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Abstract: Under study are the notions of transitivity, regularity, and o-regularity for Boolean-valued
algebraic systems of set-theoretic signature. The notion of a universe over an arbitrary extensional
Boolean-valued system is introduced. Some description is proposed for the structure of the universe
by means of various hierarchies. The results are used for proving the uniqueness of a Boolean-valued
universe up to a unique isomorphism.
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The article continues [1] and presents the second part of the study of Boolean-valued algebraic systems
of set-theoretic signature.

In the first part, we developed the apparatus of partial elements of a Boolean-valued system, studied
the predicative Boolean-valued classes that admit quantification, and proposed an interpretation of the
mixing principle in terms of the joins of antichains of partial elements. We also established the relationship
between cyclicity and the attainment of a maximum by extensional Boolean-valued functions.

We enumerate the sections in the second part starting from 7, thus continuing the enumeration
of [1]. In §7, we study the notion of transitive Boolean-valued subsystem and prove an analog of Lévy’s
Lemma on the absoluteness of bounded formulas for transitive models. In §8, the syntax of truth val-
ues is extended by quantifiers over predicative Boolean-valued classes. In §9, we study the notion of
regular Boolean-valued system and describe the Boolean algebras B for which the classes of regular and
o-regular B-systems coincide. In §10, we introduce the notion of Boolean-valued universe over an ar-
bitrary extensional Boolean-valued system and establish a close interrelation between such a universe
and an intensional hierarchy, a Boolean-valued analog of the von Neumann cumulative hierarchy. In §11,
we characterize the classical Boolean-valued universe V® as an algebraic system, prove the uniqueness
of such a system up to a unique isomorphism, and, for every complete Boolean algebra B, demonstrate the
logical independence of the conditions involved in the definition of B-valued universe. In § 12, we describe
the structure of the Boolean-valued universe by means of various hierarchies.

When referring to any subsections of Sections 1-6, we implicitly presume the article [1]: For example,
a reference to 2.8 means [1, 2.8].

Throughout the sequel, B is an arbitrary complete Boolean algebra, N = {1,2,...} is the set of
naturals, and w = {0,1,2,...} is the least infinite ordinal. The class of all ordinals is denoted by Ord,;
and the class of all limit ordinals, by Lim Ord. Moreover, we use the notation

Ord® := OrdU{oo}, LimOrd® := LimOrd U {oo},

where o < oo for all o € Ord.

The work was carried out in the framework of the State Task to the Sobolev Institute of Mathematics (Project
0314-2019-0005).
) Dedicated to Yu. L. Ershov on the occasion of his 80th birthday.



§ 7. Transitivity

A set or a class Y is called transitive if
Vz,y)(xeyeY = xe€Y).

Transitive classes are traditionally used in set theory as models of fragments and modifications of set
theory itself. Lévy’s Lemma on the absoluteness of bounded formulas is a useful tool in working with such
models. In this section, we study the notion of transitive Boolean subsystem and prove the corresponding
analog of Lévy’s Lemma.

7.1. If Y is a subsystem of a B-system X (see 2.8) then the notation *Y can be understood in two
ways: as the set (Y x B)/~ of partial elements of Y (see 3.1) or as the subclass {z|, : x € Y, b € B} C "X.
The choice is immaterial in this case since the correspondence

~y(y,b) = ~x(y,b), yeY, beB,

is a natural embedding of *Y = (Y x B)/~ into "X = (X X B)/~, and we may always assume that *Y C *X.

An analogous ambiguity appears in interpreting the symbol P71 for P C *Y (see 3.5). Within the
system X or Y, the Boolean-valued class P{ is the function Pt : X — B or P{,: Y — B respectively.
But also in this case the choice of an interpretation is immaterial since P1, and P{, coincide on Y;
therefore, the validity of the inclusion [y € P1] for y € Y does not depend on the system in which it is
calculated. Indeed, if y € Y and P = {y;|s, : i € I}, where y; € Y and b; € B then

ePl, =Ph@) =\ lv=vly = \Ily=uily Abi
el el
=\ lv=uilx Abi = \/ly=vilu]x = P, (v) = [y € P1, -
el el

For this reason, we will simply write [y € P1] instead of [y € P1, ], or [y € P1,], and sometimes add the
indices X and Y just to specify the system where the calculation is carried out.

Slightly more accuracy is needed in dealing with the formula y ~ P1 for y € Y and P C *Y
(see 3.19). The relation y ~P1, in X implies the analogous relation y ~ P1,, in Y but, as is shown in 7.3,
the converse holds for all y € Y and P C *Y if and only if the subsystem Y C X is transitive.

7.2. Let X be an arbitrary B-system. Call a subclass Y C X transitive in X if the ascent Y1 is
transitive inside X:

XEWMzy)(zreyeYr = xeY?).

We say that Y is a transitive subsystem of X and write Y < X if Y is a nonempty transitive subclass
of X endowed with the interpretations induced from X (see 2.8).

The following properties of a subclass Y C X are equivalent:
(a) Y is transitive in X;

(b) (VyeY) X E (yCY?);

(c) VeeX)(VyeY) [zeyl <[zeYT];
(d) Ve e X)(VyeY) [reyl = V.cy [r=2] N[z €yl

< The implications (a)=-(b)«(c)<«=(d) are obvious; (b)=(a) stems from Lemma 3.18(d).
c¢)=(d): By (c) and 2.4, if z € X and y € Y then

Viz=zrlzeyl<zeyl<[zeYtA[rey =\ [z=2A[zey] = \/[z=2]A[z€y]. >
zeY z€Y z€Y



7.3. Let Y be a subsystem of a B-system X. The following are equivalent:

(a) XE (y=P1,) & Y E (y=P1,) for every element y € Y and an arbitrary class P C *Y’;

(b) X F (y=yly1,) forally e Y;

() Y < X.

4 (a)=(b): By Lemma 4.3,if y € Y then Y F (y =yl,1,), and so X F (y=y{,T1,) due to (a).

The implication (b)=(c) stems from 7.2(b) and Lemma 3.17(b).

(c)=(a): Let Y < X, y € Y, and P C *Y. From 7.2(b) and Lemma 3.17(b) it follows that
XFE(ycYt, Pt,CY1,), and so

XFE(y=ynYi, Pt =Pi,0Y1%).

Therefore, from Lemma 3.18(d) we deduce that

XE@y=Pt) & XE@ENYt, =Pl NYT) & XE (V2] )(z€y e z€ Pt
& (VzeY)XE(zeyozePl) & (VzeY)YE(zey s zePY)
S YEWVz)(zcyezePl,) & YE(y=P) >

7.4. Let ¢ be a formula of signature {=, €}, and let U be a variable, a term, or a class symbol.
The relativization of ¢ to U is the formula obtained from ¢ by replacing each quantifier (V) and (3z),
where z is an arbitrary variable, by the corresponding quantifier (Vz € U) and (Jx € U) (see [2, 12.6]).
The relativization of ¢ to U is denoted by U F ¢ or, in more detail, U F ¢(Z), where T = z1,...,x, is
the list containing all free variables of ¢. The choice of the notation for relativization is based on the
fact that, for every z € U, the assertion U F ¢(Z) is equivalent to the validity of ¢(Z) in the two-valued
algebraic system (U, =, €,) with the standard interpretations of equality and containment.

7.5. Refer to a formula of signature {=, €} as syntactically bounded if it can be constructed from
the atomic formulas z =y and z € y by disjunction, negation, and some quantifiers of the form (Fz € y),
where x and y are variables. A formula ¢ is said to be bounded if there exists a syntactically bounded
formula v such that + (¢ < 1); the latter means that the equivalence ¢ < 1 is provable within the theory
of predicates, i.e., ¢ <1 is a tautology. Bounded formulas are also referred to as formulas of class Y,
Iy, or Ag. As is easy to see, if each occurrence of a quantifier in ¢ has the form (Jx€y) or (Vx €y)
then ¢ is a bounded formula. As an example of a bounded formula serves the relativization U F ¢ of any
formula ¢ to a variable U.

The following assertion is a consequence of the classical lemma by A. Lévy on the absoluteness of
bounded formulas for transitive models [3, Lemma 34; 2, Lemma 12.9].

Lemma. Let ¢(y) be a bounded formula with free variables y = y1,...,yn. If X is a B-system and
Y < X then

(Vf/ € Y) [‘P(@)]X = [‘P(@)]Y

< Since Lévy’s Lemma is proven within the theory of predicates without special axioms, it is a tau-
tology. By 3.9, the conclusion of the lemma for the Boolean-valued class Y1, transitive in X, is valid
inside X:
XEWVyeYt)(e®) © Y Fo®);

and, in particular,
(V@ € Y) [@(@)]X = [YTX F @(@)]Xa
where Y1, F ¢(7) is the relativization of ¢(y) to Y1,. The equality
Y1 Fe@lx = le@)]y

is easily proven by induction on the complexity of a syntactically bounded formula ¢. >



7.6. In what follows, we will need a stronger version of Lévy’s Lemma that involves Boolean-valued
classes.

Theorem. Let ¢ be a bounded formula with free variables y1, ..., Yn, 21, - ., 2m. If X is a B-system
and Y < X then

(W1, Yns P1ye o s @)l = [0(Y1s - o s Uns Pilyy e oo, Ponly )]y
forall yi,...,yn €Y, ®1,..., P, € X, @1,...,P, < YVT1,.

d Refer to ¢ as an absolute formula if ¢ satisfies (12) for every partition of the list of free variables into
the two groups y1,...,yn and 21, ..., z,. (Note that, owing to the presence of arbitrary Boolean-valued
classes, condition (12) is in general an infinite assertion; see §1.) It follows from 3.9 that, for proving
the theorem, it suffices to prove the absoluteness of syntactically bounded formulas. To this end, we use
the induction on the complexity of the formula.

Show that the atomic formulas are absolute. Assume that y € YV, ®,¥ € X, and ¢,¥ < Y1,.
Then X F (yCY1,) due to the transitivity of the subsystem Y and, moreover, X F (®, W CY1,)
by Lemma 3.17(a). Therefore, using Lemma 3.18, we have

[ye(l)]x =Q(y) = |, (y) = lye (I)|Y]y§
[y=2l = [(V2)(z€y & 2€®)], = [(VzeYT)(z€y & 2€B)], = )\ [z€yly 5[z,

(12)

= /yzey]y ©plz€ ]y =[(Vo)(z€y & 2€2],)], = [yzjg\y]y;

[@ €yl = E(eﬂz)(zzwzey)]x =[BzeY)(z=0Azey)l =\ =8 Alzeyl,
=\ =2l Alzeyly =[F2) (=28, Azey)], = [@Iiegy]y;

[®=0], = E(EVYZ)(ZG@ G 2eV)) =[VzeY)(z€ e 2€0)], = N €], &5z 0],
= /E/[ye@\y]y ezl ], =[(V2)(z€ 2], & z€ T}, ZZE[TDIY =Tl ]ys

e, = E(eaz)(ZquZeq/)]X =[@zeYt)(z=0AzeW)], = \/ [z=2], A[z€T],
= \G/Y[zszly]y Nze¥l ], =[32)(z=2|, Az T])], :;Y SN

As is easy to see, the absoluteness of formulas is preserved by negation and disjunction. It remains
to show that the absoluteness of ¢(x,y, 7, Z) implies the absoluteness of ¥(y,y,z) := (3z €y) p(z,y,7, Z).
Indeed, if 4y, =y1,...,yn €Y, &, & = d¢,...,®,, € X, and &, d,..., P, < Y1, ; then, in view of the
relations X F (yC Y1, ), X F (& CY1,) and the absoluteness of ¢, we have

(v, 5,®)]x = [Bz)(zey Ap(,y,5,®))]x= [BzeY)(zey Ap(z,y,7,9))]«

=\ [reyly Ao, 4,5,@) = \/ [zeyly Alp(,y,5,9],)],
z€eY zeY

=[Ca)(zeynolz,y.5.2,))], = K 5.2,)];

[)(®,9,D)], = [(EI x)(me DN oz, @,y,@))]xz [(33} EYTX)(:UE O A oz, @,y,@))}x

= \/ [z € @] A fp(z, @, @6)]){: \/ [z €@l ], Alp(z, CI)’Y7@76‘Y)]Y
zeY €Y

= [@2)(z€ |y A (@, @y, 7,2],) ]y = (2], 7, |, )]y >



7.7. Corollary. If a B-system X is extensional and Y < X then Y is extensional.
< By Definition 2.7, the extensionality of X means that X F (Vz,y) ¢(z,y), where

o(z,y) == (Vzex)(zey) N(Vzey)(zex) = z=y.

Thus, if X is extensional then X F (Vz,y € Y1, ) ¢(z,y), whence, by Theorem 7.6 and the boundedness
of the formula (Vz,y € u) ¢(z,y), we have Y E (Va,y € (Y1,)]y) ¢(z,y), ie., Y E (Vz,y) p(z,y), which
is equivalent to the extensionality of Y.

7.8. Corollary. Let ¢©(y1,..-,Yn,21,---,2m) be an arbitrary formula. If X is a B-system and
Y < X then

[YTX ': @(yla <oy Yn, (b:l? ey (I)m)]x = [90(3/1, ceoyYn, (bl‘y) ceey (I)m|y)]y
forallyy,...,yn €Y, ®1,..., 8, €X, ®1,..., D, <Y1, where Y1, F ¢ is the relativization of ¢ to Y1, .
< Since the formula = F (¥, z) is bounded, Theorem 7.6 implies

[YTX ':‘/7(@76)])( = [(YT)()‘Y ':90(@76’3/)]1/ = [YTY ':90(:&’6‘1/)]3/ = [@(yvé‘Y)]Y' >

7.9. Let I be a nonempty set or class. Call a family of B-systems (X;);c; directed if for all 4,5 €
there is k£ € I such that X; and X, are subsystems of Xj. As is easy to see, on the union X := Uie] X;
of such a family, there is a unique pair of functions =y, €y: X? — B turning X into a B-system that
contains all X;’s as subsystems. With this circumstance in mind, when considering a directed family
of B-systems, agree to tacitly assume the union of the family to be a B-system.

7.10. Lemma. (a) LetY and Z be subsystems of a B-system X. If Z < X and Z C Y then Z X Y.

(b) If X, Y, and Z are B-systems and Z <Y < X then Z < X.

(¢) Let (X;)icr be a nonempty family of subsystems of a B-system X. If X; < X for all i € I then
Uiel X, < X.

(d) Let I be a nonempty directed ordered set or class, let (X;);c; be a family of B-systems, and let
X; < Xj fori < j. Then X; < UjeIXj for alli € 1.

(e) Let (Xa)acora be a family of B-systems, let X, < Xqo41 for a € Ord, and let Uﬁ<aX5 < X, for
a€LimOrd. Then X, < Xg UycorqXa for all < € Ord.

q@IZcYcCX,Z<sX,yeY,and z€ Z, then [ycz] <[ycZ1, ] =y 21,],.

(b) If Z Y < X then, using 7.2(d), for all z € X and z € Z, we have

[wezl=\le=yrlyes] <\ le=yIr[ye 21 < [z Z1].
yey yey

(c)Ifz € X and y € Y := [J;c; Xi then y € X; for some i € I. Since X; < X, this implies that
[zey] < [xre Xt < [reYT,.

() Ifiel, ze X =X, and y € Xj; then z € X for some j € I, i < j. Since X; < X
it follows that [zr€y] < [x € Xiﬂxj = [z € X1

(e) Given 0 # a € Ord, put 2, := Uﬁ<a X3 and observe that 2, < X,. Indeed, for o € Lim Ord,
this relation explicitly occurs in the hypothesis; and if &« = ag + 1 then, by the obvious monotonicity of
the family (X4 )aecord, we have 2, = U,B<a Xg = Uﬁgao Xpg = Xop = Xagt1 = Xa.

Show by induction on «a that Xg < X, for § < a. Consider an arbitrary ordinal «, suppose that

Xy =X for y< B <a, (13)

and establish the relation X5 < X, for all § < a. If 3 < « then, by (13) and (d), we have Xz < Za,
whence, owing to £, < X, and using (b), we have Xz < X,.
It remains to observe that the above together with (d) implies X5 < |Jycorg Xo for all 8 € Ord. >

5



§ 8. Quantification over Boolean-Valued Classes

In this section, the language of truth values is extended by quantifiers over predicative Boolean-valued
classes, an analog of Lévy’s Lemma is proven for formulas of the extended language, and the maximum
principle is established for Boolean-valued classes.

8.1. Let ¢ be an arbitrary formula and let X be a B-system. Agree to write as (V® € X) ¢(®) and
(3P € X) ¢(®) the assertions that ¢(®P) holds for every or, respectively, for some predicative Boolean-
valued class ® € X. Since predicative classes admit quantification (see 4.6), the assertions are not infinite
and each of them can be written down by a single formula:

VeeX)p(®) & (VPC™X)p(P1), 3®eX)p(®) & (IPC™)p(PT).

The expressions Agex 7(®) and Vgex 7(P) for a term 7(z) are defined similarly:

Ar@) = A\ 2D, \/ @ =\ P

deX PCc%X deX PC%X

8.2. Suppose that ¢ is a formula, X is a B-system, and ® € X. Henceforth, in using the expres-
sion [p(®,...)]x or X F ¢(P,...), we mean that ¢ can contain several free variables, some of which are
possibly replaced by symbols of Boolean-valued classes; i.e., the notation ¢(®,...) serves as an abbrevia-
tion for o(®,y1,...,Ym,V1,...,¥y), where y; € X and ¥; € X are arbitrary preassigned elements and
Boolean-valued classes.

Extend the syntax of Boolean-valued truth values by quantifiers over predicative Boolean-valued

classes:
(VO)p(@,..)]x = N\ [0(®, )]y, [3®)o(@,..)]x = \/ [0(®,...)]
deX deX

As is easy to see, if X is extensional and satisfies the ascent principle then the quantifiers over classes in X
are tantamount to the conventional quantifiers: [(V®) ¢(®,...)]y = [(V&) p(z,...)]x, [(3P) ©(D,...)]x =

(B2) oz, )]

8.3. The following assertion shows that, in any B-system, the Boolean-valued classes satisfy an ana-
log of the maximum principle (see 6.1).

If ¢ is a formula and X is a B-system then the function ® € X — [p(®, ...)] € B attains a maximum:
BV € X) [p(¥,..)] = [(38) (@, ..)],
In particular,
XENVMD) p(®,...) & (VPeX) X Fp(2,..),
XE@D)p(®,..) & (3PeX) X F o(®,...).
a Put b:=[(3P) p(P,...)] = Vpexle(®,...)]. By the exhaustion principle [4, 2.1.10(1)], there exist
an antichain (d;)ic; C B and a family of predicative classes ®; € X (i € I) such that \/;c;d; = b and

d; < [p(®;,...)] for all i € I. Define the predicative class ®: X — B by putting ®(x) := \/;c; ®i(x) A d;
for x € X. Then, for all i € I and z € X, we have ®;(z) A d; = ®(z) A d;, whence

(@i =0 =[(Va)(zed; w ze®)] = N (®i(2) &5 () > d;
zeX
and so, recalling 3.9, we conclude that

b=\/di <\/lp(@s,.)| A [®i=D] < [2(,...)]. >
el 1€l



8.4. Lemma. Suppose that ¢ is a formula, X is a B-system, and ¥ € X. Then

(Ve p(@NT,.)] = N [o@,..)].
PeX: LY

(VO C W) p(P,...)]

In particular, the following properties of the Boolean-valued class ¥ are equivalent:
(a) XE(VOCU)p(D,...);
(b) XE(V®)p(®NT,...);
() VPEX) PV = XFEp(D,...).

< Given a predicative class ® € X, define &g € X by putting ®p(z) := ®(x) A ¥(z) for all z € X.
Then &) < ¥ and [P C V] = [Pg=DNT] = 15.
Since [®g C ¥ = ¢(PDy,...)] = [p(Po, ...)] = [@(® NV, ...)]; therefore,

N[@CT=p@,.)]< A p@ny,..)
deX deX
Furthermore, if ® < ¥ then [PN Y =] =15 and [p(PNY,...)] = [p(P,...)], and so
Alp@nu, )< A p@ny, )= A [p@,.)
PeX PeX: LY PeX: PV
Finally, the relations
[((@NT,.. )= (PCU=9(D,...)] = [((@NT, . )APNT =)= ¢(D,..)] =1
imply that
[o(®g, .. )] = [p(@NT, )] <[PCT = ¢(d,...)],

and so

A @0l < N @CT = o@,.)). »

PeX: oY PeX

~8.5. Lemma. Let ¢ be a bounded formula. If X is a B-system, ¥ < X, y = y1,...,ym €Y,
V¥ =Wy,..., ¥, €X, and ¥,¥ <Y1, then

(VO CT)p(®,5,9)] = [(VOCU,)p(2,7, V], )],

AIf ® €Y and ® < ¥, then &1, < ¥ by Lemma 3.7(b) and, moreover, (&1, )], = ®. Therefore,
using Theorem 7.6 and Lemma 8.4, we have

(VeC®) (@79 = A @50k < A [p@h59),
PEX: PV dEY: PV,
= A [e(@IL3 T = A p(@5.TL)), = (Ve U) o(,5, T,
PEY: OV, PEY: OV,

The reverse inequality is also guaranteed by Theorem 7.6 and Lemma 8.4:

(VecUl)e(@7.0), = A [L@nTLL < A (@5,
PEY: Oy, PEX: |y, <y
= A @enl< A @50 =[(VeCy) @7 T).
PEX: Bl <Py PEX: PV



§9. Regularity

The axiom of regularity (foundation) has the form

p = (V) u(x),
where
u(z) = (Fy)yez) = Byer)(Vzex)(2¢y)) (14)
or, which is the same,
wz) = (z#2 = (Ayez)(ynz =2)).

If V is the class of all sets and (V,)acorda is the von Neumann cumulative hierarchy defined by the

recursive rule
Vo = g;

Vat1 = Z(V,), «a € Ord,;

Vo=|J Vs  ae€LimOrd;
B<a
then, in the theory obtained from ZFC by excluding the axiom of regularity p, the equality V = |J,corq Va
is equivalent to p (see [2, §6]). Moreover, in this theory, the axiom of regularity is equivalent to o-regu-
larity, that is the absence of a sequence (z,)nen With z,41 € z, for all n € N.
In the present section, we introduce and study the notions of regular and o-regular Boolean-valued

system and describe the Boolean algebras B for which the classes of regular and o-regular B-systems
coincide.

(15)

9.1. Let X be a B-system and let ¥ € X. We say that the Boolean-valued class V is reqular in X if
XENVMOCY)u(®)

(see (14)) and that the B-system X is reqular outside a subclass Y C X if the complement —(Y1) of the
Boolean-valued class Y1 is regular in X:

XENV®)(PNYt=02 = u(®)).
Call a system X regular if the greatest Boolean-valued class X1 is regular in X:
X E (V) u(P).
The regularity of a system X is obviously related to the validity of the axiom of regularity p in X:
(a) if X is predicative then the regularity of X implies the validity X F p;

(b) if X is intensional then the validity X F p implies the regularity of X;
(c) if X satisfies the ascent principle then the regularity of X is equivalent to the validity X F p.
9

.2. Lemma. The following properties of a B-system X are equivalent:
(a) X is not regular;
(b) there exists a set P C "X such that

(Elp € P) dOHlp 7£ OBa
(VpeP) \/ lg €p] > dom p;
qeEP
(c) there exists a sequence of sets P, C "X (n € N) such that
P, is an antichain;
\/ domp = \/ domp # Op;
pEP, pEPL
(Vp € Py)(Vq € Ppy1)(domp Adomg # 05 = domg = [q€p);
(VpeP,) \/ la€p] = domp.

qGPn+1



a (a)=(b): If X is not regular; then, by 8.3 and Theorem 4.5(a), there exists a set P C "X for which
X ¥ u(P1). This means that
— [P £2] A (Vg€ PHE2€ P1)(= €y)] £ 0.

Show that the set {p[; : p € P} satisfies (b). Indeed, with account taken of (3),

\/ dompl, = \/dompAb=[Pt#@]Ab=Db# 0.

peEP peEP
Moreover, by Lemma 3.18,

b< [(VyePt)(Fze PT)(z€y)] /\ domp\/\/ qEp).
peEP qeP

Therefore, for all p € P,

b< —~domp \/\/[qu],
qeP

and so

\/[q€p|b] = \/[qep] ANdompAb= (ﬂdomp V \/[qu]) Adomp Ab > dompAb= domplp.
qeP qeP qeP

(b)=-(c): Suppose that P C "X satisfies (b). By the exhaustion principle, for each p € P, the equality
V,ep (g €p] = domp implies the existence of an antichain D(p) C *P such that domg = [g € p] for all
q € D(p) and Ve p(,)la € p] = domp. For the same reason, there exists an antichain Py C *P such that

\/ domp = \/ dom p # Op.

peEP peP

Define the sets P, C *P (n € N) by putting

Poy1:= [ JD(p), neN
peEP,

An elementary check shows that P,’s satisfy all conditions in (c).
(c)=(a): Suppose that a sequence (Py,)nen satisfies (c). Put P := J,,cy P and show that X ¥ pu(P1).
Indeed, by (3),

[Pt#02] = \/domp \/ domp # Op;

peP peEPL
but, by Lemma 3.18,

[(ByeP)(VzePT)(2¢y)] = [Bye PH)~(Fze PT)(z€y)]

:\/domp/\—\<\/domq/\ gepl)=\/ \/ domp A~ (\/ \/doqu[qep])

peEP qeP neN peP, meN qe Py,
g\/ \/domp/\ﬂ< \/ [qu]) :\/ \/domp/\—'domp:OB. >
neN peP,, q€EP, 11 neN peP,
9.3. The following stems from Lemma 8.5 owing to the boundedness of u(x):

Corollary. Suppose that X is a B-system, Y X X, ¥ € X, and ¥ < Y1,. The class ¥ is regular
in X if and only if the class V|, is regular in Y.



9.4. Lemma. Let X and Y be B-systems and let Z C Y < X. If Y is regular outside Z then the
assertion on the regularity of the difference Y1\ Z1 is valid inside X :

XENVOCYT\Z1) u(®).

a Put ¥ := Y1 A—-(Z1,). The regularity of ¥ outside Z means that the class =(Z1,) is regular
in Y, which, in view of Corollary 9.3 and the relations ¥ < Y1, ¥|, = =(Z1,,), implies the regularity of
the class ¥ in X. It remains to observe that X F (U = Y1\ Z1). >

9.5. Lemma. Let X and Y be B-systems and let Z C' Y < X. If Y is regular outside Z and X is
regular outside Y then X is regular outside Z.

< Validate X £ (V®)(®NZ1 =@ = pu(®)) by “arguing inside X7 (see 3.10).

Let NZT =@ and ® # &. Find y € ® such that yN® = . If PNY 1 = & then a desired y exists
by the regularity of =Y1. Now, let ® N YT # &. Since the class Y1\ Z1 is regular (see Lemma 9.4) and
FAPNYT C YT\ ZT, there exists y € PN Y1 such that yNn®NY1t =, ThenyN® =yNdéNY1t =0
since, by the transitivity of Y1, from y € Y1 it follows that y C Y 1. >

9.6. Corollary. Suppose that X and Y are B-systems and Y < X. If Y is regular and X is regular
outside Y then X is regular.
9.7. Lemma. If a system X is regular then every subsystem Y C X is regular.

< Consider arbitrary families (y;)ic; C Y and (b;j)ier C B and show that Y F pu(P1,), where
P :={yilp, : © € I'}. Indeed, using the regularity of X and Lemma 3.18, we conclude that

[P, # 2]y = \/ b = [P1, #9] <[Bye PL)(Vze P1)(z ¢yl
el
=V N\ (i €l Abi A b))V =by =\ N ([y; € vily A b Abj) Vb
il jeI icl jeI
=[EyePh)(VzePh)(2¢y)]y. >
9.8. Let X be a B-system and let ¥ € X. Say that the Boolean-valued class V is o-regular in X if
N\ [0 € U] A (241 € 2] = 05
neN

for every sequence (zy,)neny C X. We say that the B-system X is o-regular outside a subclass Y C X if
the complement —(Y1) to the Boolean-valued class Y1 is o-regular in X; i.e.,

/\ [T, € YT A [Xns1 € 2p) = 0p
neN
for every (x,)neny C X. Call the system X o-regular if the greatest class X7 is o-regular in X i.e.,
/\ [Tnt1 € xy) = 05
neN
for every (x)nen C X.

9.9. Theorem. Let X be a B-system.

(a) If a class ¥ € X is regular in X then V is o-regular in X.

(b) If Y C X and the difference X\Y is precyclic then the regularity and the o-regularity of X
outside Y are equivalent.

< (a): Suppose that W is regular in X. Consider an arbitrary sequence (x,)neny C X and show that

b= /\ [ € U] A [Tpy1 € 2p] = 05.
neN
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Put @ := {z,, : n € N}{. Then [® # &] = 15; and, moreover, by Lemma 3.18
[@C¥]=[Vae®)(zeT)] = )\ [z, V] >0,

neN

which, in view of the regularity of ¥ in X, implies that [(3y € ®)(Vz € ®)(z ¢ y)] = b. On the other hand,
from Lemma 3.18 we conclude that

[(Bye®)(Vze@)(2¢y)] = \/ /\ [T & 2] = _‘/\ \/ [2m € 5] < _‘/\ [Tnt1 € zp) < .
neENmeN neENmeN neN
(b): Suppose that the difference Z := X\Y # & is precyclic, and that X is o-regular outside Y.
Consider an arbitrary class ® € X satisfying ® < —(Y1) and show that X F u(®); i.e.,

b:=[P#0NNVyecd)(yNnd#2)| = 0p.
Observe first that, for every Boolean-valued class ¥ € X,
(FzeX) [Bye®)¥(y)] = [z @] A [¥(z)]. (16)

Indeed, by Lemma 3.17(d)
XE(®c Xt\Y?tC Z9),

which, by Lemmas 3.18 and 5.11, implies the equalities
[(Fye®) U(y)] = [FyeZN)(@(y) A ¥(y))] =By (mix )N (@) AV = \/ () A¥(y).

yEmix Z

Moreover, owing to Theorem 6.5, the function ® A ¥ attains its maximum on the cyclic class mix 7.

By (16), there is 21 € X such that [z1€®] = [P#0] > b. From [Vye®)(yNP#I)] > b it
follows that [x1N®#2] > b, ie., [(Fye®@)(y€x1)] = b; and so, by (16), there exists zo € X such
that [zo € ®| A [z2 € x1] > b. “Iterating” these arguments (and, strictly speaking, applying recursion and
the axiom of choice), we obtain a sequence (x,)nen of elements in X satisfying [z, € Y] A [zp41 € 2] =
[y, € P|A[Tp41 € ] = bfor all n € N. Owing to the o-regularity of X outside Y, this implies that b = 0. >

9.10. We finish the section by describing the complete Boolean algebras B for which the notions
of regular and o-regular B-systems coincide.

Say that an element ¢ € B is refined (strictly refined) from D C B and write ¢ < D (¢ < D), ifc < d
(c < d) for some element d € D. Say that a set C C B is refined (strictly refined) from D and write
C=<xD(C=<D),ifecxD(c<D)forall ce C. An element c or a set C is said to be refined from
a sequence (Dy)pen of subsets of B if ¢ < D,, (C' < D,,) for all n € N.

A set C' C B is called a cover of a Boolean algebra B if VC =15. A partition of a Boolean algebra is
a partition of unity; i.e., a cover that is an antichain. Recall that, by the exhaustion principle, from each
cover we can refine a partition.

Theorem [5, §19; 6]. The following properties of a complete Boolean algebra B are equivalent:
(a) for every set I and every family (bf‘)?ee IN of elements in B we have

A V=V N By

neN i€l i€IN neN

(b) from each sequence of covers B we can refine a cover;
(¢) from each sequence of partitions B we can refine a partition;

(d) for every sequence of partitions (Dy,)nen of B and every nonzero a € B, there exists a sequence
of d, € Dy, (n € N) such that

a/\/\dn#OB.

neN

A Boolean algebra B satisfying any of the equivalent conditions (a)—(d) is called w-distributive or
(w, 00) -distributive.
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Every atomic complete Boolean algebra is w-distributive. The completion of the quotient Boolean
algebra Z(N)/P;,(N) is an atomless w-distributive Boolean algebra (see [6, Corollary to Lemma 5;
7, Example 9]). A classical example of a Boolean algebra that is not w-distributive is given by the
Boolean algebra of cosets of Lebesgue measurable subsets of R.

9.11. Consider a sequence (Cy,)nen of subsets of B. Call (Cy,)nen a refinement in B if
(a) VC,, = VCq # 0 for all n € N;
(b) Apnencn = 0p for every sequence of ¢, € C,, (n € N).

Say that a refinement (C),)nen is partitioning if, for all n € N,
(c) Op ¢ Cn;
(d) C,, is an antichain;
(e) Cn+1 < Cn

9.12. The following is readily verified:

Lemma. Let (Cy)nen be a partitioning refinement in B and let X :=J,,cy Cn-

(a) For each x € X, there exists a unique finite sequence of elements c¢; € C1, ca € Ca, ..., ¢, € Cp
such that ¢1 > ¢y > -+ > ¢, = .

(b) If n # m then C, N Cp, = @.

(c) Givenz € X, denote by h(x) the only n € N for which x € Cy. If (2;);er C X and \/;c; h(z;) = o0
then A\;.;z; = Og.

9.13. Theorem. The following properties of a complete Boolean algebra B are equivalent:

(a) B admits a partitioning refinement;

(b) B admits a refinement;

(c) B is not w-distributive.

< The implication (a)=-(b) is trivial. The implication (b)=>(c) is easily proven by Theorem 9.10(d).
Show that (c)=(a).

If B is not w-distributive; then, by Theorem 9.10(d), there exist a sequence of partitions (D, )nen
and a nonzero a € B such that

a/\/\dn:OB (17)

neN

for every sequence of d,, € D,, (n € N). By (17), it is impossible to refine from (D,,),en any nonzero
element b < a, and so for each b < a we can consider the natural

m(b) :=min{n € N: b £ D,}.
Since VD, ) =15 and b & Dy, (p), there exists an element d € D, such that 0p <bAd <b. Thus, the set
P(b) = {bAd:d € Dy} \ {05}
possesses the following properties:
P(b) is an antichain, VP(b) =5, 0z <c<bforall ce P(b).

Define C,, C B (n € N) recursively by putting

Cy := P(a);
Cn+1 = Up(b)a n €N,
beChn

and demonstrate that the sequence (Cp)nen is a partitioning refinement. Conditions 9.11(a),(c)—(e) are
obvious. It remains to justify 9.11(b).

12



Show by induction on n € N that m(b) > n for all b € C,,. The induction base n = 1 is trivial.
Suppose that m(b) > n for b € C,, consider an arbitrary ¢ € Cp4+1, and prove that m(c) > n + 1.
By the definition of Cy, 11, we have the representation ¢ = b A d for some b € C), and d € D,;,3). Since b
is refined from Dy, ..., Dp,p)—1; by the inequality ¢ < b, the same holds for ¢, and so m(c) > m(b) > n.
Moreover, from ¢ £ D,y and ¢ < d € Dy, it follows that m(c) # m(b), and so m(c) = n + 1.

Now, let ¢, € C), for all n € N. By the above, m(c,+1) > n, whence ¢,+1 < Dy, and so ¢p41 < dy
for some sequence of d,, € D,, (n € N). Applying (17), we conclude that

/\cn 261/\/\Cn+1 ga/\/\dn =0g. >
neN neN neN

9.14. Theorem. The classes of regular and o-regular B-systems coincide if and only if the Boolean
algebra B is w-distributive.

< NECEssITY: If B is not w-distributive; then, by Theorem 9.13, there exists a partitioning refinement
(Cn)nen in B. Put X := {J,cyCn- As in Lemma 9.12(c), given = € X, denote by h(x) the only n € N
for which x € C,,. Turn X into a B-system by putting for z,y € X

w=y] = lp ifx=y, ey = x if h(z) = h(y) + 1,
T=Y= 0 otherwise; TEY= 0 otherwise.

Establish the o-regularity of X. To this end, consider an arbitrary sequence (x,)ney C X and
show that A, cy[Znt1 € 2n] = 0p. This relation is obvious if [x,41 € 2,] = 0p for some n € N. Oth-
erwise, h(zn41) = h(zn) + 1 and [z,41 €2y] = xpyy for all n € N. Then \/, .y A(2n41) = 00, whence,

by Lemma 9.12(c), we have
/\ [xn—i—l E.Tn] = /\ ZTpt1 = 0p.
neN neN
The system X is not regular since

P={z,:ze X} C™X
satisfies (b) of Lemma 9.2. Indeed, for all n € N and x € C,,

\/[y|y633|z] :x/\\/[yem]/\y>m/\ \/ [yez] Ay
yeX yeX yECh+1

=z A \/ y=xAVChy1 =2 AVC, =2 =domzx|,.
YECH+1

SUFFICIENCY: Suppose that X is a B-system which is o-regular and not regular. Consider the sets
P, C "X (n € N) satisfying (c) of Lemma 9.2, put

Cp:={domp:peP,}, neN, (18)
and show that the sequence (Cy,)nen is a refinement in B (see Theorem 9.13). Indeed, for all n € N,
vC, = \/ domp = \/ domp = VC] # 0p.
pEPn pepl

Let ¢, € Cy, for allm € N. Show that A ¢, = 0. The last relation is obvious if (3n € N) ¢, Acp 1 = Op.
Now, let ¢, Acpt1 # Op for all n € N. By (18), for each n € N there exists p,, € P, such that ¢, = dom p,.
Since dom p,, A dom py, 41 = ¢, A ¢pt1 # Op; therefore, 9.2(c) implies that ¢,4+1 = dom pp1 = [Prt1 € Prl-

Thus
/\Cn < /\Cn+1 = /\ [Pnt+1€pn] =05
neN neN neN

owing to the o-regularity of X.
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§ 10. Intensional Hierarchy

The von Neumann cumulative hierarchy (Vy)acorq Over a set or a class Vj is defined by the transitive
recursion

Var1 =Va U @(VQ), a € Ord;
Vo= Vs o € Lim Ord. (19)
B<a
In this section, we define an intensional hierarchy that serves as an analog for hierarchy (19) for Boolean-
valued systems, introduce the notion of Boolean-valued universe over an arbitrary extensional Boolean-

valued system, and establish a close relationship of such a universe with the corresponding intensional
hierarchy.

10.1. We begin with a characterization of the superstructure that is a Boolean-valued analog of the
discrete step Vo1 = Vo U Z(V,) of (19).
Let X be an extensional B-system, and let Y be a subclass of X. Introduce the following notions:

X is intensional over Y < (VP C”*Y)(3xe X)(x~P?)
S (VoeX: 2<YN)(Fre X)(z~);
X is predicative over Y < (Vxe X\Y)(3PC™Y)(z~P?)
e X=YUZA(Y),
X is separated over Y < VrxeX)VzeX\Y)(zx~z = v=2)
-~ (Vxl,xgeX)(xl ~ 9, xl#xg = :El,iL'QEY).

We say that an extensional B-system X is a superstructure over a subsystem Y if
(a) Y < X;
(b) X is intensional over Y;
(¢) X is predicative over Y
(d) X is separated over Y.
Refer to an extensional B-system X as a superstructure over a copy of a B-system Z if X is a super-

structure over a subsystem isomorphic to Z.

10.2. Lemma. For every extensional Boolean-valued system Z, there exists a superstructure over
a copy of Z.

< Consider an arbitrary extensional B-system Z, its isomorphic copy Y := {@} x Z and put (see 4.2)
% :={P C™Y : P is saturated, ~(3y € Y)(y =~ P1,)}.

Note that Y N % = &. Indeed, by Definition 3.1, every subset P C *Y consists of pairs, whereas every
element of the product ¥ = {@} x Z in Kuratowski’s approach has the form {{&},{@,2}} and so
contains the element {@} which is not a pair.

Put X := Y U% and extend the interpretations =y, €, onto X? by putting

:x(y,Z) = :Y(y7 Z)? EX(va> = EY(yaZ)’
=x(P,Q) := [P1,=Q% ]y, €x(P,Q) := [P, €@y,
(P> ) = [PTy:y}Y7 6X(Pv y) = [PTYEy]Y’

( (

Yy
forall y,z €Y and P,Q) € %.
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The fact that (X, =y, €x) is a B-system is established by an elementary check of the conditions of
Definition 2.1. In most cases the “syntactic sugar” 3.8 and the validity of the propositional axioms and
the equality axioms (see 3.9) are enough for this check. Clarify only five cases, in three of which the
extensionality of Y is used, and the other two employ the obvious inequality [p(z)], < [(Fz) p(2)],

Ifx,y,z€Y and P,Q € % then

=x(#, P)N=x(P,2) = [t =P, APT, =2, = [(Vy)(yex e ye P, A (Vy)ye P1, S yez)l,
<[(Vy)lyer e yez)l, <[z=2z], ==x(z,2);

ex(Py) N=x(P,z) = [Pl, ey A PT, =z], = [Fz)(Pl, =z Az ey) AP, =2z],

= [F2)(Vu)(ue P, ©uecz)Azecy) A (Yu)(ue P, & uez)|,

[( )( )(uGz@uEZL‘)/\mEy)]Y

[(Bz)(z=zAzey)l, <[zeyly = ex(zy);

ININ

ex(P,Q) N=x(P,z) = [P, €@, AP, =2, = [@2)(P, =z Az Q) AP, =2,
(Vy)ye Pt & yca) e eQl) A(Vy)lye Pl & ye2)l,
(Vy)lyez s yea) AzeQl )],
(z=zAze@l)))y <[ze@l)y = ex(2Q);
€x(@,y) N=x(@,P) =[reyAz=P1 ],
<[Bo) Pty =z Azey)l, = [P, €yly = ex(Py);
€x(z, P)N=x(z,Q) = [re P}, Nz =Q1 ],
<[B0)(@1y =z AzePl))], = [QF € P, = €x(@, P).
Show that X is extensional. Indeed, if u,v € X and [- € u], = [- €v],; then, in each of the three cases

wveY; ueY,ve¥® uve,

(
(

W W wo>
)

[
[
[

we have
([u=1)], :/\[zEU]Y@B[ZEv]Y
z€Y
=u]y ={ =vhly = Aledhoslevh Vo A Lew, oy red, =1,
z€Y ey
[ut, =v1,],= /\ [zeul, ]y ©5lz€v] ]y
z€Y

10.1(a): Establish the transitivity of the subsystem Y C X by checking 7.2(c). Suppose that u € X
and v e Y. IfueY then [ucv], <1z = ueYT, ], and if u € # then

[u€v], = [UTY €vl, =[(3 y)(uTY =y Ayev)y
< [(3 y)(uTY :y)]y = \/ [UTY :y]y = \/ [u:y]x = [UGYT)(]X‘

yey yey
The following relation in X will be useful below:
P~pPt, forall Pe¥. (20)
Let P={y;ls, : i€} €%. Demonstrate that [x € P], = [x € P, ] for all z € X. Indeed, if y € Y then
lye Ply =[ye P, ], = [y€ P (see 7.1, 7.6), and if Q € #; then by Lemma 3.16

Qe Pl =@t ePt), =\ Q@ =pl, =\ Q@ =vil, Abi =\ [Q=uilx Abi = [QeP1,].

peP el el
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10.1(b): Consider a subset P C *Y and show that z ~ Pt for some z € X.

Let P := P1,{l, C *Y be the saturated hull of P in Y (see 4.4). Since P C PcC P1 ly; therefore,
P1, < P1, < Pyt and so PT, = P1, by the equality P I, 1, = P, (see Lemma 4.3). If y ~ P1,,
in Y for some y € Y; then y ~ Pt in X by 7.3, and so z :=y ~ P, = Pt,. lf «(3y € Y)(y ~ P1,)
then P € % and, in this case, x := P ~ PTX = P1, owing to (20).

10.1(c): This is a direct consequence of (20).

10.1(d): Suppose that y € Y and P € #. By the definition of %/, we have y # P1, in Y; whence
from 7.3 it follows that y % P1, in X and so y % P by (20).

Now, let P,Q € %, P ~ Q. Relation (20) implies P, = QT,. Then P1, = (P1,)], = (QT,)|, = P1,.
Since P and @ are saturated subsets of *Y’; by Lemma 4.2 we have P = P |, = Q1,|, = Q. >

10.3. Lemma. (a) If a B-system X is a superstructure over a subsystem Y C X, f: X <, X, and
f|y = idy; then f =idx.

(b) If B-systems X and X' are superstructures over subsystems Y C X and Y’ C X' then each

isomorphism f:Y <, Y’ extends to a unique isomorphism f: X ¢, X'. In particular, a superstructure
over a copy of a Boolean-valued system is unique up to isomorphism.

4 (a): Observe first of all that the extensionality of X and 10.1(c) imply the relation
(Va2 € X\Y) [11=m2]y = \ ly€m &y, (21)
yey
Indeed, for every z € X\Y, there is a subset P C *Y such that X F (z=P?,), which in view of the
validity X F (PT, CY1,) (see Lemma 3.17(b)) implies X F (z CY1,). Consequently,
XE(z1=z2& VyeYt)(yexz & ycar))

for all x1,29 € X\Y. It remains to refer to Lemma 3.18.
Suppose that X, Y, and f satisfy the conditions of (a). Consider an arbitrary x € X\Y and show
that f(z) = x. Reckoning with (21) and the equality f(y) =y for y € Y, we conclude that

[f@)=2]y = \ wef@) eyeca,= \fWef@ieslyer]y = \ verl eslyeal, =15
yey yey yey
Thus, f(z) ~ x, which by 10.1(d) implies that f(x) = z since x ¢ Y.

(b): The uniqueness of an extension f follows from (a). Prove the existence. Consider arbitrary
extensional B-systems X and X’ that are superstructures over subsystems ¥ € X and Y/ € X’ and
an isomorphism f:Y <, Y’. By 10.1(c), there exists a family of subsets P, C*Y such that x~ P, 1,
for all € X\Y. Given z € X\Y, put P, := f*(P;) C *Y’ (see 3.15). By 10.1(b), there is a function
g: X\Y — X' satisfying g(z) ~ P,1,, for all x € X\Y. Define f: X — X’ by putting
_ f(z) ifzxey,
fz) = .

g(zx) ifzxe X\Y,
and show that f: X <, X’. For convenience, put 2’ := f(x) € X’ for € X. Therefore, f: yrsvy/ is
an isomorphism from Y onto Y’ and, for all x € X\Y,

P, C*Y, Pp=f*(P)C*Y,
z~ P, o ~Pt,..

Show that f preserves the truth values of atomic formulas. Let ¢(z1,22,y1,%2) be any of the
(bounded) formulas z1 =z9, z1 € x2, 1 =y1, 1 €Y1, Y1 € T1, Y1 =Y2, Or Y1 €y2. Then, by Lemma 3.15

and Theorem 7.6, for all z;,z9 € X\Y and y1,y2 € Y, we have
[‘*P(xla T2, Y1, yQ)]X - [SO(PMTX? P‘TQTX? Y1, yQ)]X = [SO(P:mTya Pﬂ?QTy? Y1, y2)]Y (22)
= [SD(PmllTY” nggTy’v y/b yé)]y’ = [@(PélTx’v Pa,czTX/? yia yé)]x’ = [90($/17 $/2> yia yé)]x"
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Show that f: X — X’ is injective. The injectivity of f on Y is guaranteed by the injectivity of the
isomorphism f: Y — Y’. If at least one of the elements z1,z5 € X does not belong to Y; then since
(21 =x2]y = [2] =25]y (see (22)) from 2} = x5 it follows that 21 ~ x2, and so 1 = 22 by 10.1(d).

Finally, prove the surjectivity of f: X — X’. Consider an arbitrary z € X’ and show that z = 2’ for
some x € X. If z € Y’/ then the desired z € X exists by the surjectivity of the isomorphism f: Y — Y.
Let z € X'\Y’. By 10.1(c), there is a subset P’ C *Y” for which z ~ P'},,. Put P := (f*)"'(P') C Y.
By 10.1(b), there exists z € X satisfying  ~ Pt . If x € Y; then from 7.3 and Lemma 3.15 we infer that

r~Pt, =>a~Pl, =2’ ~P1, =2’ ~P1, =2~z
which leads to a contradiction to 10.1(d). Consequently, x ¢ Y. So, owing to 7.3 and Lemma 3.15,
x:PTX = PmTX:PTX = PxTY:PTY = PIT/JTY,:P/TY/ = PI;TX/:P,TX, = xlﬁz,
which, by 10.1(d), implies that 2’ = z. >

10.4. Say that a family of extensional B-systems (X,)acorge is an intensional hierarchy or, more
exactly, a B-valued intensional hierarchy over X if

Xa+1 is a superstructure over X,, «a € Ord;

Xo = X5, a € Lim Ord®.
B<a
In this case, X3 < X, for all f < o € Ord® (see Lemma 7.10(e)).

10.5. Lemma. For every extensional B-system Y, there exists an intensional hierarchy (Xa)acora®
such that Xg <+, Y.

< The desired hierarchy can be easily built on using Lemmas 7.10 and 10.2 together with the con-
struction of the direct limit (see, for example, [8, I11.1.11]). Indeed, define the family of B-systems Y,
(a € Ord®) and 1som0rphlc embeddings f§:Ys > Yy (B<a € Ord') satisfying the relations f$ = idy,
and fI' = f§ o fv (v < B < a € 0rd*), by means of the following recursive procedure:

Yo=Y, fo = idyy;
for a € Ord
Yo +1 is a superstructure over a copy of the B-system Y, (see 10.1, 10.2),
fa*1 is the corresponding isomorphism of Y, onto a subsystem of Y1,
f;‘ﬁ =idy,_,, fO‘Jrl fotto fg for B <a+1;
for a € Lim Ord*®
Y, = (U,3<a {8} x Yg)/w, where, for 5,7 < «, p:=max{8,v}, v € Y3, yeY,,
(B,2) ~ (v,y) & fh(x) = f(y),
=v.(~(B,2), ~(1,9) = =y (f5(@), (), Eva(~(B,2),~(7,9) = v (f5(@), (),
f8=1idy,, fg‘(x) =~ (B,x) for f <,z €Yj.

From 7.3, 7.10 and 10.1 it follows that the family of B-systems X, := f3°(Y,) (a € Ord®) is the desired
intensional hierarchy.

10.6. Lemma. Let (X4)acora® and (Yo )acorae be B-valued intensional hierarchies.

(a) If f: Xoo <25 Yoo and f|x,: Xo <5 Y0 then f|x,: Xqo <25 Ys for all o€ Ord®.

(b) If f,9: Xoo 5 Yoo and f|x, = g|x, then f|x, _g|Xa for all o€ Ord®.

(¢) Every isomorphism fy: Xo <, Yy extends to a unique isomorphism f: Xoo <35 Yoo
(a

4 (a) and (b): In employing induction on « € Ord®, the base and limit steps are tr1v1al, and the step
a+— a+ 1 is easy to justify for item (a) with the use of Lemma 3.15 and 10.1(b),(c), and for item (b),
with the use of (a) and Lemma 10.3(a).

(c) Using transfinite recursion and basing on Lemma 10.3(b), it is easy to construct a family of iso-
morphisms fo: Xqo <3 Ye (o€ Ord®) such that f, C fgfor a < 8. Then f := f is a desired isomorphism.
The uniqueness of the extension follows from (b). >
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10.7. We say that a B-system X is a Boolean-valued (B -valued) universe over X if the following
conditions are fulfilled:

(a) Xo < X;

(b) X is extensional;

(¢) X is intensional;

(d) the elements of X\ X are predicative;
(e) X is separated over Xo;

(f) X is regular outside Xj.

By Corollary 6.9, conditions (b) and (c) imply the cyclicity of the class J4(X) of all predicative
elements in X, which in view of (d) implies that the difference X\ Xj is precyclic, and hence, by Theo-
rem 9.9(b), condition (f) is equivalent to the o-regularity of X outside Xj.

As is easy to see, a Boolean-valued universe X over X is a Boolean-valued universe over every
subsystem Y satisfying the relations Xg C Y < X.

10.8. Theorem. (a) If (X4 )acorqe Is an intensional hierarchy then X is a Boolean-valued universe
over Xj.

(b) If X is a Boolean-valued universe over Xy then there exists a unique intensional hierarchy
(Xa)acoras such that X = X,. Moreover,

Xat1 = XqaU % (Xy), «€ Ord;

Xo = X5, a € Lim Ord®. (23)
a<f

q (a): Verify 10.7(a)—(f) for X = X .

10.7(a): By Lemma 7.10(e), the system X, as well as each of the systems X, is a transitive subsystem
of Xo. Note that, for this reason, the fulfillment of the relation z ~ P71 in one of the systems X, is
equivalent to its fulfillment in X (see 7.3).

Condition 10.7(b) is included in the definition of intensional hierarchy.

10.7(c): Let P be a subset of "Xoo = Jpcorq Xa- Choosing for each element p € P an ordinal a(p)
satisfying the condition p € "X, we conclude that P C"X,, where o := V{a(p) : p € P}, and so
Pt >~z for some x € Xq41 by 10.1(b).

10.7(d): If € Xoo\Xo then 2 € X,41 for some o € Ord, and so (3P C “X,,)(x ~ P?) by 10.1(c).

10.7(e): Suppose that z,y € X, >~ y, and = # y. Put o := min{f € Ord : z,y € X3} and show
that @« = 0. Indeed, o cannot be a limit ordinal; since, in this case X, = Uﬁ <a X3, and so there is
an ordinal 3 < « satisfying z,y € Xg. If « = f+ 1 then z,y € X3 by 10.1(d).

10.7(f): Prove that all systems X, (including X,) are regular outside Xy by inducting on a € Ord®.

The case of a = 0 is trivial: the system Xy is obviously regular outside Xj.

Suppose that X, is regular outside Xy. By Lemma 9.5, for proving the regularity of X, outside Xj,
it suffices to demonstrate the regularity of X, outside X,. By Lemma 3.17(b), 10.1(c) implies that

Xo+1 E(Vy)(ye XaT V yC Xo1). (24)
Consider an arbitrary Boolean-valued class & € X,+1 and prove the validity
Xop1 F(@NXat=0 A P#0 = Fyed)(yNnd=0))

by “arguing inside X,4+1” (see 3.10). Let ® N X1 = @ and & # @. Take y € ® and show that
yN® = @. Indeed, from ® N X,1 = & it follows that y ¢ X,1, and so y C X1 by (24) and, therefore,
yNd® Cc X,tNod =02.

Suppose now that a € Lim Ord®, and let X3 be regular outside X for all 3 < . By Lemma 8.4,
for proving the regularity of X, outside Xy, it suffices to consider a Boolean-valued class & € X,
satisfying ® < —(XoTy,) and show that X, F p(®) or, which is equivalent,

(Vo e Xa) XaF (z€®= (Fyed)(ynd=0)).
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Ifz € Xo =g, Xp then z € Xz for some ordinal 8 < a.. Prove the validity
XoE(ze®= Fyecd)(yne=09))

by “arguing inside X,.” Relying upon the relations ® N Xo1 = @, x € Xgt, and x € ®, demonstrate that
(Jy € ®)(yn® = @). Since the class X51\ X7 is regular (see Lemma 9.4) and @ # ®NXz1 C X51\ XoT,
there exists y € ® N X7 such that y N ® N Xgt = &. By the transitivity of Xz, from y € X1 it follows
that y C Xg?. Thus, yN® =y N &N Xzt = 2.

(b): Consider the family of subsystems X, C X (a € Ord®) constructed with the use of transfinite
recursion by (23) starting from the given subsystem Xy C X.

Induct on a € Ord® to show that X, < X. The case of & = 0 is contained in 10.7(a). Suppose that
Xo = X, consider arbitrary x € X, y € X411, and establish that [z €y] < [xr € Xo411]. If y € X, then
[zey] < [xeXaT] < [r€ Xap1l]; and if y € & (X,) then y ~ PT, P C "X, and so by Lemma 3.17(b)
zey] = [xePt] < zeXyt] < z€XqmiT]. If @ € LimOrd® and X3 < X for all 8 < «, then
Xa =Uq<pXp < X by Lemma 7.10(c).

By Lemma 7.10(a), the above implies that X, < X1 for all @ € Ord, which corresponds to 10.1(a) in
the definition of superstructure. Conditions 10.1(b),(c) are ensured by the definition of X1, and 10.1(d)
follows from 10.7(e). Thus, the family (X, ),corqe 1S an intensional hierarchy.

For proving the equality X = X, we will need several auxiliary facts. Show that

(Vo € X)(Fy € Xoo) [x=y] =[x C XooT]. (25)

In the case of z € X, (25) is obvious. Let z ¢ Xy. By 10.7(d) the element x € X is predicative, and
so by Lemma 4.10 there is a set P C "X, such that [z C Xoo1] = [x=P1]. By (a), the system X
satisfies 10.7(c); therefore, the Boolean-valued class P1 is represented by some y € X, which is desired.

Show also that
Ve e X) [re Xt =[rC Xl (26)

2

The inequality “<” is guaranteed by the transitivity of the subsystem X,, C X. On the other hand,
by (25), for every x € X there is y € X, satisfying [z =y] = [x C X 1], and so

TC Xt =[z=y|AN[yeXoT] < [x€ Xl

Passing to the proof of the equality X = X, assume on the contrary that there exists x € X not
belonging to Xo. Put b:= [z ¢ XooT] = [r € XooT] (see (26)). Note that b # 0. Indeed, if b = 05 then
X F (z C Xoo?) and then, by (25), there exists y € X such that [r=y| = [x C XoT] = 15, L€, x >y,
which, with account taken of 10.7(e), implies that x = y, and so x € X. Let ® := =(X1) be the
complement to X7 inside X. Since X is regular outside Xy (see 10.7(f)), ® < =(Xo?T) and [P # 2] > b
imply that [(Fy € ®)(yN®=2)] > b; therefore, [y P A yNP =] # 0p for some y € X. On the other
hand, by (26),

e Ayn®=0]=[y¢ Xt A yC Xool] = 0p.
The uniqueness of the intensional hierarchy in (b) stems from Lemma 10.6(a). Indeed, if (X4 )acora®

and (Y, )acorae are intensional hierarchies such that Xy = Yy and X = Y then, for all « € Ord®, we
have (idx_)|x,: Xa ¢ Ya, le,, Xqg =Y, b

10.9. The assertion below follows from Lemmas 10.5, 10.6(c), and Theorem 10.8.
Theorem. (a) For every extensional B-system Y, there exists a B-valued universe X over X such
that Xo <>, Y; moreover, such an X is unique up to isomorphism.

(b) If X and Y are B-valued universes over X, and Yy then each isomorphism fo: X¢ <> Yo extends
to a unique isomorphism f: X <, Y.

Applying item (a) to some extensional B-system Y and considering a B-valued universe X over
a copy X of the system Y, agree to identify Xy with Y and refer to X as a Boolean-valued universe overY .
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§11. The Boolean-Valued Universe

In the present section, we formulate the defining properties of the classical Boolean-valued uni-
verse V® as an algebraic system, prove the existence of such a system and its uniqueness up to a unique
isomorphism. These well-known facts (see [4,9]) are reproduced here as direct consequences of the gen-
eral properties of a Boolean-valued universe over an arbitrary extensional system which are established
in §10. The new results presented in the section include examples of Boolean-valued systems with un-
usual combinations of properties. The examples show that, for each complete Boolean algebra B, none
of the conditions in the definition of a B-valued universe follows from the others.

11.1. A Boolean-valued system X is called a Boolean-valued (more exactly, B-valued) universe
(see ]9, 3.4]) if X satisfies the following conditions:

(a) X is extensional: X F (Va,y)((V2)(z €z & z€y) = z=y);

(b) X is intensional: (VP C "X)(Jz € X)(x ~ P1);

(c) X is predicative: (Vz € X)(3P C "X)(z ~ P?);

(d) X is separated: (Va,y € X)(XF(z=y) = z=y);

(e) X is regular: XENM®)((Fy(yed) = (yed)(Vzed®)(2¢y)).
Recall that, by (b) and (c), the regularity, (e), of X is equivalent to the validity in X of the axiom of
regularity (see 9.1).

11.2. Lemma. Let Y be an arbitrary extensional B-system. If a B-system X is a Boolean-valued
universe over Y then

(a) X is extensional;

(b) X is intensional;

(¢) X is predicative if and only if Y is predicative;
(d) X is separated if and only if Y is separated;
(e) X is regular if and only if Y is regular.

< Assertions (a) and (b) are explicitly contained in Definition 10.7; (c) follows from 7.3(a) and 10.7(a);
(d) is guaranteed by condition 10.7(e); (e) stems from Lemma 9.7, Corollary 9.6, and Condition 10.7(f). >

11.3. Lemma 11.2 implies that the notion of B-valued universe coincides with the notion of Boolean-
valued universe over a predicative separated regular B-system. The simplest of these B-systems is
a singleton regular B-system. (It would be even easier to speak of a universe over @ but an algebraic
system cannot be empty.)

Corollary. The following properties of a B-system X are equivalent:

(a) X is a Boolean-valued universe;

(b) X is a Boolean-valued universe over {y}, where y € X is such that X E (y=9);

(c) X is a Boolean-valued universe over a singleton B-system Y = {y} such that Y & (y ¢ y).

11.4. The next assertion, given (without proof) in [9, 3.4], follows from Theorem 10.9 and Corol-
lary 11.3.

Theorem.!) (a) For every complete Boolean algebra B, there exists a B-valued universe unique up
to isomorphism.

(b) For arbitrary B-valued universes X and Y, there exists a unique isomorphism f: X <, Y.

11.5. The Boolean-valued universe, characterized up to isomorphism, is denoted by V®: and the
corresponding truth values [¢]y @) are written down as [¢] (see [4,9]).

D) The author is indebted to Professor Robert M. Solovay for a fruitful discussion of the scheme of a proof
of this theorem.
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The Boolean-valued universe is a model of ZFC (see [4, 4.4]). More exactly, there are classes V&,
[-=-], and [- € -], defined with parameter B, such that

ZFC, B is a complete Boolean algebra F
(V& [.=-],[-€-]) is a B-valued universe,
(V& [.=],[-€-]) E ZFC.

Examples 11.6-11.10 below show that, for every complete Boolean algebra B, each of the five condi-
tions (a)—(e) listed in Definition 11.1 of the Boolean-valued universe is essential, i.e., none of them follows
from the other four conditions. The main tools here are Theorem 10.9(a) and Lemma 11.2.

11.6. EXAMPLE. For every complete Boolean algebra B, there exists a B-valued system that is
intensional, predicative, separated, and regular but not extensional.

< Extend ZFC by the definitions of the constants 2, := {{@}} and 25 := {@,{@}}. Consider the
Boolean-valued universe V® and the elements @", {@}", 2,25 € V® representing the ascents @1, {@" }1,
{{2}"}1, and {@", {@}" }1 respectively. As is easy to see, V& E (21 =2;) and V® E (25 =25) (see 2.5).
Show that the subsystem

X ={zeV?: VP (z¢ {o})} CV®

possesses the desired properties.
By 2.3(a), the tautologies 21,22 ¢ {@} and 2; # 25 imply that 27,25 € X and [2)=25], =
[27 =25] = 05. On the other hand, for all z € X,

[ze2lly=[ze2l]=[zre21 N g {D}] =0 =[x ANxZ {T}] = [r€25] = [r€25]. (27)

Thus, X F (27 #24) and X F (Vz)(x €2] < x €2)), and so the system X is not extensional.

For proving the intensionality of X, for an arbitrary subset P C "X, consider some element v € V®
representing the ascent P, put  := uf U 27| (see 5.3), where b :=\/ . p domp, and show that z € X
and z ~ Pt, . By Lemma 3.18(a), we have

[Ptz {e}] =[GyePNye{aD] = \/Ip¢{o}] > \/Ipz{2}] = \/ domp =1,
peP peP peEP

which implies that
[z Z{o} = ([u {2} Ab) V ([21 £ {@} A =b) = ([PTL{@}] Ab) V —b = 15;

i.e., z € X. Moreover, for all y € X, using the equality [y € 2{] = 05 (see (27)), we have

ezl =[yea] = (lyeu] Ab) V([ye2t] A—b) = [ye PIIAD
=[ye Pt APT#2] =[ye Pt] = P1(y) = P, (y).

The predicativity and separatedness of X are immediate from the predicativity and separatedness
of V® because z} C zllym and [z =y|, = [z =y] for all z,y € X. The regularity of X follows from that
of V® by Lemma 9.7. >

11.7. EXAMPLE. For every complete Boolean algebra B, there exists a B-valued system that is
extensional, predicative, separated, and regular but not intensional.

4 The extensionality, predicativity, separatedness, and regularity of a singleton system {z} with in-
terpretations [x =x] = 15 and [z € x] = 0p are obvious. Since [z € 2] = 05 # 15 = {z}1(x), the Boolean-
valued class {x}1 is not represented by the (unique) element xz; and so the system under consideration is
not intensional. >
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11.8. ExXAMPLE. For every complete Boolean algebra B, there exists a B-valued system that is
extensional, intensional, separated, and regular but not predicative.

< Let Z be an extensional, separated, regular B-valued system whose underlying class is a proper
class different from the class of all sets. (As Z we can take, for example, the isomorphic copy {@} x V&
of the Boolean-valued universe V®.)

Consider an arbitrary set oo not belonging to Z, put Y := Z U {co}, and extend the Boolean-valued
interpretations of Z onto Y by putting

[c0 =00], = 15,
[0 € 00],, = [z =00], = [c0=2], = [0 €2], =05,
[z€00], =15 forall z € Z.

An elementary check shows that Y is a B-system.
For proving that Y is extensional, consider arbitrary z,y € Y and show that

[(VZ)(ZEQ: s Zey)]y < [J;:y]Y'

The case of xz,y € Z amounts to the extensionality of Z, the case of x = y = oo is trivial, and in the
case of z € Z and y = oo the desired inequality is guaranteed by the regularity of Z since the validity
Z E u({x}?1) implies Z E (z ¢ ), and so

(V2)(z€x e 2ze€x0)], < [rcx e rex], =[rczx], =05 = [x=0)],.
As is easy to see, Y is separated and Z < Y. Since
YENM®)(PNZt=2 = & C {c0}),

the system Y is regular outside Z. By Corollary 9.6, the regularity of Z implies the regularity of Y.
The system Y is not predicative since the saturated descent ool} contains the proper class ool = Z.

Lemma 11.2 implies that the Boolean-valued universe over Y satisfies the requirements listed in the
statement. >

11.9. ExAMPLE. For every complete Boolean algebra B, there exists a B-valued system that is
extensional, intensional, predicative, and regular but not separated.

< By Lemma 11.2, all the properties listed are possessed by the Boolean-valued universe over a two-
element B-system Y with interpretations =, : Y2 — {15} and €,: Y2 — {0z}. >

11.10. ExAMPLE. For every complete Boolean algebra B, there exists a B-valued system that is
extensional, intensional, predicative, and separated but not regular.

q Since a singleton set Y = {y} endowed with the interpretations [y=y], = [y €yl, = 15 is an ex-
tensional, predicative, separated, and nonregular B-system, by Lemma 11.2, the Boolean-valued universe
over Y possesses the required properties. >

§12. Hierarchies in the Boolean-Valued Universe

In this section, we propose descriptions of the structure of the Boolean-valued universe V® by means
of four hierarchies, one of which reproduces the intensional hierarchy, the second serves as the descent
of the von Neumann hierarchy, and the other two are generated by some ascents of a special kind and
mixings.

In accordance with Agreement 3.20, for every subset P C *V®, the Boolean-valued class Pt € V®
is identified with the element of V% which represents the class.

12.1. The hierarchy in the theorem below corresponds to the classical construction of the (unsep-
arated) Boolean-valued universe [4, 4.1.2; 6, (14.15)] and, without the zero term, coincides with the
intensional hierarchy (23) over a singleton regular B-system.
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Theorem. Using transfinite recursion, define the family of subsets V&’ C V® (a € Ord) by putting

VBB> = J;
VP = 26 (VY), o€ Ord; (28)
VY= vy, o € Lim Ord.
B<a
Then
Vo= |V (29)

aeOrd

Moreover, the family (X,)acorae defined by the rule

fojrl for a < w;
Xo = B for w < a < oo;

V®  fora = o0

is an intensional hierarchy over Xy = V;B) = {@7}. In particular, Vfég) is a transitive subset of V& for all
B < o€ Ord®, where V& := V®,

< Show by induction on « € Ord that V<BB> C VP for f< . Let V,(YB> C V(BB) for all v < B < a. Consider
arbitrary 8 < o and x € Vf) and show that = € V&. The cases of @ = 0 and o € Lim Ord are trivial.
Let oo = ap + 1. Definition (28) implies that x € P (V%‘ >) for some ordinal v < 8 < ap < a. By the
induction hypothesis, V{’ € V&, and so z € ) (V%B )) C P (Vg?o)) =V,

The inclusions X, C X,41 imply that Xo11 = Xo U % (X,) for all a € Ord. It remains to use
Theorem 10.8(b). >

12.2. Corollary [4, 4.1.3]. Let C be a subclass of V®. If Pt € C for all P C *C then C' = V®.

< Suppose that C' # V®, By Theorem 12.1, there exists a least ordinal « for which there is an element
€ V&\C. As we see from (28), a # 0 and a ¢ Lim Ord. On the other hand, if « = 8+ 1 then x = P
for some subset P C %V%B). Hence, Vg) C C implies z € C. >

12.3. Since the Boolean-valued universe V& is a model of ZFC, the equality

is valid in V®; i.e., inside V®), the class of all sets V coincides with the union of the classical von Neumann
cumulative hierarchy (Vq4)acora (see (15)).

Define the descent of the hierarchy (Va)acord from V& by assigning to each ordinal « the descent ¥4,
of the element ¥, € V® that is equal inside V® to the corresponding term V,» of the von Neumann
hierarchy (see [4, 4.4.10]):

VEE (Y4 =Van).

It would be natural to expect that hierarchy (28), which is a Boolean-valued analog of hierarchy (15),
would coincide with the descent of the latter: (Vﬁf )) 2cOrd = (Yad)acora- However, this fails for any infinite
& C V® are cyclic. Indeed, if (dy)new is a partition of unity

n"|q, belongs to ¥,] but does not belong

Boolean algebra B since not all subsets V
constituted by nonzero elements d,, € B then the join | |
to V& = U,.c, Vo -

The following assertion shows that, for turning (28) into the descent of the von Neumann hierarchy,
it suffices to add mixings at the limit steps.

new

23



Theorem. Using transfinite induction, define the family of subsets UY) € V® (« € Ord) by putting
U(()B) = g,
US = Ze(UY), o€ Ord;

U® = mix U UY, «a € LimOrd.
B<a

Then ([U,(f ) is the descent of the von Neumann hierarchy (V,)acora from V®); ie.,

)aEOrd
U%® = v,] forall a € Ord,

where ¥, are the elements of V® satisfying V® E (¥, =V,n).

4 Prove that UY = #,] by induction on a € Ord.
The induction base o = 0 is trivial: U =g =1 =%
If UY = ¥,]; then, using the relation

VOE(PUPT) = P(Yaldt) = P(Ya) = P(Var) = Vary1 = Viarn = Yar1)
and employing Lemma 3.17(b),(c) and Corollary 6.4, we conclude that, for all z € V&),
zelU?, & 2e Zp(UY) & (P CUP)(z=Pr) & VPE (z cUDT)
& VOk (z€ 2(UPT)) & VP E (z € Yaq1) © z € Yopl.

If « € Lim Ord and TU(B) 73] for all B < o then, by the equality o ={3" : f € a}?1, Lemma 3.18(a),
5.10, and Corollary 6.4, for all z € V& we have

r€UY & x € mix U Uy & \/{[[x:y]] Ly € UUf)}le

B<a B<a
& \/ \/ [xt=y] =15 & \/ :cEU<B)T]]—1B & \/ [xe73it] =15
B<ayEU B) B<a B<a
e VIzetl=1 © \[[zeVn]=1; & VPF (FBca")(xeVp)
B<a BEa

& VP E (1‘6 U Vg) S VPE(zeVn) & VPE(zev,) & x €Yl >
Bs<an
12.4. The construction of the hierarchy (28) involves the ascents P7 of arbitrary sets P of partial

elements:

VO, = Pw(VY) = {Pt: P C™VD}.

On the other hand, by Corollary 5.15(b), each element in the Boolean-valued universe is represented as
the ascent (Yp)1 of the set Y|, of partial elements with the same domain b. In this connection, it seems
natural to conjecture that the Boolean-valued universe can be constructed into the hierarchy of ascents
of the form (Y)T. Nevertheless, the fact below refutes this conjecture.

Theorem. Suppose that a separated extensional B-system X satisfies the ascent principle. Using
transfinite induction, define the family of subsets Y, C X (a € Ord) by putting

Yy = {(Y|m v c v, bGB}, o € Ord.
B<a

If the Boolean algebra B is infinite then |J,copq Yo # X.
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d Define recursively the sequence (y,,)ne, C X by putting

Yo =21, yn+1:={yn}l, new.

Fix an arbitrary antichain (dy,)ne, of nonzero elements in B and consider the ascents
T = {Ynld,p; €W, @€ w. (30)
Since z; = (Upew{¥ntldn.;)T and {yn}t = yn+1; by Lemma 6.82) we have

x; = ext |_| Yntild,si 1 E W (31)

new

For completing the proof, it suffices to show that z; ¢ Y, for all @ € Ord, i € w. Induct transfinitely
on a. Consider a € Ord, suppose that z; ¢ Y3 for all § < «, i € w, and assume that z; € Y, for some
i € w. Then z; = (Y|y)1, where Y C Uz, Y, b € B. Moreover, [y €] = [2;#0] = V¢, dn+i = b
for all y € Y (see Corollary 5.15(b)). Since [z; # @] # 0p, the set Y is nonempty, and so there exist
B < a and y € Y such that [yecx;] = b. Reckoning with (30), we have \/ . dnyi = [y€x] =
Vool =Yn] A dnyi, which, by Lemma 5.1(a), implies that d,i; = [y =yn] A dny, e, [y=yn] = dny for
all n €w, and so Y|y = | |,,c, Ynld,,;- Using the equality yo =1 and (31), we conclude that

ext y|b = ext |_| yn+l‘d(n+1)+i = ext |_| yn+1|dn+(i+1) = Xj+t1. (32)

new new

Since y € Yj, there are Z C |J, 3 Y, and ¢ € B such that y = (Z|c)1. Then, for all z € X,

[weextyly] = [zeyl) = [wey Ab=[we(Z)NAb=\[z=2]Ab=\/[z=2|on] = [z € (Z]crs)1];
z€Z z€Z
which, according to (32), implies z;11 = exty|, = (Z|cap)T € Yp contrary to the induction hypothesis. >
12.5. Lemma. If (Z;);cs is a family of subsets of V®), (d;);e; C B is a partition of unity, and
(bi)icr C B, then there exist Y C mix|J;c;Z; and b€ B such that | |;c; (Zils, ﬂd (Yp)1.
QPut Z:=U;c; Zi VP and P := J;c; Zilp;ng; € “Z. By Lemma 6.8, we have | |;; Zz‘|bi)ﬂdv =
P1; and, by Corollary 5.15(a), there exist Y C mix Z and b € B such that Pt = (Y|;)T. >
12.6. By Theorem 12.4, for constructing the Boolean-valued universe, the ascents with constant

domain are not enough. The results below show that the situation will change if we add mixings at the
limit steps of the hierarchy.

Theorem. Using transfinite recursion, define the family of subsets Y, C V® (a € Ord) by putting

Yo=0
Yoy1 ={(Y[))T : Y CYa, b€ B}, a€ Ord; (33)
Y, = mix U Y3, « € Lim Ord.
B<a
Then
(a) Y, C Yp for a < f3;
(b) Y, are cyclic for all o € Ord;
(¢) V& C Yoy for all o € Ord;
(@) VO = Upcora Yo-

?) There is a misprint in the statement of Lemma 6.8 in [1]: | |, z; should be replaced with | |;.; @il4,.
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a4 (a): Prove that Y, C Yj3 for all & < 8 by induction on 3. Let § € Ord, and let
Yo, C Yy, forall o <ag <p. (34)

Consider an arbitrary ordinal o < 8 and prove that Y,, C Y. This inclusion is obvious if a = 0, a = f3,
or § € LimOrd. Therefore, we will assume that 0 < o < 8 and § = [y + 1 for some Gy € Ord. Fix
an arbitrary element z € Y,, and show that = € Y3.

If &« = ap+1 for some ag € Ord then z = (Y|)1, where Y C Yy, b € B. Since ap < fy < 3, by (34),
we have Y,, C Yg,, and so Y C Y}, and, therefore, z = (Y|y)1 € Yg,41 = V3.

Now, let @ € LimOrd. Then Y, = mix{J,,Y,, and so @ = [ |;c; @ila,, where (di)ier C B is
a partition of unity, z; € Y,, v < a (i € I). Since a is a limit ordinal, for all i €I we have v;+1 <«
and, in particular, v; < 7; + 1 < 3, which, owing to (34), implies that Y,, C Y, 1. Thus, z; € Y;,41,
and so z; = (Z;|p,)T for some Z; CY,,,b; € B (i € I), and so x = |—|i€I(Zi|bi)T|di’ By Lemma 12.5, there
exist Y C mixJ;c; Z; and b € B, such that x = (Y|;)T. Note that

mix | J Z; ¢ mix| JV;, ¢ mix | ] ¥, =V
el i€l <o

and, moreover, by (34), a < By < 8 implies Y,, C Yj3,. Hence, Y C Yg,, and so z = (Y|)1 € Yg,41 = ¥3.

(b): Applying induction, consider an arbitrary ordinal «, suppose that mixYg = Y3 for all 5 < a,
and establish the equality mixY, = Y,. In the case of @ = 0 or a € Lim Ord, the equality is obvious.
Assume that « = g+ 1 for some g € Ord. Consider an arbitrary element x € mix Y, and show that
r € Y,. Since

WS miXY6+1 = mix{(Z\b)T 1 4 C Yﬁ, be B},

there are a partition of unity (d;);cr C B and families Z; C Yg, b; € B (i € I) such that x = |_|i€I(Zi|bi)T|di.
Lemma 12.5 implies the representation 2 = (Y'|)1 for some ¥ C mix|J,c; Z; and b € B. By the induction
hypothesis, mix | J;c; Z; C mixY = Y3, and so Y C Yp; thus, z = (Y|)1 € Ypq1 = Ya.

(¢): Again proceeding by induction, fix an ordinal «, suppose that V(BB) C Yp4q for all 8 < «, consider

an arbitrary element z € V3, and show that z € Y, 1. From (28) it follows that = P for some subset
P C %V(BB), where § < a. By Corollary 5.15(a), there are Y C mixV%B) and b € B such that x = (Y|p)1.

By the induction hypothesis, V(;) C Yg41. Moreover, (a) implies that Y1 C Y,. Thus, Vg) C Y,, which,
in view of (b), implies Y C mixV(ﬁB> CmixY, =Y, and so z = (Y|p)1 € Yot1.
(d): This follows from (c) and (29). >

12.7. The following assertion shows that equality 12.6(d) remains valid if, at the discrete steps
of hierarchy (33), we confine ourselves to ascents of the sets of everywhere defined elements.

Theorem. Using transfinite recursion, define the family of subsets Z, C V® (« € Ord) by putting

Zy = I
Zov1 =421 : ZC Z,}, «a€Ord;
Z, = mix U Zg, «a € Lim Ord.
B<a
Then
VO = | J Za.
aeOrd

< Define the function §: Ord — Ord by the recursive formula
d(a)=V{i(B):f<a}l+w, «acOrd
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By Theorem 12.6(d), it suffices to prove that
(\V/Oé € OI‘d)(Ya C Z(;(a)),

where Y, are defined in (33). Inducting on a € Ord, assume that Y3 C Zs(g) for all 8 < a, and establish
the inclusion Y, C Zs(q)-

Let @« = 8+ 1. The obvious monotonicity of § implies that
6(a) =V{6(7) 1y <a}+w=V{6(y) : 7 < B} +w=0(F) +w.

Consider an arbitrary z € Y, =Yg41. By (33), there are Y C Yg and b € B such that = (Y[y)1. Then,
for all z € V®,

[zez]=[ze V] = \/lz=yhbl = \/ [e=y]Ab=[ze V1] Ab

yey yey
=[ze YD) =[z€ Y D] V05 = [2€ YD)|] V [2 € (&1) -],

which, by Lemma 5.6(d), implies that 2 = (Y1)[, U @[ The inclusions Y, & C Yz C Zs(g) imply
Y1, 91 € Zsgy+1, and so

2= (YD)|p U@t € mix Zyg)41 Cmix | ) Zy = Zsg)4w = Zs(a)-
Y<8(B)+w

If & € Lim Ord then

Y, = mix U Y3 C mix U Zs(g) C mix U Zy = Zs(a)- P
B<a p<a 7<(a)

12.8. Corollary. If C is a cyclic subclass of V& and Y1 € C for all Y C C then C' = V®,

< Suppose that C' # V®, By Theorem 12.7, there exists a least ordinal « for which there is an element
r € Z\C. If a = f+1 then x = Y1 for some subset Y C Z3, and so Zg C C implies z € C.
If @« € LimOrd then x = UP for some maximal antichain P C %(U6<a Zg), and then Usca 28 C C
implies x € mixC =C. >
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