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TUô���ï	ð1î�ñ�ò	ï1îNñ�ÿ�û'ø�ò	ïªü�ý�î�ñ�ò�ô��1î�ð����5ó�ù�í�ÿ�î��4��	Fî��	ï��;�<ô�ý��1î�ípì�ú^írñ�ë0�Wñtö»ý�ö�ì���ô)	�ì��#û»ë,îtó�ì��	ï	ø�

ë3ù3�Uô��1ëQì�ö1÷��1ô���ô�ÿ��0ÿ�ô)	�ì�$QYUì�õ��	ï1ë,î��/��î�ñtö1ï ó#ôpí�û³ý�� ô)	 �1ô�ï	ø¾ù�í�ÿ�î��4��	Fî��	ï��

Γ
ï'ö1ï

∆
ý�î�ñ�


ò�ô��1î�ð��1ô��Qí�ô�ï1ë3õ'ö1ï	ò'ì�=	ï	û
Γ⇒∆

ñ�ìpëQì�õ1ôªñ�î�ý�î»ñ�ë0�Wñtö�ì6�1î¾ï1ë,î�î�í��&�1ô ���Fì�ø�ìéü
Γ
ÿpöFî�ð1î�í

∆ÿ�í�î�ô��	ï	ï
T
��õ1ô)	�	�ìpî�í�ñ�û �Uô��1ëQì�ö1ï	ø�ì�=	ï	ï¦ÿ�ÿ�ï�	FîOÿ��0ÿ�ô)	1ï1ë,ô�ñ�í�ï	�

T,Γ ` ∆
$
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@B %Nù�ñ�í�÷
T
�âò'ì�ò'ì�û�
 ö1ï1ý�ô<í�î�ô��	ï	û ��ë0�1ô7�!î�ñ�í�ÿ�ô<õ��1î�		öFô7�!î��	ï�� �0ñ�ï��)�Fì�í�ù����

Σ
ï¾õ	ù�ñ�í�÷

Γï
∆

� õ��1ôpï	ø�ÿ�ô�ö1÷����Wî¾ë0�1ô7�!î�ñ�í�ÿ#ì:�Uô��1ë3ù�öµñ�ï��)�Fì�í�ù����
Σ
$ ��b �1ô7�!î�ñ�í�ÿ#ì

Γ
ï
∆
ë,ô���ù�í�ý��0í�÷

ý�î�ñ�ò�ô��1î�ð����Wë3ï¦ï»ñ�ô)	Fî��4�rì�"!ï1î�ñ�û¦ÿ��	ï'ó �Uô��1ë3ù�ö �xë,ô���ù�írï1ë,î�í�÷�ÿpó#ô7��	Fî��	ï	û¦ñ�ÿ�ô�ý�ô)	 ���5ó¾õ1î��1î�

ë,î������5ó;$ �OV �0ÿ�ô)	1ï1ë,ô�ñ�í�÷�ø�ì�ò'ö1ú^ð1î��	ï	û

∆
ï	ø*��ï	õ1ôpí�î�ø)�

Γ
ÿ �Fìpë3ò'ì�óªí�î�ô��	ï	ï

T
ø�ì�õ	ï1ñ��0ÿ#ìpî�í�ñ�û

ÿ³ÿ�ï�	Fî
T,Γ ` ∆

ï ôpõ��1î�	Fîtö1û	î�í�ñ�û õ1ô�ñ��1î�	Fñ�í�ÿ�ô�ë õ1ô��	û'í�ï	û �Uô��1ëQì�ö1÷��1ô���ô³ÿ��0ÿ�ô)	�ì ÿ³ï1ñ�ð	ï1ñ�

öFî��	ï	ï½õ��1î�	1ï	ò'ì�í�ôpÿ��/		ö1û�ö1úNý�ô�� �Uô��1ë3ù�ö �

δ ∈ ∆
ñ�ù�"rî�ñ�í�ÿ�ù�î�íÀõ1ô�ñtöFî�	Fôpÿ#ì�í�îtö1÷��1ô�ñ�í�÷6�Uô��1ë3ù�ö

ϕ1, . . . , ϕn
ípì�ò'ì�û;��ð	í�ô

ϕn = δ
ïrò'ì���	�ì�û*�Uô��1ë3ù�ö�ì

ϕi
ö1ï1ý�ôNõ��	ï��Fì!		öFî���ï	í

T ∪Γ
��ö1ï1ý�ôNõ1ô�ö1ù�ðFì!


î�í�ñ�û¦ï	ø\õ��1î�	 5rî�ñ�í�ÿ�ù�ú#"!ï'ó �Uô��1ë3ù�ö
ϕ1, . . . , ϕi−1

ñUõ1ô�ë,ô�"!÷�úIò'ö�ìpñ�ñ�ï	ð1î�ñ�ò	ï'ó�õ��Fì�ÿ�ï'ö�ÿ��0ÿ�ô)	�ì��
ø�ì!ï1ñ�ò'ö1ú^ð1î��	ï1î�ëéõ��Fì�ÿ�ï'ö�ñNò	ÿ#ì��	í�ô��Fìpë3ï¦õ1ô<ñ�ÿ�ô�ý�ô)	 ���Wëéõ1î��1î�ë,î������Wë��Fÿpó#ô)	1û�"!ï1ëéÿ

Γ
$
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�B %'�	ï	ÿ�î�	Fî�������� �	ï��!î2�\ì�ò	í��1î�õ1ô�ñ��1î�	Fñ�í�ÿ�î����1ô¡ÿ��0í�î�ò'ìpî�í¡ï	øUí�î�ô��1î�ë0� ô�õ1ô�ö �1ôpí�î�$
2 �@���1 ����!�@�0 @��
'��"	�\�®��$	����"���
�$ - ���	����$	. �
���!�

T,Γ ` ∆ ���� �
T,Γ ` δ �����¾
'����� δ ∈ ∆ �� � � �����S����� - ��� - "@�® ��	.

δ ∈ ∆
�� ��¡������
� 1��� ����� - � � - $@���p$	.0�x$���� - "

γ1, . . . , γn ∈ Γ
*

��� -
T ` (∀ v̄)(γ1 ∧ · · · ∧ γn ⇒ δ)

* � �®�
v̄ ! /@��"®������$��³��
 - � - ��$	."�³/@��"®������$	$	."� * 
#� - �$�%�!�%�



γ1, . . . , γn, δ ��'&�� �����¾����� - �À� - �®���	�

X
��� - "��	�

T
�¾����� -��p-<- 
�$����p�	
���$	���

ν : V → X
��
 - � - ��$	."�»/@��"®�)(

����$	$	."�
V
* 
#� - �$�%�!�%�r


Γ∪∆
* �1
��@�����	$	$ - �����

X � γ[ν]
�����r
'�����

γ ∈ Γ

�.N�����	�����m�@�����	$	$ - �����

X � δ[ν]
�����¾
'�����

δ ∈ ∆
4

?FB+*�B b�îtó�ì��	ï	ø�ë ô�ýpþ�û'ÿpöFî��	ï	ûÀò�ô��1î�ð��1ô�� ��ï	õ1ôpí�î�ø)�
Γ = {γ1, . . . , γn}

õ1ô)	�	�ìpî�í�ñ�û�ý�ô�öFî�îUõ��1ô�

ñ�í�ô����Uô��1ëQì�ö1ï	ø�ì�=	ï	ï/$	V 1�í�ô�ëµñtö1ù�ðFìpîNñmõ1ô�ë,ô�"!÷�ú ø�ìpë,î���� ñ�ÿ�ô�ý�ô)	 ���5ó�õ1î��1î�ë,î������5ó��Uô��1ë3ù�ö �
γ := γ1 ∧ · · · ∧ γn

�Fì�ò�ô��1ñ�ípì��	í�� ë,ô7���1ôµô�ý�ô��	í�ï1ñ�÷3�Uô��1ëQì�ö1÷����Wë3ïSÿ��0ÿ�ô)	�ìpë3ï/��ø�ì!	Fî��1ñ�í�ÿ�ù4
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v1, . . . , vm
�

ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï'ó�ù�ñtöFôpÿ�ï	ú
γ(v1, . . . , vm)

� �Fìpñ�ò����0ÿ#ìpî�í�ñ�ûµñtöFî�	1ù�ú#"!ï1ë �\ì�ò	í�ô�ë���öFî���ò�ôÀõ��1ô�

ÿ�î��#û	î�ë0�Wë ñNõ1ô�ë,ô�"!÷�ú í�î�ô��1î�ë0� ôrõ1ô�ö �1ôpí�î�$

-m 1�����
v̄ := v1, . . . , vm ! /@��"®������$��¦��
 - � - ��$	."�¦/@��"®������$	$	."� * 
#� - �$�%�!�%�À
.� - "@�® ��� 

γ(v̄)
4

/,������� - �t"��1� ��� � $����� #"1 
Σ∗ * / - �� �����$	$� �� �1


Σ
� - �p��
��@��$	�@���½� - $@������$@�

c̄ := c1, . . . , cm
* �À��� - (

"����
T ∗ ��� � $����� #"�. Σ∗ * / - �� �����$	$� �� �1


T
� - �p��
��@��$	�@��� ���1��� - �3.

γ(c̄)
4

���!� :����¾����� - �0� - "@�® ��	.
δ(v̄)

��� � $����� #"�.
Σ

T ∗ ` δ(c̄) ⇔ T, γ(v̄) ` δ(v̄) ⇔ T ` (∀ v̄)
(
γ(v̄) ⇒ δ(v̄)

)
.

��� ��1 ���	�
T ` (∃ v̄) γ(v̄) * � - T ∗ � - $@����"�
������	
�$ - "����32!�#"������ T * � 4 � 4 ����������� -��p- /#"®����� - (�<��$	���

ϕ
��� � $����� #"�.

Σ
T ∗ ` ϕ ⇔ T ` ϕ.
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� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì��¡ÿ����Fì��!î��	ï1î

ZFC ` (V(B)
� ZFC),

ñ�ï1ë3ÿ�ô�ö1ï	ø�ï��	ù�ú#"rî�î�	Fôpò'ì�ø�ù�î�ë,ô�ñ�í�÷Àÿ54$687 ý�î�ñ�ò�ô��1î�ð��1ô���ô»ù�í�ÿ�î��4��	Fî��	ï	û ü
V(B)

û'ÿpö1û	î�í�ñ�û�ë,ô)	Fî�

ö1÷�ú94$687���� �Uô��1ëQì�ö1÷��1ô�1�ò	ÿ�ï	ÿ#ì�öFî��	í��1ô¡ÿ��0ÿ�ô)	1ï1ë,ô�ñ�í�ï

ZFC, B
� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì ` (V(B)

� ZFC),
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ò�ôpí�ô��Fì�û;�1ÿ<ñ�ÿ�ôpú`ôpð1î��1î�	1÷ �Fôpø)�Fì�ðFìpî�í¡ð	í�ô�		ö1û¾ÿ�ñ�û'ò�ô���ô<õ��1î�		öFô7�!î��	ï	û
ϕ
�'û'ÿpö1û'ú#"rî���ô�ñ�ûÀí�î�ô��1î�


ë,ô�� 4$687#�	ÿ��0õ1ô�ö �	û	î�í�ñ�ûÀö1úNý�ô�îNï	ø\ñtöFî�	1ù�ú#"!ï'ó¾í��1îtó �Fì�ÿ��1ô�ñ�ï'ö1÷����5ó¦ù�ñtöFôpÿ�ï��	�
���!�

ZFC, B
� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì ` (V(B) � ϕ);

��� �
ZFC ` (∀B)(B

� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì ⇒ V(B) � ϕ);
� � �

ZFC∗ ` (V(B) � ϕ),
�
	Fî

ZFC∗ � �Fìpñ�5!ï��1î��	ï1î 4$687Sò�ô��1ñ�ípì��	í�ô��
B
ï¦ì�ò�ñ�ï1ô�ë,ô��³ü

B
� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì���$


@B��!f�ß,ç#æFÝ1á#j_i��_j	��ç¦i�ß,è�ç#ãFÞ_i	à	�_ç�
��_à_ç�
�à	
�g'ç�h
�

V5ñ�ú+	1ù �	ï��!î
B

� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì�$

@B�?FB %Nù�ñ�í�÷

X
�
[=]X

�
[∈]X

� ôpõ��1î�	Fîtö1û	î�ë0�Wî�ÿ 4$687 í�î��1ë0� ï'ö1ïSò'ö�ìpñ�ñ���$5]�ôpÿ�ô��#û'í��5ð	í�ô
(X, [=]X , [∈]X)

û'ÿpö1û	î�í�ñ�û�� ~�sFy�|�q���l1np}�l1q�� � í�ôpð��1î�î��
B

 ��l1np}�l1q�� � n�sF{ty � z�npu1}'y�����q��â��u1��o�y��Oq��

��uF{�l1npor~�z��
Σ := {=,∈} ï'ö1ï/�Fý�ô�öFî�îUò�ô��1ôpí�ò�ô�� B 
 ��u1��o�y��Oq�� �'ï1ë,î�ûÀÿ<ÿ�ï�	1ù»ò�ô��	þ�ú#�	ò�=	ï	úâñtöFî�


	1ù�ú#"!ï'ó��Uô��1ë3ù�ö �
X 6= ∅, [=]X : X2 → B, [∈]X : X2 → B,

[=]X(x, x) = 1B,

[=]X(x, y) = [=]X(y, x),

[=]X(x, y) ∧B [=]X(y, z) 6B [=]X(x, z),

[∈]X(x, y) ∧B [=]X(y, z) 6B [∈]X(x, z),
[∈]X(x, y) ∧B [=]X(x, z) 6B [∈]X(z, y)

		ö1û»ÿ�ñ�îtó
x, y, z ∈ X

$1V5ë,î�ñ�í�ô
(X, [=]X , [∈]X)

õ	ï�5!ù�í<õ��1ô�ñ�í�ô
X
$


@B�
@B %'�1î�	1õ1ô�öFô7��ï1ë��#ð	í�ô
X

�
B

°ñ�ï1ñ�í�î�ëQì�$��Uö1ûrò'ì���	Fô��,�Uô��1ë3ù�ö �

ϕ(x̄)
ñ�ï��)�Fì�í�ù����

Σ
���
	Fî

x̄ = x1, . . . , xn
� õ1ô�ö �����ªñ�õ	ï1ñ�ôpò�ñ�ÿ�ô�ý�ô)	 ���5ó�õ1î��1î�ë,î������5ó

ϕ
��ÿ�ÿ�î�	Fî�ë

n

°ë,î�ñ�í������6�Où��	ò�=	ï1ô�


�Fì�ö1÷�������ñ�ï1ë3ÿ�ô�ö
[ϕ(x̄)]X

�	ù�ñtöFôpÿ�ï1ë,ñ�ûÀø�ì�õ	ï1ñ��0ÿ#ì�í�÷�í�î��1ë
[ϕ(x̄)]X(x̄)

ÿ�ÿ�ï�	Fî
[ϕ]X

ï-�Fìpñ�5!ï��	ï1ë
í�î�ô��	ï	ú`ôpõ��1î�	FîtöFî��	ï	û	ë3ï

[x = y]X = [=]X(x, y), [x∈ y]X = [∈]X(x, y),

[ϕ ∨ ψ]X = [ϕ]X ∨B [ψ]X , [ϕ ∧ ψ]X = [ϕ]X ∧B [ψ]X , [¬ϕ]X = ¬B [ϕ]X ,

[(∃x)ϕ]X = supB

{
[ϕ]X : x ∈ X

}
, [(∀x)ϕ]X = infB

{
[ϕ]X : x ∈ X

}
,

�
	Fî
ϕ
ï
ψ
� �Uô��1ë3ù�ö � ñ�ï��)�Fì�í�ù����

Σ
� ¬B

� ôpõ1î��Fì�=	ï	û�	Fôpõ1ô�ö �1î��	ï	ûÀÿ<ýpù�öFî�ÿ�ô���ì�ö ��î�ý��1î
B
$

,!ô��1ëQì�ö1÷��1ô(��ôpÿ�ô��#û;�0õ��	ï	ÿ�î�	Fî������Wîªÿ���5rî:�Uô��1ë3ù�ö � ò�ô����1î�ò	í��1ô ôpõ��1î�	Fîtö1û'ú^í �Où��	ò�=	ï1ô�

�Fì�ö1÷����Wîªñ�ï1ë3ÿ�ô�ö �

[ϕ(x̄)]X
ÿ �Fìpë3ò'ì�óxí�î�ô��	ï	ï/�0õ1ô�ö1ù�ð1î����1ô�� ï	ø 4$687 	Fô�ý�ì�ÿpöFî��	ï1î�ë ��ï	õ1ôpí�î�ø

ü
B

� õ1ô�ö �Fì�û�ýpù�öFî�ÿ#ì�ì�ö ��î�ý��Fì���ï³ü
X

�
B

°ñ�ï1ñ�í�î�ëQì���$�Gmõ��1î�	FîtöFî��	ï	û 1�í�ï'ó¦ñ�ï1ë3ÿ�ô�öFôpÿ ��ÿ�ñ�ÿ�ôpú

ôpð1î��1î�	1÷ � �Fìpñ�5!ï��#û'ú^í ñ�ï��)�Fì�í�ù��	ù ï ì�ò�ñ�ï1ô�ëQì�í�ï	ò	ù �mõ��	ï	ÿ�ô)	1ûxòxò�ô��1ñ�î��	ÿ#ì�í�ï	ÿ��1ô�ë3ù �Fìpñ�5!ï��1î�

�	ï	ú

ZFC∗ ï1ñ¢ó#ô)	 �1ô��½í�î�ô��	ï	ï/$&� H�ô�ôpí�ÿ�î�í�ñ�í�ÿ�ù�ú#"!ï�� �Uô��1ëQì�ö1ï	ø�ëxý�ô�öFî�îrõ1ô)	 �1ô�ý��1ô-�Fìpñ�ñ�ë,ôpí��1î��
ÿ��+��� $ ��%'�	ï 1�í�ô�ë 		ö1û ö1úNý�ô�� �Uô��1ë3ù�ö �

ϕ(x̄)
ñ�ï��)�Fì�í�ù����

Σ
ÿ
ZFC∗ ÿ��0ÿ�ô)	1ï1ëQì9�Uô��1ë3ù�ö�ì

(∀ x̄ ∈ X) [ϕ(x̄)]X ∈ B
$	V9	�ì�ö1÷��1î���5rî�ë ë0� ýpù!	Fî�ë³õ	ï1ñ�ì�í�÷ 4$687Sÿ�ë,î�ñ�í�ô

ZFC∗ ���1î�û'ÿ��1ô�õ��	ï1ñ�ô�

î�	1ï��	û'û»ò¦ì�ò�ñ�ï1ô�ëQì�í�ï	ò�î!ÿ�ñ�îUñ)�Uô��1ë3ù�ö1ï��1ôpÿ#ì������Wî���ï	õ1ôpí�î�ø)� ï¦ôpõ��1î�	FîtöFî��	ï	û;$


@B�
�B ]�ôpÿ�ô��#û'í���ð	í�ô,�Uô��1ë3ù�ö�ì
ϕ(x̄)

ñ�ï��)�Fì�í�ù����
Σ
u1��oru1l1l1n�|

X
�1ï¦õ	ï�5!ù�í

X � ϕ(x̄)
�Fî�ñtö1ï

[ϕ(x̄)]X = 1B
$<� %'�	ï-1�í�ô�ë õ1ô)	 �Fì�ø�ù'ë,î�ÿ#ìpî�í�ñ�û�ÿ�ò'ö1ú^ð1î��	ï1î

x̄ ∈ X $ �
H�ï1ñ�í�î�ë3ù

X
�Fì�ø)�0ÿ#ì�ú^í�� ~�sFy�|�q���l1np}�l1q�� �

B
� ��l1np}�l1q�� � �Oq��py�s���vS�Ol1q � y���o�|�n

Φ
õ��1î�		öFô7�!î�


�	ï�� ñ�ï��)�Fì�í�ù����
Σ
�Qï õ	ï�5!ù�í

X � Φ
��î�ñtö1ï

X � ϕ
		ö1ûéÿ�ñ�îtó

ϕ ∈ Φ
$ %Oô)	!� ~�sFy�|�q���l1np}�l1q��

�
B
� ��l1np}�l1q�� � �Oq��py�s���v o�y�q�z�u1u õ1ô��	ï1ëQìpî�í�ñ�ûéë,ô)	Fîtö1÷ªë0�1ô7�!î�ñ�í�ÿ#ì�ÿ�ñ�îtóµí�î�ô��1î�ë81�í�ô�� í�î�ô��	ï	ï/$



� ���t"1 	�@�� #"®���� ��@��
 - 
�$����p$ -��p-  	$	�	
'��"®�� 1��� &��

Gmí�ë,î�í�ï1ë��'ð	í�ôrÿ�ñtö1ù�ðFìpîNý�î�ñ�ò�ô��1î�ð��1ô���ô<ë0�1ô7�!î�ñ�í�ÿ#ì
Φ
ù�ñtöFôpÿ�ï1î

X � Φ
û'ÿpö1û	î�í�ñ�û»ý�î�ñ�ò�ô��1î�ð����Wë

ù�í�ÿ�î��4��	Fî��	ï1î�ë8��ñ�ë�$�� �!���	õ��1î�	Fñ�ípì�ÿpö1û'ú#"!ï1ëSñ�ô�ý�ô��-�Fìpý�ô�� �Uô��1ë3ù�ö {X � ϕ : ϕ ∈ Φ} $MUì�òµï	ø�ÿ�î�ñ�í��1ô��3ÿ�ýpù�öFî�ÿ�ôpø)�Fì�ð��1ô��éñ�ï1ñ�í�î�ë,î�ï1ñ�í�ï������ ÿ�ñ�î¡ípì�ÿ�í�ô�öFô���ï	ï/��ì»õ��Fì�ÿ�ï'ö�ì�ÿ��0ÿ�ô)	�ì
ñ�ô�ó��Fì��	û'ú^í�ï1ñ�í�ï����1ô�ñ�í�÷ $�J®ôpð��1î�î���ôpÿ�ô��#û;�3ÿ�õ��1î�	1õ1ô�öFô7�!î��	ï	ï/��ð	í�ô

X
û'ÿpö1û	î�í�ñ�û

B

°ñ�ï1ñ�í�î�ë,ô��/�

ñ�õ��Fì�ÿ�î�		ö1ï	ÿ�� ñtöFî�	1ù�ú#"!ï1î��\ì�ò	í����
���!�

ZFC ` (X � Φ)
� � �®�

Φ
� � - 
 - �� 	/	$ - �����¡
'����������
'� - � -�� �	�½��� � $����� #"�.

Σ ���� � �����	� �3$ - �<������
���/#"®����� - �<��$	�	�
Γ
�

∆
��� � $����� #"�.

Σ
����� - 
�. * ��� -

ZFC ` (X � Γ)�
Γ ` ∆

� � -
ZFC ` (X � ∆)

$
J_ì�ò	ï1ëxô�ý��Fì�ø�ô�ë���ÿ�ø�ì�õ	ï1ñ�ï

X � ZFC
õ1ô)	 4$687 ë,ô7���1ô¾õ1ô��	ï1ëQì�í�÷»ò'ì�ò�ñ�ôpÿ�ôpò	ù�õ��1ô�ñ�í�÷Àñ�õ1î�


=	ïFì�ö1÷����5ó¦ì�ò�ñ�ï1ô�ë 4$687#�	ípì�ò¦ïÀñ�ôpÿ�ôpò	ù�õ��1ô�ñ�í�÷¡ÿ�ñ�îtó¾í�î�ô��1î�ë 4$687#$

@B+*�B�-m 1�����

X ! B
(°���@���������N��/� 1�����

ϕ(x, ȳ) ! /#" - �1
�
 - ����$�� � � - "@�® ����U��� � $����� #"�.
Σ
*�� �®�

ȳ = y1, . . . , yn
4®+�-�� ���r
 4$687 � - �	��
� 1��� -�* ��� - �����»������."�

x1, x2, ȳ ∈ X
�
b ∈ B

[x1=x2] > b ⇒ [ϕ(x1, ȳ)] ∧ b = [ϕ(x2, ȳ)] ∧ b.

C
H�ô���ö�ìpñ��1ô ��$ � ���!�5ñ�õ��Fì�ÿ�î�		ö1ï	ÿ�ô�ñ�ô�ôpí��1ô�5rî��	ï1î

[
ϕ(x, ȳ) ∧ (x= xi) ⇔ ϕ(xi, ȳ) ∧ (x=xi)

]
= 1B .

HQöFî�	Fôpÿ#ì�í�îtö1÷��1ô��

[ϕ(x1, ȳ)] ∧ [x1 =x2] = [ϕ(x2, ȳ)] ∧ [x1 =x2],

ì!ø)�Fì�ð	ï	í��Fÿ<ñtö1ù�ðFìpî
[x1 =x2] > b

ë0� ï1ë,î�î�ë

[ϕ(x1, ȳ)] ∧ b = [ϕ(x1, ȳ)] ∧ [x1 =x2] ∧ b = [ϕ(x2, ȳ)] ∧ [x1=x2] ∧ b = [ϕ(x2, ȳ)] ∧ b. �


@B =@B V ñtö1ù�ðFìpî
ZFC ` (X � ZFC)

ø�ì�õ	ï1ñ�ï
[ϕ(x̄)]X

ï
X � ϕ(x̄)

ô�ý��1î�ípì�ú^í<ñ�ë0�Wñtö��1î^í�ô�ö1÷�ò�ô
		ö1û �Uô��1ë3ù�ö

ϕ
ñ�ï��)�Fì�í�ù����

Σ
�;�1ô»ï6		ö1û �Uô��1ë3ù�ö<��ñ�ô)	Fî��4�rì�"!ï'ó½ÿpó#ô7��	Fî��	ï	ûªö1úNý��5óªôpõ��1î�	Fî�


ö1û	î�ë0�5ó»ÿ 4$687Sõ��1î�	1ï	ò'ì�í����5ó¦ï-�Où��	ò�=	ï1ô��Fì�ö1÷����5ó¦ñ�ï1ë3ÿ�ô�öFôpÿ $FPQñtö1ï
ϕ
� ípì�ò'ì�û �Uô��1ë3ù�ö�ì��	í�ô

õ1ô)	
[ϕ(x̄)]X

õ1ô��	ï1ëQìpî�í�ñ�û
[ψ(x̄)]X

�4�
	Fî
ψ
� �1î�ø�ù�ö1÷�ípì�í�� s1u��Ou1l1n��1u1u ôpõ��1î�	Fîtö1û	î�ë0�5ó»ñ�ï1ë3ÿ�ô�öFôpÿ �

í�$�î�$,ípì�ò'ì�û �Uô��1ë3ù�ö�ì
ψ
ñ�ï��)�Fì�í�ù����

Σ
�,ð	í�ô

ZFC ` (ϕ ⇔ ψ)
$�V ðFìpñ�í��1ô�ñ�í�ï/� �Fìpñ�ñ�ëQì�í��	ï	ÿ#ì�û

ýpù�öFî�ÿ�ôpø)�Fì�ð��	ù�ú ë,ô)	Fîtö1÷
X
í�î�ô��	ï	ï54$687#��ë0�Sï1ë,î�î�ëµÿ�ôpø�ë,ô7���1ô�ñ�í�÷�ù�õ1ôpí��1î�ý�ö1û'í�÷rípì�ò	ï1î^í�î��1ë0�

ï-�Uô��1ë3ù�ö ���	ò'ì�ò
[x ∩ y = ∅]X

ï'ö1ï
X � (f : x→ y)

$
M'�1ô�ë,î<í�ô���ô���ÿÀò�ô��1ñ�í��	ù�ò�=	ï	û�óªÿ�ï�	�ì

[ · · · ]X
ï
X � (· · ·) 	Fôpõ	ù�ñ�ò'ìpî�í�ñ�û3�1î)�Uô��1ëQì�ö1÷��1ô�î<ù�õ1ô�


í��1î�ý�öFî��	ï1î ü�ÿ��1î�5��	ï'ó �ªí�î��1ë,ôpÿ �Qôpõ��1î�	Fîtö1û	î�ë0�5óéÿ 4$687#$QYUì�õ��	ï1ë,î��/�Qÿ�ò�ô��	í�î�ò�ñ�í�î
f : A→Xø�ì�õ	ï1ñ�÷

[f(a1)= f(a2)]X = b
ñtö1ù���ï	í¡ñ�ôpò��Fì�"rî��	ï1î�ë9�Uô��1ë3ù�ö �

(∃x1, x2)
(
x1 = f(a1) ∧ x2 = f(a2) ∧ [x1=x2]X = b

)
.


@B���B H�ï1ñ�í�î�ëQì
X

�Fì�ø)�0ÿ#ìpî�í�ñ�û q�o �py�s1u��Oq�� �'î�ñtö1ï

(∀x, y ∈ X)
(
[=]X(x, y) = 1B ⇒ x = y

)
.

VSñtö1ù�ðFìpî
2

°ñ�ï1ñ�í�î�ë0��� �
	Fî

2 := {0, 1} �>õ��1ô�ñ�í�î���5�ì�ûÀýpù�öFî�ÿ#ì�ì�ö ��î�ý��Fì��1ôpí7	Fîtö1ï1ë,ô�ñ�í�÷�ôpø)�Fì�ðFìpî�í
ñ�ípì���	�ì��	í��1ô�ñ�í�÷�ï��	í�î��	õ��1î�ípì�=	ï	ï �Fì�ÿ�î��1ñ�í�ÿ#ì%�

[=]X(x, y) = 1 ⇔ x = y
$
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�B��»Þ_à_j��_à_ê	� ê_Ý��Qä�ç�h^i��,ê_ç#Þ_ç�h^ç	��à_æFi	j_à�å àSh^i � 
�à3hmf®h^i

V5ñ�ú+	1ù �	ï��!î
B

� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì��
X

� ôpí7	Fîtö1ï1ëQì�û
B

 ø)�Fì�ð��Fì�û�ì�ö ��î�ý��Fì�ï	ð1î�ñ�ò'ì�û

ñ�ï1ñ�í�î�ëQì<ñ�ï��)�Fì�í�ù����
Σ := {=,∈} �'õ��	ï	ð1î�ëéÿ X ï1ñ�í�ï����Fì<ì�ò�ñ�ï1ô�ëQì�1�ò�ñ�í�î��1ñ�ï1ô��Fì�ö1÷��1ô�ñ�í�ï	�

X � (∀x, y)
(
(∀ z)(z ∈ x⇔ z ∈ y) ⇒ x = y

)
.

H �Fì�ø�ù<ôpí�ë,î�í�ï1ë���ð	í�ô�1�öFî�ë,î��	í��
x
ípì�ò�ô��»ñ�ï1ñ�í�î�ë0�

X
ô)	 �1ôpø)�Fì�ð��1ôrôpõ��1î�	Fîtö1û'ú^í�ñ�û�ø)�Fì�ð1î��	ï�


û	ë3ï
[z ∈x]X

�
z ∈ X

�)�1î�ñtö1ï
x, y ∈ X

ï
[z ∈x]X = [z ∈ y]X

		ö1û¾ÿ�ñ�îtó
z ∈ X

�	í�ô
x = y

$
[Ní�ô�ý��`ø�ì�õ	ï1ñ�ï�ý��5ö1ïªë,î��1î�î��)�1ô�ë,ôpø�	1ò	ï1ë3ï/��ù�ñtöFôpÿ�ï1ë,ñ�û�ôpõ	ù�ñ�ò'ì�í�÷Àï���	Fî�ò�ñ��

B
ï
X
ÿ»ñ�ï1ë 


ÿ�ô�ö�ì�ó
supB

� ∧B

�
[ . . . ]X

�
ascX

� ↑X
�
mixX

ïÀí�$	õ/$

�B�?FB %Nù�ñ�í�÷

C
� õ1ô)	Fë0�1ô7�!î�ñ�í�ÿ�ô

B ×X
$�
QöFî�ë,î��	í

x ∈ X
�Fì�ø)�0ÿ#ì�ú^í
� q����py��Oqt�I��q�q�o�|py�or�

��o�|�u��
C
ïÀô�ý�ôpø)�Fì�ðFì�ú^í¾ñ�ï1ë3ÿ�ô�öFô�ë

ascC
�	î�ñtö1ï

[z ∈x] = sup
(b,y)∈C

(
b ∧ [z= y]

) 		ö1û¾ÿ�ñ�îtó
z ∈ X.

V ñtö1ù�ðFìpî ñ�ô�ôpí�ÿ�î�í�ñ�í�ÿ�ï	û;�Oø�ì!	�ì����1ô���ô õFì��1ô��Iñ�î�ë,î��1ñ�í�ÿ
(bi)i∈I ⊂ B

�
(xi)i∈I ⊂ X

�^ÿ�ë,î�ñ�í�ô
asc{(bi, xi) : i ∈ I} ï1ñ�õ1ô�ö1÷�ø�ù�î�í�ñ�û¦ý�ô�öFî�îOò�ô�ë3õFì�ò	í��Fì�û¦ø�ì�õ	ï1ñ�÷ asc

i∈I
bixi

$	J_ì�ò	ï1ë ô�ý��Fì�ø�ô�ë��1ÿ����Fì!

�!î��	ï1î

x = asc
i∈I

bixi
ôpø)�Fì�ðFìpî�í

[z ∈x] = sup
i∈I

(
bi ∧ [z=xi]

) 		ö1û»ÿ�ñ�îtó
z ∈ X.

�Uö1û
b ∈ B

ï
Y ⊂ X

õ1ô)	1þ�î�ë
asc({b} × Y )

�Fì�ø)�0ÿ#ìpî�í�ñ�û�� q����py��Oqt� �Ol1q � y���o�|�n
Y
�r|py���qt�

bï¦ô�ý�ôpø)�Fì�ðFìpî�í�ñ�û�ñ�ï1ë3ÿ�ô�öFô�ë
bY ↑ $�
QöFî�ë,î��	í x = bY ↑ ôpõ��1î�	Fîtö1û	î�í�ñ�û¦ñ�ô�ôpí��1ô�5rî��	ï	û	ë3ï

[z ∈x] = b ∧ sup
y∈Y

[z= y]
		ö1û»ÿ�ñ�îtó

z ∈ X.

V ñtö1ù�ðFìpî
b = 1B

õ1ô)	1þ�î�ë
bY ↑ ô�ý�ôpø)�Fì�ðFì�ú^í Y ↑ ï��Fì�ø)�0ÿ#ì�ú^í�� q����py��Oqt� �Ol1q � y���o�|�n

Y
$


�B�
@B ]�ôpÿ�ô��#û'í��Fð	í�ô
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í�� z�u1l �1u � ~ � q����py��On �'î�ñtö1ï

(∀C ⊂ B ×X)(∃x ∈ X)(x = ascC),

(∀x ∈ X)(∃C ⊂ B ×X)(x = ascC).


�B�
�B %Nù�ñ�í�÷
Y

� õ1ô)	Fë0�1ô7�!î�ñ�í�ÿ�ô»ï'ö1ï�õ1ô)	1ò'ö�ìpñ�ñ
X
$�H�ï1ë3ÿ�ô�öFô�ë

Prt(B, Y )
ù�ñtöFôpÿ�ï1ë,ñ�û�ô�ý�ô�


ø)�Fì�ðFì�í�÷»ò'ö�ìpñ�ñ\ÿ�ñ�îtó �Où��	ò�=	ï��
P : D → Y

��ôpõ��1î�	FîtöFî������5ó �Fì*�Fì�ø�ýpï1î��	ï	û�ó�î�	1ï��	ï�=��`ýpù�öFî�ÿ�ô��
ì�ö ��î�ý����

B
�'í�$1î�$��Fìrípì�ò	ï'ó»õ1ô)	Fë0�1ô7�!î�ñ�í�ÿ#ì�ó

D ⊂ B
��ð	í�ô

supD = 1B, (∀ d1, d2 ∈ D)(d1 6= d2 ⇒ d1 ∧ d2 = 0B).

QöFî�ë,î��	í

x ∈ X
�Fì�ø)�0ÿ#ìpî�í�ñ�û�� y°z@y��Uy��ruF|�npl1uFy�� �Où��	ò�=	ï	ï

P ∈ Prt(B,X)
ï ô�ý�ôpø)�Fì�ðFìpî�í�ñ�û

ñ�ï1ë3ÿ�ô�öFô�ë
mixP

�	î�ñtö1ï
[x=P (d)] > d

		ö1û¾ÿ�ñ�îtó
d ∈ D.

a'�1ô��
	�ì�õ1ô)	 �Fì�ø�ýpï1î��	ï1î�ëSî�	1ï��	ï�=�� ù!	Fô�ý��1ô�õ1ô��	ï1ëQì�í�÷�ñ�î�ë,î��1ñ�í�ÿ�ô
(di)i∈I ⊂ B

ípì�ò�ô�î��1ð	í�ô

sup
i∈I

di = 1B, (∀ i, j ∈ I)(i 6= j ⇒ di ∧ dj = 0B).

�Uö1û �Fì�ø�ýpï1î��	ï	û�î�	1ï��	ï�=��
(di)i∈I ⊂ B

ï�ñ�î�ë,î��1ñ�í�ÿ#ì
(xi)i∈I ⊂ X

ñ�ï1ë3ÿ�ô�öFô�ë
mix
i∈I

dixi
ô�ý�ôpø)�Fì!


ðFìpî�í�ñ�û-1�öFî�ë,î��	í
x ∈ X �	ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï��¦ù�ñtöFôpÿ�ï	ú

[x=xi] > di
		ö1û¾ÿ�ñ�îtó

i ∈ I.
MUì�ò»öFî���ò�ô<ÿ�ï�	Fî�í�÷ �

mix
i∈I

dixi = mix{(di, xi) : i ∈ I, di 6= 0} $



� ���t"1 	�@�� #"®���� ��@��
 - 
�$����p$ -��p-  	$	�	
'��"®�� 1��� & �

H�ôpÿ�ôpò	ù�õ��1ô�ñ�í�÷xõ1î��1î�ë,î�5!ï	ÿ#ì��	ï��`ÿ�ñ�î�ÿ�ôpø�ë,ô7�����5ó �Où��	ò�=	ï��
P ∈ Prt(B, Y )

�Fì�ø)�0ÿ#ìpî�í�ñ�û
�1u���s1u1}'y�����q���q � qts1q�} ��q�� õ1ô)	Fë0�1ô7�!î�ñ�í�ÿ#ì

Y ⊂ X
ïÀô�ý�ôpø)�Fì�ðFìpî�í�ñ�û�ñ�ï1ë3ÿ�ô�öFô�ë

cyc Y
$


�B+*�B ]�ôpÿ�ô��#û'í��Fð	í�ô
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í � z�u1l �1u � ~ � y°z@y��Uy��ruF|�npl1u�� �'î�ñtö1ï
(
∀P ∈ Prt(B,X)

)
(∃x ∈ X)(x = mixP ).


�B =@B %Nù�ñ�í�÷
ϕ(x, ȳ)

�8�Uô��1ë3ù�ö�ìmñ�ï��)�Fì�í�ù����
Σ
��ÿ�ñ�î5ñ�ÿ�ô�ý�ô)	 ���Wî0õ1î��1î�ë,î������Wî0ò�ôpí�ô��1ô��¡ñ�ô)	Fî���


�rì�í�ñ�û�ÿ¾ñ�õ	ï1ñ�ò�î
x, ȳ

� �
	Fî
ȳ = y1, . . . , yn

$�H�ï1ñ�í�î�ëQì
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í � z�u1l �1u � ~<�On ����u��O~��On

��s�� � q�z��O~�s��
ϕ
�1î�ñtö1ï

(∀ ȳ ∈ X)(∃x0 ∈ X) [(∃x)ϕ(x, ȳ)] = [ϕ(x0, ȳ)].

MUì�ò»öFî���ò�ô�ÿ�ï�	Fî�í�÷ �Fî�ñtö1ï
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í�õ��	ï���=	ï	õ	ù»ëQì�ò�ñ�ï1ë3ù'ëQì�		ö1û

ϕ
�'í�ô

(∀ ȳ ∈ X)
(
X � (∃x)ϕ(x, ȳ) ⇒ (∃x ∈ X)X � ϕ(x, ȳ)

)
.

]�ôpÿ�ô��#û'í��Qð	í�ô
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í � z�u1l �1u � ~¦�On ����u��O~��On �3î�ñtö1ï

X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í½õ��	ï���=	ï	õ	ù

ëQì�ò�ñ�ï1ë3ù'ëQì�		ö1û�ö1úNý�ô�� �Uô��1ë3ù�ö � ñ�ï��)�Fì�í�ù����
Σ
$;� X 	Fî�ñ�÷�ë0�xï1ë,î�î�ë 	FîtöFô<ñOôpð1î��1î�	 ���Wë ü�ý�î�ñ�


ò�ô��1î�ð����Wëéù�í�ÿ�î��4��	Fî��	ï1î�ë+���@ñ�ë�$�� ��$ �

�B���B H�ô���ö�ìpñ��1ô � ��� ��$+� ���8��$+��������ñ�ë�$�ípì�ò��!î�� � ����$+��$ ������$+��$ � � �Wÿ 4$687 	Fôpò'ì�ø�ù�î�ë0�IñtöFî�	1ù�ú#"!ï1î

ñ�ô�ôpí��1ô�5rî��	ï	û¦ë,î���	1ù¾ñ)�Uô��1ë3ù�ö1ï��1ôpÿ#ì������Wë3ï�ÿ���5rîNõ��	ï���=	ï	õFìpë3ï/$
-m 1�����

X ! /#" - �1
�
 - ����$�� �
B
(°���@���������¡��� � $����� #"�.

Σ
4

���!� 1 ���	� ���@���������
X
 �� - 
��@����
 - "������¡/#"��	$��	�	/� �/ - �
	���������
¾$@�����@�����	$	$��»���1��� - �����t�1�)(

����$@��� - $�������$ - ����� * � -
X
 �� - 
��@����
 - "������r/#"��	$��	�	/� À/@��"®�����32!�	
���$	��� 4

��� ��1 ���	�
X
 �� - 
��@����
 - "�������/#"��	$��	�	/� ª/ - �
	���������/#"��	$��	�	/� ½�����1���1�® 1��������� � - "@�® ��	.

x∈ y * � - X  �� - 
��@����
 - "������!/#"��	$��	�	/� ¦/@��"®�����32!�	
���$	��� 4
� � � -m 1�����

X
 �� - 
��@����
 - "������r/#"��	$��	�	/� ¦/@��"®�����32!�	
���$	��� 43+�-�� ���

X
 �� - 
��@����
 - "������r/#"��	$ (

�	�	/� À�����1���1�® 1��� 4

�B A�B�
¦ç�hNh^i@B 1 ���	�

B
(°���@���������

X
 �� - 
��@����
 - "������½/#"��	$��	�	/� x/@��"®�����32!�	
���$	��� * � - �����

������."�
(bi)i∈I ⊂ B

�
(xi)i∈I ⊂ X

$����#�1 @��� �
b ∈ B

�
(yi)i∈I ⊂ cyc{xi : i ∈ I} �����	�@� * ��� -

sup
i∈I

(
bi ∧ [z=xi]

)
= b ∧ sup

i∈I
[z= yi]

�����»
'�����
z ∈ X.

C
V ñtö1ù�ðFìpî

I = ∅
ù�í�ÿ�î��4��	Fî��	ï1îOöFî�ë,ë0� ôpð1î�ÿ�ï�	 �1ô�$ %Nù�ñ�í�÷

I 6= ∅
$

%Oô�öFô7��ï1ë
b = supi∈I bi

�
I∗ = I ∪ {I} � dI = ¬b ï �Fìpñ�ñ�ë,ôpí��	ï1ë õ��1ôpï	ø�ÿ�ô�ö1÷������ 1�öFî�ë,î��	í

xI ∈ {xi : i ∈ I} $�H�ô���ö�ìpñ��1ô�õ��	ï���=	ï	õ	ùÀï1ñ�ð1î��	õ��0ÿ#ì��	ï	û(��ñ�ë�$	� � �$��$+��$+� �����!� � �mñ�ù�"rî�ñ�í�ÿ�ù�î�í¡ípì�ò�ô�î
�Fì�ø�ýpï1î��	ï1îrî�	1ï��	ï�=��

(di)i∈I∗ ⊂ B
�1ð	í�ô

di 6 bi
		ö1û¦ÿ�ñ�îtó

i ∈ I∗
$�X�ìpë,î�í�ï1ë���ð	í�ô

supi∈I di = b
$

R�ö�ì���ô)	�ì��#ûªõ��	ï���=	ï	õ	ù�õ1î��1î�ë,î�5!ï	ÿ#ì��	ï	ûªÿ
X
ï1ë,î�î�í�ñ�û61�öFî�ë,î��	í

x = mixi∈I∗ dixi
�Fó�ì��Fì�ò	í�î��	ï�


ø�ù�ú#"!ï��1ñ�ûÀñ�ô�ôpí��1ô�5rî��	ï	û	ë3ï

[x=xi] > di
		ö1û¾ÿ�ñ�îtó

i ∈ I∗.
���!�

%Oô»í�ô�� �!î<õ��	ï	ð	ï��1î*		ö1û�ò'ì���	Fô���ô
i ∈ I

ÿ
X
ï1ë,î�î�í�ñ�û 1�öFî�ë,î��	í

yi = mix{(bi, xi), (¬bi, x)}
�

ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï�� �1î��Fì�ÿ�î��1ñ�í�ÿ#ìpë

[yi=xi] > bi, [yi=x] > ¬bi.
��� �

%Oôpò'ì��!î�ë��®ð	í�ôÀñ�î�ë,î��1ñ�í�ÿ�ô
(yi)i∈I

û'ÿpö1û	î�í�ñ�ûªï1ñ�ò�ô�ë0�Wë�$3Gmð1î�ÿ�ï�	 �1ô��
(yi)i∈I ⊂ cyc{xi : i ∈ I} $�rì�öFî�î���		ö1û»ÿ�ñ�û'ò�ô���ô*1�öFî�ë,î��	ípì

z ∈ X
ñNù�ð1î�í�ô�ë ��� ��ï5��$ &¡ë0� ï1ë,î�î�ë

sup
i∈I

(
bi ∧ [z=xi]

)
= sup

i∈I

(
bi ∧ [z= yi]

)
6 b ∧ sup

i∈I
[z= yi].
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H9	 �	ù���ô��Àñ�í�ô��1ô������Fý�ö�ì���ô)	�ì��#û ���!��ï5��$ &¡ñ�õ��Fì�ÿ�î�		ö1ï	ÿ�� ñ�ô�ôpí��1ô�5rî��	ï	û

b ∧ [z=x] = sup
i∈I

(
di ∧ [z=x]

)
= sup

i∈I

(
di ∧ [z=xi]

)
6 sup

i∈I

(
bi ∧ [z=xi]

)
,

ôpí�ò	ù!	�ì�ñNù�ð1î�í�ô�ë ��� ��ï5��$ &¡ñtöFî�	1ù�î�í��1ð	í�ô�		ö1û¾ÿ�ñ�îtó
i ∈ I

b ∧ [z= yi] =
(
bi ∧ [z= yi]

)
∨
(
b ∧ ¬bi ∧ [z= yi]

)

=
(
bi ∧ [z=xi]

)
∨
(
b ∧ ¬bi ∧ [z=x]

)

6
(
bi ∧ [z=xi]

)
∨ sup

j∈I

(
bi ∧ [z=xi]

)
= sup

i∈I

(
bi ∧ [z=xi]

)
,

ïÀõ1ô�1�í�ô�ë3ù
b ∧ supi∈I [z= yi] = supi∈I

(
b ∧ [z= yi]

)
6 supi∈I

(
bi ∧ [z=xi]

) $
B


�BDE�B��Oß,ç�� 
�g'æFà_ç1B -m 1�����
X ! - �¢�®���	�1��� �

B
(°���@��������� * 
¡� - � - " - ���@�����	$	$������1��� - ��� �t�1�)(

����$@��� - $�������$ - ����� 4

(1)
1 ���	�

X
 �� - 
��@����
 - "������W/#"��	$��	�	/� !/@��"®�����32!�	
���$	��� * � - �����\����� -��p- � -�- ��
'��������
����

C ⊂
B ×X

$����#�1 @��� �
b ∈ B

�
Y ⊂ cycC[B]

�����	�@� * ��� - 

X
�� ��¡������
 - 
���$	�@�

ascC
"���
�$ - ���	����$ -

�� ��¡������
 - 
���$	���
bY ↑ * /#"�������� ascC = bY ↑ 4

(2)
1 ���	�

X
 �� - 
��@����
 - "������^/#"��	$��	�	/� �/ - �
	������ * � - �����!����� -��p-

x ∈ X
�� ��¡������
� ��\�

b ∈ B�
Y ⊂ X

�����	�@� * ��� -
x = bY ↑ 4 -W"�� ��� - � b = [x 6=∅]

�
[y∈x] = b

�����¾
'�����
y ∈ Y 4

*�B��»ç#Þ_i	Þ���à	�_ç�
���i�å 
�g'Þ®f �_g�f�Þ_i�ã1f�ß,ç#æFÝ1á#j_i��_j_Ý�� 
�à	
�g'ç�h
�

V5ñ�ú+	1ù �	ï��!î
B

� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì��
X

� ôpí7	Fîtö1ï1ëQì�û
B

 ø)�Fì�ð��Fì�û�ì�ö ��î�ý��Fì�ï	ð1î�ñ�ò'ì�û

ñ�ï1ñ�í�î�ëQì¾ñ�ï��)�Fì�í�ù����
Σ := {=,∈} ��õ��	ï	ð1î�ëxñ�ï1ñ�í�î�ëQì X ù!	FôpÿpöFî�í�ÿ�ô��#û	î�íÀõ��	ï���=	ï	õ	ù�õ1ô)	1þ�î�ëQì�ï

ÿ#�1î��\ï1ñ�í�ï����FìNì�ò�ñ�ï1ô�ëQì�1�ò�ñ�í�î��1ñ�ï1ô��Fì�ö1÷��1ô�ñ�í�ï/$�Gmí�ë,î�í�ï1ë���ð	í�ômÿ�1�í�ô�ë�ñtö1ù�ðFìpî
X
ù!	FôpÿpöFî�í�ÿ�ô��#û	î�í

ípì�ò��!îUõ��	ï���=	ï	õFìpë õ1î��1î�ë,î�5!ï	ÿ#ì��	ï	ûÀïÀëQì�ò�ñ�ï1ë3ù'ëQì ��ñ�ë�$ � $ � ��$
*�B�?FB G^ý�ôpø)�Fì�ð	ï1ëxñ�ï1ë3ÿ�ô�öFô�ë

∅X

õ1ô)	1þ�î�ë
ascX ∅

õ	ù�ñ�í�ô���ô¾ñ�ô�ôpí�ÿ�î�í�ñ�í�ÿ�ï	û
∅ ⊂ B ×X

$ 
QöFî�

ë,î��	í

∅X ∈ X
ï��)�Fìpî�íÀÿ��	ù�í��	ï

B

°ñ�ï1ñ�í�î�ë0�

X
�1ô�ö1÷Àõ	ù�ñ�í�ô���ô»ë0�1ô7�!î�ñ�í�ÿ#ì��®í�$�î�$

X � (∅X =∅)ï'ö1ï/�	ð	í�ô�í�ô��!î\ñ�ìpë,ô�î��
X � (∀ y)¬(y ∈∅X)

$
�Uö1û

x ∈ X
ï
b ∈ B

õ1î��1î�ë,î�5!ï	ÿ#ì��	ï1î
mix{(b, x), (¬b,∅X)}

ù�ñtöFôpÿ�ï1ë,ñ�ûÀô�ý�ôpø)�Fì�ðFì�í�÷¡ñ�ï1ë3ÿ�ô�

öFô�ë

x|b
ï��Fì�ø)�0ÿ#ì�í�÷ ��~ � y�l1uFy��

x
l1n

b
�

[x|b =x] > b, [x|b =∅] > ¬b.
*�B�
@B 
¦ç�hNh^i@BF:����¡������."�

a, b, bi ∈B
*
x, xi, y, yi ∈X

*
Y ⊂X

��/#"���
'�����	�	
�. � -�- ��$ - 2¡��$	�����

(1) [ϕ(x1, . . . , xn, y1, . . . , ym)]∧ b = [ϕ(x1|b, . . . , xn|b, y1, . . . , ym)]∧ b *�� �®� ϕ ! /#" - �1
�
 - ��� (
$�� � � - "@�® ����<��� � $����� #"�.

Σ;

(2) [y∈x|b] = [y∈x] ∧ b;
(3)

(
x|a
)∣∣

b
= x|a∧b;

(4) x|b= y|b ⇔ [x= y] > b;

(5)
(
asci∈I bixi

)∣∣∣
b
= asci∈I (bi ∧ b)xi = asci∈I (bi ∧ b)xi|b;

(6) (aY ↑)|b = (a∧ b)Y ↑ 4

C
L^í�ÿ�î��4��	Fî��	ï1î ���!��ñtöFî�	1ù�î�í¡ï	ø���$ &¡ý�ö�ì���ô)	�ì��#û �1î��Fì�ÿ�î��1ñ�í�ÿ#ìpë

[xi =xi|b] > b
$

K3ì�ÿ�î��1ñ�í�ÿ�ô:��� ��ÿ��0í�î�ò'ìpî�í¡ï	øUñtöFî�	1ù�ú#"!ï'óÀô�=1î��1ôpò	�

[y∈x|b] > [y∈x] ∧ [x=x|b] > [y∈x] ∧ b;
[y∈x|b] 6 [x|b 6=∅] = ¬[x|b=∅] 6 ¬¬b = b;

[y∈x|b] = [y∈x|b] ∧ b 6 [y∈x|b] ∧ [x|b =x] 6 [y∈x].



� ���t"1 	�@�� #"®���� ��@��
 - 
�$����p$ -��p-  	$	�	
'��"®�� 1��� &��

� � �5aNø ��� �5ñtöFî�	1ù�î�í��1ð	í�ô [
y∈
(
x|a
)∣∣

b

]
= [y ∈x|a] ∧ b = [y∈x] ∧ a ∧ b = [y∈x|a∧b]

$
�'&��mPQñtö1ï

x|b = y|b
��í�ô¾ý�ö�ì���ô)	�ì��#û ���!�më0� ï1ë,î�î�ë

[x= y] ∧ b = [x|b = y|b] ∧ b = b
�@ôpí�ò	ù!	�ì

[x= y] > b
$1YUìpô�ý�ô��1ôpí��1ï	ø

[x= y] > b
ñtöFî�	1ù�î�í

[x|b = y|b] > [x|b =x] ∧ [x= y] ∧ [y= y|b] > b;

[x|b = y|b] > [x|b =∅] ∧ [y|b =∅] > ¬b,
ì!ø)�Fì�ð	ï	í��

[x|b = y|b] = 1B
ï»í�î�ëéñ�ìpë0�Wë

x|b = y|b
ý�ö�ì���ô)	�ì��#û�ôpí7	Fîtö1ï1ë,ô�ñ�í�ï/$

��� �WH ù�ð1î�í�ô�ë ���!��ï ��� � 		ö1û¾ÿ�ñ�îtó
y ∈ X

ë0� ï1ë,î�î�ë

[
y ∈

(
asc
i∈I

bixi

)∣∣∣
b

]
=
[
y ∈ asc

i∈I
bixi

]
∧ b = sup

i∈I
[y=xi] ∧ bi ∧ b

=
[
y ∈ asc

i∈I
(bi ∧ b)xi

]
= sup

i∈I
[y=xi|b] ∧ bi ∧ b =

[
y ∈ asc

i∈I
(bi ∧ b)xi|b

]
.

K3ì�ÿ�î��1ñ�í�ÿ�ô:� � ��û'ÿpö1û	î�í�ñ�ûÀðFìpñ�í����Wëéñtö1ù�ðFìpî�ë ��� ��$
B

*�B�
�B H õ1ô�ë,ô�"!÷�ú í��Fì��1ñ)�Oï��	ï	í��1ô�� �1î�ò	ù��1ñ�ï	ï ��ñ�ë�$ � � � ��$ ��$ � � ��$ ��$+��� �¦ôpõ��1î�	Fîtö1ï1ë ò'ö�ìpñ�ñ�

�Où��	ò�=	ï	ú��	ñ�ôpõ1ô�ñ�ípì�ÿpö1û'ú#"!ù�ú ò'ì���	Fô�ë3ùÀô�� 	1ï��Fì�í�ù

α ∈ On
õ1ô)	Fë0�1ô7�!î�ñ�í�ÿ�ô

Xα ⊂ X
�	õ1ô�ö�ì���ì�û

Xα =
{
ascC : C ⊂ B ×⋃β<αXβ

}
.

MUì�ò�öFî���ò�ôÀÿ�ï�	Fî�í�÷ �
Xα ⊂ Xβ

õ��	ï
α 6 β

�
X0 = {∅X}

�
Xα+1 = {ascC : C ⊂ B × Xα}		ö1û¾ÿ�ñ�îtó

α ∈ On
$

*�B+*�B G^ý�ôpø)�Fì�ð	ï1ëéò'ö�ìpñ�ñ ⋃
α∈OnXα

ñ�ï1ë3ÿ�ô�öFô�ë
X∞

$

¦ç�hNh^i@B��3�@������$@�

x ∈ X
/#"��	$������@�����@�

X∞
� -�� ���U�¦� - ����� - � -�� ��� * � -�� ���

x = ascC
�����

$@��� - � - " -��p-
C ⊂ B ×X∞

4

C
YOî�ô�ý�ó#ô)	1ï1ë,ô�ñ�í�÷»ô�ý�î�ñ�õ1î�ð	ï	ÿ#ìpî�í�ñ�û�ôpõ��1î�	FîtöFî��	ï1î�ëéò'ö�ìpñ�ñ�ì

X∞
$�%Oô�û	ñ��	ï1ë(	Fô�ñ�ípì�í�ôpð��1ô�ñ�í�÷ $

PQñtö1ï
x = ascC

� �
	Fî
C ⊂ B ×X∞

�Fí�ô�ÿ��Wýpï��Fì�û 		ö1û¦ò'ì���	Fô���ô 1�öFî�ë,î��	ípì
y ∈ Y := imC

ô���

	1ï��Fì�ö

α(y)
�1ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï��¦ù�ñtöFôpÿ�ï	ú

y ∈ Xα(y)
�'ø�ì�ò'ö1ú^ðFìpî�ë��1ð	í�ô

Y ⊂ ⋃y∈Y Xα(y) ⊂Xα
�

�
	Fî
α = supy∈Y α(y)

�Fì!ø)�Fì�ð	ï	í��
C ⊂ B ×Xα

ïÀí�î�ë³ñ�ìpë0�Wë
x ∈ Xα+1 ⊂ X∞

$
B

*�B =@B Gmõ��1î�	Fîtö1ï1ëéò'ö�ìpñ�ñ�
 �Où��	ò�=	ï	ú
ω
ï	ø

X
ÿ
B
�'õ1ô�ö�ì���ì�û

ω(x) = sup{b ∈ B : x|b ∈ X∞}, x ∈ X.


¦ç�hNh^i@B�:����»������."�
b ∈ B

*
x ∈ X

�1�������!������� - �t�	
��	
����@��$@��$ - �����

x|b ∈ X∞ ⇔ b 6 ω(x).

C
K3ìpñ�ñ�ë,ôpí��	ï1ë õ��1ôpï	ø�ÿ�ô�ö1÷������ 1�öFî�ë,î��	í

x ∈ X
ï»õ1ô�öFô7��ï1ë

Ω(x) = {b ∈ B : x|b ∈ X∞} $%Oôpò'ì��!î�ë��_ð	í�ôÀë0�1ô7�!î�ñ�í�ÿ�ô
Ω(x)

�Fìpñ���"rî��1ôÀÿ��	ï	ø��®î�ñtö1ï
a ∈ Ω(x)

ï
b 6 a

��í�ô
b ∈ Ω(x)

$
�!î��1ñ�í�ÿ�ï	í�îtö1÷��1ô���õ	ù�ñ�í�÷

a ∈ Ω(x)
�	í�$Fî�$

x|a ∈ X∞
$�H�ô���ö�ìpñ��1ô & $ &�ñ�õ��Fì�ÿ�î�		ö1ï	ÿ�ô¡õ��1î�	Fñ�ípì�ÿpöFî��	ï1î

x|a = ascC
		ö1û-�1î�ò�ôpí�ô��1ô���ô

C ⊂ B ×X∞
$FJ®ô��
	�ì¡ÿ¾ñtö1ù�ðFìpî

b 6 a
ñUù�ð1î�í�ô�ë & $ ��� � ��� ��� �Wï & $ &

ë0� ï1ë,î�î�ë

x|b = x|a∧b =
(
x|a
)∣∣

b
= (ascC)|b = ascCb,

�
	Fî
Cb = {(c ∧ b, y) : (c, y) ∈ C} ⊂ B ×X∞

�Fì!ø)�Fì�ð	ï	í��
x|b ∈ X∞

$
G^ñ�ípìpî�í�ñ�û�	Fôpò'ì�ø�ì�í�÷ �5ð	í�ô

ω(x) ∈ Ω(x)
��í�$5î�$

x|ω(x) ∈ X∞
$ �Uö1ûSÿ�ñ�û'ò�ô���ô

b ∈ Ω(x)
ï	ø

ÿ�ò'ö1ú^ð1î��	ï	û
x|b ∈ X∞

ñmù�ð1î�í�ô�ë & $ &rñtöFî�	1ù�î�í��'ð	í�ô
x|b = ascCb

		ö1û �1î�ò�ôpí�ô��1ô���ô
Cb ⊂ B×X∞

$
%Oô�öFô7��ï1ë

C =
⋃

b∈Ω(x) Cb
$��Nñ��1ô��1ð	í�ô

C ⊂ B ×X∞
�Fì�ø)�Fì�ð	ï	í���ÿ�ñ�ï'ö1ù & $ &*		ö1û¦ô�ý�ô�ñ��1ôpÿ#ì��	ï	û
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ÿ�ò'ö1ú^ð1î��	ï	û
x|ω(x) ∈ X∞

	Fô�ñ�ípì�í�ôpð��1ôUõ1ôpò'ì�ø�ì�í�÷ ��ð	í�ô
ascC = x|ω(x)

$ �!î��1ñ�í�ÿ�ï	í�îtö1÷��1ô���		ö1û!ÿ�ñ�îtó
z ∈ X

ñOù�ð1î�í�ô�ë & $ ����� �0ë0�xï1ë,î�î�ë

[z ∈ ascC] = sup
(a,y)∈C

(a ∧ [z= y]) = sup
b∈Ω(x)

sup
(a,y)∈Cb

(a ∧ [z= y]) = sup
b∈Ω(x)

[z ∈ ascCb]

= sup
b∈Ω(x)

[z ∈x|b] = sup
b∈Ω(x)

([z ∈x] ∧ b) = [z ∈x] ∧ sup
b∈Ω(x)

b = [z ∈x] ∧ ω(x) = [z ∈x|ω(x)],

ôpí�ò	ù!	�ì
ascC = x|ω(x)

ý�ö�ì���ô)	�ì��#û ôpí7	Fîtö1ï1ë,ô�ñ�í�ï ñ�ï1ñ�í�î�ë0�
X
ï ï1ñ�í�ï����1ô�ñ�í�ïéÿ �1î�� ì�ò�ñ�ï1ô�ë0�

1�ò�ñ�í�î��1ñ�ï1ô��Fì�ö1÷��1ô�ñ�í�ï/$
B

*�B���B�
¦ç�hNh^i@B�:����»����� -��p-
x ∈ X

�� ��¡������
� 1���
z ∈ X

����� - � * ��� -

[z ∈x] > ¬ω(x), ¬ω(z) > ¬ω(x).

C
K3ìpñ�ñ�ë,ôpí��	ï1ë�õ��1ôpï	ø�ÿ�ô�ö1÷�������1�öFî�ë,î��	í

x ∈ X
$�H�ô���ö�ìpñ��1ô � $ ����� �;�Fì���	1ù�í�ñ�û

b ∈ B
ï
Y ⊂ Xípì�ò	ï1î��1ð	í�ô

x = bY ↑ �	õ��	ï	ð1î�ë b = [x 6=∅]
ï
[y∈x] = b

		ö1û¾ÿ�ñ�îtó
y ∈ Y $

%Oô�öFô7��ï1ë
c = infy∈Y ω(y)

$�Vªñ�ï'ö1ù & $ �+		ö1ûUÿ�ñ�îtó
y ∈ Y

ñ�õ��Fì�ÿ�î�		ö1ï	ÿ�ô^ÿ�ò'ö1ú^ð1î��	ï1î
y|c ∈ X∞

$
M'�1ô�ë,îrí�ô���ô���ï	ø & $ ����� �mñtöFî�	1ù�î�í��@ð	í�ô

x|c = ascy∈Y (b ∧ c)y|c
��ôpí�ò	ù!	�ì

x|c ∈ X∞
ñ�ô���ö�ìpñ��1ô & $ & �

ìrø)�Fì�ð	ï	í��
c 6 ω(x)

$	J_ì�ò	ï1ë ô�ý��Fì�ø�ô�ë��
supy∈Y ¬ω(y) > ¬ω(x) $%Oô\õ��	ï���=	ï	õ	ù<ï1ñ�ð1î��	õ��0ÿ#ì��	ï	û¾ÿ!ýpù�öFî�ÿ�ô��Àì�ö ��î�ý��1î

B
ñ�ù�"rî�ñ�í�ÿ�ù�î�í�ì��	í�ï�=1î�õ	÷

(dy)y∈Y
ípì�ò'ì�û;�

ð	í�ô
supy∈Y dy > ¬ω(x) ï dy 6 ¬ω(y) 		ö1û ÿ�ñ�îtó

y ∈ Y
$ %Oôpò'ì��!î�ë��5ð	í�ô

z := mixy∈Y dyyû'ÿpö1û	î�í�ñ�ûÀï1ñ�ò�ô�ë0�Wë 1�öFî�ë,î��	í�ô�ë
X
�	í�$1î�$

[z ∈x] > ¬ω(x) ï ¬ω(z) > ¬ω(x) $�Uö1û�ÿ�ñ�îtó
y ∈ Y

ë0� ï1ë,î�î�ë
[z= y] > dy

ï
[y∈x] = [x 6=∅] > ¬ω(x) �'ôpí�ò	ù!	�ì!ñ^ù�ð1î�í�ô�ë ��$ &ñtöFî�	1ù�î�í��1ð	í�ô

[z ∈x] ∧ dy = [y∈x] ∧ dy > ¬ω(x) ∧ dy.
V�ø�û'ÿ¡ñ�ù�õ��1î�ë3ù'ë³õ1ô

y ∈ Y
�'õ1ô�ö1ù�ðFìpî�ë

[z ∈x] > ¬ω(x) $�Uö1û(	Fôpò'ì�ø�ì�í�îtö1÷�ñ�í�ÿ#ì3�1î��Fì�ÿ�î��1ñ�í�ÿ#ì ¬ω(z) > ¬ω(x) õ1ô�öFô7��ï1ë a = ω(z) ∧ ¬ω(x) ï 	Fô�

õ	ù�ñ�í�ï1ë ÿ�ôpõ��1î�ò	ï(	Fôpò'ì�ø)�0ÿ#ìpî�ë,ô�ë3ù �Qð	í�ô

a 6= 0B
$0%Oô�ñ�ò�ô�ö1÷�ò	ù

0B 6= a 6 ¬ω(x) 6 supy∈Y dy
�

�Fì���	Fî�í�ñ�û�ípì�ò�ô��61�öFî�ë,î��	í
y ∈ Y

�Fð	í�ô
dy ∧ a 6= 0B

$�H�ô���ö�ìpñ��1ô.& $ � �1î��Fì�ÿ�î��1ñ�í�ÿ�ô
dy ∧ a 6 ω(z)ô�ý�î�ñ�õ1î�ð	ï	ÿ#ìpî�í�ÿ�ò'ö1ú^ð1î��	ï1î

z|dy∧a ∈ X∞
$	H 	 �	ù���ô��¾ñ�í�ô��1ô������'ï	ø

0B 6= dy ∧ a 6 ¬ω(y) ñtöFî�	1ù�î�í��ð	í�ô �1î��Fì�ÿ�î��1ñ�í�ÿ�ô
dy ∧ a 6 ω(y)

�1î¡ï1ë,î�î�í�ë,î�ñ�ípì��QìÀø)�Fì�ð	ï	í��
y|dy∧a /∈ X∞

$ �Uö1ûµõ1ô�ö1ù�ð1î��	ï	û
õ��1ôpí�ï	ÿ�ô��1î�ð	ï	û³ô�ñ�ípìpî�í�ñ�û ø�ìpë,î�í�ï	í�÷ �_ð	í�ô¦ÿ�ñ�ï'ö1ù & $ ���'&��Uï	ø

[z= y] > dy
ÿ��0í�î�ò'ìpî�í6�Fì�ÿ�î��1ñ�í�ÿ�ô

z|dy∧a = y|dy∧a
$
B

Gmí7	Fîtö1ï1ë3ù�ú
B

°ñ�ï1ñ�í�î�ë3ù��Fì�ø)�0ÿ#ì�ú^í � ~�sFy�|�q���l1np}�l��®� �

B

 ��l1np}�l��®� � ~�l1uF|py°z���~��Oqt� ��ñ�ë�$ � & � ���

î�ñtö1ï�ô��FìOù!	FôpÿpöFî�í�ÿ�ô��#û	î�írõ��	ï���=	ï	õ	ù�õ1ô)	1þ�î�ëQì\ï<ÿ2�1î��¡ï1ñ�í�ï������ ì�ò�ñ�ï1ô�ëQì21�ò�ñ�í�î��1ñ�ï1ô��Fì�ö1÷��1ô�ñ�í�ï
ï�ì�ò�ñ�ï1ô�ëQì��1î���ù�ö1û����1ô�ñ�í�ï3� �Où���	1ï��1ôpÿ#ì��	ï	û �)�

(∀x)
(
(∃ y)(y ∈ x) ⇒ (∃ y ∈ x)(∀ z)¬(z ∈ x ∧ z ∈ y)

)

ï'ö1ï/�	ð	í�ô�í�ô��!î\ñ�ìpë,ô�î��
(∀x)

(
x 6= ∅ ⇒ (∃ y ∈ x)(y ∩ x = ∅)

) $
MUì�ò!ï	ø�ÿ�î�ñ�í��1ô���ñ�ë�$ � � � & � ���7		ö1ûUö1úNý�ô��!õ1ô�ö �1ô���ýpù�öFî�ÿ�ô���ì�ö ��î�ý����

B
ñ�ù�"rî�ñ�í�ÿ�ù�î�í

B

 ø)�Fì�ð������

ù��	ï	ÿ�î��1ñ�ù'ë�$#J®ôpð��1î�î��#ï1ë,î�ú^í�ñ�û¡ípì�ò	ï1îmôpõ��1î�	Fîtö1û	î�ë0�WîNñ0õFì��Fìpë,î�í��1ô�ë
B
ò'ö�ìpñ�ñ��

V(B)
�
[[=]]

ï
[[∈]] �ð	í�ô

ZFC ` (∀B)
(
B

� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì ⇒ (V(B), [[=]], [[∈]]) � B

 ø)�Fì�ð������Àù��	ï	ÿ�î��1ñ�ù'ë )

.

R5ô�öFî�îOí�ô���ô��	ò'ö�ìpñ�ñ�ï	ð1î�ñ�ò	ï��
B

 ø)�Fì�ð������¦ù��	ï	ÿ�î��1ñ�ù'ë

V(B)
ôpò'ì�ø)�0ÿ#ìpî�í�ñ�û�ë,ô)	Fîtö1÷�ú 4$687��

ZFC, B
� õ1ô�ö �Fì�ûÀýpù�öFî�ÿ#ì<ì�ö ��î�ý��Fì ` (V(B)

� ZFC).

*�B A�B���ç#ÝFÞ_ç�h^i@B 1 ���	�
X ! �� ��@��
 - 
�$����p$	.0�À 	$	�	
'��"®�� 1� * � -

X =
⋃

α∈OnXα
4



� ���t"1 	�@�� #"®���� ��@��
 - 
�$����p$ -��p-  	$	�	
'��"®�� 1��� & �

C
K3ìpñ�ñ�ë,ôpí��	ï1ë

B

 ø)�Fì�ð������¾ù��	ï	ÿ�î��1ñ�ù'ë

X
ï�õ��1î�	1õ1ô�öFô7��ï1ë ÿ�ôpõ��1î�ò	ï 	Fôpò'ì�ø)�0ÿ#ìpî�ë,ô�ë3ù �	ð	í�ô

ñ�ù�"rî�ñ�í�ÿ�ù�î�í-1�öFî�ë,î��	í
y1 ∈ X

� �1î�õ��	ï��Fì!		öFî��rì�"!ï��
X∞

$;%Oô�öFô7��ï1ë
b = ¬ω(y1)

$�aNø & $ �»ñtöFî�

	1ù�î�í��Fð	í�ô

b 6= 0B
$�H�ô���ö�ìpñ��1ô & $ ��ï1ë,î�î�í�ñ�û 1�öFî�ë,î��	í

y2 ∈ X
�1ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï��:�1î��Fì�ÿ�î��1ñ�í�ÿ#ìpë

[y2 ∈ y1] > b
ï ¬ω(y2) > b

$3ü�aNí�î��	ï��	ù�û ��1�í�ï �Fìpñ�ñ�ù���	Fî��	ï	û(� ì¡ñ�í��1ô���ô,��ôpÿ�ô��#û;��õ��	ï1ë,î��	û'û �1î�

ò	ù��1ñ�ï	ú ïµì�ò�ñ�ï1ô�ë3ù�ÿ��Wý�ô��Fì ����õ1ô�ö1ù�ðFìpî�ë õ1ô�ñtöFî�	Fôpÿ#ì�í�îtö1÷��1ô�ñ�í�÷

(yn)n∈N
1�öFî�ë,î��	í�ôpÿ

X
ípì�ò	ù�ú��

ð	í�ô
[yn+1 ∈ yn] > b

		ö1û¾ÿ�ñ�îtó
n ∈ N

$
K3ìpñ�ñ�ë,ôpí��	ï1ëéõ1ô)	1þ�î�ë

x := {yn : n ∈ N}↑ $'R�ö�ì���ô)	�ì��#û»ï1ñ�í�ï����1ô�ñ�í�ïÀÿ X ì�ò�ñ�ï1ô�ë0� �1î���ù�ö1û���

�1ô�ñ�í�ïUï	ø

[x 6=∅] = 1B
ñtöFî�	1ù�î�í

[(∃ y ∈ x)(y∩x = ∅)] = 1B
��ì�ø)�Fì�ð	ï	í���õ1ô0õ��	ï���=	ï	õ	ùOëQì�ò�ñ�ï1ë3ù'ëQì

ñ�ù�"rî�ñ�í�ÿ�ù�î�í*1�öFî�ë,î��	í
y ∈ X

�'ù!	FôpÿpöFî�í�ÿ�ô��#û'ú#"!ï�� �Fì�ÿ�î��1ñ�í�ÿ#ìpë
[y ∈x] = [y ∩ x = ∅] = 1B

$
%Oô�ñ�ò�ô�ö1÷�ò	ù

supn∈N[y= yn] = [y∈x] = 1B
�Fñ�ô���ö�ìpñ��1ô�õ��	ï���=	ï	õ	ùÀï1ñ�ð1î��	õ��0ÿ#ì��	ï	û�ÿ�ýpù�öFî�ÿ�ô��

ì�ö ��î�ý��1î
B

�Fì���	Fî�í�ñ�û �Fì�ø�ýpï1î��	ï1îrî�	1ï��	ï�=��
(dn)n∈N

ípì�ò�ô�î���ð	í�ô
dn 6 [y= yn]

		ö1ûÀÿ�ñ�îtó
n ∈ N

�
í�$1î�$

y = mixn∈N dnyn
$ %Oô�öFô7��ï1ë

z = mixn∈N dnyn+1
$1J®ô��
	�ì<ñNù�ð1î�í�ô�ë ��$ &¡ë0�xï1ë,î�î�ë

[z ∈ y] = sup
n∈N

dn ∧ [z ∈ y] = sup
n∈N

dn ∧ [yn+1 ∈ yn] > sup
n∈N

dn ∧ b = b

[z ∈x] = sup
n∈N

dn ∧ [z ∈x] = sup
n∈N

dn ∧ [yn+1 ∈x] = sup
n∈N

dn = 1B > b,

ôpí�ò	ù!	�ì
[y ∩x 6= ∅] > [z ∈ y∩x] > b > 0B

��ð	í�ô!õ��1ôpí�ï	ÿ�ô��1î�ð	ï	í��Fì�ÿ�î��1ñ�í�ÿ�ù
[y∩x = ∅] = 1B

$
B
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