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YTouHeH J0TMYecKnil MEXaHW3M, CTOSAIMNNA 33 00bAB/IEHHEM rumnoTe3. B ToM uwnciie, yaereHo BHUMAHUE
TUTIOTE3aM W 3aK/II0YEHUSIM, TIPEICTABJISIONIM co00it GeckoHeuHble HAbOpHl (opmysr. IIpusemenst dop-
MaJIbHBIE OIpe/IeIeHns 6yJIeBOZHAYHON aaredpandecKoi CUCTEMbL U MOJIE/IA TEOPUH, OIIPEIE/IEHUE CUCTEMbL
TepMOB OyJIEBO3BHAYHON OIEHKU UCTUHHOCTH (POPMYJI, TIoIbeMa u nepemenuBanus. OQNUCaHbI JIOTUIeCKUe
B3aMMOCBSI3U MEXKy TPWHITAIIAMU MOIbEeMa, TTEPEMENTUBAHNST M MaKCUMyMa. 1I0Ka3aHO, 9TO TepeMeri-
BaHUE C MPOU3BOJIbHBIMUA BECAMU MOXKET ObITh MPeofpPa30BAHO K IEPEMEINIMBAHUIO C ITOCTOAHHBIM BECOM.
BBeneHo m mcCiIeI0BAHO TIOHSTHE CYXKEHUST IeMEHTa OyIeBO3HAYHON asrebpanmdeckoil CHCTEMBI. YCTa-
HOBJIEHO, UTO BCAKas OyJIeBO3HAUHAS MOJIE/Ih TEOPUN MHOYKECTB, YIOBJIETBOPSIONIAS IPWHITUITY TTOIHEMA,
WMeeT MHOI'OYPOBHEBYIO CTPYKTYDY, AHAJIOIMYHYIO0 KyMyIaTuBHON uepapxuu ¢oun Heiimana.
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1. ®opmasin3mM O0'bsABJIEHUS TUIIOTES

B maremMaTutueckux TEKCTAX YaCTO UCHOJIB3YIOTCS «00bsIBIEHUs] TUTIOTE3» — KOT/IA HA MPO-
TsKeHnn (pparMenTa paccy K /iennii (Onpeenenuii u JOKa3aTeNbCTR) MPEINOIATAIOTCS BBITIOI-
HEHHBIMU OTIPEJIe/IEHHbIE YC/JOBUS WU 33 KAKUMU-TM00 TepeMEeHHBIMU 3aKPEIiseTcs PoJib
O6']3€KTOB7 YAOBJIETBOPAIOIINX ONPEIACJTCHHBIM YCJIOBUAM. HpI/IMepOM O6’bHB.HeHI/IH TUIIOTE3BI
cayRuT (paza «BCIOay HUKe B — moaHas OyneBa anrebpas, ¢ KOTOPO HATMHALTCS CJIETYTO-
it maparpad gannHoit crarbu. B ompenesennoMm cmbicie sta ¢dppaza «purcupyer» O0ykBy B
u jobapisierT «BpeMeHHY0» akcuomy 7 (B), dopmanusyioiyio yreepxiaeHne «B — mosHas
OyseBa ajsredbpay.

B nmomassistiotiiem GoNIBITMHCTBE Cy4daes 3(MdeKT, MTpOU3BOIUMBIN 00bsIBJIEHUEM TUIOTE-
3BI, BIIOJIHE TOHSTEH Ha HeOPMAILHOM YPOBHE, HO MCIOIH30BaHME OECKOHETHBIX HAOOPOB
dopMysT B KaUecTBe TUIOTE3 WU 3aKIIOUEHUI PUHYK/IAeT K OpPeIe/IEHHON aKKYypPaTHOCTH.

1.1. PaccmarpuBaemas HaMu TpobIeMaTHKA XapaKTepHa HAJIMIneM «OeCKOHEUHBIX yTBep-
JKJIEHWITY, TIPEICTABILAIONINX CO00it OeckoHedTHbIe MHOXKECTBA (popMysi. TaKOBBIMU SBISIIOTCS,
HaIpuMep, YTBEepPXKIeHNs «CcucTeMa X dBgeTcd Moaenbio Teopun 1'» man «cucremMa X yIo-
BJIETBOPSAET NPUHITUIY MAKCUMyMas.

© 2018 T'yrman A. E.
! PaBora BBIIOIHEHA K MOAIEPIKKe IPOTPaMMBI (BYyHIAMEHTATHLIX HAydHBIX uccremoammit CO PAH

Ne 1.1.2., mpoext Ne 0314-2016-0005.



O crpykType OyJIeBO3HAYHOIO YHUBEPCYMA 39

Jloruyeckue CBI3KM «DECKOHEUHBIX YTBEPKIACHUITY OOPETAIOT CMBIC OJ1arofaps MeXaHu3-
My (opMaJIbHOrO BhIBOAA. Hampumep, eciu xorst 661 0HO u3 yTBepKaennii I’ man A Gec-
KOHEUHO, TO mMIUmKanus ['= A cama mo cebe cMmbicia He umeer, HO dppaza «[' Breuer A
B Teopuu 1'» mogmaercst popmasmsanuu B suje seisogumoctu: 1T, 1" F A.

1.2. ITycrs T — kakas-mub0 Teopusi (MHOKECTBO MPEJIOKEHWH) CUTHATYPBI 3 U IIyCTh [
n A — Tpou3BOJIbHBIE MHOXKeCTBa hopMys1 curaarypbl 2. (Muoxkectsa I' m A MoryT GBITH
OECKOHETHBIME U COMEPIKAIIECS B HUX POPMYJIBI MOTYT UMETh BXOXKJIEHWsT CBOOOTHBIX Tepe-
MeHHBIX.) BeiBogmMocTh 3akmodennst A u3 rumoressl I B paMkax Teopun T 3amuchiBaeTcs
B Buge T,I' F A um ompepensieTcst MOCPEICTBOM MOHATHS (POPMATBLHOTO BBIBOJA B HUCUHC-
JIEHUU TIPEIUKATOB: JJTst Jifo00it bopmysibl § € A CyIecTByer MoC/Ie0BaATEIBHOCTE (DOPMYJI
©1,-- -, Pp TAKAL, 9TO @, = J U KaxKgas GopMyia @; aubo npuragmexnt T UT, mubo moryda-
€TCsT M3 MPEITECTBYIONIX POPMYI (1, - . ., Pi—] C TTOMOIIHI0 KIACCHIECKUX TTPABWI BBHIBOIA,
3a UCKJIIOYEHUEM MPABUJ C KBAHTOPAME 110 CBOOOIHBIM TTEPEMEHHBIM, BXOJSIINM B 1.

1.3. IIpuBenennnrii Hmke (hAKT HEMOCPEACTBEHHO BHITEKACT M3 TEOPEMEI O IIOJIHOTE.

Crenyromue yTBepKAeHA PABHOCHIBHBL:

(1) T,T - A;

(2) T,T' + 6§ st Becex 0 € A,

(3) mmsa mo6oii hopmynsr § € A cymectByer Takoil KOHe4HBIH HAOOD Yi,...,7Y, € T,
aro T+ (Y0)(y1 A+ Ay = 0), 11e U — mepedeHb CBOOOJHBIX MEPEMEHHBIX, BXOJSIIIHX
BY1yeenyYn,0;

(4) st mo6oii mogenn X teopun T w sr060ro ozaaunBanus v: V — X cBOOOIHBIX mepe-

vennpix V', exogsmux B 'UA, u3 ucruanocrn X F v[v] ars Beex v € T BoITekaeT HCTHHHOCTD
X E S[v] mwrs Beex § € A.

1.4. Mexanusm o0bsieHnst KoHedHOi runoressl I' = {71, ...,7,} nogaercs 6osee npo-
croit popmasm3aiuu. B 3ToM ciiydae ¢ mMOMOIIBIO0 3aMEHbI CBOOOIHBIX TIEPEMEHHBIX (DOPMYJIBI
v = 71 A -+ Ay, Ha KOHCTAHTBHI MOXKHO 000#THCH (POPMATBHBIME BBIBOJAME, 3aEHCTBY-
IONUMU JIUIG TIpeJtokennsd. PopMain3M, CTOSIHI 33 «pUKCanneiry 00bEKTOB VU1, . . ., U,
Y/IOBJIETBOPSIIONIAX YCIOBUIO Y (U1, . .., Up), PACKPHIBAETCS CAEAYIONIAM (DAKTOM, JIETKO MPO-
BepseMbIM C TTOMOIIHI0O TEOPEMBI O TIOJTHOTE.

Ilycre © := v1, ...,V — HEPEYEHD CBOOOJHBIX ITEPEMEHHBIX, BXOJAIIHX B (popMysy ().
Paccvorpum curaatrypy X*, mogydeHHyto w3 ¥ q00aBI€HHEM KOHCTAHT € := C1, ..., Cp, H TEO-
puto T* curnarypor ¥, noaydennyto uz T gobaBiaenneMm akcuoMsr Y(C).

(1) JLns smro6oii cpopmyisr §(U) curHATYpBI X
T*Fé(e) & T,v(0)Fd(v) & TH Vo) (y(v) = 6(v)).

(2) Ecim T F (30)v(v), ro T* koncepparusao pacmmpsier T, T. e. jyisi JiH060r0 1peio-
JKEHHUsI ( CUTHATYPHI 2

Tk < Tk
1.5. Hampuwmep, B pamkax rumnoresbl «B — moaaas OyseBa anreGpay BbIpazKeHHe
ZEC |- (V® E ZFC),

CHMBOIM3HUpYIOIee JokasyeMocTh B ZFC Geckoneunoro yreepxaenusa «V® gpraerca mome-
sb10 ZFC», dbopMaibHO SKBUBAIEHTHO BBIBOJUMOCTH

ZFC, B — monmag 6ynesa anrebpa - (VP E ZFC),
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KOTOpAasi, B CBOIO OYE€pPe/ib, O3HAYAET UTO JJIsI BCSIKOTO MPE/JIOKEHUS (O, SIBJISIONIETOCT Teope-
moit ZFC, BeimosHSIETCsT J1I000€ U3 CAEAYIOMINX TPEX PaBHOCUJIBHBIX YCJIOBUIA:
) ZFC, B — monnag 6ynesa aarebpa = (V& E );

(1
(2) ZFC + (V B)(B — nonnas Gysesa anrebpa = V& E @);
(3) ZFC* = (V® E ),

rae ZFC* — pacnmpenne ZFC xoncranToit B u akcuomoii « B — mosHag Oyesa aarebpas.

2. ByneBo3HauHbie ajiredbpanvecKkue CUCTEMbI

Berony ke B — mosiHag O6yiaeBa ajarebpa.

2.1. Hycrs X, [=]x, [€]x — oupenensiembre B ZFC Tepmbr mwin kiacesl. [oBopst, |aTo
(X, [=]x, [€]x) aBusercs 6yaesosnaunoti (Tounee, B-suaunoil) aszebpauveckoti cucmemot
cuznamypu ¥ := {=, €} nin, 6osee KOpoTKO, B-cucmemot, nvmest B BUy KOHbBIOHKIUIO CJI€-
Ayrorux HhopMyJL:

X+#2, [=]x: X? > B, [€]x: X? = B,

[=lx(z,2) =1,

=lx(z,y) = [=]x(y, 2),

(=lx (@, y) As [Elx(y, 2) <p [=]x(2,2),
[€lx(z,y) Ns [=x (¥, 2) <5 [€]x (2, 2),
[Elx(z,y) A5 [=]x (2, 2) <p [E]x(2,y)

nuist Beex x,y, 2z € X. Buecro (X, [=]x, [€]x) mumyT npocro X .

2.2. IIpegmooxkum, aro X — B-cucrema. JIist kazxmoit opmysist ¢(Z) curHatypsl X, Te
T =x1,...,%, — TOJHbIA CIUCOK CBODOIHBIX MEPEMEHHBIX (0, BBEJIEM N-MeCTHbIH (hyHKINO-
HAJIBHBI cCUMBOJT [@(T)]x, ycaoBuMcs 3anuceiBaTth TepM [p(Z)]x (Z) B Buge [p]x u pacmmpnm
TEOPHIO OTIPe/IeTIeHNUSIMI

[r=ylx = [FElx(@,9), [reylx = [Elx(x,y),

leVYlx = [plx Ve [¥lx, [pAYx = [plx As [¥]x,  [7¢lx = 5@k,
[(Ba) ¢l = supp{lplx 1z € X}, [(Va)plx = infp{lg]x 2 € X},

rie ¢ u ¢ — HOPMYJIBI CUTHATYPBI Y, 1 — OIEpaIius JO0MOJHeHnus B OyJieBoii aarebpe B.

DopMasibHO TOBOPsi, MPHUBEJIEHHBIE BBIEe (DOPMYJIbI KOPPEKTHO OINPepessaiorT (yHKIHMO-
HaJbHBIE CHMBOJBI [¢(Z)]x B pamkax Teopuu, moiydernoii m3 ZFC gobasrernnmeM rumores
«B — nonHast 6ysesa aiaredpay u «X — B-cucremay. OupenesieHust 9TUX CUMBOJIOB, B CBOIO
0Yepeb, PACIIUPAIOT CUTHATYPY W AKCHOMATHKY, MPUBOJAS K KOHCEPBATUBHOMY DPaCIIUpPe-
a0 ZFC* nexomuoit reopun. (Coorsercryromuii hopmanusm Gosee moagpodHO PacCMOTPEH
B [1].) IIpu srom muag Jso6oit dopmynsl ¢(Z) curnaryper ¥ B ZFC* BoiBogmma dbopmyrta
(Vz € X) [p(Z)]x € B. B gansreiimem mbl Gygem mucars ZFEC Bmecro ZFC*, mesiBao mpuco-
eJIMHSAS K AKCHOMATHKE BCe C(hOPMYTUPOBAHHBIE TUIIOTE3bI U ONPEIeIeHNUS.

2.3. ToBopst, uro dopmyna ¢(Z) curnarypsl X ucmunna ¢ X, n mumyrt X F o(Z), ecan
[0(Z)]x = 1p. (IIpu sTOM mOspasymeBaercst Bodenue T € X.)

Cucremy X HasbBaioT 6yaesosnaunol (B-snaunoti) modeavio muooicecmea ® mpemmoxe-
Huit curaarypel X, u mumyt X F @, ecoim X F ¢ maa Bcex ¢ € &. Tlox 6yseso3naunodi
(B-31a4noti) Modeavto meopuu TIOHUMAETCS MOJIEb MHOYKECTBA BCEX TEOPEM STOH Teopuu.
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OrmernM, 9TO B ciaydae beckoHneduHoro MuoX)ecTBa @ ycinoBue X F @ gmiserca 6eCKOHEIHBIM
yrBepxkennem (cum. § 1), npeacrapssiiomumm coboii Habop dopmyn {X F o € O}

Kak u3BectHO, B Oy/IeBOZHAYHON CUCTEME MCTHHHBI BCE TABTOJIOTHWH, a MPABU/IA BBIBOJA
COXPAHSAIOT MCTUHHOCTH. TOYHEe TOBOPS, B NPEMNOJIOKEHUN, IYTO X SBJIsIeTCs B-Cucremoii,
CIIPABEJJINBBI CJIEIYIONTNE (DAKTHI:

(1) ZFCF (X E @), rge ® — coBOKyHHOCTH BCEX TaBTOJIOIHI CHIHATYPBI 3;

(2) ecsm muOXxkecTBa npemoxennii I' u A curnarypsr ¥ rakosbr, uro ZFC F (X E T)
ul'FA 10 ZFCH (X E A).

Taxkum obpazom, B 3anucu X F ZFC nog ZFC M0oxKHO mOHUMATH KAK COBOKYITHOCTH CIIe-
muaabHbIX akcnoMm ZFC, Tak u copokymHOCTh Beex Teopem ZFC.

2.4. IIycre X — B-cucrema u mycrb o(x,y) — NPOU3BOJIbHAS (DOPMYJIa CHIHATYDBI X, IJe
Y=19Y1,-..,Yn. Llorma B ZFC gokazyemo, uro gis qobbix 1,22, € X ub € B

[T1=z2] 2 b = [p(z1,9)] Ab = [p(z2,7)] N D.
< Cormacuo 2.3 (1) cnpaBeymmBo COOTHOIIEHNE
[o(z,9) AN(z=x;) & @(z;,§) A (@ =1;)] = 1.
CrenoBarebHO,

[p(z1, D] A fer = o] = [p(2,9)] A [21 =2,

a 3HAYUT, B CJAy4ae [T1 =2 = b Mbl nmeem
[p(z1, YA b = [p(z1, Y] A [z =22] A0 = [p(z2,P)] A [T1=22) AD = [p(22,§)] AD. >

2.5. B cayuae ZFC F (X E ZFC) zanucu [p(Z)]x n X F ¢(T) obperaior cMbIC/I HE TOJIBKO
Jtst POPMYJTT 9 CUTHATYPBI X, HO ¥ JjI (DOPMYJI, COMEPIKAIINX BXOKIEHUS JIIOOBIX OMpee-
sgsteMbix B ZFC npenukarabix n GYHKIIMOHAIBHBIX CUMBOJIOB. Ecin p — Takast (hopmyia, TO
nof [¢(Z)]x monmvaercs [1(T)]x, TIe ¢ — Pe3yIbTAT SAUMUHAYUL OTPEIETIEMBIX CHMBOJIOB,
T. e. Takast dopmyaa ¢ curnarypel X, uro ZFC F (¢ < 9). B wacrHocTH, paccmarpusast
6ysreBo3HauHy0 Mojenb X Teopun ZFC, MBI nMeeM BO3MOXKHOCTH YIOTPEHISITH TAKUE TEPMBI
u opmysbl, Kak [z Ny = |y nan X E(f: z — y).

Kpowme Toro, B KOHCTpYKIuAxX Buga [---]x u X F (---) momyckaerca uedopmanibHOE YITO-
TpebJieHre «BHEIHUX» TepMOB, onpenensembix B ZFC. Hampumep, B kourekcre f: A— X
samuch [f(a1) = f(az)]x = b cnyxur cokparennem hopMyJIbl

(3 xy, 332) (acl = f(al) N To = f(ag) A [331 :fBQ}X = b)
2.6. Cucrema X nHazwiBaercs omdesumoli, €CIu

(Va,y € X)([:]X(x,y) =15 = a::y).

B cityuaae 2-cucremsr, rue 2 := {0, 1} — npocreiimast 6ysesa aarebpa, OTIeMMOCTh O3HAYAET
CTaHIAPTHOCTH WHTEPIIPETAINN paBeHcTBa: [=|x(z,y) =1 < = =y.
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3. IlpuHnUNnbLI NogbeMa, NepeMeInnBaHus 1 MaKCIMyMa

Berony amxke B — nosinas Oynesa anredbpa, X — ormenumas B-3HadHast ajrebpamdeckast
cucrema currarypel ¥ = {=, €}, npudyem B X HCTHHHA aKCHOMa 3KCTEHCHOHAJIBLHOCTH:

XEWVzy)(Va)(zexzezey) = a=y).

Cpazy oTMeTnM, 9T0 3JIEMEHTHI & TaKOil cucteMbl X OJHO3HAYHO OMPEAETIAIOTCS 3HAYEH-
aun [z€x]x (z€ X):ecmm z,y € X u [z€x]x = [z €y|x nma Bcex z € X, 10z = y.

Yrobbl 3amucu ObLIN MEeHEee TPOMO3IKNME, YCJIOBUMCH OMyCKaTh WHAEKCH B u X B cuwm-
BOJIAX SUPg, Ag, [-.-|x, ascx, Ty, MiXx u T. 1.

3.1. Ilycts C' — mogmuokecTBO B X X. QyieMenT € X HaA3BIBAIOT Nn00sEMOM COOMGEM-
cmeus C n obosnagaror cuMposioM asc C, ecin

[z€a] = sup (bA[z=y]) mnsBeex z € X.
(b,y)eC

B cayuae coorsercrTBus, 3amannoro mapoit cemeicts (b;)icr C B, (x;)ier C X, BMecTO
asc{(b;,x;) : i € I} ucnosb3yercs Gosee KOMIIaKTHas 3anuch asc b;x;. Takum obpasoM, BbIpa-
iel
XKeHue r = asc b;x; o3Hadaer
el
[z€a] = sup (b A[z=u1;]) nua Beex z € X.
iel

Hnssb € BuY C X nomwwem asc({b} x Y') nazwiBaercss nodsemom muooicecmsa Y ¢ eecom b
u obozHavaercs cuMBoioM bY 1. Dyiement x = bY 1 ompesesigercss COOTHOIIEHUSIMHT

[z€x] = bAsup[z=y] mus Beex z € X.
yey

B ciyuae b = 15 moagbem bY T obo3HavaoT Y1 U Ha3BIBAIOT NOJGEMOM MHONHCECNEG Y .
3.2. I'oBopsar, uro X yIOBIETBOPSIET NPUHUUNY NOOGEMa, ECTII
(VC CBxX)( 3z e X)(z=ascC),
(Vx e X)(3C C Bx X)(x =ascC).

3.3. Ilycrs Y — mopmuOXKecTBO My mogakaace X. Cumsonom Prt(B,Y) ycaosumces: 060-

3HaYaTh KJacc Bcex dyukimit P: D — Y onpemeneHHbIX HA Pa30MEHUTX €IUHUIBI OyJIeBO
aaredbpwl B, T. e. Ha Taknx nmoaMHOKecTBax D C B, uTo

sup D = 15, (le,dg S D)(d1 Z%dy = dy Nds ZOB).

Daement x € X HaspiBaercs nepemewusanuem byuximum P € Prt(B, X) u obo3nauaercs
CMMBOJIOM Mmix P, ecian

[t=P(d)] >d nnascex d e D.

Wuorpa nox pasbuennem euHUIB yI00HO TIOHUMATEL cemeiicTo (d;);er C B Takoe, 9To

supd; =1, (Vi,j€ )i #j = d; /\dj = 0p).
i€l
Hng pasouenus equnnnbl (d;);c; C B u cemeiictBa (x;);c; C X cumBoiom mi}( d;x; 0603Ha-
1€
qaeTcst 37aeMenT T € X, yIOBIETBOPSAIONIAN YCIOBHIO
[x=x;] > d; nnsaseex i€ I

Kaxk sierko Bumiers, mi}{ diz; = mix{(d;,z;) : i € I, d; # 0}.
1€
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CoOBOKYITHOCTH TIepeMeInBaHuii BCeBO3MOXKHBIX dyHKuuit P € Prt(B,Y) naspiBaercs
yurauveckol obosoukot nmommuokectsa ¥ C X n 0603HAYAETCS CUMBOJIOM CyCY .

3.4. T'oBopsar, aro X yIOBIETBOPAET NPUHYUNY NEPEMEULUBAHUSA, €CTTT
(VP ePrt(B,X))(3z € X)(z = mix P).

3.5. Ilycrs ¢(x, §) — dopmysa curHaTypsl 3, Bce CBOOO/IHbIE TIEPEMEHHBIE KOTOPOH COJiep-
JKaTCA B CIUCKE X, Y, T Y = Y1,...,Yn. Cucrema X yIOBIETBODSIET NPUHUUNY MAKCUMYMA
OAs POPMYADL O, €Can

(Vg € X)(Fzo € X) [Fz)p(z,7)] = [¢(z0, 9)]-

Kaxk nerko suzmers, ecimm X yA0BI€TBOPAET NPHHIAIY MAKCEMYyMa JJI (0, TO
(Vy e X)(X F(3x)p(z,y) = FreX)XE ga(x,gj)).

Tosopsit, uro X ymoBieTBOpseT npuHuuny makcumyma, ecim X yAOBAETBOPSIET MTPUHITUAITY
MaKCUMyMa J7Ist JI000i hopMysibl curHaTypbl L. (3/1€Ch MBI UMEEM JIeJI0 ¢ OUepeTHBIM «Hec-
KOHEYHBIM yTBEPKAeHneM», cM. § 1.)

3.6. Cormacro [2, 1.10, 1.11] (cm. Takxe [3, 6.1.7, 6.1.8]) B ZFC nokazyemsb! ciemnyiommne
COOTHOIIIEHUST MEXKY CHOPMYJIUPOBAHHBIMU BBIIIE TPUHITUTIAMUA.

Ilycre X — npowusBosipHast B-crucrema curaatypbr 3.

(1) EC.HI/I cucreMma X YAOBJIETBOPAET NPUHIIAILY TIOJbEMA U B HEH HCTHHHa aKCHOMa 3KC-
TEHCHOHAJIBHOCTH, TO X V/IOBJIETBOPSIET IPHHITHITY MEPEMEITHBAHUS.

(2) Ecim X ymoBieTBopsieT MPHHIHAITY TOJHEMA H OPHHIHILY MAKCHMYMa JIJISI (DODMYJIBI
r €y, 70 X yAOBIETBOPSET MPHHIAIY MEePEeMEITHBAHHSI.

(3) Ilycrs X ynosaersBopsier npuniuity nepememmbanust. Torga X ymosaersopser npun-
MUY MaKCHMYMA.

3.7. Jlemma. Eciam B-cucrema X yaoBAeTBOpseT TPHHIUIY TIePEMEITHBAHUS, TO JIIT
066X (b;)ier C B n (2;)ier C X mnaiigyres b € B u (y;)ier C cyc{z; : i € I} rakne, uro

sup (b; A [z=w;]) = bAsup[z=y;] a1 Beex z € X.
i€l el

< B cayuae I = & yrBepKaenne jjeMMbl 04eBUIHO. [lycTs [ # &.

[omoxxum b = sup;er by, I* = I U{I}, df = —b 1 paccMOTpUM IIPOU3BOILHBLA T€MEHT
xy € {x; : i € I}. Cormacro npununy ucaepusiBanns (cum. |3, 2.1.10 (1)]) cymectByer Takoe
paszbuenne exunnipl (d;)icr+ C B, aro d; < b; qyist Beex i € I*. Bamernm, urto sup;crd; = b.
Bnaromapst npunnumy mnepemeriuBanug B X UMeeTCs JEMEHT T = MiX;cr+ d; T, XapaKTepH-
3YIOLIUACA COOTHOIICHUAMU

[t=wx;] > d; nnaBeex i€ ™. (1)

ITo Toit xe mpuunue ays kaxaoro ¢ € I B X mmeercs snement y; = mix{(b;, z;), (—b;, x)},
Y/IOBJIETBOPSIIONINIT HEPABEHCTBAM

[yi=zi] = bi, [yi=a] > ~b;. (2)

[Tokazkem, aT0 cemeicTBO (y;)ics aBasercs uckombiM. Ouesunno, (y;)ier C cyc{x; : i € I}.
Hanee, nias Besikoro sjiementa z € X ¢ yaerom (2) u 2.4 Mbl nmeem

sup (b A[z=1;]) = sup (bi A[z=y]) < bAsuplz=y;].
iel iel i€l
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C npyroii croponsl, 6marogapst (1) u 2.4 cnpaBeIMBbI COOTHOIIEHNUST

bA[z=x] = sup (d; A[z=x]) = sup (di A [z=x;]) < sup (b; A [z=1]),
i€l i€l i€l

orkyma ¢ yuerom (2) u 2.4 cremyer, aro jis Beex i € [

bA[z=y] = (bin[z=u) V (bA b A[z=yi])
= (biA[z=a]) V (bA b A [z=1])
< (biA[z=w]) V jlé}])(bz/\[ r=w)) = sig)(bi/\[z:xi})a

u 09TOMY b A Sup;cs [2 =vi] = Sup;er (b A [z:yl}) < Supjer (bi A [z :x,}) >

3.8. Cnencrsue. Ilycre X — ornenuvast B-cucrema, B KOTOpOI HCTHHHA aKCHOMa JKC-
TeHCHOHAJIBHOCTH.

(1) Ecoin X ysioB/ierBopsier NIpUHIHILY T€peMeInBanusi, To Jis Jiroboro coorsercrsusi C' C
B x X maiigyrca b € B u'Y C cyc C|[B] rakue, uro B X cymecroanue asc C' paBHOCHIBHO
cymecrBoauuio bY T, npuuem asc C' = bY'T.

(2) Ecoim X ymoBierBopsieT NpUHIAILY ObeMa, TO s aroboro € X cymiectByor b € B
nY C X rakne, uro x = bY 1. Ilpu srom b= [z # @] u [y€x] =b mus Bcex y € Y.

4. Uepapxudyeckasi CTpyKTypa 0yJjieBO3HAYHON CUCTEMbI

Bcerony mamxke B — nosiras 6ysiesa anredbpa, X — ormenunmas B-3Hadnass ajredpanmdeckast
cucTeMa CUTHATYDPBI Y := {=, €}, npudem cucrema X yJIOBJIETBODSET MPUHIIUIY TObEMaA U
B Hell UCTUHHA aKCUOMAa, YKCTEHCUOHAJILHOCTH!. ()TMeTI/IM7 9TO B 9TOM CJIy4dae X YAOBJIETBOPAET
TaKzKe TPUHIIATIAM TepeMernBanust 1 Makcumyma (cM. 3.6).

4.1. O6o3HaunM CUMBOJIOM Ty MOIbEM aSCyx & MyCTOro coorrercTBus & C B X X. Dije-
MeHT Py € X wurpaer Buyrpu B-cucrembl X posib mycToro MHOXKeCTBa, T. €. X F (Ox =)
un, uro 1o ke camoe, X F (Vy) —(y € Tx).

Hnst z € X u b € B nepemenmsanne mix{ (b, z), (—b, &x)} ycaoumcst 0603Ha4aTH CHMBO-
JIOM Z|p U HA3BIBATH CydtceHuem T na b:

[zlp=x] > b, [z],=0]> —b.

4.2. Jlemma. [las mobsix a,b,b; € B, x,z;,y,y; € X, Y C X crupaBeamuBsl COOTHOIIEHHUS:

(1) [p(@1y oy Ty Y1y« Ym)] AD = [@(21 by - -y Znlby Y1y - -+ Ym)] A b, 1€ 0 — 1IPOH3BOIIB-
Hasa (opMysa CHTHATYDBI X;

(2) [yex!b} =[yea]Ab;
(3) ’b T anb;
(4) ﬂ3|b—y|b & [z=y] 2 b
(5) (asclelb 931) ,
(6) (aY1)|p = (anD)YT.

< Vreepxenue (1) ciaemyer ns 2.4 6aarogaps HepaBeHcTBaM [1; = ;|| = b.
PagencTBo (2) BBITEKAET M3 CIEAYIONIUX OIEHOK:

= ascier (b Ab)x; = ascier (bi Ab)xilp;

ezl = yea]A[z=zlp] > [y€x] Ab;
[y €xlp] < [z]p # 9] = [z, =0] < ==b=b;
lycxl) =[ycalp] Nb< [y€xlp) Azl =2] < [y€a].
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(3) U3 (2) crenyer, uro [y € (zlq )‘ |=ezlAb=[yca]Nanb=[y€Ex|on]
(4) Ecoam x|y = ylp, TO Grarogapst (1) Mbl umeeM [z =y] A b = [z], =y|p] A b = b, orkyna
[z =y] > b. Haobopor, u3 [z =y| > b crexyer

[zlp=z]ANz=y]Aly=yls] =D
[2]y = 2] A [yl = 2] > —b,

(] =yls)]

2
[z =ylo] >

a 3HaunT, [x|p =y|p] = 15 u Tem cambIM x|, = Y|, Oaromaps OTIEIMMOCTH.
(5) C yuerom (1) u (2) musa Becex y € X Mbl nmeem

v e (ascbiai)|

= [y € asc(bi/\b)xi} =suply=xilp) NOiANb = [y € asc (bi AD)x4p |-
el iel

{y € ascbia:i} Ab = suply=x;| Ab;Ab
’ie[ ’ie[

Pagenctro (6) siBstercst gacTHBIM corydaeM (5). >

4.3. C nomompio tpancurnTHOW pexypcun (cm. [3, 1.5.9, 1.6.1]) ompenennm kiacc-
DYHKIIIO, COMOCTABIAIONIYIO KaxKI0My opauHaTy « € On mogmuoKecTBo X, C X, mosaras

Xo = {ascC : CCBxUﬁ<aX5}.

Kak nerxo Bugersb, Xo C Xg npu o < 3, Xo = {@x}, Xop1 = {ascC : C C B x X,}
s Beex o € On.

4.4. O6o3naunm kaacc |J X, cumBosioM X

aeOn
Jlemma. Duement x € X npunajiexxnt X, Torga u ToJabko Toria, korga x = asc C s
aexoroporo C' C B X X

<1 HeobxommmocTh obecreqnBaeTcs onpeeaeHneM Kiaacca Xoo. [1ogCHIM 10CTaTOIHOCTD.
Ecim ¢ = ascC, tie C' C B X X, TO BIOUpast Ijist KayKJI0r0 ajementa y € Y := im C op-

auHAT oY), YAOBIETBOPSIONTHI YCTOBHIO Y € Xy, 3aKMOTaeM, 9T0 Y C Uyey Xay) CXas
e @ = sup,ey a(y), a snaant, C C B x X, u rem cambivm & € Xop1 C Xoo. >
4.5. OnpenennM Kaacc-pyHKIMO w n3 X B B, momaras
w(x)=sup{be B:z|, € X}, x€X.
Jlemma. [las robeix b € B, x € X uMmeer MecTo 5KBUBAJIEHTHOCTH
zlh € Xoo & b<w(z).
< Pacemorpum nponssosibHblii saement © € X u nosoxum Q(z) = {b € B : x| € X0}

[Mokazkem, 410 MHOKeCTBO )(Z) HACBIINEHO BHU3: €CIH G € Q( )ub<a, robe Q).
HeiicrBuresnsHo, nycrb a € (), . e. x|, € Xoo. Cornacuo 4.4 cupaBeinBo 1peJICTaBIeHNe
x|, = asc C' qra mekoroporo C' C B x X . Torma B cayuae b < a ¢ yaerom 4.2 (3),(5) u 4.4
MbI IMEEM

zly = zans = (2la) ’b = (asc O)[p = asc Cy,

rae Cp, = {(cANb,y) : (¢,y) € C} C B x X, a3uaunr, |, € Xoo

Ocraerca jokazarh, 9ro w(r) € Q(x), T. €. Z|ym) € Xeo. daa Beaxoro b € Q(z) u3
BKJIOUeHust |, € Xo ¢ yuerom 4.4 cieayer, uro x|, = asc Cy st Hexkoroporo Cp C B X X
[Momoxum C' = UbEQ(a:) Cy. fdcuo, uro C' C B X X, a 3Ha4unT, B cuty 4.4 119 060CHOBAHMST
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BKTIOICHAA Ty (5) € Xoo TOCTATOUHO MOKa3aTh, 9T0 asc C = x|, (,). eiicTuTemsno, s Beex
z € X ¢ yuerom 4.2 (2) Mbl uMeem

[z€ ascC|] = sup (aA[z=y]) = sup sup (aA[z=y]) = sup [z€ ascCy
(a,y)eC beQ(z) (a,y)eCy beQ(x)
= sup [z€x|p) = sup ([z€x]Ab) = [z€x]A supb = [z€z]Aw(z) = [Z€$|w(x)],
beQ(x) beQ(x) beQ(x)

OTKyJa ascC = x|w(x) 6JIaFO/I];ap$I OTIEJIUMOCTH CHUCTeMBI X 1 UCTUHHOCTH B HEM aKCHOMBI
SKCTCHCUOHAJIbHOCTHU. [>

4.6. JIemma. /[ sroboro © € X cymecrByer z € X Takoit, 910
z€z] > w(z), —w(z)=-w(T).

< Pacemorpum nponsBosbhblit snevent & € X . Cormacuo 3.8 (2) maiigyrca b € BuY C X
takue, 4to = bY 1, mpuuem b= [z # | u [y€x] = b anst Becex y € Y.

[Monoxum ¢ = infycy w(y). B cnny 4.5 a5t Becex y € Y cnpaseqnuso Brmodenne Y|, € Xoo.
Kpowme Toro, u3 4.2 (5) cuenyer, aro x|, = ascycy (b A ¢)yle, oTkyna x|, € Xoo cormacuo 4.4,
a 3HaanT, ¢ < w(x). Taxum obpaszoM, sup,cy —~w(y) = —w(x).

ITo npuHIpy wcaepnbiBanust B OyeBoii aarebpe B cymecTByer anTHIEND (dy)ycy TaKas,

9TO SUpPyey dy = —w(z) n dy < —w(y) ana seex y € Y. IokaxkeM, uTo 2 1= miXyey dyy
SIBJISIETCS HCKOMBIM 371eMenToM X, T. €. [z €x] = ~w(z) 1 ~w(z) = ~w(x).
Jns Bcex y € Y mbl umeeM [z =y| > dy u [y € 2] = [x # ]| > ~w(x), orkyaa ¢ yaerom 2.4

CJIeJlyer, 9To
zex|Ndy = [yex] Ndy > —w(x) Ady.

Bssas cynpemywm 1o y € Y, noayvaewm [z € x| > —w(z).

s noxasaresnscrBa HepaBeHCTBa —w(2) > —w(z) momoxnM a = w(z) A —w(x) u 10-
MyCTHM BOTIDEKH foKazbiBaeMomy, 910 a # Op. Ilockombky Op # a < —w(x) < supyey dy,
Haifercss Takoif smement y € Y, uro dy A a # 0p. Cormacuo 4.5 nepasencTBo dy A a < w(z)
obecreunBaeT BKIIOYCHHE Z|j, nq € Xoo. C ApyTOil cTOpOHEL, M3 Op # dy Aa < —w(y) creayer,
410 HepaseHcTBo dy A a < w(y) He mMeer mecta, a 3HAYUT, Y|g na & Xoo- st mOMyHUeHUS
IPOTUBOPEYNS OCTAETCS 3aMeTHTh, 4To B cuiy 4.2 (4) u3 [z =y|] > d, BbITeKaeT paBeHCTBO
Z’dy/\a = y‘dy/\a- >

Orgennmyio B-cucremy Ha3blBAIOT 6yaeso3naunvim (B-snaunvim) ynusepcymom (cm. [4]),
€CJTM OHA y/IOBJIETBOPSAET MPHUHIAIY MOAHeMa U B Hell HCTHHHBI AKCHOMa SKCTeHCHOHATLHOCTH
u akcuoma peryaspaoctu (byHaupoBanus ):

(V:U)((Ely)(y cx) = Qyexr)Vz)-(z€ax Nz € y))

wmm, aro To xe camoe, (Va)(z £ @ = Ay ecz)(ynz =2)).

Kaxk u3Bectro (cM. [3, 4]), mag mro60ii mosiHoit 6y/1eBoii anredbpbl B cyiecTByer B-3HaYHbII
yamsepcyM. Tounee, nverorcs takne onpesensembie ¢ mapamerpom B kmaccsr V& [=] u [€],
qTo

ZFC + (V B)(B — monnas 6ynesa anrebpa = (V¥ [=], [€]) — B-3naumsiii yausepcym ).
Bouee Toro, xknaccnaecknit B-3uaunniii yausepcym V& okaseiBaerca mogensio ZFC:

ZFC, B — nonnas 6ynesa anrebpa - (V® E ZFC).

4.7. Teopema. Eciim X — Oyneposuaunpi yausepcym, ro X = J Xq.

a€On
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< Paccmorpum B-3HauHbll yHUBEPCYM X U IMPEINOIOKNAM BOIPEKH JOKA3BIBAEMOMY, UTO
cymecrByer ssieMent y; € X, He npunaexanmit Xo. [Honoxkum b = —w(yp). U3 4.5 cie-
nyer, aro b # 0p. CornacHo 4.6 nMeeTcst 97eMeHT yo € X, YAOBIETBOPSIONIHI HEPABEHCTBAM
[y2 €y1] = b u ~w(ya2) = b. «Urepupysi» sru paccyxjuennst (a Crporo roBopsi, IPUMeHsIsi pe-
KYPCHIO ¥ aKCHOMY BBIOODA), MOIyIaeM MOCJIeJI0BATETbHOCTD (Yn )neN 7€MeHTOB X Takylo,
91O [Ynt1 € Yn) = b 1uist Bcex n € N.

Pacemorpum nogbem z := {y, : n € N}1. Baarogaps ncruanoctn 8 X akCHOMBI peryJisip-
HOCTH U3 [ # @] = 15 caenyer [(3y € ) (yNx = &)] = 1, a 3HAYNT, 110 IPUHIIAITY MAKCHMYMA
cymiecTByer saeMeHT y € X, yJA0BJIETBOPSIONINi paBeHcTBaM [y €x] = [y Nx = @] = 15.

ITockombKY SUp,en[Y =yn] = [y € 2] = 1p, COIACHO IPUHIUIY HUCUEPHOBIBAHUSA B OyIeBoit
asrebpe B naiinercss pasbuenne exauannpl (dp)nen Takoe, 9o dy, < [y =1yy,] mas Beex n € N,
T. €. Y = MiXpeN dpYp. Homoxum 2z = mixpen dpynt1. Toraa ¢ yaerom 2.4 Mbl umeem

[z€y] =sup d, A[z€y] = sup dp A [Yn+1 €Yn] = sup dy A = b

neN neN neN
[z€x] =supd, AN][z€x] = sup dy A [Yypt1€2] = sup d, = 1z > b,
neN neN neN

orkyza [yNx # &) > [z € yNx| = b > 0p, uro nporusopednT paseHcrsy [yNz = & = 1. >
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ON THE STRUCTURE OF THE BOOLEAN-VALUED UNIVERSE
Gutman A. E.

The logical machinery is clarified which justifies declaration of hypotheses. In particular, attention is paid
to hypotheses and conclusions constituted by infinitely many formulas. The formal definitions are presented
for a Boolean-valued algebraic system and model of a theory, for the system of terms of the Boolean-valued
truth value of formulas, for ascent and mixing. Logical interrelations are described between the ascent,
mixing, and maximum principles. It is shown that every mixing with arbitrary weights can be transformed
into a mixing with constant weight. The notion of restriction of an element of a Boolean-valued algebraic
system is introduced and studied. It is proven that every Boolean-valued model of Set theory which meets
the ascent principle has some multilevel structure analogous to von Neumann’s cumulative hierarchy.
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