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Awnnoranusi. OnucaHbl OCHOBHBIE CBOMCTBa OTHOIIEHWI apXMWMEIOBON SKBUBAJECHTHOCTH M MaXKOPHUPYe-
MOCTH B JIMHEHHO YIOPSJOYEHHOM BEKTOPHOM IPOCTPAHCTBE. BBeIEHO U NCCIIeJOBAHO MOHATHE (IIPEe)JIeK-
CUKOTpadUIECKONl CTPYKTYPBI HA BEKTOPHOM IPOCTPAHCTBE. Jlekcukorpadudeckas CTPYKTypa MPeaCTaB-
JisieT coboil TBOMCTBEHHOCTb MEXK/Iy BEKTODAMHM U TOYKAMHU, TMOCPEICTBOM KOTOPOil abCTPAKTHOE YIOpsi-
JIOYEHHOE BEKTOPHOE IIPOCTPAHCTBO PEAJIN3YeTCs B BUJIE N30MOP(MHOro eMy IPOCTPAHCTBA BEIECTBEHHBIX
byHKIHIH, CHAOXKEHHOTO JIEKCUKOIPAMDUIECKUM TTOPSAIKOM. BBeeHbI MOHATHS (DYHKITMOHAIBHON U 0a3mc-
HOM JIEKCUKOTPAMUIECKON CTPYKTYPHI. Y TOYHEHA B3AMMOCBSI3b MEKY YIIOPSIOUYEHHBIM BEKTOPHBIM IPO-
CTPAHCTBOM U €ro (DyHKIIMOHAJIBLHBIM JIEKCUKOrpadriIecKuM mpecraBienreM. [IpuBeneno HoBoe noka3a-
TEJIBCTBO TEOPEMBI 00 M30MOPMHOM BJIOXKEHUU JIFOOOTO JIMHEWHO YIIOPSIO9YEHHOTO BEKTOPHOIO MIPOCTPAH-
CTBa B JIEKCUKOTPAMUIECKHN YIOPSTOYCHHOE TPOCTPAHCTBO BEIECTBEHHBIX (DYHKIINI C BIIOJHE YIIOPSIIO-
YeHHBIMH HocuTessiMu. 1losyueH Kpurepuil MJIOTHOCTH MAKCHMAJILHOI'O KOHYCA OTHOCHUTEJIBHO CUJIbHEM-
el JIOKAJIHLHO BBIMTYKJIOM TOMOJIOTWHU. BasncHble MAaKCUMAaJIbHBIE KOHYCHI ONMCAHBI B TEDMIUHAX MHOXKECTB,
COCTOSIIIINX U3 MOMMAPHO HEIKBUBAJEHTHBIX BEKTOPOB. OXapaKTepr30BaH KJIACC BEKTOPHBIX MPOCTPAHCTB,
B KOTOPBIX CYIIECTBYIOT HEOA3UCHBbIE MAKCUMAJIbHbBIE KOHYCBI.
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1. BBenenue

IMommuokecTBo K BEKTOPHOrO IIPOCTPAHCTBA HAJL MOJeM R BemeCTBeHHBIX YHCEJ HA3bI-
Baercs konycom, ecmn K + K C K, aK C K mus Becex o € R, rie R := {a € R : a > 0},

#PaboTa BBIIOTHEHA IPH IIOAEPKKE ITPOTPaMMEI (byHIaMEHTAIbHLIX HaydHeX uccaemosanmit CO PAH
Nel.1.2, mpoekT Ne0314-2019-0005.
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u KN (—K) = {0}. NabivMu csioBaMu, KOHYC — 9TO HEILyCTOE MHOXKECTBO, 3aMKHYTOe OTHOCH-
TEJIHHO JIMHEHHBIX KOMOUHAIWMH (11 + * + + + Xy € MOJIOKHUTEIbHBIMEA KOdhdUImenTaMu o;
U cojiepzKaliee He 6ojiee OJIHOrO BEKTOpaA U3 KaxKJION mmapbl T, —.

[TonsiTne KOHyCa TECHO B3aMMOCBSI3aHO C IOHSITUEM YNopAOOUEHHO20 GEKMOPHO20 NPO-
CMPAHCMBa, — BEIECTBEHHOIO BEKTOPHOI'O POCTPAHCTBA X, CHAOXKEHHOI'O TAKHM OTHOIIIe-
HUEM HOpsijika <, 9TO Jisd JIoObIX =,y,2 € X n o € RY uz & < y cuenyer x + 2z < y + 2
u ar < ay. A umenno, eciim (X, <) — ymnopsilodeHHOE BEKTOPHOE MPOCTPAHCTBO, TO MHO-
xkeerBo Xt := {z € X : ¢ > 0} asiserca xonycoM; u Haobopor: ecit K C X — KOHyC U
r<xgy e y—ze K (r,y € X), 1o (X,<x) — yUOpsiIO4eHHOE BEKTOPHOE MPOCTPAHCTBO
u X* = K (cm., Hanpumep, [1, 3.2]).

U3 kiaaccudeckoii TeopeMbl XaHa — BaHaxa HENoCpeICTBEHHO CJIEYET, YTO BCAKUH KO-
HYC, SBJISIOMUICS HAArpadbukoM CyO/mHeiiHOro (byHKIMOHAIA, UMeeT OHOPHYIO THIIEPILIOC-
KOCThb. B 9Toit ¢BsA3U ObLIO ObI €CTECTBEHHO OXKUJIATH, UTO JII000 KOHYC B BEIIECTBEHHOM
BEKTOPHOM ITpOCTpaHcTBe X JIEKUT B HEKOTOPOM IOJIYIIPOCTPAHCTBE, T. €. BO MHOXKECTBE BU-
ma {r € X : f(z) >0}, e 0 # f € X#. (3nech n mmke X7 — BEKTOPHOE MPOCTPAHCTEO
muHeHHbIX QyHknnonanaoB Ha X ¢ HOTOYEUHBIME JIMHEHHBIME omepanusvu.) Tem He menee,
sro ne Tak. Hampumep, ecmn K := {z € L(R) : > 0} — KOHYC NOJIOKHUTEIBHBIX 3JICMCHTOB
npocrpancrsa X := LY(R) Kj1accoB SKBHBAJICHTHOCTH U3MEPHMBIX 1O JIe6ery BeIecTBeHHBIX
dyHKIMiT, TO HE CYIIECTBYeT HU OJHOIO TOJIOXKUTEJIBHOTO Ha K JMHEHHOTro (byHKIIMOHAJIA
0# f e X% (em. [2, §5]). B wacrnocrn, K He JIe:KUT HE B KAKOM IIOJIYIPOCTPAHCTBE I,
6oJiee TOro, He OTJENSIeTCsT HE OT OJHOW TOYKM X, T. €. sIBJISIeTCS BCIOJY IJIOTHBIM B CAMOM
CHJILHOM CMBICJIE — OTHOCUTEJIbHO CUJIbHEHIIeH JIOKATBHO BBIMYKJIONH TOHOJIOTU (B KOTOPOI
BCe JraHeitHbIe (byHKIHOHAMBI HerrpepbiBHbl ). Onuncannbiit konye K C LY(R) — «ruranTtckmits,
HO HEe MAaKCHMAJbHLI, OH MOXKET GBITh yBesImden Jo eme 6ombinero xonyca K C K € LY(R).

Konyc K B BekTOpHOM mpocTpancTBe X HA3LIBACTCI MAKCUMAALHbLIM, ecau B X He Cy-
[IECTBYET JPYroro KoHyca, cojepxkaiiero K, T. e. K sBJIseTCs MaKCUMAJBHBIM 3JIEMEHTOM
YIIOPSIJIOUEHHOTO 110 BKJIFOUEHUIO MHOYKECTBA BCEX KOHYCOB B X.

Crenyrommue cpoiicta konyca K B BeKTopHOM npocTpaHcTBe X DPaBHOCHJIBHBL:

(a) K — MakcuMaJIbHbI KOHYC;

(b) (X, <x) — JmHElHO yIIOpsi/0YeHHOEe BEKTOPHOE npocTpaHcTBo, T. . (Vx,y € X)(r< Yy

o y < 7);

(¢c) Ve e X)(z € K wm —z € K).

C nomompio stemMbl 1lopHa JIerko mokazaTh, 4TO JIIOOO0H KOHYC MOMKET OBITh YBEJIMYEH 10
MakcuMaJsbHoro. bosiee Toro, Jyid joboro konyca K C X u 100010 BBITYKJIOIO MHOXKECTBA
C C X, me mepecexamomerocss ¢ K, cymecTByer MakcuMajbHbI Konyc K C X, KOTOpbIit
conepxkut K u He nepecekaercst ¢ C.

IIpruMepoM MaKCHMAIBLHOIO KOHYCA CIyKUT CJIEIyIONIee HOJIMHOXKECTBO IpocTpancTsa R
Becex tnocsenoaresbHocreit x: N — R (3mece N = {1,2,...} — MHOXecTBO HATypaIbHBIX
qucest) ¢ KoHednbiMu Hocureaamu [x] := {n € N : z(n) # 0}:

{z e REA\{0} : z(max[z]) > 0} U {0}.

DTOT MaKCUMAJIBHBII KOHYC, COCTOSIIINI 13 TeX ITOC/IeI0BATEIbHOCTER & € REID, Yell 1ocae]I-
HUI HeHyJIeBOil wieH x(max[z]) mosioKuTeseH, BCIoLy IIOTEH B Rgﬂ OTHOCHUTEJIbHO CUJIbHE-
1iedi JIOKaJIbHO BBIMyKJIOi Torosiorun (cum. [3, i 11, §5]). Ananoruuneiii Konyc

{z € RE\{0} : z(min(z]) > 0} U {0}

TOZKE MAKCUMAJIEH, HO He sIBJISIETCS BCIOJLY IIOTHBIM, IIOCKOJIBKY COJEPIKUTCS B TIOJIYIIPOCTPAH-
cree {z € RY : z(1) > 0}.
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IIpuBenennbie haxTbl MOTUBHPYIOT HOCTAHOBKY CJIEIYIONINX 331a4.

(1) BolsicHUTB, B KAKUX CJIydasx Jis MaKCUMAaJbHOrO KoHyca K B BEKTODHOM IPOCTPAH-
crBe X CyIIeCTBYeT JIMHEHHO yHopsioueHHbiit 6asuc amens (B, <), obecrneunBatomiuii mpe;i-
cTaBJIcHUE

K = {x € X\{0} : xp(min[zg]) > 0} U {0},

e [25] := {b € B : 25(b) # 0} — HocuTesn cemeiictba x5 € RE xosddumnmentor pasmoxke-
s ), p Z5(b)b Bexropa x no Gasucy B. (Takoit xomyc K Gy/eM Ha3bIBaTh 6A3UCHBIM. )

(2) OxapakTepn30BaTh BEKTOPHBIE IIPOCTPAHCTBA, B KOTOPLIX BCE MAKCHMAJIbHbBIE KOHYCHI
ABJSAIOTCs GasucHbIME. (OUeBUIHO, K HUM OTHOCSTCSI JIOObIe KOHEYHOMEPHBIE IIPOCTPAHCTBA. )

(3) IlpusecTu obIHe IPUMEPBI U OIUCATH CTPYKTYPY JIIOOBIX, B TOM YUC/Ie HEOA3MCHBIX,
MAaKCHMAJIbHBIX KOHYCOB.

(4) BbIsICHUTB, IIDH KAKUX YCJIOBHSIX MAKCUMAJIBHBII KOHYC He JIEKUT HE B OJTHOM IOJIYIIPO-
CTPAHCTBE, T. €. BCIOAY IUIOTEH OTHOCUTEIBHO CHIBHEHINEH JIOKAJIBHO BBIITYKJIONH TOHOJIOIUH.

lannas cTaTbs MOCBAIIEHA PENICHUIO NePEeIHCACHHBIX 3a1a4.

B kavecrBe perenns 3agaqdu (1) mpejyroxkeH KpuTepuit 6a3UCHOCTH KOHYCa B TEPMHHAX
JINCKPETHBIX MHOXKECTB — COBOKYIIHOCTEH BEKTOPOB, CpeJil KOTOPBIX HET apXHMeJIOBO SKBH-
BaJeHTHBIX (cM. 4.2-4.4).

WcuepnpiBaromuii oTBeT Ha Bompoc (2) gaer Teopema 4.7, COIacHO KOTOPOi HEOA3MCHBIE
MaKCHUMAaJIbHbIe KOHYCBHI CYIIECTBYIOT B BEKTOPHBIX IIPOCTPAHCTBAX HECUYETHON Pa3MEpPHOCTH,
1 TOJBKO B HHX.

Bazaga (3) TecHO cBsizaHA € TeOpeMoil XaHa O BIIOYKEHUH — OJJHUM U3 Hanbosiee riiyGOKIX
pe3y/IbTaTOB TEOPHU YHOPSAIOYEHHBIX IPYII, yTBEPKIAIONINM, YTO BCSKas JIMHEHHO yIOps-
JI0YeHHAsA IPYyIa T30MOPGhHO BKIIAIBIBACTCH B JIEKCHKOIDaduiecKoe MpousseieHne JIeiicTBI-
TesibHBIX Ipyn [4, 1. IV, reopema 16]. V3Becren n MeHee rpoMO3IKHIT aHAJIOL STOi TEOPEMBI
JUIst CJlydasi JIMHEHO YIIOPSIOYEHHBIX BEKTOPHBIX HPOCTPAaHCTB |5, Teopema 3.1], KoTOpBIil
dakrudeckn Jaer orBer Ha Bompoc (3). B maHHOl cTarbe MBI, B YACTHOCTH, HONBITAINCH II6-
PEOCMBICJIUTD U CYHIECTBEHHO YIPOCTUTH NMEIONTHECs IIOIXO/bI, IIepeBe/id NX Ha SA3bIK JeKCH-
KorpaduuecKux n IpeyieKcukorpadudeckux crpykryp (eum. §3). JokazareabcTBO OCHOBHOM
JaeMMBI 3.9, uAeiiHo ¥ TeXHHYeCKN OJIM3KOe COAEPXKAHUIO CTATHH [5|, HA HAII B3IVIA, CTAJIO
€cJII He 3JIeMEHTAPHBIM, TO [I0 MEHBIIIel Mepe 3HAUYUTEIbHO 0ojlee JIOCTYIHBIM U KOPOTKUM.

Ommcanne nopsiaka IIOCPeJICTBOM JIEKCUKOIPadHIECKO! CTPYKTYPBI I03BOJISIET IOJIyYUTh
OY€eHb IIPOCTOH OTBET Ha BOIPOC (4): MAKCHMAJIbHBIN KOHYC BCIOLY IIOTEH TOLJA U TOJIBKO
TOr/Ia, KOIJIA CPEJ COOTBETCTBYIONINX APXMME/IOBBIX KJIACCOB HET HamMeHbInero (cm. 3.12).

2. ApxumMenoBa 3KBUBAJIEHTHOCTb

Bceroay B aTom maparpade X — auHeiiHo ynopsiIoueHHOE BEKTOPHOE MPOCTPAHCTBO HAT R.
OTHOIIIEHNE MOPsiIKA [0 yMOJIYaHUI0 0603HaYaeTcs cuMBoJIoM <. Momyib |z| BekTopa = € X,
KaK OOBIYHO, IoJiaraercst paBHbIM & npu ¢ > 0 u —z upu = < 0. Cumsout lin Y obosnagaer
JINHEHHYI0 000/109Ky moaMHoxKecTBa Y C X. MbI Tak:ke OyJIeM HCIOJIb30BaTh YIIPOIIEHHYIO
sanuck lin(z,Y) :=lin({z} UY).

2.1. Beesem na muoxecrse X := X*\{0} ornomenue smneiiHOro0 npe/opsiaka
rxy < Fa>0)(r<ay)
1 COOTBETCTBYIOIIIME OTHOHMICHNA CTPOTOr'o IOPAJKa N S9KBUBaAJICHTHOCTH

T<y YL,
r~y s rxy&yxe.
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OTHOWEHNSA < U ~ HA3BIBAIOT GPLUMEOIOEbIM MANCOPUPOCAHUCM U APLUMEI0E0T IKGUBANCHIN-
HOCTBIO.

ITommuOXKecTBO D C X HasoBeM duckpemubvim, eciim D C X'+ u syemenTsl D momapHO
He skpuBasieHTHbl: (Vd,e € D)(d # e = d ~ e). B 1060M JIMHEHHO YIOPSIIOYEHHOM BEK-
TOPHOM IPOCTPaHCTBE X CyIIECTBYET MAKCHMAJIBHOE AUCKPETHOE MHOXKECTBO. BesKoe Takoe
MHOZKECTBO ABJIAETCS PE3y/ILTATOM BBIOODPA IpEACTABUTENCH B KIacCaX apXUMeJ0BOil SKBUBA-
JaetHocTH, T. €. uMeeT Bug {d. : ¢ € X1TF/~}, tue d. € ¢ jyist KazKIoro Kiacca c.

2.2. Kax Jierko BUeTh, 1JIs JIIOOBIX X,y € X
r<y < Va>0)(z<ay) & VaeR)(VE>0)(ax < By). (1)

Pacnpocrpanum oraomenne < ¢ X x X na X x X npunnmas (1) B kKauectBe onpejie-
JICHUST BBIPAYKEHUS T < Y JJIst TPOU3BOJIBHBIX © € X my € X+,

Jlrst ymo6oro Bekropa y € X muoxkectBo {x € X : x < y} sBisIeTcss BEKTOPHBIM
HOAIPOCTPAHCTBOM X .

< Ecm xq, 29 <y u a1, a9 €R, To 715t Becex o > 0 MBI UMeeM 1 Z1, QaXo < %y U, CJIeIOBa-
TEJILHO, (11 + (ol < QY. >

2.3. Bcakoe JUCKPETHOE MHO2KECTBO JIMHEHHO He3aBHCHMO.

< Unpyknueit o n € N nokazkem, 4ro joboe mojamuoxkectso F C D momubocru |[E| =n
JmHeitHo HesaBucuMo. Ciydait n = 1 Tpusnasier. Ilycrs Bce moaMHOXNKecTBa D MOIITHOCTH N

JIMHEAHO HEe3aBUCUMLI U IIYCTD Z?:Jrll a;e; = 0, roe e; € D monmapHo pasiuuHbl, «; € R.
He napyriast o61mHoCcTH, MOXKHO CYUTATH, UTO €1, ..., €y < €n41. LOIJA C yueToM 2.2
n n
Qpti€ntl = E (—ai)e; < eny1, —Qnii€ni1 = E Q;€; < €ntl
i=1 =1
1 03TOMy vy = 0. CureroBarensuo, » - aje; = 0, a 3HAYHT, o] = -+ - = o, = 0 10 1pesi-

MMOJIOZKEHUTO WHJYKITUH. [>

24. Ecm z,ye X T uax~y, 10 A:={a>0:ay<z}u B:={f>0:z<pfy} — neny-

CThble OrpaHMYEHHBbIE MHOXKECTBA, IpUYEeM TOYHbIe I'paHuilbl sup A u inf B cosmagaior. O6o-

3HaY1UM HX O6HJ,66 3Ha4YeHe CUMBOJIOM % Taknum 06pa30M, ecamm r ~ Yy, TO % — €JMHCTBEHHOEC

YHUCJIO, YIOBJIETBOPAIONIEE YCJIOBUIO

(%—a)y<x< (%—i—a)y s Beex o > 0.

Jlemma. ITycrp z,y € Xt & ~y, xg := |x - %y‘ Torna xg < y u lin{zg,y} = lin{x, y}.

< Hutst yiroboro amcia a > 0 u3 x < (% + a)y cllelyeT T — %y < ay, a u3 (% — a)y <z

cjieayer %y—:ﬂ < ay. Takum obpaszom, ‘x — %yl < ay ang Beex o > 0, 1. e. g < y. PaBencrso
lin{zg, z} = lin{z,y} oueBuano. >

2.5. Jlemma. Ilycts Y — roneunoe nosmuoxkecrBo X+, Ecimx € X mwa ¢ linY, 1o
cymecrByer Takoif Bekrop T € X uro lin(z,Y) = lin(z,Y) u (Vy € Y)(Z = y).

< st kakioro Bekropa z € Z = {z € X** :lin(z,Y) = lin(z,Y') } nomoxum

min{y € Y:z~y}, ecm (JyeY)(z~y);

y(2) := 0, ecin (Vy € Y)(z ~y).
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ITockomnbky MHOKeCTBO {y(2) : 2 € Z} KOHEUHO, CyIIECTBYET TAKOH BEKTOp & € Z, 4T0
y(Z) = min{y(z) : z € Z}.

Honycrnm, y(Z) # 0. Torma y(2) € Y u & ~ y(Z). Cornacuo slemme 2.4 mmMeercst Takoit
BeKTOp Zo € X, uro Zg < y(Z) u lin{Zo,y(z)} = lin{Z,y(z)}. U3 coornomennit x ¢ linY
u lin(z,Y) = lin(z,Y) crenyer, uro & u y(Z) smueiino He3aBucHMBbI, U 103TOMY Zo # 0.
C npyroit CTOPOHSHI,

lin(zo,Y) = lin(lin{Zo,y(Z)} UY) = lin(lin{z,y(2)} UY) =1lin(z,Y) = lin(z,Y),

a 3HAUUT, To € Z u, cueposaresbHo, y(Z) < y(Zo). Takum obpasom, Tg < y(Z) < y(Zo) ~ To.
[TosrygenHoe mporuBopeure nokasbiaer, uto y(Z) = 0, T. e. & — MCKOMBIl BEeKTOD. [>

3. Jlekcukorpadudeckme CTPpyKTYyPbI

3.1. [Iycts S — npousBoJibHOE MHOKeCTBO. J1j1s1 0003HaMEeHNsT XapaKTepUCTHIeCKON (DYHK-
muu noxmuokecrsa T C S GymeM ucionb3osarh cumBoi 1p. Cumsosom RS obosnadaercs
BEKTOPHOE IIPOCTPAHCTBO Bcex PyHKImiA x: S — R ¢ MOTOYeUHBIME JIMHEHHBIME OIIePAIlHsI-
v Eem 2, ..., 2, € RS mwo(a, ..., a,) — dbopMaIbHAS 3aIICh KAKOIO-THO0 yTBEPIK ICHIS
0 4YHCJIax, TO

[p(z1,...,20)] = {s€S:p(z1(s),...,zn(s)) }.

B wacrroctn, ecyu 2,y € RY 1o [x#£y] = {s€ 5 : 2(s) #y(s)}. Hocumev [x # 0] bynkuun
YCJIOBUMCs 0003HAYATH CHMBOJIOM [T].

Bekropuoe nompocTpancTso R, cocrostiue u3 byHKIui ¢ KOHEMHBIME HOCHTE/SIMI, 060-
snaunm wepes RY . Ecmu (S, <) — JmHeiiHO yIOpsI0MeHHOe MHOKeCTBO, To R — BexTOp-
Hoe mojmpoctpancteo R, cocrosimee n3 byHKIMIl ¢ BIOJIHE YIOPSIOUCHHBIME HOCHTE/IAMM,
a Rfﬁn — moxmHuOKectBO RY | cocrosimee m3 HymeBoit (byHKImME U Beex (ymKimii © € R,

HOCHUTEJIb [T] KOTOPBIX MMeeT HaMMeHBIIHNii sjeMenT min|x]. OuennHo,
S S S S
RS c R c RS c RS

OrmernM, 4To moaMHoKecTBO RS C R He Beeryia sIBIIsIeTCsl BEKTOPHBIM IIOIIPOCTPAHCTBOM.

min

s x € RS, onpenesum uuncio x(min) € R, mosnaras

min

z(min) := z(minfz]), ecmun z # 0;
U ecim x = 0.

3.2. Ilycre X — BeKTOpHOE IPOCTPAHCTBO Hall R, S — Impon3BoJIbHOE MHOXKECTBO. DyHK-
o (+]+): X xS — R HazoBeM deoticmeennocmyio, eciu jjisi obbiX T,y € X, s € S, a € R

(x+yls) = (z[s) + (y[s),
(ax]s) = a(z]s),
xr#0 = (s S) (z|s) #0.

Host (+|+): X xS — R pacemorpum dyHKImn

(z]: S—=R, [s): X =R, (z](s):=[s)(z) :=(z|s) (ze€X, s€)
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U TOJIOZKIM
(X] ={{z] :z e X}, [5):={[s):s€ S}
Kax Jsierko BujieTh, ciejytonue cpoiicrsa dyukimu (- |-): X X S — R paBHOCHIbHBL:
(a) (|+) stBIIsIeTCSI JBOTICTBEHHOCTBHIO;
(b) =+ (x] — m3omopduzm X Ha BekTopHOE mOmIpocTpancTio (X| C RY;
(c) [S) € X# — mHOMKecTBO DYHKIMOHAIOB, paseNsiomee TOUKH X .

Hocurens [(z]] dynkuun (z]: S — R yciosumest sanmceiBath B Buje [z).

3.3. Ilycrp (S, <) — JAMHEHHO YIOPSIOYEHHOe MHOXKECTBO. BeKTOpHOEe MOIIPOCTPAHCTBO
X C RS 6ynem nasbiBath (nped)sekcurozpadureckum, ecam

(a) X C RS (coorsercrremmo, X C RY. );

(b) (Vs e S)(Fz € X\{0})(s = min[z]).
[Tpumepom (mpes)eKCHKOrpaduIeckKoro MPOCTPAHCTBA CJIYXKHUT JIIO00OE IIOIIPOCTPAHCTBO
X CR®, ynosnersopsiormee srmouenusm RS C X C RS (coorsercrrenno, RS € X C RS, ).

[Tycrs X — npoussosbHOE BeKTOpHOE mpocTpancTBo Hag R. Tpoiiky (S, <s, (-|+)) Ha30-
BeM (nped)aekcurozpaguueckoti cmpykmypot Ha X, ecim <g — JIMHEHHBIH NOPSAIOK Ha S,
(«]): X xS — R — npoiicreernocts u (X| — (upej)iercnkorpaduaeckoe IOAIPOCTpaH-
crBo RY. Bmecro (S, <g, {+|+)) yenoumes mucats (S, <g), eciim U3 KOHTEKCTa ICHO, O KAKO#
JIBOACTBEHHOCTH (- |+) MIET pedb.

3.4. Eciu (S, <s, (+|+)) — npemiexcukorpapuieckasi crpyKTypa Ha BEKTOPHOM IIPOCTPAH-
cree X, To [s) # [t) mpm s # t u [S) — smHelHO HezaBHCHMOE MOqMHOMKECTBO X 7.

< Baarogapst 3.3 (b) umeercs rakoe cemeiicTBo ssementos s € X \{0}, 4ro s = min|z]
IJ1 Bcex s € 5.

[Iycrs s,t € S, s <g t. Honoxkum z := x4. VI3 s <g t = min|x] caeyer [s)(x) = (x|s) =0

u [t)(z) = (z|t) # 0, a snaqur, [s) # [t).

PaccMOTpuM MONApHO pasiuydHble TOYKH S1, ..., S, € S, HeHyJIeBble Yucia o, ..., 0, € R
u moKazkeM, 4To f 1= Y 1, a;(s;) # 0. Ilycrs jyist onpesesieHHOCTH 81 <g -+ <g Sy. IloJ10KHIM
T 1= xg,. IIOCKOIBKY S1,...,5p—1 <s Sp, = min[z|, Mbl nmeeM (z|s1) = -+ = (z|sp_1) = 0,

(x| sp) # 0. CiienoBarensuo, f(z) =Y " a{z|s;) = an(z|sy) # 0, a 3naunt, f # 0. >
3.5. Eciim <y — smmeiinsiii nopsiok Ha S u X — (mpe)steKCcuKorpaduaeckoe Mopo-
crpancrso RS, o (mpex)excuxorpadudeckas crpykrypa (S, <s) ma X ¢ ecrecTBeHHOIl J1BOii-
CTBEHHOCTHIO <x | s) = x(s) HasbiBaercst gynryuonasvrol. Kax jerko BujeThb, ¢ TOYHOCTBIO JI0
uzomopdusMa Besikasi (Ipe)iekcukorpadudaeckasi CTpyKTypa sBJIseTcsl PyHKIMOHATBHOIL.
[Tpumepamu QyHKIMOHAIBHBIX JIEKCUKOTPADUUIECKIX CTPYKTYD CIIyzKaT

(S7 <wo) Ha RS’ (Sa <S) Ha R§07 (S7 \S) Ha Rﬁn’

rie <o, — HOJIHOE ylopsaaodenue S, <g — IPOU3BOJILHLII JTMHEHHDBII HOpH,HOK Ha S. Ecmu S =
{i L.pne N}, <s — CTamgapTHBIH unc/IoBoil mopsagok na S u X = RJ 4+ Rlg, 1o (S, <s) —
npeieKcukorpadpuieckas, Ho He JIeKCUKOrpaduiecKast (byHKuHOHaﬂbHaﬂ cTpyKTypa Ha X.

3.6. Ilycre (S,<g,(-|+)) — (upem)iekcukorpaduyeckasi CTPyKTypa Ha BEKTOPHOM IIPO-
crpancree X . [Ins Besikoro ssmemenra € X nosokuM (@ |min) := (z](min), T e.

(| min) = {<$| min[z]), eciu z # 0;

0, ecm x = (.
Kak jterko BumeTb, MHOXKECTBO

X(S,<s,(+]9))" :=={x € X : (x|min) > 0}
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npe/icraBisteT coboii MakcuMaIbHbI Koryc B X . CooTBeTCTByIOIIEe TUHEHHO YIOPsI0YeHHOE
BeKTOpHOE IpocTpaHcTBO (X, <yx) ¢ mosoxkureabubiM KouycoMm (X, <x)T = X (5, <g, (+]+))"
obosuaanm cumBosioM X (S, <g, (+]+)), a nopsagok <x HazoBeM (npe&)ﬂe%cumoepagﬁu%ecnu,/w
nopadkom, nasedernvim cmpykmypot (S, <g, (+|+)).

3.7. Ilycrp (S,<g,(:|+)) — mpemrekcukorpacuieckass cTpyKTypa Ha BEKTOPHOM IIPO-
crparcree X . Cua6uqum npocrpanctBo X HOPsIKOM, HaBeJeHHBIM cTPYKTypoii (S, <g, (+|+)).
(a) st mobpix z,y € X

r<y < (z|t) <(y|t), rae t = min[(z]# (y]] = min{s € S: (z|s) # (y|s)}.
(b) st smobbix z,y € X+
<y < minfz] > gminly], =<y < min[z] > minfy], =~y < min[z] = min[y].

(¢) st mroboro MakcHMAJIBHOTO JUCKpeTHOro MuHOXKecTBa D C X, cHaOXKEeHHOro mopsij-
koM d <p e & e < d, orobpaxkenue d — min|d] sBJIsIETCS MOPSJIKOBBIM H30MOP(H3MOM
MeKy (D7\D) (57\5)

3.8. JIemma. Ecim X = (X,<) — JHEHHO yIIOpsiJIOYeHHOEe BEKTOPHOE HPOCTPAHCTBO
u D — 1npousBojibHOE MaKCHMaJIbHOE JUCKPETHOE ITOAMHOXKECTBO X, CHAOXKEHHOE MOPSIIKOM
d<pe & e<d 1 (X,<)=X(D,<p,(-|+)) ars vekoropoii npejieKcuKorpaphuIecKort
crpykTypet (D, <p,(-|+)) #a X, npuwaem Taxoi, aro (d] =11y a1t Beex d€ D,

< Pacemorpum npousBosibHbIE ssement d € D u 3amernm, uro d ¢ lin(Xy U Dy), rue
Xg={x e X :2<d}, Dg:={e € D :d < e}. Heiicruresbuo, u3 2.2 cuemyer, 410 X4 —
BEKTOPHOE MOJIPOCTPAaHCTBO X, a 3Hauut, B ciaydae d € lin(Xy U Dy) Hamescs 6bl 37€eMeHT
x € X", ynosnersopsuomuii coorromenmo d € lin(z, Dg), KOTOpoe HEBO3MOXKHO, TaK KaK
MHO)KeCTBO {d, 2} U Dy JIMCKPETHO ¥ 1I09TOMY JIMHEHO He3aBucumo (cM. 2.3).

Clre10BaTeNIbHO, [Is Kazka0ro d € D MOXKHO BBIGpaTh Takoi dynkmuonan fq € X#, aro
fa(d) =1, fg(x) =0upuz € X, x <du fy(e) =0 upu e € D, d < e. Oupeesnm byHKIUIO
(]*): X x D = R, monaras (x|d) := fq(z). Ogesunno, (d] = 1ygy nna scex d € D.

[Iycrs x € X*T*. [TockoMBbKY AMCKPETHOE MHOYKECTBO 1) MAKCHUMAJBLHO, T ~ d JiJjisT HEKOTO-
poro ssemenTa d € D. Io memme 2.4 mbl tmeem & — gd < |1‘— %d‘ < d, orkyna fq(r—5d) =0n
nosromy (x|d) = % > 0. Kpome Toro, eciu e <p d, 10  ~ d < e, a 3na4urt, (z|e) = f.(r) = 0.
Takum obpaszom, d = min[z] u (x| min[z]) > 0.

13 ckazaHHOrO BBIIIE CJleyeT, 9To (DYHKIWMs (+|+) sBJIsIeTCs JIBOHCTBEHHOCTHIO, a (X| —
[IPEJIEKCUKOTPAMUICCKUM IIPOCTPAHCTBOM, TaK KaK R;?n C (X] C ann Kpowme Toro, ycranos-
nennoe Bkimodenne X+t C X (D, <p, (+|+))" Breuer pasencrso X+ = X (D, <p,(+|+))" BBuay
MaKCUMaJIbHOCTH KOHyca X 7. [>

3.9. [Tycrs (S, <) — simHeiiHO yropsijioueHHOe MHOXKeCTBO. st 2 € RS ut € S onpenemnm
dbynxmmo x]; € RS, nonaras 27;(s) := z(s) upu s < t u z]4(s) := 0 upu s > t. JIna x,y € RS
Oy/ieM TOBOPUTH, 9TO & 4 Y cosnadatom do t, u mucarb x =; y, ecn (Vs < t) z(s) = y(s),
T e x|t =Yl

JIemma. Ecsm (S, <) — JmHeiino ynopsigodenHoe MHOKecTBO, X — BEKTOPHOE MOJIIPO-
crparcrso R® u Rgl L C X C Rim, TO cymiecTByer JimHel bl oneparop (r+— z*): X — R?,
06T TATOIIHIET CJIEJIYFOIIHMU CBOHCTBAMMU:

(a) RS € X* C RS e X*:={o*:x € X};

(b) »—> x* — JmHeHHbIT 0 HOpH,HKOBbH/I mzomoppuzm X (S, <) ma X* (S, <);
(c) x* = & jrs Beex © € RS ;
(

d)w}teX gt Becex x € X nteS.
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< Iyers (S, <) — JaMHENRHO YIOPSIIOYEHHOE MHOYKECTBO U Y — BEKTOPHOE MOJIPOCTPAH-
crBo R, ynosersopsiomee Brmouennsm RS C Y C RS, |

Kak serko Buiers, semma llopra npuvennma K MHOXKecTBY map (X, F'), cocTaBiIeHHBIX
U3 IIPOCTPAHCTB an C X C Y uoneparopos F: z € X — z* € RY, yrosiersopsomux
yeaosusM (a)—(d), oraocurensro nopsinka (X1, F1) < (X2, Fy) & (X1 C Xo, Fi = Fylx,).
CnemoBarenbho, 3a7ada OyeT pelreHa, eCIu Mbl pACCMOTPUM BEKTOPHOE TOIIPOCTPAHCTBO
X C Y, conepxamee RS | oneparop F: z € X +— x* € R, ynosnersopsromuii (a)-(d), buk-
cupyeM BekTop y € Y\ X u npogoskum F' Ha noxnpocrpanctso X + Ry C Y ¢ coxpanenuem
yesosuii (a)—(d).

Cuabmum Y, X u X* nopsiikamu, HaBeJeHHbIME (DYHKIMOHAIBbHOI cTpyKTypoii (5, <).

[IpeiBapuTe/IbHO TTOKAXKEM, UTO JIJIst JIIOOBIX X1,To € X u § € S

T =5 T & T] =4 T5. (2)

[TockoIbKyY 1pu 1 # T COOTHONICHHE X] =g T3 PABHOCIIBHO § < min[r) # x|, mpuaem
[x1 #x2] = [|x1 —x2|], 11 0bocHOBaHUs (2) JOCTATOYHO IOKAa3aTh, 4TO min|r] = min|z*|
st Bcex x € X, JleficrBuresnbho, 6aarogaps 3.7(b) mist x € Xt u s € S mbl umeem
1 = ~Y * ~Y * = 1 * =
minfr|=s & r~1lg) & Iy =1l & min[z*] = s.
Paccmorpum cirejtyronee oJMHOKECTBO S'
p Y

T :={min[z#y| : x € X}.

Bamernm, uro T' — nHauanbsbli dparmenr S, 1. e. (Vs € S)(Vt € T)(s <t = s € T).
Heiicteuressio, ecmm x € X ns <t =min[z #y], oz’ == x+1, € X ns = minfz' #y] € T.

Jlnst kaxkmoit Touku t € T paccMOTPUM KaKoW-11b0 deMeHT & € X, y/IOBJIETBOPSIONIN
pasencTsy ¢ = min[z #y], u nonoxum x; := x — x(t)lyy +y(t) 1y, ¢ := minfz, # y]. Torna
Juist Beex ¢ € T MMeIoT MeCTO CJIELYIOIHe COOTHOIICHNUS:

neX, tel, t<t, xz=vpy.

Onpenemam dbyukumio y* € RS nonaras y*(t) = x}(t) mna t €T u y*(s) := 0 qa s€ S\T.
[Tokaxkem, aTo it Bcex t € T’

:L';k =t y*.
Heticteurenvio, nycrs s < t'. I3 x5 =g y u 1 =¢ Yy cleiyer xs =, Xy, vae r := min{s’, ¢'},
OTKy/1a coriacHo (2) BbITekaeT coBuajenue xi =, xy. CuenoBarensho, y*(s) = xk(s) =z} (s),
Tak Kak § < 7.

IIpomosmkum nzomopdusm F: X — X* 1o smneitoro oneparopa F: X +Ry — RS, mosa-
rag F(z+ay) := x*+ay*, 1 nokazkem, 1o onepatop F u ero obpas X *+Ry* ynosieTsopsior
yeaoBusm (a)—(d).

(a) Ecmm t € [y*], Tot € T, t < t', y* =y xf u nosromy {s € [y*] : s < t} C [z}] —
BITOJTHE YTOPSI0OIeHHOe MHOKECTBO, Tak Kak zj € X* C RY . Beuay npoussonsaocTH ¢ € [y*]
OTCIOJIA BBITEKAET BIIOJIHE yHopsaouennocTs [y*]. M3 srimouennit y* € RS u R C X* C RS,
cremyer, uto RS, C X* + Ry* C RY .

(b) Jysi obocHOBaHUsT MHBEKTHBHOCTH omepaTtopa F: X + Ry — X* + Ry* mocraTodmno
nokazarb, uro y* ¢ X*. Jlonycrum, x* = y* ayst mekoroporo Bekropa x € X. Ilockosbky
x # Y, MBI MOXKEM DPAcCMOTpeTh TOuKy t := min[z #y| € T. Torma t < t' u z* = y* =p z7,
orkysa B cuiy (2) caemyer, uro x =y xp. C APyroil CTOPOHBI, Ty =y Y, & 3HAYNUT, T =y Y U
nosromy ¢ < min[z # y| = t Bonpeku HepaseHcTBY t < t'.

JoxkazkeMm, uTo F coxXpaHseT MOpPAIOK. DJIeMEHTAPHBIC BBIK/IAIKH MOKA3BIBAIOT, YTO JIs
9TOr0 JIOCTATOYHO 0DOCHOBATH UMILIMKAIMKN & <Y = x* <y* m x>y = x* >y* nnda obbix
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x € X. Orpannanmcst JOKa3aTeIbCTBOM HEePBOil HMIIIMKAIN, [TOCKOJIBKY BTOPAsi YyCTAHABIIN-
BAETCsl COBEPIIEHHO AHAJIOIUIHO.

Urak, momycruMm, uto © € X, x < y, HO ¥ > y* (paBeHcTBO =¥ = y* yKe HCKIIIOYEHO).
Torma x*(t) > y*(t), tae t := min[z* # y*]. Ecom 651 t > [y*], T0 ¢ yuerom (d) Mbl 661 BMeH
y* = y*]y = x*|; € X*, uro mesozmoxkuo. Ciuenosaresvho, (3s € S)t < s € [y*] C T,
a 3HauuT, ¢ € T u Mbl pacrnosaraeM BekTopoM z; € X u Toukoit t' € T, st KOTOPBIX
t <tz =py, xf =p y*. Hanee, xf(t) = y*(t) < x*(t), upuuem =y =; y* =¢ x*, orkyaa
cnenyer, uto z; < z*. Torma xy < , TOCKOJIbKY F' sIBJIsIeTCSI OPSIIKOBBIM H30MOPMU3MOM.
U3 HepaBeHCTB 2y < & < Y HOCJIENOBATENBHO BBIBOIUM 0 < & — Xy < Y — Ty, T — Ty < Y — Ty,
min[zy #x] > minfxy #y| = ', 2y =p z, v} =p =¥, 27 (t) = 2*(t) 1 nomyvaem nporuBopene
¢ HepaseHcTBoM ) (t) < 2*(t).

Venosue (c) coxpansieTcss BBULY BKmoderns RS C X.

(d) Ecmm t € T, to y*|; = 2z}t € X", aecm t ¢ T, 10 y*]; = y*. CiemoBaresbHo,
(@ + oy ="t + ay* |t € X* + Ry* musa mobeix z € X, a € R, t € S. >

3.10. 3AMEYAHUE. IIpenio:kenHoe HaMU JIOKA3aTEILCTBO JIEMMbI 3.9 HE SBJIETCH OpU-
IUHAJIBHBIM B (DAKTHYIECKH BOCIPOU3BOIUT CXEMY JIOKA3aTesbCTBA TeopeMsl |5, 3.2]. Smatn-
TEJILHOTO YIIPOIIEHHsI 110 CPABHEHUIO C BBIKJIAJKAMHE, IIPUBEJICHHBIME B [5], yiaaercs jpocTudb
3a cder JeMMBbl 3.8, 6aroapsi KOTopoil abCTpakTHOE YHOPSAZOYEHHOE BEKTOPHOE IPOCTPaH-
CTBO 3aMeHsIeTCsl ero (byHKIMOHAJIBLHON MpeIeKCuKorpabuieckoii Komueii.

3.11. Cuemyrtomee yTBep:KIeHMe, BbITeKatomee u3 3.8 u 3.9, mpeicrasisier coboil mepe-
dopmympoeky Teopemst |5, 3.1|, corsacHo KOTOPOit BO BCSIKOM JIMHEHHO yIIOPSIJIOUEHHOM BEK-
TOPHOM IIPOCTPAHCTBE IOPSIIOK SIBJISETCA JIEKCUKOIPa(MUIECKIIM.

Teopema. IIycrs X = (X, <) — smHEHO yHOpsi/09eHHOE BEKTOPHOE IpOoCTpaHcTBo. Pac-
CMOTPHM IIPOM3BOJILHOE MaKCHMaJIbHOEe JUCKpeTHoe MHOXkecTBo D C X u cHabauM ero mo-
psiikoM < p, nosaras d <p e < e < d. Torma (X, <) = X(D,<p,(+|+)) aus Hekoropoii
Jnexcurorpagmaeckoit crpyrtyper (D, <p,(-|)) na X, yaosnrersopstomei cieayommm Jo-
nosmnTebHBIM yemosuam: (d] = 1yqy m (x]]q € (X] gma secex v € X md € D.

3.12. Ilycte X — BekTOpHOE IpocTpancTBo. HamomMuuM, 9TO cujIbHelel JIOKAJIbHO BbI-
MyKJIo# Tomosiorueit Ha X siBJsteTcst Tomoyiorust Makku Tx, COIVIACOBAHHAs C JBOWCTBEHHO-
crpio (X, X7) (cu., manpumep, [6, 8-2-14; 1, 10.4.4]). OTHOCHTEIBHO STOM TONOJOIMH HeIpe-
PBIBHBI BCe JinHeiHbIe (PYHKIMOHAJBL. Beimykitoe maoKecTBo C' C X 1m1oTHO B X OTHOCUTE b~
HO TOIIOJIOTUH Tx TOTJA U TOJBKO Torja, Kormga C He JIeKUT HU B KAKOM TOJIYIIPOCTPAHCTBE
{reX: f(x)>a}, e f € X*\{0}, a € R. Konyc K C X mioren B X OTHOCHTEJIBHO Tx TO-
IJla U TOJILKO TOTJIA, KOTJa HYJIEBOI (DYHKIIMOHAJ SIBJISIETCSI €MHCTBEHHBIM JIMHEHHBIM (DYHK-
IIOHAJIOM, TIOJIOXKNTeTbHbIM Ha K: ecm f € X7 u f(z) = 0 mua secex 2 € K, 1o f = 0.

TeopeMa. HYCTI) X = X(Sa<S7<' °>)? riae (S7<S7<'
crpykrypa Ha X. Kornyc X+ miorer B X OTHOCHTEJIBHO CHJIBHEHIIIEH JIOKAJIBHO BBIITYKJIOH

-)) — mpeireKcHKorpaguiecKast

TOIOJIOTHH TOIJIa U TOJIBKO Torja, Korga B (S, <g) OTCYTCTByeT HAMMEHBIIHIT 9JIEMEHT.

< Heobxodumocmo. Eciu B S cyiecrByer HauMeHbInuii sjeMeHT s, 1o s Beex & € X \{0}
U3 HepaBeHCTBa § <y min[z] ciaexyer, uro (r|s) = (x| min[z]) npu s = minf[z] u (x|s) =0
B OCTAJIBHBIX CJIydasix, a 3Hadut, (x|s) > 0 upu x > 0, 7. e. [s) — nosoxkuTenbHbIH Ha X+
HeHyJIeBOl JinHeitubli dynkumonas (em. 3.4).

Jlocmamounocmo. Tlycrs umeercs nemysesoit dbynkuuonan f € X7 rakoit, uro f(x) > 0
st Beex x € X 1. Tlockosbky f # 0, cymecrByer BekTop © € X, st koroporo f(z) > 0.
ITokazkem, uTo minf[z] = min S.

HormycTuM BoIpeku JIoKa3bIBaeMOMY, 4TO § <g min[z| jyisi Hekoropoii Touku s € S. Co-

riacuo 3.3 (b) mmeercst Bekrop y € X, yst koroporo minfy] = s. Ilonoxnm 2z := y—%x.
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[Tockombky minfy] = s <g min[z], umeror MecTo pasencrsa minfz] = s u (z|s) = 0. Crenosa-
TEJILHO, <z|m1n> = (z]s) = (y|s) 20,1 e. z € X* uwmnosromy f(z) > 0. C apyroii cTopoHs!,
) +1

f(2)=[fy) — T fl@) = -1.>

4. BasucHble MaKcCuMaJIbHbIE KOHYCBI

4.1. Ecou X — npou3sBoJibHOE BEKTOpHOE IpocTpaHcTBo HaJ R u B — 6asuc ['amenst B X,
TO 3HaueHue JBoiicTBeHHoCcTH (T |b) MO yMosuaHMIO OlpejenseTcs Kak KobDMUIUMEHT npu
be B B paznoxennn ) ;. p{(r|b)b Bekropa x € X mo 6asucy B. B srom ciayuae (B, <p) —
JIeKCHKOTpauaeckast CTpyKTypa Ha X JiJist JIFoO0ro JImHeHOro mopsiaka <z Ha B. CTpyKTYpBI
TaKoro BuJa Oy/IeM Ha3bIBaTh 0G3UCHbLMU.

MakcuMa/IbHBI KOHYC B BEKTOPHOM IIPOCTPAHCTBE X HA30BEM 0G3UCHbIM, €CJIH OH COOT-
BETCTBYeT GA3MCHOl JIeKCHMKOrpaduieckoil crpykrype, T. e. umeer Buj X (B, <z)" s Heko-
TOPOTO JIMHEHHO yropsijouenHoro 6asuca lamens (B, <p) npocrpancrsa X .

4.2. JlemMma. ITycrs B — 6azuc Iamesis B IHHEHHO yIOPsSA0Y€HHOM BeKTOPHOM IPOCTPAH-
cre X m 1myctb <p — JHHEHHBIT nopsaok Ha B. Clexyionme yTBepKeHHs PABHOCHIBHBL:

(a) X = X(B,<,);

(b) muOX)eCcTBO B muckperHo n b<pzc < b>c s Becex b,c € B.

< (a)=(b). lycrs X = X (B, <p). Torna mis mobsix b, c € B

béBc@min{b,c}:b<:> (b—c¢|min) >0
S b—ceX(B,<p) =X" S b>c

Ecim b € B, ro (b|min) = (b|b) = 1 > 0 u, ciemoBarensno, b € X(B,<z)" = X*. Pac-
CMOTPUM IPOM3BOJIbHLIE b,c € B, b # c. Ilpeanoso:Kum J1j1s1 OIpeIeIeHHOCTH, 9T0 b <y C.
Ecnu b ~ ¢ Bonpekn goKa3bIBaeMOMY, TO uMeeTcs dncyio « > 0, mis koroporo b < ac. Torma
ac—be Xt = X(B,<p)" umnosromy (ac — b|min) > 0. C apyroii cropoHsi,

(e — b|min) = (ac — b\mBin{b,c}) = (ac —b|b) = —1.

(b)=(a). Yrobe! ycranoButh Bkiouernue X C X (B, <z)", pacCMOTPUM HPOU3BOJILHBII
ssieMenT x € X, monoxkum b := min[z], a := (z|b) n mokaxewm, 1ro o > 0. Ecsin muoxkecTBO
C = [z]\{b} nycro, To x = ab u Torga o > 0. Ilycrs Teneps C' # &. TlpeanookumM Bopexu
JokaspiBaeMoMy, uro o < 0. st kaxkgoro smementa ¢ € C Mbl umeeM b <jp ¢, OTKyJa
¢ yuerom (b) BbiTekaer ¢ < b, T. e. ¢ < Bb mis Beex > 0. Torna

a:—ozb:z:dc Z|a)| ‘C<Z‘IL‘| >||C| = —ab,

ceC ceC ceC

rie |C| — guciio ssmementoB Muoxkecrsa C. CiieioBaresibHo, x < 0, 9T0 HPOTUBOPEUUT YCIIO-
Buo € X . Takum obpasom, X+ C X (B, <p)", a snauur, X™ = X (B, <z)" B cuity mMakcu-
MaJIbHOCTH KOHyca X . [>

4.3. CaencrBue. MakcumasibHbil KoHyc K B BeKTOpHOM HpocTpaHcTBe X sIBJIsIeTCs 6a-
3HCHBIM TOIJIa U TOJILKO Torja, korga B (X, <) cymecrByer JquckperHsiii 6azuc Lamvess.

4.4. BAMEYAHUE. MakcumasibHOe JUCKpeTHOe (U [09TOMY JIMHEHHO He3aBUCHMOE) II0JI-
MHOKECTBO JIMHEHHO yIIOPsIOYEHHOIO BEKTOPHOI'O IPOCTpaHCTBa X He 00s13aHO OBITH Oasm-
com lamens, maxke ecimm B X cymecTByeT auckperubiit basuc Iamess. Ilpumepom ciykut
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MaKCHMAJbHOE JIMCKPETHOE MHOXKECTBO {1{n} neN } B IIPOCTPAHCTBE ]R ' +Rly € RN ¢ mo-
PSIZIKOM, HABEJIEHHBIM (bYHKIIMOHAJIBHOIT Jiekcukorpaduaeckoii crpykrypoit (N, <y), nae <y —
craggapTHbi mopsaaok Ha N. Jluckperabim 6a3ucom ['amesist B JaHHOM CiIydae sIBJISIETCs, Ha-
npumep, MHOXKeCTBO {1, ) @ 1 € N}

4.5. Ecin (S, <) — npemiekcukorpacpudeckasi CTpyKTypa MOIHOCTH | S| HAa BEKTOPHOM
npocrparcree X u |S| < dim X, to B X (S, <s) me cymecrsyer auckperroro 6asuca Iames.

< Huxkakoe jguckpernoe muoxkecrso D C X (S, <g) ne Mmoxker 6biTh 6azucom amess B X,
Tak Kak coriacuo 3.7 (b) orobpaxenue d € D — min[d] € S UHBEKTUBHO U, CJIEIOBATEIBHO,
|ID| <|S] < dim X. >

B wacrHOCTH, J1J151 JTEO6OTO HECKOHEUHOIO BIIOJIHE YIIOPSIOUeHHOrO MHOXKecTBa (S, <) 1mpo-
crpanctso R¥(S, <s) He mveer uckperroro 6asmca Lamenst n mostomy R (S, <g)* caysxur
IIPIMEPOM MaKCHMAJIBHOIO Komyca B R, He sisomerocs 6a3ucupiM (. 4.3).

4.6. BAMEYAHUE. [TockobKy Jjist BCSIKOl TpejieKcukorpaduaeckoii crpykrypsbl (S, <g)
na X mmeer mecto nepasenctso dim X < dim R (em. 3.2 (b)), uz 4.5 cireyer, uto nebasucHbIil
MaKCAMAJILHLIA KOHYC CYIIEeCTBYeT B JIIOOOM IPOCTPAHCTEE, PA3MEPHOCTL A KOTOPOI'O yIOBJIE-
TBOpSIET YCJIOBHIO Kk < A < 2% JjIsT KAKoro-imbo KapawHaja K. DTHM CBOWCTBOM 00JI1aJ1ai0T
KapIuHAJILL A\, He IBJISIOIINECsS CTPOro MpeaeabHbIMEI. HalloMuuM, 9To KapAuHal A HA3LIBAET-
sl CMPo20 npedesvHvLm, eCIH JJIsl JII0OTo KapuHasa £ 13 £ < A cieayer 2 < A (em. |7, §5]).
HaumenbimmM ¢Tporo mpeejbabiM KapjauuaioM sisisercst Ng = |N|. Ecim k1 — npoussosib-
HBI KapAuHal U Kny1 = 2" (n €N), To sup{k, : n € N} — crporo npejeiabHbIil KapJuHAII,
OTKyJla CJIEIAYeT, UTO CTPOro IPeIeIbHble KapAUuHAILI 00pa3yIoT COOCTBEHHBIN KJIacc.

Takum obpasomM, coryiacHo 4.5 HeOa3HCHLIA MAKCUMAJILHLI KOHYC CYIIECTBYET B JIIOOOM
[IPOCTPAHCTBE, PA3MEPHOCTL KOTOPOI'O OECKOHEUHA U HE SBJISETCS CTPOIO IPEIEILHLIM Kap-
auHAJIOM. TeMm He MeHee 9TO HAOJIIOIeHNEe He IMEET 0CO0O MEHHOCTH, ITOCKOJIbKY, KaK ITOKa3bI-
BaeT IPUBEICHHAs HUXKe TeopeMa, HeOa3MCHLIA MaKCHUMAJLHBIA KOHYC CyIIeCTBYeT B JIIOOOM
[IPOCTPAHCTBE HECUETHON pPasMEpPHOCTH.

4.7. Teopema. B BexkTOpHOM HpocTpancTtBe X BCe MAKCHMAJIbHBIE KOHYCBI SIBJISIIOTCS
6a3MCHBIMH TOLJa U TOJIBKO TOIJa, Korga X HMeeT KOHEUHYIO HJIH CIYETHYIO Pa3MEPHOCTD.

< Heobxodumocms. Ilyctb pazmeprocts dim X BekTOopHOrO mpoctpancTBa X OeCKOHeUHA
u e cueTHa. [lokaxkeMm, aTo B X mMMeeTCs MAKCUMAJILHBIN KOHYC, He SBIISIONANCT OA3MCHBIM.

Eciun |N| < dim X < |R|, To Hy)kublii Ham dakr cogepxkurcst B 4.6. [Iycrs dim X > |R].
Pacemorpum BrosiHe ymopsiiodeHHOe MHOXKeCTBO (S, <g) u nBa ero noamuoxkecrsa M, N C S
TaKme, ITo

S=MUN,
M <g N (r.e.m<gn nisaseex m € M un € N),
|M| = dim X,

N mnopsiikoBo nzomopduo N.

(B kagectBe S Moxkno B3aTh opauHan dim X + w u nomoxurs M = dim X, N := S\M.)
OnpeiesaM BeKTopHbIe nopocTpancTsa Y, Z C RY, nonaras

YV:={yeR%: [y c N}, Z:={zeRi :[z]c M}
[Tockosbky

dimY = dimRY = dimR"Y = |R|, dimZ = dimRY = |M| = dim X > |R|,
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pasmepHOCcTh cymMMbl Y 4+ Z C R coBmasaer ¢ pasmMepHOCTBIO X, 8 3HAYAT, MOKHO CIHTATH,
aro X =Y+ 7. Cuabaum X 10opsiIKOM, HABEJEHHBIM (DYHKITHOHAIBHOI JIEKCHKOT padpuIecKoit
cTpykTypoii (S, <g), U MOKayKeM, 4TO0 MAKCUMAJbHBIN KOHyc X' He siBJIsieTcsi Ga3vCHBIM.

[Tycrs BOnpeku joKa3biBaeMOMy B X CyIIECTBYeT JUCKPETHBIN Gasuc ramens B (cm. 4.3).
ITokazkem, 4ro lin(BNY) = Y, mia dero BosbMeM Hpou3BoJbHBI snement y € Y\{0}
u ycraHoBuM Bkitodenue y € lin(B NY). Paccmorpum pasioxenue y = > i a;b;, e
bi,...,bp € Bu aq,...,a, € R\{0}. YuurbiBasi 1ucKpeTHOCTh MHOKECTBa B, MOXKHO CUU-
TaTh, 9TO by < -+ < by, T. €. min[by] >g -+ >4 min[b,] (em. 3.7 (b)). Torga minfy] = min[by,]
u osromy min(b,] € N, rak kak [y] C N B cuny Britouenust y € Y. ITockonbky N — dunasib-
Hblil bparment S, Mbl uMeeM min(by], ..., minfb,] € N u [b1],...,[by] C N, 1. €. by,..., by €Y.
CuepoBarenbro, y = »_ o, a;b; € lin(BNY). Takum obpasom, lin(BNY) =Y, a suadurt,
B NY — muckpernsbiit 6asuc I'amenss B Y, aro nporuBopednt 4.5, Tak Kak IPOCTPAHCTBO Y
uzomoppuo RYN(N, <y).

Jlocmamovurocms ycranosieHa, Hanpumep, B [4, rir. IV, Teopema 19]. MbI npusesiem 371ech
3JIEMEHTAPHOE JI0KA3aTe/IbCTBO, HE 3aJefiCTBYIOIIee CHEempuIecKine KOHCTPYKINA U (DaKThI
13 TEOPUU TPYIIIL.

[Tycrs X — BekTOpHOE TpocTpancTBo pazmeproctu |N|, tne N = {1,...,m} wm N =N,
u nyctb K — MakcuMasibHbIil KoHYC B X . CHaOmuM X JIMHEHHBIM BEKTOPHBIM TOPSIIKOM < g
U PACCMOTPUM HPOU3BOJIbHBIN 6azuc [amesns (2, )neny C XT. TlocTpoum nocsenoBaTebHOCTD
(Yn)nen C X 1T, yIOBIETBOPSIOILYIO YCIIOBUIO

(VZ,] € {1,,71})(1 7&] = Ui ooyj)7 hn{y177yn} :hn{xhvwn}

It Beex n € N, ¢ HOMOIIBIO CJICAYIONIEl PeKypPCUBHOI IPOIEAyPhl: HOJIOXKUM Y] := T1 U BbI-
6epeM B KadeCTBE Y,+1 IPOU3BOJBHBIN BEKTOD I, CYIIECTBOBAHUE KOTOPOTO yTBEDIKIAETCS
BJemme 2.5 st Y = {y1,...,yp} ¥ T := x,41. Kak jerko Bugers, {y, : n € N} — auckper-
Hblit 6asuc [amesst B mpocrpancree (X, <k ), a 3HaunT, K — 6a3ucHblil KOHyC coryacHo 4.3. >
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