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P [X] = {b ∈ ImP : (∃x ∈ X) P (x, b)},
P−1[Y ] = {a ∈ DomP : (∃ y ∈ Y ) P (a, y)}.
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P [a] = P [{a}] = {b ∈ ImP : P (a, b)}, a ∈ DomP.
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�í"ð	î�ï@í��

domP N ÷�ë��Îö+ï$ð	��ëï�í
domP

úbï$ò:ë�ó$ï<ö��Èð	�	ð	ï¿õÇí��Rö�ñÈîÈð8 �ñ:ë��	õ|ó�í
�	��ö����þë 
È÷�í
���þë��
P
ö+ïÿï$ò:ë 
�í"ð	î�ï

a
ýfð	ï$ò ÷�ëFó�
�ëFì�ï�ï�í

Jðþótë! �ñÈð	��ö��þë�î�ïgï�í�ï$ò:ë�ìFí"î�ï$ð	î�ñÈð	ï¿õzö+ï
a
í��8ï$ò:ëQ��ñÈî:ì�ï$ðþí"î

v ∈ πJ [domR] 7→ P N (R N (v)) , ýfò:ë�÷�ë
R :=

`gëFó a
J(DomP ).

n@ò:ë��Îö+ï$ï�ë�÷-ú�ð	îÐð	ï�óPï$ñÈ÷$îvú$�¹ë-ö+î:ó¹ï$ò6ö+ï¹ï$ò:ë�ó�í
�	ñÈï$ðþí"î
P N (b) ìFí"î�ï$ð	î�ñ:í"ñ:ó��	õsôÈë�
�ë�î:ôÈó�í"îÐï$ò:ë���ö��	ñ:ëFó

πJ(b)
í��vï$ò:ë4
6ö+÷<ö��¹ë�ï�ë�÷�ó

J
ö"ó
πJ(b)

ï�ë�î:ô�ï�í
πJ(a)

ýfð	ï$ò�ï$ò:ëRë! �ñ6ö��	ð	ï¿õ
πJ ′(b) = πJ ′(a)
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P
��ëPö 
6ö+÷<ö��¹ë�ï$÷$ð	�-ëFô�ï�í

�í
�þí
��ðþì-ö��$
È÷�í
���þë���ú

i ∈ Parπ
�Æn@ò:ë�
È÷�í
���þë��

P
ðþó4ì-ö��	�þëFô

ö�� 
È÷�í
���þë�� ýfð	ï$òµó���ö��	�J
6ö+÷<ö��¹ë�ï�ë�÷
i
� ð��

Imπi ⊆ R
ú(ï$ò:ë4î�ñ�� ��ë�÷

0
ðþógö��	ð	�Pð	ï1
�í"ð	î�ïgí��

Imπi
ú:ö+î:ô

ö� �ñ:ëFó$ï$ðþí"î�ðþóZñÈî:ôÈë�÷XìFí"î:ó$ðþôÈë�÷<ö+ï$ðþí"î�ö���í"ñÈï@ö+î�õ�ö"ó$õc�3
Èï�í"ï$ðþì4��ë�ò6ö!��ðþí"÷@í��
P
� í"÷Zï$ò:ë1��ö��	ñ:ëFóXí��

i
ì��þí�ó�ë

ï�í
0
úc� í"÷tð	î:ó$ï<ö+î:ìFë�ú6ö���í"ñÈïfï$ò:ë�ó$ï<ö��Èð	�	ð	ï¿õ�í��

P
ýfð	ï$ò�÷�ëFó�
�ëFì�ïtï�í

i
ö+ïgö�
�í"ð	î�ï

a
ýfð	ï$ò

πi(a) = 0
�
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/b��� )�	��('X�J)��b���-)�	��

_Róºö+îoð	�	�	ñ:ó$ï$÷<ö+ï$ðþí"îvúgýXëÇìFí"î:ó$ðþôÈë�÷�ösó$ð	î���ñ��Îö+÷��	õ 
�ë�÷$ï$ñÈ÷���ëFôoó$õ(ó$ï�ë�� í���í"÷�ô(ð	î6ö+÷$õ ô(ð��Æë�÷�ë�î�ï$ðÎö��
ë! �ñ6ö+ï$ðþí"î:ó�ýfòÈðþì�òÐö+÷$ðþó�ëFó�ð	î �¹í�ôÈë��	ð	î��zìFë�÷$ï<ö+ð	î 
È÷�í�ìFëFó�ó�ëFó�í��tì�ò:ë��Pðþì-ö��H��ð	î:ë�ï$ðþìFó�ö+î:ô �ÈñÈ÷$îÈð	î�� � ó�ëFë�ú
� í"÷mð	î:ó$ï<ö+î:ìFë�ú%ø �:ú ��ü � ��ê£ð	ï$òÈð	î�ï$ò:ëgó$ï$ñ:ô(õPí��Æï$ò:ëgìFí"÷$÷�ëFó�
�í"î:ô(ð	î���ð	î���ë�÷�ó�ë4
È÷�í
���þë���ú(ö4ì�÷$ð	ï�ë�÷$ðþí"î�ýfð	�	�&��ëëFó$ï<ö����	ðþó$ò:ëFô3� í"÷I�	ð	î:ë-ö+÷Zð	î:ôÈë�
�ë�î:ôÈë�î:ìFëRí�� ��ñÈî:ì�ï$ðþí"î:ómð	î�ï�ë�÷��¹óXí�� 8:îÈð	ï�ëgó�ë�ï�óZí��vï$ò:ë�ð	÷I��ö��	ñ:ëFó � ó�ëFëRûh� � � �<�~ " ~ i�ñ�
�
�í�ó�ë�ï$ò6ö+ï

m,n ∈ N
ú
X := Rm

ú
Y
ðþó�ö�ôÈí
��ö+ð	î�ð	î

Rn
ú
T := R

ú
0 < ε0 ∈ R

�Æj�ñÈï
E := {ε ∈ R : 0 6 ε 6 ε0}

ú
F := C(X × Y × T ×E, Rm)

ú
G := C(X × Y × T ×E, Rn)

�
cXí"î:ó$ðþôÈë�÷tï$ò:ëQ
È÷�í
���þë��

P
ýfð	ï$òµôÈí
��ö+ð	îµí��8ô:ö+ï<ö

DomP = F ×G×E
úÈôÈí
��ö+ð	îµí���ñÈî���î:í-ýfî:ó

ImP = C1(T,X) ×C1(T, Y )
ú:ö+î:ô�ìFí"î:ô(ð	ï$ðþí"î

P ((f, g, ε), (x, y)) ⇔
{
ẋ(t) = f(x(t), y(t), t, ε),

ε ẏ(t) = g(x(t), y(t), t, ε)

� í"÷gö��	�
t ∈ T,

ýfò:ë�÷�ë
f ∈ F

ú
g ∈ G

ú
ε ∈ E

ú
x ∈ C1(T,X)

ú
y ∈ C1(T, Y )

�
i�í
�	ñÈï$ðþí"îÊí��¹ï$ò:ë 
È÷�í
���þë��

P
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�þôÈó � ó�ëFëqø 
�� � ü � úö/ìFí"î���ë�îÈðþë�î�ï�ï�í�í
��� í"÷�ó$ï$ñ:ô(õ�ð	î�����ñ��	ï$ðþô(ð	�¹ë�î:ó$ðþí"î6ö��@ó$ð	î���ñ��Îö+÷��	õ<
�ë�÷$ï$ñÈ÷���ëFô�ó$õ(ó$ï�ë��¹ó4í��fô(ð��Æë�÷�ë�î�ï$ðÎö��

ë! �ñ6ö+ï$ðþí"î:ótýfòÈðþì�ò ��ö���ëFófð	ï1
�í�ó�ó$ð	���þëlï�í��þí-ýXë�÷gï$ò:ë�ô(ð	�¹ë�î:ó$ðþí"îµí��8ï$ò:ë�ó$õ(ó$ï�ë�� ñÈî:ôÈë�÷gó$ï$ñ:ô(õP�
]¿î ï$ò:ë 
È÷�í
���þë��

P
ú�ï$ò:ë/î�ñ�� ��ë�÷

ε

��ÎöFõ(ó�ï$ò:ë/÷�í
�þë�í����2ó���ö��	�5
6ö+÷<ö��¹ë�ï�ë�÷ � ï$ò�ñ:ó¹ó�
��	ð	ï$ï$ð	î���ï$ò:ë

ó$õ(ó$ï�ë�� ð	î�ï�í��2ó��þí-ý � ö+î:ô�� �.ö"ó$ï � ó$ñ��:ó$õ(ó$ï�ë��¹ó�7

ẋ(t) = f(x(t), y(t), t, ε)
ö+î:ô

ε ẏ(t) = g(x(t), y(t), t, ε).

i�í
�	ñÈï$ðþí"îzí��
P
ð	îµö�ó�ë�î:ó�ël÷�ëFô(ñ:ìFëFótï�íPó�í
�	��ð	î��Pï$ò:ë�ó�í�ì-ö��	�þëFô ���6:���! ������' �92�DB2M' ��� ýfòÈðþì�ò�ðþótí
�Èï<ö+ð	î:ëFô

��÷�í
� ï$ò:ë�ð	îÈð	ï$ðÎö��Ró$õ(ó$ï�ë�� ��õ 
ÈñÈï$ï$ð	î��|ï$ò:ë�
6ö+÷<ö��¹ë�ï�ë�÷
ε
ë! �ñ6ö��tï�í �-ë�÷�í��mn@òÈðþó¹ðþó !�ñ:ó$ï$ð 86ëFô ��õ ï$ò:ë

÷�ëFó$ñ��	ï�ó�í��f_��Æ^��Æn@ð	��ò:í"î:í�� � ó�ëFë�ú6� í"÷4ð	î:ó$ï<ö+î:ìFë�úmø 	 ü � í"î 
6ö"ó�ó$ð	î���ï�í�ö�ó�í
�	ñÈï$ðþí"î�ï�í/ï$ò:ë¹ôÈë���ë�î:ë�÷<ö+ï�ë

È÷�í
���þë�� ö"ógö�ó���ö��	�J
6ö+÷<ö��¹ë�ï�ë�÷gï�ë�î:ôÈófï�í3�-ë�÷�í��



�X�	#%��!��º�F�-!$!�� 1�� �-#��È��#��F� 1 ��#��z�����t�	#%
+��! 1 � � !����+����� ���Z�2�����P�������b���	#�������� 1 � �
<�~=<�~ n@ò:ë�ð	î���ë�÷�ó�ë 
È÷�í
���þë�� ï�í

P
ìFí"î:ó$ðþó$ï�ó�ð	î 8:î:ô(ð	î��ºï$ò:ë�ñÈî���î:í-ýfî ��ñÈî:ì�ï$ðþí"î:ó�í"îÇï$ò:ë�÷$ð	��ò�ï��

ò6ö+î:ô�ó$ðþôÈë�í��8ï$ò:ë�ó$õ(ó$ï�ë���ú���ð	��ë�îµó�í
�¹ë�ô:ö+ï<öPí"î�ï$ò:ë�ó�í
�	ñÈï$ðþí"îµï�íPï$ò:ë�ô(ð	÷�ëFì�ï1
È÷�í
���þë��
P
�:n@ò:ë�ì��þí�ó�ë

ìFí"îÈî:ëFì�ï$ðþí"îµí���ï$ò:ëlð	îÈð	ï$ðÎö��J
È÷�í
���þë�� ýfð	ï$ò�ï$ò:ë4ôÈë���ë�î:ë�÷<ö+ï�ë�ó$õ(ó$ï�ë�� �¹í"ï$ð	��ö+ï�ëFófï$ò:ë4ó$ï$ñ:ô(õ/í���ï$ò:ë4ì-ö"ó�ë
ε = 0

�Èê�ë�ö"ôÈô(ð	ï$ðþí"î6ö��	�	õµö"ó�ó$ñ��¹ëlï$ò6ö+ïtï$ò:ë �2ó��þí-ýoó$ñÈ÷��.ö"ìFë � ôÈë�8:î:ëFô���õ�ï$ò:ë�ë! �ñ6ö+ï$ðþí"î

g
(
x, y, t, 0

)
= 0

ìFí"î:ó$ðþó$ï�ó�í��gö/ó$ð	î��U�þë¹ó$ò:ëFë�ï � ýfð	ï$ò�÷�ëFó�
�ëFì�ï�ï�í�ï$ò:ë¹ôÈë�
�ë�î:ôÈë�î:ìFë�í��
y
í"î

x � ö+î:ô�ï$ò6ö+ï�ï$ò:ë���ñÈî:ì�ï$ðþí"î
g ∈ G

�¹ëFë�ï�ólï$ò:ëPìFí"î:ô(ð	ï$ðþí"î�í��Xï$ò:ëÿð	�3
��	ðþì�ð	ïQ��ñÈî:ì�ï$ðþí"î�ï$ò:ëFí"÷�ë���ú�ýfòÈðþì�ò �.ö"ì�ï�ö��	�þí-ýtó4ñ:ólï�í�÷�ë�
��Îö"ìFë
ï$ò:ë�ë! �ñ6ö+ï$ðþí"î

g(x(t), y(t), t, 0) = 0

��õ�ï$ò:ë�ë! �ñÈð	��ö��þë�î�ïRë! �ñ6ö+ï$ðþí"îµí��8ï$ò:ë>� í"÷��

y(t) = h(x(t), t).

ê�ë�ö��þó�í/ö"ó�ó$ñ��¹ë�ï$ò6ö+ïlï$ò:ëÿ÷$ð	��ò�ï��.ò6ö+î:ô�ó$ðþôÈë
f
í��Zï$ò:ë ��ö+ð	î�ô(ð��Æë�÷�ë�î�ï$ðÎö��më! �ñ6ö+ï$ðþí"îºðþólö 
�í
�	õ�î:í
�PðÎö��

� ýfòÈðþì�òµðþófî6ö+ï$ñÈ÷<ö�� � í"÷5
È÷�í
���þë��¹ógí���ì�ò:ë��Pðþì-ö�� ��ð	î:ë�ï$ðþìFó � �i�íÈúvìFí"î:ó$ðþôÈë�÷�ï$ò:ë 
6ö+÷$ï$ðÎö��Xì-ö"ó�ë¹í��fï$ò:ë3
È÷�í
���þë��
P
ð	î�ýfòÈðþì�ò

m = n = 1
ú
E = {0} ú�ö+î:ô�ï$ò:ë��ñÈî:ì�ï$ðþí"î:ó

f ∈ F
ö+÷�ëE
�í
�	õ�î:í
�PðÎö��þótð	î�ï¿ýXí ��ö+÷$ðÎö����þëFógí���ôÈë���÷�ëFë�ö+ï5�¹í�ó$ï

p ∈ N
7

f(x, y, t, ε) =
∑

(i,j)∈K(p)

γij x
iyj,

ýfò:ë�÷�ë
γij ∈ R

ú
(i, j) ∈ K(p)

ú

K(p) := {(i, j) : 0 6 i, j ∈ Z, i+ j 6 p} .
]¿î�ï$÷�í�ô(ñ:ìFë4ï$ò:ë4î:í"ï<ö+ï$ðþí"î

κ(p) :=
(p+ 1)(p+ 2)

2
� í"÷fï$ò:ë4î�ñ�� ��ë�÷Rí���ë��þë��¹ë�î�ï�ógí��8ï$ò:ë�ó�ë�ï

K(p)
ö+î:ô 8���ö+îzö+÷��Èð	ï$÷<ö+÷$õ�ë�î�ñ��¹ë�÷<ö+ï$ðþí"î

K(p) =
{
(i1, j1), (i2, j2), . . . ,

(
iκ(p), jκ(p)

)}
.

n@ò:ë�÷�ë�� í"÷�ë�ú(ï$ò:ëlë��h
È÷�ëFó�ó$ðþí"î ∑κ(p)
k=1 γk x

ikyjk
ðþóXï$ò:ë>��ë�î:ë�÷<ö���� í"÷�� í��8ö 
�í
�	õ�î:í
�PðÎö��Æð	î/ï¿ýXí���ö+÷$ðÎö����þëFó

x, y
í���ôÈë���÷�ëFë�ö+ï1�¹í�ó$ï

p
�
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È÷�í
���þë��
Q
ýfð	ï$òÐôÈí
��ö+ð	îsí��lô:ö+ï<ö

DomQ = Rκ(p)
úÈôÈí
��ö+ð	îµí��8ñÈî���î:í-ýfî:ó

ImQ = C1(R)2
ú:ö+î:ô�ìFí"î:ô(ð	ï$ðþí"î

Q
(
γ, (x, y)

)
⇔




ẋ(t) =

κ(p)∑
k=1

γk x(t)
ik y(t)jk ,

y(t) = h(x(t), t)

� í"÷gö��	�
t ∈ R,

ýfò:ë�÷�ë
γ1, γ2, . . . , γκ(p) ∈ R

ú
x, y ∈ C1(R)

ú
h ∈ C1(R2)

�
<�~�IÆ~ n@ò:ë � í"÷���ö��@ð	î���ë�÷�ó�ë 
È÷�í
���þë��

Q−1 ú�ýfòÈðþì�òÐò6ö"ó�
6ö+ð	÷�óPí��1��ñÈî:ì�ï$ðþí"î:ó (x, y) ∈ C1(R)2
ö"ó

ô:ö+ï<ö(úÆðþóE��ë�÷$õºó$ð	�3
��þë�ö+î:ô�ð	�3
È÷<ö"ì�ï$ðþì-ö�� �by:í"÷�÷�ë�
È÷�ëFó�ë�î�ï$ð	î��µï$ò:ë¹ôÈí
��ö+ð	î|í��fô:ö+ï<ö(ú 8:îÈð	ï�ë¹ìFí
�	�þëFì�ï$ðþí"î:ó
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�í"î:ô(ð	î���ìFí"÷$÷�ëFì�ï$ðþí"î�í���ï$ò:ë�ð	î���ë�÷�ó�ë 
È÷�í
���þë�� ðþóg÷�ë-ö��	ð	�-ëFô ��õ�ìFí
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 7È0�7
ï$ò:ëH
È÷�í
���þë��

Q−1 ö+î:ôÿï$ò:ëfö+ñh�(ð	�	ðÎö+÷$õ�
È÷�í
���þë�� R
ýfð	ï$ò�ôÈí
��ö+ð	î¹í��%ô:ö+ï<ö

DomR = (Rκ(p))3
ú+ôÈí
��ö+ð	î

í��8ñÈî���î:í-ýfî:ó
ImR = C1(R)2

ú:ö+î:ô�ìFí"î:ô(ð	ï$ðþí"î

R ((τ, α, β), (x, y)) ⇔
{
x(τ1) = α1, x(τ2) = α2, . . . , x(τκ(p)) = ακ(p),

ẋ(τ1) = β1, ẋ(τ2) = β2, . . . , ẋ(τκ(p)) = βκ(p),

ýfò:ë�÷�ë
τ, α, β ∈ Rκ(p)

ú
x, y ∈ C1(R)

�
_Ró4ìFí
�3
6ö+÷�ëFô�ï�í�ï$ò:ë�� í"÷���ö���ð	î���ë�÷�ó�ë

Q−1 ú%ï$ò:ëPìFí
�3
�í�ó$ð	ï$ðþí"î Q−1 ◦ R ðþóQ�¹í"÷�ë�
È÷<ö"ì�ï$ðþì-ö��Xö+î:ô
ö��¹í"ñÈî�ï�óÿï�í�ï$ò:ë3� í
�	�þí-ýfð	î��<
È÷�í
���þë���7 7 ð	��ë�î

τ, α, β ∈ Rκ(p)
ú 8:î:ô�ï$ò:ë�ìFí�ë���ì�ðþë�î�ï�ó

γ ∈ Rκ(p)
� í"÷

ýfòÈðþì�òµï$ò:ë�÷�ë�ë��(ðþó$ïo��ñÈî:ì�ï$ðþí"î:ó
x, y ∈ C1(R)

ó$ñ�� !$ëFì�ïtï�í�ï$ò:ë�ìFí"î:ô(ð	ï$ðþí"î





x(τ1) = α1, x(τ2) = α2, . . . , x(τκ(p)) = ακ(p),

ẋ(τ1) = β1, ẋ(τ2) = β2, . . . , ẋ(τκ(p)) = βκ(p),

ẋ(t) =
κ(p)∑
k=1

γk x(t)
ik y(t)jk

� í"÷gö��	�
t ∈ R,

y(t) = h
(
x(t), t

) � í"÷gö��	�
t ∈ R.
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È÷�í���ë�î � í"÷�ö+÷��Èð	ï$÷<ö+÷$õ
p ∈ N

ð	î|ï$ò:ë�ó<ö��¹ë¹ý@öFõÇö"ó�ï$ò:ë
ì-ö"ó�ë

p = 1
ýfòÈðþì�òµðþótìFí"î:ó$ðþôÈë�÷�ëFô�ð	î|ø	ù �(úÆù�ùLü �

� /b���&%+���Ð~ 0 �
τ, α ∈ Rκ(p)

�/�F���t�������F�-#����.�����-#

∆(τ, α) :=

∣∣∣∣∣∣∣∣∣∣

αi11 h(α1, τ1)
j1 αi21 h(α1, τ1)

j2 . . . α
iκ(p)
1 h(α1, τ1)

jκ(p)

αi12 h(α2, τ2)
j1 αi22 h(α2, τ2)

j2 . . . α
iκ(p)
2 h(α2, τ2)

jκ(p)

. . . . . . . . . . . .

αi1κ(p) h(ακ(p), τκ(p))
j1 αi2κ(p) h(ακ(p), τκ(p))

j2 . . . α
iκ(p)
κ(p) h(ακ(p), τκ(p))

jκ(p)

∣∣∣∣∣∣∣∣∣∣

6= 0,

������# , � �.
+��#���! �+�.��!L��!�� β ∈ Rκ(p)
, ����� � !����+�����

Q−1◦R � 1  "#È���È ���� � 1 �-�.
F� �+��� �¿�-!f�����f�(���¿�
(τ, α, β)

,
��#��l�.� 1�1 �-�. È�����-#

(γ1, γ2, . . . , γκ(p)) = (Q−1◦R)s(τ, α, β) ����# �È�Z�������� "�����2�F� �����b!L���/��!�� 1 �¿�-!$�� "��� 1

γk =
∆k(τ, α, β)

∆(τ, α)
, k = 1, 2, . . . , κ(p),

� ����!�� ∆k(τ, α, β)
� 1 �����t�È���2��!$�P�	#%��#%�����8�����m������!$�	� �¿�-!$�/�F�
��!��-� �����@� �È�"
+�Z������!$�	� ���P!�� � �������	# �

�����
k
���¸�F�-�. "�P# (

αik1 h(α1, τ1)
jk , αik2 h(α2, τ2)

jk , . . . , αikκ(p) h(ακ(p), τκ(p))
jk
) � �.��� �������F�-�. "�P#

β = (β1, β2, . . . , βκ(p))
7

<�~���~ n@ò:ë � í
�	�þí-ýfð	î���ì�÷$ð	ï�ë�÷$ðþí"îsì��Îö+÷$ð 86ëFó�ï$ò:ë/ì-ö"ó�ë�ð	îÇýfòÈðþì�òÐï$ò:ë�÷�ë/ë��(ðþó$ïÿî�ñ�� ��ë�÷�ó
τ1, . . . , τκ(p)ó<ö+ï$ðþó���õ�ð	î��Pï$ò:ë4ò�õc
�í"ï$ò:ëFó$ðþótí���n@ò:ëFí"÷�ë�� ûh� �(�

� /b���&%+���Ð~ 
8���
n ∈ N

, �����
T

�È�z��#o��! �+�.��!L��!�� 1 ��� , ��#��s�����
ϕi : T → R

,
i = 1, . . . , n

7

b�����.���P�	� �º��� �� "#��������-# 1

ϕ1, . . . , ϕn
� 1 �	�	#�����!$� ���	#��È� � ��#��È��#%���	#�������
+�F���2�-! 1�� ���F�

RT
� ����#����-#È� �

� �@������!��4��!�� � �-�	#%� 1
t1, . . . , tn ∈ T

1 ����� 1 ���È�	# � �������F�-#����.�����-#

∣∣∣∣∣∣∣∣

ϕ1(t1) ϕ2(t1) . . . ϕn(t1)
ϕ1(t2) ϕ2(t2) . . . ϕn(t2)
. . . . . . . . . . . .

ϕ1(tn) ϕ2(tn) . . . ϕn(tn)

∣∣∣∣∣∣∣∣
6= 0

7 � ù �



�X�	#%��!��º�F�-!$!�� 1�� �-#��È��#��F� 1 ��#��z�����t�	#%
+��! 1 � � !����+����� ���Z�2�����P�������b���	#�������� 1 � �

C
y:í"÷gìFí"î���ë�îÈðþë�î:ìFë�ú6ð	î�ï$÷�í�ô(ñ:ìFë�ö�î:í"ï<ö+ï$ðþí"î�� í"÷fï$ò:ëE��ö+ï$÷$ð���ð	î � ù � 7

Mn(ϕ1, . . . , ϕn; t1, . . . , tn) :=




ϕ1(t1) ϕ2(t1) . . . ϕn(t1)
ϕ1(t2) ϕ2(t2) . . . ϕn(t2)
. . . . . . . . . . . .

ϕ1(tn) ϕ2(tn) . . . ϕn(tn)


 .

n@ò:ëRì-ö"ó�ë
n = 1

ðþóXï$÷$ð	��ðÎö�� 7�ð�� {ϕ1}
ðþóH�	ð	î:ë-ö+÷��	õ¹ð	î:ôÈë�
�ë�î:ôÈë�î�ïfï$ò:ë�î

ϕ1 6= 0
ö+î:ôÆú�ò:ë�î:ìFë�ú�� í"÷@ó�í
�¹ë


�í"ð	î�ï
t1 ∈ T

ýXë4ò6ö!��ë
ϕ1(t1) 6= 0

ú(ð �:ëU�	ú |M1(ϕ1; t1)| 6= 0
�

uvë�ï
n ∈ N

ö+î:ô£ö"ó�ó$ñ��¹ë/ï$ò6ö+ï � í"÷¹ë���ë�÷$õ �	ð	î:ë-ö+÷��	õÐð	î:ôÈë�
�ë�î:ôÈë�î�ï �.ö��Pð	�	õ
ϕ1, . . . , ϕn : T → Rï$ò:ë�÷�ë�ë��(ðþó$ï 
�í"ð	î�ï�ó

t1, . . . , tn ∈ T
ó<ö+ï$ðþó���õ�ð	î�� � ù � ��^Rí-ýCìFí"î:ó$ðþôÈë�÷Pö��	ð	î:ë-ö+÷��	õ�ð	î:ôÈë�
�ë�î:ôÈë�î�ï��.ö��Pð	�	õ

ϕ1, . . . , ϕn, ϕn+1 : T → R
��\Xõµï$ò:ë�ð	î:ô(ñ:ì�ï$ðþí"î�ò�õc
�í"ï$ò:ëFó$ðþó-ú%ï$ò:ë�÷�ë¹ö+÷�ë�
�í"ð	î�ï�ó

t1, . . . , tn ∈ T
ó$ñ:ì�ò

ï$ò6ö+ïtï$ò:ëQ��ö+ï$÷$ð��
M :=Mn(ϕ1, . . . , ϕn; t1, . . . , tn)

ðþófð	î���ë�÷$ï$ð	���þëU�:ê�ë�ö+÷�ë4ï�í98:î:ôµö�
�í"ð	î�ï
t ∈ T

ýfòÈðþì�òzë�î:ó$ñÈ÷�ëFófð	î���ë�÷$ï$ð	�Èð	�	ð	ï¿õµí��8ï$ò:ëE��ö+ï$÷$ð��

M(t) :=Mn+1(ϕ1, . . . , ϕn, ϕn+1; t1, . . . , tn, t).

_Ró�ó$ñ��¹ë�ï�í�ï$ò:ëÿìFí"î�ï$÷<ö+÷$õµï$ò6ö+ï |M(t)| = 0
� í"÷lö��	�

t ∈ T
�6n@ò:ë�îvú(� í"÷lë-ö"ì�ò

t ∈ T
ú:ï$ò:ë�÷�ëÿðþólöPï$ñ�
��þë

0 6=
(
α1(t), . . . , αn+1(t)

)
∈ Rn+1 ó<ö+ï$ðþó���õ�ð	î��Pï$ò:ë4ìFí"î:ô(ð	ï$ðþí"î

M(t)
(
α1(t), . . . , αn+1(t)

)
= 0

í"÷-ú(ýfòÈðþì�òµðþófï$ò:ë�ó<ö��¹ë�ú




ϕ1(t1)α1(t) + · · ·+ ϕn(t1)αn(t) + ϕn+1(t1)αn+1(t) = 0,

ϕ1(t2)α1(t) + · · ·+ ϕn(t2)αn(t) + ϕn+1(t2)αn+1(t) = 0,

. . . ,

ϕ1(tn)α1(t) + · · ·+ ϕn(tn)αn(t) + ϕn+1(tn)αn+1(t) = 0,

� û �

ϕ1(t)α1(t) + · · · + ϕn(t)αn(t) + ϕn+1(t)αn+1(t) = 0.
� � �

n@ò:ë�ó$ñ��:ó$õ(ó$ï�ë�� � û � ðþótë! �ñÈð	��ö��þë�î�ïgï�í�ï$ò:ë�ë! �ñ6ö��	ð	ï¿õ

M(α1(t), . . . , αn(t)) + αn+1(t)(ϕn+1(t1), . . . , ϕn+1(tn)) = 0

ýfòÈðþì�ò�ð	�3
��	ðþëFó

(α1(t), . . . , αn(t)) = −αn+1(t)M
−1 (ϕn+1(t1), . . . , ϕn+1(tn)) .

� � �
kRñ:ëzï�í � � � úXð	î¸ï$ò:ëºì-ö"ó�ë

αn+1(t) = 0
ýXëºýXí"ñ��þô¸ò6ö!��ë

α1(t) = · · · = αn+1(t) = 0
ú@ýfòÈðþì�ò

ìFí"î�ï$÷<ö"ô(ðþì�ï�ógï$ò:ë�ìFí"î:ô(ð	ï$ðþí"î
(α1(t), . . . , αn+1(t)) 6= 0

�%cXí"î:ó�ë! �ñ:ë�î�ï��	õ�ú
αn+1(t) 6= 0

ö+î:ô
(

α1(t)

αn+1(t)
, . . . ,

αn(t)

αn+1(t)

)
= −M−1 (ϕn+1(t1), . . . , ϕn+1(tn)) .

� � �
_fìFìFí"÷�ô(ð	î���ï�í � � � ú�ï$ò:ëRî�ñ�� ��ë�÷�ó β1 := α1(t)

αn+1(t)
, . . . , βn := αn(t)

αn+1(t)

ôÈí�î:í"ï@ôÈë�
�ë�î:ô�í"î
t
��]¿ïZ÷�ë���ö+ð	î:ó

ï�íPí
�:ó�ë�÷���ë4ï$ò6ö+ï � � � ð	�3
��	ðþëFó

β1ϕ1(t) + · · ·+ βnϕn(t) + ϕn+1(t) = 0
� í"÷gö��	�

t ∈ T

ìFí"î�ï$÷<ö+÷$õ/ï�íPï$ò:ëE�	ð	î:ë-ö+÷tð	î:ôÈë�
�ë�î:ôÈë�î:ìFë�í��8ï$ò:ë>�.ö��Pð	�	õ
ϕ1, . . . , ϕn, ϕn+1

�
B<�~��Æ~ n@ò:ëFí"÷�ë��¹óRûh� ��ö+î:ô�ûh� ��ô(ð	÷�ëFì�ï��	õ/ð	�3
��	õ�ï$ò:ë>� í
�	�þí-ýfð	î���ìFí"î:ô(ð	ï$ðþí"î�� í"÷fñÈîÈð8 �ñ:ë4ó�í
�	��ö��Èð	�	ð	ï¿õ/í��

ï$ò:ë �2ìFí"÷$÷�ëFì�ï�ëFô�ð	î���ë�÷�ó�ë�
È÷�í
���þë�� �
Q−1 ◦ R �



� 
 �  È������#�� 7��g7 ,	� �-#��-#���#È�(��
 7È0�7
� /b���&%+���Ð~ 
8���

x ∈ C1(R)
,
h ∈ C1(R2)

7È0 �X����� �.���P�	� �º������ "#��������-# 1

t 7→ x(t)ik h(x(t), t)jk , k = 1, 2, . . . , κ(p),

� 1 �	�	#�����!$� �Ç�	#��È� � ��#��È��#%�g�	#£�����/
+�F���2�-! 1�� ���F�
RR

������#£������!���� �(� 1 �
τ1, . . . , τκ(p) ∈ R

1  ��2�£���%��� ,
�¿�-!����	�

β1, . . . , βκ(p) ∈ R
, ����� � !����+�����

Q−1 ◦ R � 1  "#È���È ���� � 1 �-�.
F� �+��� �¿�-!������ÿ�(���¿�
τ1, . . . , τκ(p)

,
x(τ1), . . . , x(τκ(p))

,
β1, . . . , βκ(p)
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