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WITH ALL ARCHIMEDEAN CONES CLOSED
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Abstract: We provide an exhaustive description of the class of locally convex spaces in which all
Archimedean cones are closed. We introduce the notion of quasidense set and prove that the above
class consists of all finite-dimensional and countable-dimensional spaces X whose topological dual X’
is quasidense in the algebraic dual X# of X.
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§ 1. Basic Notation and Terminology

Let N stand for the naturals {1,2,...}. The sets of integers, rationals, and reals are denoted by Z, Q,
and R. By R* we denote the collection {\ € R: A > 0} of positive reals. The set R is endowed with the
standard operations and topology that make it a field and a locally convex space. We designate as Rp
the set of reals endowed with the discrete topology.

The sign “C” denotes the nonstrict inclusion of sets. The assignment symbol “:=
notation and indicates the equalities valid by definition.

In what follows, by a wvector space we mean a vector space over R. The term subspace means a vector
subspace.

Closed, open, and semiopen numerical intervals are denoted by [a, ], o, 8], and [a, B]. If X is
a vector space, x,y € X, and x # y; then [z,y] := x + [0,1] (y — z) and [z,y[ :== = + [0,1[(y — =).
For convenience, we put [z,z] := [z, 2] := {x}. A set S C X is absorbing if for each z € X there exists
areal € > 0 such that [0,ex[ C S. Let core S denote the core of S, i.e., the set of elements s € S for which
S — s is absorbing. By lin .S and co S we designate the linear span and the convex hull of S. A subset
W CXisawedgeift W#g W+WCW,and R"W C W. A wedge W is a cone ift W N —W = {0}.

Given a set I, let RL denote the subspace of finitely supported functions in R, i.e., of functions
z: I — R whose support suppx := {i € I : z(i) # 0} is finite. Tuples z = (z(1),...,2z(n)) € R*, with
n € N, are traditionally regarded as functions z: {1,...,n} — R. In what follows, we use the notation

— — N.
€n _X{n} _(07"')07(711)70707"') G[R ’

2

introduces

RN :=1lin{es,...,en} = {z e RN - suppz C {1,....n}}.
The linear operator 7, : RN — R is defined by the formula

TpS 1= s‘{17.__7n} = (s(1),...,s(n)). (1)
We agree to use notation (1) not only for sequences s € RN but also for tuples s € R™, with m > n.
Given a vector space X, let X# denote the algebraic dual of X, i.e., the space of all linear functionals
f: X — R. If X is endowed with a vector topology; then X’ denotes the topological dual of X, i.e., the
subspace of X# consisting of continuous functionals.
Let ¢l S and int S or, more precisely, clx S and intx .S denote the closure and the interior of a set S
in a topological space X.

The work was carried out in the framework of the State Task to the Sobolev Institute of Mathematics (Project
FWNF-2022-0004).
) The article is dedicated to Anatoly G. Kusraev on the occasion of his 70th birthday.
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§ 2. Introduction

2.1. The concept of a cone is closely related to that of an ordered vector space, a real vector space X
equipped with an order relation < such that the inequality = < y implies  + z < y + z and Az < Ay for
all z,y,z € X and A € RT. Namely, if (X, <) is an ordered vector space then X := {z € X : z > 0}
is a cone; and vice versa: if K C X is a cone and <y y < y —z € K, then (X,<g) is an ordered
vector space and X = K (see, for example, [1, 3.2; 2]).

2.2. An ordered vector space (X, <) is Archimedean provided that
ifr,ye X, y =20, and z < yforallneh\l;thenxgo.

A cone K in a vector space X is Archimedean whenever the corresponding ordered vector space (X, <g)
is Archimedean.

2.3. Proposition [3, 3.1]. The following properties of a cone K in a vector space X are equivalent:
(a) K is Archimedean;

(b) X\K = core (X\K);

(¢) [z,y[ C K impliesy € K for all x,y € X;

(d) {NeR:z+ Ay € K} is closed for all z,y € X;

(e
(f

(8
(b
<

) the intersection of K with every subspace of X of dimension < 2 is closed;
) the intersection of K with every finite-dimensional subspace of X is closed;
) K is sequentially closed in some Hausdorff vector topology on X;

) K is sequentially closed in the strongest locally convex topology on X.

T

he implications (a)<=(b)<=(c)<(d)<«(e)<(f)«=(g)«(h) are obvious.

(a)=(f): Consider a finite-dimensional subspace Xy C X and put Ky := K N Xy. Since the cone Kj
has nonempty interior in lin Ky C X, it is closed in lin Ky (see [2, 2.4]) and hence in Xj.

(f)=(h): Let 7 be the strongest locally convex topology on X. Owing to (f), it suffices to show that
the linear span of every T-convergent sequence z,, — x has finite dimension. Otherwise, there would exist
a subsequence (zp, )ren such that x ¢ lin{z,, : £ € N}, and then the convergence z,, — x in 7 would
contradict the existence of a (continuous) linear functional equal to 0 on {x,, : k € N} and 1 at . >

2.4. In 2.3, we trace some connection between the algebraic property of being Archimedean and
the topological property of closedness. In the case when an ordered vector space X is endowed with
some Hausdorff vector topology, the Archimedean property of X* and its closedness can be reformulated
in terms of passage to the limit in linear inequalities. From 2.3(f) it is obvious that X is Archimedean
whenever we can pass to the limit in linear inequalities with fixed vectors and variable coefficients:

If z1,...,x, are elements of X and (Aj;)jen (1 =1,...,n) are convergent numeric sequences; then
n
Z)‘Ux’ >0(jeN) = z;jlgrolo)\ijxi > 0. (2)
1=
If X* is closed then passage to the limit in linear inequalities is admissible without any restrictions:
For all convergent nets (x;;)jes in X and (A;j)jes in R (i =1,...,n), we have
Z)\Ua:w >0 ((jed) Z %nj Aij EIGH}%J > 0. (3)

The above considerations justify the advisability of describing the class of topological vector spaces with
all Archimedean cones closed or, which is the same, with (2) implying (3).
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2.5. Every closed cone is obviously Archimedean, whereas the converse is not true in general. The set
([R'f]i\ln)Jr of positive finitely supported sequences in each of the classical Banach spaces /P, with 1 < p < oo,
serves as a basic example of a nonclosed Archimedean cone. As is known, in the finite-dimensional case,
a cone is Archimedean if and only if it is closed. Until recently, this simple observation actually exhausted
the information about the class of spaces with all Archimedean cones closed. The corresponding study
was initiated in [3], where the problem was solved for locally convex spaces of uncountable dimension.

Theorem [3, 4.2 and 4.3]. Let E be a Hamel basis for a Hausdorfl locally convex space X, and let
ep € E. If |E| > N|; then R*C is a nonclosed Archimedean cone in X, where

C = {Zx(e)e tx € (ﬂ?ﬁE[))+, z(ep) = 1, Z z(e) <1, Z V(e) = 1}.

eck eF#eq e#eo

Therefore, in the case of uncountable dimension, nonclosed Archimedean cones exist even in the
strongest locally convex topology. On the other hand, in finite-dimensional spaces, all Archimedean cones
are closed. The case of countable dimension turned out more complicated, and any exhaustive description
of locally convex spaces with all Archimedean cones closed remained an open problem until now.

2.6. Since the closed convex sets are the same in all locally convex topologies compatible with a given
duality (see, for example, [1, 10.4.9; 4, 8-3-6]), the property under study of a locally convex space X is
completely determined by the topological dual X’ or, more precisely, by the location of X’ in X#. More-
over, we may assume that X is endowed with the weak topology compatible with the duality between X
and X'. Considering that every countable-dimensional vector space X is isomorphic to RY | and the alge-

braic dual X# of X is isomorphic to RN; the problem under consideration can be reformulated as follows:

PROBLEM [3, 4.5]. Describe the vector subspaces Y C RN for which all Archimedean cones in R}
are closed in the weak topology induced on RY by Y under the duality (z|y) = >, o z(n)y(n).

The article is aimed at solving the above problem. Section 3 contains some available and auxiliary
information on duality and polars. Sections 4—7 study the concept of quasi-interior and the related new
concepts of quasilocal boundedness, quasidenseness, and projectivity that play a key role on the path
to a solution. In Section 8, we establish Theorem 8.5, the main result of the article, which contains
a solution of the problem. The conclusion is given in Theorem 8.6, where we provide some exhaustive
description of the class of locally convex spaces with all Archimedean cones closed: the class consists of
finite-dimensional and countable-dimensional spaces X whose dual X’ is quasidense in X#. In the same
section, we give two corollaries, one confirming a conjecture of [3], and the other offering a short justifica-
tion of the main result of [5]. In the final Section 9, we formulate a few questions that remain open by now.

§ 3. Duality

We present the basic information, notation, and conventions that are related to duality between
vector spaces and weak locally convex topologies.

3.1. A triple (X,Y,(-|-)) is a duality space if X and Y are vector spaces and (-|-) is a duality
between X and Y, i.e., a bilinear functional (- |-): X x Y — R such that ker (| = {0} and ker|-) = {0},
where (x| = (x|-) and |y) = (- |y) for z € X and y € Y. A duality space is also referred to as a dual pair
(see [4, 8-2-1]). Instead of (X, Y, (-|-)), we write X |Y or simply X, if Y and (- | -) are clear from the context.
For = € X, the functional (x| € Y# is denoted by 2.

When considering a duality space (X,Y,(-|-)), we assume Y endowed with the conjugate duality:
Y =Y|X = (Y, X, (-])%), where (y|z)* = (z|y). In particular, if y € Y then § = |y) € X7.

3.2. Every Hausdorff locally convex space X is regarded as the duality space X |X' = (X, X', (-]-))
with (z| f) = f(x). Conversely, every duality space X = (X,Y,(-|)) is endowed with the correspond-
ing weak topology o(X|Y'), turning into a Hausdorff locally convex space. Moreover, the mapping
|-Y:y €Y = § € X7 is a linear and topological isomorphism between the locally convex spaces Y = Y| X
and X' = X'|X.
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3.3. Let X be a vector space with a Hausdorff locally convex topology 7. The weak topology
o := o(X|X’) implied on the duality space X|X’ need not coincide with 7. Nevertheless, owing to the
equality (X, o) = (X, 7)’, the locally convex spaces (X, o) and (X, 7) have the same closed convex sets,
closures of convex sets, and bounded sets (see [4, 8-1-3, 8-3-6, 8-3-7, 8-4-1]). Therefore, if the use of
the topology in a statement on a locally convex space X remains within the above-mentioned concepts,
we may assume that X = X|X’ in the proof of the statement.

3.4. Given a set I, the vector space Rl is regarded as the duality space [Rénl[RI = (RL,RL (-]4)
with (z|y) = Y ,c;2(i)y(i). The same duality is implied when considering pairs of the form Rf |Y,
where Y is a subspace of R, It is easy to see that {§ : y € R} = (RL )7,

The space R! is endowed with the conjugate duality: R! = R! ‘[Rén. The default weak topology
a([RI ||R£n) of this space coincides with the Tikhonoff topology of the product R = [L;c; R that is also
called the pointwise convergence topology. This, in particular, implies the well-known compactness
criterion for R’: A subset of R’ is compact if and only if it is closed and bounded. (This is so, for
example, because every bounded subset of R’ lies in a product of the form [Lic; low, Bi] which is compact
by the Tikhonoff Theorem.)

If n€ N then R* = Rf = RL | where I = {1,...,n}, which means that all the conventions and

notation introduced above for R’ and RI are applicable to R”. In particular, R" is assumed to be the
duality space R"|R™ with (z |y) = > 1 z(4)y(7).

3.5. Let X be a vector space. Given an arbitrary subspace Y C X#, the bilinear functional
(-]y: X xY — R acting as (z|y) = y(x) need not be a duality: only the second of the conditions
ker (-| = {0} and ker |-) = {0} is guaranteed.

Proposition. The following properties of a subspace Y C X# are equivalent:

(a) (x,y) — y(x) is a duality between X and Y';

(b) the weak topology o(X|Y') is Hausdorff;

(c) if 1,22 € X and x1 # x2, then y(x1) # y(z2) for somey € Y;

(d) for every nonzero x € X there is y € Y such that y(x) # 0;

(e) for all linearly independent z1,...,z, € X and all \1,...,\, € R, there exists y € Y such that
y($1) = A1, ey y(xn) = An;

(f) Y is dense in X7|X;
(g) clY = X# in the topological space Rz .

In the literature, the dense subspaces of X#|X are also called total over X, separating, or fundamental.
If Y is a subspace of X', with X a Hausdorff locally convex space; then the denseness of Y in X’
is equivalent to the denseness of Y in X# (see [4, 8-3-9]). For this reason, the terms “dense subspace of X'”
and “dense subspace of X#” are interchangeable, and the use of the term “dense subspace” leads to
no ambiguity.

Given a vector space X and a dense subspace Y C X# we imply the duality (z |y) = y(z) between X
and Y and introduce the corresponding dual pairs X|Y and Y| X into consideration.

3.6. The description below of the dense subspaces of RN can be easily deduced from 3.5:

Proposition. The following properties of a subspace Y C RN are equivalent:
(a) Y is a dense subspace of RY;

(b) m,Y =R" for all n € N;

(¢) mhen € mY for allm € N;

(d) Y is dense in R}

3.7. Let X|Y be a dual pair, let R C R, and let S C X. Agree to call the set
S .= {yeY :(s|y) € Rforall s € S}
the polar of S with respect to R.

1120



We list the classical special cases of polars:

5% := S(&") is the dual wedge to S, often denoted in the literature by S';

5% := SCRT) — _ 8% is the normal wedge to S; the polar (S — z) is called the normal wedge to S
at a point x € X;

S8 = (S\{0NH0>D = [y e Y : (s]y) > 0 for all s € S\{0}} is the collection of strictly positive
elements of the dual space with respect to .S;

S© = §=eol) is the one-sided polar of S;

5° := S{=L11) is the absolute polar of S;

S+ := SUOY is the annihilator of S.

Recall that the space Y is endowed by default with the conjugate duality: Y = Y| X. In particular,
TE) ¢ X for T C Y (see 3.8(a) below).

3.8. Proposition. Let X|Y be a dual pair. Given R C R and S C X, the following hold:

(a) S c SN,

(b) if Ry C R and Sy C S then S > (Ao,

(c) if 0 € R then 0 € S{F);

(d) if R is a convex, or absolutely convex, or closed subset of R, then S
convex, or closed subset of Y;

(e) if R is absorbing (i.e., 0 € int R) and S is bounded, then S%) is absorbing;

(f) if RN —R is bounded and S is absorbing, then S"*) is bounded;

(2) if RN —R is bounded and S%) is absorbing, then S is bounded.

(R) is convex, or absolutely

3.9. Corollary [6, 5.102]. Given a subset S of a Hausdorff locally convex space, the following hold:
(a) S%, S°, SB S® are convex;

(b) S°, S* are absolutely convex;

(c) 8%, 8, 89 S°, S* are closed and contain 0;

(d) if S is absorbing, then S® and S° are bounded;

e) S is bounded < S® is absorbing < S° is absorbing.

)
3.10. Bipolar Theorem [6, 5.103]. For every nonempty set S in a Hausdorff locally convex space,
S99 =cleo(SU{0}), S°° =clco(SU-S).

3.11. Theorem [2, 2.13]. If X|Y is a dual pair and W is a wedge in X, then W€ is a closed wedge
inY and W% = clW.

§ 4. Quasi-Interior

Throughout this section, X is a Hausdorff locally convex space. According to 3.1 and 3.2, the spaces X
and X’ are endowed with the natural duality, and so X = X|X’ and X’ = X'|X. (In particular, if S C X’
then S® C X.)

An element z of S C X is a relatively quasi-interior point of S, in symbols = € qriS, whenever
cl R*(S — z) is a vector subspace of X. This concept was introduced and studied in [7] and was further
expanded in convex analysis and optimization methods. In the case under consideration, a slightly
different but very close notion of quasi-interior turns out to be useful (see, for example, [8, 2.1.2]).
Most of the facts about quasi-interior presented in this section have analogs established in [7] for relative
quasi-interior. Each of these statements is provided with a corresponding reference.

4.1. The quasi-interior qi S of a set S C X is defined as follows:
qiS ={zeS:cdR"(S—z)=X}.
(Note that in this definition we cannot weaken the containment z € S to x € X even for a convex
set S. For example, if X # {0} and S = K\{0}, where K is a dense cone in X; then 0 ¢ S, while
Al RT(S—0) =clK = X.) The elements of qi S are quasi-interior points of S. The set S is quasiopen
whenever qi.§ = S.
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4.2. If need be, the symbol qi, as well as cl, is provided with a qualifying index: qix S = {z € S :
clx R*"(S—xz) =X} for S C X. If Y is a dense subspace of X then qiy S = qiy S for all S C Y. (Indeed,
by the denseness of Y in X, the relations cly R*(S —y) =Y and cly R (S — y) = X are equivalent for
each y € S.) In this context, we agree to use the notation qi S without specifying the ambient space of
the quasi-interior of S.

4.3. Lemma. If C is a nonempty convex subset of X, then
C° = (cl R*C)?, C°° =clR*C.
< Given an arbitrary f € X', the inclusion R*(cl R*C) C cl R*C implies
feC® & f<O0omcdRC & f<loncR'C & fec(cdRC);
whence, by the Bipolar Theorem, it follows that
C° = (cl R*C)*® =clco (cl R"CU{0}) =cl R*C. b

4.4. Proposition [7, 2.8]. For all convex C C X and x € X, we have
r€qiC & x€C and (C—12)° ={0}.
< We may assume that x = 0. If 0 € qi C then cl R*C = X; whence, by 4.3, it follows that
—C®=C% = (cl R"C)? = X = {0}.
Conversely, if C% = {0}; then, on appealing again to 4.3, we conclude that
A RTC =0 = (-C*?={0}?=X. b
In what follows, we repeatedly use 4.4 without explicit references.

4.5. Proposition [7, 2.9]. If C is a convex set, x € qiC, and y € C; then [z,y[ C qiC.

< We may assume that = 0. Let 0 € qiC, y € C, and 0 < A < 1. To show that Ay € qiC,
consider f € (C'— \y)® and establish that f = 0. Inserting the values ¢ = 0 and ¢ = y into the inequality
f(c—=Ay) =0, we obtain f(y) < 0 and f(y) > 0, respectively. Hence f(c) = f(c— Ay) > 0 for all c € C,
i.e., f € C®. On the other hand, 0 € qi C implies C* = {0}. >

4.6. Corollary [7, 2.11]. The quasi-interior of a convex set is convex.

4.7. Proposition [7, 2.12]. If C is a convex set with nonempty quasi-interior, then clqiC = clC.

< It suffices to show that C' C clqiC. Let y € C. By hypothesis, there is x € qiC. Owing to 4.5,
[z,y] C qiC. Tt remains to note that y € cl[z,y[. >

4.8. Proposition [7, 2.13]. Let C' and D be convex subsets of X, with int D # &. Then

qgiCNint D = qi(C N D).
< By shifting, the claim reduces to the equivalence
0eqgiCnintD < 0 € qi(CND,).

Let 0 € qiC Nint D. Consider f € (C N D)® and show that f = 0. Since 0 € C N int D; for every
¢ € C there is a real € > 0 such that ec € C N D, and hence f(c) = % f(c) > 0. Consequently, f € C®.
On the other hand, 0 € qi C' implies C¥ = {0}.

Conversely, let (C'N D)% = {0}. Assume to the contrary that 0 ¢ int D. Since int D # &; by the
Separation Theorem, there exists a nonzero f € X’ such that f > 0 on D. But then, in particular,
f € (CN D)% and, hence, f =0. >
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4.9. Proposition. Let C be a convex subset of X.

(a) int C' C coreC C qiC.

(b) The inclusions in (a) can be strict simultaneously. For example, if f € X#*\X' and C = {z € X :
f(z) = 0}; thenint C = @, coreC ={z € X : f(x) >0}, and qiC = C.

(c) If X is finite-dimensional then int C' = qiC.

(d) If int C # @ then int C' = qiC (see [7, 2.14]).

(e) The absolutely convex compact set C := {x € RN : |z| < 1} in RN has empty interior and
nonempty quasi-interior.

< (d): If int C # @; then, using 4.8, we see that
intC =qiXNintC =qi(XNC)=qiC.

(e): For every x € C' we have R*(C' — x) C £~ # RN and so x ¢ int C. On the other hand, 0 € qi C,
since ¢l RTC = clf>® = RN,

4.10. Proposition. If C is a convex subset of X then qiC' is quasiopen, i.e., qiqiC = qiC.

4 Tt suffices to assume 0 € qi C' and justify that 0 € qiqiC. Consider f € (qiC)® and show that
f=0. Since qiC # @, by 4.7, we have clqi C' = cl C'; therefore, the positivity of f on qi C implies the
positivity of f on C. Consequently, f = 0, since C® = {0}. >

4.11. The operation qi: Z(X) — Z(X) is not in general the interior with respect to any topology

on X, since the equality
qi (81N S2) = qiS1NqisSy

can be violated even for convex sets S; and Ss. For example, if X # {0} and K is a dense cone in X,
then 0 € qi (K) Nqi(—K), while K N —K = {0} and so 0 ¢ qi (K N —K).
4.12. The following is a slightly strengthened version of Proposition [8, 2.1.1]:

Proposition. (a) qiC® C C® for every convex set C C X.
(b) If W is a closed wedge in X then qi W% = W%,

a (a): Assume that f € qiC®, but f(x) = 0 for some x € C\{0}. Then (z|g— f) = (x|g) = 0 for
all g € C% ie., x € (C° — f)®, which is impossible, since (C* — f)® = {0}.

(b): Assume that f > 0 on W\{0}, but f ¢ qiW®. Then (W® — f)® # {0} and so there exists
a nonzero x € X such that (z|g) > (x| f) for all g € W®. Since W is a wedge, this implies (z|g) > 0
for all g € W¥; therefore, v € W = clW = W (see 3.11) and, hence, (x| f) > 0. But then (z|g) >
(x| f) > 0 for all g € W®, which is impossible as 0 € W%, >

4.13. Theorem. For every convex set C C RN, we have
qiC ={ce C:myce€intm,C for all n € N}.

In particular, a convex set C' is quasiopen in RN if and only if every projection m,C is open in R™.

< It suffices to establish the equivalence
0eqiC & 0€C and 0 € int 7, C for all n € N,
which, by 4.4 and 4.9(c), reduces to the equivalence
C®={0} & (m,C)® = {0} for all n. € N.
Suppose that C® = {0}. If n € N, x € R", and & > 0 on 7,C; then the sequence
y = (2(1),...,2(n),0,0,...) € RN

meets the inequality 4 > 0 on C, whence y = 0 and, in particular, x = m,y = 0.
Conversely, suppose that (7,C)® = {0} for all n € N. If n € N, z € R, and # > 0 on C; then
(mpx)” = 0 on 7, C, whence m,xz = 0 and so x = 0. >
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8 5. Quasilocal Boundedness

This section studies the new concept of quasilocally bounded locally convex space. As it turns out
later (see §6), these spaces have a few useful properties related to the closedness of cones in the respective
weak topologies. The main result of this section is Theorem 5.10 claiming that RN is quasilocally bounded.

In what follows, X is a Hausdorff locally convex space.

5.1. A convexset C C X is quasilocally bounded at x € qi C if z € qi B for some bounded subset B C C.
The space X is quasilocally bounded if every convex set C' in X is quasilocally bounded at every x € qi C.

It is easy to see that every normed space is quasilocally bounded. Some wider class of examples
of quasilocally bounded spaces is provided by 5.9.

5.2. Proposition. If X is infinite-dimensional and X' = X# then every bounded subset of X has
empty quasi-interior. In particular, X is not quasilocally bounded in this case.

4 Let X be infinite-dimensional, let X’ = X#, and let S be a subset of X with nonempty quasi-
interior. We may assume that 0 € qiS and thus cl R*S = X. Consider a maximal linearly independent
subset £ C S. Then S C lin F/, and the set F is infinite, because otherwise X =cl RtS C cllin E =lin E
despite X being infinite-dimensional. Therefore, there exists an unbounded function f: F — R that
extends to a functional f € X# = X’ unbounded on S. >

5.3. Lemma. Let C be a convex subset of X andlet v € qiC. Put D := 1(C+z) = 3(C —z) + .
Then x € qiD and D C qiC. In particular, if 0 € qiC then %C’ CqiC.

< The containment z € gi D follows from z € D and (D —z)® = 1(C —2)® = {0}. Moreover, by 4.5,

for all ¢ € C' we have £(c+z) € [z,¢[ C qiC and so D C qiC. >
5.4. Proposition. Let a convex set C C X be quasilocally bounded at x € qiC. Then
(a) there is a bounded convex subset B C C' such that x € qi B, B C qiC, and cl B C qiclC};
(b) if C' is closed then there exists a closed bounded convex subset B C C such that

rE€qiBCclqiB=B CqiC.

< We may assume that z = 0.

(a): Let 0 € qi By, where By is a bounded subset of C'. Then B := %co By is the desired set. Indeed,
the containment 0 € qi B is obvious and, by 5.3, we have B C %C’ CqiC and cl B C %CIC CqiclC.

(b): According to (a), there is a bounded convex subset By C C such that 0 € qi By and cl By C
qiclC = qiC. Since qicl By # @, by 4.7, we have clqicl By = cl By; and, hence,

0€eqiclBy CclqgiclByg =clBy CqiC.
Therefore, B := cl By is the desired set. >

5.5. Proposition. The space X is quasilocally bounded if and only if every dense wedge W C X
includes a bounded subset B C W such that 0 € qi B.

< Only sufficiency needs some demonstration. Let C be a convex subset of X and let 0 € qiC. Show
that 0 € qi B for some bounded subset B C C'. By hypothesis, the dense wedge RTC' includes a bounded
subset B C R*C such that 0 € qi B. We may assume that B is convex. Then B := BN C is the desired
set. Since cl R*B = X, to establish the required relation cl R*B = X it suffices to consider an arbitrary
b € B and note that b € R*B. Indeed, B C R*C implies b = Ac for some A > 0 and ¢ € C. If A < 1 then
b=MX€[0,c] cC;s0be BNC = B and, in particular, b € R*B. If A\ > 1 then c € [0, Ac| = [0,b] C B,
whence ¢ € BNC = B and again b = A\c € R*B. >

5.6. Say that alocally convex space is subnormable if its topology is weaker than some normed topology.

Obviously, every normable space is subnormable. Metrizability, in general, does not imply subnorma-

bility. For example, RN is metrizable, but has no bounded absorbing sets and therefore is not subnormable
(see 5.7).
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5.7. Proposition. The following properties of a locally convex space X are equivalent:
a) X is subnormable;
b) there exists a norm on X whose unit ball is bounded in X ;
c) there is a bounded absorbing set in X ;
d) X admits a bounded set with nonempty core;
e) X has a bounded Hamel basis.
< (a)=-(b): If B is the unit ball in a norm whose topology is stronger than that of X, then B is bounded
in X. Indeed, every neighborhood U of the origin in X contains € B for some € > (0, and hence B C %U.
The implications (b)=(c)<(d) are trivial.
(c)=(e): If B is a bounded absorbing set and E is a Hamel basis, then there is a numerical family
Ae > 0 such that Ace € B for all e € F, and then {\ce : e € E} is a bounded Hamel basis.
(e)=(a): Let E be a bounded Hamel basis for X. Define a norm on X by putting

Izl = el

eckE

(
(
(
(

where z. is the coefficient at e in the expansion of x with respect to E. Show that the topology of the
norm ||-|| is stronger than that of X. Every neighborhood of the origin in X contains an absolutely convex
subneighborhood U. The boundedness of E implies £ C AU for some real A > 0. Since the unit ball B
in the norm ||-|| is the absolutely convex hull of E, we have B C AU. Consequently, %B C U and, hence,
U is a neighborhood of the origin in the topology of the norm ||-||. >

5.8. Proposition. X is subnormable if and only if X' is subnormable.

< If B is a bounded absorbing subset of X; then, by 3.9(d),(e), its polar B® is a bounded absorbing
subset of X’. For the same reason, the existence of a bounded absorbing set in X’ implies the existence
of such set in X. >

5.9. Proposition. Every subnormable space is quasilocally bounded.

< Let B be a bounded absorbing subset of X (see 5.7), and let W be a dense wedge in X. Then
Rt(WNB)=W and so cl R"(WNB) =X, ie., 0€qi(WWnNB). It remains to refer to 5.5. >

Note that the converse does not hold: for example, RN is quasilocally bounded (see 5.10) but not
subnormable.
5.10. Theorem. RY is quasilocally bounded.

< Using 5.5, consider an arbitrary dense wedge W C RN and show that 0 € qi B for some bounded
subset B C W. By 4.13, for each n € N we have 0 € intm,W. Since the projection 7,W is a wedge

in R"; therefore, m, W = R™. Therefore, for all n € N and m € {1,...,n}, there are w;,,, w,. . € W such
that m,w;,, = mpen, and Tyw,,, = —Then. Put
B := co< U {wh, .. wh,,w, ..., wy, T U {0})
neN

Obviously, B C W. For each n € N the set 7, B contains the vectors
anil =+mer, ..., an,fn = *m,en

whose convex hull is the unit ball of the £'-norm in R”. Hence, 0 € int 7, B for all n € N and so 0 € qi B
by 4.13. To prove that B is bounded, consider an arbitrary & € N and show that the numerical set
B(k) :=={b(k) : b € B} is bounded. Indeed, for all n > k and m € {1,...,n}, we have

w'rilm(k) = (anrfm)(k‘) = (iﬂ-nem)(k) € {_1707 1},
and so B(k) lies in the convex hull of the finite set

k—1
U {wii (k). wit ()} U{=1,0,1}. >
n=1
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8§ 6. Quasidenseness

In this section, the connection is studied between two new concepts: those of quasidense subspace and
strictly closed cone. The main results here are Theorem 6.11 and Corollary 6.12, according to which the
strict closedness of cones is inherited by the topologies induced by quasidense subspaces of quasilocally
bounded spaces.

Throughout the section, X is a Hausdorff locally convex space. We let &,.(X) denote the collection
of all closed bounded convex subsets of X.

6.1. Lemma. Let Z be a subspace of X. The following properties of a subset S C X are equivalent:

(a) if Be Z..(X) and qi (ZNB) # @ then SN B # &;

(b) if B € %,.(X) and qi (Z N B) # & then SNqiB # &;

(c) if Be #,.(Z) and qi B # @ then SNclB # &;

(d) if Be Z..(Z) and qi B # @ then SNqicl B # &,
where the operations cl and qi are performed in X.

a (a)=(b): Let B € #,.(X) and z € qi (ZN B). Put C := $(B — 2) 4+ 2. Obviously, C € Z,.(X).
From the equalities ZNC —z = $(ZNB—z) and (ZNB —z)® = {0} it follows that (ZNC —2)® = {0},
ie,ze€q(ZNC). Then SNC # & according to (a). Moreover, C' C qi B by 5.3. Hence, SNqi B # @.

(b)=(d): Let B € #,.(Z) and qi B # @. It is clear that cl B € &, .(X). The inclusion ZNclB D> B
implies qi (ZNclB) D qi B # @, and so SNqicl B # & according to (b).

The implication (d)=(c) is trivial.

(c)=(a): Let B € ,.(X) and qi(Z N B) # @. Since ZN B € #,.(Z), condition (c) implies
SNecl(ZNB)# @. In this case, cl (ZNB) CclB=B. >

6.2. A subset S C X satisfying the equivalent conditions (a)—(d) in 6.1 is quasidense in X with
respect to Z. A quasidense set in X with respect to X is quasidense in X. Therefore, the following are
equivalent:

(a) S is quasidense in X;

(b) if B € #.,.(X) and qi B # @ then SN B # &;

(c) if B€ #,.(X) and qi B # @ then SNqiB # @.

6.3. Proposition. If there exists a bounded set in X with nonempty quasi-interior, then every
quasidense subset of X is dense in X.

< Let B be a bounded subset of X with nonempty quasi-interior. We may assume that 0 € qi B.
Suppose that X has a quasidense set S that is not dense. Then there are U and u such that U is a closed
convex subset of X, u € intU, and U C X\S. Put B := clcoB and C := (B + u) NU. It is clear
that C € Z,.(X) and qiC # @. Indeed, since u € B+u and ((B+u) —u)® = B® ¢ B®* = {0},
we have u € qi (B + u), whence, by 4.8, it follows that u € qi (B + u) Nint U = qi ((E—i— u) N U) =qiC.
Then the quasidenseness of S in X implies that S N C' is nonempty, which contradicts the inclusions
CcUcCX\S. >

On the other hand, if all bounded sets in X have empty quasi-interior (see, for example, 5.2); then
P.(X) = @, in which case, by 6.2, every subset of X is quasidense.

6.4. Corollary. All quasidense subsets of RN are dense.

4 Owing to 6.3, it suffices to note that {z € RN : |z| <1} is a bounded subset of RN with nonempty
quasi-interior (see 4.9(e)). >

The converse is not true: RY is an example of a dense but not quasidense subset of RN, Indeed,
B:={seR":|s(n)— 1| <3 foralln € N}
belongs to 2,.(RN), and (1,1,...) € qi B, while RY N B = 2.
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6.5. A pseudo-base (respectively, a base) of a wedge K in X is a convex subset B C K such that
0 ¢ B and for every nonzero x € K there exists a real (respectively, a unique real) A > 0 for which Az € B.
Obviously, every wedge with a pseudo-base is a cone. As is known (see, for example, [9, 3.6]), the existence
of a base for a cone K is equivalent to the existence of a linear functional strictly positive on K\{0}.

6.6. Proposition. The following properties of a wedge K C X are equivalent:
(a) K% # @, i.e., there is a functional f € X' such that f > 0 on K\{0};

(b) K has a pseudo-base B such that 0 ¢ cl B;

(c) K has a base B such that 0 ¢ cl B;

(d) K\{0} C R*U for some open convex set U C X such that 0 ¢ U;

(e) K\{0} C int K for some cone K C X.

6.7. A wedge K C X is strictly closed if every element x € X\ K is strictly separated from K\{0};
i.e., there is f € X’ such that f > 0 on K\{0} and f(z) < 0.

Obviously, a strictly closed wedge is a cone. In a finite-dimensional space, every closed cone is strictly
closed. The sets of positive sequences ([RN)+ and (IR?;IH)Jr are examples of closed cones in RN } R and RY } RY
that are not strictly closed. On the other hand, all closed cones in [Rg\'n‘ﬂ?”\l are strictly closed (see 8.4).

6.8. Proposition. The following properties of a wedge K C X are equivalent:
(a) K is a strictly closed cone;

(b) K is closed and K% # &;

(¢) K is closed and has a closed pseudo-base;

(d) K is closed and has a closed base.

4 By 6.6, only the implication (b)=-(a) needs demonstration. Suppose that K is closed, g € K%,
and x € X\ K. By the Strict Separation Theorem, there exists a functional h € X’ such that h > 0 on K
and h(x) < 0. Let A > 0 be a real such that Ah(z) < —g(x). Then the functional f := g + Ah strictly
separates x from K\{0}. >

6.9. Lemma. If C € Z,.(X), C # @, and 0 ¢ C; then R*C is a closed cone in X.

< The set RTC' is obviously a cone. To prove its closedness, consider nets A\, € R and ¢, € C,
suppose that A\ocn, — « € X, and demonstrate that x € R*C. We may assume that = # 0. Since
C' is closed and does not contain 0, by the Strict Separation Theorem, there exists f € X’ such that

f = 1on C. The boundedness of C' implies the boundedness of the net f(c,). Passing to a subnet,
f(z)
Tt

we may assume that f(c,) — p for some real p > 1. Put \ :=
f(AaCa)_ﬁ'f($)innﬂy

. 1
The relations e and

Ao = ﬁf()\aca) — %f(z) =\
Since C' is bounded and A,cq, — x # 0, the net A, cannot converge to zero; hence, A > 0. Therefore, we
may assume that A\, > 0 for all «. Since i — % and A,co — T, we have ¢, = i/\aca — %m Appealing
to the closedness of C', we conclude that %x eCandsoxeRC. >
6.10. Lemma. Suppose that Y and Z are dense subspaces of X', B € 2,.(X"), qicl(ZNB) # @,

and Y N B = @. Then (ZN B)® C X is a cone that is strictly closed in X|Z and dense (in particular,
not closed) in XY

4 By hypothesis, C' := Z N B and D := clC satisfy the relations D € £,.(X’), 0 ¢ D C B, and
qi D # @. Lemma 6.9 implies that R*D is a closed cone in X’. Put
K == C° = D? = (R*D)°.

Owing to 3.11, we have K® = (R*D)®® = R*D. Since C C Z, the wedge K = C? is closed in X|Z.
Moreover, according to 4.12(a), ZNK® D ZNqi K® D ZNqi D = qi D # @ hold and, hence, K is a strictly
closed cone in X|Z (see 6.8(b)). The condition YN B = @ implies Y NK® =Y NR*D C YNR*B = {0}.
Using 4.4, we conclude that 0 € qiyy K, i.e., clx)y K = X. >
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6.11. Theorem. Let Y and Z be dense subspaces of X'. Consider the following properties:
(a) every strictly closed cone in X|Z is strictly closed in X|Y;
(b) every strictly closed cone in X|Z is closed in X|Y;
(¢) Y is quasidense in X’ with respect to Z.
Then the implications (a)=(b)=>(c) hold; and if Z is quasilocally bounded, then (a)—(c) are equivalent.
< The implication (a)=-(b) is trivial; and (b)=(c) is immediate from 6.10 in view of 6.1(a). Assume
that Z is quasilocally bounded and establish the implication (c)=(a).
Let Y be quasidense in X’ with respect to Z, and let K be a strictly closed cone in X|Z. To prove
the strict closedness of K in X|Y, consider an arbitrary z € X\K and demonstrate the existence of
y € Y such that y > 0 on K\{0} and y(z) < 0. In terms of K% and

Hy:={fe X : f(x) <0},
the current goal is formulated as follows:
YNK®NHy#9. (4)

Owing to the strict closedness of K in X|Z, we have Z N K¥ N Hy # @, which, by 4.12(b), means the
existence of z € qi (Z N K®) N Hy (see 4.2). Since Z is quasilocally bounded, there is B € £,.(Z) such
that 2 € qiB and B C ZN K?® (see 5.4(b)). Put

H:={feX :f(z)<0}, C:=cBNH.
It is clear that C' € £, .(X’). Moreover, since int H = Hy # &; according to 4.8, we have
ze€qiBNHy=qi(BNH)=dqi(ZNBNH)Cqi(ZNC).

Invoking the quasidenseness of Y in X’ with respect to Z, we conclude that Y NqiC # @. Using 4.8
again, we have
qiC =qi(clBNH)=qicl BN Hy C Hy,

which means Y NqiC N Hy # @. To justify (4), it remains to note that
qiC CqiclBC qicl K® =qiK® c K%, »

6.12. Corollary. Let Y be a dense subspace of X', and let X' be quasilocally bounded. Then the
following are equivalent:

(a) every strictly closed cone in X is strictly closed in X|Y';

(b) every strictly closed cone in X is closed in X|Y;

(¢) Y is quasidense in X'.
If, contrary to (c), there exists B € 2,.(X') such that qi B# @ and Y N B = @; then B? is an example
of a strictly closed cone in X that is not closed (moreover, is dense) in X|Y.

§ 7. Projective Sets

The space RY equipped with the strongest locally convex topology is the direct limit (colimit) h_r}n R™

of the sequence (R™),en within the category of locally convex spaces with respect to the embeddings
R" <+ R" x{(0,...,0)} C R™ (n < m) and coincides with the strict inductive limit of the sequence of
subspaces RY = lin{ey,...,e,} C RY (see [4, 13-3-3; 10, 19.4]). The corresponding dual space [R'N}[Rf;]n
is the inverse limit lim R™ in the same category with respect to the projections (r — mpz): R™ — R”
(m > n) and coincides with the topological projective limit of the sequence of locally convex spaces R"
under the projections 7, : RN — R™ (see [10, 19.8]).

The above considerations serve as a conceptual premise for introducing the notions of projective set,
projective sequence, and projective limit whose study this section is devoted to. The main goal is to link
the concepts with that of quasi-interior.

As before, [RP;L and RN are equipped with the natural duality and endowed with the corresponding
weak topologies (see 3.4).
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7.1. Let (Sn)nen be a sequence of subsets S,, C R™. A sequence (xy,)nen is a chain in (Sp)nen if
Ty € Sp and z, = a4 for all n € N. In this case, UneN xp, is the element s € RN such that 7,5 = =,
for all n € N.

Lemma. The following properties of S C RN are equivalent:
(a) if s € RN and 7,5 € 7,8 for all n € N then s € S;

(b) if (zn)nen Is a chain in (m,S)pen then |J, o 2n € S;

(c) S is closed in RY'.

A set S c RN with the equivalent properties (a)—(c) is projective. Arbitrary Cartesian products
[1,co An, where A, C R, serve as examples of projective sets. Moreover, every closed subset of RN is also
closed in R} and is thus projective.

7.2. Lemma 7.1 implies that, for every S C RN, the following sets coincide:
(a) {8 € RN : 71,5 € 7,8 for all n € N};

(b) {UnGIN Tyt (Tn)nen is a chain in (ﬂ'nS)ne[N};

(c) the largest subset S C RN such that 7,5 = m,S for all n € N;

(d) the projective subset S C RN such that m,S = 7,9 for all n € N;

(e) the smallest projective subset of RY including S;

(f) the closure of S in the topological space R}

The set described by one of the equivalent ways (a)—(f) is the projective closure of S.

7.3. Lemma. The following properties of a sequence of sets S,, C R"™ (n € N) are equivalent:
(a) there is S C RN such that S,, = 7,5 for all n € N;
(b) Sp = ™Sy, for n < m;
(¢) Sp = mpSpy1 for all m € N.
Moreover,
ﬂ T (S) = {s € RN : 7,5 € S, for all n € N}

< = { U 2n t (zn)new is a chain in (Sn)neN} (5)

neN

is the largest among the sets S satisfying (a), presenting the only projective set among them, and coincides
with the projective closure of each of them.

A sequence (Sy,)nen satisfying the conditions of the above lemma is a projective sequence. The set (5)
is denoted by @(Sn)n@q or, in short, by l(ingn and is the projective limit of the sequence (Sy)nen
or the projective limit of S,.

Therefore, given a projective sequence (Sy,)nen and S C RN, the following hold:

limS, = {s e RN : s € S, for all n € N}; (6)
%

S = l(iLnSn & S is projective and 7, S = S, for all n € N; (7)
S is projective < S = limm,S. (8)

7.4. Lemma. If (Cy)nen is a projective sequence of convex sets with nonempty interiors, then
(int Cp)nen Is a projective sequence and

@int C, = qil(iLnC’n.

< Fix an arbitrary n € N and show that int C;, = m,(int Cj,41).
The inclusion int C,, D 7, (int C,,1 1) is obvious: if z € R"™!, ¢ > 0, and the ball B(z, ¢) of the uniform
norm lies in C,,41; then B(m,z,¢) = m, (B(x,s)) C 1 Cha1 = Cp.
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Cp = 1 Chyt

Fig. 1

Let = € intC), (see Fig. 1). Show that z = m,Z for some z € int Cy4;. Consider an arbitrary
y € int Cp41. If m,y = x then there is nothing to prove. Let m,y # x. Since z € int C,,, there is a real
A > 0 such that x+A(z—m,y) € C,. Owing to the equality C),, = m,Cj,11, there exists z € C, 1 for which
r+ ANz —mpy) = Tz Put T = ﬁy—f—%ﬂz. The containment y € int Cy, 11 implies Z € [y, z[ C int Cj 1.
Moreover,

ThT = %_i_lwny + /\%_177”2 = )%Hwny + )\%H(:U + ANz — Wny)) =z
The equality limint Cy, = qilim C;, follows from (6) and 4.13, because
s € @intcn & se @Cn and mps € int C), for allneN & s € qili&lCn
for all s € RN. 1

7.5. In the statement of Lemma 7.4, the convexity and nonemptiness of interiors are both essential.

For example, if S = [0,2], S2 = [0,1]2 U ([1,2] x {0}), and S,, = So x R"~2 for n > 2; then (S, )nen
is a projective sequence and intS,, # @ for all n € N, but the sequence (int.S,),en is not projective
because int S; = ]0, 2[, while 7y (int Sz) = 71(]0, 1[2) =10, 1].

If S; =[0,1] and S,, = [0,1] x {(0,...,0)} for n > 1; then (S,)nen is a projective sequence and all
sets S, are convex, but the sequence (int Sy, ),en is not projective, since int S1 = ]0, 1[ and 7 (int S3) = @.

7.6. The following is a consequence of 4.13, 7.4, and (8):

Corollary. If C is a projective convex subset of RN, then qi C' is projective. Moreover, if qiC # &
then (int 7m,C)n,en Is a projective sequence, qiC' = Lilnint 7, C; and, in particular, m,qiC = qin,C =
int m,C for all n € N.

7.7. Let P be a property of subsets of a locally convex space. Call P projectively invariant whenever
the following is true for every projective set S C RN: S has property P if and only if 7,,S have property P
for all n € N; i.e., if S is the projective limit of sets with property P.

Proposition. The following properties are projectively invariant:
(a) to be nonempty;

b) to be convex;

c¢) to be bounded;

d) to be compact (closed and bounded );

e) to be convex and quasiopen;

(f) to be convex and have nonempty quasi-interior.

(
(
(
(

< The projective invariance of (a) and (c) is obvious. The projective invariance of (b) and (d)
is provided by the linearity and continuity of the mappings m,: RN — R™ and by the representation
S = Mpew T H(mnS) of a projective set S; see (5). The projective invariance of (e) and (f) follows
from 4.13 and 7.4. >
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It is easy to see that the projective limit of closed sets is closed. Nevertheless, closedness is not
projectively invariant even under the additional requirement of convexity. For example, the convex set

S={secR:5(1) >0, s(1)-s(2) > 1}
is closed (and thus projective), but the projection m1.S = ]0, 00| is not closed.

7.8. A subset of RN of the form [I,.co An, where A, are open subsets of R, is called an open boz.
The topology on RN for which open boxes serve as basic open sets is the box topology. It is easy to see
that, for every s € RN, the convex open boxes

H |s(n) —en,s(n) +enl, en>0, 9)

neN

form a base of neighborhoods of s in the box topology.

Proposition. (a) An arbitrary convex open box in RN is an example of a projective quasiopen set.
Moreover, all subsets of RN open in the box topology are quasiopen.
(b) The converse of (a) fails. For example, the projective convex set

C:={seR":|s(1) —s(n)| < 1}

is quasiopen, but int C' = & in the box topology.

< (a): The first assertion follows from 7.7(e), and the second is a consequence of the first, since each
box neighborhood includes a subneighborhood of the form (9).

(b): The projectivity of C' is obvious. Its convexity and quasiopenness follow from 7.7(e), since
the projections of 7,,C are convex open subsets of R"™. The equality int C = @& in the box topology is due
to the fact that all elements ¢ € C' satisfy the condition lim,,_ ¢(n) = ¢(1), while every nonempty open
box obviously includes a sequence that violates this condition. >

§ 8. Criterion for Closedness of Archimedean Cones

In this section, after characterizing the Archimedean cones in RY (Theorem 8.4), we use the above
auxiliary results for solving the target problem describing the class of subspaces Y C RN for which
all Archimedean cones are closed in [REHIY. The main result is Theorem 8.5 asserting that the class
consists of quasidense subspaces. Propositions 8.8 and 8.9 describe the class in more detail by proposing
a few necessary and sufficient conditions for quasidenseness of a set in RN.

As a corollary, we obtain some exhaustive description of locally convex spaces with all Archimedean
cones closed (Theorem 8.6). Moreover, the answers are given to questions on the so-called “subtle” spaces
which are the dense subspaces Y C RN for which [RED‘Y includes nonclosed Archimedean cones. Namely,
Corollary 8.10 confirms the conjecture of [3] that lin Q™ is not subtle, and, in particular, gives a negative
answer to the question in [3] and [5] of whether all proper subspaces of R are subtle. Moreover, using
Theorem 8.5, it is possible to obtain a short justification of the result of [5] on the existence of a subtle
hyperspace (Corollary 8.11).

8.1. A sequence of subsets S,, C RY (n € N) is inductive if it possesses each of the following equivalent
properties:

(a) there exists S C RY such that S, = SNRY for all n € N;

(b) Sy = S NRY for n < m;

(¢) Sp=Snt1NRY for all n € N.
Moreover, S satisfying (a) is unique and equal to (J,,cy Sn-

8.2. Lemma [11, 3.3]. Let K be a closed locally quasicompact cone in a locally convex space X,
let X be a closed subspace of X, and let fo € X|. If fo € (KNXo)® then fy is extendible onto X to f € K®.
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8.3. Lemma. If K, C R (n € N) is an inductive sequence of closed cones, then (7,K,)® (n € N)
is a projective sequence and

lim (m, K,)® = < U Kn>EE. (10)

neN

< Consider an arbitrary n € N and establish the inclusion (7, K,)® C m,(7p+1Kn41)®. (The reverse
inclusion and equality (10) are easily verified.) Let y € (7, K,)®. Put

X:=R"M Xy=R'"x{0}CcX, K:i=m1Kn1.
Then K is a closed cone in X and
gom, € (m K, x {0H)¥ = (K N X)&.

By 8.2, there is an element z € K% such that 2 = §j o m, on Xy. In this case, y = 7,2z and hence
Yy e 7Tn(77n+1Kn+1)EE- >

8.4. Theorem. The following properties of K C [REH are equivalent:
(a) K is an Archimedean cone;
(b) K is a closed cone;
(¢) K is a strictly closed cone;
(d) K NRY is a closed cone in RY for all n € N;
(e) K =, en Kn for some inductive sequence of closed cones K, C RY.

< The implications (¢)=-(b)=-(a)=(d)=(e) are evident (see 2.3(f)). Show (e)=-(c¢). In (e), the union
K = U, cpn Kn is obviously an Archimedean cone. As is known, the strongest locally convex topology 7
on RY is sequential (see [4, Prob. 12-3-113]). From 2.3(h) it follows that the Archimedean cone K
is closed in 7 and hence in the weak topology O'(RE;H[RN). Further, the cones 7, K, are closed in R"
and thus they are strictly closed. From 6.8 it follows that (7,K,)® # @ for all n € N. Invoking 8.3,
we conclude that K% = lim (7, K,)® # @. >

8.5. The criterion below provides a solution to the problem this article is devoted to.

Theorem. The following properties of a dense subspace Y C RN are equivalent:

(a) all Archimedean cones in [REDIY are closed;

(b) all Archimedean cones in [RED‘Y are strictly closed;

(c) Y is quasidense in RN,
If, contrary to (c), there exists a compact convex set C C RN such that qiC # @ and Y NC = @
(see 8.8(b)); then C® is an example of an Archimedean but not closed (moreover, dense) cone in [RE;HY.

4 According to 5.10, the space RN dual to IRPQIH is quasilocally bounded. Moreover, by 8.4, the classes
of strictly closed and Archimedean cones in R} coincide. It remains to use 6.12 with RY as X. o

8.6. Owing to Theorems 2.5 and 8.5, we can now give some exhaustive description of the spaces
in which all Archimedean cones are closed.

Theorem. Given a Hausdorff locally convex space X, all Archimedean cones in X are closed if and
only if X has finite or countable dimension and the dual space X' is quasidense in X# with respect to
the weak™ topology.

8.7. Lemma. Let C be a projective convex subset of RN and let x € qiC. Put D := %(C + x).
Thenxz € qiD and clD C qiC.

< We may assume that £ = 0. The containment 0 € qi%C is obvious. Since qiC = l(iinint m, C
(see 7.6), to prove that CI%C C qiC it suffices to fix an arbitrary n € N and show that m, CI%C C
int 7,C. According to 4.13, 0 € qi C implies 0 € int 7,,C. Hence, cl%ﬂnC C intm,C (see, for example,
[1, 7.1.1(1)]). Tt remains to note that, by the continuity of the linear operator m,: RN — R", we have
Tn C]%C Cecl %ﬂnC’. >
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8. Proposition. The following properties of S C RN are equivalent:

) S is quasidense in RN;

) if C is a compact convex subset of RN and qi C # @, then SN C # @;

) if B is a nonempty projective bounded quasiopen convex subset of RN, then SN B # @;

d) if (Bp)nen is a projective sequence of nonempty bounded open convex sets, then Sﬂhm B, # @;
e) if C is a projective convex subset of RN and qi C'# @, then SN C # @.

< Using the compactness criterion in RN (see 3.4), we see that (a)<>(b) is valid by definition 6.2(b).

(b)=-(c): Let B C RN possess the properties listed in (c) and let b € B. Put C := cl(B +b).
By 8.7, we have qiC # @ and C C B. Since C is compact (see 3.4); (b) implies SN C # & and,
in particular, SN B # @.

The equivalence (c¢) < (d) is ensured by the projective invariance of the combination of the properties
of B listed in (c) (see 7.7).

(c)=(e): Let C be a projective convex subset of RN and let qiC # @. By 8.7, there is a closed
convex set D C RN such that qiD # @ and D C C. Further, owing to 5.10 and 5.4(b), there exists
a compact convex subset B C D with qi B # @&. Being closed, B is projective and, hence, according
to 7.6, qi B is also projective. Moreover, qi B is quasiopen (see 4.10). Then (c) implies S N B # @,
whence SNC # @ since BC D C C.

The implication (e)=(b) is obvious, since compactness implies closedness, and closedness implies
projectivity. >

8.9. Proposition. A set S C RN is quasidense in each of the cases listed below:
(a) S includes AN, where A is a dense subset of R;

(b) S includes [],,cp An, where A, are dense subsets of R;

(c) S includes a projective subset P satisfying the following:

cd{p(1):pe P} =R; (11)
cd{p(n+1):pe P, mpp=x} =R foralln € N and x € 7, P. (12)

< Conditions (a) and (b) are particular cases of (c), while (c) can easily be verified using 8.8(d).
Indeed, let P C RN satisfy (11) and (12) and let (B,)nen be a projective sequence of nonempty open
convex sets. Proceeding by recursion on n € N, construct a sequence of b, € B, N 7, P as follows:
According to (11), there is by € By N7 P. Assume that b, € B, N7, P is defined. Since B,, = 1, Bp41,
there is a real A € R such that (bn(l), ooy bp(n), )\) € Bn+1. Owing to the openness of B,,11, there exists
a real € > 0 such that

(bn(1),...,bn(n), ) € Bpgr forall p X —e, X +el.

From (12) it follows that there is p € P satisfying the conditions m,p = b, and p(n +1) € ]\ —e, A + 5[
Put b,y1 := mp1p. Then (b, )nen is a chain both in (By,),en and in (7, P)pen, which means that U
belongs to both l(iLan and P. >

nEIN

8.10. In [3], the term subtle spaces is used for the dense subspaces Y C RY that admit existence of
nonclosed Archimedean cones in R} |Y. (Owing to 8.5, we know now that the subtle spaces are exactly
the dense subspaces that are not quasidense.) The following fact confirms conjecture [3, 4.9] and also
gives a (negative) answer to the question in [3] and [5] of whether all proper subspaces of RN are subtle:

Corollary. All Archimedean cones in [R,'lfn} lin QN and [Rgfn’ lin NN are closed.

4 Obviously, lin QN ¢ RN meets 8.9(a). The same is true of lin NN, Indeed, by Kronecker’s Approxi-
mation Theorem, A := {mv/2+n : m,n € Z} is dense in R. It remains to note that

lin NN = Tin (NN = NY) =lin (N = N)N =1linZN 5 V2 zZN 4+ 7Y = (V27 + 7)Y = AN, »
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8.11. Theorem 8.5 makes it possible to obtain a short demonstration for the main result of [5].

Corollary. If L € (RMN)# and L(s) = limn_,o 5(n) for convergent sequences s € R™; then R} | ker L
contains a nonclosed Archimedean cone.

a Put C:=]],en [1 - %, 1+ %] Then ker LN C = @. By 8.5, 7.8, and 8.8, the latter implies that
[RE;]D! ker L contains a nonclosed Archimedean cone and, moreover, C* is an example of such cone. >

§9. Open Questions

In conclusion, we formulate several natural questions that remain open by now.

9.1. QUASILOCAL BOUNDEDNESS. In Section 5, we only undertake an initial study of the concept
of quasilocal boundedness. Within a more detailed study, it would be appropriate to clarify relationship
between the following properties of a Hausdorff locally convex space X and, in particular, to find out
which of them are equivalent:

(a) X is quasilocally bounded;

(b) every convex subset of X with nonempty quasi-interior contains a bounded subset with nonempty
quasi-interior;

(c) there exists a bounded set in X with nonempty quasi-interior;

(d) there exists a dense subnormable subspace in X;

(e) for every dense wedge W C X, there exists a subnormable subspace Z C X such that ZNW
is dense in X;

(f) every dense subspace of X contains a dense subnormable subspace.

The following implications seem obvious: (a)=-(b)=(c)<(d), (e)=(f)=(d), (e)=(a).

9.2. LIMITS OF QUASILOCALLY BOUNDED SPACES. The space RM|RY is the inverse limit lim R™
of the sequence (R"),en within the category of locally convex spaces under the natural projections
Tp: RN — R™ and 7y, 0 R™ — R™ (n < m). Analysis of the proofs of Theorems 4.13 and 5.10 makes it
possible to propose the conjecture that the statements of those theorems can be generalized to the case
of arbitrary inverse limits. Namely, let (X, (m;)ics) be the inverse limit of a net (X;);er of locally convex
spaces. Given a convex set C' in X, does the following equality hold:

qiC={ceC :mceqimCin X, for all i € I}?

If X; are quasilocally bounded, does their inverse limit @Xi have the same property?

9.3. CLOSED TOTAL WEDGES. Theorem 6.11 and Corollary 6.12 offer criteria for the inheritance
of strict closedness of cones in a space with quasilocally bounded dual. From the proof of 6.11, it is
clear that the claim remains valid if the quasilocal boundedness is weakened to the requirement that the
wedges of the form K be quasilocally bounded at their quasi-interior points, where K is a closed cone
in the dual space. Presented below is a description of such wedges which follows from [2, 2.13].

A subset S of a Hausdorff locally convex space X is total if cllinS = X (see [4, 2-3-12]).

Proposition. The following properties of W C X are equivalent:
(a) W is a closed total wedge;

(b) W is a closed wedge and W is a cone;

(c) W*? is a cone and W%* = W;

(d) W = K*® for some closed cone K C X'.

Therefore, the statements of 6.11 and 6.12 remain valid for the respective spaces Z and X’ in which
all closed total wedges are quasilocally bounded at their quasi-interior points. Is the latter condition
equivalent to the quasilocal boundedness of the space?
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9.4. STRICTLY CLOSED CONES. Denote by V(X) and V4(X) the sets of closed and strictly closed
cones in a locally convex Hausdorff space X. If X’ is quasilocally bounded then, according to 6.12, for
each subspace Y C X’ we have

Y is quasidense < Vs(X) C V(X|Y) & W%(X) = %(X|Y).

How do the equalities V(X) = V(X|Y) and V(X|Y) = V(X|Y) relate to the above statements?

9.5. STRICTLY CLOSED CONES IN RN. A similar question arises in connection with Theorem 8.5.
Let Y be a subspace of RN. Since closed cones are Archimedean, according to Theorem 8.5, the following
implication holds:

Y is quasidense = V(R‘E.\JH‘Y) = Vs ([REDIY).

Is the converse true? In other words, is it possible to supplement the list 8.5(a)—(c) with the claim that
all closed cones in IREH‘Y are strictly closed?

9.6. POLARS OF CONES. If K,, C [RE;‘ (n € N) is an inductive sequence of closed cones then, by 8.3,
the sequence of the polars (m, K,)® is projective. Is the sequence of the dual wedges (7, K,)® projective
in this situation?

9.7. QUASIDENSENESS AND PROJECTIVITY. According to 8.8, the quasidenseness of a set S C RN
is equivalent to either of the following conditions:

(a) S intersects every nonempty convex set B C RN that is bounded, quasiopen, and projective;

(b) S intersects every convex set C' C RN that has nonempty quasi-interior and is projective.
Is the requirement that B and C' be projective essential under the above two conditions? If we remove the
projectivity, do the conditions remain equivalent to the quasidenseness of S provided that S is a dense
vector subspace of RN?

9.8. EXAMPLES OF QUASIDENSE SPACES. Call S C RN exponentially dense, or Cartesian dense,
or recursively dense whenever S possesses the respective property (a), or (b), or (c) in 8.9. The three
properties are connected by the obvious implications (a)=(b)=-(c) and, according to 8.9, imply quasi-
denseness. Currently, the short list of available examples of quasidense subspaces of RN includes only
spaces that are exponentially dense in RN (see 8.10). In this connection, three natural questions arise
about the existence of quasidense subspaces Y C RN such that

(a) Y is Cartesian dense, but not exponentially dense;

(b) Y is recursively dense, but not Cartesian dense;

(c¢) Y is not recursively dense.

9.9. BOX DENSITY. By 8.8, a subset of RN is quasidense if and only if it intersects every nonempty
projective quasiopen convex set B. Since the totality of such sets B includes the open boxes (9), that
form a base of the box topology on RY; it follows that every quasidense set is box-dense. Is the converse
true? Does there exist a dense subspace Y C RN that is box-dense but not quasidense?

9.10. TOPOLOGICAL NATURE OF QUASIDENSENESS. If the answer to the previous question turns
out negative, and box-denseness is not equivalent to quasidenseness; then is there any other topology 7
on RN such that 7-denseness is equivalent to quasidenseness? Is quasidenseness topological for dense
subspaces of RN?

9.11. CONES AND LINEARLY INDEPENDENT SETS. It is easy to show that existence of a nonclosed lin-
early independent set in a Hausdorff locally convex space implies existence of a nonclosed Archimedean cone
in the space (see [3, 4.7]). Is the converse assertion true? Does there exist a dense subspace Y C RN such
that all linearly independent sets in R} |Y" are closed, but RY |V contains nonclosed Archimedean cones?
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