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Zubov D., Finitely-additive measures on the invariant foliations of Anosov

di↵eomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6



On integrability of geodesic flows on the two-torus

Sergey Agapov

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: agapov.sergey.v@gmail.com

Some questions related to the well-known conjecture given by V.V. Kozlov
about integrability of geodesic flows on the 2-torus will be discussed. It is known
that its integrability on all energy levels is equivalent to existence of smooth
periodic solutions of a quasi-linear system of PDEs on metric and coe�cients of
the first integral. This system has many beautiful properties, e. g. it is a semi-
Hamiltonian system. The only known solutions of this system correspond to the
existence of the first or of the second degree polynomial integral.

The integrability of geodesic flow on the 2-torus in a non-zero magnetic field
on all energy levels is a very restrictive requirement. In the only known example
there is an additional linear in momenta first integral. Thus it is natural to
consider the question of integrability of the magnetic geodesic flow only on a
fixed energy level.

Finally a connection between geodesic flows and natural mechanical systems
will be discussed.

Volume geodesic distortion and Ricci curvature
for extremals flows

Andrei Agrachev

International School for Advanced Studies, Trieste, Italy
e-mail: agrachevaa@gmail.com

We study the variation of a smooth volume form along extremals of a vari-
ational problem with nonholonomic constraints and an action-like Lagrangian.
We introduce a new invariant describing the interaction of the volume with the
dynamics and we study its basic properties.

We then show how this invariant, together with the generalized Ricci curva-
ture appear in the expansion of the volume at regular points of the exponential
map. This generalizes the well-known expansion of the Riemannian volume in
terms of Ricci curvature to a wide class of geometric structures, including all sub-
Riemannian manifolds. This is a joint work with D. Barilari and E. Paoli.
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Isometric approximation in bounded sets
and its applications

Pekka Alestalo

Aalto University, Helsinki, Finland
e-mail: pekka.alestalo@aalto.fi

We give a short survey of results related to the isometric approximation prob-
lem in bounded sets of Rn, starting from [1]. After this, we present some appli-
cations in the extension problems for bilipschitz and quasisymmetric maps with
small constants. In particular, we showed in [2] that a (1 + ")-bilipschitz map
f : A ! Rn can be extended to a (1 + C")-bilipschitz map F : Rn ! Rn if
A statisfies a geometrical thickness condition. Furthermore, similar extension
results were obtained in [3] for (1 + ")-power-quasisymmetric maps.

References
1. P. Alestalo, D.A. Trotsenko, J. Väisälä, “Isometric approximation”. Israel J.

Math. 2001. V. 125. P. 61–82.
2. P. Alestalo, D.A. Trotsenko, J. Väisälä, “Linear bilipschitz extension property”.

Sibirsk. Mat. Zh. 2003. V. 44. P. 1226–1238. Translation in Sib. Math. J. 2003.
V. 44. P. 959–968.

3. P. Alestalo, D.A. Trotsenko, “On the extension of quasisymmetric maps”. Ann.

Acad. Sci. Fenn. Math. 2016. V. 41. P. 881–896. doi:10.5186/aasfm.2016.4154

Nilpotent approximation of a wheel robot with a trailer

Andrei Ardentov, Alexey Pichugin, Alexander Smirnov, Artyom Bezzubtsev

Program Systems Institute of RAS, Pereslavl-Zalessky, Russia
e-mail: aaa@pereslavl.ru

Consider a wheel robot with a trailer on the plane. Possible positions of
such robot can be expressed by vector q = (x, y, ✓,'), where (x, y) 2 R2 is a
midpoint of the robot and ✓,' 2 S1 are the angles of robot and trailer orientation.
Corresponding control system can be expressed in the following way [1]:

q̇ = u
1

X
1

(q) + u
2

X
2

(q), (1)

q = (x, y, ✓,')T 2M = R2 ⇥ (S1)2, (u
1

, u
2

) 2 R2, (2)

X
1

(q) =

0

B

B

@

cos ✓
sin ✓
0

� sin'
l
t

1

C

C

A

, X
2

(q) =

0

B

B

@

0
0
1

� l
r

cos'
l
t

� 1

1

C

C

A

, (3)
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The problem is to move a robot with a trailer from one configuration to
another, i.e., to find a path q(t), s.t.

q(0) = q
0

= (x
0

, y
0

, ✓
0

,'
0

), q(t
1

) = q
1

= (x
1

, y
1

, ✓
1

,'
1

),

where q
0

, q
1

2M .
The optimality criterion has form:

Z t
1

0

q

u2

1

+ u2

2

dt.

The method of nipotent approximation [2] is applied to the control prob-
lem (1)–(3) with arbitrary values of lt, lr. The corresponding nipotent problem
is sub- Riemannian problem on Engel group which has been studied quite re-
cently in a series of works [3, 4, 5]. The problem of finding optimal synthesis
in the general case is reduced to a system of three algebraic equations in elliptic
functions and elliptic integrals [6]. It seems impossible to analytically solve such
equations, therefore, a software for computing optimal trajectories for the nilpo-
tent sub-Riemannian problem on the Engel group is being developed in Wolfram
Mathematica [7]. This software has already been used to devise several algo-
rithms for computing approximate paths close to optimal in terms of (4) for a
mobile robot with a trailer. Those algorithms will be applied for controlling a
real mobile robot with a trailer.
References
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2. A.A. Agrachev, A.V. Sarychev, “Filtrations of a Lie algebra of vector fields and
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Infinite dimensional sub-Riemannian geometry

Sylvain Arguillère

University Lyon 1, Lyon, France
e-mail: sarguillere@gmail.com

In this talk, I will start by defining weak and strong sub-Riemannian geometry
on Banach manifolds, and I will compare these manifolds to the finite dimensional
case. In particular, we will see that there is no Pontryagin maximum principle
in infinite dimensions, because a third type of geodesic called “elusive geodesics”
can appear. They correspond to curves for which the range of the di↵erential of
the endpoint mapping is dense and not closed. However, we will see that we still
have the existence of a Hamiltonian geodesic flow for normal geodesics, at least
in the strong case. I will also give a variant of Chow-Rashevski’s theorem, and a
variant of Sussmann’s orbit theorem.

Covering and packing of the plane with two kinds of circles

Sergey Astrakov⇤

Institute of Computational Technologies of SB RAS
and Novosibirsk State University, Novosibirsk, Russia

e-mail: astrakov90@gmail.com

The classical results about packing and covering of the plane with equal circles
are presented in [1, 2]. It was proved that the maximum packing density of the
plane equals D

1

= ⇡p
12

⇡ 0.9069, and the minimum covering density of the plane

equals d
1

= 2⇡p
27

⇡ 1.2092. Basic research methods on this subject were studied

in [3, 4]. The problem of sharp density bounds for packing and covering of the
plane with two or more kinds of circles is very important. It is known the value
Dn = 1� �

1� ⇡p
12

�n
bounds from above the density of any packing of the plane

with n di↵erent circles [5]. The problem of determining the sharp lower bound
dn for a coverage density with two or more circles is much more di�cult.

A publication [5] determines lowest bound d
2

= 1.018955 . . . for a covering
density of the plane with two kinds of circles. With an algorithm proposed
in above-mentioned publication this value can be calculated with any desired
accuracy. In the present paper we prove there is the rigorous analytical formula
for calculating d

2

. We have obtained the following result.

⇤
This research was supported by the RFBR (grant 16-07-00552 A).
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Theorem. The lowest bound for a density of any cover of the plane with two
kinds of circles is defined by the formula:

d
2

=
2⇡p
27

⇣

1�
p
3 · tan

⇣⇡

6
�
p
3

4

⌘⌘

⇡ 1.018955.

The min-density covers of the flat areas with disks have many applications.
For example, it can be used to design energy-e�cient wireless sensor networks.
Designers try to reduce density of the covers because this reduces energy con-
sumption of sensor networks. It is important that the number of di↵erent types
of circles is small and the cover has a simple structure. Therefore, it is necessary
to set the task of finding the min-density covering with low complexity, as this
provides significant advantages in the design and construction of sensor networks.
The concept of the covering (packing) complexity with a repetitive structure is
associated with a number of di↵erent kinds of circles involved in covering (pack-
ing) of the minima typical fragment. The precise definitions of the complexity of
a covering and of a packing are given in this article.

Optimal covering and packing with first-level complexity (L1) correspond
to the models studied in [1, 2]. In this paper we have presented examples of
covering and packing models with complexity L2. Among them we choose the
best models which are expected to optimal in this class. Their densities are equal
D⇤

2

= 5⇡p
12

�

59� 24
p
6
� ⇡ 0.0962 and d⇤

2

= 3⇡p
75

⇡ 1.0882.

It is worth noting that the covering proposed in [5] has unlimited complexity.
This is due to the fact that the minimal fragment asymptotically filled with an
unlimited number of infinitely small identical circles which have specific locations.

References
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Geometry of phase portrait of one cell complex

NataliaB. Ayupova⇤, Vladimir P. Golubyatnikov⇤

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: ayupova@math.nsc.ru,

vladimir.golubyatnikov1@fulbrightmail.org

We study one model of initial stage of interaction of 3 adjacent cells K
1

,
K

2

, K
3

in the proneulal cluster of Drosophila melanogaster. Here, the main
components of the processes simulated in the model are: the complex (AS-C) of
proteins Achaete and Scute, and the proteins Notch and Delta, denoted here by
(N) and (Dl), which control intercellular interaction.

Let xj , yj , zj be, respectively, the concentrations of (AS-C), (Dl), (N) in the
cells Kj , j = 1, 2, 3, as in the model of two cells interaction, see [1].

Then the model of concentrations kinetics in this three-cells complex can be
represented in the form of non-linear dynamical system in the positive octant R9

+

:
8

>

>

>

>

<

>

>

>

>

:

dx
1

dt
= f

1

(z
1

)� x
1

;
dy

1

dt
= �

1

(x
1

)� y
1

;
dz

1

dt
= ⇣

2,1(y2) + ⇣
3,1(y3)� z

1

;

dx
2

dt
= f

2

(z
2

)� x
2

;
dy

2

dt
= �

2

(x
2

)� y
2

;
dz

2

dt
= ⇣

1,2(y1) + ⇣
3,2(y3)� z

2

;

dx
3

dt
= f

3

(z
3

)� x
3

;
dy

3

dt
= �

3

(x
3

)� y
3

;
dz

3

dt
= ⇣

1,3(y1) + ⇣
2,3(y2)� z

3

.

(1)

The functions fj are positive and monotonically decreasing, they describe nega-
tive feedbacks N· · · · · ·J(AS-C) in the cells Kj . The functions ⇣k,j and �j k, j =
1, 2, 3, k 6= j, are positive and monotonically increasing, they describe positive
feedbacks in the intercellular interaction (Dl)k ! (N)j , and (AS� C)j ! (Dl)j
in the cell Kj . The positive summands in the equations describe synthesis of the
proteins, and the negative summands correspond to their natural degradation.

The cells Kj are assumed to be identical at the initial stage of the processes,
so, following [2], we consider the case

f
1

= f
2

= f
3

= f(z) =
A

a+ z2
; �

1

= �
2

= �
3

= � =
Bx2

b+ x2

;

⇣i,j = ⇣(y) =
Cy

c+ y
; i, j = 1, 2, 3, i 6= j.

All the parameters are positive.
The equilibrium points of the system (1) are determined by the equations

z
1

= g(z
2

) + g(z
3

); z
2

= g(z
1

) + g(z
3

); z
3

= g(z
1

) + g(z
2

), (2)

⇤
RFBR, grant 15-01-00745.
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where g(z) =
↵

(a+ z2)2 + �
. As above, all the parameters are positive.

I. For all ↵ > 0, a > 0, � > 0 the system (2) has exactly one symmetric
solution: z

1

= z
2

= z
3

= z
0

, determined by the equation z
0

= 2g(z
0

), so the
system (1) has one symmetric equilibrium point S

0

with coordinates

x
0

= x
1

= x
2

= x
3

= f(z
0

); y
0

= y
2

= y
3

= y
1

= �(x
0

).

II. We assume from now on that the parameter ↵ > 0 is su�ciently large,
namely, let min

z>0

dg
dz < �1. If this condition is not satisfied, then the system (1)

has a unique equilibrium point S
0

, and this point is stable. In the opposite case,
which is more complicated from the geometric view point, the system (2) has six
partially symmetric solutions

z
1

= z
2

> z
3

; z
1

= z
3

> z
2

; z
2

= z
3

> z
1

;
z
1

= z
2

< z
3

; z
1

= z
3

< z
2

; z
2

= z
3

< z
1

.

All these six solutions appear from the equations zj = g(zj) + g(2g(zj)),
j = 1, 2, 3, and determines the equilibrium point S+

3

, S+

2

, S+

1

and S�
3

, S�
2

, S�
1

,
respectively.

Theorem 1. All the equilibrium points of the system (1) are listed in the para-
graphs I, II above. That is, each equilibrium point of (1) is either symmetric, or
partially symmetric.

Linearization of the system (1) at its equilibrium points is described by 9⇥ 9
block matrix M of the form

M =

0

@

A
1

B
2

B
3

B
1

A
2

B
3

B
1

B
2

A
3

1

A , where Aj =

0

@

�1 0 �pj
qj �1 0
0 0 �1

1

A ; Bj =

0

@

0 0 0
0 0 0
0 rj 0

1

A

and

�pj = df(zj)

dzj
; qj =

d�(xj)

dxj
; rj =

d⇣(yj)

dyj
. Direct calculations imply the following

Theorem 2. For su�ciently large values of the parameter ↵, the equilibrium
points S+

1

, S+

2

, S+

3

are stable, and S�
1

, S�
2

, S�
3

, S
0

are unstable.

The biological interpretation of this phase portrait geometry is the following:
If a trajectory of the system (1) is attracted by the point S+

1

, then the cell
Kj becomes the parental cell in the considered proneural cluster.

Three-dimensional plane P 3 ⇢ R9, defined by the equations x
1

= x
2

= x
3

,
y
1

= y
2

= y
3

, z
1

= z
2

= z
3

, is an invariant manifold of the system (1), and
contains the equilibrium point S

0

.
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Theorem 3. For su�ciently large values of the parameters, the plane P 3 con-
tains an unstable cycle of the system (1).

S. Smale has constructed one very hypothetical model of interaction of two
cells, see [3]. It was not related to any biological process, and was represented in
the form of 4-dimensional nonlinear dynamical system. For appropriate choice of
parameters of this system, its phase portrait contains a stable cycle. In absence of
interaction there are no periodic trajectories in this two-cells complex dynamics.

The authors are indebted to D.P. Furman and T.A. Bukharina for useful
discussions.
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Invariants of Euler equations with commuting operators

Yulia Yu. Bagderina

Institute of Mathematics with Computer Center of RAS, Ufa, Russia
e-mail: bagderinayu@yandex.ru

The scalar Euler operator

Ln = Dn +
n
X

k=1

Ck
n
ak
xk

Dn�k = Dn + n
a
1

x
Dn�1 + · · · + n

an�1

xn�1

D +
an
xn

,

ak = const, D = d/dx,

(1)

is a particular case of a linear di↵erential operator. In general, studying the
commuting linear operators is a complicated problem [1, 2]. The case of the
Euler operators is more simple. Commuting operators Lm and Ln have common
eigenfunction  (x) which is a common solution of the pair of the equations

Lm = �m , Ln = �n , � = const 6= 0. (2)

Number l of linearly independent solutions of system (2) is called the rank of the
pair of operators Lm, Ln. The rank coincides with the highest common factor of

14



the numbers m and n. Denote by Ln = ⇤n{q1, . . . , qn} the Euler operator (1)
factorizable in the form

Ln = x�n(xD + a
1

+ q
1

)(xD + a
1

+ q
2

) · · · (xD + a
1

+ qn),

q
1

, . . . , qn = const, q
1

+ · · · + qn = n(1� n)/2.
(3)

If qj are integers di↵erent by modulo n, then eigenfunction  (x) of operator (3)
is expressible in terms of elementary functons. In [3] we have constructed the
common eigenfunctions for the rank two commuting Euler operators L

4

, L
6

and
L
10

, which satisfy the foregoing conditions. It is not a di�cult problem in the
case of arbitrary constant qj , too. For the rank l commuting Euler operators
equations (2) are factorizable in the form

(Lm � �m) = Nm�lMl = 0, (Ln � �n) = Nn�lMl = 0

with some linear operators Ml, Nm�l, Nn�l. Thier common eigenfunction solves
the linear equation of order l

Ml = 0. (4)

For the rank two Euler operators a di↵erential substitution exists that reduces
equation (4) to the Bessel equation. For example, for the commuting operators

L
4

= ⇤
4

{K,K � 2, 1�K,�K � 5}, K = const,
L
6

= ⇤
6

{K,K � 2,K � 4, 1�K,�K � 3,�K � 7},
the operator M

2

is given by

M
2

= D2 +
1

x

⇣

2a
1

+
4(2K + 1)

2(2K + 1)� �2x2

⌘

D+

+
1

x2

(a2
1

� a
1

�K2 �K � 4) +
4(2K + 1)(a

1

+K + 2)

x2(2(2K + 1)� �2x2)
� �2.

Equation (4) with this operator becomes the Bessel equation

�00 +
2a

1

x
�0 + (a

1

�K)(a
1

+K � 1)
�

x2

= �2�

via the substitution  = �0 + (a
1

� K � 2)�/x. In the case of the rank three
Euler equations a di↵erential substitution exists that reduces equation (4) to an
equation of the form L

3

� = �3�, where L
3

is an Euler operator of the third order,
and so on.

Invariants of the point equivalence transformations x̃ = ⇠(x), ỹ = ⌘(x)y+⇣(x)
of the Euler equation with operator (1)

Lny ⌘ y(n) +
na

1

x
y(n�1) + · · · + nan�1

xn�1

y0 +
an
xn

y = 0 (5)
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are the functions of x, y, y0, . . . , y(n�1), a
1

, . . . , an. Relative invariants of
equations (5) of di↵erent orders are defined by the same formulas. And n� 1 of
that invariants, j

1

, . . . , jn�1

, depend on the constant parameters of operator (1)
only. Namely, when n = 2 equation (5) has a single constant invariant

j
1

= a
2

� a
1

(a
1

� 1),

when n = 3 there are two invariants: j
1

and

j
2

= a
3

+ 3(1� a
1

)j
1

� a
1

(a
1

� 1)(a
1

� 2).

When n = 4 equation (5) has three invariants: the foregoing j
1

, j
2

, and

j
3

= a
4

+ 2(3� 2a
1

)j
2

� 3j2
1

� (6a2
1

� 18a
1

+ 11)j
1

� a
1

(a
1

� 1)(a
1

� 2)(a
1

� 3),

when n = 5 there are four invariants j
1

, j
2

, j
3

and

j
4

= a
5

+ 5(2� a
1

)(j
3

+ 3j2
1

)� 10j
1

j
2

� 5(2a2
1

� 8a
1

+ 7)j
2

+

+ 5(2� a
1

)(2a2
1

� 8a
1

+ 5)j
1

� a
1

(a
1

� 1)(a
1

� 2)(a
1

� 3)(a
1

� 4),

and so on. Absolute invarianta of equation (5) are found fron the invariance
condition XI = 0, where

X =

[(n�1)/2]
X

k=1

(2k + 1)j
2k@j

2k

+
⇣

2j
1

� n+ 1

6

⌘

@j
1

+

+
⇣

4j
3

� n+ 1

30

⌘

@j
3

+
⇣

6j
5

� n+ 1

42

⌘

@j
5

+ · · ·
It turns out that the Euler equations of di↵erent orders possess similar invariants,
when the corresponding operators (1) commute. Namely, if we introduce the
modified relative invariants

J
1

= (n� 1)j
1

,
J
2

= (n� 1)(n� 2)j
2

,
J
3

= (n� 1)[(n� 2)(n� 3)j
3

+ 6nj2
1

� n(n+ 1)j
1

],
J
4

= (n� 1)(n� 2)[(n� 3)(n� 4)j
4

+ 60nj
1

j
2

� 5n(n+ 1)j
2

], . . . ,

(6)

then they coincide for the commuting Euler operators.
As an example we consider the following commuting Euler operators and the

corresponding invariants (6):

L
4

= ⇤
4

{3,�2,�3,�4}, j
1

= �2, j
2

= 6, j
3

= �26,
J
1

= �6, J
2

= 36, J
3

= 252,

L
5

= ⇤
5

{3,�1,�3,�4,�5}, j
1

= �3/2, j
2

= 3, j
3

= �33/4, j
4

= 30,
J
1

= �6, J
2

= 36, J
3

= 252, J
4

= �20880.
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The same invariants J
1

, J
2

, J
3

, J
4

correspond to the operators

L
6

= ⇤
6

{3,�1,�2,�4,�5,�6},
L
7

= ⇤
7

{3,�1,�2,�3,�5,�6,�7}, L
8

= L2

4

,
L
9

= ⇤
9

{3,�1,�2,�3,�4,�5,�7,�8,�9}, L
10

= L2

5

,
L
11

= ⇤
11

{3,�1,�2,�3,�4,�5,�6,�7,�9,�10,�11}, L
12

= L3

4

, . . .

commuting with L
4

, L
5

. Their common eigenfunction is given by

 =
e� x

x3+a
1

(�3x3 � 3�2x2 + 6�x� 6).

References
1. O. I. Mokhov, “Commuting ordinary di↵erential operators of arbitrary genus and

arbitrary rank with polynomial coe�cients”, Amer. Math. Soc. Transl. Ser. 2. 2014.
V. 234. P. 323–336.

2. A. E. Mironov, “Commuting selfadjoint di↵erential operators of rank two”, Russ.
Math. Surv. 2016. V. 71. N. 4. P. 751–779.

3. Yu.Yu. Bagderina, “Higher-order Bessel equations integrable in elementary func-

tions”, Itogi nauki i tekhniki. Sovremennye problemy matematiki. Matematicheskaya

fizika i smezhnye voprosy. 2016. P. 3–13. (accepted) (English translation in J. Math.

Sci. 2017)

Privileged coordinates for nonsmooth
Carnot–Carathéodory spaces

Sergey Basalaev⇤

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: sbasalaev@gmail.com

Following the works [1, 2] we define the equiregular Carnot–Carathéodory
space of class Ck as C1-smooth manifold M with a fixed family of Ck-smooth
subbundles of the tangent bundle

H
1

( H
2

( . . . ( Hr = TM
such that [Hi, Hj ] ⇢ Hi+j . Note that the classical equiregular sub-Riemannian
space with horizontal distributionH 2 Cr+k�1 is a Ck-smooth Carnot–Carathéo-
dory space.

LetX
1

, . . . , Xn be a basis of vector fields such thatHk = span{X
1

, . . . , X
dimH

k

}
and assign to each field the weight dj = min{m : Xj 2 Hm}. Using the canonical
coordinates of the 1st kind

✓q(u1

, . . . , un) = exp(u
1

X
1

+ . . .+ unXn)(q)

⇤
The research is supported in part by Russian Foundation for Basic Research (14–01–00552).
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we define quasimetric d1 on M by

d1(x, y) = max
j=1,...,n

|uj |
1

d

j if y = ✓x(u1

, . . . , un).

In [1–3] it is shown that if in a neighborhood of p 2 M we consider a family
of dilations

�" : ✓p(x1

, . . . , xn) 7! ✓p("
d
1x

1

, . . . , "dnxn)

then there are homogeneous limits

bd1(x, y) = lim
"!0

1

"
d1(�"x, �"y), bXj = lim

"!0

(��1

" )⇤"
d
jXj(�"x) (1)

which define a structure of a nilpotent graded Lie group (quasimetric on it and
a basis of its Lie algebra correspondingly). These results allow to generalize
notion of a nilpotent tangent cone to a sub-Riemannian space to the class of
aforementioned equiregular spaces.

For smooth sub-Riemannian spaces it is known [4] that in (smooth) local
coordinates �p limits (1) exist if and only if

d(p,�p(u1

, . . . , un)) ⇠ |u
1

| 1

d

1 + . . .+ |un| 1

d

n , (2)

where d can be either Carnot–Carathéodory metric or d1. Such coordinate
systems are called privileged.

Since for Ck-smooth spaces most of canonical coordinate systems are also
just Ck-smooth, we study the class of nonsmooth coordinate systems that allow
limits (1). It turns out that the notion of privileged coordinates becomes more
blurred in this case.

Theorem 1. The condition (2) is necessary for existence of limits (1) but is not
enough in general.

Since existence of limits (1) is known for canonical coordinates of the 1st kind
✓p we obtain further results in terms of transition map � = ✓�1

p � �p where �p is
the new coordinate system.

Theorem 2. If �p is a homeomorphism, there is an uniform limit

L(x) := lim
"!0

��1

" � � � �"(x), (3)

and L is also a homeomorphism then homogeneous limit of quasimetrics exists
in coordinates �p and is a quasimetric isometric to bd1, L being the isometry.

We stress out that condition (3) is su�cient for limit of quasimetrics but not
neccessary. Moreover it is not su�cient for the limit of vector fields even if �p is
a di↵eomorphism.
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Theorem 3. If �p is a di↵eomorphism, there is an uniform limit

�(x) := lim
"!0

D��1

" �D� �D�", (4)

and det�(0) 6= 0 then there are homogeneous limits of vector fields in coordinates
�p and � is an isomorphism of homogeneous Lie algebras.

Finally, we obtain regularity requirement for these conditions to fall into
classical one.

Theorem 4. If � is a Cr-di↵eomorphism where r is the rank of Carnot–Cara-
théodory space, then conditions (2), (3) and (4) are equivalent.
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Local isometric coverings of the Lie group SO
0

(2, 1)
with a sub-Riemannian metric

ValeryN. Berestovskii

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: vberestov@inbox.ru

IrinaA. Zubareva

Omsk Branch of Sobolev Institute of Mathematics, Omsk, Russia
e-mail: i_gribanova@mail.ru

Below G denotes a connected Lie group with covering epimorphism m : G!
SO

0

(2, 1) of Lie groups; K = m�1(SO(2)). Then the Lie algebra g of the Lie
group G is isomorphic to the Lie algebra so(2, 1) of the Lie group SO

0

(2, 1).

Theorem 1. Let e be the unit of G, {a, b, c} a basis of the Lie algebra g = so(2, 1):
[a, b] = �c, [b, c] = a, [c, a] = b, K = exp(sc), s 2 R; �(e) a vector subspace
in g with the basis {a, b}, h·, ·i a scalar product on �(e) with the orthonormal
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basis {a, b}. Then the left-invariant distribution � on the Lie group G with
given �(e) is completely nonholonomic and the pair (�(e), h·, ·i) defines a left-
invariant and invariant relative to right shifts by elements of the subgroup K ⇢ G
sub-Riemannian metric � on G. Additionally, every parameterized by arclength
geodesic � = �(t), t 2 R, in (G, �) with condition �(0) = e is a product of two
1–parameter subgroups:

�(t) = �(�,�; t) = exp(t(cos�a+ sin�b� �c)) exp(t�c), (1)

where �, � are arbitrary real constants.

Theorem 2. Every element g 2 G has a unique representation in the form
g = sk or g = k

2

s
2

, where k, k
2

2 K, s, s
2

2 ⌃(e) := exp(�(e)). Moreover,
k = k

2

and m(sk) = m(s)m(k), m(k
2

s
2

) = m(k
2

)m(s
2

).

Theorem 3. Let g 2 G and g = sk, where s 2 ⌃(e) := exp(�(e)), k 2 K,
�(t) = �(�,�; t), 0  t  t

1

= �(e, g), be a parameterized by arclength shortest
arc in (G, �), joining points e and g. Then the distance �(e, g) is equal to arc
length of the projection x(t) = pr(�(t)) = p(m(�(t))), 0  t  t

1

, (the curve of
constant geodesic curvature � in L2, joining points O and pr(g) = pr(s)) and
bounding together with the rectilinear segment [O, pr(g)] of length r(g) in L2 a
digon in L2 with area S(g).

Theorem 4. Let g = sk, where s 2 ⌃(e) := exp(�(e)), k 2 K. Then the
following statements hold.

0. If k = e then �(e, g) = r(g) = | exp�1(g)|.
I. If s = e and m : G! SO

0

(2, 1) is a (finite) l–sheeted covering, then

|�| � l + 2
p

l(l + 4)
, �(e, g) =

2⇡
p

�2 � 1
(2)

and |�| is a unique number defined by the equality S(g) = 2⇡
⇣

|�|p
�2�1

� 1
⌘

. If

s = e and m : G ! SO
0

(2, 1) is a universal covering, then the inequality in (2)
is replaced by the inequality |�| > 1.

If s 6= e, k 6= e, then the following statements are valid.
II. If S(g) = ⇡

�

ch r(g)
2

� 1
�

:= ✓ then |�| = cth r(g)
2

, �(e, g) = ⇡ sh r(g)
2

.

Furthermore, if m is a l–sheeted covering, then |�| = l+1p
l(l+2)

only in the case

S(g) = l⇡; otherwise we have |�| > l+1p
l(l+2)

.

III. If S(g) > ✓ then 1 < |�| < cth r(g)
2

. Furthermore, if m is a l–sheeted
covering, then |�| > l+1p

l(l+2)

, and if S(g) = l⇡, then |�| < l+2p
l(l+4)

. Generally,

�(e, g) = (2⇡ � �)/
p

�2 � 1,
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where

S(g) = (2⇡ � �) |�|
p

�2 � 1
� 2 arccos(�|µ|);

cos � = �2 � (�2 � 1) ch r(g), 0  � < ⇡. (3)

IV. If S(g) < ✓ then the following statements are valid.

a) If S(g) =
p

2(ch r(g)� 1)� 2 arccos
q

2

1+ch r(g) := ↵ then

|�| = 1, �(e, g) =
p

2(ch r(g)� 1).

b) If S(g) < ↵ then 0 < |�| < 1, |�| is an implicit solution of equation

S(g) = 2

✓ |�|
p

1� �2

arch
⇣

|µ| ch r(g)

2

⌘

� arccos |µ|
◆

,

�(e, g) =
2

p

1� �2

arch
⇣

|µ| ch r(g)

2

⌘

.

c) If S(g) > ↵ then 1 < |�| < cth r(g)
2

. If m is a l–sheeted covering and

S(g) = l⇡ then |�| < l+1p
l(l+2)

. Generally (3), �(e, g) = �/
p

�2 � 1, where

S(g) = �
|�|

p

�2 � 1
� 2 arccos |µ|, 0 < � < ⇡.

V. The above-mentioned conditions uniquely define �(e, g).

Theorem 5. 1) Let g 2 (G, �), C(g) be the cut locus for g. Then C(g) = gC(e).
2) If (G, �) is a simply connected Lie group, then C(e) = K�{e}. Otherwise,

C(e) = K � {e} [ k⌃(e), where k 2 K : k2 = e, k 6= e.

Let � = �(�, ; t), 0  t  T, be a noncontinuable shortest arc.

Theorem 6. I. If � = 0 then every segment of the geodesic (1) is a shortest arc.
II. Let m : G! SO

0

(2, 1) be a universal covering. Then
1) If |�| > 1 then T = 2⇡p

�2�1

.

2) If |�|  1 then every segment of the geodesic (1) is a shortest arc.
III. Let � 6= 0 and m : G! SO

0

(2, 1) be a (finite) l–sheeted covering. Then
1) If |�| � l+2p

l(l+4)

then T = 2⇡p
�2�1

.

2) If 0 < |�| < 1 then T 2 � l⇡
|�| ,

(l+1)⇡
|�|

�

, moreover

tg
� |�|T

2

�

=

8

>

<

>

:

|�|p
1��2

th
⇣

T
p

1��2

2

⌘

, if l is even,

�
p

1��2

|�| cth
⇣

T
p

1��2

2

⌘

, if l is odd.
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3) If |�| = 1 then T 2 (l⇡, (l + 1)⇡), moreover

tg
T

2
=

(

T
2

, if l is even,

� 2

T , if l is odd.

4) If 1 < |�| < l+1p
l(l+2)

then T 2 � l⇡
|�| ,

(l+1)⇡
|�|

�

, moreover

tg
� |�|T

2

�

=

8

>

<

>

:

|�|p
�2�1

tg
⇣

T
p
�2�1

2

⌘

, if l is even,

�
p
�2�1

|�| ctg
⇣

T
p
�2�1

2

⌘

, if l is odd.
(4)

5) If l+1p
l(l+2)

< |�| < l+2p
l(l+4)

then T 2 � (l+1)⇡
|�| , (l+2)⇡

|�|
�

and (4) is true.

6) If |�| = l+1p
l(l+2)

then T = ⇡
p

l(l + 2).

Two-dimensional hypergeometric series providing solutions
to algebraic functions of two variables

A.N. Cherepanskiy⇤

Siberian Federal University, Krasnoyarsk, Russia
e-mail: alex.cherepanskiy@gmail.com

In the paper we study regions of convergence of hypergeometric series pro-
viding solutions to the general tetranomial algebraic equation

a
0

+ aly
l + amym + any

n = 0,

where l,m, n are coprime integers and l < m < n.
By simple monoidal transformations the equation can be reduced to given kind

by fixing any pair of coe�cients ap, aq. The solutions to equations are represented
as double power series in this case. We will give description of the convergence
regions Dpq of these series as explicit functional inequalities on discriminant �pq

of the equations.
Combinatorial description of such convergence regions is done in work by

Passare and Tsikh [1].
For the reduced equation denote the auxilliary pair of coe�cients as at, as.

Theorem 1. For any pair p, q 2 {0, l,m, n} the convergence region Dpq of series
providing solution to the reduced tetranomial equation is given either by inequality

⇤
This work is supported by the Grant of the President of Russian Federation for support of

leading scientific schools NSh-9149.2016.1.

22



of one of the following types

"⌥(t�p)(s�p)�pq

⇣

±"t�p |at| ,±"s�p |as|
⌘

7 0,

�pq

⇣

� |at| ,� |as|
⌘

> 0,

or by two inequalities of one of the following types

�pq

⇣

"t�p |at| , "s�p |as|
⌘

7 0, �pq

⇣

� |at| ,� |as|
⌘

7 0,

�pq

⇣

�"t�p |at| ,�"s�p |as|
⌘

7 0, �pq

⇣

"p�t |at| , "p�s |as|
⌘

7 0,

where " is the antiderivative root of �1 by the power q � p.
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Asymptotic ensemble stabilizability of the Bloch equation
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Let I ⇢ R be some interval, and consider a subset E ⇢ I. For every e 2 E we
consider the dynamical system

0

@

ẋe

ẏe
że

1

A =

0

@

0 �e u
2

e 0 u
1

�u
2

�u
1

0

1

A

0

@

xe

ye
ze

1

A . (1)

We are concerned with the following control problem:

(P)Design a control function u : [0,+1) ! R2 such that for every e 2 E the
solution of equation (1) is (asymptotically) driven to Xe = (0, 0,�1)T .

The problem can be easily solved in the case where E is a finite set. For
a countable set E of energies, a global control providing asymptotic pointwise
convergence can be found. The problem is still open for a continuous set E .
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Elementary di↵erentials of integer order on variable torus

Viktor V. Chueshev⇤

Kemerovo State University, Kemerovo, Russia
e-mail: vvchueshev@mail.ru

Let F
0

be a fixed compact Riemann surface of genus g = 1. The Teichmueller
space T

1

= T
1

(F
0

) consists of classes [Fµ, {aµ
1

, bµ
1

}] of conformally equivalent
marked compact Riemann surfaces of genus one, which are parameterized by
points of H = {z 2 C : Im z > 0}. Here Fµ = C/�µ, where �µ is generated by
generators Aµ1(z) = z + 1, Bµ1(z) = z + µ.

Definition. By q-di↵erential � with respect to group � on C call a di↵erential
�(z)dzq such that �(Tz)(T 0z)q = �(z), z 2 C, T 2 �.

Theorem. On variable torus Fµ for every natural number m > 1, q 2 Z there

exists an elementary q-di↵erential ⌧ (m)

q;Q with pole in every point Q = Q(µ) 2 Fµ

exactly of order m, locally holomorphic w.r.t. µ, which has general view divisor

(⌧ (m)

q;Q ) = R
1

·...·R
m

Qm

, where '(R
1

) = '(Qm) � '(R
2

· . . . · Rm) and ' is Jacobi

mapping from Fµ to Jacobi manifold J(Fµ). Here divisors R
2

, . . . , Rm and Q =
Q(µ) can be choosed as locally holomorphic sections bundle integer divisors of
degrees m � 1 and 1 respectively over T

1

for µ from every su�ciently small
neighborhood U(µ

0

) ⇢ T
1

.

Several precise solutions for a certain nonlinear equation
of third order

Nadezhda A. Chuesheva

Kemerovo State University, Kemerovo, Russia
e-mail: chuesheva@ngs.ru

In the paper of B.K. Beloshapka [1] there is a nonlinear equation of the third
order on u = u(x, t)

ux · ut(uxxt · ut � uxtt · ux) + uxt((ux)
2 · utt � (ut)

2 · uxx) = 0. (1)

Problem 1. 1) Consider equation (1) in a bar ⇧ = {(x, t) 2 R2 : x+ t 2 (0, y
0

)},
e�y

0 +
p
2 sin(y

0

� ⇡
4

) = 0, y
0

2 (⇡+ ⇡
4

,⇡+ ⇡
2

). Let function vanish on a boundary
of a bar

u|x+t=0

= 0, ux|x+t=0

= 0, ut|x+t=0

= 0, u|x+t=y
0

= 0. (2)

⇤
The author was supported by a Grant of the Russian Federation for the State Support of

Researches (Contract No. 14.B25.31.0029).

24



Nonvanishing solution to (1),(2) is u(x, t) = e�(x+t) +
p
2 sin((x + t) � ⇡

4

)
(see Fig 1.)

2) Consider equation (1) in a square x 2 (0,⇡), t 2 (0,⇡) with vanishing
boundary conditions

u|x=0

= 0, u|x=⇡ = 0, u|t=0

= 0, u|t=⇡ = 0. (3)

Nonvanishing solution to (1),(3) is the function u(x, t) = sinx · sin t.
Problem 2. Consider equation (1) in K = {(x, t) 2 R2 : x 2 (0,⇡), t 2 (0, 1)}
with boundary conditions

u(0, t) = u(⇡, t) = u(x, 0) = u(x, 1) = 0. (4)

The solution to (1),(4) is a function u(x, t) = sinx · t · ln t (Fig 2.) The derivative
ut = sinx · (ln t+ 1) is unbounded in K.

Problem 3. Consider equation (1) in a half-bar x 2 (0,⇡), t 2 (0,1) with
boundary conditions

u|x=0

= 0, u|x=⇡ = 0, u|t=0

=
sin(nx)

n5

, ut|t=0

=
sin(nx)

n4

. (4)

When n is a natural number the solution u(x, t) = ent

sin(nx)
n5

to (1),(4) is unstable
(when n = 2 – Fig. 3, when n = 20 – Fig. 4).

Remark 1. Solutions to (1) are functions u(x, t) = c + tanh(d + ax + bt),
ex+y; ln(x+ y); sinx · ln y; sinx · ey.
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Canonical domains for constructing almost orthogonal
quasi-isometric grids

G.A. Chumakov

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: chumakov@math.nsc.ru

Let D be a curvilinear quadrangle with the angles '
1

, . . . ,'
4

(0 < 'i < ⇡)
and the conformal modulus M. For constructing a quasi-isometric grid in D,
in [1] we use a one-parameter family {D�} of canonical domains with the same
angles 'i, where � is a real-valued parameter with range from �1 to +1, and
the conformal modulus M(D�) that varies from 0 to +1 for �1 < � < +1.
We suppose that the boundaries of every member of {D�} are some Lyapunov
manifolds. To construct a quasi-isometric grid in D we find a quasi-isometric
mapping between D and an appropriate canonical domain D�⇤ from the one-
parameter family. In [1] we prove that there exists a certain value �⇤ for which
the mapping from D�⇤ onto D is conformal, the vertices are mapped into the
corresponding vertices, and the derivative of the mapping is bounded everywhere.

In [2] as the family {D�} we use a particular combination of geodesic quadran-
gles on the surfaces of constant curvature. A canonical domain D� is constructed
of a regular rectangle by replacing the corners with four geodesic quadrangles
from some particular surfaces of constant curvature. Each of these four geodesic
quadrangles has three right angles, and the fourth angle is chosen to match the
angle of the physical domain D. This procedure allows us to construct such
a canonical domain for every angle defect � =

P

4

i=1

'i � 2⇡ of the domain D
due to use either spherical or Lobachevsky geometries (for positive and negative
angle defect respectively).
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In this article we present the family {D�} with monotonic functionM(D�) of �
and prove that for every D there exists a unique �⇤ such that the mapping from
D�⇤ onto D is conformal and has bounded derivative. Note that this uniqueness
theorem is of fundamental importance for applications.
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The module of a family of vector measures
on a Riemann surface
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On a Riemann surface we consider the capacity of a condenser and the module
of a family of measures associated with the class of curves connecting the con-
denser plates. It is proved that this quantities are equal. Earlier similar results
were obtained by M. Ohtsuka and H. Aikawa [1] in Rn.

Let R be a Riemann surface glued from finitely or countably many domains
in the extended complex plane C = C[ {1} so that the following conditions are
satisfied: each point in R projects onto a point w = x+ iy = prW in one in the
glued domains, each point in R has a neighbourhood which is a univalent disk
or a multivalent point at the centre of the disk.

The operation of projection W ! prW = w = x + iy induces the Lebesgue
2-dimensional measure �, the Hausdor↵ 1-dimensional measureH1, the Euclidean
metric ds on R.

Let G be an open set in R such that the closure G is a compact set in R, a · b
be an inner product of two vectors.

Define the p-module of a measure family ⌃ in G by the equality

Mp(⌃) = inf

Z

G
⇢p d�,
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where the infimum is taken over all nonnegative Borel functions ⇢ such that
R

G

⇢ dµ � 1 for all measures µ 2 ⌃, p > 1.

If � is a family of locally rectifiable curves then with every curve � 2 � one
may associate a measure H1

� in R by setting H1

�(A) = H1(�\A) for an arbitrary
Borel set A ⇢ R.

The p-module of the curve family � is defined as the p-module of the family
of measures {H1

� : � 2 �}. Define a vector measure ⌫ = (⌫
1

, ⌫
2

) where every
component ⌫i is a signed measure. The total variation |⌫| of the vector measure ⌫
is defined as follows. For any borel set E

|⌫|(E) = sup
X

j

⇣

2

X

k=1

⌫k(Ej)
2

⌘

1

2

,

where the supremum is taken over all finite partitions {Ej} of E into Borel sets.
Let F

0

be a set of vector measures ⌫. We put |F
0

| = {|⌫| : ⌫ 2 F
0

}.
If Mp(|F0

|) = 0 then we say that F
0

is p-exceptional (abbreviated p-exc.). If
a statement concerning vector measures ⌫ fails to hold on by for p-exc. system
F

0

then we say that it holds p-a. e.
Let ⇣ = (⇣

1

, ⇣
2

) be a vector-valued function and let ⌫ = (⌫
1

, ⌫
2

) be a vector
measure defined on G. We write ⇣ ^ ⌫ if

R

G ⇣ · d⌫ � 1. Define the module of
family of vector measures F by

Mp(F) =

Z

G
|⇣|p d�,

where infimum is taken over all vector-valued functions ⇣ such that ⇣ ^ ⌫ for
p-a. e. ⌫ 2 F .

A condenser in G is an ordered triple of sets (F
0

, F
1

, G), where F
0

, F
1

are
disjoint compact sets in G.

Let � = �(F
0

, F
1

, G) be a family of curves � which are locally rectifiable and
connecting F

0

and F
1

in G.
Thus for � 2 � we have a vector measure dw|� = (dx, dy)|� and a measure

ds� = |dw||� . We write d� = {dw|� : � 2 �}, |d�| = {ds� : � 2 �} and define the
generalized capacity of condenser.

Let D(F
0

, F
1

, G) be the family of all p-precise functions u on G such that u
tends to j as W ! Fj along p-a. e. curves � 2 �, j = 0, 1 [1]. We define

Cp(F0

, F
1

, G) = inf
u2D(F

0

,F
1

,G)

Z

G
|ru|p d�.

The following assertion holds

Theorem. Cp(F0

, F
1

, G) = Mp(d�) = Mp(|d�|).
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The weak limit of a sequence of mappings
and the biting convergence

Alexander A. Egorov⇤
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The first results for mappings with finite distortion were obtained by S.K. Vo-
dop’yanov and V.M. Gol’dshtein [1]. In [2] F.W. Gehring and T. Iwaniec proved
the theorem on closure of the class of mappings with finite distortion with respect
to the weak convergence in the Sobolev space W 1,n

loc

(V ;Rn) (see also [3, 4]). This
theorem is a refinement of Reshetnyak’s convergence theorem [5, Lemma 7] con-
cerning mappings of bounded distortion (see also [6, Theorem 9.2] and [7, Ch. 4,
Lemma 1.16]). In the proving of results on stability of classes of conformal map-
pings Reshetnyak’s convergence theorem plays the important role (see, for exam-
ple, [4–8]). We consider the classes of mappings which are analogues of mappings
of finite distortion. These classes are defined in the following way. Let m,n 2 N,
2  k  min{m,n}. We assume that continuous functions F : Rm⇥n ! R and
G : Rm⇥n ! R satisfy the following conditions [9]:

(H1) F is a quasiconvex function [10], i.e. F (⇣)  R

(0,1)n F (⇣ + '0(x)) dx for

' 2 C1
0

((0, 1)n;Rm) and ⇣ 2 Rm⇥n;
(H2) G is a null Lagrangian [11], i.e. G and �G are quasiconvex;
(H3) F and G are positively homogeneous of degree k, i.e. F (t⇣) = tkF (⇣),

G(t⇣) = tkG(⇣) for t > 0 and ⇣ 2 Rm⇥n;
(H4) sup{K � 0 : F (⇣) � KG(⇣), ⇣ 2 Rm⇥n} = 1;
(H5) cF = inf{F (⇣) : |⇣| = 1} > 0.
Let F = FF,G be the class of mappings v 2W 1,k

loc

(V ;Rm) (defined on domains
V ⇢ Rn) for which there exists a measurable function K(x) � 1, finite almost
everywhere, such that F (v0(x))  K(x)G(v0(x)) a.e. in V . For v 2 F we define

K(x, v) = KF,G(x, v) =

(

F (v0
(x))

G(v0
(x)) if G(v0(x)) > 0;

1 otherwise.

In [12] we proved the theorem on closure of the class F with respect to the weak
convergence in the Sobolev space W 1,k

loc

(V ;Rm).

Theorem 1 ([12]). Let F : Rm⇥n ! R and G : Rm⇥n ! R satisfy (H1)–
(H5) and V be a domain in Rn. Suppose that (vj : V ! Rm)j2N is a sequence of

mappings of the class F = FF,G which converge weakly in W 1,k
loc

(V ;Rm) to v : V !
⇤
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Rm and suppose that K(x, vj)  M(x) < 1 a.e. in V for j 2 N. Then v 2 F.
Moreover, for any subsequence (vj

µ

)µ2N, one has K(x, v)  lim sup
µ!1

K(x, vj
µ

) a.e.
in V .

We improve the last inequality in the case F satisfies the following condition:

(H10) F (⇣) =
s
P

t=1

↵t|⇣J
t

I
t

|k for some ↵t > 0, Jt 2 �m, It 2 �n, t = 1, . . . , s.

Here for l 2 N the set �l := {I = (i
1

, . . . , ir) : 1  i
1

< . . . < ir 
l, i� 2 {1, . . . , l}, � = 1, . . . , r, r 2 {1, . . . , l}} consists of all r-tuples of ordered
indices 1  i

1

< . . . < ir  l, r 2 {1, . . . , l}, and for J = (j
1

, . . . , jq) 2 �m

and I = (i
1

, . . . , ip) 2 �n ⇣JI := (⇣j
µ

i
⌫

)µ=1,...,q; ⌫=1,...,p 2 Rq⇥p is the submatrix
of ⇣ = (⇣ji)j=1,...,m; i=1,...,n 2 Rm⇥n. Observe that (H10) implies the convexity
of F . Let hj , j 2 N, and h be Lebesgue measurable functions defined on a
measurable set E ⇢ Rn. Following J. K. Brooks and R. V. Chacon [13], we say
that the sequence (hj)j2N converge to h in a biting sence if there is a sequence of

measurable sets (E⌫)⌫2N whose union is E, E =
1
S

⌫=1

, such that h, hj 2 L1(E⌫),

j, ⌫ 2 N, and lim
j!1

R

E
⌫

'hj =
R

E
⌫

'h for ' 2 L1(E⌫), ⌫ 2 N. Then we write

h = b ⇤ lim
j!1

hj .

Theorem 2. Let F : Rm⇥n ! R and G : Rm⇥n ! R satisfy (H10) and (H2)–
(H5), and let v, vj : V ! Rm, j 2 N, be from Theorem 1. Then there is a
subsequence (vj

µ

)µ2N such that K(x, v)  b ⇤ lim
µ!1

K(x, vj
µ

) a.e. in V .

In the case k = n = m, F (⇣) = |⇣|n, G(⇣) = det ⇣, the class FF,G cosnsists of
mappings with finite distortion, andKF,G(x, v) = KO(x, v) is the outer dilatation
function of a mapping v. Theorems 1 and 2 for this class were obtained in [2]
(see also [3, 4]). Theorems 1 and 2 are also refinements of the convergence results
for some classes from [8, 9, 14–16].
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Ricci solitons on K–symmetric Lorentzian manifolds
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There are a number of generalizations of Einstein’s equation on a (pseudo)
Riemannian manifold (M, g). The equation of the Ricci soliton is one of them
(see reviews [1, 2]). The Ricci solitons were considered at first by R. S. Hamilton
in [3] and defined by the equation r = ⇤g+LXg, where r is the Ricci tensor, ⇤ is
a real constant and LXg is the Lie derivative of the metric g in the direction of
the complete di↵erentiable vector field X.

In general the problem of finding of the Ricci solitons is quite di�cult, there-
fore one can consider some restrictions either on a structure of the manifold M
or on the parameters of the Ricci soliton equation.
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In this paper we investigate the Ricci soliton equation on the Lorentzian
k-symmetric spaces, which were studied by D.V. Alekseevsky and A. S. Galaev
earlier [4, 5]. In the case of two– and three–symmetric spaces we have obtained
a classification of Ricci solitons on such manifolds.

References
1. Besse A. L., “Einstein Manifolds”, Berlin: Springer. 1987.
2. Wang M., “Einstein metrics from symmetry and bundle constructions”, Suppl.

J. Di↵er. Geom. 1999. V. 6. P. 287–325.
3. Hamilton R. S., “The Ricci flow on surfaces”, Contemporary Mathematics. 1988.

V. 71. P. 237–261.
4. Alekseevsky D.V., Galaev A. S., “Two-symmetric Lorentzian manifolds”, J.

Geom. Phys. 2011. V. 61, N. 12. P. 2331–2340.

5. Galaev A. S., “Classification of third-order symmetric Lorentzian manifolds”,

Classical and Quantum Gravity. 2015. V. 32, N. 2.
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We provide the necessary and su�cient conditions under which a measurable
mapping induces a bounded composition operator on Lorentz spaces.
Let (X,A, µ) and (Y,B, ⌫) be �-finite measurable spaces. A measurable map-
ping ' : X ! Y induces a bounded composition operator on Lorentz spaces
C' : Lr,s(Y )! Lp,q(X) by the rule C'f = f � ' whenever f � ' 2 Lp,q(X) and
kC'fkL

p,q

(X)

 KkfkL
r,s

(Y )

for every function f 2 Lr,s(Y ).
Remind the notion of Lorentz space. For a measurable function f : X ! C

define the distribution function as µf (s) = {x 2 X : |f(x)| > s}. The non-
increasing rearrangement of f is a function f⇤(t) = inf{s > 0 : µf (s)  t}. The
Lorentz space Lp,q(X) is a set of all measurable functions for which

kfkL
p,q

(X)

=

8

>

<

>

:

⇣

q
p

1
R

0

(t
1

p f⇤(t))q dt
t

⌘

1

q

, if 1 < p <1, 1  q <1,

sup
t>0

t
1

p f⇤(t), if 1 < p <1, q =1.

Theorem. A measurable mapping ' : X ! Y satisfying N�1-property induces
a bounded composition operator C' : Lr,s(Y ) ! Lp,s(X), p  r if and only if

(µ('�1(A)))
1

p  K(⌫(A))
1

r for any A 2 B.
⇤
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Composition operators on Lp have been investigated intensively (see [1] and
references herein). In the case of Lorentz spaces most of the research has been
concerned with a composition operator from Lp,q to Lp,q (domain and image
spaces have the same parameters [2]). Here we initiate the studies of a composi-
tion operator from Lr,s to Lp,q (with di↵erent parameters).
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Di↵erentiation of a convolution on
the roto-translation group
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The roto-translation group RT is the set of points in R3 with the group
operation

(x
1

, y
1

, ✓
1

)·(x
2

, y
2

, ✓
2

) = (x
1

+x
2

cos ✓
1

�y
2

sin ✓
1

, y
1

+x
2

sin ✓
1

+y
2

cos ✓
1

, ✓
1

+✓
2

).

The basis left-invariant vector fields at a point g=(x, y, ✓)2RT have the form

X
1

(g) = cos ✓
@

@x
+ sin ✓

@

@y
, X

2

(g) =
@

@✓
, X

3

(g) = � sin ✓
@

@x
+ cos ✓

@

@y
.

The following commutation relations hold:

[X
1

, X
2

] = �X
3

, [X
3

, X
2

] = X
1

, [X
1

, X
3

] = 0.

These equalities mean that the Lie algebra g of the left-invariant vector fields of
the roto-translation group is representable as g = g

1

�g
2

, where g
1

= span{X
1

, X
2

},
g

2

= span{X
3

}. The fields X
1

, X
2

are called horizontal.
The group finds application, for example, in problems of the modeling of the

image recognition of the human vision (see [1, 2, 3]).
Let u and v be measurable functions on RT . Their convolution is defined as

(u ⇤ v)(g) =
Z

RT

u(h)v(h�1g) dµ(h) =

Z

RT

u(gh�1)v(h) dµ(h),

⇤
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where dµ is a left-invariant Haar measure on RT (it is easy to check that we may
take the usual Lebesgue measure in R3).

Now we are ready to state our main result.

Theorem ([4]). Suppose that f : RT ! R is a function of class C1, and let
 : RT ! R be an infinitely di↵erentiable function with compact support. Then
there exist di↵erential operators D

1i, D2i such that

Xi(f ⇤  ) = X
1

f ⇤D
1i +X

2

f ⇤D
2i , i = 1, 2, 3.

Sometimes the explicit form of the operators D
1i, D2i is unimportant. How-

ever, it follows from the proof of the theorem that

D
11

= cos ✓ Id� sin ✓ @
@x ,

D
21

= cos ✓ Id+(y sin ✓ cos ✓ � x sin2 ✓) @@x � (x sin ✓ cos ✓ + y sin2 ✓) @@y + sin ✓ @@✓ ,

D
12

= (x sin 2✓ � y cos 2✓ + 2x sin ✓ � 2y cos ✓) Id

� ( 1
2

(y2 � x2) sin 2✓ + xy cos 2✓) @@x + (x cos ✓ + y sin ✓)2 @
@y ,

D
22

= (1 + cos ✓) Id+(x cos ✓ + y sin ✓) @@x ,

D
13

= �2 sin ✓ Id+(y cos2 ✓�x sin ✓ cos ✓) @@x�(x cos2 ✓+y sin ✓ cos ✓) @@y+cos ✓ @@✓ ,

D
23

= � cos ✓ @
@x ,

where Id is the identity operator.
The theorem allows us to express the derivatives of a convolution in terms

of only the horizontal derivatives. For the class of homogeneous nilpotent Lie
groups, similar relations were established by D. Jerison [5]. His principal idea is
to find, for a vector field X, a vector field Y so that Xu ⇤ v = u ⇤ Y v. Inspired
by this idea, we formulate Lemma 1 below. The roto-translation group does not
belong to the class mentioned above, and therefore we cannot carry over Jerison’s
reasoning, which rests largely on homogeneity and nilpotency, to the group RT .
We perform straightforward calculations that turn out to be successful because
of the specific form of the fields X

1

, X
2

, X
3

.
The following lemma plays a crucial role in the proof of Theorem 1.

Lemma ([4]). Suppose that f : RT ! R is a function of class C1, and let
 : RT ! R be an infinitely di↵erentiable function with compact support. Then
Xif ⇤  = f ⇤ eXi , i = 1, 2, 3, where

eX
1

=
@

@x
, eX

2

= (y cos ✓ � x sin ✓)
@

@x
� (x cos ✓ + y sin ✓)

@

@y
+

@

@✓
, eX

3

=
@

@y
.
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On existence and stability of a cycle of one
piecewise linear dynamical system

Vladimir P. Golubyatnikov⇤,
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MaksimV. Kazantsev⇤
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Let the step functions L, �, ⇧ be defined as follows: L(u) = A
1

> 2 for
0  u  1, L(u) = 0 for 1 < u; such functions describe negative feedbacks in
mathematical models of gene network functioning. Positive feedbacks in these
models are described by increasing function �(u) = 0 for 0  u  1, and �(u) =
A

2

> 2 if 1 < u.
The step-function ⇧(u) = 0 for 0  u < 1 and for 1 < � < u; ⇧(u) = A

3

> 2
for 1  u  �, describes a variable feedback in the hypothetical gene network
model studied below.

The right hand sides of the following dissipative dynamical system compose
a piecewise linear vector field.

dx
1

dt
= L(x

3

)� k
1

x
1

;
dx

2

dt
= �(x

1

)� k
2

x
2

;
dx

3

dt
= ⇧(x

2

)� k
3

x
3

. (L�⇧)

Geometry of its phase portrait is the main object of our considerations. Here,
the variables xj � 0 denote concentrations of interacting components in the
model, the step functions L, �, ⇧ describe velocities of synthesis of these com-
ponents, and the coe�cients kj > 0 correspond to velocities of their natural

⇤
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degradation. Just for simplicity of exposition, we consider here the case kj = 1
for all j = 1, 2, 3.

We show that the parallelepiped Q = [0, A
1

]⇥ [0, A
2

]⇥ [0, A
3

] is an invariant
domain of the system (L�⇧). The planes x

1

= 1; x
2

= 1; x
2

= �; x
3

= 1 divide
this domain Q to 12 smaller parallelepipeds (blocks) which we denote by indices
{"

1

, "
2

, "
3

}:
"
1

= 0 for x
1

< 1 and "
1

= 1 for x
1

� 1;
"
3

= 0 for x
3

< 1 and "
3

= 1 for x
3

� 1;
"
2

= 0 for x
2

< 1, "
2

= 1 for � � x
2

� 1, "
2

= 2 for � < x
2

.

Lemma 1. In each block {"
1

, "
2

, "
3

} trajectories of the system (L�⇧) are straight
line segments, and all straight lines containing these trajectories intersect in one
point P ("

1

, "
2

, "
3

).

In each block {"
1

, "
2

, "
3

} except {1, 2, 0}, we have P ("
1

, "
2

, "
3

) /2 {"
1

, "
2

, "
3

}.
The block {1, 2, 0} contains the attractor of the system (L,�,⇧), this is the point
with coordinates (A

1

, A
2

, 0) = P (1, 2, 0), and trajectories of all other points of
{1, 2, 0} remain in this block for all t > 0.

Behavior of most trajectories of the system (L�⇧), which are not attracted
to P (1, 2, 0) is represented by the diagram

{1, 0, 0} '
3����! {1, 1, 0} '

4����! {1, 1, 1}  
1����! {1, 2, 1}

x

?

?

'
2

?

?

y

'
5

?

?

y

 
2

{0, 0, 0} '
1 ���� {0, 0, 1} '

6 ���� {0, 1, 1}  
3 ���� {0, 2, 1}

(D)

Let U
6

be the union of six blocks listed in the left side of this diagram (D),
and U

8

be the union of all blocks of this diagram. Denote by �
8

the compo-
sition  

3

 
2

 
1

'
4

'
3

'
2

'
1

'
6

. We have constructed a convex pentagon H ⇢ F =
{0, 0, 1} \ {0, 1, 1} such that �

8

(H) ⇢ H, this is a projective transformation of
H into itself, and it can be expressed explicitly.

In order to give qualitative description of the phase portrait of the system
(L�⇧), we consider below and in our numerical experiments the case A

1

= A
2

=
A

3

= 3; � = 1, 8.

Lemma 2. The dynamical system (L�⇧) does not have cycles in the domain U
6

.

Lemma 3. In the domain U
8

, the dynamical system (L�⇧) does not have cycles
which enclose after m, m � 2, rounds according to the diagram (D).

Theorem 1. The system (L�⇧) has in the domain U
8

a unique stable cycle C
which encloses after one round according to (D).

Linearization matrix of the Poincaré map �
8

: H ! H at the intersection
point H \ C has complex eigenvalues with negative real parts.

36



Starting from the polygons F and H, we have constructed in the domain
U
8

an invariant piecewise linear surface of the system (L�⇧). This surface is
composed by six triangles with common vertex (1, 1, 1) located in the domain
U
6

, and infinite sequence of “narrow” quadrangles qn which tend to the edges of
the piecewise linear cycle C as n!1. Each of these triangles and quadrangles
is contained in corresponding block of the diagram (D).

Similar results for analogous, more simple dynamical systems of the type
(LLL) and (L��), including the cases of smooth analogues of the step functions
considered here, were obtained earlier in [1, 3, 4]. Biological interpretations of
these results concerning negative, positive and variable feedbacks are described
in [2, 3], see also references therein.

Numerous numerical experiments realized in the frame of this work used meth-
ods implemented in the package deSolve⇤ of the programming language R†.
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J(u) =

b
Z

a

L(x, u(x), u̇(x))dx ! min, u(a) = A, u(b) = B. (1)

We assume that L(x, u, v) : R3 ! R is of class C3 and Lvv(x, u, v) > 0
everywhere. These assumptions on the integrand L will be regarded as basic
throughout.

In the case when the solution u : [a, b] ! R is Lipschitz and L satisfies the
basic assumptions we have that u 2 C3[a, b] and satisfies the Euler equation
(see [1])

ü =
Lu � Lxv � Luvu̇

Lvv
. (2)

The function u : [a, b] ! R is called a pathological solution of the Euler
equation (2) on the interval [a, b] if there exists the interval [c, d) ⇢ [a, b], with
possibility d < c, such that u 2 C3[c, d) and satisfies the equation (2) in [c, d),
u̇(x)!1 as x! d, ku(x)kC[c,d] <1.

The following theorems are valid.

Theorem 1. Let L satisfy the basic assumptions and

L(x, u, v) � ↵|v|+ �, ↵ > 0, � 2 R.
Assume also that there are no pathological solutions of the Euler equation (2) on
the interval [a, b] which satisfy the condition

u̇(c) = (B �A)/(b� a).

Then each problem (1), (2) admits a solution in W 1,1-class and all such solutions
are equi-bounded in C3-norm.

Theorem 2. Let L satisfy the basic assumptions. Assume also that there are no
pathological solutions of the Euler equation (2) on the interval [a, b] which satisfy
the condition

u̇(c) = (B �A)/(b� a).

Then there are no Lavrentiev phenomena in the problem (1), (2), i.e.

I
1

= I1,

where
I
1

= inf{J(u) : u(a) = A, u(b) = B, u 2W 1,1[a, b]},
I1 = inf{J(u) : u(a) = A, u(b) = B, u 2W 1,1[a, b]}.
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Some properties of (q
1

, q
2

)-quasimetric spaces
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A pair (X, d), where X is a set, d : X ⇥ X ! R+ [ {0}, is called (q
1

, q
2

)-
quasimetric space, and d is called quasimetric, if

– d is a distance function, i. e. d(x, y) = 0, x = y,
– d(x, z)  q

1

d(x, y) + q
2

d(y, z) 8x, y, z 2 X for some constants q
1

, q
2

> 0
(generalized (q

1

, q
2

)-triangle inequality).
If (q

1

, q
2

)-quasimetric d satisfies q
0

-symmetry condition, i. e. d(x, y)  q
0

d(y, x)
8x, y 2 X for some constant q

0

> 0 then d is called q
0

-symmetric (q
1

, q
2

)-
quasimetric.

Let B(x, r) = {y 2 X | d(x, y) < r}. Define open set in (X, d) as follows. A
set Y ⇢ X is called open if for every y 2 Y there is a number " > 0 such that
B(y, ") ⇢ Y . Open sets define a topology ⌧ in (X, d).

1-symmetric distance function ds is called symmetrization of d if ds defines
the same topology ⌧ in (X, d).

Properties of topology ⌧ and symmetrizations were studied in [1] in more
general situations recently.

In our talk we discuss some properties of (q
1

, q
2

)-quasimetric spaces, in par-
ticular, symmetrizations of (q

1

, q
2

)-quasimetric spaces.
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The classification of constant mean curvature (CMC) hypersurfaces are as-
sociated with the problem of eigenvalues of the shape operator or di↵erential
equations arises from Laplacian operator. We obtain some classification of bi-
conservative hypersurfaces in non-flat Lorentz space forms.
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Formalization of inverse problems and applications to
systems of equations with parameters
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We show how binary correspondences can be used for simple formalization of
the notion of problem, definition of the basic components of problems, their
properties, and constructions (the condition of a problem, its data and unknowns,
solvability and unique solvability of a problem, inverse problem, composition
and restriction of problems, etc.). As an illustration, we consider a system of
di↵erential equations which describe a process in chemical kinetics, as well as the
inverse problem.

Since abstracts are restricted in length, we present only four most basic defi-
nitions. In particular, we do not mention the notion of topological problem and
the related notions of stability and correctness. We also omit the definition of
parametrization and the corresponding topological aspects.

Definition 1. By a problem we mean an arbitrary correspondence between the
elements of two sets, i.e., a triple P = (A,B,C), where A and B are any sets
and C ✓ A⇥ B. The sets A, B, and C are denoted by DomP , ImP , and GrP
and called the domain of data, the domain of unknowns, and the condition of the
problem P . The containment (a, b) 2 GrP is written as P (a, b).

Definition 2. A solution to a problem P for a data instance a 2 DomP is
an arbitrary unknown b 2 ImP which meets the condition P (a, b). The set of
solutions to P for a is denoted by P [a]. A problem P is solvable for a 2 DomP
whenever P [a] 6= ?, and uniquely solvable if P [a] = {b} for some b 2 ImP , with
the corresponding solution b denoted by P s(a).

Definition 3. The inverse problem to P is the inverse correspondence

P�1 :=
�

ImP,DomP, (GrP )�1

�

, where (GrP )�1 = {(b, a) : (a, b) 2 GrP}.
Definition 4. The composition of problems P and Q is the composition of the
correspondences, which is the problem

Q � P := (DomP, ImQ,GrQ �GrP )
with condition

GrQ�GrP =
�

(a, c) 2 DomP⇥ImQ : (9 b 2 ImP\DomQ) P (a, b) & Q(b, c)
 

.

⇤
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As an illustration, we consider a singularly perturbed system of ordinary dif-
ferential equations which arises in modeling certain processes of chemical kinetics.

Suppose that n,m 2 N, 0 < "
0

2 R, X := Rm, Y is a domain in Rn, T := R,
E := {" 2 R : 0 6 " 6 "

0

}, F := C(X ⇥ Y ⇥ T ⇥ E, Rm), G := C(X ⇥ Y ⇥
T ⇥E, Rn). Consider the problem P with domain of data DomP = F ⇥G⇥E,
domain of unknowns ImP = C1(T,X)⇥ C1(T, Y ), and condition

P
�

(f, g, "), (x, y)
� ,

(

ẋ(t) = f
�

x(t), y(t), t, "
�

,

" ẏ(t) = g
�

x(t), y(t), t, "
� for all t 2 T,

where f 2 F , g 2 G, " 2 E, x 2 C1(T,X), y 2 C1(T, Y ).
Solution of the problem P is based on the method of integral manifolds,

a convenient tool for studying multidimensional singularly perturbed systems
of di↵erential equations which makes it possible to lower the dimension of the
system under study (see [1, 2, 3]). Solution of P in a sense reduces to solving the
so called degenerate system which is obtained from the initial system by putting
the parameter " equal to zero. This is justified by the results of A.N. Tikhonov
(see, for instance, [4]) on passing to a solution to the degenerate problem as
a small parameter tends to zero.

The inverse problem to P consists in finding the unknown functions on the
right-hand side of the system, given some data on the solution to the direct prob-
lem P . Relying on the close connection of the initial problem with the degenerate
system, we consider the case " = 0 and additionally assume that the “slow sur-
face” defined by the equation g

�

x, y, t, 0
�

= 0 consists of a single sheet (with
respect to the dependence of y on x). Since the right-hand parts of equations
in chemical kinetics often occur polynomial, the corresponding restriction on f
seems to be natural.

Therefore, for demonstration purposes, we consider the partial case of the
problem P in which m = n = 1, E = {0}, the functions f 2 F are polynomials
of degree one, and g 2 G meet the condition of the implicit function theorem,
which fact allows us to replace the equation g

�

x(t), y(t), t, 0
�

= 0 by the equivalent
equation of the form y(t) = h

�

x(t), t
�

.
Let h 2 C1(R2). Consider the problem Q with domain of data DomQ = R3,

domain of unknowns ImQ = C1(R)2, and condition

Q
�

f, (x, y)
� ,

(

ẋ(t) = f
1

+ f
2

x(t) + f
3

y(t),

y(t) = h
�

x(t), t
� for all t 2 R,

where f = (f
1

, f
2

, f
3

) 2 R3, x, y 2 C1(R).
The formal inverse problem Q�1, which has pairs of functions (x, y) 2 C1(R)2

as data, is very simple and impractical. Finite collections of values of functions
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or their derivatives as data are more adequate than everywhere defined functions.
The corresponding correction of the inverse problem is realized by the compo-
sition of the problem Q�1 and the auxiliary problem R with domain of data
DomR = (R3)3, domain of unknowns ImR = C1(R)2, and condition

R
�

(t,↵,�), (x, y)
� ,

(

x(t
1

) = ↵
1

, x(t
2

) = ↵
2

, x(t
3

) = ↵
3

,

ẋ(t
1

) = �
1

, ẋ(t
2

) = �
2

, ẋ(t
3

) = �
3

,

where t,↵,� 2 R3, x, y 2 C1(R).

Theorem 1. If t,↵ 2 R3 meet the condition

� :=

�

�

�

�

�

�

1 ↵
1

h(↵
1

, t
1

)
1 ↵

2

h(↵
2

, t
2

)
1 ↵

3

h(↵
3

, t
3

)

�

�

�

�

�

�

6= 0 (1)

then, given arbitrary � 2 R3, the problem Q�1 � R is uniquely solvable for the
data (t,↵,�), and its solution (f

1

, f
2

, f
3

) = (Q�1 � R)s(t,↵,�) can be calculated
by Cramer’s formulas fi = �i/�, where �i is the determinant of the matrix
formed from the matrix in (1) by replacing the i th column by � = (�

1

,�
2

,�
3

).
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Nonclosed Archimedean cones
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A wedge is a nonempty convex subset K of a vector space (henceforth, vector
spaces are assumed to be defined over the field of reals) which meets the condition
(8↵ > 0)(↵K ✓ K). A wedge K is a cone whenever K \ (�K) = {0}. As is
known, in every (pre)ordered vector space (X,6) the set {x 2 X : x > 0} is
a cone (wedge). Conversely, if a cone (wedge) K is fixed in a vector space X
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then the order 6K defined by the rule x 6K y , y � x 2 K makes X into
a (pre)ordered vector space.

A (pre)ordered vector space (X,6) is Archimedean if for all x, y 2 X (y > 0)
the condition (8n 2 N)(x 6 1

ny) implies x 6 0. A cone (wedge) K in a vector
space X is Archimedean if so is the (pre)ordered space (X,6K). Generalize the
notion of Archimedean wedge as follows: a convex set C ✓ X is Archimedean
whenever for all x, y 2 X the condition (8n 2 N)(x + 1

ny 2 C) implies x 2 C.
It is easy to see that, for wedges, the latter is equivalent to the above definition.

The main information on Archimedean cones can be found in [1].
The following proposition clarifies the notion of Archimedean set.

Proposition 1. Given a convex set C in a vector space X, the following are
equivalent:

(a) C is Archimedean;
(b) for all x, y 2 X the condition (9 " > 0)(x+]0, "]y ✓ C) implies x 2 C;
(c) the complement X \ C coincides with its algebraic interior;
(d) the intersection of C with every line is closed;
(e) the intersection of C with every finite-dimensional subspace of X is closed.

Note that every convex set which is sequentially closed in any vector topology
is obviously Archimedean. In order to give another description of Archimedean
sets, we introduce an auxiliary notion: A topological vector space is sequentially
total if all linear functionals on it are sequentially continuous.

Lemma 1. Let X be a sequentially total space and let C ✓ X be a convex set.
Then C is Archimedean if and only if C is sequentially closed.

The problem is of interest of describing the topological vector spaces which
include nonclosed Archimedean cones. In what follows, we present the main
results obtained on the way to solving this problem as well as its variations
(in the statement, cones can be replaced by wedges, while closedness by sequential
closedness). It is immediate that, in finite-dimensional spaces, all Archimedean
wedges (moreover, all Archimedean convex sets) are closed.

A criterion is rather easily obtained for existence of Archimedean cones or
wedges which are not sequentially closed.

Lemma 2. Given a topological vector space X, the following are equivalent:
(a) X is sequentially total;
(b) every Archimedean wedge in X is sequentially closed;
(c) every Archimedean cone in X is sequentially closed.

The main problem is solved for a wide class of topological vector spaces of
uncountable dimension.
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Theorem 1. Every locally convex space of uncountable dimension includes
a nonclosed Archimedean cone.

For spaces of countable dimension, we currently succeeded only in obtaining
a criterion for existence of a nonclosed Archimedean wedge.

Theorem 2. A topological vector space X of countable dimension includes
a nonclosed Archimedean wedge if and only if there is a discontinuous linear
functional on X.

The following theorems specify the boundaries of the class of spaces of count-
able dimension which include nonclosed Archimedean cones.

Theorem 3. If a topological vector space contains a nonclosed linearly indepen-
dent set, then it contains a nonclosed Archimedean cone.

Theorem 4. If X is a topological vector space of countable dimension and all
linear functionals on X are continuous, then all Archimedean convex sets in X
are closed.

Hypothesis 1. A topological vector space X of countable dimension includes
a nonclosed Archimedean cone if and only if there is a discontinuous linear func-
tional on X.

Hypothesis 2. A topological vector space X of countable dimension includes
a nonclosed Archimedean cone if and only if X includes a nonclosed linearly
independent set.

The above hypotheses are not equivalent: there are examples of topological
vector spaces of countable dimension in which all linearly independent sets are
closed, while not all linear functionals are continuous.

The main results of the research are published in [2].
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Quasiconformal mappings on 3-dimensional manifolds
with sub-Riemannian metrics

Daria V. Isangulova⇤

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: dasha@math.nsc.ru

We study quasiconformal analysis problems on some three dimensional Lie
groups with sub-Riemannian metrics. We describe the group of sub-Riemannian
isometries and 1-quasiconformal mappings. We show also that the set of qua-
siconformal mappings is infinite-dimensional. At the moment, only the case of
Heisenberg group is well studied. The complete classification of left-invariant
sub-Riemannian structures on three dimensional Lie groups in terms of the basic
di↵erential invariants is given in [1].
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The tangent bundle of the Lie group SE(3) as a parallelizable Riemannian
manifold is used for working on an optimal control problem, the trajectory plan-
ning for air-vehicles. However, what makes hypersonic trajectory planning di↵er-
ent from other air-vehicles is that the trajectory planning for hypersonic aircrafts
must be done for both the attitude and position variables at the same time since
the usual separation of time-scales assumption is practical for air-vehicles other
than hypersonic aircrafts. An air-vehicle can be thought of as evolving on the
tangent bundle of the Lie Group SE(3) with a Riemannian metric that is ob-
tained from the total kinetic energy. For an optimal control problem on the
tangent bundle of such a manifold, the frame coordinate is used to obtain first-
order necessary conditions by employing calculus of variations. Quantities like
Levi-Civita connection and Riemannian curvature tensor appear in the equations
due to using of frame coordinates.

⇤
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The resulting equations using frame coordinates are singularity-free and, in
comparison with what obtain through local coordinates representation, are by
far simpler from a numerical perspective.
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Stability of Jordan zippers with an alternating signature
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Let {z
0

, . . . , zm} be the set of points in Rn. A system S = {S
1

, . . . , Sm} of con-
tracting similarities in Rn is called a self-similar zipper with vertices {z

0

, . . . , zm}
and signature "̄ = ("

1

, . . . , "m); "k = 0, 1, if for every k = 1, . . . ,m, Sk((z0, zm)) =
(zk�1+"

k

, zk�"
k

). A zipper S is said to be Jordan, if its attractor � is a Jordan
arc with endpoints z

0

, zm, and for every k = 2, . . . ,m, Sk�1

(�)\Sk(�) = {zk} [1].
In general, the property of zipper to be Jordan does not hold with small

change of its parameters, so it’s important to clarify the conditions under which
this property is stable. One approach to solve this problem is based on Theorem
of general position for fractal continuum [2]. We prove the following result for
zippers with alternating signature:

Theorem 1. Let ⌃ be the family of self-similar zippers in R3 with vertices
z
0

= 0̄, . . . , zm = ē
1

and alternating signature "̄ = ("
1

, . . . , "m), satisfying the
following conditions:
1. For every k, qk = LipSk < 1/3;
2. There exists an open set W ⇢ V

1/3([z0, zm]) such that

⇤
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a) for every k, Sk(W ) ⇢W and
b) for every k = 2, ...,m� 1, Sk(W ) \ (Vq

1

/2(z0) [ Vq
m

/2(zm)) = ?;
3. Similarity dimension of the system S is less than 3/2.
Then the subfamily ⌃0 ⇢ ⌃ of Jordan zippers is open and dense in ⌃.
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Metric properties of some Hölder mappings
on Carnot groups
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In the research, we prove polynomial sub-Riemannian di↵erentiability of clas-
ses of Hölder mappings on Carnot groups, describe intrinsic bases and deduce
area formulas. It is well-known that mappings smooth in the classical sense are
generally Hölder with respect to sub-Riemannian quasimetrics. Besides of this,
if we consider a graph-mapping constructed with use of an intrinsically Lipschitz
mapping, it will also belong to Hölder class only.

The main classes of mappings under consideration are smooth (non-contact)
mappings, graphs of these mappings and graphs of Lipschitz mappings defined
on nilpotent homogeneous groups or their particular case, Carnot groups. Let us
describe our results on the example of graph-mapping of a Lipschitz mapping of
Carnot groups.

Theorem 1 ([1, 2]). Suppose that G is a Carnot group, eG and U are nilpotent

homogeneous groups, G, eG ⇢ U, and ' : ⌦ ! eG, where ⌦ ⇢ G. A graph-
mapping '

�

: ⌦! U is polynomially sub-Riemannian di↵erentiable at the points
of hc-di↵erentiability of ', and polynomial hc-di↵erential bDP'�

(x) assigns to
each y the collection (�

1

(y, x), . . . ,�N (y, x), e�
1

(y, x), . . . , e�N (y, x)), where

⇤
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:

�i(y, x) = yi +
P

|+µ+�|
h

=degX
i

,
,�>0

KX
i

,µ,�y
(�'(x))µ('(x))�

+
P

|↵+�+�+⌧ |
h

=degX
i

,
↵,⌧>0

LX
i

↵,�,�,⌧ (�'(x))�('(x))�y↵( bD'(x)hyi)⌧ ,

e�j(y, x) = ( bD'(x)hyi)j +
P

|+µ+�|
h

=deg

eX
j

,
,�>0

K
eX
j

,µ,�y
(�'(x))µ('(x))�

+
P

|↵+�+�+⌧ |
h

=deg

eX
j

,
↵,⌧>0

L
eX
j

↵,�,�,⌧ (�'(x))�('(x))�y↵( bD'(x)hyi)⌧ ,

and KX
i

,µ,�, L
X

i

↵,�,�,⌧ , K
eX
j

,µ,� and L
eX
j

↵,�,�,⌧ are constants for all multi-indices , µ,

�, ↵, �, �, ⌧ , i = 1, . . . , N , j = 1, . . . , eN .

Theorem 2 ([1, 3]). Under the conditions of Theorem 1, let ' : ⌦ ! eG
be a contact mapping which is C

⇥

max{M,

f
M}+p�1

p

⇤

-smooth in variables of degree
p, p = 1, . . . ,M . Then for each x 2 ⌦ there exists a basis {xX

1

, . . . , xXN ,
x
eX
1

, . . . , x eX eN} such that the set

(e✓'
�

(x) � ✓�1

'
�

(x))
�

D
diag

�

bDP'�

(x)
�

(x)
⌦

Box(x, r)
↵�

,

coincides with bDP'�

(x)hBox(x, r)i. Here ✓'
�

(x) is a normal coordinate mapping

in the initial basis, and e✓'
�

(x) is a normal coordinate mapping in the new basis.

Theorem 3 ([4]). Under the conditions of Theorem 2, the following area formula
for the graph-surface '

�

(⌦) holds:
Z

⌦

J ( bD', EN , x) dH⌫(x) =

Z

'
�

(⌦)

dH⌫
�

(y),

where J ( bD', EN , x) is the Jacobian depending on bD'(x) and identity N -matrix
EN , and H⌫

�

is the intrinsic surface measure on '
�

(⌦).
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Hölder Mappings on Carnot Groups”, Sib. Math. J., in print (2016).
2. M.B. Karmanova, “Polynomial sub-Riemannian Di↵erentiability on Carnot

Groups”, Doklady Mathematics, accepted (2016).
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Ricci solitons on conformally flat metric Lie groups

Pavel Klepikov⇤
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The works of many mathematicians are devoted to investigation of Einstein
manifolds (see reviews [1, 2]). In recent years, di↵erent generalizations of such
manifolds are studied, and one of them are Ricci solitons, which were first con-
sidered by R. S. Hamilton in [3] and are defined by the equation

r = ⇤g + LXg,

where r is the Ricci tensor, ⇤ is a real constant and LXg is the Lie derivative of
the metric g in the direction of the complete di↵erentiable vector field X.

The problem of finding Ricci solitons is quite di�cult, therefore one can as-
sume some restrictions either on a structure of the manifold or on the dimension
of the manifold or on the class of metrics, or on the type of vector field X.

One of the natural restrictions is the assumption that the manifold is a ho-
mogeneous space and, in particular, a Lie group. Several results are known in
this direction. For example, on three- and four-dimensional Lie groups with a
left-invariant Riemannian metric there are no nontrivial homogeneous invariant
Ricci solitons; a similar fact has also been proved for unimodular Lie groups with
a left-invariant Riemannian metric of any finite dimension (see [4, 5]). However,
for nonunimodular Lie groups of dimension > 4, the question of the existence of
nontrivial solutions of the Ricci soliton equation remains open.

Algebraic Ricci solitons on Lie groups are an important example of Ricci
solitons, they were first considered by J. Lauret and defined by the equation

⇢ = ⇤ · Id +D,

where ⇢ is the Ricci operator, ⇤ 2 R is a constant, I is the identity operator, D is
some derivation of the Lie algebra. Any algebraic Ricci soliton on a connected and
simply connected Lie group G with a left-invariant (pseudo)Riemannian metric
corresponds to the homogeneous Ricci soliton (see [6, 7]).

Earlier conformally flat Ricci solitons on metric Lie groups were studied in [8],
where a classification of conformally flat homogeneous invariant Ricci solitons on
four-dimensional Lie groups was obtained; and also in [9] for arbitrary dimension,
but under the additional restriction of diagonalizability of the Ricci operator.
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The main results of this paper include the following theorems.

Theorem 1. Let G be an n(> 4)-dimensional Lie group with left-invariant
(pseudo)Riemannian metric g, diagonalizable Ricci operator ⇢ and harmonic
Weyl tensor. If (G, g) is an algebraic Ricci soliton, then (G, g) is a trivial Ricci
soliton.

Theorem 2. Let G be an n(> 4)-dimensional Lie group with left-invariant con-
formally flat (pseudo)Riemannian metric g of nontrivial algebraic Ricci soliton
and metric Lie algebra g. Then ⇤ = 0 and there is basis {e

1

, . . . en} in g, in
which the derivation operator D and nontrivial scalar products are given by the
following equations

Dei = 0, where i 6= n, Den = en�1

;

hei, eii = "i, if i 6 n� 2, hen�1

, eni = "
0

,

where "i = ±1, i = 0, n� 2. Nontrivial Lie brackets are given by the following
equations

[ei, ej ] ✓ span {e
1

, . . . , en�1

}, i, j 6 n� 2, [ei, en�1

] = 0, i 6 n� 2,

[ei, en] ✓ span {e
1

, . . . , en�1

}, i 6 n� 2, [en�1

, en] ✓ span {en�1

}.
In addition, this metric Lie algebra is locally symmetric (rR = 0) if and only if
[en�1

, en] = 0.
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The spectrum of the curvature operators of
4-dimensional metric Lie groups

Svetlana Klepikova⇤, Olesya Khromova⇤

Altay State University, Barnaul, Russia
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The problem of the establishing of connections between topology and curva-
ture of a Riemannian manifold is one of the important problems of Riemannian
geometry. Some results of J.Milnor [1], V.N. Berestovskii [2], E.D. Rodionov
and V.V. Slavskii [3, 4] about the connection between the Ricci, one dimensional,
and sectional curvatures and topology of the homogeneous Riemannian spaces
are well known.

The study of the properties of the curvature operators is interesting for un-
derstanding of the geometrical and topological structure of the homogeneous Rie-
mannian manifolds, in particular, of metric Lie groups. Therefore, it is natural
to study general properties of each operator. One of the variants is to investi-
gate the spectrum of the curvature operator on the Lie group with left-invariant
Riemannian metric, and in particular, signature of this operator.

The curvatures of left-invariant Riemannian metrics on Lie groups were stud-
ied by J. Milnor [1]. He found the possible signatures of the Ricci operator in the
case of three-dimensional Lie groups with a left-invariant Riemannian metric.
Similar results were obtained by D.N. Oskorbin, E.D. Rodionov, O. P. Khro-
mova for the one-dimensional curvature operator and the sectional curvature
operator [4–6].

The classification of four-dimensional real Lie algebras was received by
G.M. Mubarakzyanov in [7]. Possible signatures of the Ricci operator on 4-dimen-
sional Lie groups with left-invariant Riemannian metric were identified by
Y.G. Nikonorov and A.G. Kremlev with the help of Mubarakzyanov’s classi-
fication (see [8, 9]).

This paper continues the research, which was started by Y.G. Nikonorov
and A.G. Kremlev. In this paper we study the realization of signatures of the
one-dimensional curvature operator and the sectional curvature operator of four-
dimensional Lie groups with left-invariant Riemannian metric.
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On unique determination of plane domains by relative
conformal moduli of pairs of boundary components
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The boundary values of conformal mappings of plane finitely connected do-
mains are studied. A complete description of the boundary values of such map-
pings in terms of the moduli (extremal lengths) of pairs of boundary components
of domains is obtained in the case where the number of boundary components is
not larger than three.
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On capacity for Sobolev–Lorentz classes of mappings
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The talk is based on the joint paper [1].
Let p > 1 and k 2 N satisfy kp < n. Denote by W k

p,1 the Sobolev–Lorentz
space:

W k
p,1(Rn) = {f : Rn ! R : rkf 2 Lp,1(Rn), f 2 Lp⇤(Rn)},

where p⇤ is the usual Sobolev exponent p⇤ = np
n�kp , and Lp,1 means the Lorentz

space:

kfkL
p,q

=

✓

q

+1
Z

0

tq�1

⇥Ln
�

x 2 Rn : |f(x)| > t
 ⇤

q

p dt

◆

1

q

.

One has an evident identity kfkL
p

= kfkL
p,p

so in particular Lp,p(Rn) =
Lp(Rn). Further, for a fixed exponent p and q

1

< q
2

we have an estimate kfkL
p,q

2


kfkL

p,q

1

, and, consequently, an embedding Lp,q
1

(Rn) ( Lp,q
2

(Rn). Recall, that
for sets U ⇢ Rn of finite measure and P > p > 1, q 2 (1, p) we have

LP (U) ( Lp,1(U) ( Lp,q(U) ( Lp,p(U) = Lp(U),

so the Lorentz space is like microscopic scale in Lebesgue spaces.
Here we shall mainly be concerned with the Lorentz space Lp,1, and in this

case one may rewrite the norm as

kfkL
p,1

=

+1
Z

0

⇥Ln({x 2 Rn : |f(x)| > t})⇤
1

p dt.

For a set A ⇢ Rn consider the corresponding capacity:

Capk,p(A) := inf
�krkfkL

p,1

: f 2W k
p,1(Rn), f � 1 on U � A,U is an open set}.

One of the main results is as follows:

Theorem 1. Under above assumptions, the equivalence

c
1

Hn�kp
1 (A)  Capk,p(A)  c

2

Hn�kp
1 (A)

holds, where the constants c
1

, c
2

depend on n, k, p only and Hm
1 means the usual

m–dimensional Hausdor↵ content:

Hm
1(E) = inf

n

1
X

i=1

(diamEi)
m : E ⇢

1
[

i=1

Ei

o

.
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Recall that for usual capacity for Sobolev spaces

CapSk,p(A) := inf
�krkfkL

p

: f 2W k
p (Rn), f � 1 on U � A, U is an open set}

we have only one sided inequality:

CapSk,p(A)  c
1

Hn�kp
1 (A),

another inequality fails since CapSk,p(A) = 0 if Hn�kp(A) <1.
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On convergence of multidimentional Mellin-Barnes integrals

V.R. Kulikov⇤

Siberian Federal University, Krasnoyarsk, Russia
e-mail: v.r.kulikov@mail.ru

In 1921 Mellin [1] obtained Mellin-Barnes integral for the solution y(x) of a
general reduced algebraic equation

yn + x
1

yn�1 + . . .+ xn�1

y � 1 = 0.

This integral has a nonempty domain of convergence defined by conditions
on ✓j = arg xj . The complete description of the domain of convergence of such
an integral has been given recently in [2].

This paper aims to study the same questions in a general case. Consider a
system of algebraic equations of the form

y
m

j

j +
X

�2⇤

(j)

x(j)
� y� � 1 = 0, j = 1, . . . , n, (1)

where ⇤(j) ⇢ Zn. Denote by ⇤ :=
n
F

j=1

⇤(j) the disjunctive union of ⇤(j), |⇤| = N .

The coe�cients of the system (1) run over the vector space C� ⇠= CN
x , where the

coordinates of x = (x�) are indexed by elements � 2 ⇤. The coordinates with

indices � 2 ⇤(i) we denote by x(i)
� , identifying C⇤ with the space C⇤

(1)⇥. . .⇥C⇤

(n)

.

⇤
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We consider the set ⇤ as matrix ⇤ =
�

⇤(1), . . . ,⇤(n)
�

=
�

�1, . . . ,�N
�

, whose
columns are the vectors �k =

�

�k
1

, . . . ,�kn
�

of the exponents of the monomials

of the system (1). Here the block ⇤(i) of ⇤ corresponds to the i-th equation of
the system (1), the enumeration of columns �k of ⇤(i) is arbitary but fixed. The
rows of ⇤ we denote by 'j , j = 1, . . . , n. The object of our interest is a branch
of the solution y(x) = (y

1

(x), . . . , yn(x)) of the system (1) that satisfies y(0) =
(1, . . . , 1), which we call the principal solution. Following [3, 4], to a monomial
yµ = yµ1

1

. . . yµn

n of the principal solution y = y(x) we put into correspondence a
Mellin-Barnes integral

1

(2⇡i)N

Z

�+iRN

n
Q

j=1

Q

�2⇤

(j)

�
�

u(j)
�

�

n
Q

j=1

�
� µ

j

m
j

� 1

m
j

h'j , ui
�

n
Q

j=1

�
⇣

µ
j

m
j

� 1

m
j

h'j , ui+
P

�2⇤

(j)

u(j)
� + 1

⌘

Q(u)x�u du, (2)

where � is from polyhedron

{u 2 RN
>0

: h'j , ui < µj , j = 1, ..., n},
and Q(u) is a polynomial given by determinant

Q(u) =
1

m
1

. . .mn
det

�

�

�

�ji (µj � h'j , ui) + h'(i)
j , u(i)i

�

�

�

n

i,j=1

.

The integral (2) is obtained as a result of the formal Mellin transform of yµ(x)
after linearization.

Consider the matrices of the form
0

B

B

@

�(1)
1

· · · �(n)
1

...
. . .

...

�(1)n · · · �(n)n

1

C

C

A

, (3)

composed by exponents of the monomials in the system (1), where each column

is a vector �(j) =
�

�(j)
1

. . .�(j)n
�T

from ⇤(j).
We call a minor of the matrix (3) principal if the indices of chosen columns

coincide with indices of rows.

Theorem. Integral (2) corresponding to a principal solution of a system pf
algebraic equations (1) has non-emty domain of convergence if and only if in
each matrix of the form (3) all principal minors are positive.

In the proof we use the description of the domain of convergence of a general
Mellin-Barnes integral [5, section 4.4.1]). Besides an important role in the proof
belongs to the partition theorem of Euclidean n-space [6, p. 134].

The proved theorem implies the following interesting fact.
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Corollary. Let A = kaijkni,j=1

be a nonnegative n ⇥ n-matrix, and a(i) be its
rows. Concider the function

gA(v) =
n
X

i=1

�|vi|+ |ha(i), vi|� |ha(i), vi � vi|
�

.

All principal minors of A are positive if and only if the function gA(v) is positive
for all v 6= 0.
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Absolutely trianalytic tori in Hyperkähler manifolds

Nikon Kurnosov⇤

Higher School of Economics, Independent University of Moscow,
Moscow, Russia

e-mail: nikon.kurnosov@gmail.com

A Riemannian manifold (M, g) is called hyperkähler if it admits a triple of
a complex structures I, J,K satisfying quaternionic relations and Kähler with
a respect to g. A subvariety Z in hyperkähler manifold M is called absolutely
trianalytic if it is complex-analytic with respect to all hyperkähler structures
compatible with I. In late 90-s Kaledin and Verbitsky proved a non-existence of
absolutely trianalytic subvarieties in the Hilbert scheme of point inK3 [1, 2]. Also

⇤
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they construct example of absolutely trianalytic subvariety deformation equiva-
lent to the Hilbert scheme in the generalized Kummer variety [2].

The case of absolutely trianalytic tori in the hyperkähler manifolds has been
firstly studied by Soldatenkov and Verbitsky [3]. They have proved non-existence
of such tori in O’Grady examples. We study the case of the generalized Kummer
manifold and prove the following

Theorem ([4]). Let Kn(T ) be the generalized Kummer variety and Z ⇢ Kn(T )
an absolutely trianalytic submanifold of Kn(T ). Then Z is not a torus.
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Kantorovich-Wright integration and representation
of quasi-Banach lattices

Analoly G. Kusraev

South Mathematical Institute, Vladikavkaz, Russia

The aim of this talk is to develop an integration theory of scalar function
with respect to positive measures with values in quasi-Banach lattices and to
prove some general representation theorems for quasi-Banach lattice as spaces of
integrable functions.

Plane domains which admit extension of Sobolev spaces

TagirG. Latfullin

Tyumen State University, Tyumen, Russia
e-mail: tlatfullin@ya.ru

The domain G is a subset of Rn, p � 1, W p
k (G) – is a Sobolev space of

functions f : G! R, where k 2 N, p is the integration degree.
G belongs to Extpk(n), if for f 2 W p

k (G) there exists an extension F 2
W p

k (Rn).
We discuss the problem: G 2 Extp

1

(2) ) G 2 Extp
2

(2)?
This problem is equivalent to the extension problem for potential or divergence-

free vector fields of class W p
1

(G).
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On linear independence of the Laurent series for rational
functions in several variables

A.K. Lushin⇤

Siberian Federal University, Krasnoyarsk, Russia
e-mail: alexer17.lushin@yandex.ru

Let V be an algebraic hypersurface in the complex algebraic torus (C⇤)n =
(C \ 0)n and defined as zero locus of a polynomial P (z)

V = {z 2 (C⇤)n : P (z
1

, . . . , zn) = 0}.
We’re interested in di↵erent Laurent expansions of the rational function 1/P (z)
centered at the origin. Relevance of the problem of such expansions is evident,
for example, in study of the fundamental solutions of di↵erential equations with
the characteristic polynomial P (z). It is convenient for description of the Laurent
expansions to use the concept of amoebas.

Definition. The amoeba AV of a hypersurface V is the image of V under the
logarithmic map Log : (C⇤)n ! Rn,

Log : (z
1

, . . . , zn) 7! (log |z
1

|, . . . , log |zn|).
The complement Rn\AV consists of a finite number of connected components

{E}, which are open and convex. Each preimage Log�1(E) is the domain of
convergence for the corresponding Laurent expansion of the rational function
1/P (z) [1].

A number of these connected components and their structures are in close
connection with the Newton polytope �P of the polynomial P . The polytope is
by definition convex hull in Rn of all the exponents of the monomials occurring
in the polynomial. On the set {E} there exists an injective order function ⌫ :
{E}! Zn \�P . So the connected components from the set {E} can be labelled
as E⌫ .

In [2] M. Passare and A. Tsikh hypothesized about linear independence of
Laurent expansions of a rational function. The report will be dealt with the
resolution of this problem in the case n = 2 and V is a normalized Harnack
polynomial.

Mikhalkin in [3] introduced the notion of a Harnack curve in the complex
area. The polynomial P (z, w) (the curve V = {P (z, w) = 0}) is determined as
a Harnack polynomial (a Harnack curve) when its amoeba is of maximal area
among all polynomials with the fixing Newton polygon �P [4].

⇤
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Figure 1: The Newton polygon (left) for the Harnack polynomial
P (z, w) = 1� 4z � w + z2 � 6zw � zw2 and the amoeba (right) of the

normalized Harnack curve P (z, w) = 0.

We say that a Harnack curve V is normalized if its defining polynomial P has
real coe�cients and

• (0, 0) is a vertex of the Newton polygon �P

• @E
(0,0) ⇢ Log(V \ R2

+

).

One proves following theorem.

Theorem. If V = {P (z, w) = 0} is a normalized Harnack curve, then di↵erent
Laurent expansions of the function 1/P (z, w) are linear independent.
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dimentional Determinants”, Bikhäuser, Boston, 1994, vii+523 pp.
2. M. Forsberg, M. Passare, A. Tsikh, “Laurent determinants and arrangements of

hyperplane amoebas”, Adv. in Math. 2000. V. 151, P. 45–70.
3. G. Mikhalkin, “Real algebraic curves, the moment map and amoebas”, Ann. of

Math. 2000. V. 151. P. 309–326.
4. G. Mikhalkin, H. Rullg̊ard, “Amoebas of maximal area”, Internat. Math. Res.

Notices, 2001. P. 441–451.

5. M. Passare, “The Trigonometry of Harnack Curves”, Journal of Sib. Federal

Univeristy. Math. & Physics, 2016. V. 9. P. 347–352.

59



On a holonomy of non-holonomic 3D Lie Groups

Evgeny Malkovich⇤

Sobolev Institute of Mathematics, Novosibirsk State University, Russia
e-mail: malkovich@math.nsc.ru

We study the 3D subRiemannian groups with algebra of vector fields satisfying
the following conditions on Lie brackets:

[X,Y ] = Z, [Y, Z] = (�+ )X, [X,Z] = (�� )Y,
where vector fields X,Y form the orthonormal frame of the distribution of ad-
missible directions. We define the holonomy flag as a set of embedded vector
subspaces in tangent space generated by formal curvature tensors:

R(X,Y )Z = rXrY Z �rYrXZ �r
[X,Y ]

Z,

where the connection r is defined using the standard formula

rXY =
1

2
[X,Y ] + U(X,Y ).

Here symmetric form U : TM⇥TM ! TM plays the role of Christo↵el symbols.
We describe all such connections for which the metric on the distribution is
parallel along the admissible directions and has no torsion.

Theorem 1. Let r be the torsionless connection on a subRiemannian Heisenberg
group compatible with metric

0

@

1 0 0
0 1 0
0 0 g

33

1

A

along the admissible directions X and Y . Then the zero step of the holonomy
flag never vanish for any U -term of the connection.

If one will define a connection � in an opposite to a Riemannian way then he
will get a correct flag.

Theorem 2. If for a connection � on a subRiemannian Heisenberg group
�ZZ = 0 then its holonomy flag vanishes.

⇤
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Normalized manifolds over local Weil algebras
and their cohomologies

A.A. Malyugina, V.V. Shurygin

Kazan Federal University, Kazan, Russia
e-mail: alexandra.malyugina@gmail.com, vadim.shurygin@kpfu.ru

A local algebra A in the sense of A. Weil (Weil algebra) [1] is a finite-
dimensional associative commutative unital algebra with maximal ideal m(A)
consisting of nilpotent elements such that A/m(A) ⇠= R. Let LA

n be an n-dimen-
sional A-module, i. e. a module isomorphic to the module of n-tuples of elements
of the algebra A. One can associate with a module LA

n a number of A-modu-
les: the tensor product LA

n ⌦R A, where A acts on LA
n ⌦R A by ↵(V ⌦ �) =

V ⌦�↵; the module HomA(LA
n,A) of A-linear A-valued 1-forms on LA

n; the module
HomR(LA

n,A) of R-linear A-valued 1-forms on LA
n, which is isomorphic to the mod-

ule HomA(LA
n ⌦R A,A) of A-linear A-valued 1-forms on LA

n ⌦R A. The submodule
0L ⇢ LA

n ⌦R A which annihilates the submodule HomA(LA
n,A) ⇢ HomR(LA

n,A)
has dimension (m� 1)n, where m is the dimension of A.

A normalization of an n-dimensional A-module LA
n is the choice of an n-di-

mensional submodule 1L in LA
n ⌦R A such that

LA
n ⌦R A = 1L�A

0L. (1)

By a normalized n-dimensional A-module we mean a pair (LA
n,

1L). Decomposi-
tion (1) allows to represent the module HomR(LA

n,A) of R-linear forms on LA
n as

the direct sum

HomR(L
A
n,A) ⇠= HomA(L

A
n ⌦R A,A) = 1L⇤ �A

0L⇤

of the submodule 1L⇤ = HomA(LA
n,A) and its complement 0L⇤ in HomR(LA

n,A)
which annihilates the submodule 1L.

A smooth manifoldMA
n of dimension n overm-dimensional Weil algebra A (A-

smooth manifold) is an mn-dimensional smooth manifold endowed with an atlas
whose charts take values in the module An and transition functions are A-smooth
(which means that their tangent mappings are A-linear) [2]. Tangent spaces
TXMA

n to a A-smooth manifold MA
n carry natural structures of n-dimensional

A-modules isomorphic to An.
Let i

0

: MA
n ! TAMA

n be the embedding of MA
n into the Weil bundle [1] of

MA
n as the zero section. Then the pullback i�1

0

(TTAMA
n is a bundle over MA

n

naturally isomorphic to the bundle TMA
n ⌦R A.

A normalization of an n-dimensional A-smooth manifold MA
n is a smooth

distribution of n-dimensional submodules 1TX in TXMA
n ⌦RA, i = 1, . . . , n, such

that
TXMA

n ⌦R A = 1TX �A
0TX . (2)
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An A-smooth manifold MA
n is called normalized if a normalization of MA

n is
chosen.

Denote by ⇤1

XMA
n the A-module of A-valued R-linear forms on TXMA

n , which
is naturally isomorphic to the A-module of A-linear forms on TXMA

n ⌦R A, and
by ⇤1

A�lin,XMA
n the module of A-linear forms on TXMA

n . Decomposition (2) of

TXMA
n ⌦R A induces the decomposition

⇤1

XMA
n = ⇤1

A�lin,XMA
n � ⇤̄1

XMA
n ,

where ⇤̄1

XMA
n is the submodule in ⇤1

XMA
n which annihilates 1Tz.

Let Xi = x0i + xâieâ (where ek is a basis in A, eâ 2 m(A), e
0

= 1) be local
coordinates on MA

n . In a neighbourhood of X 2 MA
n the submodule ⇤1

XMA
n is

spanned by 1-forms dX1, . . . , dXn submodule ⇤̄1

zM
A
n is spanned by

✓iâ = dxiâ + �iâj dXj , �iâj 2 A.

Let ⇤p
XMA

n denote the A-module of A-valued exterior forms on TXMA
n and

⇤r,s
X MA

n the submodule in ⇤r+s
X MA

n spanned by exterior products ⇠
1

^ · · · ^ ⇠r ^
⌘
1

^ · · · ^ ⌘s, where 1-forms ⌘
1

, . . . , ⌘s are A-linear and ⇠
1

, . . . , ⇠n 2 ⇤̄1

XMA
n .

The union of submodules ⇤r,s
X MA

n over all z 2 MA
n is a subbundle ⇤r,sMA

n of
⇤r+sMA

n . Denote by ⌦r,sMA
n the A-module of smooth sections of ⇤r,sMA

n . In
terms of local coordinates on MA

n , a di↵erential form ↵r,s from ⌦r,sMA
n has the

following expression:

↵r,s =
X

↵i
1

â
1

...i
r

â
r

, j
1

...j
s

✓i1â1 ^ . . . ^ ✓ir âr ^ dXj
1 ^ . . . ^ dXj

s .

The exterior di↵erential d↵r,s is a form belonging to ⌦r�1,s+2MA
n �⌦r,s+1MA

n �
⌦r+1,sMA

n . Denote its component belonging to ⌦r+1,sMA
n by d̂↵r,s. The operator

d̂ satisfies the relation d̂ � d̂ = 0 and defines a series of complexes:

0 �! ⌦0,sMA
n

ˆd�! ⌦1,sMA
n

ˆd�! ⌦2,sMA
n

ˆd�! · · · ˆd�! ⌦n,sMA
n

ˆd�! 0. (3)

Then the notion of a normalization is generalized to the case of a Weil bundle
TAMA

n , which allows us to introduce complexes of A-smooth forms on TAMA
n

similar to (3). The properties of the introduced complexes and their relations
with complexes (3) are studied.

Complexes (3) can also be generalized to the case of gA-valued forms on an
A-smooth principal bundle P (MA, GA), where GA is an A-smooth Lie group and
g

A its Lie algebra, and the obstruction to existence of an A-smooth connection in
P (MA, GA) can be represented in terms of cohomology classes of these complexes
(the Atiyah class).
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Sub-Riemannian geodesics in SO(3) with application to
vessel tracking in spherical images of retina

Alexey Mashtakov⇤, Yuri Sachkov

Program Systems Institute of RAS, Pereslavl-Zalessky, Russia
e-mail: alexey.mashtakov@gmail.com, yusachkov@gmail.com
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International School for Advanced Studies, Trieste, Italy
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In order to detect vessel locations in spherical images of retina we consider a
minimization problem Pcurve for a curve on a sphere with fixed boundary points
and directions. We lift this problem to the sub-Riemannian (SR) problem Pmec

in Lie group SO(3) and show that spherical projection of certain SR-minimizers
provides a solution to problem Pcurve. We propose a method for computing SR-
minimizers and validate it by comparison to exact solution in the case of uniform
external cost. An experiment of vessel tracking in a spherical image of the retina
shows a promising result.

Let S2 = {n 2 R3 | knk = 1} be a sphere of unit radius. We consider the
problem Pcurve, which is for given boundary points n

0

,n
1

2 S2 and directions
n0
0

2 Tn
0

(S2), n0
1

2 Tn
1

(S2), kn0
0

k = kn0
1

k = 1 to find a smooth curve n(·) :
[0, l]! S2 that satisfies the boundary conditions

n(0) = n
0

, n(l) = n
1

, n0(0) = n0
0

, n0(l) = n0
1

,

⇤
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and for given ⇠ > 0 minimizes the functional

L(n(·)) :=
Z l

0

C(n(s))
q

⇠2 + k2g(s) ds,

where s denotes the spherical arclength, kg(s) is the geodesic curvature on S2 of
n(·) evaluated in time s, the total length l is free, and C : S2 ! [�,+1), � > 0,
is a smooth function “external cost”.

We call Pmec the following SR problem in SO(3):

Ṙ = u
1

X
1

+ u
2

X
2

, R(0) = Id, R(T ) = Rfin,

L(R(·)) :=
T
R

0

C(R(t))
p

⇠2u2

1

(t) + u2

2

(t) dt! min,

where R 2 SO(3), Xi are basis left-invariant vector fields in SO(3), ⇠ > 0 is a
constant and terminal time T > 0 is free.

The external cost C : SO(3) ! [�,+1), � > 0, is a smooth function that is
typically obtained by lifting the external cost C from the sphere S2 to the group
SO(3), i.e. C(R) = C(R e

1

).
We call a spherical projection the projection map SO(3) 3 R 7! R e

1

2 S2.
We show that the spherical projection of certain minimizers of Pmec provides
solution of problem Pcurve. More precisely this only holds for the minimizers
whose spherical projection does not have a cusp. The spherical projection of a
minimizer ofPmec is said to have a cusp if the corresponding control u

1

(t) changes
a sign locally. Before the first cusp a minimizer of Pmec can be parameterized
by spherical arclength s 2 [0, s

max

).

Theorem 1. Let R(t), t 2 [0, T ] be a minimizer of Pmec parameterized by
SR-arclength C(R(t))

p

⇠2u2

1

(t) + u2

2

(t) = 1, and let the corresponding optimal
control (u

1

(t), u
2

(t)) satisfy the inequality u
1

(t) > 0 for all t 2 [0, T ].
Set n

0

= e
1

, n
1

= R(T ) e
1

, n0
0

= e
3

, n0
1

= R(T ) e
3

.
For such boundary conditions Pcurve has a minimizer n(s) = R(t(s)) e

1

,
along which the following equalities hold:

(

u
1

(t) = ds
dt (t),

u
2

(t) = kg(s(t))
ds
dt (t),

t(s) =

Z s

0

C(n(�))
q

⇠2 + k2g(�) d�,

for 0  s  l < s
max

, and T = t(l).

We obtain exact formulas for SR geodesics in problem Pmec in the uniform
external cost case C = 1 and use them to validate our method to compute SR-
minimizersPmec for general external cost case C 6= 1. The method is summarized
by the following theorem.
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Theorem 2. Let W(R) be a viscosity solution [1] of the eikonal system
(

q

(X
1

|
R

(W))

2

⇠2 + (X
2

|R(W))2 = C(R), for Id 6= R 2 SO(3),

W(Id) = 0.

A SR-minimizer R(t) = Rb(W(Rfin) � t) ending at Rfin is found by backward
integration for t 2 [0,W(Rfin)] of the equation

Ṙb(t) = �u1

(t) X
1

|R
b

(t) � u
2

(t) X
2

|R
b

(t) , Rb(0) = Rfin,

where u
1

(t) =
X

1

|
R

b

(t)

(W)

(⇠C(R
b

(t)))2 and u
2

(t) =
X

2

|
R

b

(t)

(W)

(C(R
b

(t)))2 .

Solving numerically this system for external cost C induced by a spherical im-
age of the retina we obtain an e↵ective method for vessel tracking. Comparison
with tracking via SE(2)-geodesics [1] shows, that in general the SO(3)-geodesics
more accurately follow the vessel locations. Furthermore, there is a visible di↵er-
ence between the geodesic curvature of solution to problem Pcurve on a sphere
and the curvature of its projection on a plane. As in retinal imaging applications
curvature is considered as a relevant biomarker for detection of diabetic retinopa-
thy and other systemic diseases, the data-driven SR geodesic model in SO(3) is
a relevant extension of data-driven geodesic model in SE(2) [1].
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Inverse optimal control: the sub-Riemannian case

Sofya Maslovskaya
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This is a joint work with Frédéric Jean (ENSTA ParisTech) and Igor Zelenko
(Texas A&M University). Recent applications of optimal control theory to the
study of human motion motivates the so-called inverse optimal control problem:
given a set � of experimental data, and a class of optimal control problems – that
is, a pair (control system q0 = f(q, u), class C of costs) – suitable to model the
system, identify a cost function C in C such that the elements of � are minimizing
trajectories of the optimal control problem associated with C.

Studying such an inverse problem requires to analyze its well-posedness, in
particular, the question of the injectivity: given a control system, do the set of
all minimizing trajectories of an associated optimal control problem determine in
a unique way the corresponding infinitesimal cost in the class C? If the answer is
negative then the further analysis is to determine the classes of cost on which the
set of minimizing trajectories is the same. Note that a cost can be determined
only up to a multiplicative constant.

In this talk, we consider the case where the system q0 = f(q, u) is linear w.r.t.
the control u and spans a Lie-bracket generating distribution, and where the class
of costs is either the length functionals or the energy functionals associated with
functions g which are quadratic w.r.t. the control u. The corresponding optimal
control problem can be stated in the geometrical framework as the problem of
finding the length minimizers (in the first case) and the energy minimizers (in
the second case) in Riemannian or sub-Riemannian geometry. For the first kind
of problem the injectivity of the inverse optimal control problem can be reduced
to the problem of finding the classes of projectively equivalent metrics and for the
second kind of a�ne equivalent metrics. Two sub-Riemannian or Riemannian
metrics are said to be projectively equivalent at a point of the manifold if their
normal geodesics coincide as unparameterized curves in some neighborhood of
the point. They are called a�ne equivalent if their normal geodesics coincide
as parameterized curves. The abnormal geodesics always coincide as they are
completely determined by the distribution. In the talk we will discuss the results
on projective equivalence in case of Riemannian metrics obtained by Levi-Civita
in the 19th century, and more recent results of Zelenko in case of contact and
quasi-contact sub-Riemannian metrics. We will then present the new results we
have obtained for sub-Riemannian metrics on a generic distribution of step higher
than 2. In this case the projectively equivalent metrics are conformal and the
a�ne equivalent metrics are constantly proportional.
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Regularity of the inverse of Sobolev–Orlicz mappings

Alexander Menovschikov⇤

Sobolev Institute of Mathematics, Novosibirsk
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e-mail: antikoerper@mail.ru

The article is devoted to the problem of describing the properties of reg-
ularity of the inverse mapping to some homeomorphism of the Sobolev–Orlicz
class W 1

M , if we know properties of regularity of direct mapping. In addition,
we found necessary and su�cient conditions for a homeomorphism ' : D ! D0,
with D and D0 domains in Rn, to generate the bounded composition operator
'⇤ : L1

M
1

(D0) ! L1

M (D) by the rule '⇤f = f � '. As a consequence of these
results, we prove a theorem about the conditions under which the inverse home-
omorphism also generates the bounded composition operator of the other couple
of Sobolev–Orlicz spaces defined by the first couple. Note that if the N -function
M determining the Sobolev–Orlicz spaces is the power function then the problem
is reduced to the case of Sobolev spaces W 1

p , which is well studied in [1]. Methods
of article [1] are used to prove propositions of this work.

The main result is formulated in the assumption that N -functions M and
M

1

are such that the function M
2

from the equations M
1

(u) = M(2M
3

(u)),
M

2

(u) = M(2M⇤
3

(u)) satisfies the �0-condition and the assumption that N -fun-
ction M satisfies [2] 1

Z

1

⇣ t

M(t)

⌘

1

n�2

dt <1. (1)

Following theorems hold.

Theorem 1. Suppose ' : D ! D0 has the following properties:
1) ' 2W 1

M,loc(D);
2) ' has finite codistortion;

3) K',F
2

=
�

�

�

| adjD'|
(M�1

1

(|J(x,')|))n�1

| LF
2

�

�

�

<1.

Then the inverse homeomorphism has the following properties:
4) '�1 2W 1

F
1

,loc(D
0);

5) '�1 has finite distortion;

6) K'�1,F =
�

�

�

|D'�1|
F�1

(|J(x,'�1

)|) | LF
2

�

�

�

<1.

N -functions F, F
2

are defined by equations:

F�1(u) = u(M�1(1/u))n�1, F
2

(u) = M
2

(u
1

n�1 ),

⇤
This research was partially supported by RSCF, agreement No. 16-41-02004.
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and function F
1

is defined by equations:

F (u) = F
1

(2F
3

(u)), F
2

(u) = F
1

(2F ⇤
3

(u)).

Theorem 2. Let M and M
1

satisfy �0-condition. If homeomorphism ' : D !
D0 generates a bounded composition operator '⇤ : L1

M
1

(D0) ! L1

M (D) and has
finite codistortion then the inverse mapping '�1 : D0 ! D generates a bounded
composition operator '�1

⇤
: L1

F (D)! L1

F
1

(D0) and has finite distortion.

Also we prove a theorem about a bounded composition operator and by us-
ing this theorem we achieve another result about the properties of the composi-
tion operator generated by the inverse mapping to some homeomorphism of the
Sobolev–Orlicz class.

Theorem 3. A homeomorphism ' : D ! D0 generates a bounded composi-
tion operator '⇤ : L1

M
1

(D0) ! L1

M (D), if functions M,M
1

2 �
2

and following
statements hold:

1) ' 2 ACL(D);
2) ' has finite distortion;

3) K =
�

�

�

|D'|
M�1

1

(|J(x,')|) | LM
2

�

�

�

<1 (K =
�

�

�

|D'|
M�1

1

(|J(x,')|) | L1

�

�

�

if M = M
1

).

If ' : D ! D0 generates a bounded composition operator '⇤ : L1

M
1

(D0) !
L1

M (D) and a function M
1

2 �0 then ' satisfies conditions 1), 2) and the fol-
lowing condition:

4) K� =
�

�

�

(M(|D'|))1/↵
(|J(x,')|)1/� | L�

�

�

�

<1 (K =
�

�

�

M(|D'|)
|J(x,')| | L1

�

�

�

if M = M
1

).

Theorem 4. Let Q(u) = Cuq(lnu)a1(ln lnu)a2 ...(ln ... lnu)an , q > 1, ai 2 R
be a main part of N -function M and M

1

satisfy �
2

-condition. Suppose M also
satisfies (1). If homeomorphism ' : D ! D0 generates a bounded composition op-
erator '⇤ : L1

M
1

(D0)! L1

M (D) and has finite codistortion then the inverse map-

ping '�1 : D0 ! D generates a bounded composition operator '�1

⇤
: L1

↵0(D) !
L1

�0(D0) and has finite distortion.

The author is grateful to Professor S. K. Vodop’yanov who posed the problem, for

fruitful collaboration and consultations without which this article would be impossible.
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Continuity results for TV -minimizers

Gwenael Mercier

RICAM, Austrian Academy of Sciences, Linz, Austria
e-mail: gwenael.mercier@ricam.oeaw.ac.at

In this talk, we want to illustrate how geometry can help studying regularity
of the minimizer of a generalized total variation. This idea have been already
used in studying the least gradient problem [1–3], consisting, given a function g
on @⌦, in minimizing Z

⌦

F (ru)
with u = g on @⌦.

Similarly, geometry has been used as well in studying jumps introduced by
minimizing the generalized Rudin Osher Fatemi functional

Z

⌦

F (ru) + (u� g)2

2
, (1)

see [4, 5].
In [6], we extend the results mentioned above to obtain continuity results for

both problems. In this talk, we will present one of the results in [6] which deals
with anisotropic least gradient problem in the spirit of [3].

Theorem 1. Let ' be a norm in Rn which is C2 in Rn \ {0} and such that '2

is strongly convex. Let also ⌦ be a bounded Lipschitz open subset that satisfies
some “'-mean convexity property”. Moreover, let g be continuous on @⌦. Then,
there is a unique minimizer u of

u = argmin
v2BV

v=g on @⌦

Z

⌦

'(ru) (2)

where the equality v = g on @⌦ means, as in [3], that

8x 2 @⌦, lim
r!0

ess sup
y2⌦

|x�y|6r

|v(y)� g(x)| = 0.

In addition, this minimizer is continuous.

After introducing briefly the space BV of functions with bounded variation
as well as finite perimeter sets, we introduce the anisotropic perimeter Per' and
show that the level sets {u > t} of the minimizers u of (2) are anisotropic minimal
surfaces, that is minimizers of Per'.

Then, we show that two anisotropic minimal surfaces that are ordered with
no contact in a neighborhood of @⌦ cannot touch in the whole ⌦. This property
applied to {u > t} and {u > s} for t 6= s proves that two level-sets cannot touch,
which is exactly saying that the minimizer u of (2) is continuous.
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The proof takes advantage of the regularity of minimizers of Per' up to a set
of dimension at most n� 3 [7].

If we have time, we will briefly discuss the results concerning the Rudin Osher
Fatemi denoising model (1).
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Mappings with finite distortion in elastodynamics

Anastasia Molchanova⇤

Sobolev Institute of Mathematics, Novosibirsk
Peoples’ Friendship University of Russia, Moscow

e-mail: molchanovanastya@gmail.com

In this talk, we describe a new class of admissible mappings which are closed
to the mappings with finite distortion. We apply the variational approximation
scheme to the elastodynamic problem for a three dimensional torus using this
new admissible class of mappings.

The so-called variational approximation method is a technique by which the
sequence of variational problems for appropriate functionals are solved. Specifi-
cally, it allows the limit of a minimizing iteration sequence to be evaluated. The

⇤
This research was partially supported by RSCF, agreement No. 16-41-02004.
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variational approximation scheme developed in [1] establishes a link between elas-
tostatics and elastodynamics. The method is based on the observation that the
solution to the elastodynamic system of equations

@

@t
Fi↵ =

@

@x↵
vi,

@

@t
vi =

3

X

↵=1

@

@x↵
Si↵(F ), i,↵ = 1, 2, 3,

for the deformation di↵erential F = Dxy and the velocity v = @ty, where
y : ⌦⇥ R

+

! R3, ⌦ ⇢ R3, is the displacement and S is the first Piola–Kirchgo↵
stress tensor, satisfies the additional conservation laws

@

@t
detF =

3

X

i,↵=1

@

@x↵
((cof F )i↵vi),

@

@t
(cof F )k� =

3

X

i,j,↵,�=1

@

@x↵
(✏ijk✏↵��Fj�vi)

where ✏ijk stands for the sign of a permutation and cof F and detF are the
cofactor matrix and the determinant of the matrix F respectively.

Further time discretization gives the variational problem

I(v, F, Z,w) =

Z

⌦

1

2
|v � v0|2 +G(F,Z,w) dx! min

for new variables Z = cof F , w = detF with initial data v0(x), F 0(x), Z0(x),
w0(x) and the admissible set C involves “additional” constraints.

In this talk we present the results of [2] where we consider the variational
approximation scheme using a new class of admissible mappings, prove existence
and uniqueness theorems as well as derive the Euler–Lagrange equations (where
we shall see that some additional requirements are necessary) in the case of
smaller regularity (p � 3), finite distortion (|F |3/w 2 Ls(⌦), s > 2) and non-
negative Jacobian (w � 0) requirements.

These results are based on techniques and methods of papers [1, 3].
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Mapping connecting critical values of rational functions to
thier critical values and poles

Semyon R. Nasyrov⇤

Kazan (Volga Region) Federal University, Kazan, Russia

Every rational function R in the complex plane C can be represented in the
form

R(z) = C
0

Z z

z
0

QM
k=1

(⇣ � ak)mk

�1 d⇣
QN

j=1

(⇣ � bj)nj

+1

+ C
1

. (1)

Here ak are its critical points of order mk and bj are poles of order nj . Denote
by Ak = R(ak) critical values of R. It is well known that R defines a Riemann
surface S, i.e. branched covering of the Riemann sphere non-ramified over C \
{A

1

, . . . , AM}. Given S, an important problem is to determine a rational function
R uniformizing S. In essence, it is equivalent to the problem of finding parameters
ak and bj in (1). Without loss of generality we can assume that C

0

= 1, z
0

= a
1

,
C

1

= A
1

, and M
X

k=1

(mk � 1)ak �
N
X

j=1

(nj + 1)bj = 0. (2)

Consider the set P in CM+N consisting of all (a
1

, . . . , aM , b
1

, . . . , bN ) satisfy-
ing (2) and the conditions

res z=b
l

QM
k=1

(⇣ � ak)mk

�1

QN
j=1

(⇣ � bj)nj

+1

= 0, 1  l  N,

and the mapping f : P! CM defined by

(a
1

, . . . , aM , b
1

, . . . , bN ) 7! (A
1

, . . . , AM ).

Theorem. The set P is an M -dimensional submanifold in CM+N . The mapping
f is non-degenerate at every point of P and the di↵erential of the locally inverse
mapping is given by the formulas:

dal =
H(m

l

�1)

l (al)

(ml � 1)!
dAl +

M
X

k=1,k 6=l

G(m
k

�2)

kl (ak)

(mk � 2)!
dAk, dbj =

M
X

k=1

I(mk

�2)

kj (ak)

(mk � 2)!
dAk,

where

Hl(x) =

QN
j=1

(x� bj)nj

+1

QM
k=1,k 6=l(x� ak)mk

�1

, Gkl(x) =
Hk(x)

x� al
, Ikj(x) =

Hk(x)

x� bj
.

⇤
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The theorem allows us to find approximately rational functions uniformizing
given Riemann surface over the Riemann sphere (see [1] for the case of simple
critical points).
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Symmetric Riemannian problem on the groups of proper
motions of a sphere and the hyperbolic plane

Alexey Podobryaev
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Let M be a two-dimensional surface of constant curvature k = ±1. So,
M is a sphere or a hyperbolic plane. Consider it as a homogeneous space of
the corresponding group of proper motions M = G/SO

2

, where G is SO
3

or
PSL

2

(R). We study the riemannian metric on G that is the lift of the metric on
M . This metric is determined by its eigenvalues I

1

= I
2

, I
3

> 0 at g = T
id

G.
We investigate the global optimality of geodesics and find the cut locus and cut
time for such metrics. When I

3

! +1, the cut time and the cut locus converge
to the cut time and the cut locus of the sub-Riemannian problems described by
V.N. Berestovskii, I. A. Zubareva [1, 2] and U. Boscain, F. Rossi [3].

Let ⌘ = k I
1

I
3

� 1 be the parameter reflecting oblateness of small spheres of
our metric. Note that for PSL

2

(R) we have ⌘ 2 (�1,�1) and for SO
3

we have
⌘ 2 (�1,+1). Let e

1

, e
2

, e
3

2 g be eigenvectors of the metric. We fix the
isomorphism of g and g

⇤ via the Killing form. Now p = p
1

e
1

+ p
2

e
2

+ p
3

e
3

2 g

⇤

is the initial momentum of a geodesic.

Proposition 1. The geodesic starting at id with an initial momentum p is the
product of two one-parametric subgroups:

Q(t) = exp

✓

tp

I
1

◆

exp

✓

t⌘p
3

e
3

I
1

◆

.

Theorem 1. For the left-invariant metric on G with eigenvalues I
1

= I
2

, I
3

> 0
the cut locus is:
(1) the plane P�1

of central symmetries of a hyperbolic plane if ⌘ 2 (�1,� 3

2

];
(2) the union of P�1

and the interval H⌘ of rotations of a hyperbolic plane around
fixed point by angles ±', where ' 2 [�2⇡(1 + ⌘),⇡], if ⌘ 2 (� 3

2

,�1);
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(3) the union of the projective plane P
1

of central symmetries of a sphere and
the interval S⌘ of rotations of a sphere around fixed axis by angles ±', where
' 2 [2⇡(1 + ⌘),⇡], if ⌘ 2 (�1,� 1

2

);
(4) the projective plane P

1

of central symmetries of a sphere if ⌘ 2 [� 1

2

,+1).

Note that G = PSL
2

(R) in cases (1–2) and G = SO
3

in cases (3–4).
The proof of this theorem is based on considering the symmetry group of

the Hamiltonian vector field of Pontryagin maximum principle, finding its fixed
points (Maxwell points), verification that the Maxwell time is less or equal to
the conjugate time, then considering an open set bounded by Maxwell time in
the preimage of the exponential map, which is di↵eomorphic to the comple-
ment of the closure of the Maxwell strata in G. This method was presented by
Yu. L. Sachkov for the Euler elastic problem [4]. Cases (3–4) were obtained in our
paper [5]. For computations we use quaternions and split-quaternions for SO

3

and PSL
2

(R) respectively, so also we have results for cut loci on double coverings
SU

2

and SU
1,1 w SL

2

(R) of SO
3

and PSL
2

(R) respectively. We have computed
the diameter of SO

3

and the injectivity radius for PSL
2

(R).
Consider the left-invariant sub-Riemannian structure on G generated by the

plane span{e
1

, e
2

} and the restriction of the Killing form to this plane.

Proposition 2. Parametrization of geodesics, conjugate time and locus, cut time
and locus in the sub-Riemannian problems on SO

3

and PSL
2

(R) are obtained
from the Riemannian ones by passing to the limits ⌘ ! �1 + 0 and ⌘ ! �1� 0
respectively.

When ⌘ ! �1, the intervals H⌘ and S⌘ converges to the punctured circle
S1 \ {id} that is the local component of the cut locus of the sub-Riemannian
metric for both groups. The global component of the cut locus (P�1

or P
1

) is
the same for the Riemannian and sub-Riemannian metrics.
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On controllability in a mass transportation problem

Nikolay Pogodaev

Matrosov Institute for System Dynamics and Control Theory, Irkutsk, Russia
e-mail: n.pogodaev@icc.ru

Consider a probability measure ✓ on Rn that drifts along a smooth vector
field x 7! f(x, u). The evolution of ✓ can be described by the continuity equation

@tµ+ div
�

f(x, u)µ
�

= 0 (1)

with the initial condition µ(0) = ✓. We address the following question: is it
possible steer ✓ to a given measure, using u as a control?

In the talk we will discuss some connections of this issue with the problems
of controllability on the group of di↵eomorphisms and controllability of ensem-
bles. For example, using the results of [1], one can proof the following su�cient
condition for approximate controllability.

Theorem. Let f have the form

f(x, u) = u
1

f
1

(x) + · · ·+ umfm(x),

where f
1

, . . . , fm are bracket generating vector fields on Rn with n 6= 4. Then,
for any two nonatomic compactly supported probability measures ✓

1

, ✓
2

and any
" > 0, there exist a feedback control u = u(t, x) and a time moment T such that

W
1

�

µ(T ;u, ✓
1

), ✓
2

�

< ",

where µ(·, u, ✓
1

) is the solution of (1) that corresponds to the initial condition
µ(0) = ✓

1

and the control law u = u(t, x), W
1

is the Wasserstein distance.
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Curves with a�ne-congruent arcs

IrinaV. Polikanova

Altay State Pedagogical University, Barnaul, Russia
e-mail: Anirix1@yandex.ru

The curve in n-dimentional a�ne space An is called the curve with a�ne-
congruent arcs (CwACA) if any two its oriented arcs are transformable into each
other by an a�nity.
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Hypothesis. The set of all CwACA in An coincides with the class of curves,
defined in some a�ne frame by one of the parametrisations

~x = (t, t2, . . . , tk, 0, . . . , 0), k = 1, 2, . . . , n. (1)

Certainly, every curve, a�ne-congruent of CwACA, is itself CwACA.
The author found:
1. CwACA in An, having a flattening of order k point, k < n, is contained in

the k-dimensional plane.
2. Curves in An, defined by (1), are CwACA.
They lie on the boundary of their convex hulls.
3. The curve, defined in some a�ne frame by

~x =
⇣

t,
t2

2!
, . . . ,

tn

n!

⌘

,

being a�ne-congruent of (1), when k = n, is CwACA, is nondegenerate (i. e.
does not lie in any hyperplane in An), and is parameterized by a�ne arclength
(i. e. det[~x0, ~x00, . . . , ~x(n)] = 1). All its a�ne curvatures are

k
1

= k
2

= . . . = kn = 0 = const.

4. The hypothesis is true for n = 2 and n = 3.
For n = 3 the assertion is proved under the assumption of C3-smoothness of

the curve. For n = 2 a priori regularity of the curve is not required.
5. The validity of the hypothesis yields that straight lines are the only curves

in An, any two arcs of which are similar-congruent.

The moduli and capacity on Riemann surface

Petr A. Pugach, Vladimir A. Shlyk

Vladivostok Department of Russian Customs Academy, Vladivostok, Russia
e-mail: 679097@mail.ru, shlykva@yandex.ru

Let R be a Riemann surface glued from finitely or countably many domains
in the extended complex plane C = C[ {1} so that the following conditions are
satisfied: each point in R projects onto a point w = prW in one of the glued
domains, each point in R has a neighbourhood which is a univalent disk or a
multivalent disk with the unique ramification point at the centre of the disk.

The operation of projection W ! prW = w induces the Lebesgue 2-dimen-
sional measure �, the Hausdor↵ 1-dimensional measure H1, the Euclidean metric
ds on R.

Set R1 = {W 2 R : prW =1}. Below, let G be an open set in R such that
G is a compact set in R.
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A curve � in � is defined as the image of the number interval (a, b) under
a continuous mapping W = W (t) into R. Let � ⇢ G and T = {t 2 (a, b) :
W (t) /2 R1}. Then T consists of at most countable number of open intervals Tj ,
j � 1, and W (t), t 2 Tj , represents a curve �j ⇢ G. For all j � 1 �j is a locally
rectifiable curve in G. A condenser in G is an ordered triple of sets (F

0

, F
1

, G)
where F

0

, F
1

are disjoint compact sets in G. For a condenser (F
0

, F
1

, G) we
denote as �(F

0

, F
1

, G) a family of all locally rectifiable curves connecting F
0

and
F
1

in G.
For p 2 (1,+1) we define the modulus of �(F

0

, F
1

, G) by the equality

mp(F0

, F
1

, G) = inf

Z

G

⇢p d�,

where the infimum is taken over all nonnegative Borel functions ⇢ : G! [0,+1]
satisfying

R

�
⇢ ds � 1 for all � 2 �(F

0

, F
1

, G).

The capacity of the condenser (F
0

, F
1

, G) is defined by

Cp(F0

, F
1

, G) = inf

Z

G

|ru|p d� = inf

Z

G
0

|ru|p d�,

where the infimum is taken over all functions u : G! [0, 1] such that u are equal
to j on a neighbourhood of Fj , j = 0, 1; and are locally Lipschitz in G.

For a condenser (F
0

, F
1

, G) let � be any compact set in R such that R \ � =
A

0

[ A
1

, where A
0

, A
1

are disjoint open sets, and F
0

⇢ A
0

, F
1

⇢ A
1

. The � is
called a set separating F

0

and F
1

in R. Respectively, the set ⌧ = � \G is called
the set separating F

0

and F
1

in G.
By using the technique of Ziemer [1], and the results from [2], we obtain the

following assertions.

Theorem 1. Cp(F0

, F
1

, G) <1 and mp(F0

, F
1

, G) = Cp(F0

, F
1

, G).

Theorem 2. Cp(F0

, F
1

, G)
1

p ·Mq(F0

, F
1

, G)
1

q = 1.
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Conformally flat metrics of positive curvature and
quasiconformal mappings of the sphere

Eugene Rodionov⇤ Viktor Slavsky†

Altay State University Ugra State University
e-mail: edr2002@mail.ru, slavsky2004@mail.ru

Theorem 1. Let ds2 = dx2

f2

(x) be a conformally flat metric of positive [1] one-

dimensional curvature on the unit sphere Sn ⇢ Rn+1, and the function f is
continued to the function f : Rn+1 ! R according homogeneity. Then the trans-
formation Hf : Sn ! Sn, which is determined by the formula:

Hf : ~x 2 Sn ! ~x� 2f(x)
~rf

|~rf |2 2 Sn,

where ~rf – gradient f in Rn+1, is a di↵eomorphism of the sphere. The coe�cient
of quasiconformality of Hf is calculated by the formula:

q(Hf ) = max
x

maxi{ki(x)}
minj{kj(x)} ,

where {ki(x)}, i = 1, . . . , n, are the principal values of one-dimensional curvature
at the point x 2 Sn.
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On the traces of Sobolev functions on the hypersurfaces

Aleksander S. Romanov‡

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: asrom@math.nsc.ru

Consider the unit cube Q ⇢ Rn and the Sobolev space W 1

p (Q). If p  n
Sobolev space W 1

p (Q) contains discontinuous functions and the space of traces on
an arbitrary cross section S cube Q by hyperplane coincides with the Besov space

B1�1/p
p (S), which also contains discontinuous functions. However, if n�1 < p  n

for an arbitrary function u 2 W 1

p (Q) there is an equivalent quasi-continuous
function ũ, which is Hölder with exponent ↵p = 1�(n�1)/p on almost all sections

‡
Supported by the RFBR, grant 14-01-00552.
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orthogonal to an axis. This fact is a simple consequence of Fubini’s theorem
and embedding theorems for Sobolev spaces to space of continuous functions.
It is obvious that there must be the relationship between the Hölder exponent
0 < ↵  ↵p and the dimension of the set of the “bad” sections on which the
function does not belong C↵.

Let n� 1 < p  n, 0 < ↵  ↵p, d > n� (1�↵)p, the set E ⇢ (�1, 1) is d-set,
i.e. there is such a measure ⌫ on E, that C

1

rd  ⌫(E \ B(x, r))  C
2

rd, x 2 E.
For every t 2 E, consider the cross section Gt = {x 2 Q | xn = t}.
Theorem 1. If n � 1 < p  n, 0 < ↵  ↵p and the function u 2 W 1

p (Q), then
u|G

t

2 C↵(Gt) for ⌫-almost all t 2 E.

Note that if we change the Hölder exponent ↵ from zero to ↵p then the
Hausdor↵ dimension d varies from n � p to 1. When p = n � 1 a function
u 2 W 1

n�1

(Q) may have irremovable discontinuity points on all sections Gt,
t 2 (�1, 1). In this case we should consider the Sobolev class of functions, which
gradients belong to the Lorentz space Ln�1,1(Q).

Theorem 2. If the function u belongs to the Sobolev-Lorentz space W 1

n�1,1(Q)
then u is (n� 1)-absolutely continuous on almost all sections Qt.

Following [1] the family of all Lipschitz hypersurfaces in the unit cube Q ⇢ Rn

denoted by ⌃ and the p-module family of hypersurfaces � ⇢ ⌃ by symbol Mp(�).
Family � ⇢ ⌃ is called p-exceptional, if its p-module is zero, Mp(�) = 0. It is

said that some property holds for p-almost all hypersurfaces family �, if the set
hypersurfaces S 2 �, for which the property is not satisfied, a p-exceptional.

Theorem 3. Let n � 1 < q  p  n. If the function u 2 W 1

p (Q), then it

locally satisfies a Hölder condition with exponent ↵ = 1� n�1

q on p/q-almost all
Lipschitz hypersurfaces S 2 ⌃.
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Sobolev type embedding theorems and rigidity
estimates in metric case

Nikolai N. Romanovskii

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: nnrom@math.nsc.ru

In [1, 2] a new definition of Sobolev spaces in measure-metric case was formu-
lated. The definition appeared to be convenient to prove embedding theorems
and other important estimates in the most general situation including the case
when the measure does not satisfy the doubling condition.

This approach is productive even in Euclidean case. To prove embedding
theorems one can prove equivalence of the classical definition and the definition
in [1, 2] and to use some estimates directly following from the definition in [1, 2].
For the case of domains with singularities and for some weighted cases this ap-
proach appeared to be simpler then the classical one.

This approach could be used also to prove some important estimates, in par-
ticular Gagliardo-Nirenberg estimates and some estimates that could be used to
prove rigidity theorems in geometry. In the talk we consider some inequalities
generalizing Sobolev imbedding theorems that could be used to prove rigidity of
quasiisometries and other classes of mappings.

Let (X, ⇢X , µ) is a measure-metric space, µ is a borel measure, (Y, ⇢Y ) is a
separable metric space, V ⇢ X is a completely bounded set. We consider a
general case of mappings from V to Y , see also [3].

Definition 1. We say that a sequence ⌅ = {�
0

,�
1

,�
2

, . . . ,�j , . . . } of partitions

of a set V into disjoint µ-measurable sets Ej
i , i = 1, . . . , n(j), satisfies d-condition,

if for each i partition �i+1

is subpartition of �i and the following inequalities hold
diam(Ej

i )  C
1

10�j , µ(Ej
i ) � C

2

10�jd. We suppose that �
0

= {V }.
Definition 2. Let us fix a family of mappings A of a set V to Y , such that for
some constants C

1

and C
2

for any mapping A 2 A and a set Ek
i 2 �k the following

inequality holds supx2Ek

i

|A(x)|  C
1

infx2Ek

i

|A(x)|+C
2

. Denote by G�
k

the set

that consists of all functions on every set Ek
i of partition �k equal to a function

from Ak
i 2 A.

Definition 3. Let p 2 [1,1), r 2 (0, 1], a sequence ⌅ = (�
0

,�
1

, . . . ,�j , . . . )

satisfies d-condition, u 2 Lp(V, Y ). Denote sets in partition �j by Ej
i , i =

1, . . . ,m(j). Let Aj
i 2 A be the best approximation in A of a mapping u to the

distance of Lp(E
j
i , Y ). Suppose that there exists a function hr 2 Lp(V ) such
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that for any set Ej
i 2 �j the following inequality holds
Z

Ej

i

d(u(x), Aj
i (x))

p

10jrp
dµ(x) 

Z

Ej

i

(hr(x))p dµ(x).

Then we will write u 2 W r,p
⌅,A(V ). Any function hr(x) satisfying (1) we will call

an upper gradient of mapping u of order r. By seminorm in space W r,p
⌅,A(V ) we

will call the minimum of norms khrkL
p

(U)

among all functions hr(x) satisfying
the inequality (1), i. e. among all upper gradient of mapping u of order r, and
denote by [u]W r,p

⌅,A(V )

or [u]r,p
⌅,A. Denote kukW r,p

⌅,A(V )

:= kukL
p

(V,Y )

+ [u]W r,p

⌅,A(V )

.

Lemma 1. Let p 2 [1,1), r 2 (0, 1], ⌅ = (�
0

,�
1

,�
2

, . . . ,�j , . . . ) satisfies d-
condition. Suppose that C

1

= 1, C
2

= 10d. Let rp < d. Let u 2 W r,p
⌅,A(V, ⇢, µ)

and [u]r,p
⌅,A  2�l, where l = 2 + d

d�rp . By gk denote the function best approxi-

mating the function u among all functions from G�
k

to the distance Lp(V, Y ), in
particular the function g

0

(x) belongs to A. Then for any integer k, satisfying the
inequality

k � 1  p

d� rp
lg(A)

the set {x 2 U | d(gk(x), A0

(x)) � A/2} is empty.

Lemma 2. Suppose that the conditions of Lemma 1 are fulfilled. Fix an integer
i � 0. Denote by V k

i the set of all points x 2 V such that d(gk(x), A0

(x)) 2
[10i, 10i+1). Denote by hr(x) an upper gradient of function u of order r. Let
q � p. Then the following inequality holds

Z

V k

i

d(gk(x), A0

(x))q dµ(x)  2p10(q�p)i10�
rp

2

i

d�rp

Z

V k

i

(hr(x))p dµ(x)

= 2p10(q�
dp

d�rp

)i
Z

V k

i

(hr(x))p dµ(x).

Theorem 1. Let p 2 [1,1), r 2 (0, 1], ⌅ = (�
0

,�
1

,�
2

, . . . ,�j , . . . ) satisfy d-
condition. Suppose that rp < d. Then W r,p

⌅,A(V, ⇢, µ) is continuously embedded
into L dp

d�rp

(V, µ) and the following inequality holds

✓

Z

V

d(u(x), g
0

(x))q dµ(x)

◆

1

q

 C[u]r,p
⌅,A, where C = (C

1

)r
⇣

2lq
⇣10dµ(V )

C
2

+2(1�l)p
⌘⌘

1

q

.

Remark. If Y = R, A is a set of constants Theorem 1 is an analogue of the
classical Sobolev embedding theorem. If in addition (X, ⇢, µ) is Euclidean space
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with Lebegue measure then it coincides with the classical Sobolev embedding
theorem.

If X = Y = Rn, A is a set of isometries then from the theorem 1 directly
follows the rigidity estimates for isometries, see also [4, 5, 6].
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Integrability and optimal synthesis
in sub-Riemannian geometry

Yuri Sachkov

Program Systems Institute of RAS, Pereslavl-Zalessky, Russia
e-mail: yusachkov@gmail.com

The talk is devoted to the two recent results, one negative and one positive,
in sub-Riemannian geometry.

For left-invariant sub-Riemannian structures on free nilpotent Lie groups we
consider a problem of Liouville integrability of vertical subsystem of the Hamil-
tonian system from Pontryagin’s maximum principle on orbits of coadjoint repre-
sentation of maximum dimension. All cases of integrability and nonintegrability
are fully described.

For the left-invariant sub-Riemannian problem on Engel group we constructed
an optimal synthesis and cut locus, started investigation of a sphere. This is the
first result of its kind on three-step Lie groups.
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Isoperimetric inequalities in torsion problem

Rustem G. Salakhudinov⇤

Kazan Federal University, Kazan, Russia
e-mail: rsalakhud@gmail.com

In 1951 G. Pólya and G. Szegö [1] expressed a lower bound for the torsional
rigidity of a convex plane domain in terms of the area and inradius of the domain.
Only in 1962 Makai [2] proved an upper bound for the torsional rigidity in the
same terms. On the other hand, in 1995 F.G. Avkhadiev [3] showed that the
torsional rigidity and the Euclidean moment of inertia are comparable quantities
for simply connected domains. In our report we discuss various isoperimetric
inequalities classical and new in the torsion problem. As an application of our
results we discuss approximate formulas for the torsional rigidity.
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Geometry of nonregular weighted Carnot-Carathéodory
spaces and applications

Svetlana Selivanova

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: s_seliv@math.nsc.ru

We give an overview of recent results on local geometry of weighted Carnot-
Carathéodory spaces in a neighbourhood of a nonregular point and discuss pos-
sible applications to control systems ẋ = f(x, u) nonlinear on control functions
u(t). The considered geometry is a generalization of classical sub-Riemannian
geometry, which naturally arises in a�ne control problems ẋ =

Pn
i=1

ui(t)Xi(x).
Here vector fieldsXi span the horizontal subbundle of the considered sub-Rieman-
nian space and are the “allowed” motion directions.
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Conformal maps and variational method
of studying equilibrium forms

E.A.Shcherbakov, M.E. Shcherbakov

Kuban State University, Krasnodar, Russia

Variational method is well known [1] to be highly useful in studying of sep-
arating surfaces of two-phase environments in the state of equilibrium. In [2]
the classical theory is generalized from the axisymmetric case to the case when
intermediate layer is taken into consideration. In [3] not only existence of inter-
mediate layer is reckoned but its elasticity as well. In the proposed research we
study equilibrium forms which do not possess axial symmetry. We prove the the-
orem on existence of almost global semigeodesical parameterisation of surfaces.
This result allows to introduce a functional that in the case of axisymmetric sur-
faces considers the impact of the intermediate layer. We showed the the Euler’s
condition for defining a form of the equilibrium surface is a generalization of the
classical Laplace condition and is a non-linear equation principal part of which
is defined by Laplace-Beltrami operator. The method we use can be used for
studying generalized minimal surfaces [4].
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An open mapping theorem for the Navier-Stokes equations

A. Shlapunov

Siberian Federal University, Krasnoyarsk, Russia
e-mail: ashlapunov@sfu-kras.ru

N. Tarkhanov

Universität Potsdam, Potsdam (Golm), Germany
e-mail: tarkhanov@math.uni-potsdam.de

We consider the Navier-Stokes equations in the layer Rn⇥ [0, T ] over Rn with
finite T > 0. Using the standard fundamental solutions of the Laplace operator
and the heat operator, we reduce the Navier-Stokes equations to a nonlinear
Fredholm equation of the form (I +K)u = f , where K is a compact continuous
operator in anisotropic normed Hölder spaces weighted at the point at infinity
with respect to the space variables. Actually, the weight function is included to
provide a finite energy estimate for solutions to the Navier-Stokes equations for
all t 2 [0, T ]. On using the particular properties of the de Rham complex we
conclude that the Fréchet derivative (I +K)0 is continuously invertible at each
point of the Banach space under consideration and the map I +K is open and
injective in the space. In this way the Navier-Stokes equations prove to induce
an open one-to-one mapping in the scale of Hölder spaces.

A duality principle in the weighted Sobolev spaces on the
real line

Vladimir D. Stepanov⇤

Peoples’ Friendship University of Russia, Moscow
e-mail: stepanov@mi.ras.ru

We analyse characterization of an embedding inequality of Sobolev type with
help of a duality principle and boundedness criteria for the Hardy-Steklov integral
operator in weighted Lebesgue spaces.

⇤
This research was carried out at the Peoples’ Friendship University of Russia and financially

supported by the Russian Science Foundation (Project 16-41-02004)
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Metrics ⇢, quasimetrics ⇢s and pseudometrics inf ⇢s

Konstantin Storozhuk

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: stork@math.nsc.ru

Let ⇢(x, y) : M ⇥M ! [0,1) be a metric in a space M , s > 0. For s > 1
the function ⇢s is possibly not a metric, because it does not necessarily satisfy
the triangle inequality. However, it is a q-quasimetric due to fulfilment of the
“q-triangle inequality” 8x, y, z 2M ⇢s(x, z)  q·(⇢s(x, y)+⇢s(y, z)) for q = 2s�1.
Such quasimetrics are a particular case of f - quasimetrics (that is, such functions
⇢ that satisfy the “f -triangle inequality” ⇢(x, z)  f(⇢(x, y) + ⇢(y, z)), where
f : R

+

! R
+

is a function such that f(t) !
t!0

f(0) = 0). The topology on a

f -quasimetric space is defined the same way as in a metric space: a set U is
considered to be open, if its each point is included in U together with some "-ball
B(x, ") = {y | ⇢(x, y) < "}.

Denote by inf ⇢(A,B) for such ⇢ the infimum of the lengths of polygonal chains
that connect two points A,B 2 (M, ⇢). These polygonal chains are understood
as the sets of points {A = z

0

, . . . , zn = B} ⇢ (M, ⇢); the length of a polygonal
chain is the sum of the lengths of its segments: |L| = Pn

i=1

⇢(zi�1

, zi). Thus,
inf ⇢(A,B) = inf{Pn

i=1

⇢(zi�1

, zi) | n <1, z
0

, . . . , zn 2M, z
0

= A, zn = B}.
We construct a set M ⇢ R2, on which there is a continuum of pairwise

di↵erent topologies induced by the metrics inf ds, s � 1.

Example (comb). Let us construct a set M ⇢ R2, on which there is a continuum
of pairwise di↵erent topologies induced by the metrics inf ds, s � 1. For each n =
0, 1, 2, . . . consider a dashed ray Ln = {An0, An1, . . .} in R2, which goes upward
from the point An = An0 = (n, 0) 2 R2, Ank = (n, k · 2�n) 2 R2, k = 0, 1, 2, . . .
The base An of each ray Ln is joined with the point z = (0,�1) by a dashed
segment Rn consisting of 2n equal parts. Define M = {z} [Sn�1

(Ln [Rn).

Theorem 1. Let ↵ > 1. Put zn = (n, [2(↵�1)n]) (here the square brackets
denote the integer part of a number). The sequence zn converges to z in the
metric inf ds if and only if s > ↵. Therefore, for di↵erent s the topologies defined
by the metric inf ds on M are di↵erent: if 1  s < s̃, then the identity map
Id : (M, inf ds)! (M,ds̃) is continuous, but the inverse map is discontinuous.

References
1. A.V. Arutyunov, A.V. Greshnov, L.V. Lokutsievskii, K.V. Storozhuk, “Topo-

logical and geometrical properties of spaces with symmetric and nonsymmetric f -
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Direct approach to the field theory
in the Calculus of Variations

Mikhail A. Sychev

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: masychev@math.nsc.ru

Consider an integral functional

J(u) =

Z b

a
L(x, u(x), u̇(x)) dx,

where L(x, u, v) 2 C3([a, b]⇥R⇥R), Lvv > 0. Recall that C1-regular minimizer
of such functional satisfies the Euler-Lagrange equation

d

dx
Lv(x, u(x), u̇(x)) = Lu(x, u(x), u̇(x)). (1)

We prove the following two theorems in the spirit of the field theory.

Theorem 1. Let G = {(x, u) : a  x  b, g(x)  u  f(x)}, where f > g in
[a, b], f, g 2 C3[a, b].

If there is a family of C1-regular extremals (solutions of (1)) which covers G
without intersections, then each representative u : [a, b] ! R of the family is a
minimizer of the functional in the class of functions w 2 W 1,1, graphs of which
belong to G and w satisfies the same boundary conditions as u.

Theorem 2. Let L,G be as in the previous theorem. Assume that a family of
Sobolev functions covers G without intersections, where all functions except one
u
0

: [a, b] ! R are C1-regular extremals of the functional and u
0

is not Lips-
chitz (the derivative is essentially unbounded). Then u

0

has Tonelli’s regularity,
i.e. it has everywhere classical derivative (possibly infinite) and the derivative is
continuous as a function with values in R [ {1} [ {�1}; in the open set of
full measure, where |u̇| < 1, the function u

0

satisfies (1). For any Lipschitz
u : [a, b] ! R which have the same boundary conditions and with graph in G we
have

J(u) > J(u
0

). (2)

If L(x, u, v) has superlinear growth in v for (x, u) su�cienly close to the graph of
u
0

then (2) holds also for any u 2 W 1,1[a, b] with the same boundary conditions
as u

0

and with graph in the set G.
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The spaces ordered by metrics

Dmitry Trotsenko
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By |x� y| we mean the distance between x and y – elements of an arbitrary
metric space.

The sequence (x
1

, . . . , xk) is �-relative, if xi 6= xi+1

and satisfies the inequal-
ities |xi�1

� xi+1

|
min{|xi � xi�1

|, |xi � xi+1

|}  �.

Definition. Let A be a metric space and P (A) be a set of ordered pairs of A,
i.e. P (A) = {(x, y) 2 A⇥A, x 6= y}.

The �-component or the component of �-relative connectedness is a subset
� of pairs from P (A) such that any two pairs in � are connected by �-relative
sequence with an even number of members. The �-component is called oriented
if it contains no pair (x, y) and (y, x) simultaneously. Fixing a pair (x, y) 2 �
and assuming x < y, we define a partial order on A.

Definition. The sequence (x
0

, . . . , xk) in R is called alternating if for every
i = 1, . . . , k � 1 the inequalities xi < xi±1

or xi > xi±1

hold, that is, the signs of
inequalities alternate.

Lemma 1. Let � < 2. Then any ��relative sequence of R is alternating.

The Cantor set C↵ is built throwing the median segment of length ↵d out of
segment of length d. Thus, C↵ is the union of two similar sets with similarity
coe�cients p = (1� ↵)/2.
Theorem 1. The set C↵ is �-relatively connected if and only if � � 2↵/(1�↵).
Theorem 2. The set A ⇢ R allows the extension of all M -bilipschitz functions
f : A ! R to M � BL functions F : R ! R for all M < N if and only if A is
�-connected with � = 2/(N2 � 1).
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Logarithmic Gauss mapping for complex surfaces and
solutions to algebraic equations

A.K. Tsikh

Institute of Mathematics and Fundamental Informatics of SFU,
Krasnoyarsk, Russia

To every nonsingular point z of a complex surface V in the algebraic torus
(C \ 0)n the logarithmic Gauss mapping associates complex normal subspace
to the logarithmic image log(V ) in log(z). Using parameterization of classical
discriminant set as inverse to logarithmic Gauss mapping we obtain rational
expression for multiplicity roots of a general algebraic equation in the form

�
2

�
1

= · · · = �n�1

�n�2

,

where �i is a derivative discriminant by i-th equation coe�cient. The same
result is obtained for general system of n algebraic equations of n variables.

These results are obtained in collaboration with I. A. Antipova and E.N.
Mikhalkin.

On Whitney-type problem for Sobolev spaces

Alexander Tyulenev

International School for Advanced Studies, Trieste, Italy

Sergey Vodopyanov

Sobolev Institute of Mathematics, Novosibirsk, Russia
e-mail: vodopis@math.nsc.ru

Let S ⇢ Rn be a closed set such that for some 0  d  n and " > 0 the
d-Hausdor↵ content Hd

1(S
T

B) � "rd for any ball B centered in S of volume
|B|  1. Let W l

p(Rn) (p 2 (1,1), l 2 N) be the Sobolev space on Rn. For each
p > n� d and each l 2 N we give an intrinsic characterization of the restrictions
{D↵F |S : |↵|  l � 1} to S of (l � 1)-jets generated by functions F 2 W l

p(Rn).
In particular, for p > n� 1 we characterize the trace space of the Sobolev space
W 1

p (Rn) to the closure ⌦ of arbitrary open path-connected set ⌦.
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Errors, condition numbers, and guaranteed accuracy of
higher-dimensional spherical cubatures

Vladimir Vaskevich

Novosibirsk State University, Novosibirsk, Russia
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On the unit sphere S of Rn for n � 2 we consider the cubature formulas of
the form

1

�n�1

Z

S

'(✓) dS t
N
X

j=1

cj'(✓
(j)),

N
X

j=1

cj = 1. (1)

Here �n�1

= 2⇡n/2/�(n/2) is the area of S, ✓ 2 S; ✓(j) 2 S are the nodes of
the formula, while cj are its nonzero weights. The rules specifying the nodes
✓(j) and weights cj of (1) are independent of the choice of the concrete integrand
'(✓). Assume that the set of integrands amounts to a Banach space X = X(S)
that is boundedly embedded into the space C(S) of continuous functions on S.
In other words, there exists a finite embedding constant, that is, the minimal
positive number An satisfying sup

✓2S
|'(✓)|  Ank' | X(S)k for all ' 2 X(S). If

the identically-one function belongs to X(S), and has norm 1 then An � 1. It is
natural to regard (1) as some standard approximation to the singular generalized
function MS(x) whose action on a test function '(x) amounts to the spherical
average over S of the function itself: (MS ,') =

1

�
n�1

R

S

'(✓) dS. As typical tools

for this standard approximation we use linear combinations of shifts of Dirac’s
delta-function �(x), that is, the cubature sums of the form

(⌃N ,') ⌘
✓ N
X

j=1

cj�(x� ✓(j)),'(x)
◆

=
N
X

j=1

cj'(✓
(j))

for all ' 2 C(S). The error of approximation to the generalized function MS(x)
by the cubature sum ⌃N (x) is theoretically studied [1] by using estimates for the
values at concrete elements ' in X(S) of the error functional lN of the formula
which is defined as (lN ,') = (MS � ⌃N ,') for all ' 2 X(S). The natural
domain of the error functional lN is C(S) where lN is linear and bounded. The
error formula on an arbitrary function ' in X(S) satisfies

|(lN ,')|  klN | X(S)⇤k · k' | X(S)k 8' 2 X(S). (2)

But for specified values of the integrand ' at the nodes we can in reality only
approximate the average (MS ,') by the cubature sum (⌃N ,') by calculating
this cubature sum. In the general case this would require that we perform N
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multiplications and N additions of real numbers, which is only approximately
possible. Denote by (e⌃N ,') the result of the calculation of the cubature sum
and observe that in general this quantity need not coincide with the original sum
(⌃N ,'). In other words, together with the theoretical error a new practical error
arises.

The practical error of a cubature formula is characterized not by the functional
lN , but by a certain analog of it, the functional elN : (elN ,') = (MS � e⌃N ,') for

all ' 2 X(S). The practical error functional elN is nonlinear and fails to coincide
with the original functional lN . We cannot apply (2) to it. Nevertheless, if we
wish to obtain the action (MS ,') numerically and with guaranteed accuracy
then we should have some analog of (2) to estimate the practical error. In order
to propose this analog, we must understand in more detail the reasons for the
distinction between the practical and theoretical errors.

The first and principal reason for the di↵erence consists in the necessity of
approximating real numbers by the elements of some finite and discrete subset
F of the real axis R. The elements of F are called machine numbers (and only
those are handled by computers). Specific standards of approximation to real
numbers by machine numbers are described in the framework of the well-known
model of finite precision arithmetic (or a representation of real numbers with
floating point). In F we select the three fundamental positive constants: the
machine zero threshold "

0

, the overflow threshold "1, and the relative error "
1

.
Below we assume that the "-constants corresponding to the usual computational
standard of floating point representations satisfy the constraints

"
1

 1/2, 2"1/31  p"1"1, "
0


p
2"11/2

1

. (3)

The universally accepted IEEE standard of binary arithmetic reserves 32 bits
for machine number expressions of the usual or single precision (one bit for the
binary expression of the sign s, 8 bits for the binary expression of the exponent
e, and 23 bits for the binary digits of the mantissa f). Associated to given s, e,
and f is the machine number (�1)s2e�127(1 + f). In this case the "-constants
are defined as "

0

⇡ 10�38, "1 ⇡ 4⇥ 1038, "
1

⇡ 12⇥ 10�8.
In the general case the cubature sum (⌃N ,') amounts to the inner product of

the vector~c = (c
1

, . . . , cN ) of its weights by the vector ~' = ('
1

, . . . ,'N ) of values
'j = '(✓(j)) of the integrand at the nodes: (⌃N ,') = (~c,~') for all ' 2 X(S).

Consequently, it is natural to regard (e⌃N ,') as the output of some method
for calculating the inner product (⌃N ,') in the arithmetic with the specified
collection of the "-constants. Henceforth we assume that both the values of
the integrand at the nodes as the weights of the cubature formula are defined
with the same machine precision characterized by the collection of constants
("

0

, "
1

, "1). There is a well-known estimate for the deviation (e⌃N ,') from the
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original cubature sum such as |(~c,~') � e⌃N (')|  (N + 1)"
1

(1 + h) k~ck
2

k~'k
2

,
where N"

1

 2h(1 + h), h > 0, and k · k
2

stands for the Euclidean norm of a
vector.

Returning to the practical error, we propose for it an analog of (2), requiring
its validity now not for all functions ' in X(S), but only for those in the spherical

layerBL" = {' 2 X(S) | p2"9/2
1

 Ank' | X(S)k  "1/31 }. Require at the outset
that the interior of this layer include the unit sphere of X(S); so

p
2"9/2

1

 An 
"1/31 . The left inequality certainly holds, for the first conditions in (3) yieldsp
2"9/2

1

 1, while the embedding constant An is always at least 1. The second
inequality imposes an explicit upper bound on the norm of operators of the
admissible embeddings of X(S) into C(S). Put

RF = sup
p
2"9/2

1

A
n

k'|X(S)k"1/31

|MS(')� (e⌃N ,')|
k' | X(S)k . (4)

For every number N of nodes, basing on the triangle inequality |MS(')�(e⌃N ,')|
 |(lN ,')|+ |(⌃N ,')� (e⌃N ,')|, we conclude that RF is nonnegative and finite.
The definition (4) implies directly that for every function ' in the spherical layer
BL" the practical error satisfies |MS(') � (e⌃N ,')|  RFk' | X(S)k for all
' 2 BL". Here RF plays the same role as the norm klN | X(S)⇤k in (2). Let us
find out under which conditions the parameter RF of (4) di↵ers very little from
the norm klN | X(S)⇤k (these cubature formulas are of a practical interest).

Theorem 1. Suppose that the constants "
0

, "
1

, and "1 corresponding to the
standard of representation by machine numbers satisfy (3), the embedding con-

stant An satisfies 1  An  "1/31 , while the weights (c
1

, . . . , cN ) of the cubature

formula are such that (
N
P

j=1

c2j )
1/2  p"1/2. Then for N  1/"

1

the deviation of

RF defined by (4) from the norm klN | X(S)⇤k of the error functional satisfies

�

�

�

RF � klN | X(S)⇤k
�

�

�

 2NAn"1
⇣

N
X

j=1

|cj |+ 1
⌘

.
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Properties of a new class of spatial mappings
and its applications

Sergey K. Vodopyanov⇤

Sobolev Institute of Mathematics, Novosibirsk
Peoples’ Friendship University of Russia, Moscow

e-mail: vodopis@math.nsc.ru

1. It is known that in the theory of mappings with bounded distortion both
outer and inner distortion coe�cients are used. In some cases, it does not matter
which one to apply (see, for instance, [1, Corollary 3]). However, one should bear
in mind that the outer distortion factor characterises the geometric properties of
the direct mapping, while the behaviour of the inner rate distortion reflects the
geometric properties of the inverse mapping.

Relationship between these values is set in the following theorem. To formu-
late it we introduce the following objects:

1) non-negative locally integrable functions ✓,! : Rn ! (0,1) (referred to be
weighted);

2) for n ⇥ n-matrix A, the symbol adjA denotes an adjoint matrix, defined
by the condition A adjA = I detA if the determinant of A is di↵erent of zero,
and by the continuity in the topology of Rn⇥n otherwise;

3) for numbers n � 1  q  p < 1 and a mapping ' : ⌦ ! Rn, ⌦ ⇢ Rn, of
Sobolev class W 1

1,loc(⌦), we define the (inner) operator distortion function:

⌦ 3 x 7! K✓,1q,p(x,') =

8

<

:

✓
n�1

q

(x)| adjD'(x)|

|J(x,')|
n�1

p

at x 2 ⌦ \ Z,

0 otherwise.
(1)

Hereinafter, Z = {x 2 ⌦ : J(x,') = 0};
4) for a mapping  : ⌦0 ! Rn, ⌦0 ⇢ Rn, of Sobolev class W 1

1,loc(⌦
0) we define

the (outer) operator distortion function:

⌦0 3 y 7! K1,!
s,r (y, ) =

( |D (y)|
!(y)

1

r |J(y, )|
1

r

at y 2 ⌦0 \ Z 0,

0 otherwise.
(2)

(here n� 1 < s  r  1.
The value (1) is a generalisation of the inner distortion coe�cient well-known

in the quasiconformal analysis, and (2) generalises the outer distortion coe�cient.
From [1, Theorem 3] and [2, Theorem 1.2] we deduce the following result:

⇤
This work was partially supported by the Russian Science Foundation (Aqreement 16-

41-02004).
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Theorem 1. Let the homeomorphism ' : ⌦! ⌦0 has the following properties:
1) ' 2W 1

q,loc(⌦), n� 1  q <1,
2) ' has the finite codistortion: adjD'(x) = 0 a. e. on the set Z,
3) K✓,1q,p(·,') 2 L%(⌦) where

1

% = n�1

q � n�1

p , n� 1 < q < p <1.
Then

4) the mapping ' : ⌦ ! ⌦0 induces a bounded pull-back operator '⇤ :
L p

n�1

(⌦0,⇤n�1) ! L q

n�1

,✓(⌦,⇤
n�1) of L p

n�1

-forms of degree n � 1 into the

weighted space L q

n�1

,✓(⌦,⇤
n�1) of forms of degree n� 1;

5) the inverse homeomorphism '�1 2W 1

s,loc(⌦
0) where s = p

p�n+1

,

6) '�1 has the finite distortion: D'�1(y) = 0 a. e. on Z 0,

7) K1,!
s,r (·,'�1) 2 L%(⌦0) where r = q

q�n+1

, s = p
p�n+1

, ! = ✓�
n�1

q�(n�1) � '�1.

8) the homeomorphism '�1 induces a bounded operator '�1⇤ : L1

r(⌦
0;!) \

W 1

1,loc ! L1

s(⌦) by the composition rule.

Furthermore, k'�1⇤k  kK1,!
s,r (·,'�1) | L%(⌦0)k = kK✓,1q,p(·,') | L%(⌦)k.

2. The last assertion motivates the definition of the next class of mappings.

Definition 1. A mapping f : ⌦ ! Rn is called the mapping with bounded ✓-
weighted (q, p)-distortion (belongs to the class ID(⌦; q, p; ✓, 1)) n� 1  q  p <
1, if:

1) f is continuous, open and discrete;
2) f belongs to Sobolev class W 1

q,loc(⌦);
3) the Jacobian J(x, f) � 0 in ⌦ almost everywhere;
4) the mapping f has the finite codistortion;
5) the function of the local ✓-weighted (q, p)-distortion

⌦ 3 x 7! K✓,1q,p(x, f) =

8

<

:

✓
1

q

(x)| adjDf(x)|

J(x,f)
n�1

p

, if J(x, f) 6= 0,

0 otherwise
(3)

belongs to L%(⌦) where % is found from the condition 1

% = n�1

q � n�1

p (% =1 at

q = p).
We introduce the following notation K✓,1q,p(f ;⌦) =

�

�K✓,1q,p(·, f) | L%(⌦)
�

�.

We note that condition 2 of this definition can be relaxed. For example,
condition 2 can be replaced by f 2 ID(⌦;n� 1, n; 1, 1) (see [1] and [3]).

Following the paper [4, p.265] by E.Poleckĭı, for continuous open and discrete
mapping f : ⌦! Rn preserving orientation, and normal domain D b ⌦, on the
image V = f(D) we define Poleckĭı function gD : V ! Rn as

V 3 y 7! gD(y) = ⇤
X

x2f�1

(y)\D

i(x, f)x where ⇤ 2 (0,1). (4)
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The function of the form (4) was introduced by E.Poletskĭı in [4] for the
mappings with bounded distortion.

Properties Poletskĭı function are formulated in the following statement.

Theorem 2 ([5]). Suppose that a continuous open and discrete mapping f belongs
W 1

q,loc(⌦;Rn), q > n � 1, detDf(x) � 0, and f has the finite codistortion:
adjDf(x) = 0 on Z = {x 2 ⌦ : J(x, f) = 0} almost everywhere (or f 2
ID(⌦;n� 1, n; 1, 1)). Then

1) f is sense-preserving,
2) function gD, defined by the equality (4), belongs to Sobolev class W 1

1

(V )
and has the finite distortion, i. e. DgD(y) = 0 on the set of zeros of the Jacobian
detDgD(y) almost everywhere.

Furthermore, f(Bf \D) ⇢ {y 2 V : DgD(y) = 0}.
3. These results serve as a basis for finding estimates for the norms of the

push-forward functions, generalising the results of [6, Section 1.2] on the map-
pings of the class ID(⌦; q, p; ✓, 1). Using estimates for the norms of the push-
forward functions, one can obtain estimates for a capacity similar to that of the
work [6, Section 1.3]. Here we give only one result.

Theorem 3. Let f 2 ID(⌦; q, p; ✓, 1), n � 1 < q  p < 1, and a weighted

function !(x) = ✓�
n�1

q�(n�1) (x) be locally integrable. If E = (A,C) is a condenser
in ⌦, and A b ⌦, and C ⇢ A is a compact, then

�

caps f(E)
�

1/s  K✓,1q,p(f ;⌦)
�

cap!r E
�

1/r
, (5)

where s = p
p�(n�1)

and r = q
q�(n�1)

.

Recall

Definition 2. An ordered triple E = (F
0

, F
1

;D) of non-empty sets, where D is
an open set in Rn, and F

1

, F
0

are closed subsets of D, is called a condenser in
D ⇢ Rn. The value

cap!p (E) = cap!p (F0

, F
1

;D) = inf

Z

D

|rv|p(x)!(x) dx

where the infimum is taken over all functions v 2 C(D) \W 1

1(D) \ L1

p(D,!)
such that v � 1 (v  0) in a neighbourhood of F

1

(F
0

), is called !-weighted
p-capacity of the condenser E = (F

0

, F
1

;D).
If U is an open set, C is a compact in U , then the condenser E = (@U,C;U)

will be denoted by E = (U,C).
If ! ⌘ 1 we consider a wider class of admissible functions: v 2 C(D)\L1

p(D),
for the definition of the capacity of condenser.
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4. Theorems 1 and 3 provide a validity of many assertions formulated in
papers [6, sections 2–4] and [7] for mappings belonging to ID(⌦; q, p; ✓, 1).

Notice that the mappings of the class ID(⌦;n, n; 1, 1) are just the mappings
with bounded distortion [3, Corollary 5.4] (see [1, Corollary 3] for quasi-conformal
homeomorphisms).

Notice that the homeomorphisms of the class ID(⌦;n, n; 1, 1) are just the
quasi-conformal mappings [1, Corollary 3]).

Note that in a number of studies the geometric condition of the form (5) with
some constant instead of K✓,1q,p(f ;⌦) is taken as the definition of the class of map-
pings under consideration. So many facts obtained under the assumption that
only the geometric conditions (5) holds, are valid also for the class of mappings of
ID(⌦; q, p; ✓, 1). For example, as a corollary of Theorem 3 and the results of [8]
we obtain su�cient conditions on the weighted function !, under which a local
homeomorphism of the class ID(⌦;n, n; ✓, 1) is globally homeomorphic. Below
we present one such generalisation of Lavrent’eva-Zorich Theorem.

Theorem 4. Let a local homeomorphism f 2 ID(Rn;n, n; ✓, 1), and the weighted
function !(x) = ✓1�n(x) is locally integrable and satisfies !(x) = O([ln |x|]n�1)
as |x|!1. Then f is homeomorphic and f(Rn) = Rn.

A family F of continuous mappings f : X ! X 0 of metric spaces is called
normal, if in any sequence of mappings fm 2 F there is a subsequence fm

k

converging locally uniformly in X to a continuous function F : X ! X 0.
A function ' : D ! R is said to have the finite average oscillation in a point

x
0

2 D if

lim
"!0

1

|B(x
0

, ")|
Z

B(x
0

,")

|'(x)� '"| dx <1,

where '" is the average value of ' on the ball B(x
0

, "). We will say that ' :
D ! R is a function of finite average oscillation in D (' 2 FMO(D)) if ' has
the finite average oscillation in every point x 2 D.

Denote by F�(D) the class of all homeomorphisms f : D ! Rn of ID(D;n, n; ✓, 1),
n � 2, such that h(Rn \ f(D)) � � > 0 (here h(A) is a spherical diameter of A).

From Theorem 3 and results of [9] we obtain su�cient conditions on the
weighted function !, under which the family F�(D) is normal.

Theorem 5. If ! = ✓1�n 2 FMO(D) then the class F�(D) constitutes a normal
family of mappings.

5. The collection of homeomorphisms f : ⌦ ! ⌦0 of the ID(⌦; q, n; 1, 1) \
W 1

n(⌦) where the domains ⌦ and ⌦0 have Lipschitz boundaries, can be considered
as a class of admissible deformations in the nonlinear elasticity theory. Note
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that the class of admissible deformations of the paper [10] is contained in the
intersection ID(⌦; q, n; 1, 1)\W 1

n(⌦) for some q > n� 1, and class deformations
of [11] coincides with ID(⌦;n� 1, n; 1, 1) \W 1

n(⌦). The new class of admissible
deformations is a scale of families, depending on a continuous parameter q 2
[n� 1,1]. These families are naturally ordered by inclusion: a class with bigger
q is contained in a class with less q. For a given material, this hierarchy allows
us to choose an appropriate class class of deformations. We apply the method of
paper [12] in the proof of the existence of an extreme strain of ID(⌦; q, n; 1, 1)\
W 1

n(⌦) in a variational problem with some natural conditions on the growth of
integrant.
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A uniqueness theorem for the hyperbolic Darboux equation

ValeriyV. Volchkov, VitaliyV. Volchkov

Donetsk National University
e-mail: valeriyvolchkov@gmail.com, volna936@gmail.com

Let L be the Laplace-Beltrami operator on a Riemannian manifold X. The
partial di↵erential equation

Lx

�

f(x, y)
�

= Ly

�

f(x, y)
�

(1)

with f = f(x, y) 2 C2(X ⇥ X) is called the generalizing Darboux equation.
Such equations are of considerable interest in their own right, but they are also
important for many applications in geometric analysis and integral geometry.
In particular, equations of type (1) are closely connected with the mean value
operators on symmetric spaces.

We investigate zero sets of solutions of the generalized Darboux equation for
the case where X is the real hyperbolic space.

We take X as the ball B = {x 2 Rn : |x| < 1} with the Riemannian structure

ds2 =
dx2

1

+ . . .+ dx2

n

(1� |x|2)2 . (2)

The Laplace-Beltrami operator for (2) is given by

L =
�

1� |x|2�n
n
X

j=1

@

@xj

⇣

�

1� |x|2�2�n @

@xj

⌘

.

Thus equation (1) has the form

�

1� |x|2�n
n
X

j=1

@

@xj

⇣

�

1� |x|2�2�n @

@xj

⌘

f =

=
�

1� |y|2�n
n
X

j=1

@

@yj

⇣

�

1� |y|2�2�n @

@yj

⌘

f, (3)

where f = f(x, y) 2 C2(B ⇥B).
For R 2 (0, 1) and r 2 [0, R) we set

Mr,R,1 = {(x, y) 2 B ⇥B : r  |x|  R, |y|  th (arth |x|� arth r)},
Mr,R,2 = {(x, y) 2 B ⇥B : R  |x|  th (2 arthR� arth r),

|y|  th (2 arthR� arth r � arth |x|)}.
Let SO(n) be the rotation group of Rn.
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Theorem 1. Let f 2 C2(B ⇥ B) satisfy (3). Suppose that R 2 (0, 1) and
r 2 [0, R) are given and the following conditions hold.

(i) f(x, y) = f(x, ky) for all x, y 2 B, k 2 SO(n).

(ii) f(x, 0) = 0 if r  |x|  R.

(iii) f(x, y) = 0 for all x, y 2 B, |x| = R.

Then f = 0 in Mr,R,1 [Mr,R,2. Moreover, if r = 0 then f = 0 in B.

We need to say a word about condition (i). It is a familiar fact that if f(x, y)
is a radial function of y and

f(x, y) = h(x, t), t = arth |y|,
then equation (3) can be rewritten as

�

1� |x|2�n
n
X

j=1

@

@xj

⇣

�

1� |x|2�2�n @

@xj

⌘

h =
@2h

@t2
+ 2(n� 1)cth 2t

@h

@t
.

This relation is a hyperbolic analog of the Darboux equation.
The following result shows that Theorem 1 cannot be essentially reinforced.

Theorem 2. Suppose that R 2 (0, 1) and " 2 (0, R) are given. Then there exists
a nonzero solution f 2 C2(B ⇥B) of equation (3) such that

f(x, 0) = 0 in {x 2 B : |x|  R� "}
and conditions (i) and (iii) in Theorem 1 are valid.

On conformal qc geometry, spherical qc manifolds and
convex cocompact subgroups

Wei Wang

Zhejiang University, Hangzhou, China
e-mail: wwang@zju.edu.cn

Qc manifolds are a kind of subRiemannian manifolds with quaternionic struc-
tures. We construct the qc Yamabe operators on qc manifolds, which are co-
variant under the conformal transformations. A qc manifold is scalar positive,
negative or vanishing if and only if its qc Yamabe invariant is positive, negative
or zero, respectively. On a scalar positive spherical qc manifold, we construct
the Green function of the qc Yamabe operator, by which we can construct a
conformally invariant tensor. It is a metric if the qc positive mass conjecture
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is true. When a spherical qc manifold is constructed from a convex cocompact
subgroups of Sp(n+1, 1), we construct another invariant spherical qc metric. As
a corollary, we prove that a spherical qc manifold is scalar positive, negative or
vanishing if and only if the Poincare critical exponent of this discrete subgroup
is less than, greater than or equal to 2n+ 2, respectively.

On controllability and observability of descriptor fractional
continuous-time linear systems with regular pencils

Awais Younus

Centre for Advanced Studies in Pure and Applied Mathematics,
Bahauddin Zakariya University, Multan, Pakistan

e-mail: awais@bzu.edu.pk

Necessary and su�cient conditions of controllability and observability for so-
lutions of the state equation of descriptor fractional continuous time linear sys-
tems with regular pencils are proposed. The derivation of the conditions is based
on the construction of Gramian matrices. Several examples are presented to
illustrate the concepts and results.

Visualization of the energy and variation of energy
functionals for a planar quadratic Bézier curve with a

monotonic curvature function

Rushan Ziatdinov

Keimyung University, Daegu, Republic of Korea
e-mail: ziatdinov@kmu.ac.kr, rushanziatdinov@gmail.com

Norimasa Yoshida

Nihon University, Tokyo, Japan
e-mail: yoshida.norimasa@nihon-u.ac.jp

Methods of optimal control theory, such as minimization of energy

E
MEC

=

l
Z

0

2(s)ds! min (1)

and variation of energy

E
MVC

=

l
Z

0

02(s)ds! min (2)
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functionals, play an important role in the field of geometric modelling [1]. These
methods are used in order to increase the degree of smoothness of a free-form
curves (B-splines, Bézier curves, NURBS, etc.), and for generating so-called fair
curves which have a range of applications in computer-aided design [2, 3, 4].

In this work we first propose a novel visualization of two functionals (1-2) for
the case of a quadratic Bézier curve with monotonic curvature function (Figs. 1,
2). The values of (1-2) are shown by the range of colors starting from blue (small
values) to red (high values) color.

Figure 1: Visualization of energy functional values for the regions (two hemi-
spheres) where a quadratic Bézier curve has a monotonic curvature function.

Figure 2: Visualization of variation of energy functional values for the regions
(two hemispheres) where a quadratic Bézier curve has a monotonic curvature
function.

The results of this work can be used by computer scientists or industrial
designers who are interested in geometric modelling of shapes with a high order
of smoothness.
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Finitely-additive measures on the invariant foliations of
Anosov di↵eomorphisms

Dmitry Zubov

Higher School of Economics, Steklov Mathematical Institute, Moscow, Russia
e-mail: dmitry.zubov.93@gmail.com

The talk is based on the joint work in progress with Alexander Bufetov
(CNRS, Steklov Institute of RAS, NRU Higher School of Economics) and Sébastien
Gouëzel (CNRS, Université de Nantes, IRMAR).

Let T : M ! M be a topologically mixing Anosov di↵eomorphism of a
compact smooth Riemannian manifold M . We study the asymptotics of the
normalized averages of a function f 2 C2(M) along unit unstable balls, iterated
under Tn. Since the 70’s it is well known that these normalized averages converge
uniformly to the mean value of f on the whole manifold M with respect to the
Bowen-Margulis measure of the maximal entropy; that is, for any x 2 M , we
have 1

Lebu(TnBu(x))

Z

TnBu

(x)
f dLebu !

(n!1)

Z

M
f dµ

BM

.

We are interested in the description of next terms in this convergence.
We give the solution of this problem introducing the families of finitely-

additive measures supported on the leaves of the unstable foliation and invariant
under the stable holonomy. These finitely-additive measures are classified via
the spectrum of the Perron-Frobenius transfer operator L, acting in the Banach
spaceB obtained as the closure of the space of smooth di↵erential forms of degree
du (the dimension of the unstable foliation) under a certain weak norm.

More precisely, let V↵,p(Rd) be the space of Lp functions on Rd with the norm
k · kV↵,p := k · kL

p

+ | · |↵,p, where

|'|↵,p = sup
0<""

0

"�↵


Z

Rd

osc(', B"(x))
p dx

�

1

p

.

If ↵p < 1, then the characteric function of the unit ball belongs to V↵,p. In a
similar way one can introduce the space Vk+↵,p, k 2 N, setting

k'kVk+↵,p := k'kWk,p

+ sup
|�|=k

|@�'|↵,p.
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The norm on B is introduced as follows:

k!k = k!ku + k!ks;

k!ku = sup
W2⌃

u

sup
'2V↵,p

0

(W )

k'kV↵,p

=1

�

�

�

�

Z

W
' · !

�

�

�

�

;

k!ks = sup
W2⌃

u

sup
v2F

kvk
C

�

=1

sup
'2V1+↵,p

0

(W )

k'kV1+↵,p

=1

�

�

�

�

Z

W
' · Lv!

�

�

�

�

.

Here ⌃u stands for the set of almost unstable leaves (that is, of those whose
tangent space at any point belongs to the unstable cone), and Lv denotes the Lie
derivative along the C�-Hölder vector field, where �  1 is the Hölder degree of
the stable holonomy.

It turns out that, under some additional assumptions, the Perron-Frobenius
operator L : ! 7! T ⇤!, where T ⇤! is the pullback of !, has a nice spectrum:

Proposition 1. Let T : M ! M be a topologically mixing Anosov di↵eomor-
phism with the dilatation constant ⌫ > 1. Then, for any ↵ such that ↵ < 1/p
and ↵  �, if

lim sup
n!1

log kJacu Tnk
n

< ↵ · p · log ⌫,

then the space B admits the L-invariant direct sum decomposition

B = F � S,
where F has a finite dimension, and the spectrum of L|F is given by a finite
number of eigenvalues with finite multiplicities, and the norm of L|S is bounded
by œ

0

· ehtop , where œ
0

< 1 and htop is the topological entropy of T . Moreover,
the top eigenvalue of L is simple and equal ehtop .

The families of finitely-additive measures correspond to a certain subspace
in M

u ⇢ F . To obtain this subspace precisely, one should put an additional
restriction, taking into account the holonomy invariance property.

Proposition 2. In assumptions of Proposition 1, let us assume that

kL!k � ehtop

��k!k,
where

� = ↵ log ⌫ � 1

p
lim sup
n!1

log kJacu Tnk
n

Then the set M

u of holonomy invariant leafwise finitely-additive measures is
isomorphic to the subspace of forms enjoying (1).
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In the same way one can consider the finitely-additive measures on the stable
foliation. There exists a natural duality between the stable and unstable finitely-
additive measures, which is induced by the duality of currents. This observation
leads us to the precise description asymptotics of (1).

Theorem. In assumptions of Propositions 1 and 2, let {�u
i } be the basis in M

u,
and let {�s

i} be the corresponding dual basis in (Mu)⇤ = M

s. Then, for any
function f 2 C2(M), there exists  < 1 such that

1

Lebu(TnBu(x))

Z

TnBu

(x)
f dLebu =

=
dimMu

X

i=1

�u
i (T

nBu(x)) ·
Z

M
f d(Lebu ⌦ �s

i ) +O(n).

Hypothesis. It is interesting to consider, as it was done in [3] for horocycle flows
on Riemannian surfaces of constant negative curvature, the integral in the LHS
of (1) as a random variable. The conjecture is that, after a centralization and
a proper normalization, the limit probability distribution will have a compact
support, unlike the Central Limit Theorem.
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