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KOHEYHA{ ITPEJCTABIIMOCTD
B CJIOSFX [TPOCTOPHBIX BAHAXOBBLIX PACCJIOEHUI

A. E. I'yrman, A. B. Konres, A. U. Ilonos

B nmanHOI craThe HMOKA3aHO, YTO CJIOM IIPOCTOPHBIX HEIPEPBHIBHBIX OAHAXOBBIX PACCIOEHUI HACIELYIOT
(a B HEKOTODBIX CJIydasiX W YCHUJIMBAIOT) KOHEYHYIO MPEJCTABUMOCTD HOPMUPOBAHHOTO MPOCTPAHCTBA B
«cocemHUX» CostX. KaxKabIil n3 yCTAaHOBJIEHHBIX 371eCh (DAKTOB MOXKHO PACIIEHMBATD KAK AHAJIOT COOTBET-
CTBYIOIIETO CBOMCTBA YJIbTPAIIPOU3BENEHII OAHAXOBBIX IIPOCTPAHCTB.

JlokasbHast Teopusi 6aHAXOBBIX IPOCTPAHCTB (BOocxozsAmasd K paboram JIxkeiinvca, JInnaen-
mrrpayca, [leasaunckoro, Posenrasisi) uayuaer cBoiicTBa 6AHAXOBBIX IIPOCTPAHCTB, CBA3AHHbIE
CO CTPYKTYPOIl NX KOHETHOMEPHBIX HOAIPOCTPAHCTB (TaKne CBOCTBA HABIBAIOTCS JIOKATHHDI-
MU U, KaK [IPABUJIO, OHM MMEIOT MeOMEeTPUYIECKHil Xapakrep). B pamkax 21oii Teopun ocobyio
POJIb UTpaeT KOHCTPYKIMS YILTPAIIPOU3BEIEHUsT DAHAXOBBIX IMPOCTPAHCTB, C MIOMOIIBIO KO-
TOPOIii, B YACTHOCTHU, YJAJIOCH PENIUTh HECKOJBKO OTKDPBITHIX MPOOJIEM JIOKAJBLHON TEOPUH U
BBIABUTH B3aUMOCBA3U MEXKJ/1y JIOKAJIbHBIMU N <<6eCKOHeLIHOMepHI)H\H/I>> cBOlicTBaMM 6aHaXO-
BBIX IIPOCTPAHCTB.

Muorue pe3y/ibTaThl JOKAJILHONH TEOPUN B OOIIUX depTax MOTYT ObITh OXapaKTepU30BAHBI
caeyronmmM obpasom. [Tycrs X = (X;);er — cemeiicTBo 6aHAXOBBIX HPOCTPAHCTB, $f — YIIb-
tpadmibrp Ha [ u X /U — ynbrpanpoussenenne X no Y. Ecin kaxmoe usz npocrpancts X;
obJ1a/1aeT ope IeIeHHBIM JIOKaIbHBIM cBojicTBoM (P), T0 cBoiicrBoM (P) obisaaer u npocrpan-
crBo X' /4, mpuaem 3agactyio aist X' /4 cpaBeinB HEKOTOPBIi Gosee cubHbI BapuanT (P).
HaoGopor, eciiu X' /i 06siaiaer onpeiesIeHHbIM JIOKAJBHBIM CBOCTBOM, TO 3TUM CBOCTBOM
(nIr HEKOTOPBIM OoJTee CIabBIM €ro AHAIOIOM ) 06/IaAI0T IPOCTPAHCTBA X IS «IIOUTH BCEX»
1€ 1.

AHaJIOTUYIHBII XapaKTep UMEIT HEKOTOPbIe Pe3YJIbTATH MH(PUHUTE3NMAJIBHOIO aHAJIN3A,
CBSI3AHHDIE C MOHATHEM HECTAHIAPTHOI 000I0YKH OaHAXOBA IPOCTPAHCTBA (ITO OODbICHIETCS
JIOCTATOYHO OUEBHUJIHON CBSI3bI0 HECTAHIAPTHO OOOJIOUKHU ¢ KOHCTPYKIIUEH YIbTPACTECHN ).

PesyabraTsl, 10/106HBIE yIIOMSIHYTBIM BBIIIE, BCTPEYAIOTCS M B TEOPUU HEIPEPBIBHBIX OaHa-
xoBbix paccioennii (HBP). B arom ciryuae ou hopMympyroTcsi B TEDMUHAX CBOWCTB CJIOEB
HBP u umetor caenytommit obmmit Bug: ecou X — HBP man Tomonormdeckmm mpocrpam-
crBoM Q u ¢ € @, TO JIOKaJIbHBIE CBOiicTBa c10eB X (p) paccioenus: X B TOYKaX p, OJIU3KUX
K (¢, TECHO CBsI3aHBI C COOTBETCTBYIONMMHU CBOicTBamMu cjiost X (q).

Ananorus mexxkny ciaosmu HBP u yasrpanponsseneHusMy 6aHAXOBBIX IIPOCTPAHCTB OCO-
GeHHO SIDKO BBIPDAyKEHa B CJlydae MPOCTOPHBIX paccioenuit (em. [1, rur. 3]). Hampuwmep, eciu
X — npocropuoe HBP manm Q u B () nMmeercs AuCKpeTHOE BCIOAY IJIOTHOE ITOAMHOXKECTBO
I, To KaxKapIit cyioit paccyioeHuss X OKa3bIBAETCS M30METPUUIHBIM YJIbTPAIIPOU3BEIEHUIO TPO-
crpancTB X (i) 10 HEKOTOpOMY yabTpaduabTpy Ha 1.
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Ucropuyecku npocTopHbie 0aHAXOBBI PACCJIOCHNS BOSHUKIIN KAK PEAJTM3aIUOHHBIN HHCTPY-
MEHT M3y4eHHs! PEIeTOYHO HOPMUPOBAHHBIX IpocTpancTs (cM. [1, 3]) u mocrenenno cdhopmu-
pPOBaJIM BIIOJIHE CAMOCTOATEJILHYIO 00JIaCTh UcciieoBanmii. B pamkax sToit Teopun ObLin, B
YACTHOCTH, BCKPBITHI OIPEJIEJIEHHBIE CBSI3U C HECTAHJIAPTHBIM aHaym30oM. llociemqree obcTo-
SITEJILCTBO MOXKHO PACCMATPUBATL KAK €Ile OJIUH MCTOYHUK AHAJOIUU MEXK/Ly HPOCTOPHBIMU
HBP, vecranmapTHbIMu 000710UKaMu 6AHAXOBBIX MPOCTPAHCTB U UX YJIBTPAIIPOU3BEICHUSIMU.

B manmoit ctarbe MBI IOCTAPAJIUCH IIPOCIEIUTD YIIOMSHYTBIE BBIIIE B3AUMOCBA3H Ha IIPU-
Mepe TaKOro KJIACCHIECKOT0 JIOKAJBHOI'O CBOMICTBA, KAK KOHEYHAS ITPEJICTABUMOCTD. MBI ITOKa-
3bIBaeM, 9TO cjion rmpocTtopHbix HBP crocobubr Hac/ienoBarsh n yCHInBaTh KOHEIHYIO ITIPEICTa~
BUMOCTH HOPMHUPOBAHHOTO MPOCTPAHCTBA B «COCEIHUX» CJIOsSX. KaxKIplil U3 yCTAHOBJICHHBIX
HizKe (baKTOB MOYKHO DACIIEHUBATH KaK aHAJIOr (& B HEKOTOPBIX CIydasiX M Kak 00oOIeHue)
OJIHOTO U3 MPUBEJCHHBIX B [4] cBoiicTB yibrpanponsseennii 6aHaXOBBIX MPOCTPAHCTB. Taxk,
CJIEJICTBUE 3 AHAJIOMMYIHO HpeIozKeHno [4, 6.1], Teopembl 6 1 7 u cirejicTBrIE 8 MOXKHO CUNTATH
aHaJsioramu TeopeMbl [4, 6.3], a reopemy 12 — ananranueit npejioxenus [4, 6.2].

Bce BekTopHBIE (M, B 9YaCTHOCTH, HOPMUPOBAHHBIE) MPOCTPAHCTBA, PACCMATPUBAEMbBIE B
JIAHHON paboTe, MPEJIIIONATAIOTCs 3aJaHHBIME HaJT 11oJieM R 1eliCTBUTENILHBIX YUCEII.

IIycrs X u Y — nopmupoBanuble mpocTpancTa u € > 0. JIuneiinsriit onepatop 7' : X — Y
HazoseM (1 + g)-npedcmasaenuem X B'Y | ecin

1
14¢

[zl < 1T (@)} < (1 +¢)ll«]

st Beex © € X. Ipocrpancrso X HasbiBaercs (14 ¢)-npedcmasumvim B'Y | eciu CyniecTByer
(1 + e)-mpeacrasiaerne X B Y. T'oBopsar, uro X xomeuno npedcmasumo B Y, ecau Joboe
KOHEYHOMEpHOe HojnpocrpancTso X spisiercs (1 + €)-npejacraBuMbiM B Y j11st Beex € > 0.

Hecnoxno ycranoBuTh, 4TO OTHOIIEHHE KOHEYHON IIPEJICTABUMOCTH TPAH3UTUBHO: €CJIU
X, Y u Z — HOpMHUpOBaHHBIE TIPOCTPAHCTBA, X KOHEYHO IPEJCTABUMO B Y, a Y KOHEYHO
IpeacTaBuMO B £, T0 X KOHEYHO IPEICTABIMO B Z.

Touka TOMOJIOTMIECKOTO ITPOCTPAHCTBA HA3BIBACTCS 0 -U30AUPOGAHHOT, €CJIA TIEPEceTIeHre
JIIOOOTO CIETHOTO CEMEHCTBa ee OKPECTHOCTEH SBJIseTCs ee OKpecTHOCThbIo. OTMETHM, 9TO B
paMKax Ipe/IIOoJIOKeHNsT 00 OTCYTCTBHU U3MEPUMBIX KAPIMHAJIOB (He MPOTHBOPEYAIIETO aK-
cuomam ZFC) mis sxcrpemanbHo HecBsisHBIX KomnakToB (DHK) monsrus msosmposanHOI
TOYKH M 0-M30JMPOBAHHON TOUKM coBmagaor (cM. [1, 1.1.9]).

BosbmimucTBO BCIONIB3yeMbIX HAMU TEPMUHOB, 0003HaUEHU U (DAKTOB U3 TeOpUU HaHAXO-
BBIX pacciioeHuii MoxKHO Hafitu B [1] (cm. Takxke [3, § 2.4]).

1. Ilpennoxxkenue. Ecin HeKOTOpOE BCIOAY IJIOTHOE HOJIIPOCTPAHCTBO HOPMHUPOBAHHOTO
mpocTpaHcTBa X KOHEYHO MPEACTABHMO B HOPMHPOBAHHOM IIpocTpaHcTBe Y, T0 X KOHEIHO
IpeacTaBuMo B Y .

< Ilyers X — BCIOY IMJIOTHOE MOIIPOCTPAHCTBO X , KOHEUHO Ipejictaumoe B Y. Biaro-
JIapst TPAH3UTUBHOCTH OTHOIIIEHUsI KOHEYHOI MTPEJICTABUMOCTH JIOCTATOYHO YCTAHOBUTH, 4TO X
KOHEeYHO TpejcraBuMo B Xg. 3adukcupyeM IpOU3BOILHLIE KOHEYHOMEPHOE MOIPOCTPAH-
crBo F' C X u ancio € > 0 u nocrpoum (1 + ¢)-upencrasienne F' B X.

Paccmorpum 6asuc {fi, ..., fn} npocrpancrea F' u BBemem na F HOpMY || - ||1, momarast
130 Aifillh = Doy [Nl mmst Beex Aq, ..., Ay € R. TTocKobKy Ha KOHEYHOMEPHOM LIPOCTPAH-
CTBe BCE HOPMBI 9KBHBAJIEHTHBI, cymiecTByer KoHctanta C > 0 takasy, uro || f|1 < C| f]| m=a
Becex f € F. llogbepem sj1eMeHTHI L1, ..., T, € Xg TaK, 9TOOBI

e

<
||fl 'l'ZH ~N C(l-‘-E)’

1=1,...,n,
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U OIlpeJIe/INM JInHelHbI# orteparop 1" : F' — X dpopmy.toit T( PEPY fl) =" Niz;. Torna
1ist moboro snementa f = Y " | A;f; € F Mbl uMeem

Z|/\|”fz zil| < Z’)‘|

C’e
C(l+e)

CanenoBaresibHO, 115t Beex f € F cripaBeyInBbI COOTHOIIEHUSI

If =T(f)

(fz - mz

= 1fll <

ciis 171 =

1
T M= < [IAl = Hf—T(f)H < T
<AL =TON < A+ o 1< @+l £,

a suaunT, 1’ sBisiercs (1 + ¢)-peacrasiennem F' B Xg. >

2. Jlemma. Ilycts Y — HBP masg Brosme pery/isipHbIM TOMOJIOrHIECKHM MPOCTPAHCT-
BoM @, q € Q u e > 0. IIpeamonoKumM, 970 KOHEYHOMEPHOE HOPMHPOBAHHOE IIPOCTPAHCTBO F
spistercst \/1 + e-npeacrasumbiv B )Y (q). Torga cymecrBytor Jmneiinsiii oneparop S @ F —
C(Q,Y) u okpecrnoctb U TOYKH q TaKHe, 4TO

<[ISH @) < A+l fll

amseeex f e Fupel.

<1 Pacemorpum /1 + e-tipesictasyienne T @ ' — Y(q). Cormacuo [2, crencrsue 8| cyme-
cTByloT jmmeitnbiit onepatop S : T(F) — C(Q,Y) n okpectHocts U TOUKH ¢ Takue, UTO
loll < 8@l < VITelgl anascex g € T(F) up € U. Torma ans f € Fup € U
CIIpaBEIMBLI HEPABEHCTBA

\/—Hfll <ITNI<IS(TH) @) < VI+E|TH < A +2)f],

a 3HaguT, omepaTop S = S o1 u mHOXkKecTBO U ABJISIOTCA NCKOMBIMU. [>

3. CaenctBue. Ilycre X — HopMmupoBamHoe npocrparctBo, )Y — HBP max Brosme pery-
JISIDHBIM TOIIOJIOMHIECKIM 1pocTpancTBoM Q u q € Q. Eciim X koneuno npejicrasumo B )(q),
TO JJIsT JIIOOOr0 KOHEIHOMEpHOro mosnpoctpancrBa F' C X wu jmoboro € > 0 cymecrByer
okpecrHoctb U Toukm q Takas, 4ro F spisercs (1 + e)-npegcraBumbiv B ) (p) A/ Beex
p € Ug.

B ciyuae npocroproro paccioenus ) ciaeiactBue 3 nojnaercs obparienuto. Bosee Toro,
CITPaBEJTUBO CJIEIYIONIEE YTBEPXKICHUE.

4. Teopema. Ilycte X — mopmupoBanHOE mpocTpaHcTBO, Y — npoctopuoe HBP mas
OHK Q u q € Q. Ilpeamonoxxum, 4T0 JJIsT JJI060r0 KOHEYHOMEPHOIo 1oJipocrpancrBa F C X
u Jjro6oro € > 0 B KaskJj0l OKPEeCTHOCTH TOYKH ¢ HaHeTcs Takas Todka p, 4ro F saBisercs
(1 + ¢)-npeacrasumbiv B Y(p). Torya X koneuno npescrasumvo B Y(q).

<1 3adukcupyeMm KOHeUHOMepHOe TojanpocTpancTBo F C X u uncno € > 0 u mokaykeM,
gyro F' spnsiercs (1 4 €)-npegcraBumbiv B Y(q).

O6o3HaunM yepe3 Y MHOXKECTBO BCEX OKPECTHOCTEH TOYKM ¢ W KazKIoMy 3jeMmenty U € U
comnoctaBuM ToUKy py € U Takyio, uro F' siBisercs /1 + e-upegcrasumbiv B ) (prr). C yuerom
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JeMMbI 2 1151 Jii060oit okpectroctn U € U cymecTByior snHeitablii oneparop Sy : F — C(Q,))
U OTKPBITO-3aMKHYTasi OKPECTHOCTD V{7 TOUKH Py TAKHE, UTO

—— IS < IS < 1+

qutsi Beex [ € F up € Viy. CorstacHo NpUHIMILY HCUYepIbIBaHus (IIPIMEHUTENHHO K MOJIHOi By-
JIeBOIT asirebpe OTKPBITO-3aMKHYTHIX ITOJAMHOXKECTB () mMeercs ceMeiicTBo (D) ey MOmapHo
HEIIEPEeCEKAIONMXCsl OTKPBITO-3aMKHYTHIX noamuoxkects Dy C Vi taxoe, uro cl{Uy ey Du =
clUpey Vo Honoxum D = | Jyy Du. Kax nerko sugers, g € cl D.

Oupenenum uneitabtii oneparop S : F — C(Q, ), mis kaxjioro nementa f € F nonaras
S(f) = Su(f) ma Dy, S(f) = 0 mwa Q\clD u npomomKkas HOIyIEHHOE CEUCHHE Ha BECh
KOMIAakKT () ¢ coxpanenueM HenpepsiBHocTH (cM. [1, 3.1.1(1)]). Torma st smo6oro simemenTa
f € F u nroboit Touku p € D UMET MECTO HEPABEHCTBA

—— A< IS < 1+

Brarogapst Briouennio ¢ € cl D stu mepasencrsa coxpansior cuity mist ||S(f)(q)||. Caeno-
BarebHO, oneparop 1 : F — )(q), onpenenennsiii dopmymnoit T(f) = S(f)(q), asusiercs
(1 4 e)-upencrasienuem F B Y(q). >

5. CaeactBue. Ilycre X — HOpMmupoBanHOe mpocrpaHcTBo u ) — mpocropaoe HBP
wayr DHK Q. Ipennonoxxum, 9ro mist JiIo60ro KOHEIHOMEPHOro mojupocrpancrBa F C X
n moboro € > 0 cymecTByer Takast Touka ¢ € Q, uro F sBisercs (1 + €)-npegcraBuMbIv
B Y(¢5%). Torna X komedHo mpejcTaBUMO B HEKOTODOM CJIO€ PACCIOCHHS Y.

<1 O6ozHaunm dyepe3 & u F MHOKECTBA MOJIOKUTETBHBIX YUCE U KOHEYHOMEPHBIX MO/
npocTpatcTB X COOTBETCTBEHHO U CHaOuM npoussejerue £ X F nopsigkoM, nonaras (g, F) <
(6,G) B TOM U TOJILKO TOM citydae, ecyin € > 6 u F' C G. Biarogapst kommakTHocT () cerb
(4F) (e, F)ee xF EMeeT IpesienbHyIo ToUKY ¢ € Q. Torma st sro6oit mapst (e, F') € € x F u Jmo-
6oit okpectHocTn U Touku ¢ Haiimercs Takas mapa (6, G) > (e, F'), aro qg € U, B 4acTHOCTH,
F ssasiercs (1 + €)-upecraBuMbIM B y(qg). CrenoBarenbHo, 10 Teopeme 4 mpocrpancTso X
KOHEYHO IpeicTaBuMo B Y(q). >

B jasbHeiiimeM HaAM OPUIOAUTCS CIEAYIOMUi (PaKT, ¢ OYEBUJHOCTHIO BBITEKAIONIMH 13
[2, npemoxkenne 13| u npesioxenus 1.

6. Teopema. Ilycte X — cemapabesibHOE HOPMHPOBAHHOE MPOCTPAHCTBO U ) — IPOCTOP-
noe HBP waxg DHK Q. Eciu touka q € () He siBjisiercsi o-u30JHPOBaHHON U X KOHEUHO
npescraBumo B ciaoe Y(q), o X mzomerpudHo BKJIajbBacTcs B Y(q).

7. Teopema. Ilycte X — cenapabesibHOE HOPMHPOBAHHOE MPOCTPAHCTBO U ) — IIPOCTOP-
aoe HBP nax DHK Q. Ilpeamnonoxkum, 410 JJjist JIIOOOI0 KOHEYHOMEPHOI'O IIOJIIPOCTPAHCTBA
F C X un moboro € > 0 cymectByeT b6ecKoHedHOE MMOAMHOXKeCTBO Qf C () Takoe, uro F' sBiIs-
ercs (1 + e)-npescrasumbiv B Y (q) a1 Beex q € Qf. Toryja X n3oMeTpHYHO BKJIabIBAETCS
B HEKOTOPGBIH CJI0H paccjioeHust ).

< Iyers {f; : i € N} — Bcrogy miornoe nogvuoxkecrBo X . st kaxkgoro n € N o6o-
sHauuM 4depes3 F, smHeitnyio obonouxy lin{fi,..., fn} muOXKecTBA {f1,..., fn}. IlocKoOIbKY
MHOZKECTBA, Q;{I GECKOHEUHDI, B KaxKJOM U3 HUX MOXKHO BLIOPaTh IO 3JIEMEHTY ¢, € Ql/ "
TaK, 4TOOBI WIEHBI TIOCJIEI0BATENLHOCTH (Gy )peN ObLIN HOIAPHO Pa3IMYHbL. Biarogaps KoM-
nakTHocTH () MHOXKeCTBO {¢, : n € N} umeer npejenbuyio Touky ¢ € (. Takum obpaszom,
HOCTIEZIOBATEIBHOCTD ((p, )peN ¥ TOUKA ¢ YOBJIETBOPSIOT CJIEILYIONUM YCITOBUSIM:

(a) mus soboro n € N npocrpancrso F), sisisiercst (1 4 1/n)-upencrasuvbiM B V(qy);

(6) 10623t OKPECTHOCTH ¢ COMEPKUT HECKOHETHOE MHOXKECTBO TOUYEK (.
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ITonmoxxkum Fo = UneN F,,. fdcno, aro Fiyy — Bcroy maoTHOe nojmpocTpancTBo X . Kaxk jer-
KO BUJETH, JJIs JIIOOOr0 KOHEUYHOMEPHOTO ToanpocTpancTsa F C Fy,, moboro uuciaa € > 0 u
n060it okpectrocTr U Toukm g Haiigercs takoit Homep n € N aro F' C F,,, 1/n < ewu g, € U,
B YacTHOCTH, Ojarojapsi ycioBuio (a) npocrpancrBo F' sBisiercss (1 + €)-npeicraBuMbiM
B Y(qn). 1o Teopeme 4 mpocrpancTBo Fi, KOHEUHO mpezcTaBuMO B Y(q), OTKy/a COTJIACHO
upejyiozkenno 1 B )(q) KoHeuHo mpejcraBuMo u npocrpanctso X. Kpome toro, usz ycio-
Bust (0) ciieyer, 9TO TOUKA ¢ He sIBJsieTCs o-u3oiaunpoBannoil. Ciie1oBaTeabHo, B CHILYy TEOpe-
MbI 6 ipocTpaHcTBO X M30METPUYHO BKIajbBaercsa B YV (q). >

8. CnencrBue. Ecin cenapabejibHOE HOpPMUPOBAHHOE IIPOCTPAHCTBO X KOHEUHO IIPEICTa-
BUMO B beckonedHoM qucye caoeB npocropaoro HBP Y, to X mzomerpuuHO BKIaIbIBACTCS B
HEKOTODBIH CI0it Y.

9. BAMEYAHUE. 13 oka3aresibCTBa T€OPEMbI 7 BUJIHO, YTO B CIydae OECKOHETHOMEPHOTO
cenapabesIbHOTO IPoCcTpaHCcTBa X yCIoBHe ODECKOHETHOCTU MHOXKECTB (Qf MOXKET OBITH 0CIab-
neno. Hampumep, pocraTodno morpeboBarh, 9To0b! st j1060ro € > 0 MomHOCTE |QF| MHO-
’kecTBa Qf Obliia He MeHbIIe pasMepHocT dim F' koneunoMepHoro noaupocrpancrsa 7 C X,
Bousee Toro, mocTaTroUHBIME SIBJISTIOTCSI COOTHOIITEHUST ‘Q;/dim F’ > dim F. MoxXHO Takzke orpa-
HUYUTHCS TpeOOBAHMEM ‘Qil;‘ — 00 JIIT HEKOTOPOil TocenoBaTe/bHOCTH €, — 0 U BO3pac-
TAIOIIEN TOCIEI0BATELHOCTH KOHEYHOMEPHBIX Ho/pocTpanctB Fj, C X co BCIO/ly IJIOTHBIM
B X 00beIuHEHUEM.

10. BAMEYAHME. TpeboBanne cenapabeIbHOCTH IIpocTpaHcTBa X B TeopeMe 7 U Clell-
crBun 8 HE MOXKeT ObITH omyIeHo. /leiictBurenpHo, mycth ) — npocropuoe HBP mas 6ecko-
HeunbiM DHK ¢ 6ecKoHETHOMEPHBIMU M'HIIBOEPTOBBIMU CJIOSIME (B KAYECTBE TAKOIO PACCIOCHUS
MOYKHO B3ATH MPOCTOPHYIO 060710uKy noctosrEoro HBP co cmoem 2, cm. [1, 3.1.7]), a X —
IUJILOEPTOBO IPOCTPAHCTBO, PA3MEPHOCTH KOTOPOIO IIPEBLIIIAET PA3MEPHOCTD JII00Oro CJIos V.
Torna X KOHEYHO MPECTABIMO BO BCEX CJIOSIX ), HO He BKJIAJIbIBAETCS HU B OJUH U3 HUX.

11. Kak moka3bIBaeT IpuMep, IPUBEIEHHbBIN B 3aMedannu 10, n30MeTpUIHas BIOXKUMOCTD
KazK/I0r0 KOHEIHOMEPHOI'O ITOAIIPOCTPAHCTBA HOPMUPOBAHHOIO IIPOCTPAHCTBA X B HEKOTOPBIi
cioit ipocropuoro HBP Y B obmiem ciydae He obecniednBaeT M30METPUUIHYIO BJIOXKUMOCTD
Bcero mpocTtpancTBa X B Kakon-jn60 n3 caoeB ). [IockoIbKy B IPUBEIEHHOM IIPUMeEpPe IIPO-
crpaHCcTBO X He SIBJISIETCS cerrapabe/IbHbIM, BOSHUKAET BOIIPOC, U3MEHUTCS JTH CUTYAIUs, €CJIU
JIOTTOJTHUTE/TLHO TOTPeboBaTh cenapabe/ibHOCTD X .

I[TPUMEP. CymiecTByoT cenapabesibHble OaHAXOBBI ITpOcTpaHcTBa X U Y Takwe, UTO BCS-
KO€ KOHEYHOMEPHOE IIOAIIPOCTPAHCTBO X M30METPUYHO BKJIAJABIBACTCA B Y, HO BCE IIPOCTPAH-
cTBO X HE BKJIAJIBIBAETCST N30METPUYHO B Y .

Cpasy ormerum, 9To BpakT CymecTBOBaHud pocTpancT X u Y, 06/1a 000X yKa3aHHbI-
MU BBIIIE CBOMCTBaMM, He CJIEyeT PACIeHUBATh KaK HOBBIN pesyibrar. KOHKpeTHBIN npumep
TaKUX MPOCTPAHCTE MBI IIPUBOAMM PAJIN IIOJHOTHI KAPTUHBL.

O6o3zHaunM uepes ) oxHoroueunyto komnakrudukaiuo N U {co} HaTypasibHOro psijia u
pacemorpum HBP H maz @ ¢ rumbbeprosbivu ciosimu H(n) = (R”, ] ]2) B Toukax n € N,
HyJIeBbIM cjioeM H(00) U HelpepbIBHON CTPYKTYPOi

Y ={yeS@QH): [ly(n)| — 0 npnn — oo}.

13 ouesmmnbix pasencts Y = C(Q, H) = C*(Q, H) creayer, uto Y siBisercs GanaxoBbIM IIPo-
CTPAHCTBOM OTHOCHTEJILHO paBHOMepHOi HOpMEL (cM. |1, 2.3.6]). Cenapabenbrocts Y Takxke
He BbI3BIBACT COMHeHHI. B KauecrBe X BO3bMEM IIPOCTPAHCTBO £2.

Kak jierko BHJIETH, BCSIKOE€ KOHEYHOMEPHOE TIOJIIPOCTPAHCTBO X HM30METPUIHO BKJIAJIbI-
Baercst B Y. IIpeamosiosKuM BOIIPEKN JIOKa3bIBAEMOMY, 9TO X HM30METPUYHO BKJIAILIBAETCS
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B Y. Torma Y comep:kuT GeCKOHEYHOMEDPHOE IOAIPOCTPAHCTBO Y(), B KOTOPOM BBIIIOJIHEH 32~
Kol mapasnesorpamma: ||y + z||2 + [ly — z||? = 2(||y||* + ||2|?) ans Beex y,z € Yp. Ilycrs
y € Yo wm € N rakossl, ut0 |ly|| =1 u [|y(n)|| < 1/3 upu n > m. ITockoabKy IpoCTpanCTBO
{z‘ (1,..m} : % € YO} “MeeT KOHEUHYIO padMepHocTh d < 1+ - - -+ m, Hailjilercs Takoii 3J1eMeHT
z € Yy, aro ||z|| = 1 u [[2(n)|| = 0 mpu n < m (B KavecTBe z MOXKHO B3SITh HOPMHPOBKY
saHyJIsitomeiicst Ha {1, ..., m} HerpuBnajbHON JMHEHON KOMOUHaMU d + 1 JMHElHO He3aBU-
cuMbIX 31eMenToB Yy). Torna aust Beex n € N cnpasesmsst vepasencrsa [|y(n)+z(n)| < 4/3,
ly(n) — z(n)|| < 4/3. CrenosarensHo,

ly + 217 + lly — 21* < 32/9 < 4 =2(Jlyll* + [121*),

9TO MPOTUBOPEYUT 3aKOHY HapaJsLie/iorpamMmMma.

ITocrpoennnie BoIme mpocTpaHcTBa X W Y OYEBHIHBIM 00Pa30M JAIOT OTPHUIATETbHBII
OTBET Ha BOIIPOC, 3aTPOHYTHIA B Hadaje JaHHOIO pasjeia (B KadecrBe ) JOCTATOYHO B3STh
HBP na 0HOTOYEIHBIM KOMIITAKTOM CO CJIOEM Y ).

12. MuoxkecTBo F KOHEYHOMEPHBIX MOJINPOCTPAHCTE HOPMUPOBAHHOIO IIPOCTPAHCTBA X
HA30BEM ANNPOKCUMUPYIOULUM, €CJTA OHO 00JIaIaeT CJIEIYIOMUMI CBOCTBAMM:

(1) ms sobbix Fiy, Fy € F naiigercst upocrpancrso F' € F rakoe, uro Fy, Fy C F;

(2) obbegunenue F BCiogy IIOTHO B X.

TpuBHAIBLHBIM [IPUMEPOM AIIIPOKCUMHUPYIONIEr0 MHOXKECTBA, JIJIsi HOPMUPOBAHHOTO IIPO-
CTPAHCTBA ABJISETCA COBOKYITHOCTH BCEX €r0 KOHEYHOMEPHBIX TTO/IIIPOCTPAHCTB.

B panbneiinienm, roBopst O CeTsIX, MHIEKCUPOBAHHBIX AITPOKCUMUPYIOIIUM MHOXKECTBOM F
MBI TI0JIpa3yMeBaeM, 9T0 F yIopsa09eHO OTHONIEHNEM BKJIIOUEHUS.

CemeitcTBO (;)ijc; TOYEK TOIMOJOTUIECKOrO MPOCTPAHCTBA () HA30BEM QUCKPEMHbIM, €C-
mu cymectByer cemeiictBo (U;);er NMOMAPHO HEIEPECEKAIONINXCsT OTKPBITHIX IIOMHOKECTB ()
Takoe, 9T0 ¢; € U; nyst Bcex ¢ € 1.

Teopewma. IIyctp X — beckoHeIHOMEPHOE HOPMHUPOBAHHOE IIPOCTPAHCTBO H ) — IPOCTOP-
woe HBP wag 9HK Q. Ipeamoroxkum, 910 CyiecTBYOT allPOKCUMHPYOIEe MHOXKECTBO JF
KOHEYHOMEPHBIX MOANPOCTPAHCTB X , JHCKpEeTHOE ceMeicTBO (qF)per TOUYEK KoMmmakTa () U
CXOJISAIMASICS K HYJIIO CETh (£ ) peF MOJOXKHTEIBHBIX YUCE]I TAKUE, YTO KaXKJ0€ IIPOCTPAHCTBO
F € F sasusiercs (1 + ep)-upeacrasuvbiv B Y(qr). Torga npocrpancrso X wuzomeTpudHo
BKJI&JTBIBAETCSI B HEKOTODBIH CJI0H ).

< B cuty komnakTHOCTH @) ceThb (¢F) peF MMeeT TOaceTb (¢F, )acA, CXOASIYIOCS K HEKO-
Topoit Touke ¢ € (. MbI nokaxkem, uro X M30MeTPUIHO BKjajbiBaercs B )(q). Biuaromaps
nostHore Y(q) JUIs 9TOrO JTOCTATOYHO YCTAHOBHUTH, 9TO B )(q) M30METPUIHO BKJIAIBIBACTCS
BCIOJLY TIJIOTHOE TojmnpocTpancTso UF C X.

Pacemorpum  cemeiictBo  (Up)pesr HOIMAPHO HEMEPECEKAIOIIUXCST OTKPBITBHIX TOJMHO-
xkecTB @) Takoe, uto qr € Up nys Becex F' € F. st kaxkgoro F € F oupenenm auciio dp > 0
paBencTBoM 1+6p = (1+¢ F)z_ C yaeToMm JieMMBI 2 JIJTsl KaKJI0r0 IMpocTpancTBa F' € F cyie-
cTBYIOT JiuHeliHbIi oneparop Sg : F' — C(Q,)) u orkpbitasi okpectHoctb Vi C Up ToUKY qp
TaKUe, 9TOo .

115, I <ISr(HI < A+ 0r) 1l

st Beex f € Fupe Vp.

[Iponoskum Kaxaplii u3 oneparopos Sp : F — C(Q,Y) no (Henuneiinoit) dyHKImn
Sp: UF — C(Q,Y), monarag Sp(f) =0 npu f ¢ F. Ilonoxum V = |Jp.r VF u onpenenmm
dyukuo S 1 UF — C(V,)), nonaras S(f) = Sp(f) va Vp nna Beex f € UF u F € F.

He mapymast o6IIHOCTH, MOXKHO CYATATH, UTO BCe YHCIA £p (& 3HAYAT, U Op) OUPAHUYICHBI
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obmeit kouncranToit. Torma st Kaxgoro snementa f € UF HenpepbiBHoe cedenne S(f) nam V
SIBJISIETCS] OTPAHUYEHHBIM, & 3HA4YUT, 6J1arogapst IIpOCTOPHOCTH PACCIOCHUSI ) IPOIOJIZKAETCS
JI0 HEMPEPBIBHOTO CEYEHUs, ONPEJIEICHHOIO Ha BCeM KoMIakTe () (J0CTaTOYHO MPOIOIKUTD
S(f) mysem Ha Q\clV u Bocnonssosarses [1, 3.1.1(1)]). B wacrrocrn, jyist jo6oro smemeHTa
f € UF cymectByer mpeet

T(f) == lim Sg, (f)(gr,) = lim S(f)(qr.) € Y(q).
a€A acA
[Tokazkem, 9T0 onpe/ieseHHas TakuM obpasom byukiws 1 : UF — )(q) saBasercs TuHeHHbIM
M30METPUIECKUM BJIOYKEHUEM.
Ilycts f,g € UF n A\,u € R. Pacemorpum mngeke § € A, mra xoroporo f,g € Fg.
Jluneitnocts na Fj xaxkaoit usz dynxmuit Sg, , rae Fg C Fy,, 103B0/sgeT 3aK/I09UTh, 9TO

T(\f+nug) = lim Sk (A +1g)(qr,) = lim (ASE. () ar,)+1SF. (9)(ar,)) = AT(f)+ 41T (g).

AHayIoTHYHBIM 00Pa30M YCTAHABIUBAETCS U30METPUYHOCTH oneparopa 1. [leficTBurenbHo,
nycts f € UF. Pacemorpiu mngekce 3 € A, nna xoroporo f € Fg. Torma B ciyuae Fjg C F,
UMEIOT MECTO HEePABEHCTBA

1

T+ on, I < ISF. (H)gr)ll < (L +0r) I,

OTKY/I& B CUJIy OYEBUIHOT'O COOTHOIIEHUS lin& 0p, = 0 cregyet, uTo
ac

ITCHIN = lim [ISp, (£ (gr)ll = 1A &
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