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Abstract: This article is devoted to the study of the Boolean-valued universe as an algebraic system.
We start with the logical backgrounds of the notion and present the formalism of extending the syntax
of Boolean truth values by the use of definable symbols, internal classes, outer terms and external
Boolean-valued classes. Next, we enrich the collection of Boolean-valued research tools with the
technique of partial elements and the corresponding joins, mixings and ascents. Passing on to the
set-theoretic signature, we prove that bounded formulas are absolute for transitive Boolean-valued
subsystems. We also introduce and study intensional, predicative, cyclic and regular Boolean-valued
systems, examine the maximum principle, and analyze its relationship with the ascent and mixing
principles. The main applications relate to the universe over an arbitrary extensional Boolean-
valued system. A close interrelation is established between such a universe and the intensional
hierarchy. We prove the existence and uniqueness of the Boolean-valued universe up to a unique
isomorphism and show that the conditions in the corresponding axiomatic characterization are
logically independent. We also describe the structure of the universe by means of several cumulative
hierarchies. Another application, based on the quantifier hierarchy of formulas, improves the transfer
principle for the canonical embedding in the Boolean-valued universe.

Keywords: Boolean-valued universe; algebraic system; set theory; cumulative hierarchy

MSC: 03C90; 03E40

1. Introduction

This article is devoted to the study of Boolean-valued algebraic systems of set-theoretic
signature. The primary audience is assumed to be general mathematicians who are inter-
ested in the formal backgrounds of Boolean-valued analysis.

The key facts presented here are not new: The defining axioms of a Boolean-valued
universe, its existence, uniqueness, and basic properties (such as the transfer, ascent,
mixing and maximum principles) are well known. What is new here is a systematic study
of the Boolean-valued universe as an algebraic system, with some new tools including
partial elements, superstructures over extensional Boolean-valued systems, and intensional
cumulative hierarchies.

The main content of the paper is divided into four sections. Section 2, “General
Formalism,” is devoted to the notion of Boolean-valued algebraic system and exposes the
logical backgrounds of various useful extensions of the syntax of Boolean truth values.
In Section 3, “Basic Technique;, we present the main tools related to Boolean-valued systems
(including the new apparatus of partial elements), study the key properties of the systems,
and clarify interrelations between them. In Section 4, “The Structure of the Boolean-Valued
Universe, we elaborate the notion of universe over an arbitrary extensional Boolean-valued
system and present the main results on the classical universe V®: existence, uniqueness,
logical independence of the axioms, hierarchical structure. In Section 5, “Applications of
the Lévy Hierarchy,” we suggest a development of the technique based on the quantifier
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classification of formulas and demonstrate how it can improve the Boolean-valued transfer
principle for the canonical embedding.

Let F be the totality of all formulas of set-theoretic signature {=, €} defined in the
metatheory. The metaformula that defines IF can be rendered into the language of ZFC
as a formula, dp(x) € F, thus providing a ZFC definition, x ="F" < ép(x), for the set "
of internal formulas. The same is true of the metaset S C F of sentences (i.e., formulas
without free variables) and the set "S™ of internal sentences. In a similar manner, given
an arbitrary formula ¢ € I, we may render ¢ into its description d,(x) € F and thus
obtain a ZFC definition, x ="¢" < d,(x), for the set "¢, the code of . This results in
a conservative extension (actually, an eliminable extension; see Definition 5) of ZFC by
means of the definable constants "F7,"S™, and "¢ such that ZFC + ("¢ € "F7, fo' € TS7)
forallp € F,o € S.

In all contemporary articles and textbooks devoted to Boolean-valued models of set
theory, given a complete Boolean algebra B, the truth valuation in the B-valued universe V®
is described informally either as a class function

[-]: 0 €S(V®) s [¢] € B

mapping each sentence ¢ of signature {=, €} U V®, with elements of V® regarded as
constants, to an element [c] of B; or as a class function

[-]: (@,x1,...,xn) € U Fo x (VOY" s [@(x1,...,x1)] €B
mew

that maps each pair, constituted by a formula ¢ € IF with n free variables and a tuple
(x1,...,%1) € (VB)", to an element [¢(x1,...,x,)] of B; see, for example, [1] (3.1-3.3),
[2] (Boolean-Valued Models, pp. 206-207), [3] (Construction of the model, pp. 20-29),
[4] (2.1.6,2.1.7), [5] (4.1.6, 4.1.7). The informality mentioned above is twofold. First, the set
TF™ of internal formulas is implicitly meant instead of F; and, second, the class function [:]
is actually not defined and, moreover, cannot be defined. The latter is explained as follows:
In the case of B = 2 := {0, 1}, the separated 2-valued universe V@ is naturally isomorphic
to V, and the truth function [[-]: "S™ — {0, 1} satisfies the condition

ZFChH (0 & VE 0 & [v']=1),

for all sentences ¢ € S. Therefore, if [-] were definable, the formula 7(s) := ([s] =1)
would be a truth predicate for ZFC:

ZFCH (¢ & 1(0)), oc€S;

which, by Tarski’s undefinability theorem [2] (12.7), is impossible unless ZFC is inconsistent.

The authors are certainly aware of the informality. For instance, there is a warning
in [2] (Models of Set Theory and Relativization, pp. 161-162) that the relativization M F ¢
is not defined for ¢ € "I, and the satisfaction M = "¢ is not defined if M is a proper class;
and when considering models of set theory that are proper classes, due to Godel’s Second
Incompleteness Theorem, we have to be careful how the generalization is formulated.
In [3] (Construction of the model, Remark 1, p. 24) this “tiresome point” is commented
as follows: “The construction of [¢] for arbitrary ¢ evidently has the form of a truth
definition for set theory and so cannot be completely formalized within the language of set
theory... The machinery available in ZFC is not (unless ZFC is inconsistent) strong enough
to formalize the construction of the map o+ [[c] as a function of 0. More precisely, one
can prove in ZFC that the collection of all pairs (o, [¢]) is not a definable class. We must
therefore think of this map as being defined metalinguistically”” Furthermore, as was said
in [6], because of the “undefinability of truth” one cannot express “i(¢) holds in V® for all
formulas ¢” in a single set-theoretical formula. Usually what is in question is a scheme of
theorems and there is no particular difficulty giving a correct treatment. People are sloppy
about this detail but that is only to concentrate on the essentials.
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In the present article, we do not avoid inessentials and do our best to give a correct
treatment of all the details. We discard internal formulas, define the Boolean truth valuation
“metalinguistically;” and thoroughly expose the logical backgrounds of Boolean-valued
modeling. This is what Section 2, “General Formalism,” is devoted to. In the section,
we provide an accurate formal definition for the notion of Boolean-valued algebraic system
and also justify the use of theoretically definable symbols, internal classes, outer terms,
and external Boolean-valued classes in the truth valuation syntax.

Another subject currently lacking in the literature is the study of V® as an algebraic
system of set-theoretic signature. General properties of Boolean-valued systems were
considered only in their connection with representation in V® and with specific technical
aspects of ascents and descents; see [4] (Chapter 4), [5] (Chapter 7). Until recently, Refer-
ence [1] was the only publication in which the characteristic algebraic properties of V®
were listed; see [1] (3.4). In Section 3, “Basic Technique;” we methodically examine those
key properties of Boolean-valued algebraic systems under the names of extensionality,
regularity, intensionality, and predicativity. The main tools in this research include the
new apparatus of partial elements, joins of antichains, mixings of subclasses, ascents and
descents of various kinds, the use of Boolean-valued classes in the language of truth val-
ues, and the absoluteness of bounded formulas for transitive Boolean-valued subsystems.
We also introduce and study o-regular Boolean-valued systems, examine the maximum
principle, and analyze its relationship with the ascent and mixing principles.

The axiomatic characterization of the Boolean-valued universe presented in [1] (3.4) be-
came the main motivation for our research; and the primary aim was to develop approaches
to proving the uniqueness assertion claimed therein (see Definition 55 and Theorem 15).
Furthermore, Professor Robert M. Solovay noted in [6] that all the axioms listed in [1] (3.4)
were needed for a complete description of the B-valued universe, and the examples for this
could be given in the special case of B = {0,1}. For instance, to justify the necessity of reg-
ularity, one could build up a universe not from the empty set but from a non-well-founded
collection. Therefore, we aimed at proving that the five conditions (a)—(e) of Definition 55
listed in the axiomatic characterization of V® are logically independent, and, moreover, we
aimed to do that for all complete Boolean algebras B. To this end, we elaborated the notion
of universe over an arbitrary extensional Boolean-valued system and established a close
interrelation between such a universe and the intensional hierarchy, a Boolean-valued
analog of the von Neumann cumulative hierarchy. This general tool, presented in Section 4,
“The Structure of the Boolean-Valued Universe,” makes our aims easily achievable (see
Theorem 15 and Examples 1-5). As a bonus, we obtain the descriptions of V& by means of
four cumulative hierarchies (see Section 4.3).

Another bonus can be derived from the formalism of eliminable extensions exposed
in Section 2.2. As soon as we know the logical backgrounds of formal definitions, we can
analyze the structure of the low-level set-theoretic translations of definable mathematical
objects and properties. In certain cases, this knowledge can considerably simplify verifica-
tion of the validity of complex assertions inside the Boolean-valued universe. As is known
(see [4] (2.2.9), [5] (4.2.9)), if an assertion ¢(x1, ..., x,) about sets x1, ..., x, belongs to class
2, that is, can be expressed by a set-theoretic formula

(33/1) (Elym) 1/J(x1/---/xn/]/1/~~/]/m),

with all quantifiers in ¢ having the form (Vu € v) or (Ju € v); then ¢(x1, ..., x,) implies
the validity of ¢(x], ..., x;) inside V® for every complete Boolean algebra B. In Section 5,
“Applications of the Lévy Hierarchy, we suggest some additions to the set of tools which
help to successively build more and more complex formulas and terms, while staying
within the class of £ constructions. As an example, we demonstrate that the use of the tools
can shorten the proof of the validity V®& (Pg,, (X)" = Ppn(X")) from a couple of pages to
a couple of lines (see Section 5.4). We also analyze the logical structure of several classical
definitions of the field of reals and find out which of them guarantee the inclusion R" C R
inside V® for all B.
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2. General Formalism

Since the primary audience is not assumed to consist of specialists in logic or formal
languages, we consider it appropriate to start the exposition with describing the logical
machinery of formal definitions, utilization of classes in set theory, and the use of infinite
assertions in implications. In this section, we present the basic information related to the
notion of Boolean-valued algebraic system and formalize the use of definable symbols,
outer terms and external Boolean-valued classes in the syntax of Boolean truth values.

2.1. Logical Prerequisites

As a logical base we use the classical Hilbert-style first-order predicate calculus with
equality. Therefore, throughout the article, we assume that, first, all signatures under
consideration contain the binary predicate symbol “=" and, second, the axioms of the
calculus include the standard axioms of equality.

Definition 1. Let X be a signature. (The signature can be infinite but is always assumed at most
countable and decidable.) By a theory (more exactly, an axiomatizable theory) of signature 3. we
mean an arbitrary decidable subset T of the set F(X) of formulas of signature .. The elements of
T are called the special axioms (or nonlogical axioms) of the theory. Given a formula ¢ € F(¥),
the expression T = ¢ means that ¢ is a theorem of T, that is, ¢ is deducible from the axioms of the
predicate calculus of signature X. with equality and the special axioms of T by means of the classical
deduction rules. If F is a set of formulas, we write T = F whenever T = ¢ forall ¢ € F. The
expression = ¢ serves as a shorthand for & \= @ and thus means that ¢ is provable in the calculus
of signature X without any special axioms. Due to the Soundness and Completeness theorems,
a formula ¢ meets & @ if and only if ¢ is a tautology of signature X, that is, ¢ is true in every
algebraic system of signature . with the standard interpretation of equality. Formulas ¢ and
subject to = (@ < ) are called logically equivalent.

Definition 2. The variables with free occurrences in a formula or term are called the parameters of
the latter. The parameters of a set of formulas or terms are the variables contained in the union of the
parameters of formulas and terms in the set. Formulas and terms having no parameters are called
closed; closed formulas are also called sentences. If x1,...,xy is the complete list of parameters
of a formula ¢, then the closed formula (¥ x1) ... (¥ x,,) ¢ is called the universal closure of ¢ and
denoted by (V...) ¢. Given a set F of formulas, put (V...)F := {(V..)p: ¢ € F}.

Definition 3. Expressions of the form % or T are used to denote arbitrary finite lists of variables or
terms. The cardinality n of a list T = 1y, ..., Ty is denoted by |%|. The formulas

=N ANTy=0y, TEMN---NTy€0y, TWETN---ANTpECT
are abbreviated as T=0¢, T €7, and T € 0.

Agreement 1. We assume that the set of all variables is computably organized into a sequence and
call the corresponding order the alphabetical order. By saying “ ¢ is a formula with parameters X”
or “X are the parameters of ¢” we always mean that X is the complete list of parameters of ¢ listed
without duplicates in the alphabetical order. By the parameters of a finite set of formulas we mean the
union of their parameters listed without duplicates in the alphabetical order. The same is true of the
parameters of terms and of finite sets of terms.

Agreement 2. In what follows, the words “a new variable” or “new variables” stand for the
alphabetically first variables that do not occur in the preceding formulas or terms under consideration.
This agreement is necessary for making the constructions well-defined and keeping the procedures
computable (see, for instance, Definition 7 (d) and Definition 21).

We make a conventional agreement that simplifies the syntax of term substitution.
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Agreement 3. When writing a formula ¢ initially as ¢(xq,...,X,), with X1, . .., X, presupposed
to be pairwise different variables, we do not assume that all the variables x4, . . ., x, participate in ¢
as parameters. We also do not assume that all the parameters of ¢ belong to the list x1, ..., x,. The

initial notation ¢(x1, ..., x,) only means that every subsequent expression of the form ¢(ty, ..., )
X1,/ Xn
Ty Tn
(with possible name collisions eliminated by renaming the bound variables of ¢ occurred in t;). If
X1, ..., Xy are not among the parameters of T, . . ., Ty, then the formula ¢(ty, ..., T,) is logically

equivalent to

denotes the result (p} of simultaneous substitution of the terms Ty, ..., Ty in @ for x1,..., Xy

(Fx1)...Fxn) (x1=T0 A - Axp=Tu N @);

while in the general case we have

Fo(t,...,w) € Fv) ... Cu) (=t A Ayn=T A @1, Yn)),

where 1, . .., Yn are new variables (see Agreement 2).

The analogous agreement is proposed about the notation of the form T(x1,...,x,) and its
relation to the result T(Ty, ..., Ty) of simultaneous substitution of the terms Ty, ..., Ty in the term
T for x1,..., Xn.

Definition 4. In what follows, N = {1,2,...} is the set of naturals; w = {0,1,2,...} is the
least infinite ordinal. The class of all ordinals is denoted by Ord; and the class of all limit ordinals,
by Lim Ord. Moreover, we use the notation

Ord® := OrdU {0}, LimOrd® := LimOrd U {co},
where co & Ord and o < oo for all « € Ord. The symbol “C” stands for the non-strict inclusion.

2.2. Eliminable Extensions

After examining several examples of definitions, we formalize the notion of definition
as an eliminable extension of a theory; present a useful criterion for the eliminability of
an extension; clarify the notions of correct and conditionally correct definition; list the key
properties of an elimination of definable symbols; and justify iterative definitions and the
union of independent definitions.

We start with a brief description of a possible formalism behind introduction of new
notation and terminology, that is, extension of the language of a theory by means of
definitions of new formulas and terms, suchasx C y, f: x =y, P(x), x Uy, &, N.

The role of the formal language of set theory is conventionally played by the first-
order predicate language F(€) of formulas of signature € = {=, €}. Initially, the language
consists of the atomic formulas x =y and x € y (with x and y arbitrary variables) and the
formulas recursively constructed from simpler formulas by means of propositional and
quantifier connectives.

Suppose that we would like to extend the language of set theory with the new formula
x C y and the two new terms P (x) and @. To this end, it suffices to consider the signature
€* = {=,¢,C,P,o} that enriches € with the binary predicate symbol C, unary function
symbol P, and constant @. As a result, the formal language F(€™) of the extended signa-
ture € contains such new atomic formulas as @ € x, P(x) C P(P(2)), and so forth, as
well as various formulas recursively constructed from the new formulas, including, for in-
stance, the formula (3x) (@ € x A P(x) C P(P(2))) that literally belongs to the extended
language F(€") and does not contain any abbreviations or informal notation.

By enriching the signature € to €* we extended the language with some new expres-
sions but did not make them “sensible’” The task can be performed by adding axioms that
play the role of the corresponding definitions. Consider the formulas
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Sub(x,y) = (Vz)(zex=z€y),
Pwr(x,y) := (Vz)(z€y < Sub(z,x)),
Emp(x) := —=(3z)(z€x)

and denote by ZFC”* the theory of signature € obtained from ZFC by adding the following
three special axioms:

xCy < Sub(x,y), y=P(x) & Pwr(x,y), x=2 < Emp(x).

Since the formulas Sub(x, y), Pwr(x,y), and Emp(x) belong to the language of signa-
ture €, every formula ¢ of the extended language F(€™) admits a “translation” into the
initial language F(€), an equivalent formula [¢] of signature €. The translation procedure
can be organized recursively by passing through the logical connectives and transforming
the atomic formulas of signature €* according to the above definitions:

[ Ayl = [l ATYl, [-e] = ~lel, [Ex)e] = 3x)[e],
[x=y] =x=y, [xey] =x€y,
[cCT] = [Sub(o,7)], [t=P(0)] = [Pwr(o,T)], [t=&] = [Emp(7)],

[Plo)et] = Ay)([y=P)A[yet]), [Der] = Fy)(ly=a]1A[yeT]),
[TeP(o)] = Ay)([ly=P) ] A[tey]), [rtea] = Fy)(ly=2a]A[Tey]),

where x and y are variables; ¢ and T are terms of signature €; ¢ and ¢ are formulas
of signature €*.

It is important to note that the formulas (V x)(3!y) Pwr(x,y) and (3! x) Emp(x) are
provable in ZFC, which guarantees the correctness of the definitions introduced: formal
reasoning within the extended theory ZFC* belongs to legal deduction means, that is, the
use of definitions does not make it possible to prove anything unprovable in the pure ZFC.

Definition 5. Guided by the above example, we may conclude that a definition, or an introduction
of new notation, is a conservative extension of the theory which admits elimination, “restatement”
of the assertions of the extended language in terms of the initial language.

Consider a theory T of signature X.. An eliminable extension of T, or an extension of T by
means of definitions, is an extension of T to a theory T* of a richer signature * subject to the
following conditions:

(@) T* isa conservative extension of T, that is, T* = ¢ implies T + ¢ for each ¢ € F(X);

(b) foreach ¢ € F(X*) there exists € F(X) such that T*F (¢ < ¢).

(Analogs of the notion of eliminable extension can be found in the literature under the name of
definitional or inessential extension.) The special axioms of T* that do not belong to T are called
the definitions or the defining axioms; the formula 1 in (b) can be called a translation of ¢ into the
language of T or a restatement of ¢ in terms of L.

Observe that the set ©*\X of new symbols can be infinite (see, e.g., Definitions 6 and 11).
Nevertheless, due to the requirement that the signatures and the sets of axioms are decidable (see
Definition 1), each eliminable extension T C T* admits an elimination in the form of a computable
function

[-]: 9 € F(Z7) = [9] € F(X)
mapping each formula ¢ of signature £* to a formula [ @] of signature ¥ so that

T F(e<Tol]).

We present a criterion for the eliminability of an extension that is easily verifiable for
the majority of definitions occurred in mathematical practice.
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Theorem 1. Let X* be a signature that enriches a signature X by a set P of new predicate symbols
and by a set F of new function symbols, and let T* be a theory of signature ¥* that extends
a theory T of signature X.. The theory T* is an eliminable extension of T if and only if there is
a function mapping the symbols s € P U F to formulas sy of signature ¥ so that

T F (p(%) & ps(%)) (peP),
T (y=f(%) & fu(Xy) (feF),
TE@@y) (X,y) (f€F),
T TH\T,

where T is the theory obtained from T by adding the special axioms

p(¥) & pe(¥) (p€P),
y=f(¥) & fu(¥,y) (f€F).

Proof. Sufficiency: The conservativity of the extension 7 C 7T* can be easily verified
with the help of the Soundness and Completeness theorems. An elimination for 7* can
be defined by starting with the elimination available for the atomic formulas and then
recursively extending it to all formulas by preserving the logical connectives.

Necessity: Given p € Pand f € F, put px(¥) = [p(¥)]* and fu(¥,y) = [y=f(¥)]",
where [-]* is an elimination of the extension 7 C 7*. We only need to verify the con-
dition 7+ + T*\T. Consider an arbitrary ¢ € T*. The above-proven “sufficiency”
implies that the extension 7 C 7" admits an elimination [-]*. Since T*F (¢ < [¢]*),
T E(pele]|"),and T*ETH, wehave T*F ([@] T < [¢]*) andso T+ ([¢]T < [¢]¥).
Taking account of 7* F ¢, we successively deduce 7*  [¢|*, T F [¢]|*, T F [¢],
TrEJel", T Fe. O

Agreement 4. The condition T + (3!y) fx(X,y) in Theorem 1 is conventionally called the
correctness of the definition y = f(X) < fx(¥,y). (If the correctness is violated, the extension T *
of a consistent theory T fails to be conservative.) Nevertheless, mathematical practice is replete

with examples of terms f(¥) being correctly defined only under certain conditions §(X) on the
parameters X = x1,...,Xy:

TF(6(%) = 3'y) (%)),

Such a conditionally correct definition can always be made correct by letting f(X) = x1 in the case
of ~0(X): T F(y=fF) & (6(%) A fe(fy)) V (-6(%) Ay=x7)).

The above modification is implicitly assumed to be applied to each conditionally correct definition.

Agreement 5. As is easily seen, every elimination [-| of an eliminable extension T C T * trans-
lates formulas of the initial language to equivalent formulas: T = (¢ < [¢]) forall ¢ € F(X). The
elimination is also invariant with respect to the logical connectives: T = ([o A < [@] A [¢])
and so forth. Moreover, the translation procedure can always be reorganized so that

(a) the initial formulas are unchanged: [ = ¢ forall ¢ € F(X);
(b) the logical connectives are preserved:

[ AT =Tel TPl [mel ==[g], [Bx)¢] = (3x)[e], ete;

(c) each formula ¢ is translated to a formula [ | with the same parameters.

In what follows, we assume that every elimination under consideration possesses the above-
listed properties (a)—(c).

Due to property (b), the translation of a formula does not depend on the context in which
the formula is contained in superformulas. We thus may regard any formula ¢ of the extended
signature ¥.* as a synonym (denotation, shorthand) for its translation [ @] into the initial language
of X and handle the new formulas so as if they belong to the formal language of the basic theory T
under consideration.
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Remark 1. If Ty is an eliminable extension of T, and T is an eliminable extension of T, then T
is an eliminable extension of T . This trivial observation justifies iterative definitions of new symbols
by means of those previously defined.

Remark 2. Let T be a theory of signature X, and let Ty and T, be eliminable extensions of T
of signatures 1 and X, with £1 N Xy = X. Then the theory T U Ty of signature £ U Xy
is an eliminable extension of T (cp. [7] (Theorem 20.6)). This justifies correctness of the union
of independent systems of definitions.

2.3. Classes in Set Theory

After introducing the syntax of subclasses of sets as an eliminable extension, we will
formalize the extension of the language of set theory by arbitrary definable, or internal,
classes with the aid of so-called syntactic sugar.

Definition 6. In order to demonstrate an eliminable extension of ZEC with infinite set of new
signature symbols, we will formalize the enrichment of the language of set theory by terms of the
form {xey: ¢}.

Let x and y be different variables and let ¢(x,y, Z) be a formula, where Z = z4, ..., zy is the
alphabetically ordered list of all parameters of ¢ other than x and y. For each triple x, vy, ¢ described
above, enrich the signature of set theory by the function symbol (x € y : @) of arity n+ 1, introduce
the abbreviation

{xey: vy )} = (xey:9(xy 2)(y2),
and add the defining axiom

xe{xey:pxy2)} & xcy A o(x,y,2).
Due to the obvious provability of the equality

(xey:oxy2)(v,@) ={ucv: ¢u,o®)}

(with v and © = w+, . .., wy arbitrary variables, and u a variable different from v, @), we can avoid
using the general expressions of the form (x €y : ¢)(...) and confine ourselves to the use of the
terms {x €y : ¢}.

Remark 3. Since the new symbols (x € y : ¢) were introduced for the language whose signature
had not contained those symbols, the language has not been enriched by expressions of the form

{xe{yeo:9}: p({zeT:x},...)}.

This restriction can be removed, for instance, by the union of the sequence of extensions, each of which
enlarges the admissible nesting depth of the new constructions in each other. The corresponding
procedure can be called the grammatical closure (cp. (1)).

The formalism of eliminable extensions described in Definition 5 does not allow
us to enrich the language of ZFC by the terms {x: ¢} of arbitrary definable classes and,
in particular, by the terms V and V®. (No consistent extension of ZFC can provide the
theorem (Vx)(x € V) for a term V, since the formula (Jy)(y = V) is deducible in the
predicate calculus.) Similarly to the case of eliminable extension, extension of the language
by the syntax of definable classes assumes enrichment of the signature by new symbols;
but the theory per se is not extended, and the role of elimination is played by the so-called
syntactic sugar, an explicit translation procedure of the formulas of the extended language
into the language of the initial signature.

In this subsection, when writing a formula as ¢(x, jj), agree to suppose that jj is the
complete list of parameters of ¢ other than x, while x need not participate in ¢.
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Definition 7. Let X be an arbitrary signature. For each pair x, ¢, with x a variable and ¢(x, ij)
a formula of signature ¥, consider the function symbol (x : @) of arity |ij| and introduce the notation

{x: ¢} for the term (x: @) (ij):

{x:o(x, i)} = (x:0(x, ) (H)-

The symbols (x: @) are called class symbols, and the terms {x: ¢} are classes or, more exactly,
definable classes or internal classes. Denote by cl X the signature obtained from X by adding the class
symbols (x: @), with ¢ € F(X). Let c1“€ be the smallest enrichment of the standard set-theoretic
signature € = {=, €} that is closed under the formation of classes:

o€ = €;
Cln+1€ = cl(cl"€), ne w, (1)
Y€ = U cl"€E.
new

There exists a unique mapping [+|: F(cl“€) — F(€) subject to the following conditions:

(@) [-] isidentical on F(€), that is, [@| = ¢ for the formulas ¢ of signature €;
(b) [-] preserves the logical connectives, that is,

[oApl=ToI A9l [-9] ==[¢], [Bx)@]=(Fx)[¢], etc;
(c) for all variables x and y, all formulas @(x,y1,...,Yyn) of signature c1“€, and all terms
Ty, ..., Ty Of signature cl“€,

[ye(x:p)(t,...,m)] = [go(x,rl,...,’rn)|ﬂ;

(d) for each variable x and all terms T, o of signature c1“ € that are not variables,

[x=1] = [t=x] = Vu)([uet] ©uecx),
[tex] = Gu)(f[u=t] Nuex),
[t=0c] = Vu)([uet] & Juecc]),
[tec] = Fu)([lu=1]| A [ueca]),

where u is a new variable (see Agreement 2).

The mapping [+ is called the elimination of classes.

Say that terms o and T of signature cl“€ are syntactically equivalent and write ¢ = T,
whenever o and T are interchangeable without affecting the result of elimination, that is, [@|X] =
[@|X] for every formula ¢ of signature c1“ € and every variable x. From condition (d) it is clear
that the equivalence o = T amounts to the equality [u € T| = [u € 0|, where u is not a parameter
of T or 0. Moreover, if ¢(x,Y1,...,Yn) is a formula of signature c1“€, 1, ..., T, are terms of
signature 1€, and Y(x,z1,...,2m) == @(X, T, ..., Tn); then, according to (c), we have

[ue(x:o(x,§))(0)] = Tol, D)l = [9x D)1 = [ue (x:p(x, 2))(2)]
= [ue{x:9p(x,2)} = [uc{x:o(x 1)}

and, consequently,
(x19(x, 7)) (%) = {x:9(x,T)}.

Therefore, every term of signature c1€ is syntactically equivalent to a suitable class, and so we
may refuse to employ expressions of the form (x: @) (...) and confine ourselves to the use of classes
{x: ¢} without decreasing the expressive power of the language (cp. Definition 6).

The parameters of a class {x : ¢} are the parameters of the class as a term of signature c1“€,
which evidently coincide with the parameters of ¢ other than x. For instance, if the formula v(x, B)
of signature € expresses the containment of a set x to the classical B-valued universe, then the term

V® := {x:v(x,B)} = (x:v(x,B))(B)
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of signature 1€ is a class with parameter B.

Remark 4. Due to Definition 7, the language of each theory of set-theoretic signature € can be
extended by the use of classes. Moreover, the extension is purely syntactic and has no relation
to the theory. The enrichment of the signature € C cl“€ is not accompanied by any extension
of the axiomatics. In particular, classes do not become terms of the theory under consideration,
and the logical axioms remain corresponding to the predicate calculus of the initial signature €.
(For instance, if x and y are variables, C is a class, and the theory does not contain the axiom of
extensionality, then the formula (x=C ANy=C) = x =y needs not to be a theorem.) In this
respect, formulas of signature cl“€ are not full-fledged participants of the theory and, due to the
syntactic sugar, are regarded as synonyms (denotations, shorthands) for the results of elimination of
classes applied to them.

Conditions (a)—(d) of Definition 7 determine the elimination of classes only for the formulas
of signature c1“ € and are not applicable to any extension by means of definitions. If classes are used
in the language of an eliminable extension, then, for translating a formula into the initial language
of signature €, we should, first, apply an elimination of the extension (in order to obtain a formula
of signature c1“€) and, next, eliminate the classes.

Agreement 6. Terms are conventionally regarded as particular cases of classes, since every elim-
inable extension of ZFC proves the equality T = {x : x € T} for each term T (whose parameters do
not include x). Therefore, when calling any symbol X a class, we do not exclude the case in which X
is a variable or a term definable by an eliminable extension of ZFC.

The above agreement does not mean replacement of set theory by any theory of classes
and does not extend the language of formulas by quantifiers over classes. Even if a sym-
bol X is chosen to mean a class {x : ¢(x)}, the expression (3Y C X) ¢(Y), which is
a shorthand for the formula (3Y)((Vx)(x €Y = ¢(x)) A¢(Y)), is interpreted as existence
of a set (not a class) Y C X possessing the property ¥ (Y).

The phrases “for all classes” and “there exists a class” are meta-quantifiers. The corre-
sponding statements usually produce infinite assertions (see Section 2.4 below) and are
formalized on the meta-theoretical level. For instance, if ¢(x) and ¥ (x,y) are formulas,
and the statement

“for every class X, ¢(X) if and only if (X, Y) for some class Y”

is asserted to be a theorem of ZFC, then the conjunction of the following two meta-assertions
is actually meant:

(a) for an arbitrary class X, there is a class Y such that ZFC F (¢(X) = ¢(X,Y));
(b) for arbitrary classes X and Y, ZFC F ((X,Y) = ¢(X)).

Definition 8. If X is a class, then the phrase “X is a set” means the formula (3y)(y = X) or,
more exactly, (y)[y = X|. (Here y is not a parameter of X.) The negation —=(3y)[y = X|
formalizes the phrase “X is a proper class””

2.4. Infinite Assertions

Infinite assertions are specific for the subject under consideration. Those are infinite
sets of formulas. For instance, the assertion “i(X) is valid for all classes X” is constituted
by all the formulas y({x: ¢}), with x a variable and ¢ an arbitrary formula. The examples
of infinite assertions are also “X is a model of ZFC” (see Proposition 8) and “X meets the
maximum principle” (see Definition 43).

Mathematical texts often use “declarations of hypotheses’” Such a declaration means
that, within a fragment of reasoning, certain conditions are assumed to be valid or some
variables are fixed and play the role of objects with certain properties. As an example serves
the phrase “in what follows, B is a complete Boolean algebra” that the next subsection
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of this article starts with. Actually, the phrase fixes the letter B and adds a temporary
axiom 7y (B) that formalizes the assertion “B is a complete Boolean algebra”

In most cases, the effect of declaring a hypothesis is quite clear at the informal level,
but the use of infinite sets of formulas as hypotheses or conclusions requires accuracy.

Logical connectives with infinite assertions make sense due to the apparatus of formal
deduction. For instance, if at least one of the assertions I' or A is infinite, then the implication
I' = A itself has no sense; while the phrase “I' implies A within the theory 7" can be
formalized as 7, T I A, that is the deducibility of A from the hypotheses I within 7.

Definition 9. Let T be a theory of signature % and let T and A be arbitrary sets of formulas of
signature ¥. (The sets I and A can be infinite and may have parameters.) Assume that the formulas
in A do not contain quantifiers over any parameters of I'. The deducibility of the conclusion A from
the hypothesis I within T is written as T,T = A and defined by means of the notion of formal
deduction in predicate calculus: For every formula 6 € A there is a finite sequence of formulas
@1, .., Qn such that ¢, = 6 and each formula ¢; either belongs to T UT or is obtained from the
previous formulas @1, . .., ¢;_1 by one of the classical deduction rules save the rules with quantifiers
over the parameters of I'. Informally, the latter means that the parameters of the hypothesis are fixed
and play the role of constants (cp. Proposition 3).

The propositions presented in this subsection are well known and can be easily verified
by using the Soundness, Deduction, and Completeness theorems.

Proposition 1. Let T be a theory of signature . and let T and A be arbitrary sets of formulas of

signature ¥. such that the parameters of T are not quantified in A. Then the following are equivalent:

(@ T,I'FA;

(b) T,TEéforalléd € A;

(c) forevery 6 € A there is a finite subset {y1,...,vn} CT such that T+ (y1 A+ Ayn=9)
or, which is the same, T = (V...) (71 A -+ Ayn = 0);

(d) for every model X of T and every valuation v: V. — X of the parameters V of T U A, the
validity X & y[v] of all v € T implies the validity X  é[v] of all § € A.

Proposition 2. Let T be a theory of signature ¥. and let T be an arbitrary set of formulas of
signature ¥. Suppose that
* i TH @8 A Am)

for every finite subset {~y1,...,vn} C T with parameters &. Then T conservatively complements T
in the following sense:
TThe & The

whenever ¢ is a formula of signature X and the parameters of I do not occur in ¢.

Another approach to a formalization of a decidable set of hypotheses I' consists in
replacing the parameters of I' with new constants and extending the theory 7 with T
regarded as an additional set of axioms. After discarding the hypotheses in this way, we
can use the standard deduction in the extended theory.

Proposition 3. Let T be a theory of signature ¥, let T be a decidable set of formulas of signature %,

and let V. = {vq,vy,...} be the (finite or infinite) set of all parameters of T. Consider the

signature .U C obtained from X by adding the set C = {c1,cy,... } of new constants. Given

a formula ¢ of signature ¥, denote by ¢(C) the result of substituting the constants c; for the free

variables v; in ¢. Let T UT(C) be the theory of signature ©. U C obtained from T by adding the set

of axioms T'(C) = {y(C) : y € T'}.

(a) If ¢ is a formula of signature X without quantifiers over V, then the deducibility T,T = ¢
is equivalent to T UT'(C) = 6(C).

() If T+ (39)(y1 A+ Ayn) for every finite subset {7y1,...,vn} C T with parameters ¥,
then T UT(C) is a conservative extension of T.
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Declaration of a finite set of hypotheses {1, ..., s} obviously reduces to the case of
a single hypothesis 7y := y1 A -+ - A 7, and admits a simpler formalization based on the
following fact.

Proposition 4. Let T be a theory of signature ¥. and let (%) be a formula of signature ¥. with
parameters G = vy, ..., vy. Consider the signature ¥. + ¢ obtained from ¥ by adding the constants
¢=c1,...,cmand let T+ (&) be the theory of signature X + ¢ obtained from T by adding the
axiom y(¢E).

(a) For every formula 6(9) of signature X without quantifiers over 9,
T+v(E)F6E) & T,ybé & TrH(y=0) & Tk N)(v(%)=5(7)).
(b) If T+ (39) () then T+ y(&) is a conservative extension of T .
For instance, under the hypothesis “B is a complete Boolean algebra;” the expression
ZFC I~ (VP ZFC),

which symbolizes the provability in ZFC of the infinite assertion “V® is a model of ZFC’
is formally equivalent to the deducibility

ZFC, B is a complete Boolean algebra - (V® F ZFC);

the latter in turn means that, for every sentence ¢ that is a theorem of ZFC, the following
equivalent conditions hold:

(a) ZFC, B is a complete Boolean algebra - (V® E ¢);

(b) ZFC I (V B)(B is a complete Boolean algebra = V@ ¢);

() ZFCp - (VO E ¢),

where ZFCj is the conservative extension of ZFC obtained by adding the constant B and
the axiom “B is a complete Boolean algebra”

2.5. Boolean-Valued Algebraic Systems

In this subsection, we formalize the notion of Boolean-valued algebraic system, in-
dicate the main syntactic properties of the Boolean truth valuation, and recall the basic
notions related to Boolean-valued systems: extensional function, Boolean-valued class,
model of a theory, separated system, subsystem, isomorphism.

Throughout the rest of the article we argue within ZFC. In particular, all the lemmas,
propositions, and theorems are assumed to be stated and proven in ZFC. When introducing
any definitions, declaring any hypotheses with parameters, or using internal classes, we
implicitly enrich the signature and conservatively extend the axiomatics of the theory,
but conventionally preserve the name of ZFC for the extended theory and identify the
formulas ¢ of the extended language with the formulas [ ¢] of the initial language obtained
by the corresponding eliminations.

In what follows, B is a complete Boolean algebra.

Definition 10. By saying that X is a B-presystem of signature %, we mean that

(a) X isaclass;

(b) X is a predicative signature, that is, a signature that consists of only predicate symbols;
(c) acomputable function p — [ply is defined that maps symbols p € X to classes [p]y;
(d) X # @and [ply: X" — B for each n-ary predicate symbol p € X.

The class functions [p)y are called the B-valued interpretations of the symbols p € X.
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Assertion (d), that is infinite in case X is infinite, is assumed to be appended to
ZFC as a hypothesis whose parameters are B and the optional parameters of X and [p]y;
see Section 2.4.

Definition 11. Given a B-presystem X of signature X, define the truth values [¢|, of formulas
@ along the lines of Definition 6. Namely, for each formula ¢ of signature ¥. with parameters X,

introduce the function symbol (@), of arity |%|, agree to write the term (@(X))(¥) as [¢]y, and
extend the theory by the definitions

x = [Plx(%),
[PVl = [olx Vi [¥lx, [0 APl = [@]x A5 [Py
9l = “slole o= ¢l = sl Vs [Py
[(EFx) gl = Villgl:x e X3, [(VX)gl = As{lgly s x € X}
for all variables x, %, predicate symbols p € X, and formulas ¢,  of signature X, where —y is

the complement operation in B. The above definitions are conditionally correct (see Agreement 4)
provided that the parameters of the formulas under consideration belong to X.

@

Equalities (2) correctly define the function symbols (@), within ZFC under the hypoth-
esis “X is a B-presystem” According to Definition 5 and Section 2.4, the definitions lead to
a conservative extension of ZFC that proves (VX € X) [¢(X)], € B for each formula ¢ of
signature X..

Strictly speaking, the parameters of the term [¢], are not only those of the formula ¢,
but also the parameters of the hypotheses declared in the definition of Boolean truth
values (including the variable B and the optional parameters of the classes X and [p]y).
Nevertheless, with account taken of Propositions 3 or 4, the parameters of hypotheses can
be regarded as constants and excluded from the arguments of the function symbols (¢).
Lemma 1. Let X be a B-presystem of signature X, let ¢(X) be a formula of signature ¥ with
parameters X, and let ij be an arbitrary list of variables with |ij| = |%|. Then (the extension of ) ZFC
proves that, for all jj € X,

() [(P]X}; = [(P|;]X’
(b) (¢(%))x(H) = [@(#)]x-

Proof. (a): Consider the case of an atomic formula, p(¥), with p € . According to defini-

tions (2), for all ¥, i € X we have [p(¥)]y = [plx(¥), [p(#)]x = [p]x(), and, consequently,

The case of a complex formula ¢ is easily proven by induction on the complexity.
(b): Due to equality (a) we have

From equality (b) it follows that the expressive power of the language will not decrease
if we refuse to employ expressions of the form (@), (...) and confine ourselves to the use
of terms [¢], (cp. Definitions 6 and 7).

Definition 12. Let X be a B-presystem of signature ¥ and let ¢(X) be a formula of signature X

with parameters X. On assuming ¥ € X, say that ¢(X) is valid in X and write

XFo(X)
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provided that [¢(X)]y = 1. Given a set F of sentences of signature ¥, say that F is valid in X
and write X E F whenever X E ¢ forall p € F.

Remark 5. Since the article is devoted to the study of Boolean-valued systems of set-theoretic
signature (that is constituted by predicate symbols only), we considered it appropriate to simplify
the exposition by excluding function symbols from Definitions 10 and 11. It is worth noting that the
traditional approach, in which n-ary function symbols f in a system X are interpreted by functions
[flx: X™ — X, is not the most general solution in the Boolean-valued case. Indeed, in this approach,
forall ¥ = x1,...,x, € X, the condition

XEQ@y)(f(E) =y)

is fulfilled in a considerably stronger form,

By e X) Xk (f(¥) =v),

which automatically provides the maximum principle for the formula (3y) (f (X) = y) (see Defini-
tion 43). A less restrictive approach consists in considering a predicate symbol f* of arity n+ 1
with interpretation subject to

F(VE)(Ey) ff(%y)

and then employing the eliminable extension in which the function symbol f is defined via f* by the
axiom

fE)=y = f (&)
Anyway, such a generalization is unnecessary for the present article.

Definition 13. Let X be a B-presystem of a signature with equality. Say that (X, [=]y) is a B-
model of equality if forall x,y,z € X

[
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or, which is the same, the axioms of equality for signature {=} are valid in X:
XEM.)((x=x)AN(x=y = x=y)AN(x=y Ay=z = x=2)).
Let (X, [=]y) be a B-model of equality.

Proposition 5. The following properties of a function ®: X — B are equivalent:

(@) @(x) As[x=yly < P(y) forallx,y € X;

(b) (x) As [x=yly = P(y) As [x=yly forall x,y € X;

(© [x=yly=sb=P(x)N\gb=D(y) N\sb forallx,y € X, b € B;

(d) [x=yly <(P(x) <3 D(y)) forall x,y € X, where (a3 b) = (—pa Vg b) Ny (50 Vs a).

Definition 14. A function ®: X — B subject to each of the equivalent conditions (a)—(d) of Propo-
sition 5 is called extensional; see [1] (3.5), [4] (2.5.5), [5] (4.5.6). Say that afunctzon <I> X" — B
is extensional if @ is extensional in every of the n arguments, which is equivalent to each of the
following four conditions (see Definition 3):

(%) N [X =] <p P(¥);

O (%) N [X =Tl = () Ns
x:y]x >pb = ( ) Np b
¥=lx < (P(X) =5 2(i)))

[ =1ilx;
= O(ij) N\s b;
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forall¥ =x1,...,xs € X, i=vy1,...,yn € X, b € B.

Extensional functions ®: X — B are also called Boolean-valued classes in X (see [1] (3.5),
[4](2.5.8), [5] (4.6.1)) and are employed in the language of truth values in a manner similar to the
use of classes in the language of set theory (see Definition 22 below).

In the sequel, the assertion that ®: X — B is a Boolean-valued class (i.e., O is extensional)
will be written as ® € X.

Let X be a predicative signature with equality.

Proposition 6. The following properties of a B-presystem X of signature . are equivalent:

(@) (X,[=]x) is a B-model of equality and the interpretations [p],: X" — B of all the symbols
p € X\{=} are extensional;
(b) the axioms of equality for signature . are valid in X:

XEM.)((x=x)A(x=y = x=y)AN(x=y ANy=z = x=2));
XE(V.)(p(®) N E=§ = p(§)) foreach symbol p € T\{=};

() XE (¥..)¢ for each axiom ¢ of predicate calculus of signature ¥. (with equality);
(d) XE (V...)@ forall formulas ¢ deducible in predicate calculus of signature ¥
(e) all closed tautologies of signature X. are valid in X.

Whenever the equivalent conditions (a)-(e) hold, say that X is a Boolean-valued (more
exactly, B-valued) algebraic system of signature . We will also use the shorter synonyms:
Boolean-valued system and B-system of signature X.

The following simple consequence of condition (d) will be often used without explicit
reference:

Proposition 7. Let X be a B-system of signature ¥ and let ¢ be a formula of signature % with
parameters X1, . .., Xu. Then the following function is extensional:

(x1,...,x0) € X" = [p(x1,...,xn)]x € B.

As is known, the deduction rules preserve validity in any Boolean-valued system.
More exactly, the following holds:

Proposition 8. Let X be a B-system of signature ¥ and let T and A be some sets of sentences of
signature X..

(@) If - A then ZECE (XEA).
(b) If ZECF (XET) and T A then ZFCF (X E A).

Therefore, if Th(7) is the totality of all theorems of a theory 7, the assertions
XE (V...)T and XF (V...)Th(7) are equivalent. In each of the cases we call X a Boolean-
valued model (or a B-model) of T and write X F 7. Assertions (c) and (d) of Proposition 6
correspond to the case 7 = @ and state that every B-system is a Boolean-valued model of
predicate calculus.

Definition 15. Let X be a B-system of signature X.. Consider the following equivalence ~ on X:
x~y & x=yly,=1 & XE (x=y).

The system X is called separated if x ~y < x =y for all x,y € X. In the case of a 2-system, where
2:={0,1} is the simplest Boolean algebra; X is separated whenever the interpretation of equality
in X is standard: [=],(x,y) =1 x=y.
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The quotient X := X/~ (see [4] (2.5), [5] (4.5)) is a separated B-system that is elementary
equivalent to the initial system: [@|z = [@]y for every sentence ¢ of signature ¥.. Moreover, for
each formula ¢ of signature . with parameters x4, . . ., X, we have

(@Y1, yn)lz = [@(x1, .., xn) 5,

whenever x1,...,x, € Xandy; = X; € X are the cosets of x;.

Definition 16. Given a B-system X of signature ¥, a B-system Y is called a subsystem of X if
Y C Xand [p], = [ply|y forall p € .

Definition 17. Say that a class f is an isomorphism between B-systems X and Y of signature &
and write f: X < Y, if f is a bijection between X and Y subject to the condition

(Vx1,...,xn € X) [plx(x1, o x0) = [p)y (F(x1), ..., f(xn))

for each n-ary symbol p € X.. As is easily seen, if ¢ is a formula of signature ¥. with parameters
X1,...,Xp, then f: X <3, Y implies

(Vx1,...,x0 € X)(VYy1,...,yn €Y)

(FGD) = 11 A A ) = Yo = [9Ga1r oot = [0 cy)l)e O

Say that B-systems X and Y are isomorphic and write X <, Y whenever ZECF (f: X <, Y) for
some class f.

2.6. Eliminable Extensions in Truth Values

According to Definition 11, given a Boolean-valued model X of set theory, the
terms [¢], make sense for formulas ¢ of signature {=, €} but not for formulas containing
any additional definable predicate or function symbols. In this subsection, we discuss and
justify the convenient use of such expressions as [x C yly, [x Ny = @], or [f: R — R],.
We also formalize the use of outer terms in the language of truth values by means of an
eliminable extension that makes it possible to delegate the semantics of a term to the outer
theory and legalizes the expressions of the form [... T...],, with T a term defined in ZFC,
even for the case in which X is not a model of set theory.

Definition 18. Let X be a B-system of signature X, let T be a theory of signature ., let T* be
an eliminable extension of T of an arbitrary (not necessarily predicative) signature ¥*, and let
[+]: F(X*) — F(X) be the corresponding elimination (see Agreement 5). Acting in a similar way
to Definition 11, for each formula ¢ € F(X*)\F(X) with parameters X, enrich the signature of
ZFC by the new function symbol (@) of arity |¥|, introduce the notation [¢], := (p(¥))(X),
and add the defining axiom

[p]x = H(PHX

to ZFC. Note that the extended syntax of Boolean truth values remains invariant with respect to the
logical connectives: the equalities (2) occur provable for the formulas @, 1 of the enriched signature
P

The validity in X for the new formulas ¢ of signature X.* is defined by the conventional relation
XE¢ < [gly =1

The corresponding grammatical closure (cp. Remark 3) enriches the language by terms of the
form [...[@]y...]x and thus makes it possible to consider Boolean-valued models inside Boolean-
valued models (see, e.g., [1]).

Definition 18 makes it possible to regard every Boolean-valued model of a theory T
as a model of an arbitrary eliminable extension 7* of 7. Namely, the following holds:
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Proposition 9. Let X be a B-model of a theory ‘T of signature ¥, and let T* be an eliminable
extension of T of signature L*.

(@) The system X is a model of T* in the sense that X E (¥...) ¢ for each theorem ¢ of T*.
(b) If the signature ¥* is predicative, then the truth value [¢], of every formula ¢ € F(X*)
coincides with its truth value (@) in the class X regarded as a B-valued system of signature ©.*

with interpretations X
[Py () = Hp(xﬂ]w per.
Moreover, X* E T*.

Remark 6. The field of reals R is often defined as an arbitrary Dedekind-complete totally ordered
field. In ZFC, such an ordered field is unique up to isomorphism, but not unique; therefore, the
corresponding definition of the constant R does not meet the conditions of Definition 5. In more
detail, let §(x) be a formalization, in the language of ZFC, of the assertion “x is a Dedekind-complete
totally ordered field,” and let ZFCy, be the extension of ZFC by the constant R and the axiom 6(R).

Proposition 10. If ZFC is consistent, then the extension ZFC C ZFCy is not eliminable.

Proof. It suffices to observe that the formula x = R cannot be eliminated. Indeed, if there
was a formula ¢(x) of signature {=, €} such that ZFCy - (x =R < ¢(x)), then we would
have ZFC + (6(r) = (Vx)(x=r < €(x))) and, in particular, ZFC F (6(r1) A d(r2) =
r1 =r7), which is not the case. [J

However, due to the provability of (3x)d(x) in ZFC, the theory ZFCy occurs a con-
servative extension of ZFC. Moreover, the extension ZFC C ZFCy admits an elimination
in the following weaker sense: every formula ¢ of signature {=, €, R} can be computably
associated with a formula [¢] of signature {=, €} such that

ZFCrt ¢ < ZFCH [¢].

The role of [¢] can be played by the implication é(r) = ¢|X, where (p|]§ is the result
of replacing all occurrences of the constant R in ¢ with a new variable r.

Therefore, the definition of the constant R as “an arbitrary Dedekind-complete totally
ordered field” is formalized by a conservative but not eliminable extension. The lack of
elimination complicates modeling the extension in a Boolean-valued model X of ZFC
(see Definition 18). In the case under consideration, instead of embedding the constant R
inside the syntax of [...];, the symbol R is introduced as “an arbitrary element of X that
is a Dedekind-complete totally ordered field inside X’ This approach is formalized by
adding the constant R and the axiom

(AxeX)(x=R A XEé(x)).

The resultant theory occurs again a conservative but not eliminable extension of ZFC.

Remark 7. The constant R becomes eliminable if we choose a “concrete” definition of the ordered
field of reals (for instance, as the set of decimal fractions or continued fractions, or as the set of cosets
of Cauchy sequences, etc.), that is, a description that provides the uniqueness of the object under
definition.

For example, let p(x) be a formalization, in the language of ZFC, of the assertion that x is
the set of all Dedekind cuts. Employing the formalism of Definition 5, define the constant R by the
axiom x =R < p(x). The symbol R now becomes an element of the formal language of the extended
theory. Since ZFC & (3!x)p(x), the resultant extension is eliminable (see Theorem 1), and we
now have the possibility of extending the syntax of truth values |...], in a Boolean-valued model X
of ZEC onto the formulas ¢ of the extended signature by putting [l = [[¢@]]y (see Definition 18).
As a result, we obtain an eliminable extension, ZFC*, and X occurs a model of the theory.

Since ZFC proves the translation (3! x)p(x) of the formula (3! x)(x =R), the latter is valid
in every Boolean-valued model X of ZFC. In particular, if X is separated and satisfies the maximum
principle (see Definitions 15 and 43), there exists a unique x € X subject to the condition X F
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(x =R). Therefore, each such model has a unique element that “is R” inside the model. The symbol
R not only “names the element x € V subject to the definition p(x),” but also serves as a universal
name for the field of reals in all models of ZFC.

The universality of the constant described is not surprising, since the symbol belongs to the
signature of the language of the theory under consideration rather than to a model of the theory. In
this respect, the constant R does not stand out from the other elements of the signature, including
the predicate symbol € that occurs in expressions [...|, and X = (...) without any special syntactic
modifications. So, the formula X F (x € y) has translation [XF (x€y)| = [[€]x(x,y) =15]
into the initial language of set theory as a formula with parameters x,y. In exactly the same way,
the formula X £ (x=R) has translation [XF (x=R)] = [XE[x=R]| = [XEp(x)] =
[p(x)]x = 1s] as a formula with parameter x.

Remark 8. A possible discomfort brought by the expression X F (x =) is caused not so much
by the universal use of the constant R as by inconsistency of the syntax of truth values with
term substitution: the formula X £ (x =R) is not equivalent to the result (X F (x=y)) HR
of substitution R for y in X & (x=y). Indeed, in the case of a separated model we have X F
(x=y) < x =y and hence

(XE(x=y)[h © (x=y)|; & x=R & p(x),
whereas
XE(x=R) & XEF[x=R] & XEp(x).

The phenomenon is caused by the lack of the identity [¢], ]z = [go]z | for the case in which the
term T is not a variable. Moreover, if the signature ¥. of the system X differs from {=, €}, then the
substitution (P|Z does not make sense at all: the formula ¢ belongs to the language of %, while the
term T belongs to the language of set theory. The truth valuation and term substitution commute
only in the case of the simplest terms, the variables (see Lemma 1(a)).

By definition, the validity X & ¢ amounts to [[@]]y = 1s; hence, elimination of the definable
symbols involved in ¢ is performed “inside” the construction |...], and is not delegated outside its
syntactic margins. This circumstance adequately reflects the concept of modeling: Being a model of
set theory, X interprets in its own way not only the basic predicates = and €, but also all symbols
defined in the theory, including the predicate C, constants &, N, R, function symbols P, U, and so
forth. So, as soon as we know that the validity of the assertion “x consists of all subsets of y” depends
on the model in which it is verified, we easily agree that the formulas x =P (y) and X & (x =P (y))
can be nonequivalent; for a similar reason, the universality of the constant R and the difference
between the formula X & (x =R) and the substitution (X = (x =y)) |ﬂy£ become commonplace, if
we take account of the fact that R is a function symbol like P and only differs in arity.

Remark 9. The definition of the canonical embedding " : V < V® (see [4] (2.2.7), [5] (4.2.7)) as a
unary function symbol " is conventionally accompanied by the agreement on denoting the standard
name " (x) of x as x. Despite the fact that the definition x" = {y" : y € x}1 is recursive, it results
in an eliminable extension of ZFC; therefore, according to Definition 5, the equality y = x" admits a
translation into the language of set theory as a formula A(x,y).

By saying “y is a real” we mean y € R, and the phrase “y is a real inside V®” means
V®E (y € R). One might think that the phrase “x" is a real inside V®" is adequately expressed by
the formula V® & (x" € R), but the experience accumulated in Remark 8 suggests that this is not
the case. Since the definable symbols are subject to elimination inside the truth value construction,
the formula V® = (x" € R) expresses the assertion that, inside V®), the reals contain the standard
name x" calculated inside V®:

VPE(x"eR) & VOPE y)(y=x" AyeR) & VOE (Jy)(Alxr,y) A yER).

On the other hand, by saying “x" is a real inside V®" we assume calculation of x" outside V® and
actually have in mind

(V(B>|:(y€R)) " & @y y=x"AVIEYeR)) < (Fy)(Axy) A VIE(yER)).
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The above formalization is rather bulky. The following approach makes it possible to combine
formality and brevity.

Definition 19. Let X be an arbitrary B-system of signature ¥. Consider the signature X obtained
from X by adding the constant T for each set-theoretic term T. The constants T are called outer
terms. We will define the Boolean truth values for the formulas of signature ¥ in such a manner
that outer terms will be evaluated “outside the Boolean-valued system!” Namely, we introduce the
arbitrarily partitioned into two parts, ¥ = x1,..., Xy, and ij = yy,...,Yyn, and given arbitrary
set-theoretic terms T = Tq,..., Ty, consider the parameters Z of the set ¥ U T (see Definition 2);
enrich the language of ZFC by the function symbol (¢(X,T))y of arity |Z|, with T = 1,..., T,

[p(%, D))y = [p(E D)k|h = (0% )y (%, 7)
or, which is equivalent, by the axiom

b=leE ..., w)lx © (Eyl,...,yn)(ylzn Ao A Y =Ty
Ab= [qo(é'c',yp.--/yn)]x)

The validity X F ¢ (%, %) is conventionally defined as the equality [¢(%,T)]y = 1s.

The use of outer terms considerably simplifies syntax constructions while keeping
them formal. So, the above-discussed assertion “x” is a real inside V®” can now be formally
written as

VOE (2 €R),

and the property (3) of an isomorphism f: X <3, Y takes the more concise form

(Vxp,...,xn € X) [@(x1,..., x0)]x = [@(f(x1), ..., flxn))]y-

Outer terms are used in mathematical practice without any special syntax. This depar-
ture from formalism is conventionally compensated by the context. For instance, in the
presence of subsets X, Y C V®, an extensional mapping f: X — Y, and an element x € X;
it is easy to find out that the expression V®'= (f1(x) = f(x)) (see [4] (3.3.11), [5] (5.5.6))
employs the outer terms f1 and f(x): in the context under consideration, the formula

VOE(f1(x) = f(x))

is actually implied, which is equivalentto (3¢)(3y) (§=f1 A y=f(x) AVEE (¢(x) =y)).
Following the tradition, we will not underline outer terms in the sequel.

2.7. Classes in Truth Values

In this subsection, we extend the syntax of Boolean truth values by definable (internal)
classes and, which is more important, by external Boolean-valued classes. To make the
latter possible, we first describe the general machinery of extending a theory by means of
external classes. Those are undefined unary predicates supplemented with a syntactic sugar
that turns them into constants. Next, arbitrary Boolean-valued classes & are associated
with the corresponding unary predicate symbols Sym(®) that are interpreted by ® and,
therefore, can be used in the language of truth values.

Definition 20. The language of Boolean truth values is extended by the use of internal classes in
much the same manner as in Definition 18. Namely, let € be the standard set-theoretic signature
{=, €}, and let 1€ be the enrichment of € by the symbols of internal classes (see Definition 7). If
X is a Boolean-valued system of signature €, then, given a formula ¢ of signature 1€, the truth
value (@) is defined as [[@]]y, where [-]: F(c1€) — F(€) is the elimination of classes.
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As in Definition 7, if definable classes are used inside a Boolean-valued model together
with other symbols defined by means of an eliminable extension, then, in order to calculate
the truth value [¢],, we should first apply an elimination of the extension to ¢, and then
apply the elimination of classes.

Agreement 7. Such frequently used terms as &, {x}, or x Ny are defined by means of an eliminable
extension of ZEC, but their conventional definitions are not correct within the pure predicate calculus
of signature € without any special axioms; therefore, Definition 18 is not sufficient for making the
expressions [x # @y, [y ={x}]x, or [x Ny = z|, sensible in the case of an arbitrary Boolean-valued
system X of signature €. We can give them sense by the agreement to interpret the terms &, {x},
and x Ny as the names of definable classes:

g =A{u:u#u},
{x} = {u:u=x},

xNy ={u:uexNuecy}.

Then, according to Definitions 7 and 20, we have

72l =[(Vu)uex e uca)y=[Vu)(uex e utu)ly =[Fu)(uecx),
y={x}x=[Vi)(uey e uc{x})]y = [(Vu)(uey & u=x),
[xNny=z]y, =[Vu)(uexny s uecz),=[(VYu)uexAucy & ucz),.

We will repeatedly use the above agreement (see, e.g., Lemmas 2,5, 9, 11 and 13).

The extension of the language of set theory by the syntax of external classes plays
an important role in the theory of Boolean-valued models. The extension consists in
the addition of new predicate symbols that are grammatically used as function symbols.
We will describe the formalism for the case of external classes without parameters.

Definition 21. Let € be the standard set-theoretic signature {=, € }, and let € be the enrichment
of € by a set P of unary predicate symbols. Enrich €* to the signature €. by adding, for each
symbol C € P, the corresponding external class, the constant (i.e., 0-ary function symbol) with the
same name C. (The definition of signature usually requires that the sets of predicate and function
symbols do not intersect; however, in the case under consideration, predicates and constants with
equal names are easily distinguished due to different grammatical roles and arities. For example,
it is clear that, in the formula C(C), the first occurrence of C is a predicate, while the second is a
constant.)
As is easily seen, there exists a unique mapping

[]: F(€) — F(€7)

that is identical on F(€™), preserves the logical connectives, and satisfies the following conditions
similar to Definition 7 (d):

[xeC] = C(x),
[x=C] = [C=x] = (Vy)([yeC|] & yenx)
= (Vy)(Cly) ® yex),
[Cex] = Ay)([y=C] ANy€ex)
= (Jy)((Vz)(zey < C(z)) Ayex), 4)
[C=D] = (Vy)([ye 1 ﬁ/GDU
= (Vy)(C(y) & D(y)),
[D(C)] = [CeD] = (Fy)([y= C1 A WGDU
= (3Y)((V2)(z€y & C(2)) A D(y))
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for each variable x and arbitrary symbols C, D € P, where y and z are new variables different from
x. The mapping |- is called the elimination of external classes.

Let T be a theory of signature €. The extension of the theory T by external classes is the
(conservative) extension T* of T to the above-described signature € without any additional special
axioms, which is supplemented by the use of the formulas of signature € and the elimination of
external classes as syntactic sugar. As in the case of definable classes (see Definition 7), the signature
enrichment € C €7 is not accompanied by any extension of the theory T*: the axiomatics
remain corresponding to the predicate calculus of €*, while the external classes serve as function
replacements for the corresponding predicate symbols on the level of grammatics.

As a result, within T, a sense is given to expressions ¢(x1,...,%m,C1,...,Cy) obtained
from formulas ¢ of set-theoretic signature by replacing some of the parameters with external
classes. Moreover, as is easily seen, for each formula ¢(x1, ..., xm) € F(E), there exist a formula
@(X1, .., Xm, Y1, - -, Yn) € F(E) and external classes Cy, ...,Cy € P such that

[P(x1, ..., xm)] = [@(x1,..., %m,Cq,...,Cn)]

and, in particular,
T F(p(x1,...,xm) € @(x1,..., xm,Cr, ..., Cn)).

If external classes are used together with an eliminable extension of a theory and
internal classes; the rules (4) are not sufficient for translating the formulas into the language
of signature €*. To this end, we should apply, first, an elimination of the extension, next,
the elimination of internal classes, and, finally, the elimination of external classes.

Remark 10. The formalism of Definition 21 can be generalized to the case of external classes with
parameters. In this case, predicate symbols in P may have arbitrary nonzero arities, each symbol
C € P of arity n + 1 is associated with the symbol of external class having the same name C and
arity n, and the elimination rules are appropriately specified. For instance, the first rule of (4) takes
the form

[xeC(t,..., )]
= 3y Cu)([i=al A Ay =] AC(x,y1,- -, Yn)),

where T, . .., T, are terms of signature €. Such a generalization is unnecessary for the present
article.

Basing on Definition 21, we will extend the syntax of truth values by the use of
Boolean-valued classes.

Definition 22. Let X be a B-system of set-theoretic signature € = {=, € }. Consider some classes
Dy, ..., Dy, and extend ZFC by the hypothesis @1, ..., P, € X (see Proposition 5). Denote by
€™ the signature obtained from € by adding new unary predicate symbols Sym(®), ..., Sym(Dy),
and turn X into a B-system of signature € by means of the additional interpretations [Sym(®1)], =
D, ..., [Sym(P,)], = D,. Consider the enrichment € of €™ by external classes with elimina-
tion [+]: F(€Y) — F(E™) (see Definition 21) and, acting in a similar way to Definition 18, extend
the syntax of Boolean truth values by the terms [¢], and formulas X E ¥, ¢ € F(€[), subject to

the definitions

[yl = HIPHXI XEY < [Pl =15
In order to make the expressions less bulky, we write ®; instead of Sym(®;) inside [...],. (This
informality is easily compensated by the context.) As a result, expressions of the form

[p(x1, .o Xm, @1, ..., )]y, XE@(x1,..,xm,P1, ..., Pn) (5)

make sense for formulas ¢(x1,...,Xm, Y1,-..,Yn) of signature € and classes ®; subject to the
hypothesis ®; € X.
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The extended Boolean truth valuation agrees with the logical connectives (cp. (2)) and, ac-
cording to the rules (4), takes the following values at the new atomic formulas of signature €;':

X = [xECI)]X = &(x);
[x=@], = [@=x]y = [(Vy)(yeP = yex)];
A @) <5 lyexly
yeX
[(By)y=P Nyex)]y
V ( N zeylyes q)(z)> N [y € x]y;
yeX vzeX
(Vx)(xed < xeY)],

/\ O(x) <3 ¥(x);
xeX

[F(@)]y = [Pet]y = [Br)(x=P A xe¥)

V ( ANUASEIPE: <P(y)> As Y (x).

xeX MyeX

[® € ]y

(6)

[CD :T]X

In what follows, when considering Boolean-valued classes in any B-system X of signature €,
we will always regard X as a B-system of the corresponding enriched signature € and employ the
expressions (5).

Under the assumptions of Definition 22, consider a theory T of signature € and
let 7* be the extension of 7 by external classes (see Definition 21). Since 7* extends 7T to
a richer signature without additional special axioms, X = T obviously implies X F 7 (with
the external classes interpreted as Boolean-valued classes in X). Therefore, the following
strengthened version of Proposition 8 holds:

Proposition 11. Let T be a theory of signature €; let T™* be the extension of T by external classes
Dy, ..., Dy, and let T and A be some sets of sentences in the language of T*. Extend ZFC by the
hypotheses “X is a B-model of T and ®1,...,®, € X.

(@) If T*F Athen ZFCH (X EA).

(b) If ZECH (XET) and T*,T = A then ZFC+ (XEA).

The following is a consequence of Propositions 7 and 11:

Corollary 1. Let X be a B-system of signature € and let ¢ be a formula of signature € with
parameters X1,...,Xm, Y1,...,Yn. Then, given any Boolean-valued classes ®1, ..., P, € X, the
following function is extensional:

(X1, xm) € XM = [o(x1,..., xm,P1,...,Pn)]x €B.

Remark 11. According to Propositions 8 and 11, given a Boolean-valued model X of a theory T,
there is a possibility of proving the validity of a formula in X by “reasoning inside X” Namely,
let @1,..., ¢, @ be formulas with parameters X =x1,..., Xy, S=d4,...,D,. Assume that,
reasoning within T and treating ®; as unary predicates or external classes, we can prove ¢ basing
on the hypotheses @1, ..., x. Then we may assert that, for arbitrary Boolean-valued classes
Dq,..., 9, €X,

XE VD) (1% P) A Age(%, D) = (%, D)).
In particular, for all ¥ € X, the validity X F ¢1(¥,®), ..., X E (%, @) implies X F ¢(%, D).
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3. Basic Technique

The main tools in dealing with Boolean-valued systems include the apparatus of par-
tial elements, joins of antichains, mixings of subclasses, ascents and descents of various
kinds, as well as the use of Boolean-valued classes in the language of truth values. An-
other useful tool is the analog of Lévy’s Lemma on the absoluteness of bounded formulas
for transitive Boolean-valued subsystems. In this section, we also introduce and study
intensional, predicative, cyclic, regular, and o-regular Boolean-valued systems, examine
the maximum principle, and analyze its relationship with the ascent and mixing principles.

3.1. Partial Elements

Partial elements of a Boolean-valued system are abstract analogs of partially defined
functions: the part x|, of an element x with domain b resembles the restriction of an every-
where defined function x onto a subset b. In this subsection, we introduce and develop the
technique of partial elements and present formalization for using partial elements in the
language of truth values.

Let X be a B-system of an arbitrary predicative signature X with equality.

Definition 23. Introduce the equivalence ~ on the class X x B as follows:
(x,b)~(y,c) & b=c A [x=y|;>sb.

Define the quotient X := (X x B)/~ by using the so-called Frege—Russell-Scott trick (see [4]
(1.5.8),[5] (1.6.8)):

"X = {~(x,b) : (x,b) € X x B};

~(xb) = {Wb) sy € X, [x=yly = b
(VzeX)([x=z]y 25 b = rank(y) < rank(z))},

where rank(y) is the rank of a set y in the von Neumann cumulative hierarchy. By this approach,
the cosets ~(x,b) corresponding to pairs (x,b) € X x B occur to be sets even in the case of a proper
class X. Denote the coset ~(x,b) by x|, and call it a partial element of X or, more exactly, the
part of x with domain b or the restriction of x onto b. The domain b of a partial element p = x|, is
denoted by Ap. Given p = x|, and ¢ € B, put p|c := X|pp.. Moreover, granted P C X U "X and
¢ € B, introduce the notation

Plo:={plc:peP}, "P:={pl,:peP, beB} =] Pl
beB

Ifp € "X and p € X U"X; then write p T P, say that p is a part or restriction of p, and call p
an extension of p, whenever (3b € B) p = p|y, or, which is the same, p = p|ap-

Definition 24. A partial element p € "X is called everywhere defined or global if Ap = 1, or,
which is the same, p = x|, for some x € X. As is easily seen,

x|1B :y|13 A [x:y]leB = X~y

forall x,y € X. In the sequel, we denote x|1, by X and write the relation X = pas x ~ por p ~ x.
Moreover, given Y C X, put _
Y:={y:yeY} =Y,

If X is separated then the equalities X = y and x = y are equivalent. In this case, we identify
the elements x € X with the corresponding global partial elements X € X and thus assume that
X C”X.

Propose an agreement on using partial elements in the language of Boolean truth
values.
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Definition 25. Consider the signature ¥ obtained from ¥ by adding the constant %p for each
set-theoretic term p, and introduce the terms [ip]y, ¢ € F(X"), as follows (cp. Definition 19):

¥ =x1,...,xmand i§j = yy,...,Yyn, and given arbitrary set-theoretic terms p = p1,...,Pn;
consider the parameters z of the set ¥ U jj (see Definition 2); enrich the language of ZFC by the

function symbol (¢ (X, %p))y of arity |Z|, with %p = %p1, . .., %pn; introduce the notation

[p(%,%p)]x = (9(%,%p))x(2);

and extend ZFC by the defining axiom

b= [¢(&%p1,...,%pn)]x © Byi,...,yn € X)(3by,...,by € B)
Pr=vile, N A Pn=VYulp, A
b= [(P(jz'ylr' . 'ryVI)]X Np bl Np -+ /N bn
subject to the conditions ¥ € X, p1,...,pn € "X. Agree to write p instead of %p inside |...].

(The formal syntax can be easily restored from the context.) Therefore, the above definition rewrites
to the equality

(X, 1, pu)lx = [@(X v, Yn)lx As A1 A - As Apu,  pi = Yilap ()

In the case of L = {=, €} we also extend the truth valuation to the formulas that contain both
partial elements and Boolean-valued classes ®,® € X in exactly the same manner:

[p(E 1 P @) = [P Y1, Y D) As Apy Awe - Ao Bpu, i = Yilaps
[@(P)lx = @) As Bp, P = Ylap-
The definitions are correct (see Agreement 4), since the right-hand sides of the equalities (7) and (8)

do not depend on the choice of representatives (y;, Ap;) of the cosets p;. Indeed, if yi|ap, = Zi|ap,
then y; = z;], =p Ap;, and, by Proposition 7 and Corollary 1, we have

®)

[P(X,y1,- - Yn, - )]x Ns Ap1 A -+ - Ng Apy
=[p(X,z1,...,2n, ... )]x Ns Ap1 Ag - - N Ap.

Observe that the above semantics of “partially defined terms” does not correspond to any form
of free logic, and the truth valuation on F(¥X") does not agree with negation: for instance, if p € *X
and Ap = Op then [p=ply = [~(p=p)]x = Os.

With Definition 25 taken into account, the statements of Proposition 7 and Corollary 1
extend to the case of partial elements:

Proposition 12. Let X be a B-system of signature ¥ and let ¢ be a formula of signature X that has
parameters x1, . . ., X, and optionally contains occurrences of partial elements of X and, in the case
of ¥ = {=, €}, Boolean-valued classes in X. Then the following function is extensional:

(x1,...,xn) € X" — [o(x1,...,x4)]x € B.
In particular, for all p,q € "X,
[p(p, - ]x s [p=4lx = [0, )]x As [p=1dlx

Remark 12. Due to Proposition 12, we may substantially simplify the statements of the general as-
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i € *X, and Boolean-valued classes ® € X, it suffices to speak of the values ®(x) or [(Ix)D(x)],
for some class @ € X (see, e.g., Lemmas 6 and 16 and Corollary 2).

3.2. Ascents and Intensionality

Ascents are the key tool in dealing with Boolean-valued systems of set-theoretic
signature. Given a B-valued system X, we introduce and study the ascents of three types:
the ascents P?1 of subclasses P C “X of partial elements, the ascents Y1 of subclasses Y C X
of elements, and the ascents ®1 of Boolean-valued functions ®: Y — B. In all the cases,
the ascents are Boolean-valued classes and therefore can be used in the language of Boolean
truth values (see Definition 22). Another basic notion considered in this subsection is
representation of Boolean-valued classes by elements of the system. The system X is called
intensional if the ascents P71 of all sets P C "X are represented in X. This is one of the main
conditions in the axiomatic characterization of Boolean-valued universe; see [1] (3.4(4)).

The rest of the paper is devoted to the study of Boolean-valued algebraic systems of
set-theoretic signature {=, € }. Therefore, by a formula we will always mean a formula of sig-
nature {=, €} (or of a richer signature obtained by formal definitions), and by a B-systemn,
a B-system of signature {=, €}. To make expressions less bulky, we will usually omit the
indices B and X in the symbols A, [...]y, and so forth.

Definition 26. In what follows, B is a complete Boolean algebra and X is a B-system. According
to Definitions 10 and 13 and Proposition 6, the latter means that X, [=|, and [€], are classes
subject to the conjunction of the following formulas:

X#@, [=]y: X>—= B, [€]y: X*> =B,

forallx,y,z € X,
Fhx ) =15, [=lkixy) = [=kyx), [Ek@n) A=k 2) < [=kxz),
[Elx(xy) AN [=lx(y,2) < [€lx(x,2),  [€lx(xy) A=]k(x2) < [€lk(z,y).

Definition 27. Recall that the equivalence ~ is defined on X by the rule
x~y & [x=yl=1 & XE(x=y),

and the system is called separated whenever x ~y < x =y for all x,y € X (see Definition 15).
Given an arbitrary element x € X, define the function [- € x|: X — B by putting [- € x](z) =
[z €x] forall z € X. Consider the following equivalence ~ on X:

x>~y & [fex]=[€yl & XEVz2)(zex e zey).

As is easily seen, x ~y = x ~y. Say that X is extensional whenever x ~y < x ~ y for all
x,y € X or, which is the same, if the axiom of extensionality is valid in X:

XEMVxy)((Vz)(zex e zey) = x=y).

A separated extensional system is characterized by the fact that its elements are uniquely determined
by the truth values of the containment: x=y < (Vze€ X) [z€x] = [z€y].

Definition 28. The ascent of a set or class P C "X is the function (a class function if X is a proper
class) defined as follows:

Pt: X — B, Pi(x)=\/[x=p]
peP
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GivenY C Xand ¥: Y — B, put Y1 := Y+ and Y1 := {Wleqy) 1y €Y, that is,

YT X B, Yi(x) =\ [x=y],
yey

¥1: X =B, ¥(x) =\ [x=y]A¥(y).
yey

Theorem 2. The following properties of a function ®: X — B are equivalent:
(a) ® € X, that is, O is extensional (see Proposition 5);
(b) @ = P1 for some set or class P C "X;

(@ @={x|px :x€ X}
(d) & =91, whereY:Y — BandY C X is a set or class;
(e) = PT.

Proof. (a)=(c): If y € X then
{*low :x € X)) = V [y=xlow] = V y=2]A2(x) = \/ [y=x] A &(y) = (y).
xeX xeX xeX
The implications (c)=-(e)=-(d)=(b) are trivial.
(b)=(a): If x,y € X then
Prx)Alx=yl =\ [x=plAlx=y] <\ [y=p] = Pt(y). O

peP peP

According to Theorem 2, the ascents P{ are Boolean-valued classes, which fact allows
us to use them in the language of Boolean truth values (see Definition 22). Therefore, the
expressions of the form [¢(x1, ..., Xm, p1,.--,Pn, P11, ..., PcT)] make sense, where ¢ is a for-
mula, x1,...,Xm € X, p1,...,pn €"X,and Py, ..., P, C "X (see Definition 25). The following
lemma lists several useful equalities that employ such expressions.

Lemma2. Letq € "X, P C "X, and Y C X. Then

@) [q€Pt]=Vepla=rl;

(b) [Pt# 2] = Veex PT(x) = Vpep Ap;
© PC*Y = [Pt#0] = Vyey PT( )-
Proof. (a): If x € X and b € B then

wly P = [x€PAb=P(x) Ab =\ [x=p| Ab=\/ [x|,=pl.
peP peP

(b): If P = {x;|p, : i € I}, with x; € X and b; € B, then

Pt #2] = [(3x)(xe PY)] = \/ [xePY] = \/ Pi(x

xeX xeX
=\ Vix=xll =V V [x=x]Ab =\ b
xeX i€l iel xeX iel

(0): If P = {y,ly, : i € I}, with y; € Y and b; € B, then

Pr£o]=\ V x=viAbi=\ \ y=v] b

iel xeX icl yey

=V Vl=vll =V Pty). O

yeY i€l yeY
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Given functions ®,¥: Y — Bonasubclass Y C X, write ® <¥ whenever ®(y) < ¥(y)
forally €Y.

Lemma 3. Consider Y C Xand ¥:Y — B. The function ¥1: X — B is the least extensional
dominant of ¥:

@ ¥ <)y - B
(b) if ¥: X — Bis extensional and ¥ < Y|y then ¥1 < Y.

Proof. (b): If ¥: X — B is extensional and (Vy € Y) ¥Y(y) < ¥Y(y) then, forall x € X,

) = Vix=ylA¥(y) <V x=y] A¥(y) = F(x) = F(x). O
yeY yeY

Lemmad. If ® € Xand P C "X then [® € P1] = V,cp [P =p].
Proof. Let P = {x;|, : i € I}, with x; € X and b; € B. According to the rules (6) we have

[@ecP]=[3x)(P=x AxePt)]=\/[@=x]A\/[x=x] A

xeX icel
—\V V@=xA[x=x]Ab=\/[@=x]rbj=\ [®=p]. O
icelxeX iel peP

Lemma 5.

@) If®,Y € X then XE(®PCY) & d< VY.

(b) If Y C Xand P C *Y then X = (PT CY7T).

@ IfYCX ®EX and P = {y|py):y € Y} then X F (PT =YTN®)and [ CYT] =
[® = P1]. In particular, if X £ (® C Y1) then X F (P = P?1) for some subclass P C *Y.

(d) IfZcYC XthenXE (YT\Zt C (Y\Z)1).

Proof. Assertion (a) is obvious; (b) follows from (a).
(c): Forall x € X,

xePt] =\ [x=ylrnd(y) =V [x=y]A®(x) =[x e YT NP,
yeY yeY

thatis, XF (PT=YTN®)andso [P C YT =[P =YTNP| = [®=P1].
(d): Forall x € X,

reYt\zi] =\ [x=y] Alx ¢ Zt]

yeY

=V lr=vinlxezn) vV x=salrezi))
yeY\Z yeZ

g( \V} [xzy])V([xGZﬂ/\[xézﬂ):[xe(Y\Z)T]. O
yeY\Z

Lemma 6. Let P C *X and ® € X. Then
@) [(3xePT)®(x)] = Vpep [P(p)];

(b) [(VxePT)P(x)] = Apep [R(p)] V —Ap;
© XE(VxePt)®(x) & (YpeP)[®(p)] = Ap.
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Proof. (a): With the equality [®(x)] A [x = p] = [®(p)] A [x = p] taken into account, we have

[(BxePt)@(x)] = \/ [@(x)] A [x € P1]

xeX

=V Vie@rlx=pl =V VI@plAlx=p
xeX peP xeX peP

= V@e@rVx=pl= \I@@Irsp =\ [@(p)
peP xeX peP pEP

The relation (b) is easily deduced from (a); (c) is a partial case of (b). [

Corollary 2. Let Y C X and ® € X. Then

@ [ByeYN) @) = Vyey [@W)];
(b) [(VyeYt) @) = Ayey [@(y)];
() XENMyeY)D(y) & (VyeY)XEd(y).

Definition 29. Say that an element x € X represents a Boolean-valued class ® € X and write
x >~ ®or ® =~ vy, if [- € x] = O (see Definition 27). Therefore,

x>® & (VyeX)[yex] =d(y) & XF(x=9).

As is easily seen, for all x € X, the function [- € x]: X — B is extensional; and so every element
x € X represents the Boolean-valued class [- € x|. An element x € X represents the ascent P of a
set or class P C "X if x ~ P1; that is,

(VyeX)lyex]=lyePt] =\ [y=p)
peP

In particular, if x; € X and b; € B (i € I) then

x{xily ri € [} & (VyeX) [yex] =\/[y=x] Ab:.

i€l

Given an arbitrary subclass Y C X, denote by P (Y) the totality of all elements that represent
the ascents of subsets of *Y:

R(Y) = {x € X: (3P C"Y)(x~PH)}.

Call a Boolean-valued system X intensional if the ascents of arbitrary sets of partial elements
are represented in X:
(VP C"X)(Fx € X)(x ~ P1).

Remark 13. An element x € X representing a Boolean-valued class ® € X is uniquely determined
up to the equivalence =~ and, if X is extensional, up to the equivalence ~. In the latter case, we will
identify the Boolean-valued class ® with the corresponding coset X. Therefore, if X is extensional
and x =~ @ then x ~ ® € X. If X is extensional and separated, then the agreement of Definition 24
takes effect, the representable Boolean-valued classes become elements of X, and the relation x ~ @
turns into the equality x = P.

Definition 30. Given B-systems X, Y and a correspondence f C X x Y, define f* C "X x *Y as
follows:

f*=A{lpyly) : (x,y) € f, b€ B}
If f: X = Y then f*: "X — *Y and Ap = Af"(p) forall p € *X.

The next assertion is easily proven by induction on the complexity of a formula.
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Proposition 13. Let ¢ be an arbitrary formula. If f is an isomorphism between B-systems X
and Y; then ™ is a bijection between "X and ™Y, and

[o(x1, -+, Xm, P1, - P, P11 BT I
= [o(f(x1), -, fxm), £ (1), 7 (pn), (PO, 2 (POT) ]y

forallxy,...,xm € X, p1,...,pn € "X, and Py,..., P C *X.

3.3. Saturated Descents and Predicativity

Let B be a complete Boolean algebra and let X be a B-system. (Recall that the signature
is assumed to be set-theoretic.)

In this subsection, we introduce and study the notion of saturated descent ®J} C *X
of a Boolean-valued class ® € X. The class @} occurs to be the largest class of partial
elements whose ascent equals ®. A Boolean-valued class @ is called predicative if it is the
ascent of a set or, which is equivalent, if ®| is a set. The system X is called predicative
whenever all elements of X represent predicative classes. Predicativity is the last of the main
conditions in the axiomatic characterization of Boolean-valued universe; see [1] (3.4(5)).

Definition 31. Define the saturated descent @ of a Boolean-valued class ® & X as follows:
Ol:={pe™™X:[ped|=Ap} ={x]p:x€ X, b < P(x)}.

The saturated descent x|} of an element x € X is defined as the saturated descent [- € x|| of the
Boolean-valued class [- € x| (see Definition 27). Observe that ®\} and x|l can be proper classes.

Definition 32. Call a class P C "X saturated if P satisfies the two conditions:

peEP = p|, P, p€”X, beB; )
(Vae A)(x|, €P) = x|ya€P, xeX, ACB. (10)

Theorem 3. The following properties of a class P C "X are equivalent:

(a) P issaturated;

(b) (VxeX)(3ceB)(VbeB)(x|,eP < b<c),

() (VxeX)(VbeB)(b<Pi(x) = x|, €P);

) (VqeX)(gePt] = Aq = g€ P);

(e) given a subclass Q C "X, the equality Q1 = P?1 implies Q C P;
(f) P=Pr;

(g) P = @ for some Boolean-valued class € X.

Proof. (a)=(b): Givenx € X, putc = VA, with A = {a € B: x|, € P}. From (10) we have
x|c € P. The rest follows from (9).

(b)=(c): Givenx € X and b € Bwithb < Pf(x), put A= {a € B: x|, € P}. By (b)
there is ¢ € B such that (Va € B)(a € A < a < c¢). Thenb < P(x) = Vpep[x=p] <
Vaea [X=x|a] = VA < cand hence b € A.

(c)=(d):Ifx € X,b € B,and [x|, € P1] = b, thenb = [x € PT] A b < [x € P1] = P1(x)
and so x|, € P by (c).

(d)=(e): If Q C "X, Q1 = Pt,and g € Q, then [g € P1] = [g € Q1] = Ag and hence
g € Pby (d).

(e)=(f): By Definition 31, P1|} = Q, with Q = {q € "X : [g€ P1| = Aq}. Itis clear
that P C Q and so PT < Qf. On the other hand, for each x € X we have Q1(x) =
Vieq [x=4] = Vgeq [x=9] AN Aq = Vgeq [x=4] A g € PT] < [x € PT] = P1(x). Therefore,
Q7T = Pt and hence Q = P due to (e).

The implication (f)=-(g) is trivial.

(g)=(a): Owing to (g) and Definition 31 we have P = {x|, : x € X, b < ®(x)} for
some ® € X, whence (9) and (10) are easily verified. O
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By Theorem 2, a function ®: X — B is extensional if and only if ® = P{ for some
class P C "X. The following assertion states that the saturated descent ®|} plays the role of
sucha P.

Lemma 7. If ® € X then ® = ®|1. In particular, PYT = Pt and x ~ x|} for P C "X, x € X.

Proof. Given x € X and using the containment x|g () € @}, we conclude that

D(x) = [x=x] A P(x) = [x=x|p)] <\ [x=p].
ped|

On the other hand, due to extensionality of @, forally € X and b < ®(y), we have
=yl = x=ylAb < [x=y] A P(y) < D(x). D
The next assertion is a consequence of Theorem 3 and Lemma 7.

Corollary 3. Let ® € X and P C *X. The following are equivalent:
(a) P is saturated and P1 = &;

(b) P is the largest subclass of "X subject to the equality Pt = ®;
(c) P=d].

Therefore, P1J} is the largest among the subclasses Q C "X subject to QT = P7;
and P1 is also the only saturated class among these Q. In this connection, it is natural
to call P1} the saturated hull or the saturation of P. The following theorem implies that
the saturated hull of a set is a set.

Theorem 4. The following properties of a Boolean-valued class ® € X are equivalent:

(a) ® = P71 for some set P C "X;

(b) ® = Pt for some saturated set P C "X;

(c) @ = (P@|y)T for somesetY C X;

(d) @ = Y1 for some function ¥: Y — B, where Y C X is a set;
(e) the class @1} is a set.

Proof. (a)=-(c): If ® meets (a) then there are families (x;);c; C X and (b;);c; C B, with I
a set, such that, for all x € X,

Then, foralli € I,
O(x;) =V [i=x]Abj > [xi=x] Ab = by,
jer

whence, for every x € X we have

icl iel

andso Y := {x; : i € [} meets ().
The implication (c)=-(d) is obvious.
(d)=(a): If Y C Xand ¥: Y — B satisfy (d) then ® = {y|y(,) : y € Y}1.
(a)=(e): Let ® = PT, where P C "X is a set. According to Lemma 2 (a), we have

\g=p]=[geP] =[g€®] =g (11)
peP
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for all g € @} Denote by F the set of all functions f: P — B for each of which there exists
q € ®| such that

(VYpeP)f(p)=Ila=pl (12)

The element g € ®| is uniquely determined by (12). Indeed, if 41,4, € | and [g1 =p] =
[q2 =p] for all p € P then, with (11) taken into account,

A=\ g1=p]= \Vlg2=p] = Mgz,
peP peP

m=aq]>\ [m=pIAl2=pl= \ln1=p] = Aq,
peP peP

and so g1 = g. Consequently, there is a function g: F — &} that sends each f € F to the
unique element g € ®| subject to (12). It remains to observe that g is surjective, since every
g € ®J satisfies (12) for the function f: p — [g=7p].

The implication (e)=(b) follows from Lemma 7; and (b)=(a) is trivial. O

Definition 33. Say that a Boolean-valued class & € X is predicative if ® possesses each of the
equivalent properties (a)—(e) of Theorem 4. The term is based on the fact that the classes that are
uniquely determined by sets admit quantification in the first-order predicate language: A phrase
starting with the words “for every predicative Boolean-valued class” is not an infinite assertion
(see Section 2.4) and can be written as a single formula within predicate calculus (see Section 3.4).

If ® and ¥ are Boolean-valued classes and ® < ¥ then & C ¥Y|; and so the
predicativity of ¥ implies the predicativity of ®.

Corollary 4. The following properties of X are equivalent:

(a) X is intensional;

(b) the ascents of all saturated subsets of *X are represented in X;
(c) all predicative Boolean-valued classes are represented in X.

Corollary 5. The following properties of an element x € X are equivalent:
(@) x =~ P1 for some set P C *X;

(b) x ~ P* for some saturated set P C "X;

© (3YCX)(¥zeX) z€x] = Vyey lz=y] A ly €

(d) x ~ Y1 for some function ¥: Y — B, where Y C X is a set;

(e) theclass x|} is a set.

Definition 34. The elements x € X subject to the equivalent conditions (a)—(e) of Corollary 5 are
called predicative. Therefore, P (X) is the totality of all predicative elements of X (see Definition 29).
Say that the system X is predicative, if all elements of X are predicative; that is, P (X) = X.

Definition 35. A Boolean-valued system X is said to satisfy the ascent principle, if X is intensional
and predicative:

(VP C"X)(3x € X)(x ~ P1),

(Vx € X)(3P C "X)(x ~ P1).

Lemma 8. Let x € X be a predicative element and let Y C X. Then [x C Y1| = [x = P1]| for some
subset P C ™Y. In particular,

XE(xCY!) & (3PCY)x~ Pt

Proof. The statement follows from Lemma 5(c), since the class P = { y|[ cyeYlhis

included in x|} and so Pisaset. [

yEx]
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3.4. Quantification over Boolean-Valued Classes

In this subsection, we extend the language of truth values by quantifiers over predica-
tive Boolean-valued classes and show that Boolean-valued classes satisfy an analog of the
maximum principle.

Definition 36. Let ¢(x) be an arbitrary set-theoretic formula and let X be a B-system. Agree
to write as (VP € X) ¢(P) and (3P € X) ¢(P) the assertions that ¢(P) holds for every or,
respectively, for some predicative Boolean-valued class ® € X. Since predicative classes admit
quantification (see Definition 33), the assertions are not infinite and each of them can be written
down by a single formula:

(VO e X) p(®) & (VPC"X)g(PY),
(FDeX) g(®) & (3PC™X) (P1).

The expressions Npex T(P) and \lpecx T(P) for a term T(x) are defined similarly:

At(@) = A T(P),

PeX PC®X
V(@) = \/ (P).
oex PCYX

Suppose that ¢ is a formula, X is a B-system, and ® € X. Henceforth, in using the
expression [¢(®P,...)]y or X F ¢(P,...), we mean that ¢ can have several parameters,
some of which are possibly replaced by symbols of Boolean-valued classes; that is, the
notation ¢(®, ...) serves as an abbreviation for ¢(®,y1,...,Ym, ¥Y1,..., ¥n), wherey; € X
and ¥; € X are arbitrary preassigned elements and Boolean-valued classes.

Definition 37. Extend the syntax of Boolean truth values by quantifiers over predicative Boolean-
valued classes:

(V@) p(@, .. )]x == A [p(@,...)]y,

(@) p(@, . )]y ==V [@(P, - )]y
oeX

As is easy to see, if X is extensional and satisfies the ascent principle then the quantifiers over classes
in X are tantamount to the conventional quantifiers:

(V@) (@, ... )]x = [(Vx) o(x, ...) ],
[(ADP) 9(@, .. )]x = [Bx) @(x, .. )lx-

The following assertion shows that, in every B-system, the Boolean-valued classes
satisfy an analog of the maximum principle (see Definition 43).

Theorem 5. Given a formula ¢ and a B-system X, the function ® € X — [@(®, ...)] € B attains
its maximum:

AYeX) [pF,...)]=[(HD) (P, ...)].

In particular,

Proof. Put
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By the exhaustion principle (see [4] (2.3.9(2)), [5] (2.1.10(1)), [8] (3.12)), there exist an an-
tichain (d;);c; C B and a family of predicative classes ®; € X (i € I) such that \/;c;d; = b
and d; < [¢(®;, ...)] for all i € I. Define the predicative Boolean-valued class ®: X — B
by putting
O(x):=\/ @j(x) Ad;, xeX.
icl
Then, foralli € I and x € X, we have ®;(x) A d; = ®(x) A d;, whence
[@;=P] = [(Vx)(xe®; & xe®@)] = ) (Pi(x) &5 P(x)) > d
xeX

and so, recalling Proposition 11, we conclude that

b=\di <\ I[p(®;..)|AN[@=D] < [p(@,...)]. O

icl icl
Lemma 9. Suppose that ¢ is a formula, X is a B-system, and ¥ € X. Then

(VOCY) p(®,...)] = (VD) p(®N¥,..)] = A [p(®,...)]
PeX: dPY

In particular, the following are equivalent:
(@ XE(VOCY)p(D,...);

b) XE(V®)p(®NY,...)

() (VPEX)(PLY = XF (P, ...)).

Proof. Given a predicative class ® € X, define &, € X by putting
D, (x) :=P(x) N¥(x), xeX

Then @, < ¥ and [®, C ¥]| = [Py, =P N¥] = 1;. Since

(@, CY = ¢(Dy,...)] = [@(DPy,...)] = [@(®NY,...)];

therefore,
N[@CY= (@ ..)]< A [p@nY,...)].
deX PeX
Furthermore, if ® < ¥ then [PNY=P] =1z and [p(PNY,...)] = [¢(D,...)], and so
A lp@nyt,..0l< A le@ny,..)l= A [o@...)]
PexX PEX: DY PEX: PY

Finally, the relations

[p(@NY,...)= (PCY= (P, ...))]
= [(p(®NY,..) APNTF =) = ¢(D,...)] = 1,

imply that
[P(Dy,...)] = [p(®NY,...)] < [®PCY = ¢(D,...)],

and so
N @ . )]< N\ [@CY=¢(@...)]. O
DEX: DY PEX
3.5. Joins, Mixings, and Cyclicity

In this subsection, we study the joins of antichains of partial elements, cyclic subclasses,
and the mixings of subclasses in a Boolean-valued system.
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In what follows, B is a complete Boolean algebra and X is a B-system.

Recall that elements a,b € B are disjoint, in writing a L b, whenever a Ab = 0;.
For A C B, the relation (Va € A)(a L b) is abbreviated as A L b. An antichain in a Boolean
algebra is a set or family of pairwise disjoint elements, while a partition of unity is a maximal
antichain, that is, an antichain whose supremum equals 1;.

The following simple observations are repeatedly employed in the sequel (see, e.g.,
Lemmas 11 and 13).

Lemma 10.

(@) If (di)ie] C B is an antichain, (bi>iel C B, (Vl € I)(bi < di)/ and Vier b; = Vier d;; then
(\V/l S I)(bi = dz)

(b) fACB,acB,and A<a;then VA=a < (VbeB)(ALb = alb).

Definition 38. Define the descent ®| of a Boolean-valued class & € X as follows:

Dl={pe"™X:[ped] =Ap=VD}
={ped|:[ped| =V}

where V@ := \/yex P(x) = [® # ]. It is clear that
P = {x|lvo : x € X, ®(x) = VO};

therefore, ®| # @ if and only if ® attains its maximum (see Definition 43). The descent x| of
an element x € X is defined as the descent |- € x||. of the Boolean-valued class [- € x| (see Defini-
tion 27). Observe that @ and x| can be proper classes. If X (P # &) and X is separated; then,
according to the agreement of Definition 24,

Pl={reX:XF(xed)}.

Definition 39. Say that a subset P C "X is an antichain if the elements of P have pairwise disjoint
domains: Ap L Aq forall p,q € P, p # q. A partial element q € *X is the join of an antichain

P C "X provided that
P Ag =\/Ap and (VpeP)pCq.
peP
As is easily seen, q is uniquely determined by P, which fact justifies the notation LIP for the join of

P. The join LI{p, q} of a two-element antichain {p,q} C "X will be written as p LI q, while the join
L{p; : i € I} of the antichain defined by a family (p;)ic; C *X, as | e pi-

Proposition 14. Inside X, the ascent of an antichain P C "X contains at most one element: X F
(Vx,y € PT)(x=y).

Proof. By Lemma 6(b) we have

(Vx,yePN)(x=y)= N\ [p=4q]V-ApV-2q
p,qeP

==V [p#adrdpAdg==\/[p#p] =15 O
p.qeP peP

The next assertion is easily verified by means of Lemma 10 (a) and Proposition 14.

Lemma 11. If P C "X is an antichain, x € X, and b := [P1 # @], then the following are equivalent:
(@) x[p =UP;

(b) (VpeP)[x=p]=Ap;

(© Vpeplx=p]=1b

(d) [xePf] =1

() [Pr={x}] =10



Mathematics 2021, 9, 1056

350f78

(f) x|, € PT;
(8 P ={x[p}.

Corollary 6. If P C "X is an antichain and P1], # @, then the join UP exists and P1| = {UP}.

Definition 40. Call a global partial element p € X|1, = X the least global extension of a partial
element p € "X if p C pand [p= @] = —Ap or, which is equivalent,

[p#2] < [p=p] = Ap. (13)

The term is justified by the fact that p is the inclusion least inside X among all global extensions
of p; thatis, Vg € X)(pCq = X F pCq).

The relation (13) implies that, for all z € X,

zepl=[(zep)N(p#2)] =[z€pIN[PF#DIN[p=p]
=zepIN[p#2|NAp=[z€p];

and so, if X is extensional, then the least global extension p of a partial element p is unique.
In this case we denote 7 by ext p. If, moreover, X is separated; then ext p € X according
to the agreement of Definition 24.

Lemma 12. If X is an extensional B-system, P C "X is an antichain, and x € X, then the following
are equivalent:

(a) x =extUP;

(b) XE (x=U(P1));

© [x#2]<[PT#2] < [xeP];

@) (VzeX)[z€x] = Vpep[z€p]

Proof. The equivalence of (a)—(c) is straightforward from the definitions.

(a)=(d): Forall z € X, due to the relations [z € x] < [x # @] < Vpep Ap and x[pp, = p,
we have

zex]=\/[zex]AAp =\/[z€p].
peP peP

(d)=(c): If p € Pthen (Vz € X) [z€x] AAp > [z € p] according to (d). Whence, with
Lemma 10(a) taken into account, it follows that (Vz € X) [z€ x] AAp = [z € p] and so
[x = p] = Ap by extensionality of X. Consequently,

x#el=\lex =\ VEepl< \Vap< \Vlx=pl=[xePt]. O

zeX zeX peP peP peP

Definition 41. An antichain P C *X is maximal whenever Vpe p Ap = 15, that is, the domains
of the elements of P form a partition of unity in B. The joins of maximal antichains are global
partial elements of X; and, if X is separated, are identified with the corresponding elements of X
(see Definition 24).

If x € X, {yilg, : i € I} is a maximal antichain, and X = ||ic;yila,; then X is called
the mixing of (y;)ie; C X with respect to the partition of unity (d;)ic; C B. As is easily seen,

X= |_|yi|d,~ & (Yiel) [x=y] > d;.
iel

In the case of a separated system X, the mixing | iy Yila,, regarded as an element of X, is denoted
by mixje dy;.

The next two assertions follow from Proposition 14 and Lemma 11.
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Proposition 15. Inside X, the ascent of an arbitrary maximal antichain P C "X is a singleton:
XE (3'x)(xePT).

Lemma 13. If P C "X is a maximal antichain and x € X, then the following are equivalent:
(a) x=UP;
(b) (VpeP)[x=p]=Ap,

(© Vpeplx=p] =1y
(d) XF (xePt);

() XF (Pr={x});
(f) xe Pt

(&) Pl ={x}.

Definition 42. A subclass Y C X is called cyclic whenever, for every family (y;)ic; C Y and
every partition of unity (d;)ic; C B, there exists an element y € Y such that = | i yia,. If the
entire B-system X is cyclic, then X is said to satisfy the mixing principle.

Lemma 14. The following properties of a nonempty class Y C X are equivalent:
(@) Y is cyclic;

(b) every antichain P C ™Y has a join UP € *Y; B

(c) every maximal antichain P C ™Y has a join LP € Y.

Lemma 15. Let Y C X. The following properties of an element x € X are equivalent:
(@) X = Uiey yila, for some family (y;)ic; C Y and partition of unity (d;);c; C B;
(b) X = UP for some maximal antichain P C *Y;

(© XFE(xeY);

(d xeYrl,

© Vyey[x=y] =15

Proof. The implications (a)=-(b) and (c)=(d)=-(e) are obvious. Furthermore, (b)=(c)
follows from Lemmas 13 and 5 (b), while (e)=>(a) is justified by the exhaustion principle. [

The totality of elements x € X possessing each of the equivalent properties (a)—(e) is
denoted by mix Y. Note that, if the system is not separated, then mix Y can be a proper
class even if Y is a set.

Lemma 16. If Y C X then Y1 = (mix Y)1. In particular, for every Boolean-valued class ® € X,

Vo) =[Byexney)]=[Bxemxt)ex)] =\ ).

yey XEmix Y

Proof. The inequality Y1 < (mixY)? is obvious. On the other hand, for all x € X and
z € mix Y,

=z = [x=2 AV =y = V k=2 A=y <V [x=4] = ¥1(x),

yey yeYy yeY
whence (mix Y)1(x) = Veemixy[x=2] < Y1(x). O
Lemma 17. If Y C X then mixmixY = mixY.

Proof. With Lemma 16 taken into account, for all x € X we have

x €mixmixY & XFE (xe(mixY)t) & XF (xeY?t) & xemixY. O

Corollary 7. The following properties of a subclass Y C X are equivalent:
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(@) if (vi)ier CY and (d;)ic; C B is a partition of unity, then there is a mixing | ey yila, € X;
(b) each antichain P C ™Y has a join UP € "X;

(c) each maximal antichain P C ™Y has a join UP € X;

(d) Y CY for some cyclic class Y C X;

(e) mixY isa cyclic class.

A class Y subject to each of the equivalent conditions (a)—(e) will be called precyclic.

Remark 14. If Y is a precyclic subclass of X, then
Y iscyclic < Y = (mixY)™~ < Y = Y1

In the case of a separated system, the latter turns into the equality Y = Y1, which originates the
term “cyclic” If Y is a precyclic subset of a separated system X, then mix Y is the inclusion least
cyclic subset of X including Y. In this case, mix Y is called the cyclic hull of Y.

Lemma 18. If X satisfies the mixing principle; then, for all families (x;);c; C X and (b;);e; C B,
there are Y C mix{x; : i € I} and b € B such that

{xilp, i€ I} = (Y[p)T-

Proof. In the case of I = &, the assertion is obvious. Suppose that I # @.

Putb = /1 b;, I* = IU{I}, by = b, and take an arbitrary element x; € {x; : i € [}.
By the exhaustion principle, there exists a partition of unity (d;);cje C B such that d; < b;
for all i € I°. Observe that \/;c;d; = b. Owing to cyclicity of X, there is an element
x ~ ljerexil4, determined by the relations

[x=x;] >d; foralliel". (14)

For the same reason, for each i € I there is an element y; ~ x; |bi u x\ﬁbi in X subject to the
inequalities
lyi=xi] 2 bi, [yi=x] > b (15)
PutY = {y; : i€ I}. Obviously, Y C mix{x; : i € I'}. Show that {x;|; : i€ I}1 = (Y[;)1,
that is,
\VIz=x]Abj = \/z=yi]Ab forall z € X.
icl icl
For every z € X, with (15) taken into account, we have
\/ [z=x;]Ab; = \/ [z=yi] Ab; < \/ [z=yi] AD.
iel iel iel
On the other hand, due to (14), the following holds:
z=x]Ab=\/lz=x]Ad; = \/ [z=x]Ad; < \/[z=x]AD;,
iel iel iel

whence, according to (15), we conclude that, for all i € I,

(z=yil Nbi) V ([z=yi] A A=)
(z=x]Ab) V ([z=x] AbA D)

< ([z:xi]/\bi)\/\/[z:xj}/\bj = \/[Z:X]']/\bj
jel jel

[z=yi] AND

and, therefore, Vic; [z=yi] Ab < Vigr[z=x;] Ab;. O

Corollary 8. Suppose that X is a B-system satisfying the mixing principle.
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(@) Forall Z C Xand P C *Z, thereare Y C mix Z and b € B such that PT = (Y|,) 1.

(b) For every predicative element x € X, there exist Y C X and b € B such that x ~ (Y|,)T.
In this event, b = [x # @] = [y € x| forally € Y.

(© If VY CX)(Vbe B)(3x € X) x~(Y|y)T then X is intensional.

3.6. The Maximum Principle

In this subsection, we examine the maximum principle and its relationship with the
ascent and mixing principles.
Let B be a complete Boolean algebra and let X be an arbitrary B-system.

Definition 43. Say that a Boolean-valued class ® € X attains its maximum on Y C X whenever
the set {®(y) : y € Y} has a top, that is,

(FzeY) ®(z) = [ByeYT) 2(y)]-

Say that ® attains its maximum, if ® attains its maximum on X or, which is the same, | # &
(see Definition 38).

Let ¢(x, %) be a formula whose parameters are contained in the list x, . The system X is
said to satisfy the maximum principle for the formula (3 x)¢@ provided that, for all Z € X, the
Boolean-valued class x — [¢(x, Z)] attains its maximum, that is,

(Ve X)By € X) [o(y, 2)] = [Fx) (x, 2)].

Say that X satisfies the maximum principle if X satisfies the maximum principle for every formula
(3 x)q@. (The latter is an infinite assertion; see Section 2.4.)

Lemma 19. A Boolean-valued class ® € X satisfies the relation & = @1 if and only if
(Vpe®l)(x=p] Lb) = D(x) L b
forallx € Xand b € B.

Proof. If x € X and p € @] then p = y|g(,) for some y € X and, by extensionality of ®,

x=pl=x=yloy)] = x=y] A @(y) = [x=y] A (x) < ().

Since ] 1(x) = Vpeo [x = p], it remains to refer to Lemma 10(b). O
Lemma 20. Let & € X. For x € X, define the extensional function ®y: X — B by putting
P:(y) = (~2(x) VIx=y) A P(y), yeX.

Then the following are equivalent:

(@ (Vped))(3pec@l)(pCp);
(b) (Vxe X)(Fy € X)(P(x) < [x=
© (VxeX) (Pl #2).

If ® possesses any of the equivalent properties (a)—(c) then

yl, @(y) = Vo);

O =L, (16)

Proof. Show first that V&, = V®. Indeed, the inequality V@, < V& is obvious, while, on
the other hand, forally € X,

V@ > Pe(x) V e(y) = @(x) V ((~@(x) V [x=y]) AD(y)) = ®(x) VD(y) > D(y).
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(a)<(b): Tt suffices to observe that

xpeP) S b<P(x), Ylvo €PL & P(y) =V, xlpn) Cylve & P(x) <[x=yl.
(b)=(0): If ®(x) < [x=y] and ®(y) = V® then

P (y) = (2@(x) V[x=y]) A ®(y) = (-P(x) VP (x)) AD(y) = P(y) = VP = VDy;

and so Py attains its maximum at y.
(c)=(b): Let x € X and let y € X be a maximum point of ®,; that is,

(=@(x) V[x=y]) A @(y) = VIy = V. (17)
Since ®(y) < VP, from (17) it follows that ®(y) = VP. Consequently,
(=®(x) Vx=y]) A\VO® = VP,

whence, ~®(x) V [x=y] > V® > ®(x) and so P(x) < [x=y].
Suppose that ® meets (b) and demonstrate that & = ®|1. According to Lemma 19,
it suffices to consider x € X and b € B subject to the condition

(VyeY)(Py) =VP = [x=y]AVD Lb) (18)

and show that ®(x) L b. By (b), there is y € X such that ®(x) < [x=y] and ®(y) = V.
Then, with (18) taken into account, we have

P(x) =P(x)AVO L [x=y]AVD Lb. O

Remark 15. Observe that conditions (a)—(c) of Lemma 20 are not equivalent to the equality
O = O 1. For instance, if

B="P({0,1,2}),

X =1{(1,0,0),(0,1,0),(1,1,1)},

[=l(xy) = {i€{0,1,2} : x(i) =y (i) },

[€l(x,y) = {ie€{0,1,2} : x(i) € y(i)}, where 0 {0} =1,
®(1,0,0) = d(0,1,0) = {0,1,2}, ®(1,1,1) = {0,1},

then ® = ®|1, but for x = (1,1,1) there is no y € X subject to the conditions ®(x) < [x =y]
and ®(y) = V.

Proposition 16. Suppose that the B-system X satisfies the maximum principle for the formula
(Ay)((zex=z=y)Ay€ex). Then

(@) x = x]tforallx € X;

(b) x € X is predicative if and only if the class x| is a set (see Corollary 5).

Proof. By applying Lemma20to ® = [- € x] and ®,(y) = [(z€x = z=y) Ay € x], we see
that (a) follows from Lemma 20(c), while (b) follows from Corollary 5 (e), Lemma 20 (a) and
the inclusion x| C x{. O

Theorem 6. The following properties of a nonempty subclass Y C X are equivalent:
(@) Y is cyclic;

(b) each Boolean-valued class ® € X attains its maximum on Y;

(c) each predicative Boolean-valued class ® € X attains its maximum on'Y.
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Proof. (a)=(b): Put b := V,cy P(y). By the exhaustion principle, there exist an antichain
(di)ic; C B and a family (y;);e; C Y such that \/,c;d; = band d; < ®(y;) foralli € I.
Owing to cyclicity of Y, there is an element z € Y subject to the condition z|, = icj yil4;-
Show that ®(z) = b. Indeed, ®(z) = V,ey[z=y] A P(2) < Vyey P(y) = b. On the other
hand, for all i € I, with account taken of the inequalities [z =y;| > d;, ®(y;) > d;, we have
®(z) = P(y;) A [z=y;] > d; and, hence, D(z) > Vicrd; = b.

The implication (b)=-(c) is trivial.

(c)=(a): Let P C ™Y be an arbitrary maximal antichain. By (c), there exists an element
z € Y such that PJ(z) = Vyey P1(y). According to the assertions (b) and (c) of Lemma 2,
we have V,cy P1(y) = 13. Consequently, [z € P1] = 15; whence, it follows by Lemma 13
thatz =UP. O

Theorem 7. The following properties of a B-system X are equivalent:
(a) X satisfies the mixing principle;

(b) each Boolean-valued class ® € X attains its maximum;

(c) each predicative Boolean-valued class ® € X attains its maximum;
(d) ® = D1 for every Boolean-valued class ® € X;

(e) ® = DT for every predicative Boolean-valued class ® € X;

(f) Pt # & for every class P C "X;

(g) PTl # @ for every set P C "X;

(h) Pt # @ for every maximal antichain P C "X.

Proof. The equivalence of (a)—(c) is established in Theorem 6. The implications (d)=>(f) and
(e)=(g) are obvious: if ® := Pt and ®| = & then ®| 1] = @1] = {x]o,} # @ = ®| and,
hence, @1 # ®. The implication (b)=(d) follows from Lemma 20 (c)=>(16); the implication
(h)=(a) follows from Corollary 6; while (d)=(e) and (f)=(g)=(h) are trivial. O

Lemma 21. If Y C X is a nonempty precyclic class then
(Vx € X)(Jy € mixY) [x=y] = [x € YT].

Proof. According to Theorem 6, the Boolean-valued class y — [x = y] attains its maximum
on mix Y and, moreover, (mixY)1 = Y1 (see Lemma 16). [

Lemma 22. Suppose that X is an extensional B-system, (d;);c; C B is an antichain, (P;);c is a
family of subsets of "X, and (x;);jc; C X. If (Vi € I) x;~ Pt and x ~ (Ujey Pilg4,)1 then

X = ext |_| Xild,-
iel

Proof. The claim follows from Lemma 12, since, for all z € X,

zex]=|ze (UPla)T] = V V E=plal = V V E=plAd,

iel peh; iel pep;
:\/[ZEPZ'T]/\UZ,‘: \/[ZEXi]/\di: \/[ZExi|di]. O
icl icl icl

Corollary 9. Let X be an extensional B-system. If Y C Xand (VP C *Y)(3x € X)(x ~ P?)
then P, (Y) is a cyclic class. In particular, if the system X is extensional and intensional, then the
class P, (X) of all predicative elements of X is cyclic.

Corollary 10. Let X be an arbitrary B-system.

(a) If X satisfies the mixing principle, then X satisfies the maximum principle (see [9] (1.10),
[5] (6.1.7)).
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(b) If X is intensional and satisfies the maximum principle for the formula (3 x)(x €y), then X
satisfies the mixing principle (see [9] (1.12), [5] (6.1.9)).

(c) If X is extensional and satisfies the ascent principle, then X satisfies the mixing and maximum
principles (see [9] (1.11), [5] (6.1.8)).

Proof. Item (a) is a consequence of Proposition 12 and Theorem 7; (b) follows from Corol-
lary 6; and (c) follows from Corollary 9 and (a). O

3.7. Transitive Subsystems
A set or a class Y is called transitive if

Vxy)(xeyeY = xeY).

Transitive classes are traditionally used in set theory as models of fragments and modifica-

tions of set theory itself. Lévy’s Lemma on the absoluteness of bounded formulas is a useful

tool in working with such models. In this subsection, we study the notion of transitive

Boolean-valued subsystem and prove the corresponding analog of Lévy’s Lemma.
Throughout the sequel, B is an arbitrary complete Boolean algebra.

Remark 16. IfY is a subsystem of a B-system X (see Definition 16) then the notation ™Y can be
understood in two ways: as the set (Y X B)/~ of partial elements of the system Y (see Definition 23)
or as the subclass {x|, : x € Y, b € B} C "X. The choice is immaterial in this case since the
correspondence

~y(y,b) — ~x(y,b), ye€Y,beB,

is a natural embedding of *Y = (Y XB)/~ into "X = (XX B)/~, and we may always assume
that Y C *X.

An analogous ambiguity appears in interpreting the symbol P71 for P C ™Y (see Definition 28).
The domain of the Boolean-valued class P1 depends on the system under consideration: Pf,: X — B,
P1,: Y — B. Nevertheless, the choice of an interpretation is again immaterial, since P1, and P1,
coincide on Y therefore, the truth value [y € P1] for y € Y does not depend on the system in which
it is calculated. Indeed, if y € Y and P = {y;|p, : i € I}, wherey; € Y and b; € B, then

yePt], =Phy) = Vlv=vils)y = VIy=uvily Abi
i€l iel
= \/[y:]/i]x Ab; = \/[y:]/ih?i]x = PTX(]/) = []/QPTX]X-

iel iel

For this reason, we may simply write [y € P1] instead of [y € P1,], or [y € P1,]y and add the
indices X and Y just to specify the system where the calculation is carried out.

Slightly more accuracy is needed in dealing with the formula y ~ P1 fory € Y and P C *Y
(see Definition 29). The relation y ~ P, in X implies the analogous relation y ~ P1, in Y but, as is
shown in Proposition 18, the converse holds for all y € Y and P C ™Y if and only if the subsystem
Y C X is transitive.

Definition 44. Let X be an arbitrary B-system. Call a subclass Y C X transitive in X if the ascent
Y1 is transitive inside X:

XEWVxy)(xreyeYr = xeY?).

We say that Y is a transitive subsystem of X and write Y < X if Y is a nonempty transitive subclass
of X endowed with the interpretations induced from X (see Definition 16).

Proposition 17. The following properties of a subclass Y C X are equivalent:

(a) Y is transitive in X;
(b) (VyeY)XFE(ycCY?),
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© (VxeX)(VyeY)[xey] <[xeYT)
@) (VxeX)(VyeY)[xcyl = Veey [x=2] N[z Y]

Proof. The implications (a)=-(b)<>(c)<=(d) are obvious; (b)=-(a) follows from Corollary 2.
(c)=>(d): By (c) and Proposition 7, if x € X and y € Y then

\/[x:z]/\[zey] <[xey] < [xeYA[xey]
z€Y

=\ [x=zlAlxey] =\ [x=2A[zey. O

zeY zeY
Proposition 18. Let Y be a subsystem of a B-system X. The following are equivalent:

(@ XE(y=P1) < YFE (y=DP1,) foreveryy € Y and an arbitrary class P C ™Y;

(b) XE (y=yl 1) forally €Y;
() Y X

Proof. (a)=(b): Owing to Lemma 7,ify € Y then Y F (y =yl 1,), and so X F (y =y, 1)
due to (a).
The implication (b)=-(c) is a consequence of Proposition 17 (b) and Lemma 5 (b).
(c)=(a): LetY < X,y € Y, and P C ™Y. From Proposition 17(b) and Lemma 5(b)
it follows that X F (y C Y1, P1, C Y1,), and so

XE (y=ynYl, Pl = PhnYt).
Therefore, from Corollary 2 we deduce that

X}:(y:PTx) A X':(meTx:PTXHYTx)
& XEWNzeY)(zey < zeP1))
& (VzeY)XF(zey e zePl)
& (VzeY)YE (zeyezePY)
& YE(Vz)(zey & zePY)
& YE(y=P1,). O

Definition 45. Let ¢ be a formula of signature {=, €}, and let V be a variable or a class. The
relativization of ¢ to V is the formula obtained from ¢ by replacing each quantifier (¥ x) and
(I x), where x is an arbitrary variable, by the corresponding quantifier (Vx € V) and (Ix € V);
see [2] (12.6). The relativization of ¢ to V is denoted by V & ¢ or, in more detail, V E ¢(X),
where ¥ = x1,...,xy is a list containing the parameters of ¢. The notation for relativization stems
from the fact that, for every X € V, the assertion V &= ¢(¥) is equivalent to the validity of ¢(%X)
in the two-valued algebraic system (V, =], [€],) with the standard interpretation of equality and
containment.

Definition 46. A formula is said to be bounded if each occurrence of a quantifier in it has the form
(Ix€y) or (Vx €y). As an example of a bounded formula serves the relativization V &= ¢ of any

formula ¢ to a variable V.

The following assertion is a consequence of the classical lemma by A. Lévy on the abso-
luteness of bounded formulas for transitive models; see [10] (Lemma 34), [2] (Lemma 12.9).

Lemma 23. Let ¢ be a bounded formula with parameters ij. If X is a B-system and Y < X then

[9(@)]x = lo(@))y forall jeY.
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Proof. Since Lévy’s Lemma is proven within the predicate calculus of signature {=, €}
without special axioms; by Proposition 11, the conclusion of the lemma is valid in X for the
transitive Boolean-valued class Y1, , that is,

XEMieYn) (o) & Y Foi)),

where Y1, F ¢(ij) is the relativization of ¢ (i) to Y1,. In particular, [¢(ij)], = [Y1, F ¢(i)]x
for all jj € Y. The equality [Y1, F ¢(ij)]x = [¢(ij)], is easily proven by induction on the
complexity of a bounded formula ¢. O

In what follows, we will need a stronger version of Lévy’s Lemma that involves
Boolean-valued classes.

Theorem 8. Let ¢ be a bounded formula. Consider an arbitrary partition of the parameters of ¢
into two parts, j = y1,...,ymand Z = zq,...,zy. If Xis a B-system and Y < X then

lo(7, @)l = lo(¥, @I,)], forall j€Yandd € X, d<YY, (19)
where ® = ®1,..., &, and O|, = D1|,,..., Pyl

Proof. Refer to ¢ as an absolute formula if ZFC proves (19) for every partition of the param-
eters into two parts. (Note that, owing to the presence of arbitrary Boolean-valued classes,
(19) is an infinite assertion; see Section 2.4.) To justify the absoluteness of each bounded
formula, we use the induction on the complexity of the formula.

Show that the atomic formulas are absolute. Assume thaty € Y, ®,¥ € X, and
®,¥ < Y1,. Then X F (y CYT,) due to the transitivity of the subsystem Y. Moreover,
XE (®,¥ C Y1) by Lemma 5(a). Therefore, using Corollary 2, we have

yedly =) =2, (y) =yedl ]y

=2l =[(Vz)(zey & zeP)]y = [(VzeYT)(z€y & 2z D)),

= N\ lzeylyesze®@= A [zey], eslz€],],
zeY zeY
=[(Vz)(zey & zeD|,)], = [y=2,]y;

[@eyly =13 )( ¢Az€y)] =[(FzeY)z=PAzey)k
= \/ ZE}/] \/ [Z:cb‘y]y/\[zey}y

zeY zeY
=[(3z)(z=P|, Az€y)], = [P, €yl

[@=Y]y=[(Vz)(zeP o zc¥)]y=[(VzeY))(zeP & zc¥)],
= /\ [ZECD]X@B [ZGT}X = /\ [yECD‘Y]Y@B [Ze‘ﬂy]y

zeY zeY
=[(Vz)(ze @], & z€ Y]], = [®|, =Y|,];
[®eY], =[(3 )( CD/\ZG‘I")] *[(HZEYTX)(ZZQJ/\ZE‘Y)]X
= \/ Nze¥]y= \/ 2= ], N[z Y]]y
zeY zeY

= [(Elz)(z:q)|y Azelﬂy)]y = [¢|Y€T|Y]Y'

As is easy to see, the absoluteness of formulas is preserved by negation and disjunc-
tion. It remains to show that the absoluteness of ¢(x,y, ij, Z) implies the absoluteness of
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in view of the relations X = (y C Y1), X F (® C Y1, ) and the absoluteness of ¢, we have

[W(y, 5, D))y = [Bx)(xeyno(xy, D))= [BxeYt) (xey Ao(xy, i, D))
=\ [xeylx Aoy, i,®)y=\ [xeyl Alo(xy, i, D)y

xeY xeY

= [Bx)(xeyroxy i D)), = Wy i D))

[p(@,5, D))y = [Fx) (x €PN @(x,@,i, D)) ]y = [FxeY) (xeP A o(x, D, i, D))«

= \/ [x € q)]x A [(P(xrq)ry/&))]xz \/ [x € q)|y]y A [(P(x/q>|yryr&>‘y)]y
xeY xeY

= [(Hx) (xeq)|yA?(xr¢|ny/é|y))]y: [lp(q)h//]//q)‘)r)]y O

The following is an analog of Lévy’s Lemma for formulas with quantifiers over
predicative Boolean-valued classes:

Lemma 24. Let ¢ be a bounded formula. If X is a B-system and Y < X then
(Vo) o(@,§, 1)) = [(VOCTl)o(@§, ¥l
forallij € Yand ¥, ¥ € X, ¥, ¥ < Y1,

Proof. If ® € Y and ® < Y|, then &1, < ¥ by Lemma 3(b) and, moreover, (O1, )|, = .
Therefore, using Theorem 8 and Lemma 9, we have

(VOcY)e@,i,P)]x= AN [o(@ 79
PeX: PY
< N @i Dli= A [e((@)h. 7 YLy
DdeY: <Y, deY: <Y,
= A [e@i Y =(VocCYl) o(® 7 ¥l
PEY: <Y,

The reverse inequality is also guaranteed by Theorem 8 and Lemma 9:

[(VQDC‘I"‘Y) (p(d),jj,‘ﬂy)]y = /\ [(P(q)/y/imy)]y
DEY: DY,
< A le@L i Y] = A lo(@5,9)k
DEX: O, <¥ly PEX: P, <Fly
< AN lp@ i =(Vecy) o(@,j,¥)],. O
PeX: dY

Corollary 11. If a B-system X is extensional and Y < X then Y is extensional.
Proof. By Definition 27, the extensionality of X means that X F (¥ x,y) ¢(x,y), where
p(x,y) == (Vzex)(zey) AN (Vzey)(zex) = x=y.

Thus, if X is extensional then X F (Vx,y € Y1,) ¢(x,y), whence, by Theorem 8 and the
boundedness of the formula (Vx,y € u) ¢(x,y), we have Y F (Vx,y € (Y1,)],) ¢(x,y),
thatis, Y F (Vx,y) ¢(x,y), which is equivalent to the extensionality of Y. [

Corollary 12. Let ¢(ij, £) be an arbitrary formula. If X is a B-system and Y < X then
Y1 F @@, @)k = [9(, @Iyl
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forall j €Y and ® € X, <Y1, where x F ¢ is the relativization of ¢ to x.

Proof. Since the formula x F ¢ is bounded, Theorem 8 implies

[YTX':‘P(yr q))}x = [(YTx)ly': qo(yrq)‘y)]y = [YTy': (P(y/(my)]y = [(P(]/rq)‘y)]y O

Agreement 8. Let I be a nonempty set or class. Call a family of B-systems (X;);c directed if for
all'i,j € I thereis k € I such that X; and X; are subsystems of Xy. As is easy to see, on the union
X := Ui X; of such a family, there is a unique pair of functions [=], [€]y: X*> — B turning X
into a B-system that includes all the systems X; as subsystems. With this circumstance in mind,
when considering a directed family of B-systems, agree to tacitly assume the union of the family to
be a B-system.

Proposition 19.

(a) LetY and Z be subsystems of a B-system X. If Z X Xand Z C YthenZ X Y.

(b) If X,Y,and Z are B-systemsand Z XY < X then Z < X.

(c) Let (X;)ies be a nonempty family of subsystems of a B-system X. If X; < X for all i € I then
Uier Xi < X.

(d) Let I be a nonempty directed ordered set or class, let (X;);c1 be a family of B-systems, and let
Xi < Xjfori < j. Then X; < Ujer Xj foralli € 1.

(e) Suppose that (Xu)ncord is a family of B-systems, Xo < Xy41 for a € Ord, and Up o, Xp < Xa
for a € Lim Ord. Then Xy < Xp < Uneord Xa for all v < p € Ord.

Proof. (a)) f ZCY CX,Z< X, y€Y,andz € Z, then

lyez] < [yeZl ]y = v € Z1 ).

(b): If Z X Y < X then, using Proposition 17(d), for all x € X and z € Z, we have

ezl =\ [x=ylAlyezl < \/ [x=yl A lye Z1] < [xe Z1).
yey yeY

() Ifx e Xandy € Y := J;c; X; theny € X; for some i € I. Since X; < X, this
implies [x € y] < [x € Xi1]y < [x € YTy

(d):Ifi €l x € X:=UjerXj, and y € X;; then x € X; for some j € I, i < j. Since
X; < Xj, it follows that [x € y] < [x € XZ-T]X/, = [x € Xi 1]y

(e): Given 0 # a € Ord, put &, := Uﬁq Xp and observe that Xy < X,. Indeed, for
« € Lim Ord, this relation explicitly occurs in the hypothesis; and if « = &y + 1 then, by the
obvious monotonicity of the family (X, )scord, we have

X, = U X,B: U X/S:XAO<XNO+1:X&-
B<a B<ag

Show by induction on « that Xpg < Xa for f < a. Consider an arbitrary ordinal «,
suppose that
Xy < Xp for vy < B <au, (20)

and establish the relation Xp < Xa forall B < «. If B < a then, by (20) and (d), we have

Xp < Xa, whence, owing to X, < X, and using (b), we have Xp < X
What was said above, together with (d), implies Xg < Uycorg Xa forall p € Ord. O

3.8. Regular Systems

In the present subsection, we introduce and study regular Boolean-valued systems.
Those are the systems in which the axiom of regularity is valid for arbitrary predicative
Boolean-valued classes.
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Definition 47. The axiom of reqularity (foundation) has the form (¥ x)u(x), where

ux) == (By)yex) = Fyex)(Vzex)(z¢y)) (21)

or, which is the same,

p(x) = (x#£2 = Fyex)(ynx = 2)).

(The name for u(x) is chosen to suggest that x, if nonempty, has an €-minimal element.) If V is the
class of all sets and (V) yeorq is the von Neumann cumulative hierarchy defined by the recursive
rule

Vo =a;

Va1 =P(V), a € Ord;

Ve = U V/g, « € Lim Ord;

B<wa

(22)

then the equality V = Uycorq Va is equivalent to the axiom of regularity in the theory obtained
from ZFC by excluding the axiom; see [2] (Section 6). Moreover, in this theory, the axiom of
regularity is equivalent to o-regularity (see Section 3.9 below), that is the absence of a sequence
(Xn)neN with x, 41 € x, foralln € N.

Definition 48. Let X be a B-system and let Y € X. Say that the Boolean-valued class Y is regular
in X if
XE(VOCY)u(®)

(see (21)). Say that the B-system X is regular outside a subclass Y C X if the complement = (Y1)
of the Boolean-valued class Y1 is reqular in X:

XE(VO)(oNYT=2 = u(P)).
Call the system X reqular if the greatest Boolean-valued class X1 is reqular in X:
XE (VO)u(P).

The regularity of X is obviously related to the validity of the axiom of regularity
(Vx)p(x) in X:

Proposition 20.
(a) If X is predicative then the reqularity of X implies the validity X F (¥ x) p(x).
(b) If X is intensional then the validity X = (V x) u(x) implies the reqularity of X.
(c) If X satisfies the ascent principle then the regularity of X is equivalent to the validity
XEVx)u(x).

Lemma 25. The following properties of a B-system X are equivalent:

(a) X is not regular;
(b) there exists a set P C "X such that
(3p e P)Ap #0s,

(VpeP) \/lgep] = Ap;
qeP
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(c) there exists a sequence of sets P, C "X (n € N) such that

P, is an antichain,

\/ Ap = \/ Ap #0;,

pePy, peP;
(Vp € Pu)(Vq € Pua)(Ap ANAq # 0 = Aqg = [g€p]),
(VpeP,) \ lgepl=np.

qepn-H

Proof. (a)=-(b): If X is not regular; then, by Theorems 4(a) and 5, there exists a set P C "X
for which X ¥ u(P7). The latter means that

=[Pt #2] A [(Vy e PT)(3z€ PT)(z€y)] # Os.

Show that the set {p|, : p € P} satisfies (b). Indeed, with account taken of Lemma 2 (b),

\V Aply=\/ApAb=[PT#2]Ab=Db # 0.
peP peP

Moreover, by Lemma 6,

b<[(VyePt)(FzePt)(zey)] = A-Ap VvV gep]
peP qeP

Therefore, for all p € P, we have b < =Ap V V,ep [9 € pl, and so

\Vigepll =\ Igepl AApAb = (ﬂAP VV[qGP]>AAPAb>AMb=APIb.
qepP qepP qepP

(b)=-(c): Suppose that P C "X satisfies (b). By the exhaustion principle, for each p € *P,
the equality \/,cp [7 € p] = Ap implies the existence of an antichain D(p) C *P such that
Aq = [gep]forall g € D(p) and Vyep(p)[9 € p] = Ap. For the same reason, there exists
an antichain P; C *P such that

\ Ap = \/ Ap # 0s.

peP; peP
Define the sets P,, C *P (n € N) by putting

PnJrl = UD(p), n € N.
pEP,

An elementary check shows that the sets P, satisfy all the conditions in (c).
(c)=(a): Suppose that a sequence (P,),cn satisfies (c). Put P := {J,,cn Px and show
that X ¥ u(P7). Indeed, according to Lemma 2 (b),

[Pr£2] =\ Ap = \/ Ap # 05

pGP peP;

On the other hand, by Lemma 6 we have

[(ByePt)(VzePT)(z¢y)] = [y e P1)~(3z€ P1)(z€y)]

=Vapr-\ V laeyl< Vapr-\Vigepl=\ Vapr-Vigep]

peP qeP yeX:pCy peP qep neN pepP, qepP

<V Vapr-Vigepl =\ VApr-ap=0; O

neN pePy, qEP, 11 neN peP,
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The following is a consequence of Lemma 24 owing to the boundedness of y(x):

Corollary 13. Suppose that X isa B-system, Y < X, ¥ € X, and ¥ < Y. The class Y is regular
in X if and only if the class ¥ |, is reqular in Y.

Lemma 26. Let X and Y be B-systems and let Z C Y < X. If Y is regular outside Z then the
assertion on the reqularity of the difference Y1\ Z71 is valid inside X:

XE (VO YT\ Z) u(®).

Proof. Put ¥ := Y1, A =(Z1,). The regularity of Y outside Z means that the class ~(Z1,
is regular in Y, which, in view of Corollary 13 and the relations ¥ < Y1,, ¥|, = —(Z1,),
implies the regularity of the class ¥ in X. It remains to observe that X F (¥ = Y1\ Z1).

Lemma 27. Suppose that X and Y are B-systems and Z C Y < X. If Y is regular outside Z and
X is reqular outside Y then X is reqular outside Z.

Proof. Validate X (V@) (®NZ1T =2 = u(P)) by “reasoning inside X” (see Remark 11).

Let PNZt = Fand ® # &. Theaimistofindy € ® suchthat yNnd = o.
If ® N Y1 = & then a desired y exists by the regularity of -Y1. Now, let N YT # @.
Since the class Y71\ Z7 is regular (see Lemma 26) and @ # ® N YT C Y1\ Z1, there exists
ye ®nNYtsuchthatyN®NYt = . ThenyN® = yNdN YT = I since, by the
transitivity of Y1, from y € Y1 it follows thaty C Y1. O

Corollary 14. Suppose that X and Y are B-systems and Y < X. If Y is regular and X is regular
outside Y then X is regular.

Proposition 21. If a B-system X is regular then every subsystem Y C X is regular.

Proof. Consider arbitrary families (y;)ic; C Y and (b;);c; C B and show that Y = u(P1,),
where P := {y;|y, : i € I'}. Indeed, by Lemma 6 and the regularity of X, we conclude that

[PTY#Q]Y = vbi = [PTX#Q]X < [(HyGPTX)(VZEPTX)(ZéyHX
iel
=V A (lyj ¢ vilx Abi Abj) vV =bj = \/ N (lyj € yily A bi Abj) V —b
icl jel ieljel

= [(HyePTy)(VZGPTy)(Zgy)]Y' ]

3.9. Sequentially Regular Systems

In this subsection, we introduce and study the notion of o-regular Boolean-valued
system and describe the complete Boolean algebras for which regularity and o-regularity
coincide.

Definition 49. Let X be a B-system. Say that a class ¥ € X is o-regular in X if

N [xn €¥] A [xp41 €x4] = 05
neN

for every sequence (xn)peny C X. Say that X is o-reqular outside a subclass Y C X if the
complement =(Y1) to the Boolean-valued class Y1 is o-reqular in X; that is,

/\ {xn ¢ Yﬂ A [xn-i-l S xn] =0

neN
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for every (xn)nen C X. Call X o-regular if the greatest class X7 is o-regular in X or, which is the
same, X is o-reqular outside &; that is,

/\ [Xn11 € xn] = 0p
neN

for every (x)eny C X.

Theorem 9. Let X be a B-system.

(@) IfaclassY € X is reqular in X then Y is o-reqular in X.

(b) If Y C X and the difference X\Y is precyclic then the reqularity and the o-regularity of X
outside Y are equivalent.

(c) If X satisfies the mixing principle then the regularity and the o-regularity of X are equivalent.

Proof. (a): Suppose that ¥ is regular in X. Consider an arbitrary sequence (x,),eny C X
and show that
b= )\ [xn €¥] A X541 € x] = 0.
neN

Put @ := {x, : n € N}1. Then [® # @] = 1;; and, moreover, by Corollary 2,

[@CY]=[(Vxed)(xe¥)] = ) [x,€¥] >0,
neN

which, in view of the regularity of ¥ in X, implies that [(3y € ®)(Vze ®)(z ¢ y)] > b.
On the other hand, from Corollary 2 we conclude that

(Qye@)(Vze@)(z¢y)] =\ N [xm¢x]

neNmeN

== AV bmexa] <= N [xnq1 €xa] < b

neNmeN neN

(b): Suppose that the difference Z := XY is nonempty and precyclic (see Corollary 7),
and that X is o-regular outside Y. Consider an arbitrary class ® € X satisfying ® < — (Y1)
and show that X F y(®); that is,

b:=[P#£ANNVye®)(ynNd®#)| =05
Observe first that, for every Boolean-valued class ¥ € X,
(FxeX) [Qye®)¥(y)] = [xe D] A[Y(x)]. (23)
Indeed, by Lemma 5(d),

XE(®CXt\YtCZy),
which, by Corollary 2 and Lemma 16, implies the equalities

(Bye@)¥(y)] = [ByezZn)(Py) A¥(y))]
= [ByemixZ)t) (@) AY¥W)] = \ @) A¥(y).

YyEMIixZ

Moreover, owing to Theorem 6, the function ® A ¥ attains its maximum on the cyclic
class mix Z.
By (23), there is an element x; € X such that
[x1€®] =[P #2] > 0.

Since [(Vy e ®)(yN® # )] > b, we have [x; N D # ] > b, thatis, [Ty e P)(y € x1)] = b;
and so, by (23), there exists x, € X, such that
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[XZECD] A [XQGXﬂ >b.

“Iterating” these arguments (and, strictly speaking, applying recursion and the axiom
of choice), we obtain a sequence (x,),cn of elements in X satisfying

[Xn EYTIA [Xpi1 €Exn] Z [Xn €P) A [xyi1E€xy) =2b, neN

Owing to the o-regularity of X outside Y, this implies b = 0.
Assertion (c) is a direct consequence of (b). O

The rest of the subsection is devoted to the description of the complete Boolean
algebras B for which the notions of regular and o-regular B-system coincide.

Definition 50. Given an element ¢ € B and sets C,D, Dy, C B (n € N), introduce the following
notions:

c is refined from D, in writing ¢ < D, if c < d for some d € D;

C is refined from D, in writing C < D, ifc < D forall c € C;

c is strictly refined from D, in writing ¢ < D, if c < d for somed € D;

C is strictly refined from D, in writing C < D, ifc < D forallc € C;

c is refined from (Dy)yen if ¢ < Dy foralln € N;

C is refined from (Dy)yen if C < Dy, foralln € N.
A set C C B is called a cover of a Boolean algebra B if VC = 1;. A partition of a Boolean algebra is
a partition of unity; that is, a cover that is an antichain. Recall that, by the exhaustion principle,
from each cover we can refine a partition.

Theorem 10 ([11] (Section 19), [12]). The following properties of a complete Boolean algebra B
are equivalent:

(@) AnewVierb(n,i) = Vicgw Ayew b(n,i(n)) for all sets I and functions b: w x I — B;
() ViewNierb(1n,1) = NicwVnew b(n,i(n)) for all sets I and functions b: w x I — B;
(c) from each sequence of covers of B we can refine a cover;
(d) from each sequence of partitions of B we can refine a partition;
(e) for every sequence of partitions (Dy,),cn of B and every nonzero a € B, there exists a sequence
of dy € Dy (n € N) such that
al )\ dn # 0.

neN

A complete Boolean algebra B satisfying each of the equivalent conditions (a)-(e)
is called w-distributive or (w, oo)-distributive; see [8] (Section 14).

Every atomic complete Boolean algebra is w-distributive. The completion of the
quotient Boolean algebra P(w)/ Py, (w) is an atomless w-distributive complete Boolean
algebra; see [12] (Corollary to Lemma 5), [13] (Example 9). A classical example of a com-
plete Boolean algebra that is not w-distributive is given by the Boolean algebra of cosets
of Lebesgue measurable subsets of R.

Definition 51. Given a sequence (Cp,) e 0f subsets of B, call it a refinement in B if
(@) VC, =VC1 #Ogforalln e N;
(b) Asen cn = Og for every sequence of ¢, € Cy (n € N).
Say that a refinement (Cy,),en is partitioning if, for all n € N,
(c) 0 & Cp;
(d) C, is an antichain;
€ Cut1 <Ca

The following is readily verified:

Lemma 28. Let (Cy,),cn e a partitioning refinement in B and let X := |J,en Ca.
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(a) Foreach x € X, there exists a unique finite list of elements ¢y € C1, c2 € Cy, ..., ¢y € Cy such
thatc1 > ¢y > -+ > ¢y = X.

(b) Ifn # mthen C,NCy = D.

(c) Given en element x € X, denote by h(x) the only n € N for which x € C,,.
If (xi)ier C X and Viep h(x;) = oo, then Nicy x; = Op.

Theorem 11. The following properties of a complete Boolean algebra B are equivalent:

(a) B admits a partitioning refinement;
(b) B admits a refinement;
(c) B is not w-distributive.

Proof. The implication (a)=(b) is trivial; (b)=-(c) is easily deduced from Theorem 10 (e).
We will show that (c)=(a).

If B is not w-distributive; then, by Theorem 10(e), there exist a sequence of partitions
(Dn)nen and a nonzero a € B such that

an J\dp=0p (24)

neN

for every sequence of d;, € D, (n € N). By (24), it is impossible to refine any nonzero
element b < a from (Dy,),cy, and so for each nonzero b < a we can consider the natural

m(b) :=min{n € N:b £ Dy }.

From VD,,;) =15 it follows that b A VD,, ;) = b. Moreover, since b £ D,,(;), we have
bAd <bforalld € D,,;). Therefore, the set

P(b) = {b Ad:de Dm(b)} \ {OB}
possesses the following properties:

P(b) is an antichain,
V P(b) =b,
0 <c<bforallc e P(b).

Define C, C B (n € N) recursively by putting

Cy := P(a);
Cn+1 = U P(b), ne N,
beCy,

and demonstrate that (Cy),cn is a partitioning refinement. Conditions (a), (c)—(e) of Defini-
tion 51 are obvious. It remains to justify Definition 51 (b).

Show by induction on n € N that m(b) > n for all b € C,,. The induction base n =1
is trivial. Suppose that m(b) > n for allb € C,, consider an arbitrary ¢ € C,,+1, and prove
that m(c) > n + 1. By the definition of C,, 1, we have the representation c = b A d for some
beCyandd € Dm(b). Since b is refined from Dy, ..., Dm(b)_l; by the inequality ¢ < b,
the same holds for ¢, and so m(c) > m(b) > n. Moreover, from ¢ # D,y and ¢ < d € D,y
it follows that m(c) # m(b), and so m(c) > n+ 1.

Now, let ¢, € C,, for all n € N. By the above, m(c,41) > n, whence ¢, 11 < Dy, and so
Cny1 < dy for some sequence of d,, € Dy, (n € N). Applying (24), we conclude that

/\cn:cl/\/\cn+1<aA/\dn:0B. O

neN neN neN
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Theorem 12. The notions of reqular and o-regular B-system are equivalent if and only if the Boolean
algebra B is w-distributive.

Proof. Necessity: If B is not w-distributive; then, by Theorem 11, there exists a partitioning
refinement (C,),cy in B. Put

X = U Cn.

neN

As in Lemma 28(c), given x € X, denote by h(x) the only n € N for which x € C,. Turn X
into a B-system by putting for x,y € X

1; ifx=y,

[=lx(xy) = {

0z otherwise;

x ifh(x) =h(y)+1,
0z otherwise.

[€lx(xy) = {

In order to establish the o-regularity of X, consider an arbitrary sequence (x,,),eny C X
and show that A, cn[x,41 € x»] = 0. This relation is obvious if [x, 11 € x,] = 0 for some
n € N. Otherwise, h(x,+1) = h(x,) + 1 and [x,,41 € xy] = x,41 for all n € N. Then
Vuen B(x,41) = 00, whence, by Lemma 28 (c), we have

N X1 €xa] = N\ Xug1 = 0s.
neN neN
The system X is not regular, since
P:={x|y:xe X} "X
satisfies Lemma 25(b). Indeed, forall n € Nand x € C,,
Vilyexll=xr\lyex]ry=xn \/ yex]ry
yeX yeX y€Cpup1
=xAN ¥y =xAVCyi1 =xAVC, =x=Axs.
]/GC,,+1

Sufficiency: Let X be a B-system that is o-regular and not regular. Consider the sets
P, C "X (n € N) satisfying Lemma 25(c), put

Ch:={Ap:peP,}, neN, (25)
and show that (Cy),¢n is a refinement in B (see Theorem 11). Indeed, for all n € N,

VCy = \/Ap= \/Ap=VCy # 0.
pEPn PEP]

Let ¢, € C, for all n € N. Show that

/\ Cn :OB'

neN

The latter is obvious if ¢, A ¢;+1 = 0p for some n € N. Suppose now that c; A ¢, # Op
for all n € N. By (25), for each nn € N there exists an element p, € P, such that ¢, = Ap,.
Since Apy A Apy11 = cun A cyqq 7 Op; therefore, Lemma 25(c) implies that ¢, 41 = Apy41 =
[Pn+1 € pu). Consequently,

/\Cn< /\Cn: /\Cn+1: /\ [Pni1 € pul = 0p

neN nz2 neN neN

owing to the o-regularity of X. [
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4. The Structure of the Boolean-Valued Universe

In this section, we introduce the notion of universe over an arbitrary extensional
Boolean-valued system and establish a close interrelation between such a universe and the
intensional hierarchy, a Boolean-valued analog of the von Neumann cumulative hierarchy.
This general tool makes it possible to prove the uniqueness of the classical Boolean-valued
universe V® up to a unique isomorphism and to construct examples of Boolean-valued sys-
tems with unusual properties. In particular, given an arbitrary complete Boolean algebra B,
we show that the conditions listed in the axiomatic characterization of V® are logically
independent. We also describe the structure of V® by means of four cumulative hierarchies.

4.1. Intensional Hierarchy

The von Neumann cumulative hierarchy (Vy),corg OVer a set or a class V) is defined
by the transitive recursion

Ver1 = Va UP(V), a € Ord;
Vi=U v & € Lim Ord. (26)

B<a

In this subsection, we define an intensional hierarchy that serves as an analog of the
hierarchy (26) for Boolean-valued systems, introduce the notion of Boolean-valued universe
over an arbitrary extensional Boolean-valued system, and establish a close relationship
of such a universe with the corresponding intensional hierarchy.

Definition 52. We begin with a characterization of the superstructure that is a Boolean-valued
analog of the discrete step Vi1 = Vi UP(Vy) of (26).

Given an extensional B-system X and an arbitrary subclass Y C X, introduce the following
notions:

X is intensional over Y < (VP C*Y)(Ix € X)(x~P?)
& VoeX: oY) (FxeX)(x=d);

X is predicative over Y < (Vxe€ X\Y)(IP C™Y)(x~P?)
& X=YUTRB(Y);

X is separated over Y < (VxeX)(VzeX\Y)(x~z = x=z)
& (Vxp,xeX)(x1=x, X1 £ % = x1,%€Y).

Say that a B-system X is a superstructure over a subsystem Y if

(@ Y X;

(b) X is extensional;

(c) X is intensional over Y;

(d) X is predicative over Y;

(e) X is separated overY.
Refer to X as a superstructure over a copy of a B-system Z if X is a superstructure over a subsystem
isomorphic to Z.

Lemma 29. For every extensional Boolean-valued system Z, there exists a superstructure over
a copy of Z.

Proof. Consider an arbitrary extensional B-system Z, its isomorphic copy Y := {@} X Z,
and put (see Definition 32)

Y:={P C " :Pissaturated, ~(3y € Y)(y ~ P1,)}.
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Note that Y N Y = @. Indeed, by Definition 23, the elements of every subset P C *Y are
sets of pairs, whereas every element of the product Y = {@} x Z in Kuratowski’s approach
has the form {{@},{@,z}} and so contains {@} that is not a set of pairs.

Put X := Y U Y and extend the interpretations [=],, [€], onto X? by putting

[=lx(v,2) = [=](v,2),
€lx(y,z) = [€ly(y,2);
[=1x(P,Q) == [PL=0%],,
[€lx(P,Q) = [PLeQN ]y
[=]x(P,y) = [Ph=yl,,
[€]x(Py) == [PTYGL'/}Y;
[:]x(yfp) = []/ :PTy]Y/

[€lx(y. P) == [yePt ]y

forally,z € Yand P,Q € ).

The fact that X is a B-system under the interpretations [=], and [€], is established
by an elementary check of the conditions of Definition 26. In most cases the syntactic
sugar of Definition 22 and the validity in Y of the propositional and equality axioms
(see Proposition 11) are enough for this check. We will only clarify five cases, in three
of which the extensionality of Y is used, and the other two employ the obvious inequality

[p(x)]y < [(Fx) p(x)]y.
Ifx,y,z€ Yand P,Q € Ythen

[=]x(P,z) = [x=P1, AP1,=2],
=[(Vy)( exeyeP)ANVy)(veP & yez),
Vy)(yex e yez)l, < [x=z], = [=]x(x,2);

N

J(P,2) = [P}, €y AP =7,

(x PT ANx€y) NPT, =z],

(Vu)uex e uePh)Axey) A(Vu)(uePt, & uecz),
(Vu)(uex s ucz)Axey)l,

(x

=zAxey)ly < [zeyly = [€lk(zy);

[€]x(P, Q) N [=]x(P,z) = [P, € QN AP, =2],
— [@x)(x =P}, AxeQN) AP, =),
=[@x)(Vy)(yex s yePh) AxeQh) AVy)(yePT, & yez)],
<[@x)((Vy)yexsyez)Axet)]y
<[@Ex)(x=zAx€Ql)], < [z€QN], = [€]x(z,Q);

[Elx(xy) A= ]( [XG]//\x:PTY]Y
<[(Fx)(x Axey)] [P1, €yly = [€lx(P,y);

[€]x(x, P) AN [=x(x, Q) = [x € PI, Ax=Q% ],

<[@x)(x=Q1 Axe Pl = [Q% € PL]y = [€lk(Q P).
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Definition 52 (a): Establish the transitivity of the subsystem ¥ C X by checking
condition (c) of Proposition 17. Suppose that u € X and v € Y. If u € Y then [u € v], <
1 = [ue Yt ]y, and if u € Vthen

[uev]y = [MTY €v], = [(Hy)(y:uTY Ay €0)]y
< [(Ely)(”Ty:y)]y = \/ [”Ty:y]y = \/ [u=ylx = [VGYTX}X'

yeYy yeY
Definition 52 (b): If u,v € X and [- € u|, = [- € v]; then, in each of the three cases

uveY;, ucY,vel, uve),

we have

[u=n0], = /\ [zeu], eplz€0],

zeY
[“ = Z)]X = [u - UTY]Y = /\ [Z € u]Y B [Z € va]Y = /\ [Z S u]x 5] [Z S U]X = 1s.

zeY iRy

[uTY = UTY]Y = /\ z€ uTy]y Splz€ va]Y
zeY

The following relation in X will be of use below:
P~ P1, forall P € ). (27)

Let P = {y;|y, : i € I} € Y. Demonstrate that [x € P]; = [x € P{,], for all x € X. Indeed, if
y € Ythen [y € Py = [y € P1,], = [y € P1,]« (see Remark 16 or Theorem 8); and if Q € Y
then by Lemma 4

[QEP]X = [QT}/EPT}/]Y = \/ [QTYZP}Y

peP

=V [Qt, =yily Abi =\ [Q=yilx Ab; = [Q € Pl

i€l iel

Definition 52 (c): Consider a subset P C *Y and show that x ~ P1, for some x € X.

Let P := P1, |}, C *Y be the saturated hull of P in Y (see Corollary 3). Since P C P C
Ptl,; therefore, P1, < P1, < P11, and so P, = P1, by the equality P1, |}, 1, = P1
(see Lemma 7). If y ~ P1, in Y for some y € Y; then y ~ P1, in X by Proposition 18,
and so x := y ~ Pty = P1,. If =(3y € Y)(y ~ P},) then P € Y and, in this case,
x := P ~ P, = P1, owing to (27).

Definition 52 (d): This is a direct consequence of (27).

Definition 52 (e): Suppose that y € Y and P € Y. By the definition of )}, we have
y # P17, in Y; whence from Proposition 18 it follows that y % P1, in X and soy % P by (27).

Now, let P,Q € ), P ~ Q. The relation (27) implies P, = Q1,. Then P, = (P1,)], =
(Q1y)]y = Qf,. Since P and Q are saturated subsets of "Y; according to Theorem 3 we have

P=PiY, =Qfl,=Q O

Lemma 30.

(@) Ifa B-system X is a superstructure over a subsystemY C X, f: X <3 X, and f|y = idy;
then f = idx.

(b) If B-systems X and X' are superstructures over subsystems Y C X and Y' C X' then each
isomorphism f: Y <, Y extends to a unique isomorphism f: X <, X'. In particular,
a superstructure over a copy of a Boolean-valued system is unique up to isomorphism.
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Proof. (a): Observe first of all that conditions (b)—(d) of Definition 52 imply the relation

(Vxr,xp € X\Y) [ri=xly = A [vex & yexl,. (28)
yey

Indeed, for every x € X\Y, there is a subset P C *Y such that X F (x = P1,), which in view
of the validity X F (P, C Y1) (see Lemma 5(b)) implies X F (x C Y1,). Consequently,

XE(xm=xne VyeYh)(vex ©yex))

for all x1,x, € X\Y; and it remains to refer to Corollary 2.

Suppose that X, Y, and f satisfy the conditions of (a). Consider an arbitrary x € X\Y
and show that f(x) = x. Itis clear that f(x) € X\Y. Reckoning with (28) and the equality
f(y) =y fory €Y, we conclude that

fx)=xlx= A\ lvef(x) ®yexy

yeYy

= /\ [f(]/) Ef(x)]X@’B []/Ex]x = /\ [J/Gx]X@B []/Ex]x = 1.
yey yeyY

Thus, f(x) ~ x, which by Definition 52 (e) implies f(x) = x.

(b): The uniqueness of an extension f follows from (a). Prove the existence. Consider
arbitrary extensional B-systems X and X/, that are superstructures over subsystems Y C X
and Y’ C X', and an isomorphism f: Y <, Y.

Consider an arbitrary element x € X\ Y. By Definition 52 (d), there is a set P C Y such
that x ~ P{,. Due to the relations P C P}, }, and P1, = P1, |}, 1, (see Lemma 7), we have

P1, = (P1d, NP1, < (P U, NV, < PR ULT, = P,

and so x ~ P1, = (P1,{, N"Y)1, = (xl, N"Y)1,. Moreover, since P is a set, Theorem 4
implies that the class x|}, = P1,}, is a set too. Therefore, by putting

= xl, N"Y, xeX\Y,

we obtain a definable class family of subsets Py C *Y such that x ~ P, 1, forall x € X\Y.

Next, given x € X\Y, put P} := f*(Px) C *Y’ (see Definition 30). By Definition 52 (c),
there exists an element z € X’ such that z ~ P;1,,. Note that z cannot belong to Y’.
Indeed, if z € Y/ then y := f~1(z) € Y and, using Propositions 13 and 18 and conditions
(a), (b) and (e) of Definition 52, we infer the following chain of implications leading to
a contradiction:

2Pty = fy) = (PO = YE(f() =fF " (P)t) = YE@=P1)
= XE({y=Pk1) = y~P1, = x>y = x=y = x€Y.

Taking account of Definition 52 (e), we conclude that, for each x € X\, there is a unique
element z € X'\Y’ such that z ~ Pi1,,. Therefore, we obtain a definable class function
g: X\Y — X'\Y' satisfying g(x) ~ P;1,, forall x € X\Y.
Define f: X — X' by putting
_ (x) ifxey,
Fly= oI
g(x) ifxeX\Y,

and show that f: X <, X'. For convenience, put x’ := f(x) € X’ for each x € X. Therefore,
f: yr—y is an isomorphism from Y onto Y’, and, for all x € X\Y,

P, C™Y, P.=f"(Py)C™,
x = Py, ¥~ Py
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Show that f preserves the truth values of atomic formulas. Let ¢(x1,x2,1,Y2) be
any of the (bounded) formulas x1 = xp, X1 € X2, X1 =Y1, X1 €Y1, Y1 € X1, Y1 =Y2, Or Y1 € Y7.
Then, by Proposition 13 and Theorem 8, for all x1,x; € X \Y and y1,y2 € Y, we have

x = [Py, Pty v, y2)]x = [@(Prly, Py, y1, v2)ly

(29)
= [@(Pe s Pt V1 v2) v = [0(Pe b, Pet 1, ¥2) ] = [@(x1, X5, 11, 2) |-

Show that f: X — X’ is injective. The injectivity of f on Y is guaranteed by the
injectivity of the isomorphism f: Y — Y’. If at least one of the elements x7, x, € X does
not belong to Y; then since [x1 = x5], = [x] =x}] (see (29)) from x| = x} it follows that
X1 = Xxp, and so x1 = xp by Definition 52 (e).

Finally, prove the surjectivity of f: X — X’. Consider an arbitrary z € X’ and show
that z = x’ for some x € X. If z € Y’ then the desired x € X exists by the surjectivity of
the isomorphism f: Y — Y’. Let z € X"\ Y. By Definition 52 (d), there is a subset P’ C *Y’
for which z ~ P'{,,. Put P := (f*)"1(P’) C Y. By Definition 52(c), there exists x € X
satisfying x ~ P1,. If x € Y; then from Propositions 13 and 18 we infer

x~Pf = x~Pf = x' =P, = =P, =1 ~z
which contradicts Definition 52 (e). Consequently, x € Y. So, by Propositions 13 and 18,
x~Pf, = PA, =Pt = P =P, = PN, =P1, = P, =P, = ¥~z
Owing to Definition 52 (e), the latter implies x’ = z. [

Definition 53. Say that a family of extensional B-systems (Xa) ,eorq® iS an intensional hierarchy
or, more exactly, a B-valued intensional hierarchy over Xy if

Xy41 15 a superstructure over X,, a € Ord;
Xy = U Xp, « € Lim Ord®.
B<a
In this case, Xp < Xy forall B < a € Ord® (see Proposition 19 (e)).

Lemma 31. For every extensional B-system Y, there exists an intensional hierarchy (X )yeorg®
such that Xg < Y.

Proof. The desired hierarchy can be easily built on using Proposition 19 and Lemma 29
together with the construction of the direct limit; see, for example, [14] (II1.7.5). Indeed,
define the family of B-systems Y, (¢ € Ord®) and isomorphic embeddings fg Yg — Ya
(B < a € Ord’) satistying the relations fi = idy, and f} = fg ° fiys (y <B<acOrd),
by means of the following recursive procedure:

Yy =Y, fg = idy,;

for « € Ord
Y, +1 is a superstructure over a copy of Y, (see Definition 52 and Lemma 29),

a+1 is the corresponding isomorphism of Y, onto a subsystem of Y, 1,

folli=idy,,,, fiThi=fitloff forp<a+1;
for « € Lim Ord*
Y, := (Uﬁq {B} x Yﬁ)/w, where, for B, < &, p ;= max{B, 7}, x € Yg,y € Y,,
(B.x) ~ (1.y) & fr(x) = fr(y),
=l (~(B,x), ~(1,1)) = [=],(fs (%), f5 (),
(€l (~(B,x), ~(1,1)) = [€ly,(f (%), f5 (),
f& =idy,, fg(x) =~ (B,x) for p <ua, x €Y.
From Propositions 18 and 19 and Definition 52 it follows that the family of B-systems
Xy = f2(Ya) (2 € Ord®) is the desired intensional hierarchy. [J
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Lemma 32. Let (Xy),corge @14 (Ya)gcorgs be B-valued intensional hierarchies.

@) If f: Xeo <5 Yoo and f|x,: Xo <25 Y0 then f|x,: Xo 33 Yy for all « € Ord®.

(b) Iff,8: Xeo < Yoo and f|x, = g|x, then f|x, = g|x, for all & € Ord".

(c) Every isomorphism fo: Xo <3 Yo extends to a unique isomorphism f: Xeo ¥ Yoo.

Proof. (a) and (b): In employing induction on & € Ord®, the base and limit steps are trivial,
and the step o — a + 1 is easy to justify for item (a) with the use of Proposition 13 and
conditions (c) and (d) of Definition 52, and for item (b), with the use of Lemmas 32 (a)
and 30(a).

(c): Employing transfinite recursion and basing on Lemma 30 (b), it is easy to construct
a family of isomorphisms fy: Xu ¢ Yo (@ € Ord®) such that fy C fp for « < B. Then
f 1= fw is a desired isomorphism. The uniqueness of the extension follows from (b). [

Definition 54. Say that a B-system X is a Boolean-valued (B-valued) universe over Xy if the
following conditions are fulfilled:

(@ Xo=xX;

(b) X is extensional;

(c) X is intensional;

(d) the elements of X\ Xy are predicative;

(e) X is separated over Xo;

(f) X is reqular outside X.

By Corollary 9, conditions (b) and (c) imply the cyclicity of the class P (X) of all
predicative elements in X, which in view of (d) implies that the difference X\ X is precyclic,
and hence, by Theorem 9 (b), condition (f) is equivalent to the o-regularity of X outside Xj.

As is easy to see, every Boolean-valued universe X over X is a Boolean-valued
universe over an arbitrary subsystem Y satisfying the relations Xo C ¥ < X.

Theorem 13.

(@) If (Xa)xcorg® is an intensional hierarchy then X« is a Boolean-valued universe over Xj.
(b) If X is a Boolean-valued universe over X then there exists a unique intensional hierarchy
(Xa) weora® such that X = Xeo. Moreover,

Xyr1 = Xg UB(Xy), «€Ord;
Xy = U Xp, a« € LimOrd®.
a<pB
Proof. (a): Verify conditions (a)—(f) of Definition 54 for X = Xc.
Definition 54 (a): By Proposition 19 (e), the system X, as well as each of the systems X,
is a transitive subsystem of X. Note that, for this reason, the fulfillment of the relation
x =~ P? in one of the systems X, is equivalent to its fulfillment in X, (see Proposition 18).
Definition 54 (b) is included in the definition of intensional hierarchy.
Definition 54 (c): Let P be a subset of "X = Uycorg “Xa- Choosing for each element
p € P an ordinal a(p) satisfying the condition p € "X, (,), we conclude that P C "X,, where
a = V{a(p) : p € P}, and so PT =~ x for some x € X, 1 by Definition 52 (c).
Definition 54 (d): If x € X\ Xp then x € X, 11 for some a € Ord, and, consequently,
(3P C "X,)(x ~ P?) by Definition 52 (d).
Definition 54 (e): Suppose that x,y € X, x > y, and x # y. Put

(30)

a := min{B € Ord : x,y € X}

and show that « = 0. Indeed, « cannot be a limit ordinal; since, in this case X, = U p<a Xﬂ,
and so there is an ordinal f < « satisfying x,y € Xg. Ifa = p+1then x,y € Xg
by Definition 52 (e).
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Definition 54 (f): Prove that all the systems X, (including X«) are regular outside X
by inducting on « € Ord"®.

The case of @ = 0 is trivial: Xy is obviously regular outside Xp.

Suppose that X, is regular outside Xy. By Lemma 27, for proving the regularity of X, 4
outside X)), it suffices to demonstrate the regularity of X, 1 outside X,. By Lemma 5 (b);
Definition 52 (d) implies that

Xor1 F (Vy)(y € Xal V y C Xa1). (31)
Consider an arbitrary Boolean-valued class ® € X, and prove the validity
Xe1 E(PNXt =08 AN P#2 = Fyed)(yNnd=09))

by “reasoning inside X, 1" (see Remark 11). Let N X1 = @ and & # &. Takey € ¢
and show that y N ® = &. Indeed, from & N X, 1 = @ it follows that y ¢ X, T,soy C X1
by (31) and, therefore, yN® C X, T NP = 2.

Suppose now that « € LimOrd®, and let X be regular outside X, for all B < a.
By Lemma 9, for proving the regularity of X, outside X, it suffices to consider a Boolean-
valued class ® € X, satisfying ® < —(XoTy,) and show that X, F pu(P) or, which is
equivalent,

(VxeXy) XoF (xe@= (Fye@)(yNnd=0)).

If x € Xo = Up<q Xp then x € Xp for some ordinal f < «. Prove the validity
XuE(xed= Fyed)(ynd=09))

by “reasoning inside X, Relying upon the relations ® N XoT = &, x € XgT, and x € P,
show that (3y € ®)(y N ® = ). Since the class Xg1 \ XoT is regular (see Lemma 26) and

2 # ®NXpt C Xpt\ XoT,

there exists y € ® N X1 such that yN® N Xt = &. By the transitivity of Xgt, from
y € Xgtitfollows thaty C Xg?. Thus, yN® =yNO®N Xt = 2.

(b): Consider the family of subsystems X, C X (¢ € Ord®) constructed with the use
of transfinite recursion by (30) starting from the given subsystem X, C X.

Induct on & € Ord® to show that X, < X. The case of « = 0 is contained in Defini-
tion 54 (a). Suppose that X, < X, consider arbitrary x € X, vy € X, 1, and establish the
inequality [x € y] < [x € X411]. If y € X, then

[xey] < [xe€Xal] < [x € Xe1?];
and if y € B(Xy) theny ~ PT, P C *X, and so, by Lemma 5 (b),
[xey] = [xe P < [x € Xa1] < [x € Xps11].

If « € LimOrd® and Xp=x X forall B < w, then X, = UKﬁ Xp=X by Proposition 19(c).

By Proposition 19(a), the above implies that X, < X,41 for all « € Ord, which
corresponds to Definition 52 (a). The extensionality of X, (Definition 52 (b)) follows from
Corollary 11 due to the extensionality of X and the transitivity X, < X established
above. Conditions (c) and (d) of Definition 52 are ensured by the definition of X, ,1; and
Definition 52 (e) follows from Definition 54 (e). Thus, the family (X, ),corq* is an intensional
hierarchy.

For proving the equality X = X, we will need several auxiliary facts. Show that

(Vx € X)(Fy € Xoo) [x=y] = [x C XooT]- (32)
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In the case of x € Xy, (32) is obvious. Let x ¢ Xj. By Definition 54(d) the element x € X
is predicative, and so by Lemma 8 there is a set P C "X, such that [x C XoT] = [x =P1].
By (a), the system X, satisfies Definition 54 (c); therefore, the Boolean-valued class P{ is
represented by some y € X, which is desired.
Show also that
(Vx € X) [x € Xool] = [x C Xool]- (33)

The inequality “<” is guaranteed by the transitivity X. < X proven above. On the other
hand, by (32), for every x € X there is y € X« satisfying [x =y] = [x C XT], and so

[x C Xe] = [x=y] A ly € Xl < [x € XooT]-

Passing to the proof of the equality X = X, assume on the contrary that there exists
x € X not belonging to Xeo. Put b := [x ¢ Xool] = [x ¢ XooT] (see (33)). Note that b # 0.
Indeed, if b = 0p then X E (x C XoT) and then, by (32), there exists y € X such that
[x=y] = [x C Xol] = 13, that is, x ~ y, which, with account taken of Definition 54 (e),
implies that x = y, and so x € X. Let @ := —=(XoT) be the complement to X1 inside X.
Since X is regular outside X (see Definition 54(f)), ® < —(Xp?1) and [® # &] > b imply
[(Bye®)(yNnd®=2)] > b; therefore, [y € P N yNP =] # 0 for some y € X. On the
other hand, by (33),

eP AyNd®=0] = [y ¢ X A ¥y C XooT] = 05.

The uniqueness of the intensional hierarchy in (b) follows from Lemma 32 (a). Indeed,
if (Xa)xcora® and (Ya),corqe are intensional hierarchies such that Xy = Yp and Xeo = Yoo
then, for all « € Ord®, we have (idx_)|x,: Xa % Ya, thatis, X, = Y,. O

The assertion below follows from Lemmas 31 and 32 (c) and Theorem 13.

Theorem 14.

(a) For every extensional B-system Y, there exists a B-valued universe X over Xg such that
Xo <+ Y; moreover, such an X is unique up to isomorphism.

(b) If X and Y are B-valued universes over Xy and Yy then each isomorphism fo: Xy <3 Yo
extends to a unique isomorphism f: X <3, Y.

Applying Theorem 14 (a) to some extensional B-system Y and considering a B-valued
universe X over a copy Xy of the system Y, agree to identify Xy with Y and refer to X
as a Boolean-valued universe over Y.

4.2. The Boolean-Valued Universe

In the present subsection, we formulate the defining properties of the classical Boolean-
valued universe V® as an algebraic system, prove the existence of such a system and its
uniqueness up to a unique isomorphism. These well-known facts (see [1,5]) are repro-
duced here as direct consequences of the general properties of a Boolean-valued universe
over an arbitrary extensional system which are established in Section 4.1. The new results
presented in the subsection include examples of Boolean-valued systems with unusual
combinations of properties. The examples show that, for each complete Boolean algebra B,
none of the conditions listed in the definition of Boolean-valued universe follows from the
other conditions.

Definition 55. A B-valued system X is called a Boolean-valued (more exactly, B-valued) universe
if X satisfies the following conditions (see [1] (3.4)):

(a) Xisextensional: XFE (Vxy)((Vz)zexszey) = x=y);

(b) Xisintensional: (VP C "X)(3x € X)(x ~ P1);

(c) X is predicative:  (Vx € X)(3P C "X)(x ~ P?1);

(d) X is separated: (Vx,ye X)(XE(x=y) = x=y);

(e) Xis regqular: XE(VO)((Fy)(ved) = Fyed)(Vzed)(z¢y)).
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Recall that, by (b) and (c), the regularity, (e), of X is equivalent to the validity in X of
the axiom of regularity; see Proposition 20. Moreover, owing to Corollary 10(c) and Theo-
rem 9 (c), conditions (a)—(c) imply that the regularity of X is equivalent to its o-regularity.

Lemma 33. Let Y be an arbitrary extensional B-system. If a B-system X is a Boolean-valued
universe over Y then

(a) X is extensional;

(b) X is intensional;

(c) X is predicative if and only if Y is predicative;
(d) X is separated if and only if Y is separated;
(e) X isregular if and only if Y is reqular.

Proof. Assertions (a) and (b) are explicitly contained in Definition 54; (c) follows from Propo-
sition 18 (a) and Definition 54 (a); (d) is guaranteed by Definition 54 (e); (e) is a consequence
of Proposition 21, Corollary 14 and Definition 54(f). O

Lemma 33 implies that the notion of B-valued universe coincides with the notion
of Boolean-valued universe over a predicative separated regular B-system. The simplest
of these B-systems is a singleton regular B-system. (It would be even easier to speak
of a universe over @ but an algebraic system cannot be empty.)

Corollary 15. The following properties of a B-system X are equivalent:

(a) X is a Boolean-valued universe;
(b) X is a Boolean-valued universe over {y}, where y € X is such that X E (y = @);
(c) X is a Boolean-valued universe over a B-system Y = {y} such that Y E (y ¢ y).

The next assertion, given (without proof) in [1] (3.4), follows from Theorem 14
and Corollary 15. (The author is indebted to Professor Robert M. Solovay for a discussion
on approaches to proving this theorem.)

Theorem 15.

(a) For every complete Boolean algebra B, there exists a B-valued universe unique up to isomor-
phism.
(b) For arbitrary B-valued universes X and Y, there is a unique isomorphism f: X <3, Y.

Definition 56. The B-valued universe, characterized up to isomorphism, is denoted by V& and
the corresponding truth values [@ly, s are written down as [¢]; see [1,4,5].

As is known, the Boolean-valued universe is a model of ZFC, which fact is called the transfer
principle; see [4] (2.4), [5] (4.4). More exactly, there are classes V®, [=], and [€], defined
with parameter B, such that

ZFC, B is a complete Boolean algebra +
(V®, [=], [€]) is a B-valued universe,
(V®, =1, [€]) E ZFC.

Examples 1-5 below show that, for every complete Boolean algebra B, each of the five
conditions (a)—(e) listed in Definition 55 of the Boolean-valued universe is essential, that is,
none of them follows from the other four conditions. The main tools here are Theorem 14 (a)
and Lemma 33.

Example 1. For every complete Boolean algebra B, there exists a B-valued system that is intensional,
predicative, separated, and reqular but not extensional.
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Proof. Extend ZFC by the definitions of the constants

21:={{@}}, 2:={o{o}}.

Consider the Boolean-valued universe V® and the elements @", {@}",2{,2, € V® repre-
senting the ascents @1, {@"}1, {{@}"}1, and {@", {@}" } 1 respectively. As is easy to see,
VO (27 =21) and VO = (25 =2;) (see Definition 18).

Show that the subsystem

X:={xeV®:VPE (x¢ {2})} CcV®

possesses the desired properties.
Since V® [ ZFC; according to Proposition 9, the theorems 21,2, ¢ {@} and 2; # 2;
imply that 27,2, € X and [2] =2}], = [2] =25] = 0. On the other hand, for all x € X,

c=xe2]=xe21AxZ {@}] =0

—[xenAxg {o}] = [ve %] = [xe2),. 9

Thus, X F (2] #25) and X F (Vx)(x €2] < x €2)), and so the system X is not extensional.

For proving the intensionality of X, for an arbitrary subset P C "X, consider the
element u € V® representing the ascent P1, put x := u|, U2} |, (see Definition 39), where
b:.= Vper AP, and show that x € X and x ~ P1,. By Lemma 6(a), we have

[Pre{a}] =1CyePNye{oN] = Vipe{a]l > Vipg{ol =\ ap=0,

peP peP peP

which implies that

[x 2 {2} = (lu g {2 Ab) V ([21 £{2}] A =b) = ([PTZ{SH Ab) V =b = 15;

that is, x € X. Moreover, for all y € X, using the equality [y € 2;] = 05 (see (34)), we have

yexly=lyex] = (lycu] Ab)V([ye2i] A=b) = [ye PA]Ab
=[ye Pt APt #2] = [[ye Pt] = P1(y) = PN (y)-

The predicativity and separatedness of X are immediate from the predicativity and
separatedness of V® because x|, C x|y and [x =y, = [x=y] for all x,y € X. The regu-
larity of X follows from that of V® by Proposition 21. [

Example 2. For every complete Boolean algebra B, there exists a B-valued system that is exten-
sional, predicative, separated, and reqular but not intensional.

Proof. The extensionality, predicativity, separatedness, and regularity of a one-element
system {x} with interpretations [=](x,x) = 1; and [€](x,x) = 03 are obvious. Since
[xex] = 03 # 1z = {x}1(x), the Boolean-valued class {x}1 is not represented by the
(unique) element x; and so the system under consideration is not intensional. [J

Example 3. For every complete Boolean algebra B, there exists a B-valued system that is exten-
sional, intensional, separated, and reqular but not predicative.

Proof. Let Z be an extensional, separated, regular B-valued system whose underlying
class is a proper class different from the class of all sets. (As Z we can take, for example,
the isomorphic copy {@} x V® of the Boolean-valued universe V®.)
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Consider an arbitrary set co not belonging to Z, put Y := Z U {0}, and extend the
Boolean-valued interpretations of Z onto Y by putting

[=ly (00, 00) = 15,

[€]y(00,00) = [=], (2, 00) = [=]y(00,2) = [€]y (00, 2) = 0p,

for all z € Z. An elementary check shows that Y is a B-system.
For proving that Y is extensional, consider arbitrary x,y € Y and show that

[(Vz)(zex = zey)]l, <[r=yl.

The case of x,y € Z amounts to the extensionality of Z; the case of x = y = o is trivial;
and in the case of x € Z and y = oo the desired inequality is guaranteed by the regularity
of Z, since the validity Z F u({x}1) (see Definition 47) implies Z F (x ¢ x), and so

[(Vz)(zex o ze0)], < [xex & xex], = [xex]|, =03 = [x=00],.
As is easy to see, Y is separated and Z < Y. Since
YE(VO)(PNZT=0 = P C{c0}),

the system Y is regular outside Z. By Corollary 14, the regularity of Z implies the regularity
of Y. The system Y is not predicative since the saturated descent coJ} includes the proper
class oo = Z.

Lemma 33 implies that the Boolean-valued universe over Y satisfies the requirements
listed in the statement. [

Example 4. For every complete Boolean algebra B, there exists a B-valued system that is exten-
sional, intensional, predicative, and reqular but not separated.

Proof. According to Lemma 33, all the properties listed in the above statement are pos-
sessed by the Boolean-valued universe over a two-element B-system Y with interpretations
[=],: Y2 = {1;} and [€],: YZ — {0;}. O

Example 5. For every complete Boolean algebra B, there exists a B-valued system that is exten-
sional, intensional, predicative, and separated but not regular.

Proof. A singleton Y = {y} endowed with the interpretations [=|,(y,y) = [€],(y,y) = 1;
is an extensional, predicative, separated, and non-regular B-system. Therefore, owing
to Lemma 33, the Boolean-valued universe over Y possesses the required properties. [

4.3. Hierarchies in the Boolean-Valued Universe

In this subsection, we propose descriptions of the structure of the Boolean-valued uni-
verse V® by means of four hierarchies, one of which reproduces the intensional hierarchy,
the second serves as the descent of the von Neumann hierarchy, and the other two are
generated by some ascents and mixings.

In accordance with Remark 13, for every subset P C “V®  the Boolean-valued class
Pt €@ V® is identified with the element of V® that represents the class.

The hierarchy in the theorem below corresponds to the classical construction of
the (unseparated) Boolean-valued universe (see [2] (14.15), [4] (2.1.2), [5] (4.1.2)) and,
without the zero term, coincides with the intensional hierarchy (30) over a singleton regular
B-system.



Mathematics 2021, 9, 1056

64 of 78

Theorem 16. Using transfinite recursion, define the family of subsets V' ¢ V® (x € Ord)
by putting

vy = o;
Vi =Pw (W), « € Ord; (35)
VP = V/éB), a € Lim Ord
B<«
Then
Ve = |J Vv (36)
a€O0rd

Moreover, the family (Xu)ycorgs defined by the rule

B
V;ll fora < w;
Xe =4V  forw<a <o
V®  fora = o0

is an intensional hierarchy over Xy = VP = {&1}. In particular, Vﬁ(B) is a transitive subset of V"
forall B < a € Ord®, where V& := V,

Proof. Inducting on « € Ord, show that VéB) c VP for p <a. Let VéB) - Vﬁ(B) forall y < <a.
Consider p < aand x € VéB) and show that x € V{?. The cases of = 0 and a € Lim Ord
are trivial. Let « = &g + 1. The definition (35) implies that x € B @ (V@) for some v < B <
&y < . By the induction hypothesis, V" € Vi, and so x € B (Vi) € B (Vir) = V2.

The inclusions X, C X,41 imply that X, 11 = Xa UR_ (X, ) forall « € Ord. It remains
to use Theorem 13(b). O

Corollary 16 ([4] (2.1.3), [5] (4.1.3)). Let C be a subclass of V. If Pt € C for all subsets P C *C,
then C = V&),

Proof. Suppose that C # V®. By Theorem 16, there exists a least ordinal « for which there
is an element x € V" \C. From (35) it is clear that &« # 0 and & ¢ Lim Ord. On the other
hand, if « = B + 1 then x = P71 for some P C %Vé&. Hence, VéB) C Cimpliesx € C. O

Definition 57. Since the Boolean-valued universe V® is a model of ZFC, the equality

V - U Vp{
aeOrd

is valid in V®; that is, inside V®, the class of all sets V coincides with the union of the classical
von Neumann cumulative hierarchy (Vy)ucord (see (22)). Define the descent of the hierarchy
(Vi) weord from V® by assigning to each ordinal a the descent V|, of the element V,, € V® that is
equal inside V® to the corresponding term V, of the von Neumann hierarchy (see [4] (2.4.10), [5]
(4.4.10)):

VOE Ve =Vp).

Remark 17. It would be natural to expect that hierarchy (35), which is a Boolean-valued analog of
hierarchy (22), would coincide with the descent of the latter: (VDEB)) wcord = Vid)acora- However,
this fails for every infinite complete Boolean algebra B, since not all subsets V,* C V® are cyclic.
Indeed, if (dn)new is a partition of unity constituted by nonzero elements d,, € B then the join
Unew 1" 4, belongs to V. but does not belong to VY = Unew V.

The following assertion shows that, in order to turn (35) into the descent of the
von Neumann hierarchy, it suffices to add mixings at the limit steps.
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Theorem 17. Using transfinite induction, define the family of subsets UY) € V® (a € Ord)
by putting

0
Uffjr =R ( ), a € Ord;
Uff) = mix U U;), a € Lim Ord.

B<a
Then ([Uff )) xcOrd 1S the descent of the von Neumann hierarchy (Vi) ycorq from V) that is,

UY =V, forall « € Ord,
where V), are the elements of V® satisfying VO E (V, = V).

Proof. Prove that TU&B) = V)] by induction on & € Ord.

The induction base & = 0 is trivial: IUE)B) =0 =01 =Wl

If [U,(XB) = V| then, by Proposition 16(a), we have U&B)T = VulT = Vi. Using the
relation

VO E(PUPT) = P0A) = P(Ve) = Va1 = Vi = Vo)
and employing assertions (b) and (c) of Lemma 5, we conclude that, for all x € V®),

x €U, & x€Rp(UY) & (3P UY)(x = P1) & VOUE (x cUYY)
o VO (x c P(]UI@T)) S VOE (x € V) & x € Vel

If & € Lim Ord and Ug) = Vgl for all B < a; then, by the equality a" = {B" : B a}T,
Corollary 2, Lemma 15, Proposition 16 (a) and [4] (3.1.9(1)) or [5] (5.1.7(1)), for all x € V®
we have

xelUy & xemix |JUY & \/{[[x:y]] Y€ UIU;?} =1,
B<a B<wa
oV V k=rl=1 e VUit =1
/3<zxyeIUﬁ B<a

p<a p<a Beu

& VOE3pea’)(xeVp) & VOE (xe UVﬁ)
B<a’
& VOE@xeVy) & VI (xeV) & x eVl O

The construction of the hierarchy (35) involves the ascents P1 of arbitrary sets P
of partial elements:

VP =RBe (W) = {Pt: P c "V}

On the other hand, by Corollary 8(b), each element in the Boolean-valued universe is
represented as the ascent (Y|;)1 of the set Y|, of partial elements with equal domains.
In this connection, it seems natural to conjecture that the Boolean-valued universe can be
constructed into the hierarchy of ascents of the form (Y|;)1. Nevertheless, the fact below
refutes this conjecture.



Mathematics 2021, 9, 1056

66 of 78

Theorem 18. Suppose that a separated extensional B-system X satisfies the ascent principle. Using
transfinite induction, define the family of subsets Y, C X (« € Ord) by putting

Y, = {(Y|b)T 1Y C U Yp, b€ B}, « € Ord.
B<a

If the Boolean algebra B is infinite then Jycorq Ya # X-
Proof. Define recursively the sequence (y,)ncw C X as follows:

Yo:=2T, Yny1:=1{yn}l, new.

Fix an arbitrary antichain (d,)nc. of nonzero elements in B and consider the ascents
xi = {Ynla,,, n €W}, i€w. (37)

Since (V1 € ) Yns1 = {yn}1 and x; = (Upew{¥n}la,.;)1; by Lemma 22, we have

x; = ext |_| Yntila, ,, 1€w. (38)

new

For completing the proof, it suffices to show that x; ¢ Y, foralla € Ord, i € w. Induct
transfinitely on a. Consider a € Ord, suppose that x; ¢ Yg forall < a,i € w, and assume
that x; € Y, for some i € w. Then x; = (Y|;)1, where Y C Ug, Yp, b € B. Moreover,

yex]=[xi#2]=\/ dyi=b

new

for all y € Y (see Corollary 8(b)). Since [x; # @] # 0g, the set Y is nonempty, and so there
exist B < a and y € Yg such that [y € x;] = b.
Reckoning with (37), we have

V dpyi=[y€xi] = \/ [y =yn] Nduii,

new new

which, by Lemma 10(a), implies that d,,,; = [y =yu] Ad,;, thatis, [y =y,] > d,; for all
new,and so y|p = Lyew Ynla, .- Using the equality yo = @7 and (38), we conclude that

n+i’

extylp = ext| | yurla, )., = ext| | ynsila,, ) = Xie1- (39)

new new

Since y € Y, there are Z C U, Y, and ¢ € B such that y = (Z|¢)1. Then, forall x € X,

[xeextylh] [xeyl) = [xeylAb=[xe(Z[)T]A
=V x=z[] b=\ [x=z|cps] = [x € (Z]crp) };

zeZ zeZ

which, according to (39), implies x;,1 = exty|, = (Z|cap)T € Yp contrary to the induction
hypothesis. [

Lemma 34. If (Z;);c; is a family of subsets of V®, (d;);c; C B is a partition of unity, and
(b;)ie1 C B, then there exist Y C mix ;e Z; and b € B such that

|_| Z|b T|d Y|b)

i€l
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Proof. Put Z = Ujc; Zi € V¥ and P = Uie; Zilpng, € “Z. According to Lemma 22,
we have | |;cr (Zi|bi)T|d, = P1. By Corollary 8(a), there are Y C mix Z and b € B such that

Pt=(Y|y)r. O
According to Theorem 18, for constructing the Boolean-valued universe, the ascents

with constant domain are not enough. The results below show that the situation will
change if we add mixings at the limit steps of the hierarchy.

Theorem 19. Using transfinite recursion, define the family of subsets Y, C V® (a € Ord)
by putting

Yo = o;
Yyr1={(Y|p)T: YCY,, beB}, aeOrd; (40)
Y, = mix U Yg, « € Lim Ord.

Then pea

(@) Ya CYgfora <p;

(b) Yy are cyclic for all & € Ord;
(@ VP C Y,y forall x € Ord;
(d) Ve = Useord Ya-

Proof. (a): Prove that Y, C Yp for all « < B by induction on B. Let f € Ord, and let
Yy, C Yy, forall oy <ax < B. 41)

Consider an arbitrary ordinal « < p and prove that Y, C Yj. This inclusion is obvious
ifa =0, 0 = B, or B € Lim Ord. Therefore, we will assume that0 <« < fand = o +1
for some By € Ord. Fix an arbitrary element x € Y, and show that x € Yj.

If & = ap + 1 for some ag € Ord then x = (Y|;)1, where Y C Y, b € B. Since
ao < Bo < B, by (41) we have Yy, C Yp;s0 Y C Yp, and, therefore, x = (Y[;)1 € Y, 11 = Yp.

Now, let « € Lim Ord. Then Y, = mix U, «, Yy, and so x = | Jic  xi[4,, where (d;);c; C B
is a partition of unity and x; € Y, 7; < a (i € I). Since & is a limit ordinal, for all i € I
we have 7; + 1 < and, in particular, 7; < 7; +1 < B, which, owing to (41), implies that
Yy, C Yy, 11. Thus, x; € Y, 41, and so x; = (Z;]y,)1 for some Z; C Y, b; € B (i € I), and
SO0 x = uiel(zi|bi)ﬂd,' By Lemma 34, there exist Y C mixJ;c; Z; and b € B, such that
x = (Y]p)7T. Note that

mixUZi - mixUY%. C mix U Y, =Yy
i€l icl y<a

and, moreover, by (41), a < Bo < B implies Y, C Yﬁo' Hence, Y C Yﬁo and, consequently,
x=(Y[p)1 € Ypy11 = Yp.

(b): Applying induction, consider an arbitrary ordinal &, suppose that mix Yz = Yj
for all B < &, and establish the equality mix Y, = Y,. In the case of « = 0 or « € Lim Ord,
the equality is obvious. Assume that « = 41 for some B € Ord. Consider an arbitrary
element x € mix Y, and show that x € Y. Since

X € miXYﬁ+1 = m1x{(Z|h)T 1 Z C Yﬁ/ be B},

there exist a partition of unity (d;);c; C B and families Z; C Yg, bi € B (i € I)such
that x = |ic;(Zilp,) 1] 4 Lemma 34 implies the representation x = (Y|;)1 for some
Y C mixUje; Z; and b € B. By the induction hypothesis, mix U;c; Z; C mixYg = Yg, and
soY C Yg; thus, x = (Y[;)1 € Ypy1 = Ya.

(c): Again proceeding by induction, fix an ordinal &, suppose that V/éB) C Yy for
all B < «, consider an arbitrary element x € Vt,EB), and show that x € Y,.y. From (35)
it follows that x = P{ for some subset P C %Vﬁ(B), where 8 < «. By Corollary 8(a), there
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are Y C mix Vﬁ(B) and b € B such that x = (Y|;)1. By the induction hypothesis, VéB) C Ygi1-
Moreover, (a) implies that Ygi1 C Ya. Thus, VEB) C Yy, from which, in view of (b), it follows
that Y C mixVéB) C mix Yy = Yy, and so x = (Y|p)T € Yyi1.

(d): This is a consequence of (c) and (36). O

The following assertion shows that equality (d) remains valid if, at the discrete steps

of the hierarchy (40), we confine ourselves to ascents of the sets of everywhere defined
elements.

Theorem 20. Using transfinite recursion, define the family of subsets Z, C V® (x € Ord)
by putting

Zy =2
Zos1={21:27ZC Zy}, a€Ord;
Z,y = mix U Zg, « € Lim Ord.
B<wa
Then
VO = | Z.
aeOrd

Proof. Define the function 6: Ord — Ord by the recursive formula
() =V{é(B):p<a}+w, acOrd.
By Theorem 19(d), it suffices to prove that
(Va € Ord)(Ya C Zs(y)),

where Y, are defined in (40). Inducting on « € Ord, assume that Yp C Z5( B) forall § < a,
and establish the inclusion Yy C Z;(,).
Let « = § + 1. The obvious monotonicity of § implies that

Sa)=V{s(7):y<a}+w=V{6(7):v<B}+w=15B)+w.

Consider an arbitrary x € Yy = Yg 1. By (40), there are Y C Y and b € B such that x = (Y[,)1-
Then, for all z € V®,

[zex] =[ze (YI)1] = VIz=yll = V [z=y] Ab

yeY yey
=[zeYtinb=[ze (YD) = [z (YD)|s] VOs
=[ze(YDL]V[ze(@M)]-],
which, by Lemma 12 (d), implies that x = (Y?1)[, U@y Theinclusions Y, & C Yg C Zs(p)
imply Y1, &1 € Zs(5)41, and so

x=(Y1)|pU@t|p € mixZygy 1 Cmix |J Zy = Zsp)rw = Zo(a)-
Y<6(B)+w

If « € Lim Ord then

Y, = mix U Yp C mix U Zs(p) C mix U Zy =2y U
B<a B<u y<d(w)

Corollary 17. If C is a cyclic subclass of V® and Y1 € C for all subsets Y C C, then C = VO,

Proof. Suppose that C # V®. By Theorem 20, there exists a least ordinal « for which there
is an element x € Z,\C. If « = B + 1 then x = Y for some subset Y C Zg, and so Zg C C



Mathematics 2021, 9, 1056

69 of 78

implies x € C. If « € Lim Ord then x = UP for some maximal antichain P C *(Ug<a Zp),
and then g, Zg C Cimplies x € mixC =C. [

5. Applications of the Lévy Hierarchy

As another application of the formalism of eliminable extensions, we will present
examples of using a technique based on the quantifier hierarchy of formulas and terms.
In certain cases, the technique provides a simple replacement for the direct calculation of
Boolean truth values. With the help of the tool, we analyze the logical structure of several
classical definitions of the field of reals and find out which of them guarantee the inclusion
R" C R inside V® for all B.

5.1. Classification of Formulas and Terms

The hierarchy of %, and I, formulas suggested by A. Lévy [10] became an actively
employed tool in Boolean-valued analysis due to the fact that the relations expressed
by X1 formulas are preserved by the canonical embedding in the Boolean-valued universe
(see Theorem 21). Having become convinced that an assertion ¢(x, ..., x,) is equivalent
to a X1 formula, we thereby relieve ourselves of the need to calculate the Boolean truth
value of ¢(x7, ..., x;). In this respect, various syntactic methods are of use which help to
successively build more and more complex formulas and terms, while staying within the
class of X1 constructions. Below, we suggest some additions to the set of such tools.

In what follows, we assume that terms arise within an eliminable extension of ZFC
(see Definition 5), and keep the name of ZFC for the extension. In particular, every term
T(X) is associated with a formula ¢(X,y) of signature {=, €} such that

ZEC H(y=1(%) & ¢(%y)).

We also continue to follow Agreement 3 on expressions of the form ¢(xi,...,x,) and
T(x1,...,%,) and their connection with term substitution.

Definition 58. Let F be a set of formulas of set-theoretic signature. A formula @ is said to belong to
class F and is called an F formula, whenever ZEC - (@ < ¢') for some ¢’ € F. IfZFCF (¢ < )
and 1 is known to be an F formula, then the equivalence ¢ < 1, as well as the formula 1, is called
an F definition for ¢. As is easily seen, every formula admitting an F definition belongs to class F.

A term T belongs to class F and is called an F term or an F definable term, if the equality
Yy =T belongs to class F. (Here and in other similar cases, y is implicitly assumed to be a new
variable; see Agreement 2. In the present context, the latter amounts to the condition that y is not a
parameter of T.) Therefore, the membership of a term T(X) in class F means that

ZFCF (y=1(%) & ¢(%,y))

for some F formula ¢(X,y). In this event, the equivalence y =1 < ¢, as well as the formula
@(T(¥), %), is called an F definition for T.

Definition 59. Let A be the smallest set of formulas containing the atomic formulas x € y and
closed under the connectives \V, =, (3x € y).

Proposition 22.
(a) All bounded formulas (see Definition 46) are Ay.
(b) If ¢ and ¢ are A, then so are
PV, 9AY, 29, 9=, 9oy, (Bxey)e (xcy)e (Yrey)e.



Mathematics 2021, 9, 1056

70 of 78

The following expressions are known to be Ag:

a; {xh {xyh (vy)={{xb{xy}}

XUY; XnYy; X\Y; UX; XxY;, XCY;

fisafunction; f:X—Y; domf; imf; f(x); xfy:=f((xy));
0:=9; x+1:=xU{x}; w=1{0,1,2,...}:= theleast limit ordinal.

The corresponding A definitions can be found, for example, in [2] (12.10).
Definition 60. Let X1 be the set of all formulas of the form (3 x) ¢, where ¢ is Ap.
The following are consequences of [2] (13.10):

Proposition 23.

(a) All Ay formulas and terms are 2.

(b) If g and ¢ are X4, then soare pV ¢, ¢ AP, (3x) @, (Vx €y)¢.

(c) Ifaformula ¢ and a term T are X1, then so are the formulas (3x € T) @ and (VY x € T) .
(d) Ifaformula ¢(X) and terms T are X, then so is the formula ¢ (7).

(e) Ifterms T(X) and & are X1, then so is the term (7).

Definition 61. A formula ¢ belongs to class Ay and is called a Ay formula, if ¢ and —¢@ are £1. A
term T belongs to class A1 and is called a Ay term, if the equality y = T is Ag.

Proposition 24.

(a) All A formulas are 1.
(b) The classes of Ay terms and X1 terms coincide.
(c) If formulas ¢, and a term T are Ay, then so are the formulas

PVY, oAY, 2, 9=¢, ¢y, (FxeT), (FxeT)9, (VXET)Q.
(d) Ifaformula ¢(X) and terms T are Ay, then so is the formula (7).

Proof. Assertion (a)is obvious; (b) follows from the tautology x # T < (3y) (y =T Ax #y);
(c) for the case in which 7 is a variable, can be found in [2] (13.10(v)); (c) for an arbitrary
Aq term T follows from (d); for justifying (d), it suffices to observe that

9(t) & BNI=tre@), —¢) & ENF=tA-9F). O

Taking account of the fact that the notions of ; term and A; term coincide, we choose
the latter and speak of A; terms.

then so is the term {T(X) : X €7 A ¢(¥,7,p)}.

Proof. According to Proposition 24 (d), the formula ¢ := ¢(X,, ) is Ay. Therefore, the
term under consideration admits the following A; definition:
z={1(X): Xed Ay}
& (Vyez)(Fied)(y=1(@)Ap) A(Vied)(p= Fyez)y=1(%)). O

In Example 6 we will show that the above assertion cannot be expanded to the case of
an arbitrary X formula ¢.
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Remark 18. In Agreement 4, the default way is described of making conditionally correct definitions

correct. Namely, each definition y = T(X) < ¢(X,y) that satisfies the correctness (3'y) ¢(X,y)
only under a condition 5(%), is implicitly replaced with the correct definition

y="1(¥) & (6(¥) A p(%,y)) V (-6(X) Ay =x1).

Furthermore, if the defining formula ¢(X,y) is X1 (or Ag), and the condition §(X) is Ay (or Ao),
then the term T(X) occurs to be Ay (respectively, Ag). For instance, the conventional conditionally
correct definition “if f is a function and x € dom f, then f(x) is the only y such that (x,y) € f” is

implicitly replaced with the correct A definition

y=fx) e (0(fx)A(xy)€f)V(~6(f,x) Ny =f),
where 5(f,x) := (f is a function A x € dom f).

Theorem 21. Let ¢(x1,...,x,) be a Xq formula; let ¥(xq,...,x,) be a Ay formula; and let
T(x1,...,Xn) be a Ay term whose parameters are contained in the list xq, . . ., x,. Then ZFC proves
that, for every complete Boolean algebra B and all x1, ..., xy,
@ @(x1,...,x0) = VOE@(x],...,x,);
(b) PY(x1,...,x0) & VEOEP(x],...,x,);
(© VOE (t(xq,...,x0)" =7(x1,...,x,)).

A

In particular, if T is a Ay term without parameters, then ZFC proves VO (1" =1).

Proof. A proof of (a) can be found in [4] (2.2.9) or [5] (4.2.9); (b) follows from (a); (c) is

a synonym of the implication y = 7(x1,...,x,) = VOE (y" =1(x],...,x,)). O

Proposition 26. Let T(x1,...,%,) be a term with parameters contained in the list x1, ..., Xy.
If the formula x € T(x1,...,xy) is Xq (with x different from x;), then ZFC proves that, for every
complete Boolean algebra B and all x4, ..., Xy,

VOE (t(xq,...,x0)" CT(x), ..., x)).
In particular, if T has no parameters and the formula x € T is X1, then VO E (7" C 7).

Proof. If the containment x € 7(¥) is ¥y, then the formula (Vxey)(xe1(X)) is a &4
definition for the inclusion y C 7(¥). Owing to Theorem 21 (a), we have y C 7(¥) =
VOE (y" Ct(¥")), where ¥" := x7,...,x,. By substituting 7(¥) for y, we conclude that
VOE (7(%)" ct(¥")). O

5.2. Relative Classification of Terms

In this subsection, we introduce the notion of relative X1 definability for terms and
demonstrate its logical connection with the canonical embedding in the Boolean-valued
universe.

Definition 62. Let T and ¢ be arbitrary terms. Say that a formula ¢(T, S) defines T via & or, more
exactly, defines T =T via S =7, if

ZFCH (T=1 < ¢(T,5)).

Say that T is X1 definable via & and call T a X1 (5') term, if there is a X formula that defines T via &.
Say that terms T and o are Xy equivalent, if T is X1 (o) and o is X1 (7).

(@) Iftis Ay then T is Xq(0).
(b) Iftis X1(6) and & are Aq then T is M.
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(c) IftisXq(d,p) and p are Xq1(7) then T is (7).

(d) Iftis¥q(0)and ¢ are X1 (p) then Tis £1(p).

(e) Ift(xy,...,xp)and T, ..., T are X1(F) then T(Tq, ..., Tn) is L1 (7).
(f) If (%) is Aq then T(5) is X1(7).

Proof. Assertion (a) is obvious.
(b): If a 21 formula ¢(T, Sy, ...,S,) defines T via 0y, ..., 0, and ¢;(S;) are ¥; defini-
tions for o;, then T admits the following ¥y definition:

(3S1,--,Su) (@(T,S1,- .., Su) AP1(S1) A=+ A @u(Sn))-

(0): If (T, S,Ry,...,R,,) defines T via d,01,---,0m, and l[J]'(R]', S) define p;j via &, then
the following formula defines T via ¢

(3R1,- o, Ru) (@(T, 5, Ru, ., Ria) A1 (R1, 8) A=+ A (R, §)).

(d): If (T, Sy, ...,Sy) defines T via 7y, ..., 0, and @;(S;, R) define o; via {§, then the
following formula defines 7 via §:

(381, 80) (P(T, 81, ) A @1 (St R) A+ A 9u(Su, R)).

(e): If ¢(T,§,x1,...,xn) defines T = t(x1,...,%,) via S = ¢, and ¢i(Ti,§) define
T; = 7;via S = &, then the following formula defines T = (1, ..., T,) via S =g

(3Ty,...., T)(9(T,5,To, ..., Tu) Ap1(T1, S) A+ A (T, S)).

Assertion (f) is a particular case of (e). O

Proposition 28. If T(%) is a Ay term with parameters X, ¢(%,ij) is a Ay formula, and & are
arbitrary terms; then the term {T(¥) : X € 5 N @(¥, )} is 1 (F).

Proof. The claim follows from Propositions 25 and 27 (f). O

Lemma 35. Let T(X¥) be a Ay term with parameters X, and let ¢(X,y) be a Ay formula. Consider
an arbitrary term o and put

p={t(¥):¥cone(X o)}
If wisa ¥y (o) term and ZFC & (7t # &), then the term p™ is ¥q definable via ™. In particular,
o is X1 definable via o

Proof. Since 71 # @ implies 0 = {s(x) : s € 0" A x € t}, the term ¢ is X (0”7, 71) by Propo-
sition 28. Next, observe that 77 is X1 (¢7"). Indeed, if ¢(P, S) defines P =7 via S =0 then,
with account taken of ZFC (71 # &), the formula

(S=2AN@(P,2))V(IseS)(P=doms)

defines P = via S =0¢”. From Proposition 27(c) it follows that ¢ is 21 (¢”"). On the
other hand, p is ¥1(¢) by Proposition 28. According to Proposition 27(d), p is £1(¢7™)
and, consequently, there is a X formula (R, S) such that ZFC - (R=p < ¢(R,07)).
Therefore, the following ¥; formula defines R = p”™ via S =07

(3R)(P(R,S) A (VreR)(r: m — R)) A

(Vs1,...,51 € S)((Elxe ) —@(s1(x),...,s0(x),S) V
@reR)(Vxen) r(x) = T(s1(x),...,sn(x))>. O
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Definition 63. Given lists of terms ¢ = 07, ..., 0y and variables ¥ = x1, ..., xy, introduce the
notation

F(%) = 0q(%),...,om(¥), ¥ :=x1,...,0,
(

A A

FX) = (%), ..., on(X)",  F(X") = o (%

and agree to use the expression ¢ (%)" = &(%") as a shorthand for the formula

o1(#)" =01 (") A - A ow()

>

=0 (¥").

Theorem 22. Let 01 (X),...,0m(X) and T(X) be arbitrary terms whose parameters are contained
in the list ¥ = xq,...,xy. If T is X1 definable via 0, . .., 0y, then ZFC proves that, for every
complete Boolean algebra B and all x4, ..., xy,

VOE (6(%)" =d(x") = 1(¥)"=1(¥")).

In particular, if m = 1 and the term o := oy has no parameters, then

VOE (¢ =0 = (%) =1(¥"));

and if both o and T have no parameters, then

VOE(o"=0 = 1" =1).

Proof. Let ¢(T,S,¥) be a £; formula that defines T = 7(%) via S = #(%); that is, ZFC
proves the formulas (V%) ¢ (7(¥),5(¥),%) and (V% T)(¢(T, (%), %) =T =1(¥)). Due
to the transfer principle, the two formulas are valid in V®. In particular, for all ¥, the
following implication is valid in V®:

p(t(%), 6(x"),%") = (&) =1(¥"). (42)
According to Theorem 21 (a), ¢ (7(¥),7(¥), ¥) implies the validity in V® of the formula

p(T(®)", 5(%)", %"). (43)

It remains to observe that (42), (43) and ¢(%)" =¢(%") imply 7(¥)" =t (¥"). O

5.3. Embedding the Reals in the Boolean-Valued Universe

As was noted in Remark 6, the field of reals in the Boolean-valued universe is often
defined as an arbitrary element R € V® that is a Dedekind-complete totally ordered field
inside V®. However, the choice of such an R is usually restricted by the agreement that
the assertion “R" is a subfield of R” should be valid in V®; see, e.g., [4] (5.2.2), [5] (10.3.3).
Practically, this means that the field of reals in V® is declared to be an arbitrary Dedekind
completion of the Archimedean totally ordered field R".

The above-described introduction of the symbol R is represented by a conservative
extension of set theory and is therefore logically flawless; however, it is technically inconve-
nient because of the lack of elimination (see Remark 6). There is also a methodical demerit:
in the above approach, the definitions of the reals in ZFC and inside V® occur different.
Moreover, the notion of real number in the Boolean-valued universe fails to be “internal;
since it employs an object, R”, formally undefinable inside V.

Within the formalism described in Remark 7, the field of reals is defined by an elim-
inable extension, the constant R becomes universal, and the notion of real number occurs
the same for all models of set theory. Nevertheless, while eliminating the above-mentioned
technical and methodical “defects;” we run the risk of losing the conventional condition
V®E (R" CR).

The following question seems relevant: Which complete Boolean algebras B and
which traditional constructions of R provide the implicit inclusion R" C R inside V®?
As an illustrative example of the technique presented in Sections 5.1 and 5.2, we will
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study the question and show that the relation V&' ( R" C R) always holds if the reals
are defined as Dedekind cuts (see Theorem 23), whereas Cantor’s approach, based on the
Cauchy sequences of rationals, provides the inclusion only in the case of a o-distributive
Boolean algebra B (see Proposition 29). The main tool will be the notion of A; term.

Continuing the tradition, we hide the syntax of outer terms (see Definition 19) and,
in particular, write VO (R" C R) instead of V& E (R" C R).

Remark 19. The information presented in Section 5.1 provides a convenient tool that helps to
successively construct expressions within the classes Ay, 21, and Aq. In particular, by employing
the tool, we can easily verify that all the components of the conventionally defined number systems
(W, Hrwr L) (L, 4,05, <y), and (Q, +,, +o, <) are Ay terms. For instance,

Z={m—n:mnée€w},
wherem —n = {(m',n') :m',n' € w, m+,n" =m' +,n};
Q={i/j:ije, j+0.},
wherei/j={(i,j'):i',j € Z, j # 0z, i+yj =1 +,]}; the operation +,, admits the ¥ definition
w0 A (Vmnew) (m+,0=m A m+,(n+1)=(m+,n)+1);
the relation <, is the A term
< = {m—nm —n') :mn,m',n' e w, m4,n" <, m +, n}.

Consequently, due to Theorem 21, for each complete Boolean algebra B, the following equalities are
valid in V®:

((U/\, +u/)\/ 'u{)\/ g:) - (CU, +wr ‘wr gw)/
(ZA/ +Z/\’ '2/ g;) = (Z/ +Z’ 'Zr gz)l
(QA/ +A/ 'é/ g(g) = (Ql+ 7 'QI gQ)

Definition 64. Recall that a Dedekind cut is a nonempty downwards closed subset x C Q that
differs from Q and has no greatest element. The order and addition on the set Ry, of all Dedekind
cuts are defined by the axioms x<y < xCy, x+y = {p+,q: p € x, 9 € y}. To define
the multiplication, we first introduce the notion of positive cut: 0 < x <& Q7 C x, where
Q ={q€Q:q<y0q}; next, define the unary negation: —x = {p q:p € Q- q € Q\x};
then introduce the multiplication x -y = QU {p-qq:p € X, 4 €y, p,q =¢ O} for positive
cuts; and, finally, define the product x - y for the rest pairs of x and y as —(—x -y), —(x - —y), or
—x - —y, depending on which of the two cuts are not positive.

Theorem 23. For each complete Boolean algebra B, the inclusion Ry C Ry is valid in V®.
Moreover, (Ry, +",+",<") is an ordered subfield of (Rp, +, -, <) inside V.

Proof. Since the containment x € Ry, is equivalent to the X1 (and even A;) formula

XFDANXCQAx#QA
(Vaex)(VpeQ)(p<eqa=rprex)AN(Vaex)(Fpex)(q<gp),
by Proposition 26 we have VO E (R} C Rp).
From the definitions of the addition, multiplication, and order on Ry, it is clear that

the terms x + y, x - y and the formula x < y are A;. Consequently, the containment z € +
admits the X1 definition

Axy)(xv,yeRp Az=(x,y,x+Y)),
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and, therefore, V®E (+" C +) by Proposition 26. With account taken of the validity
V®E (+": Ry x Ry — Rp), we thus conclude that V& (+" = +[gs pn ). Similar
D D

arguments justify the relations V& (- = -| RAXR) Jand VO E (<" = <N (Ry xRp)). O

Remark 20. In connection with the above proof, it is worth noting that, actually, the membership
of the terms x + y and x - y in class Ay does not require a verification. Regardless of what formulas
those terms are defined by, the corresponding operations 4 and - should be continuous extension
onto Rp X Ry, of the respective operations +, and - having been transferred from the field Q onto
the subfield 1[Q] C Rp by means of the isomorphic embedding

9€Q = i(q) ={peQ:p<qqt € Ro.
Since the term 1(q) and the relation x < y are Aq, the term x + y admits the ¥y definition

z=x+y < ((p+q) —zasp—xq—y)
& (Ve€eQ")(30€Q")(Vp,q€Q)(p€B(x,6), € B(y,0) = p+,9 € B(z,¢)),

where p € B(x,6) < 1(p —6) < x < 1(p +,0). The same is true of the term x - .

Similar arquments, that lead to Theorem 23, are valid for other classical constructions of the
field of reals, including those based on infinite decimal fractions (or records in other positional
numeral systems) and continued fractions. Within those approaches, as in the case of Dedekind cuts,
the formulas x € R and x < y are Ay and there is an embedding 1: Q — R by means of a Ay term

1(q)-

Definition 65. A complete Boolean algebra B is called o-distributive or, which is the same, (w,2)-
distributive or (w, w)-distributive (see [8] (Section 14)), if it satisfies each of the following equivalent
conditions (see [11] (Section 19), [13]):

@ AicwVjewb(i ) = Vjewe Nicw b(i,j(i)) forall b: w* — B;

(b) \/iEw/\jEw b(irj) = /\jew‘*’\/iew b(i/j(i)) fOT all'b: wz - B;

(© Vsef1,—13«Nicws(i)b(i) = 1p forallb: w — B;

(d) from each sequence of countable (or finite, or two-element) covers of B we can refine a cover;
(e) from each sequence of countable (or finite, or two-element) partitions of B we can refine

a partition.

The Boolean algebra of cosets of Lebesgue measurable subsets of R is not o-distributive.
Every atomic complete Boolean algebra is o-distributive. The completion of the quotient
Boolean algebra P (w) / Pgn (w) serves as an example of an atomless o-distributive complete
Boolean algebra; see [13].

Theorem 24. The following properties of a complete Boolean algebra B are equivalent:
(a) B is o-distributive;
(b) VOE(P(w)" =P(w));
(€) VOE ((w)" =w®);
(d) VOE(R;=Rp);
(e) V®E (the ordered fields R" and R are isomorphic),
where R is the ordered field of reals introduced by any of the conventional definitions.

Proof. The implications (a) < (b) < (c) are well known; see [3] (2.14, 2.15). The equivalence
(d) < (e) is easily established with the help of Theorem 23, the denseness of R}, in Ry, and
the membership in class £; of the assertion on isomorphism of two ordered fields. A proof
of (a) < (e) can be found in [13]. O

Each of the conditions (a)—(e) is equivalent to the assertion that the Kantorovich space
with base B is one-dimensional. This fact is used in [13] for proving the equivalence
(a) < (e) by means of the theory of ordered vector spaces. Nevertheless, from Theorem 22
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it is clear that the equivalence (b) < (c) < (d) admits a “syntactic” reason: the terms P (w),
w, and Rp are 21 equivalent. (The corresponding mutual > definitions can be formulated
with the use of, for instance, the representation of the reals as infinite binary fractions or
continued fractions. In this approach, an essential role is played by the fact that the
formula x € Rp is A1.) Observe also that the list P(w), w®, Rp can be complemented
by, for instance, the terms Z“ and Q%, since the latter are >; equivalent to w®“ due to
Lemma 35 and the representations Z = {n —m :nmecw}, Q={i/j:i,j€Z, j#05},
w={lq]:9€Q g2400}.

Definition 66. Cantor’s approach to the definition of the reals starts with considering the set
QY ={s€Q¥: (VgeQ")Bmew)(Vnew)(m<,n=|s(m) —s(n)<qq)}

of all Cauchy sequences of rational numbers. The set Rc of reals is then defined as the quotient
QY / ~ with respect to the equivalence

s~t e (VgeQh)(@mew)(Vnew)(m< n = |s(n) - t(n) <qq) (44)
end endowed with the natural addition, multiplication and order.

As is shown by the following proposition, in Cantor’s approach, the logical structure
of the reals is considerably more complex than that of Dedekind cuts, and the inclusion
R" C R is not valid in all Boolean-valued models V®.

Proposition 29. The inclusion Ry C R is valid in V® if and only if the complete Boolean algebra B
is o-distributive.

Proof. Suppose that VO (R: C Re).

Show first that V&' (02 =0c ), where Oc € Rc is the set of all vanishing sequences
of rational numbers. Indeed, V& (R: C R¢) implies VE'E (02 € Rc). Since the formula
s € Oc admits the X definition

siw—QA (VgeQ)(Bmew)(Vnew)(m<,n=[s(n)|<yq),

by Proposition 26 we have V& (02 C0c). Consequently, inside V®, the elements 0.
and Oc of the quotient Rc = QY /~ satisfy the inclusion 0p C Oc and therefore coincide:
VO E (02 = 0c).

Observe that P(w) = {supp(s) : s € Oc }, where supp(s) = {n € w : s(n) # 0y},
and so, due to Propositions 25 and 28, the term P (w) is %1 definable via Oc. By Theorem 22,
V®E (0g =0c) implies V& (P(w)" = P(w)); therefore, B is o-distributive according to
Theorem 24.

Conversely, let B be o-distributive. Then V® & ((Q¥)" = Q) (see Theorem 24). Given
a sequence s € QY, consider the coset p(s) € Rc. With account taken of Proposition 24 (d),
from (44) it is clear that the formula s ~t is A;. According to Proposition 28, the term
p(s) = {t:t € Q¥ s~ t}is % definable via Q¥. By Theorem 22, VO ((Qv)" =Q*)
implies V= (p(s)" = p(s")) for all s. Consequently, (Vs e Q¥) V& & (p(s)" € Re), that is,
(VxeRe) VO (2" €Rc),and so VEE (R CRe). O

5.4. Further Applications

As another application of the Lévy hierarchy, we present a short justification for
the Boolean-valued validity of the equality Pg,(X)" = Pgn(X") and show that the term
{x e X : ¢(x)} can fail to be 21 even in the case of a X1 formula ¢.

As is known (see [4] (3.1.10, 3.1.11), [5] (5.1.8, 5.1.9)), given a complete Boolean
algebra B and an arbitrary set X, the equality

Phin(X)" = Pein(X")

is valid in V®, which fact can be verified by a tedious calculation of the Boolean truth value.
As an illustration of the technique of A; terms, we will demonstrate that the above validity
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is a direct consequence of Theorem 21 (c) and admits a “syntactic” reason, the membership
of the term P, (X) in class A;g.

Indeed, given a set X, consider the function Fx: w — P(X) that maps each number
n € w to the totality Fx (1) of all subsets of X consisting of n elements. It remains to observe
that Pgn(X) = U(im Fx) and the term Fy admits the ¥, definition

Fy isa function A domFx = w A Fx(0) = {@} A
(Vnew)Fx(n+1) = {yU{x}:yeFx(n), xeX, x¢y}.

We conclude the article with an example that shows that Proposition 25, valid for
A; formulas, cannot be expanded to X formulas.

Example 6. The formula ¢(x) := (P(w) ¢ x) is %y, while, if ZFC is consistent, the term
{xeX: ¢(x)} is not X1.

Proof. For brevity, introduce the symbol P := P(w). The formula P ¢ x is ¥, since
P¢x < (3y)(yCw A y¢x). Assume that ZFC is consistent, and show that the term

T(X):={xeX:PgZx}

is not 2. According to Proposition 24 (b) and Theorem 21 (c), it suffices to find a complete
Boolean algebra B such that 7({P})" # t({P}") inside V©.

Let A be an arbitrary complete Boolean algebra that is not o-distributive. From
Theorem 24 it follows that VW (P" =), that is, the truth value a = [P" #Py,4) € A
is nonzero. Then, by considering the component B = [0,a] C A, we obtain a complete
Boolean algebra B such that P" # P inside V©®.

Since x e P < (Vy € x)(y € w), the formula x € P is X;. According to Proposition 26,
inside V® we have P" C P, which, due to the inequality P" # P, implies P ¢ P" and,

therefore,
T({P}") = t({P"}) = {x e {P"} : PZ x} = {P"}.

On the other hand,
T({P})" = {xe{P}:P¢x}" =0"=0. O

The above example implies in particular that the assertion in [4] (3.1.3) and [5] (5.1.3)
is valid only for the case in which the formula ¢ is A;.

6. Conclusions

Despite the volume of the present paper, this is a research article rather than a survey.
The information presented here can be divided into three categories—common knowledge,
previously known facts, and new material. The first category includes Subsections 2.1, 2.4
and, partially, 2.5. The rest of Section 2 can be attributed to common knowledge as well,
although the exposition is different from what can be found elsewhere. Previously known
facts take a small portion of the total volume and are always supplied with references.

References are also provided for the author’s publications, with the following excep-
tion. The present article continues, develops, and supersedes the study initiated in [15-17].
The content of those three papers has been redesigned, corrected, extended, and distributed
across the new subsections. It would be difficult to label numerous small fragments with
proper references, and there is little point in doing that. (Moreover, [15] is available only
in Russian.) Therefore, we confine ourselves to including [15-17] in the list of references.

One-level continuous numbering of subsections is not the best choice in the case of
a deeply structured article with numerous cross-references. A table of contents could
also make it easier to navigate through the text. Since the journal’s rules do not include
changing the numbering style or adding a table of contents, we made the author’s version
of this paper available as Supplementary Materials (see the link below).

The author is indebted to Professor Robert M. Solovay for a fruitful discussion that
became the main motivation for the present research.
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