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We show how binary correspondences can be used for simple formalization of
the notion of problem, definition of the basic components of problems, their
properties, and constructions (the condition of a problem, its data and unknowns,
solvability and unique solvability of a problem, inverse problem, composition
and restriction of problems, etc.). As an illustration, we consider a system of
differential equations which describe a process in chemical kinetics, as well as the
inverse problem.

Since abstracts are restricted in length, we present only four most basic defi-
nitions. In particular, we do not mention the notion of topological problem and
the related notions of stability and correctness. We also omit the definition of
parametrization and the corresponding topological aspects.

Definition 1. By a problem we mean an arbitrary correspondence between the
elements of two sets, i.e., a triple P = (A, B,C), where A and B are any sets
and C C A x B. The sets A, B, and C are denoted by Dom P, Im P, and Gr P
and called the domain of data, the domain of unknowns, and the condition of the
problem P. The containment (a,b) € Gr P is written as P(a,b).

Definition 2. A solution to a problem P for a data instance a € Dom P is
an arbitrary unknown b € Im P which meets the condition P(a,b). The set of
solutions to P for a is denoted by Pla]. A problem P is solvable for a € Dom P
whenever Pla] # @, and uniquely solvable if Pla] = {b} for some b € Im P, with
the corresponding solution b denoted by P*(a).

Definition 3. The inverse problem to P is the inverse correspondence
P~':= (ImP,Dom P, (Gr P)""), where (GrP)~! ={(b,a): (a,b) € Gr P}.

Definition 4. The composition of problems P and @ is the composition of the
correspondences, which is the problem

Qo P := (Dom P,Im @, GrQ o Gr P)
with condition

GrQoGrP = {(a,c) € Dom PxIm@ : (3b € Im PNDom Q) P(a,b) & Q(b,c)}.
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As an illustration, we consider a singularly perturbed system of ordinary dif-
ferential equations which arises in modeling certain processes of chemical kinetics.

Suppose that n,m € N, 0 < g € R, X :=R™, Y is a domain in R", T := R,
E={ceR:0<e< e} F=CXxYXxTxER"),G:=C(XxY x
T x E, R™). Consider the problem P with domain of data Dom P = F X G x E,
domain of unknowns Im P = C*(T, X) x C!(T,Y), and condition

#(t) = f(x(t), y(1), 1, ¢),
5y(t) = g('r(wvy(t)’t?a)

where f€ F,g€ G, e € B, x € CY(T,X),y € CYT,Y).

Solution of the problem P is based on the method of integral manifolds,
a convenient tool for studying multidimensional singularly perturbed systems
of differential equations which makes it possible to lower the dimension of the
system under study (see [1, 2, 3]). Solution of P in a sense reduces to solving the
so called degenerate system which is obtained from the initial system by putting
the parameter ¢ equal to zero. This is justified by the results of A.N. Tikhonov
(see, for instance, [4]) on passing to a solution to the degenerate problem as
a small parameter tends to zero.

The inverse problem to P consists in finding the unknown functions on the
right-hand side of the system, given some data on the solution to the direct prob-
lem P. Relying on the close connection of the initial problem with the degenerate
system, we consider the case ¢ = 0 and additionally assume that the “slow sur-
face” defined by the equation g(a:,y,t,O) = 0 consists of a single sheet (with
respect to the dependence of y on x). Since the right-hand parts of equations
in chemical kinetics often occur polynomial, the corresponding restriction on f
seems to be natural.

Therefore, for demonstration purposes, we consider the partial case of the
problem P in which m = n =1, E = {0}, the functions f € F are polynomials
of degree one, and g € G meet the condition of the implicit function theorem,
which fact allows us to replace the equation g(az(t), y(t), t, O) = 0 by the equivalent
equation of the form y(t) = h(z(t),1).

Let h € C1(R?). Consider the problem @ with domain of data Dom @Q = R3,
domain of unknowns Im Q = C*(R)?, and condition

i(t) = f1 + fox(t) + fay(t)
Q(f,(z.y) « { y(t) = h(z(t),t)

where f = (f1, f2, f3) € R3, z,y € CL(R).
The formal inverse problem !, which has pairs of functions (x,y) € C*(R)?
as data, is very simple and impractical. Finite collections of values of functions

forallt € T,

P((f.g.2), (z.y)) < {

" forall t € R,
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or their derivatives as data are more adequate than everywhere defined functions.
The corresponding correction of the inverse problem is realized by the compo-
sition of the problem Q! and the auxiliary problem R with domain of data
Dom R = (R?)3, domain of unknowns Im R = C'(R)?, and condition

l‘(tl) = 1, I’(tg) = (2, $(t3) = a3,
it o) = {zb(tn = B, lt2) = B, olts) = By

where t, o, 8 € R3, z,y € CY(R).
Theorem 1. Ift, o € R3 meet the condition

1 (651} h(al,tl)
A= 1 Qo h(ag,tg) 7& 0 (1)
1 Qs h(Oég,tg)

then, given arbitrary B € R3, the problem Q™' o R is uniquely solvable for the
data (t,a, B), and its solution (fi, fa, f3) = (Q~ o R)3(t,r, B) can be calculated
by Cramer’s formulas f; = A;/A, where A; is the determinant of the matriz
formed from the matriz in (1) by replacing the i th column by 5 = (81, B2, P3).
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A wedge is a nonempty convex subset K of a vector space (henceforth, vector
spaces are assumed to be defined over the field of reals) which meets the condition
Va = 0)(aK C K). A wedge K is a cone whenever K N (—K) = {0}. Asis
known, in every (pre)ordered vector space (X,<) the set {x € X : 2 > 0} is
a cone (wedge). Conversely, if a cone (wedge) K is fixed in a vector space X
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