuit (1) u (5) reopembr 5.4).
g sroro npeanonoxum, uro p € (X, %), 0 < p < P, U yCTAHOBUM DABEHCTBO
p=0. Ona E € ¥ nonoxum Zg = { € X : p(z,E) = 0} € X. U3 onpene-
JICHUA D HENOCPENCTBEHHO BbITeKaeT BKaodenue X \G C Zg. Hemsmepumocts G
U U3MEPUMOCTh Zg Bieder Zg NG # &, otkyna Zg D G 10 ONpenesennio Y. u, Cje-
JoBareabto, Zp = X.

Konumpnpumep das (2), (3). Tlokaxem, uro nepexonnas Gyukuusa p € Z(X, ¥),
onpenenennas popMyaoi

p(r, E) =1p(r) — 1~ (), € X, E€X,

MMEET [OJIOKUTEIbHYIO 4acTh pT B ynopsjodennom npocrpancrse P(X,Y), Ho
pT(z,+) # plz, )T mpu z € G (Tem cambim Gyner ycraHoBaeHO, 9o musa (X, X))
He CIpaBe/JINBbL yTBep:KaeHus (2) u (3) Teopembl 5.4).

Hoxkazxewm, aro p™ = id, rne id(z, E) = 1g(x) = 0,(F) nasecexz € X n E € X.
Odepunno, 4ro id > p. PaccMOTpHM TPOU3BONBHYIO IOJOKATENBHYIO TIEPEXOTHYIO
dyukuuio p € Z(X, X)), yA0BAETBOPAIONIYIO0 HEPABEHCTBY P > P, U HOKAXKEM, 9TO
p>id, 1. e. p(-, E) > 1g nug seex E € X. 3adurcupyem MPOU3BOIBHBINA 37€MEHT
E € ¥. Ilpeamonoxum cuagana, uro £ NG = &. Torma mis Bcex ¢ € F umeem
p(,E) > p(-,{z}) = 1z, = e. p(-,E) > 1p. Ilycrs Teneppr E O G. Torma
(-, E) > p(-,{z}) = 1y mna scex © € E\G, 1. e. p(+,E) > 1p\¢. Ionoxum
F={xe X :px,FE)>1} € ¥. dcuo, uro F O E\G. Ecmu FNG = &, 10
FNE = E\G, aro nporusopeanT u3MepuMoct MuokecTBa F'NE. Cnenosarensbro,
F > G, a3naunt, F' O E u rem cambim p(+, E) > 15.

Sadukcupyem npousBonbhyio TouKy © € G. W3 onpenmenenuit GyHKIMU p U
madTuaTa p BUAHO, 9o p(x,-) = 0, a swauut, p(z,-)t = 0. C npyroii cTopoHbI,
P (o,) = id(z, ) = 6, # 0.

Konwmpnpumep das (4). 3amernm cHauwama, 910 d; L d§, 0 p mus Beex x € X\G.
Hedicreurensro, ecin © € X\G u pt = §; A by 0 p, To (X \{z}) <0, (X\{z})=0mn
u({}) < (6, 0 p) (o) = 62(2) = 0, omxyna 1 = 0.

Tenepb ycTaHoBUM, YTO i JIOOLIX pi,pa € P(X,X) us p1 € {po
kaer py(7,+) € {pa(x,)}*+ npu # € X\G. MeiicrBurensuo, mycts py € {ps
r € X\G. s npoussonbabix i € {p2(z,-)}t, y € X n E € ¥ monoxum

2.5 = {

3+ BriTe-

}LL "

wE), ecmy=um,
0, ecnm y # x.
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Ouesuano, uro 04 € Z(X,¥) (6naronaps srmwodernto {x} € X) n §* L ps. Cneno-
BaresbHO, 0¥ | py u, B wacruoctu, p = 0¥ (z, ) L pi(x,-). IIpousBonbrocTs BHIOODA
w € {pa(x, )} nozsonger sakmounTh, uTO P1(T,+) € {Po(, ) L.

Haxomnern, amst Bcex * € X n F € ¥ moaoxum

p1(z, E) = 6,(E),

(z, E) { 02 (E), ecmm z € G,
x =
P So(p(E™)), ecnn z € X\G.

Brarouenune p; € (X, X) ouesuuno. [okaxkewm, yro py € Z(X, X). Cpoiicrsa jud-
TUHTA, TTO3BOJISIOT 3aKJIIOUUTE, 9TO Po(z,+) € ba(X) ansa Beex € X. Ocraercsa ajis
Kaxka0ro sneMenta E € X ycranosurh Y-uzMepumoctb dbyHKImU pa(+, F), T. €. npu-
HaIexkHOCTh MEHOKecTBA F' = {x € X : pa(z, E) = 1} o-anrebpe ¥. U3 ompegme-
JIEHUsT Py HEMOCPENCTBEHHO BBITeKaeT paseHctBo F = (E N G) U (p(E~)\G). Ecam
E D G, ro no onpexnesnennto p umeer mecro Bkiawdenue p(E~) D G, a 3uauur,
F =GU(p(E"\G) = p(E™) € . Ecom xe ENG = @, 0 p(E~)NG =@ n
F=p(E")\G = p(E~) € X.

Urak, p;,p2 € P(X,X). fcuo, uro nepexostbie QYHKIUU Py U Po HE JAU3b-
IOHKTHBIL. TlokazkeM, 4to Tem me memee {p;}t+ N {p2}*+ = {0} (8 pesymwrare
MBI YCTAHOBUM, uTO OTHOmeHue | He ymoemerBopsier yciopuio 2.1 (4), u momyunm
KOHTDIIPUMED [Jis1 yTBepKIeHus (4) reopembl 5.4).

ycts p € {p1}++ N {p:}*++. Badbuxcupyem npomssonsuyio Touky = € X\G.
o J0KA3AHHOMY BbIITE HMEOT MecTo BKmouenus p(z,-) € {pi(z, )}t u p(z,-) €
{p2(z,)}*++. C apyroit cropoust, py(7,+) = 6 L 6, 0 p = pa(x,-). Taxum obpazom,
p(z,+) =0npu x € X\G. Torna qns Beex E € ¥ muoxecteo {z € X : p(z, E) # 0},
npuHaiexkaiee X, cogepkurcs B G, a CIe0BaTeIbHO, sSBIgeTcd mycrbiM. Tlocmen-
Hee o3HaYaeT, 4To p = 0.

OnpPEAEAEHUE 5.6. Ilepexonnyio dbyukimuio p € P (X,Y) HazoseM wucmo
Koneuno-addumusnot, ecan p(x,+) € pfa(X) mna secex © € X. MuoxkecTBo Beex
YHCTO KOHEYHO-a/IIUTUBHBIX TePexonHbiX dyHKIuMA 0003Ha4nM depes Py (X, ).

Kax nerxo suners, Pps,(X,X) — ynopsanodenHoe 6aHAXOBO IOIIPOCTPAHCTBO

P(X,5).

Teopema 5.7. Ilycrs (X, Y) — uzmepumoe npocrpancrso.
(1) MuoxectBa Peo(X, %) 1 Pppo(X, X)) ABIAIOTC B3AHMHO J[OMOTHATETHHBI-
mu L-nomocamu B (X, X)), . e.

Peoa(X,0)F = 2,50(X,Y),  Pppa(X,3)F = Z(X, 3.
(2) Ecnu (X, X) guckperto, o
P(X, %) = Pea(X,8) ® Ppa(X, X).

(3) Ilycrs (X, X, |+|) — mpocTparcTBo ¢ MEPOH, nMeroniee UG THHT, CYTHECTBYET
mensmepumoe nogmuoxecrso G C X u 6ynesa airebpa Y. ne umeer aromos. (B kave-
CTBE TAKOro IPOCTPAHCTBA C MEPOI MOXKHO B34ATh, HAanpumep, orpe3ok [0, 1] ¢ mepoit
Jlebera.) Torza

P(X,E) # Pea(X,E) + Ppa( X, X).
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JOKA3ATEILCTBO. (1) Iyets p € Peo(X, X)L, Hna moboit Mepwr p € ca(X)
onpenennM id, € Peo(X,X), monaras id,(x, F) = u(E) qna scex x € X u F € X,
U3 coornomenns p L id, crenyer, uro ana Becex © € X mepa p(x,+) AU3BIOHKT-
ma id,(z,-) = p. Ipomssombuocts BBIGOpa [t € ca(X) MO3BOIAET 3AKJIIOUHTS,
aro p(z,+) € pfa(X) mia Beex ¢ € X, T. . p € Ppp(X,X). Takum obpasom,
Peo(X,2)E C Ppa(X,T). Bramouenne Py, (X, X))t C Peo(X,X) yeranasmmsa-
€TCsl COBEPIIIEHHO AHAJIOTUIHO, & 0OpPATHBIE BKIIOYEHUS OYEBUTHDI.

YrBepxkaenue (2) aBusgercs IPAMBIM ClIeCTBAEM 3.7.

(3) IIycrb p — audrunr dakrop-anrebpsi ¥ NMPOCTPAHCTBA ¢ MepOil (X,3, ).
Corracao Teopeme 3.8 CymIeCTByeT Takoe MHOXKeCTBO Xg € X, yro |[X\Xo| = 0 m
0z 0 p € pfa(X) nna Beex x € Xo. OGoznaunm (Hemsmepumoe) nepecedenue G N X
uepes Go U IOJIOKUAM

p(z, E) = 1g,(z)(1e(x) — 1ym (2), € X, FeX.

Kak sierko Bugers, p € Z(X,X) (3amerum, uro mig seex E € 3 byukuus p(-, F) =
1, (1 —1,(E)) HOUTH BCIO/LY PaBHA HYJIIO, & CeI0BATE/IbHO, u3MepuMa). Mbl noka-
KeM, 9To (PYHKIMA p He MPEACTABUMA B BUJIE CYMMBI CUETHO-AIIUTUBHON W IUCTO
KOHEYHO-A [ JIUTUBHON EPEXOTHBIX (DYHKITHN.

Cortacuo 3.7 kaxaasa mMepa (b € ba(X) uMeer eIMHCTBEHHOE PA3JIOKEHHUE B CyM-
My 3nemenToB ca(X) u pfa(X). YemoBumcs 0003HAUATH T HITEMEHTH CHMBOJIAMU
fea U [hpfe COOTBETCTBEHHO.

IIpenomozkuM BOIPEKH TOKA3BIBAEMOMY, ITO P = Pea+Ppfa, THE Dea € Poa (X, X)
1 Ppta € Pppa(X, %), C yIeToM OpempIIyIIero 3aMedanus Peq (L, ) = p(&, +)cq I
Beex ¢ € X. C apyroit CTOPOHBI, KAK JIETKO BUJIETD,

0y — 0z 0p, ecam x € Gy,
p(I, ') =
0, ecn x ¢ Gy,

upudeM 6, € ca(X) u 0, o p € pfa(X) upu x € Gy. CaenoBaresbHo,

0., ecmu T € Gy,

pca(w, ) = p(x, -)ca = { 07 ecan & ¢ GOa

a 3HaunT, QYHKIWS Peo (s, X) = lg, Hemamepuma. IloaydeHHoe mporuBOpedne 3a-
BepIaeT J0Ka3aTenabCcTBo. [

Takum 006pasoM, HECMOTPS Ha TO, IT0 Yoo (X, X) u Py (X, X) asasorca B3a-
MMHO JIONOJTHATETbHBIME _L-TI010CaMu, UX CyMMa He BCErJa COBIAIAET CO BCEM MPO-
crparctoM 2 (X, X.). ToBOps O IPEACTABUTENBLHOCTH ITOM CyMMBL B P2 (X, X}, MOK-
HO YIOMSIHYTBb O4EeBUJHOE PABEHCTBO (Peq(X, X)) + Ppp (X, X)) = 2(X, %),

Asrops! Beipaskaior Gmarogapaocts A. U. 2KnaHky 3a 1eHHbIE 3aMeYaHus.
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