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� à ¡®â¥ [1] ¯à¥¤«®¦¥® ¨áç¥à¯ë¢ îé¥¥ ®¯¨á ¨¥ ª« áá  «®ª «ì® ¢ë¯ãª-
«ëå ¯à®áâà áâ¢, ¢ ª®â®àëå ¢á¥  àå¨¬¥¤®¢ë ª®ãáë § ¬ªãâë. � ¨¬¥®, ¢¢¥-
¤¥® ¯®ïâ¨¥ ª¢ §¨¯«®â®£® ¯®¤¬®¦¥áâ¢  «®ª «ì® ¢ë¯ãª«®£® ¯à®áâà áâ¢ 
¨ ¯®ª § ®, çâ® ®¯¨áë¢ ¥¬ë© ª« áá á®áâ ¢«ïîâ ª®¥ç®¬¥àë¥ ¯à®áâà áâ¢ ,
  â ª¦¥ ¢á¥ áç¥â®¬¥àë¥ ¯à®áâà áâ¢  X, ã ª®â®àëå â®¯®«®£¨ç¥áª¨ á®¯àï-
¦¥®¥ ¯à®áâà áâ¢® X ′ ª¢ §¨¯«®â® ¢  «£¥¡à ¨ç¥áª¨ á®¯àï¦¥®¬ ¯à®áâà -
áâ¢¥ X#, á ¡¦¥®¬ á« ¡®© â®¯®«®£¨¥© σ(X#, X). �à¨¢«¥ç¥¨¥ ¯®ïâ¨ï ª¢ -
§¨¯«®â®áâ¨ ¯®§¢®«¨«® à¥è¨âì àï¤ ¯à®¡«¥¬, á¢ï§ ëå á  àå¨¬¥¤®¢ë¬¨ ª®-
ãá ¬¨, ® íâ® ¯®ïâ¨¥ ®áâ ¥âáï ®¢ë¬ ¨ ¬ «®¨áá«¥¤®¢ ë¬, ® ç¥¬, ¢ ç áâ-
®áâ¨, á¢¨¤¥â¥«ìáâ¢ã¥â á¯¨á®ª ®âªàëâëå ¢®¯à®á®¢, ¯à¨¢¥¤¥ë© ¢ ª®æ¥ áâ -
âì¨ [1]. �®áª®«ìªã ¢ á«ãç ¥ dimX = |N| «®ª «ì® ¢ë¯ãª«®¥ ¯à®áâà áâ¢®
(X#, σ(X#, X)) ¨§®¬®àä® RN, ¯¥à¢®®ç¥à¥¤®© § ¤ ç¥© ¢ à áá¬ âà¨¢ ¥¬®¬  -
¯à ¢«¥¨¨ ï¢«ï¥âáï å à ªâ¥à¨§ æ¨ï ª¢ §¨¯«®âëå ¯®¤¬®¦¥áâ¢ RN. �â âìï
¯®á¢ïé¥  à¥è¥¨î íâ®© § ¤ ç¨.

� ¯ à £à ä å 1 ¨ 2, ¨¬¥îé¨å ¢á¯®¬®£ â¥«ìë© å à ªâ¥à, ¯à¨¢¥¤¥ë ¯à¥¤-
¢ à¨â¥«ìë¥ á¢¥¤¥¨ï ¨ ¨§ãç¥ë  ¢â®¬®àä¨§¬ë ¯à®áâà áâ¢ ¯®á«¥¤®¢ â¥«ì®-
áâ¥©. � æ¥âà «ì®¬ ¯ à £à ä¥ 3 ¢¢¥¤¥® ¨ ¨áá«¥¤®¢ ® ¯®ïâ¨¥ ¯à®¥ªâ¨¢®£®
¯ à ««¥«®â®¯  ¨ ¤®ª § ë ¤¢  ®¢ëå ªà¨â¥à¨ï ª¢ §¨¯«®â®áâ¨ ¢ RN. � ¯ à -
£à ä å 4 ¨ 5 ¤ ë ®â¢¥âë   ç¥âëà¥ ®âªàëâëå ¢®¯à®á , áä®à¬ã«¨à®¢ ëå
¢ [1],   â ª¦¥   ¢®¯à®áë ® ¯à¥¤áâ ¢¨â¥«ì®áâ¨ ¯ à ««¥«®â®¯®¢ ¢ ¨å á¢ï§¨
á ª¢ §¨¯«®â®áâìî ¨ ª¢ §¨¢ãâà¥®áâìî.

§ 1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï

� ç¥¬ á â®£®, çâ® ãâ®ç¨¬ ®¡®§ ç¥¨ï ¨ â¥à¬¨ë ®¡é¥£® å à ªâ¥à ,
  â ª¦¥ ¢®á¯à®¨§¢¥¤¥¬ ¥ª®â®àë¥ ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì¥©è¥¬ ®¯à¥¤¥«¥¨ï

� ¡®â  ¢ë¯®«¥  ¢ à ¬ª å £®áã¤ àáâ¢¥®£® § ¤ ¨ï �� �� ��� (¯à®¥ªâ üFWNF{
2022{0004).
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¨ ä ªâë ¨§ [1], çâ®¡ë â¥ªáâ áâ âì¨ ¡ë« ¯à¨£®¤ë¬ ¤«ï ¥§ ¢¨á¨¬®£® çâ¥¨ï.
�®«¥¥ ¯®«ë©  ¡®à á®®â¢¥âáâ¢ãîé¨å á¢¥¤¥¨©, ¢ª«îç îé¨© ¤®ª § â¥«ìáâ¢ 
¨ ¯à¨¬¥àë, ¨¬¥¥âáï ¢ à ¡®â¥ [1] ¨ æ¨â¨àã¥¬®© â ¬ «¨â¥à âãà¥.

1.1. �¨¬¢®« ý⊂þ ®¡®§ ç ¥â ¥áâà®£®¥ ¢ª«îç¥¨¥ ¬®¦¥áâ¢. � ª ¯à¨á¢ -
¨¢ ¨ï ý:=þ ¨á¯®«ì§ã¥âáï ¢ § ç¥¨¨ ý¯®« £ ¥âáï à ¢ë¬þ ¨«¨ ýà ¢® ¯® ®¯à¥-
¤¥«¥¨îþ.

�¨¬¢®« N ®¡®§ ç ¥â ¬®¦¥áâ¢®  âãà «ìëå ç¨á¥« {1, 2, . . . }. �®¦¥áâ¢ 
à æ¨® «ìëå ¨ ¢¥é¥áâ¢¥ëå ç¨á¥« ®¡®§ ç îâáï á¨¬¢®« ¬¨ Q ¨ R. �¨¬-
¢®« R+ á«ã¦¨â ¤«ï ®¡®§ ç¥¨ï á®¢®ªã¯®áâ¨ {λ ∈ R : λ ⩾ 0} ¯®«®¦¨â¥«ì-
ëå ¢¥é¥áâ¢¥ëå ç¨á¥«. �®¦¥áâ¢® R  ¤¥«ï¥âáï áâ ¤ àâë¬¨ ®¯¥à æ¨ï¬¨
¨ â®¯®«®£¨¥©, ®â®á¨â¥«ì® ª®â®àëå ®® ï¢«ï¥âáï ¯®«¥¬ ¨ «®ª «ì® ¢ë¯ãª«ë¬
¯à®áâà áâ¢®¬. �¨¬¢®«®¬ RD ãá«®¢¨¬áï ®¡®§ ç âì ¬®¦¥áâ¢® ¢¥é¥áâ¢¥ëå
ç¨á¥«, á ¡¦¥®¥ ¤¨áªà¥â®© â®¯®«®£¨¥©. � ¬ªãâë¥ ¨ ®âªàëâë¥ ç¨á«®¢ë¥
¯à®¬¥¦ãâª¨ ®¡®§ ç îâáï á¨¬¢®« ¬¨ [α, β] ¨ ]α, β[.

�¨¬¢®«ë linS, coS, clS ¨ intS á«ã¦ â ¤«ï ®¡®§ ç¥¨ï «¨¥©®© ®¡®«®çª¨,
¢ë¯ãª«®© ®¡®«®çª¨, § ¬ëª ¨ï ¨ ¢ãâà¥®áâ¨ ¬®¦¥áâ¢  S ¢ à áá¬ âà¨¢ ¥-
¬®¬ ¢¥ªâ®à®¬ ¨«¨ â®¯®«®£¨ç¥áª®¬ ¯à®áâà áâ¢¥.

1.2. � ¤ «ì¥©è¥¬ ¯®¤ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ¯®¨¬ ¥âáï ¢¥ªâ®à®¥
¯à®áâà áâ¢®  ¤ R. �¥à¬¨ ¯®¤¯à®áâà áâ¢® ¢áî¤ã ®§ ç ¥â ¢¥ªâ®à®¥ ¯®¤-
¯à®áâà áâ¢®. �®¤¬®¦¥áâ¢® K ¢¥ªâ®à®£® ¯à®áâà áâ¢   §ë¢ ¥âáï ª®ãá®¬,
¥á«¨ K +K ⊂ K, R+K ⊂ K ¨ K ∩ −K = {0}. �®ãá K ¢ ¢¥ªâ®à®¬ ¯à®áâà -
áâ¢¥ X  §ë¢ ¥âáï  àå¨¬¥¤®¢ë¬, ¥á«¨  àå¨¬¥¤®¢® ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥
¯à®áâà áâ¢® (X,⩽K), £¤¥ x ⩽K y ⇔ y − x ∈ K.

1.3. �á«¨X ¨ Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ , á¨¬¢®«®¬ L(X,Y ) ®¡®§ ç ¥â-
áï ¢¥ªâ®à®¥ ¯à®áâà áâ¢® «¨¥©ëå ®¯¥à â®à®¢ ¨§ X ¢ Y . �¨¬¢®« X# ¨á¯®«ì-
§ã¥âáï ¤«ï ®¡®§ ç¥¨ï  «£¥¡à ¨ç¥áª¨ á®¯àï¦¥®£® ª X ¢¥ªâ®à®£® ¯à®áâà -
áâ¢  L(X,R). �á«¨ X ¨ Y | â®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ , á¨¬-
¢®«®¬ L (X,Y ) ®¡®§ ç ¥âáï ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¥¯à¥àë¢ëå «¨¥©ëå
®¯¥à â®à®¢ ¨§ X ¢ Y ,   á¨¬¢®«®¬ X ′ | â®¯®«®£¨ç¥áª¨ á®¯àï¦¥®¥ ª X ¯à®-
áâà áâ¢® L (X,R). � ¯¨á¨ L(X) ¨ L (X) á«ã¦ â á®ªà é¥¨ï¬¨ ¤«ï L(X,X)
¨ L (X,X). �¨¬¢®«®¬ Aut(X) ãá«®¢¨¬áï ®¡®§ ç âì á®¢®ªã¯®áâì ¢á¥å  ¢â®-
¬®àä¨§¬®¢ â®¯®«®£¨ç¥áª®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢  X, â. ¥. ¬®¦¥áâ¢® â ª¨å
¡¨¥ªæ¨© T : X → X, çâ® T, T−1 ∈ L (X).

1.4. �¨¬¢®«®¬ RN
fin

®¡®§ ç ¥âáï ¯®¤¯à®áâà áâ¢® RN, á®áâ®ïé¥¥ ¨§ ä¨-
¨âëå ¯®á«¥¤®¢ â¥«ì®áâ¥©, â. ¥. äãªæ¨© s : N → R á ª®¥çë¬¨ ®á¨â¥«ï¬¨
supp s := {n ∈ N : s(n) ̸= 0}. �®àâ¥¦¨ x = (x(1), . . . , x(n)) ∈ Rn, £¤¥ n ∈ N,
âà ¤¨æ¨®® áç¨â îâáï äãªæ¨ï¬¨ x : {1, . . . , n} → R. � ¤ «ì¥©è¥¬ ¨á¯®«ì-
§ãîâáï ®¡®§ ç¥¨ï

en := χ{n} = (0, . . . , 0, 1
(n)
, 0, 0, . . . ) ∈ RN;

RN
n := lin{e1, . . . , en} =

{
s ∈ RN

fin
: supp s ⊂ {1, . . . , n}

}
.

�¨¥©ë© ®¯¥à â®à πn : RN → Rn ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

πns := s
∣∣{1,...,n} = (s(1), . . . , s(n)). (1)

�á«®¢¨¬áï ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨¥ (1) ¥ â®«ìª® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¥©
s ∈ RN, ® ¨ ¤«ï ª®àâ¥¦¥© s ∈ Rm, £¤¥ m ⩾ n. �à®¬¥ â®£®, ¤«ï ã¤®¡áâ¢ 
¯®«®¦¨¬ R0 := {0} ¨ π0s := 0 ∈ R0.
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1.5. �®¢®àïâ, çâ® ¢¥ªâ®àë¥ ¯à®áâà áâ¢  X ¨ Y ®¡à §ãîâ ¤¢®©áâ¢¥ãî
¯ àã ®â®á¨â¥«ì® ¤¢®©áâ¢¥®áâ¨ ⟨· | ·⟩, ¥á«¨ ⟨· | ·⟩ : X × Y → R | â ª®© ¡¨-
«¨¥©ë© äãªæ¨® «, çâ® ker ⟨·| = {0} ¨ ker |·⟩ = {0}, £¤¥ ⟨x| = ⟨x | ·⟩ ∈ Y #

(x ∈ X) ¨ |y⟩ = ⟨· | y⟩ ∈ X# (y ∈ Y ). � ª¨¥ ¯à®áâà áâ¢  X ¨ Y ¯® ã¬®«ç ¨î
 ¤¥«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ á« ¡ë¬¨ â®¯®«®£¨ï¬¨ σ(X,Y ) ¨ σ(Y,X) ¨ â¥¬
á ¬ë¬ áâ ®¢ïâáï å ãá¤®àä®¢ë¬¨ «®ª «ì® ¢ë¯ãª«ë¬¨ ¯à®áâà áâ¢ ¬¨, ª®-
â®àë¥ ãá«®¢¨¬áï ®¡®§ ç âì á¨¬¢®« ¬¨ X|Y ¨ Y |X. �à¨ íâ®¬ ®â®¡à ¦¥¨ï
⟨·| : X → Y ′ ¨ |·⟩ : Y → X ′ (¨«¨, â®ç¥¥, ⟨·| : X|Y → (Y |X)′ ¨ |·⟩ : Y |X → (X|Y )′)
ï¢«ïîâáï «¨¥©ë¬¨ ¨ â®¯®«®£¨ç¥áª¨¬¨ ¨§®¬®àä¨§¬ ¬¨.

1.6. �à®áâà áâ¢® Rn (n ∈ N) à áá¬ âà¨¢ ¥âáï ¢ ¤¢®©áâ¢¥®© ¯ à¥ á Rn,

£¤¥ ⟨x | y⟩ =
n∑

i=1
x(i)y(i),   ¢¥ªâ®àë¥ ¯à®áâà áâ¢  RN

fin
¨ RN ¯® ã¬®«ç ¨î

áç¨â îâáï ¯ à®© ®â®á¨â¥«ì® ¤¢®©áâ¢¥®áâ¨ ⟨x | y⟩ =
∑
n∈N

x(n)y(n) ¨  ¤¥«ï-

îâáï á®®â¢¥âáâ¢ãîé¨¬¨ á« ¡ë¬¨ â®¯®«®£¨ï¬¨: RN
fin
:= RN

fin

∣∣RN ¨ RN := RN
∣∣RN

fin
.

�â  ¦¥ ¤¢®©áâ¢¥®áâì ¯®¤à §ã¬¥¢ ¥âáï ¯à¨ à áá¬®âà¥¨¨ «®ª «ì® ¢ë¯ãª«ëå
¯à®áâà áâ¢ ¢¨¤  RN

fin

∣∣Y , £¤¥ Y | ¯®¤¯à®áâà áâ¢® RN, ã¤®¢«¥â¢®àïîé¥¥ á«¥-
¤ãîé¨¬ à ¢®á¨«ìë¬ ãá«®¢¨ï¬ (á¬. [1, 3.5, 3.6]):

(a) RN
fin
¨ Y ®¡à §ãîâ ¤¢®©áâ¢¥ãî ¯ àã ®â®á¨â¥«ì® ⟨x |y⟩ =

∑
n∈N

x(n)y(n);

(b) á« ¡ ï â®¯®«®£¨ï σ
(
RN

fin
, Y

)
å ãá¤®àä®¢ ;

(c) Y ¯«®â® ¢ RN
∣∣RN

fin
;

(d) Y ¯«®â® ¢ RN
D ;

(e) πnY = Rn ¤«ï ¢á¥å n ∈ N;
(f) πnen ∈ πnY ¤«ï ¢á¥å n ∈ N.

1.7. �®¦¥áâ¢® S ⊂ RN,  §ë¢ ¥âáï ¯à®¥ªâ¨¢ë¬ (á¬. [1, 7.1]), ¥á«¨ ®®

§ ¬ªãâ® ¢ RN
D ¨«¨, çâ® â® ¦¥ á ¬®¥, á®¤¥à¦¨â ª ¦¤ãî ¯®á«¥¤®¢ â¥«ì®áâì

s ∈ RN, ã¤®¢«¥â¢®àïîéãî ¢ª«îç¥¨ï¬ πns ∈ πnS ¤«ï ¢á¥å n ∈ N.
�à¨¬¥à ¬¨ ¯à®¥ªâ¨¢ëå ¬®¦¥áâ¢ á«ã¦ â ¯à®¨§¢®«ìë¥ ¤¥ª àâ®¢ë ¯à®-

¨§¢¥¤¥¨ï
∏
n∈N

�n, £¤¥ �n ⊂ R. �à®¬¥ â®£®, «î¡®¥ § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® RN

§ ¬ªãâ® â ª¦¥ ¢ RN
D ¨ ¯®íâ®¬ã ¯à®¥ªâ¨¢®.

�®á«¥¤®¢ â¥«ì®áâì ¬®¦¥áâ¢ Sn ⊂ Rn (n ∈ N)  §ë¢ ¥âáï ¯à®¥ªâ¨¢®©

(á¬. [1, 7.1]), ¥á«¨ ®  ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ à ¢®á¨«ìë¬¨ á¢®©áâ¢ ¬¨:

(a) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® S ⊂ RN, çâ® Sn = πnS ¤«ï ¢á¥å n ∈ N;
(b) Sn = πnSm ¯à¨ n ⩽ m;

(c) Sn = πnSn+1 ¤«ï ¢á¥å n ∈ N.

�à¨ íâ®¬ ¬®¦¥áâ¢®⋂
n∈N

π−1n (Sn) =
{
s ∈ RN : πns ∈ Sn ¤«ï ¢á¥å n ∈ N

}
 §ë¢ ¥âáï ¯à®¥ªâ¨¢ë¬ ¯à¥¤¥«®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ (Sn)n∈N ¨ ®¡®§ ç ¥âáï
á¨¬¢®«®¬ lim←− Sn (á¬. [1, 7.3]). �à®¥ªâ¨¢ë© ¯à¥¤¥« lim←− Sn ¯à¥¤áâ ¢«ï¥â á®¡®©
 ¨¡®«ìè¥¥ áà¥¤¨ ¬®¦¥áâ¢ S, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ¯ãªâ  (a), ï¢«ï¥âáï
¥¤¨áâ¢¥ë¬ ¯à®¥ªâ¨¢ë¬ áà¥¤¨ â ª¨å ¬®¦¥áâ¢ ¨ á®¢¯ ¤ ¥â á § ¬ëª ¨¥¬
«î¡®£® ¨§ ¨å ¢ â®¯®«®£¨ç¥áª®¬ ¯à®áâà áâ¢¥ RN

D .
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1.8. �¢ §¨¢ãâà¥®áâì qiS ¯®¤¬®¦¥áâ¢  S å ãá¤®àä®¢  «®ª «ì® ¢ë-
¯ãª«®£® ¯à®áâà áâ¢  X ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

qiS := {x ∈ S : cl R+(S − x) = X}.

�«¥¬¥âë qiS  §ë¢ îâáï ª¢ §¨¢ãâà¥¨¬¨ â®çª ¬¨ ¬®¦¥áâ¢  S. � á«ãç ¥
qiS = S £®¢®àïâ, çâ® ¬®¦¥áâ¢® S ª¢ §¨®âªàëâ®.

�¥®à¥¬  [1, 4.13]. �«ï «î¡®£® ¢ë¯ãª«®£® ¬®¦¥áâ¢  C ⊂ RN á¯à ¢¥¤«¨¢®

à ¢¥áâ¢®

qiC = {c ∈ C : πnc ∈ intπnC ¤«ï ¢á¥å n ∈ N}.

� ç áâ®áâ¨, ¢ë¯ãª«®¥ ¬®¦¥áâ¢® C ª¢ §¨®âªàëâ® ¢ RN â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ª ¦¤ ï ¯à®¥ªæ¨ï πnC ®âªàëâ  ¢ Rn.

1.9. �®¤¬®¦¥áâ¢® RN, ¨¬¥îé¥¥ ¢¨¤
∏
n∈N

�n, £¤¥ �n | ®âªàëâë¥ ¯®¤¬®-

¦¥áâ¢  R,  §ë¢ ¥âáï ®âªàëâ®© ª®à®¡ª®©. �®¯®«®£¨ï   RN, ¤«ï ª®â®à®© ®â-
ªàëâë¥ ª®à®¡ª¨ á«ã¦ â ¡ §®¢ë¬¨ ®âªàëâë¬¨ ¬®¦¥áâ¢ ¬¨,  §ë¢ ¥âáï ª®à®-

¡®ç®© â®¯®«®£¨¥©. � ª «¥£ª® ¢¨¤¥âì, ¤«ï «î¡®£® í«¥¬¥â  z ∈ RN ¢ë¯ãª«ë¥
®âªàëâë¥ ª®à®¡ª¨ ∏

n∈N

]z(n)− r(n), z(n) + r(n)[, r(n) > 0, (2)

®¡à §ãîâ ¡ §ã ®ªà¥áâ®áâ¥© â®çª¨ z ¢ ª®à®¡®ç®© â®¯®«®£¨¨.

�à¥¤«®¦¥¨¥ [1, 7.8]. �áïª ï ¢ë¯ãª« ï ®âªàëâ ï ª®à®¡ª  ¢ RN á«ã¦¨â

¯à¨¬¥à®¬ ¯à®¥ªâ¨¢®£® ®£à ¨ç¥®£® ª¢ §¨®âªàëâ®£® ¬®¦¥áâ¢ . �®«¥¥ â®£®,

¢á¥ ¯®¤¬®¦¥áâ¢  RN, ®âªàëâë¥ ¢ ª®à®¡®ç®© â®¯®«®£¨¨, ª¢ §¨®âªàëâë.

1.10. �®¤¬®¦¥áâ¢® S «®ª «ì® ¢ë¯ãª«®£® ¯à®áâà áâ¢  X  §ë¢ îâ ª¢ -
§¨¯«®âë¬ ¢ X, ¥á«¨ S ∩B ̸= ∅ ¤«ï «î¡®£® § ¬ªãâ®£® ®£à ¨ç¥®£® ¢ë¯ãª-
«®£® ¬®¦¥áâ¢  B ⊂ X, ¨¬¥îé¥£® ¥¯ãáâãî ª¢ §¨¢ãâà¥®áâì (á¬. [1, 6.2]).

�à¥¤«®¦¥¨¥ [1, 6.4]. � ¯à®áâà áâ¢¥ RN ¢á¥ ª¢ §¨¯«®âë¥ ¬®¦¥áâ¢ 

ï¢«ïîâáï ¯«®âë¬¨.

1.11. �à¥¤«®¦¥¨¥ [1, 8.8]. �«¥¤ãîé¨¥ á¢®©áâ¢  ¬®¦¥áâ¢  S⊂RN à ¢-

®á¨«ìë:

(a) S ª¢ §¨¯«®â® ¢ RN;

(b) ¥á«¨ C |ª®¬¯ ªâ®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® RN ¨ qiC ̸=∅, â® S∩C ̸=∅;
(c) ¥á«¨ B | ¥¯ãáâ®¥ ¯à®¥ªâ¨¢®¥ ®£à ¨ç¥®¥ ª¢ §¨®âªàëâ®¥ ¢ë¯ãª«®¥

¯®¤¬®¦¥áâ¢® RN, â® S ∩B ̸= ∅;
(d) ¥á«¨ (Bn)n∈N | ¯à®¥ªâ¨¢ ï ¯®á«¥¤®¢ â¥«ì®áâì ¥¯ãáâëå ®£à ¨ç¥-

ëå ®âªàëâëå ¢ë¯ãª«ëå ¬®¦¥áâ¢, â® S ∩ lim←−Bn ̸= ∅;
(e) ¥á«¨C|¯à®¥ªâ¨¢®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢®RN ¨ qiC ̸=∅, â® S∩C ̸=∅.

1.12. �¥®à¥¬  [1, 8.5]. �ãáâì Y | ¯«®â®¥ ¯®¤¯à®áâà áâ¢® RN.

(a) � ¯à®áâà áâ¢¥ RN
fin

∣∣Y ¢á¥  àå¨¬¥¤®¢ë ª®ãáë § ¬ªãâë â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  Y ª¢ §¨¯«®â® ¢ RN.

(b) �á«¨ C | ª®¬¯ ªâ®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® RN, qiC ̸= ∅ ¨ Y ∩C = ∅
(á¬. ¯à¥¤«®¦¥¨¥ 1.11(b)), â® ¬®¦¥áâ¢®

{
x ∈ RN

fin
: ⟨x | c⟩ ⩾ 0 ¯à¨ c ∈ C

}
á«ã¦¨â

¯à¨¬¥à®¬  àå¨¬¥¤®¢ , ® ¥ § ¬ªãâ®£® (¡®«¥¥ â®£®, ¯«®â®£®) ª®ãá  ¢ RN
fin

∣∣Y .
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§ 2. �¤ãªâ¨¢ë¥ ¨ ¯à®¥ªâ¨¢ë¥  ¢â®¬®àä¨§¬ë

� íâ®¬ ¢á¯®¬®£ â¥«ì®¬ ¯ à £à ä¥ ãâ®çï¥âáï ¢¨¤ ç¨á«®¢ëå ¬ âà¨æ, § ¤ -
îé¨å ¥¯à¥àë¢ë¥ «¨¥©ë¥ ®¯¥à â®àë ¢ ¯à®áâà áâ¢ å ¯®á«¥¤®¢ â¥«ì®áâ¥©,
¨ ¨áá«¥¤ãîâáï ®¯¥à â®àë, á®®â¢¥âáâ¢ãîé¨¥ ¢¥àå¥âà¥ã£®«ìë¬ ¨ ¨¦¥âà¥-
ã£®«ìë¬ ¬ âà¨æ ¬.

2.1. �ãáâìX,Y | ¤¢®©áâ¢¥ ï ¯ à  ¢¥ªâ®àëå ¯à®áâà áâ¢ ¨ T ∈ L (X).
� ª ¨§¢¥áâ®, ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ®â®¡à ¦¥¨¥ T ′ : Y → Y ,
ã¤®¢«¥â¢®àïîé¥¥ à ¢¥áâ¢ã ⟨Tx | y⟩ = ⟨x |T ′y⟩ ¤«ï ¢á¥å x ∈ X ¨ y ∈ Y . �â®¡-
à ¦¥¨¥ T ′ ¯à¨ ¤«¥¦¨â L (Y ) ¨  §ë¢ ¥âáï á®¯àï¦¥ë¬ ª T ®¯¥à â®à®¬

(á¬. [2, 11-1]). � «®£¨ç® ¤«ï S ∈ L (Y ) ®¯à¥¤¥«ï¥âáï ®¯¥à â®à S′ ∈ L (X).

�áïª¨© ®¯¥à â®à T ∈ L (X) ï¢«ï¥âáï á®¯àï¦¥ë¬ ª T ′ ∈ L (Y ),   ®¯¥à -
â®à S ∈ L (Y ) | á®¯àï¦¥ë¬ ª S′ ∈ L (X), â. ¥. T ′′ = T ¨ S′′ = S.

�«ï «î¡®£® ®¯¥à â®à  T ∈ L (X) ¢ª«îç¥¨ï T ∈ Aut(X) ¨ T ′ ∈ Aut(Y )
à ¢®á¨«ìë. �à¨ íâ®¬ (T−1)′ = (T ′)−1.

� ¤ «ì¥©è¥¬ ¢ à®«¨ X,Y ¡ã¤¥â ¢ëáâã¯ âì ¯ à  RN
fin
,RN. � ¬¥â¨¬, çâ®

¢ á¨«ã á®®â®è¥¨ï
(
RN

fin

)′
=

(
RN

fin

)#
¢á¥ «¨¥©ë¥ ®¯¥à â®àë T : RN

fin
→ RN

fin

¥¯à¥àë¢ë, â. ¥. L
(
RN

fin

)
= L

(
RN

fin

)
.

2.2. �á«®¢¨¬áï  §ë¢ âì ç¨á«®¢ë¥ á¥¬¥©áâ¢  µ∈RN×N ¬ âà¨æ ¬¨,   ¯®á«¥-
¤®¢ â¥«ì®áâ¨ µ(·, n) ¨ µ(m, ·) (m,n∈N) | áâ®«¡æ ¬¨ ¨ áâà®ª ¬¨ ¬ âà¨æë µ:



µ(1, 1) µ(1, 2) µ(1, 3) · · · µ(1, n) · · ·
µ(2, 1) µ(2, 2) µ(2, 3) · · · µ(2, n) · · ·
µ(3, 1) µ(3, 2) µ(3, 3) · · · µ(3, n) · · ·
· · · · · · · · · · · · · · · · · ·

µ(m, 1) µ(m, 2) µ(m, 3) · · · µ(m,n) · · · µ(m, ·)
· · · · · · · · · · · · · · · · · ·


µ(·, n)

µ(·, n) = (µ(m,n))m∈N ∈ RN | n-© áâ®«¡¥æ (n ∈ N) ¬ âà¨æë µ,

µ(m, ·) = (µ(m,n))n∈N ∈ RN | m-ï áâà®ª  (m ∈ N) ¬ âà¨æë µ.

�à á¯®¨à®¢  ï ¬ âà¨æ  µT ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© µT(m,n) := µ(n,m)
(m,n ∈ N).

� âà¨æã µ  §®¢¥¬ ¬ âà¨æ¥© á ä¨¨âë¬¨ áâ®«¡æ ¬¨ (á ä¨¨âë¬¨

áâà®ª ¬¨), ¥á«¨ µ(·, n) ∈ RN
fin

¤«ï ¢á¥å n ∈ N (á®®â¢¥âáâ¢¥®, µ(m, ·) ∈ RN
fin

¤«ï
¢á¥å m ∈ N). � áâë¬¨ á«ãç ï¬¨ ¬ âà¨æ á ä¨¨âë¬¨ áâ®«¡æ ¬¨ ¨ ä¨¨â-
ë¬¨ áâà®ª ¬¨ á«ã¦ â ¢¥àå¥âà¥ã£®«ìë¥ ¨ ¨¦¥âà¥ã£®«ìë¥ ¬ âà¨æë |
â ª¨¥ µ, λ ∈ RN×N, çâ® µ(m,n) = 0 ¯à¨ m > n ¨ λ(m,n) = 0 ¯à¨ n > m:



µ(1, 1) µ(1, 2) µ(1, 3) · · · µ(1, n) · · ·
0 µ(2, 2) µ(2, 3) · · · µ(2, n) · · ·
0 0 µ(3, 3) · · · µ(3, n) · · ·
0 0 0 · · · · · · · · ·
· · · · · · · · · · · · µ(n, n) · · ·
0 0 0 · · · 0 · · ·
· · · · · · · · · · · · · · · · · ·


,


λ(1, 1) 0 0 0 · · · 0 · · ·
λ(2, 1) λ(2, 2) 0 0 · · · 0 · · ·
λ(3, 1) λ(3, 2) λ(3, 3) 0 · · · 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·

λ(m, 1) λ(m, 2) λ(m, 3) · · · λ(m,m) 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·

.
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2.3. � âà¨æ ¬ µ á ä¨¨âë¬¨ áâ®«¡æ ¬¨ ¨ ¬ âà¨æ ¬ λ á ä¨¨âë¬¨
áâà®ª ¬¨ á®®â¢¥âáâ¢ãîâ ®â®¡à ¦¥¨ï µ∧ : RN

fin
→ RN

fin
¨ λ∨ : RN → RN, ®¯à¥-

¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

(µ∧x)(m) := ⟨x |µ(m, ·)⟩ =
∑
n∈N

µ(m,n)x(n), x ∈ RN
fin
, m ∈ N,

(λ∨y)(m) := ⟨λ(m, ·) | y⟩ =
∑
n∈N

λ(m,n)y(n), y ∈ RN, m ∈ N.(
�®ïá¨¬, ¯®ç¥¬ã µ∧x ∈ RN

fin
¯à¨ x ∈ RN

fin
. �¥©áâ¢¨â¥«ì®, ¡« £®¤ àï ä¨¨â®-

áâ¨ áâ®«¡æ®¢ µ(·, n) ¨¬¥¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥« mn,
çâ® µ(m,n) = 0 ¤«ï ¢á¥å m ⩾ mn. �ãáâì x(n) = 0 ¯à¨ n > k. �®£¤  ¤«ï ¢á¥å

ç¨á¥« m ⩾ max{m1, . . . ,mk} ¨¬¥¥¬ (µ∧x)(m) =
k∑

n=1
µ(m,n)x(n) = 0.

)
�áïª®¬ã ®¯¥à â®àã T , ¯à¨ ¤«¥¦ é¥¬ã L

(
RN

fin

)
¨«¨ L(RN), á®¯®áâ ¢¨¬ ¬ â-

à¨æã [T ] ∈ RN×N, ¯®« £ ï

[T ](m,n) := (Ten)(m), m, n ∈ N.

2.4. �à¥¤«®¦¥¨¥ (áà. [2, 11-1-6, 11-1-10, 11-1-11]).
(a) �á«¨ µ | ¬ âà¨æ  á ä¨¨âë¬¨ áâ®«¡æ ¬¨, â® µ∧ ∈ L

(
RN

fin

)
¨ [µ∧] = µ.

(b) �á«¨ λ | ¬ âà¨æ  á ä¨¨âë¬¨ áâà®ª ¬¨, â® λ∨ ∈ L (RN) ¨ [λ∨] = λ.
(c) �á«¨ ∇ ∈ L

(
RN

fin

)
, â® [∇]| ¬ âà¨æ  á ä¨¨âë¬¨ áâ®«¡æ ¬¨, [∇]∧ = ∇,

∇′ ∈ L (RN) ¨ [∇′] = [∇]T.
(d) �á«¨ � ∈ L (RN), â® [�] | ¬ âà¨æ  á ä¨¨âë¬¨ áâà®ª ¬¨, [�]∨ = �,

�′ ∈ L
(
RN

fin

)
¨ [�′] = [�]T.

◁ � ¯®ïá¥¨¨ ã¦¤ ¥âáï «¨èì ¯ãªâ (d). �ãáâì � ∈ L (RN). �®£¤  ¤«ï
¢á¥å m,n ∈ N

[�](m,n) = (�en)(m) = ⟨em |�en⟩ = ⟨�′em | en⟩ = (�′em)(n),

  § ç¨â, [�](m, ·) = �′em ∈ RN
fin
, â. ¥. [�] | ¬ âà¨æ  á ä¨¨âë¬¨ áâà®ª ¬¨.

� «¥¥, ¤«ï ¢á¥å m,n ∈ N
([�]∨en)(m) = ⟨[�](m, ·) | en⟩ = ([�](m, ·))(n) = [�](m,n) = (�en)(m),

®âªã¤  á ãç¥â®¬ ¯«®â®áâ¨ lin{en : n∈N} ¢ RN ¨ ¥¯à¥àë¢®áâ¨ ®¯¥à â®à®¢ �
¨ [�]∨ (á¬. ¯. (b)) ¢ëâ¥ª ¥â à ¢¥áâ¢® [�]∨ =�. � ¢¥áâ¢® [�′] = [�]T ®ç¥¢¨¤®. ▷

2.5. �à¥¤«®¦¥¨¥. �«¥¤ãîé¨¥ á¢®©áâ¢  ®¯¥à â®à  ∇ ∈ L
(
RN

fin

)
à ¢®-

á¨«ìë:

(a) [∇] | ¢¥àå¥âà¥ã£®«ì ï ¬ âà¨æ ;

(b) ∇(RN
n) ⊂ RN

n ¤«ï ¢á¥å n ∈ N;
(c) ∇en ∈ RN

n ¤«ï ¢á¥å n ∈ N.
�¯¥à â®à ∇ ∈ L

(
RN

fin

)
, ®¡« ¤ îé¨© à ¢®á¨«ìë¬¨ á¢®©áâ¢ ¬¨ (a){(c),  -

§®¢¥¬ ¨¤ãªâ¨¢ë¬.

2.6. �à¥¤«®¦¥¨¥. �«¥¤ãîé¨¥ á¢®©áâ¢  ®¯¥à â®à  � ∈ L (RN) à ¢®-
á¨«ìë:

(a) [�] | ¨¦¥âà¥ã£®«ì ï ¬ âà¨æ ;

(b) ¥á«¨ y ∈ RN, n ∈ N ¨ πny = 0, â® πn�y = 0;
(c) ¥á«¨ y, z ∈ RN, n ∈ N ¨ πny = πnz, â® πn�y = πn�z;
(d) πn�en+1 = 0 ¤«ï ¢á¥å n ∈ N.
�¯¥à â®à � ∈ L (RN), ®¡« ¤ îé¨© à ¢®á¨«ìë¬¨ á¢®©áâ¢ ¬¨ (a){(d),

 §®¢¥¬ ¯à®¥ªâ¨¢ë¬.
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2.7. �à¥¤«®¦¥¨¥. (a) �¯¥à â®à ∇ ∈ L
(
RN

fin

)
ï¢«ï¥âáï ¨¤ãªâ¨¢ë¬

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ∇′ ∈ L (RN) | ¯à®¥ªâ¨¢ë© ®¯¥à â®à.

(b) �¯¥à â®à � ∈ L (RN) ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  �′ ∈ L
(
RN

fin

)
| ¨¤ãªâ¨¢ë© ®¯¥à â®à.

2.8. �à¥¤«®¦¥¨¥. (a) �«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ í«¥¬¥â®¢ xn ∈RN
n

áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ®¯¥à â®à ∇ ∈ L
(
RN

fin

)
â ª®©, çâ® ∇en = xn ¤«ï ¢á¥å

n ∈ N. � ª®© ®¯¥à â®à ∇ ï¢«ï¥âáï ¨¤ãªâ¨¢ë¬.

(b) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ yn ∈ RN ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

πnyn+1 = 0 ¤«ï ¢á¥å n ∈ N, â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ®¯¥à â®à �∈L (RN)
â ª®©, çâ® �en = yn ¤«ï ¢á¥å n ∈ N. � ª®© ®¯¥à â®à � ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬.

◁ �â¢¥à¦¤¥¨¥ (a) ¢ ¯®ïá¥¨¨ ¥ ã¦¤ ¥âáï.

(b) �® ãá«®¢¨î ¬ âà¨æ  λ, ®¯à¥¤¥«¥ ï ä®à¬ã«®© λ(m,n) := yn(m), ï¢«ï-
¥âáï ¨¦¥âà¥ã£®«ì®©,   § ç¨â, � := λ∨ | ¨áª®¬ë© ®¯¥à â®à (á¬. ¯à¥¤«®¦¥-
¨¥ 2.4(b)). �¤¨áâ¢¥®áâì â ª®£® ®¯¥à â®à  ¢ëâ¥ª ¥â ¨§ ¥£® ¥¯à¥àë¢®áâ¨
¨ ¯«®â®áâ¨ lin{en : n ∈ N} ¢ RN,   ¯à®¥ªâ¨¢®áâì ®¡ãá«®¢«¥  á®®â®è¥¨-
¥¬ 2.6(d). ▷

2.9. �à¥¤«®¦¥¨¥. �ãáâì � ∈ L (RN) | ¯à®¥ªâ¨¢ë© ®¯¥à â®à.

(a) �¯¥à â®à � ¥¯à¥àë¢¥ ª ª ®â®¡à ¦¥¨¥ ¨§ RN
D ¢ RN

D .

(b) �á«¨ P | ¯à®¥ªâ¨¢®¥ ¯®¤¬®¦¥áâ¢® RN, â® �−1(P ) | ¯à®¥ªâ¨¢®¥

¯®¤¬®¦¥áâ¢® RN.

(c) �á«¨ im� = RN ¨ Y | ¯«®â®¥ ¯®¤¯à®áâà áâ¢® RN, â® �(Y ) | ¯«®â-

®¥ ¯®¤¯à®áâà áâ¢® RN.

◁ �â¢¥à¦¤¥¨¥ (a) «¥£ª® ¤®ª § âì á ¯®¬®éìî ¯à¥¤«®¦¥¨ï 2.6(c). �â¢¥à-
¦¤¥¨ï (b) ¨ (c) ¢ëâ¥ª îâ ¨§ ãâ¢¥à¦¤¥¨ï (a) á®£« á® ¯¯. 1.7 ¨ 1.6(d) á®®â-
¢¥âáâ¢¥®. ▷

2.10. �à¥¤«®¦¥¨¥. �ãáâì ∇ ∈ L
(
RN

fin

)
| ¨¤ãªâ¨¢ë© ®¯¥à â®à. �«¥-

¤ãîé¨¥ á¢®©áâ¢  ∇ à ¢®á¨«ìë:

(a) ∇ ∈ Aut
(
RN

fin

)
;

(b) ∇en (n ∈ N) | «¨¥©® ¥§ ¢¨á¨¬ë¥ í«¥¬¥âë RN
fin
;

(c) [∇](n, n) ̸= 0 ¤«ï ¢á¥å n ∈ N.

◁ �¬¯«¨ª æ¨ï (a)⇒(b) âà¨¢¨ «ì .

(b)⇒(c). �®áª®«ìªã ∇e1 ∈ RN
1 (á¬. ¯à¥¤«®¦¥¨¥ 2.5(c)) ¨ ∇e1 ̸= 0, ¨¬¥-

¥¬ [∇](1, 1) = (∇e1)(1) ̸= 0. �ãáâì â¥¯¥àì n > 1. �®£« á® ¯. (b) í«¥¬¥âë
∇e1, . . . ,∇en−1 ®¡à §ãîâ ¡ §¨á RN

n−1. �á«¨ ¡ë ç¨á«® [∇](n, n) = (∇en)(n) à ¢-

ï«®áì ã«î, â® á ãç¥â®¬ ¢ª«îç¥¨ï ∇en ∈ RN
n ¡ë«¨ ¡ë á¯à ¢¥¤«¨¢ë á®®â-

®è¥¨ï ∇en ∈ RN
n−1 = lin{∇e1, . . . ,∇en−1} ¢®¯à¥ª¨ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨

∇e1, . . . ,∇en.

(c)⇒(a). �®áª®«ìªã ¢¥àå¥âà¥ã£®«ì ï ¬ âà¨æ  n×n á ¥ã«¥¢ë¬¨ ¤¨ £®-
 «ìë¬¨ í«¥¬¥â ¬¨ ¥¢ëà®¦¤¥ , í«¥¬¥âë ∇e1, . . . ,∇en ®¡à §ãîâ ¡ §¨á RN

n

¤«ï ª ¦¤®£® n ∈ N,   § ç¨â, {∇en : n ∈ N} | ¡ §¨á RN
fin
. ▷

�¤ãªâ¨¢ë© ®¯¥à â®à∇ ∈ L
(
RN

fin

)
, ®¡« ¤ îé¨© à ¢®á¨«ìë¬¨ á¢®©áâ¢ -

¬¨ (a){(c), ¡ã¤¥¬  §ë¢ âì ¨¤ãªâ¨¢ë¬  ¢â®¬®àä¨§¬®¬. �¤ãªâ¨¢ë©  ¢â®-
¬®àä¨§¬ ∇  §®¢¥¬ ¯®§¨â¨¢ë¬, ¥á«¨ [∇](n, n) > 0 ¤«ï ¢á¥å n ∈ N. �®¦¥áâ¢®
¢á¥å ¯®§¨â¨¢ëå ¨¤ãªâ¨¢ëå  ¢â®¬®àä¨§¬®¢ ®¡®§ ç¨¬ á¨¬¢®«®¬ ▽+

(
RN

fin

)
.
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2.11. �à¥¤«®¦¥¨¥. �ãáâì � ∈ L (RN) | ¯à®¥ªâ¨¢ë© ®¯¥à â®à. �«¥-

¤ãîé¨¥ á¢®©áâ¢  � à ¢®á¨«ìë:

(a) � ∈ Aut(RN);
(b) �en (n ∈ N) | «¨¥©® ¥§ ¢¨á¨¬ë¥ í«¥¬¥âë RN ¨ cl im� = RN;

(c) [�](n, n) ̸= 0 ¤«ï ¢á¥å n ∈ N.
◁ �¬¯«¨ª æ¨ï (a)⇒(b) âà¨¢¨ «ì .
(b)⇒(c). �®ª ¦¥¬, çâ® �′en (n ∈ N) | «¨¥©® ¥§ ¢¨á¨¬ë¥ í«¥¬¥âë RN

fin
.

�¥©áâ¢¨â¥«ì®, ¥á«¨ λ1, . . . , λn ∈ R ¨
n∑

i=1
λi�

′ei = 0, â® ¤«ï ¢á¥å y ∈ RN

〈 n∑
i=1

λiei

∣∣∣�y
〉
=

〈
�′

( n∑
i=1

λiei

) ∣∣∣ y〉 =
〈 n∑
i=1

λi�
′ei

∣∣∣ y〉 = 0,

®âªã¤  ¡« £®¤ àï ¯«®â®áâ¨ im� ¢ RN ¢ëâ¥ª ¥â à ¢¥áâ¢®
n∑

i=1
λiei = 0 ¨ ¯®íâ®¬ã

λ1 = · · · = λn = 0. �®£« á® ¯à¥¤«®¦¥¨ï¬ 2.4(d), 2.7(b) ¨ 2.10 ®âáî¤  á«¥¤ã¥â,
çâ® [�](n, n) = [�′]T(n, n) = [�′](n, n) ̸= 0 ¤«ï ¢á¥å n ∈ N.

�¬¯«¨ª æ¨ï (c)⇒(a) â ª ¦¥ «¥£ª® ¢ë¢®¤¨âáï ¨§ ¯à¥¤«®¦¥¨© 2.4(d), 2.7(b)
¨ 2.10. ▷

� ¬¥â¨¬, çâ® ¢ ¯ãªâ¥ (b) âà¥¡®¢ ¨¥ cl im� = RN ï¢«ï¥âáï áãé¥áâ¢¥ë¬.
�®®â¢¥âáâ¢ãîé¨¬ ª®âà¯à¨¬¥à®¬ á«ã¦¨â ®¯¥à â®à á¤¢¨£ , ®¯à¥¤¥«ï¥¬ë© ä®à-
¬ã«®© �(y) = (0, y(1), y(2), y(3), . . .).

�à®¥ªâ¨¢ë© ®¯¥à â®à � ∈ L (RN), ®¡« ¤ îé¨© à ¢®á¨«ìë¬¨ á¢®©áâ¢ -
¬¨ (a){(c), ¡ã¤¥¬  §ë¢ âì ¯à®¥ªâ¨¢ë¬  ¢â®¬®àä¨§¬®¬. �à®¥ªâ¨¢ë©  ¢â®-
¬®àä¨§¬ �  §®¢¥¬ ¯®§¨â¨¢ë¬, ¥á«¨ [�](n, n) > 0 ¤«ï ¢á¥å n ∈ N. �®¦¥áâ¢®
¢á¥å ¯®§¨â¨¢ëå ¯à®¥ªâ¨¢ëå  ¢â®¬®àä¨§¬®¢ ®¡®§ ç¨¬ á¨¬¢®«®¬ △+(RN).

2.12. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â ¨§ ¯à¨¢¥¤¥ëå
¢ëè¥ á¢¥¤¥¨©.

�à¥¤«®¦¥¨¥. (a) �«ï «î¡ëå ∇ ∈ L
(
RN

fin

)
¨ � ∈ L (RN)

∇ ∈ ▽+

(
RN

fin

)
⇔ ∇′ ∈ △+(RN);

� ∈ △+(RN) ⇔ �′ ∈ ▽+

(
RN

fin

)
.

(b) �®¦¥áâ¢  ▽+

(
RN

fin

)
¨ △+(RN) ï¢«ïîâáï ¯®¤£àã¯¯ ¬¨ ¢ £àã¯¯ å  ¢â®-

¬®àä¨§¬®¢ Aut
(
RN

fin

)
¨ Aut(RN) ®â®á¨â¥«ì® ª®¬¯®§¨æ¨¨ ®¯¥à â®à®¢.

§ 3. �à®¥ªâ¨¢ë¥ ¯ à ««¥«®â®¯ë

� íâ®¬ ¯ à £à ä¥ ¢¢®¤¨âáï ¯®ïâ¨¥ ¯à®¥ªâ¨¢®£® ¯ à ««¥«®â®¯ , ãáâ  ¢-
«¨¢ ¥âáï á¢ï§ì ¯ à ««¥«®â®¯®¢ á ¨¤ãªâ¨¢ë¬¨ ¨ ¯à®¥ªâ¨¢ë¬¨  ¢â®¬®àä¨§-
¬ ¬¨ (â¥®à¥¬  3.4) ¨ ¯à¥¤« £ îâáï ¤¢  ®¢ëå ªà¨â¥à¨ï ª¢ §¨¯«®â®áâ¨ ¢ RN |
¢ â¥à¬¨ å ¯ à ««¥«®â®¯®¢ ¨  ¢â®¬®àä¨§¬®¢ (â¥®à¥¬  3.8).

3.1. �«ï κ = (κn)n∈N ∈
∏
n∈N

Rn ¨ r ∈ ]0,∞[N ¯®«®¦¨¬

�r
κ :=

{
y ∈ RN : |y(1)| < r(1),∣∣∣y(n+ 1)−

n∑
i=1

κn(i)y(i)
∣∣∣ < r(n+ 1) ¤«ï ¢á¥å n ∈ N

}
.
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�«ï ã¤®¡áâ¢  ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯®« £ âì κ0 := 0 ∈ R0. (� ¯®¬¨¬ ® ¢¢¥¤¥-
ëå à ¥¥ ®¡®§ ç¥¨ïå R0 := {0} ¨ π0y := π0x := 0 ∈ R0 ¤«ï y ∈ RN ¨ x ∈ Rn.)
� ãç¥â®¬ íâ®£® á®£« è¥¨ï ¨¬¥¥¬

�r
κ =

{
y ∈ RN : |y(n)− ⟨κn−1 |πn−1y⟩| < r(n) ¤«ï ¢á¥å n ∈ N

}
.

�®¦¥áâ¢® z + �r
κ , £¤¥ z ∈ RN, ãá«®¢¨¬áï  §ë¢ âì ¯ à ««¥«®â®¯®¬ (â®ç¥¥,

¯à®¥ªâ¨¢ë¬ ¯ à ««¥«®â®¯®¬) á æ¥âà®¬ z,  ª«®®¬ κ ¨ à ¤¨ãá®¬ r.

�¨¬¢®«®¬ �r
0 ®¡®§ ç¨¬ ¯ à ««¥«®â®¯ á ã«¥¢ë¬ æ¥âà®¬ 0 ∈ RN, ã«¥-

¢ë¬  ª«®®¬ (0, 0, . . . ) ∈
∏
n∈N

Rn ¨ à ¤¨ãá®¬ r ∈ ]0,∞[N,   á¨¬¢®«®¬ �1
0 |

¯ à ««¥«®â®¯ �
(1,1,... )
0 :

�r
0 = {y ∈ RN : |y(n)| < r(n) ¤«ï ¢á¥å n ∈ N},

�1
0 = {y ∈ RN : |y(n)| < 1 ¤«ï ¢á¥å n ∈ N}.

3.2. �§ á«¥¤ãîé¥© «¥¬¬ë ¢¨¤®, çâ® ª ¦¤ ï ¯à®¥ªæ¨ï πnP ¯ à ««¥«®â®-
¯  P ⊂ RN ï¢«ï¥âáï ®âªàëâë¬ ¯ à ««¥«®â®¯®¬ ¢ Rn, â. ¥. ®âªàëâë¬ n-¬¥àë¬
¯ à ««¥«¥¯¨¯¥¤®¬.

�¥¬¬ . �ãáâì κ ∈
∏
n∈N

Rn, r ∈ ]0,∞[N, n ∈ N. �®£¤ 

πn�
r
κ =

{
x ∈ Rn : |x(m)− ⟨κm−1 |πm−1x⟩| < r(m) ¤«ï m = 1, . . . , n

}
=

{
x ∈ Rn : πn−1x ∈ πn−1�

r
κ ¨ |x(n)− ⟨κn−1 |πn−1x⟩| < r(n)

}
.

◁ �ª«îç¥¨¥ ý⊂þ ®ç¥¢¨¤®. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® x ∈ Rn ¨

|x(m)− ⟨κm−1 |πm−1x⟩| < r(m), m = 1, . . . , n.

�¯à¥¤¥«¨¬ y ∈ RN, ¯®« £ ï πny := x ¨ y(m) :=
m−1∑
i=1

κm−1(i)y(i) à¥ªãàá¨¢® ¤«ï

m > n. �®£¤  y ∈ �r
κ ,   § ç¨â, x ∈ πn�

r
κ . ▷

3.3. �à¥¤«®¦¥¨¥. �¥âà,  ª«® ¨ à ¤¨ãá ®¤®§ ç® ®¯à¥¤¥«ïîâáï

¯ à ««¥«®â®¯®¬: ¥á«¨ z +�r
κ = z′ +�r′

κ′ , â® z = z′, κ = κ′ ¨ r = r′.

◁ �ãáâì z+�r
κ = z′+�r′

κ′ . �à §ã § ¬¥â¨¬, çâ® z = z′, â ª ª ª ¥¯ãáâ®¥ ®£à -
¨ç¥®¥ ¬®¦¥áâ¢® ¥ ¬®¦¥â ¨¬¥âì ¤¢  æ¥âà  á¨¬¬¥âà¨¨. �®íâ®¬ã ¬®¦®
áç¨â âì, çâ® z = z′ = 0.

� áá¬®âà¨¬ n ∈ N ¨ ¯®ª ¦¥¬, çâ® r(n) = r′(n) ¨ κn−1 = κ′n−1. �«ãç ©

n = 1 âà¨¢¨ «¥. �ãáâì n > 1. �«ï ª ¦¤®£® x ∈ πn−1�
r
κ = πn−1�

r′

κ′ ¡« £®¤ àï
«¥¬¬¥ 3.2 ¨¬¥¥¬ ¯à¨ ¢á¥å λ ∈ R

|λ− ⟨κn−1 |x⟩| < r(n) ⇔ (x, λ) ∈ πn�
r
κ

⇔ (x, λ) ∈ πn�
r′

κ′ ⇔ |λ− ⟨κ′n−1 |x⟩| < r′(n),

  § ç¨â, r(n) = r′(n) ¨ ⟨κn−1 |x⟩ = ⟨κ′n−1 |x⟩. �®á«¥¤¥¥ à ¢¥áâ¢® á ãç¥â®¬
¯à®¨§¢®«ì®áâ¨ x ∈ πn−1�

r
κ ®§ ç ¥â, çâ® äãªæ¨® « ⟨κn−1 − κ′n−1| ¯®áâ®ï¥

  πn−1�
r
κ . �«¥¤®¢ â¥«ì®, κn−1 = κ′n−1, â ª ª ª á®£« á® «¥¬¬¥ 3.2 ¬®¦¥áâ¢®

πn−1�
r
κ ï¢«ï¥âáï ®ªà¥áâ®áâìî ã«ï ¢ Rn−1. ▷
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3.4. �¥®à¥¬ . �«¥¤ãîé¨¥ á¢®©áâ¢  ¬®¦¥áâ¢  P ⊂ RN à ¢®á¨«ìë:

(a) P ï¢«ï¥âáï ¯ à ««¥«®â®¯®¬ á æ¥âà®¬ ¢ ã«¥, â. ¥. P = �r
κ ¤«ï ¥ª®â®-

àëå κ ∈
∏
n∈N

Rn ¨ r ∈ ]0,∞[N;

(b) P =
{
y ∈ RN : |⟨∇en | y⟩| < 1 ¯à¨ ¢á¥å n ∈ N

}
¤«ï ¥ª®â®à®£®  ¢â®¬®à-

ä¨§¬  ∇ ∈ ▽+

(
RN

fin

)
;

(c) P = �(�1
0) ¤«ï ¥ª®â®à®£®  ¢â®¬®àä¨§¬  � ∈ △+(RN).

�à¨ íâ®¬ κ, r, ∇ ¨ � ®¤®§ ç® ®¯à¥¤¥«ïîâáï ¯ à ««¥«®â®¯®¬ P ¨ ã¤®-

¢«¥â¢®àïîâ á«¥¤ãîé¨¬ á®®â®è¥¨ï¬:

r(n) =
1

(∇en)(n)
; κn−1 = −r(n)πn−1∇en; (3)

∇en =
1

r(n)
(−κn−1(1), . . . ,−κn−1(n− 1), 1, 0, 0, . . .); (4)

� = (∇′)−1 = (∇−1)′; ∇ = (�′)−1 = (�−1)′.

◁ (a)⇒(b). �ãáâì κ ¨ r ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (a). �®£« á® ¯à¥¤«®¦¥¨î
2.8(a) ¨¬¥¥âáï ¨¤ãªâ¨¢ë© ®¯¥à â®à ∇, ã¤®¢«¥â¢®àïîé¨© à ¢¥áâ¢ã (4) ¤«ï
¢á¥å n ∈ N, ¯à¨ç¥¬ ∇ ∈ ▽+

(
RN

fin

)
, ¯®áª®«ìªã [∇](n, n) = (∇en)(n) =

1
r(n) > 0.

�áâ ¥âáï § ¬¥â¨âì, çâ® ¤«ï y ∈ RN ¨ n ∈ N

|y(n)− ⟨κn−1 |πn−1y⟩| < r(n) ⇔
∣∣∣ 1

r(n)
y(n)−

〈 1

r(n)
κn−1

∣∣∣πn−1y
〉∣∣∣ < 1

⇔ |⟨∇en | y⟩| < 1.

(b)⇒(c). �ãáâì P ¨ ∇ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (b). �®£« á® ¯à¥¤«®¦¥-
¨î 2.12 ®¯¥à â®àë ∇′ ¨ � := (∇′)−1 ¯à¨ ¤«¥¦ â £àã¯¯¥ △+(RN). �à®¬¥ â®£®,
¤«ï ¢á¥å y ∈ RN ¨ n ∈ N ¥à ¢¥áâ¢® |⟨∇en | y⟩| < 1 à ¢®á¨«ì® |(∇′y)(n)| < 1,
  § ç¨â,

y ∈ P ⇔ ∇′y ∈ �1
0 ⇔ y ∈ (∇′)−1(�1

0) = �(�1
0).

(c)⇒(a). �ãáâì �∈△+(RN) ¨ P =�(�1
0). �®£« á® ¯à¥¤«®¦¥¨î 2.12 ®¯¥-

à â®à ∇ := (�−1)′ ¯à¨ ¤«¥¦¨â ▽+

(
RN

fin

)
. �¯à¥¤¥«¨¬ r ¨ κ ¢ á®®â¢¥âáâ¢¨¨ á à -

¢¥áâ¢ ¬¨ (3) ¨ ¯®ª ¦¥¬, çâ® P =�r
κ . �¥©áâ¢¨â¥«ì®, ¤«ï ¢á¥å y ∈RN ¨ n∈N

(�−1y)(n) = ⟨en |�−1y⟩ =
〈
(�−1)′en

∣∣ y〉 = ⟨∇en | y⟩

= (∇en)(n)y(n)+ ⟨πn−1∇en |πn−1y⟩ =
1

r(n)
y(n)−

〈 1

r(n)
κn−1

∣∣∣πn−1y
〉
.

�«¥¤®¢ â¥«ì®, ¥à ¢¥áâ¢  |(�−1y)(n)| < 1 ¨ |y(n) − ⟨κn−1 |πn−1y⟩| < r(n)
à ¢®á¨«ìë ¨ ¯®íâ®¬ã

y ∈ P ⇔ y ∈ �(�1
0) ⇔ �−1y ∈ �1

0 ⇔ y ∈ �r
κ .

�®ïá¨¬ ¥¤¨áâ¢¥®áâì ¯ à ¬¥âà®¢ κ, r, ∇ ¨ �, ä¨£ãà¨àãîé¨å ¢ ä®à¬ã-
«¨à®¢ª¥ â¥®à¥¬ë. �¤¨áâ¢¥®áâì κ ¨ r ®¡®á®¢   ¢ «¥¬¬¥ 3.3. �á«¨ ∇ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î (b), â®, ª ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  ¨¬¯«¨ª æ¨¨ (c)⇒(a), ¨¬¥-
¥â ¬¥áâ® à ¢¥áâ¢® P = �r

κ , £¤¥ r ¨ κ ®¯à¥¤¥«ïîâáï á®®â®è¥¨ï¬¨ (3). �®£¤ 
¨§ ¯à¥¤«®¦¥¨ï 3.3 á«¥¤ã¥â, çâ® ¯ à ««¥«®â®¯®¬ P ®¤®§ ç® ®¯à¥¤¥«ïîâáï
§ ç¥¨ï ∇en (n ∈ N),   § ç¨â, ¨ ®¯¥à â®à ∇. �á«¨ ¦¥ � ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨î (c), â®, ª ª «¥£ª® ¢¨¤¥âì, ∇ := (�−1)′ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (b) ¨, á«¥¤®-
¢ â¥«ì®, ¯ à ««¥«®â®¯ P ®¤®§ ç® ®¯à¥¤¥«ï¥â ®¯¥à â®àë ∇ ¨ � = (∇′)−1. ▷
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3.5. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥¨ï 2.12(b) ¨ â¥®à¥-
¬ë 3.4.

�«¥¤áâ¢¨¥. �á«¨ P | ¯ à ««¥«®â®¯ ¨ � ∈ △+(RN), â® �(P ) ¨ �−1(P ) |
¯ à ««¥«®â®¯ë.

3.6. �«¥¤áâ¢¨¥. �áïª¨© ¯ à ««¥«®â®¯ ï¢«ï¥âáï ¥¯ãáâë¬ ¯à®¥ªâ¨¢ë¬

®£à ¨ç¥ë¬ ª¢ §¨®âªàëâë¬ ¢ë¯ãª«ë¬ ¯®¤¬®¦¥áâ¢®¬ RN.

◁ � à ««¥«®â®¯ �1
0, ®ç¥¢¨¤®, ®¡« ¤ ¥â ¯¥à¥ç¨á«¥ë¬¨ á¢®©áâ¢ ¬¨,   § -

ç¨â, á ãç¥â®¬ ¯à¥¤«®¦¥¨© 2.9(b) ¨ 2.12(b) ¨¬¨ ®¡« ¤ ¥â ¨ ¢áïª®¥ ¬®¦¥áâ¢®
¢¨¤  z +�(�1

0), £¤¥ z ∈ RN ¨ � ∈ △+(RN). �áâ ¥âáï ¯à¨¢«¥çì â¥®à¥¬ã 3.4. ▷

3.7. �¥¬¬ . �ãáâì C | ¯à®¥ªâ¨¢®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® RN. �®£¤ 

qiC ̸= ∅ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ C á®¤¥à¦¨â ¥ª®â®àë© ¯ à ««¥«®â®¯.

◁ �®áâ â®ç®áâì ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 3.6. �®ª ¦¥¬ ¥®¡å®¤¨¬®áâì. �®¦-
® áç¨â âì, çâ® 0 ∈ qiC. �®£« á® â¥®à¥¬¥ 1.8 ¤«ï ª ¦¤®£® n ∈ N ¯à®¥ªæ¨ï πnC
ï¢«ï¥âáï ®ªà¥áâ®áâìî ã«ï ¢ Rn,   § ç¨â, áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâ¨
í«¥¬¥â®¢ cn ∈ C ¨ ç¨á¥« εn > 0 â ª¨¥, çâ®

πncn = εnπnen ¤«ï ¢á¥å n ∈ N.

�®áª®«ìªã πncn+1 = πnπn+1cn+1 = πn(εn+1πn+1en+1) = 0, ¡« £®¤ àï ¯à¥¤«®¦¥-
¨î 2.8(b) ¨¬¥¥âáï â ª®© ¯à®¥ªâ¨¢ë© ®¯¥à â®à �∈L (RN), çâ® �en = 1

2n+1 cn
¤«ï ¢á¥å n ∈ N. �à®¬¥ â®£®,

[�](n, n) = (�en)(n) =
1

2n+1
cn(n)

=
1

2n+1
(πncn)(n) =

1

2n+1
(εnπnen)(n) > 0,

  § ç¨â, � ∈ △+(RN). �§ ¯à¥¤«®¦¥¨ï 2.9(b) á«¥¤ã¥â, çâ® D := �−1(C) |
¯à®¥ªâ¨¢®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® RN, ¯à¨ç¥¬ 0 ∈ D ¨ 2n+1en ∈ D ¤«ï ¢á¥å
n ∈ N. �®«®¦¨¬ z := (1, 1, . . . ) ∈ RN ¨ ¯®ª ¦¥¬, çâ® z +�1

0 ⊂ D.
�ãáâì y ∈ �1

0. �®áª®«ìªã ¬®¦¥áâ¢® D ¯à®¥ªâ¨¢®, ¤®áâ â®ç® ä¨ªá¨à®-
¢ âì n ∈ N ¨ ãáâ ®¢¨âì ¢ª«îç¥¨¥ x := πn(z+y) ∈ πnD. �«ï ¢á¥å i ∈ {1, . . . , n}
¨¬¥¥¬ x(i) = 1 + y(i), £¤¥ |y(i)| < 1, ¨ ¯®íâ®¬ã 0 < x(i) < 2. �«¥¤®¢ â¥«ì®,

x = x(1)πne1 + x(2)πne2 + · · ·+ x(n)πnen

=
x(1)

4
πn(4e1) +

x(2)

8
πn(8e2) + · · ·+ x(n)

2n+1
πn

(
2n+1en

)
+

(
1−

n∑
i=1

x(i)

2i+1

)
0,

  § ç¨â, x ¯à¨ ¤«¥¦¨â πnD ª ª ¢ë¯ãª« ï ª®¬¡¨ æ¨ï í«¥¬¥â®¢

πn(4e1), πn(8e2), . . . , πn

(
2n+1en

)
, 0 ∈ πnD.

�§ ¢ª«îç¥¨ï z + �1
0 ⊂ D á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® C = �(D) á®¤¥à¦¨â

¯ à ««¥«®â®¯ �z +�(�1
0) (á¬. â¥®à¥¬ã 3.4). ▷

� á¢ï§¨ á «¥¬¬®© 3.7 ¢®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á ® â®¬, ®¡à §ãîâ «¨ ¯ -
à ««¥«®â®¯ë ý¡ §ã ª¢ §¨¢ãâà¥®áâ¨þ ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¥á«¨ C | ¯à®¥ª-
â¨¢®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® RN ¨ x ∈ qiC, â® á®¤¥à¦¨âáï «¨ ¢ C ª ª®©-«¨¡®
¯ à ««¥«®â®¯ á æ¥âà®¬ x ¨«¨ å®âï ¡ë ¯ à ««¥«®â®¯, ¢ª«îç îé¨© â®çªã x?
�â¢¥â   íâ®â ¢®¯à®á ¯à¨¢¥¤¥ ¨¦¥ ¢ ¯¯. 5.5 ¨ 5.6.
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3.8. �¥®à¥¬ . �«¥¤ãîé¨¥ á¢®©áâ¢  ¬®¦¥áâ¢  S ⊂ RN à ¢®á¨«ìë:

(a) S ª¢ §¨¯«®â® ¢ RN;

(b) S ¨¬¥¥â ¥¯ãáâ®¥ ¯¥à¥á¥ç¥¨¥ á «î¡ë¬ ¯ à ««¥«®â®¯®¬;

(c) ¤«ï «î¡®£®  ¢â®¬®àä¨§¬ � ∈ △+(RN) ¬®¦¥áâ¢®�(S) ª®à®¡®ç® ¯«®â-
® ¢ RN.

◁ �ª¢¨¢ «¥â®áâì (a)⇔(b) ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥¨ï 1.11, á«¥¤áâ¢¨ï 3.6
¨ «¥¬¬ë 3.7.

(b)⇒(c). �ãáâì � ∈ △+(RN). �®áª®«ìªã ¢áïª ï ¡ §®¢ ï ®âªàëâ ï ª®à®¡ª 

B =
∏
n∈N

]z(n)− r(n), z(n) + r(n)[

(á¬. (2)) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯ à ««¥«®â®¯ z+�r
0, ¯® á«¥¤áâ¢¨î 3.5 ¬®¦¥áâ¢®

�−1(B) | â®¦¥ ¯ à ««¥«®â®¯. �®£¤  ¨§ ãá«®¢¨ï (b) á«¥¤ã¥â S ∩ �−1(B) ̸= ∅,
  § ç¨â, �(S) ∩B ̸= ∅.

(c)⇒(b). �®£« á® â¥®à¥¬¥ 3.4 ¢áïª¨© ¯ à ««¥«®â®¯ ¨¬¥¥â ¢¨¤ z + �(�1
0)

¤«ï ¥ª®â®àëå z ∈ RN ¨ � ∈ △+(RN). �®áª®«ìªã �−1 ∈ △+(RN) (á¬. ¯à¥¤«®¦¥¨¥
2.12(b)) ¨ �−1z +�1

0 | ª®à®¡ª , ¨§ ãá«®¢¨ï (c) á«¥¤ã¥â, çâ®

�−1(S) ∩ (�−1z +�1
0) ̸= ∅,

  § ç¨â, S ∩ (z +�(�1
0)) ̸= ∅. ▷

3.9. �«¥¤áâ¢¨¥. �á«¨ S | ª¢ §¨¯«®â®¥ ¯®¤¬®¦¥áâ¢® RN ¨ � ∈ △+(RN),
â® �(S) ª¢ §¨¯«®â® ¢ RN.

§ 4. �à¨¬¥àë

� íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥ë ª®âà¯à¨¬¥àë ª âà¥¬ áä®à¬ã«¨à®¢ ë¬
¢ [1] £¨¯®â¥§ ¬ | ® ¯®«ïà å ª®ãá®¢ [1, 9.6], ® á¢ï§¨ ª¢ §¨¯«®â®áâ¨ á ¯à®-
¥ªâ¨¢®áâìî [1, 9.7] ¨ ® ¯à®áâà áâ¢ å, ¢ ª®â®àëå ¢á¥ «¨¥©® ¥§ ¢¨á¨¬ë¥
¬®¦¥áâ¢  § ¬ªãâë [1, 9.11].

4.1. �á«¨ X,Y | ¤¢®©áâ¢¥ ï ¯ à  ¢¥ªâ®àëå ¯à®áâà áâ¢, â® ¤«ï ¢áï-
ª®£® ¬®¦¥áâ¢  S ⊂ X ®¯à¥¤¥«¥ë ¯®«ïàë (á¬. [1, 3.7])

S
⊕
:= {y ∈ Y : ⟨s | y⟩ ⩾ 0 ¤«ï ¢á¥å s ∈ S};

S⊞ := {y ∈ Y : ⟨s | y⟩ > 0 ¤«ï ¢á¥å s ∈ S\{0}}.

�®á«¥¤®¢ â¥«ì®áâì ¯®¤¬®¦¥áâ¢ Sn ⊂ RN
n (n ∈ N)  §ë¢ ¥âáï ¨¤ãªâ¨¢-

®© (á¬. [1, 8.1]), ¥á«¨ ®  ®¡« ¤ ¥â «î¡ë¬ ¨§ á«¥¤ãîé¨å à ¢®á¨«ìëå á¢®©áâ¢:

(a) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® S ⊂ RN
fin
, çâ® Sn = S ∩ RN

n ¤«ï ¢á¥å n ∈ N;
(b) Sn = Sm ∩ RN

n ¯à¨ n ⩽ m;
(c) Sn = Sn+1 ∩ RN

n ¤«ï ¢á¥å n ∈ N.
�à¨ íâ®¬ ¬®¦¥áâ¢® S, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (a), ¥¤¨áâ¢¥® ¨ à ¢®
®¡ê¥¤¨¥¨î

⋃
n∈N

Sn.

�¥¬¬  [1, 8.3]. �á«¨ Kn ⊂ RN
n (n ∈ N)| ¨¤ãªâ¨¢ ï ¯®á«¥¤®¢ â¥«ì®áâì

§ ¬ªãâëå ª®ãá®¢, â® (πnKn)
⊞ (n ∈ N) | ¯à®¥ªâ¨¢ ï ¯®á«¥¤®¢ â¥«ì®áâì ¨

lim←− (πnKn)
⊞ =

( ⋃
n∈N

Kn

)⊞
.
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�«¥¤ãîé¨© ¯à¨¬¥à ¤ ¥â ®âà¨æ â¥«ìë© ®â¢¥â   ¢®¯à®á [1, 9.6] ® â®¬,
¯à®¥ªâ¨¢  «¨ ¢ íâ®© á¨âã æ¨¨ ¯®á«¥¤®¢ â¥«ì®áâì ¯®«ïà (πnKn)

⊕.

�à¨¬¥à. � áá¬®âà¨¬ § ¬ªãâë© ª®ãá K3 := R+({1} × D) ⊂ R3, £¤¥
D = {(y, z) : y2 + (z − 1)2 ⩽ 1} (á¬. à¨á. 1).

�¨á. 1

x
y

z

1

1

�¨á. 2

D

y

z

0

1

�®«®¦¨¬ R3
2 := R2 × {0} ⊂ R3,

K2 := π2(K3 ∩ R3
2) = {(x, 0) : x ⩾ 0}

¨ ¯®ª ¦¥¬, çâ® K⊕
2 ̸= π2K

⊕
3 . �¥©áâ¢¨â¥«ì®, (0, 1) ∈ K⊕

2 , ® ¨ª ª ï âà®©ª 
(0, 1, λ), £¤¥ λ ∈ R, ¥ ¯à¨ ¤«¥¦¨â K⊕

3 , â ª ª ª ¤«ï «î¡®£® λ ∈ R ¯®«ã¯«®á-
ª®áâì {(y, z) : y+λz < 0} ¯¥à¥á¥ª ¥âáï á ªàã£®¬ D (á¬. à¨á. 2), ¨ ¤«ï ¯ àë (y, z)
¨§ íâ®£® ¯¥à¥á¥ç¥¨ï ¢ë¯®«ï¥âáï (1, y, z) ∈ K3 ¨ ⟨(1, y, z) | (0, 1, λ)⟩ = y+λz < 0.
� ª¨¬ ®¡à §®¬, ¤«ï S := K3 × {(0, 0, . . . )} ⊂ RN

fin
¯®á«¥¤®¢ â¥«ì®áâì ¯®«ïà(

πn(S ∩ RN
n)
)⊕

¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢®©.

4.2. �®£« á® ¯à¥¤«®¦¥¨î 1.11 ª¢ §¨¯«®â®áâì ¬®¦¥áâ¢  S ⊂ RN à ¢-
®á¨«ì  ª ¦¤®¬ã ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

(a) S ¯¥à¥á¥ª ¥âáï á «î¡ë¬ ¥¯ãáâë¬ ¢ë¯ãª«ë¬ ¬®¦¥áâ¢®¬ B ⊂ RN, ª®-
â®à®¥ ï¢«ï¥âáï ®£à ¨ç¥ë¬, ª¢ §¨®âªàëâë¬ ¨ ¯à®¥ªâ¨¢ë¬;

(b) S ¯¥à¥á¥ª ¥âáï á «î¡ë¬ ¢ë¯ãª«ë¬ ¬®¦¥áâ¢®¬ C ⊂ RN, ª®â®à®¥ ¨¬¥¥â
¥¯ãáâãî ª¢ §¨¢ãâà¥®áâì ¨ ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬.

�à¨¢¥¤¥ë© ¨¦¥ ¯à¨¬¥à ¤ ¥â ®â¢¥â   ¢®¯à®á [1, 9.7] ¨ ¯®ª §ë¢ ¥â, çâ® âà¥-
¡®¢ ¨¥ ¯à®¥ªâ¨¢®áâ¨ ¬®¦¥áâ¢ B ¨ C ¢ ãá«®¢¨ïå (a) ¨ (b) ï¢«ï¥âáï áãé¥-
áâ¢¥ë¬ ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  S | ¯«®â®¥ ¢¥ªâ®à®¥ ¯®¤¯à®áâà áâ¢® RN.

�à¨¬¥à. �ãé¥áâ¢ãîâ ª¢ §¨¯«®â®¥ (¨ ¯®íâ®¬ã ¯«®â®¥) ¯®¤¯à®áâà -
áâ¢® Y ⊂ RN ¨ ¥¯ãáâ®¥ ®£à ¨ç¥®¥ ª¢ §¨®âªàëâ®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢®
B ⊂ RN â ª¨¥, çâ® Y ∩B = ∅.

◁ �ãáâì T | ¡ §¨á âà áæ¥¤¥â®áâ¨ R  ¤ Q, â. ¥. ¬ ªá¨¬ «ì®¥  «£¥¡-
à ¨ç¥áª¨ ¥§ ¢¨á¨¬®¥  ¤ Q ¯®¤¬®¦¥áâ¢® R ¨«¨, çâ® â® ¦¥ á ¬®¥,  «£¥¡à -
¨ç¥áª¨ ¥§ ¢¨á¨¬®¥  ¤ Q ¯®¤¬®¦¥áâ¢® T ⊂ R, ¤«ï ª®â®à®£® algQ(T ) = R.
(�¤¥áì Q(T ) | ¯®¤¯®«¥ R, ¯®à®¦¤¥®¥ ¬®¦¥áâ¢®¬ T , algF | ¯®¤¯®«¥ R,
á®áâ®ïé¥¥ ¨§ ¢á¥å ç¨á¥«, ï¢«ïîé¨åáï  «£¥¡à ¨ç¥áª¨¬¨  ¤ ¯®¤¯®«¥¬ F ⊂ R.)
� áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¯®á«¥¤®¢ â¥«ì®áâì (tn)n∈N ¯®¯ à® à §«¨çëå í«¥-
¬¥â®¢ ¬®¦¥áâ¢  T ¨ ¯®«®¦¨¬ T0 := T\{tn : n ∈ N}, Tn := T0 ∪ {t1, . . . , tn}
¨ Fn := algQ(Tn). �®£¤  (Fn)n∈N | ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯®«¥© R, ®¡« ¤ î-
é ï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(i) Fn ⊂ Fn+1 ¤«ï ¢á¥å n ∈ N;
(ii)

⋃
n∈N

Fn = R;

(iii) ¤«ï ª ¦¤®£® n ∈ N ¯®«¥ R ¡¥áª®¥ç®¬¥à® ª ª ¢¥ªâ®à®¥ ¯à®áâà -
áâ¢®  ¤ Fn.



�¢ §¨¯«®â®áâì ¢ RN ¨ ¯à®¥ªâ¨¢ë¥ ¯ à ««¥«®â®¯ë 271

�¥©áâ¢¨â¥«ì®, ¡« £®¤ àï à ¢¥áâ¢ã algQ(T ) = R ¤«ï «î¡®£® λ ∈ R ¨¬¥¥âáï
¥ã«¥¢®© ¬®£®ç«¥ p(x) á ª®íää¨æ¨¥â ¬¨ ¨§ Q(T ), ¤«ï ª®â®à®£® p(λ) = 0,
®âªã¤  á ãç¥â®¬ ®ç¥¢¨¤ëå á®®â®è¥¨© Q(Tn) ⊂ Q(Tn+1) ¨ Q(T ) =

⋃
n∈N

Q(Tn)

á«¥¤ã¥â, çâ® ¢á¥ ª®íää¨æ¨¥âë ¬®£®ç«¥  p(x) ¯à¨ ¤«¥¦ â Q(Tn) ¤«ï ¥ª®-
â®à®£® n ∈ N, ¨ ¯®íâ®¬ã λ ∈ algQ(Tn) = Fn. �à®¬¥ â®£®, ª ª «¥£ª® ¢¨¤¥âì,
Fn ̸= R ¨ ¤«ï λ ∈ R\Fn ç¨á«  λ, λ2, λ3, . . . «¨¥©® ¥§ ¢¨á¨¬ë  ¤ Fn.

�®£« á® ãá«®¢¨î (iii) ¨¬¥¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ xn∈RN
n,

çâ® ¤«ï ª ¦¤®£® n ∈ N ç¨á«  xn(1), . . . , xn(n) «¨¥©® ¥§ ¢¨á¨¬ë  ¤ Fn, ¯à¨-
ç¥¬ xn(n) > 0. � áá¬®âà¨¬  ¢â®¬®àä¨§¬ ∇ ∈ ▽+

(
RN

fin

)
, ¯à¨¨¬ îé¨© § ç¥¨ï

∇en = xn ¤«ï ¢á¥å n ∈ N (á¬. ¯à¥¤«®¦¥¨ï 2.8(a) ¨ 2.10), ¨ ¯®«®¦¨¬

Y := ∇′(linQN), B :=
{
b ∈ �1

0 ∩ RN
fin
: b(1) > 0

}
.

�á®, çâ® ¬®¦¥áâ¢® B ï¢«ï¥âáï ¥¯ãáâë¬, ¢ë¯ãª«ë¬, ®£à ¨ç¥ë¬ ¨ ª¢ -
§¨®âªàëâë¬ (á¬. â¥®à¥¬ã 1.8). � ¯®¬®éìî ¯à¥¤«®¦¥¨ï 1.11(d) «¥£ª® ¯®ª -
§ âì, çâ® linQN | ª¢ §¨¯«®â®¥ ¯®¤¯à®áâà áâ¢® RN. �à®¬¥ â®£®, ∇′ ∈ △+(RN)
(á¬. ¯à¥¤«®¦¥¨¥ 2.12(a)),   § ç¨â, Y ª¢ §¨¯«®â® ¢ RN (á¬. á«¥¤áâ¢¨¥ 3.9).
�«®â®áâì ¯à®áâà áâ¢  Y ¢ RN ¢ëâ¥ª ¥â ¨§ ¥£® ª¢ §¨¯«®â®áâ¨ á®£« á® ¯à¥¤-
«®¦¥¨î 1.10 (á¬. â ª¦¥ ¯à¥¤«®¦¥¨¥ 2.9(c)). �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢ 
¤®áâ â®ç® ãáâ ®¢¨âì à ¢¥áâ¢® Y ∩ RN

fin
= {0}.

�®ª ¦¥¬, çâ® ∇′z /∈ RN
fin

¤«ï «î¡®£® ¥ã«¥¢®£® z ∈ linQN. �ãáâì

z =

k∑
j=1

λjqj , λj ∈ R, qj ∈ QN,

¨ ¯ãáâì z(l) ̸= 0 ¤«ï ¥ª®â®à®£® l ∈ N. �« £®¤ àï ãá«®¢¨ï¬ (i) ¨ (ii) ¨¬¥¥âáï
â ª®¥ ç¨á«® m ⩾ l, çâ® λ1, . . . , λk ∈ Fm. � áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ n ⩾ m
¨ ¯®ª ¦¥¬, çâ® (∇′z)(n) ̸= 0. �¥©áâ¢¨â¥«ì®, ¤«ï ¢á¥å i ∈ N ¨¬¥¥¬

z(i) =

k∑
j=1

λjqj(i) ∈ Fm ⊂ Fn.

�®£¤  ⟨xn | z⟩ =
n∑

i=1
xn(i)z(i) | «¨¥© ï ª®¬¡¨ æ¨ï «¨¥©® ¥§ ¢¨á¨¬ëå

 ¤ Fn ç¨á¥« xn(1), . . . , xn(n) á ª®íää¨æ¨¥â ¬¨ z(1), . . . , z(n) ∈ Fn, ¯à¨ç¥¬ íâ 
ª®¬¡¨ æ¨ï ¥âà¨¢¨ «ì , â ª ª ª n ⩾ l ¨ z(l) ̸= 0. �«¥¤®¢ â¥«ì®, ⟨xn | z⟩ ̸= 0.
�áâ «®áì § ¬¥â¨âì, çâ® ⟨xn | z⟩ = ⟨∇en | z⟩ = ⟨en |∇′z⟩ = (∇′z)(n). ▷

4.3. � à ¡®â¥ [3] ¯à¨¢¥¤¥ë ¯à¨¬¥àë á®¡áâ¢¥ëå ¯«®âëå ¢¥ªâ®àëå ¯®¤-
¯à®áâà áâ¢ Y ⊂ RN, ¤«ï ª®â®àëå ¢á¥ «¨¥©® ¥§ ¢¨á¨¬ë¥ ¬®¦¥áâ¢  § ¬ªã-
âë ¢ RN

fin

∣∣Y (á¬. [3, 4.8]), ¨ ¯®ª § ®, çâ®  «¨ç¨¥ ¥§ ¬ªãâ®£® «¨¥©® ¥§ ¢¨-
á¨¬®£® ¬®¦¥áâ¢  ¢«¥ç¥â  «¨ç¨¥ ¥§ ¬ªãâ®£®  àå¨¬¥¤®¢  ª®ãá  (á¬. [3, 4.7]).
�®¯à®á ® á¯à ¢¥¤«¨¢®áâ¨ ®¡à â®£® ãâ¢¥à¦¤¥¨ï ¡ë« ®áâ ¢«¥ ®âªàëâë¬ ¨ ï¢-
® áä®à¬ã«¨à®¢  ¢ [1, 9.11]. �à¨¢¥¤¥ë© ¨¦¥ ¯à¨¬¥à ¤ ¥â ®âà¨æ â¥«ìë©
®â¢¥â   íâ®â ¢®¯à®á.

�«ï ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (λn)n∈N ¨ ç¨á«  λ ¡ã¤¥¬ ¯¨á âì λn →→ λ,
¥á«¨ λn → λ ¨ áãé¥áâ¢ã¥â â ª®© ®¬¥à �n ∈ N, çâ® λn ̸= λ ¯à¨ n ⩾ �n. �®¦¥-
áâ¢® � ⊂ R ãá«®¢¨¬áï  §ë¢ âì à §à¥¦¥ë¬, ¥á«¨ ®® ®¡« ¤ ¥â á«¥¤ãîé¨¬¨
à ¢®á¨«ìë¬¨ á¢®©áâ¢ ¬¨:

(a) � § ¬ªãâ® ¨ ¤¨áªà¥â®;
(b) ¢á¥ ®£à ¨ç¥ë¥ ¯®¤¬®¦¥áâ¢  � ª®¥çë;
(c) ¥ áãé¥áâ¢ãîâ â ª ï ¯®á«¥¤®¢ â¥«ì®áâì (λn)n∈N ¢ � ¨ â ª®¥ ç¨á«®

α ∈ R, çâ® λn →→ α.
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�¥¬¬ . �«ï «î¡ëå k ∈ N ¨ α1, . . . , αk ∈ R ¬®¦¥áâ¢®

�(α1, . . . , αk) := {α12n1 + · · ·+ αk2
nk : n1, . . . , nk ∈ N}

ï¢«ï¥âáï à §à¥¦¥ë¬.

◁ �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® k. � §à¥¦¥®áâì ¬®¦¥áâ¢  �(α) = {α2n :
n ∈ N} ¤«ï «î¡®£® ç¨á«  α ¥ ¢ë§ë¢ ¥â á®¬¥¨©. �à¥¤¯®«®¦¨¬, çâ® ¤«ï «î-
¡ëå ç¨á¥« β1, . . . , βk−1 ¬®¦¥áâ¢® �(β1, . . . , βk−1) ï¢«ï¥âáï à §à¥¦¥ë¬, à á-
á¬®âà¨¬ ¯à®¨§¢®«ìë¥ ç¨á«  α1, . . . , αk ¨ ¤®¯ãáâ¨¬ ¢®¯à¥ª¨ ¤®ª §ë¢ ¥¬®¬ã,
çâ® �(α1, . . . , αk) | ¥ à §à¥¦¥®¥ ¬®¦¥áâ¢®. �®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ -
â¥«ì®áâ¨ ν1, . . . , νk ∈ NN ¨ ç¨á«® α â ª¨¥, çâ®

λ(n) := α12
ν1(n) + · · ·+ αk2

νk(n) →→ α.

�¥ªãé ï æ¥«ì | ®¡ àã¦¨âì ¯à®â¨¢®à¥ç¨¥.
� ¬¥â¨¬, çâ® ¢á¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ν1, . . . , νk áâà¥¬ïâáï ª ¡¥áª®¥ç®áâ¨.

�¥©áâ¢¨â¥«ì®, ¥á«¨,  ¯à¨¬¥à, ν1 ↛ ∞, â® ν1 ¨¬¥¥â ¯®áâ®ïãî ¯®¤¯®á«¥¤®-
¢ â¥«ì®áâì ν1(nm) ≡ i. � íâ®¬ á«ãç ¥

λ(nm) = α12
i + α22

ν2(nm) + · · ·+ αk2
νk(nm) →→ α

¨ â®£¤ 
α22

ν2(nm) + · · ·+ αk2
νk(nm) →→ α− α12

i

¢®¯à¥ª¨ à §à¥¦¥®áâ¨ ¬®¦¥áâ¢  �(α2, . . . , αk).
�®«®¦¨¬ µ(n) := min{ν1(n), . . . , νk(n)} − 1 (n ∈ N). �®£¤ 

λ(n) = 2µ(n)
(
α12

µ1(n) + · · ·+ αk2
µk(n)

)
,

£¤¥ µi(n) = νi(n) − µ(n), ¯à¨ç¥¬ µ(n) → ∞ ¨ ¤«ï ª ¦¤®£® n ∈ N å®âï ¡ë ®¤-
® ¨§  âãà «ìëå ç¨á¥« µ1(n), . . . , µk(n) à ¢® 1. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬
áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì µ1 ¨¬¥¥â ¯®áâ®ïãî ¯®¤¯®á«¥¤®¢ â¥«ì®áâì
µ1(nm) ≡ 1. � íâ®¬ á«ãç ¥

λ(nm) = 2µ(nm)
(
2α1 + α22

µ2(nm) + · · ·+ αk2
µk(nm)

)
→→ α,

®âªã¤  á ãç¥â®¬ áâà¥¬«¥¨ï µ(nm) → ∞ á«¥¤ã¥â, çâ®

α22
µ2(nm) + · · ·+ αk2

µk(nm) →→ −2α1
¢®¯à¥ª¨ à §à¥¦¥®áâ¨ ¬®¦¥áâ¢  �(α2, . . . , αk). ▷

�à¨¬¥à. �®«®¦¨¬ Y = lin
∏
n∈N

{2n+m : m ∈ N}. �®£¤  Y | ¯«®â®¥ ¯®¤-

¯à®áâà áâ¢® RN, ¨ ¢ ¯à®áâà áâ¢¥ RN
fin

∣∣Y ¢á¥ «¨¥©® ¥§ ¢¨á¨¬ë¥ ¬®¦¥áâ¢ 
§ ¬ªãâë, ® ¨¬¥îâáï ¥§ ¬ªãâë¥  àå¨¬¥¤®¢ë ª®ãáë.

◁ �à®áâà áâ¢® Y ¯«®â® ¢ RN, â ª ª ª ¤«ï ¢á¥å m ∈ N

em =
1

2m+1

(
d+ 2m+1em

)
− 1

2m+1
d ∈ Y, £¤¥ d = (2n+1)n∈N.

� ¬ªãâ®áâì ¢á¥å «¨¥©® ¥§ ¢¨á¨¬ëå ¬®¦¥áâ¢ ¢ RN
fin

∣∣Y ¤®ª §ë¢ ¥âáï á®-
¢¥àè¥®   «®£¨ç® [3, 4.8]. �®£« á® ¯à¥¤«®¦¥¨ï¬ 1.11(c) ¨ 1.9 ¨ â¥®à¥-
¬¥ 1.12(a) ¤«ï â®£®, çâ®¡ë ãáâ ®¢¨âì  «¨ç¨¥ ¢ RN

fin

∣∣Y ¥§ ¬ªãâ®£®  àå¨¬¥-

¤®¢  ª®ãá , ¤®áâ â®ç® ¯®ª § âì, çâ® Y ∩ ]0, 1[N = ∅. � ¦¤ë© í«¥¬¥â y ∈ Y
¨¬¥¥â ¢¨¤

y(n) = α12
n+m1(n) + · · ·+ αk2

n+mk(n) = 2nλ(n) (n ∈ N),
£¤¥ k ∈ N, α1, . . . , αk ∈ R, m1(n), . . . ,mk(n) ∈ N ¨

λ(n) = α12
m1(n) + · · ·+ αk2

mk(n) ∈ �(α1, . . . , αk).

�á«¨ y ∈ ]0, 1[N, â. ¥. 0 < 2nλ(n) < 1 ¤«ï ¢á¥å n ∈ N, â® λ(n) →→ 0, çâ® ¯à®â¨¢®-
à¥ç¨â à §à¥¦¥®áâ¨ ¬®¦¥áâ¢  �(α1, . . . , αk). ▷
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§ 5. �¢ §¨¯«®â®áâì ¨ â®¯®«®£¨ç¥áª ï ¯«®â®áâì

� íâ®¬ ¯ à £à ä¥ ¢ ª ç¥áâ¢¥ ®â¢¥â    ¢®¯à®á [1, 9.9] ãáâ ®¢«¥®, çâ®
ª¢ §¨¯«®â®áâì ¢ RN ¥ à ¢®á¨«ì  ¯«®â®áâ¨ ®â®á¨â¥«ì® ª®à®¡®ç®© â®-
¯®«®£¨¨,   â ª¦¥ ¯à¨¢¥¤¥ë ¯à¨¬¥àë, ®â®áïé¨åáï ª ¢®¯à®áã [1, 9.10] ® â®¯®-
«®£¨ç¥áª®¬ å à ªâ¥à¥ ª¢ §¨¯«®â®áâ¨ ¨ ¯®ª §ë¢ îé¨¥, çâ® ¯ à ««¥«®â®¯ë ¥
®¡à §ãîâ ¡ §ã ª ª®©-«¨¡® â®¯®«®£¨¨ ¨ ¥ å à ªâ¥à¨§ãîâ ª¢ §¨¯«®â®áâì ¢ RN

ª ª â®¯®«®£¨ç¥áªãî. �à®¬¥ â®£®, ¤  ®âà¨æ â¥«ìë© ®â¢¥â   áä®à¬ã«¨à®¢ -
ë© ¢ ¯. 3.7 ¢®¯à®á ® â®¬, ®¡à §ãîâ «¨ ¯ à ««¥«®â®¯ë ¡ §ã ª¢ §¨¢ãâà¥®áâ¨.

5.1. �¥¬¬ . �ãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì κ ∈
∏
n∈N

Rn, çâ®

�1
κ ∩�1

0 = {0}.

� ç áâ®áâ¨, ¥á«¨ Y ⊂ RN ¨ z /∈ Y , â® Y ∩ (z +�1
κ) ∩ (z +�1

0) = ∅.
◁ �ãáâì (Nm)m∈N | ª ª®¥-«¨¡® à §¡¨¥¨¥ N   ¡¥áª®¥çë¥ ¯®¤¬®¦¥áâ¢ 

Nm ⊂ N. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì κ ∈
∏
n∈N

Rn, ¯®« £ ï κn = nπnem ¯à¨

n ∈ Nm. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© í«¥¬¥â y ∈ �1
κ , ¨¬¥îé¨© ¥ã«¥¢®¥ § -

ç¥¨¥ y(m) ̸= 0 ¤«ï ¥ª®â®à®£® m ∈ N, ¨ ¯®ª ¦¥¬, çâ® y /∈ �1
0. �¥©áâ¢¨â¥«ì®,

¥á«¨ n ∈ Nm ¨ n ⩾ m, â®

⟨κn |πny⟩ = ⟨nπnem |πny⟩ = ny(m),

  § ç¨â, ¢ á¨«ã ¢ª«îç¥¨ï y ∈ �1
κ ¤«ï â ª¨å n á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

|y(n+ 1)− ny(m)| = |y(n+ 1)− ⟨κn |πny⟩| < 1

¨, ¢ ç áâ®áâ¨, |y(n+ 1)| > n|y(m)| − 1. �«¥¤®¢ â¥«ì®, sup
n∈Nm

|y(n+ 1)| = ∞. ▷

5.2. �®£« á® â¥®à¥¬¥ 3.8 ¢áïª®¥ ª¢ §¨¯«®â®¥ ¯®¤¬®¦¥áâ¢® RN ª®à®¡®ç-
® ¯«®â® (á¬. â ª¦¥ ¯à¥¤«®¦¥¨ï 1.9 ¨ 1.11(c)). � ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨©
¯à¨¬¥à, ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¥¢¥à® ¤ ¦¥ ¤«ï ¯«®âëå ¢¥ªâ®àëå ¯®¤¯à®-
áâà áâ¢ RN, çâ® ¤ ¥â ®âà¨æ â¥«ìë© ®â¢¥â   ¢®¯à®á [1, 9.9].

�à¨¬¥à. �ãé¥áâ¢ã¥â ¯«®â®¥ ¯®¤¯à®áâà áâ¢® RN, ï¢«ïîé¥¥áï ª®à®¡®ç-
® ¯«®âë¬, ® ¥ ª¢ §¨¯«®âë¬ ¢ RN.

◁ �ãáâì Z | ª®à®¡®ç® ¯«®â®¥ ¯®¤¯à®áâà áâ¢® RN, ¥ á®¤¥à¦ é¥¥ ℓ∞

¨ ¨¬¥îé¥¥ ¯«®â®¥ ¢ RN ¯¥à¥á¥ç¥¨¥ Z ∩ ℓ∞. (�  à®«ì Z ¯®¤å®¤¨â,  ¯à¨¬¥à,
linQN.) �®£« á® «¥¬¬¥ 5.1 ¨¬¥¥âáï ¯ à ««¥«®â®¯ P á æ¥âà®¬ ¢ ã«¥ â ª®©,
çâ® P ∩ �1

0 = {0}. �á¯®«ì§ãï  ¡á®«îâãî ¢ë¯ãª«®áâì P , «¥£ª® ¯®ª § âì, çâ®
(linP )∩ℓ∞ = {0}. �®«®¦¨¬ Y0 := Z∩ℓ∞+linP ¨ à áá¬®âà¨¬ ¯à®¨§¢®«ìë© í«¥-
¬¥â b ∈ ℓ∞, ¥ ¯à¨ ¤«¥¦ é¨© Z. � ª «¥£ª® ¢¨¤¥âì, b /∈ Y0 ¨ ¯®íâ®¬ã ¨¬¥¥âáï
¯®¤¯à®áâà áâ¢® Y ⊂ RN ª®à §¬¥à®áâ¨ 1 â ª®¥, çâ® Y0 ⊂ Y ¨ b /∈ Y . �®áª®«ìªã
Z ∩ ℓ∞ ⊂ Y , ¯à®áâà áâ¢® Y ¯«®â® ¢ RN. �à®¬¥ â®£®, ¨§ á®®â®è¥¨© P ⊂ Y
¨ b /∈ Y á«¥¤ã¥â Y ∩ (b+P ) = ∅,   § ç¨â, á®£« á® â¥®à¥¬¥ 3.8 ¯à®áâà áâ¢® Y
¥ ª¢ §¨¯«®â® ¢ RN. �áâ ¥âáï ¯®ª § âì, çâ® Y ª®à®¡®ç® ¯«®â® ¢ RN.

� áá¬®âà¨¬ ¯à®¨§¢®«ìë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ s ∈ RN ¨ r ∈ ]0,∞[N ¨ ¤®-
ª ¦¥¬, çâ® Y ∩ (s + �r

0) ̸= ∅. �®¦® áç¨â âì, çâ® r ∈ ℓ∞, â. ¥. �r
0 ⊂ ℓ∞. �®-

áª®«ìªã codimY = 1, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® α ∈ R, çâ® s− αb ∈ Y . �« £®¤ àï
ª®à®¡®ç®© ¯«®â®áâ¨ Z ¢ RN ¨¬¥¥âáï í«¥¬¥â z ∈ Z ∩ (αb + �r

0). �ª«îç¥-
¨¥ αb + �r

0 ⊂ ℓ∞ ¢«¥ç¥â z ∈ Z ∩ ℓ∞ ⊂ Y . �à®¬¥ â®£®, z + s − αb ∈ s + �r
0.

�«¥¤®¢ â¥«ì®, z + s− αb ∈ Y ∩ (s+�r
0). ▷
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5.3. �§ «¥¬¬ë 5.1 á«¥¤ã¥â, çâ® ¯ à ««¥«®â®¯ë ¥ ®¡à §ãîâ ¡ §ã ª ª®©-
«¨¡® â®¯®«®£¨¨. �¥á¬®âàï   â®, çâ® «î¡®¥ ª¢ §¨¯«®â®¥ ¯®¤¯à®áâà áâ¢®
Y ⊂ RN ¯¥à¥á¥ª ¥âáï á ª ¦¤ë¬ ¯ à ««¥«®â®¯®¬, ¢ á«ãç ¥ Y ̸= RN  ©¤ãâáï ¤¢ 
â ª¨å ¯ à ««¥«®â®¯  P ¨ Q á ®¡é¨¬ æ¥âà®¬, çâ®

Y ∩ P ∩Q = ∅.

�ç áâ®áâ¨, ªà¨â¥à¨¨ 1.11 ¨ 3.8 ¥ å à ªâ¥à¨§ãîâ ª¢ §¨¯«®â®áâì ¢RN ª ª â®¯®-
«®£¨ç¥áªãî¯«®â®áâì ¤ ¦¥¤«ï ¢¥ªâ®àëå¯®¤¯à®áâà áâ¢. �â® ¡«î¤¥¨¥ â¥¬
¥ ¬¥¥¥ ¥ ¤ ¥â ®â¢¥â    ¢®¯à®á [1, 9.10] ® â®¬, áãé¥áâ¢ã¥â «¨ â®¯®«®£¨ï   RN,
¯«®â®áâì ®â®á¨â¥«ì® ª®â®à®© ¡ë«  ¡ë à ¢®á¨«ì  ª¢ §¨¯«®â®áâ¨ ¢ RN.

5.4. � ¤ «ì¥©è¥¬ ª ¦¤®¥ ¨§ ¯à®áâà áâ¢ Rn (n ∈ N)  ¤¥«ï¥âáï ¥¢ª«¨-
¤®¢®© ®à¬®© ∥·∥ := ∥·∥2. �«ï S ⊂ Rn ¯®«®¦¨¬ ∥S∥ := sup

s∈S
∥s∥. �¨¬¢®«®¬ 0n

®¡®§ ç¨¬ ã«¥¢®© í«¥¬¥â (0, . . . , 0) ∈ Rn. �á«¨ x ∈ Rn ¨ λ ∈ R, â® ª®àâ¥¦
(x(1), . . . , x(n), λ) ∈ Rn+1 ãá«®¢¨¬áï § ¯¨áë¢ âì ¢ ¢¨¤¥ (x, λ). � ç áâ®áâ¨,

(0n, λ) = (0, . . . , 0, λ) = λπn+1en+1 ∈ Rn+1.

�¥¬¬ . �ãáâì n ∈ N, C | ®£à ¨ç¥®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® Rn,

0 ∈ intC ¨ λ > 0. �¯à¥¤¥«¨¬ ¯®¤¬®¦¥áâ¢  D,D+ ⊂ Rn+1, ¯®« £ ï

D := co(C×{−1} ∪ {(0n, λ)}), D+ := {d ∈ D : d(n+ 1) ⩾ 0}.

�®£¤ 

(a) 0 ∈ intD;
(b) D ∩ −D ⊂ D+ ∪ −D+;

(c) ∥D ∩ −D∥ ⩽ ∥D+∥ = max
{
λ, λ

λ+1∥C∥
}
;

(d) πnD = C.

�¨á. 3a

0
u

U

(0n,−1) (c,−1)

(0n,λ)

ε

D

C×{−1}

�¨á. 3b

C×{−1}

−(C×{−1})

−D

D

D+

−D+

�¨á. 3c

D+

λ

λ

λ+1
∥C∥

◁ (a) �® ãá«®¢¨î ¬®¦¥áâ¢® C á®¤¥à¦¨â ¥ª®â®àë© è à {x ∈ Rn : ∥x∥ < ε},
ε > 0. �«¥¬¥â à ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ®âªàëâ ï ®ªà¥áâ®áâì ã«ï

U :=

{
u ∈ Rn+1 :

∥πnu∥
ε

+
u(n+ 1) + 1

λ+ 1
< 1, u(n+ 1) > −1

}
á®¤¥à¦¨âáï ¢ D. �¥©áâ¢¨â¥«ì®, ¥á«¨ u∈U ¨

c :=
λ+ 1

λ− u(n+ 1)
πnu,

â® ∥c∥<ε ¨ ¢¥ªâ®à u ¯à¨ ¤«¥¦¨â ®âà¥§ªã [(c,−1), (0n, λ)] (á¬. à¨á. 3a). �áâ «ì-
ë¥ á®®â®è¥¨ï âà¨¢¨ «ìë (á¬. à¨á. 3b ¨ 3c). ▷
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5.5. �á«¨ x | ª¢ §¨¢ãâà¥ïï â®çª  ¯à®¥ªâ¨¢®£® ¢ë¯ãª«®£® ¬®¦¥áâ¢ 
C ⊂ RN, â® ¢ á¢ï§¨ á «¥¬¬®© 3.7 ¬®¦® ¡ë«® ¡ë ®¦¨¤ âì, çâ® ¢ C á®¤¥à¦¨âáï
¯ à ««¥«®â®¯ á æ¥âà®¬ x. �¥¬ ¥ ¬¥¥¥ ¤®ª § â¥«ìáâ¢® «¥¬¬ë 3.7 ®¡¥á¯¥ç¨¢ ¥â
«¨èì  «¨ç¨¥ ¯ à ««¥«®â®¯  P ⊂ C, æ¥âà ª®â®à®£® ®â«¨ç¥ ®â x ¨, ¡®«¥¥
â®£®, x /∈ P . �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® íâ® ®¡áâ®ïâ¥«ìáâ¢® ï¢«ï¥âáï
áãé¥áâ¢¥ë¬.

�à¨¬¥à. �ãé¥áâ¢ã¥â â ª®¥ ¯à®¥ªâ¨¢®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® C ⊂ RN,
çâ® 0 ∈ qiC, ® C ¥ á®¤¥à¦¨â ¯ à ««¥«®â®¯®¢ á æ¥âà®¬ ¢ ã«¥.

◁ � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¬®¦¥áâ¢ Cn ⊂ Rn (n ∈ N), ®¯à¥¤¥«¥-
ãî á«¥¤ãîé¨¬ à¥ªãàá¨¢ë¬ ¯®áâà®¥¨¥¬ (á¬. à¨á. 4):

C1 := [−1, 1],
Cn+1 := co(Cn×{−1} ∪ {(0n, λn)}),

£¤¥ ç¨á«  λn > 0 ¢ë¡¨à îâáï ¨áå®¤ï ¨§ ãá«®¢¨ï max
{
λn,

λn

λn+1
∥Cn∥

}
⩽ 1

n .

�¨á. 4

C1

x

1

−1

C2

x

y
−1 λ1

C3

x

y

z

−1

λ2

�®£« á® «¥¬¬¥ 5.4 ¢ë¯ãª«ë¥ ¬®¦¥áâ¢  (Cn)n∈N ®¡à §ãîâ ¯à®¥ªâ¨¢ãî ¯®á«¥-
¤®¢ â¥«ì®áâì, ¯à¨ç¥¬ 0 ∈ intCn ¨ ∥Cn ∩ −Cn∥ ⩽ 1

n ¤«ï ¢á¥å n ∈ N. �®«®¦¨¬
C := lim←− Cn. �§ â¥®à¥¬ë 1.8 á«¥¤ã¥â, çâ® 0 ∈ qiC. � ¤àã£®© áâ®à®ë, ¥á«¨
¡ë ¬®¦¥áâ¢® C á®¤¥à¦ «® ª ª®©-«¨¡® ¯ à ««¥«®â®¯ á æ¥âà®¬ ¢ ã«¥, â®  -
è¥«áï ¡ë â ª®© í«¥¬¥â c ∈ C ∩−C, çâ® c(1) ̸= 0, ¨ â®£¤  ¤«ï ¢á¥å n ∈ N ¨¬¥«¨
¡ë ¬¥áâ® ¯à®â¨¢®à¥ç¨¢ë¥ á®®â®è¥¨ï

|c(1)| ⩽ ∥πnc∥ ⩽ ∥πn(C ∩ −C)∥ = ∥Cn ∩ −Cn∥ ⩽ 1

n
. ▷

5.6. �á¨«¨¬ ¯à¥¤ë¤ãé¨© ¯à¨¬¥à ¨ ¯®ª ¦¥¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ã-
ç ¥ â®çª  0∈ qiC ¥ ¯à¨ ¤«¥¦¨â ¨ª ª®¬ã ¯ à ««¥«®â®¯ã, á®¤¥à¦ é¥¬ãáï ¢C.

�¥¬¬ . �ãáâì P ⊂ RN | ¯ à ««¥«®â®¯ ¨ x ∈ P . �®£¤  ¨¬¥¥âáï ¯ à ««¥-
«®â®¯ Px á æ¥âà®¬ x â ª®©, çâ® Px ⊂ P .

◁ �® â¥®à¥¬¥ 3.4 áãé¥áâ¢ãîâ z ∈ RN ¨ � ∈ △+(RN) â ª¨¥, çâ® P = z+�(�1
0).

� ª «¥£ª® ¢¨¤¥âì, y := �−1(x − z) ∈ �1
0. �¯à¥¤¥«¨¬ r ∈ ]0,∞[N, ¯®« £ ï

r(n) := 1− |y(n)|. �®£¤  y +�r
0 ⊂ �1

0 ¨, á«¥¤®¢ â¥«ì®,

Px := x+�(�r
0) = z +�y +�(�r

0) = z +�(y +�r
0) ⊂ z +�(�1

0) = P. ▷

�«¥¤áâ¢¨¥. �á«¨ ¬®¦¥áâ¢® C ¥ á®¤¥à¦¨â ¯ à ««¥«®â®¯®¢ á æ¥âà®¬ x,
â® C ¥ á®¤¥à¦¨â ¨ â ª¨å ¯ à ««¥«®â®¯®¢ P , çâ® x ∈ P .

� ª¨¬ ®¡à §®¬, ¢áïª®¥ ¯à®¥ªâ¨¢®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® C ⊂ RN á ¥¯ãáâ®©
ª¢ §¨¢ãâà¥®áâìî á®¤¥à¦¨â ¥ª®â®àë© ¯ à ««¥«®â®¯, ® â ª¨¥ ¯ à ««¥«®â®-
¯ë ¥ ¢á¥£¤  ¯®ªàë¢ îâ ª¢ §¨¢ãâà¥®áâì C.
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5.7. �®¢®àïâ, çâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® C ⊂ X ª¢ §¨«®ª «ì® ®£à ¨ç¥®

¢ â®çª¥ x ∈ qiC, ¥á«¨ x ∈ qiB ¤«ï ¥ª®â®à®£® ®£à ¨ç¥®£® ¯®¤¬®¦¥áâ¢ 
B ⊂ C. �à®áâà áâ¢® X  §ë¢ îâ ª¢ §¨«®ª «ì® ®£à ¨ç¥ë¬, ¥á«¨ ¢ X «î-
¡®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® C ª¢ §¨«®ª «ì® ®£à ¨ç¥® ¢ ª ¦¤®© â®çª¥ x∈ qiC
(á¬. [1, § 5]).

�®£« á® â¥®à¥¬¥ [1, 5.10] ¯à®áâà áâ¢® RN ï¢«ï¥âáï ª¢ §¨«®ª «ì® ®£à -
¨ç¥ë¬, ® ¨§ ¯. 5.6 á«¥¤ã¥â, çâ® ¯ à ««¥«®â®¯ë ¥ ®¡à §ãîâ ý¡ §ã ª¢ §¨«®-
ª «ì®© ®£à ¨ç¥®áâ¨þ: ¥á«¨ x | ª¢ §¨¢ãâà¥ïï â®çª  ¢ë¯ãª«®£® ¬®¦¥-
áâ¢  C ⊂ RN, â® x ∈ qiB ¤«ï ¥ª®â®à®£® ®£à ¨ç¥®£® ¯®¤¬®¦¥áâ¢  B ⊂ C,
® áà¥¤¨ â ª¨å ¬®¦¥áâ¢ B ¬®¦¥â ¥  ©â¨áì ¨ ®¤®£® ¯ à ««¥«®â®¯ .
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