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�®â æ¨ï. �§ãç îâáï ®á®¢ë¥ ¯®àï¤ª®¢ë¥ (  â ª¦¥ ¥ª®â®àë¥ ¬¥âà¨ç¥áª¨¥ ¨
 «£¥¡à ¨ç¥áª¨¥) á¢®©áâ¢  ¬®¦¥áâ¢  ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå äãªæ¨© ( 
¯à®¨§¢®«ì®¬ ¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥),  ¤¥«¥®£® áâàãªâãà®© ã¯®àï¤®ç¥®©
®à¬¨à®¢ ®©  «£¥¡àë, ¨ ¨áá«¥¤ã¥âáï ¥£® á¢ï§ì á ª« áá¨ç¥áª¨¬¨ ¯à®áâà áâ¢ ¬¨
«¨¥©ëå ®¯¥à â®à®¢, ¢¥ªâ®àëå ¬¥à ¨ ¨§¬¥à¨¬ëå ¢¥ªâ®à-äãªæ¨©. � ç áâ®áâ¨,
à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® à §«®¦¥¨¨ ¯à®áâà áâ¢  ¯¥à¥å®¤ëå äãªæ¨© ¢ áã¬-
¬ã ¯®¤¯à®áâà áâ¢ áç¥â®- ¤¤¨â¨¢ëå ¨ ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå
äãªæ¨©.

�«îç¥¢ë¥ á«®¢ : ¯¥à¥å®¤ ï äãªæ¨ï, ¬ àª®¢áª¨© ®¯¥à â®à, ç¨áâ® ª®¥ç®-
 ¤¤¨â¨¢ ï ¬¥à , ¢¥ªâ®à ï ¬¥à , ¨§¬¥à¨¬ ï ¢¥ªâ®à-äãªæ¨ï, «¨äâ¨£ ¯à®áâà -
áâ¢  á ¬¥à®©, ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, ¢¥ªâ®à ï à¥è¥âª , K-¯à®-
áâà áâ¢®, ¡  å®¢  à¥è¥âª , ã¯®àï¤®ç¥ ï ¡  å®¢   «£¥¡à .

§ 1. �¢¥¤¥¨¥

�ãáâìX |¥ª®â®à®¥ ¥¯ãáâ®¥ ¬®¦¥áâ¢®, �| σ- «£¥¡à  ¥£® ¯®¤¬®¦¥áâ¢.
� àã (X,�) ¡ã¤¥¬  §ë¢ âì ¨§¬¥à¨¬ë¬ ¯à®áâà áâ¢®¬,   í«¥¬¥âë � |
¨§¬¥à¨¬ë¬¨ ¬®¦¥áâ¢ ¬¨.

�¡®§ ç¨¬ ç¥à¥§ B(X,�) ¨«¨, ¡®«¥¥ ª®à®âª®, B(X) ¡  å®¢® ¯à®áâà áâ¢®
¢á¥å ®£à ¨ç¥ëå �-¨§¬¥à¨¬ëå äãªæ¨© f : X → R c ®à¬®© ∥f∥ = sup

x∈X
|f(x)|.

� ¤ ®© áâ âì¥ â¥à¬¨ ¬¥à  ®§ ç ¥â ª®¥ç®- ¤¤¨â¨¢ãî äãªæ¨î, ¤¥©-
áâ¢ãîéãî ¨§ σ- «£¥¡àë ¢ R. �«¥¤ãï [1], ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ ba(X,�) ¨«¨
ba(�) ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¢á¥å ®£à ¨ç¥ëå ¬¥à ¨§ � ¢ R,   ç¥à¥§ ca(X,�)
¨«¨ ca(�) | ¯®¤¯à®áâà áâ¢® ba(�), á®áâ®ïé¥¥ ¨§ ¢á¥å áç¥â®- ¤¤¨â¨¢ëå ®£à -
¨ç¥ëå ¬¥à. (� ª ¨§¢¥áâ®, ¢ á«ãç ¥ ¡¥áª®¥ç®© σ- «£¥¡àë � ¢ª«îç¥¨¥
ca(�) ⊂ ba(�) ï¢«ï¥âáï áâà®£¨¬.)

� â¥®à¨¨ ¢¥à®ïâ®áâ¥© æ¥¯ì � àª®¢  ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ¯¥à¥å®¤®©
¢¥à®ïâ®áâìî | ¯à®¨§¢®«ì®© äãªæ¨¥© p : X × � → R, ã¤®¢«¥â¢®àïîé¥©
á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

(a) p(·, E) ∈ B(X) ¤«ï ¢á¥å E ∈ �;
(b) p(x, ·) ∈ ca(�) ¤«ï ¢á¥å x ∈ X;
(c) p(x,E) ≥ 0 ¤«ï ¢á¥å x ∈ X ¨ E ∈ �;
(d) p(x,X) = 1 ¤«ï ¢á¥å x ∈ X.

� à ¡®â å �. �. �¤ ª  [2{4] ¢¢®¤ïâáï ¨ ¨áá«¥¤ãîâáï ª®¥ç®- ¤¤¨â¨¢ë¥
æ¥¯¨ � àª®¢ , ¯¥à¥å®¤ ï ¢¥à®ïâ®áâì ª®â®àëå ã¤®¢«¥â¢®àï¥â ¡®«¥¥ á« ¡®¬ã
  «®£ã ãá«®¢¨ï (b): p(x, ·) ∈ ba(�) ¤«ï ¢á¥å x ∈ X. �âà¥¬ïáì ¯à¥¢à â¨âì

c⃝ 2004 �ãâ¬  �. �., �®â¨ª®¢ �. �.
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¬®¦¥áâ¢® à áá¬ âà¨¢ ¥¬ëå äãªæ¨© ¢ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, ¬ë ®âª §ë-
¢ ¥¬áï ®â ¨å ¯®«®¦¨â¥«ì®áâ¨ ¨ ®à¬¨à®¢ ®áâ¨ ¨ ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã
®¯à¥¤¥«¥¨î ¯¥à¥å®¤®© äãªæ¨¨.

�¯à¥¤¥«¥¨¥ 1.1. �ãáâì (X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®. �¥à¥å®¤®©
äãªæ¨¥©   (X,�)  §®¢¥¬ ®â®¡à ¦¥¨¥ p : X ×� → R, ã¤®¢«¥â¢®àïîé¥¥ á«¥-
¤ãîé¨¬ ãá«®¢¨ï¬:

(1) p(·, E) ∈ B(X) ¤«ï ¢á¥å E ∈ �;
(2) p(x, ·) ∈ ba(�) ¤«ï ¢á¥å x ∈ X.

�«¥¤ã¥â § ¬¥â¨âì, çâ® â¥à¬¨ ý¯¥à¥å®¤ ï äãªæ¨ïþ ¨®£¤  ¨á¯®«ì§ãîâ
ª ª á¨®¨¬ ý¯¥à¥å®¤®© ¢¥à®ïâ®áâ¨þ. �ë ¦¥ à §«¨ç ¥¬ íâ¨ ¤¢  â¥à¬¨  ¨
ã¯®âà¥¡«ï¥¬ ¯®á«¥¤¨© «¨èì ¤«ï äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å áä®à¬ã«¨à®¢ -
ë¬ ¢ëè¥ ãá«®¢¨ï¬ (a){(d).

�®¢®ªã¯®áâì ¢á¥å ¯¥à¥å®¤ëå äãªæ¨©   ¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥ (X,�)
¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ P(X,�).

� ¤ ®© à ¡®â¥ ¬ë ¨§ãç ¥¬ ¬®¦¥áâ¢® P(X,�),  ¤¥«¥®¥ áâàãªâãà®©
ã¯®àï¤®ç¥®© ®à¬¨à®¢ ®©  «£¥¡àë, ¨ ¨áá«¥¤ã¥¬ ¥£® ¢§ ¨¬®á¢ï§¨ á ª« á-
á¨ç¥áª¨¬¨ ¯à®áâà áâ¢ ¬¨ «¨¥©ëå ®¯¥à â®à®¢, ¢¥ªâ®àëå ¬¥à ¨ ¨§¬¥à¨¬ëå
¢¥ªâ®à-äãªæ¨©.

� â¥®à¨¨ ¢¥à®ïâ®áâ¥© á ª ¦¤®© ¯¥à¥å®¤®© ¢¥à®ïâ®áâìî p   ¨§¬¥à¨¬®¬
¯à®áâà áâ¢¥ (X,�) á¢ï§ë¢ îâáï ¤¢  â ª  §ë¢ ¥¬ëå ¬ àª®¢áª¨å ®¯¥à â®à 

Tp : B(X) → B(X) ¨ Ap : ca(�) → ca(�), ®¯à¥¤¥«ï¥¬ëå ä®à¬ã« ¬¨

(Tpf)(x) =

∫
X

f dp(x, ·), (Apµ)(E) =

∫
X

p(·, E) dµ,

£¤¥ f ∈ B(X), x ∈ X, µ ∈ ca(�), E ∈ �. � ª á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ § 4,
¢ á«ãç ¥ ¯à®¨§¢®«ìëå ¯¥à¥å®¤ëå äãªæ¨©   «®£¨ ¬ àª®¢áª¨å ®¯¥à â®à®¢
¯¥à¢®£® ¢¨¤  á®áâ ¢«ïîâ ¯à®áâà áâ¢® L (B(X)) ¢á¥å «¨¥©ëå ®£à ¨ç¥ëå
®¯¥à â®à®¢   B(X), ¢ â® ¢à¥¬ï ª ª   «®£¨ ¬ àª®¢áª¨å ®¯¥à â®à®¢ ¢â®à®£®
¢¨¤  ®¡à §ãîâ ®¯à¥¤¥«¥®¥ ¯®¤¯à®áâà áâ¢® L (ba(�)),   ¨¬¥® ¯à®áâà áâ¢®
Lw(ba(�)) ¢á¥å á« ¡®

∗ ¥¯à¥àë¢ëå «¨¥©ëå ®¯¥à â®à®¢   ba(�). �à¨ íâ®¬,
¢ ç áâ®áâ¨, ¯®ª § ®, çâ® ®â®¡à ¦¥¨ï p 7→ Tp ¨ p 7→ Ap ¯à¥¤áâ ¢«ïîâ á®¡®©
¨§®¬®àä¨§¬ë ã¯®àï¤®ç¥®© ®à¬¨à®¢ ®©  «£¥¡àë P(X,�)   L (B(X)) ¨
Lw(ba(�)) á®®â¢¥âáâ¢¥®.

�â¬¥â¨¬, çâ® à áá¬®âà¥¨¥ ¬ àª®¢áª¨å ®¯¥à â®à®¢ ¤«ï ª®¥ç®- ¤¤¨â¨¢-
ëå ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¡ë«® ¨¨æ¨¨à®¢ ® ¢ à ¡®â å [2{4]. �à®¬¥ â®£®,
®¤¨ ¨§ ¨áá«¥¤ã¥¬ëå  ¬¨ ¢®¯à®á®¢ (¢ § 5) | ® à §«®¦¥¨¨ P(X,�) ¢ áã¬¬ã
¯®¤¯à®áâà áâ¢ áç¥â®- ¤¤¨â¨¢ëå ¨ ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå
äãªæ¨© | ¢¯¥à¢ë¥ ¡ë« ¯®¤ïâ ¢ à ¡®â¥ [2].

§ 2. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï
¨§ â¥®à¨¨ ã¯®àï¤®ç¥ëå ¯à®áâà áâ¢

� ¤ ®¬ ¯ à £à ä¥ ¬ë ¯à¨¢®¤¨¬ ¥ª®â®àë¥ ®¯à¥¤¥«¥¨ï ¨ ä ªâë ¨§ â¥®-
à¨¨ ã¯®àï¤®ç¥ëå ¢¥ªâ®àëå ¯à®áâà áâ¢ ¨ ¯®«®¦¨â¥«ìëå ®¯¥à â®à®¢, ¥®¡-
å®¤¨¬ë¥ ¤«ï ¤ «ì¥©è¥£® ¨§«®¦¥¨ï.

�ë ¯à¥¤¯®« £ ¥¬, çâ® ç¨â â¥«ì § ª®¬ á â ª¨¬¨ ¯®ïâ¨ï¬¨, ª ª ã¯®àï-
¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, ¯®«®¦¨â¥«ì ï ¨ ®âà¨æ â¥«ì ï ç áâ¨ í«¥-
¬¥â  (u+, u−), ¢¥ªâ®à ï à¥è¥âª , ®à¬¨à®¢  ï à¥è¥âª , K-¯à®áâà áâ¢®,
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¯®àï¤ª®¢ë© ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨ á¥â¨ (o-lim
n→∞

un, o-lim
α∈A

uα, uα
o→ u), ¯®-

àï¤ª®¢ ï áã¬¬  á¥¬¥©áâ¢ 
(
o-
∑

ξ∈�
uξ

)
, ¤¨§êîªâ®áâì í«¥¬¥â®¢ ¨ ¯®¤¬®¦¥áâ¢

¢¥ªâ®à®© à¥è¥âª¨ (u ⊥ v, U ⊥ V , u ⊥ U), ¤¨§êîªâ®¥ ¤®¯®«¥¨¥ ¨ ¤¢®©-
®¥ ¤¨§êîªâ®¥ ¤®¯®«¥¨¥ (U⊥, U⊥⊥), ¯®«®á  (¨«¨ ª®¬¯®¥â ) ¢¥ªâ®à®©
à¥è¥âª¨, ¡ã«¥¢   «£¥¡à , ¯®« ï ¡ã«¥¢   «£¥¡à ,  â®¬ ¡ã«¥¢®©  «£¥¡àë, ¯®«®-
¦¨â¥«ìë© «¨¥©ë© ®¯¥à â®à. (�á¥ ¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨¬¥îâáï ¢ [5{14].)

�¥à¬¨ ý®¯¥à â®àþ ¢áî¤ã ®§ ç ¥â ý«¨¥©ë© ®¯¥à â®àþ. �á¥ à áá¬ âà¨-
¢ ¥¬ë¥ ¢ ¤ ®© áâ âì¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  ¯à¥¤¯®« £ îâáï § ¤ ë¬¨
 ¤ ¯®«¥¬ R ¢¥é¥áâ¢¥ëå ç¨á¥«,   ¢¥ªâ®àë¥ à¥è¥âª¨ ¯à¥¤¯®« £ îâáï  àå¨-
¬¥¤®¢ë¬¨.

�®¢®àïâ, çâ® ¬®¦¥áâ¢® U  á«¥¤áâ¢¥® ¢«®¦¥® ¢ ã¯®àï¤®ç¥®¥ ¯à®-
áâà áâ¢® V , ¥á«¨ U ⊂ V ¨ ¤«ï ª ¦¤®£® ¯®¤¬®¦¥áâ¢  U0 ⊂ U ¨§ áãé¥áâ¢®¢ ¨ï
supU U0 ¢ëâ¥ª îâ áãé¥áâ¢®¢ ¨¥ supV U0 ¨ à ¢¥áâ¢® supV U0 = supU U0.

�®¤¬®¦¥áâ¢® U ¢¥ªâ®à®© à¥è¥âª¨ V  §ë¢ îâ ¬¨®à¨àãîé¨¬ (¨ £®¢®-
àïâ, çâ® U ¬¨®à¨àã¥â V ), ¥á«¨ ¤«ï ª ¦¤®£® í«¥¬¥â  0 < v ∈ V áãé¥áâ¢ã¥â
í«¥¬¥â u ∈ U â ª®©, çâ® 0 < u ≤ v.

�â®è¥¨¥ ¤¨§êîªâ®áâ¨ ⊥   ¢¥ªâ®à®© à¥è¥âª¥ ®¡« ¤ ¥â ¢á¥¬¨ á¢®©-
áâ¢ ¬¨ ý ¡áâà ªâ®©þ ¤¨§êîªâ®áâ¨, ®¯à¥¤¥«ï¥¬®© á«¥¤ãîé¨¬ ®¡à §®¬.

�¯à¥¤¥«¥¨¥ 2.1. �ãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ d | ¥ª®â®à®¥
®â®è¥¨¥   V , â. ¥. d ⊂ V 2. �«ï ¯à®¨§¢®«ì®£® ¯®¤¬®¦¥áâ¢  U ⊂ V ¯®«®-
¦¨¬ Ud = {v ∈ V : u d v ¤«ï ¢á¥å u ∈ U}. �¬¥áâ® (Ud)d ¡ã¤¥¬ ¨á¯®«ì§®¢ âì
¡®«¥¥ ªà âªãî § ¯¨áì Udd. �ã¤¥¬ £®¢®à¨âì, çâ® d ï¢«ï¥âáï ®â®è¥¨¥¬ ¤¨§ê-

îªâ®áâ¨   V , ¥á«¨ ¤«ï ¢á¥å v, v1, v2 ∈ V ¨ λ ∈ R ¢ë¯®«¥ë á«¥¤ãîé¨¥
ãá«®¢¨ï:

(1) v d 0;
(2) ¥á«¨ v d v, â® v = 0;
(3) ¥á«¨ v1 d v2, â® v2 d v1;
(4) ¥á«¨ {v1}dd ∩ {v2}dd = {0}, â® v1 d v2;
(5) ¥á«¨ v1 d v, â® λv1 d v;
(6) ¥á«¨ v1 d v ¨ v2 d v, â® (v1 + v2) d v.

�®ïâ¨¥ ¤¨§êîªâ®áâ¨   ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V ï¢«ï¥âáï ¢ ¥ª®â®-
à®¬ á¬ëá«¥ ç áâë¬ á«ãç ¥¬ ¯®ïâ¨ï ¤¨§êîªâ®áâ¨, ¢¢¥¤¥®£® ¢ [13] ¤«ï
¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  V .

�ãáâì d | ¯à®¨§¢®«ì®¥ á¨¬¬¥âà¨ç®¥ ®â®è¥¨¥   ¬®¦¥áâ¢¥ V . �®¤-
¬®¦¥áâ¢® W ⊂ V  §ë¢ ¥âáï d-¯®«®á®©, ¥á«¨ W dd = W . � ¬¥â¨¬, çâ® W
ï¢«ï¥âáï d-¯®«®á®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  W = Ud ¤«ï ¥ª®â®à®£® ¯®¤-
¬®¦¥áâ¢  U ⊂ V . �á«¨ d | ®â®è¥¨¥ ¤¨§êîªâ®áâ¨   ¢¥ªâ®à®¬ ¯à®-
áâà áâ¢¥, â® ¢áïª ï d-¯®«®á  ï¢«ï¥âáï ¢¥ªâ®àë¬ ¯®¤¯à®áâà áâ¢®¬.

�¥®à¥¬  2.2. �ãáâì V | ¢¥ªâ®à ï à¥è¥âª  ¨ V | ¬¨®à¨àãîé¥¥ ¢¥ª-

â®à®¥ ¯®¤¯à®áâà áâ¢® V . �¢¥¤¥¬   V ®â®è¥¨¥ d, ¯®« £ ï v1 d v2 ¢ â®¬

¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ v1 ⊥ v2 (â. ¥. v1, v2 ∈ V ¤¨§êîªâë ª ª í«¥¬¥âë

¢¥ªâ®à®© à¥è¥âª¨ V ). �®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) V  á«¥¤áâ¢¥® ¢«®¦¥® ¢ V ;
(2) supV {v ∈ V : 0 ≤ v ≤ �v} = �v ¤«ï ¢á¥å 0 ≤ �v ∈ V ;

(3) Udd = U⊥⊥ ∩ V ¤«ï «î¡®£® ¯®¤¬®¦¥áâ¢  U ⊂ V ;
(4) ®â®è¥¨¥ d ï¢«ï¥âáï ®â®è¥¨¥¬ ¤¨§êîªâ®áâ¨   V .
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�®ª § â¥«ìáâ¢®. (1) �ãáâì U ⊂ V ¨ v = supV U . �®ª ¦¥¬, çâ® v =
supV U . � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¢¥àåîî £à ì �v ∈ V ¬®¦¥áâ¢  U ¨ ¯®-
ª ¦¥¬ ¥à ¢¥áâ¢® v ≤ �v. �¡®§ ç¨¬ �v ∧ v ç¥à¥§ �v0 ¨ ¯à¥¤¯®«®¦¨¬ ¢®¯à¥-
ª¨ ¤®ª §ë¢ ¥¬®¬ã, çâ® �v0 < v. �®áª®«ìªã V ¬¨®à¨àã¥â V , áãé¥áâ¢ã¥â í«¥-
¬¥â w ∈ V â ª®©, çâ® 0 < w ≤ v − �v0. �«ï «î¡®£® í«¥¬¥â  u ∈ U ¨¬¥¥¬
u ≤ �v0 = �v0+w−w ≤ �v0+(v−�v0)−w = v−w. �«¥¤®¢ â¥«ì®, v = supV U ≤ v−w,
çâ® ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã w > 0.

(2) �ãáâì 0 ≤ �v ∈ V . �®«®¦¨¬ U = {v ∈ V : 0 ≤ v ≤ �v} ¨ ¯®ª ¦¥¬, çâ®
supV U = �v. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¢¥àåîî £à ì �v1 ∈ V ¬®¦¥áâ¢  U ¨
ãáâ ®¢¨¬ ¥à ¢¥áâ¢® �v ≤ �v1. �¡®§ ç¨¬ �v1∧�v ç¥à¥§ �v0 ¨ ¯à¥¤¯®«®¦¨¬ ¢®¯à¥ª¨
¤®ª §ë¢ ¥¬®¬ã, çâ® �v0 < �v. �®áª®«ìªã V ¬¨®à¨àã¥â V , áãé¥áâ¢ã¥â í«¥¬¥â
v ∈ V â ª®©, çâ® 0 < v ≤ �v − �v0. �®£« á® ¯à¨æ¨¯ã �àå¨¬¥¤  ¥à ¢¥áâ¢®
nv ≤ �v ¥ ¬®¦¥â ¡ëâì ¢ë¯®«¥® ¤«ï ¢á¥å n ∈ N. �ãáâì n |  ¨¡®«ìè¥¥
 âãà «ì®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã nv ≤ �v. �®£¤  nv ∈ U , ®âªã¤ 
(n+ 1)v = nv + v ≤ �v0 + v ≤ �v0 + (�v − �v0) = �v, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã n.

(3) �ª«îç¥¨¥ U⊥⊥ ∩ V ⊂ Udd ®ç¥¢¨¤®. �®ª ¦¥¬ ®¡à â®¥ ¢ª«îç¥¨¥.
�ãáâì v ∈ Udd. �®£¤ , ª ª «¥£ª® ¢¨¤¥âì, v ⊥ U⊥∩V . �«ï ¤®ª § â¥«ìáâ¢  âà¥¡ã-
¥¬®£® á®®â®è¥¨ï v ⊥ U⊥ ¤®áâ â®ç® à áá¬®âà¥âì ¯à®¨§¢®«ìë© ¯®«®¦¨â¥«ì-
ë© í«¥¬¥â �v ∈ U⊥ ¨ ¯®ª § âì, çâ® v ⊥ �v. �®«®¦¨¬ W = {w ∈ V : 0 ≤ w ≤ �v}.
�§ á®®â®è¥¨ï �v ⊥ U ¢ëâ¥ª ¥â W ⊥ U , ®âªã¤  W ⊂ U⊥ ∩ V ,   § ç¨â,
v ⊥ W . �®á«¥¤¥¥ á ãç¥â®¬ ãâ¢¥à¦¤¥¨ï (2) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ¤ ¥â
v ⊥ supV W = �v.

(4) � ¤®ª § â¥«ìáâ¢¥ ã¦¤ ¥âáï «¨èì ãá«®¢¨¥ (4) ®¯à¥¤¥«¥¨ï 2.1. �ãáâì
u, v ∈ V , {u}dd ∩ {v}dd = {0}, ® â¥¬ ¥ ¬¥¥¥ w = |u| ∧ |v| ̸= 0. �®áª®«ìªã V
¬¨®à¨àã¥â V , ¨¬¥¥âáï í«¥¬¥â w ∈ V â ª®©, çâ® 0 < w ≤ w. �ç¨âë¢ ï ãâ¢¥à-
¦¤¥¨¥ (3) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë, § ª«îç ¥¬, çâ® w ∈ {u}⊥⊥ ∩ {v}⊥⊥ ∩ V =
{u}dd ∩ {v}dd. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. �

�®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®, á ¡¦¥®¥ ¯®àï¤ª®¬, ®â®á¨â¥«ì® ª®â®à®-
£® ®® ï¢«ï¥âáï ã¯®àï¤®ç¥ë¬ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬, ãá«®¢¨¬áï  §ë¢ âì
ã¯®àï¤®ç¥ë¬ ®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬ (ª ª®¥-«¨¡® á®£« á®¢ ¨¥ ®à-
¬ë ¨ ¯®àï¤ª  ¥ ¯à¥¤¯®« £ ¥âáï).

� ¬¥ç ¨ï 2.3. �ãáâì (X,�) | ¯à®¨§¢®«ì®¥ ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®.
� ¤¥«¨¬ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® B(X) ¯®â®ç¥çë¬ ¯®àï¤ª®¬, ¯à¥¢à â¨¢
¥£® â¥¬ á ¬ë¬ ¢ ¡  å®¢ã à¥è¥âªã.

(1) � ®à¬¨à®¢ ®© à¥è¥âª¥ B(X) ®£à ¨ç¥®áâì ¯® ®à¬¥ íª¢¨¢ «¥â 
¯®àï¤ª®¢®© ®£à ¨ç¥®áâ¨. �®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬ ã¯®âà¥¡«ïâì
â¥à¬¨ ý®£à ¨ç¥®áâìþ ¤«ï ª ¦¤®£® ¨§ íâ¨å íª¢¨¢ «¥âëå á¢®©áâ¢.

(2) �®á«¥¤®¢ â¥«ì®áâì (fn)n∈N í«¥¬¥â®¢ B(X) ®£à ¨ç¥  â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¢ B(X) áãé¥áâ¢ãîâ sup

n∈N
fn ¨ inf

n∈N
fn. �à¨ íâ®¬ ¤«ï ¢á¥å x ∈ X

á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  (sup
n∈N

fn)(x) = sup
n∈N

fn(x) ¨ ( inf
n∈N

fn)(x) = inf
n∈N

fn(x).

(3) �®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ B(X) o-áå®¤¨âáï ª äãªæ¨¨ f ∈ B(X)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ  ¯®á«¥¤®¢ â¥«ì®áâì ®£à ¨ç¥  ¨ áå®¤¨âáï ¯®-
â®ç¥ç® ª f .

�¯®àï¤®ç¥®©  «£¥¡à®©  §ë¢ îâ  «£¥¡àã V , ï¢«ïîéãîáï ã¯®àï¤®ç¥-
ë¬ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ¨ ®¡« ¤ îéãî á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨
u, v ∈ V ¨ u, v ≥ 0, â® uv ≥ 0.

�®à¬¨à®¢ ãî  «£¥¡àã, á ¡¦¥ãî ¯®àï¤ª®¬, ®â®á¨â¥«ì® ª®â®à®£®
®  ï¢«ï¥âáï ã¯®àï¤®ç¥®©  «£¥¡à®©, ãá«®¢¨¬áï  §ë¢ âì ã¯®àï¤®ç¥®© ®à-
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¬¨à®¢ ®©  «£¥¡à®© (ª ª®¥-«¨¡® á®£« á®¢ ¨¥ ®à¬ë ¨ ¯®àï¤ª  ¥ ¯à¥¤¯®« -
£ ¥âáï). �à¨¬¥à®¬ ã¯®àï¤®ç¥®© ®à¬¨à®¢ ®©  «£¥¡àë ï¢«ï¥âáï ¯à®áâà -
áâ¢® L (V, V ) ¢á¥å ®£à ¨ç¥ëå (¯® ®à¬¥) ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ®à¬¨-
à®¢ ®© à¥è¥âª¥ V .

�®«ãî ¯® ®à¬¥ ã¯®àï¤®ç¥ãî ®à¬¨à®¢ ãî  «£¥¡àã ¡ã¤¥¬  §ë¢ âì
ã¯®àï¤®ç¥®© ¡  å®¢®©  «£¥¡à®©.

�á«¨ V | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®, â® á¨¬¢®«®¬ V ′ ¡ã¤¥¬ ®¡®§ ç âì
á®¯àï¦¥®¥ ª V ¡  å®¢® ¯à®áâà áâ¢®, â. ¥. ¯à®áâà áâ¢® ¢á¥å ®£à ¨ç¥-
ëå «¨¥©ëå äãªæ¨® «®¢ ¨§ V ¢ R. �®¤¬®¦¥áâ¢® V ′, ¢áî¤ã ¯«®â®¥ ¢ V ′

¢ á¬ëá«¥ á« ¡®©∗ â®¯®«®£¨¨, ¡ã¤¥¬  §ë¢ âì á« ¡®∗ ¯«®âë¬. �¨¬¢®«®¬ T ′

®¡®§ ç ¥âáï ®¯¥à â®à ¨§ L (W ′, V ′), á®¯àï¦¥ë© ª ®¯¥à â®àã T ∈ L (V,W ).

�«ï ®à¬¨à®¢ ëå ¯à®áâà áâ¢ V ¨ W á¨¬¢®«®¬ Lw(V
′,W ′) ¬ë ®¡®-

§ ç ¥¬ ¬®¦¥áâ¢® á« ¡®∗ ¥¯à¥àë¢ëå ®¯¥à â®à®¢ ¨§ V ′ ¢ W ′, â. ¥. ®¯¥à â®-
à®¢, ¥¯à¥àë¢ëå ¢ á¬ëá«¥ á« ¡®©∗ â®¯®«®£¨¨. � ¬¥â¨¬, çâ® Lw(V

′,W ′) ⊂
L (V ′,W ′) (íâ® ¢ª«îç¥¨¥ ¢ëâ¥ª ¥â,  ¯à¨¬¥à, ¨§ â¥®à¥¬ë ® § ¬ªãâ®¬ £à ä¨-
ª¥).

�¯¥à â®à T : V → W , ¤¥©áâ¢ãîé¨© ¢ ã¯®àï¤®ç¥ëå ¢¥ªâ®àëå ¯à®áâà -
áâ¢ å V ¨ W ,  §ë¢ îâ á¥ª¢¥æ¨ «ì® o-¥¯à¥àë¢ë¬ (¨«¨ σ-o-¥¯à¥àë¢ë¬),

¥á«¨ ¨§ vn
o→ v ¢ëâ¥ª ¥â Tvn

o→ Tv ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (vn)n∈N
¢ V ¨ «î¡®£® í«¥¬¥â  v ∈ V . �®¦¥áâ¢® ¢á¥å á¥ª¢¥æ¨ «ì® o-¥¯à¥àë¢ëå
®¯¥à â®à®¢ ¨§ V ¢ W ®¡®§ ç ¥âáï á¨¬¢®«®¬ Lo(V,W ).

�á«¨ ¯à®áâà áâ¢  V ¨ W á®¢¯ ¤ îâ, â® ¢ § ¯¨áïå L (V,W ), Lw(V
′,W ′),

Lo(V,W ) ¬ë ¡ã¤¥¬, ª ª íâ® ®¡ëç® ¯à¨ïâ®, ®¯ãáª âì á¨¬¢®« ¢â®à®£® ¯à®-
áâà áâ¢  ¨ ¯¨á âì,  ¯à¨¬¥à, L (V ) ¢¬¥áâ® L (V, V ).

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ á «¥£ª®áâìî ¢ë¢®¤¨âáï ¨§ â®£® ä ªâ , çâ® ®¡à §
®à¬¨à®¢ ®£® ¯à®áâà áâ¢  V ¯à¨ ¥áâ¥áâ¢¥®¬ ¢«®¦¥¨¨ V ¢ V ′′ á®¢¯ ¤ ¥â
á ¬®¦¥áâ¢®¬ ¢á¥å á« ¡®∗ ¥¯à¥àë¢ëå äãªæ¨® «®¢   V ′ (á¬.,  ¯à¨¬¥à,
[1, V.3.9]).

�à¥¤«®¦¥¨¥ 2.4. �ãáâì V ¨W |®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ . �¯¥à -

â®à ¨§ W ′ ¢ V ′ ï¢«ï¥âáï á®¯àï¦¥ë¬ ª ¥ª®â®à®¬ã ®£à ¨ç¥®¬ã ®¯¥à â®àã

¨§ V ¢ W â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® á« ¡®∗ ¥¯à¥àë¢¥.

§ 3. �á¯®¬®£ â¥«ìë¥ ä ªâë ¨§ â¥®à¨¨ ¬¥àë

� íâ®¬ ¯ à £à ä¥ ¬ë ¯à¨¢®¤¨¬ ®á®¢ë¥ á¢¥¤¥¨ï ¨§ â¥®à¨¨ ¬¥àë (¢ â®¬
ç¨á«¥ ª á îé¨¥áï ª®¥ç®- ¤¤¨â¨¢ëå ¬¥à [15{19], ¢¥ªâ®àëå ¬¥à [1, 20, 21] ¨
¨§¬¥à¨¬ëå ¢¥ªâ®à-äãªæ¨© [12, 21]),   â ª¦¥ ãáâ  ¢«¨¢ ¥¬ ¥ª®â®àë¥ ¢á¯®¬®-
£ â¥«ìë¥ ä ªâë, § âà £¨¢ îé¨¥ ¯à®áâà áâ¢  á ¬¥à®© ¨ «¨äâ¨£¨ (á¬. [12, 20,
22, 23]).

�¯à¥¤¥«¥¨¥ 3.1. �®¤ ¯à®áâà áâ¢®¬ á ¬¥à®© ¢ ¤ ®© à ¡®â¥ ¯®¨¬ -
¥âáï âà®©ª  (X,�, |·|), £¤¥ (X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®,   |·| | ¯®«®¦¨-
â¥«ì ï áç¥â®- ¤¤¨â¨¢ ï äãªæ¨ï ¨§ � ¢ R (âà ¤¨æ¨®®  §ë¢ ¥¬ ï ¬¥à®©),
ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

(1) ¥á«¨ E ⊂ X ¨ E ∩F ∈ � ¤«ï ¢á¥å F ∈ � ª®¥ç®© ¬¥àë, â® E ∈ �;
(2) ¥á«¨ E ∈ � ¨ |E| = ∞, â® áãé¥áâ¢ã¥â â ª®© í«¥¬¥â E0 ∈ �, çâ®

E0 ⊂ E ¨ 0 < |E0| < ∞;
(3) ¥á«¨ E ∈ �, |E| = 0 ¨ E0 ⊂ E, â® E0 ∈ �;
(4) |X| ̸= 0.
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(� ¬¥â¨¬, çâ® á â®ç®áâìî ¤® ãá«®¢¨ï (4)  è¥ ®¯à¥¤¥«¥¨¥ ¯à®áâà áâ¢  á
¬¥à®© á®¢¯ ¤ ¥â,  ¯à¨¬¥à, á ®¯à¥¤¥«¥¨¥¬, ¯à¨ïâë¬ ¢ [9, I.6.2].)

�®¦¥áâ¢  E,F ∈ �  §ë¢ îâáï íª¢¨¢ «¥âë¬¨, ¥á«¨ |E △ F | = 0.
�« áá íª¢¨¢ «¥â®áâ¨, á®¤¥à¦ é¨© ¬®¦¥áâ¢® E ∈ �, ãá«®¢¨¬áï ®¡®§ ç âì
á¨¬¢®«®¬ E∼,   ä ªâ®à-¬®¦¥áâ¢® � ¯® ®â®è¥¨î íª¢¨¢ «¥â®áâ¨ | á¨¬-

¢®«®¬ �̃. � ¡¦¥®¥ ¥áâ¥áâ¢¥ë¬ ¯®àï¤ª®¬ (¨¤ãæ¨à®¢ ë¬ ®â®è¥¨¥¬

¢ª«îç¥¨ï) ¬®¦¥áâ¢® �̃ ï¢«ï¥âáï ¡ã«¥¢®©  «£¥¡à®© ¨  §ë¢ ¥âáï ä ªâ®à-

 «£¥¡à®© ¯à®áâà áâ¢  á ¬¥à®© (X,�, |·|).
� ª ®¡ëç®, ¬ë ¡ã¤¥¬ £®¢®à¨âì, çâ® â® ¨«¨ ¨®¥ ãá«®¢¨¥ ¢ë¯®«¥® ¯®çâ¨

¢áî¤ã, ¥á«¨ ®® ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å í«¥¬¥â®¢ X, §  ¨áª«îç¥¨¥¬ ¥ª®â®-
à®£® ¬®¦¥áâ¢  ã«¥¢®© ¬¥àë. �¨¬¢®«®¬ L ∞(X) ®¡®§ ç ¥âáï á®¢®ªã¯®áâì
¢á¥å ®¯à¥¤¥«¥ëå ¯®çâ¨ ¢áî¤ã áãé¥áâ¢¥® ®£à ¨ç¥ëå ¨§¬¥à¨¬ëå ¢¥é¥-
áâ¢¥ëå äãªæ¨©,   á¨¬¢®«®¬ L∞(X) | ¯à®áâà áâ¢® (à¥è¥â®ç® ã¯®àï¤®-
ç¥ ï ¡  å®¢   «£¥¡à ) ª« áá®¢ íª¢¨¢ «¥â®áâ¨ â ª¨å äãªæ¨© ¯® ®â®è¥-
¨î à ¢¥áâ¢  ¯®çâ¨ ¢áî¤ã. �« áá íª¢¨¢ «¥â®áâ¨, á®¤¥à¦ é¨© äãªæ¨î
f ∈ L ∞(X), ãá«®¢¨¬áï ®¡®§ ç âì ç¥à¥§ f∼.

�â®¡à ¦¥¨¥ ρ : L∞(X) → L ∞(X)  §ë¢ ¥âáï «¨äâ¨£®¬ ¯à®áâà áâ¢  á

¬¥à®© (X,�, |·|) ¨«¨ «¨äâ¨£®¬ ¯à®áâà áâ¢  L∞(X), ¥á«¨ ¤«ï «î¡ëå
α, β ∈ R ¨ f ,g ∈ L∞(X) ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â®è¥¨ï:

(1) ρ(f) ∈ f ¨ dom ρ(f) = X;
(2) ¥á«¨ f ≤ g, â® ρ(f) ≤ ρ(g) ¢áî¤ã   X;
(3) ρ(αf + βg) = αρ(f) + βρ(g), ρ(fg) = ρ(f)ρ(g), ρ(f ∨ g) = ρ(f) ∨ ρ(g)

¨ ρ(f ∧ g) = ρ(f) ∧ ρ(g);
(4) ρ(0∼) = 0 ¨ ρ(1∼) = 1 ¢áî¤ã   X.

(�¥ª®â®àë¥ ¨§ ¯¥à¥ç¨á«¥ëå ãá«®¢¨© ï¢«ïîâáï á«¥¤áâ¢¨ï¬¨ ®áâ «ìëå.)

�á«¨ f ∈ L ∞(X), â® ¤«ï äãªæ¨¨ ρ(f∼) ¯à¨ïâ® ¡®«¥¥ ª®à®âª®¥ ®¡®§ -
ç¥¨¥: ρ(f). �®áª®«ìªã «¨äâ¨£ ï¢«ï¥âáï ¯à ¢ë¬ ®¡à âë¬ ª ®â®¡à ¦¥¨î
f 7→ f∼, ¬ë ¡ã¤¥¬ ¨®£¤  ¨á¯®«ì§®¢ âì § ¯¨áì f∼ ¢¬¥áâ® ρ(f).

�â®¡à ¦¥¨¥ ρ : �̃ → �  §ë¢ ¥âáï «¨äâ¨£®¬ ä ªâ®à- «£¥¡àë �̃, ¥á«¨

¤«ï «î¡ëå ª« áá®¢ E,F ∈ �̃ ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â®è¥¨ï:

(1) ρ(E) ∈ E;
(2) ¥á«¨ E ≤ F, â® ρ(E) ⊂ ρ(F);
(3) ρ(E ∨ F) = ρ(E) ∪ ρ(F), ρ(E ∧ F) = ρ(E) ∩ ρ(F);
(4) ρ((X\E)∼) = X\ρ(E∼) ¤«ï ¢á¥å E ∈ �;
(5) ρ(∅∼) = ∅ ¨ ρ(X∼) = X.

�®   «®£¨¨ á «¨äâ¨£®¬ ¯à®áâà áâ¢  L∞(X) ¬ë ¡ã¤¥¬ ¨®£¤  ¯¨á âì ρ(E)
¨«¨ E∼ ¢¬¥áâ® ρ(E∼) ¨ â¥¬ á ¬ë¬ áç¨â âì, çâ® ρ : � → �.

�«¥¤ãîé¥¥ ¤®áâ â®ç® ®ç¥¢¨¤®¥  ¡«î¤¥¨¥ § ç áâãî ¯®§¢®«ï¥â ã¯à®-
áâ¨âì ¯à®¢¥àªã â®£® ä ªâ , ®¡« ¤ ¥â «¨ ª ª®¥-«¨¡® ª®ªà¥â®¥ ®â®¡à ¦¥¨¥
¢á¥¬¨ á¢®©áâ¢ ¬¨ «¨äâ¨£ .

�à¥¤«®¦¥¨¥ 3.2. �ãáâì (X,�, |·|) | ¯à®áâà áâ¢® á ¬¥à®©. �â®¡à ¦¥-

¨¥ ρ : �̃ → � ï¢«ï¥âáï «¨äâ¨£®¬ ä ªâ®à- «£¥¡àë �̃ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,

¥á«¨ ®® ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨ï¬:

(a) ρ(E) ∈ E ¤«ï ¢á¥å E ∈ �̃;

(b) ¤«ï ª ¦¤®© â®çª¨ x ∈ X ¬®¦¥áâ¢® {E ∈ �̃ : x ∈ ρ(E)} ï¢«ï¥âáï
ã«ìâà ä¨«ìâà®¬ ¡ã«¥¢®©  «£¥¡àë �̃.
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�á«¨ ρ : L∞(X) → L ∞(X) | «¨äâ¨£ ¯à®áâà áâ¢  L∞(X), â® ®â®¡à ¦¥-

¨¥ E 7→ {x ∈ X : ρ(1E)(x) ̸= 0} ï¢«ï¥âáï «¨äâ¨£®¬ ä ªâ®à- «£¥¡àë �̃ (§¤¥áì
1E ∈ L∞(X) | ª« áá, á®¤¥à¦ é¨© å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ 1E ¬®¦¥áâ¢

E ∈ E). �¡à â®, ¤«ï «î¡®£® «¨äâ¨£  ä ªâ®à- «£¥¡àë �̃ áãé¥áâ¢ã¥â ¥¤¨-

áâ¢¥ë© «¨äâ¨£ ¯à®áâà áâ¢  L∞(X), á¢ï§ ë© á «¨äâ¨£®¬ �̃ ãª § ë¬
¢ëè¥ ®¡à §®¬ (á¬. [20, § 11]).

�§¢¥áâ® (á¬. [20, 23]), çâ® ¯à®áâà áâ¢® á ¬¥à®© (X,�, |·|) ¨¬¥¥â «¨äâ¨£
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ®¡« ¤ ¥â â ª  §ë¢ ¥¬ë¬ á¢®©áâ¢®¬ ¯àï¬®©

áã¬¬ë: áãé¥áâ¢ã¥â á¥¬¥©áâ¢® (Eξ)ξ∈� ¯®¯ à® ¥ ¯¥à¥á¥ª îé¨åáï ¨§¬¥à¨¬ëå

¬®¦¥áâ¢ ª®¥ç®© ¬¥àë â ª®¥, çâ® ¢ ¡ã«¥¢®©  «£¥¡à¥ �̃ á¯à ¢¥¤«¨¢® á®®â®-
è¥¨¥ sup

ξ∈�
E∼

ξ = X∼ (â. ¥. ¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  E ¨§ |E| > 0

¢ëâ¥ª ¥â |E ∩ Eξ| > 0 ¯à¨ ¥ª®â®à®¬ ξ ∈ �). � ç áâ®áâ¨, «¨äâ¨£®¬ ®¡« -
¤ ¥â ¢áïª®¥ ¯à®áâà áâ¢® á ª®¥ç®© ¨«¨ σ-ª®¥ç®© ¬¥à®© (¯®á«¥¤¨© ä ªâ
¢¯¥à¢ë¥ ãáâ ®¢«¥ ¢ [22]).

� ¤ «ì¥©è¥¬  ¬ ¯à¨£®¤¨âáï á«¥¤ãîé¨© «¥£ª® ãáâ  ¢«¨¢ ¥¬ë© à¥§ã«ì-
â â.

�¥¬¬  3.3. �ãáâì (X,�, |·|) | ¯à®áâà áâ¢® á ¬¥à®©, ¯à¨ç¥¬ ¡ã«¥¢   «-

£¥¡à  �̃ ¥ ¨¬¥¥â  â®¬®¢.

(1) �á«¨ x ∈ E ∈ � ¨ |E| < ∞, â® áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® F ∈ �, çâ®
x ∈ F ⊂ E ¨ |F | = 1

2 |E|.
(2) �á«¨ ¯à®áâà áâ¢® (X,�, |·|) ®¡« ¤ ¥â «¨äâ¨£®¬, x ∈ E ∈ �, E∼ = E

¨ |E| < ∞, â® áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® F ∈ �, çâ® x ∈ F ⊂ E, F∼ = F ¨

|F | = 1
2 |E|.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ (1) ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ª« áá¨-
ç¥áª®© â¥®à¥¬ë �. � «¬®è  ®¡ ®¡à §¥ ¬¥àë (á¬. [24]),   (2) á«¥¤ã¥â ¨§ (1) ¨
í«¥¬¥â àëå á¢®©áâ¢ «¨äâ¨£ . �

�«¥¤áâ¢¨¥ 3.4. �á«¨ ä ªâ®à- «£¥¡à  �̃ ¯à®áâà áâ¢  á ¬¥à®© (X,�, |·|)
¡¥§ â®¬ , â® ¢á¥ ®¤®â®ç¥çë¥ ¯®¤¬®¦¥áâ¢  X ¨§¬¥à¨¬ë ¨ ¨¬¥îâ ã«¥¢ãî

¬¥àã.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® § ¬¥â¨âì, çâ® ¡« £®¤ àï 3.1 (1), (2) ª ¦¤ ï
â®çª  ¯à¨ ¤«¥¦¨â ª ª®¬ã-«¨¡® ¨§¬¥à¨¬®¬ã ¬®¦¥áâ¢ã ª®¥ç®© ¬¥àë, ¨ ¢®á-
¯®«ì§®¢ âìáï ãâ¢¥à¦¤¥¨¥¬ (1) «¥¬¬ë 3.3. �

�â¬¥â¨¬, çâ® ãâ¢¥à¦¤¥¨¥, ®¡à â®¥ á«¥¤áâ¢¨î 3.4, ¥ ¨¬¥¥â ¬¥áâ . �¥©-
áâ¢¨â¥«ì®, ¥á«¨ ¬®¦¥áâ¢® X ¥áç¥â®, σ- «£¥¡à  � á®áâ®¨â ¨å ¢á¥å áç¥âëå
¯®¤¬®¦¥áâ¢X ¨ ¨å ¤®¯®«¥¨©,   ¬¥à  |·| à ¢  ã«î   áç¥âëå ¬®¦¥áâ¢ å ¨
¥¤¨¨æ¥   ¨å ¤®¯®«¥¨ïå, â® ¢á¥ ®¤®â®ç¥çë¥ ¯®¤¬®¦¥áâ¢  X ¨¬¥îâ ã«¥-

¢ãî ¬¥àã, ® â¥¬ ¥ ¬¥¥¥ X∼ ï¢«ï¥âáï  â®¬®¬ ä ªâ®à- «£¥¡àë �̃ ¯à®áâà áâ¢ 
á ¬¥à®© (X,�, |·|).

�ãáâì (X,�) | ¯à®¨§¢®«ì®¥ ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®. �«ï «î¡®© â®çª¨
x ∈ X ¨ ¬®¦¥áâ¢  E ∈ � ¯®«®¦¨¬ δx(E) = 1, ¥á«¨ x ∈ E, ¨ δx(E) = 0 ¢ ¯à®â¨¢-
®¬ á«ãç ¥. �¯à¥¤¥«¥ãî â ª¨¬ ®¡à §®¬ ¬¥àã δx ¯à¨ïâ®  §ë¢ âì ¤¥«ìâ -
¬¥à®© ¨«¨ ¬¥à®© �¨à ª  (¢ëà®¦¤¥®© ¢ â®çª¥ x). �ç¥¢¨¤®, çâ® δx ∈ ca(�)
¤«ï ¢á¥å x ∈ X.

�ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® E ⊂ X à §¤¥«ï¥â â®çª¨ x, y ∈ X (¨«¨
â®çª¨ x ¨ y à §¤¥«ïîâáï ¬®¦¥áâ¢®¬ E), ¥á«¨ «¨¡® x ∈ E ¨ y /∈ E, «¨¡®
x /∈ E ¨ y ∈ E. �®çª¨ x, y ∈ X ¡ã¤¥¬  §ë¢ âì �-à §¤¥«¨¬ë¬¨, ¥á«¨ x ¨ y
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à §¤¥«ïîâáï ¥ª®â®àë¬ í«¥¬¥â®¬ �, ¨ �-¥à §¤¥«¨¬ë¬¨ ¢ ¯à®â¨¢®¬ á«ãç ¥.
�ç¥¢¨¤®, çâ® â®çª¨ x ¨ y ï¢«ïîâáï �-¥à §¤¥«¨¬ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  δx = δy.

� ª «¥£ª® ¢¨¤¥âì, ®â®è¥¨¥ �-¥à §¤¥«¨¬®áâ¨ ï¢«ï¥âáï ®â®è¥¨¥¬ íª-
¢¨¢ «¥â®áâ¨. � ªâ®à-ª« ááë ¬®¦¥áâ¢  X ¯® ®â®è¥¨î �-¥à §¤¥«¨¬®áâ¨
¡ã¤¥¬  §ë¢ âì ª®¬ª ¬¨ ¯à®áâà áâ¢  (X,�).

�ç¥¢¨¤®, çâ® ¨§¬¥à¨¬ë¥ ª®¬ª¨ ¯à®áâà áâ¢  (X,�) | íâ® ¢ â®ç®áâ¨
 â®¬ë ¡ã«¥¢®©  «£¥¡àë �.

� ¬¥ç ¨¥ 3.5. �â¬¥â¨¬, çâ® ª®¬®ª ¥ ®¡ï§  ¡ëâì ¨§¬¥à¨¬ë¬ ¬®¦¥-
áâ¢®¬. �¥©áâ¢¨â¥«ì®, ¯ãáâì X = [0, 1]. � áá¬®âà¨¬ ¥¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã
¬®¦¥áâ¢® G ⊂ X ¨ ¯®«®¦¨¬

� = {E ∈ L : E ⊃ G ¨«¨ E ∩G = ∅},

£¤¥ L | σ- «£¥¡à  ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ¯®¤¬®¦¥áâ¢ X. �ç¥¢¨¤®, çâ®
(X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢® ¨ G | ¥£® ¥¨§¬¥à¨¬ë© ª®¬®ª. (�á¥ ®áâ «ì-
ë¥ ª®¬ª¨ ¨§¬¥à¨¬ë ¨ ¨¬¥îâ ¢¨¤ {x}, £¤¥ x ∈ X\G.)

�®¤¬®¦¥áâ¢® Y ⊂ X ¡ã¤¥¬  §ë¢ âì �-á®£« á®¢ ë¬, ¥á«¨ Y ¥ à §¤¥-
«ï¥â �-¥à §¤¥«¨¬ë¥ â®çª¨ ¨«¨, çâ® â® ¦¥ á ¬®¥, Y ï¢«ï¥âáï ®¡ê¥¤¨¥¨¥¬
¥ª®â®à®£® ¬®¦¥áâ¢  ª®¬ª®¢. �®¢®ªã¯®áâì ¢á¥å �-á®£« á®¢ ëå ¯®¤¬®-
¦¥áâ¢ X ®¡®§ ç¨¬ á¨¬¢®«®¬ �. � ª «¥£ª® ¢¨¤¥âì, � ï¢«ï¥âáï σ- «£¥¡à®© ¨
¯®«®©  â®¬®© ¡ã«¥¢®©  «£¥¡à®©, á®¤¥à¦ é¥© � (¢®¯à®á ® á®¢¯ ¤¥¨¨ � ¨ �
à áá¬®âà¥ ¨¦¥ ¢ ¯à¥¤«®¦¥¨¨ 3.6).

�ãªæ¨î f : X → R  §®¢¥¬ �-á®£« á®¢ ®©, ¥á«¨ f(x) = f(y) ¤«ï «î-
¡ëå �-¥à §¤¥«¨¬ëå â®ç¥ª x, y ∈ X, â. ¥. ¤«ï «î¡ëå x, y ∈ X ¨§ à ¢¥áâ¢ 
δx = δy ¢ëâ¥ª ¥â à ¢¥áâ¢® f(x) = f(y). �ç¥¢¨¤®, çâ® äãªæ¨ï ï¢«ï¥âáï
�-á®£« á®¢ ®© ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ®  ¨§¬¥à¨¬  ®â®á¨â¥«ì®
σ- «£¥¡àë �. �â¬¥â¨¬, çâ® ¯à®áâà áâ¢® B(X,�) ¢á¥å �-á®£« á®¢ ëå ®£à -
¨ç¥ëå äãªæ¨© ï¢«ï¥âáï ¡  å®¢ë¬ K-¯à®áâà áâ¢®¬.

�§¬¥à¨¬®¥ ¯à®áâà áâ¢® (X,�) ãá«®¢¨¬áï  §ë¢ âì ¯®â®ç¥ç® ¨§¬¥à¨-

¬ë¬, ¥á«¨ {x} ∈ � ¤«ï ¢á¥å x ∈ X.
�§¬¥à¨¬®¥ ¯à®áâà áâ¢® (X,�)  §®¢¥¬  â®¬ë¬, ¥á«¨ ¢á¥ ¥£® ª®¬ª¨ ¨§-

¬¥à¨¬ë (â. ¥. ï¢«ïîâáï  â®¬ ¬¨ �) ¨«¨, çâ® â® ¦¥ á ¬®¥, ®¡ê¥¤¨¥¨¥ ¢á¥å
 â®¬®¢ � á®¢¯ ¤ ¥â á X.

� ª «¥£ª® ¢¨¤¥âì, ¥á«¨ (X,�) |  â®¬®¥ ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®, â® � |
 â®¬ ï ¡ã«¥¢   «£¥¡à . �¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¥¢¥à®. � ¯à¨¬¥à, ¨§¬¥à¨¬®¥
¯à®áâà áâ¢® (X,�), ¯®áâà®¥®¥ ¢ § ¬¥ç ¨¨ 3.5, ¥ ï¢«ï¥âáï  â®¬ë¬, ®¤ ª®
� |  â®¬ ï ¡ã«¥¢   «£¥¡à .

�à¥¤«®¦¥¨¥ 3.6. �«¥¤ãîé¨¥ á¢®©áâ¢  ¨§¬¥à¨¬®£® ¯à®áâà áâ¢  (X,�)
à ¢®á¨«ìë:

(1) (X,�) ï¢«ï¥âáï  â®¬ë¬ ¨ � | ¯®« ï ¡ã«¥¢   «£¥¡à ;
(2) ¢á¥ �-á®£« á®¢ ë¥ ¯®¤¬®¦¥áâ¢  X ¨§¬¥à¨¬ë (â. ¥. � = �);
(3) � = {

∪
j∈J

Xj : J ⊂ I} ¤«ï ¥ª®â®à®£® à §¡¨¥¨ï (Xi)i∈I ¬®¦¥áâ-

¢  X.

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨¨ (3)⇒(2) ¨ (3)⇒(1) ®ç¥¢¨¤ë. �«ï ¤®ª -
§ â¥«ìáâ¢  ¨¬¯«¨ª æ¨¨ (2)⇒(3) ¤®áâ â®ç® ¢§ïâì ¢ ª ç¥áâ¢¥ (Xi)i∈I á¥¬¥©áâ¢®
¢á¥å ª®¬ª®¢ ¯à®áâà áâ¢  (X,�).

�®ª ¦¥¬, ¨¬¯«¨ª æ¨î (1)⇒(3). �ãáâì (Xi)i∈I | á¥¬¥©áâ¢® ¢á¥å  â®¬®¢ �.
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� áá¬®âà¨¬ E ∈ � ¨ ¯®«®¦¨¬ J = {i ∈ I : Xi ⊂ E}. �®¯ãáâ¨¬, çâ®
E ̸=

∪
j∈J

Xj , â. ¥. áãé¥áâ¢ã¥â â®çª  x ∈ E \
∪
j∈J

Xj . �®áª®«ìªã
∪
i∈I

Xi = X, â®çª 

x ¯à¨ ¤«¥¦¨â Xi ¤«ï ¥ª®â®à®£® i ∈ I\J ,   § ç¨â, Xi ¥ á®¤¥à¦¨âáï ¢ E, ®
¨¬¥¥â á E ®¡éãî â®çªã, çâ® ¯à®â¨¢®à¥ç¨â �-á®£« á®¢ ®áâ¨ ¬®¦¥áâ¢  E.

�ãáâì â¥¯¥àì J | ¯à®¨§¢®«ì®¥ ¯®¤¬®¦¥áâ¢® I. � á¨«ã ¯®«®âë ¡ã«¥¢®©
 «£¥¡àë � áãé¥áâ¢ã¥â E = sup

j∈J
Xj ∈ �. �®á¯®«ì§®¢ ¢è¨áì ¯¥à¢®© ç áâìî ¤®-

ª § â¥«ìáâ¢  ¨¬¯«¨ª æ¨¨ (1)⇒(3), «¥£ª® ãáâ ®¢¨âì, çâ® E =
∪
j∈J

Xj ,   § ç¨â,∪
j∈J

Xj ∈ �. �

�§¬¥à¨¬®¥ ¯à®áâà áâ¢®, ®¡« ¤ îé¥¥ ®¤¨¬ ¨§ á¢®©áâ¢ (1), (2) ¨«¨ (3),
áä®à¬ã«¨à®¢ ëå ¢ ¯à¥¤«®¦¥¨¨ 3.6, ¡ã¤¥¬  §ë¢ âì ¤¨áªà¥âë¬.

� ¬¥â¨¬, çâ® ¯®â®ç¥ç® ¨§¬¥à¨¬ë¥ ¨ ¤¨áªà¥âë¥ ¨§¬¥à¨¬ë¥ ¯à®áâà -
áâ¢  ï¢«ïîâáï  â®¬ë¬¨. �à¨¬¥à®¬ ¥¤¨áªà¥â®£® ¯®â®ç¥ç® ¨§¬¥à¨¬®£® ¯à®-
áâà áâ¢  ¬®¦¥â á«ã¦¨âì ç¨á«®¢ ï ¯àï¬ ï R á ¡®à¥«¥¢áª®© σ- «£¥¡à®© B(R).
� ª ç¥áâ¢¥ ¯à¨¬¥à   â®¬®£® ¨§¬¥à¨¬®£® ¯à®áâà áâ¢ , ª®â®à®¥ ¥ ï¢«ï¥âáï
¨ ¯®â®ç¥ç® ¨§¬¥à¨¬ë¬, ¨ ¤¨áªà¥âë¬, ¬®¦® à áá¬®âà¥âì ¯à®áâà áâ¢®
(R2, {A× R : A ∈ B(R)}).

�¥¬¥©áâ¢® ¬®¦¥áâ¢ (Ei)i∈I  §ë¢ îâ ¨§¬¥à¨¬ë¬ à §¡¨¥¨¥¬ ¬®¦¥áâ¢ 
E ∈ �, ¥á«¨ Ei ∩ Ej = ∅ ¯à¨ i ̸= j,

∪
i∈I

Ei = E ¨ Ei ∈ � ¤«ï ¢á¥å i ∈ I.

� ¯®¬¨¬, çâ® ¢ à¨ æ¨¥© ¬¥àë µ ∈ ba(�)  §ë¢ ¥âáï ¬¥à  |µ| ∈ ba(�),
®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®©

|µ|(E) = sup

{
n∑

i=1

|µ(Ei)| : (E1, . . . , En) | ¨§¬¥à¨¬®¥ à §¡¨¥¨¥ E

}
.

� ¬¥â¨¬, çâ® ¤«ï ¢á¥å E ∈ � ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢  (á¬. [18])

|µ|(E) = sup
F,G∈�
F,G⊂E

(µ(F )− µ(G)) = sup
F∈�
F⊂E

(µ(F )− µ(X\F )).

�§¢¥áâ®, çâ® ¢¥ªâ®àë¥ ¯à®áâà áâ¢  ba(�) ¨ ca(�), á ¡¦¥ë¥ ¥áâ¥-
áâ¢¥ë¬ ¯®àï¤ª®¬ (µ1 ≤ µ2, ¥á«¨ µ1(E) ≤ µ2(E) ¤«ï ¢á¥å E ∈ �) ¨ ®à¬®©
∥µ∥ = |µ|(X), ï¢«ïîâáï ¡  å®¢ë¬¨ à¥è¥âª ¬¨ (¨ ¤ ¦¥ ¡  å®¢ë¬¨ K-¯à®-
áâà áâ¢ ¬¨, á¬. [18]). �à¨ íâ®¬ ¢ à¨ æ¨ï ¬¥àë á®¢¯ ¤ ¥â á ¥¥ ¬®¤ã«¥¬ ¢
á®®â¢¥âáâ¢ãîé¥© ¢¥ªâ®à®© à¥è¥âª¥.

�®«®¦¨â¥«ì ï ¬¥à  µ ∈ ba(�)  §ë¢ ¥âáï ç¨áâ® ª®¥ç®- ¤¤¨â¨¢®©, ¥á-
«¨ ¤«ï «î¡®© ¬¥àë ν ∈ ca(�) ¨§ 0 ≤ ν ≤ µ ¢ëâ¥ª ¥â ν = 0. �à®¨§¢®«ì-
 ï ¬¥à  µ ∈ ba(�)  §ë¢ ¥âáï ç¨áâ® ª®¥ç®- ¤¤¨â¨¢®©, ¥á«¨ ¬¥àë µ+ ¨
µ− ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ë. �®¤¯à®áâà áâ¢® ba(�), á®áâ®ïé¥¥ ¨§ ¢á¥å ç¨-
áâ® ª®¥ç®- ¤¤¨â¨¢ëå ®£à ¨ç¥ëå ¬¥à, ¬ë ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬
pfa(X,�) ¨«¨ pfa(�).

� ¬¥ç ¨¥ 3.7. �§¢¥áâ® (á¬. [18]), çâ® pfa(�), ª ª ¨ ca(�), ï¢«ï¥âáï
¡  å®¢ë¬ K-¯à®áâà áâ¢®¬, ¯à¨ç¥¬ ca(�) ¨ pfa(�) | ¢§ ¨¬® ¤®¯®«¨â¥«ì-
ë¥ ¯®«®áë ¢ ba(�), â. ¥. ca(�)⊥ = pfa(�) ¨ pfa(�)⊥ = ca(�). � ç áâ®áâ¨,
ba(�) = ca(�)⊕ pfa(�).

� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¨© ä ªâ.
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�¥®à¥¬  3.8. �ãáâì (X,�, |·|) | ¯à®áâà áâ¢® á ¬¥à®©, ®¡« ¤ îé¥¥ «¨ä-

â¨£®¬ ρ : � → �, ¨ ¡ã«¥¢   «£¥¡à  �̃ ¥ ¨¬¥¥â  â®¬®¢. �®£¤  áãé¥áâ¢ã¥â ¬®-

¦¥áâ¢® X0 ∈ � â ª®¥, çâ® |X\X0| = 0 ¨ δx ◦ ρ ∈ pfa(�) ¤«ï ¢á¥å x ∈ X0. �á«¨,

ªà®¬¥ â®£®, ¬¥à  |·| ï¢«ï¥âáï σ-ª®¥ç®©, â® δx ◦ ρ ∈ pfa(�) ¤«ï ¢á¥å x ∈ X.

�®ª § â¥«ìáâ¢®. �§ á¢®©áâ¢ «¨äâ¨£  á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â ¢ª«î-
ç¥¨¥ δx ◦ ρ ∈ ba(�) ¤«ï ¢á¥å x ∈ X.

�®áª®«ìªã ¯à®áâà áâ¢® á ¬¥à®© (X,�, |·|) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯àï¬®© áã¬-
¬ë (á¬. ¢ëè¥), áãé¥áâ¢ã¥â á¥¬¥©áâ¢® (Eξ)ξ∈� ¯®¯ à® ¥ ¯¥à¥á¥ª îé¨åáï ¨§-
¬¥à¨¬ëå ¬®¦¥áâ¢ ª®¥ç®© ¥ã«¥¢®© ¬¥àë â ª®¥, çâ® sup

ξ∈�
E∼

ξ = X∼. �®«®-

¦¨¬ X0 =
∪
ξ∈�

ρ(Eξ). �®£« á® [12, 1.2.12; 23, £«. I] ¬®¦¥áâ¢® X0 ¨§¬¥à¨¬® ¨

|X\X0| = 0. � ¦¤®© â®çª¥ x ∈ X0 á®¯®áâ ¢¨¬ ¨¤¥ªá ξx ∈ �, ¤«ï ª®â®à®£®
x ∈ ρ(Eξx).

�®ª ¦¥¬, çâ® δx ◦ ρ ∈ pfa(�) ¤«ï ¢á¥å x ∈ X0. �«ï íâ®£® § ä¨ªá¨àã¥¬
¯à®¨§¢®«ìãî â®çªã x ∈ X0, à áá¬®âà¨¬ ¬¥àã µ ∈ ca(�), ã¤®¢«¥â¢®àïîéãî
ãá«®¢¨ï¬ 0 ≤ µ ≤ δx ◦ ρ, ¨ ãáâ ®¢¨¬ à ¢¥áâ¢® µ = 0.

� ¬¥â¨¬, çâ® µ(E) = 0, ª ª â®«ìª® E ∈ � ¨ |E| = 0. �«¥¤®¢ â¥«ì®, ¬¥à  µ
 ¡á®«îâ® ¥¯à¥àë¢  ®â®á¨â¥«ì® |·|.

�®«®¦¨¬, F x
0 = ρ(Eξx). �® ¨¤ãªæ¨¨, ¯à¨¬¥ïï «¥¬¬ã 3.3, ¯®áâà®¨¬

ã¡ë¢ îéãî ¯®á«¥¤®¢ â¥«ì®áâì ¬®¦¥áâ¢ F x
n ∈ � (n ∈ N), ã¤®¢«¥â¢®àïî-

é¨å á«¥¤ãîé¨¬ ãá«®¢¨ï¬: x ∈ F x
n , ρ

(
F x
n

)
= F x

n ,
∣∣F x

n

∣∣ = 1
2n

∣∣F x
0

∣∣. �«ï ¢á¥å

n ∈ N ¨¬¥¥¬ 0 ≤ µ
(
X\F x

n

)
≤ δx

(
ρ
(
X\F x

n

))
= δx

(
X\F x

n

)
= 0. � ¤àã£®© áâ®-

à®ë, ãáâà¥¬«ïï n ª ¡¥áª®¥ç®áâ¨ ¨ ãç¨âë¢ ï, çâ®
∣∣F x

n

∣∣ → 0, § ª«îç ¥¬

µ
(
X\F x

n

)
= µ(X) − µ

(
F x
n

)
→ µ(X) ¢ á¨«ã  ¡á®«îâ®© ¥¯à¥àë¢®áâ¨ µ ®â-

®á¨â¥«ì® |·|. �«¥¤®¢ â¥«ì®, µ = 0.
�¥¯¥àì ¤®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨¬, çâ® ¬¥à  |·| ï¢«ï¥âáï σ-ª®¥ç®©, ¨

¯®ª ¦¥¬, çâ® ¢ª«îç¥¨¥ δx ◦ ρ ∈ pfa(�) ¨¬¥¥â ¬¥áâ® ¥ â®«ìª® ¤«ï à áá¬®-
âà¥®£® ¢ëè¥ á«ãç ï x ∈ X0, ® ¨ ¤«ï x ∈ X\X0. �«ï íâ®£® § ä¨ªá¨àã¥¬
¯à®¨§¢®«ìãî â®çªã x ∈ X\X0, à áá¬®âà¨¬ ¬¥àã µ ∈ ca(�), ã¤®¢«¥â¢®àïîéãî
ãá«®¢¨ï¬ 0 ≤ µ ≤ δx ◦ ρ, ¨ ãáâ ®¢¨¬ à ¢¥áâ¢® µ = 0.

�®áª®«ìªã ¬®¦¥áâ¢  Eξ ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï ¨ |Eξ| > 0 ¤«ï ¢á¥å ξ ∈ �,
¨§ σ-ª®¥ç®áâ¨ ¬¥àë |·| á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â áç¥â®áâì ¬®¦¥áâ¢  � (á¬.,
 ¯à¨¬¥à, [9, X.1.6]). �«¥¤®¢ â¥«ì®, µ(X0) = µ(

∪
ξ∈�

ρ(Eξ)) =
∑
ξ∈�

µ(ρ(Eξ)) ≤∑
ξ∈�

δx(ρ(Eξ)) = 0. �à®¬¥ â®£®, µ(X\X0) ≤ δx(ρ(X\X0)) = δx(∅) = 0. � ª¨¬

®¡à §®¬, µ = 0. �
� áá¬®âà¥¨¥ ¯¥à¥å®¤ëå äãªæ¨©   (X,�) ¨ ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢ å

B(X) ¨ ba(�) â¥á® á¢ï§ ® á â¥®à¨¥© ¢¥ªâ®àëå ¬¥à. �¨¦¥ ¬ë ¯à¨¢®¤¨¬
®á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ä ªâë íâ®© â¥®à¨¨.

�ãáâì (X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢® ¨ V | ®à¬¨à®¢ ®¥ ¯à®áâà -
áâ¢®. �ãªæ¨ï m : � → V  §ë¢ ¥âáï ®£à ¨ç¥®© ¢¥ªâ®à®© (V -§ ç®©)
¬¥à®©, ¥á«¨

(1) m(E ∪ F ) = m(E) +m(F ), ¤«ï «î¡ëå E,F ∈ �, E ∩ F = ∅;
(2) ®¡à § m ®£à ¨ç¥ ¯® ®à¬¥.

�¨¬¢®«®¬ ba(X,�, V ) ¨«¨ ba(�, V ) ¡ã¤¥¬ ®¡®§ ç âì ¢¥ªâ®à®¥ ¯à®áâà áâ¢®
¢á¥å ®£à ¨ç¥ëå V -§ çëå ¬¥à   �. �¥£ª® § ¬¥â¨âì, çâ® ¥á«¨ V | ®à¬¨-
à®¢  ï à¥è¥âª , â® ba(�, V ) ï¢«ï¥âáï ã¯®àï¤®ç¥ë¬ ¢¥ªâ®àë¬ ¯à®áâà -
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áâ¢®¬ ®â®á¨â¥«ì® á«¥¤ãîé¥£® ¯®àï¤ª : m1 ≤ m2, ª ª â®«ìª® m1(E) ≤ m2(E)
¤«ï ¢á¥å E ∈ �.

� ¬¥â¨¬, çâ® φ ◦ m ∈ ba(�) ¤«ï «î¡ëå φ ∈ V ′ ¨ m ∈ ba(�, V ) ¨ ba(�, V )
ï¢«ï¥âáï ®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬ ®â®á¨â¥«ì® ®à¬ë

∥m∥ = sup
φ∈V ′

∥φ∥≤1

∥φ ◦m∥ = sup
φ∈V ′

∥φ∥≤1

|φ ◦m|(X).

� ¬¥ç ¨¥ 3.9. � á«ãç ¥ V = B(X) ä®à¬ã«ã ¤«ï ®à¬ë ¢¥ªâ®à®© ¬¥-
àë ¬®¦® ã¯à®áâ¨âì. � ¨¬¥®, ¤«ï «î¡®© ¢¥ªâ®à®© ¬¥àë m ∈ ba(�, B(X))
á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

∥m∥ = sup
x∈X

∥m(·)(x)∥,

â. ¥. ∥m∥ = sup
x∈X

∥φx ◦m∥, £¤¥ äãªæ¨® « φx ∈ B(X)′ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

φx(f) = f(x). �¥©áâ¢¨â¥«ì®,

∥m∥ = sup
φ∈B(X)′

∥φ∥≤1

∥φ ◦m∥ = sup
φ∈B(X)′

∥φ∥≤1

sup
E,F∈�

(φ(m(E))− φ(m(F )))

= sup
E,F∈�

sup
φ∈B(X)′

∥φ∥≤1

(φ(m(E)−m(F ))) = sup
E,F∈�

∥m(E)−m(F )∥

= sup
E,F∈�

sup
x∈X

|m(E)(x)−m(F )(x)| = sup
x∈X

sup
E,F∈�

|m(E)(x)−m(F )(x)|

= sup
x∈X

∥m(·)(x)∥.

�ãáâì V | ®à¬¨à®¢  ï à¥è¥âª . �¥ªâ®àãî ¬¥àã m ∈ ba(�, V ) ¡ã¤¥¬
 §ë¢ âì ¯®àï¤ª®¢® ¥¯à¥àë¢®© (¨«¨ o-¥¯à¥àë¢®©), ¥á«¨ ¤«ï «î¡®© ¯®á«¥-

¤®¢ â¥«ì®áâ¨ ¨§¬¥à¨¬ëå ¬®¦¥áâ¢ (En)n∈N ¨§ En ↓ ∅ ¢ëâ¥ª ¥â m(En)
o→ 0.

�¥ªâ®à ï ¬¥à  m ∈ ba(�, V )  §ë¢ ¥âáï ¯®àï¤ª®¢® áç¥â®- ¤¤¨â¨¢®© (¨«¨
o-áç¥â®- ¤¤¨â¨¢®©), ¥á«¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (En)n∈N ¯®¯ à®
¤¨§êîªâëå ¨§¬¥à¨¬ëå ¬®¦¥áâ¢ ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

m

( ∞∪
n=1

En

)
= o -

∞∑
n=1

m(En).

�®¢¥àè¥®   «®£¨ç® áª «ïà®¬ã á«ãç î (á¬.,  ¯à¨¬¥à, [7, IV.1]) ¤®ª §ë¢ -
¥âáï, çâ® ¢¥ªâ®à ï ¬¥à  o-¥¯à¥àë¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  o-áç¥â®-
 ¤¤¨â¨¢ . �®¦¥áâ¢® ¢á¥å o-áç¥â®- ¤¤¨â¨¢ëå ¢¥ªâ®àëå ¬¥à ®¡®§ ç¨¬
ç¥à¥§ o-ca(X,�, V ) ¨«¨ o-ca(�, V ).

�ãáâì V | ¡  å®¢® ¯à®áâà áâ¢® ¨ m ∈ ba(�, V ). �¨¬¢®«®¬ St(X,�)
¨«¨ St(X) ®¡®§ ç¨¬ ®à¬¨à®¢ ®¥ ¯®¤¯à®áâà áâ¢® B(X), á®áâ®ïé¥¥ ¨§ ¢á¥å
áâã¯¥ç âëå äãªæ¨© (â. ¥. ¨§¬¥à¨¬ëå äãªæ¨© á ª®¥çë¬ ®¡à §®¬). �¯à¥-

¤¥«¨¬, ®¯¥à â®à Im : St(X) → V , ¯®« £ ï Ims =
n∑

i=1
αim(Ei) ¤«ï «î¡®© áâã-

¯¥ç â®© äãªæ¨¨ s =
n∑

i=1
αi1Ei

, £¤¥ ¬®¦¥áâ¢  Ei ∈ � ¯®¯ à® ¤¨§êîªâë

(ª®àà¥ªâ®áâì â ª®£® ®¯à¥¤¥«¥¨ï ¤®áâ â®ç® ®ç¥¢¨¤ ). �¥á«®¦® ¯à®¢¥à¨âì,
çâ® ®¯¥à â®à Im ®£à ¨ç¥ ¯® ®à¬¥. �®áª®«ìªã St(X) | ¢áî¤ã ¯«®â®¥ ¯®¤-
¯à®áâà áâ¢® B(X),   V | ¡  å®¢® ¯à®áâà áâ¢®, áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥
¯à®¤®«¦¥¨¥ ®¯¥à â®à  Im ¤® ®£à ¨ç¥®£® ®¯¥à â®à  ¨§ B(X) ¢ V . � ç¥¨¥
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íâ®£® ¯à®¤®«¦¥¨ï   í«¥¬¥â¥ f ∈ B(X)  §ë¢ ¥âáï ¨â¥£à «®¬ äãªæ¨¨ f ¯®

¢¥ªâ®à®© ¬¥à¥ m ¨ ®¡®§ ç ¥âáï á¨¬¢®«®¬
∫
X

f dm ¨«¨ ⟨f,m⟩ (á¬. [20, £«. II.7]).

�§ ¯®áâà®¥¨ï ¨â¥£à «  ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â, çâ® ∥⟨f,m⟩∥ ≤ ∥f∥ ∥m∥
¤«ï «î¡ëå f ∈ B(X) ¨ m ∈ ba(�, V ).

�á«¨ V = R ¨ µ ∈ ba(�), â®, ¯®«ì§ãïáì ¯à¨¢¥¤¥®© ¢ëè¥ ª®áâàãªæ¨¥©,
¬ë ¯à¨å®¤¨¬ ª ¯®ïâ¨î ¨â¥£à «  äãªæ¨¨ f ∈ B(X) ¯® ª®¥ç®- ¤¤¨â¨¢®©
¬¥à¥ µ, ª®â®àë©, ª ª ¨ ¢ëè¥, ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬

∫
X

f dµ ¨«¨ ⟨f, µ⟩

(á¬. [25, £«. VII]). � ¬¥â¨¬, çâ® ®¯à¥¤¥«¥ë© â ª¨¬ ®¡à §®¬ ¨â¥£à « á®¢-
¯ ¤ ¥â   B(X) á â ª  §ë¢ ¥¬ë¬ ®¡®¡é¥ë¬ ¨â¥£à «®¬ � ¤®  (á¬. [26,
XI.3; 1]).

�®£¨¥ á¢®©áâ¢  ¨â¥£à «  ¯® ª®¥ç®- ¤¤¨â¨¢®© ¬¥à¥ á®¢¯ ¤ îâ á   -
«®£¨çë¬¨ á¢®©áâ¢ ¬¨ ¨â¥£à «  �¥¡¥£  ¨ ¨â¥£à «  ¯® áç¥â®- ¤¤¨â¨¢®©
(§ ª®¯¥à¥¬¥®©) ¬¥à¥ (á¬.,  ¯à¨¬¥à, [26, XI.3]). � ç áâ®áâ¨, ¤«ï «î¡ëå
f ∈ B(X) ¨ µ ∈ ba(�) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  |⟨f, µ⟩| ≤ ⟨|f |, |µ|⟩ ≤ ∥f∥ ∥µ∥.

� ¬¥ç ¨¥ 3.10. �§¢¥áâ® (á¬. [26, XI.4]), çâ® «î¡®© «¨¥©ë© ®£à ¨-
ç¥ë© äãªæ¨® « φ : B(X) → R ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢«ï¥âáï ¢
¢¨¤¥ ¨â¥£à «  ¯® ¥ª®â®à®© ¬¥à¥ µφ ∈ ba(�). �à¨ íâ®¬ á®®â¢¥âáâ¢¨¥ φ 7→ µφ

ï¢«ï¥âáï «¨¥©®© ¨§®¬¥âà¨¥© B(X)′   ba(�). � ãç¥â®¬ íâ®£® ä ªâ  ¯à®-
áâà áâ¢® ba(�) ¬®¦® áç¨â âì á®¯àï¦¥ë¬ ª ¯à®áâà áâ¢ã B(X). � ¯à¨-
¬¥à, £®¢®àï ® á« ¡®©∗ â®¯®«®£¨¨   ba(�), ¬ë ¢á¥£¤  à áá¬ âà¨¢ ¥¬ ba(�) ª ª
á®¯àï¦¥®¥ ¯à®áâà áâ¢® ª B(X).

�¡®§ ç¨¬ á¨¬¢®«®¬ �(�) ¢¥ªâ®à®¥ ¯®¤¯à®áâà áâ¢® ba(�), á®áâ®ïé¥¥ ¨§

¢á¥å ¬¥à ¢¨¤ 
n∑

i=1
αiδxi , £¤¥ αi ∈ R ¨ xi ∈ X.

� ¬¥ç ¨¥ 3.11. �§¢¥áâ®, çâ® ¬®¦¥áâ¢® �(�) á« ¡®∗ ¯«®â® ¢ ¯à®-
áâà áâ¢¥ ba(�) (á¬. [18, 4.9]), ®âªã¤  á ãç¥â®¬ ¢ª«îç¥¨ï �(�) ⊂ ca(�) á«¥¤ã¥â,
çâ® ca(�) â ª¦¥ á« ¡®∗ ¯«®â® ¢ ba(�).

� ¯à®áâà áâ¢¥ ba(�, B(X)) ¢¢¥¤¥¬ ¯à®¨§¢¥¤¥¨¥, ¯®« £ ï

(m1 ∗m2)(E)(x) = ⟨m2(E),m1(·)(x)⟩
¤«ï ¢á¥å x ∈ X ¨ E ∈ �. �â®á¨â¥«ì® ¢¢¥¤¥®£® ¯à®¨§¢¥¤¥¨ï ba(�, B(X))
ï¢«ï¥âáï ®à¬¨à®¢ ®©  «£¥¡à®©. �¨¦¥ (á¬. á«¥¤áâ¢¨¥ 4.9) ¡ã¤¥â ¯®ª § ®,
çâ® ba(�, B(X)) ¯à¥¤áâ ¢«ï¥â á®¡®© ã¯®àï¤®ç¥ãî ¡  å®¢ã  «£¥¡àã.

�ãáâì V | ¡  å®¢® ¯à®áâà áâ¢®. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥ªâ®à-äãªæ¨ï
w : X → V ®£à ¨ç¥ , ¥á«¨ sup

x∈X
∥w(x)∥ < ∞.

�¥ªâ®à-äãªæ¨ï w : X → V ′  §ë¢ ¥âáï á« ¡®∗ ¨§¬¥à¨¬®©, ¥á«¨ ¤«ï ª ¦-
¤®£® í«¥¬¥â  v ∈ V äãªæ¨ï ⟨v, w(·)⟩ : X → R ¨§¬¥à¨¬ , â. ¥. {x ∈ X :
⟨v, w(x)⟩ < α} ∈ � ¤«ï ¢á¥å v ∈ V ¨ α ∈ R. �¥à¥§ ℓ∞w (X,�, V ′) ¨«¨ ℓ∞w (X,V ′)
®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å ®£à ¨ç¥ëå á« ¡®∗ ¨§¬¥à¨¬ëå ¢¥ªâ®à-äãªæ¨©
¨§ X ¢ V ′. �®¦¥áâ¢® ℓ∞w (X,V ′) ï¢«ï¥âáï ®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬ ®â-
®á¨â¥«ì® ¯®â®ç¥çëå «¨¥©ëå ®¯¥à æ¨© ¨ ®à¬ë ∥w∥ = sup

x∈X
∥w(x)∥.

� á«ãç ¥ V = B(X) ¢ ¯à®áâà áâ¢¥ ℓ∞w (X,V ′) = ℓ∞w (X, ba(�)) ¬®¦® ¢¢¥áâ¨
¯à®¨§¢¥¤¥¨¥, ¯®« £ ï

(w1 ∗ w2)(x)(E) = ⟨w2(·)(E), w1(x)⟩
¤«ï ¢á¥å x ∈ X ¨ E ∈ �. � ª ¯®ª § ® ¨¦¥ (á¬. á«¥¤áâ¢¨¥ 4.9), ®â®á¨â¥«ì-
® ¢¢¥¤¥®£® ¯à®¨§¢¥¤¥¨ï ¨ ¯®â®ç¥ç®£® ¯®àï¤ª  ¯à®áâà áâ¢® ℓ∞w (X, ba(�))
ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¡  å®¢®©  «£¥¡à®©.
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�®¤¯à®áâà áâ¢® ℓ∞w (X, ba(�)), á®áâ®ïé¥¥ ¨§ äãªæ¨©, ®¡à § ª®â®àëå «¥-
¦¨â ¢ ca(�), ãá«®¢¨¬áï ®¡®§ ç âì á¨¬¢®«®¬ ℓ∞w (X, ca(�)).

�à¥¤«®¦¥¨¥ 3.12. �á«¨ (X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢® á ¡¥áª®¥ç-

®© σ- «£¥¡à®© �, â® ¢ª«îç¥¨¥ Lw(ba(�))⊂L (ba(�)) ï¢«ï¥âáï áâà®£¨¬.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ca(�) ï¢«ï¥âáï á®¡áâ¢¥ë¬ § ¬ªãâë¬
¯®¤¯à®áâà áâ¢®¬ ba(�), áãé¥áâ¢ã¥â ¥ã«¥¢®© ®£à ¨ç¥ë© «¨¥©ë© äãª-
æ¨® « φ : ba(�) → R â ª®©, çâ® φ ≡ 0   ca(�).

�ãáâì ν | ¯à®¨§¢®«ìë© ¥ã«¥¢®© í«¥¬¥â ba(�). �¯à¥¤¥«¨¬ ®¯¥à â®à
A : ba(�) → ba(�), ¯®« £ ï Aµ = φ(µ)ν ¤«ï ¢á¥å µ ∈ ba(�). �ç¥¢¨¤®, çâ®
A ∈ L (ba(�)), A ̸= 0 ¨ A ≡ 0   ca(�). � ª¨¬ ®¡à §®¬, ¥ã«¥¢®© ®¯¥à -
â®à A à ¢¥ ã«î   á« ¡®∗ ¯«®â®¬ ¯®¤¬®¦¥áâ¢¥ ba(�) ¨, á«¥¤®¢ â¥«ì®, ¥
ï¢«ï¥âáï á« ¡®∗ ¥¯à¥àë¢ë¬, â. ¥. A /∈ Lw(ba(�)). �

�«ï ¯à®¨§¢®«ì®£® ®¯¥à â®à  A ∈ L (ba(�)) ¨ ¬®¦¥áâ¢  E ∈ � ®¡®§ ç¨¬
á¨¬¢®«®¬ AE äãªæ¨î ¨§ X ¢ R, ®¯à¥¤¥«¥ãî ä®à¬ã«®© AE(x) = (Aδx)(E)
¤«ï ¢á¥å x ∈ X.

� ¬¥ç ¨¥ 3.13. �á«¨ A ∈ Lw(ba(�)), â® AE ∈ B(X) ¤«ï ¢á¥å E ∈ �.
�¥©áâ¢¨â¥«ì®, ¤«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  E ∈ � à áá¬®âà¨¬ äãªæ¨î
φE : ba(�) → R, ®¯à¥¤¥«¥ãî ä®à¬ã«®© φE(µ) = (Aµ)(E), µ ∈ ba(�). �ç¥-
¢¨¤®, çâ® φE | á« ¡®∗ ¥¯à¥àë¢ë© «¨¥©ë© äãªæ¨® «. � ãç¥â®¬ § ¬¥-
ç ¨ï 3.10 áãé¥áâ¢ã¥â äãªæ¨ï f ∈ B(X) â ª ï, çâ® φE(µ) = ⟨f, µ⟩ ¤«ï ¢á¥å
µ ∈ ba(�). �«¥¤®¢ â¥«ì®, AE(x) = (Aδx)(E) = φE(δx) = ⟨f, δx⟩ = f(x) ¤«ï
¢á¥å x ∈ X.

�¡à â®¥, ¢®®¡é¥ £®¢®àï, ¥¢¥à®: ®¯¥à â®à A ∈ L (ba(�)), ¯®áâà®¥ë© ¢
¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 3.12, ¥ ¯à¨ ¤«¥¦¨â Lw(ba(�)), ® â¥¬ ¥ ¬¥¥¥
ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î AE ∈ B(X) ¤«ï ¢á¥å E ∈ �.

� ¬¥â¨¬, çâ® ¢ á¨«ã ¯à¥¤«®¦¥¨ï 2.4 ¨ § ¬¥ç ¨ï 3.10 ¨¬¥¥â ¬¥áâ® à -
¢¥áâ¢® Lw(ba(�)) = {T ′ : T ∈ L (B(X))}. �®íâ®¬ã, ãç¨âë¢ ï á®®â®è¥¨¥
(T1T2)

′ = T ′
2T

′
1, ¥áâ¥áâ¢¥® á ¡¤¨âì ¯à®áâà áâ¢® Lw(ba(�)) ¯à®¨§¢¥¤¥¨¥¬

A1 ∗A2 = A2A1, ®â®á¨â¥«ì® ª®â®à®£® Lw(ba(�)) ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¡ -
 å®¢®©  «£¥¡à®©.

�¯à¥¤¥«¥¨¥ 3.14. �¯¥à â®à A ∈ Lw(ba(�))  §®¢¥¬ ca-¨¢ à¨ âë¬,
¥á«¨ Aca(�) ⊂ ca(�). �®¦¥áâ¢® ¢á¥å ca-¨¢ à¨ âëå á« ¡®∗ ¥¯à¥àë¢ëå
®¯¥à â®à®¢ ®¡®§ ç¨¬ á¨¬¢®«®¬ Lwc(ba(�)).

�ç¥¢¨¤®, çâ® Lwc(ba(�)) ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¡  å®¢®© ¯®¤ «£¥¡à®©
Lw(ba(�)).

§ 4. �§®¬®àä¨§¬ë ¬¥¦¤ã ¯à®áâà áâ¢®¬ ¯¥à¥å®¤ëå

äãªæ¨© ¨ ¤àã£¨¬¨ ª« áá¨ç¥áª¨¬¨ ¯à®áâà áâ¢ ¬¨

� ¤ ®¬ ¯ à £à ä¥ ¬ë  ¤¥«¨¬ ¬®¦¥áâ¢® ¯¥à¥å®¤ëå äãªæ¨© P(X,�)
áâàãªâãà®© ã¯®àï¤®ç¥®© ®à¬¨à®¢ ®©  «£¥¡àë ¨ ¨áá«¥¤ã¥¬ ¥£® ¢§ ¨¬®á¢ï-
§¨ á ¯à®áâà áâ¢ ¬¨ «¨¥©ëå ®¯¥à â®à®¢, ¢¥ªâ®àëå ¬¥à ¨ ¨§¬¥à¨¬ëå ¢¥ªâ®à-
äãªæ¨©. �ã¤¥â â ª¦¥ ãáâ ®¢«¥®, çâ® ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®
¯¥à¥å®¤ëå äãªæ¨© ¢ ®¡é¥¬ á«ãç ¥ ¥ ï¢«ï¥âáï ¢¥ªâ®à®© à¥è¥âª®©.

� ¤ «ì¥©è¥¬ (  ¨¬¥® ¢ § 5)  ¬ ¯à¨£®¤¨âáï á«¥¤ãîé¥¥ ®¡®¡é¥¨¥ ¯®-
ïâ¨ï ¯¥à¥å®¤®© äãªæ¨¨.
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�¯à¥¤¥«¥¨¥ 4.1. �ãáâì �1 ¨ �2 | σ- «£¥¡àë ¯®¤¬®¦¥áâ¢ ¥ª®â®à®-
£® ¬®¦¥áâ¢  X. �¡®§ ç¨¬ á¨¬¢®«®¬ P(X,�1,�2) ¬®¦¥áâ¢® ¢á¥å äãªæ¨©
p : X × �1 → R, ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

(1) p(·, E) ∈ B(X,�2) ¤«ï ¢á¥å E ∈ �1;
(2) p(x, ·) ∈ ba(�1) ¤«ï ¢á¥å x ∈ X.

�¥®à¥¬  4.2. �á«¨ p ∈ P(X,�1,�2), â® äãªæ¨ï p à ¢®¬¥à® ®£à ¨ç¥-
  ¨, ¡®«¥¥ â®£®, sup

x∈X
∥p(x, ·)∥ < ∞.

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®© â®çª¨ x ∈ X ¯®«®¦¨¬ µx = p(x, ·). �®-
£« á® 4.1 ¨¬¥¥¬ µx ∈ ba(�1) ¨ sup

x∈X
|µx(E)| < ∞ ¤«ï ¢á¥å E ∈ �1. �§ â¥®-

à¥¬ë �¨ª®¤¨¬  ®¡ ®£à ¨ç¥®áâ¨ (á¬. [21, I.3.1]) á«¥¤ã¥â, çâ® sup
x∈X

∥p(x, ·)∥ =

sup
x∈X

∥µx∥ = C < ∞. � ç áâ®áâ¨, |p(x,E)| ≤ ∥p(x, ·)∥ ≤ C ¤«ï ¢á¥å x ∈ X ¨

E ∈ �1. �
�«ï «î¡®© äãªæ¨¨ p ∈ P(X,�1,�2) ®¡®§ ç¨¬ ç¥à¥§ Tp äãªæ¨î ¨§

B(X,�1) ¢ RX , ®¯à¥¤¥«ï¥¬ãî à ¢¥áâ¢®¬ (Tpf)(x) = ⟨f, p(x, ·)⟩ ¤«ï «î¡ëå
f ∈ B(X,�1) ¨ x ∈ X.

�¥¬¬  4.3. �á«¨ p ∈ P(X,�1,�2), â® Tp ∈ L (B(X,�1), B(X,�2)). �à¨
íâ®¬ ∥Tp∥ ≤ sup

x∈X
∥p(x, ·)∥.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® Tp | «¨¥©ë© ®¯¥à â®à ¨§ B(X,�1)
¢ RX . �®ª ¦¥¬, çâ® ®¯¥à â®à Tp ¤¥©áâ¢ã¥â ¢ B(X,�2). �«ï ª ¦¤®£® í«¥¬¥â 
E ∈ �1 ¨¬¥¥¬ Tp1E = p(·, E) ∈ B(X,�2). �§ «¨¥©®áâ¨ Tp § ª«îç ¥¬, çâ®
Tps ∈ B(X,�2) ¤«ï «î¡®© áâã¯¥ç â®© äãªæ¨¨ s ∈ St(X,�1). �ãáâì â¥¯¥àì
f | ¯à®¨§¢®«ìë© í«¥¬¥â B(X,�1) ¨ sn ∈ St(X,�1) (n ∈ N) | ¯®á«¥¤®¢ -
â¥«ì®áâì áâã¯¥ç âëå äãªæ¨©, à ¢®¬¥à® áå®¤ïé ïáï ª f . � ¬¥â¨¬, çâ®
(Tp(·))(x) ∈ B(X,�1)

′ ¤«ï ¢á¥å x ∈ X. �«¥¤®¢ â¥«ì®, (Tpsn)(x) → (Tpf)(x)
¯à¨ n → ∞ ¤«ï ¢á¥å x ∈ X,   § ç¨â, äãªæ¨ï Tpf ï¢«ï¥âáï �2-¨§¬¥à¨¬®©,
¡ã¤ãç¨ ¯®â®ç¥çë¬ ¯à¥¤¥«®¬ �2-¨§¬¥à¨¬ëå äãªæ¨©. �à®¬¥ â®£®, ¤«ï ¢á¥å
x ∈ X ¨¬¥¥¬

|(Tpf)(x)| = |⟨f, p(x, ·)⟩| ≤ ∥f∥ ∥p(x, ·)∥ ≤ ∥f∥ sup
y∈X

∥p(y, ·)∥. (∗)

�ç¨âë¢ ï 4.2, § ª«îç ¥¬, çâ® Tpf ∈ B(X,�2). � ª¨¬ ®¡à §®¬, Tp | «¨¥©ë©
®¯¥à â®à ¨§ B(X,�1) ¢ B(X,�2). �§ (∗) â ª¦¥ ¢ëâ¥ª ¥â ®æ¥ª  ¤«ï ®à¬ë
®¯¥à â®à  Tp. �

�ãáâì P(X,�) | ¬®¦¥áâ¢® ¢á¥å ¯¥à¥å®¤ëå äãªæ¨© (á¬. § 1)   ¨§¬¥à¨-
¬®¬ ¯à®áâà áâ¢¥ (X,�). �§ â¥®à¥¬ë 4.2 ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â, çâ® ª ¦¤ ï
äãªæ¨ï p ∈ P(X,�) à ¢®¬¥à® ®£à ¨ç¥  ¨ sup

x∈X
∥p(x, ·)∥ < ∞.

� ¤¥«¨¬ ¬®¦¥áâ¢® P(X,�) áâàãªâãà®© ¢¥ªâ®à®£® ¯à®áâà áâ¢  á ¯®â®-
ç¥çë¬¨ «¨¥©ë¬¨ ®¯¥à æ¨ï¬¨. � ¯®«ãç¥®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ ¢¢¥-
¤¥¬ ®à¬ã, ¯®« £ ï

∥p∥ = sup
x∈X

∥p(x, ·)∥ = sup
x∈X

|p(x, ·)|(X).

� ¡¤¨¬ ¯à®áâà áâ¢® P(X,�) ¯®â®ç¥çë¬ ¯®àï¤ª®¬:

p1 ≤ p2, ¥á«¨ p1(x,E) ≤ p2(x,E) ¤«ï «î¡ëå x ∈ X ¨ E ∈ �.
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�¯à¥¤¥«¨¬ ®¯¥à æ¨î ã¬®¦¥¨ï ¯¥à¥å®¤ëå äãªæ¨© p1, p2 ∈ P(X,�) á«¥¤ã-
îé¨¬ ®¡à §®¬:

(p1 ∗ p2)(x,E) = ⟨p2(·, E), p1(x, ·)⟩ ¤«ï ¢á¥å x ∈ X ¨ E ∈ �.

�¥á«®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯à®¨§¢¥¤¥¨¥ ¯¥à¥å®¤ëå äãªæ¨© ¤¥©áâ¢¨â¥«ì-
® ï¢«ï¥âáï ¯¥à¥å®¤®© äãªæ¨¥© ¨ ®â®á¨â¥«ì® ¢¢¥¤¥ëå ®¯¥à æ¨©
P(X,�) ï¢«ï¥âáï ã¯®àï¤®ç¥®© ®à¬¨à®¢ ®©  «£¥¡à®©.

�¨¦¥ ¬ë ¯®ª ¦¥¬ ¨§®¬®àä®áâì ã¯®àï¤®ç¥ëå ®à¬¨à®¢ ëå  «£¥¡à
P(X,�), L (B(X)), Lw(ba(�)), ba(�, B(X)) ¨ ℓ∞w (X, ba(�)).

�¯à¥¤¥«¥¨¥ 4.4. �«ï «î¡ëå p∈P(X,�), T ∈L (B(X)), A∈Lw(ba(�)),
m∈ ba(�, B(X)), v ∈ ℓ∞w (X, ba(�)) ®¯à¥¤¥«¨¬ äãªæ¨¨ pT , pA, pm, pv : X×� → R,
Tp, TA, Tm, Tv : B(X) → B(X), Ap, AT , Am, Av : ba(�) → ba(�), mp,mT ,mA,mv :
� → B(X), vp, vT , vA, vm : X → ba(�) á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

pT (x,E) = (T1E)(x), (Tpf)(x) = ⟨f, p(x, ·)⟩, (Apµ)(E) = ⟨p(·, E), µ⟩,
pA(x,E) = (Aδx)(E), (TAf)(x) = ⟨f,Aδx⟩, (ATµ)(E) = ⟨T1E , µ⟩,
pm(x,E) = m(E)(x), (Tmf)(x) = ⟨f,m⟩(x), (Amµ)(E) = ⟨m(E), µ⟩,
pv(x,E) = v(x)(E), (Tvf)(x) = ⟨f, v(x)⟩, (Avµ)(E) = ⟨v(·)(E), µ⟩,

mp(E)(x) = p(x,E), vp(x)(E) = p(x,E),

mT (E)(x) = (T1E)(x), vT (x)(E) = (T1E)(x),

mA(E)(x) = (Aδx)(E), vA(x)(E) = (Aδx)(E),
mv(E)(x) = v(x)(E), vm(x)(E) = m(E)(x),

£¤¥ x ∈ X, E ∈ �, f ∈ B(X), µ ∈ ba(�).

�¥¬¬  4.5. �«ï «î¡ëå T ∈ L (B(X)), f ∈ B(X) ¨ µ ∈ ba(�) ¨¬¥¥â ¬¥áâ®
à ¢¥áâ¢®

⟨Tf, µ⟩ = ⟨f,ATµ⟩.
�ë¬¨ á«®¢ ¬¨, ¯à¨ ¥áâ¥áâ¢¥®¬ ®â®¦¤¥áâ¢«¥¨¨ ¯à®áâà áâ¢ B(X)′ ¨ ba(�)
(á¬. § ¬¥ç ¨¥ 3.10) á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ AT = T ′.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ φ = ⟨T (·), µ⟩. �ç¥¢¨¤®, çâ® φ ∈ B(X)′,
  § ç¨â, φ = ⟨·, ν⟩ ¤«ï ¥ª®â®à®© ¬¥àë ν ∈ ba(�) (á¬. § ¬¥ç ¨¥ 3.10). �«ï ¢á¥å
E ∈ � ¨¬¥¥¬ (ATµ)(E) = ⟨T1E , µ⟩ = φ(1E) = ⟨1E , ν⟩ = ν(E). �«¥¤®¢ â¥«ì®,
⟨Tf, µ⟩ = φ(f) = ⟨f, ν⟩ = ⟨f,ATµ⟩. �

�à¥¤«®¦¥¨¥ 4.6. � ãá«®¢¨ïå ®¯à¥¤¥«¥¨ï 4.4 ¨¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï
pT , pA, pm, pv ∈P(X,�), Tp, TA, Tm, Tv ∈L (B(X)), Ap, AT , Am, Av ∈Lw(ba(�)),
mp,mT ,mA,mv ∈ ba(�, B(X)), vp, vT , vA, vm ∈ ℓ∞w (X, ba(�)).

�®ª § â¥«ìáâ¢®. �ª«îç¥¨¥ Tp ∈ L (B(X)) ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 4.3.
�«ï ¢á¥å E ∈ � ¨¬¥¥¬ Apµ(E) = ⟨p(·, E), µ⟩ = ⟨Tp1E , µ⟩ = ATpµ(E). �®-

áª®«ìªã ATp = T ′
p (á¬. «¥¬¬ã 4.5), ¨§ ¯à¥¤«®¦¥¨ï 2.4 ¢ëâ¥ª ¥â ¢ª«îç¥¨¥

Ap ∈ Lw(ba(�)).
�®ª ¦¥¬, çâ® vp ∈ ℓ∞w (X, ba(�)). �«ï «î¡®£® ¬®¦¥áâ¢  E ∈ � ¨¬¥¥¬

⟨1E , vp(·)⟩ = p(·, E) = Tp1E . �«¥¤®¢ â¥«ì®, ⟨s, vp(·)⟩=Tps ¤«ï ¢á¥å s∈St(X,�).
�á«¨ â¥¯¥àì f ∈ B(X), â® ⟨f, vp(x)⟩ = lim

n→∞
⟨sn, vp(x)⟩ = lim

n→∞
(Tpsn)(x) = (Tpf)(x)

¤«ï ¢á¥å x ∈ X, £¤¥ (sn)n∈N | à ¢®¬¥à® áå®¤ïé ïáï ª f ¯®á«¥¤®¢ â¥«ì-
®áâì í«¥¬¥â®¢ St(X,�). �áâ ¥âáï § ¬¥â¨âì, çâ® sup

x∈X
∥vp(x)∥ = sup

x∈X
∥p(x, ·)∥ =

∥p∥ < ∞.
�áâ «ìë¥ ¢ª«îç¥¨ï «¨¡® ®ç¥¢¨¤ë, «¨¡® á «¥£ª®áâìî ¢ë¢®¤ïâáï ¨§ ãáâ -

®¢«¥ëå ¢ëè¥ á ¯®¬®éìî «¥¬¬ë 4.5, ¯à¥¤«®¦¥¨ï 2.4, § ¬¥ç ¨ï 3.13 ¨ à -
¢¥áâ¢  pA(·, E) = AE (E ∈ �). �
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�¥¬¬  4.7. �ãáâì V1, . . . , Vn | ã¯®àï¤®ç¥ë¥ ®à¬¨à®¢ ë¥ ¯à®áâà -

áâ¢  ¨ α1, . . . , αn | ®â®¡à ¦¥¨ï, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ ¤«ï

¢á¥å i = 1, . . . , n:

(a) αi | «¨¥©ë© ®¯¥à â®à ¨§ Vi ¢ Vi+1;
(b) ∥αi(v)∥ ≤ ∥v∥ ¤«ï ¢á¥å v ∈ Vi;
(c) ¤«ï ¢á¥å v ∈ Vi ¨§ v ≥ 0 ¢ëâ¥ª ¥â αi(v) ≥ 0;
(d) (αi+n−1 · · ·αi+1αi)(v) = v ¤«ï ¢á¥å v ∈ Vi,

£¤¥ Vn+1 = V1 ¨ αn+k = αk ¤«ï k = 1, . . . , n−1. �®£¤  ª ¦¤®¥ ¨§ ®â®¡à ¦¥¨© αi

ï¢«ï¥âáï «¨¥©®© ¨§®¬¥âà¨¥© ¨ ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬ ¬¥¦¤ã Vi ¨ Vi+1.

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ i ∈ {1, . . . , n}. �¯¥à â®à αi áîàê¥ªâ¨¢¥,
¯®áª®«ìªã αi((αi+n−1 · · ·αi+2αi+1)(w)) = w ¤«ï ¢á¥å w ∈ Vi+1 á®£« á® (d). �«ï
v ∈ Vi á ãç¥â®¬ (d) ¨ (b) ¨¬¥¥¬ ∥v∥ ≤ ∥αi+n−1∥ · · · ∥αi+1∥ ∥αi∥ ∥v∥ ≤ ∥v∥. �«¥¤®-
¢ â¥«ì®, αi ï¢«ï¥âáï ¨§®¬¥âà¨¥© Vi   Vi+1. �áâ «®áì § ¬¥â¨âì, çâ® á®£« á®
(d) ¨ (c) ¤«ï ¢á¥å v ∈ Vi ¨§ αi(v) ≥ 0 ¢ëâ¥ª ¥â v = (αi+n−1 · · ·αi+1αi)(v) =
(αi+n−1 · · ·αi+1)(αi(v)) ≥ 0. �

�¥®à¥¬  4.8. �¨ £à ¬¬ , ¢¥àè¨ ¬¨ ª®â®à®© ï¢«ïîâáï ¯ïâì ¯à®áâà áâ¢

P(X,�), L (B(X)), Lw(ba(�)), ba(�, B(X)) ¨ ℓ∞w (X, ba(�)),   à¥¡à ¬¨ | ¤¢ -

¤æ âì ®â®¡à ¦¥¨©, ®¯à¥¤¥«¥ëå ¢ 4.4, ª®¬¬ãâ â¨¢ . �à®¬¥ â®£®, ª ¦¤®¥

¨§ ¤¢ ¤æ â¨ ®â®¡à ¦¥¨© ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¬¥¦¤ã á®®â¢¥âáâ¢ãîé¨¬¨

¯à®áâà áâ¢ ¬¨, £¤¥ ¯®¤ ¨§®¬®àä¨§¬®¬ ¯®¨¬ ¥âáï «¨¥© ï ¨§®¬¥âà¨ï, á®-

åà ïîé ï ¯à®¨§¢¥¤¥¨¥ ¨ ï¢«ïîé ïáï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ V1 = V6 = P(X,�), V2 = L (B(X)), V3 =
Lw(ba(�)), V4 = ba(�, B(X)), V5 = ℓ∞w (X, ba(�)) ¨ à áá¬®âà¨¬ ®â®¡à ¦¥¨ï
αi : Vi → Vi+1 (i = 1, . . . , 5), ®¯à¥¤¥«¥ë¥ ä®à¬ã« ¬¨ α1(p) = Tp, α2(T ) = AT ,
α3(A) = mA, α4(m) = vm, α5(v) = pv.

�®ª ¦¥¬, çâ® ®â®¡à ¦¥¨ï αi ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (a){(d) «¥¬¬ë 4.7
¨ á®åà ïîâ ¯à®¨§¢¥¤¥¨¥. �á«®¢¨¥ (b) «¥£ª® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï,  ¯à¨¬¥à,
«¥¬¬ã 4.3 ¨ § ¬¥ç ¨¥ 3.9. �à®¢¥àª  ®áâ «ìëå ãá«®¢¨© â ª¦¥ ¥ á®áâ ¢«ï-
¥â âàã¤ . � ª ç¥áâ¢¥ ¤¥¬®áâà æ¨¨ ¬ë ¯®ïá¨¬ á®®â®è¥¨ï ATpvmA

= A ¨

Tp1∗p2 = Tp1Tp2 ¤«ï ¢á¥å A ∈ Lw(ba(�)) ¨ p1, p2 ∈ P(X,�). �®áª®«ìªã, ª ª
«¥£ª® ¢¨¤¥âì,

(
ATpvmA

δx
)
(E) = (Aδx)(E) ¤«ï ¢á¥å x ∈ X ¨ E ∈ �, ®¯¥à â®àë

ATpvmA
¨ A á®¢¯ ¤ îâ   á« ¡®∗ ¯«®â®¬ ¯®¤¬®¦¥áâ¢¥ �(�) ⊂ ba(�) (á¬. § ¬¥-

ç ¨¥ 3.11),   § ç¨â, á®¢¯ ¤ îâ ¢áî¤ã   ba(�) ¢ á¨«ã á« ¡®©∗ ¥¯à¥àë¢®áâ¨.
�®®â®è¥¨¥ Tp1∗p2 = Tp1Tp2 ¢ëâ¥ª ¥â ¨§ ¥¯à¥àë¢®áâ¨ à áá¬ âà¨¢ ¥¬ëå ®¯¥-
à â®à®¢ ¨ «¥£ª® ãáâ  ¢«¨¢ ¥¬®£® à ¢¥áâ¢  (Tp1∗p21E)(x) = (Tp1Tp21E)(x) ¤«ï
¢á¥å x ∈ X ¨ E ∈ �.

�â ª, ¢ á¨«ã «¥¬¬ë 4.7 ®â®¡à ¦¥¨ï α1, . . . , α5 ï¢«ïîâáï ¨§®¬®àä¨§¬ ¬¨.
�®â ä ªâ, çâ® ®â®¡à ¦¥¨ï T 7→ pT , A 7→ TA, m 7→ Am, v 7→ mv ¨ p 7→ vp
ï¢«ïîâáï ®¡à âë¬¨ ª á®®â¢¥âáâ¢ãîé¨¬ ¨§®¬®àä¨§¬ ¬ α1, . . . , α5, á«¥¤ã¥â ¨§
®ç¥¢¨¤ëå à ¢¥áâ¢ pTp = p, mAm = m, vmv = v, pvp = p ¨ á®®â®è¥¨ï
(ATA

µ)(E) = ⟨TA1E , µ⟩ = ⟨1E , Aµ⟩ = (Aµ)(E), á¯à ¢¥¤«¨¢®£® ¤«ï ¢á¥å E ∈ � ¨
µ ∈ ba(�) ¢ á¨«ã «¥¬¬ë 4.5.

�â¢¥à¦¤¥¨¥ â¥®à¥¬ë â¥¯¥àì ¥á«®¦® ¯®«ãç¨âì á ¯®¬®éìî ãáâ ®¢«¥-
ëå ¢ëè¥ ä ªâ®¢, ¯. (d) «¥¬¬ë 4.7 ¤«ï ®â®¡à ¦¥¨© α1, . . . , α5,   â ª¦¥ «¥£ª®
¯à®¢¥àï¥¬ëå à ¢¥áâ¢ (m 7→ pm) = α5α4, (A 7→ pA) = α5α4α3, (m 7→ Tm) =
α1α5α4, (v 7→ Tv) = α1α5, (p 7→ Ap) = α2α1, (v 7→ Av) = α2α1α5, (p 7→ mp) =
α3α2α1, (T 7→ mT ) = α3α2, (T 7→ vT ) = α4α3α2, (A 7→ vA) = α4α3. �
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�«¥¤áâ¢¨¥ 4.9. �à®áâà áâ¢ P(X,�), L (B(X)), Lw(ba(�)), ba(�,B(X))
¨ ℓ∞w (X, ba(�)) ï¢«ïîâáï ã¯®àï¤®ç¥ë¬¨ ¡  å®¢ë¬¨  «£¥¡à ¬¨.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® § ¬¥â¨âì, çâ® L (B(X)) | ã¯®àï¤®ç¥ ï
¡  å®¢   «£¥¡à , ¨ ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 4.8. �

�§ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï ¢ëâ¥ª ¥â, çâ® ã¯®àï¤®ç¥ë¥ ¢¥ªâ®àë¥ ¯à®-
áâà áâ¢  P(X,�), L (B(X)), Lw(ba(�)), ba(�, B(X)) ¨ ℓ∞w (X, ba(�)), ¢®®¡é¥
£®¢®àï, ¥ ï¢«ïîâáï ¢¥ªâ®àë¬¨ à¥è¥âª ¬¨.

�¥®à¥¬  4.10. �ãáâì (X,�, |·|) | ¯à®áâà áâ¢® á ¬¥à®©, ¨¬¥îé¥¥ «¨ä-

â¨£, ¯à¨ç¥¬ {x} ∈ � ¨ |{x}| = 0 ¤«ï ¢á¥å x ∈ X ¨ áãé¥áâ¢ã¥â ¥¨§¬¥à¨¬®¥

¯®¤¬®¦¥áâ¢® G ⊂ X. (� ª ç¥áâ¢¥ â ª®£® ¯à®áâà áâ¢  á ¬¥à®© ¬®¦® ¢§ïâì,
 ¯à¨¬¥à, ®âà¥§®ª [0, 1] á ¬¥à®© �¥¡¥£ .) �®£¤  ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®-

áâà áâ¢® L (B(X)) ¥ ï¢«ï¥âáï ¢¥ªâ®à®© à¥è¥âª®©.

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ T ∈ L (B(X)), ¯®« £ ï Tf = 1G(f−f∼) ¤«ï
¢á¥å f ∈ B(X), ¨ ã¡¥¤¨¬áï ¢ â®¬, çâ® ®¯à¥¤¥«¥ë© â ª¨¬ ®¡à §®¬ ®¯¥à â®à
¥ ¨¬¥¥â ¯®«®¦¨â¥«ì®© ç áâ¨. (�®â ä ªâ, çâ® ®¯¥à â®à T ¤¥©áâ¢ã¥â ¨¬¥® ¢
B(X) ¨ ï¢«ï¥âáï ®£à ¨ç¥ë¬, ¢ëâ¥ª ¥â ¨§ á®¢¯ ¤¥¨ï äãªæ¨© f ¨ f∼ ¯®çâ¨
¢áî¤ã ¨ á®®â®è¥¨© |1G(f−f∼)| ≤ |f |+|f∼| = |f |+|f |∼ ≤ 2∥f∥, ®¡¥á¯¥ç¨¢ ¥¬ëå
á¢®©áâ¢ ¬¨ «¨äâ¨£ .)

�®¯ãáâ¨¬ ¢®¯à¥ª¨ ¤®ª §ë¢ ¥¬®¬ã, çâ® ®¯¥à â®à T ¨¬¥¥â ¯®«®¦¨â¥«ìãî
ç áâì T+. �®£¤  ¤«ï ¢á¥å x ∈ G á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï T+1X ≥ T+1{x} ≥
T1{x} = 1{x}, â. ¥. T

+1X ≥ 1   G. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìãî â®çªã x ∈ X\G
¨ ®¯à¥¤¥«¨¬ ¯®«®¦¨â¥«ìë© ®¯¥à â®à Zx ∈ L (B(X)) ä®à¬ã«®© Zxf = 1X\{x}f ,
f ∈ B(X). �®£¤  ¤«ï ¢á¥å ¯®«®¦¨â¥«ìëå f ∈ B(X) ¨¬¥¥¬ Zxf = 1X\{x}f ≥
1Gf ≥ 1G(f − f∼) = Tf , â. ¥. Zx ≥ T . �«¥¤®¢ â¥«ì®, Zx ≥ T+ ¨, ¢ ç áâ®áâ¨,
Zx1X ≥ T+1X , ®âªã¤  ¢ëâ¥ª ¥â à ¢¥áâ¢® T+1X = 0   X\G. � ¤àã£®© áâ®-
à®ë, ª ª ¡ë«® ãáâ ®¢«¥® ¢ëè¥, T+1X ≥ 1   G,   § ç¨â, äãªæ¨ï T+1X
¥¨§¬¥à¨¬ . �

§ 5. �ç¥â®- ¤¤¨â¨¢ë¥ ¨ ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ë¥

¯¥à¥å®¤ë¥ äãªæ¨¨

� ¤ ®¬ ¯ à £à ä¥ ¬ë ¢¢®¤¨¬ ¨ ¨áá«¥¤ã¥¬ ¯à®áâà áâ¢  Pca(X,�) ¨
Ppfa(X,�) áç¥â®- ¤¤¨â¨¢ëå ¨ ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå äãª-
æ¨©, ¯®ª §ë¢ ¥¬, çâ® ®¨ ï¢«ïîâáï ¢§ ¨¬® ¤®¯®«¨â¥«ìë¬¨ ¯®«®á ¬¨ ®â®-
á¨â¥«ì® ¥áâ¥áâ¢¥®© ¤¨§êîªâ®áâ¨, ¨ à áá¬ âà¨¢ ¥¬ ¢®¯à®á ® à §«®¦¥¨¨
P(X,�) = Pca(X,�)⊕ Ppfa(X,�).

�â¬¥â¨¬, çâ®   «®£¨ ¯à®áâà áâ¢ P(X,�), Pca(X,�) ¨ Ppfa(X,�) ¤«ï
á«ãç ï ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¡ë«¨ à áá¬®âà¥ë ¢ à -
¡®â¥ �. �. �¤ ª  [2] (¢ ¨å á¢ï§¨ á á®®â¢¥âáâ¢ãîé¨¬¨ æ¥¯ï¬¨ � àª®¢ ). � â®©
¦¥ à ¡®â¥ ¡ë« ¢¯¥à¢ë¥ ¯®¤ïâ ¢®¯à®á ® à §«®¦¥¨¨ ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥-
å®¤ëå ¢¥à®ïâ®áâ¥© ¢ áã¬¬ã áç¥â®- ¤¤¨â¨¢®© ¨ ç¨áâ® ª®¥ç®- ¤¤¨â¨¢®©
á®áâ ¢«ïîé¨å. �¨¦¥ ¬ë ¨áá«¥¤ã¥¬ íâ®â ¢®¯à®á (¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨ ¯à®-
¨§¢®«ìëå ¯¥à¥å®¤ëå äãªæ¨©) ¨, ¢ ç áâ®áâ¨, ãáâ  ¢«¨¢ ¥¬, çâ® â ª®¥ à §-
«®¦¥¨¥, ¢®®¡é¥ £®¢®àï, ¥ ¨¬¥¥â ¬¥áâ . �®¯ãâ® ¬ë ¯«®âë¬ ®¡à §®¬ ¢ª« -
¤ë¢ ¥¬ P(X,�) ¢ ¥ª®â®à®¥ ¡  å®¢® K-¯à®áâà áâ¢® P(X,�) ¨ ¨§ãç ¥¬ ¯®-
àï¤ª®¢ë¥ á¢®©áâ¢  íâ®£® ¢«®¦¥¨ï.
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�ãáâì (X,�) | ¯à®¨§¢®«ì®¥ ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®.

�¯à¥¤¥«¥¨¥ 5.1. �¥à¥å®¤ãî äãªæ¨î p ∈ P(X,�) ¡ã¤¥¬  §ë¢ âì
áç¥â®- ¤¤¨â¨¢®©, ¥á«¨ p(x, ·) ∈ ca(�) ¤«ï ¢á¥å x ∈ X. �®¦¥áâ¢® ¢á¥å
áç¥â®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå äãªæ¨© ®¡®§ ç¨¬ á¨¬¢®«®¬ Pca(X,�).

�¥®à¥¬  5.2. � ¦¤®¥ ¨§ ¯à®áâà áâ¢ Pca(X,�), Lo(B(X)), Lwc(ba(�)),
o-ca(�, B(X)) ¨ ℓ∞w (X, ca(�)) ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¡  å®¢®© ¯®¤ «£¥¡à®©

P(X,�), L (B(X)), Lw(ba(�)), ba(�, B(X)) ¨ ℓ∞w (X, ba(�)) á®®â¢¥âáâ¢¥®.

�¨ £à ¬¬ , ¢¥àè¨ ¬¨ ª®â®à®© á«ã¦ â íâ¨ ¯ïâì ¯®¤ «£¥¡à,   à¥¡à ¬¨ | áã-

¦¥¨ï ¤¢ ¤æ â¨ ®â®¡à ¦¥¨©, ®¯à¥¤¥«¥ëå ¢ 4.4, ª®¬¬ãâ â¨¢ . � ¦¤®¥ ¨§
¤¢ ¤æ â¨ áã¦¥¨© | ¨§®¬®àä¨§¬ ¬¥¦¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ¯à®áâà áâ¢ ¬¨,

£¤¥ ¯®¤ ¨§®¬®àä¨§¬®¬ ¯®¨¬ ¥âáï «¨¥© ï ¨§®¬¥âà¨ï, á®åà ïîé ï ¯à®¨§-

¢¥¤¥¨¥ ¨ ï¢«ïîé ïáï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬.

�®ª § â¥«ìáâ¢®. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ â¥®à¥¬ã 4.8, ¤®áâ â®ç® § ¬¥-
â¨âì, çâ® Lo(B(X)) ï¢«ï¥âáï ã¯®àï¤®ç¥®© ¡  å®¢®© ¯®¤ «£¥¡à®© L (B(X)),
¨ ãáâ ®¢¨âì ¢ª«îç¥¨ï Tp ∈ Lo(B(X)), AT ∈ Lwc(ba(�)), mA ∈ o-ca(�, B(X)),
vm ∈ ℓ∞w (X, ca(�)), pv ∈ Pca(X,�) ¤«ï «î¡ëå p ∈ Pca(X,�), T ∈ Lo(B(X)),
A ∈ Lwc(ba(�)), m ∈ o-ca(�, B(X)), v ∈ ℓ∞w (X, ca(�)).

� ¯à¨¢®¤¨¬ëå ¨¦¥ à ááã¦¤¥¨ïå ¬ë ¬®£®ªà â® ¨á¯®«ì§ã¥¬ § ¬¥ç -
¨ï 2.3 ¡¥§ ï¢ëå ááë«®ª.

�®ª ¦¥¬, çâ® Tp ∈ Lo(B(X)). �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì (fn)n∈N í«¥¬¥-
â®¢ B(X) o-áå®¤¨âáï ª f ∈ B(X). � ª ª ª p(x, ·) ∈ ca(�) (x ∈ X), ¢ á¨«ã â¥®à¥¬ë
�¥¡¥£  ¤«ï ¢á¥å x ∈ X ¨¬¥¥¬ (Tpfn)(x) = ⟨fn, p(x, ·)⟩ → ⟨f, p(x, ·)⟩ = (Tpf)(x).

�à®¬¥ â®£®, ∥Tpfn∥ ≤ ∥Tp∥ sup
m∈N

∥fm∥ ¤«ï ¢á¥å n ∈ N,   § ç¨â, Tpfn
o→ Tpf .

�áâ ®¢¨¬ ¢ª«îç¥¨¥ AT ∈ Lwc(ba(�)). �ãáâì µ ∈ ca(�), En ∈ � (n ∈ N)
¨ En ↓ ∅. �¥ª¢¥æ¨ «ì ï o-¥¯à¥àë¢®áâì ®¯¥à â®à  T ¢«¥ç¥â áå®¤¨¬®áâì

T1En

o→ 0. �«¥¤®¢ â¥«ì®, ¢ á¨«ã â¥®à¥¬ë �¥¡¥£  (ATµ)(En) = ⟨T1En , µ⟩ → 0
¯à¨ n → ∞, â. ¥. ATµ ∈ ca(�).

�®ª ¦¥¬, çâ®mA ∈ o-ca(�, B(X)). �ãáâì En ∈ � (n ∈ N), En ↓ ∅. �«ï ¢á¥å
x ∈ X á ãç¥â®¬ ¢ª«îç¥¨ï Aδx ∈ ca(�) ¨¬¥¥¬ mA(En)(x) = (Aδx)(En) → 0 ¯à¨

n → ∞. �à®¬¥ â®£®, ∥mA(En)∥ ≤ ∥mA∥ ¤«ï ¢á¥å n ∈ N,   § ç¨â, mA(En)
o→ 0.

�ª«îç¥¨ï vm ∈ ℓ∞w (X, ca(�)) ¨ pv ∈ Pca(X,�) ®ç¥¢¨¤ë. �

�¢¥¤¥¬ ®¡®§ ç¥¨¥ ∼ ¤«ï ®â®è¥¨ï �-¥à §¤¥«¨¬®áâ¨   X, â. ¥. § ¯¨áì
x ∼ y ®§ ç ¥â, çâ® â®çª¨ x, y ∈ X «¥¦ â ¢ ®¤®¬ ª®¬ª¥ ¯à®áâà áâ¢  (X,�).

�¡®§ ç¨¬ á¨¬¢®«®¬ P(X,�) ¬®¦¥áâ¢® ¢á¥å äãªæ¨© p : X × � → R,
ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ ãá«®¢¨ï¬ ¤«ï «î¡ëå x, y ∈ X ¨ E ∈ �:

(a) p(x, ·) ∈ ba(�);
(b) ¥á«¨ x ∼ y, â® p(x,E) = p(y,E);
(c) äãªæ¨ï p(·, E) ®£à ¨ç¥ .

�à¥¢à â¨¬ ¬®¦¥áâ¢® P(X,�) ¢ ã¯®àï¤®ç¥®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®,
 ¤¥«¨¢ ¥£® ¯®â®ç¥çë¬¨ «¨¥©ë¬¨ ®¯¥à æ¨ï¬¨, ¯®â®ç¥çë¬ ¯®àï¤ª®¬ ¨ ®à-
¬®© ∥p∥ = sup

x∈X
∥p(x, ·)∥ = sup

x∈X
|p(x, ·)|(X), ª®¥ç®áâì ª®â®à®© ®¡¥á¯¥ç¨¢ ¥âáï

â¥®à¥¬®© 4.2 ¢ á¨«ã ®ç¥¢¨¤®£® à ¢¥áâ¢  P(X,�) = P(X,�,�), £¤¥ � |
σ- «£¥¡à  �-á®£« á®¢ ëå ¯®¤¬®¦¥áâ¢ X.

�¯®àï¤®ç¥®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® P(X,�) á ®ç¥¢¨¤®áâìî ¨§®-
¬®àä® ¡  å®¢®¬ã K-¯à®áâà áâ¢ã ℓ∞� (X, ba(�)) ¢á¥å ®£à ¨ç¥ëå �-á®£« -
á®¢ ëå ba(�)-§ çëå äãªæ¨©, â. ¥. ®£à ¨ç¥ëå äãªæ¨© v : X → ba(�),
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ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î v(x) = v(y) ¯à¨ x ∼ y. �¥¬ á ¬ë¬ P(X,�) â ª-
¦¥ ï¢«ï¥âáï ¡  å®¢ë¬ K-¯à®áâà áâ¢®¬. �à®¬¥ â®£®, á®¢¥àè¥®   «®£¨ç-
® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4.8 ãáâ  ¢«¨¢ ¥âáï ¨§®¬®àä®áâì P(X,�) ¡  å®-
¢ë¬ K-¯à®áâà áâ¢ ¬ L (B(X,�), B(X,�)), Lw(ba(� ), ba(�)) ¨ ba(�, B(X,�)).
�®ªà¥âë¥ ¨§®¬®àä¨§¬ë ¬¥¦¤ã ¢á¥¬¨ ã¯®¬ïãâë¬¨ ¯à®áâà áâ¢ ¬¨ ®¯à¥¤¥-
«ïîâáï ä®à¬ã« ¬¨, ¯à¨¢¥¤¥ë¬¨ ¢ ®¯à¥¤¥«¥¨¨ 4.4.

�¯à¥¤¥«¥¨¥ 5.3. �¥à¥å®¤ë¥ äãªæ¨¨ p1, p2 ∈ P(X,�) ¡ã¤¥¬  §ë¢ âì
¤¨§êîªâë¬¨ ¨ ¯¨á âì p1 ⊥ p2, ¥á«¨ ¬¥àë p1(x, ·) ¨ p2(x, ·) ¤¨§êîªâë ¤«ï
ª ¦¤®© â®çª¨ x ∈ X.

� ¬¥â¨¬, çâ® P(X,�) ⊂ P(X,�) ¨ ¯¥à¥å®¤ë¥ äãªæ¨¨ p1, p2 ∈ P(X,�)
¤¨§êîªâë ¢ á¬ëá«¥ ¯à¨¢¥¤¥®£® ¢ëè¥ ®¯à¥¤¥«¥¨ï â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  p1 ¨ p2 ¤¨§êîªâë ¢ K-¯à®áâà áâ¢¥ P(X,�).

�¥®à¥¬  5.4. �ãáâì (X,�) |  â®¬®¥ ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®.

(1) �®¦¥áâ¢® P(X,�) ¬¨®à¨àã¥â P(X,�).

(2) �®¦¥áâ¢® P(X,�)  á«¥¤áâ¢¥® ¢«®¦¥® ¢ P(X,�).
(3) �á«¨ á¥¬¥©áâ¢® ¯¥à¥å®¤ëå äãªæ¨© (pξ)ξ∈� ¨¬¥¥â ¢ P(X,�) áã¯à¥¬ã¬

¨«¨ ¨ä¨¬ã¬, â® á®®â¢¥âáâ¢¥®

(sup
ξ∈�

pξ)(x, ·) = sup
ξ∈�

pξ(x, ·), ( inf
ξ∈�

pξ)(x, ·) = inf
ξ∈�

pξ(x, ·)

¤«ï ¢á¥å x ∈ X, £¤¥ â®çë¥ £à ¨æë ¢ ¯à ¢ëå ç áâïå à ¢¥áâ¢ ¢ëç¨á«ïîâáï ¢

K-¯à®áâà áâ¢¥ ba(�).
(4) �¢¥¤¥®¥ ¢ 5.3 ®â®è¥¨¥ ⊥ ï¢«ï¥âáï ®â®è¥¨¥¬ ¤¨§êîªâ®áâ¨  

¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ P(X,�) ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 2.1.

(5) � ¦¤ë© í«¥¬¥â �p ∈ P(X,�) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ �p = o-
∑

ξ∈�
pξ ¤«ï ¥ª®â®-

à®£® á¥¬¥©áâ¢  (pξ)ξ∈� ⊂ P(X,�) ¯®¯ à® ¤¨§êîªâëå ¯¥à¥å®¤ëå äãªæ¨©.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ (1). �ãáâì 0 < �p ∈ P(X,�). �ë¡¥à¥¬ ¯à®-
¨§¢®«ìãî â®çªã x0 ∈ X, ¤«ï ª®â®à®© �p(x0, ·) > 0, ®¡®§ ç¨¬ ç¥à¥§ A  â®¬ �,
á®¤¥à¦ é¨© x0, ¨ ¯®«®¦¨¬ p(x,E) = 1A(x)�p(x,E) ¤«ï ¢á¥å x ∈ X ¨ E ∈ �.
�ç¥¢¨¤®, çâ® p ∈ P(X,�) ¨ 0 < p ≤ �p.

�â¢¥à¦¤¥¨ï (2){(4) á«¥¤ãîâ ¨§ (1), â¥®à¥¬ë 2.2 ¨ â®£® ä ªâ , çâ® â®çë¥

£à ¨æë ¢ P(X,�) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨, ä¨£ãà¨àãîé¨¬¨ ¢ ãâ¢¥à¦¤¥-

¨¨ (3) (¯®á«¥¤¥¥ ¢ëâ¥ª ¥â,  ¯à¨¬¥à, ¨§ ¨§®¬®àä®áâ¨ P(X,�) K-¯à®áâà -
áâ¢ã ℓ∞� (X, ba(�)), ¢ ª®â®à®¬ â®çë¥ £à ¨æë ¢ëç¨á«ïîâáï ¯®â®ç¥ç®).

�¯®¬ïãâ®¥ ¢ ãâ¢¥à¦¤¥¨¨ (5) á¥¬¥©áâ¢® (pξ)ξ∈� ¬®¦® ®¯à¥¤¥«¨âì ä®à¬ã-
« ¬¨ pξ(x,E) = 1ξ(x)�p(x,E) ¤«ï ¢á¥å ξ ∈ �, x ∈ X ¨ E ∈ �, £¤¥ � | ¬®¦¥áâ¢®
¢á¥å  â®¬®¢ �. �

�à¨¬¥à 5.5. �®ª ¦¥¬, çâ® âà¥¡®¢ ¨¥  â®¬®áâ¨ ¨§¬¥à¨¬®£® ¯à®áâà -
áâ¢  (X,�) ï¢«ï¥âáï áãé¥áâ¢¥ë¬ ¤«ï á¯à ¢¥¤«¨¢®áâ¨ ª ¦¤®£® ¨§ ãâ¢¥à¦¤¥-
¨© â¥®à¥¬ë 5.4.

�ãáâì X = [0, 1]. � áá¬®âà¨¬ ¥¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã ¬®¦¥áâ¢® G ⊂ X ¨
¯®«®¦¨¬

� = {E ∈ L : E ⊃ G ¨«¨ E ∩G = ∅},

£¤¥ L | σ- «£¥¡à  ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ¯®¤¬®¦¥áâ¢ X. � ª ã¦¥ ¡ë«® ®â¬¥-
ç¥® ¢ 3.5, ¬®¦¥áâ¢® G ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¨§¬¥à¨¬ë© ª®¬®ª (X,�) ¨, áâ «®
¡ëâì, ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢® (X,�) ¥ ï¢«ï¥âáï  â®¬ë¬.
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�ãáâì |·| | áã¦¥¨¥ ¬¥àë �¥¡¥£    �. �¥á«®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ®
âà®©ª  (X,�, |·|) | ¯à®áâà áâ¢® á ¬¥à®© ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 3.1. � áá¬®âà¨¬

«¨äâ¨£ λ ä ªâ®à- «£¥¡àë L̃ (®â®á¨â¥«ì® ¬¥àë �¥¡¥£    X) ¨ ¤«ï ª ¦¤®£®
¬®¦¥áâ¢  E ∈ � ¯®«®¦¨¬

ρ(E∼) =

{
λ(E∼) ∪G, ¥á«¨ E ⊃ G,

λ(E∼)\G, ¥á«¨ E ∩G = ∅.

�à®áâ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ®â®¡à ¦¥¨¥ ρ ®¯à¥¤¥«¥® ª®àà¥ªâ® ¨ ï¢-

«ï¥âáï «¨äâ¨£®¬ ä ªâ®à- «£¥¡àë �̃ ¯à®áâà áâ¢  á ¬¥à®© (X,�, |·|) (¤«ï íâ®©
¯à®¢¥àª¨ ¬®¦® ¯à¨¢«¥çì,  ¯à¨¬¥à, ¯à¥¤«®¦¥¨¥ 3.2).

�®âà¯à¨¬¥à ¤«ï (1), (5). �ãáâì µ ∈ ba(�), µ > 0. � áá¬®âà¨¬ í«¥¬¥â
0 < �p ∈ P(X,�), ®¯à¥¤¥«¥ë© ä®à¬ã«®©

�p(x,E) = 1G(x)µ(E), x ∈ X, E ∈ �,

¨ ¯®ª ¦¥¬, çâ® ® ¥ ¬¨®à¨àã¥âáï ¯®«®¦¨â¥«ìë¬¨ ¯¥à¥å®¤ë¬¨ äãªæ¨ï¬¨
(â¥¬ á ¬ë¬ ¡ã¤¥â ¯®«ãç¥ ª®âà¯à¨¬¥à ¤«ï ãâ¢¥à¦¤¥¨© (1) ¨ (5) â¥®à¥¬ë 5.4).
�«ï íâ®£® ¯à¥¤¯®«®¦¨¬, çâ® p ∈ P(X,�), 0 ≤ p ≤ �p, ¨ ãáâ ®¢¨¬ à ¢¥áâ¢®
p = 0. �«ï E ∈ � ¯®«®¦¨¬ ZE = {x ∈ X : p(x,E) = 0} ∈ �. �§ ®¯à¥¤¥-
«¥¨ï �p ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¢ª«îç¥¨¥ X\G ⊂ ZE . �¥¨§¬¥à¨¬®áâì G
¨ ¨§¬¥à¨¬®áâì ZE ¢«¥ç¥â ZE ∩G ̸= ∅, ®âªã¤  ZE ⊃ G ¯® ®¯à¥¤¥«¥¨î � ¨, á«¥-
¤®¢ â¥«ì®, ZE = X.

�®âà¯à¨¬¥à ¤«ï (2), (3). �®ª ¦¥¬, çâ® ¯¥à¥å®¤ ï äãªæ¨ï p ∈ P(X,�),
®¯à¥¤¥«¥ ï ä®à¬ã«®©

p(x,E) = 1E(x)− 1ρ(E∼)(x), x ∈ X, E ∈ �,

¨¬¥¥â ¯®«®¦¨â¥«ìãî ç áâì p+ ¢ ã¯®àï¤®ç¥®¬ ¯à®áâà áâ¢¥ P(X,�), ®
p+(x, ·) ̸= p(x, ·)+ ¯à¨ x ∈ G (â¥¬ á ¬ë¬ ¡ã¤¥â ãáâ ®¢«¥®, çâ® ¤«ï (X,�)
¥ á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï (2) ¨ (3) â¥®à¥¬ë 5.4).

�®ª ¦¥¬, çâ® p+ = id, £¤¥ id(x,E) = 1E(x) = δx(E) ¤«ï ¢á¥å x ∈ X ¨ E ∈ �.
�ç¥¢¨¤®, çâ® id ≥ p. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¯®«®¦¨â¥«ìãî ¯¥à¥å®¤ãî
äãªæ¨î �p ∈ P(X,�), ã¤®¢«¥â¢®àïîéãî ¥à ¢¥áâ¢ã �p ≥ p, ¨ ¯®ª ¦¥¬, çâ®
�p ≥ id, â. ¥. �p(·, E) ≥ 1E ¤«ï ¢á¥å E ∈ �. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â
E ∈ �. �à¥¤¯®«®¦¨¬ á ç « , çâ® E ∩ G = ∅. �®£¤  ¤«ï ¢á¥å x ∈ E ¨¬¥¥¬
�p(·, E) ≥ p(·, {x}) = 1{x}, â. ¥. �p(·, E) ≥ 1E . �ãáâì â¥¯¥àì E ⊃ G. �®£¤ 
�p(·, E) ≥ p(·, {x}) = 1{x} ¤«ï ¢á¥å x ∈ E\G, â. ¥. �p(·, E) ≥ 1E\G. �®«®¦¨¬
F = {x ∈ X : �p(x,E) ≥ 1} ∈ �. �á®, çâ® F ⊃ E\G. �á«¨ F ∩ G = ∅, â®
F ∩E = E\G, çâ® ¯à®â¨¢®à¥ç¨â ¨§¬¥à¨¬®áâ¨ ¬®¦¥áâ¢  F ∩E. �«¥¤®¢ â¥«ì®,
F ⊃ G,   § ç¨â, F ⊃ E ¨ â¥¬ á ¬ë¬ �p(·, E) ≥ 1E .

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìãî â®çªã x ∈ G. �§ ®¯à¥¤¥«¥¨© äãªæ¨¨ p ¨
«¨äâ¨£  ρ ¢¨¤®, çâ® p(x, ·) = 0,   § ç¨â, p(x, ·)+ = 0. � ¤àã£®© áâ®à®ë,
p+(x, ·) = id(x, ·) = δx ̸= 0.

�®âà¯à¨¬¥à ¤«ï (4). � ¬¥â¨¬ á ç « , çâ® δx ⊥ δx ◦ ρ ¤«ï ¢á¥å x ∈ X\G.
�¥©áâ¢¨â¥«ì®, ¥á«¨ x ∈ X\G ¨ µ = δx ∧ δx ◦ ρ, â® µ(X\{x}) ≤ δx(X\{x}) = 0 ¨
µ({x}) ≤ (δx ◦ ρ)({x}) = δx(∅) = 0, ®âªã¤  µ = 0.

�¥¯¥àì ãáâ ®¢¨¬, çâ® ¤«ï «î¡ëå p1, p2 ∈ P(X,�) ¨§ p1 ∈ {p2}⊥⊥ ¢ëâ¥-
ª ¥â p1(x, ·) ∈ {p2(x, ·)}⊥⊥ ¯à¨ x ∈ X\G. �¥©áâ¢¨â¥«ì®, ¯ãáâì p1 ∈ {p2}⊥⊥ ¨
x ∈ X\G. �«ï ¯à®¨§¢®«ìëå µ ∈ {p2(x, ·)}⊥, y ∈ X ¨ E ∈ � ¯®«®¦¨¬

δµx (y,E) =

{
µ(E), ¥á«¨ y = x,

0, ¥á«¨ y ̸= x.
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�ç¥¢¨¤®, çâ® δµx ∈ P(X,�) (¡« £®¤ àï ¢ª«îç¥¨î {x} ∈ �) ¨ δµx ⊥ p2. �«¥¤®-
¢ â¥«ì®, δµx ⊥ p1 ¨, ¢ ç áâ®áâ¨, µ = δµx (x, ·) ⊥ p1(x, ·). �à®¨§¢®«ì®áâì ¢ë¡®à 
µ ∈ {p2(x, ·)}⊥ ¯®§¢®«ï¥â § ª«îç¨âì, çâ® p1(x, ·) ∈ {p2(x, ·)}⊥⊥.

� ª®¥æ, ¤«ï ¢á¥å x ∈ X ¨ E ∈ � ¯®«®¦¨¬

p1(x,E) = δx(E),

p2(x,E) =

{
δx(E), ¥á«¨ x ∈ G,

δx(ρ(E
∼)), ¥á«¨ x ∈ X\G.

�ª«îç¥¨¥ p1 ∈ P(X,�) ®ç¥¢¨¤®. �®ª ¦¥¬, çâ® p2 ∈ P(X,�). �¢®©áâ¢  «¨ä-
â¨£  ¯®§¢®«ïîâ § ª«îç¨âì, çâ® p2(x, ·) ∈ ba(�) ¤«ï ¢á¥å x ∈ X. �áâ ¥âáï ¤«ï
ª ¦¤®£® í«¥¬¥â  E ∈ � ãáâ ®¢¨âì �-¨§¬¥à¨¬®áâì äãªæ¨¨ p2(·, E), â. ¥. ¯à¨-
 ¤«¥¦®áâì ¬®¦¥áâ¢  F = {x ∈ X : p2(x,E) = 1} σ- «£¥¡à¥ �. �§ ®¯à¥¤¥-
«¥¨ï p2 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â à ¢¥áâ¢® F = (E ∩ G) ∪ (ρ(E∼)\G). �á«¨
E ⊃ G, â® ¯® ®¯à¥¤¥«¥¨î ρ ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥ ρ(E∼) ⊃ G,   § ç¨â,
F = G ∪ (ρ(E∼)\G) = ρ(E∼) ∈ �. �á«¨ ¦¥ E ∩ G = ∅, â® ρ(E∼) ∩ G = ∅ ¨
F = ρ(E∼)\G = ρ(E∼) ∈ �.

�â ª, p1, p2 ∈ P(X,�). �á®, çâ® ¯¥à¥å®¤ë¥ äãªæ¨¨ p1 ¨ p2 ¥ ¤¨§ê-
îªâë. �®ª ¦¥¬, çâ® â¥¬ ¥ ¬¥¥¥ {p1}⊥⊥ ∩ {p2}⊥⊥ = {0} (¢ à¥§ã«ìâ â¥
¬ë ãáâ ®¢¨¬, çâ® ®â®è¥¨¥ ⊥ ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2.1 (4), ¨ ¯®«ãç¨¬
ª®âà¯à¨¬¥à ¤«ï ãâ¢¥à¦¤¥¨ï (4) â¥®à¥¬ë 5.4).

�ãáâì p ∈ {p1}⊥⊥ ∩ {p2}⊥⊥. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìãî â®çªã x ∈ X\G.
�® ¤®ª § ®¬ã ¢ëè¥ ¨¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï p(x, ·) ∈ {p1(x, ·)}⊥⊥ ¨ p(x, ·) ∈
{p2(x, ·)}⊥⊥. � ¤àã£®© áâ®à®ë, p1(x, ·) = δx ⊥ δx ◦ ρ = p2(x, ·). � ª¨¬ ®¡à §®¬,
p(x, ·) = 0 ¯à¨ x ∈ X\G. �®£¤  ¤«ï ¢á¥å E ∈ � ¬®¦¥áâ¢® {x ∈ X : p(x,E) ̸= 0},
¯à¨ ¤«¥¦ é¥¥ �, á®¤¥à¦¨âáï ¢ G,   á«¥¤®¢ â¥«ì®, ï¢«ï¥âáï ¯ãáâë¬. �®á«¥¤-
¥¥ ®§ ç ¥â, çâ® p = 0.

�¯à¥¤¥«¥¨¥ 5.6. �¥à¥å®¤ãî äãªæ¨î p ∈ P(X,�)  §®¢¥¬ ç¨áâ®

ª®¥ç®- ¤¤¨â¨¢®©, ¥á«¨ p(x, ·) ∈ pfa(�) ¤«ï ¢á¥å x ∈ X. �®¦¥áâ¢® ¢á¥å
ç¨áâ® ª®¥ç®- ¤¤¨â¨¢ëå ¯¥à¥å®¤ëå äãªæ¨© ®¡®§ ç¨¬ ç¥à¥§ Ppfa(X,�).

� ª «¥£ª® ¢¨¤¥âì, Ppfa(X,�) | ã¯®àï¤®ç¥®¥ ¡  å®¢® ¯®¤¯à®áâà áâ¢®
P(X,�).

�¥®à¥¬  5.7. �ãáâì (X,�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®.

(1) �®¦¥áâ¢  Pca(X,�) ¨ Ppfa(X,�) ï¢«ïîâáï ¢§ ¨¬® ¤®¯®«¨â¥«ìë-
¬¨ ⊥-¯®«®á ¬¨ ¢ P(X,�), â. ¥.

Pca(X,�)⊥ = Ppfa(X,�), Ppfa(X,�)⊥ = Pca(X,�).

(2) �á«¨ (X,�) ¤¨áªà¥â®, â®

P(X,�) = Pca(X,�)⊕ Ppfa(X,�).

(3) �ãáâì (X,�, |·|)| ¯à®áâà áâ¢® á ¬¥à®©, ¨¬¥îé¥¥ «¨äâ¨£, áãé¥áâ¢ã¥â

¥¨§¬¥à¨¬®¥ ¯®¤¬®¦¥áâ¢® G ⊂ X ¨ ¡ã«¥¢   «£¥¡à  �̃ ¥ ¨¬¥¥â  â®¬®¢. (� ª ç¥-
áâ¢¥ â ª®£® ¯à®áâà áâ¢  á ¬¥à®© ¬®¦® ¢§ïâì,  ¯à¨¬¥à, ®âà¥§®ª [0, 1] á ¬¥à®©
�¥¡¥£ .) �®£¤ 

P(X,�) ̸= Pca(X,�) +Ppfa(X,�).
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�®ª § â¥«ìáâ¢®. (1) �ãáâì p ∈ Pca(X,�)⊥. �«ï «î¡®© ¬¥àë µ ∈ ca(�)
®¯à¥¤¥«¨¬ idµ ∈ Pca(X,�), ¯®« £ ï idµ(x,E) = µ(E) ¤«ï ¢á¥å x ∈ X ¨ E ∈ �.
�§ á®®â®è¥¨ï p ⊥ idµ á«¥¤ã¥â, çâ® ¤«ï ¢á¥å x ∈ X ¬¥à  p(x, ·) ¤¨§êîªâ-
  idµ(x, ·) = µ. �à®¨§¢®«ì®áâì ¢ë¡®à  µ ∈ ca(�) ¯®§¢®«ï¥â § ª«îç¨âì,
çâ® p(x, ·) ∈ pfa(�) ¤«ï ¢á¥å x ∈ X, â. ¥. p ∈ Ppfa(X,�). � ª¨¬ ®¡à §®¬,
Pca(X,�)⊥ ⊂ Ppfa(X,�). �ª«îç¥¨¥ Ppfa(X,�)⊥ ⊂ Pca(X,�) ãáâ  ¢«¨¢ -
¥âáï á®¢¥àè¥®   «®£¨ç®,   ®¡à âë¥ ¢ª«îç¥¨ï ®ç¥¢¨¤ë.

�â¢¥à¦¤¥¨¥ (2) ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ 3.7.

(3) �ãáâì ρ | «¨äâ¨£ ä ªâ®à- «£¥¡àë �̃ ¯à®áâà áâ¢  á ¬¥à®© (X,�, |·|).
�®£« á® â¥®à¥¬¥ 3.8 áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® X0 ∈ �, çâ® |X\X0| = 0 ¨
δx ◦ ρ ∈ pfa(�) ¤«ï ¢á¥å x ∈ X0. �¡®§ ç¨¬ (¥¨§¬¥à¨¬®¥) ¯¥à¥á¥ç¥¨¥ G ∩X0

ç¥à¥§ G0 ¨ ¯®«®¦¨¬

p(x,E) = 1G0
(x)(1E(x)− 1ρ(E)(x)), x ∈ X, E ∈ �.

� ª «¥£ª® ¢¨¤¥âì, p ∈ P(X,�) (§ ¬¥â¨¬, çâ® ¤«ï ¢á¥å E ∈ � äãªæ¨ï p(·, E) =
1G0

(1E−1ρ(E)) ¯®çâ¨ ¢áî¤ã à ¢  ã«î,   á«¥¤®¢ â¥«ì®, ¨§¬¥à¨¬ ). �ë ¯®ª -
¦¥¬, çâ® äãªæ¨ï p ¥ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë áç¥â®- ¤¤¨â¨¢®© ¨ ç¨áâ®
ª®¥ç®- ¤¤¨â¨¢®© ¯¥à¥å®¤ëå äãªæ¨©.

�®£« á® 3.7 ª ¦¤ ï ¬¥à  µ ∈ ba(�) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à §«®¦¥¨¥ ¢ áã¬-
¬ã í«¥¬¥â®¢ ca(�) ¨ pfa(�). �á«®¢¨¬áï ®¡®§ ç âì íâ¨ í«¥¬¥âë á¨¬¢®« ¬¨
µca ¨ µpfa á®®â¢¥âáâ¢¥®.

�à¥¤¯®«®¦¨¬ ¢®¯à¥ª¨ ¤®ª §ë¢ ¥¬®¬ã, çâ® p = pca+ppfa, £¤¥ pca ∈Pca(X,�)
¨ ppfa ∈ Ppfa(X,�). � ãç¥â®¬ ¯à¥¤ë¤ãé¥£® § ¬¥ç ¨ï pca(x, ·) = p(x, ·)ca ¤«ï
¢á¥å x ∈ X. � ¤àã£®© áâ®à®ë, ª ª «¥£ª® ¢¨¤¥âì,

p(x, ·) =
{

δx − δx ◦ ρ, ¥á«¨ x ∈ G0,

0, ¥á«¨ x /∈ G0,

¯à¨ç¥¬ δx ∈ ca(�) ¨ δx ◦ ρ ∈ pfa(�) ¯à¨ x ∈ G0. �«¥¤®¢ â¥«ì®,

pca(x, ·) = p(x, ·)ca =
{

δx, ¥á«¨ x ∈ G0,

0, ¥á«¨ x /∈ G0,

  § ç¨â, äãªæ¨ï pca(·, X) = 1G0
¥¨§¬¥à¨¬ . �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § -

¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. �

� ª¨¬ ®¡à §®¬, ¥á¬®âàï   â®, çâ® Pca(X,�) ¨ Ppfa(X,�) ï¢«ïîâáï ¢§ -
¨¬® ¤®¯®«¨â¥«ìë¬¨ ⊥-¯®«®á ¬¨, ¨å áã¬¬  ¥ ¢á¥£¤  á®¢¯ ¤ ¥â á® ¢á¥¬ ¯à®-
áâà áâ¢®¬ P(X,�). �®¢®àï ® ¯à¥¤áâ ¢¨â¥«ì®áâ¨ íâ®© áã¬¬ë ¢ P(X,�), ¬®¦-
® ã¯®¬ïãâì ®ç¥¢¨¤®¥ à ¢¥áâ¢® (Pca(X,�) +Ppfa(X,�))⊥⊥ = P(X,�).

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à®áâì �. �. �¤ ªã §  æ¥ë¥ § ¬¥ç ¨ï.
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