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Annoranus. [lana Tpusnanbhas dpopmanusanus HepOPMaJIbHBIX PACCYKIEHUIN cepun
paodor ¢. 1. CepreeBa 0 MO3UIMOHHON CHUCTEME CUMCJIEHUsI C DECKOHEYHO GOJIBIINM OC-
HOBaHMEM (TPOCC-€UHHUIEH), IPOU3BOJILHO IPOTUBOIIOCTABIEHHO €€ aBTOPOM KJIacCH-
YEeCKOMY HECTAHJIAPTHOMY aHAJIUIY.

KiroueBbie ciioBa: HeCTaHLI\apTH])IfI aHaJIn3, MH(bHHHTeSHMa.HbeIﬁ aHaJIn3, ITO3UIU-
OHHadA CHUCTEMa CUYUCJICHUH.

K 100-neruto co aust poxxgenust C. JI. Cobosiea

B nocaegane roger . . Ceprees omy6Gaukosas psi pabor [1-5], B KOTOpBIX
BBIJIBUTAETCS HEKOTOPAsl IIO3UIIMOHHASI CUCTEMa CUUCJICHUsI, CBSI3aHHAs C ITOHATHEM
rpocc-equauiibl. CBoto cucremy 4. /1. CepreeB mpoTHBOIOCTABIISIET HECTAHIAPTHOMY
aHaIN3y, CANTas e OCHOBAHHON HA MHBIX MATEMATUIECKUX, (DUIOCOMDCKUX U TPOIUX
npunnunax. [lesb HacTOsmEN 3aMeTKH — NPABUJIBHO ITO3UIMOHUPOBATH PAOOTHI
4. J1. CepreeBa 1o paspaboTke 4mcioBbX cucreM. OKa3blBaeTcs, 9TO B KadeCTBe
Mmozenn cucrembl g, 1. CepreeBa MOXKHO B3sITh HadaJbHbIH orpe3ok {1,2,...,v!}
HECTAHJIAPTHOTO HATYPATBHOTO Psifia, MPOIOJIKEHHBIH 70 dhakTopuaia v! Kakoro-
HuOY b (BCe PABHO KAKOI'0) AKTYaJIbHO HECKOHEUHOI0 HATYPAJIbHOIO Yncia V. Takoii
dakTopuasl U CIIyKAT MOJIesbI0 rpocc-eauauiibl . JI. CepreeBa, oOKa3bIBas MECTO
npejjaraeMoil UM YUCJI0BON CUCTEMBI.

B kavecTBe OCHOBHOI'O MCTOYHMKA MBI BBHIOpAJn CTaThio [4], Hanbosee NO31HIO0
n3 jocrynubix HaMm pabor . . Cepreesa m cosepKaliyio JeTaabHOE OIICAHUE €ro
OCHOBHBIX HOEI.

[4]: ... the approach used in this paper is different also with respect to the
nonstandard analysis ... and built using Cantor’s ideas.

B jaHHOI 3aMeTKe Mbl HAMEPEHBI I10Ka3aTh, YTO BOIPEKH OKUJIAHUSAM aBTopa [4]
IIPeJIVIOYKEHHBIE UM HEBHATHBIE OIIPE/IEJIEHUS I'POCC-€/IMHUIIBI U COIY TCTBYIOIIUX II0-
HATHI JTOIYCKAIOT MPEIEIbHO aJIeKBATHYIO U TPUBAAIBHYIO (DOPMAJIN3AINAIO B PAM-
Kax KJIaCCUYEeCKOI'0 HeCTaHJaPTHOI'O aHaJIN3a.

[4]: The infinite radix of the new system is introduced as the number of elements
of the set N of natural numbers expressed by the numeral @ called grossone.

Bocnosbayemcest popmanuzmom Teopuu BayTpennux MuoxkecTB IST Hesbcona [6]
T JTIO00H U3 KJIACCHYIECKUX TEOPHUil BHEIIHUX MHOXKECTB, Hampumep, Teopuun EXT
Xpbaueka [7] nim reopun NST Kapan [8] (cMm. Takzke monorpadun [9,10]). Kak o6bra-
HO, cuMBOJIOM °X 0003HAYAETCs CTAaHIAPTHOE sIJIPO MHOXKeCTBa X , T. €. COBOKYITHOCTD
BCEX CTaHIAPTHBIX jemeHToB X. B wactHOCTH, °N — COBOKYMHOCTH BCEX KOHEU-
HBIX (CTAHJAPTHBIX) HATYPAJIbHBIX Yuces. 3aduKcupyeM IpOou3BoJIbHOE GECKOHETHO
0OJIBITIOE HATYpPAIbHOE YUCTO ¥V 1 0003HAYMNM ero daxTopuas cumBoom O:

O=v!, tneveN, v=oco.

(© 2008 T'ytman A. E., Kyrarenanze C. C.
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Tokazxkem, uro @ 0618/ 1aeT BCEMH CBORCTBAME «I'DOCC-€IUHUIBI> (KaK HOCTYIUpye-
MBIMH, TAK ¥ HESBHO IPE/IIoJaraeMbiMi B [4]).

OnuH 13 BOBMOXKHBIX HOJXO/IOB K aJieKBaTHOH (B cMmbicie [4]) dopmannzanun
HOHATH «9HCJIA HIEMEHTOB> [IPOU3BOJIBHOIO MHOXKECTBA A CTAHJAPTHBIX HATYPAJIb-
HBIX 4uces (T.e. BHemHero noaMuoxecrsa A C °N) coCTOUT B COIOCTABIICHAN BCH-
KOMY TaKOMy MHOXKeCTBY A HATypadbHOrO Incia

[All = [FAN{1,2,...,0}],

e *A — crapgaprusanus A, | X| — 4qucio seMeHTOB (B OOBIYHOM CMBICJIE) BHYT-
pernero muOXkecTBa X. B arom ciaydwae, pasymeercs, |°N|| = @, aro cornacyercs
¢ IUTUPOBAHHBIM BBIIIE <OIPEIEJICHAEM» IPOCC-eMuHUIBI.  OTMETUM TaKKe, UTOo
Guaromapsi UpuHIMIY BHemHedl nHaykiuu dbyakuus A — || A|| obaamaer (npen-

n n
0 AkH — S |l 4x]| ams moboro
k=1 k=1

ceMeiicTBa TONAPHO JIM3bIOHKTHBIX MHOXKeCTB A1, ..., A, C °N, n € °N.

Hpyroit (6osiee TpUBHAIBHBII U 3HAUNTENHHO GoJlee GIMBKHI K IIpe/IaraeMo-
My B [4]) HOIXOM K BBEJEHHUIO NOHSITHSI IHUCJIA SJIEMEHTOB 3aK/I0YaeTCs B «3aMeHes
MHOXkKecTBa °N HauaIbHBIM OTPE3KOM HATYDATIBHOIO DA

N ={1,2,...,0}

U pacCMOTpPeHMH OOBIYHOTO umciia 31eMeHToB |A| € N s BCSKOro BHYTDEHHETO
MmHO)KecTBa A C A . B sTOM Cityuae Mbl BHOBb umeeM |A'| = @, a aJIuTHBHOCTh
cumraiomeil Mepbl A — |A| y:ke He HyXKIaeTcs B KAKOM-I160 060CHOBAHNU.

nosiaraeMbIM B [4]) cBOHCTBOM aJIUTHBHOCTH:

[4]: The new numeral @ allows us to write down the set, N, of natural numbers
in the form

N:{17 23 37 B ®_27 ®_17 ®}

because grossone has been introduced as the number of elements of the set
of natural numbers (similarly, the number 3 is the number of elements of
the set {1,2,3}). Thus, grossone is the biggest natural number ...

OTraBast JIOJXKHOE 3TOM CMEJION SKCTPAIIOJISAIMY CBOACTB HATYPAJIBHOIO YUC/Ia 3, MbI
TeM He MeHee He MOXKEM MIPUHSTH ITPeJjIaracMoe COTVIAIIEHNEe — XOTs ObI TOTOMY, UTO
MHOXKecTBO N HATYPAIBHBIX 4uCe (B OOIIEIPUHITOM OCMBICJEHAH 3TOTO (DY HIAMEH-
TAJIBHOTO IIOHSTHs) He UMeEeT HAMOOJIbIIEro 3JieMeHTa (OTHOCUTEIbHO KIIACCAIECKOTO
OTHOIIIEHUS [IOPsJIKa). Perus Bee ke COXpaHuTh 3a cuMBOJIOM N ero TpaIuiuoHHbIi
cmbica (1 pykoBogicTBysch «Postulate 3. The part is less than the whole> u3 [4]), Mb
He cTajan 0603HAYATH ITUM CUMBOJIOM COOCTBEHHOE MOAMHOXKecTBO {1,2,..., 0} C N
U BBEJIN JIJIsI TIOCJIEJTHErO MeHee paJInKaJbHoe obo3HadeHue A .

[4]: The Infinite Unit Aziom consists of the following three statements:
Infinity. For any finite natural number n it follows n < @.
Identity. The following relations link @ to identity elements 0 and 1
0:0=0-0=0, 0-0=0, =1, =1, 1°=1, 0°=0.
Divisibility. For any finite natural number n sets Ny ,,, 1 < k < n, being

the nth parts of the set, N, of natural numbers have the same number of
elements indicated by the numeral % , where

New = {k, k+n, k+2n, k+3n, ...}, 1<k<n, |JNen=N
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Bynyuu 6eckoneuno GosbinumM, gucio @ = v! ynosnersopsier Infinity. YTBep:KaeHue
Identity crupaBeyIuBO Ijisi JIIOOOrO HATYPAJBHOIO YHCIA W, B dacTHOCTH, juist .
ABnsascs dakropuasoMm 6ECKOHETHO OOJIBIIIONO HATYPAJIBHOTO dncia, O JeuTcs Ha
Joboe cTaHapTHOE HaTypasbHoe unciao. Kpome Toro, ecitun € °N; 1 < k< nu

°Nin ={k+(m—1)n : m e °N},
N = A N{k+ (m—1)n : m e N},

)

10 ||°Niu|| = | An| = 2, a sHaumr, @ yrosrersopser Divisibility.
[4]: Tt is worthy to emphasize that, since the numbers % have been introduced
as numbers of elements of sets Ny, ,,, they are integer.
YHucsto, 00bsABIEHHOE HATYPAJIbHBIM, O€3YCTOBHO, HE MOXKET He 0KA3aThCs HATYPaJIb-
ueIM. Jlabbl pa3BesaTh Bce COMHEHUS, IIpeJijlaraeM CTPOroe 1 I0apoOHOe 0D0CHOBAHHIE
BBIIIOJTHIMOCTH 9TOI'O IIOCTYJIaTa: I BeaKoro n € °N MbI uMmeeM n < v, IOITOMY

v! 1:2-...-n-... v
qUCII0 — — — — ABJISAETCS TEJIBIM.
n n n

[4]: The introduction of grossone allows us to obtain the following interesting
result: the set N is not a monoid under addition. In fact, the operation
@ + 1 gives us as the result a number grater than @. Thus, by definition
of grossone, @ + 1 does not belong to N and, therefore, N is not closed
under addition and is not a monoid.

Heitcruresnsio, ® € {1,2,...,0} = A, 050 @ + 1 ¢ {1,2,...,0} = 4. (Bupo-
4YeM, YYUTLIBasd, 9T0 A He ABJIFeTCS MHOMXKECTBOM BCEX HATYPAJLHBIX 9HCEN, ITO
TPUBHAJIBbHOE HAGJIOCHUE eJIBa JIU MOYKHO CUECTh «HHTEPECHDBIM>». )

[4]: ... adding the Infinite Unit Axiom to the axioms of natural numbers defines

the set of extended natural numbers indicated as N and including N as
a proper subset

N={1,2,...,0-1,0, 0+1, ..., 0*—1, 0>, 0> +1, ...}.

B camom mene, °N u A gaBasiorcss COBCTBEHHBIMU MTOAMHOXKECTBAMU MHOXKeCTBa N
scer HaTypasbHbX uucen. (Kak m3ectHo, pajukanbhbiii dopmannsm IST uzbas-
JIZET OT HEOOXOAUMOCTH PACCMATPUBATDH «PACHIMPEHHDBIE TUCIIAY. )

Mg nosBosinM cebe ocTaBUTh 63 BHUMAHNUS IPyTrue nMerommuecst B [4] MaorovmC-
JIEHHBIE OIUCAHUsI CBOWCTB I'POCC-€JIMHUIIBI M COILY TCTBYIONIUX TIOHSITUI, TOCKOJIBKY
UX aHAJU3 COBEPINEHHO AHAJOTUIEH TOMY, YTO y¥Ke ObLIO CKa3aHO (K CTOJIb YK€ TPH-
BuajieH). BupoueM, TPYIHO yAEPKATbCd OT KOMMEHTAPH 110 IIOBOJLY 3asBJICHHOIO
B [4] ycrpanenus napajjokca rpaHi-OTels:

[4]: ... it is well known that Cantor’s approach leads to some ‘paradoxes’...
Hilbert’s Grand Hotel has an infinite number of rooms... If a new guest
arrives at the Hotel where every room is occupied, it is, nevertheless, pos-
sible to find a room for him. To do so, it is necessary to move the guest
occupying room 1 to room 2, the guest occupying room 2 to room 3, etc.
In such a way room 1 will be available for the newcomer ...
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... In the paradox, the number of the rooms in the Hotel is countable.
In our terminology this means that it has @ rooms... Under the Infinite
Unit Axiom this procedure is not possible because the guest from room @
should be moved to room ® + 1 and the Hotel has only @ rooms. Thus,
when the Hotel is full, no more new guests can be accommodated — the re-
sult corresponding perfectly to Postulate 3 and the situation taking place
in normal hotels with a finite number of rooms.

MpbI MOXKeM TIPEJIOKUTH CJIEIYIONINI HE3aMbICJOBATHIN «IAPATIOKC TPOCC-OTEST».
Hazxe ecsim Bce HOMEpa 1,2,...,® rpocc-oTesiss 3aHATHI, HANTH B HEM HOMED JIJIsI
elle OJIHOI'O IMOCTOS/IbIIA COBCEM HeCJIOXKHO. JlocTaTodHOo JjIsi KaXKJI0ro KOHEeUH020
HATYPaJbHOI'O YHUCJIA 1 IEPEMECTUTH I'OCTS, 3aHUMAIOIIEr0 HOMEDP N, B HOMep 7 + 1.
TlockobKY Tt BCSIKOTO KOHEYHOTO 71 MBI mMeeM N + 1 < @, Bce TpesKHWe TOCTH
MIOJTy AT CBOM HOMEPA B TPOCC-0TENIE, & HOBOTO TMOCTOSIIBIIA MOXKHO OYIEeT PA3MECTUTD
B 0CBOOOIMBIIEMCsT HOMepe 1.

TToMuMO HEBHSITHOIO TEOPETH3UPOBAHUS BOKPYT I'DOCC-euHUIbl B [4] umeercsa
«IIPUKJIaJHAA» YaCTh, IOCBAICHHAS HOBOI YMCJIOBOI HO3UIIMOHHOU CUCTEME C OCHO-
BarueM O, Ipu3BaHHOI mocayKuTh 6asoit st «Infinity Computer» [5], cioco6aOTO
paboraTh ¢ GECKOHEYHO OOJBIMUMUA W OECKOHEYHO MAJILIMU ducaamu. K coxkale-
HUIO, B 9TOI YACTU U3JIOKEHUE OCTAETCA KpaiftHe HepOpMAJIbHBIM U J1aKe KJIIOUEBbIe
OITpeJIeIeHNs TTOIMEHSIIOTCS HaMEeKaMW 1 TTOSICHITONTUMA TPpUMePaMM.

[4]: In order to construct a number C' in the new numeral positional system
with base @ we subdivide C' into groups corresponding to powers of @:

C = cp, O™ 4o ¢y OPF + Cpy O + ¢ [ OP1 4+ ¢, OPF,

... Finite numbers ¢; are called infinite grossdigits and can be both positive
and negative; numbers p; are called grosspowers and can be finite, infinite,
and infinitesimal (the introduction of infinitesimal numbers will be given
soon). The numbers p; are such that p; > 0, po = 0, p_; < 0 and

Pm > Pm—1 > >P2>pP1 >P-1>pP-22> " >D_(k-1) > P—k-

... Finite numbers in this new numeral system are represented by numerals
having only one grosspower equal to zero...

all grossdigits ¢;, —k < ¢ < m, can be integer or fractional... Infi-
nite numbers in this numeral system are expressed by numerals having
at least one grosspower grater than zero... Numerals having only negative
grosspowers represent infinitesimal numbers.

Kak mam mokaszasioch, B IIUTHPOBAHHBIX OIPEIEICHUSX BECbMa BOJBHO HUCIOJIb3Y-
f0TCs coueTanus TepMuHOB finite, infinite m number. Hanpumep, u3s Texcra HesicHo,
Gyzet sin Hymepad infinite (1 B KaKOM CMBICIIe), ecoin OH He siBJsieTcs finite (B Kakom-
60 cmbicsie). Eciu noHnMarh onpejesenust [4] 6yKBaabHO, TO IPOCC-CTEIIEHb MO-
»KeT 6uIThb finite, infinite, and (or?) infinitesimal, B To Bpems xak finite — s10 c@°
(rpocc-udbpa ¢, panuoHaJdbHBI HyMmepads), infinite npencraBisiercs HymepasoM,
MMEOIIUM XOTs ObI OJIHY CTPOI'O IIOJIOXKMTEILHYIO I'POCC-CTelleHb, a infinitesimal —
HyMEPAJIOM, UMEIOIINM JIUIIIb CTPOr0 OTpULIATEIbHBIE Ipocc-cTenenn. Kazasmocs Obl,
OTCIONA CJIEJIyeT, YTO IPOCC-CTENeHb He MOYKeT paBHaThcs, Hampumep, @0 + @1,
HO U3 JAJIBHEHINX IIPUMEPOB BUIHO, YTO 9TO HE TaK U I'POCC-CTEIIEHH BCE YK€ MOTYT
OBITH JIFOOBIME HyMepajgaMu. Kpome Toro, COBEPIIEHHO HE MOHATHO, Y€M 00YCJIOBICH
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BBIOOp TepMuHOB infinite u infinitesimal umeHHO /15 YIIOMSIHYTBIX B IUTaTE KJIac-
coB HymepaJsioB. Hampumep, Hymepas a = ®®_l (umeromuii rpoce-creneHnb o !> 0)
110 OIIPeJIeJIEHUIO cunTaeTcs infinite, B To BpeMmst Kak, oueBuiHO, 1 < a < 2. C apyroit
croponsl, mHymepas b = 0P '_ 1 Takske cumraercs infinite n me cumraercs infinites-
imal, XoTs1 OH, KaK JIEerKO BU/IETH, OECKOHEYHO OJIM30K K HYJIIO B TOM CMBICJIE, UTO
—c < b < ¢ pasa aoboro konedHoro ¢ > 0.

Bue 3aBucuMocTr OT TEPMUHOOTMYECKON MUCIUILIMHBI IATUPOBAHHOE BBIIIE
omnpenesienne HyMmepaaosB C' HeIb3sd CIUTATH (POPMAJILHBIM y2Ke IIOTOMY, UYTO yIacT-
ByIolliee B HeM IOoHATHE («BeCKOHEUHBIX» U «DeCKOHEYHO MAJIbIX» ) OKa3aTesieil cre-
[IEHU OIUPAETCsl Ha UCXOJHOE IMOHSTHE HyMepaJia, IPUBOMHA K IOPOYHOMY KPYTYy.
Kpowme Toro, n3 umMeromuxcs B [4] wunocrpanuii sicHo, 9TO IpeiiaraeMast HO3UIU-
OHHAsI CHCTEMa JIOMYyCKAET HAJMINE CHHTAKCUIECKHM DPA3JIMIHBIX HYMEPAJIOB C COB-
magaomuMe 3HadennsaMm: Hanpumep, 000 = 00!, 10° = 10°°". (Ilousitue 3Ha-
YeHMsl TEPMa ¥ OTHOIIEHNE PABHO3HAYHOCTH = yTOUHEHBI HaMU HuzKe.) [Ipu sTom
B [4] oTCyTCTBYIOT HE TOJBKO COOTBETCTBYIONME (BIPOYEM, yrajblBaeMble) OroBOp-
KW, HO W KaKWe-JIM0O0 TOMBITKA 0OOCHOBATH OJHO3HAYHOCTH MMO3UIIMOHHONW CHCTEMBI
Jlazke ¢ HedBHBIME oroBopkamu. OTMmeruMm Takzke, 9TO MMeromieecs B [4] onucanue
AJITOPUTMOB BBIYHMCJIEHHS CYMMbI M [IPOU3BEIEHUST HyMePAJIOB (T. €. HAXOXKIEHUS CO-
OTBETCTBYIONIEr0 PABHOZHATHOIO HyMepaJIa) sSIBJISETCS KPaifHe MOBEPXHOCTHBIM, TaK
KaK OHO He 3aTParuBaeT IPoBJIeMbl PACIIO3HABAHNS PABHO3HAYHBIX HyMePaJIoB (4To
HEOOXOIUMO JIJisl IPUBECHUsI MOJOOHBIX CJIAraeMbIX) U UX CpaBHeHud (4To HeoOXo-
JIUMO JJIsl YHIODPSIJIOUeHUsT CJAraeMbIX 10 yOBbIBAHUIO «Ipocc-creneneils ). ITosTomy,
KCTaTH, He YAUBUTEIbHO, YTO B AHHOTALUY I1aTeHTa [5] JOKJIAbIBAETC O CO3IAHUN
KaJIBKYJIATOPA, CIIOCOOHOTO padoTaTh JINNIb ¢ HyMepaJaMH, AMEIONIUMUA «KOHEYHbIE
I'POCC-CTEIEHM .

YT00bI HE MMOKA3ATHCHA T'OJOCIOBHBIMU, B OCTABIIENCS YACTH 3aMETKH MBI CXe-
MaTHUYHO OIIMIIEeM OJWH M3 BO3SMOZKHBIX ITOJIXOJ0B K Cl)Opl\/Ia..HI/IBaLU/II/I MIOHATHA HyMe-
paJia U OIpeJeIeHUI0 COOTBETCTBYIONUX anropurMudeckux nporneayp. (IIpu srom
HEKOTOPBIE YTBEPKIEHUs, OTPAKAIONINE HegBHbIE npenooxkenus [4], OyayT cdop-
MYJIMPOBAHbBI B BHJIE THIIOTES. )

IIycte 2 — xakasg-imbO TPAJUIMOHHAST «KOHCTPYKTHUBHAS» MOJIENb yIIOPSIO-
YEHHOT'O [0JIs PAIMOHAJIBHBIX Yuce] (HAIPUMED, COCTOAINAA U3 KOHEYHBIX U II€PH-
OJIMYECKUX JIECATUIHBIX IpO6ell MM HECOKPATUMBIX OOBIKHOBEHHBIX JIpobeit). Diie-
MeHTBI 2 yCJIOBUMCS HA3BIBATH PAUUOHANDHbLMU HYyMmeparamt. OOOZHATIM CUMBO-
jtamu 0 u 1 paruoHa/IbHbIE HyMEPAJIbI, COOTBETCTBYIOIIUE HYJIIO U €IMHIUIIE.

Pacrmmpum s1361k Teopun MHOXKecTB ZFC Kaccuaecku ONpeieIsseMbIMU KOH-
crantamu N, Q, R, a Ttakxke tepmavu © + y, £ — y, T + y, ¥ u dbopmynamu x < y.
(Bce atu u gpyrue nogobHbie 060raleHusi CHIHATYPBI OIPEeIEIA0TCs Mo bery coor-
BETCTBYIONMMU PACIIUPEHUAME akcuoMaTuku.) Cpasy OTMETHM, 9TO MbI OIUPAEMCS
HA TPaJUIMOHHOE Ipenooxkenue o Henporusopednsocru ZFC (a 3aauuT, u Jiio6bIx
KOHCEPBATUBHBIX DACIIUPEHUI 9TOH Teopun).

7151 KayKIOro pannoHanbHOro HyMepana ¢ € £ obo3HatuM depes ¢, (x) dopmy-
oy, onpenessiiontyio B ZFC coorBercTByioliee panuoHaabHOe YUCI0. B gacTHOCTH,
JJIST KazKIoro q € 2

ZFC F ((3la) ¢ (2) & (G € Q) ().

Beegem B a3k ZFC cooTBeTcTByIONIM 00pa30M OIpe/iesisieMble KOHCTAHTHI ¢ € 2.
Tounee rosopst, (koncepsarusuo) pacimpum ZFC 1o reopuu ZFC o, oboramas cur-
HATYypy MHOXKECTBOM KOHCTAHT 2 W PACIIUPSS aKCHOMATUKY CEMEHCTBOM (DOpPMYJT
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©q(q), ¢ € 2. TIpu stom ZFCo F (¢ € Q) st Beex ¢ € 2, ZFCo F (1 # ¢2) upn
¢1 # ¢2 1, kpoMe Toro, ZFC g F (0 = 0g), ZFCg F (1 = 1g).

«KoncTpykTUBHOCTE> MOjen £ 103BoJgeT cautarh, 4ro B ZFC g paspern-
MBI CJIO’KEHUE, BBIYUTAHHUE, YMHOYXKCHHE W CPABHEHHME PAIMOHAJIBHBIX HYMEpaJoB,
T.e. s JI0ObIX ¢,q1,q2 € 2 B ZFCg paspemumbl upegioxenus (1 + g2 = q),
(@1 — a2 = q), (@12 = q), (@1 < g2). (Hanomunm, 4ro npesoxenue ¢ paspe-
wumo B Teopun T, ecrim T F ¢ wm T + —p.) B srom ciyuae Ha £ UMEOTCS
BLIMUC/IUMBIE oneparuu &, O, © U pa3peruMoe OTHOIIEHUE JIMHEHHOTO0 CTPOroro
Mopsijika < TakwWe, 4TO JJsd BeeX q1,q2 € 2 B ZFCg nmokasyembl mpesjio:KeHust
(1+@=qa&e), (@—¢=aq¢) (@@ =q O qg), a HEPABEHCTEO ¢1 < g2
pasaocuibio ZFC o F (g1 < g2).

Iycrs € — MHOKECTBO Beex TepMoB curnarypbl 2 U {+, —, -}, Yeaosumcs Ha-
3BIBATD JIEMEHTBI € payuorasvibmu mepmamu. fcuo, yro ZFCgo F (¢ € Q) mia
Bcex ¢ € . C noMolIpio UMeRInuXcst B 2 omepaluii CJI0XKeH!s!, BBIYUTaHUS U Y MHO-
JKEHUsT OlpeieanM (Bbraucanmyo) dyHkmio val : € — 2 pekypceueii 1o CJI0KHOCTH
panuoHaJbHbIX TepMoB: val(q) := g g ¢ € 2, val(cy + ¢2) := val(cr) @ val(ea),
val(c; — ¢2) = val(eq) © val(c2), val(ey - ¢2) = val(er) © val(cz). Torga, Kak Jierko
Buzeth, ZFC g I (val(c) = ¢) mis Beex ¢ € €. BeneM na € orHOlIEHNS = 1 <:

c1=cy & ZFCg (e =c3) & ZFCg k- (val(ep) = val(ep)) < val(ey) = val(ca);
1 =¢cy & ZFCgt(c1 < c2) & ZFCgt(val(cr) < val(ez)) < val(er) < val(ca).

IMockonbKy dyukmus val : € — 2 BbIUECIEMA, a OTHONICHHE < pa3pemmMo B 22,
SICHO, YTO OTHOIIEHNS] = U ~< Pa3pelIuMbl B 4 2.

Iycrs * — cumBoa nepemennoii. O6oznaduMm udepes J(x) COBOKYIHOCTDH BbI-
ParkKeHuil, MOIy9IaeMbIX KOHEYHBIM YHCIOM MPUMEHEHUH CJICAYIONMX PABHIL: €CJIH
q € 2,10 q € I(x); ecnu t1,t2 € T(x), 10 (t1 + t2), (t1 — t2), (t1 - t2) € T(x);
ecn t € 7 (z), ro zt € 7 (). Broas oboznadenue x(t) := z' u cuuras y yHapubMm
GYHKIMOHATIBHBIM CUMBOJIOM, MOYXKHO (DOpMaJIbHO onpenesuTh 7 (x) Kak MHOKe-
cTBO BCex TepMOB curHarypol 2 U {+,—,. x}. Duemenrsl J(x) ycioBumcs Ha-
3BIBATD T-Mepmamu. JIJIg HADISIHOCTH MBI OyJeM WHOTJIA 3aIllMCBIBATD T-TEPMBI ¢
B Buze t(z). fdcno, uro ZFCgo - (Vo € Ry )(¢(x) € R) gna Beex t € T (x).

Eciu (t;);er — Helycroe KOHEYHOE CEMEHCTBO I-TEePMOB, TO, HOAPa3yMeBasd
KaKyI0-7Mb0 eCTeCTBeHHYI0 Hymeparmio | = {i1,...,4,}, YCJIOBUMCS 3aIllCBIBATH

n
x-repM (-~ ((tiy + tiy) + tig) + -+ + ;) BBUKE > t;, wam Y t;. Kpome Toro, mis
k=1 =
mobeIX ¢ € € mt € F(x) onpenemmm x-TepM cx’, momaras ca’
upu t #£ 0.
Honoxkum Py (z) =€ = {ca® : c € €} u nanee mo pexypenn

=cucxt:=c-at

Pri1(x) = {Zcix’” :neN, ¢ eC, p; € f@k(x)} )
i=1

Kaxk serko sujierb, & (r) C Pi1(x) mas seex k € N. ObosHaunmM obbenHeHne
[e.°]
U Pk (z) cumBostom &(x) m ycoBHUMCS HA3BIBATH JE€MEHTBI P2(X) 0006UWeHHbiMU
k=1

T-NOAUHOMAMU WA JIJIsT KPATKOCTH TIPOCTO T-noAuromamu. Onpenesum QyHKIUIO
h: P(x) — N, nonaraa h(p) := min{k € N: p € H(z)}, u HazoseM uucio h(p)
6bL,cOMOoT T-TIOJUHOMA P.
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Bynem roBoputb, 4To 2-TepMHBI t1,te PA6HO3HAWHDL, U TTUCATD t1 = tg, €CJIH
ZFCo F (Vo € Ry)(t1(x) = ta(x)).

SlcHo, 94TO = gABJIETCsl OTHOIICHUEM KBUBAJIEHTHOCTU Ha J(X), MPOMOJIZKAIOIIIM
BBEJICHHOE paHee OJHOMMEHHOE OTHOIIEHUE HA MHOXKECTBE PAIMOHABHBIX TEPMOB.

Hist s06b1x p, p € & (x) oupenenum z-nojmaoMel pEp, pBp, p[p caenyronmm
obpaszom: ecin p =y c;aPiup =y cjaPi,rmel ={1,...,m}uJ ={m+1,...,n},
o iel jeJ

pHp = Z cpxP* pHp = pEEZ(O—cj)xpj, pp = Z (ci-cj)xpiEEpj.
keluJ jeJ (i,4)eIxJ

Omupenennm byrkuuo 7 : J(x) — P (x) pekypcueil N0 CIOKHOCTU L-TEPMOB:
st ¢ € 2 monoxkuM w(q) = q; Agist t1, ta € T (x) nonoxuM w(ty+ta) := w(t1)HBr(ta),
w(ty — to) == w(t1) B a(te), w(ty « ta) := w(t1) D 7w(tae); aa t € J(x) nonoxum
m(zt) = 12™®. Kak nerxo sugerb, byukuus 7 : J(r) — P(r) BborauciumMa
u 7w(t) =t nas Beex t € T (x).

Beesiem Ha () OTHOIIEHHE <, HOJArasi p1 < pPs B Clydae

ZFCF (3y € R.)(Va > y)(pi(2) < pa(c)).

SIcHO, ITO < SIBJISIETCST OTHOMIEHWEM CTPOTOTO (HEJIMHEHHOTO0) MOpsIIKa, TIPOIOJKA-
IOIIUM BBEJICHHBIN BBIIIE TOPSIO0K HA MHOXKECTBE PAIMOHAJIBHBIX TEPMOB.

B [11] nokasano, uro crpykrypa Z = (R,0,1,+, —, -, <,exp) sIBJIsSI€TCS 0-MUHA-
MaJibHOM. IlociieqHee o3Havaer, 9TO 00JIACTH UCTUHHOCTHU JIOOOTO OJIHOMECTHOTO
npeiuKaTa, OIpeIeAMOro (POPMYJIOi A3BIKA MEePBOTO TOPSIKA 3TOH CTPYKTYDHI,
IPeJICTABIIAET COOO0M 00bHeMHEHIE KOHETHOTO TUCIa TOMEK U KOHETHOTO THCIIa OTpa-
HUYIEHHBIX WA HEOTPAHWYEHHBIX WHTepBasoB. (BorarbmM mcrounmkom wmabOpMa-
mun 06 O-MUHUMAJIBHBIX CTPYKTypax ciayxkur kaura [12|.) Bmaromapsa toxmectsy
a’ = exp(bexp~!(a)) ana moboro z-mommmoma p bymkuus (z +— p(z)) : R, — R
olpeJie/IMMa B CHTHATYPE CTPYKTYPbI %, a 3Ha4uT, s p1,pe € P(r) omHomect-
uble npemukarel pi(z) < po(x) u p1(zr) = pa(x) oupemenumbr 8 #. U3 o-munu-
MaJIbHOCTU J HEMEJIEHHO CJIEIyer, 9To JJis JIOObIX p1,pe € P(x) B # ucruHHO
OJTHO ¥ TOJIBKO OJTHO U3 TIPEIJIOKECHII

Kpowme roro, mocnenuee npemioxkenne pasaocuiabio (Vo € Ri)(pi(z) = pa(z)).
HeficTBurensHo, mockonbky GyHKIms f : @ — pi(x) — pa(r) aHaauTHIHA, B CIIy-
gae f #Z 0 mHO)ectBO {x € R, : f(x) = 0} He MOXKeT cOJEP:KATH IIPEJEIHHYIO
TOUKY, & 3HAYUT, OHO KOHEYHO BBUJLY O-MUHUMAJILHOCTU . DTHU COOOPAKEHUsI JIa-
0T OCHOBAHME IIPEJIIIOJIAraTh, 9TO Jisl JII00OH mapbl p1,pe € () BHIIOJHAETCS
POBHO OJHO M3 COOTHONIEHWH p; < P2, P1 = P2, P1 = P2, IPUIEM OTHOIICHUS
< n = nHa P(z) paspenmmsbl. (IIpuHHUMast 5Ty TUIOTE3y, 3aMETUM, UTO €€ BEPCHsI
JUIST T-TIOJIMHOMOB BBICOTHI 1 OYeBHIHA, a B UCC/ICIOBAHUU OOLIErO CJIydasi, BEPOsT-
HO, MOT'YT IIOMOYb PE3YJbTATHl M Hjen cTarTbu [13], NOCBSIEHHON pasperuMocTu
TEOpUU CTPYKTYPHI . )
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[onoxum & (z) := 2 = {qz" : ¢ € 2} u nanee no pexypcun

n
y1(z) = Z(Iixai :neN, ¢ €2, a; € F(z),
o ap = ag > > an, ¢ #0upn a; # 0

Kak serko Bugers, @ (v) C Pi(z) n H(x) C o1 (r) musa secex k € N. Beenem

oo
obosznauenne & (x) = |J & (x) u ycaoBuMCs HA3BIBATD IEMEHTHI & (1) T-HYyMepa-
k=1

saamu. Koiub ckopo mopsiiok < Ha (x) paspemnm, & () sBISETCS Pa3peIIMMbIM
nopmuokecTBoM P (1) (1 T (x)).

Oupenenum byuximo « @ P(x) — &/ (x) peKypcueil 1o BbICOTE T-IIOJTUHOMOB.
B ciyaae h(p) = 1, r.e. p € P1(x) = €, nonoxum a(p) := val(p) € 2 C o (z).
Ipenamomnaras, uro GyHKIUSA v y¥Ke onpeseneHa Ha Py (), PACCMOTPUM MPOU3BOITH-

n
HBI z-TIoJImHOM p = Y ¢;zP¢ BoicoThl k + 1. Tlockombky h(p1),- .., h(pn) < h(p),
i=1
MBI pacrojiaraeM z-aHymepanamu a(pi),...,a(p,) € </(x), KOTOpble MOXKHO YyHO-
PANOYNATH U CTPYIIMPOBATH € HOMOIIBIO PA3PEIIUMOTO CPABHEHUSI T-TIOJIMHOMOB:
{a(p1),...,a(pn)} = {a1,...,am}, tHe a1 > a2 > -+ > a,. Beemem o6o3Ha-
genns I = {1,...,n}, J = {1,...,m} u mua xaxioro uujgekca j € J IOJOXKUM
I(G) ={i eI :a(p) =aj} ug =val( Y ¢) € 2 Hcno, uro p = 3 q;a%.
i€I(j) jeJ
CrenoBaTebHO, B KadecTBe ¢(p) MOXKHO B3ATb CYMMy Y ¢;T% 3a BBIYETOM Cla-
jeJ
raeMeix ¢;x% Bupa 0z%, tme a # 0, u nmomoxus «p) := 0, ecau Bce ciaraemble
¢;x% uMelOT Takoil Bua. B pesyibrare MblI HOJMyYaeM BBIYHCAUMYIO (DYHKIIIO
a: P(x) — o (x) Takyio, aro a(p) = p mia Beex p € P(x).

Pacemorpum kommozumuio val @ I (z) — &/ (x) byukuumit 7 @ T(x) — P(x)
uoa: Px) — (r). dcno, uro val — Bbrumcimmas QYHKIUSA, TPOIOIZKAIO-
mas BBEJIEHHYIO paHee ofHouMeHHyI0 GyHkmumio val : 4 — 2 u yuoBJIETBODPSIO-
wag yeaosuto val(t) = ¢ g seex ¢ € J(x). Ilpunumas rumoresy o TOM, 4TO
JUIst TOOBIX a1,as € &/(x) U3 a3 = ag Cyenyer a; = ag, MBI MOXKEM Ha3BaThb
x-aymepast val(t) € o/ (x) snauenuem z-repma t € J(x). Takum 06pazom, x-TepMbI
PABHOBHAYHBLI TOTJIA M TOJBKO TOTA, KO/ OHM MMEIOT COBIIAQJIAIOIINE 3HAYCHHUS.
C nomommpio dbyskiun val Mbl MoxkeM 3D }EKTUBHO TPOJOJIKUTL Ha &/ (X) umero-
mpecs B 2 BBIYHUC/IUMBIE ONEPAITAN CJIOYKEHUS, BBIYUTAHUSA M YMHOMXKEHUS, [10JIArast
a1 ® ag := val(ay + az), a1 © az := val(a; — ag), a1 © as = val(ay - az), a Tak-
Ke N0BABATH BBIYUCIUMYIO onepanuio z-crenenu: xla := val(xz®). B wurore y mac
NOSIBJISIETCSl OCHOBAHUE HA3BIBATEL & (T) «CHCTEMOI MCUUCICHUS T-HyMEepPaJIoB».

Iycrs IST — reopust BuyTpennux muoxkecrs Hesbcona [6]. (Bupogem, Bme-
cro IST mokHO mpuBIEYD JTIOOYI0 U3 KIACCHYECKUX HECTAHJIAPTHBIX TEOPUl MHO-
JKeCTB, KoHcepBaTusHO pacuupsiomux ZFC.) Beenem B a3k IST xoucranTe: g € 2
U HOBYIO KOHCTaHTy @, ompeenseMyio Kak (hbaKTOpHaj KaKOro-aubo GEeCKOHEIHO
GOJILIIOrO HATYPAJIBHOIO YUCa. TodHee roBopsi, (KOHCEPBATUBHO) PACIIUPUM TEO-
puto IST +ZFCgo mo Teopun ISTy, oborarus curnarypy koncranToit @ u m06aBUB
axcnoMy (v € NYN)(O = o).

Cornacuno npuniumy meperoca Mbl umeeM 1STg F (¢ € °Q) mus Beex ¢ € €
u, KpoMe Toro, s joboro z-uymepana a € &/ (x) B ISTg mokasyemo ciezyroree
yrBepxaenue: (z — a(x)) — craHjaprHas HenpepbiBHasi dbyHKius u3 R B R,
upudeM B caydae a(x) Z 0 maiigercsa takoe uuciao y € Ry, aro a(x) # 0 upu x > y.
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CanenoBatesibHO, Jyist JHOOBIX a1, as € &/ (x) uMeeM

a; =ay & ZFCo @y e R )V = y)(a1(z) = az(z)) & ISTe F(a1(®) = a2(0));
a1 < ay & ZFCo 3y e RV = y)(a1(z) < az(z)) & ISTe F (a1 (@) < az(®)).

Dnementsr MuOKkecTBa ¥ = {al§ : a € &/(x)} ycnoBumcs HasBBaTH 2pocc-
nymepanamu. TlockombKy mofacranoBku a — ald u g — g|® npencrasnsror co-
6ol B3aMMHO OOpaTHBIE BBLIYUCIUMBIE OueKuu Mexiy & (r) u &, Ha MHOXKeCTBE
IPOCC-HYMEpAJIOB BO3HUKAIOT PA3PEIUMBI TMOPSIIOK < U BBIYUCIUMBIE ONEPAIin
CJIOXKeHUsT @, BBIYUTAHUs O, YMHOXKeHUs O U rpocc-crerienn O, mpespariatorine &
B «CHCTEMY HUCUHCJEHHs] TPOcc-HyMepasioBs. Ilpm atom s siobbIx ¢, 1,92 € 4
CIIPABEJJIUBbI CJIEIYIOIIHE COOTHOIIEHUSI:

ISTe (g € R);
g1 =92 © ISTok (g1 = g2); 91 <92 & ISTeo k(91 < 92);
ISTo (g1 © g2 = g1 + g2); ISTo (91 © 92 = g1 — 92);
ISTo (91 © g2 = g1+ g2); 1STo F(0O1g = ©).

BesycaoBno, uncna, ompenessieMbie Tpocc-HyMepaiaMi, MAJIOIPEICTABUTETbHBI
B R. Tounee rosops, B ISTp Bcsaikoe Takoe 9nCI0 MPUHAIJIEKUT BHEITHEMY MHOXKE-
crBy {f(@) : f € °F}, rne F — craHgApTHOE CUYETHOE MHOYKECTBO, SIBJISIOIIEECS
HaMMEHBIUM KOJIbIoM dyukimil f : R — R, BKIIIOYAONIM palnoHAJIbHBIE KOH-
CTAHTBI 1 C KazK/[BIM CBOHMM 9JIeMEHTOM f cozepramuM dynkmnmo < — z/ (*), Kpome
TOTO, MPEJCTABISETCS TPABIONOA00HON runore3a o BeiBoguMoctu B ISTg dhopmysist

(lgl = o0) v (3Br e Q)g~r)

JUIs BCeX ¢ € &, M3 KOTOPOii, B 9aCTHOCTH, CJIEJLYeT, ITO POCC-HyMEPAJIOM HEBO3-
MOKHO BBIPA3UTh HU OJIHO CTAH/IAPTHOE NPPAIMOHAIBHOE IHCIO (J1azkKe ¢ TOTHOCTHIO
110 GECKOHETHO MAJIOTO).
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