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IOPUIO I'PUTOPBEBUNYY PEIIETHAKY 85 JIET

26 centsbpg 2014 r. — 85-it nmenb poxkienus akajemuka Pemernsika. loaruit myTh mpoiijien,
MHOT'0€ CJIEJIaHO, €CTh YeM IOJETUTHCI U YTO OCTABUTH JPYTHM.

Pemerngak — mareMaTwk, 1mpejacTaBUTE/b JEHUHIPAJICKONU-TIETepOyPrcKOil MaTeMaTHYeCKOn
mkoJ1el, yaenuk A. JI. Anekcamgposa, co3maresb COOCTBEHHON OPUTHHAJIBHON MIKOJIBI T€OMET-
PUYECKOTO aHaIn3a, YIUTeIb MHOIUX TTOKOJICHUI BBITYCKHUKOB MexMaTa HI'Y.

Tepmun «reoMeTpuveckuii aHAIN3» MOABUJICA B HayKe HeJlaBHO. Tak craju HA3bIBATH MaTe-
MaTUYeCKYIO JUCIUIINHY Ha CTBhIKE T€OMETPUM, TEOPUU yPaBHEHNN B YACTHBIX ITPOM3BOJIHBIX,
Teopuu Mephbl, Teopun MYHKINI 1 DYHKIIMOHAJIHLHOIO aHAJIM3a. PeleTHsaK — OJInH U3 BCEMUPHO
[MPU3HAHHBIX JIJIEPOB TOT0O HalpasJenus. [Ijis ero TBopuecTBa XapaKTepHbI TUIyOMHA, JIAIIH-
JIAPHOCTH, HETPUBUAJILHOCTH U OPUTMHAJIBHOCTD 11071X010B. CTiih PereTHsika npoct u riy0OoK,
JIUITIEH [BETUCTOCTH U YKPAIIATEIbCTB, TOUEH B JIETAIAX U CBOOOJIEH i 1epcriekTuBbl. Mate-
MaTuvecKas TexHuka PelreTHsiKa pa3zHooOpa3Ha U BUPTYO3HA.

Pemerngaky npunajjie:kaT cTaBIife KJIACCHICCKUMU PE3Y/IbTaThl B TEOPUU ITPOCTPAHCTBEH-
HBIX OTOOpazKeHuil, B Teopuu (BYHKITNI BEIECTBEHHON MTEPEMEHHON, B BAPUAITMOHHOM UCUYUCTIE-
HUU, B T€OMETPUH BBITYKJIBIX TIOBepxHOCTEl. VM perrena smamennTas mpobsema M. A. JlaBpen-
TheBa 00 yCTONYNBOCTU B TeopeMe JImyBU/IS, TIOJIyIeHO YAMBUTEIHHOE OIMCaHNE N30TePMIIe-
CKUX KOOD/IMHAT Ha MHOT000Pa3MsiX OrpaHUYEHHON KPUBU3HBI, TOCTPOEHA TEOPUs HETTIQJIKIX
KpUBBIX. Bcero n He nepevyncniib.

MaremaTnkoB MHOTO — 9TO MaccoBas mpodeccus: Hamux jgaeit. Cpejin MATeMATUKOB MHOI'O
00pa30BaHHBIX U MPOMECCHOHAIBHBIX JIIO/EH, BHOCSAIINX MOCUJIBHYIO JIENITY B HayKy. KcTb u
MaJiag ppakiums JIoJIei, 00 IaloNNuX ClIeUaJIbHBIM MaTeMaTudecKuM jgapoM. Jlap mpossiig-
€TCs B CIIOCOOHOCTU MIHOBEHHO MOHATH CYTh ITPOOJIEMBI I MATUCTPAJIb €€ PEIeHus, TPEJIBUIETD
MPENATCTBUSA U CIIocoObI ux 1peojiosienus. K coxkasiennio, MaTeMaTUIeCcKuil jJap He BCerja co-
JeTaeTcs ¢ TPYJIOTIOONeM W YMeHUEM JIOBOJIWTHL JIeJI0 /10 KOHIA. PeleTHAK He TaKOB — €ro
TPYAOCIOCOOHOCTD U MPETAHHOCTD JIIOOMMOMY JIeTy MPaKTUIeCKN Oe3rPaHUIHHI.

MaremaTndeckuit Jlap mposBiseTcss paHo. MHorme mapoBUTbHIE JIIOAM KYHAIOTCS B BOJIHAX
IOHOIIIECKOT'O0 BOCTOpra OT IE€PBBIX IPOSBJIECHUN CBOEro TaJaHTa U ObICTPO ckucaioT. Marema-
THKa, KaK U J00as TOYHAs HayKa, CTapaeTcs M30aBUTbCS OT BCEIO CYObEKTHBHOIO B CBOEM
cojiepzkannu. VIMEHHO TTO3TOMY 3aHATUS MATEMATUKON JIaJIeKO He BCET/Ia CIIOCOOCTBYIOT TapMO-
HUYHOMY Pa3BUTHIO JUYHOCTU, YACTO POKIAIOT (haHabepruio M MTIO3UIO0 UCKJIIOYUTETHHOCTH.

Pemmernsik u3 peikoii miesiibl T€X, KTO JIUIIEH KAKUX ObI TO HU OBLIO0 WLT03uit. OTmdauTeb-
Hble ocoberHHOCTH PererHsika — mpeaHHOCTh UCTUHE, aDCOJIFOTHAA TOPAI0THOCTH BO BCEM, OT-
KPBITOCTb U YBa*KUTEJBHOCTD K JIIO/IAM, HQJIE2KHOCTh M ITPUHIAIINAJIBHOCTh — KadecTBa CTOJIb
JKe TIeHHble, KaK U peJikre. B HUX nprydmnHa ero TBOPYECKOTO JI0JINOJIETHS, COXPaHEeHUsl IOHOIIIe-
CKOIl CTpacTH K MaTeMaTuke. B HUX IpUYnHA SPKOCTH U IIPUBJIEKATETHHOCTH €0 JIMYHOCTH.

Ob1enue ¢ PermeTHgKOM Beerjia JOCTABISET YIOBOJILCTBHUE €r0 POJIHBIM, OJTU3KUM, YIeHIKAM
u Kojteram. B robuseitabie quu Bce onn xkesaior FOpuio I'puropbeButdy 3/10poBbsi, OJ1ar0I0TY-
Yhsl, TBOPUYECKUX YCIEXOB, HOBBIX BHYKOB U ITPABHYKOB.

C. C. Kymamenadse






FOpuii I'puropreBuu PemrerHak






MHO2KECTBO U3I'MBAEMBIX HEBBIPO2K/IEHHBIX
MHOT'OI'PAHHUKOB JTAHHOI'O KOMBVMHATOPHOI'O CTPOEHUMA
HE BCEI'TA ABJIAETCHA AJITEBPANYECKUM

BUKTOP AJIEKCEEBUY AJIEKCAH/IPOB

MpbI IpHUBOAUM ITpUMEpP 3aMKHYTOI'O HEM3IHOAEMOro HEBBIPOXKIEHHOIO MHOTOI'pDaHHUKa P B
TPEXMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE, KOTOPBIA HABJISETCA IMPEIEIOM IIOCIeI0BATEIbHOCTH
HEM30METPUIHBIX €My M3rHOaeMbIX HEBBIPOXKIEHHBIX MHOIMOTPAHHUKOB, NMEIOIINX OJUHAKOBOE
¢ P xombuHaTopHoe cTrpoerune. OTCio/1a Mbl BBIBOJIUM, 9TO MHOXKECTBO BCeX M3IMOAEMBIX HEBBI-
POXKIEHHBIX MHOTOI'DAHHUKOB, MMEIOIINX OJNHaKOBOe ¢ P KOMOMHATOpHOE CTPOEHHE, He sIBJIs-
eTcs aJaredpPamIecKM.

NHceTuTYT MATEMATUKYA M. C.JI. CosoniEBA CO PAH, np. Kontiora, 4, HoBocusuprck, 630090
E-mail address: alex@math.nsc.ru
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OB VIIVIOITAKOIIINXCA 6-MEPHBIX 9PMUTOBBIX
IIOAMHOI'OOBPA3UAX AJITEBPHI K9JIN

TFAJIMHA AHATOJIBEBHA BAHAPY, MUXANJI BOPUCOBUY FAHAPY

[Tycts O = R® — anre6pa Kssm. Kak ussecrno [1], B Heit onpesesensl Ba Heu30MOPMHBIX
3-BEKTOPHBIX ITPOU3BE/ICHUS:

P(X, Y, Z)=-X(YZ2)+ (X, YV Z+(Y,Z) X —(Z, X)Y;

P(X, Y, Z)=—(XY)Z+ (X, YV Z+ (Y, Z) X —(Z, X)Y.

Baecy X, Y, Z € O; (-, -) — cransiproe npoussenenne B O, X — X — omeparop conpsizkeHust
B O. IIpu sTom si0b0e JIpyroe 3-BeKTOPHOE TPOU3BEJICHNE B aredpe OKTaB M30MOPGHO OTHOMY
13 BBINIEyKA3aHHbBIX.

[Iycte MS C O — 6-MepHoe oprenTHpyeMoe ogMHoroobpasne aaredpsr Kamm. Torma Ha mem
WHJIYIIUPYETCs TIOYTH SPMUTOBA CTPYKTYpa {Jo, g = (-, -)}, onpejessieMasi B KazKJOil TOUKe
p € MS coorHOmeEnneM:

Jo(X) = Pu(X, €1, €2), a=1, 2

ryie {€;1, e} — NPOU3BOJILHBII OPTOHOPMEUPOBAHHBIN Gazuc HopMmabHOro K M® momnpocrpan-
crBa B Touke p, X € T,(MP®)[1]. [logmuorooGpasne M® HasbiBaeTcss SPMUTOBBIM, €CIIH WH/TY-
nupyeMasl Ha HeM [0YTH 3PMHUTOBA CTPYKTYpa MHTerpupyema, u KejaeposbiM, eciau VE = 0[2].
Hanomunm [1, 2, 3|, uro Touka p € M nasbiBaerca obmeit, ecm ey ¢ T, (M %), rae ey — equHuIA
asiredbpbl Koy, [loaMHaOroo6pasusi, cocrosimue TOAbKO U3 00X TOYEK, HA3BIBAIOTCA HOIMHO-
roobpaszusimu obuero tuma |1, 2|. Bee pacemarpusaemble gaiee nogamuoroobpasus M° C O
O/Ipa3yMeBAIOTCs OIMHOr006pasuaMu obmero Tuna. 6-meproe mommuorootpasue M6 C O
HA3BIBAETCsl YILIOMIAIOIIAMCSI, €CJIH OHO COJIEPXKUTCST B MUIEPIIOCKOCTH ajireOpbl OKTaB [3].

Hamomuum, 49TO  1OYTH  SPMHUTOBO  MHOroobpas3ue  yJIOBJIETBOPAET  akcuome  1-
KOCHUMIIJIEKTUIECKAX TUIEPIOBEPXHOCTEH, eC/In depe3 KayK/Iyl0 TOYKY TaKOro MHOTrooOpasms
MIPOXOIUT KOCUMILJIEKTHIECKasT THIIEPIIOBEPXHOCTD ¢ TUIOBBIM YHCJIOM 1.

C momoInpio aHajan3a CTPYKTYPHBIX ypaBHeHuit KapraHa mModTH KOHTAKTHONH METPHIECKOI
CTPYKTYPBI Ha THIIEPIIOBEPXHOCTH G-MEPHOTO YILIOIIAIOIIErOCs SPMUTOBA IIOAMHOI000pa3us aJl-
re6pel OKTaB [4, 5| mosydeH Takoii pe3yJsibrar.

Teopema. Ecn yioiarornieecss 6-MepHOe SpMUTOBO ITOJAMHOT0oOpasue ajareopol Kam yio-
BJIeTBOpsAET aKCHoMe l—KOCHMHJIeKTHLIeCKI/IX FHHepHOBerHOCTeﬁ, TO OHO BJIAECTCA KeJIePOBbIM
MHOI0OOpAa3HEM.

OTMGTI/IM, YTO JaHHad TeopeMa HMMeeT OTHOIIeHMHE K XapaKTepu3alluu FI/IHepHOBerHOCTeﬁ
IIOYTHU 3PMHUTOBBIX MHOI‘OO6pa31/II7'I B TepMHHaX THUIIOBOI'O YHUCJIa (XapaKTepI/IBaHI/II/I TaKa,ZL}KI/I—
Kypuxapsr [4, 5]).
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AKCNOMA CACAKWUEBBIX I‘I/IHEPHOBEPXUHOCTEIL/'I AJIA 6-MEPHDBIX
OPMUTOBbLIX ITIOAMHOI'OOBPA3SNN AJITEBPbBI K39JIN

MUXAJI BOPICOBIY BAHAPY

CymiectBoBaHmMe 3-BeKTOpPHBIX Npom3Beenuii ['pes-bpayna B anrebpe Kamu maer mnccremo-
BaTeJI0 BeCbMa MHTEPECHbIE, COJiep:KaTe/IbHbIe U PA3HOOOPA3HbIE ITPUMEPHI ITOYTH SPMUTOBBIX
cTpyKTyp. Kazkoe n3 rakux 3-BeKTOPHBIX ITPOU3BEJICHNN HHYIIUPYET MOYTH SPMUTOBY CTPYK-
TYpPY Ha 6-MEPHOM OPHUEHTHPYEMOM IOJMHOTO00pa3uu ajredpobl okTas. [logo0HBIE TTOYTH SP-
MUTOBBI CTPYKTYPbI U3yUYaIuCh cUCTeMaTHIecKu ¢ 60-X TOJ0B IPOIIIOTO BeKa M3BECTHEMITNM
aMepuKaHCKUM reoMeTpoM Auibdpeiom ['peem, a 3aTem 3amedaTebHBIM OT€YECTBEHHBIM CIIe-
nuaauctoM B. ®. Kupuuenko m muorumu jpyrumu. B. @. Kupudenko, Halpumep, MOJIYYAI
MOJTHYIO KJIACCU(PUKAIIIO 6-MEPHBIX JIOKAJTBHO CUMMETPUIECKIX SPMUTOBBIX THIIA Puvadn mos-
MHOr006pasuii anre6per Ko [1], mmeromux HemocpecTBEHHOE OTHOIIIEHHE K [TPEICTABIEHHOMY
3/1eCh PE3YJILTATY.

Hacrosimas paboTa siBIgeTcs 9acThio UCCAEI0BAHUN aBTOpa 0 6-MEPHBIX MOYTH SPMHUTOBBIX
OJIMHOTOO0Opa3usax aJyreopol Ko/, nadarbix B Hadaje 90-X rojiax IpOILJIOrO BeKa II0J Py-
koBoIcTBOM B. ®@. KupuueHKo U IPOIOJIZKAIONIMXCS [0 HACTOsAIIee BpeMs. B yacrHoctu, B [2]
COJIEPKUTCS TAKOM Pe3yIbTaT OTHOCUTEIBHO 6-MEePHBIX SPMUTOBBIX TOJIMHOI000Opa3nii aaredphb
OKTaB: JOKa3aHo, YTO ecjiu 6-MepHOoe 3pMUTOBO Hoamuoroobpasue MO anre6por Kamm ynosie-
TBOPSIET aKCHOME 1U-CACAKHEBBIX IUIIEPIIOBEPXHOCTEH (TO ecTh ecii depe3 BCaKyio Touky MO
IIPOXO/IUT BIOJIHE OMOH/IMYEcKas cacakueBa MIEPIIOBEPXHOCTD), To M® — kenepoBo MHOr00G-
pasue.

Ceitgac ycmoBue OBITH BIOJIHE OMOMIMIecKoi s runeproBepxaoctn Cacaku cHsito. 1esnb
paboThl — BBISICHUTD, KAKMMU CBOMCTBaMH 00J1ajiaeT 6-MepHOE SPMHUTOBO MTOAMHOT000Opa3ue aJ-
reOpbl OKTaB, YAOBJIECTBOPLIONIEE aKCUOME CaCaKMEeBbIX I'UIIepIoBepXHOCcTe. OCHOBHOM pe3yJib-
TaT COJEPIKUT

Teopema. Besikoe 6-MepHOE 3pMHTOBO HOJMHOT00Opasme ajarebpbl Kaim, y1oB/1eTBOpsItoIee
aKCHOMe CaCaKHeBBIX THIIEPIIOBEPXHOCTEHH, SIBISETCS JIOKAJIBHO CHMMETPHICCKHAM ITOAMHOI000-
pasueMm Tutia Puadn.

OTmeTuM, 4TO OCOOBI MHTEpec, pasyMeercd, IIPeJACTAB/IAeT JIHUIIL CIydail, COOTBETCTBYIO-
U OTJIMYHOMY OT KeJiepoBa G6-MEePHOMY JIOKAJIHHO CUMMETPUIECKOMY ITOJMHOTI000pa3UIo TUTIA
Puuun. B stom ciyuae, cortacho [1], M® C O jokanbo rosioMopdHO U30METPUYHO TTPOU3-
BeJIeHUIO KeJ1epoBbix MHoroobpasuit C? u C H!, “ckpyuennomy” o CH!. (3neck uepes C?
0003HaMEeHO JIByMepHOe KOMILIEKCHOE eBKJIHIOBO ITPOCTPaHCTBO, a depes C'H' — KomiurekcHoe
runepboIMIecKoe TIPOCTPAHCTBO).

Bamerum Takzke, uro B [2| mokazano (Teopema 5 Ha cTp.23), 9TO cacakueBa T'UIEPIIOBEPX-
HOCTBH HEKeJIepoBa (-MEpPHOro 3PMUTOBA JIOKAJILHO CUMMETPUIECKOrO IIOJAMHOr000pa3nus THIIA
Puaun e MozKeT OLITh BIIOJIHE OMOUIMYECKOil. B KeslepoBoM 2Ke cilydae, COrJIacHO MOCTPOCHUAM
/1. Baspa 3|, cacakueBa rumeprnoBepxXHOCTb OY/IET ¢ HEOOXOIUMOCTBIO BIIOJIHE OMOUIHYIECKON.

[TockobKy panee GbLIO JOKa3aHO [4], 9T0 G-MepHbIE JIOKATIbHO CHMMETPUIECKHE MOJMHO-
roobpasua M® C O Tuna Puuum apigioTcs yIIOMIAIONUIMICA, TO U3 JOKA3AHHOH TEOPeMEbI
BbITEKaEeT TaKOe

CaencrBue. Bcesikoe 6-MepHOE SpMHUTOBO MOJMHOro0bpasue ajareopoel Kajm, y1oB/1eTBOPSIIO-
mee akCHOMe CaCaKHeBBIX THIIEPIIOBEPXHOCTELH, sIBJISTETCST YILIOMIAIOIIMCST TIOMHOTO00PA3HEM.

OrmernM, 9TO cacakmeBa CTPYKTypa OIpeJIesseTcd Ha HeIeTHOMEPHOM MHoroobpasmum N

TOZKIECTBOM
13



14 MUXANWJI BOPICOBUY BAHAPY

V(@)Y = (X,Y) € —n(Y)X,X,Y € R(N).
Jlpyroit Ba;KHeHUIit BUJT TOYTH KOHTAKTHOM METPUYIECKO# CTPYKTYPbI — CTPYKTYypa Kenmorry
— olpeJiesidercd O4eHb IIOXOXKUM YCJIOBUEM:

Vx(®)Y = (BX,Y) ¢ —n(Y)PX, X,V € R(N).

B. ®. Kupuyenko obpaTu/i BHUMaHUE Ha TO, YTO HECMOTPS HA BHEITHEE CXOJICTBO TOXKJIECTB
OIPEJIENISIIONIAX 9T CTPYKTYPBI, CBOiicTBa MHOTOoOOpasuii KeHmolly B ompeieseHHOM CMBbICTIe
IIPOTUBOIIOJIOKHBI CBOHCTBAM cacakKhHeBbIX MHOrooOpasmii [5.

He ocmapuBast Hn B Koeil Mepe 9TO MOTHBHPOBAHHOC YTBEDIXKJEHUE, 3aMETHM TOJIBKO, UTO
M CXOJCTBO MEXKJy cBojicTBamMu muoroobpasmit Cacakn u Kenmomy toxke memasoe (cu. [2]
u [6-10]). Hanpumep, pesysnbraT u3 HOBOi cTarbu O rumeprnoBepxHoCcTAX Kenmory 6-MepHBIX
SPMUTOBBIX TIOJMHOT00Opa3uii ajaredpbl okras [10] sB/IsgeTCs MOJHBIM aHAJIONOM IIPUBEJIEHHO
BBIIIIE TEOPEMBI.

Teopema [10]. Besikoe 6-mepHOE 3pMHTOBO MOAMHOr00obpasne aarebpsr Kauim, ynoBiaeTBopsi-
Io1rjee aKCuome FHHepHOBerHOCTePUI KeHMOHy, ABJIACTCH JIOKAJIBHO CHUMMETPHYCCKHM IIO/JIMHO-
roobpaszmem Tuiia Puadmn.
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ABHAYA ®OPMVYJIA BbIYNCJIEHINA SHTPOIINN KOC
N3 TPEX HUTEN

OJIET HUKOJIAEBIY BPIOKOB

PaccmarpuBaercs Kiraccudeckasi Tpyiina Koc ApruHa u3 3 HUTEI:
Bs = < 01,02 ’ 010201 = 020102 >

u eé romomopduam (eM. [3|) B rpyiny KiaaccoB oTobparkeHuii (rOMeoTOI i) KOMIIAKTHOH OpH-
eHTUPOBAHHOI J1BYyMepHOil nmosepxuoctn M poma HyJIb ¢ 4 KOMIIOHEHTAME Kpasi:

¢ : By — Homeot(M).

[Tosepxnocts M dBiisieTcd THIIEPOOJINYECKON, & TOMEOTONNH JI000# TUIepOoJInIecKoil mo-
BEPXHOCTU B COOTBeTCTBUU ¢ Kiaccudukarnueii Hunbcena-Téperona (eMm. [1]) mensites na tpu
THIIA: TEePUOIUIECKIE, TICEBI0AHOCOBCKIE U TPUBOIMbIe. COOTBETCTBEHHO Pa3/INYalOT aHAJIO-
TUYHBbIE TUITHI KOC.

Twun Kocel U3 TPEX HUTEN MOYKHO OIPEEINTh, UCIOIb3Yys TaK Ha3bIBAEMOE IOMOJIOTTIECKOe
IIpe/icTaBJIeHUe IPYIIIbI KOC:

1 1 1 0
ﬂ):Bg—)SLg(Z), 01'—>(O 1), UQH(_l 1)

Teopema. (cwm. [1] u |2]) st neprogmaeckoii kocnbl B u3 Tpéx mureii ciaex marpuipbl ¥ (3) 1o
abCoOJIIOTHOI BeJIMYUHe MEHbIIe 2, JIIS HIPHBOJUMOIT KOCHI — paBeH 2, JJIsl IICEBJOAHOCOBCKOMH
KOChI — boJibIIe 2.

Onpegenenune. Inmponueti kKocwvl [ HA3BIBAETCA TOYHAsT HUXKHASA IPaHb TOIOJOTHYECKOM
SHTpONUU ToMeoMopdhu3MoB B Kiacce ¢([3).

DHTPONHMs KOCHI OLpeeisieT MUHUMAJBHDI XaoC B IIOBEICHUU TPACKTOPUil npu aeiicrBun
roMeoMopdhU3MOB, IPUHAIEKAIIIX Kaaccy ().

3BecTHO, 9TO SHTPONHS MEPUOIMIECKIX U MPUBOJANMBIX KOC U3 TPEX HAUTEH paBHa HYyJIO, a
SHTPOIIUS [ICEBJI0AHOCOBCKOI KOCHI 3 € B3 MOXKeT ObITh BHIUUC/IEHA Yepe3 ¢l MaTputibl (3):

h(ﬁ) _ log ‘trw(ﬁ)‘ + \/QtrZw(ﬁ) — 4

) . By k k k
Teopewma. /I1s1 npon3Bo/IbHON KOCBI U3 TPEX HUTEH § = o' 0y 0y? 0y ... 0104 € By nmeer

MECTO paBeHCTBO
trop(8) =2+ ) (—1)'PL,
=1

rie P! ecte MHOrOYIEH cTerreHn 21 OT 28 TepeMeHHBIX ky, My, ko, ma, .. ., ks, ms. MHOrOwI1exn P!
MpeJIcTaB/IsIeT cO0O0H CyMMY BCEBO3MOXKHBIX MOHOMOB, II0JTY9aeMbIX U3 MOHOMA k1mykoms . . . ksm
yTéM yJIajaeHus 25 — 21 HepeMeHHbIX, MPHIEM YIaJsTh TePEMEHHbIC Pa3PeIaeTcsl TOJIBKO Ia-

pamMu, paclioJIO2KeHHBIMHU PAJOM OTHOCHTE/IbHO ITHNKJIMYECKOI'O IIOPAIKA.

k k k k
IIpumep. s xocel = oyt oy o205 20 0y o oy € By mveeM s =4 u

try(B8) =2 — P} + P} — P} + P},

rue Pl = (/ﬁ + kg + kg + k4)(m1 + mo + M3 +m4),

P42 = k1m1 /{ngg + m1k2m2k3 + k2m2k3m3 + m2k3m3k4 + k3m3k4m4 + m3k4m4k1 + k4m4k1m1 +
m4k1m1k:2+k1m1kgmg+m1k2m3k4+k2m2k4m4+m2k3m4k1+k1m1k2m3+m1k2m2k4+k2m2k3m4+
m2k3m3k1 + k3m3k4m1 + m3k4m4k2 + k4m4k1m2 + m4k1m1k3,
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16 OJIEI' HUKOJIAEBIY BUPIOKOB

PE = klmlkgmgk‘gmg+m1k’2m2k3m3k‘4—|—k2m2k3m3k4m4+m2k3m3k4m4k1+k3m3k4m4k1m1+
makamakimiky + kamakimikamg + mykimykomaks,
Pf = k1m1k2m2k3m3k4m4.

CIIUCOK JIMTEPATYPHI

[1] 3. Kaccon, C. Baetnep, Teopus asmomoppusmos noseprrocmet no Huavceny u Tépemony, M.: PABUC,
(1998).

[2] J.E. Andersen, G. Masbaum, K. Ueno, “Topological Quantum Field Theory and The Nielsen-Thurston
Classification of M(0,4)”, Math. Proc. Camb. Phil. Soc., Vol. 141, No. 03, 477-488 (2006).

[3] D. Bernardete, Z. Nitecki, M. Gutierrez, “Braids and the Nielsen-Thurston classification”, J. Knot Theory
and its Ramifications, Vol. 4, 549-618 (1995).

MOCKOBCKMI T'OCYTAPCTBEHHBII OBJIACTHOH COIIMAJIBHO-TYMAHUTAPHBIN NHCTUTYT (MI'OCT'H),
wiI. BEJEHAA, 30, r. KostloMHA, 140410, Poccusa
E-mail address: oleg_biryukov@mail.ru



CBOVICTBA HEIIPEPBIBHBIX HG-JIE®OPMAIII IIOBEPXHOCTE
C KPAEM B EBKJINJIOBOM ITPOCTPAHCTBE

AHJIPEIT UBAHOBIY BOJIPEHKO

[Tycth E3 — TpexMepHoe eBK/IMI0BO0 IpocTpancTso, (y1, y2, y?) — 1eKapToBbI IIPAMOYTO/IbHbIE
koopauHaThl B £3. O6osnaunm uepes D obacTh Ha eBKIMIOBON 1ockocTu F2, uepes 0D —
rpanuity obstactu D.

[Iycts F — aByMepHas OfHOCBA3HAS OpHEHTHpyeMad HosepxHocTs B B3 ¢ xpaem OF. Ilycrn
nosepxHocts I B E? 3amana norpyxenuem f @ D — E3:

y’ = f7(z',2?), (2%,2*) €D, o=1,23.

Ha noBepxuocTn F' OPOZK/Ia€TCs PUMAHOBa METPHUKA, 3a/1aBaeMast dhopmyitoit ds? = g;;da'da?,
e

5 Oy* Oy’
Gij = Oap—m— =
! P oxi Oz’
dap— cumMBosl Kponekepa. 37ech U Jlajee cuuTaeM, 4TO MHJIEKCHI CYMMHUDPOBaHHUS «, 3,0, ...
poberaroT 3HadeHus oT 1 10 3, MHIAEKCHI i, J, ... IpoderaioT 3uadenus ot 1 j1o 2, u jeificTByeT

[IPABUJIO CYMMUPOBAaHUs DWHINTEHHA.
ITycTs b;; — KOMIIOHEHTBI TEH30pa BTOPO#l dyHIaMeHTaIbHOI hopMBI OoBepxHOCTU F', g =
det||gi;||, b = det||b;j||. ObozmauM 1epes

do(z) = /g dx' A da?
9JIEMEHT VIO /I IIoBepXHOCTH F.
[Tycrs (2!, 2%) — mekapToBbl NpsMOyTOJIbHBIE KoOpauHaThl B E?. Bes orpannienus obuiHo-
crtu GyneM cuuTaTh, 9ro D = D U D — Kpyr eJuHUYHOrO paauyca B K2 ¢ HeHTpoM B Hadaje

koopiuHaT. OTOXK/IECTBUM TOYKH IOI'PY2KEHUS TOBEPXHOCTH F' ¢ COOTBETCTBYIOMUME KOOD M-
HaTHBIMK Habopamu B F3,

ycrs F € O™, 9F € O™y e (0:1), m > 4.
Pacemorpum nedbopmarmio { Fi} moepxHocTu F', onpe/ie/ieHHYIO ypaBHEHUSIMU:
yl =y’ +2°(t), 2°(0)=0, te]|0;t, to>0.

[TycTs moBepxHoCTh F' HE MMeeT MEeHCTBUTEIBHBIX ACUMITOTHIECKAX HAIPABICHUI.
O6o3naunm 1epes ki u ko riaBHbIe KpUBU3HBI moBepxHocTn F'. Byaem cumrars, aro ki > 0,

ko > 0 ma F. Obo3naunm depe3s H = %(/ﬁ + k) cpejiHIO0 KpUBU3HY HosepxHocTu F B E3.
Beenem obosnauenue A(f) = f(t) — f(0).

Ounpepnenienne 1. Jlecpopmarust {F} HazbIBaeTcst HEIPEPBIBHOI jepopMaIineii, COXpaHso-
mieii cpeauroro KpuBusHy H (mmu, koporko, H — nechopmariueii), ecyiu BBIIOJIHSIFOTCST CJIEJIYIOIHE
yeqoust: A(H) = 0, u 2°(t) mHenpepbIBHBI 1O t.

Hedopmarust {F;} nopoxkiaer cieyiomuii Habop KpUBbIX B F3:

u® (1) = (Y™ + 2°(7)),
rae 2*°(0) =0, 7 € [0;¢], t € [0;0], to > 0.
Onpepnenenne 2. Jlepopmanus {F,} nazpiBaercs G—jedopmarueii, ecin KaxKjplii HOp-

MaJIbHBII BEKTOp MOBEepXHOCTH F' 1iepeHocuTcs napaJsiieJibHO BJ0JIb TPACKTOPHH JIebOPMAIAA
{F,} m1st Ka>kJ0if TOYKH [OBEPXHOCTH.

[Iycts Broas OF 3ajaH0 BEKTOpPHOE I10JIe, KacarelbHoe K F':
o _ 71, «
vt =1"yg,

riae CUMBOJIOM ; obo3Hadena KOBapHaHTHasd IIPOU3BOAHAaA B METPpHUKE ITOBEPXHOCTHU F.
17



18 AHJIPEV1 UBAHOBUY BOJIPEHKO
Paccmorpum kpaesoe yeiioBue:
ap2v? =F(s,t), s€ 0D,
rae byHKIuM v® U 7y IpHHaIexkar Kiaccy C™ 2V,
[Tomoxmm: B
)\k = 5aﬂyﬁgvﬁa k= ]-7 27
A
(A)? + (A2)?
A(S) = /\1(8) + i/\g(S), S € oD.

HyCTb N — NHAEKC JaHHOI'O KPaeBOI'0 YCJIOBUL:

A = k=12,

1
N = —Ayparg A(s).
2m

Teopema. Ilycts F € C™" v € (0;1),m > 4, OF € C™Y. [Iycrs v#,7 € C™2Y(OD) u
[IPU 9TOM, (PYHKIIHS 7§ HelpepbIBHO Jugdepenipyema 1o t. [lycrs B ToUke (x%o), :v%o)) obyractu
D Bemmosasiercst yeosue: 2°(t) = 0 Vi.

Tora cupaBe/IuBbl CJACAYIONIHE YTBEPXKICHHUSL.

1. Ecim N > 0, to cymecrBytor tyg > 0 u €(tg) > 0 Takme, 4ro jist Jir060H JOLYCTHMOMH
GhyHKIMEI 7, yI0BIETBOPSIONIEH VCIOBHIO H’;yHm,gyl, < e(ty), ams Beex t € [0,ty) cymecrByer
HG-nepopmarmst kracca C™ 2% (D), menpepbisHas 110 t, HenpepbisHO 3apucsmiasa ot (2N — 1)
[IPOHU3BOIbHBIX JICHCTBATEIBHBIX HENIPEPBIBHBIX (yHKIuIT ¢;(t), 1 =1,..., (2N — 1), yznosaerso-
pstomux yeaosusm ¢;(0) =0,i=1,..., (2N —1).

2. Eciu N < 0, to cymecrBytor to > 0 u e(ty) > 0 takme, aro jyist Jir0bOI JOMYCTHMOIT
GhyHKIHH 7, YAOBJIETBOPSIOINICH YCIOBHIO ||§||m_27y < e(tg), mist Beex t € [0, 1) cymecrByer He
6os1ee oxnoit HG- mepopmarun xnacca C™ 2% (D), nenpepbisHoil 110 t.

JlokazaresibcTBO TeOpeMBbI MIPOBOIUTCS € MOMOIIBIO METOJIOB, padpaboTaHHBIX B pabore [1]

(em.: [1, §9)).
CIIUCOK JINTEPATYPbBI

[1] A.U. Bompenko, “Henpepsisabie MG—aedopmariuu noBepxXHOCTE ¢ KpaeM B eBKJIMIOBOM IIPOCTPAHCTBE”,
Becmmnux Boazoepadckozo eocydapemeenozo ynusepcumema. Cepus 1: Mamemamura. Qusuka, No. 1 (18),
623 (2013).

BOJITOTrPAZICKUN TOCYJIAPCTBEHHBI YHUBEPCUTET, IMPOCIEKT YHUBEPCUTETCKUH, 100, BoJjro-
rrPAL, 400062, Poccuiickasa @EAEPALIUA
E-mail address: bodrenko@bodrenko . com



OBOBIIEHHBIE I'MITEPIIOBEPXHOCTU JAPBY B IIPOCTPAHCTBAX
IIOCTOAHHOUN KPVBN3HDBI

VNPMHA NBAHOBHA BOJAPEHKO

[Iycts M™™(¢) — (n+1)-meproe (n > 2) UPOCTPAHCTBO MOCTOSIHHOM KPUBU3HBL. PaccmoT-
pum B M"1(¢) runepnosepxuocts F™, 3aaHHy10 B OKPECTHOCTH KaxK10il cBoeil Touku x € F™
yPaBHEHUSMU

= oty v, (.. u")eD, a=1,n+1,
rie D — nexkoropast 06/1acTh MapaMerpuyeckoro npocrpanctsa (ul, ... u™), f¢ € C3(D).

[unepriosepxHocTh F™ B NpoCTpaHCTBe MOCTOAHHONM Kpubus3Hbl M™(¢) umeer n riaBHbIX
nanpasiaennii {Y;}7 B kaxoit Touke x € F". Obosnaunm [epes k; Kpusnsny F™ B riaBHOM
HarpasaeHun Y;, i = 1,1n.

Onpenenenune 1. DyHkiuio

npu n > 2 Ha30BeM rayccoBoii KpuBu3HOI runeprosepxnoctu F™ C M™T(¢).
Bameuanmne 1. Eciuc # 0 un = 2, ro pyaknus K = kiko Ha3pIBaeTCsT BHEITHEH KPUBH3HO
nosepxuoctu F? B M3(¢).

[ycrs I = gydu'du? m 1T = bjjdu’du’ cooTBeTCTBEHHO — TIepBas M BTOpas KBaPATHIHBIE
dbopmbl runepnosepxnoct F C M™L(¢).

Byjem cuuTarh, 4ro runeprosepxtocth F C M™(¢) ne uMeer acuMuToTHYeCKMX HallpaB-
Jlenuit cpeau riaBHbiX. Torma Ha F™ MOYXKHO OIPEIETNTh CUMMETPUUYECKHUI TPUZKJIBI KOBAPH-
AHTHBII TEH30P TPeTheil BajeHTHOCTH O () dopMyIIoiL:

bij Vi K +0;n Vi K + b, V; K
(n+2)K ’

rjae V; — onepaliusg KOBapuaHTHOIo JuddepenupoBains OTHOCUTEILHO TeH30pa ;.

@(n)wm = Vmbfu -

Z7j7m = ]‘7n7

Bamewanmue 2. [Jis runeprosepxaocreii F™ B eskmiosoM npocrpancrse B rerzop ©
upu n > 2 Beejen B [1].

Onpenenenne 2. Tensop O, npu n > 2 HazoeMm 0b6obImeHHbIM TenzopoM [lapOy rumep-
nosepxroctu F™ B nipoctpanctse nocrosuuoli kpusuzanl M™(¢).

O6oznaunM yepe3 D,y MHOKECTBO I'HIEpIOBepxHOCcTell F™ (n > 2) B IPOCTPAHCTBE I1OCTO-
siHHol kpusu3Hbl M "1 (€), Ha KOTOPBIX ONPEIEJICH U TOKICCTBEHHO PABEH HYJIO TEH30D O)(y):

@(n)ljm =0, i, 7,m=1,n.
Onpenenenne 3. ['unepnosepxrocts F™ uz muoxkectsa D,y pu n > 2 Ha30BeM 00001I[eH-
Holl rumnepriosepxHocThio /lapby B IpocTpaHcTBe HOCTOSAHHOMN Kpusuzabl M™(¢).

CrpaBe/IJIUBO CJIe/IyIOIIee yTBEePK IeHUE.

Teopema. IIycrs rumeprnosepxnocts F™ C M™(¢) me mmeer acuvmnrornieckux Hanpas-
JIeHuii cpeau riaBHbIX. F" npuHazieskntT MHOXKecTBYy D) TOrja M TOJIbKO Torja, Korga F™
SIBJISTETCST 00beIMHeHUEeM 3aMBbIKaHU CBOUX 00JIacTell, B KaXKJI0H U3 KOTOPBIX CYIIIECTBYET KO-
opauHaTHas cerh juHuii Kpusuzuel (ul, ... u™) Takas, uro rimapabie KpuBusHbl ki, ko, .. .,
k,, yZOBJIETBODSIFOT COOTHOIIICHUSIM

koks ... ky = ¢(1)(U1)k?+1=

kiks ... ky = ¢(2)(U2)k3+1=
19



20 NPVHA NBAHOBHA BOJPEHKO

ks R = Y (u") R
rge ) (u') # 0 — Hexoropere pynknun, i =1,n

3

Bameuanue 3. /[ rumepnosepxrocreit F™ B esxmiosoM npocrparcrse E"T mpmn > 2

TeopeMa jloKasaHa B [2].

@

W3 TeopeMbl 1TOTyYuM CJIe/IyIolee YTBEPK/IEHNE.

Caencrsue. Ilycrs runepnosepxuoctb F™ C M™(¢) ne umeer acumuroTudeckux Halpas-
jeanii cpean riasHex. Eemn F" npunajiesxut maoxectsy Diy,y, To F" apisgercs obbequnenn-
eM 3aMBbIKaHUi CBOUX 0bJ1acTell, B KaXKJ[0H W3 KOTOPBIX CYIIECTBYET KOODJUHATHAS CETH JIMHUI

kpusuzHbl (u', ... u™) Takas, 9TO BBIIOJIHEHO YDABHEHHE

|K(u,. .. ,u")| =

CIIUCOK JIUTEPATYPBI

[1] 1. U. Boapenko, O6obuwentivie noseprrnocmu Aapby 6 npocmparcmear nocmosnnol kpusudhst, Saarbriicken,
Germany: LAP LAMBERT Academic Publishing, (2013).

[2] N1.U. Boaperko, “O6061menne Teopembl Borre o nosepxuoctsx Hapby”, Mamemamuueckue 3amemxu, T. 95,
No. 6, 812-820 (2014).
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K YCTOMYNBOCTU B COBOJIEBCKUX HOPMAX
KJIACCOB KOH®OPMHBIX OTOBPAZKEHUU

BAJIEHTUHA AJIEKCAH/IPOBHA BYKPEEBA

B pab6orax [1,2| A.Il. KonbutoBbiM 6bliIa mccsenoBana yeroiauBocTh B C-HOpME KJlacca
K, cocrogmero m3 orobpazkennii obacreit mpocrpancTsa RY B mpocrpancrso R?, N > n >
2, KOH(POPMHBIX OTHOCHTEIHLHO IPYIIIBI 7 IIEPBBIX MEPEMEHHBIX U MOCTOSHHBIX 110 OCTAJIBHBIM
IepeMeHHbIM. B JI0KJ1a/1e paccMaTpuBaeTcsa BOIpoc 00 ycToirauBocTH Kiacca K B cODOIEBCKUX
HOpMaX.

ByneMm roBoputh, 4TO HempepbiBHOe oTobpazkerne f obmactn U C RY B mpocrpancrso R”
sIBJIsieTCst omobpasicenuem Kaacca K(e),e > 0, ecou:

(1) f € Wi 1oe(UR);

(2) a) s moutu Beex T uz obnactu Uy, = {7/ € RN™"|3t € R, (t,7') € U} € RV ™
otobpaskenue f (-, T) cOXpaHsAeT OPHEHTAIIO  UMeeT OrPAHMYeHHOe HCKasKeHHe 110 PerneTHsKy,
npuueM Ko3pMUIUEHT UCKAazKEHUs! YI0BJIETBOPSIET HEPABEHCTBY

K(f(,7)) <1+e,

Jloc

b) || f2(t; )| < ellfi(t;7)|| anst mouru Beex (¢;7) = (t1,. .., tn; T1, .-, TN-n) € U, e f(t;7) =
(Gt 7)s e g6 7), fots7) = (G (6T, g (857)).

Bamerum, aro K = KC(0).

Pacemorpiy senomoratrensbtit knace Jo(C) = {f € Wy, (UR")| [y, [f/(t,7)|[?dtdr <
rN=aC . (diam f(B(a,r)))? nas moboro B(a,r) C U}, ¢ >1,C > 0.

Teopema. Ilycts p € (0,1),¢g > N u C > 0. CymecrByror 4ucio p = pycq € (p,1) 1
dysKIT W(E) = W, 04(€), oupenerennas g 0 < € < gy 1 Takas, 9ro lim._,ow(e) = w(0) =0
u jist moboro orobpazkenust f : B(a,r) — R™ mapa B(a,r) C RY u3 kiacca K(g) N F,(C) ¢
rmekoropbiM 0 < € < gy Haiiercss orobpaxkernue g = B(a, pr) — R™ kmacca K takoe, aro jis
moboron < p < p, e P = Py C.qe > N, BHIIOJIHICTCS HEPABCHCTBO:

1S = 9101 By = 1 = 9lleeapm) + [Bla, or) || = g'ller(Bapmy < 109 ||LrBa0m)-

[Ipu nokazareabeTBE TEOPEMBI MBI UCIIOJIb3YEM PE3Y/IbTaThl 00 OTOOPaYKEHUAX C ONPDAHUYIEH-
HBIM yJIeJIbHBIM KoJiebarnem u3 monorpaduu FO. . Pemernska [3].

CIUCOK JIMTEPATYPHI

[1] A.TI. Komsunos, K yeroitamsoctn kmaccos kKoHbOpMEBIX oTobpazkennii [T // Cub. mam. scypn. 1997. T. 38,
Ne 2. C. 326—343.

[2] A.TI. Konbuios, K ycroiiansoctn Kiaccos KouGopMHbIX oTobpakenuii IIT // Cub. mam. srcypn. 1997. T. 38,
Ne 4. C. 825-842.

[3] TO.T. Pemernsk, Teopemv, yemotinusocmu 6 2eomempuu u anaauge. 2-e u3z., nepepad. Hosocubupcek: Uszn-

Bo Mn-ta marem. CO PAH, 1996.

HI'Y, via. IIuporosa, a. 2, r. HoBocusuprck, 630090, Poccud
E-mail address: bukreevavl@gmail . com

Pabora Beimosinena pu mojiep:kku Cosera 1o rpanTam [Ipesugenta PO s moaiepKK MOJIOIABIX POCCHii-
CKUX YYeHBIX ¥ Belylmux Hay4HbIx mkos (rpanr HITI-2263.2014.1).
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TEOPUSA OTOBPAXKEHUI C OTPAHUYEHHBIM NCKAYKEHUEM:
ITEPCIIEKTVIBBI PASBUTUAA

CEPI'EM KOHCTAHTUHOBIY BOAOIILAHOB

Otrobpazkenne f : 2 — R" knacca Cobosesa W,
DCEHUEM C 02DAHUMEHHBIM UCKAIICEHUEM, ECIII

|Df(z)|" < KJ(z, f) qs n. Be. x € €,

rje nocrosianasg K < oo me 3asucut ot x, J(x, f) = det D f(x).

NsBecTHo, 9T0 anajguTudecKue (yHKIUKA CyTh TaKOBbI Iipu K = 1; n = 2.

B 1966 roxy FO. I'. Pemrernsk jokaszaJj, 9To BCAKOE HEIIOCTOSHHOE OTOOparKeHUE ¢ OI'PAHM-
YEHHBIM MCKAYKEHUEM HEelPEPBIBHO OTKPBITO U JUCKpeTHO [1].

B mociremoBaBmnx 3a 9TUM OTKPBITHEM paboTax OBLIN YCTAHOBJIEHBI PA3/IMUIHbIE CBOCTBA
9TOr0 KJIAaCCa OTOOPaXKeHuil, N3JI07KEHHbIE B MHOTOYHUC/IEHHBIX MOHOTpaduax n crarbax. Kpome
TOTO, OBLIN MPENPUHSITHI HEOJIHOKPATHBIE IOIBITKH OOODIIEHNsT STOr0 KJIacCa OTOOParKeHMIA.
[ess MOKIaIa COCTOUT B TOM, YTOOBI ITOKA3aTh OJUH U3 BO3MOXKHBIX ITyTell TAKOro oboOIe-
nus. [Ipemiaraembrii Moaxo1 cBOOOJIEH OT 0OPEMEHUTE/THHBIX aHAJTUTUIECKUX TTPEJITOIOKEHNI,
HMPUCYIITUX TPEBLYIIIM paboTaM.

(Q), Q@ C R™ n > 2, HazsiBaeTcsa omobpa-

Joc

Onpepenenne. Ilycrs 6 : R" — [0, 00] — m3mepumas dysxims: 0 < § < oo 1. Bc. OTobpa-
xerue f:Q — R" Q C R n > 2, HazpiBaeTcss 0mobpascerue ¢ 02panutentvim 0-6ecocoum
(p, q)-uckaosrcenuem, n — 1 < q¢ < p < 00, ecn:

1) f € W, ..(Q) menpepsisrO OTKpPBITO 1 auckperHo, u J(x, f) > 0;

2) #-BecoBas byHKIWms (¢, p)-NCKAKEHUS

1
0% @)IDf (@) T ) >0
OS> — Kg(x’ f) = J(x,f)% ) ecJ (I, f) )

0 nHadge

npunajyiexxkut L, (), rue % = % — 1 (k=00 pu p = q).

OueBnjiHo, uTO B ciaydae = 1, ¢ = p = n MbI IOJIydaeM OTOOpasKeHNe ¢ OrPAHHYEHHBIM
nckaxkenneMm. Eciau jponosaurensno f — romeomopdusm, o f — KBaszukoHdopMHOE 0TOOpa-
JKEHNe.

Byner nokazano, 9T0 HOBBI KJIaCC OTOOPAYKEHUIT HACIIELYeT MHOIHE CBOMCTBA OTOOPAZKEHI
C OrpaHUYICHHBIM HCKAYKEHUEM:

1) 0bo6mennyto gemmy [Tomerkoro [2];

2) omenku [3] ayst eMKoCcTH 06pas3a KOJBIEBOI 00JIACTH, JOKA3aTEIHCTBO KOTOPBIX OCHOBBI-
Baercs Ha paborax [2,4];

3) Teopemy JImysuminsa [3);

4) yCTpaHUMOCTH MHOYKECTB
U JIP. Pe3YJIbTaThI.

SRl

CIIUCOK JIUTEPATYPbBI
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AJITEBPANYECKASI XAPAKTEPU3AILIA IIOJOBHO OJTHOPO/JIHBIX
HEO/JHOPO/IHBIX JIOKAJIbBHO KOMIIAKTHBIX IIPOCTPAHCTB
C BHYTPEHHEN METPUKOMIN

NBAH AHATOJIBEBUY I'VH/IBIPEB

O6o3naunM Yepe3 R MyJbTUIIHKATUBHYIO TPYIITY TOJOKUTEILHBIX BEIIECTBEHHBIX UNCE]T.
st mpousBosibHBIX Tomosiorudecknx rpynn G, Gy oboznaunm 1depe3 G £ Gy MOTyIpsiMoe
[IPOW3BeJIeHNE TPYIII, CHAOXKEHHOE TOTIO/IOTHEN Tpon3BeieHnst Ha mpocTtpaHcTBe G X Ga.

Onpepnenenne 1. Buekmust f: X — X merpuueckoro npocrparcrsa (X, p) Ha cebst Ha3bI-
Baercst a-rojobueM (a € Ry ), ecom jist Jiro6bIx TO9EK X,y € X BBIIOJHIETCS PABEHCTBO:

p(f(x), f(y)) = ap(z,y).

Bueknus f: X — X #aseiBaercs mnogobuem, eciau f — a-mogobue npu Hekoropom o € R, .

Onpepenenne 2. Merpuieckoe npoctpancTBo X Ha3bIBAETCST OHOPOJHBIM (MOJOOHO OHO-
POJIHBIM ), €cJii IpyIlia ero u3oMerpuii (11og06uii) jgeficTByer TpaH3uTUBHO Ha X .

Hauasio usyuenus mogo6HO OJHOPOIHBIX MPOCTPAHCTB ¢ BHYTPEHHEH METPHUKON MOJIOKEHO B
crarbe [1]. Cormacuo Teopeme 2.1 u3 [1], 10KaIbHO KOMIAKTHOE MOJ0OHO OJJHOPOJIHOE METPUYIE-
CKO€ MTPOCTPAHCTBO OJTHOPOJIHO TOIJA M TOJIBLKO TOrJa, Korja oHo nosHo. ChopmynunpoBantast
B [1] rumoresa o cTpoeHUH JIOKAJIBHO KOMIIAKTHBIX MOJ0OHO OJHOPOHBIX HEOJHOPOIHBIX PO~
CTPAHCTB C BHYTPEHHEl MEeTpPHKOli JI0Ka3aHa B cTaThe [2].

JI1st oty ueHusi HOBBIX Pe3yJIbTaTOB UCIOJIb3yeTcs BBejeHHOe B 1] KorndopMHOe n3MeHeHne
MeTpuKH (cM. ompejienienue 3) u Teopema 1.1 craren [3).

Oupepnesnienne 3. [lycrs (X, p) —npocTpaHCcTBO ¢ BHYTPEHHEH METPHUKOMH, 3a/aHa MOJIOXKH-
TeJIbHAST HEIIPpEphIBHAST BerecTBeHHast pyHkns A = A(x), x € X Ha srom npocrpanctse. st
KaKJ[oro MapaMeTpu30BaHHOIO ,JJH/IHOI71 gyru CHpHMﬂHGMOFO oyt £ =£(s),0 < s<a, B(X,p)
onpesesny HoByto ero sy [(E,\) == [ A 0 )) ds. Barem onpeeum HOBYIO (. BHyTpeHHIOIO)
MeTpHKY py Ha X, mojaras py(z, y) JIJIST 2, Y E X paBHbIM TOYHOI HIXKHEH rpanuiie amuH [(€; \)
110 BCEM CHPSIMJISIEMBIM B METPHKE p Iy TsIM &, COSHHSIIOIIAM TOYKH z,Yy. Bymem ropopurs npu
9TOM, 9TO METPHKAa p, HOJIydeHa KOH(OPMHBIM H3MEHEHHEM METPHKH p C KOI(PDUIHEHTOM
KOH(OPMHOCTH .

Teopema (1.1, [3|) Ilycrs G — xayciopgoBa JIOKaJIbHO KOMIAKTHASI CBSI3HAST TPYIIHA C [EeP-
BOIt akcnomori cuernoctn, H — komnakTHas noarpyima B rpymie G. Ecin ¢pakTop-npocTpancT-
Bo G/ H — JIOKaJIbHO CBSI3HO, TO OHO JIOITyCKAaeT METPUKY KpUBHU3HBI > k 1o A. /1. AjiekcaHapo-
BY, HHBAPHAHTHYIO OTHOCHTEIBLHO JeficTeus rpymibl G.

OCHOBHBIM Pe3yJILTATOM SIBJISIETCS

Teopewma 1. Ilycte X = G/H — s¢pperruBHOE JIOKATBHO KOMIAKTHOE (DaKTOP-IIPOCTPAHCT-
BO CBSI3HOH ITOJIHOMH TOIOJI0rudecKoi rpymmbl G ¢ KOMITAKTHO-OTKPBITOH TOMOJIOrHel OTHOCH-
TeJIbHO KAaHOHHIeCKOTo JieBoro geiicreust G Ha G/ H. IIpocrparcTBo X J[0IycKaeT BHY TPEHHIOO
MeTpHKy ¢ rpymmnoii mogobuii G (BKIFOYAIOIIEH U 2JIEMEHTHI, He SIBJISIOIIeCs H30METPUSIMH) OT-
HOCHTE/ILHO 3TOT'0O JICHCTBHUS TOIJ[a U TOJIHLKO TOIJIA, KOTJ[a BBIIOJHEHBI CJICIYIOIIHE YCJIOBUS:

(1) G —xaycinopoBa cBsi3HASI JIOKAJIBHO KOMIIAKTHASI TPYIINA C IEPBOH aKCHOMOI CYeTHO-
cri;
(2) H — komnakrras nogrpynmna B G;
(3) G/H — ytoKaJIbHO CBSI3HO;
(4) [Lnst mekoropoii moarpymmbl I B G cymectByer u30MOpgH3M TOMOJOTHIECKHX TDYIII
.G — (Ry, ) K.
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HeobxomumocTts. [IyakT 1 jg0Ka3biBaeTCs ¢ MOMOINBIO ITepexojia K T'PyIIe JIBUKEHUN KOH-

(bOPMHO 3KBUBAJIEHTHOI'O OJIHOPOJHOIO JIOKAJBHO KOMIIAKTHOTO MPOCTPAHCTBA ¢ BHYTPEHHENH
MEeTPHKOfi (Takoe MPOCTPAHCTBO CyllecTByer corjacuo teopeme 1.2 u3 [1]). Ilynkr 2 ciemyer
u3 Toro, uro rpynna G neiictByer cobcrBerno (cMm. ompegerenue B [5]). Ilyurr 3 oueBmHO
BBITIOJTHSIETCSL JJIsi IPOCTPAHCTB ¢ BHyTpeHHeil MeTpukoii. [IynkT 4 nokasan B [2].

ILHH JOKa3aTeJIbCTBa JOCTATOYHOCTHU 9TUX yCHOBI/Iﬁ HCIIOJIB3YIOTCA KJIaCCUICCKUE PE3YJ/IbTaThl

B TEOPUHU TONOJIOTHYECKHUX IpyI, TeopeMa 1.1 u3 [3] u KondopMHOE M3MeHeHe MEeTPUKH.

(1
2]
3]
4]
5]
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CO3JAHUE YCJIOBUN /1Jisd OBPASOBAHIY BPEMEHHBIX ITIETEJIb
B 5-MEPHOM JIOPEHIIEBOM MHOI'OOBPA3UUN

AJTEKCAH/IP KOHCTAHTMHOBUY I'VI]

Teopusi abCOTIOTHOTO TPOCTPAHCTBA-BPEMEHU IIPEJICTABIISIET MHOI00OOPa3ne BCEBOMOYKHBIX
COOBITHIT MIPOIILJIOTO, HACTOLAIIETO U OYIYIIEero B (hopMe n-MEPHOTO TICEBIOPUMAHOBA TTPOCTPAH-
crBa M"™ nopennesoii curaarypsl (+ — ...—). B kinaccuueckoit Bepcun MUHKOBCKOrO pasmep-
HOCTH IICeBOpUMaHoBa npocrpancrBa n = 4. Haunnaga ¢ pador Kamyner n Kieitna, pazmep-
HOCTH IIPOCTPAHCTBa-BPEMEHU OepeTcst OTJIMIHON OT 4.

[Ipunnun abcoTIOTHOrO XapakTepa MPOCTPAHCTBA-BPEMEHN O3HAYAET, UTO COOBITHS TPOIILIO-
ro, HACTOAIIErO U OyyIiero (¢ TOYKHM 3peHUsl 3eMHOrO HabJrrojiaTe isl) PacCMaTpPUBAOTC Kak
paBHOIIpaBHBbIE. B TakoM cjiydae BpeMeHHbBIE [T/, T. €. 3aMKHY ThI€ TJIaIKIe BPEMEeHUIIOI00HbIe
KPUBBIE ABJISTIOTCS ITyTEM MePexo/ia OT HACTOAIIETO K mporuiomy. JIpyrumu ciioBaMu, Kak mep-
BbIM 06 3T0oM Hanucan Kypr ['éaenb [1|, BpemeHHbIe TIETIIN — 9TO TeOMETPHYECKAsT KOHCTPYKIIUS
MallTUHbI BPEMEHH.

O/ inako BpeMeHHbIe MET/IN CYIIEeCTBYIOT He BO BCIKOM 4-MePHOM JIOPEHIIEBOM MHOI0OOpa3ui.
WNuadve rosops, eciin B KadecTBe T'e€OMETPUYECKON MOJIE/IN OKPYZKAIONIell HAC IBOJIIOIMOHUDPY-
foreit Beestennoit ucriosib3yercss KOHKpeTHOE 4-MepHOe JIOPEHIIEBO MHOTrooOpasue, TO JIUIIh B
PEeJIKUX CJIydasX OHO allPUOPU COJIEPYKUT BPEMEHHBIEC TIET/IN, & €CJIU U COJIEPKUT, KaK ObLIO B
caydae Kocmostormaeckoit Mojien Kypra ['énerst [1], To oHn Maso 910 JaroT st pean3aliumn
(KoMGOPTHBIX) My TENIECTBHUIT B IPOIILIOE.

[Tepexon K 5-MepHOMY IIPOCTPAHCTBY-BpeMeHn M° MO3BOJIAeT HAHTH yIOBICTBOPHTEILHOE
perienne mpobJIeMbl KCKYCCTBEHHOIO 06pa30BaHusi BpeMeHHbIX ereib. B MoHorpadun 2] omnn-
CBIBAETCS MPOEKT MAIUHBI BPEMEHU, B KOTOPOM IIE€PEXO/] B IIPOIILIOE OCYIIECTBIAETCS 38 CUeT
cO3/IaHUA 4-MepHOii KPOTOBOM HOPHI, T. €. IpuKJensanus 3-pyukn Hi = D3 x D!, penymeit u3
HACTOSINEr0 B IPOIILJIOE B €JIMHOM IIOTOKe 5-MepHOro Bpemenu. [Ipyrumu cjaoBamu, 4-mepHoe
npocrpancTso-spems (M?, g™)) pacemarpusaercs kax cioii (6pana) B 5-MEPHOM 3aMKHYTOM JIO-
perresoM muoroobpasmn (M°, ), g® = ¢g®)|, 4, co cnoennem, pacronoxennoit 8 M° Tax, aTo
MOYKHO COeJIMHHUTEL coObITHe a € M*, mpuHaexkaiee HACTOAIIEMY, ¢ COOLITHE b, JIesKaIluM B
IPOIIJIOM, C TIOMOIIBIO HAIIPABJICHHON B Oy/IyIee BPeMEHUIOM00HON (OTHOCUTEIHLHO H-METPUKH
¢®)) rnaaxoit KpuBoil, MexKaluit BHYTpH IpuKIeenoi k M* 3-pyuku H.

C TOYKH 3peHns TeOMEeTpPHH TaKas CHTyaIlus BO3MOKHA, ecim M* peasmsyerca B M° Kak
TaK Ha3bIBaeMbIil npyorcunnwviti caoti tnagkoro caoenus F = {F,}, koropoe pasbusaer M® na
MHOKECTBO CJI0eB Fl,, T. €. CBABHBIX IOJIMHOYKECTB

M°=|JF., F.nFz=0(a#B),

OJIHUM U3 KOTOPBIX SBJIseTCs HAIlle IPoCcTpaHcTBo-BpeMs M?, 061a1al0Mmux c/1e Iy oM CBOfi-
CTBOM: JIJISI TPOU3BOJIBHON TOYKM = MHOTOOOpaszus M"™ HaiijeTcs JoKajabHad KapTa ¢ : U —
(xl, .,x™), x € U, upunajyiexainasi BLIODAHHON TJIaJIKOH CTPYKType MHOroobpasus M™ u
Takas, ITO CBA3HBbIE KOMIIOHEHTHI nepecevenuii U N F, ¢ obnactwio onpejesnenus U 31oit Jio-
KaJIbHOI KapThl 3a1a10Tcs ypaBHenuamu suja wP = const, ..., 2™ = const.

[Ipy:kunnbiit ciioit ciioenust F — 910 ¢iioit, KOTOpbINt OECKOHETHO HAMATHIBACTCS caM Ha ceDds.

B [2] amammsmpoBascs ciydail, Korja IIPOCTPAHCTBO-BPEMsT HE OKA3BIBAIOCH HPYKHHHBIM
cJI0eM, W ciIydail, KorJa NPy KUHHBIE CJIOM B CJIOEHHHM BOOOINE OTCYTCTBYIOT. BBIIO IOKa3aHo,
YTO MOXKHO JIOOUTBCS TOSABJICHUS TIPYKUHHBIX CJIOEB 3& CUET PA3HOI'O POJia HEMHTEIPUPYEMbIX
necdopmaruii cioennst F B HoBoe citoerne F/ | 1 Ob1in o1ieHeHbI HEOOXOIUMBIE /Tl STOTO 3aTPAThI

SHEPIUU.
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AJIEKCAHIP KOHCTAHTMHOBUY I'VL] 27

st Toro 1ToObl 00pa30BaJINCh TPYKUHHBIE CJION HEOOXOIUMO, HAIIPUMED, J1e(POPMUPOBATD
CJIOEHUE TaK, YTOOBI OHO TPEBPATUIOCH B pacuiupstoweecs (expansive) cjioeHue, B KOTOPOM
KazKJIplil cj10ii yberaer mpodb OT OJMKaMIIero K HeMy JAPYroro cjos. fIcHO, 9To JJjisi 9TOro
HY2KHO BKJIIOYUTH UCTOYHUK SHEPI'HUH, CHOCO6CTBYIOH_H/II71 OTTAaJIKUBAHUIO OJHOI'O CJIOd, T. €. O/-
HO¥i OPAHBI OT OT JIPYTOrO CJIOs, T. €. IpyToii 6panbl. (OTTaTKuBaHue 3aTPArHBAET U TPACKTOPUH
B CJ1051X ). EcrecTBEHHBIM HEOOXOJMMBIM UCTOYHUKOM SHEPIUY Jjisl JAHHOM jiedpopManuu siBJis-
eTcsd TeMHas 3Heprusi B Oajke. OTMeTwM, UTO COBpeMeHHOe pasderaHme TaJlakKTUK B Halei
Bceenennoit o0bsacHsIeTCs JIeificTBUEM TEMHON SHEPIuu.

Yoeranue cjos [, IpoxoJdiero 4epe3 TOUKy T, OT cjiogd [}, IpoXoJdAIero uepes3 TOUKy ¥,
u3MepsieTcs caeyonmmM oopasom [3]. Bosbmem R > 0 u paccMOTpuM 1y Th 7, B F, ¢ HadaaoMm
x 1 ¢ AymHO# He Oojibineil, YeM R, U CHPOEKTHPYeM €ro JIOKaJIbHO Ha [, HaUuHad C TOYKH &.
IIycts proc(7,) pesyiabrupytomuii myTs B Fy,. IIpogeraenm 310 ke ¢ aHAJOIUIHBIM IIyTeM 7, B Fy
¢ HAaYAJIOM ¥y U crpoenupyeM ero na F,. [Iycrn

di = sup supd(V:(t), procVz(t)), d2= sup supd(vy,(t), procyy(t)),
Yz, W(yz)<R t Yy, lw)<R t

dr(z,y) = max(dy, da).
Crnoenne F pumanosa muoroobpasus (M®, h(®)) nasbisaercs pacuupaoujumcs, eciim CymecTsy-
er ¢ > 0 Takoe, 4TO I KaxKJOi Iapbl To4eK ¥ u y B M, 10cTaToOuHO OIM3KUX, YTOOLI
JIOIYCKAJIACh BBINEOINCAHHAsT KOHCTPYKIus, Haijgercs R > 0, s koroporo dg(z,y) > e.
(Hezasucumoe ot merpuku h'®) onpemesenne pacmmpsiomerocs cioenus nano B [4]).

Inaba u Tsuchiya [4] nokazasu, aro pacimpsitorieecs: cjIoeHre KOPa3sMepHOCTH 1 3aMKHYTOrO
MHOTO0Opa3us 00J1agaeT IPYKUHHBIM cjioeM. MoXKHO Takyke M0Ka3aTh, 9TO B TAKUX CJIOCHUSX
IpPY>KUHHBIE CJION IIOTHHI |3, p. 64|, 1, cireoBaTebHO, B TAKO# reOMeTPIYIeCKOi H-MepHoii Bee-
JIEHHOM YCJTOBUI JIJIsT CO3/IAHUST BPEMEHHBIX TeTe/Th IPEIOCTATOYHO U, CJIeI0BaTE/IbHO, MAITHHA
BpPEMEHH PaCIpOCTPaHeHHOe KOCMUYecKoe siBieHue (2, c. 156].

Ec/in J0I0IHITEILHO YIeCTh, 9T0 KBanToBbie (baykTyamuu 5-merpuku ¢ u ronosorun (06-
pasoBaHue 4-pydek) B H-MEPHOM MIPOCTPAHCTBE-BPEMEHN

*
Ag® L
LV Ly
rne L* ~ 10733 cam — nocrogrnas [Lnanka, a L* X Ly — XapaKTepHBIi pasMep H-MepHOi 061acTH,
T — KOHCTaHTa ¢ Pa3MepPHOCTBIO [cwm|, CBA3aHHASI ¢ 5-M M3MEpEeHHeM, MOIYT UMEeTh MaKPOCKO-
nuveckuii xapakrep [5|, To BepoATHOCTH OOHAPYZKUBATH CIIOHTAHHBIE IPUPOJIHBIE BPEMEHHbIE
HeT/IN KpaiiHe BBICOKA.

Hakomner, ormernm, 910 HEOOXOIUMbIE PACUYETHI T€OMETPUH CJI0EB MOXKHO JI€JIaTh, HPUBJIE-
Kasi PE3YJIBTATHI 110 [ICEBIOPUMAHOBOI T€OMETPUN CJIOCHUIT TICEBIOPUMAHOBBIX MHOT000Pa3ui,
U3JI0’KeHHbIe B [6].
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O CYHIECTBOBAHNN HEKOTOPHIX KJ/JIACCOB IIOYTH 9PMHWNTOBBIX
CTPYKTVYP HA CTPOI'O IIPUBJ/IN2KEHHO KEJIEPOBOM
6-MHOI'OOBPA3NN

HATAJINA AJIEKCAHIPOBHA JTAYPIIEBA

[Iycrs (M, g, 1) — crporo npubsuxkento kejaeposo (SNK) 6-mHOroo6pasue, n w keaeposa 2-
dopma w(X,Y) = g(IX,Y). Paccmorpum nipoctpanctBo A Beex MOYTH KOMILIEKCHBIX CTPYK-
Typ J HOJIOKATEIHHO ACCOMUUPOBAHHBIX ¢ POPMOIL W, TO €CTh yIOBJICTBOPSIONIUX YCIOBUSIM:

w(JX,JY) =w(X,Y), w(X,JX) >0, ecim X # 0.

Kazk 1ot nourn KomiuiekcHoii crpykrype J € A} coorsercrByer merpuka g;(X,Y) = w(X, JY).
B pabore msyuaercsa Boupoc o copmectumoctu SNK crpykrypst (g, ) na 6-mroroobpasun ¢
IIOYTH SPMUTOBLIME CTpyKTypamu (g;,J), J € A, oupeiensomumu Ipyrue KIacchl MOYTH
SPMHUTOBBIX MHOr00Opasuii no kiraccudukanuu ['past-Xepsesutst [1]

Hamomumm, aro SNK cTrpykTypa B 910 Kiaccudukarmn coorBeTcTByet Kiaaccy W;. Hanbo-
Jlee MMUPOKNI KJIacc, MPUHAJIEXKHOCTh KOTOPOMY MCKJII0YaeT MPUHAIeXKHOCTh YV 3T0, ode-
BUJIHO, Go = Wh @& W3 @& W,. CrpyKrypbl 3TOr0 Kjacca usydajiuch B padorax [2, 3|. Hecos-
MecTUMOCTb W ¢ Gy pacipocTpansercs U Ha JpyTHe HOYTH SPMUTOBBI CTPYKTYPbI, 8 MMEHHO,
JIOKa3aHa

Teopema. Ha crporo npub.imkeHHO KesiepoBoM 6-mHOroobpasun (M, g, I, w) Besikast modrn
spmuToBa crpykrypa (gy,J), rae J € Al ne moxer 6b1Tb Go-cTPYKTYPOIi.

CINCOK JIMTEPATYPHI

[1] A. Gray, L. M. Hervella , “The sixteen classes of almost Hermitian manifolds and their linear invariants”,
Ann.Mat. Pura Appl., Vol. 123, 35-58 (1980).

[2] L.M. Hervella, E. Vidal “Nouvelles géométries pseudo-kéhlériennes Gy et Go”, C.R. Acad. Sci. Paris,
Vol. 283, 115-118 (1976).

[3] L. M. Hervella, E. Vidal “New classes of almost Hermitian manifolds”, Tensor, Vol. 33, No. 3, 293-299 (1979).

KEMEPOBCKUIT TOCYIAPCTBEHHBINT YHUBEPCUTET, KPACHAA, 6, KEMEPOBO, 650043, Poccuda
E-mail address: natali0112@ngs.ru

Pabora nmognepxkana POOU, rpant 12-01-00873-a, a takke rpanroMm [Ipesumenta PO mo nmommeprkke nayd-
ubIx mkodl, mpoekt HITI-4382.2014.1.
28



IT'EOMETPUYECKUE CBONCTBA AJITEBPANYECKU
NMHTEI'PUPYEMbBIX KBAHTOBBIX BIIOJIHE NMHTEI'PUPYEMBIX
CUCTEM

AJTEKCAH/IP BOPMCOBNY 2KEI'JIOB

Pacemorpum k-anrebpy (e k — mose xapakrepuctuku 0) auddepeHnnaibHbIX OnepaTopoB

OT M TIEPEMEHHBIX
D,, = k[[z1,...,2,]][01,- .., 0]

Kak ommcars (kiaccuduimpoBars) Bce KOMMyTaTUBHbIE k-TIo1a1re6pet 8 D,,7

DTO O4YeHb TPYyIHAs 3ajatda, U B O0IIEeM BUJE OHA He perieHa 70 cux nop. Hambosee moii-
HBIIl OTBET €CTh Jyid n = 1, ¥ B 9TOM Cjydae OH CBdA3aH C OOIMMPHON Teopueil TOYHO pe-
IMAaeMbIX HEJMHEHHBIX ypaBHeHuil. B ciaydae n = 2 MOXKHO KjaaccuUIUPOBATh 0IAIreOpPhI
B IIOIOJIHEHHOI aJirebpe auddepeHnnaJ bHbIX OIIepaTOpoB B TEPMHUHAX MOANMUIIMPOBAHHBIX
reoMeTpuIecKnX JlaHHbIxX [laprimba wim B TepMuHaX MOJIPOCTPAHCTB CIEIUAIHLHOIO BHIA B
JIBYMEPHOM JIOKAJILHOM T10J1e. BO3HUKAET BOIPOC: KaKhe reoMeTPUUYECKUe JaHHbIE OIMCHIBAIOT
KOMMYTaTHUBHBIE T10JareOpbl B Dy? MOXKHO JI TIOCTPOUTD sIBHBIE TIPUMEDPHI TAKUX OIAJITre0D
XOTsl OBl B CJly9ae paHra OjiH (Takue MoJaJredpbl siBIAIOTCs aaredbpanieckn HHTEerPUPYEeMbIMI
KBAHTOBBIMU BIIOJIHE MHTEIPUPYEMBIMU CUCTEMaMU I10 OIIPEJIE/IEHUIO, BBeIeHHOMY BpaBepma-
HoM, Drunrrodom u laiircropu)? Kakue reomerpudeckie TaHHbIE ONUCHIBAIOT y’Ke M3BECTHbBIE
IpUMepPHI?

B mamem jiokJiajie Mbl paccKakeM O IOCJEIHUX JJOCTUKCHUSX B PEIICHUU STUX 3aJa9 B
ciaydae n = 2.

Jloka1 ocHOBaH Ha pe3ysbTaTax coBMecTHBIX paboT ¢ X. Kypke u . Bypbanowm.

MI'Y uMm. M. B. JIOMOHOCOBA
E-mail address: azheglov@math.msu.su
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TABYJ/INMPOBAHUE 3AY3JIEHHBIX AYI CJIO2KHOCTHN HE BOJIEE 4
B YTOJIINEHHOM ITPOKOJIOTOM TOPE

NJIBbUHA dHA KOHCTAHTHNHOBHA

Onpenenenue 1. Ilod ymoaswenrvim nporxosomovim mopom Ty X I nonumaemcs npamoe
npoussederue npoxosomozo mopa Ty, mo ecmov mopa ¢ YoareHHLIM OMEPLIMBIM OUCKOM, U
ompe3sxa 1.

Onpenenenune 2. 3ayssennot dyzot 6 Ty X I naswieaemea npocmas Kpusas ¢ 06YMsa Ko-
HEYHBMU MOYKAMU a,b, Pukcuposannvimu 1a ymosuserrom kpae 0Ty X I npoxosomozo mopa.

Omnpenenenune 3. bydem zosopumv, wmo dee 3ayaaennvie dyeu Ly, Ly sxeusarenmmul, ecau
cywecmeyem 2omeomoppusm h = (Ty x I, Ly) — (Ty x I, Ly), maxoii wmo KoHneunvie MoKy
0CMAMeA HenodsudcHvMu, a dyza L1 nepexodum 6 dyey Lo.

Byniem paccmaTpuBaTh MpOKOJIOTHI TOp T KAK KBaJpaT € yIaJeHHBIM OTKPBITBIM JINCKOM 1
HOIIAPHO OTOKJIECTBJIEHHBIMU [TPOTHBOIIOJIOZKHBIMU CTOPOHAMU.

Onpenenenue 4. [Ipoexyueti 3ayssennoti dyeu nasvieaemcs 2pad 6 Ty ¢ Heckosvkumu ep-
WUHAMY BANEHMHOCTIU 4 U 08YMA BEPUWUHAMY 8aseHMHOCU 1, makot wmo npoxod ecex sep-
WUH BAAEHMHOCTU 4 N0 npasusy npamo-eneped” onpedessem 06xod no ecem pebpam epaga
om 00HoT sepuurvl sanernmuocmu 1 do dpyezof.

Onpenenenne 5. /[uazpamma 36y34eHH0T YU NOAYUGEMCA U3 NPOEKUUU YKAZAGHUEM PG3-
PHLBOE 8 NEPEKPECTKAL, MO eCMb GEPUWUHAT BANEHMHOCTNU 4.

Onpenenenne 6. Juazpamma 3a3ysernots dyeu 6 Ty X I nazvieaemes MuHUMAALHOT, €CAU
ee CAOACHOCTND (MUCAO NEPEKPECTIKOS) HE NPEBOCTOOUM, CAONHCHOCTIAU A1060T JUa2PaAMMDYL 41000
3ay3.aennol dyau, sKeusasenmnot darnot. IIpoexyus MUHUMANOHG, ecal el COOMBEMCMBYEM,
xoms 6. 00HA MUHUMANLHAA OUA2PAMMA.

TabynupoBanue 3ay3/IeHHBIX YT B YTOJIIEHHOM IIPOKOJIOTOM Tope T X I OCyIIecTBIIsiIOCH
B 3 mara:

(1) Crpounnmch Bce abcTpakTHBIE Tpadbl 6e3 meTesb ¢ He Gostee eM 4 BepIinHaMU BAJEHT-
HOCTH 4 M JIByM¢ BEPITUHAMHI BaJIEHTHOCTH 1;

(2) Ilo manubIM abeTPakTHBIM TpadaM CTPOUINCH TPOEKITUH YT B MPOKOJIOTOM Tope Tp;

(3) Tlo mpoekIusiM BOCCTAaHABJIUBAJIUCH JUAIPAMMBI 3ay3JIeHHbIX J1yT B Ty X 1.

B Tabnuiy 3ayszsienabix jgayr B Ty X [ He BKIIOYATUCH CJIETYIONINE TUATPAMMBI:

(1) JlokasbHBIE qEarpaMMBbl (JHArPAMMBI, JIEZKAIINE BHYTPU ITPOKOJIOTOTO JINCKA);
(2) KoubrieBble quarpaMMbl (JimarpaMMbl, JeKAIe BHYTPU MTPOKOJIOTOTO KOJIBIIA);
(3) Crsi3HbBIE CYyMMBI JIOKAJIBHBIX ¥ KOJIBIIEBBIX JUATPAMM.

Jlemma 1. Cywecmsyem 8 abcmpaxmuvix 2pagos 6e3 nemesdv ¢ e boree wem 4 6epuuHamy
BANEHMHOCTIU 4 U 0BYMA GEPUUHAMU BAACHMHOCTY 1.

Jlemma 2. Cywecmeyem 15 MUHUMAADHOIT NPOEKUULT 3AY3AEHHBIT 0Y2 CAOHCHOCU He boaee
4 6 npoxosomom mope 1y

Teopema. Cywecmeyem 67 zaysienunr dye caoscrocmu He 60aee 4 8 YMOMUEHHOM NPO-
rxoaromom mope Ty X I.

Onpenenenune 7. [lycmo L C Ty x I — duaepamma 3ayszaennoti dyeu 6 Ty x 1. Kax u
6 [1], paspewenue kascdozo ee cocmosnus s 3adaem 6 Ty nabop kpuswr 6e3 nepecevernudl U

camonepecevernuti. Tozda 0bobuiennovili nosurom Kaypdmana umeem 6uo:
X(L) — <_a)_3w(K) Zs aa(s)_ﬁ(s)(_aj_Z — a2)7(5)d6(3)el’(5)f)‘(s)g:u(s)’

Pabora mnomnep:kana Jsaboparopueit kBauToBoil Tomosiormn Jenl'Y  (rpanr upasuresncrBa PP
Ne14.750.31.0020).
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2de wucaa y, 0, [, V U A MOKA3bIBAIOM, CKOALKO KPUBBHIT PA3AULHLT TUNOE NOAYUGEMCH NPU
PA3PEWEHUU QUADAMMDL.

CaoiicTBa 0b00IIeHHOTO TToJIMHOMa Kayddmana u 1oka3aTebcTBa ero HHBApUaHTHOCTH OT-
HOCHUTEJIbHO JIBUKeHuil Paitiemaiicrepa jijist yr B 1( X I MIOJITHOCTBIO COBIIAJIAIOT C KJIACCUIECKUM
cJlydaeM, OIMCAHHBIM B cTaThe [1].

Onpegenenune 8. [ayccosoti duazpammoti 3ay3iennotl y2u HaA3BIEBACMCA OPUEHTUPOSAHHAA
OKPYHCHOCTNG € YOANCHHDIM YUACTKOM, HA KOMOPOT OMMEYEHDL 00Pa3bl 6CET NEPEKPECMKOS
duazpammol. Kaorcdas napa movex, 0meeuarou,as 00HOMY U MOMY HCe NEPEKPECMKY, cOeOUHEH
CcmpPeaxoti, OpUEHMUPOSAHHOT OM GEPTHE20 NPOTOIG NO MEPEKPECNEKY K HUNCHEMY NPOTodY.
Kaotcdas cmpenxa craboicena 3HaKOM COOMBEMCMBYIOWE20 €l NEPEKPECNKA.

NuBapuant Kaccona HaXOAUTCA CIEIYIONIAM 00Pa30M:

(1) st KazKJI0i IMrpaMMbI 3ay3JIEHHOI /[y CTPOUTCsI COOTBETCTBYOIIAs €if rayccoBa, Jina-
rpaMma;

(2) Ha rayccoBoii mnarpamme HaXoJsATCsI BCe Tapbl CTPEJIOK, TAKUX UTO YAaJIeHHBIH yIacTOK
OKPY?KHOCTH JICYKUT MEXKJIy X Hada aMU;

(3) st Kazkj10ii HallJIeHHON B 1.2 Apbl HAXOJMUTCS 3HAK Tapbl KaK MPOM3BE/IEHNe 3HAKOB
BXOJIANINAX B JIAHHYIO APy CTPEJIOK;

(4) Tomygenusie B 1.3 3HAKU CyMMUPYIOTCsI, [OJIYICHHOE YUCJI0 0O03HAYAETCS Vo W HA3bI-
BaeTcst mHBapraHToM Kaccona JaHHON 3ay3/1€HHON JTyTH.

CIINCOK JINTEPATYPHI
[1] L. Kauffman, "State models and the Jones polynomal”, Topology, Vol. 26, No. 3, 395-407 (1987).

YENIABUHCKUI TOCYIAPCTBEHHLI YHUBEPCUTET, VJI. BPATHEB KAIUPUHLBIX, 129, T. YEJIABUHCK,
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IIPUMEP ATTPAKTOPA JJId JIOKAJIBHOM CUCTEMBI
PACTATYBAIOIIINX OTOBPA>KEHUNN

ITABEJI AJIEKCEEBIY NCTOMUH

CaMoI10/100HbIe MHOYKECTBA, ABJIAIOTCA ATTPAKTOPAMU CHCTEM CKUMAIOIIUX HMOJ00Ul B OJI-
HBIX MeTpUYecKuX npocrpancreax [1]. st cucreM pacTaruBaionmx 0TOOpasKeHuil arTpakTop
HE MOXKET CYIIeCTBOBATh. JIJis JIOKAIbHBIX cucTeM 0TOOpayKeHuil, BBeleHHbIx Bapueiu [2], ta-
KOIf »KecTKoit 3aBucumocTu Het. Mbl crpouM JioKaabHyIo cucremy S = {1, g2} pacraruparonmx
orobpaxkenuii Ha orpeske [—1, 1] co ciemyomumm cBoficTBaMu:

(1) CymecrByer muoxectBo A = [—a, a] Takoe, ato A = p1(A) [ ¢2(A).

(2) Hus sio6oit Touku = : a < |z| < 1 Touku ee opOUTHI, HAYMHAS C HEKOTOPOTO HOMEpA,
Jexxar B A.

(3) Hus moboro z,0 < |z| < a, ero opbura mwrorna B A.

N3 s1ux cBOMCTB MBI TOJIyYaeM, YTO MHOXKECTBO A SBJIsSIETCS (KOMHaKTHblM) aTTPaKTOPOM
CUCTEMBI PACTITUBAIONINX OTOOparKeHuit S.
CIIUCOK JIUTEPATYPbBI

[1] J. Hutchinson, “Fractals and self-similarity”, Indiana Univ. Math. J., Vol. 30, No. 5, 713-747 (1981).
[2] M.F. Barnsley, M. Hegland, P. Massopust, “Numerics and Fractals”, http://arxiv.org/abs/1309.0972, 2013.
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BEKTOPHBIE PACCJIOEHNA ABEJIEBBIX JUO®PEPEHIINAJIOB
HAJI TIPOCTPAHCTBOM TEMXMIIOJIJIEPA

AJIEHA AJIEKCEEBHA KASAHIIEBA

B macrogmieit paboTe HoCTpOEHbI OCHOBHBIE BUBI 3JIEMEHTAPHBIX OJHO3HAYHLIX ¢— 1uddepen-
ajoB. B ByX BaKHBIX (PaKTOP IPOCTPAHCTBAX MOCTPOEHBI SABHBLIC OA3UCHI, JIOKAJILHO TO-
JOMOP(HO 3aBHCAIINE OT MOJyJeii [u] pumanoBeix noBepxuocreit F' = F\{P,..., P,} tuna
(g;n), n>1, g 2> 2. Jliobas KOMIUIEKCHO-aHATUTHICCKAs CTPYKTypa F), MOKeT ObITh OTOXK-
JIECTBJICHA C HEKOTOPBLIM Jnddepennmaiom beabrpamu .

Teopema 1. Bexmopnuvie paccaoerus | JQa(F,)/Qa(F},) acasemca 2onomopdrvim cerxmop-

HoLM paccroenuem parea 2g +n — 1 nad 6asol Ty, npu g > 2, n > 1. Ilpu smom na-
C (”1+1 (ng+1)
g T

bopvl Kaaccos cmeschocmu dugdepenyuanos (i, ... s TR TPyPy ey TR, P, UAU
2 2 .

Ciy s Cgs 7'1(5 ), s 7'](3), TPyPy s -y TP, P, 300G10M 6A3UCHL NOKAADHO 2000MOPPHOLT ceHeHUT 9020 Pac-
1 g

croenus, 2de ny, ..., ng — npobesv, Betiepwmpacca e Py, r(ﬁl}ﬁg) =lnaFy,,uby,...,P e F,.

Teopema 2. Bexmopnoe paccaoenue QU gg,—a-5 F,)/Qe(1; ) acanemea 2onomopdrivim

Q1 Q2
8EKMOPHBIM Paccroeruem parea 2g +n + s — 1 Haﬁ basoti Ty, npug > 2, n>1, s> 1
+1) +1 +1
IIpu amom nabop xaaccos cmedrcrnocmu duddeperyuanos (i, Ca, ..., Cg, Tp ("1 , }()?2 ), ey 7-1(3?9 ),
TPyPys TP3Pys oy TPy Py TQ1P1s TQoPys - TQo P, 300GEM 6A3UC AOKAADHO 20/@0M0p96%m ceuenutl 9mozo

PaAcCCAOEHUA.

CIHCOK JIMTEPATYPHI

[1] R.C. Gunning, “On the period classes of Prym differentials”, J. Reine Angew. Math., Vol. 319, 153-171
(1980).

[2] B.B. Yyemes, Myasvmunaukamusnvie gynryuu u dudpdeperyuanve IIpuma na nepemernnols Komnaxmmol
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HESJIEMEHTAPHBIE USOMETPIUN T'NITEPITPOCTPAHCTB
n IOPAJKOBBIE TUIIbI METPUYECKUX 4-TOYEYHMNKOB

KUPMJIJI IJIEBOBUY KAMAJIYTAMHOB

MHOKeCcTBO BCeX KOMITAKTHBIX HEIYCThIX TOJMHOKECTB METPUIECKOro mpocTpancTBa (X, p),
HaJIeJIEHHOE HEKOTOPOil JIomycTuMoii MeTpukoii (o6brano Merpukoit Xaycaopda), HasblBaeTCs
runiepripocrpancTBoM C(X) HaJl METPUIECKUM TIPOCTPAHCTBOM X .

Metrpuka Xaycaopda 3amaercsa dopmyioit: h(A, B) = max{sup p(a, B),sup p(A, b)}
acA beB

MeTpI/I‘{eCKI/IM N-TOYCIHUKOM Ha30BEM METPUYIECCKOE ITPOCTPaHCTBO MOHIITHOCTHU 7.

Orobpaxenne f: X — Y MeTpHuecKnx MpOCTPAHCTB COXPAHSET METPHICCKUIT TTOPSIIOK, €CIIN
JUTs JTFOOBIX 9eThIPEX TOYeK a, b, ¢, d mpocrpancrBa X orHomienue py(a,b) < px(c,d) Breuér
py(f(a), f(b)) < py(f(c), f(d)). Korma cymecrsyer omekiusa f: X — Y MeTpudecKunx mpo-
CTPAHCTB, COXPAHSIONAs TIOPSJIOK B 06€ CTOPOHBI, Mbl TOBOPHM, 9TO X 1 Y IHODSJIKOBO IKBU-
BasleHTHBI. KJIacChl 110 OTHOINIEHUIO TIOPSA/IKOBOl SKBUBAJEHTHOCTH HA3BIBAIOTCS OPSAIKOBBIME
TUNAME METPUYECKUX TPOCTPAHCTB.

Nzomerpus F: C(X) — C(X) runepmpocrpancrsa C(X) Ha3bIBAETCA 9JIEMEHTAPHOI, €C/In
cymiecTByeT mopoxjpamomas eé usomerpus f: X — X mpocrpancrBa X, T. e. Takasg 4TO JJIs
moboro sementa A runeprnpocrpanctsa C(X) Bemomnnsierca F(A) = f(A).

I1. M. I'py6ep u Ix. Jlertu B 1979 r. mokazajii, 94T0 BCe M30METPUU THIIEPIIPOCTPAHCTBA C
MeTpukoit Xayciaopda naji EBknioBsiM mpocrpancTBoM — 3jemeHTapHbl. [Tozke K. Banar B
1986 1. mokazaJi, 4TO 3TO BEpHO W Jijisd JII0OOM BBINYKJI0il obstacTu EBK/MI0Ba 1pocTpancTsa.
B pa6ore [1] B.B. Aceesa, A.B. Terenosa u A.Il. MakcumoBoii 6blia BBejieHa 0600IIEHHAS
Merpuka [lomreiiio n joKa3aHo, YTO BCsAKasd M30METPHUs THIEPIPOCTPAHCTBA C 9TON METPHUKOIA
HaJI KOMIIAKTHBIM IIOAMHOYKECTBOM YHCJIOBOI IpsaMOil — 3jieMenTapHa. A. Aradkun un FO. By-
myeB B 2009 1. moKazaJi 9TO THIEPIPOCTPAHCTBO ¢ METPHUKON Xaycaopda Had METPUICCKUM
3-TOYEYHMKOM COJIEPYKUT II0 KpaifHeil Mepe OJHYy HedJIEeMEeHTapHyIo n3oMeTpuio. Kpome Toro,
UMU OBLTH NPUBEJIEHBI ITPUMEPHl METPUYECKUX 4-TOUYETHUKOB, JIOIYCKAIONIUX U HE JIOIYCKAIO-
MUX HedJIeMeHTAPHbIE M30MEeTPUU TUIIEPIIPOCTPAHCTB.

Hamu 6bL1a JI0OKa3aHa TeopeMa, CBA3bIBalOIad HpO6JIeMy He3JIEMEeHTapHbIX I/IBOMeTpI/Iﬁ C IIO-
PAAKOBBIMU THUITaMMA:

Teopema. Ecin koHednble MeTpudeckne npocrpaHcTBa X u Y HOPSIKOBO SKBHBAJIEHTHEI,
TO MHOXKecTBa HedseMenTapHbix uzomerpuii runeprpocrpancts C(X) u C(Y) paBHOMOIIHBL.

Hamu Obumn niepednciieHbl Bce TOPSIKOBBIE THUIIbI METPUUECKUX 4-TOYEHHUKOB — 225 Tu-
[I0B; U3 HUX IIEPEYNCIICHBI T€, KOTOPbIE HE JIOIYCKAIOT HEJIEMEHTAPHBIX U30METPUIT IMIIEPIIPO-
cTpaHcTB. Jj1s1 perienus 3TuX 3a/1a4 HAMU TOCTPOEHBI AJITOPUTMbBI [TEPEYHNC/ICHIS N30METPHil B
KOHEYHBIX METPUYIECKUX ITIPOCTPAHCTBAX, CYIIIECTBEHHO COKPAIIIAIONINE BpeMd ITONCKa BO MHOTAX
CIy4dadx.

CIIUCOK JINTEPATYPbBI

[1] B.B. Acees, A.B. Terenos, A.Il. Makcumosa, O6o6imennas merpuka Ilommeiiio B npobjiemMe M30MeTpUN
ruriepupocrpancts, Mamemamuueckue samemxu, ToM 78, Boir. 2, 163-170. (2005).
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O TAPMOHMYHOCTU TEH30PA KOHIIMPKYJ/ISPHON KPUBU3HEI
METPUYECKUX T'PVYIII JI1 MAJIOI PABMEPHOCTU

ITABEJI HUKOJIAEBUY KJIEITMKOB, OJIECA ITABJIOBHA XPOMOBA

Ocobutit unTepec B anddepeHIuaabuoil reOMeTPUN IPEJICTABIISIOT KOHIUPKYJISPHBIE IIpe-
obpasoBanns (T.e. HeTPUBHAILHBIE KOH(MOPMHbIE HPeOGpa30Balisl, COXPAHSIONIIE Teo/Ie3Me-
ckue okpyzkHocTH), BBegenuble K. flno B [1]. OGycsioBieHo 9TO MX Ba’KHOCTBIO B I€OMETPHU
HEKOTOPBLIX F-CTPYyKTyp: KOMIIIEKCHBIX, HOYTH KOMIUIEKCHBIX, K9JIEPOBLIX, HOYTH K3JIEPOBBIX,
KOHTAKTHDIX, I0OYTH KOHTAKTHBIX, & TAKXKE B TEOPUH OTHOCHTEJILHOCTH.

NuBapraHTOM KOHIUPKY/ISPHOTO IPEOOPA30BAHIS ABISETCS TEH30D KOHIUPKY/ISIPHON KpH-
Bu3HbI [1]. McemenoBannio ero rapmMonnaeckux (6€3/[MBEePreHTHBIX) CBOTICTB HA OT/EIBHBIX KIIac-
cax MHOroo6pasuii mocBsieHbl paboTel [2-4].

B nmanmoit pabore n3ydueHbl KOHIUPKY/ISHO-TAPMOHIIECKIE CBOICTBA METPHIeCKHUX Ipyil JIun
MaJIBIX Pa3MEPHOCTEll U MOJIYIeHbI CIIe/LYIONIIe Pe3y/IbTaThL:

1) kaccndunupoBaHbl TpeXMepPHbIE IPYNIbI JIi ¢ JIeBOMHBAPUHTHOI (IICEB/0)PHMAHOBOM MeT-
PUKOIf ¥ TADMOHUYIECKIM TEH30POM KOHIUPKY/IAPON KPUBH3HBL;

2) nama mosiHas KiIacCH(UKAIUS 9eTHIPEXMEPHBIX rpynil JIu ¢ JIeBOMHBAPUAHTHOI PUMAHOBOI
METPUKOIl ¥ TAPMOHUYIECKIM TEH30POM KOHIIUPKY/IAPHOI KPUBU3HBL.

CIIMCOK JIUTEPATYPbI

[1] K. Yano, “Concircular geometry, I-IV”, Proc. Imp. Acad. Tokyo, Vol. 16, 195-200, 354-360, 442-448, 505-511
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32023212 (2009).

[3] U.C. De, G. Pathak, “On a type of contact manifolds”, Math. Balk., New Ser. 7, No. 2, 113-118 (1993).

[4] J.P. Srivastava, S. Khajuria, “Concircular curvature tensor and relativistic gravitation”, Jnanabha, Vol. 26,
113-114 (1996).
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OB AIIIIPOKCUMAILINN YPABHEHNA MI/IHUI/IMA.TII:»HOI?'I
ITOBEPXHOCTU B TPUAHI'YJINPOBAHHOUN OBJIACTUN

AJIEKCEUN AJIEKCAH/IPOBIY KJIYTH

[Tycrs obacts €2 C R™ mpecraBisger coboit MHOTOIpaHHUK, pa3OUTHI Ha TITpasapbl 1},
k =1,..,N. Obosnaunm uepe3 Py, P, ..., Py Bepiuabl 31X Terpasapos. Cumsosom P’ Oy-
JieM 0003HAYATh MHOYKECTBO T€X BEPIINH, KOTOPbIE PACIIOJIOKEHBI BHYTPU MHOTOTpaHHUKA, ), a
yepe3 P” - MHOYKeCTBO I'paHUIHBIX BEPIMH. 3a/1a/IMM B KazK 1011 BepinHe P; Mpon3BoIbHOE 3Ha~
genue f;. Ha ocHoBe 3THX 3HaYEHUIT HOCTPOMM KycodHo-juHeiinyto dynkmuio f~ (x) Takyio, 4ro
fN(P) = fi,i =1,..., M. Torna B kaxjoMm TaTpasape Ty, byukiusa [N (z) = abai+...+akz, +b*,
nostomy V fV(z) = const B Tj,.

Yepes p;(x),i = 1,..., N, 0603Ha9UM TaKyIO KyCOUHO-JMHEIHYIO (DYHKIIUIO, KOTOpast yI0BJIe-
TBOPSIET CJICJIYIONIUM YCJIOBUSIM:

@i(P;) =0 npu j # i, @i(P;) =1 upu j = i.
Torna, oueBuHO, 9TO

fN(i) = Z fiwi(z),

N = .
HpH STOM Max Y (2)] = max, | fil-

Cuietyst pabotaM |1, 2| yK/JIOHEHHEM KyCOYHO-JTMHEHHOro ouTH-perenus f ypaBHeHus Mu-
HUMAJIbHOH IIOBEPXHOCTH

OyJeM Ha3bIBATH BEJIMIUHY

(VIR
calfN) = sup | [ 2L
] VIV

rjle TOYHasl BEPXHsis TPaHb OEpeTcs 10 BCeM KYCOYHO-JTMHEHHBIM (DYHKIIUAM BUJIA

h(x) = Z hipi(z)

dx|,

takuM, 9ro |h;| < 1 g Beex i = 1,..., M u h; =0 gyt P; € P” (T.e. Uil TPAHUYHBIX BEPIIHH).
Badukcupyem npoussosbno i = 1, M. Ilycrs T, T, ..., Té(i) Te TeTPa’d/IPbl, Y KOTOPBIX Bep-
muHo#t OyeT Touka P;. Buixosgdinue u3 3Toil BepIIUHBI TPAHU TETPadIpa T;, J=1,2,.... k1),

obosuaumm [y, I, ., I, u IyCTh Fj‘n 41 OCTABIIALACS TPAHD TeTPasipa T’}, IpOTUBOIIOIOKHAS
7 7 {2 7
BepmmHe P;. O603HAUUM 9€pPes Vi, Vig, -y Vi, Vipyq — BHEIIHHE 110 OTHOIIEHUIO K TE€TPA3Jpy

T; HOpMaJ! 3TuX rpaneil. Tak Kak B Terpasape dbynkiusa f muneitna, To VN = fj’ = const.
Huxe |E| osmagaer (n — 1)-mepnyio mepy muoxkectBa E. Torma, kak nmokasamo B pabote [2],
BBITIOJTHEHO PaBEHCTBO

k@) yei i
Ny 1 <j7an+1> FZ‘
e(f") =~ ——| jn+1| .

" puytp. B =1 4/ 1+ €

Pa6ora nomiepxana PODOU (rpant Ne 13-01-97034 p_noBoskbe _a ).
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AJIEKCEN AJIEKCAHJIPOBUY KJIAYNH 37

BrisicanM, Kak cebs BeieT BemduHa £ ) upu N — oo Ha celyIoleM 4acTHOM HpUMepe
10ckoit obactu. Pacemorpum obsiacts {2, KoTopast uMeeT BHJ,

Q={(r,9):a<z<b, p(z) <y <y()},
rie p(z) n Y () 3ananubie Ha orpeske [a,b] summunessl dyuknun. [Tyers a = xp < 11 < Ty <
. < x, = b — pasbuenue orpeska [a,b|. lomoxum g,(x) = 7¢(x) + (1 — 7)¢(x). Pazobbem
orpe3ok [0, 1] Toukamun 0 = 79 < 73 < T» < ... < T, = 1 u B obmactu {2 pacCMOTPUM CETKY,
38/IaBaeMyI0 CUCTEMON TOYEK

Aij(xiayij) = (IL’i,gTj(ZEi)), 1= 0, oy j = 0, e, M.

fcno, aTo Bee TOUKU (T, Yij) € Q. Pazobbem Ha J[Ba TPEyroJbHUKA OJIHON U3 JMaroHaJeil Bce
tpanenun Buga A;jAi1jAij11Aiv1j41, tne @ = 0,..n — 1, 7 = 0,...,m — 1, moay4uM Tpuan-
rynsanuio obsactu ). Ilycts B obsactu ) 3ajaHa JiBaxK/ bl HEIPEPBIBHO i depeHImpyemast
dbyukmus u(z,y). Hamee, oboszmaanm depe3 v (x,y) KycOIHO-JIUHEHHYIO (DYHKIIUIO, KOTOPAas
OIIpeJIe/ISeTCs 3HAYEHNSIME B BEPIITHHAX CETKU CJIELYIONM obpasoM u™™(z;, yij) = w(x;, ¥ij)-

Teopema. ITycts u € C?(Q), rie Q — obiactb onmucannoro spiie suja. Torma
(1+ (u L= 2ul !+ (14 (ul)?)u
lim eg(u™) // ) y 2<3/2 (1) )iy dxdy =
n,m—o0 (1+ (uf)? + (u)?)

ul 0 u;
- — dxdy.
// oz VI+uZ+u? +8y 1+ u? + up? "

OrmeruM, uTo B paboTe [2| ObLIO J0KA3aHO AHATIOTUIHOE YTBEPKIEHUE JIJIs IPAMOYIOJIbHY-
Ka ¢ TaKUM >Ke pasbueHreM Ha TpeyrojabHuku. /lanHas Teopema NMOKa3bIBAET, YTO ypaBHEHUE
€Q (uN ) = 0 anmpoKCHMHUpYeT ypaBHEHHE MUHUMAJBHON MOBEPXHOCTH U MOKET OBITH HCIIOJIb-
30BaHO It pacdera GOPMbI OBEPXHOCTEH MUHUMAJBHON roran [3].

CIIUCOK JIUTEPATYPbBI
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O OYHKIUMAX, ITOPO2XKJAIOINNX TPUAHI'YJIAIIIO

BJIAIVMUP AJTEKCAH/IPOBUY KJIAYNH

HamomuuM, uro k-mepabiM cuminiekcom S = S(Ag, Ay, ..., Ax) B R™ HasbiBaercs BbIIyKast
obostouka k + 1 Touexk A;,1 = 0, ...,k < n takux, aro BekTOphl A; — Ay, Ay — Ao, ..., Ax — Ap
JIMHEHO HE3aBUCUMBI.

[Iycts P;,i = 1,..., N — Hekoropsbiit Habop P Todyek P; € R™ Takux, 4T0 JII0OOH n-MepHbIit
cumInieke B BepimHax u3 { P} saBisercs HeBbIPOXKIeHHbIM. Tpuanryisnueii T 3aJaHHOrO Ha-
O6opa TOYeK Ha3bIBAETCs HADOP N-MEPHBIX CUMILIEKCOB S, ..., Sy, TAKHX UTO:

1) kaxxgas Touka P; 3a/1aHHOT0 HaOOpa SIBJISIETCsI BEPIIMHON OJHOrO U3 cuMiniekcoB S € T

2) KaxKJas BepIHa JIoOoro cuMiiiekca S € T sapisiercs ool u3 Touek P, i =1,..., N;

3) BHYTDPEHHOCTD MepeceveHus JTIOObIX JBYX CHMILIEKCOB IIyCTa.

O/ inH U3 ePBBIX AJTOPUTMOB TPUAHTYJISIIIAN C UCIOJIB30BAHUEM YCJIOBHS ITyCTOTO apa ObLIO
npesgiokeno B. H. Jlemone B ero pabore [1] (mepesox cm. [2]). YeaoBue mycroro mmapa 6b110
06o6rero B pabore [3|, rae map GbLI 3aMeHEH MPOU3BOJIBHBIM BBIMYKJIBIM MHOXKECTBOM. B
HACTOSIIEM JOKJIaJe IIpejiaraeTcs APYroil Moaxo K MOCTPOEHNI0 TPUAHTYJIAIMHA, OCHOBAHHbIN
Ha [OMCKE MUHUMYMa HEKOTOPOH (PYHKIIUH.

Bynem paccmarpuBarh menpepbiBable dbyuKInu H(pg, p1, ..., Pn), Pi € R™ obiagatomue cire-
JIYIOIIIM CBOMCTBOM.

(]-) H(p07 ~oPk—1, Ty P41, 7pn) < H(p07p17 7]%) vV € S(p07p17 7pn)

Hpyrumu ciioBavu, Takast (DYHKIMS BHYTPHU U HA IPAHAX BCIKOTO CUMILICKCA IPUHUMAET 3HAUE-
HUsI, CTPOTO MEHbIINE 3HAYCHUHN 9TOH (DyHKIIUU B BEPIIMHAX CUMILICKCA. DTO CBOHCTBO sIBJISCT-
¢ 6a30BBIM CBOMCTBOM, MO3BOJIAIONIUM IIOCTPOUTH CUMILIEKC TPpHAHTYJIANIU. /leificTBUTE/IHHO,
ecsn 3abUKCHPOBATH MMPOM3BOJIbHBIE N TOUEK U3 3aJaHHOTO Habopa U B Kadecrse (n + 1)-it BbI-
OpaTh Ty, Ha KOTOPOIl JOCTUTAETCs] MUHUMYM QPYHKINN H, TO BHYTPHU MMOTY9IEHHOT'O CUMILIEKCA
He OyJleT HU OJHO¥ ToYKH u3 Habopa {P;}. DTo 03HaUaeT, YTO MOCTPOEHHBIN CHMILIEKC MOXKET
OBITH BKJ/IIOYEH B TPUAHTY/IANI0. OTHAKO YKA3aHHOIO CBONCTBA HE JIOCTATOYHO, IIOCKOIBKY HO-
BBIII CHUMILJIEKC MOKET IIepeceKaTh yiKe IOCTPOEHHBbIE CUMILJIEKCHI TpUaHTy/danun. B mokaie
00Cy2K/TaI0TCsl He0OXO/IUMbIE U JIOCTATOYHbIE yCJIoBUs Ha DYHKIMIO H, KOTopble obeciieanBasin
ObI TIOCTPOEHMS CUMILIEKCA, 3aBEJOMO He TEPECEKAIOINIero yKe MOCTPOEHHbIE CUMILIEKCHI TPU-
AHTYJIAIUNA.
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TOMOMOP®N3MbEI BAHAXOBHEIX PACCJIOEHUI
n OTAEJIMMBIE CXOAAINMNECHA ITOCJIEJOBATEJIBHOCTHA

AJIEKCAH/IP BUKTOPOBUY KOIITEB, AJIEKCAH/IP EOVMIMOBUY I'YTMAH

loBopst 0 HenpepbiBHBIX GaHaxoBbix paccioenusx (HBP), mbr ucnonssyem Tepmunosoruo
u obozHavenust u3 [1].

[Iycte X — HBP maj Tomosornyueckum mpocrpanctsoM (). Ob6o3HatnM cuMBojioMm X* MHO-
2KeCcTBO Bcex romomopduaMoB H, neiictBytomux n3 X B rnocrosintroe HBP co ciioem R, 1. e. Bcex
JIOKAJIbHO OIPpaHUYeHHBIX oToOpaxkernuit H: ¢ € Q@ +— H(q) € X(q) makux, uro Hu € C(Q)
npu u € C(Q,X) (em. [1, 2.4.4]). Jns kaxkaoit Touku ¢ € () pacCMOTPUM MOINPOCTPAHCTBO
X*(q) :={H(q) : H € X*} conpsikennoro banaxosa mpocrpancrsa X (q)'.

B Teopun HBP ocraercst oTKpbIThIM BOIpoc 0 npejcraputeabroctu X*(q) B X (q)’. Tax, ume-
I0TCsl pa3HOOOpAa3HbIe IMUPOKKE KJIACChl paccaoenuii X (em. |2, 3.4.4]), 11 KOTOPBIX B KaxK IOl
TouKe ¢ € () mpocTpaHcTBO X*(¢) SABJISETCS HOPMUPYIOIIHM, T. €. YJOBIETBOPSIET YCIOBUIO

=] = sup |hz], xe€ X(q),
heX*(q)
InlI<1
HO II0Ka He OOHApPYy?KEH HU OJMH CJIydail HapyIIeHUs 3TOTrO YCJIOBHUSA. Bojiee TOro, HaxXoIuTcs
II0JT BOITPOCOM BO3MOYKHOCTE paBeHcTBa X* = {0} miga Henysesoro paccioerus X, B TO BpeMs
KaK BO BCEX M3BECTHBIX HA JIAHHBIA MOMEHT PACCJIOCHUSX CIPABEIIMBO COOTHOIICHNE

|zl = sup [hz|, e X(q),
h€Ba=(q)
riae By« :={H € X*: |H||w < 1}, Bx+(q) :={H(q) : H € Bx+}.

B 310i1 cBA3M cOXpaHAIOT aKTyaJbHOCTH OOIUE METO/bI MocTpoenus: romomopdusmos HBP,
00JIaIAIOIUX TEMHU WM MHBIMU AIllPOKCUMHUPYIONMMHU CBoicTBaMu. K MX wmciy oTHOCATCS
YIOMSHYTbIe HUZKe (DaKThI O CYIECTBOBAHIN rOMOMOPMU3MOB H | NpUHUMAIONMX HATIEPE]T 3a-
nanmnbie snadenns H(q,) € X*(¢,) B TOUKaxX CXOIAMIEHCS TTOCIET0BATEIBHOCTH (G )neny C Q-

Onpepenenne. [locaenoBaresbHOCTD (¢ )neny C () YCIOBUMCS HA3BIBATH UHBEKMUBHO CLO-
dswetica K Touke q € @, ecin ¢, — ¢, ¢ F ¢ TPA N F* m U q, # q s Bcex n € N.
Omdeasrouyum nokpvimuem mOCIeI0BaATEIbHOCTH (¢, )ney HA30BEM TaKyIO MMOCJIEI0BATEIHHOCTD
BaMKHYTBIX OKpecTHOCTEl U,, TO9eK ¢, 9TO

U,Ncl U U,, =9 nna scex n € N.
m>n
Hecnoxxuo mokasaThb, 9TO B PEry/IsiPHOM IIPOCTPAHCTBE BCSIKasd MHBEKTHUBHO CXOJAIIAIC
I0C/IeI0BATEIbHOCTD JIOIYCKAET OTJesIolee MOKpbiTHe. Keam ke MpoCTpaHCTBO SIBJISETCH
BIIOJIHE PEryJIsSPHBIM, TO HAJUUNE OTIE/ISAIONIEr0 MOKPBITHSA CXOISIIENHCs 0C/Ie0BaTe IbHOCTH
(n — ( TO3BOJIFET JIETKO KOHCTPYMPOBATh HEIPEPBIBHBIE BEKTOP-(DYHKIINM, CEUEHUST U TOMO-
MOPQU3MBbI, TPUHUMAOIINE HaIlepe/l 3alaHHble 3HAUEHNsT B TOUYKAX (, 1 (.

IIpeanoxenune. Ilycrh ¢, — ¢ — HHBEKTUBHO CXONAIIAACH IIOCIEI0BATEILHOCT BO BIIOJIHE
PEryJIsIPHOM IIPOCTPAHCTBE ().

(1) Ecam X — romoJiorudeckoe BeKTOPHOE MPOCTPAHCTBO U T, — T B X, TO CYIECTBYET
rakasi HerpepbiBHasi Gyuknus f: QQ — X, uro f(q,) =z, (n € N) u f(q) = .

(2) Ecmm X — HBP nan Q, x, € X(¢,) (n € N), x € X(q) u (¢n,2n) = (¢,7) BQ ® X, 1O
cymecTByer Takoe orpanmdentoe cedenne u € C(Q, X), aro u(q,) =z, (n € N) m u(q) = .

(3) Eciam X — HBP nag Q, (Hp)peny C X* 1 ||Hy||oo — 0, TO cymectByer Takoii orpanutes-
mbrii romomoppmusm H € X*, aro H(q,) = Hy(q,) (n € N) mw H(q) = 0.
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40 AJIEKCAHIP BUKTOPOBUY KOIITEB, AJIEKCAH/IP E@VMOBUY I'VTMAH

Yenosue ||Hyllo — 0 B yTBepskieHun (3) siBisieTcst JOBOJBHO ONpaHUYHTEIbHBIM. B pac-
cMaTPUBAEMOM KOHTEKCTe 60Jjiee eCcTeCTBEHHO BBINIsnT TpeboBanne Hy,(q,)u(q,) — 0 mis mo-
CTATOYHO IpeJcTaBuTesIbHOro Habopa cevdennii u € C(Q), X). CyiecTBoBaHIe HCKOMOIO TOMO-
mMopdusma H B 5TOM CiIydae yaaercs 00ecednTs 3a caeT «bojee aKKypaTHOI0» OT/IE/ISAIONIErO
HOKPBITHS TIOCJIEI0BATEBLHOCTH (G )neN-

Onpepenenne. Ornensioniee nokpbiTHe (U, ),en CXOIAIIEHCS TOCTIEI0BATETBHOCTH ¢, —
HA30BEM GKKYPAMHbILM, €CJU ¢ SIBJIAETCA €IMHCTBEHHON COOCTBEHHOM MpeIeIbHON TOUKOH 00b-
emunenuss U = UneN Up, T.e. clU = U U {q}. Cxougiytocsi 10CI€I0BATETHHOCTE HAZ0BEM
(axkypammo) omdeaumotl, ecim OHa JIOMYCKaeT (aKKypaTHOE) OTIE/ISIONee TOKPhITHE.

Teopewma. Ilycte X — HBP Ha 1 BriojiHe pery/sipHbIM IPOCTPAHCTBOM (), ¢, — ¢ — aKKypaT-
HO OTJ[e/TUMast TOCTeI0BaTeIbHOCTE B (), hyy € B« (q,) 1 hyu(g,) — 0 111 Becex a/ieMeHToB u
Hekoroporo cuernoro muoxkecrsald C C(Q), X') rakoro, aro cl{u(q) : u € U} = X(q). Torya cy-
mtecrByer romomopuzm H € By, npuaumaronuii 3uavenust H(q,) = h, (n € N) u H(q) = 0.

Cretyer oTMETUTH, UTO B TOCIEIHEH TeopeMe aKKypaTHas OTICTUMOCTh MOCIe0BATEIHHO-
cti (¢n)nen SBIISIETCS CYIIECTBEHHBIM TpebGoBanmeM. VMeercst mpumep, MOKA3BIBAIOINIHIA, 9TO
OJTHON JINIIIb OTJEJIMMOCTH MOCJIETOBATEIILHOCTH HEJIOCTATOYHO JIJIS CYIIECTBOBAHUSA UCKOMOTO
romomopduzma H — jaxke B cjiydae KOMIAKTHOI'O IIPOCTPAHCTBA ().

B 3aBepiienne nepedncimM HECKOJBKO (haKTOB, XapaKTePUYIOIMINX aKKyPATHYIO OTJIe/IU-
MOCTb IIOCJIEJIOBATEJIBHOCTU B PErYJIsiDHOM IIPOCTPAHCTBE.

B mMerpuzyemMoM mpOCTpaHCTBE BCsAKAd WHBEKTUBHO CXOJANMIAACA TOCJ/IE/I0BATEILHOCTD aK-
KypaTHo otjeanMa. Kpome Toro, Kak yzke OBbLIO OTMEYEHO, OTJ/ICJTMMOCTDb, BOOOIIE TOBOps, HE
BJI€YeT aKKyPaTHYIO OTIEJUMOCTD (JlazKe B CIydae KOMIAKTHOIO POCTPAHCTBA).

IIpeanoxxenue. /[ 1060l HHHEKTUBHO CXOSINEHCS OCAEI0BATEILHOCTH Gy, — ( B PEry-
JISPHOM TIPOCTpaHcTBe (Q CJAeAyIoae YCJIOBHS MOMAPHO PABHOCH/IbHBI

(a) mocenoBaTeIbHOCTD (G, )neN AKKYPATHO OTIETIMA;

(6) cymecTByfor oTKpbITast okpecraoctb U muOXKecTBa {q, : n € N} u mocsenoareipHOCTS
okpecrrocrei V;, toukn q raxne, aro clU N, .y Vo = {q};

(B) cymecTByer Takas mocjaesoBaTeIbHOCTh OKpectHOCTERH U, TodeK ¢y, aro clU \ U = {q},

rae U := ey Un-

Onpenenenne. Crodauumca K ¢ nokpuimuem HOCIEOBATEIBHOCTH (¢ )nen HA30BEM IIO-
CJIeJIOBATEJILHOCTL OKpecTHocTelt U, TOYeK @, YIOBIETBOPSIOINLYIO CJIE/IyIONIEMY YCIOBHIO: JIIsd
J100oit okpectrocTH V' Toukm ¢ Haiijercs Takoit Homep n € N, aro U,, C V' g Bcex n = n.

IIpengioxkenune. Ilycrs () — pery/aspHOe IPOCTPAHCTBO.

(1) Besikast HHBEKTHBHO CXOJSIIIASICST TTOCIEJ0OBATEIBHOCTD ¢, — ¢ B (Q, JIOIyCKAaromIas cxo-
AdIeecCd K g IIOKPbITUEe, ABJIAETCA aKKypPaTHO OT,HG.]II/IMOP'I.

(2) Iycrs g, — q¢ — aKKypaTHO OTJeJHMAasi IOCTIe0BaTeIbHOCTE B Q). JIoboe akKypaTHoe
OTJIEJISTIONIee MOKPBITHE IIOCIEJ0BATETILHOCTH ((y )nen CXOMUTCS K ¢ TOTJA H TOJBKO TOTJIA, KOIJIA
1IpocTpancTBO () CIETHO KOMIIAKTHO.
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Ob ACUMIITOTUNYECKUNX CETAX HA IICEBJIOCPEPAX

AHIPEN BUKTOPOBUY KOCTIH

[Tonnyio 1mceBiocepy — IMOBEPXHOCTb BpaIlleHUs MPIMONl BOKPYT IMapaJiie/IbHONW el Tpsi-
Mo#T TpocTpaHcTBa JI06a9eBCKOTO — MOXKHO M30METPHYECKN BJIOYKUTH B IJIOCKOE TPEXMEPHOE
[IPOCTPAHCTBO, UMEIOIIee BHYTPU [MUJINHJPA €BKJIMJIOBY METPUKY, & BHE €ro — IICEBJIOCBKJIU-
noBy. Ha eBkJn10B0i1 1acTu rncesrocdepsl CyIecTBYeT BeleCTBEHHAS ACUMIITOTUYECKAS CETh,
Ha IICEBJOEBKJINJIOBOIl — MHHMAas. BMecTo 3TOil MHUMOII ceTH MOXKHO BBECTU BeEIECTBEHHYIO
cetb B Merpuke Jie Currepa. Hapsay ¢ BHerHeil yacTbio mceBrocdeps! yI00HO IPUBJICYD eIIé
OJIHY TIceBJI0ChEPY ICEB0EBINI0BA IIPOCTPAHCTBA, Ha KOTOPOH MeTpuka je Currepa MHIY-
IUpYyeTCd METPUKOI BHEIIHEro mpoctpaHcTBa. [lapamerpu3oBas 1iceBocdepbl KOOpMHATAMA
kapThl [lyankape, Bce paccyKJIeHns MOXKHO BECTH, alle//INpys K cBoiicTBaM Mojenu. Ha yru-
BepcaJIbHOW HaKPBIBAIOIIEH MOJIHOMN TIceBI0CGhephl BHYTPU I'PAHMIHOTO OPHUITUK/IA, HAKPBHIBAIO-
mero pebpo Bo3BparTa, OepeTcs MOJIOKUTETHHO OIPE/IeIEHHA MEeTPUKA, BHE ero — MHeUHNT-
Hasd. DTO MO3BOJIAET, B YACTHOCTHU, PACIIPOCTPAHUTEL POopMY/Ty XAaIlllNIaKICa I BhITUCIEHU
ILJIOIA/IM YeOBIIIEBCKOTO YeThIPEXYTOJIbHIKA Yepe3 CeTeBble yIJIbl, 0000IaeMyIo Ha CeTeBble
MHOTOYTOJIbHUKU, Ha BCIO THIEPOOJIMIECKYIO IJIOCKOCTh. COBMECTHOE PACCMOTPEHUE MOJIOXKH-
TeJIbHO ONpeJIesIEHHBIX U uHebuuTHbIX MeTpuk (Jlobadesckoro u e Currepa, EBkimmga u
MuUHKOBCKOT0) MO3BOJISET IIPOCTO UHTEPIPETUPOBATDH, HAIIPUMED, T'yJIePMAaHUAH U AHTUTYIED-
MaHUaH OJHOBPEMEHHO U KaK JJIMHBI COOTBETCTBYIOIUX YT €BKJINJI0BOI U IICEBIOEBKIINIOBONI
OKPY?KHOCTefl, 1 KaK JIJIMHBI OTPE3KOB MPsIMbIX 1tockocTeit Jlobatesckoro n jge Currepa. Boi-
pazKaeMblil depe3 3T (DYHKIIMH YTOJI MEKIY aCUMITOTHIECKONH W MepHIMaHOM TIceBIocdep ¢
metpukoii JIobaueckoro u jge CurTepa MOXKHO TPAKTOBATh TAKKe KaK YroJl HapaslieTbHOCTA
JIyTU aCUMIITOTUYECKON OT pebpa BO3BpaTa.

E® KHUTY-KAUW M. A. H. TYIIOJEBA, vii. CTPOUTEJIEN, 16, I'. EJIABYTrA, 423602, Poccusda
E-mail address: kostin_andrei@mail.ru
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OBIIIME CBOIICTBA MHOT'OYI'OJIBHIKOB B ITIPOCTPAHCTBAX
IIOCTOAHHOUN KPVBN3HDBI

HATAJIbSA HUKOJIAEBHA KOCTHHA, EBI'EHUA AHJIPEEBHA KOCTHUHA

B npocrpancTBax MocTOAHHON KPUBU3HBI CYIIIECTBYIOT METPUYECKNE COOTHOIIEHNS, IMEIOIINe
OJINH W TOT K€ BUJ| U B €BKJ/IMJIOBOI, U B cheprdeckoii, u B rurnepbomieckoii reomerpun. B
KadyecTBe MpUMepa MPUBEIEM CJIC/IYIONEe CBOMCTBO MHOTOYTOJBHUKA CAMOIO OOIINEro BUJa B
3TUX TPEX reOMETPUSIX.

Teopema. Ilycrb A A, ... A, — npousBosbHbIi MHOrOyrobHUK, My(k = 1,...,n) — op-
TOrOHaJIbHBIE IPOEKIHU TOYKH M Ha HpsiMble, cojeprKaliie CTOPOHbI MHOIOyrojibHuKa. Torja
HMEIOT MECTO PABEHCTBA:

cos Ay MM, - cos AsMMs - ... - cos A, MM, = cos AsMM; - cos AsM M, - ... -cos Ay MM,
sin MA{Ay -sin MAyAs - ... -sin MA,,A; =sin MAyA; -sin MA3Ay - ... -sin M A A,.

B eBkJn10BOI reoMeTpun JI0OKa3aTEILCTBA TpeOyeT TOJBLKO OJIHO U3 HuxX. B cdepudeckoit u
runepOoIMIecKoll TeOMETPHUAX 00a PaBEHCTBA TPEOYIOT HE3ABUCUMOTO JI0Ka3aTe/IbCTBA.
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CB43b VIVIOB 1 CTOPOH EBKJIMJOBA 11 I'MIIEPBOJ/JINYECKOI'O
OKTASIPOB C 3m-CUMMETPUEU

EKATEPVHA CEPTEEBHA KVJIMHA

[esb paboThl — ONIPEE/INTh CBA3b MEXKY CTOPOHAMM ¥ JABYI'PAHHBIMU yIJIAMU €BKJIMIO0BA
1 THIIEPOOIMIECKOT0 OKTA3IPOB C 31 CHMMETPHE.

CrauaJia pacCMOTPUM eBKJIMJIOB cydait. BosbMen, cormacho [1], oxtasap B R3 ¢ 3m cummer-
pueii. C yueTom JJaHHOI CHMMETPHUHU OKTA3/IPa, €0 BEPIITUHBI MOYKHO PACIIOJIOKUTH CJICLYIOITUM
obpazom:

fp V3 V3 g \ [ p V3¢ V3 q \

(p7Q7r>a <———————7”>, _§+T’_T_§7T>’
(g —1): <B+@ V3 a _T> . (13_@ Vap g _r>‘

T "\ 2 2 7 2 2’ "\ 2 27 2 2’

Beipazkast KoopinHATHI p, 1 9epe3 JJINHBI CTOPOH @, C OKTas/Ipa, MOJIYIUM CJIEIYIONLYI0 Teo-
pemy.

Teopema. /[1s1 eBK/III0Ba OKTa3[pa ¢ 3M U JBYTPAHHBIMI YIJIAMH (t,7 CIIPABEIIHBEI CJIC-
JIYIOII[HE COOTHOIEHMUSI:

cos’ a = — ¢
 3(a? —4e2)’
2 212
s (a® =27
cos”y = (@ — 1)

Tenepp paccmoTpum rurepbomdeckuii ciaydait. BosbMeM rurepOoimdecKuii okTasap ¢ 3m
cummerpueii. 3ech GyIeT paccMaTpUBaThCs MPOEKTUBHASI MOJIE/Ib, COIJIACHO [2|, ¥ BEpIIMHBI
OKTa3/ipa Oy/IyT paciojaraTbCs CJIeLyIOINIM 00pa3oM:

p V3p P Vip
1 . - 1 . I 1 .
(p’O’r7 )7( 27 2 7T’ >7( 27 2 7/r.7 )

p V3p » V3p
0. —r 1) (22 ) (B,
( p707 T? )7 <27 2 )] r? )7(27 2 ] r? )

Teopewma. /L1t rurtepb0/ImIeCKOro OKTasapa ¢ 3m CUMMETPHEH U JIBYTPAHHBIMH YIJIAMH 7Y
CIPaBEJIABBI CJIEJIYIOIIHE COOTHOIITEHUSI:

(1+cha)(—1+cha+che)®
(=14 2cha)(—1+ cha + 2chc?)’
(=1 + chc + chache + chc?)?

(—1 4+ cha + 2chc?)?

COS2Oé = —

cos?y =
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KOH®OPMHO-BHIIIYKJIBIE ®YHKIINN

MAPUA BUKTOPOBHA KYPKIHA, EBIEHUI AMUTPUEBIY POAMOHOB,
BUKTOP BJIAJJUMUPOBUY CJIABCKUN

Onpepenenne. Oboznaunm depe3 Py (R™) mHOMXKeCcTBO HeOTpHUIIATEIHBIX QyHKIHI f + R™ —
RT rakux, uro KoHpopMHO-ILTOCKas MeTpuKa ds? = dx?/ f* (x), * € R", umeer HeoTpuniaTe Ih-
HYIO OJJHOMEPHYIO CeKIHOHHYI0 KpuBu3Hy [1,2]

K (£.)= f @) F (€6 ~ 5 IV Il >0

Beck rpaguent ||V f||° 1 Hopma ||€|| Berancsiercs ornocnTesHO €BKII0BA HpocTpaHcTBa R,
BEKTOP & MPOU3BOJILHBIH.

Teopema. Ilycrs f € Py (R"), Torga jyist io6bIX Tpex To4eK {x,T1, T2} € R™ BblIOIHICTCS

HepaBEHCTBO:
x — X /— r—x

—331|| |932—ZU1||

Onpenenenne. Hazosem neorpunarensHyto ¢Gyakmnuio g(x) Ha R" KOHGOPMHO-BBIITYKJIOH,
ectu JIst JIOOBIX TPEX TOYEK { T, L1, T2} € R™ Bomosmsercst g (x) < g (x1) ||wa — z|| / ||xe — 21 ||+
g (@2) [z = ] / [z — 21 ]].

MHoxkecTBO KOH(OPMHO-BBIIIYKJ/IBIX (QyHKIHI Ha R™ obo3nadum depes P.

CBoiicTBa KOH(POPMHO-BBIITYKJIbIX (DyHKITUIA.

e g(x) = const € P.

® 91,920 € P= \igi + \ago € P, VA, Ay > 0.

® (1,00 € P= max{gl,gg} e P.

e g€ Pug(xy) =g(xy) =0 npu x1 # xo, Torya g(z) = 0.
e g(z) =0 (||lxr —al|”),a>1=g(x) =0.

[Mpumep. Qyuknus 6(x) = Mif|v — z1]| + Aof|r — 22f] € P, e @1, € R, A, A2 > 0,
KOH(OPMHO-BBIILYKJIasl (310 cieayer u3 nepapeHcTsa Iltosiemest). @yHKIUIO TAKOTO BHJA HA30-
BEM JIHITIOJIEM.

B ciyuae miockocTu jgByMepHag mMerpuka ds? = dz?/6*(r) umeeT MoOKUTENILHYIO Taycco-
By KPUBU3HY, U B KaxKJOI TOYKE UMeeTCd HallpaBJIeHUEe C HYJIEBOU OJHOMEPHON KPUBU3HOI.
OTBevalomas 9Toil MeTpUKe BBILYKJ/as JAByXMepHas IIOBEPXHOCTh B TPEXMEPHOM €BKJIMIOBOM
IPOCTPAHCTBE MIPEJICTaBIIsAeT cODOl MOBEPXHOCTH BpalleHus! UKol (cM. Puc. 1).
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Puc. 1. IloBepxHocThb ¢ METPUKOIl JIUITOJIS.
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BBI9Y1CJIEHUE NHBAPNAHTOB ,Z[EIL/IKI‘P{‘}CDA-BI/ITTEHA HA Z,
AJId MHOT'OOBPA3NN 3ENP®PEPTA

MATBEEB CEPT'EN BJIAJANMUPOBUY

Nusapuantor /leiikrpaada-Burrena n-MepHBIX TOMOJOTHIECKHX MHOIOOOpaswit ObLIN I10-
crpoenbl B 1990 romy. Kaxkplit Takoit ”HBapUAHT OIpe/Ie/IsieTCsl BBIDOPOM KOHEUIHOU rpyIibl G
U HETPUBHUAJIBLHOI'O JIEMEHTA €€ I'PYIIIIhI N-MEPHBIX KOIOMOJIOTH ¢ KO3 DUIueHTaMn B HEKOTO-
poii mogrpytre U yanrapuoii rpymmst U(1). B nokmame paccmarpuBaercst cirydail, KOria JaHHOe
MHOroobpasue M TpexmepHo, a rpyribl G 1 U UMeIoT MOPSI0K 2 1 TO3TOMY MOT'YT OBITH OTOXK-
JIECTBJIEHBI ¢ TPyIIoit Zy. Kak mokasano B [1], B aTrom ciyuae nunBapuanT eiikrpaada-Burrena
TecHO cBsi3aH ¢ Apd-uHBAPUAHTOM ClIeNUAILHOf KBajipaTuaHoii bopmbl Ha rpytne H(M;Zs).
B noknase Oyzer m3ioxkeHn MeToJ Bbluucjenud nHBapuanToB lefikrpaada-Burrena s opu-
EHTUPYEMbBIX TPeXMEPHbIX MHOTOOOpasuii 3eiidepra ¢ H6az0ii cdepa.

CIIUCOK JIUTEPATYPHI

[1] C.B. Marsees, B.T. Typaes, “Nusapuantst deiikrpaada-Burrena uwan Zs mis 3-muoroobpasuit”, Jokaadv
Axademuu Hayx, 2014 (B meuarn).

JIABOPATOPUS KBAHTOBOW TOIIOJIOIMU, UEJABUHCKUN IOCYJAPCTBEHHBI YHUBEPCUTET, VJIMIIA
BPATBEB KAMIUMPUHEIX, 129, UEJAABUHCK, 454001, Poccu4a
E-mail address: matveev@csu.ru

ABrop mojyiepKaH Jgaboparopuil KBaHTOBOH TomosOrun essiOMHCKOrO IOCYJAAPCTBEHHOIO YHHBEPCHTETA
(rpamT npasurenscrsa PO 14.750.31.0020).
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ANBEPIEHTHBIE ®OPMVYJIbI I SAKOHBI COXPAHEHIA
B JTUO®PEPEHIIMAJIBHON I'EOMETPIN
n nXxX NnMPNJIOZKEHNA B MATEMATUYECKOU ®PU3UKE

AJIEKCAH/IP TPATPOBUY METPABOB

PaccmarpuBarorcs cemeiictso {.S; } moBepxHocteit S, ¢ eJMHUIHON HOPMaJIbIO T = T(T, Y, 2),
. . def
rJIaBHBIMU HanpaseHusivu [y u lo, riaBabivu kpuBnsHamu ky u ko, cpejneit kpusnsnoit H = (ki+

k) /2 u rayccoBoit kpuBnsHoit K o 1k, a Takke cemeiicTBo { L, } Kpusbix L, ¢ 6asucom Opene
(t,v,B) (T — opr KacareJbHOl, V¥ — IIaBHOIl HOpMaJsH, (3 — GUHOpMAJIN), KPUBU3HONW Kk 1
KpydenueM ». Bee Besmmaunbt T, Uy, lg, k1, ko, H, K n v, 3, k, 3 IBJISIIOTCST BEKTOPHBIME W CKa-
JISPHBIMHU TIOJIAMU B 00s1acT D eBKIMI0Ba IIPOCTPAHCTBA T, I, 2, KOTOPYIO CILIONIHBIM 00Pa30M
3AIIOJIHSIOT TTOBEPXHOCTH S, U KpubBble L.. [laBHOE HAlIpaBJIeHNE TIPEJICTAB/ISEM €IUHIIHBIM
BekTOpoM l; (i = 1,2) ¢ COOTBETCTBYIOIIUM HAIPABIEHUEM; BEKTOD I; sIBJISIETCS KacaTe TbHbIM
opToM JiuHUM KpuBu3HbL L; Ha S;. YcesoBus Ha cemeiictBo {S,}: (A) uepes Kaxyio TOUKY
(x,y,2) € D npoxoaur ojHa U TOJHLKO ofHa nosepxHoctb S, € {S;}; (B) B raxmoit Tou-
ke (x,y,z) € D cymecrByer (mpaBasi) CUCTEMa B3aUMHO OPTOTOHAJBHBIX OPTOB T, Iy, Iy jjis
HOBEPXHOCTH S, MPOXousineil yepes Ty Touky. st 3T0ro jgocrarodno, 4Tobbl KaxKaas I10-
Bepxuocth S; € {S,} 6bta C%-perynapnoit; (C) 7 € C*(D), l; € CY(D), i = 1,2. Yeaosus
Ha ceMeiicTBO KpuBbIX { L, }: (D) 1depes kaxyio Touky (z,y, 2) € D IPOXOIUT OJHA U TOJILKO
onua kpusas L, € {L,}; (E) B kaxmoit Touke (z,y, z) moboit kpusoit L, € {L.} cymecrByer
(npaswiit) 6azuc Opene (17,v,0); (F) 7(z,y,2) € C?(D). ®opMy/Ibl CBA3M MKy XapaKTepH-
crukaMu nopepxuocreir S, € {S,} m xapakrepucTukamMu KpUBBIX L, B cllydae MX B3aUMHOI
OPTOrOHAJIBLHOCTH JAeT

Teopema 1. ITycmwv das cemeticmea {S;} nosepxnocmetds S, ¢ edunuwHol HOPMAALIO T =
T(2,y, 2) evnoanenv, ycaosus (A)-(C) u das cemeticmea {L;} kpuswx L., opmozonasvror &
{S;}, svinoanenv, ycaosus (D)—(F). Toeda 6 kaorcdot mouke (x,y,2) € D enrasuvie nanpasae-
nusa by u ly, 2nasnoe kpususnor ki u ko, cpeduas kpususna H u 2ayccosa kpususna K nosepx-
Hocmu Sy, nporodawel weped my mouky, svipaxcaromes ueped opmu, Opene T, v, (3, kpueus-
HYy k u xpyuenue 3¢ xpuswvix L, no gopmysam ly = coswrv +sinw 3, I = —sinwv + cosw (3,
tg2w = —4 & (I; -rotly) = (I -rotly), ki = —{divr £ VA2+ B?}/2 = —(I, - rot 1),
ky = —{divr FVAZ+ B2}/2 = (I; - rotly), = K kky, = {(divr)? — (A% + B%)}/4,

K = (1-[rotv xrot B]) —»* = —{(v-rot B)(B-rot v)+ A% /4} = (1-[rot I X rot I5]) — (rot 1;-1;)?,

i=1,2, K=—(r-rot R*), R* dﬁf%T—l—k:B—irBdivu—udivﬁ =P+ S*XT = 27+ (T TOL V)V +

(t-rot B)3, = Hdéf(kﬁ—kg)/Z =—divr/2, K = —div S(71)/2, 20de Adéf(u-rot v)—(B-rot3),
Bdéf(ﬁ -rotv) — (v-rot 3), S(7) Yrotrxr—rdivr = K, + K, + Ky — cymma mpex sek-
mopos kpueusno, K, = (7-V)1T =rot T x 7 = kv, K, = kyT (i = 1,2) sexmopnoti sunuu L,
NOAA T U 06YT 2€00€3UMECKUT AUNUT € KPUSUSHAMU kg 1a noseprHocmu Sy, Npocedennvi

def
8 00T J8YT B3AUMHO OPMO2OHAALHULL Hanpasaerusr, ® = = »T + kB — sexmop apby,

S = K.+ K, + Kg — cymma mpex sexmopos kpususus. K., K, = (v-V)v =rotv x v,

Ks = (B-V)B =rot B x B sexmopnvix aunuti L,, L,, Lz sexmopnvix noaet opmos Ppene T,
v, B coomsemcemeenno. Ecau L, — eexmopnovie aunuu éexkmoprozo noas v = v(x,y,z) = |v|T
def .
¢ nanpasaenuem T, mo S(1) = T(v) = gradIn |v| + {rotv x v — vdivv}/|v|>.
Teopema 2 (mmockwuii ciyuaii). [Tycmo { L.} — cemeticmeo naockux xpusvix 6 obaacmu D
maxuz, wmo: wepes kaxncoyro mouky (x,y) € D npoxodum odna u moavko oona kpusas L, €

Pa6ora nomiepxkana PODU (rpant Ne 12-01-00648).
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48 AJTEKCAH/IP TPATPOBUY MET'PABOB

{L.}; 6 kaosrcdoti mouxe (x,y) 060t kpusot L, € {L,} cywecmsyem 6azuc Ppene T = T(x,y),

v=v(z,y) (T — opm xacameavroti, v — nopmasu); T(x,y) € C*(D). Toeda ¢ D cnpasedruso

mooicdecmeso (s3axon coxpanenus) div S(T) = 0 < divS*(1) = 0, 2de S* YK +K,= (T -

V)T + (v - V)v — cymma sexmopos kpususnn K, u K, dsyx naockur xpuevir L, u L, u3s
saaummo opmozonasvnux cemeticms {L;} u {L,} (m. e. 8* — cosenoudarvnoe nose ¢ D),
npuvem S* = S(1) = —rot{a(z,y)k}, a = a(z,y) — yeor naxaona sexmopa T % ocu Ox.
Bexmopnuie aunuu noset S* u S(7) coenadarom ¢ aunuamu YypoeHus ckaraprozo noas a(x,y).

Teopema 3 (TpexmepHblii ciaydait). Mmerom mecmo pasHoCusbHble QUBEP2EHMHBLE TNOIHC-
decmea (3axon corpanenus) 0an 1106020 noas edunuunvr eexkmopos T = 1(x,y,z) € C*(D)
(T =cosa;i+cosagj+cosagk): div{S(T)—®;} =0,i=1,2; ¥, &of 2{cos ag rot (cos ap 1) +
cos ay rot (cos ag J) +cos ag rot (cos oy k) }, P o —2{cos ap rot (cos az 1) +cos ag rot (cos oy J) +
cosag rot (cosag k)}. Eeau 7 = 7(x,y,2) — nose Kacamesvhulx 0pmos npocmpaHCmEeHHLT
kpuswoir L, cemeticmea { L.} uau nose edunuwnux nopmanets noseprrocmets Sy cemeticmea {S; },
Mo 2M0 MONHCIECTNBO MOHCHO PACCMAMPUBAIMG KAK 3GKOH COTPAHEHUSA OAA CEMETUCMBA KpPU-
eux { L.} uau cemeticmea noseprnocmets {S;}. B naockom cayuae div®; = 0. Ipu yeaosusz
(A)-(C) das 2ayccosoti kpususnv K noseprrnocmu Sy umeem: K = —(1/2) div ®;.

Haiinenst Takzke 3akonbl coxpanenus suja div F' = 0 mis cemeiicrsa {L,} npocrpancrBeH-
HbIX KpuBbIX L, co csojictBamu (D)—(F), rae BekropHOe mose F' BbIpazkaercst depes OpPTHI
®pene T, v, B, KpuBU3HY k U KpyUueHHUE » KPUBBIX L, (B KOHEYHOM HUTOre — depe3 MoJe T):
div {7 div.S* — »rot 7 — krot B} = 0 < div{(1/2)7 div S(7) — kv(v -rot B) — kB[(B - rot B) +
]} = 0. 3xech Boipaxkenue B { } Bciogy pasHO rot R*. HaiijileHbl 3aKOHBI COXpaHEHUsI BU-
nga div F' = 0 jqya cemeiictsa {S;} mosepxuocreit S, co coiictBamu (A)—(C), rue BekTOpHOE
nojie F' Boipakaercs depe3 HOpMaJsib T K S,, ee TJlaBHble HalpaBjieHus Iy u ly, TyIaBHbIE KpPH-
BU3HBI k1 U ko, cpeiHior0 kpususny H, rayccoBy kpususny K. Hanpuwmep, div { KT + ky(ls -
rot T)l; — k1(ly - rot 7)ls} = 0, re Boipakenne B { } pasno {—rot R*}.

C moMoIpbio 3TuX O0IUX reoOMeTPUIeCKrX (hopMyJI HoJIyueHbl quddepeniinaabuble 3aKOHbI
COXpaHeHusl 1 JIpyrue (GOPMyJIbl B IJIOCKOM U B TPEXMEPHOM CJIyYasX Jjisl PEIIeHUH YPaBHEHUST
SUKOHATA (/151 IOJIsT BpEMEH B KWHEMATHIeCKOi ceficMuKe (reoOMeTpHIecKoil ONTHKe)), ypaBHe-
uus [lyaccona, rujpoauHaMudecknx ypaBHeHnit Jityiepa u ypasuennit Makcsesra. [lpu srom
pPOJTb KPUBBIX L, W TOBEpXHOCTEll S, WrpaloT BEKTODHBbIE JIMHUU TOJIeH PerieHnii 1 OpToro-
HaJbHBbIE K HUM IoBepxHOCTH. HaiijeHa cBs3b Mexay ypapHenumem Momzka-Amrepa u ypas-
HEHUEM IIJIOCKOIO JIBUYKEHUsT HECXKUMAEMON »KUJAKOCTH Jijist (pyHKIMH ToKa. CHCTeMaTudecKn
nccsie/ioBaa rpynmna JIu, sBIgomasicss paciinpeHneM TPYIbl KOH(GOPMHBIX Tpeodpa3oBaHuil
TPEXMEPHOI'0 IIPOCTPAHCTBA Ha IIPOCTPAHCTBO IIECTH MEPEMEHHBIX ¥ OJIHOBPEMEHHO — IPYIIIIOi
SKBUBAJIEHTHOCTH TPEXMEDPHOIO ypaBHEHUsI SKOHAJA U JIDYIUX YPABHEHUil MaTeMaTHIecKOil
dusuku. Haiijiena cBsa3b ee quddepennmuaibHbIX THBAPUAHTOB C T€OMETPUYECKUMU TTOHATHU -
MU U BBIIIEYHOMSAHYThIME (bopMy/iamu. B jiByMepHOM ciiyuae HaifijieHHbIe (hOPMYJIbI IIEPEXOJIAT
B pe3y/IbTaThl, MOJIydeHHbIe aBTOpOM B crarbsax B JIAH: 1984, 7. 275, Ne 3; 2004, . 395, Ne 2;
2009, 1. 424, Ne 5; 2010, 1. 433, Ne 3 u 4; 2011, T. 441, Ne 3.

MHCTATYT BBIYUCJIUTEIBHON MATEMATUKNA U MATEMATHUYECKOU rEoeusuku CO PAH, HoBocn-
BUPCK, 630090, Poccusga
E-mail address: mag@sscc.ru



TABYJIMPOBAHUE Y3JIOB B YTOJIIIIEHHON BYTHIJIKE KJIEMHA

JINJINA PYCJTAHOBHA HABEEBA

[ox yTommennoit 6yTeuikoit Kiteitna Oyaem moHIMAThL OPUEHTHPOBAHHOE KOCOE ITPOU3BEIEHTE
K?%xI 6yroukn Kneitna K? ma oTpesox.

Vzen B K2x I — npocras samknyTas kpusag B K2x 1. Jlpa yana K1, Ky C (K?xI) skpuBa-
JICHTHBI, ec/ii cylecTByeT romeomopdusm nap h : (K2x1, Ky) — (K?x1I, K5).

Vsen B K?X I MOKaIbHBIH, €CIIT OH COJAEPKUTCA B HEKOTOPOM Imape B K2X I. Y3es cocraBHOiT
B K?X 1, ec/li OH IIPEJICTABUM B BHJIC CBS3HON CYMMBI y3710B B K2 X I 1 JIOKAJIBHBIX Y3JI0B.

V3es1 naszniBaeTca TpUMAapHLIM B K2 X I, e OH He ABJIAeTCs JIOKAILHBIM U COCTABHLIM y3JI0M
B K?XI 1 ero HeIb3s 3aKIIOYATH B YTOJIIEHHOE KOJIBIIO MM B yTOIIEHHBIH et Mebnyca.

Kax n B ciryuae KaaccudecKnux y3/aoB B S, y3iael B K2 X ] MOXKHO 3a/1aBaTh JHArPAMMaMU 1
IIPOEKIUECH.

Juarpamma yzna K B K?x [ HasblBaeTcss MUHUMAJILHOMN, €CIM e CJIOXKHOCTh (T. €. YHUC/Io
JIBOIHBIX TOYEK ) He PEBOCXOJUT CJOXKHOCTH JIFOOOH JIHarpaMMbl JIFOO0r0 y3/1a, SKBUBATIEHTHOIO
yaay K. Ilpoexkmua G C K? naspiBaeTcs MHHUMAJILHOM, €C/IM MUHAMAJILHA XOTS ObI OJ[HA U3
OTBEYAIONINX il JuarpamM.

Teopema 1. CymecTByIoT poBHO 33 pa3ImIHBIX IpUMAPHBIX y3/1a B K2 X1, MuHIMaIbHbIe
JimarpaMMbl KOTOPBIX HUMEIOT He 0oJiee TPex JIBOHHBIX TOUEK.

Teopema 2. Cymectsyer He 6osee 69 pasamIHBIX TPAMAPHBIX MpoeKIil y3108 B K2x1 c
He Oojiee 9eM IeThIPbMST JJBOHHBIMU TOYKAMH.

CIUCOK JIMTEPATYPHI

[1] A.B. Cocunckuit, ¥Ysau, sauyenienus, kocv. u mpexmeproe mrozoobpasus, M.: MITHMO, (1997).

YEIABUHCKUN ['OCYIAPCTBEHHBIN Y HUBEPCUTET, VJI. BPATBEB KANIMPUHEIX, 129, I'. UE/IABUHCK,
454021, Poccud

E-mail address: 1iya.nabeyeva@yandex.ru

Pa6ora Bbiosnena npu nojyiepkke jaboparopun Ksanrosoii Torosnorun Yeal'V (rpant upasurenscrsa PD
Ne14.750.31.0020) u POOU (rpanr Nel4-01-00441-a).
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CUMMETPUYHBIE PEIIIEHNSA BE3IVCIIEPCUOHHON 2D TOJA
NEPAPXUN, YNCJIA TYPBUIIA 1 KOH®POPMHAA JTVNHAMUKA

CEPT'EIl MUPOHOBIY HATAH30H

Nurerpupyemas cucrema de3aucnepcuonnas 2D Toja nepapxusi BriepBble BOSHUK/IA B T€OPe-
THIECKOI (pU3UKe B CBS3M C MOJIEISIMU TPaBATAIMU. B IIOC/IeICTBUN 0KA3a/10Ch, YTO CIEIHAJb-
HbIe PEIeHNs TOM CUCTEMbI CBA3AHBI C JIBYMsS COBCEM He IMOXOKUMU JAPYT Ha JAPyra KIacCude-
CKUMU IIpob/IeMaMu: BeIYHMCIeHTEM drces I'ypBuIla U IOCTpOeHreM 6UroJIoMOopdHO# dyHKINH,
oToOpazKaromeil MPOU3BOJILHYI0 00/1aCTh Ha KOMILIEKCHOH IIJTIOCKOCTH B CTaHIAPTHBIN JUCK. B
000X cJIydasxX HYKHBIE pelleHUusl OTHOCATCS K CIENUaJIbHOMY BaXKHOMY KJlaccy pernenuii. B
JIOKJ1a71e OyJIeT paccKa3aHo KaK HalTH BCe PeIeHus 9TOTO KJ1AcCa, BIIEINTh CPEIN HIX Perre-
HUs, CBA3aHHDIE C YrciaMu ['ypBuIia u KoHOPMHO# JTUHAMUKOM, U ¢ UX IIOMOIIIHIO 3HATUTE/THHO
MPOJIBUHYTHCA B PEIIEHUHN THX KJIacCUuIecKux rmpoodseM. JIoKiar ocHOBaH HAa COBMECTHOM pa-
6ore ¢ A. B. 3abpoauHbim.

HAIIMOHAJIBHBINT UCCIEJOBATE/IBCKUN YHUBEPCUTET «BBICIIAA IIIKOJIA SKOHOMUKW», YJI. BABU-
JIOBA, 7, MOCKBA, 117312, Poccusa
E-mail address: natanzons@mail .ru
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ITPEJICTABJIEHUE OCHAIIEHHBIMU 3ATEIIJIEHUSIMU
MHOTI'OOBPA3IM C KPAEM TOP, UMEIOIIINX CIIEIINAJIbBHBIE
CIIAMHEBI C 3 BEPIILIMHAMMU

MUXANJI AJIEKCEEBUY OBUYMHHNKOB

JIBymepHbIit mosmmaap P Ha3bBaeTcsd cnaliiom KOMIAKTHOTO TPEXMEPHOTro MHOTOOOpasus M,
eCJIM CYIIECTBYeT BJIOKeHue ¢ moJmdipa P B maoroobpasme M rakoe, aro M\i(P) romeomopd-
HO OM % [0,1), b0 TpexmepHOil KieTke. JIByMEpHBIN TOJUIAD HA3BIBACTCS CNEUUAALHBIM
NnOAUIOPOM, €CJIN KaxKas ero TOYKA MMEET OKPECTHOCTDb, BIOKHUMYIO B mOmdap Q = XK,
(HasicTpoiika HaJ TOJHBIM IpadoM ¢ 4 BepiuHAME), ¥ BCe 1- U 2-MepHbIe KOMIIOHEHTHI 110~
JImdpa ABJAOTCH KiaeTkaMu. CrailH Ha3bIBAeTCA CNeyuaAbHulM CNatiHoM, €CJTU OH SBJISETCH
CHEeNUaJIbHBIM TOJIMIPOM. VI3BEeCTHO, UTO 1O CBOEMY CIIeNMaJIbHOMY CIIaifHy TpeXMepHOe MHO-
rooOpasue BOCCTAHABJIMBALTCS OJHO3HAYHO [1].

MHOKeCcTBO CHHTYJISPHBIX TOYEK CIEIUATHLHOTO MTOJII/IPA COCTAB/ISIET PEryIAPHbIi rpad cre-
nieHn 4. BepIuHbBI CHHTYJISPHOTO I'pada Ha3BIBAIOTCA TaKXKe 6EPUUHAMY CNEUUANDHO20 NOAU-
adpa (cneyuarvrozo cnating). CymecTByer JIUIb KOHETHOE YUCJIO CIENUATBHBIX MOJHIIPOB C
JIAHHBIM Y9UCJIOM BEpIINH. AKTYabHBIM SBJISETCA CHCTEMATHIECKOe MCC/IEOBAHNE CIIEINATh-
HBIX CIAHOB B TOPsJIKE BO3PACTAHUs YUC/Ia UX BepiuH [2—4].

Pabora mocasmena mccireIoBAHUIO CIIENUAIBLHOTO claiiHa ) ¢ TpeMs BepITuHAME U 3a/1aBae-
MoOro uM MHOroobpasus M ¢ kpaem Top. Craitn P gBigeTcs CKIeHKoil TpeX MHOTOyTOJILHIKOB,
KOTOpas KPaTKO OIMCHIBAETCS KOMOMHATOPHO HOCPEJCTBOM Tpex ciob 1263, 1135452, 2465643.
Harngmano sra ckieiika 3a/iaeTcd guarpaMMoil Ha puc 1.

Ocnarennoe 3arerienre Ly (cm puc. 1) npejcrasisger coboil neperiereHHble TPUTUCTHUK U
TpuBHAJIbHBIH y3eia. OHO 3a/1aeT MHOroOOpa3ue ¢ KpaeM TOp, T. K. COJEPKUT OJHY HEOCHAIEH-
HYIO KOMIIOHEHTY (TPHBUAJBHBIN y3€s1), H300pazkarollyto yIaJeHHbIil 13 TpexMepHoi cdepsb
IIOJIHBII TOP.

=Q
N

AN/
+4

Puc. 1. Ilonusaper P, u ocHaleHHOoe 3alierienne L

Teopema. Craiin P, n ocHaierHOE 3areiyieane Ly 3a1a0T 0HO U TO >ke MHoroobpasme M.

JlaHHbI TpUMep MOKa3bIBAET, UTO JJIsi JIOBOJLHO MIPOCTOrO CIEIMAJTLHOTO criaifHa (BepIimH
BCEro TPH) COOTBETCTBYIOIEE OCHAIEHHOE 3allellJIeHIe MOYKET OKa3bIBAThHCS BEChMa, CIOKHBIM
(13 Touek mepecedeHns Ha JUarpaMMe 3arelieHns). B TaHHOM cjrydae Yucjio BEPIUH ¥ 9UCI0
TOYEK IIepecevueHnss He MOTYT ObITh YMEHbIIICHDI.

B pabore ommchiBaeTcs crocod, Kak, MeHsIsl OCHallleHue 3allerjieHusi L, Ha IPOU3BOJIbHOE
paloHaJIbHOEe OCHAIEHUE, MOJYUYUTh COOTBETCTBYIONMIMI CHEIUabHbINA CITaiiH JIOKAJIbHOM ITe-
peJiesikoii criaitaa P .

Pabora Beimosaena npu nomgeprxkke rpanra POOU Ne 14-01-00441 u rpamra HITI-1015.2014.1 o rocymap-
CTBEHHON TOMJIEPXKKE BEJYIINX HAYIHBIX ITKOJI.
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52 MUXANJI AJIEKCEEB1Y OBUNHHUKOB

B pabore 1pejicTaBiaeHbl 1 00CYKIAIOTCA €Ile HEKOTOPbIE aHAJOTHIHBIE PEe3YIbTATHI.
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O HETBIPEXMEPHBIX KOH®OPMHO IIOJIVIIJIOCKUX PIMAHOBBIX
MHOT'OOBPA3HIAX HYJIEBOU CKAJIAPHON KPUBU3HBI

CBETJ/IAHA BJIAJIMMUPOBHA ITACTYXOBA, OJIECHA ITABJIOBHA XPOMOBA

Tenszop Beitg W Ha opreHTHpPOBaHHOM YeThIPEXMEPHOM PUMAHOBOM MHOIOOOpa3uu pasJia-
raercsa Ha ABe KoMIoHeHTHl W' u W™, HenpuBoguMble OTHOCHTEILHO ACHCTBUS CHEINAJIbLHON
OpPTOrOHAJBLHON TIpymIbl. MHOrO0Opasus, Jjisi KOTOPBIX OHA M3 9TUX KOMIIOHEHT 00palaercs
B HYJIb, HA3BIBAIOTCS KOH(MOPMHO MOIYILIOCKIM.

B [1| uzyuasuce 4-mepHble KOHGOPMHO TIOCKHE pruMaHOBbI IpocTpancTsa (W = 0) HyseBoii
ckajsgpHoil KpuBu3Hbl. Hacrosiiiast paboTa mocBsIena nccae0BaHu0 KOH(MOPMHO TOJIYILIOC-
KIX 4-MEepHBIX PUMAHOBBIX MHOTOOOPA3Mil HYJIEBOI CKAJISIPHON KPUBU3HBI M UX ITOBEJIEHUIO TIPH
KOH(MOPMHBIX JedopMaIusax PUMaHOBBIX METPUK.

CIIUCOK JIUTEPATYPbI
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O HEKOTOPBIX CBOMCTBAX KOH®OPMHO IIJIOCKUX
PVIMAHOBBIX METPUK

EBTEHNIT AMUTPUEBIY POJINOHOB, BUKTOP BJIATMMUIPOBIY CJTABCKMNI,
OJIECSI ITABJIOBHA XPOMOBA

B nmannoit pabore mcciieoBaHbl CBOMCTBA KOH(MOPMHO IJIOCKUX N-MEPHBIX PUMAHOBBIX MeT-
puk 06061eHHoi KpuBu3HbI B cMbicse A. 1. Anekcannposa [1]. B onpemenennom cmbicie jaH-
HYI0 PabOTy MOYKHO PACCMATPUBATH KaK IOIBITKY TepeHecTr Jacth pedyabraros FO. I Permrer-
HAKa [2-3] 110 JIByMEPHBIM MHOTO0OOPA3USIM OIPAHUYEHHON WHTErPabHON KPUBU3HBI (B CMbIC/IE
A. JI. Anekcannposa) Ha pasMepHOCTb . > 2. B pasmepnocTu n = 2 yiobast puMaHOBa METPUKA,
ABTOMATUIECKU KOH(POPMHO-ILIOCKAsT U € AHAJIUTHIECKON TOUYKM 3PEHUS OIPEJIE/IsIeTCsi OTHON
dbyukmeit (KordOpMHBIM (DaKTOPOM) B H30TEPMHUUECKOll CHCTEME KOOPIAMHAT. DTO 00CTOSITE b
CTBO yKa3blBaeT Ha KOH(MOPMHO-ILIOCKHE PUMAHOBBI IPOCTPAHCTBA, KaK Ha HamboJee IMOJXO-
JISIIA 00BEKT aHAJIUTUIECKUX HCCIETOBAHUN 110 0OOOIIEHHBIM PUMAHOBBIM ITPOCTPAHCTBAM.
Kpowme Toro, KoHpOPMHO ILJIOCKHE PUMAHOBBI MHOI00Opa3ust SBJISIOTCS BaXKHBIM TOJIKJIACCOM
B KJIacce JIOKAJIbHO KOH(MOPMHO OJJHOPOJIHBIX TPOCTPAHCTB [4-5].

B pabore ncciemoBano crpoenne u CBOWCTBA MHOTOIPAHHBIX KOH(MOPMHO IIJIOCKHX PUMAHO-
BBIX METPHUK - BaXKHOTO IMOJIKJIACCA B KJIacce KOH(MOPMHO IJIOCKUX PUMAHOBBIX MeTpHK. [losy-
YeHBI AHAJIOIH TEOpeM 00 SKCTPAIOJISIUN ¥ WHTEPIIOIANINN i (DYHKIUN, SBIISIONINXCS KOH-
dopmuBIM (phaKTOPOM B KOH(POPMHO IJIOCKUX PUMAHOBBIX METPUKAX OTPAHMIEHHON KPUBU3HBI
[6], a Takke HeoTpHIaTENbHOM KpuBH3HEL [7|. B ciyuae rpymn JIu wccnemoBanbl KoHGOPMHO
THOJTY IIJIOCKHE OJTHOPOJIHBIE PHMAHOBBI TPOCTPAHCTBA |[8].

WccnemoBan criekTp orneparopa CeKIMOHHON KPUBU3HBI KOH(POPMHO ILJIOCKUX PUMAHOBBIX
METPHUK, €ro U3MeHeHHe B ciiydae KOHMOPMHBIX jedopMaliiii 1CXoIHOi MeTpuku. B ciayuae
TPEX U YETBIPEXMEPHBIX KOH(MOPMHO IJIOCKUX METPHIeCKuX rpyiil JIu mosyaensr siBubie hop-
MYJIBI JIJIsi BBIYUCJICHHS CIIEKTPa OIIEPATOPA CEKIIMOHHOM KPUBU3HBI, PENEHU N30CIEKTPATbHON
3a/1a41.

[Tostyuena kaccuduKaiys 9€TbIPEXMEPHBIX METPUIECKUX TPYII JIu ¢ rapMOHUYIECKUM TEH-
3opoM Beits [9-10].
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OBb OJTHOPAHT'OBbBIX JTE®OPMAIINAX PUIMAHOBBIX METPUK,
COXPAHAIOIIINX TEH30P KPVIBU3HDbI

EBTEHNIT AMUTPUEBIY POJINOHOB, BUKTOP BJIAIMMUIPOBIY CJTABCKMNI,
OJIECSI ITABJIOBHA XPOMOBA

Hedopmanuu panra OJMH PUMAHOBBIX METPHUK U IOBEJEHNE OCHOBHBIX TEH30PHBIX IOJEi
PUMAHOBBIX MHOrooOpasuit mpu JedopManusx JaHHOrO BHJa u3ydaanch B paborax [1, 2|. B
HACTOsAIIEeNl paboTe OompesesieHbl OJIHOPAHTOBBIE JTeOpPMAIN PIMAHOBBIX MHOI000pas3mii, co-
XPaHLAIONINEe TEH30D KPUBUZHBI.

[Iycts € — npousBosibHasg pyHKIMS Ha puMaHoBOM MHOroodopasum M"™ kiracca C°. Bynem
POBOPUTD, YTO MeTpuKa d5’ mojydena jgedpopMaliyeil paHra oIuH U3 METPUKH ds?, eciu

ds? = ds® + df  db.

Teopema. Eciiu B HeKOTOPOI} JIOKaIbHOI cHCTeMe KOOpAHHAT JiehopMalus paHra ofquH ds>
MeTpuKH ds? coxpaHseT KOMIIOHCHTbI TeH30pa KPHBU3HLI pUMaHOBa MHoroobpasus M™, To B
KadecTBe (pyHKIHHE 0, ydacTBylomeli B olpeaeseHnn jechopManiuy paHra OQHH MeTpukd ds?,
MOZKeT OBITH BbIOpaHa OJHA U3 (PYHKIHI CJICTYIONICTO CITUCKA:

1) 0= flz)+ > Cray, i,j €{1,2,...,n}

J#
2) 0 = f(C+ Ciwi + Cjzj) + Y Crr, 1,5,k €{1,2,...,n}, j >,
k4,5
3) 0 = f(C+ Ciwi + Cjzj + Crxy) + Y Catg, 1,4, ks €{1,2,...,n}, k> j > 1,

s,k

n) 6= f(C—l—ZCixi),

i=1
re C, C;, C;, Cy, Cs — mpou3BoyIbHEIEC TTOCTOSHHDBIE, [ — HeKoTopas IVajKas QyHkind Ha M™,
{x1,29, -+ ,x,} — JOKaMBHAST cHCTEMa KoOpauHAT B M™.
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O PASBMEHUNAX I‘I/IUHEPBOJ'II/I‘IECKOI;’I IIJIOCKOCTUA
ITOJIO2ZKUTEJIbHON KPUBU3HBI ITPABUJIbBHBIMI
OPUIINKJ/INMYECKUMMN N-TPAIIEITNAMN

JIFOAMWJIA HUKOJTAEBHA POMAKNWHA

B patorax [1, 2] H0CTpoeHbI 1IepBble paséueHus ruIep6oIHIecKoil m1ockocTn H mosoxures-
Hoit kpususnbi 3, 4]. TIpoctsie pasénenns na H [1] (cm. rakzke [4]), sueiikoii KOTOPBIX SBJIsETCS
IIPOCTOM 4-KOHTYD, SIBJISIFOTCS MOHOJIPAJIbHBIMU, HO HE SIBJISIOTCS HOPMAJIbHBIMEU U HE $BJIsi-
J0TCST IPABIJILHEIME. B cTaThe [2] M0CTpOoeHb! MepBble HopMaJIbHbIe pasbnenns mI0ckocTH H, B
TOM 9HCJIE TIePBbIe TPHAHTYJIAINE JAHHO IJIOCKOCTH, HO OIMCAHHBIEC B 9TOI cTaThe pasdueHus,
Ha3BAHHBIC BECPHLIMU, HE SABJIAIOTCA MOHOSPATBHBIME. Hepermennoii 10 HACTOAIIEro Bpeme-
HI ocTaBajach 00O3HavYeHHas B pabore [2| 3a1ada MOCTPOEHUS HOPMAIBHBIX MOHOIDAJbHBIX
pasbuernuii miockocT H.

B JI0K/Ia/ie [Ipe/ICTaBIM CepHI HOPMAJIBHBIX MOHOSIPAIBHBIX pasbueHmii mwiockocrn H, He
SIBJIATOIINAXCST TTPABUIbHBIMI. AHAJIOru4IHbIe pa30meHus MmI0cKocT JI06aIeBCKOTO TMOCTPOEHBI
senrepcknM MaremarnkoMm K. Bepenkum [5] n mpusenenst B cratne [6] B.C. Makaposa kak
oTBeT Ha cOPMYIMPOBAHHBIH TPUMEHATEIBHO K II0CKOCTH JI06atdeBCKOro BTopoii BOIpoc Bo-
ceMHa/IaTOl pobsembl ['ubbepTa o cymecTBOBAHIN MOHO3IPAIbHBIX Pa3bueHuil, sueiika Ko-
TOPBIX HE SABJIACTC (DYHIAMEHTATIBHOI 00JIaCThIO IMCKPETHOl IPYIIIBI CAMMETPHIl pa3sOueHus.
OTBeT Ha JaHHBIA BOIPOC MPUMEHATENLHO K IUTocKocTn H jafor mpocrbie pastuenus |1, 4]
1 pa3OueHns TPABUJILHBIMU OPUIUKINIECKUME N-TPAEUIME, IIPUIEeM OCIeHIe pa3OrueHns
YZIOBJIETBOPSIOT 60JIee JKECTKOMY TPEOOBAHMIO: U3 UX SUEEK HEJIB3sl COCTABUTH (DYHIAMEHTAb-
HyI0 00JIaCTh [IICKPETHO MDYl CHMMETPHil pa3OueHusl.

ITycTb Wy, Wy — OPUIUKIIBI IJIOCKOCTH He neHTpoM K; AB — BHYTpeHHsISI 3JUIANITUYICCKAST
XOpJa OPHIUKIIA Wy; N — HATypaJbHOEe InuCyI0. TOUKH mepecedeHns OPUIUKIIA W, ¢ TapaJllelb-
HeIMEI IpaMbIMI AK 1 BK 0603Ha9MM COOTBETCTBEHHO (), (). Ha myre (QQo(),, opunukia wy,
HAYMHAsT OT TOYKN (Jy, MOCTPOUM ITOCTIEIOBATEIBHO TOUKNA (Q1, (Qa, ..., (),_1 Tak, 9TOOBI TIpsI-
Mble Q;-1Q;, j = 1,n, 6bum smnruaeckuvu. O603HAYMM b; BHYTPEHHIOI XOP/Ly OPHIUKJIA
wq Ha 1pamoil (;—1();. CoBokynHOCTb OTpe3KoB AQq, b1, ..., b,, Q,B, BA, nukiamdeckn co-
emuHstIONX ToYKu A, Qo, Q1, ..., Qn_1, Qn, B, Ha30BeM n-mpaneyuet, snucaHHotl 6 KoAbUO
MENCOY OPUYURAGMU Wy, Wy, UITH, KPATKO, 0PUUUKAUYECKOT N-mpaneyued.

Ob6oznauenune: AQyQ), B — opunuk/jimaeckasi n-TPaIEIus.

Touku A, Qq, Q1, ..., Qun_1, Qn, B Ha30BeM 6epwunamu, orpezok AB — ochosnvim peod-
POM, WA OCHOBAHUEM, & OTPe3Ku A(Q)y, B(Q), Ha mapa/iebHbIX IUIePOOTHICCKIX HPSIMbBIX —
60K08bLIMU PEOPAMU OPUTTUKITIECKOH n-Tpanerun AQyQ), B. Jlomanyto, cocTaBieHHYO U3 BCEX
OTPE3KOB by, . . ., b, JIMITHIECKUX MTPSIMBIX, HA30BEM KYNOA0M, & KaXKJIbIil 13 OTPE3KOB by, . . .,
b, — pebpom xynosa opurukaIndecKoit n-tpamenun AQyQ,B. Ilpamyio, comepKaliyio oCHOBa-
Hue, pebpo KyIoja mi O0KOBOe pedpo OPUIMKIIMIECKON 1n-TPaIlellni, HA30BEM COOTBETCTBEHHO
CMOPOHOT, OCHOBAHUA, CMOPOHOT KYNOAG WIH 60K060T CMOPOHOU.

Opuiuk wy, (w,) HA30BEM 0CHOEHbM (KYNOADHBIM ) OPUIIUKIOM OPHITUK/INIECKON N-TPaIlelni
AQpQ, B. Opunuk/jimaeckyio n-Tpamernuio Ha30BeM npocmot, ecjiu OHa HEe UMEET TOYEK CaMO-
nepecedenusi. [Ipasuavhot opuyursueckoli n-mpaneyuet; Ha30BeM IPOCTYIO0 OPUITTKTTIECKY O
N-TpaIeruio, Bce KyoJbHbIe pebpa KOTOPOil KOHTPYSHTHBI OCHOBAHUIO.

JlokazaHbl CJIEJIyIONINe TEOPEMBI.

Teopema 1. Ha nitockoctn H 1st KaKJ0ro HATYPAJIbHOTO 3HaYeHHS n, n > 1, cymiecTByer
M IIPUTOM OJIHOIIAPAMETPHIECKOE CEMEHCTBO OIPE/E/IEHHBIX C TOYHOCTBIO JIO JIBHXKEHHS IPa-

BHJIbHBIX OPHITHKJIHYCCKHX n—TpaHeHI/Iﬁ.
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TeopeMa 2. HpaBI/IJH)HaH OpHUIIUKJINIECKasd N-Tpallelisd IIJIOCKOCTU H CHMMETpHUYIHA OTHO-
CUTEJIbHO CEPEIUHHOI'O HEPIICH/IMKYJ/IIDa K OCHOBAHUIO.

Teopema 3. [IpaBuibHAsT OPHUITHK/IHYECKAsT N-TPaIeNns MIocKoctn H mnpuHaiesxur moJ-
HOCTBIO 3aMBIKAHHUIO CBOCT'O OCHOBHOI'O OPHILIAKJIA.

Teopewma 4. [IpaBuibHast opuruKIndecKas n-rparenust Ha H He siBjseTcst BBILYKJIOH.

Teopema 5. /[inaa b 60K0BOrO pebpa npaBUAbHON OPUITHKINIECKOH N-TPAIIEIIHH IIJIOCKOCTH
H pamuyca kpuBususr p, p € R, oanosnadno onpenesrena qucaom n: b = plnn.

Teopema 6. /[mHa a KaKJ0r0 SJIIHIITHIECKOrO0 pebpa HMpaBHJIBHOH OPHIUKJIHICCKOH -
TpaIeruu IJI0CKOCTH H pajyca KpUBU3HBI p MPH Y€THOM 3HAYCHHUHU N MPUHAJJICKAT HHTEP-
Baity (0; parccos((2 — n?)/n?)), a npu nevernom — unrepsaiy (0;7p).

Teopewma 7. Kaxkoe sjumanrudeckoe peopo MpaBUIbHOH OPUITUK/IHIECKOM N-TPAITCITHH ILIOC-
xocr H [P Y€THOM 1, SIBJISIETCST OTPE3KOM, He JIOCTHTAIOIHM IO JJTHHE BHEIIHIOK XODJIY OPH-
MHUKJIA, CTSTHBAOIYIO N-HYI0 9acTh €ro 1mapabondecKod JyTH, TPH HEIeTHOM 1, — OTPE3KOM,
He JIOCTHTAIOIIUM COJIEPIKAIIYIO €r0 3JIIHIITHICCKYIO IPSIMYIO.

Teopema 8. Ha miockoctu H pajmyca KpHBU3HBI p IJIOMAb S HPABUILHON OPUITHK/THYIC-
CKOIT n-TpalleIiuy ¢ OCHOBAHUEM JIJIHHOH G MOXKET ObITh BBHIYHCJICHA IO (POpMYyJIe

— 92 (p — T,La
S =2p°(n 1)1ntg(4+4p>.

Teopema 9. Ha miockoctu H pajmyca KpUBU3HBI p IJIOMAAb S HPABUILHON OPUITHK/THIE-
CKOIf n-Tpariernuu ¢ Mepoii A BHYTDPEHHEr0 KBa3UyIJia IMPH OCHOBAHUH MOXKET OBITh BBIUUCJICHA,
110 ¢popmyie

S =2p*(n—1) <ig—A>.

Teopema 10. Ha miockoctu H BHYTpeHHWI KBa3UyTroJ NPH OCHOBAHUU MPaBUJIBHOH OpH-
IIUKJITIECKOH N-TPANEAN SIBJITETCS JIJIAINITHIECKUM KBA3UYITJIOM.

Paccmorpum Geckoneunsrit Tpexsepiinaauk AB K, obpazoannbiit iyaamu AK, BK u or-
peskoM AB, sSBIAOMNUMCS OCHOBAHUEM TPABUIBHON OPUIUKINYIECKOi n-Tparmennn AQyQ),B ¢
toukoit K mepecedenunst O0OKOBBIX CTOPOH. 3aMblKaHue TpexBepmmuanka ABK HazoBeMm 6Hecko-
HEYHBLM MPETPEOEPHUKOM TLTTIOCKOCTH H , cmeorcnoim ¢ n-tpanerueit AQoQ, B.

Teopewma 11. Ha mrockoctu H mioma b S npaBu/ibHON OPHITHKIAIECKOH n-Tpamerun B n— 1
pa3 mpeBbIlIaeT oAb Sy CMEXKHOTO ¢ Hell 6ecKkoHedHoro Tpexpebepuunka: S = (n — 1).S.

Teopema 12. Kaxksoe HopmasibHOe pa3buenue 1miockoctu H npaBuibHOI OPHITHKITHIECKON
n-Tpalerueii siBIseTcss HelIPaBUIbHBIM.
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O TEOPEMAX BJIOXKEHUS AJIS1 COBOJIEBCKUX ®YHKIINI
B OBJIACTAX C I'EJIbBAEPOBBIMU OCOBEHHOCTAMUN

AJTEKCAH/IP CEPTEEBIY POMAHOB

XOPpoITo M3BECTHO, ITO B €BKJIMJIOBBIX 00acTax G C R"™ ¢ 10cTaTovHO TJIa KON IpaHumei
npocrpancTeo Cobosesa I/Vp1 (G) (1 < p < n) HENPEPHIBHO BJIOXKEHO B MPOCTPAHCTBO Jlebera
L, (G), tne qin = }17— % st obacteil ¢ resibJIepOBBIME OCOOEHHOCTSMU Ha TPAHUIIE ITOKA3ATE/ b
CYMMHUPYEMOCTH B TeOpeMaX BJIOKEHUSI OKa3bIBAETCSI MEHBINUM U 3aBUCAIIAM OT ITOKa3aTe Ist
reJibJIEPOBOCTH Y U CTPYKTYPbI MHOXKECTBa OCODEHHOCTEH, T.e. Wpl(Gv) C Ly (Gy), roe g, <
Gn. C npyroii cropoHbl BesgKas (DYHKIUS U € Wpl(G,y) B MAaJIOil OKPECTHOCTH ITPOU3BOJILHOI
BHyTpeHHel Toukn x € G, cyMMupyeMa B CTEIICHU Gy, > (.

B sroit curyarnun npejcraBisieTcs 1eecoodpa3HbIM U3yUeHne BJIOXKEHUN CODOJIEBCKUX TIPO-
CTPAHCTB B pa3jnvHble (DyHKIIMOHAIbLHBIE KJIACCHI C TIePEMEHHBIMI XapaKTePUCTUKAME, YIUThI-
BaIOIIMMU CTPOEHNE 00JIACTH: B BECOBBIE IMPOCTPAHCTBA, B MPOCTPAHCTBA (DYHKIHI C IepeMeH-
HOIi CTEIEeHbI0 CyMMUPYEMOCTH U IIOHUMAaEMOi B 000DIIIEHHOM CMBIC/IE IIEPEMEHHO 118 IKOCTBIO.

U3BecTHO, YTO B CTAHJIAPTHOM HYJICBOM ITHKE
Py={(z,y) e R"|0<z <1y <z A>1}
C TeJIbICPOBOI 0COGEHHOCTBIO MOps/IKa A BiIozKerne npocrpancTsa Coboresa W) (Py) B Kirac-

= P, p< 14+ (n—1)\
[Tpu 3TOM CymIECTBYeT HENPEPBIBHOE BJIOYKEHNE B MPOCTPAHCTBO Jlebera ¢ mepeMeHHbIM TTOKa-
3aTesieM CyMMUPYeMOCTH Ly (Py), rae ¢n < q(x) < ¢, Bo Bcex Toukax = € Py. Yciosus Ha
byuaxmio ¢(x) GopMyIUpYIOTCS B TEPMUHAX CXOJAUMOCTH COOTBETCBYIOIIETO HHTEPAJIA.
AHaIOrmIHBIM 00pa30M OOCTOUT CUTYallUs U C BJIOXKEHUAMHI [TPOCTPAHCTBA CIIEI0B CODOJICE-
ckuX (YHKIMIA Ha IpaHUIe IUKa. 1[oIydeHbl TakzKe BJIOXKEHUA B OGOOIICHHBIC IeJIbIePOBbI
IPOCTPAHCTBA C IIEPEMEHHOMN CTEIICHbIO CyMMUPYEMOCTH 1 B T€JIbIEPOBbI KJIaCChl OTHOCHTEILHO

aHI/IBOTpOHHOﬁ METPHUKH, y‘II/ITbIBaIOHLeﬁ CTPpO€CHHE IIUKa.

craeckoe npoctpanctso Jlebera L, (Py) Bo3aMoxkHO 1pu ¢ < ¢y
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BECKOHEYHO MAJIBIE U3TUBAHNS IIOBEPXHOCTEN BPAIITEHUSA
C VIVIOIIEHNAMMN B ITIOJIFOCAX

NIZKAJT XAKOBUY CABUTOB

1. UccnenoBanme 6eCKOHETHO MAJIBIX u3rubanuii (6.M.11.) HOBEPXHOCTEl BOOOIIE U, B 4aCTHO-
CTH, TOBEPXHOCTEN BpAIlEHUdA, ABJAETCA OJHOU M3 OCHOBHON TEM METPHUYECKOA TEOPUU IO-
BEPXHOCTE, B KOTOPOii ecTh BakHble pe3yiabrarbl C.-3. Kon-®occena, A.Jl. Asekcanapo-
Ba, H.B. Edumona, A.B. Iloropesnosa, I.1. I[lozagka, FO.I. Pemernska, /1. A. Tponenko,
3. . Yemanosa, B. T. @oMeHKO U MHOTUX JIPYTUX POCCHICKHX U 3apyOeKHBIX aBTOPOB. Oc-
HOBHAsl TPY/IHOCTb B 9THUX 3aJla9axX CBI3aHa C ITOBEJIEHUEM T10Jisi O.M.M. B OKPECTHOCTH IIOJTIOCA
WJIM TIOJIFOCOB TIOBEPXHOCTH BpallieHusi (B cjiydae moBepxHocTu poja () win B OKPeCTHOCTH Ia-
pabosimaeckoii napasuiesu (B ciaydae mopepxHoctu poga 1). [losromy B ciaydae nosoca 0ObITHO
[IPEJINOJIATaeTCd, YTO MEPUINAH He UMEEeT B TOYKE IOJII0CA YILJIOMEHU, UK Ke PacCMaTpuBa-
I0TC BBIMYKJIbIC MEPUJIMAHDBI C ITPOCTEHIITUMHU YILIOMICHUAMU CTEIIEHHOTO TOPSJIKa, a B CIydae
HAJITUYIUs TapabOIMIeCKOi apaJLIe/ i IPEIIoIaracTca BhITYKIOCTh MEPUINaHa B COOTBETCTBY-
foreit Masioit okpectnoctu. [Ipm 9TOM Ha TVIAJIKOCTh M HOBEPXHOCTH, W TOJA O.M.H. OOBITHO
HaKJ/Ia/IbIBaeTCa YCJIOBHE UX NPUHAICXKHOCTH 110 KpaitHeil Mepe kiaccy C2. Mbl ke u3ydaeMm
BOIIPOCHI CYIIECTBOBAHUs 0.M.U. 1-TO U 2-10 IOPSAJIKOB HaUUMHAS C MUHUMAJILHO JHOIYCTHMOI
riagkocTn Kiaacca C1 u mosepxmocru, u moseit 6.:.u. OTMeTnM, 4To B Kiaccax raakoctu C2
¥ BBIIIE YaCTh HAIMX PE3YJIbTATOB IEPECEKAETCsI ¢ Pe3yIbTaTaMu paboTshl [4].

2. Urak, mpejmosaraercs, 9T0 MOBEPXHOCTD S MOJIydeHa BpaleHneM BOKpyr ocu Oz HEKo-
TOpOro MepujuaHa L ¢ ypaBHEHHEM B OKpecTHOCTH moioca z = @(p) € C™n > 1 tue
¢'(0) = 0,¢'(p| > 0,p € [0,a], a ucKOMBIE B OKPECTHOCTH MOJIOCA 110/ 0.M.1M. 1-T0 U 2-10
IOPSAJIKOB TIPEJIIOJIATAIOTCA UMEIOIUMU MUHUMATLHO BO3MOXKHYI0 Tiajgkocts C'. Mssecrho,
9TO JIIs TIOBEPXHOCTEH BpAINEHWs! 0.M.U. OIPEJIEJISIIOTCS PapMOHUKAMU C HOMepaMu m > 2,
a MX HAXOXKJIEHHEe CBOJIUTCH K HAXOXKIEHUIO QPYHKIMH oy, (p), aBisomuxes Kosdbdunuenramu
Dypbe BEPTUKAIBHON KOMIOHEHTBI 110J1s1 6.M.1. MBI 110JIy9aeM TeOpeMbl, JIAIOIIHE JOCTATOUHbIE
YCJIOBHsI CYIIECTBOBAHUS U €JIMHCTBEHHOCTH PEIEHHH COOTBETCTBYIOMuUX cucreM juddepentiu-
aJIbHBIX ypaBHeHuii 1-ro nopsiyika. [IpuBesieM HEKOTOpBIE IIPUMEPbI TAKUX yCJIOBHI U3 [2].

Teopema 1. Ecau pewenus cucmemv, cOOMEEMCMEYOM 2aPMOHUKE Cpy (p) 0.M. u32ubaGHUA
kaacca 2nadkocmu C1, moeda dra ux eduncmeernocmu docmamouno. wmobv, NPU HEKOMOPOM
Po > 0 6v1.00 6bINOAHEHO YCAOBUA

2(m2 — 1 —m2—e+1
(1) inf sup m”(m ) /gp’(t)tm2_2+gdt <1

0<e<locpsp, (M — )¢/ (p)

¢ docmuoicenuem unpumyma npu e2o0 paserncmee 1.

Venosue (1) BbIoaHSAETCA 114 1106010 BhiyKaoro Cl-riajkoro mepuauana, a Taks:ke st
MepHInaHoB ¢ yciaosueM ¢ (p) ~ p* npu p — 0,a > 0, 6e3 npe/IIoI0KEeHNS X BBIILYKJIOCTH.

Yro KacaeTcda Bolpoca CyIIECTBOBaHUSA, TO BEPHA CJIEIYIONIAA TEOPEMa,

Teopema 2. a) [Toseprnocmy epawenus ¢ Ct-zaadkum evinyxavim mepuduarom donyckaem
6 oxpecmmocmu nomoca C-zaadkoe 6.m. useubanue ¢ 2apmonuroti ¢ 106vM Homepom m > 2. 6)
ITycmw das Ct-2aa0Kk020 mepuduana z = p(p) evinoaneno yeaosue @' (p) ~ Cp®,C #0,p — 0, ¢
npedcmasaenuem @' (p) = Cp*+g(p)O(p®), 2de a > 0 u g(p) — npouseosvHas NOAOHCUMENLHAA
monomonnas 6.m. dynrxyus npu p — 0. Tozda coomeemcmeyow,an NOGEPTHOCNL GPAULEHUL
donycraem C'-zaadkoe 6.:m. uszubamnue ¢ 2apMonuxot u,(p) ~ p¥ ¢ M0bvM HOMEPOM T > 2,

2de wucao v > 1 onpedeasemes ypasnenuem v(v — 1) + av — am? = 0.
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YT06bI TO[UEPKHYTh HETPUBHAIBHOCTE CIydas a), oTMeThM, uTo C?-ryiajikas BbITYK/Ias o-
BEPXHOCTDL BPAIEHU JlazKe JIOKAJIbHO MOXKeT ObITh C2-3KecTKOI.

Jnsa nokampHON mpogoszkaemoctn Cl-riakmx rapMOHHK 6.M.1. 1-TO TIOpSAIKA € JaHHBIM
HOMepoM B Cl-rimasikme 6.M.1. 2-TO TTOPAIKA MBI TOKE IMeeM PsiJl HeOOXOANMBIX MJTH JOCTATOY-
HBIX [IPU3HAKOB UJIU [IOJIHBIX KPUTEPHUEB [POJIOJIZKAEMOCTH, HO OHH JIOBOJIBHO TPOMO3/IKHE U UX
MOKHO OyzieT Haiitu B [3].

3. B anajmrudeckoM KJacce pe3ysIbTaThl HOIydatoTcsa 0osiee 0003PUMBIMI.

Teopema 3. J[aa mozo, ¥mobv, AHANUMUYECKAA NOBEPTHOCTNG SPAULEHUSA C MEPUOUAHOM Z =
©(p) ~ Cp* donyckana 6 oxpecmmocmu noaoca anasumuyeckoe 6.m. uszubarue, HeobTodUMO
u docmamoumo, wmobv, duodanmoso ypasrenue x° — (2k — 1)y? = (k — 1)? umeno pewenua c
y > 2. Tozda amu 3Haverus Yy u MOALKO OHU 0ar0m HOMEPA M = Y HEMPUSUGALHBLL 2GPDMOHUK
noAdA 6.M. U32UOAGHUA.

[Ipu BBIIOJIHEHUN YCJIOBUS TEOPEMBI IOJIydaeM 3HadeHus r = m + k — 1 + p ¢ HeoTpu-
HaTeaIbHbIM JeTHBIM p. OKasbIBaeTcs, MJI JIOKAJIBHON IIPOIOJIKAEMOCTH TapMOHUKNA C HOME-
pOM M B aHAJUTUYECKOe O.M.U. 2-TO IOPsIIKAa HEOOXOIUMO U JOCTATOYHO, UTOOBI 9TO UHC-
J0 p ObLIO He MeHbIe deM k (IPU JOMOJHUTESBHOM YCIOBHM, YTO YUCIO Vo, = 1 — k +

\V/4m?2(2k — 1) + (k — 1)? ne sBaseTcs HesIbIM) .

4. B ciydae 3aMKHYTOI TOBEPXHOCTHU BparieHus poja 0 ¢ yIJIONEHUSIMU B 000UX IMOJTIOCAX
JIJIsl ee HEeXKECTKOCTU B aHAJUTUYIECKOM KJjacce jedopMaliuii HeoOXomuMo, 9ToObl Oblila pa3pe-
muMa, JuoanToBa cucreMa ypasuenwuit [less:

(2) 2t — 2k — 1)y® = (ks — 1)%, 23 — (2ky — 1)y° = (ko — 1)%,

rae (2ky —2) > 0 u (2ky — 2) > 0 — nopgaaku ymomenuit B noocax ¢ ky # ky. Eciu cucre-
Ma (2) uMeer pemieHue ¢ y > 2, TOTJa Mbl HA3BIBAEM TOPAJKHU YILIOMEHUN C02AaC08AHHbIMU.
TaxuMm 06pa30M, HOBEPXHOCTH € HECOTJIACOBAHHLIMU HOPAIKAME YILUIOMCHUI SABIAIOTCH YKeCT-
kuMu. [TokaszpiBaeTcst, 4To 1181 J1I060I COrIacOBAHHOI aphl MOPSIKOB YILIOMICHHI CyIIeCTBYIOT
HEKECTKHE MMOBEPXHOCTU BPAIEHUil ¢ COOTBETCTBYIONIMMU IIOJIIOCAMU U JII00as MOBEPXHOCTD C
COIJIACOBAHHBIME IIOPSAKAMHU YILUIOIIEHMH B MOJIOCAX MOYXKET MMETh 6.M.HM. JIMIIL ¢ KOHCYHBIM
qucsioM rapMoHuK. B [4] npejjiozken ajaropuTM BbIMUC/IEHUS HOMEPOB 9TUX MaPMOHHUK.

st ipooszKaeMoCcT O0.M.1M. TIOBEPXHOCTEH C COIVIACOBAHHBIME TIOPSIJIKAMU YILIOIICHUN B
MOJTIOCaX B 0.M.U. 2-T0 MOpsIKa HEOOXOIMMO, YTOOBI MEPHUIUAH MTOBEPXHOCTU BPAIICHHUS MTPOCK-
TUPOBAJICS OHO3HATHO Ha OCh BparieHusd. lIpu srom ycaoBum 7711 BO3MOXKHOCTH TTPOIOIKEHNS
rapMOHUKH ¢ HOMEPOM M B 0.M.H. 2-I'0 MOPsIIKa HEOOXOIMMO U JOCTATOYHO, 9TOOBI TaKas Ipo-
JIOJIZKAeMOCTD ObLIa B OKPECTHOCTH KazKJI0TO ITOJIIOCA.
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JE®OPMAIINLI SO(3)-CTPYKTYPhI HA IIATUMEPHOI I'PVIIIIE JIN

CEIBIX AHHA '’EHHAJ/IbEBHA

Henpusoaumoii SO(3)-ctpykTypoit na R® nassiaercst |1] cummerpuanas 3-muneiinas gpopma
T, g KOTopoii COOTBETCTBYIOIIEE JIUHEHHOE OTOOParKeHHe

R° > X = Tx € End(R%),

Y/IOBJIETBOPSIET CJIEJLYIONIMM CBOHCTBAM:
1) Cummerpuanocts, ¢(X, Ty Z) = g(Z, Ty X) = g(X, T2Y).
2) Hyuesoit caen, tr(Tx) = 0.
3) s moboro BekTopa X € R5,

T3 X = g(X, X)X.

MozkHO BBIOpATh aalTHPOBAHHBIN Oasuc {eq, €, €3, €4, €5}, B KOTOPOM METPUKA § W TEH30D
T 6yayT nMeTh KaHOHUYECKUIA BUJI, & UMEHHO, ¢;; = 0;; 1

3V3
+ T\/_e4((e5)2 — (€%)?) + 3V/3e2ee’.
Bnech {e!, ..., e’} — nyanbublii penep. 13 3TOro BhIpazKeHns: Mbl [OJIyIaeM HEHYJICBbIE KOMIIO-
HEHTHI TeH30pa T B aJalTUPOBAHHOM perepe:

1 1 V3 V3 V3

tinn=—1, tiga =1, tiua =1, t1s3 = ——, t155 = ——, tusg = ———, tass = —, to3s = —.
111 y U122 ; U144 ; U133 27 155 2; 433 9 y U455 9 ; U235 2

Muoxkectso HenpusomuMmbix SO(3)-crpykTyp na R® gpjsieTcss 0JHOPOIHBIM CEMUMEPHBIM
npocrpancrBoM Bepzxke SO(5)/SO(3) ¢ pumaHOBOI CTPYKTYPOii, OJYUeHHO U3 OHUHBAPU-
aHTHOro CcKasapuoro npomssegennst na SO(5): (A, B) = —trace A- B, A, B € so(5).

Paccmotpenst jiecbopmarium cTpyKTYpHOTO TeH30pa T, KOTOPbIe COOTBETCTBYIOT Ie0JjIe3nde-
cKuM gy oHopoHoro tpoctpancTea SO(5)/S0(3). Do mo3Bossger paccMoTpeTh Takue J1edop-
Maruu B cirydae jepourBapuanTHoit SO(3)-cTpyKTyphl Ha msituMepHoil rpynmne G. Jlis Takux
11ebOpMUPOBAHHBLIX CTPYKTYP BBIYHMC/ICHA KOBapUAHTHAS JUBEPreHINs, UCCIeI0BAHO CBOWCTBO
IPHUOJIN3UTEILHOI NHTErPUPYEMOCTH

T = %el(ﬁ(e%? +6(e")? — 2(e")? — 3(e®)? — 3(e")?)

CIIUCOK JIUTEPATYPbBI
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MVYJIBTUIVINKATUBHBIE ABTOMO®HBIE ®OPMBbI 11 NTHTEI'PAJIBI
OUXJIEPA HA KOMITAKTHOVN PUMAHOBOMU IIOBEPXHOCTU

OJIbTA AJIEKCEEBHA CEPI'EEBA

[Iyctn [F, {ay, bk}’,gzl] — OTMeYeHHasi KOMIIAKTHas PUMAaHOBa ITOBEPXHOCTH poja h > 1, e
{ag, bp}_, — kanonuveckuit 6a3uc TOMOTONMMYECKUX KJIACCOB IeTe/Ib U3 Touku Py na F, 3aj1a-
ot ormedanue nmosepxuoctu F. Ilepas dynamentanbias rpyiira ¢ 0a3ucHoil Toukoit Py
Ha F' umeer ajrebpandeckoe IpeJIcTaBIeHIe

h
Wl(F,PO) = <CL1,. .. ,(lh,bl, ce ,bh : H(ljbjaj_lbj_l = ]_> .
j=1
Dta rpyiira nzomMopdHa oTMedeHHO (ykcoBoit rpyte [ mepBoro poja, HHBAPUAHTHO JIeii-
creyforeii Ha equanaHoM Jucke A = {z € C : |z| < 1} rak, yt0 A — yHUBepcajbHas Ha-
KpbiBatotiad Juid F' u [' — rpynna mpeodpaszoBaHuii HAJTOXKEHUA JIJIsd €CTECTBEHHON MPOEKITNN
7 : A — A/T = F. Beibop obpasytomux B dbyHIaMeHTaIbHO rpyiie Ha F onpemgesser
crenuaJbHbI BEIOOP oOpasyiomux B rpyitie [
Pacemorpum Hom(T', C*) — rpymiy Beex 0JJHOMEPHBIX KOMILIEKCHBIX XapaKTepoB Ipytiib I,
T. e. Bcex romomopdusmos p : I' = C*, rme C* = C \ {0}, ¢ ecrecrBennoii onepaiueit ymuo-
xenus. KaxkIplit xapakTep OJHO3HAYHO OIPEe/IIeTCsl CBOUME 3HAYEHUSIMU Ha 00Pa3yIOIIIX
rpynnsl ['. [ToaTomy sro6oit xapakTep p OJJHOZHAYHO 33/Ia€TCS CTPOKOI

(p<A1)7 "'7p(Ah)7 p(Bl)7 (RS p<Bh)) € [C*]2ha

" 2h
a Bcé muoxkectBo Hom([', C*) oroxkmectsisiercs ¢ mpocrpancTBoM crpok [C*]™.

IIycrs D — orkpbsiToe MHOXKecTBO B C, KOH(MOPMHO 9KBHBATIEHTHOE €MHUIHOMY Kpyry A.
Bosbmem G — 0TMEUEHHYIO KOHETHOIIOPOK IEHHYIO PA3PBIBHYIO IPYIITY JTPOOHO-JIMHEHHBIX [IPe-

obpasoBannit A maoxkectBa D C C Buga

b
A(z) = Ziw rae a,b,c,d € C, z€ Duad—bc=1,

takyto, uro D/G = F. OuesunHo, uro G uzomopdua dbykcopoii rpymie I

Onpenenenue 1. Il3mepumoii MyJIbTHILIMKATHBHOH aBTOMOP(hHOIH (hopMoOIi MOpsijKa ¢ ¢
xapakxrepoM p Ha F' ((q, p)-popmoit) HazpiBaeTcst oqHosHadHast m3amepumast pyHkIms ¢ ga D ¢
VCJIOBHEM:

P(A2)A'(2)? = p(A)p(2),A€ G,z€ D,D/G = F.

MynbrunmkaTuBHas apromopdnas popma [ HyIeBOro MOPSJIKA C XapaKTEePOM p Ha3bIBACTCS
MYALMUNAUKAMUSHOT ynkyued drs p. Ecan fi — mynbruninkatuBHas GyHKIUS J1d p; 0e3
HyJIell 1 110J1I0coB Ha D, 1o Xapakrep p; Oyuer HecymiecTBeHHbIM |1, 2|, a cama takas GyHKIus
f1 HasbIBaeTCH MyavMUNAUKGMUSHOT eduruuet 0AA p1.

Hns mobeix A € G u neyoro ¢ > 1 onpejesnM oreparop, JAeHCTBYONmil Ha (DyHKIUIX

f: A(D) = C no dopmyie
\ _ f(Az)A'(z)
(Aq,pf)<z> - ,O(A)

Torya yenosue aBromopduocTH (g, p)-bOopMbL ¢ OyJIeT UMeTh BUL

, p € Hom(G,C").

A, = ¢, nia moboro A € G.

Pab6ora Beinosmena mpu nozggep:xke POOU Ne 12-01-31256 Mo a.
63



64 OJIbI'A AJIEKCEEBHA CEPI'EEBA

MHuoxkecTBO TOJIOMOPGHBIX (HOPM, YIOBIECTBOPAIONINX ITOMY YCJIOBHUIO, OyjieM 0DO3HaYAThH

A, ,(D,G) |3, 4].

Onpenenenune 2. MynprumninkarusHast rosoMopegaast pyuxiust F' va D prst xapakrepa p
Ha3bIBaeTCs1 roloMopHBIM (¢, p)-uHTerpagsom Jiixaepa Ha D orrocurenpro rpymusl G, ecin
9%~F

cymectsyer opma ¢ € Ay ,(D, () takas, aro ¢ = 5

s

Wcnonb3yst maTerpaibayio (hopmysry Kot u ¢BoitcTBO HHBAPUAHTHOCTH OTHOCHTETHLHO TPYTI-
bt G (AC — A2)? = (( — 2)?A(Q)A'(2), z € D, A € G, noyunm jemmy:

Jlemma 1. /s omrepatopa jucgpeperiimpoBanus % o JII000T0 JIPOOHO-JTHHEHTHOTO 0TO0-
paxkeunss A € G crpaBeInBO PaBEHCTBO

a2q71 a2q71

* . A*

H22a—1 © Alfw = Hgp© 9z2a-1"

ITyctp II5,—2 — BEeKTOpHOE IPOCTPAHCTBO MOJMHOMOB OT OJHOI'O KOMILJIEKCHOTI'O IIePEMEHHOTO
z crertean < 2q — 2.

Teopema 1. /[ romomopnoii pyaknun F na D npomnssonnast %2;% e A, ,(D,G) rorza
H TOJIBKO Torja, Korja juist kaxiaoro A € G (2q — 1)-s npouspograst mo z gyakmun $(z) =

(A1, ,F)(z) — F(z) pasma mymo, To ectb pynxmms ®(z) npuraresxnt My, o.

U3 reopemsl 3akmovaeM, aro F' Oymer (g, p)-uHTerpaiom Difxsepa, TOra U TOJBKO TOIJIA,
KOIJ1a

Py= A}

1ﬂmF — F € lly,—o nna moboro A € G.

CaencrBue. /s nesoro g > 1 u xapakrepa p € Hom(G, C*) umeem smaeiiHOe 0TOOpazke-

HUeE
aqul

W . T%p(D, G) — A(LP(D7G)7
rge Y, (D, G) — mpocrpancrso (g, p)-uHTerpassos Dixiepa.

Teopema 2. /L nesoro ¢ > 1 u xapakrepa p € Hom(G, C*) umeer mecto BioykeHne

Ai_,(D,G) = T,,(D,G).
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CIIEKTPAJIBHBIE ITIOCJIEJJOBATEJIBHOCTU N1 TOYHbBIE
IMOCJIEJOBATEJIBHOCTU KOT'OMOJIOT U
KATETI'OPHBIX TOIIOJIOTUYECKUX ITPOCTPAHCTB

CKYPUXUH EBI'EHNI EBTEHBEBUY

B pamkax obmux nmouaTuit, BBeJIEHHBIX 1 padpaboranubix A. ['porergukom: Tomosoruu ['po-
TEeH/INKA T Ha KATerOpHWH, T-Iy9IKa, KOTOMOJIOTHI, KaK MPOU3BOTHBIX (DYHKTOPOB JIJIsT TOUHBIX
cieBa (PYHKTOPOB, IPUHUMAIOIINX 3HAUYEHNE B a0eIeBOil KATErOPUH T-IIy9IKOB, MOsIBUIACH TEO-
pHs KATErOPHBIX TOMOJIOIMYECKHUX MTPOCTPAHCTB. JI1000i1 00beKT, BKIIOUEHHBII, 38 CIET adcTpa-
IUPOBAHUS €r0 U3yYaeMbIX CBOCTB, B HEKOTOPYIO KaTeropuio K, IpecTaBIsgeTcs MPeIry IKoM
MHOYKECTB, U, CJIEJIOBATEIHLHO, EMY COIMOCTABJISIETCS MIPEJIIYY0K MHOYKECTB (KOHTpaBApUAHTHBII
dbyukTop) Ha 310i1 Kareropuu. Jlwobas Tomosorust ['porenauka Ha K 3a1a8T Ha 9TOM IIPEJIITy Y-
K€ CTPYKTYPY KaTeropHOI'o TOIIOJIOTNYECKOI'O IIPOCTPAHCTBA, YTO JleJIaeT HOHATHE KaTerOPHOI'O
TOIOJIOTHYECKOT0 POCTpaHCcTBa yHIBepcaabHbIM. (Ko)romosmornu o6brx 00bEKTOB MOTYT, Ta-
KM 00pa30M, OIUCHIBATHCSA, KaK (KO)TOMOJIOIUH KATErOPHBIX TOMOJOIMIECKUX MTPOCTPAHCTB.

Kareropuble Tomosornvyeckme MpoCTPAHCTBA COMOCTABJISAIACH TOMOJOTMYECKHM ITPOCTPAaH-
CTBaM, PaBHOMEDPHBIM IPOCTPAHCTBAM, MPOCTpaHCTBAM Uy M B 9TUX C/IydasX, KaK BbIICHU-
JIOCh, TPYIIIBI Koromosiornii ['poreninka xapakTepu3yoT MHOTHE BayKHbIE CBONCTBA YKa3aHHBIX
00BbEKTOB, TO3BOJIIOT UHOIJA TOJIydYaTh 0oJiee TOHKUE Pe3yJbTaThl Jijid Oojiee oOMUX 00beK-
toB. CorocraBiisisi KATEIrOPHbIE TOIMOJIOIMYECKHEe TPOCTPAHCTBA NMH(MOPMAIMOHHBIM CHCTEMAM,
CTPYKTYpaMm cOOBITU, UHMPOPMAIIMOHHBIM MATPHUIIAM OUOJIOTUIECKIUX 00bEKTOB, Mbl YO€IUTUCH,
YTO U B 9TUX CJIYUAAX, [TOKA €IE JAJEKUX OT CKOJIBKO-HUOY/Ib JeTaJIbHON pa3pabOTKM, TPYIIIbI
KoromoJioruii ['porenimka MOTyT OTpakaThb IJI00abHbIE CBOHCTBA MCXOJIHBIX OOBEKTOB, JIMOO
[IOJIYIUBINAXCS U3 HUX B PE3yJibTaTe Pa3BUTHUS.

[Iycrs 7 romosnorus I'porenuka na xareropun K, k € Ob(K) obbekr kareropun K, D
npe/nydok muoxkects Ha K, I'; I p 0 S, — Ab - (Tounble cieBa ajiuTuBHbIe) (DYHKTOPHI U3
KaTeropuu adesIeBbIX T-IIyYKOB Ha K B KaTeropuio abeseBbIX I'PYIII, 3a/laBaeMble pABEHCTBAMU
Iy k(A) = A(k), I's p(A) = Homy (D, A) — rpymia ecrecTBEHHBIX IIpeobpasoBanuii GpyHKTOPA
D B dyuxrop A. Ilo onpenenenuio, H'(k, A) = (R"T';x)(A), H}(D, A) = (R"I'; p)(A), tae
R"™ oboznauaer oneparuio B3sTUsl N-T'O IPABOrO ITPOU3BOIHOIO (DYHKTOPA.

IIycte 1 C 7, TO ectb Tomojiorus I'porenguka p Ha K gaBjsercs Oosee rpydoil, dem T.
Ompesiesm rpy st Koromostoruit HY (D, A), monaras

H} (D, A) = colim{H} (S, A) | [S]; = D},

rJle MHJAYKTUBHBIA Tpejes 6epeTcs MO yIOPsAI09eHHOMY 10 BKJIIOYEHWIO MHOXKECTBY BCEX T-
IJIOTHBIX B D mognpenydkoB D.

Ppynusr H (k, A) siBisiioress gactabiME ciaydasmu rpynn H? (D, A), KoTopble, B CBOIO Ode-
peJib, ABJSIOTCA TacTHRIME ciiydasvu rpynn H (D, A). 9Tn u Jpyrue cBA3u M1y BBeIEH-
HBIME IDYIITAMU KOTOMOJIOTHI U JIDYTUMEA OObEKTAMU TOMOJIOTMIECKOH aredpbl U TOMOJIOTUN
HEPEUUCTAIOTC B JleMMe 1.

Jlemma 1. 1. Ilycre p = 7. Torna

a)H! (D, A)=H(D,A).

b).Ecmr D ¢pynkrop, npeacrasrsommii o6bext k, To H}, (D, A) = H}(k, A).

2. Ilyctp K KaTeropusi ¢ pacc/JIOGHHBIMH IPOU3BEACHUSIMU, [, TpyoOeiias Torojorus I'po-
renjuka Ha K, D ¢ynxrop, npejcrapasiomuii oobext k. Torma H (D, A) = Hr(k, A) -
roromoJtorun dexa.

Pabora nojzeprxkana rparrom JIBO PAH 12-1T1-A-01M-004 T'omosornaeckuii aHau3 MeJI0INCIEHHBIX XapaK-
TEPUCTUK MATEMATHIECKUX OO'HEKTOB.
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66 CKYPUXUH EBI'EHNI EBTEHBEBIY

3. Ilycte D = 1 TepMuHa/IbHBIN 00BEKT KATErOPHH MPEJIYYKOB MHOXKECTB Ha K, TO ecTb
D(k) oxmosrementrHoe MHOXKeCTBO j1s1 Besikoro oowekta k. Torna I's p(A) = lim A - (obpart-
mbrii) npegesn yakropa A. Ecim npu stom T rpy6eiimast Tornosorus va K, to H'(D, A) =
lim" A - n-if npou3Bo/iHbIi GYHKTOP 0OpaTHOTrO IpeIeIa.

4. Ilycre X Ttomosioruveckoe npoctparnctBo, OX dacTHIHO YIOPSIOYEHHOE MO BKJIIOYCHUIO
MHOXKECTBO BCEX OTKDPBITBIX ITOJMHOKECTB X .

a). Ecin T kanonmueckasi tonosorusi I'porenuka na OX, 1o H'(1px, A) = H"(X,A) -
06bIIHBIE KOrOMoJiorun I poTeHnKa TOImoIorndeckKoro mpocrpancTsa X .

b). Ecin T nopmaspuas Tomonorus I'porenmuka na OX, o H*(1px, A) = H*(X,A) =
colimH™(«, A), rje HHIyKTHBHBIH 1pejiei 6epéTcs 110 BceM HOPMAJbHBIM (= HyMepHUDYEeMbIM)
[TOKPBITHSIM IIPOCTpaHcTBa X .

5. Ilycre X paromeproe npocrpancTBo, OX 4acTHYHO yHOPSIOYEHHOE O BKJIIOYEHHIO MHO-
JKeCTBO BCEX OTKDPBITHIX HOJMHOXKECTB X OTHOCHTE/ILHO TOIOJIOTHH, HHJIYI[APOBAHHON DaBHO-
MepHOIi cTpyKTypoii, T Tonojorust I'porerguka Ha OX |, HOPOK IEHHAST KJIACCOM KOHEUHBIX PAB-
HoMepHbIx nokpbrraii snementos OX . Torna H'(1px, A) = HM(X, A) = colimH"(«a, A), e
HHJIYKTHBHBIIT TIpees1 6epéTcst 110 BceM KOHEUHBIM PABHOMEDPHBIM OTKPBITBIM IIOKPBITHSIM IIPO-
crpaHCcTBa X .

CBsi31 MeXK/JIy pacCMaTPUBAEMbIMEI KOTOMOJIOTUSIMU OTIMCHIBAIOTCS CJIE LY FOIUME CIIEKTPAaTh-
HBIMU TI0C/IEI0BATETLHOCTIMU:

Teopema 1. Ilyctb iy, : S; — S, QYHKTOD BKJIIOYEHHS KaT€rOPDUH T-ILyIKOB B KaTEIOPHIO
[4-I1Y IKOB.

1. Ilyctp E - T-mnorwbrii noanpeairydok D. CyiecTByeT crieKTpaJibHast OCI€J0BATEIHHOCTD
co BroppiM winenoM Ey! = HE(E, (R%i,,)(A)), cxonamascs x HY(D, A).

2. CymiecTByer creKTpajbHasl MOCIEJ0BATEIHBHOCTD CO BTOPBIM 4JIEHOM
By = H? (D, (Ri;,)(A)), cxoqamasca x HY (D, A).

Onpenesmm i abeseBa npeanydka A u npemyuka MuoxKecTs A abesessl npemmydxn A4
u AY | nonaraa A4 (k) = A(k), ecmn A(k) # 0, u A(k) = 0, ecmn A(k) = 0, npeamyqsox AY
OIIPEIENIIM U3 TOYHON MocjeaoBaTebHocTn mpeaayakos 0 — A4 — A — A4 — 0. Yepes
Ax 1 Ay obosHaunM fi-myaKm, mopozkaénuse npeamydkamu A4 u A4 coorBercTBenno, Tak
YTO MMEETCsl TOYHAs TOCIe0BATebHOCTD (-TIyIKoB 0 — A4 — A — Ay — 0. Ormernm, 9To
rpynust H} (D, Aa) u Hj}(D, Aar) saBisiorcst 0000MeHUAMI Ha KaTerOpHbIE TOMOJIOTHYeCKHe
IPOCTPAHCTBA ¥ aHAJIONaMK COOTBETCTBEHHO Koromoyioruii napsel (X, B) u B, rje B 3amkHyTOE
[IOJIMHOZKECTBO TOIOJIOTMYECKOr0 POCTPAHCTBA X .

B cuny ckazaHHOTO, a TaKyKe Pe3y/IbTATOB JIeMMBbI 1, cojiepzKaliuecs B HUXKECIeYIOIIeil Teo-
pemMe aJIUIMOHHbBIE TOYHBIE TOC/IEI0BATEIBHOCTH, TO CTh TOC/Ie0BaTeIbHOCTH Triia Maitepa-
Bberopuca, oTHOCATCsI, B 9ACTHOCTH, K 3aMKHYTBIM ¥ OTKPBITHIM TIOJIMHOYKECTBAM TOIOJIOI Y€~
CKUX MPOCTPAHCTB, MOJIMHOYKECTBAM PABHOMEPHBIX MPOCTPAHCTB, MPOCTpaHcTB Uy, a TakxkKe K
pas/IMIHBIM BUIAM KOIOMOJIOIHA, B TOM YHCJIe TIPOU3BOIHBIM (DYHKTOpaM 0OGpaTHOrO Mpeela.

Teopema 2. lmeror MecTo Caeayronue TOYHbIe II0CAE0BATE/ILHOCTH KOTOMOJIOTHIA:

(1) ... = H'(AU B, A) — H'(A, A) ® H"(B, A) - H'(AN B, A) = H""' (AU B, A) — ...

(2)
.= H2 (D, Aanp) = HL, (D, As) & H.,(D, Ag) = H,(D, Aaug) — HTH(D, Asnp) — ...

(3)
. = H2(D, Acangy) = HL (D, Ax)®H?, (D, Ag)) = H (D, Aavpy) = HEFH(D, Aanpy) — ...

UIIM IBO PAH, vi. PAauo,7, BJAJIuBOCTOK, 690041, Poccust; IB®Y (JAJTBHEBOCTOYHbIN PE-
JEPAJIBHBINT YHUBEPCUTET) vJI. CYXAHOBA, 8, BiAauBoOCTOK, 690950, Poccus.
E-mail address: eeskur@gmail.com, eesku@iam.dvo.ru



O KACATEJIbBHOM KOHYCE K X-ITPOCTPAHCTBY

CTAPOCTHHA BEPA BAJIEPBEBHA

B crarbe I1. JI. AugpeeBa [1] mokaseiBaercs, uro Besikoe G-npocTpancTBO Bysemana Hero-
JIOZKUTEILHON KPUBU3HBI SBJISETCS TOIOJIOIMIeCKIM MHOrooOpasueMm. OCHOBHASA KOHCTPYKIIMS,
ucrosib3yeMast B 1| — 970 KOHCTPYKIHST KacaTeJbHOTO KOHYCA.

B kuure Bysemana u ®asnke [2]| monstme G-mpocTpaHcTBa 0000IaeTCs Ha CIIydail mpo-
CTPAHCTB C BBIJIEJICHHBIM CeMECTBOM OTPE3KOB. TaM »Ke I YKA3aHHOTO KJIacca MPOCTPAHCTB
BBOJUTCA IIOHATHUE G—HpOCTpaHCTB HEIIOJIOZKUTEJILHON KPUBHU3HbBI OTHOCUTEJILHO BBLIJIEJICHHOI'O
ceMeiicTBa OTpe3KOB L. [IIst KpaTKOCTH MBI HA3LIBAEM YL-IIPOCTPAHCTBOM KOHEYHO KOMIIAKTHOE
reojieandeckoe mpocTpancTBo (X, d), B KOTOPOM BBIJIEJIEHO CEMEHCTBO OTPE3KOB X, YJIOBJIETBO-
psIolIee CJIELYIOIIUM TPEOOBAHUSIM.

(1) JIobere aBe Toukm x,y € X COCIUHSIOTC €IMHCTBEHHBIM OTpe3KoM [zy] € X. asee
3anuch [ry| 0603HAUAET UMEHHO OTPE30K CeMeHcTBa Y, COeTUHSIOMuUi Toukn z,y € X.
(2) Ecimu [zy] € ¥ n u,v € [xy], T0 [uv] C [zyl;
(3) uis mro6oit Toukn z € X onpejiesieHo Takoe auciio r, > 0, aro ecsm d(z,y), d(z, 2) < ry,
TO CYIIECTBYET TaKasi OTJIMYHas oT z Touka w € X, uro [yz] C [yw];
(4) Jlyist IpOM3BOJILHBIX PA3JIMUHBIX TOYEK T, Y, u, v € X, ecau [zy] C [zu] u [xy] C [zv], TO
6o [zu| C [zv], mmbo [zv] C [xul;
(5) Ecim m — cepepuna orpeska [ry] u n — cepepuna orpeska [2z], To d(m,n) < 1/2d(y, z).
[lepeuncieHtble CBOCTBa HA3BIBAIOTCS aKCHOMaMK Y-IIpocTpaHcTBa. CBOWCTBO 3 — 9TO ak-
CHOMa, JIOKAJILHOI MTPOJI0IZKAEMOCTH OTPE3KOB CeMEHCTBa Y, CBOMCTBO 4 — aKCMOMa €MHCTBEH-
HOCTH HPOJOJIZKCHIS OTPE3KOB Y, a CBOHCTBO 5 — aKCHOMa, HeIlOJIOKHTEJIbHOCTH KPUBU3HBI
orHocuTesbHO Y. [Ipocrpancrso (X, d), B KoTopoMm 3abUKCHPOBAHO TAKOE BBIIEJIEHHOE CeMeii-
crBO Y obosHauaercs Kak Tpoiika (X, d, Y).
[TIycrs (X, d,Y) — Y-mpocTpaHcTBO ¢ OTMeYeHHON ToUKoi p € X. JIjis IpOM3BOIBHON TOYKI
r € X u uncia t > 1 obosHaunM x; TOUKY orpeska [pz|, miua koropoii d(p,z;) = 1/td(p, ).
Hepes d; oboznadaercs merpuka di(z,y) =t - d(xy, yt).

Jlemma 1. /st sirobbIx TOoUeK x,y € X CYIHIECTBYET MPEET
d*(l',y) = lim dt(x7y)a
t—o0
npuaéMm QyHKIHS d* sABIsIeTCs MeTpUKOH Ha X .

OcHOBHBIM PEIYJILTATOM ABJIACTCA CJICAYIOIad TeopeMa.

Teopema 1. Ilycrs (X,d,Y) — Y-npocrpancrso. Torga (X,d*) — KoHeYHO KOMIaKTHOE
reo/Ie3nIecKoe MPOCTPaHCTBO, npudéMm orobpazkenme Id : X — X sapisercss romeomopgus-
voMm (X, d) ma (X,d*), mw nHa X cymecrByer Takoe BBbIIEJEHHOE CEMEHCTBO OTPE3KOB Y, UTO
npocrpancTBo (X, d*, ¥,) sBisieTcst Y-IIpOCTPAHCTBOM.

ITo anasoruu ¢ repmunosiorueii B [1] L-npocrpancrso (X, d*, ¥,) Ha3bIBaeTCA KacaTeJbHBIM
KOHYCOM K Y-mipocrpanctBy (X, d, Y).

CIIUCOK JIUTEPATYPbBI

[1] TI. d. Aunpees, “IlokazaTeabcTBo rumnore3sl Bysemana mjis G-IPOCTPAHCTB HEIOJIOXKUTEIHHON KPUBU3HBI,
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CEBEPHBI!1 (APKTUYECKUIT) ®EJEPAJIbHBI YHUBEPCUTET UMEHU M.B. JIOMOHOCOBA, HAB. CEBEP-
HOU JIBUHBI, Z. 17, APXAHIEJBCK, 163002, POCCUNICKAS PEAEPAIINSA
E-mail address: irrefragable@yandex.ru
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PACCJIOEHUS BENJISI C CUHEKTUYECKNMU CBA3HOCTSIMU
" OIIEHKA PA3MEPHOCTEM X AJITEBP JI1 A®DPUHHBIX
BEKTOPHBIX IIOJIEN

ANITAM AXUWEBUY CYJITAHOB

CuHeKTHYeCKIe PACIIUPEHNSI TOJTHBIX TN TOB JIMHEHHBIX CBA3HOCTE B KacaTe/IbHBIX PaCcCIo-
eHUsIX ObLIN BBedeHbI mpodeccopom Kazanckoro yaupepcurera A. I1. [IIupokoBbiM B 70-€ rob
IPOIILJIOTO CTOJIETHSA. JTH CBAZHOCTHU SABJISIOTCS JIMHEHHBIMY U OBLIM [TOJIYYEHbl IIPU U3y YeHUN
UM TJIQJIKAX CTPYKTYpP HaJ ajareOpoil JyalbHBIX ducesl Ha KacaTeJbHBIX paccioeHusix. A.IT.
[[TupokoB j0Ka3aj1 CyIEeCTBOBAHNE TAKUX CTPYKTYD HaJl aJredpOil TII0PAJIbHBIX TUCeT Ha Ka-
CaTeJIbHBIX PACCIOEHUSIX TPOU3BOJILHOIO TIOPSIIKA, 3aT€M W Ha MPOM3BOJILHBIX PACCIOeHUIX A.
Beita [1]. B pabore [2| mokazamno, 9ro CHHEKTHYIECKHE PACIIUPEHUS MOKHO ITOCTPOUTD Ha JIIO-
6om pacciioernu A. Beitsg. 9Tn ciHeKTHYECKIe PACIIHPEeHns TOTHOTO JudTa OyIeM Ha3bIBATh
cunektnyeckuMu css3HocTsamu A. I1. IIupokosa.

B nacrosiimeit pabore oT™Me4YaroTCs HEKOTOPbIE CBOMCTBA 3TUX CBA3HOCTEH M IPUBOAATCS OIlEH-
KI CBepXy pasMepHocreil aiaredp JIu adpduHHBIX BEKTOPHBIX IOJIEH Ha paccioeHnax Beis,
cuabxkennbix cBsisnoctsamu A. I1. [TIupokosa.

[TpuBesem HEeoOXOMMBIE TTOHATHA U cBejieHusd. [Iycts M — cBsI3HOE TUIaJIKOe MHOI0OOpasue
kiacca C°, C°(M) — anrebpa C®°-rrankux GyHKIuHii, 3a1asHeix Ha M, A — KoHeTHOMEpHAS
anarebpa A. Beitng mag momem R jgeficTBUTEIBHBIX 4ncel. ByleM camTaTh, 9TO €IWHUIEA aJl-
reGpel A oToxKIecTBIeHA ¢ emuauUNeit g R u ona BKmodena B 6azuc: (2 = 1,€!, ... ™).
O6o3HaunM 4yepe3 A* BEeKTOpHOE MPOCTPAHCTBO JIMHEHHBIX (DOPM, 3aJaHHBIX Ha A W NpUHU-
marormux 3Hadenust B R. Ha A* ompesenum erie oy BHemHOn0 onepanuto (a*,b) — a* - b
no npasuity a* - b(c) = a*(bc) mng Beex a* € A b,c € A. B mpocrpancree A BbiGepem Oa-
suc (€, €1, ..., €m_1), Ayaibubii K 6asucy (€2, €', ..., e™ ). Obosnaunm uepes M* paccioenne
A. Beiinst. Touku paccioenns M* npencrasisior coboit romomopdusmbl j, : C®°(M) — A,
ynosiersopstommue yeiosuio j,(f) = f(q)(modl), tae I — pannkan anrebpsr A. s moboit
byuknuu f € C®(M) byuknust f4 na M onpegensierca yeiosuem f2(j,) = j,(f). Kaxasa
nuHeliHasg dopma a* € A* 1mo3BoJIseT onpenenuTh st Tpou3BoJbHON dyuknuu f € C°(M)
bysxmuio f+) = a* o f%, xoropast naswBaerca ee (a*)-mudrom. C HOMOMBIO 3THX JTHGTOB
dbyHKIMA MOXKHO TOCTPOUTH (a)-TudThl IaAKuX BeKTOpHbIX moseir X w3 M B A, riae a —
HEKOTOPBIN 3JeMeHT aJreOpbl A ciiemyoomuM ycaoBueMm: X (a) fory = (X f)(b*.a) IJI KaXKJI0M
byuxmm f € C°(M) [2].

[Ipemmonoxkum, aro Ha 6asze M paccmoerunst A. Beiins 3aganb! nHelHas ¢cBa3HOCTh V. = [y
u TerzopHble moaa 'y tuma (1,2) (A =1,2,...,m —1). Torna na M* cymecTByeT euHCTBeHHAS
7mHeliHas casHocTh VO cnmexTiueckas casuocts A. I1. ITImpokoBa Takas, 4To

Vi Y® = (La(X,Y))

I Beex a, b € A, Bekropubix mosieit X, Y na M. Ecaun rensopubie nosst Dy(A =1,2,...,m — 1)
HyJIeBbIe, TO CBA3HOCTD V5" mazpiBaeTca moTHBIM JupTOM JIMHENHOM cBaA3HOCTU V, 38 IaHHO#
Ha 6aze M paccioenus Beiina. Temsopusle mona xpydenus 15" u kpususasr R ceasnoctn
Vo yI0BIETBOPAIOT CIICIYIONIIM TOYKIECTBAM:

TSM(X@, YOy = (T, (X, V) ), (%)

RMX@ YO Z) = (Ra(X,Y, Z)) ", ()

rie a, b, c — IpoOu3BOJIbHBIE 3JIEMEHTHI, €% — 9JIeMeHThI Da3uca aJII‘e6pr A; o nnyiekcy o BesieT-

ca cymmupoBanue or 0 1o m — 1. Tersopuwie nonsa T, R, onpenenensr ycnoBuamu: Ty, Ry —
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TEH30PHBIE T0JIsT KpydeHns: 1 u KpUBU3HBI R, COOTBETCTBEHHO, CBA3HOCTH V, a ipu v = A # 0
T)\(X,Y):F)\(X,Y)—F)\(KX) ()\:1,2,...,m—1),
R\(X,Y,Z) =V xI\(Y,Z) = VyI\(X, Z) + T\(T(X,Y), Z) + W' (T (X, T (Y, 2))—
_FT(K FM(X7 Z)))7
rjie 1o 7, it # 0 Begercs cymmupoBanue ot 1 g0 m — 1.

O6o3nadnM 1depes I exunmansiii addurop Ha M2, Miveer mecto

Teopema 1. Ecimn cymecrByer Xorsi ObI OJHO TeH30pHOE 1ojie 1y, OTIHIHOe OT HYJIs, TO
T £ T ®®— & ® I s Beex 1-popm  na M2,

Ecim mmmeitnas ceasaocts V! He mmeer xkpyuenus, To ectb T = 0, To mmeeT mMecTo

Teopema 2. Ecim R # 0 ss mexoroporo a € {0, 1,...,m — 1}, 1o Tensoproe more W5 I
Beiirst mpoeKTHBHOIT KpuBH3HBI cBs3Hoctn Vo orimdano or mymesoro.

OT1u 1aBe TeopeMbl U u3BecTHble pe3yabTaThl U. I1. Eroposa o pasmepnoctu rpymn addun-
HBIX IIPeoOpPa30BaHuil IO3BOJIAET MOJYINTD ONEHKH pa3dMepHocTeit aaredp JIn adduHHBIX Bek-
TOPHBIX HoOJIell Ha pacciaoeHnax Beiina M”? ¢ cumekTmueckoii cpasznocteio VS, Hamomunm,
4TO BEKTOpHOE mojsie V' Ha riajgkom Muoroodpasuu N pasmMepHoCTH d, CHaOKEHHOM JIMHEHHOI
CBA3HOCTHIO V HasbiBaeTcsd adduaubiM, ecau LyV = 0, rime Ly — cuMBOJI Tpou3BOHOM JIn
OTHOCHUTE/IbHO BEKTOPHOTO 11011 V.

B 1950 roxy U.11. Eropos omybinKoBaJs C/IeLyIONNi pe3y/abTar: HaubOIbIIHI TOPSI0K O0JI-
HBIX TPYIII JBUKEHUI IPOCTPAHCTB A,, 00IIeil HeCHMMEeTPUIECKO CBSI3HOCTH PaBHAETCS TOYHO
n? —2n+6, rjae n — pasmepHOCTb pocTpancTBa [3]. B 3Toil Teopeme mojHas rpyIina [BUKEHUI
[IOHNMAETCST KaK MaKCUMaJIbHAs I'PYIIa, He SBJISONAsCS COOCTBEHHO OAIPYIIIOi HEKOTOPO
IPYIIbI ABUKEHUI JTaHHOTO IPOCTPAHCTBA, a MOPAIOK TPy ad@dUHHBIX Tpeodpa3soBaHmil —
ee pazmepHocTb. [l mokazarenbersa aroii Teopembl . 11. Eropossim Obl1a moJryydena ykasaH-
Has OIEHKA JIIsd pasMepHocTeil anredp JIu nadurnTesnManabibX adpOUHHBIX TPpeodpa3oBaHmii
(nnave, ad>GUHHBIX BEKTOPHBIX MOJIEN ).

N3 Teopemnbr 1 u mpusesiennoro pesynbrara V. I1. Eroposa ciiemgyer

Teopema 3. Ec/iu cymecrByer xotst 6bI 0JHO TeH30pHOE 110716 T | BX0[s111ee B TOXK 1ecTBO (),
TO pa3MepHOCTH aJrebpsr JIn appHHHBIX BeKTOpHBIX HoJteil paccoenns Beitxs M*®, cnabsxen-
Horo cszHocThio VO He 6ombire, wem (mn)? — 2(mn) + 6, rje n — pazmepHOCTb MHOrOOOpasHs
M, m — pasmepraOCTH ayrebper A. Betimrs A.

s nmpocrpancts adbdurnoil casznoctu 6e3 kpydenusd . I1. EropobiM mostyden ciemayto-
Uil pe3y/IbTaT: MOPSI0K MOJHBIX IPYII TPOCTPAHCTB adOUHHON CBI3HOCTH, HE sIBJISIOIIAXCS
POEKTUBHO-€BKJIHIOBBIME (TO €CTh ¢ OTJIIMIHBIM OT HYJIsl TEH30PHBIM [OJIEM TPOEKTUBHO KPHU-
susnbl W T, Beitig) ne npesocxonur n? — 2n + 5, rje n — pa3sMepHOCTb IpocTpaHcTBa [4].

Dtot pesyibrar U. I1. Eroposa u Teopema 2 1Mo3BOJSIOT CeIaTh CJIEAYIONIEe 3aK/TI0UEHNE.

Teopema 4. PasmepHoctb ajareopol JIu ahduHHBIX BEeKTOPHBIX IOJEH pacciaoeHuss A co
cesznoctnio VO me 6ombime, gem (mn)? — 2mn + 5, ecn xoTst 6bI 01HO TeH30pHOE 107 Ry,
BXOJIsIIIIee B TOXKJICCTBO (**), omymmdHo or HyJIs.

CIIUCOK JIUTEPATYPbBI
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CAMOIIOAOBHBIE 2KOPZIAHOBDBI AYI'1 HE YIOBJIETBOPAIOIIINE
YCJIOBNIO WSP

AHJIPEN BUKTOPOBUY TETEHOB

UccienoBanns cBoiicTB (bpakTajbHBIX KPUBBIX HIPAIOT BAXKHYIO POJIb B Pa3sBUTHU (pak-

TaJIbHOI IeOMeTPUH, HAYMHAS C CAMOIO €€ 3apOorK/eHns. PasMepHOCTb U Mepa caMOIo00HOI
m

kpusoit v = |J S;(7), 3amannoii cucremoii cxxumaronux nogobuit S = {51, ..., Sy, }, MOryT 6bITH
=1

1=

SIBHO OIIPEJICJIEHBI, €CJIN JIJIs CUCTEMbI S BBITNOJIHSIETCs yesioBue oTKpeiToro Muoxkectsa (OSC)
i ero 6osiee obmuit anaaor — caaboe yeaosue oraeanmoct (WSP). [Mociennee yeosue siB-
JISIETCST TI0 CYIIECTBY aaredpanvdecKuM — OHO Tpebyer, 9To0bl ist oy rpyis! mogobuit G(S),
3ajatomeit v, equanna Id 6bL1a H30IMpPOBaHHOl TOUKOl B ceMeiicTie momobuit G~ oG. Bompoc o
HAXOXKJIEHUH SIBHBIX N€OMETPUYECKUX YCJIOBHii, obecriednBatomux Boimosaenne yciaopuii (WSP)
u (OSC), aBagercs npeamerom 6osiee deM 30-JTeTHUX JUCKYCCUIl, HE yTUXAIOIIX U HOHBIHE.

OJHIM U3 TaKUX BO3MOXKHBIX T'€OMETPHICCKUX YCJIOBUI SBJISIETCS CBOUCMBO KOHEUHOCTU
nepeceveHul:

Eciu § = {54, ..., S} — cucrema, 3ajamoias caMonog00Hoe MHOXKECTBO K, TO Jijist JIIOOBIX
pa3IM4HbIX 4, j nepecedenue Koruit S;(K) N S;(K) xomedno.

B 2007 romy K. Bamgrom n X. Pao 2] 6buto f0Ka3aHo, 9TO €Cm caMOIOI0OHOE MHOKe-
ctBo K Ha IJIOCKOCTH CBSI3HO M 00J1aa€T CBONCTBOM KOHEYHOCTH IepecedeHuii, To cucrema S
yaosserBopsier yeaosuio (OSC).

B ciaydae caMono1oOHBIX KOPJAAHOBBIX JIyT aBTOpoM B 2004 1. OBLIO MOJIYYEHO, YTO BCAKAs
caMoII0/I00HasT YKOP/IAHOBA Jyra Ha IIOCKOCTH yaosiaerBopsier yeaosuio (OSC)[3], u aro Bes-
Kasi CaMONOJI00Has YKOPJAHOBA JIyTa fABJISAETCHA aTTPAKTOPOM CaMOIIOIOOHOTO MYJILTHUITUIIEDA,
U TeM caMbIM, 3ajiamolas eé rpad-opueHTHpoBaHHas crCTeMa HoJ00uil obJsiajaeT CBOMCTBOM
osiHOTOUEUHOTrO niepecedenus [4] (2006).

B cBere nepeunciieHHBIX MIPUYIH, BOIIPOC O CYIIECTBOBAHUHI CAMOIIOI00HBIX KPUBBIX 7Y B IIPO-
crpanctee R n > 3 jyist KoTopbix He BbinoJHseTcst yesaosue (WSP), ocraBajicst OTKPBITBIM €
2006 roma.

B 2009 roy aBTOpom OBLIT IIPEJIOZKEH IPUMEDP CAMOIIO00HOM KPUBOIi, He y/I0BJIETBOPSIONIEi
yesosuio (WSP), oiHako 0CHOBHASI TPYHOCTH 3aKJII0YAIACH B TOM, YTOOBI J0KA3aTh CYIIECTBO-
BaHIe TIAPAMETPOB, IIPU KOTOPOM TaKas KPUBAs SIBJISETCs YKOPJAHOBON. DTOT IPUMED SIBJISICTCS
passuTreM KoHcTpykimn B. B. Aceesa [1] camonono6HO#l *KOpJaHOBOH KPUBOI ¢ HEOIDAHUYEH-
HBIM HUCKPUBJIEHUEM.

Am-k Am+k

>

m-+k+1

Ao A2m-1

Bosbménm somanyio ¢ Beprmaamu (0,0) u (1,0), cuMMeTpUUIHYIO OTHOCHTEIBHO MPIMON & =

1/2, u mocTpouM Takoe ee pasbuenne Ha OTpe3ku ¢ BepmuHaMu Ao, ..., Aoy, aTO:
1) s soboro j, ||A; — Aj4]| < 1/8.

IIpoekT momnepxxkan rpaarom PODU 13-01-00513.
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In|A; — A;_
2) jist J106oro 7, % > 8/9
3) ln]Al — A[)’
YUCJIO0 UPPAITMOHAIBHO.
ln’A2m - AQm—l’
4) st HEKOTOPBIX V1, Vo, € (0, 1), My/JIBTHILUTHKATHBHAST I'DYIIIA, HOPOZKJICHHA KOMILIEKC-
HeiME guciaamu ||A; — Aglle™ u way, = ||Aom — Aomoi|| + €¥?m mnorna B C. Ilycre S —

caMoToI00HbIH numiiep ¢ BepmuHamu Ap, ..., Ag,,, B KOTOPOM yIJIBI TTIOBOPOTOB OTOOpAarKEHMUIt
S1, Som PABHBL V1, Ugy, COOTBETCTBEHHO, a 7y - €ro aTTPaKTOP. B CHily moCTpoeHnus, mepecedenne
Si(v)NSj_1(7y) sABIIETCA OHOTOIETHBIM JIJIsA JTI000T0 j = 1, ..., 2m, 33 UCKIIIOUYEHIEM, BO3MOXK-
HO, cJlydas, Korja j = m—+ 1. B 9ToMm cirydae st HEKOTOPOIt OCIe10BaATeILHOCTH YUCeI [y, 1y,

Soms1(7) N Sam (M) \ {Am} = U SmS™(7) N Sms1S% (7). Ha ocroBammu TeopeMs 06 0bem
k=1

MIOJIOXKEHUN JIJTsT CeMefcTB (ppaKTaJIbHBIX KPUBBIX, TAPAMETPhl OTOOparKeHnit So,,, Soym1 MOTYT
OBITH BBIOPAHBI TaK, YTOOBI KaXKJI0€ U3 IepecedeHuil B MpaBoii yacTu ObLIO mycThiM. [Ipu sToM

(S ST*) 1S 1 Stk — 1d.
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KBA3MOKPYYKHOCTU U OJTHOPOIHBLIE OBJIACTU
KAK PEIIIEHUA OJHOWM 3AJIAYU B R

JIMUTPUI ATEKCAH/IPOBIIY TPOIIEHKO
FOpuio I'puzopvesuny Pewemnary, moemy yuumenio.

B [1] ®. [I:xon paccmarpuBa obsacti B R ¢ ycjoBHeM KPHUBOJMHEHHONO KoHyca. B cBonx
paboTax 1o TeOpUU YCTONINBOCTH OTOOPazKEeHHii ¢ OrpaHIIeHHBIM HCKazKeHreM (Harmpumvep, [2])
FO.T. Pemernsik mokaszai, uaro (1 4 &)-kBasukoHMOPMHOe 0TOOpayKeHne O0JIACTH C yCIOBUEM
xona B R" npu n > 3 u € < go(n) anmnpokcumupyercsi MebuycoBbiM otobpazkeruem. O. Map-
tno u JIxx. Capsac B [3] onpeenimim KIacchl 0JHOPOJHBIX 0bJacTeil U, onupasch Ha paboThI
Pemernsika, nokazasm, arto (14 ¢)-kBasukonpopMHOE 0TOOPaKEHNE OJJHOPO/HOI 00JIACTH WHb-
ektuBHO. ABTOD B [4,5] M0Kazas, 9To B 9TMX Ke npenoaokenusx (1 + ¢)-kBazukondopMHoe
orobpazkenue obiacTu mpoosKaercs Jio (14 ¢)-kBazukondopmuoro orobpazkenus: R™ na cebst.

KBasmokpykHOCTH, TO €CTh 00pa3bl OKPYKHOCTEN — MOMY/IsIpHERINNI 00HEKT TEOPUU TLIOC-
KX KBa3MKOH(MOPMHBIX OTOOpaxKeHuit. XOpoIIo MU3BECTHO, YTO T'PAHUIA OHOCBI3HOMN OJIHO-
pOIHOI 0bacTi B R? ecTh KBAa3MOKPYZKHOCTL. TaK»Ke M3BECTHO, ITO 00JIaCTh B I JIOITyCKaeT
KBa3MKOH(OPMHOE OTpaykKeHne TOTJ@ W TOJbKO TOTJa, KOTJa €€ TPAHUIA €CTh KBa3MOKPYIK-
HOCTh. B mpocTpancTBe KBasucdepa JoryckaeT KBa3sMKOH(MOpPMHOe oTpaKeHue. B obparTHyio
CTOPOHY 9TO He BEpHO, Kak cJejyer u3 [6].

Kpusas B R", obonMu KOHITAME yXOJIIIas B 00, yJIOBIeTBOpAeT M-ycIoBuio, ecjiu s JII000i
TPORKHU ee TOYEK X, Y, 2, TAKUX, UTO Y JIEXKUT MEXKJIy &£ U Z, BBIIIOJHEHO HEPABEHCTBO

lx —y| < M|z — z|.

Ha nimockoctn Kjace KpUBBIX ¢ M-yciioBEEM COBHAJIAET ¢ KJIACCOM HEOTDAHNYCHHBIX KBa3HO-
KPY2KHOCTEH.

KBa3snokpyzKHOCTH U TPAHUIBI OJHOPOIHBIX 00JIacTell 3a0aI0TCs MOXOKIMI FeOMETPHIECKI-
MH yCJIOBHAME. ABTOPY He M3BECTHBI 3a/a4u, Ijyie Obl 3TH 0O'bEeKThI IIPUCYTCTBOBAJIN O/IHOBDE-
MEHHO.

Kgasukondopmubie orobpazkenus ¢ KoddduimerTom, 6JIM3KIM K €JIMHATIE, 00JIa/IaI0T PsiJIOM
0COOBIX CBOMICTB. DTH CBOJICTBA HeJIb3sl OIIUCATD, UCHO/IB3Ysl M -ycjioBre NIl OObIYHBIE OIIPE/Ie-
JIEHUsI OHOPOIHBIX obstacTeii. OHU He rapaHTUPYIOT 6JIM30CTH KPUBOH K MPSIMOIT 1 TIOBEPXHOCTH
K cdepe. M-ycnosue npu M = 1 1m03BOJIA€T KPUBOII NMETH YIVIBI BIJIOTH J0 HIpaAMOro. Anajo-
I'MYHO, KPYT ¥ KBaJIpaT Ha IJIOCKOCTH MMEIOT HaHUMEHBIIe KOHCTAHThI OJHOPOIHOCTH.

Hawm nonaiobsires yeroitausbie onpesnesenus (Cwm. [7].) Bmecro M-ycnoBus mjist KpuBoii mo-
TpebyeM BBIOJIHEHUsT HepaBeHcTBa |x — y| + |y — 2| < M|z — z|.

Buano, uro npu M=1 kpuBas aBjiseTcs IpsMOIL.

JLnst opeiesieHnst HeorpaHudeHHo rpanuiibl C-0IHOPOIHOM obtacTu morpedyeM, ITOOBI 15T
KasK/10i1 ee ToUKM jiyist joboro r > 0 marmesicsa map B(y(r), r), mexxamuii B 00/1aCTH U TaKoii,
910 y(7) 3aBHCHUT OT I' HENpepsIBHO 1 |x — y(r)| < r.

151 orpaHMYeHHO KBa3NOKPYZKHOCTH 1 TPAHUIIBI O/THOPO/IHOM 00JIACTH OIIpe/IeIeHNs yCI0K-
HsAOTCH, CM. |7].

=3
Teopema. Muoxecrso N C R siBIsieTcsi MHOXKeCTBOM HEHOJIBHKHBIX TOUeK (1 + €)-KBasn-
. —=3 =3
koH(popmHOI maBOToNIE f @ R — R npwm majbix € < gy TOIJa U TOJBKO TOIJa, KOIJA OHO
ecThb OJHO U3 4 THIIOB:
1) napa rouex,

2) (1 + €)-KBa3HOKDY>KHOCTb,
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3) rpannia (1 — €)-oxHOpOHOIT ObIACTH,
—3
4) Bce npocrpancTBo R

Kazkercss mpaBaonoo0HbIM, 9TO pe3yJibTaT 0000ImaeTcss Ha MPOCTPAHCTBA BCEX Pa3MEPHO-
CcTell.
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PASJIOZKEHUE BEKTOP-PEIIIEHNA B PAJl 1TIPU1 BAPUALIN
B ITPOCTPAHCTBE KBAJIPATUYHbBIX JUPPEPEHIINIAJIOB

MAPHA UBAHOBHA TVYJ/IMHA

[Iycts F' — KOMIAaKTHasT PUMAHOBA MTOBEPXHOCTH pojia g > 2, [) — OTKPBITHII KPYT Ha ILIOC-
koctr C. Obosnaunm gepes [ pykcoBy rpymiy mepBoro poja, yHudopMu3upyonyio F' B Kpyre
D, 1. e. F xondopmuo sksusasentao D /T Ilyers U(z) = (u(z),v(z), w(z))" — Bexrop-pemennue
sajaan Komm B Touke 2y € D, T.e. ¢ ycaoBuamu (1):

u(zo) 1 u'(20) 0 u”(20) 0
v(zo) |=[ 0 |, V(zo) = 1|, v'(z0) |=| 0 ],
w(zp) 0 w'(zo) 0 w” (2o 1
JIJIST HEBO3MYIIIEHHOTO ypaBHenusd, T. €. ipu A =0 u pu = 0
O6oznaunm uepes V(z) = W1(z), rne WT(z) = 0  Waz) 0 , PelIeHue co-
0 0 Wg(Z)

IPSIZKEHHOTo 110 JlarpamKy HeBO3MYIIEHHOTO ypaBHEeHUs Tperbero mopsiaka va D/
PaccmorpuM Bo3MyIIieHHOE BEKTOPHOE YpaBHEHUE

U®(2) + (Qo(2) — Aa(2))UM(2) + Ro(2)U(z) =0, (2)

rie A € C, |\| < e, € — mocraTouno Masoe 9uCI0, 1 ToJoMOPQHBIIT KBagapaTuaubil auddepen-
uuan q(z)dz* ue pasen nysmo ua D/T.

u(z, \) 0 0 u(z, \)
O6osznaanm gepes U(z, ) = 0 v(z, \) 0 = | v(z,A) | —BexkTOp-pemieHue
0 0 w(z, \) w(z, \)

sayiaan Komm (1) B Touke 2y ¢ yKa3aHHBIMU YCJIOBUSIMU T BO3MYIIIEHHOTO ypaBHeHus (2).

Teopema. /[ Bextop-pemrenns ypasrerns U (2) 4+ (Qo(2) — Aq(2)) UM (2) + Ro(2)U (2) =
0 ¢ yeaoBusvu (1) Ha KOMIAaKTHOH pumaHOBOI noepxnoctn F poma g > 2 BepHa ToduHAst
BapHaIMOHHAsI (POPMYJIa

U(z,\) = [E FAMo(2) F N2 AL(2) 4o N AL (2) 4 U (R),

ez € DN <em
An(z) = fzzo [A(x)D”(a:) + Ag(2)A(z) D" (x) + Ay (2) A(x) D" 2(2) + . .. + Ap_a(x) A(x) D(x) +

20
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KPUTEPN OI'PAHNYEHHOCTHN OIIEPATOPOB XAPIN-CTEKJIOBA
B ITPOCTPAHCTBAX JIEBEI'A HA TI0JIYOCH, BBIPA2KEHHDIE
B TEPMUHAX IIPAMOI'O 1 IBOUMCTBEHHOI'O ®APBATEPOB

EJIEHA ITABJIOBHA YIITAKOBA

[IycTs 3a1anb1 Ynca0BbIe TapaMeTphl p > 1 u ¢ > 0, a TakKe JBe HEOTPHUIATEIbHbBIE BECOBbIE
dbyukmun v u w Ha (0,00). B pabore paccMaTpuBaloTCsl WHTErPATBHBIE OMEPATOPBI C JBYMSI
IIePEMEHHBIMHI TIpejieiaMi MHTerpupoBanust (orneparopbl Xapan—CrekjoBa) Buia

b(z)

(1) Hf(z) = w(x) . f(y)v(y) dy,

00 1/p
JieficTByIone B pocTpancrsax Jlebera [P = {f: I fllp == (fo ()P dt) < oo}. [pen-

noJjaraercs, 4To 3ajanube dynkimun a,b € C1(0,00) B onpenenennu onepatopa H cTporo
BospacTaioT n TakoBbl, 410 a(0) = b(0) = 0, a(x) < b(z) mas z > 0 n a(oo) = b(o0) = 0.
Usyuenune oneparopos Xapau—Creksosa Geper nadano B paborax |1, 3, 4], riae 6L mosry-
YeHbl 1epBble Kpurepun orpanudentoctu s (1). Coempyomuiil sran B u3ydeHun onepaTopos
JIAHHOTO BHJIA CBSI3aH C MOIBITKON IPUJIATH UX XaPAKTEPUCTUKAM OIPAHUIECHHOCTH (oJiee y100-
ayto dopmy. C 310it 1esbio B [2] 66110 BBEJEHO MOHATHE (bapBaTepa — CTPOro BO3PACTAOMIEH
dbyukim o(z) va (0, 00), banmancupyiomnieit Mexxy a(x) u b(x), 1 yI0BIETBOPAIOINIEN yPABHEHUIO

o(x) b(z)
(2) / [o(y)]P/ =Y dy = / )PP Vdy  mna Beex x> 0.
a(z) o(z)
C momornpio dapBarepa o aBropaM paboThl 2| yi1agock MoayInTh HECKOIBKO THIIOB KPUTEPHEB
orpanundenroct H u3 LP B L9 s paznudanabix p > 1 u g > 0. Takxke, B TepMunax o, ObLim
HalJIeHbl KpUTepUH KOMIaKTHOCTH H @ LP — L7 u HeKOTOpBbIe JIpyrue Xapakrepuctuku |5, 7).
JpoiicrBennas popma KpuTepreB OrpaHUYEeHHOCTH Jyist oreparopa H Oblia Biepsbie chop-
MyJpoBaHa B [6] u onmpasiach Ha moHsTHE (hapBarepa, JBOWCTBEHHOIO K 0(X).
Onpenenenne. s 3a/laHHBIX MPAHUYHBIX (DYHKIHUI @, b U JOKAJIbHO MHTEIPUPYEMOil Ha
(0, 00) Becosoit dyukimm w(z) Takoit, uro 0 < wi(xr) < oo mig m.B. € (0,00), oupeaeanm
deoticmeennviti apeamep p(y) Taxum obpaszom, uro b~ (y) < p(y) < a ' (y) na (0,00) u

p(y) a=(y)
(3) / [w(x)]?dx = / [w(x)]?dx  ama Beex y > 0.
b= (y) p(y)

Bnech a~!(y) u b~ (y) obosnauaror dbynkmuu, obparnsie K a(z) u b(x), COOTBETCTBEHHO.
Ananornano o(x), byukus p(y) Takzxke nuddepennupyema i ctporo Bospacraer Ha (0, 00).
“JIpoiicTBennblii” Kpurepuit orpanndennoct H u3 LP B L9, chopmynmposansbiii B 6], Ha-

IPSMYIO CJIEJIOBAJ U3 PE3YJIbTATOB PaboOTh [2], 0JIHAKO, MOT IPUMEHSITHCST TOJILKO JIJIst P, ¢ > 1.
B nacrosimeit pabore J0Ka3aHo, 9To JBOHCTBEHHAs (DOPMa KPUTEPUEB OIPAHUIEHHOCTH OTIe-

paropa Xapau—Crekiosa H u3 LP B L%, BbipakeHHas ¢ HOMOIIBIO p(y), UMEeT MeCTO u JIJIs

p>1,0<qg<1(em (7) m (11), (12)). Takke mokazaHo, 9T0 Takas GopMa KPUTEPUS MOKET

OBbITH [OJIyYeHa U B TEPMUHAX I€pPBOHAYAILHOrO (hapsarepa o(x) misg Beex p > 1, ¢ > 0 (cm.

(5) u (9)). B kauecTBe JOMOJIHEHUST YCTAHOBJIEHO, YTO KPUTEPUU OIPAHUYIEHHOCTH B MX [IEPBO-

HavdaIbHON (bopMe (HeBOCTBEHHOIT) MOTYT ObITH C(HOPMYIMPOBAHBI KaK B TepMUHAX 0 (x) (CM.

(4) m (8)), Taxk u ¢ momomntsio p(y) (cm. (6) u (10)) s p > 1 1 g > 0.

Teopema. Ilycts p > 1 u q > 0. IIpeamonoxnm, aro o(x) — papparep—pynknus ua (0,00),
yaoBierBopsiomast yciaosuio (2), u p(y) — apoiicrennsiii gapparep Ha (0,00) Takoi, 4ro
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soimostHeHo (3). Torpa st HopMbl ||| p— L« ommepaTtopa H BepHBI cJiejiyrolue yTBePK ICHHSI.
Ecimm1 <p < g <oo, 10 HHHLﬁaLZ, ~ Ay~ (A1) m A~ (A,)", rae

p—1

a=H(o(t)) A0 -
(4) Agzsup( J >1qu) ( / ()oY dy) |
t>0 b=1(o(t))
a—l(t) b(a=1(t))
(5) <Aa-1>*=sup( [ qu> / [o(y) P/ )
t>0 b=1(¢) a(o~ 1('5))

-1

a " Yp~1(t) b(t pp
(6) A,-1 = sup (/ qu) ( (y)]P/ P~V dy) ,
t>0 ( *1(
- b( p(t B
</ p/p 1) dy> )

™) () =sup / qu)
t>0 b 1
B, ~ ( _1) ~ B, ~ (B))* + (BY)*, rae

Ecm(0<g<p<oomp>1,ro HHHLP—>LQ

q(p—1) P—q

(8) B, = ( /0 N { /b al(:;:))[w qu} { /a :t )P/ =D dy] o [w(t)]? dt)pq,

plg—1)

o e ([ ] o] )

[un

o= (0 Ubal:(p( qu} iN [ bwpea (o at)
(1) (B,) = </OOO [/,:i;[ qu} {/ ", )P/ dy] = D dt)’}?{"

) @ - ( /Ow[/pz)l(t)w >]de} U " <y>]p/p1dy}péq?[v(t)]p/@-”dt)p”qq.

Pesysbrarsl JanHoil paboThl II03BOJIAIOT BEIOUPATH U3 HECKOJILKUX XapakTepucTnk Ay, (A,-1)*%,
Ay, (A)* (nma By, (By—1)*, By-1, (B,)* + (B})*) B 3aBucuMoctn 0T TOTO, Kakas u3 JBYX Tap
— (v,p/(p—1)) nmm (w,q) — Gonee ynobHa g HaxokKIeHus dapsarepa (cMm. (2) u (3)).
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ABCOJIIOTHBIE OKPECTHOCTHBIE w-PETPAKTbI
1N HEIIO/JIBU2KHBIE TOYKUN

ITABEJI BACJIbEBY YEPHUKOB

BamkHyTOE MoaMHOKecTBO A OmkommnakTa X Ha3bIBACTCs OKPECTHOCTHBIM W-PETPakToM X,
eCJIN JIJIA BCAKOTO OTKPBITOTO TMOKPBITUS (v MHOZXKECTBa A CyIecTByeT oKpecTHOCTD V,, MHOXKe-
crBa A B X ¥ Takoe HeNpPEPbIBHOE OTOOpazKeHue o : V,, — A, 4ro orobpaxkeHus rq|A u ida
-0JTN3KU.

BukommaxT Y HazbiBaeTcs aOCOTIOTHBIM OKPECTHOCTHBIM W-PETPAKTOM, €CJTH BCIKOE 3aMKHY-
TOe MoJMHOXKecTBO A soboro 6mkomitakta X, romeoMopduoe Y, dABJIAETCH OKPECTHOCTHBIM
w-peTpakToM X.

Teopema. Ecim 6ukomnaxkT X sBjistercst aOCOJIOTHBIM OKPECTHOCTHBIM W-PETPAKTOM, TO
KaxkJ[0e Hysab-romororrHoe oroopazkenne f : X — X mmeer HEIOABUXKHYIO TOUKY.

Panee sTa Teopema Obl1a JI0Ka3aHa /)T KOHEYHOMEPHBIX METPU3YEMBIX aOCOTIOTHBIX OKPECT-
HOCTHBIX w-perpakToB X (cM. [1]).
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IIOCTPOEHUE OJHOCTOPOHHEI IIOBEPXHOCTH

MUPA APTEMOBHA YEINIKOBA

BriepBbie ypaBHEHIE HEOPUEHTUPYEMO# TIOBEPXHOCTH, OTKPBITOIH Mebuycom, OBLIO MOy 9€HO
Marnke [1]. Ecim rayccoa kpususHa jmcra Mebuyca paBHa HYIIIO, TO OH HA3BIBACTCS IIOCKUM.
Bubsmorpadus pabor Ha 51y Temy mana B pabore [2]|. B paborax [3,4] ncciemyrorcsa 6yThLIKa
Kieiina u mtocknit tuct Mebuyca.

B eBximioBoM mpocTpancTBe E? paccMOTpuM IVIJIKyIo 3aMKHYTYIO HEIJIOCKYIO KPUBYIO Y
Ge3 camoriepecevdensi, 3aJJaHHYI0 47T-IeproInaecKoit BekTop-yHKImeit p = p(v), Koropas He
SIBJISICTCS 27-TIEPUOJIMIECKON U 27T-aHTUITEPUOTICCKOIA.

Torna dyukms

1

(1) s(v) = 5(/)(@) + p(v +27))),

€CThb 27-TIepHoInIecKas He paBHas HYJIO, & BEKTOP-DyHKIINA
1

(2) I(v) = 5(0(1)) — p(v +2m)))

€CThb 2m-aHTHUIEePUO/INYecKas He paBHAs HYJIIO.

[IycTh BOJIb 3aMKHYTO# KPUBOIT Ha TOBEPXHOCTH OOHOCUTCS HOPMaJILHBII BekTOp. Ecan npn
BO3BpAIEHNN B MCXOJAHYIO TOUYKY HallpaBJ/IeHHE HOPMaJIM COBIIQ IaeT C MCXO/HBIM, HE3aBUCHUMO
OT BBIOOpA KPHUBOIi, TO MOBEPXHOCThH Ha3bIBAETCS JBYCTOpOHHEH. B mporuBHOM ciydae nmeem
OJTHOCTOPOHHIOIO TTOBEPXHOCTD.

PaccmorpuM JimHEYaTyI0 TOBEPXHOCTH

(3) r(u,v) = s(v) +ul(v),u = —1..1,v = 0..27.

Ecsm npu sroMm Kpubas s = $(v) He BBIPOXKJIeHHasi, & BeKTOD [(v) He mapaJsuiesieH MOCTOsTH-
HOMY, TO KOTJla, TOYKa KPUBOil s = $(v) 3aBepumut moJHbI 060poT, To npamas L = (s(v),[(v))
CMEHWUT HAIPABJIEHUE HA [TPOTUBOIIOJIOKHOE.

Bekrop-bynknus r(u, v) = s(v)+ul(v), oupenenser mucr Mebuyca, qyist koroporo s = s(v) —
cpennsst aunust, a p = p(v) = r(1,v) — Kpai.

Pacemorpum BekTop HOpMasun n = [ry,r,] = [¢'(v),l(v)] Broas guaun s = s(v). Bekrop
n = n(v) cMeHUT HAIPABJIEHUE HA IPOTHUBOIIOJIOKHOE, KOIJ[a TOUYKA KPUBOI s = s(v) 3aBepuiuT
noJHbli 060poT. [ToBepxHocTh M €cTh OJJHOCTOPOHHSISI.

OrnpejiesiuM 110BepXHOCTL K ypaBHEHHEM

(4)  r(u,v) = s(v) + sin(uw)l(v) + sin(mu)(l(v+ ) + f(v)e),u = —7,..,mv =0, .., 2T,

rie f = f(v) — 27 - anTUnEepHOANIecKass (DYHKIHS & BEKTOP € €CTh MOCTOSHHBIIA.

Bekrop f(v)e ynobuo BEIGpaTh TaK, 9T00bI BeKTOPHI [(v), [(v+7)+ f (v)e 6bu1i OpTOroHATbHEL.

Ecim m — derHoe uncjio, To KpuBas v = const eCTb KpUBas TUIIA BOCBMEDPKH C 1M CEKITUIMU
U [TOBEPXHOCTDb 3aMKHYTasl, €CJIM M — HeYeTHOE YUCJI0, TO KPUBasd v = const eCTb He3aMKHYTasd
KpHUBas, a MOBEPXHOCTb K ecTh MOBEPXHOCTH ¢ KpaeM. [Ipm m = 1 3r0 oTpe3ok mpsmoit n
nmoBepxHoCcTh K ecThb Kiaccudieckuii jiuct Mebuyca.

AHAJIOTUYIHO TIPOBEPSAETCS, ITO MOBEPXHOCTh K €CTh OJHOCTOPOHHSS TIOBEPXHOCTD.

[Tosepxuocts K 1pu deTHOM M dABJsSeTCA MOJebio OyThbuiku KiieitHa, 1npu HedeTHOM m
uMeeM KPHUBOJIMHEHHbIH juctT Mebuycast.

PaccmorpumM ere oy 3aMKHYTYIO TIOBEPXHOCTH P

(5) r(u,v) = s(v) + cos(u)l(v) + sizgu)s(v),u =0,.,2m,v=0,..,2m.
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[ToBepxnocth P Tak:ke omHocTopoHHsis. [loBepxHocTh P ecTh cKpernieHHBbIH Kosmak. Ona
SIBJISIETCST MOJIETBIO TTPOEKTUBHOM IIJIOCKOCTH.

Bynem uccreoBaTh 9TH MOBEPXHOCTH, KOTJa KpuBasg p = p(v) pacroJiokena Ha Tope (00-
MOTK& TOPA).

Pacemorpum Top 7(u,v) = ((2 + cos(u))cos(v), (2 4 cos(u))sin(v), sin(u)). 3agaium JIuHAIIO
u = kv/2, rie k HeYeTHOE YUCIIO.

Nmeem

(6)  s(v) = (acos(v), asin(v),0),l(v) = (bcos(kv/2)cos(v), beos(kv/2)sin(v), bsin(kv/2)).

Homoxum a = 2,b = 1,k = 1,m = 2,m = 3, f = —2cos(v/2),e = (0,0,1) u mocrponm
noBepxHocTH (3) - (5), UcHonb3ys MaremaTHuecKuii maker (puc.l,puc.2).
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Puc. 2. Kpusonuneitusiii quct Mebuyca, a=2, b=1, u=v/2, m=3 u kiaccude-
ckuii iuct Mebuyca
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KPAEBBIE 3AJIAUN [IJISI HEKOTOPBIX YPABHEHUN TPETBHEIO
ITIOPAIKA

HAJEZKJIA AJIEKCAH/IPOBHA YYEHIEBA

Heuneitnbie ypaBHeHUS B 9aCTHBIX IPOM3BOIHBIX TPETHErO MOPSIKA BAXKHbBI JIJIsI OIMUCAHUS
dusmueckux mporeccos. Hanpumep, ypasuenune Kopresera-ie @pusa, nonydennoe 2Kozedpom
Byccuneckom B 1877 oy, moipobubIil anaan3 Koroporo nposejien lugepukom Kopreserom n
['ycraBom je @puszom B 1895 oy, /10 CUX TOP OYEHb aKTYAJIbHO. DTOMY YPaBHEHUIO TTOCBSIIIE-
na kaura [1|. CramuoHnapHble U He CTalMOHAPHBIE HEJIMHENHbIE YDABHEHHsI TPETHErO TOPSIKA
paccMarpuBauch B pabore [2].

Bamaga 1 [2]|. Ilycte D — orpanudentnas ojHOCBsi3HAs 06aacTh B R™ ¢ JOCTATOYHO TUIaJl-
KOii Tpanwuieii v, nummHapudeckas obaacts 2 = (O, X) X D ¢ rpanuneii 7, IUINHIPIIECKAsT
obmacts Q) = Q x (O,T) ¢ 6okosoit rpanuneit I' = v, x (0,7).

B obnactu () paccMoTpuM HecTalMOHAPHOE 10 TIEPEMEHHOi ¢ ypaBHEeHUe

Piu=up — Uy — Liu+ ulfu= f(z,y,t), (1)
n

e Liu = g, (x,y)+ Enj (aij(Y)uy, (2,Y))y, =D ai(w, y)uy, (v, y) —c(z, y)u. (2, y)—d(z,y, )u(z, y),

n =1 i=1

U= (Y1, Un), 2 a;;&& > mlE]?, m >0, £ € R™

ij=1 —
[Ipenosaraem, uro KoadbduimenTs onepatopa L; npunaiexar npocrpanctsy C3(Q).

KpaeBasi 3aaga. Haiitu perienue ypasuenus (1) B obsiactu (), yJIOBJIETBOPSIIOIIEE Kpae-

BbIM YCJIOBUAM
Yy u’F = ux’x:O = U/|t:0 = 0. (2)

Teopema 1. Ilycrb BbIOJTHEHBI CJIEAYIONIHE YCIOBHSL:
lLpell,z2], m=n+2=34;

2. IlpaBast gactp ypasuenus (1) f(x,y,t) € Ly(Q) u takas, dro
ft(xv y7t)7 ftt(w7yvt) S LQ(Q)7 f(‘ra yat)|t:0 = ft(xv Y t)|t:0 = 0.

Torza cymiecTByeT u OPHUTOM €JHHCTBEHHOE DeIlleHHe KpaeBoi 3ajgaqu (2) Jis ypaBHEHHS
(1), npunarexkammee npocrpancTy H s 9)(Q).
Bnech npocrpancTBo Hs0)(Q) sBisgerca 3aMblKaHueM Kiacca (YHKIUH 3 IPOCTPAHCTBA

C>(Q), KOTOpBIE YIOBIETBOPSIOT KpaeBbiM ycaousiM (2). KBajpar HOpMBI B 9TOM TPOCTPAH-
CTBe 33J1a€TCsl PABEHCTBOM

n n n
AR (RIS SITVESS SEMERT RS SUML )
i=1 i=1

Teopema 10Ka3bIBACTCA METOJIOM € - PEry/asipu3aliui, METOIOM IIPOJIOJIZKEHN 110 TTapaMeT-
py € IIpUMeHEeHneM pPa3HOCTHOIO OTHOIIEHUs] B HAIpaB/JIeHUM OCH t U MeTojia [ajepkuHa.
3anaua 2. Ypasuenne Kopresera-jie Opusa siBiisiercst HeJIMHEHHBIM yPABHEHUEM 3 TIOPSIIKA
Pou = uy 4+ Uyyy + 6 - u, = 0. (3)
st 5TOTO ypaBHEHUS HalIEHO OOJIBIITOE KOJUIECTBO TOUHBIX pertennii. B sTux Tesucax mpej-
JIOZKUM €I1[e OJTHO TOYHOE PEITeHIe:
1 8-b¥¥—c
u(z,t) == ——
6 b

B nosaynpoctpancTse n3 R?, rpanuiieii KOTOpOro spJsercd mpaMast

—2-b? - tanh? (a + bx + ct) . (4)

Yo = {(x, t) €R?*: a+bx +8b’t = O} 11t pUKCUpoBaHHbIX unces a,b € R mpu b # 0,

perenre (4) s ypaBHenus (3) yI0BIETBOPSET CJICYIONAM YCIOBHSM:
80



HAOEXKIA AJIEKCAHJIPOBHA YVYEIIEBA 81

1) Ha 9TOi MPSAMON 7y I IPOU3BOIHBIX BBIIOJIHAIOTCS CJICIYIONAE PABEHCTBA
Ut = Ugge = U = Uy = 0,
TO €CTh KazkJI0e cJlaracMoe B ypaBHEHUH (3) Ha HPSMOIT Yo TOXKJECTBEHHO PABHO HYJIIO.
2) mpom3BO/HAS BTOPOrO HMOPsKa perenus (4) (He BxoauT B ypaBHenue (3)) Ha IPAMOI 7o
Upge =4-0* >0, mpu  b#£0.

Banaua 3. [Ipu manuuun quccunarun ypasaenne Kopresera-jge @pusa nepexoanT B ypas-
nenne Broprepca-Kopresera-ine @pusa, nmeromiee Bu/I
Pau = uy + Uggy + 6U - Uy — Ay, = 0. (5)
B 91X Tesncax mpeioKuM CJielytoriee To9Hoe perienre (6) 9Toro ypaBHeHwUs:

1 3a®— 250 1 1 1 1
u(z,t) = —-u——5~a2~tanh <01 + 0% + cgt> —%'612'tanh2 <01 + 0% + cgt) :

PacemoTpuM morynpocTpancTso u3 R2, rpanurieii KOToporo sipjseTcs IpsiMast
Y3 = {(a:, t) € R*: 250¢; + 25ax + 3a’t = O} JUIs (PUKCUPOBAHHBIX unces a,c¢; € Rupu a # 0.

Permenne (6) ypasuenusi (5) Ha mpsiMoii 3 Gy/IeT yIOBIETBOPSTE CIEYIONMM DABEHCTBAM:

a® a* 2a° 3a®

UZO, Uy = — 72~ Upe = —Zo7s Uggr = zrinny W= —Z-o QFacnq-
2500 25000 25 - 250

Banaua 4. B aBymepnoit reomerpun obobiernem ypasuenus Kopresera-jie @pusa siiisiercs
ypasuenne Kajomiena-Ilersuamsuin:
0
%(ut+umm+6u-um)—a-uyy:O, a==£1. (7)
B »Tux Te3mcax mpeioKuM TOUHOE PEIIeHUE 9TOr0 yPaBHEHU:

1 —c3co+ac? + 8¢
u(:v,t,y)zé- 372 2 1 2 —2.c2 tanh? (¢; + cow + cst + cuy) . (8)
2
B nosympocTpanctse u3 R3, rpamuieii KOTOPOTo ABJIAETCs IJIOCKOCTD
V4 = {(:v,t,y) € R3:cico+ 2+ (acﬁ + 80%) t+ cqc0y = O} , C1,09,¢4 ER, g #0,

perenne (8) ypasaerusi (7) yJIOBIETBOPSIET CJIEYIOIIUM YCIOBHUSIM:
1) Ha 9TOW MJIOCKOCTH <y JUisi HPOU3BOJIHBIX perenus (8) ypasHeHusi (7) BBIIOJHAIOTCS
CJIE/TYIOIINE PABEHCTBA

P =

U= Uy = Uggy = U = Uy = 0;
2) 3aMeTHM, UTO HE KayKjoe ciaraeMoe B ypaHenun (7)

4 6 2 2 4 2. 2
Ugy = =4+ Coy Uggpy = 32 Cy, Uy = —4-¢5 - (ac4 + 802) Uy = —4-c5 -,

Ha IIJIOCKOCTHU 74 PaBHO HYJIIO.
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NCKA2KEHVNE KOS®PUIINEHTA N3OIIEPUMETPNYHOCTHA
CUMIIVIEKCA TIIP1 TOMEOMOP®USME

JIMMAHA BACUJIBEBHA IIITYPKAEBA

B szajavax moctpoennsi pacdeTHBIX CETOK IPH ITOMOIIHM Pa3JUIHBIX KJIACCOB OTOOparkKeHuit
BO3HUKAET HEOOXOIMMOCTD CJIEJINTh 38 «KAIeCTBOM» IIOJIYIEHHOW CETKH, IIPU 9TOM B KadecTBe
mapaMeTpa, XapaKTepHU3yIOIMero «KadeCTBO» CETKH, MOXKHO MCIIOJIb30BaTh MaKCUMaJbHOE U3
3HAYEHUN KOIDMUIIMEHTOB U30IEPUMETPUIHOCTH CUMILIEKCOB IOJIYY€HHOTO pa30ueHus.

[Iycts Py, Py, ..., P, € R™ Takoit Habop To4ek, 4To BeKTOpHl P, — Py, ..., P, — Py nuHeitHo
HezaBucUMbL. CUMILIEKCOM A ¢ BEpIIMHAME B 3TUX TOYKAX MBI HA30BEM BBIITYKJIYIO 0DOJIOUKY
muoxecrsa { Py, ..., P, }.

[Iyctes D C R™ — mogmuoxkecTBO tipocTpancTBa R™. MuoxkectBo D Ha3bIBaeTCs TUCKPETHBIM,
ec/ii OHO 3aMKHYTO M BCE €ro TOYKM M30JupoBaHbl. I3 Teopembl Bolibliano-Beitepiirpacca
CJIEJTyeT, YTO TaKOe MHOXKeCTBO JIOKaJIbHO KonedHo. [lycth € > (. /Tuckpernoii e-cerbio D B R"
HA30BEeM JIMCKPETHOE MHOYKECTBO, ABJIAIONIeecs e-ceTbio. [lociie/iHee o3HavaeT, 9To I BCAKOI
roukn r € R™ Haiigercs rouka a € D, Takasi, 9ro |z — a| < €. B cuity JIOKaJIbHON KOHETHOCTH
JINCKPETHON £-CETU MOYKHO PaccMOTpeTh ee Tpuanryaanuio 1. Tpuanryranua T mpencrapiser
coboit Habop cumiutekcoB {Ag}k = 1,2, ..., KOTOpbIe UMEIOT BepIIUHAMI TOYKU u3 D, monapHo
HelepeceKaloTCsd 10 BHYTPEHHUM TOYKaM U 00'be/INHeHne KOTOPBIX JIaeT BCe MPOCTpancTBo R™.

YacTo npu MOCTPOEHNN PaCUYEeTHBIX CETOK MCIOIB3YIOT METOJ OTOOparyKeHiI HEKOTOPOil Mo-
JIeJIBHON CeTKM Ha pacdeTHyio o0iacTh. [Ipm sToM BO3HUKaeT 3ajada KOHTPOJIST MCKAYKEHUS
sSUeeK CEeTKN BO M30eKaHUe IMOJIyUeHUs] BBIPOXKIEHHBIX sd9eeK CETKH B pacdeTHoil obsactu. B
pabore [1| npuBojgaTCs yCI0BUST Ha TOMEOMOPQHBIE OTOOPAYKEHUsI, IPU BHINOJTHEHUN KOTOPBIX,
UCXO/IHAs TPUAHTYJIAINS TaK2Ke MePEXOUT B TPUAHTYJISAINIO, T.€. HE IIPOUCXOIUT BBIPOZK IEHUS
d49eeK CEeTKM WJIU, JIDYTUMU CJIOBAMU, COXPAHAETCS TPUAHTYJIAIS.

Kosddurmenrom n30mepuMeTpuaHOCTH 1—MepHOTo cuMIniekca A OyieM Ha3bIBaTh

N
o(A) = —|A|

Besmunna o(A) xapakrepusyer OTKJIOHEHHE MPOM3BOJIBHOIO CHMILIEKCa A OT MPABUJIBHOIO,
IMOCKOJIbKY MUHUMAJbHOE 3HAUEeHNe JIOCTUTAETCS Ha MPABUJIBHOM CUMILIEKCE.

O606IIMB pe3ysIbraT, U3JI0KEeHHBIN B 2], mosydanM, aro st Koadbduimenra n30nepuMeTpu -
HOCTH 1 —MEpPHOI'0 CHMILIEKCa, [TOJIYyIeHHOTO IIPU FOMEOMOPMHOM 0TOOpasKeHUH, CIIPaBe/I/INBa

Teopewma. Ilyctp 3a/5aHbl
1) obmacte D C R™ u cumiiexke APyPy...P, C D,
2) orobpaxkenne f: D — D" (D' C R"), apsromieecst romeoMopgHBIM U U DEPEHITHDY MBIM
MMOYTH BCIOJY,
3) o — HEKOTOpAasT BHYTPEHHsIsI TOYKa CUMILIEKca A, B KOTOpoii orobpazkenune f i depeHin-

pyemo.
Tora orHomrenne K03h@UIIMEHTOB H30IIEPUMETPUIHOCTH 00pa3a U Ipoodpa3a OLEHUBAECTCS

n—1 n—1
1_ Z%_ol@i_l n 14 Z?:E?%—l n
T VoNaIN o _ VAT VA"T10A|
Jf(l’o) 1+ n = o = Jf(l?o) 1— (I)n ’
Jr(xo)V Jy(wo)V
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rae gepes J¢(xg) obosnaden sxkobuan orobpakennsi f B TOUKe Ty,
V — obbem cumiiekca APy P ... P,

D, = P, (2o, f, A) = %i <W_kﬁkwi> ’

T k=1
UE = Wh(zg,A) = Y dio-dio [ 1= PRl | k=Tn,
1< <. <ip<n t=1,n\{i1,..,ix }
, , 1 =2 k-1 ,
cI)iz—l = q)qjm—1($07 f7 A) = (n — 1)| (W Bk\PZL’ﬁl> ) ] =0,n,
k=1
UoE =008 (20, 0) = > iy iy 11 P, — P | . k=Tn,
1< <. <ip<n—1 t:m\{il,...,ik}
Wk = W (29, A) = > diodio [ IB=RIl), 4k=Tn,
1< <ip€{1,...n P\ {5} t=T,0\{J,i1,-,ix }

A\, A — mammenbimee n manbopiiee cobersernbie aucaa onepatopa (dy, f)T (dy, f) coorsercrpen-
Ho,
dij = |Pi = ol + [P — x|, 0<i<j<m,

_ _ ‘H(xl)?Pk)l
B—B(IEo,f,A) _gg‘?z |Pk-[['0| )

H(zo, ) = f(x) = f(x0) = duo f (2 = o).

B KOTOPOM,
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KHOVANOV HOMOLOGY OF KNOTS IN A THICKENED TORUS

ALENA ANDREEVNA AKIMOVA

In 2000 M. Khovanov described construction of a special graded chain complex associated
with a given diagram of a knot in the 3-sphere, see [1]. The construction is similar to the
construction of the Kauffman polynomial. Let us consider all possible states of a given diagram,
that is, all arrangements of markers A, B and corresponding smoothings of crossings, and
properly organize the information on the circles thus obtained in terms of a graded chain
complex. Khovanov proved that the Euler characteristic of the graded homologies of this chain
complex is equal to the Kauffman polynomial.

We consider a natural generalization of this construction in the case of knots in a thickened
torus T x I. The so-called generalized Kauffman polynomial was constructed in [2] and turned
to be useful for tabulation and a recognition of knots. It is slightly different from the original
Kauffman polynomial. Namely, it depends on two variables instead of one. The second variable
is used for taking into account nontrivial circles in 7', which appear after smoothing. We show
that the Khovanov construction (with some modifications) works for knots in 7" x I and that the
Euler characteristic of the graded homologies of this chain complex equals to the generalized
Kauffman polynomial also in this case.
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A MODEL OF ONE BIOLOGICAL 2-CELLS COMPLEX

LANDREY ALEXANDROVICH AKINSHIN, 2TAT’YANA ANATOL’EVNA BUKHARINA,
23DAGMARA PAVLOVNA FURMAN, ¥VLADIMIR PETROVICH GOLUBYATNIKOV

Smale has formulated conditions of existence of cycles in phase portrait of one 4-dimensional
dynamical system considered as a (very hypothetical) model of interaction of two biological cells.
In this model for each of these cells considered separately, there is only one stable equilibrium
point and no cycles at all, see [1]. It was indicated there that this dynamical system has no
connections with any biological experiment.

We study phase portrait of a 6-dimensional nonlinear dynamical system considered as a model
of an early stage of morphogenesis of D. melanogaster, i.e., appearance of its parental cell in the
proneural cluster. Sufficient conditions of existence of an unstable cycle in the phase portrait
of this system are described. So, we construct here a model of interaction of two cells K; and
K5, on an initial stage of development of D.melanogaster mechanoreceptors. This model is
represented by 6-dimensional chemical kinetics non-linear dynamical system.

dz d dz

—lzfl(zl)—ﬂh; A —1202,1@2)—21;

b & & (1)
L2 . QY2 . 02

_dt = fz(zz) — T2 — = 02@2) — Yo, —( = 01,2(?/1) — 2.

dt dt
The variables z1(t), z2(t) denote here concentrations of the protein AS-C in K, K respectively.
Similarly, v1(t), y2(t) denote concentrations of the protein Delta, the functions oy and o9 increase
monotonically and describe there the positive feedbacks (AS — C) — D1. The functions oy o,
09,1 are also monotonically increasing and describe positive feedbacks DI — N from K, to K,
and, respectively, from K to Ks. The variables z;(t), z2(t) denote concentrations of the protein
Notch in these cells. The functions f;, fo are monotonically decreasing and describe negative
feedbacks N --- € (AS — C). The symbols — and - - - « are standard for notations of positive
and, respectively, negative feedbacks, see [3].

As in our previous publications [2, 3], where all these processes were considered in just one
cell, here and below all the functions, variables and parameters are non-negative.

Following the general scheme of construction of the gene networks models, and the assumption
that the cells K7, K, are identical at the considered stage of their development.

= 01(I1) — Y1,

f1:f2:f; 01 =02 =0; 012 =021 = Ox. (2)
In our numerical experiments, we considered the case

A Bz? Cz
f p—

The equilibrium points of the system (1) are determined from the system

1+a22 " b4z T cxa

vi=f(a1); p=o(w); a=0p); w2=f(2); p=oc@); 2=o0n),
or from just one equation:
21 = R(21) := f(o.(a(f(0.(0(21))))))- (3)

The function R(z) is the double iteration of the monotonically decreasing function ¢(x;) =
f(o«(o(x1))), and hence, monotonically increases.

Lemma Equation (3) has three solutions for sufficiently large values of A, B, and C.

The work was supported by grant 12-01-00074 of RFBR, interdisciplinary grant 80 of SB RAS, by grants
NSh-5278.2012.4, RAS VI.61.1.2, and by the scholarship SP-561.2012.5 of the President of RF.
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Consider linearization of the system (1) at these equilibrium points.

Theorem 1. If the graph of the function R = R(x) has three intersection points with the
line R = x and all these intersections are transversal, then two of the equilibrium points S; and
Ss of the system (1) are stable, and one point Sy is unstable.

According to the symmetry conditions (2), the phase portrait of the system (1) is invariant
with respect to the involution x, <> xa, Y1 <> Yo, 21 <> 2o, which has a fixed point S5, and
permutes the points S; and S3. The 3-D plane P3 = {x; = z9, y1 = yo, 21 = 29} is invariant
for the system (1).

Let the conditions of the theorem 1 be satisfied. Restriction of the system (1) to the plane
P3 has the form

x Y
g — e 2= —y; — =o0.(y) — 2. 4
Here x = 21 = o9, y = y1 = Yo, 2 = 21 = 22. The system (4) has a unique stationary point
§2, which coincides in a natural sense with the point S,. Let —II® = d—w be the product of
T

derivatives of the functions f, o, o, at this point.

I 11V3

The eigenvalues of the corresponding linearization matrix are: Ag3 = —1 + 3 +1 5

R@)\Q’g >0, ie.,if II>2, (5)
then the equilibrium point S, is unstable. Following arguments of [4], we get:

Theorem 2. Let the conditions of the theorem 1, and the conditions (5) be satisfied. Then
the plane P3 contains at least one cycle of the system (4).

Actually, this cycle can not be stable in the ambient space RS, since the plane P? is not a
stable invariant submanifold of the phase portrait of the system (1).
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QUASICONFORMAL ANALOGUE OF A CARATHEODORI'S THEOREM

VLADISLAV VASIL’EVICH ASEEV

In 1937, Caratheodory proved the following theorem ([1], Theorem 2, Remark):

Suppose that some locally injective mapping f : G — f(G) C C is defined in a domain
G C C. For the mapping f to be Mobius, it is necessary and sufficient that every point zy € G
have an open neighborhood U(zy) C G such that, for every generalized circle S C U(zp), its
image f(S) is also a generalized circle.

Note that this theorem does not require the continuity of f.

We change in this situation generalized circles by k-quasicircles (that is an image of a circle
under some quasiconformal mapping, where k is a Rickman’s characteristic of quasicircle) and
proove the following theorem (published in [2]):

Let some locally injective mapping f : G — f(G) C C be defined in a domain G C C. For f
to be quasiconformal in G, it is necessary and sufficient that there exists k > 1 such that each
point zo € G has an open neighborhood U(zy) C G such that f|U(zo) is injective and the image
f(S) of each generalized circle S C U(zy) is a k-quasicircle. Moreover, the exact estimate for
the quasiconformality coefficient of f holds: K[f] <k + vk? — 1.

Note that in the case k = 1 we obtain as the Corollary the Caratheodori’s theorem.
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CORRECT OBSERVER’S EVENT HORIZON IN DE SITTER SPACE-TIME

VALERII NIKOLAEVICH BERESTOVSKII, IRINA ALEXANDROVNA ZUBAREVA

Let (M, g) be a Lorentzian manifold. A nonzero tangent vector v is said to be respectively
time-like, space-like, or isotropic if g(v,v) is negative, positive, or zero. A tangent vector v is
said to be non-space-like if it is time-like or isotropic. A continuous vector field X on Lorentzian
manifold M is called time-like if g(X (p), X (p)) < 0 for all events p € M. If Lorentzian manifold
(M, g) admits a time-like vector field X, then we say that (M, g) is time oriented by the field
X. The time-like vector field X separates all non-space-like vectors into two disjoint classes of
future directed and past directed vectors. A Lorentzian manifold is time orientable if it admits
some time-like vector field X.

Definition 1. A space-time (M, g) is a connected Hausdorff manifold of dimension equal
or greater than two with a countable basis supplied with a Lorentzian C'*°-metric g and some
time orientation.

A continuous piecewise smooth curve (path) ¢ = ¢(t) with ¢ € [a,b] or t € (a,b) on Lorentzian
manifold (M, g) is said to be non-space-like if g(c)(t), c.(t)) < 0 for every inner point ¢ from the
domain of the curve ¢, where ¢)(t) (respectively, ¢.(t)) denotes left (respectively, right) tangent
vector. If (M, g) is a space-time, then the curve ¢ = ¢(t) with ¢ € [a,b] or t € (a,b), is future
directed or past directed, i.e. all (one-sided) tangent vectors of the curve c either are directed
to the future or are directed to the past. The causal future J*(L) (respectively, the causal past
J7(L)) of a subset L of the space-time (M, g) is defined as the set of all events ¢ € M, for
which there exists future directed (respectively past directed) curve ¢ = ¢(t),t € |a,b], such
that c(a) € L,c(b) = q. If p € M, then we will use reduced notation J*(p) and J~(p) instead
of J*({p}) and J~ ({p}).

Definition 2. An open set U in a space-time is said to be causally convex if no non-space-like
curve intersects U in a disconnected set. The space-time (M, g) is said to be strongly causal if
each event in M has arbitrarily small causally convex neighborhoods.

Definition 3. A space-time (M, g) is called globally hyperbolic if it is strongly causal and
satisfies the condition that J*(p) N J~(q) is compact for all p,q € M.

Definition 4. Let S be a subset in a globally hyperbolic space-time (M, g). Then T'~(5)
(respectively, T(S)) denotes the boundary of the set J~(S) (respectively, J*(S)) and is called
the past event horizon (respectively, the future event horizon) of the set S.

A simplest example of a globally hyperbolic space-time is the Minkowski space-time Mink ™!,
n+1> 2, ie. a manifold R"*! n 4+ 1 > 2, with the Lorentz metric ¢ which has the constant
components g;;:

gi; =0, ifi#j gu=...= gm =1, J(n+1)(n+1) = -1
in natural coordinates (z1,..., x,,t) on R""!. The time orientation is defined by the vector
field X with components (0, ..., 0, 1) relative to canonical coordinates in R"**.

De Sitter space-time is visualized as the hyperboloid S(R) with one sheet
(1) Y ap—t*=R R>0,
k=1
in Minkowski space-time Mink™* n 4 1 > 3, with Lorentzian metric induced from Mink"+!.

The first author is partially supported by Grants of Russian Federation Government for state support of
scientific investigations (Agreement no. 14.B25.31.0029) and of RFBR 11-01-00081-a.
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The time orientation on S(R) is defined by unit tangent vector field Y such that Y is
orthogonal to all time-like sections

S(R,c)=S(R)N{(x1,...,7n,t) ER"™ 1t =¢}, cER.
The main result is the following

Theorem. Let L be a time-like geodesic in de Sitter space-time S(R), I'" (L) is the past
event horizon for L (observer’s event horizon). Then

1. T=(L) = S(R) N «, where « is some hyperspace in R"™™ which goes through the origin of
coordinate system, consists of isotropic geodesics.

2. JY(L)=—-J (=L), J (L) =—=J"(-L).

3. The sets J~ (L) and J*(—L) (respectively J*(L) and J~(—L)) don’t intersect and have
joint boundary T'~(L). In particular, the past event horizon for L coincides with the future
event horizon for — L (respectively, the future event horizon for L coincides with the past event
horizon for —L).

4. The quotient map pr : S(R) — S}(R), gluing antipodal events in S(R), is diffeomorphism
on all open submanifolds J* (L), J~(—L), J~(L), J*(—L) which identifies antipodal events of
boundaries for these submanifolds (i.e. the corresponding event horizons).

5. The quotient manifold (S}(R),G), where g = pr*G, is the Lobachevsky space of positive
curvature 45 in the sense of B.A.Rosenfeld (see p. 155 in [2]).

Corollary. Let L be a time-like geodesic in S(R), p is the joint event of L and S(R,0).
Then the past event horizon I'~(L) for L intersects S(R,0) by the sphere Sgg)(p, TR/2) of
the radius mR/2 with the center p.

Our results contradict to the figure on the page 120 from the Howking’s book [1].
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HIRZEBRUCH GENERA AND FUNCTIONAL EQUATIONS

VICTOR MATVEEVICH BUCHSTABER

We will consider smooth manifolds with smooth actions of compact tori, such that all fixed
points are isolated. Such manifolds naturally appear in different areas of mathematics. They
are the key objects of toric geometry, toric topology, and the theory of homogeneous spaces of
compact Lie groups.

The theory of Hirzebruch genera of manifolds is a well-known area of algebraic topology. It
has important applications in the theory of differential operators on manifolds, mathematical
physics and combinatorics.

In the case of manifolds with compact torus action there is an equivariant Hirzebruch genus
and arises the famous rigidity problem. In [1] the universal toric genus is constructed and
localization formulas are obtained. They give the complex cobordism value of this genus in
terms of torus representation in the tangent space at fixed points. The problem of rigidity of
equivariant genus is reduced to the problem of solving the corresponding functional equation.

The main construction I. Let us consider a set A = {A;,7i =1,...,m} of (k x n)-matrices
A; with integer coefficients and a map ¢ : [1,m] — {—1,1}.

Let A be a commutative associative ring over Q. We associate to each series f(z) = = +
a1z + agx® + ... € A[[z]] the characteristic function of the pair (A, ¢):

m n 1
L(Ae; f) = g1 _
eih =2 0]l 7
Here t = (t1,...,tx) and Ag are column vectors of A;, (A{, t) = Af’ltl +...+ A{’ktk.

The pair (A, ¢) is called admissible if L(A,¢; f) € A[[t]] for any ring A and any series f.

The pair (A, ¢) is called rigid for a family of series F = {f(x) € A[[z]]} if L(A,¢; f) € A for
any series f € F.

Problem 1. Find the solution of rigidity functional equation

(1) L(Ae f)=C,
that is, for a given pair (A,e) and a ring A, find the family of series F = {f(z) € Allz]]}
and C' € A.

It is sufficient to check that the pair (A, €) is admissible for the universal series f,(z) € A[[z]],
where A = >~ A 9, =Qlai,...,qa,...], dega, = —2q.

n=0

Set degt, =2 for ¢ = 1,..., k. If the pair (A, ¢) is admissible, then
L(A75§fU) = Z Pt?,

deg P, +2|w|+2n=0
P, € Ais a homogeneous polynomial and w = (i1, ..., ig), £ = £ ... 1F, |w| =iy + ... + ik
Let Z(A,¢) be the ideal in the ring A generated by all P, € A_s(4u)) With |w| > 0.
Main constriction II. The graded ring

A(A,e) = AJT(A, ¢)

is called universal rigidity ring of admissible pair (A, ¢).

Problem 2. For given (A, ¢) find the ring A(A,¢).

Consider a smooth oriented manifold M?" with a smooth action of the compact torus T*
such that all the fixed points are isolated. Let zq,...,z,, be the set of all fixed points. Then

The work was partially supported by RFBR grant 14 01-00537A.
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in the tangent space 7; ~ R?" of the point z; a representation of the torus 7% is defined. Given
a basis in T* one can choose a set of weights A7 = {A?' . ,A{’k}, j=1,...,n.

One can define the map ¢ : [1, m] — {—1,1}, where (i) = 1, if the orientation in 7;, induced
by the orientation of the manifold M?", coincides with the orientation in 7;, defined by the set
of weights A], and (i) = —1 otherwise. Therefore we have the correspondence

(2) L:(M*™ TF = (Ae).

Let (M?",T%) be a smooth manifold M?" with an action of a torus 7% There is a lin-
ear representation of the torus T% in R*¥ ~ CV and an equivariant embedding M?" c CV.
Let vx(M?") be the normal bundle of this embedding. The pair (M?", T*) is called normal
complex T*-manifold if v (M?") is a complex T*-bundle.

From [1] we obtain: Let (M?",T*) be a normal complex T*-manifold with isolated fixed
points. Then the correspondence (2) gives an admissible pair (A, ).

The structure of almost complex T*-manifold (M?", T*) defines the structure of a normal
complex manifold (M?*, T*) and therefore an admissible pair (A, €). For each such pair (i) = 1,
i =1,...,m. The important examples here give the pairs (M?",T*), where M?" is a complex
or symplectic manifold with corresponding action of T*.

In [2] the theory of 2-truncated cubes is developed and an explicit construction of pairs (A, €)
is given for symplectic manifolds M?" with Hamiltonian action of 7" where the image of
moment map is the given 2-truncated cube. Well-known polytopes, such as flag nestohedra,
graph-associahedra and graph-cubeahedra are 2-truncated cubes.

Thus we obtain a wide area of application for our constructions I and II.

Let Ly be the complex Hirzebruch genus determined by the series f(z).

Flag manifolds F,, = U(n)/T™ are complex T™-manifolds with n! fixed points.

From [3] we obtain: The rigidity functional equation (1) for flag manifolds F,, is

(3) CA, = Z (signo)o H Qlx; —xj), A, = H (z; — ;).
ocESH 1<i<j<n 1<i<j<n
where Q(t) =1+ > bit* and C' = L;[F,]. Here signo is the sign of the permutation o.
i>1

The equation (3) allows us to explicitly calculate the values of L¢[F},] and, using results of [3],
to describe the generators of the ideal Z(A,¢) of the universal rigidity ring A(A,¢) for F, in
terms of differential difference operators.

The complex projective space CP™ = {(z1 : ... : z,11)} has the structure of T"-complex
manifold with (n + 1) fixed points. The rigidity functional equation (1) for CP(n) is

n+1
1
(4) I[-+—==¢  C¢=LyCP@)].
— L f(ti —t5)
i=1 j#£i
In [4] the general analytic solution of the equation (4) is obtained for n = 2 in terms of
Weierstrass p-functions and elliptic Baker-Akhiezer functions.
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ENUMERATION OF HYPERMAPS WHICH ARE SELF-EQUIVALENT
WITH RESPECT TO REVERSING THE COLORS OF VERTICES

MADINA ALEKSANDROVNA DERYAGINA

A map (S,G) is a closed Riemann surface S with an embedded graph G such that S\G
amounts to the disjoint union of connected components, called faces, each of which is homeo-
morphic to an open disk.

A hypermap is a map whose vertices are colored in black and white in such a way that every
edge connects vertices of different colors.

Two hypermaps (S, G) and (51, G1) are called equivalent whenever there exists an orientation-
preserving homeomorphism A : S — S; with A(G) = G and h taking black and white vertices
of (5, G) to black and white vertices of (S1, G1), respectively .

One can say that hypermap is self-equivalent with respect to reversing the colors of vertices,
if given hypermap and hypermap which is obtained by reversing colors of vertices of given
hypermap are equivalent.

Theorem. The number Shyp(n) of hypermaps which are self-dual with respect to reversing
the colors of vertices with n edges can be calculated by this formula:

Shupln) =+ 3 (1nt(5) (55 .0)=5* (5.0) 8L 0+ Int(™ 5 L0 o 1 (0)
Iln H=1

where ¢,,,(1) — Jordan function, p%%, (1) = 31 4 1t (£) & — odd Jordan function, s(m,0)
L.
and sT(m,0) are calculated with two recurrence equations

n

s(n,0) = 2n+ DI = "(2k — D! s(n — k,0),
k=1
s(0,0) =1

and
n

st(n,0) = (n+1)! — Zk! st(n—k,0),
k=1
s7(0,0) = 1, respectively.
And T(m, H) is calculated with recurrence formula:

T(m,H) = B(m,H) ~ 3 '_ (m_1,> T(i,h) B(m —i,H — h),

where

B(0,0) = 1, T(0,0) = 0,

1,ifx € Z and x > 0,
Int(z) = { 0, else.

The authors were partially supported by the Russian Foundation for Basic Research (Grant 13-01-00513),
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Remark.The number Shypo(n) of planar hypermaps which are self-dual with respect to
reversing the colors of vertices with n edges was obtained in [2]. Shypo(n) coincides with the
sequence A090375 in [4].
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EQUIVARIANT INFINTESIMAL DEFORMATIONS OF ALGEBRAIC
THREEFOLDS WITH AN ACTION OF AN ALGEBRAIC TORUS OF
COMPLEXITY 1

ROSTISLAV ANDREEVICH DEVYATOV

A construction of normal affine algebraic varieties aver C with an action of an algebraic
torus was given in [1]. Let us give the most important definitions for this construction in the
case of complexity 1 actions. Fix a torus 7' = (C*)". Let M = X(T') be its character lattice,
N = Homg(M,Z) be the dual lattice, and My = M ®z Q and Ny = N ®z Q be vector spaces
containing these lattices. Then Ng = Homg (Mg, Q).

Definition. A polyhedron A C Ny is a nonempty (not necessarily bounded) intersection of
finitely many closed affine half-spaces of Ng.

Definition. The tail cone tail(A) the set of all vectors v € Ng such that for all a € A one
has a +v € A.

Fix a polyhedral cone o C Ng, i. e. an intersection of finitely many vector half-spaces of Ng.
Suppose that o is pointed, i. e. it contains no lines, and is full-dimensional, i. e. its linear span
is the whole Ng.

Definition. The dual cone 0¥ C My is the set of all a € Mg such that for all f € o one has
f(a) > 0 (recall that elements of Ny are functions on Ng).

If A C Ny is a polyhedron with tail(A) = o, one can define the support function ha: 0¥ — Q
by ha(a) = mingea f(a). The condition a € 0¥ guarantees that the minimum is really attained
at one of the vertices of A. One easily checks that this function is piecewise-linear and convex,
i. e. Ya,b € oV hA(CZ + b) > hA(CL) + hA(b)

Fix a smooth algebraic curve C.

Definition. A polyhedral divisor with tail cone o on C' is a formal finite linear combination
of the form Y p;A;, where p; € C are points, and A; are polyhedra with tail(4;) = o.

Given a € ¢¥ and a polyhedral divisor D = > p;A;, one can define the evaluation of D at a
by D(a) = > ha,(a)p;. This is a (rational Cartier) divisor on C. It follows from the convexity
property of support functions that Ya,b € 0¥ D(a + b) > D(a) + D(b).

Definition. A polyhedral divisor D is called proper if:

1. If a € 0¥ N M, then D(a) is semiample.
2. If a € M is in the interior of ¢V, then D(a) is big.
Theorem. (see [1]) If D is a proper polyhedral divisor with tail cone o on C, then

A= P I(C0c(D())

x€oVNM

is a finitely generated X(T')-graded algebra, and X = Spec A is a normal affine variety of
dimension n + 1 with a faithful action of T

We are going to consider varieties X constructed this way from a two-dimensional torus T
(n = 2), the projective line (C' = P!) and a polyhedral divisor D = > p;A; such that all
vertices of all polyhedra A; are lattice points. The properness condition in this case means
that the Minkowski sum of all polyhedra A; must be strictly contained in o. Fix such a proper
polyhedral divisor D on P'. We call points p; € P! special, and we call a special point p;
essential if A; cannot be written as o + v for any v € N.

For a general reference on deformation theory, see [2].
Definition. Given a complex algebraic variety X, an affine scheme S of finite type over C,

and a closed point s € S, a deformation of X over S with basepoint s is a triple (Y, f,¢), where
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Y is a scheme of finite type over C, f: Y — S is a flat morphism, and t: X — f~!(s) is an
isomorphism. S is called the parameter space of the deformation.

Definition. Two deformations (Y, f,¢) and (Y, f',) of the same variety X over the same
parameter space S with the same basepoint s € S are called equivalent if there exists an
isomorphism g: Y — Y’ such that f'g = f and g|;-1(5t =1/

Definition. A deformation of a variety X over S = (Spec Cle]/(g?)) (with the basepoint s
being the only closed point in S) is called an infinitesimal deformation of X .

Denote the set of equivalence classes of all infinitesimal deformations of an affine variety
X by T'(X). One can introduce a vector space structure with good functorial properties
(which we don’t need here explicitly, see [2] for exact formulations) on T!(X). Namely, sup-
pose that A = C[X| = C|xy,...,2,,]/I, where I is an ideal. Then I/I? is an A-module.
A morphism ¢: I/I? — A of A-modules is called a derivation if there exist m polynomials
g; € Clxy,...,x,] such that ¢ can be written as ¢(g) = > ¢;0g/0x;, where g is a polynomial
representing an element of I/I%. Clearly, the derivations form a vector subspace (and even an
A-submodule) in Hom4(I/I%, A). Denote this submodule by Der. Then 7% (X) can be identi-
fied with Hom4(7/I%, A)/ Der. One can prove that this vector space structure does not depend
on the choice of generators x1, ..., x,,.

Consider an affine variety X with an action of a torus 7. Then A = C[X] is an M = X(T)-
graded algebra. If we choose homogeneous generators 1, . .., Z,,, then Hom4(I/I?, A) becomes
an M-graded module. One checks easily that Der is an M-graded submodule, so T*(X) becomes
an M-graded vector space. Again, one can prove that this grading does not depend on the choice
of generators. Denote the zeroth graded component of T%(X) by T*(X),.

Definition. A deformation (Y, S,s) of a variety X with an action of a torus T is called
equivariant if T" acts on Y, and for any t € T, the morphisms f: Y — S and ft: Y — S are
the same.

It follows easily from the exact description of the identification between Hom (I /1%, A)/ Der
and T'(X) that the equivariant deformations are identified exactly with T%(X)j.

Recall that we have fixed a proper polyhedral divisor D = > p;A; with tail cone o on P
Consider one of the polyhedra A;. Its boundary consists of two rays and several (at least one
if p; is essential) segments, we call the union of these segments the finite part of the boundary.
So, the finite part of the boundary consists of several segments. The ends of each of these
segments are lattice points, and they also can have some lattice points inside. These lattice
points split each of the segments forming the finite part of 94; into several minimal segments,
and each minimal segment contains no lattice points inside. The finite part of the boundary is
the union of all these minimal segments. Denote the number of these minimal segments by k;.

Theorem. Let X be the affine variety with an action of T' constructed from the polyhedral
divisor D as explained above. Then

dim 7" (X ) = max(0, #(essential special points) — 3) + Z (ki — 1).

p;€P1 essential
For a proof of this theorem, see [3].
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COMPOSITION OPERATORS ON SOBOLEV SPACES IN A CARNOT
GROUP AND METRIC PROPERTIES OF MAPPINGS

NIKITA ALEKSANDROV EVSEEV

Mainly we study mappings inducing composition operators on Sobolev spaces. In this talk we
are going to present the basic notions regarding the problem under consideration. Moreover, we
formulate our main result for isomorphic composition operators of Sobolev spaces on a Carnot
Group. This talk is based on a joint works with Sergey Vodopyanov [3, 4]. We develop and
generalize ideas from the framework for R", see [1, 2].

A Carnot group G is a connected simply connected stratified nilpotent Lie group. This
means that the Lie algebra g of the group G admits a nilpotent stratification: g = Vi ®--- DV,
and [V1,V;] = Vj4q for j = 1,...,m — 1, whereas [Vi,V,,] = {0}. Let X;,..., X, be vector
fields constituting a basis of V.

Sobolev space L})(D) consist of locally integrable functions f : D — R with weak derivatives
Xif € LY(D),i=1,...n. Let ¢ : D — D' is a measurable mapping and L}(D), L,(D’) are
Sobolev spaces on these domains.

We say that measurable mapping ¢ : D — D’ belongs to the class [ L}D if ¢ induces compo-
sition operator on Sobolev spaces

¢ L(D)YNC®(D') = Ly(D), ¢*(f)=fop, feL(D)NC=D",
such that
1) there exists some K > 0 such that

K Y1y < ||e*(f) | LyD)|| < K||f | Ly(D)|| forall fe LL(D")NC®(D").
2) the image ¢* (L}(D") N C*(D'")) is dense in L(D).

Theorem. Letp > 1 and D, D’ are domains on the Carnot group G. Measurable mapping
¢ : D — D' belongs to the class I L; if and only if ¢ coincides almost everywhere with a
quasi-isometric homeomorphism (quasiconformal mapping if p = v) ® : D — ®(D) for which
Sobolev spaces L, (®(D)) and L,(D') are equivalent.
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INFINITE FAMILIES OF 3-MANIFOLDS WITH KNOWN COMPLEXITY

EVGENII ANATOLEVICH FOMINYKH, ANDREI YURIEVICH VESNIN

A complexity theory of 3-manifolds gives an useful approach for their classification. Recall
that the complexity of a compact 3-manifold equals k if this manifold has an almost simple
spine with k true vertices and has no almost simple spines with fewer true vertices (see [1] for
details).

The problem of calculating the complexity of 3-manifolds is very difficult. Up to now, there
have been constructed tables of all closed orientable irreducible manifolds of complexity at most
13 (there are more than 103 000 such manifolds); of all hyperbolic manifolds with geodesic
boundary of complexity at most 4 (5192 manifolds); and of all cusped hyperbolic manifolds of
complexity at most 8 (21 919 manifolds) (see a survey [2]).

We will discuss two classes of 3-manifolds. Firstly, we will present infinite families of hyper-
bolic 3-manifolds with totally geodesic boundary with known complexity. These families were
investigated in [3,4,5]. Exact values of complexity were obtained due to calculation of some
Turaev — Viro invariants. Secondly, we will discuss the class of hyperbolic 3-manifolds with
cusps. Infinite families of such manifolds with known complexity were presented in [6,7]. Exact
values of complexity were obtained due to knowledge about volumes of these manifolds.
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VOLUMES OF FLEXIBLE POLYHEDRA

ALEXANDER ALEXANDROVICH GAIFULLIN

A flexible polyhedron in the three-space is a closed polyhedral surface that can be deformed
continuously so that every its face remains congruent to itself during the deformation, but the
deformation is not induced by an ambient rotation of the space. Intuitively, one may think
of a flexible polyhedron as of a polyhedral surface with faces made of some rigid material and
with hinges at edges that allow dihedral angles to change continuously. Similarly, a flexible
polyhedron in the n-dimensional Euclidean space E" is an (n — 1)-dimensional polyhedral
surface with rigid faces of maximal dimension and hinges at (n — 2)-dimensional faces. In the
same way we may define the concept of flexible polyhedra in Lobachevsky spaces A™ and in the
round spheres S™.

Flexible polyhedra in the three-space has been extensively studied since the first examples
of self-intersected flexible octahedra were constructed by Bricard in 1897. The next important
step was the construction by Connelly in 1977 of the non-self-intersected flexible polyhedra.
The situation with multi-dimensional flexible polyhedra was much worse because of the lack of
examples of them. Only in 1998 the first example of a flexible polyhedron in E* was constructed
by Walz. Further examples were constructed by Stachel in 2000. Nevertheless, no examples of
flexible polyhedra in dimensions 5 and higher have been known.

The first part of the talk will be devoted to a new construction of (self-intersected) flexible
cross-polytopes in the spaces E™", A", and S™ of all dimensions n, which has been found by the
speaker in 2013, see [4]. We shall give the classification of all flexible cross-polytopes in each of
these spaces, and, for each of them, we shall write explicitly the parametrization of the flexion
in either rational or elliptic functions.

One of the most amazing facts in the theory of flexible polyhedra is Sabitov’s theorem [5]
claiming that the volume of any flexible polyhedron in E? remains constant under the flexion.
Earlier this assertion was known as the Bellows conjecture. Sabitov’s theorem was generalized
to higher dimensions by the speaker [2], [3].

The second part of the talk will contain new results of the speaker on the Bellows conjecture
in non-Euclidean spaces, i.e., in S and A™. Alexandrov [1] found a counter-example to the
Bellows conjecture in the three-dimensional sphere, i.e., a flexible polyhedron in S? with non-
constant volume. We shall present examples of flexible polyhedra with non-constant volumes
in all spheres S™. So the Bellows conjecture does not hold for spheres.

One of the main results of the talk will concern the Bellows conjecture in Lobachevsky spaces.
We shall describe a new approach based on the study of the analytic continuation of the volume
of a simplex in A™ that allows us to prove the following theorem.

Theorem. The Bellows conjecture is true in all Lobachevsky spaces A™ of odd dimensions
n > 3. In other words, the volume of any flexible polyhedron in A", where n is odd and n > 3,
is constant during the flexion.
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GEOMETRY OF THE EVALUATION MAP AND METRIC PROPERTIES
OF POLYNOMIALS ON COMPACT HOMOGENEOUS SPACES

VICTOR MATVEEVICH GICHEV

Let M = G/H be a homogeneous Riemannian space of a compact Lie group G C Isom (M),
€ be a finite dimensional G-invariant linear subspace of L?(M) = L?(M, o), where o is the
invariant probability measure on M. We say that functions u € £ are polynomials on M and
use the evaluation mapping ev : M — &£ for estimation of some metric quantities related to
u and calculation of their expectations and variances for random v € £. The mapping ev is
defined by the equality (u,ev(p)) = u(p) for all p € M and u € £. We normalize ev setting
t(p) = %ev(p), where ¢ = |ev(p)| is independent of p (in fact, ¢ = VdimE ). Hence ¢ is a G-
equivariant mapping of M into the unit sphere S in €. If M is isotropy irreducible (we assume
this in what follows), then ¢ is an immersion and local metric homothety (a homogeneous space
G/H is called isotropy irreducible if the action of H on T,M is irreducible, where o denotes
the class H in M = G/H). The metric properties of functions in £ are closely connected with
the geometry of ¢. Set

Eunlu) = /M u(p) | V()| dp.

where a,b > 0 and |Vu(p)| is the length of the vector Vu(p). The expectation of the random
variable &, is subject to the formula
L) T ()T () st
M (€ap) == /ﬁmb(u) du = S P aNE=r 2 2(d+1)=2 8,
s VAT (3) T (=5555)

where m = dim M, d = dim S, and s is the coefficient of the local metric homothety ¢. It is
shown in [2] that s = \/%, where A is the Laplace-Beltrami operator acting in €. For the

second moment and a = 0 we have

M (o) = (cs)Qb/M (/S|7Tpu|b|7rou|bdu) dp,

where 7,, 7, are orthogonal projections in & onto T,M and T,M, respectively. We denote
p = t(p), M = (M) for short. For b = 2 this integral can be calculated explicitly, for other
b we get upper and lower bounds for the variance. The integral on the right depends on the
geometry of the submanifold M C S. The coefficient cs is equal to the norm of the identity
operator in £ with L?- and Lip,-norms.

For any t € R the level set L!, = {p € M : wu(p) = t} is the pullback of the intersection of
the hyperplane (x,u) =t with ev(M). Together with formulas of integral geometry in spheres,
this makes it possible to estimate Hausdorff measures of the level sets.
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STOKER’S THEOREM FOR THE DELAUNAY GRAPH

ALEXEY MICHAILOVICH GURIN

Stoker’s hypothesis [1] states that two isomorphic convex polyhedron in Euclidean space with
equal corresponding dihedral angles have equal and corresponding plane angles. Under certain
additional conditions hypothesis Stoker performed [2, 3]. The report will prove a conjecture
Stoker for voids Delaunay graph.

Theorem 1. Given two isomorphic Delaunay graph D1 and D2 such that the corresponding
pairs dihedral angles voids Delaunay graphs D1 and D2 are equal. Then the plane angles are
equal in corresponding pairs of faces in the plane angles voids Delaunay graphs D1 and D2.

Theorem 2. Graphs D1 and D2 in general differ up to homothety.
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THE GROWTH POINTS OF BOOLEAN VALUED ANALYSIS

ALEXANDER EFIMOVICH GUTMAN, ANATOLY GEORGIEVICH KUSRAEV,
SEMEN SAMSONOVICH KUTATELADZE

Boolean valued analysis is a powerful method of extending the scope of mathematical theo-
ries by means of the special nonstandard models of set theory. This communication will pay
attention to the following issues:

1. The Continuum Hypothesis

1.1. Cantor’s formulation
1.1.1. The beginning of set theory
1.1.2. The notion of continuum
1.1.3. The Continuum Problem

1.2. Godel’s independence result
1.2.1. The universe of constructible sets
1.2.2. An inner model of ZFC+CH in ZF

1.2.3. The Continuum Hypothesis cannot be disproven

1.3. Cohen’s independence result
1.3.1. The universe of Boolean valued sets
1.3.2. A Boolean valued inner model of ZFC+—-CH in ZFC
1.3.3. The Continuum Hypothesis cannot be proven

1.4. Other independence results

2. Kantorovich spaces

2.1. Key notions
2.1.1. The notion of vector lattice
2.1.2. The notion of Kantorovich space
2.1.3. The Boolean algebra of band projections

2.2. Boolean valued interpretation of the reals
2.2.1. Kantorovich’s heuristic transfer principle
2.2.2. Gordon’s theorem
2.2.3. The birth of Boolean valued analysis

3. The machinery of Boolean valued analysis

3.1. Ascents and descents
3.2. The Boolean valued transfer
3.3. Applications
3.3.1. Intrinsic characterization of subdifferentials
3.3.2. General desintegration in Kantorovich space
3.3.3. The Kaplansky Problem: Homogeneity of a type I AW *-algebra
3.3.4. The Wickstead Problem: Order boundedness of band preserving operators
3.3.5. The Maharam extension of a positive operator
3.3.6. Classification of injective Banach lattices
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METRIC ASPECTS OF CARNOT-CARATHEODORY SPACES
AND APPLICATIONS

MARIA BORISOVNA KARMANOVA

We study new fine properties of Carnot—Carathéodory metric structures and solve compli-
cated geometric measure theory problems on non-holonomic structures. A special accent is
made on new ideas of statement and solution of questions on different non-holonomic objects.

Definition (see, e. g., [1]). Let M be a C*°-manifold of a topological dimension N. The
manifold M is called a Carnot—Carathéodory space if its tangent bundle T admits a filtration

HM=HMC...C HMC...C HyM=TM

such that for each point p € M there exists a neighborhood U C M, U 3 p, with a collection of
Cl-smooth basis vector fields X1,..., Xy, possessing the the following properties.
(1) At each v € U, a subspace H;M(v) = H;(v) = span{X;(v), ..., Xqimm, (v)} C T,M has
the dimension dim H; independently of v, 1 =1,..., M.
(2) The inclusions [H;, H;| C Hiyj,4,j=1,...,M —1,i+j < M, hold on U.
Moreover, if the third property holds then a Carnot-Carathéodory space is called a
Carnot manifold: ‘
(3) Hjt1 = span{H;, [Hy, H}], [Ho, H;_1], ..., [Hy, Hjs1-x|}, where k = [Z}], Hy = {0},
j=1,...,M —1.
The subbundle HM is called horizontal.
The number M is called a depth of M.

The main geometric result is the theorem on comparison of local structures of local Carnot
groups with a space itself. This problem was formulated and solved recently for the first time,
and the result is new even for the case of smooth basis vector fields. Moreover, it implies
plenty of underlying facts for Carnot—Carathéodory spaces’ theory (we will pay some attention
to them: Rashevskii-Chow Theorem, Ball-Box-Theorem, Local Approximation Theorems etc),
for the “C'-case”. The majority of “classical” statements was unknown earlier for this case.

Theorem [2, 3]. Let M be a Carnot-Carathéodory space with C*-smooth basis vector
fields, o > 0. Then for each p € M there exists a sufficiently small neighborhood U € M, U > p,
having the following property: for u,v € U, w = v(1) and w = 7(1), where 7,7 : [0,1] - M
are absolutely continuous (in the classical sense) curves lying in Box(u, ), such that

N N
A(t) =D bit)X:(v(1), v(0)=v, (1) =D L)X (1), F(0) =0,
=1 =1
1
and each measurable function b;(t) satisfies the inequality [ |b;(t)|dt < Sei€%i S < o0, i =
0

142
Oe™), a>0, where O(1) and o(1) are

1,...,N, we have max{d(w, w),d% (w,w)} =
o(e), a =0,

uniform in u € U, v € Box(u, €) and {b;(t)}Y, with the above condition, as ¢ — 0.

This result has been useful in the development of sub-Riemannian differentiability theory,
see, e. g. [4]. Thus, there is a possibility to formulate and solve various geometric measure
theory problems. In the next theorems we prove non-holonomic versions of the area and coarea
formulas, and describe classes of minimal surface in Carnot groups. Emphasize that the area
formula is proved for the first time for intrinsically Lipschitz mappings of Carnot—Carathéodory

The research was supported by RFBR, Grant 14-01-31063.
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spaces those do not have any group structure, and the ideas of the proof are essentially new
even for classical Euclidean case.

Theorem [5]. Let M be a Carnot manifold, M be a Carnot-Carathéodory space such that
dim H < dim H, and basis vector fields in the image and preimage are of the class C L' DcM
is a measurable set, and ¢ : D — M be a Lipschitz w. r. t. sub-Riemannian (quasi)metrics

mapping. The area formula holds:

[ t@aaDetey Do) @) = [ flayani)

(D) T z€p~1(y)

where f: D — E (E is a Banach space) is such that the product f(x)\/det (ﬁgo(x)*f?go(x)) is
integrable. Hausdorff measures are constructed w. r. t. “box” quasimetrics.

The coarea formula is proved for the first time for “non-holonomic-valued” mappings. They
are defined also for the first time on a structure not being a group. The proof required new
ideas and facts such as a ratio of “Riemannian” and “sub-Riemannian” measures on level sets.

Theorem [6]. Let M be a Carnot manifold and M be a Carnot— -Carathéodory space. Assume
that dim H; > dimﬁl dlmHk —dimH,_; > dlmHk — dlmHk 1, k=2,...,M. For a
contact mapping ¢ : M — M of a class ¢ € C'(M,M) if H"(x) = H(x) = 0, and of a
class @ € CMFL(M, M) in other cases, the following coarea formula holds:

/ f(a \/det (D) Dp()*) - N2 _2v? gpyv(y) = / dH"(t) / Fu) dH"™ (u),

Wy Wy

:li

Wry,—7ig, M e 1(1)
k=1

where f : D — E (E is a Banach space) is such that the product f(:p)\/det (ﬁgp(m)ﬁgp(m)*) :
L:_]:::_; l]\_/I[wV7§ -
k=1 wnkink

is integrable. Hausdorff measures are constructed w. r. t. “box” quasimetrics.

Results are applied to description of classes of minimal surfaces on Carnot groups.

Theorem [7]. Graph-surfaces defined on horizontally attainable domains of some Carnot
groups are minimal (in the class of graphs of ¢ + e, where ||||g2 > L||¢||p4) if and only if

dim V3 m

L X g )@ =00 e Here lun = | [IDV@I W @) | meN.
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RIGIDITY CONDITIONS FOR THE BOUNDARIES OF SUBMANIFOLDS
IN A RIEMANNIAN MANIFOLD

ANATOLY PAVLOVICH KOPYLOV, MIKHAIL VYACHESLAVOVICH KOROBKOV

Developing A. D. Aleksandrov’s ideas, in [1] (see also [2]), the first-named author of this
lecture proposed the following approach to study of rigidity problems for the boundary of a C°-
submanifold in a smooth Riemannian manifold. Let Y] be a 2-dimensional compact connected
C%-submanifold with nonempty boundary in a 2-dimensional smooth connected Riemannian
manifold (X, g) without boundary satisfying the condition

pvi(@,y) = hminf — {[l(Yery,mevi)]} < 00,

' —zy —yzy €lnt Yy

if z,y € Y. Here, inf[l(7y 4 mev,)] is the infimum of the length of smooth paths joining 2’
and y in the interior IntY; of Y;. In the present lecture, we first establish that py, is a
metric on Y;. Suppose further that Y; is strictly convex in the metric py,. Consider another 2-
dimensional compact connected C°-submanifold Y5 of X with boundary satisfying the condition
Py, (7,y) < o0, x,y € Y, and assume that JY; and 0Y, are isometric in the metrics py;,
j = 1,2. There appears the following natural question: Under which additional conditions are
the boundaries 0Y; and dY; of Y] and Y, isometric in the metric py of the ambient manifold
X7 The lecture is devoted to the detailed discussions of this question. In it, we in particular
obtain new results concerning the rigidity problems for the boundaries of C°-submanifolds in
a Riemannian manifold. The case of dimY; = dim X = n, n > 2, is also considered.
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DERIVATION OF EXACT COUPLES IN P-SEMI-ABELIAN CATEGORIES

YAROSLAV ANATOL’EVICH KOPYLOV

We consider an exact couple in a semi-abelian category in the sense of Palamodov, i.e.; in
an additive category in which every morphism has a kernel and a cokernel and the induced
morphism between the coimage and the image is always monic and epic, that is, a bimorphism.
Assume that the morphisms in the couple are strict, i.e., induce isomorphisms between their
coimages and images. We show that, in this case, the classical construction of Eckmann and
Hilton produces two derived couples which are connected by a natural bimorphism. The two
couples correspond to the a priori distinct cohomology objects, the left and right cohomology
arising in connection with the initial exact couple. The derivation process can be iterated under
some additional assumptions.

This is a joint work with Sven-Ake Wegner (Wuppertal), published in [1].
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PRIME DECOMPOSITIONS OF KNOTS IN THICKENED KLEIN BOTTLE

PHILIPP GLEBOVICH KORABLEV

Let K2 be a Klein bottle, and let K2xI be a skew product of it to an interval. We call
obtained manifold thickened Klein bottle. By knot in thickened Klein bottle we mean (as in
classical knot theory) simple closed curve K C Int(K?xI). Define two types of reductions of
knot K in thickened Klein bottle K2x1.

Annuli reduction. Let A;, Ay C K?xI two disjoint parallel vertical annuli, such that each
of them intersects a knot K C K?xI in exactly one point. Then annuli reduction consists in
the following: we cut the manifold K?x I along annuli Ay, A, and then glue parts along copies
of these annuli so as to obtain two knots in thickened Klein bottles (fig. 1).

Spherical reduction. Let S C K2?xI be a sphere, which bound a ball B C Int(K?x1I)
such that intersection B N K consists of exactly one arc. Then spherical reduction consists in
the following: we cut the manifold K2XI along sphere S and attach 3-balls with trivial arcs
inside to obtained spherical boundary components.

<< <<

Ay :: —_—
N _ “

Fi1GURE 1. Reduction along annuli fll, Ay of knot in thickened Klein bottle. As
a result we obtain two knots in K?xI. Parts K; and K, are tangles with four
endpoints.

Spherical reduction can be defined not only for knots in thickened Klein bottle, but also for
classical knots in S3. In this case this operation is inverse of connecting sum. Annuli reductions
for knots in thickened orientable surfaces studied in [1, 2, 4].

Theorem. Let K C K?xI be a knot in thickened Klein bottle. Will apply to it nontrivial
annuli and spherical reductions until it possible. Then this process is finite. Moreover, the
resulting set of knots in thickened Klein bottles and 3-spheres unique up to deleting horizontal
knots in thickened Klein bottle.

The proof of this theorem based in methods of the root theory, which originally developed
in [3] and then improved in [1, 4, 5].
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ALMOST CONTACT STRUCTURES ON 5-DIMENSIONAL MANIFOLDS
EUGENE SERGEEVICH KORNEV, YAROSLAVNA VIKTOROVNA SLAVOLYUBOVA

Let M be a C*°-manifold of dimension 2n + 1 and « be a 1-form on M. A radical of 1-form
« is a vector fields variety rada = {X € C®(TM) : da(X,Y) =0 VY € C*(TM)}. 1-form
a is a almost contact structure on M if exists a vector field & (called a characteristic vector
field) so that «(§) = 1 and £ € rada. In fact, almost contact structure on M is a pair («, §).
Homogeneous almost contact structure on three-dimensional manifolds have been classified in
[1]. We try to describe and research an almost contact structures on five-dimensional manifolds.
Also, we provide the example of five-dimensional manifold that no admits a standard contact
structures, but admits a natural almost contact structures. The common result proved in [2]
for any dimension follows that any almost contact form on five-dimensional manifold may have
only radical of dimension 1 (contact form), 3, or 5 (closed form). We provide the example of
almost contact form having a radical of dimension 3 on five-dimensional manifold.

It is known that group SO(6) transitively acts on sphere S°. We proved the next result:

Theorem 1. Five-dimensional sphere S° no admits SO(6)-invariant unclosed almost contact
structures.

However, when S® is considered as Hopf bundle S5 — Cp? with fibre S = U(1), group
U(1) acts on S° not transitively. In this case, pair (w,€), where w is a connection form of
Hopf bundle and ¢ is vector field tangent to U(1) action orbit, always is U(1)-invariant almost
contact structure on S°.

On sphere S% exists the vector field ¢ totaly no vanishing over S°. Let ¢ be a Riemannian
metric on S® so that g(&,€) =1 and a be a 1-form so that a(X) = g(§, X) VX € C®(TS5).
We provide several geometric conditions when pair «, & must be a almost contact structure on
S5. More exactly, we proved the next statement:

Theorem 2. Pair (o, &) will be a almost contact structure on S® if it is satisfied one of the
following conditions:

(1) & is the geodesic vector field;
(2) lieg g =0;
(3) for any vector field X € C*(TS®) the vector fields bracket ¢, X] is orthogonal to .
Let GG be a five-dimensional unsolvable Lie group. The Levi Maltsev theorem follows that
Lie algebra of this group is isomorphic to s x v, where s is either s[(2, R) or s0(3), and t is either
R? or ¢(1). E(1) denotes the motion groups of line R. For these Lie algebras we provide several
result about existing and appearance of left-invariant almost contact structures with depending
on their radical and characteristic vector field. For these purposes we define a radical index
concept as intersection of three-dimension radical of almost contact form and solvable ideal t.
Finally, as instance of five-dimensional nilpotent Lie group we consider the five-dimensional
Heisenberg group. For this group, we provide basic left-invariant almost contact structures

along with their radicals.
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COMBINATORIAL SOLUTIONS TO INTEGRABLE HIERARCHIES

SERGEI KONSTANTINOVICH LANDO

Integrable hierarchies of partial differential equations appeared as a tool to describe the
behavior of waves of special kind. It happened, however, that their solutions include very inter-
esting formal ones, whose coefficients give answers to natural enumerative problems. According
to Sato construction (1980), these solutions can be expressed in terms of Young diagrams and
Schur polynomials. A spectacular example of such solution is the Witten—Kontsevich potential,
which is the generating function for certain geometric parameters of moduli spaces of complex
structures on curves. For such solutions, the equations of the hierarchies can be interpreted
as recurrence relations allowing one to efficiently compute the coefficients of the corresponding
formal power series.

It will be explained how to construct solutions to the Kadomtsev—Petviashvili integrable
hierarchy by means of Schur polynomials, and examples will be given, including those found
recently, of enumerative problems leading to such solutions.
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ON A NOTION OF SEPARATION BETWEEN SPACE-TIMES

" ALEXANDER VLADIMIROVICH LEVICHEV, 2ANDREY YURIEVICH PALYANOV

The notion of separation between space-times [1] plays an important role in the theoretical
foundation of the Penrose-Hameroff model of consciousness [2]. The definition of such a sep-
aration is based on introducing of a Newtonian limit in General Relativity (GR). The goal of
our study (which we have started in [3]) is to modify the Penrose-Hameroff model by using
the DLF-theory [4, 5] instead and by introducing an alternative notion of separation (or dis-
tance) between space-times. We introduce a certain class K of GR homogeneous space-times
(or worlds).

Within the compact model [4], each of these worlds is a dense subset of the Lie group U(2)
- see [4, Theorems 6 and 10, and 5, Theorem 2], where the worlds D, L, F are introduced and
described. The entire class K is obtained by applying (conformal) transformations g given by
[4, formula (1.1)]:

9(z)=(Az + B)(Cz + D), (1)
where z is an arbitrary event in the world chosen, and an element ¢ is determined by 2 x 2
blocks A, B, C, D. These transformations form a matrix group SU(2,2). It is instrumental that
U(2) admits a positive definite bi-invariant metric (besides the Lorentzian one).

Our approach is based on the suitable integration of the conformal factor f of the (above
introduced) transformation g.

Definition. Let V ={z: f(z) > 1}, W = {z: f(z) < 1}. The distance between the two space-
times (where one is obtained from the other by the transformation (1) above) is introduced as
the sum of logarithms of the two integrals:

In {[Integral over V of f*]/Vol V} + In {[Integral over W of £*1]/Vol W}.

In the case when the first world is the entire U(2), we prove the existence of these inte-
grals as well as we consider in detail a particular one-parameter group of type (1) conformal
transformations.

Conclusion. It is expected that results of our study will help to shed more light on the
theoretical basis of the Penrose-Hameroff model.

REFERENCES

[1] R. Penrose, “Gravity and quantum mechanics”, in: General Relativity and Gravitation 13. Part 1: Plenary
Lectures 1992. Proceedings of the Thirteenth International Conference on General Relativity and Gravitation
held at Cordoba, Argentina, 28 June - 4 July 1992, Inst. of Phys. Publ. Bristol and Philadelphia, 179-89
(1993).

[2] S. Hameroff, R. Penrose, “Consciousness in the universe: A review of the 'Orch OR’ theory”, Physics of
Life Reviews (Elsevier), Vol. 11, No. 1, 39-78 (2014).

[3] A. Levichev, A. Palyanov, “On a modification of the theoretical basis of the Penrose-Hameroff model of con-
sciousness” , in:International Conference MM-HPC-BBB-2014, Abstracts, Sobolev Institute of Mathematics
SB RAS, Institute of Cytology and Genetics SB RAS, 49 (2014).

[4] A.V. Levichev, “Pseudo-Hermitian realization of the Minkowski world through DLF theory”, Physica
Scripta, Vol. 83, No. 1, 1-9 (2011).

[5] A.V. Levichev, J. Feng, “More on the Mathematics of the DLF Theory: Embedding of the Oscillator World
L into Segal’s Compact Cosmos D”, AJUR, Vol. 11, No. 3-4, 29-33 (2013).

1SOBOLEV INSTITUTE OF MATHEMATICS SB RAS, NOVOSIBIRSK, RUSSIA,
E-mail address: alevichev@gmail.com

2A.P. ERSHOV INSTITUTE OF INFORMATICS SYSTEMS SB RAS, NOVOSIBIRSK

*Corresponding author.
110



ON LOCAL COMBINATORICS AT A FACE
OF A PARALLELOHEDRAL TILING

ALEXANDER NIKOLAEVICH MAGAZINOV

A parallelohedron is a convex polytope P such that there exists a face-to-face tiling of R? by
translates of P. We will denote the tiling by T'(P).

Let F' be an arbitrary (d— k)-face of T'(P), where 1 < k < d. Denote by projz the projection
along the affine hull of F' onto a complementary k-dimensional plane a. If P, P, ..., P,
are all parallelohedra of T'(P) that share F', then the projections projp(P;) split a small k-
dimensional neighbourhood of the point v = projz(F') in the same way as the k-dimensional
complete polyhedral fan Fan(F') does. In this talk we will focus on the properties of the fan
Fan(F).

The following old result was obtained by B. N. Delaunay [1] in 1929.

Theorem 1. Assume that k = 3, meaning that Fan(F') is 3-dimensional. Then Fan(F') is
combinatorially (and even affinely) equivalent to a fan of some vertex of some tiling of R® by
3-dimensional parallelohedra. This gives a total of 5 possible combinatorial types of Fan(F).

We will give a combinatorial proof of Theorem 1.

Theorem 1 says that, in some sense, the 3-dimensional fan Fan(F') cannot be too complex. For
an arbitrary given dimension k of the fan Fan(F') the complexity is bounded as well. Namely,
the following Theorem 2 holds.

Theorem 2. Let P be a d-dimensional parallelohedron and F' be a (d — k)-dimensional face
of the tiling T(P). Then F is shared by at most 2% parallelohedra of T(P). Or, equivalently,
Fan(F) consists of at most 2% full-dimensional cones.
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BRANCHED COVERINGS AND AUTOMORPHISM GROUPS OF GRAPHS

ALEXANDER DMITRIEVICH MEDNYKH

Over the last decade, counterparts of many theorems from the classical theory of Riemann
surfaces were derived in the discrete case. In these theorems, the finite graphs play the role of
Riemann surfaces and the conformal automorphisms are replaced by harmonic ones. We say
that a finite group act harmonically on a graph if it acts freely on the set of directed edges.
Following [2] we define genus of a graph as the rank of its homology group.

In this lecture we give a short survey of the results about branched coverings of graphs. This
notion was introduced independently by many authors. See, for example, paper [1] for one of
the first expositions and paper [2] for the list of references. The branched covering of graphs are
also known as harmonic maps or vertically holomorphic maps of graphs. The main idea of the
present talk to is create a parallel between classical results on branched covering of Riemann
surfaces and those for graphs. We discuss the Hurwitz upper for the number of automorphisms
acting harmonically on the graph of a prescribed genus. We present a few discrete versions of
the Wiman, Oikawa and Arakawa theorems for graphs.
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4-COLORED GRAPHS AND EXTERIOR OF LINKS

MICHELE MULAZZANI, PAOLA CRISTOFORI, EVGENY FOMINYKH, VLADIMIR TARKAEV

In [1] a representation for compact 3-manifolds with non-empty non-spherical boundary via
4-colored graphs (i.e. regular 4-valent graphs endowed by a proper edge-coloration with four
colors) have been introduced, and a initial tabulation/classification of such manifolds have been
obtained, up to 8 vertices for the representing graph.

Computer experiments show that the number of graphs/manifolds grows very rapidly with
the increasing of the vertices. As a consequence we focused our attentions on the case of 3-
manifolds which are the exterior of knots/links in the 3-sphere. In this context we obtained the
tabulation of these 3-manifolds, up to 14 vertices of the representing graphs, showing the type
of knots/links involved.
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COMMUTING DIFFERENTIAL OPERATORS
WITH POLYNOMIAL COEFFICIENTS

VARDAN SPARTAKOVICH OGANESYAN

If two differential operators

L, = iuz(x)afc, L, = ivz(x)aﬁc
i=0 i=0

commute then there is a nonzero polynomial R(z,w) such that R(L,, L) = 0. The curve I'
defined by R(z,w) = 0 is called the spectral curve. If

Lot = 2, Ly = wip
then (z,w) € I'. For almost all (z,w) € T" the dimension of the space of common eigenfunctions
1) is the same. The dimension of common eigenfunctions of two commuting differential operators
is called the rank. The rank equals common divisor of m and n.

If the rank is one there are explicit formulas for coefficients of commutative operators in
terms of Riemann theta-functions (see [1]).The case when rank is greater than one is much
more difficult.

In this talk we will consider new operators with polynomial coefficients of rank 2 and 3.
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BOTT TOWERS AND EQUIVARIANT COBORDISM

TARAS EVGENIEVICH PANOV

A Bott tower of height n is a tower of fibre bundles
B, 2 B, "% ... — B, 2 B, — pt,

of complex manifolds, where B; = CP' and By = CP(C @ &,_;) for 2 < k < n. Here CP()
denotes complex projectivisation, &_; is a complex line bundle over B, _; and C is a trivial
line bundle. The fibre of the bundle p;: By — Bi_; is CP*.

The last stage B,, in a Bott tower is called a Bott manifold. Bott manifolds carry an algebraic
torus action, and therefore constitute a family of smooth projective toric varieties.

Bounded flag manifolds are important examples of Bott manifolds. Their corresponding tower
structure is defined as follows: in each By, = CP(C & &,_1) the bundle &;_; is the tautological
line bundle over By_1 = CP(C @ &;_»), for 2 < k < n. There is also the following alternative
definition of bounded flag manifolds.

A bounded flag in C"*! is a complete flag

U={U CUyC - CUyy =C"" dimU; =i}

for which Uy, 2 < k < n, contains the coordinate subspace C¥~1 = (e, ..., e,_;) spanned by
the first £ — 1 standard basis vectors. The bounded flag manifold B, the set of all bounded
flags in C"*L,

In this talk we shall describe how Bott towers (in particular, bounded flag manifolds) are
applied to several problems of equivariant cobordism theory. These include constructing toric
generators for the complex cobordism ring, and representing coefficients in the expansion of the
universal toric genus by smooth manifolds.

The talk is based on joint works with Victor Buchstaber and Nigel Ray.
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RECTANGULAR DIAGRAMS OF LEGENDRIAN GRAPHS

MAXIM VYACHESLAVOVICH PRASOLOV

We consider Legendrian graphs in (R?, &) modulo Legendrian isotopy and edge contraction.
To a Legendrian graph we naturally associate a (generalized) rectangular diagram — a purely
combinatorial object. Moves of rectangular diagrams are introduced so that equivalence classes
of Legendrian graphs and rectangular diagrams coincide. Using this result we prove that the
natural correspondence introduced by Baader and Ishikawa in [1] between classes of Legendrian
graphs and fence diagrams modulo fence moves introduced by Rudolph in [3] and [4] is a
bijection.
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WEIGHTED INEQUALITIES FOR SUBLINEAR INTEGRAL OPERATORS
ON SEMIAXIS

DMITRY VLADIMIROVICH PROKHOROV, VLADIMIR DMITRIEVICH STEPANOV

Weighted LP — L" inequalities with arbitrary measurable non-negative weights for positive
sublinear integral operators with Oinarov’s kernels on the semiaxis are characterized. Applica-
tion to the boundedness of maximal operator in the Lorentz I'—spaces is given.
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A COMBINATORIAL MODEL OF THE LIPSCHITZ METRIC FOR
SURFACES WITH PUNCTURES

VLADIMIR ALEKSEEVICH SHASTIN

In the work [1] Ivan Dynnikov described a polynomial algorithm for the solution of the word
problem in mapping class groups of punctured surfaces, where as the size of the algorithm’s
input he uses a modified version of the word length function of the mapping class group. Namely
for a finite generating set A of the mapping class group of a punctured surface S Dynnikov
defined the zipped word length function zwl 4 as fo}rllows:

zwla(p) = min Y logy(kil + 1),

p=ay"..am” i=1
A1,...,Qm E
k1ye.okm EZ

where ¢ € MCG(S).
For special generating sets A he proved that the word problem is efficiently solvable with
respect to zwly:

Theorem (Dynnikov). Let S be a compact surface, P = (Py,...,P,) € S a non-empty
collection of pairwise distinct points such that the mapping class group G = MCG(S \ P) is
infinite. Let A be a finite generating set for GG such that

(1) every element in A is a fractional power of a Dehn twist;
(2) every Dehn twist from G is conjugate to a fractional power of an element from A

Then the word problem in G is solvable in polynomial time with respect to zwly.
The function zwly determines the right-invariant metric p4 on MCG(S) as follows:

pale, ) = zwla(e™),
where ¢, € MCG(S).

It turns out that this metric is closely related to the asymmetric metric on the Teichmiiller
space described by Thurston in the work [2] and its symmetric version, called the Lipschitz
metric(for the definition of this metric see e.g. [3]). In this talk we describe this relation and
give the proof of the following theorem:

Theorem. Let S be an oriented surface with non-empty set of punctures, € a positive
constant, o a hyperbolic structure on S, lying in the e-thick part of the Teichmiiller space
T:(S), and A a finite generating set of MCG(S) with the following properties:

(1) every element in A is a fractional power of a Dehn twist;
(2) every Dehn twist from G is conjugate to a fractional power of an element from A

Let also i,: MCG(S) — T.(S) be the map that sends ¢ € MCG(S) to the image of o under
@. Then i, is a quasi-isometry from MCG(S) equipped with the metric p4 to the thick part of
T (S) equipped with the Lipschitz metric.
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ABOUT THE NUMBER OF SPECIAL SPINES WITH ONE
TWO-DIMENSIONAL CELL

IGOR NIKOLAEVICH SHNURNIKOV

In [1] Frigerio, Martelli and Petronio considered a class M, of 3-dimensional hyperbolic
manifolds with boundaries as manifolds whose special spines (in Matveev’s sense [2]) have
exactly one 2-dimensional cell and n vertices. They proved that the complexity of manifolds
M, equals n, that the manifolds could be supplied with hyperbolic metrics with geodesic
boundaries, and that there is at least O(£) manifolds in M,. The aim of the current work is
to estimate the number of manifolds in M,, more precisely. It is enough to estimate the number
of orientable special spines with n vertices and one two—dimensional cell, because such spines
are thickened to non-homeomorphic manifolds.

Definition. A special spine is a finite connected two-dimensional cell complex, such that
each vertex is incident to 4 edges (with multiplicities) and each edge is incident to three 2-
dimensional cells (with multiplicities). The regular neighborhood of the inner point of an edge is
homeomorphic to a “book with 3 pages”, the regular neighborhood of a vertex is homeomorphic
to a cone on the edges of tetrahedron.

Theorem 1. For each n > 6 there is a graph G,, of degree 4 with n vertices, such that there
is at least ¢(6v/2)" manifolds in M,, with graph G,, as the singularity graph and ¢ > ﬁi'

For even n let U be a root binary tree with n 4 1 vertices, so that the degree of the root is 2,
the degrees of the other vertices are 1 or 3. For odd n let U be a similar tree, so that the degrees
of the two connected to each other vertices (“roots”) are 2, the degrees of the other vertices are
1 or 3. Let k(U) be the number of vertices of U of degree 3, such that the outcoming branches
are not symmetric. Let us construct a graph U’ by changing pairs of vertices of U, incident to
an edge, by tangent circles.

Theorem 2. The graph U’ is a singularity graph of at least ¢6"28(V) orientable special
spines with one two-dimensional cell for some positive constant c.

Now we have just to estimate the number of graphs U and k(U).

5n
Theorem 3. The number of manifolds in M, is at least ¢6™2 8 for some positive constant

Theorem 4. The number of manifolds in M, is at most a b" n™*¢ for some positive constants
a,b,c.
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LAGRANGIAN SPHERES IN FLAG VARIETY

NIKOLAY ANDREEVICH TYURIN

Full flag variety F*® in C3 is the phase space of the Gelfand - Tseytlin system with three
degrees of freedom, where one can construct three first integral in the involution. But this
integrable system is not effective; it follows in particular from the fact that all three first
integrals are not the Morse functions and there exist the critical values such that the common
critical set is a three dimensional sphere. In contrust with the completely integrable case when
every common level set must be isotropic, this three dimensional sphere is not lagrangian.

However lagrangian spheres in F? do exist. The first construction is based on the following
remark: realize the flag variety F'® as the incidence cycle in the direct product CP? x CP? of
the projective planes and consider the anti diagonal embedding of the projective plane in the
direct product. The image of the anti diagonal embedding is a lagrangian submanifold which
doesn’t intersect the incidence cycle, but it is not hard to find a hamiltonian deformation of
the image such that the deformed anti diagonal intersects F® by a submanifold of dimension 3,
which is by the construction isotropic, and it implies that it must be lagrangian. This method
was realized by P. Osipov.

The second method uses the notion of the pseudotoric structure. Namely, the flag variety
F3 can be sliced by the family of the phase spaces of completely integrable systems with two
degrees of freedom, and this family is parameterized by the projective line. Three elements of
the family are singular, so one has three distinguished points on the projective line. And the
fact is that the choice of any pair of points from the three ones gives a lagrangian sphere in F3.
In this setup a natural question appears: are these lagrangian spheres hamiltonian isotopical
or not?
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SOME RESULTS ON INFINITESIMAL BENDING

LJUBICA S. VELIMIROVIC

The infinitesimal bending can be considered from different points of view at Geometry and
Mechanics. We consider some properties of variation of curvature and related functionals at
Euclidean and Generalised Riemannian Space. Recent results of the author and cooperators
will be mentioned.
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LIE ALGEBRAS OF PURE BRAID GROUPS OF CLOSED SURFACES

VLADIMIR VALENTINOVICH VERSHININ

We consider the Lie algebra associated with the descending central series filtration of the pure
braid group of oriented closed surface of arbitrary genus. R. Bezrukavnikov gave a presentation
of this Lie algebra over the rational numbers. We show that his presentation remains true for
this Lie algebra itself, i.e. over integers. We study also the graded Lie algebra of the descending
central series of the pure mapping class group of a 2-sphere. A simple presentation of this Lie
algebra is obtained.

This is a joint work with B. Enriques: arXiv:0902.1963.
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ON SOLVABILITY OF LINEAR DIFFERENTIAL SYSTEMS
WITH SMALL EXPONENTS

ILYA VLADIMIROVICH VYUGIN

The talk concerns with the solvability by quadratures of linear differential systems, which
is one of the questions of differential Galois theory (see [2]). We consider systems with non-
resonant irregular singular points and propose some criteria of solvability for systems whose
(formal) exponents are sufficiently small.

Consider a system

dy
(1) - =By iz el
z
where
. Bi i1 Bi, -
B@%ZE:QZTZEH+"“+Z_GA7 > Bia=0
i=1 ! E i=1
is a rational matrix-function, a; — singular points, r; — poincaré ranks, i = 1,... n.

Theorem. (see [1]) Let at each singular point ai the formal exponents )\g of the irregular
system (1) be pairwise distinct and satisfy the condition

Red > —— L
n(p—1)
and, for every pair (A, X]) one of the conditions
ReX —ReX ¢ Q, or Im) # Im)\.

Then this system is solvable by quadratures if and only if there is a constant matrix C' €
GL(p, C) such that CB(z)C~! is uppertriangular.

In the proof of this theorem apply vector holomorphic bundles with connections (see [1]).
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ON GEODESIC MAPPINGS OF MANIFOLD WITH NONSYMMETRIC
CONNECTION

MILAN LJ. ZLATANOVIC

This talk is devoted to the geodesic mappings of manifold with nonsymmetric connection.
In the general case it is imposible to obtain an invariant geometrical objects. We studied the
case when these spaces have the same torsion tensors in corresponding points. Such mappings
we named "equitorsion mappings”. Using the five linearly independent curvature tensors, we
proved that there exist three equitorsion projective tensors. Concircular mappings also gave us
some interesting results.
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