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Abstract—We establish two new criteria for the closedness of Archimedean cones in countable-dimen-
sional locally convex spaces in terms of projective parallelotopes and projective automorphisms. We also
answer some open questions about quasidenseness and quasi-interior.

DOI: 10.1134/S0037446624020034

Keywords: Archimedean ordered vector space, locally convex space, weak topology, cone, quasi-
interior, quasidense set

The paper [1] provides an exhaustive description of the class of the locally convex spaces whose
all Archimedean cones are closed. Namely, there is introduced the concept of quasidense subset of
a locally convex space and shown that the class consists of all finite-dimensional spaces and all countable-
dimensional spaces X whose topological dual X ′ is quasidense in the algebraic dual X# equipped with
the weak topology σ(X#, X). The use of the concept of quasidenseness made it possible to solve a few
problems related to Archimedean cones, but the concept remains new and little studied, as evidenced in
particular by the list of open questions at the end of [1]. In the case of dimX = |N|, the locally convex
space

(
X#, σ(X#, X)

)
is isomorphic to RN; therefore, the primary task of the study is the characterization

of quasidense subsets in RN. The article is devoted to solving this problem.
In the auxiliary Sections 1 and 2, we give preliminary information and consider the automorphisms

of sequence spaces. In the central Section 3, we introduce and study the concept of projective parallelotope
and prove two new criteria for quasidenseness in RN. Sections 4 and 5 answer the four open questions
posed in [1], as well as the questions on the representativeness of parallelotopes in their connection with
quasidenseness and quasi-interior.

§ 1. Preliminary Information

We start with clarifying the general notation and terms and also reproduce some of the definitions
and facts in [1] so that the article be suitable for independent reading. A more complete set of relevant
information, including proofs and examples, is available in [1] and the literature cited therein.

1.1. The symbol “⊂” denotes the nonstrict inclusion of sets. The assignment symbol “:=” introduces
notation and indicates the equalities valid by definition.

Let N stand for the naturals {1, 2, . . . }. The rationals and reals are denoted by Q and R. By R+ we
denote the collection {λ ∈ R : λ � 0} of positive reals. The set R is endowed with the standard operations
and topology that make R a field and a locally convex space. We designate as RD the set of reals endowed
with the discrete topology. Closed and open numerical intervals are denoted by [α, β] and ]α, β[.

By linS, coS, clS, and intS we designate the linear span, the convex hull, the closure, and the
interior of a set S in a vector or topological space under consideration.

1.2. In what follows, by a vector space we mean a vector space over R. The term subspace means
a vector subspace. A subset K of a vector space is a cone, if K+K ⊂ K, R+K ⊂ K, and K ∩−K = {0}.
A cone K in a vector space X is Archimedean whenever the ordered vector space (X,�K) is Archimedean,
where x �K y ⇔ y − x ∈ K.

1.3. IfX and Y are vector spaces, let L(X,Y ) denote the vector space of linear operators fromX to Y .
By X# we denote the vector space L(X,R) algebraically conjugate to X. If X and Y are topological
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vector spaces, then L(X,Y ) stands for the vector space of continuous linear operators from X to Y ,
and X ′ is the space L(X,R) topologically conjugate to X. We use L(X) and L(X) as abbreviations for
L(X,X) and L(X,X). Let Aut(X) designate the set of automorphisms of a topological vector space X,
i.e., the set of bijections T : X → X such that T, T−1 ∈ L(X).

1.4. By RN
fin we denote the subspace of RN consisting of finitely supported sequences, i.e., of the

functions s : N → R whose support {n ∈ N : s(n) �= 0} is finite. Tuples x =
(
x(1), . . . , x(n)

)
∈ Rn, with

n ∈ N, are traditionally regarded as functions x : {1, . . . , n} → R. In what follows, we use the notation

en := χ{n} = (0, . . . , 0, 1
(n)
, 0, 0, . . . ) ∈ RN;

RN
n := lin{e1, . . . , en} = {s ∈ RN

fin : s(m) = 0 for m > n}.
The linear operator πn : RN → Rn is defined by

πns := s
∣
∣{1,...,n} =

(
s(1), . . . , s(n)

)
. (1)

We will use (1) not only for sequences s ∈ RN but also for tuples s ∈ Rm, with m � n. We also put
R0 := {0} and π0s := 0 ∈ R0 for convenience.

1.5. Vector spaces X and Y form a dual pair with respect to duality 〈· | ·〉, if 〈· | ·〉 : X × Y → R
is a bilinear functional such that ker 〈·| = {0} and ker |·〉 = {0}, where 〈x| = 〈x | ·〉 ∈ Y # (x ∈ X) and
|y〉 = 〈· | y〉 ∈ X# (y ∈ Y ). These spaces X and Y are endowed by default with the corresponding
weak topologies σ(X,Y ) and σ(Y,X) and thereby become some Hausdorff locally convex spaces that
we denote by X|Y and Y |X. In this case, the mappings 〈·| : X → Y ′ and |·〉 : Y → X ′ (or, more precisely,

〈·| : X|Y → (Y |X)′ and |·〉 : Y |X → (X|Y )′
)
are linear and topological isomorphisms.

1.6. The space Rn with n∈N is considered in the dual pair with Rn, where 〈x | y〉 =
∑n

i=1 x(i)y(i).
The spaces RN

fin and RN are regarded by default as a dual pair with respect to 〈x | y〉 =
∑

n∈N x(n)y(n)

and endowed with the corresponding weak topologies: RN
fin

:= RN
fin

∣
∣RN and RN := RN

∣
∣RN

fin. We imply the

same duality when considering locally convex spaces of the form RN
fin

∣
∣Y , where Y is a subspace of RN

satisfying the following equivalent conditions (see [1, 3.5 and 3.6]):

(a) RN
fin and Y form a dual pair with respect to 〈x | y〉 =

∑
n∈N x(n)y(n);

(b) the weak topology σ
(
RN

fin, Y
)
is Hausdorff;

(c) Y is dense in RN
∣
∣RN

fin;

(d) Y is dense in RN
D ;

(e) πnY = Rn for all n ∈ N;
(f) πnen ∈ πnY for all n ∈ N.

1.7. A set S ⊂ RN is projective (see [1, 7.1]) if S is closed in RN
D or, which is the same, S contains

every s ∈ RN satisfying πns ∈ πnS for all n ∈ N.
Arbitrary Cartesian products

∏
n∈NΛn, with Λn ⊂ R, are examples of projective sets. Moreover,

every closed subset of RN is also closed in RN
D and, therefore, projective.

A sequence of sets Sn ⊂ Rn (n ∈ N) is projective (see [1, 7.1]) if it has the following equivalent
properties:

(a) there is a set S ⊂ RN such that Sn = πnS for all n ∈ N;
(b) Sn = πnSm for n � m;
(c) Sn = πnSn+1 for all n ∈ N.

In this case, ⋂

n∈N

π−1
n (Sn) =

{
s ∈ RN : πns ∈ Sn for all n ∈ N

}

is the projective limit of (Sn)n∈N which is denoted by lim←− Sn (see [1, 7.3]). The projective limit lim←− Sn

is the largest among the sets S satisfying (a), presents the only projective set among them, and coincides
with the closure of each of them in the topological space RN

D .
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1.8. The quasi-interior qiS of a subset S in a Hausdorff locally convex space X is defined as follows:

qiS := {x ∈ S : cl R+(S − x) = X}.

The elements of qiS are the quasi-interior points of S. A set S is quasiopen whenever qiS = S.

Theorem [1, 4.13]. If C ⊂ RN is convex, then

qiC = {c ∈ C : πnc ∈ intπnC for all n ∈ N}.

In particular, a convex set C is quasiopen in RN if and only if each projection πnC is open in Rn.

1.9. An open box in RN is a set of the form
∏

n∈NΛn, with Λn open subsets of R. The box topology

on RN is that for which the open boxes serve as basic open sets. For every z ∈ RN, the open convex boxes
∏

n∈N

]z(n)− r(n), z(n) + r(n)[, r(n) > 0, (2)

form a base of neighborhoods of z in the box topology.

Proposition [1, 7.8]. An arbitrary open convex box in RN is an example of a projective quasiopen set.
Moreover, all subsets of RN open in the box topology are quasiopen.

1.10. A subset S of a locally convex space X is quasidense in X, if S ∩ B �= ∅ for every closed
bounded convex set B ⊂ X with nonempty quasi-interior (see [1, 6.2]).

Proposition [1, 6.4]. All quasidense sets in RN are dense.

1.11. Proposition [1, 8.8]. The following properties of S ⊂ RN are equivalent:
(a) S is quasidense in RN;
(b) if C is a compact convex subset of RN and qiC �=∅, then S ∩ C �=∅;
(c) if B is a nonempty projective bounded quasiopen convex subset of RN, then S ∩B �=∅;
(d) if (Bn)n∈N is a projective sequence of nonempty bounded open convex sets, then S ∩ lim←− Bn �=∅;
(e) if C is a projective convex subset of RN and qiC �=∅, then S ∩ C �=∅.

1.12. Theorem [1, 8.5]. Let Y be a dense subspace of RN.
(a) All Archimedean cones in RN

fin

∣
∣Y are closed if and only if Y is quasidense in RN.

(b) If C is a compact convex subset of RN, qiC �= ∅, and Y ∩ C = ∅ (see 1.11(b)), then
{
x ∈ RN

fin : 〈x | c〉 � 0 for c ∈ C
}

is an example of an Archimedean cone that is not closed (moreover, it is dense) in RN
fin

∣
∣Y .

§ 2. Inductive and Projective Automorphisms

In this auxiliary section, we clarify the form of the numerical matrices that represent continuous
linear operators in sequence spaces, and study the operators corresponding to upper triangular and lower
triangular matrices.

2.1. Let X and Y be a dual pair of vector spaces and let T ∈ L(X). As is known, in this case there
is a unique mapping T ′ : Y → Y satisfying 〈Tx | y〉 = 〈x |T ′y〉 for all x ∈ X and y ∈ Y . The mapping T ′

belongs to L(Y ) and is referred to as dual to T (see [2, 11-1]). Given S ∈ L(Y ), the dual S′ ∈ L(X) of S
is defined similarly.

Every operator T ∈ L(X) is dual to T ′ ∈ L(Y ), and every S ∈ L(Y ) is dual to S′ ∈ L(X); i.e.,
T ′′ = T and S′′ = S.

Given T∈L(X), the conditions T∈Aut(X) and T ′∈Aut(Y ) are equivalent. In this case, (T−1)′=(T ′)−1.

In what follows, the role of X and Y will be played by the pair of RN
fin and RN. Owing to the relation(

RN
fin

)′
=
(
RN

fin

)#
, all linear operators T : RN

fin → RN
fin are continuous; i.e., L

(
RN

fin

)
= L

(
RN

fin

)
.
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2.2. We use the term matrix for a numerical family μ ∈ RN×N and call the sequences μ(·, n) and
μ(m, ·) (m,n ∈ N) the columns and the rows of μ:

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

μ(1, 1) μ(1, 2) μ(1, 3) · · · μ(1, n) · · ·
μ(2, 1) μ(2, 2) μ(2, 3) · · · μ(2, n) · · ·
μ(3, 1) μ(3, 2) μ(3, 3) · · · μ(3, n) · · ·
· · · · · · · · · · · · · · · · · ·

μ(m, 1) μ(m, 2) μ(m, 3) · · · μ(m,n) · · · μ(m, ·)
· · · · · · · · · · · · · · · · · ·

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

μ(·, n)
μ(·, n) =

(
μ(m,n)

)
m∈N ∈ RN is the nth column (n ∈ N) of the matrix μ,

μ(m, ·) =
(
μ(m,n)

)
n∈N ∈ RN is the mth row (m ∈ N) of the matrix μ.

The transpose μT of a matrix μ is defined by the formula μT(m,n) := μ(n,m) for all m,n ∈ N.
A matrix μ is column finitary (row finitary) whenever μ(·, n) ∈ RN

fin for all n ∈ N
(
respectively,

μ(m, ·) ∈ RN
fin for all m ∈ N

)
. The special cases of column finitary and row finitary matrices are upper

triangular and lower triangular matrices, i.e., such μ, λ ∈ RN×N that μ(m,n) = 0 for m > n and
λ(m,n) = 0 for n > m:

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

μ(1, 1) μ(1, 2) μ(1, 3) · · · μ(1, n) · · ·
0 μ(2, 2) μ(2, 3) · · · μ(2, n) · · ·
0 0 μ(3, 3) · · · μ(3, n) · · ·
0 0 0 · · · · · · · · ·
· · · · · · · · · · · · μ(n, n) · · ·
0 0 0 · · · 0 · · ·
· · · · · · · · · · · · · · · · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎝

λ(1, 1) 0 0 0 · · · 0 · · ·
λ(2, 1) λ(2, 2) 0 0 · · · 0 · · ·
λ(3, 1) λ(3, 2) λ(3, 3) 0 · · · 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·

λ(m, 1) λ(m, 2) λ(m, 3) · · · λ(m,m) 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·

⎞
⎟⎟⎟⎟⎟⎠.

2.3. Column finitary matrices μ and row finitary matrices λ are associated with the mappings
μ∧ : RN

fin → RN
fin and λ∨ : RN → RN defined as follows:

(μ∧x)(m) := 〈x |μ(m, ·)〉 =
∑

n∈N

μ(m,n)x(n), x ∈ RN
fin, m ∈ N,

(λ∨y)(m) := 〈λ(m, ·) | y〉 =
∑

n∈N

λ(m,n)y(n), y ∈ RN, m ∈ N.

(
Let us demonstrate why μ∧x ∈ RN

fin for x ∈ RN
fin. Indeed, since the columns μ(·, n) are finitely supported,

there is a sequence of naturals mn such that μ(m,n) = 0 for all m � mn. Therefore, if x(n) = 0 for

n > k, then (μ∧x)(m) =
∑k

n=1 μ(m,n)x(n) = 0 for m � max{m1, . . . ,mk}.
)

Given an operator T in L
(
RN

fin

)
or L(RN), define the matrix [T ] ∈ RN×N as follows:

[T ](m,n) := (Ten)(m), m, n ∈ N.

2.4. Proposition (cf. [2, 11-1-6, 11-1-10, and 11-1-11]).
(a) If μ is a column finitary matrix, then μ∧ ∈ L

(
RN

fin

)
and [μ∧] = μ.

(b) If λ is a row finitary matrix, then λ∨ ∈ L(RN) and [λ∨] = λ.
(c) If ∇ ∈ L

(
RN

fin

)
, then [∇] is a column finitary matrix, [∇]∧ = ∇, ∇′ ∈ L(RN), and [∇′] = [∇]T.

(d) If Δ ∈ L(RN), then [Δ] is a row finitary matrix, [Δ]∨ = Δ, Δ′ ∈ L
(
RN

fin

)
, and [Δ′] = [Δ]T.

� Only (d) needs demonstration. Let Δ ∈ L(RN). Then

[Δ](m,n) = (Δen)(m) = 〈em |Δen〉 = 〈Δ′em | en〉 = (Δ′em)(n)

for all m,n ∈ N. This means [Δ](m, ·) = Δ′em ∈ RN
fin; i.e., [Δ] is row finitary. Next,

([Δ]∨en)(m) = 〈[Δ](m, ·) | en〉 = ([Δ](m, ·))(n) = [Δ](m,n) = (Δen)(m)

for all m,n ∈ N; whence, using the denseness of lin{en : n ∈ N} in RN and the continuity of Δ and [Δ]∨

(see (b)), we infer [Δ]∨ = Δ. The equality [Δ′] = [Δ]T is obvious. �

268



2.5. Proposition. The following properties of ∇ ∈ L
(
RN

fin

)
are equivalent:

(a) [∇] is an upper triangular matrix;

(b) ∇(RN
n ) ⊂ RN

n for all n ∈ N;

(c) ∇en ∈ RN
n for all n ∈ N.

An operator ∇ ∈ L
(
RN

fin

)
with the equivalent properties (a)–(c) is inductive.

2.6. Proposition. The following properties of Δ ∈ L(RN) are equivalent:

(a) [Δ] is a lower triangular matrix;

(b) if y ∈ RN, n ∈ N, and πny = 0; then πnΔy = 0;

(c) if y, z ∈ RN, n ∈ N, and πny = πnz; then πnΔy = πnΔz;

(d) πnΔen+1 = 0 for all n ∈ N.

An operator Δ ∈ L(RN) with the equivalent properties (a)–(d) is projective.

2.7. Proposition. (a) ∇ ∈ L
(
RN

fin

)
is inductive if and only if ∇′ ∈ L(RN) is projective.

(b) Δ ∈ L(RN) is projective if and only if Δ′ ∈ L
(
RN

fin

)
is inductive.

2.8. Proposition. (a) For every sequence of xn ∈ RN
n , there is a unique operator ∇ ∈ L

(
RN

fin

)
such

that ∇en = xn for all n ∈ N. This operator ∇ is inductive.

(b) If a sequence of yn ∈ RN satisfies the condition πnyn+1 = 0 for all n ∈ N, then there is a unique
operator Δ ∈ L(RN) such that Δen = yn for all n ∈ N. This operator Δ is projective.

� Item (a) does not need any demonstration.

(b): By hypothesis, the matrix λ defined by λ(m,n) := yn(m) is lower triangular, and so Δ := λ∨

is the required operator (see 2.4(b)). The uniqueness of this operator follows from its continuity and the
denseness of lin{en : n ∈ N} in RN; its projectivity is due to 2.6(d). �

2.9. Proposition. Let Δ ∈ L(RN) be projective.

(a) Δ is continuous as a mapping from RN
D into RN

D .

(b) If P is a projective subset of RN; then Δ−1(P ) is a projective subset of RN.

(c) If imΔ = RN and Y is a dense subspace of RN; then Δ(Y ) is a dense subspace of RN.

� Item (a) is easy to prove using 2.6(c). Items (b) and (c) follow from (a) by 1.7 and 1.6(d)
respectively. �

2.10. Proposition. Let ∇ ∈ L
(
RN

fin

)
be inductive. The following properties of ∇ are equivalent:

(a) ∇ ∈ Aut
(
RN

fin

)
;

(b) ∇en (n ∈ N) are linearly independent;

(c) [∇](n, n) �= 0 for all n ∈ N.

� The implication (a)⇒(b) is trivial.

(b)⇒(c): Since ∇e1 ∈ RN
1 (see 2.5(c)) and ∇e1 �= 0; therefore, [∇](1, 1) = (∇e1)(1) �= 0. Now let

n > 1. From (b) it follows that ∇e1, . . . ,∇en−1 form a basis for RN
n−1. If [∇](n, n) = (∇en)(n) were equal

to zero; then, as ∇en ∈ RN
n , the relations ∇en ∈ RN

n−1 = lin{∇e1, . . . ,∇en−1} would be valid contrary
to the linear independence of ∇e1, . . . ,∇en.

(c)⇒(a): Since an upper triangular n× n matrix with nonzero diagonal entries is invertible; we con-
clude that ∇e1, . . . ,∇en form a basis for RN

n for each n ∈ N, whence {∇en : n ∈ N} is a basis for RN
fin. �

An inductive operator ∇ ∈ L
(
RN

fin

)
with the equivalent properties (a)–(c) is an inductive automor-

phism. An inductive automorphism ∇ is positive, if [∇](n, n) > 0 for all n ∈ N. Let �+

(
RN

fin

)
stand for

the set of all positive inductive automorphisms.
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2.11. Proposition. Let Δ ∈ L(RN) be projective. The following properties of Δ are equivalent:
(a) Δ ∈ Aut(RN);
(b) Δen (n ∈ N) are linearly independent and cl imΔ = RN;
(c) [Δ](n, n) �= 0 for all n ∈ N.

� The implication (a)⇒(b) is trivial.
(b)⇒(c): Show that Δ′en (n ∈ N) are linearly independent in RN

fin. Indeed, if λ1, . . . , λn ∈ R and∑n
i=1 λiΔ

′ei = 0, then

〈 n∑

i=1

λiei

∣
∣
∣
∣Δy

〉
=

〈
Δ′
( n∑

i=1

λiei

) ∣∣
∣
∣ y
〉

=

〈 n∑

i=1

λiΔ
′ei

∣
∣
∣
∣ y
〉

= 0

for all y ∈ RN; whence, by the denseness of imΔ in RN, we infer
∑n

i=1 λiei = 0 and so λ1 = · · · = λn = 0.
Owing to 2.4(d), 2.7(b), and 2.10, we have [Δ](n, n) = [Δ′]T(n, n) = [Δ′](n, n) �= 0 for all n ∈ N.

The implication (c)⇒(a) is also easily deduced from 2.4(d), 2.7(b), and 2.10. �

The requirement cl imΔ = RN in (b) is essential. The shift operator Δ(y) =
(
0, y(1), y(2), y(3), . . .

)

serves as a counterexample.

A projective operator Δ ∈ L(RN) with the equivalent properties (a)–(c) is a projective automorphism.
A projective automorphism Δ is positive provided that [Δ](n, n) > 0 for all n ∈ N. Let 
+(RN) stand for
the set of all positive projective automorphisms.

2.12. The following is an immediate consequence of the above:

Proposition. (a) For all ∇ ∈ L
(
RN

fin

)
and Δ ∈ L(RN),

∇ ∈ �+

(
RN

fin

)
⇔ ∇′ ∈ 
+(RN);

Δ ∈ 
+(RN) ⇔ Δ′ ∈ �+

(
RN

fin

)
.

(b) �+

(
RN

fin

)
and 
+(RN) are subgroups of Aut

(
RN

fin

)
and Aut(RN) under the composition of operators.

§ 3. Projective Parallelotopes

In this section, we introduce the concept of projective parallelotope, establish the connection between
parallelotopes and inductive and projective automorphisms (Theorem 3.4), and prove two new criteria
for quasidenseness in RN in terms of parallelotopes and automorphisms (Theorem 3.8).

3.1. Given κ = (κn)n∈N ∈
∏

n∈N Rn and r ∈ ]0,∞[N, put

Πr
κ
:=
{
y ∈ RN : |y(1)| < r(1),

∣
∣
∣y(n+ 1)−

n∑

i=1

κn(i)y(i)
∣
∣
∣ < r(n+ 1) for all n ∈ N

}
.

In what follows, we assume κ0 := 0 ∈ R0 for convenience. (Recall that R0 := {0} and π0y := π0x := 0 ∈ R0

for y ∈ RN and x ∈ Rn.) With this convention adopted, we see that

Πr
κ
=
{
y ∈ RN :

∣
∣y(n)− 〈κn−1 |πn−1y〉

∣
∣ < r(n) for all n ∈ N

}
.

The set z + Πr
κ
, with z ∈ RN, is the parallelotope (more precisely, the projective parallelotope) with

center z, tilt κ, and radius r.
Denote by Πr

0 the parallelotope with zero center 0 ∈ RN, zero tilt (0, 0, . . . ) ∈
∏

n∈N Rn, and radius

r ∈ ]0,∞[N; and by Π1
0, the parallelotope Π

(1,1,...)
0 :

Πr
0 =

{
y ∈ RN : |y(n)| < r(n) for all n ∈ N

}
,

Π1
0 =

{
y ∈ RN : |y(n)| < 1 for all n ∈ N

}
.
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3.2. From the following lemma it is clear that each projection πnP of a parallelotope P ⊂ RN is
an open parallelotope in Rn, i.e., an open n-dimensional parallelepiped:

Lemma. Let κ ∈
∏

n∈N Rn, r ∈ ]0,∞[N, n ∈ N. Then

πnΠ
r
κ
=
{
x ∈ Rn :

∣
∣x(m)− 〈κm−1 |πm−1x〉

∣
∣ < r(m) for m = 1, . . . , n

}

=
{
x ∈ Rn : πn−1x ∈ πn−1Π

r
κ

and
∣
∣x(n)− 〈κn−1 |πn−1x〉

∣
∣ < r(n)

}
.

� The inclusion “⊂” is obvious. Now suppose that x ∈ Rn and

∣
∣x(m)− 〈κm−1 |πm−1x〉

∣
∣ < r(m), m = 1, . . . , n.

Define y ∈ RN by putting πny := x and y(m) :=
∑m−1

i=1 κm−1(i)y(i) recursively for m > n. Then y ∈ Πr
κ

and so x ∈ πnΠ
r
κ
. �

3.3. Proposition. Every parallelotope uniquely determines its center, tilt, and radius: if z+Πr
κ
=

z′ +Πr′
κ

′ , then z = z′, κ = κ
′, and r = r′.

� Let z + Πr
κ
= z′ + Πr′

κ
′ . First of all, note that z = z′, since a nonempty bounded set cannot have

two centers of symmetry. Therefore, we may assume that z = z′ = 0.
Consider n ∈ N and show that r(n) = r′(n) and κn−1 = κ

′
n−1. The case n = 1 is trivial. Let n > 1.

For each x ∈ πn−1Π
r
κ
= πn−1Π

r′
κ

′ , by 3.2 we see that

∣
∣λ− 〈κn−1 |x〉

∣
∣ < r(n) ⇔ (x, λ) ∈ πnΠ

r
κ

⇔ (x, λ) ∈ πnΠ
r′
κ

′ ⇔
∣
∣λ− 〈κ′

n−1 |x〉
∣
∣ < r′(n)

for all λ ∈ R; whence r(n) = r′(n) and 〈κn−1 |x〉 = 〈κ′
n−1 |x〉. Since x ∈ πn−1Π

r
κ
is arbitrary, the last

equality means that the functional 〈κn−1 − κ
′
n−1| is constant on πn−1Π

r
κ
. Consequently, κn−1 = κ

′
n−1,

as πn−1Π
r
κ
is a neighborhood of the origin in Rn−1 by 3.2. �

3.4. Theorem. The following properties of P ⊂ RN are equivalent:
(a) P is a parallelotope centered at the origin; i.e., P = Πr

κ
for some κ ∈

∏
n∈N Rn and r ∈ ]0,∞[N;

(b) P =
{
y ∈ RN :

∣
∣〈∇en | y〉

∣
∣ < 1 for all n ∈ N

}
for some ∇ ∈ �+

(
RN

fin

)
;

(c) P = Δ(Π1
0) for some Δ ∈ 
+(RN).

Moreover, κ, r, ∇, and Δ are uniquely determined by P and satisfy the following:

r(n) =
1

(∇en)(n)
; κn−1 = −r(n)πn−1∇en; (3)

∇en =
1

r(n)

(
−κn−1(1), . . . ,−κn−1(n− 1), 1, 0, 0, . . .

)
; (4)

Δ = (∇′)−1 = (∇−1)′; ∇ = (Δ′)−1 = (Δ−1)′.

� (a)⇒(b): Let κ and r meet (a). According to 2.8(a), there is an inductive operator ∇ satisfying (4)
for all n ∈ N; moreover, ∇ ∈ �+

(
RN

fin

)
, since [∇](n, n) = (∇en)(n) =

1
r(n) > 0. It remains to note that

∣
∣y(n)− 〈κn−1 |πn−1y〉

∣
∣ < r(n) ⇔

∣
∣
∣

1

r(n)
y(n)−

〈 1

r(n)
κn−1

∣
∣
∣πn−1y

〉∣∣
∣ < 1 ⇔

∣
∣〈∇en | y〉

∣
∣ < 1

for y ∈ RN and n ∈ N.
(b)⇒(c): Let P and ∇ satisfy (b). By 2.12, ∇′ and Δ := (∇′)−1 belong to the group 
+(RN).

Moreover, for all y ∈ RN and n ∈ N, the inequality
∣
∣〈∇en | y〉

∣
∣ < 1 is equivalent to |(∇′y)(n)| < 1, and so

y ∈ P ⇔ ∇′y ∈ Π1
0 ⇔ y ∈ (∇′)−1(Π1

0) = Δ(Π1
0).
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(c)⇒(a): Let Δ ∈ 
+(RN) and P = Δ(Π1
0). Owing to 2.12, the operator ∇ := (Δ−1)′ belongs

to �+

(
RN

fin

)
. Define r and κ in accordance with (3) and show that P = Πr

κ
. Indeed,

(Δ−1y)(n) = 〈en |Δ−1y〉 =
〈
(Δ−1)′en

∣
∣ y
〉
= 〈∇en | y〉

= (∇en)(n)y(n) + 〈πn−1∇en |πn−1y〉 =
1

r(n)
y(n)−

〈 1

r(n)
κn−1

∣
∣
∣πn−1y

〉

for all y ∈ RN and n ∈ N. Consequently, the inequalities |(Δ−1y)(n)|< 1 and
∣
∣y(n)−〈κn−1 |πn−1y〉

∣
∣<r(n)

are equivalent, and so
y ∈ P ⇔ y ∈ Δ(Π1

0) ⇔ Δ−1y ∈ Π1
0 ⇔ y ∈ Πr

κ
.

Demonstrate the uniqueness of κ, r, ∇, and Δ in the claim. The uniqueness of κ and r is justified
in 3.3. If ∇ meets (b); then, as is seen from the proof of the implication (c)⇒(a), the equality P = Πr

κ

holds, where r and κ are determined by (3). Then 3.3 implies that P uniquely determines the values ∇en
with n ∈ N and hence the operator ∇. If Δ satisfies (c), then ∇ := (Δ−1)′ satisfies (b), and so P uniquely
determines ∇ and Δ = (∇′)−1. �

3.5. The following is a consequence of 2.12(b) and 3.4:

Corollary. If P is a parallelotope and Δ ∈ 
+(RN), then Δ(P ) and Δ−1(P ) are parallelotopes.

3.6. Corollary. Each parallelotope is a nonempty projective bounded quasiopen convex subset of RN.

� The properties listed are enjoyed by Π1
0; therefore, according to 2.9(b) and 2.12(b), they are also

enjoyed by every set of the form z +Δ(Π1
0), with z ∈ RN and Δ ∈ 
+(RN). It remains to refer to 3.4. �

3.7. Lemma. Let C be a projective convex subset of RN. Then qiC �= ∅ if and only if C includes
some parallelotope.

� Sufficiency follows from 3.6. Show necessity. Assume that 0 ∈ qiC. According to 1.8, the projec-
tion πnC is a neighborhood of the origin in Rn for each n ∈ N; therefore, there are sequences of elements
cn ∈ C and reals εn > 0 such that

πncn = εnπnen for all n ∈ N.

Since πncn+1 = πnπn+1cn+1 = πn(εn+1πn+1en+1) = 0; by 2.8(b), there is a projective operator Δ∈L(RN)
such that Δen = 1

2n+1 cn for all n ∈ N. Moreover,

[Δ](n, n) = (Δen)(n) =
1

2n+1
cn(n) =

1

2n+1
(πncn)(n) =

1

2n+1
(εnπnen)(n) > 0,

and so Δ ∈ 
+(RN). From 2.9(b) it follows that D := Δ−1(C) is a projective convex subset of RN, with
0 ∈ D and 2n+1en ∈ D for all n ∈ N. Put z := (1, 1, . . . ) ∈ RN and show that z +Π1

0 ⊂ D.
Let y ∈ Π1

0. Since D is projective, it suffices to fix n ∈ N and establish that x := πn(z + y) ∈ πnD.
Given i ∈ {1, . . . , n}, we have x(i) = 1 + y(i), with |y(i)| < 1, and so 0 < x(i) < 2. Consequently,

x = x(1)πne1 + x(2)πne2 + · · ·+ x(n)πnen

=
x(1)

4
πn(4e1) +

x(2)

8
πn(8e2) + · · ·+ x(n)

2n+1
πn
(
2n+1en

)
+
(
1−

n∑

i=1

x(i)

2i+1

)
0,

and hence x belongs to πnD as a convex combination of the elements

πn(4e1), πn(8e2), . . . , πn
(
2n+1en

)
, 0 ∈ πnD.

From z +Π1
0 ⊂ D it follows that C = Δ(D) includes the parallelotope Δz +Δ(Π1

0) (see 3.4). �

In connection with 3.7, the question arises naturally as to whether the parallelotopes form a “quasi-
interior base” in the following sense: If C is a projective convex subset of RN and x ∈ qiC, then does C
include a parallelotope centered at x or at least a parallelotope containing x? The answer is given below
in 5.5 and 5.6.
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3.8. Theorem. The following properties of S ⊂ RN are equivalent:
(a) S is quasidense in RN;
(b) S has nonempty intersection with every parallelotope;
(c) Δ(S) is box dense in RN for every Δ ∈ 
+(RN).

� The equivalence (a)⇔(b) follows from 1.11, 3.6, and 3.7.
(b)⇒(c): Let Δ ∈ 
+(RN). Since every basic open box

B =
∏

n∈N

]z(n)− r(n), z(n) + r(n)[

(see (2)) is the parallelotope z + Πr
0; by 3.5, the set Δ−1(B) is also a parallelotope. Then (b) implies

S ∩Δ−1(B) �= ∅ and hence Δ(S) ∩B �= ∅.
(c)⇒(b): By 3.4, every parallelotope has the form z+Δ(Π1

0) for some z ∈ RN and Δ ∈ 
+(RN). Since
Δ−1 ∈ 
+(RN) (see 2.12(b)) and Δ−1z +Π1

0 is a box; from (c) it follows that Δ−1(S) ∩ (Δ−1z +Π1
0) �= ∅

and so S ∩ (z +Δ(Π1
0)) �= ∅. �

3.9. Corollary. If S is a quasidense subset of RN and Δ ∈ 
+(RN), then Δ(S) is quasidense in RN.

§ 4. Examples

In this section, we provide some counterexamples to the three conjectures in [1] on the polars of cones
[1, 9.6], on connections between quasidenseness and projectivity [1, 9.7], and on the spaces with all linearly
independent sets closed [1, 9.11].

4.1. If X and Y is a dual pair of vector spaces; then, given S ⊂ X, there are defined the polars
(see [1, 3.7])

S
⊕
:=
{
y ∈ Y : 〈s | y〉 � 0 for all s ∈ S

}
;

S� :=
{
y ∈ Y : 〈s | y〉 > 0 for all s ∈ S\{0}

}
.

A sequence of subsets Sn ⊂ RN
n (n ∈ N) is inductive (see [1, 8.1]) if it has each of the following

equivalent properties:

(a) there is S ⊂ RN
fin such that Sn = S ∩ RN

n for all n ∈ N;
(b) Sn = Sm ∩ RN

n for n � m;
(c) Sn = Sn+1 ∩ RN

n for all n ∈ N.

In this case, the set S satisfying (a) is unique and equal to
⋃

n∈N Sn.

Lemma [1, 8.3]. If Kn ⊂ RN
n with n ∈ N is an inductive sequence of closed cones, then (πnKn)

�

with n ∈ N is a projective sequence and

lim←− (πnKn)
� =

( ⋃

n∈N

Kn

)�
.

The following example gives the negative answer to the question [1, 9.6] as to whether the sequence
of polars (πnKn)

⊕ is projective in this situation:

Example. Consider the closed cone K3 := R+({1}×D) ⊂ R3, where D = {(y, z) : y2+(z−1)2 � 1}
(see Fig. 1).

Fig. 1

x
y

z

1

1

Fig. 2

D

y

z

0

1
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Put R3
2 := R2 × {0} ⊂ R3, K2 := π2(K3 ∩ R3

2) = {(x, 0) : x � 0}, and show that K⊕
2 �= π2K

⊕
3 . Indeed,

(0, 1) ∈ K⊕
2 , but no triple (0, 1, λ), with λ ∈ R, belongs to K⊕

3 ; since the half-plane {(y, z) : y + λz < 0}
intersects the circle D for every λ ∈ R (see Fig. 2), and, given a pair (y, z) in the intersection, we have
(1, y, z) ∈ K3 and 〈(1, y, z) | (0, 1, λ)〉 = y + λz < 0. Therefore, for S := K3 × {(0, 0, . . . )} ⊂ RN

fin, the

sequence of polars
(
πn(S ∩ RN

n )
)⊕

is not projective.

4.2. According to 1.11, the quasidenseness of S ⊂ RN is equivalent to each of the two conditions:

(a) S intersects every nonempty convex set B ⊂ RN that is bounded, quasiopen, and projective;

(b) S intersects every convex set C ⊂ RN that has nonempty quasi-interior and is projective.

The example presented below answers the question [1, 9.7] and shows that the projectivity requirement
for B and C in (a) and (b) is essential even for the case that S is a dense vector subspace of RN.

Example. There exist a quasidense (and therefore dense) subspace Y ⊂ RN and a nonempty
bounded quasiopen convex subset B ⊂ RN such that Y ∩B = ∅.

� Let T be a transcendence basis for R over Q, i.e., a maximal algebraically independent subset of R
over Q or, which is the same, an algebraically independent subset T of R over Q such that algQ(T ) = R.(
Here Q(T ) is the subfield of R generated by T ; and algF is the subfield of R consisting of all reals that

are algebraic over a subfield F ⊂ R.
)
Consider a sequence (tn)n∈N of pairwise distinct elements in T and

put T0 := T\{tn : n ∈ N}, Tn := T0 ∪ {t1, . . . , tn}, and Fn := algQ(Tn). Then (Fn)n∈N is a sequence
of subfields of R with the properties

(i) Fn ⊂ Fn+1 for all n ∈ N;

(ii)
⋃

n∈NFn = R;
(iii)R is infinite-dimensional as a vector space over Fn for each n ∈ N.

Indeed, owing to the equality algQ(T ) = R, for every λ ∈ R there is a nonzero polynomial p(x)
with coefficients in Q(T ) such that p(λ) = 0; whence, by the obvious relations Q(Tn) ⊂ Q(Tn+1) and
Q(T ) =

⋃
n∈N Q(Tn), it follows that all coefficients of p(x) belong to Q(Tn) for some n ∈ N, and so

λ ∈ algQ(Tn) = Fn. Moreover, it is easy to see that Fn �= R and, given λ ∈ R\Fn, the reals λ, λ2, λ3, . . .
are linearly independent over Fn.

According to (iii), there is a sequence of xn ∈ RN
n such that, for each n ∈ N, the reals xn(1), . . . , xn(n)

are linearly independent over Fn, and xn(n) > 0. Consider the automorphism ∇ ∈ �+

(
RN

fin

)
with values

∇en = xn for all n ∈ N (see 2.8(a) and 2.10), and put

Y := ∇′(linQN), B :=
{
b ∈ Π1

0 ∩ RN
fin : b(1) > 0

}
.

It is clear that B is nonempty, convex, bounded, and quasiopen (see 1.8). Using 1.11(d), it is easy
to show that linQN is a quasidense subspace of RN. Next, ∇′ ∈ 
+(RN) (see 2.12(a)), and hence Y
is quasidense in RN (see 3.9). The denseness of Y in RN follows from its quasidenseness according to 1.10
(see also 2.9(c)). To complete the proof, it suffices to establish the equality Y ∩ RN

fin = {0}.
Show that ∇′z /∈ RN

fin for every nonzero z ∈ linQN. Let

z =
k∑

j=1

λjqj , λj ∈ R, qj ∈ QN,

and assume that z(l) �= 0 for some l ∈ N. Owing to (i) and (ii), there is m � l such that λ1, . . . , λk ∈ Fm.

Consider n � m and show that (∇′z)(n) �= 0. Indeed, z(i) =
∑k

j=1 λjqj(i) ∈ Fm ⊂ Fn for all i ∈ N. Then

〈xn | z〉 =
∑n

i=1 xn(i)z(i) is a linear combination of the reals xn(1), . . . , xn(n) that are linearly independent
over Fn, with coefficients z(1), . . . , z(n) ∈ Fn; and the combination is nontrivial, since n � l and z(l) �= 0.
Therefore, 〈xn | z〉 �= 0. It remains to note that 〈xn | z〉 = 〈∇en | z〉 = 〈en | ∇′z〉 = (∇′z)(n). �
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4.3. In [3], some examples are provided of dense proper vector subspaces Y ⊂ RN for which all
linearly independent sets are closed in RN

fin

∣
∣Y (see [3, 4.8]); and it is shown that the existence of a nonclosed

linearly independent set implies the existence of a nonclosed Archimedean cone (see [3, 4.7]). The question
whether the converse holds was left open and formulated explicitly in [1, 9.11]. The example presented
below gives the negative answer.

Given a numerical sequence (λn)n∈N and a real λ, write λn →→ λ if λn → λ and there exists n̄ ∈ N
such that λn �= λ for n � n̄. Call Λ ⊂ R sparse if Λ has the equivalent properties

(a) Λ is closed and discrete;
(b) all bounded subsets of Λ are finite;
(c) there are no sequences (λn)n∈N in Λ and reals α ∈ R such that λn →→ α.

Lemma. The set

Λ(α1, . . . , αk) := {α12
n1 + · · ·+ αk2

nk : n1, . . . , nk ∈ N}
is sparse for all k ∈ N and α1, . . . , αk ∈ R.

� Proceed by induction on k. The sparseness of Λ(α) = {α2n : n ∈ N} for every α is clear. Suppose
that Λ(β1, . . . , βk−1) is sparse for all β1, . . . , βk−1, consider arbitrary α1, . . . , αk, and assume to the con-
trary that Λ(α1, . . . , αk) is not sparse. Then there exist sequences ν1, . . . , νk ∈ NN and a real α such that

λ(n) := α12
ν1(n) + · · ·+ αk2

νk(n) →→ α.

The current goal is to find a contradiction.
Observe that each of the sequences ν1, . . . , νk tends to infinity. Indeed, if, for example, ν1 � ∞;

then ν1 has a constant subsequence ν1(nm) ≡ i. In this case,

λ(nm) = α12
i + α22

ν2(nm) + · · ·+ αk2
νk(nm) →→ α

and then
α22

ν2(nm) + · · ·+ αk2
νk(nm) →→ α− α12

i

despite the sparseness of Λ(α2, . . . , αk).
Put μ(n) := min{ν1(n), . . . , νk(n)} − 1 (n ∈ N). Then

λ(n) = 2μ(n)
(
α12

μ1(n) + · · ·+ αk2
μk(n)

)
,

with μi(n) = νi(n) − μ(n). Moreover, μ(n) → ∞ and, for each n ∈ N, at least one of the naturals
μ1(n), . . . , μk(n) is equal to 1. For definiteness, assume that μ1 has a constant subsequence μ1(nm) ≡ 1.
In this case,

λ(nm) = 2μ(nm)
(
2α1 + α22

μ2(nm) + · · ·+ αk2
μk(nm)

)
→→ α;

whence, as μ(nm) → ∞ it follows that α22
μ2(nm) + · · · + αk2

μk(nm) →→ −2α1 contrary to the sparseness
of Λ(α2, . . . , αk). �

Example. Put Y = lin
∏

n∈N{2n+m : m ∈ N}. Then Y is a dense subspace of RN, and all linearly

independent sets in RN
fin

∣
∣Y are closed, but there are nonclosed Archimedean cones.

� The space Y is dense in RN; since, for each m ∈ N,

em =
1

2m+1

(
d+ 2m+1em

)
− 1

2m+1
d ∈ Y, where d = (2n+1)n∈N.

The closedness of all linearly independent sets in RN
fin

∣
∣Y can be proven in exactly the same way as in [3, 4.8].

According to 1.11(c), 1.9, and 1.12(a), in order to establish the existence of a nonclosed Archimedean
cone in RN

fin

∣
∣Y , it suffices to show that Y ∩ ]0, 1[N = ∅. Each y ∈ Y has the form

y(n) = α12
n+m1(n) + · · ·+ αk2

n+mk(n) = 2nλ(n) (n ∈ N),

where k ∈ N, α1, . . . , αk ∈ R, m1(n), . . . ,mk(n) ∈ N, and

λ(n) = α12
m1(n) + · · ·+ αk2

mk(n) ∈ Λ(α1, . . . , αk).

If y ∈ ]0, 1[N, i.e., 0 < 2nλ(n) < 1 for all n ∈ N, then λ(n) →→ 0, which contradicts the sparseness
of Λ(α1, . . . , αk). �
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§ 5. Quasidenseness and Topological Denseness

In this section, we answer the question [1, 9.9] and establish that the quasidenseness in RN is not
equivalent to the denseness with respect to the box topology. We also give some examples related to the
question [1, 9.10] about the topological nature of quasidenseness and show that the parallelotopes do not
form a base for any topology and therefore do not characterize the quasidenseness in RN as a topological
denseness. Moreover, we give the negative answer to the question in 3.7 as to whether the parallelotopes
form a base for quasi-interior.

5.1. Lemma. There is a sequence κ ∈
∏

n∈N Rn such that

Π1
κ
∩Π1

0 = {0}.

In particular, if Y ⊂ RN and z /∈ Y , then Y ∩ (z +Π1
κ
) ∩ (z +Π1

0) = ∅.

� Let (Nm)m∈N be a partition of N into infinite subsets Nm ⊂ N. Define κ ∈
∏

n∈N Rn by putting

κn = nπnem for n ∈ Nm. Consider y ∈ Π1
κ
with nonzero value y(m) �= 0 for some m ∈ N, and show that

y /∈ Π1
0. Indeed, if n ∈ Nm and n � m, then 〈κn |πny〉 = 〈nπnem |πny〉 = ny(m) and so, as y ∈ Π1

κ
,

|y(n+ 1)− ny(m)| = |y(n+ 1)− 〈κn |πny〉| < 1

for these n; in particular, |y(n+ 1)| > n|y(m)| − 1. Therefore, supn∈Nm
|y(n+ 1)| = ∞. �

5.2. According to 3.8, every quasidense subset of RN is box dense (see also 1.9 and 1.11(c)). As the
following example shows, the converse is not true even for dense vector subspaces of RN, which gives the
negative answer to the question [1, 9.9].

Example. There is a dense subspace of RN that is box dense but not quasidense in RN.

� LetZ be a box dense subspace of RN that does not include 
∞ and has dense intersectionZ ∩ 
∞ in RN.
(For example, linQN is suitable for the role of Z.) Owing to 5.1, there is a parallelotope P centered at the
origin such that P∩Π1

0 = {0}. Using the absolute convexity of P , it is easy to show that (linP )∩
∞ = {0}.
Put Y0 := Z ∩ 
∞ + linP and consider b ∈ 
∞ not belonging to Z. As is easy to see, b /∈ Y0 and so there
is a subspace Y ⊂ RN of codimension 1 such that Y0 ⊂ Y and b /∈ Y . Since Z ∩ 
∞ ⊂ Y , the space Y is
dense in RN. Moreover, P ⊂ Y and b /∈ Y imply Y ∩ (b + P ) = ∅; therefore, by 3.8, the space Y is not
quasidense in RN. It remains to show that Y is box dense in RN.

Consider s ∈ RN and r ∈ ]0,∞[N and prove that Y ∩ (s + Πr
0) �= ∅. We may assume that r ∈ 
∞,

i.e., Πr
0 ⊂ 
∞. Since codimY = 1, there exists α ∈ R such that s− αb ∈ Y . Owing to the box denseness

of Z in RN, there is an element z ∈ Z ∩ (αb+Πr
0). The inclusion αb+Πr

0 ⊂ 
∞ implies z ∈ Z ∩ 
∞ ⊂ Y .
Moreover, z + s− αb ∈ s+Πr

0. Therefore, z + s− αb ∈ Y ∩ (s+Πr
0). �

5.3. From 5.1 it follows that the parallelotopes do not form a base for any topology. Despite the
fact that every quasidense subspace Y ⊂ RN intersects each parallelotope; if Y �= RN, there exist two
parallelotopes P and Q with a common center such that

Y ∩ P ∩Q = ∅.

In particular, criteria 1.11 and 3.8 do not characterize the quasidenseness in RN as a topological denseness
even for vector subspaces. This observation, however, does not answer the question [1, 9.10] as to whether
there is a topology τ on RN such that τ -denseness is equivalent to quasidenseness in RN.

5.4. In what follows, we consider each of the spaces Rn (n ∈ N) endowed with the Euclidean norm
‖·‖ := ‖·‖2. Given S ⊂ Rn, put ‖S‖ := sups∈S ‖s‖. Denote by 0n the origin (0, . . . , 0) of Rn. If x ∈ Rn and
λ ∈ R, we designate the tuple

(
x(1), . . . , x(n), λ

)
∈ Rn+1 as (x, λ). In particular, (0n, λ) = (0, . . . , 0, λ) =

λπn+1en+1 ∈ Rn+1.
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Lemma. Suppose that n ∈ N, C is a bounded convex subset of Rn, 0 ∈ intC, and λ > 0. Define
the subsets D and D+ of Rn+1 by putting

D := co
(
C×{−1} ∪ {(0n, λ)}

)
, D+ := {d ∈ D : d(n+ 1) � 0}.

Then
(a) 0 ∈ intD;
(b) D ∩ −D ⊂ D+ ∪ −D+;
(c) ‖D ∩ −D‖ � ‖D+‖ = max

{
λ, λ

λ+1‖C‖
}
;

(d) πnD = C.
(a) (b) (c)

Fig. 3

0
u
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(0n,−1) (c,−1)

(0n,λ)

ε

D

C×{−1}

C×{−1}

−(C×{−1})

−D

D

D+

−D+

D+

λ

λ

λ+1
‖C‖

� (a): By hypotheses, C includes some ball {x ∈ Rn : ‖x‖ < ε}, ε > 0. An elementary check shows
that the open neighborhood of the origin

U :=

{
u ∈ Rn+1 :

‖πnu‖
ε

+
u(n+ 1) + 1

λ+ 1
< 1, u(n+ 1) > −1

}

lies in D. Indeed, if u ∈ U then, putting c := λ+1
λ−u(n+1) πnu, we see that ‖c‖ < ε and u belongs to the

segment [(c,−1), (0n, λ)] (see Fig. 3(a)).
The remaining relations are trivial (see Fig. 3(b) and 3(c)). �

5.5. If x is a quasi-interior point of a projective convex set C ⊂ RN; then, in view of Lemma 3.7,
we might expect that C includes a parallelotope centered at x. Nevertheless, the proof of the lemma
provides only the existence of a parallelotope P ⊂ C whose center is different from x and, moreover,
x /∈ P . The following example shows that the above circumstance is significant:

Example. There is a projective convex subset C ⊂ RN such that 0 ∈ qiC, but C does not include
any parallelotope centered at the origin.

� Consider the sequence of Cn ⊂ Rn (n ∈ N) defined recursively as follows (see Fig. 4):

C1 := [−1, 1],

Cn+1 := co
(
Cn×{−1} ∪ {(0n, λn)}

)
,

where the reals λn > 0 are chosen so that max
{
λn,

λn
λn+1‖Cn‖

}
� 1

n .

Fig. 4
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By 5.4, the convex sets (Cn)n∈N form a projective sequence, with 0 ∈ intCn and ‖Cn ∩ −Cn‖ � 1
n

for all n ∈ N. Put C := lim←− Cn. From 1.8 it follows that 0 ∈ qiC. On the other hand, had C included
a parallelotope centered at the origin, there would exist c ∈ C∩−C with c(1) �= 0, and then the following
contradictory relations would hold for all n ∈ N:

|c(1)| � ‖πnc‖ � ‖πn(C ∩ −C)‖ = ‖Cn ∩ −Cn‖ � 1

n
. �

5.6. We strengthen the previous example and show that, in the case under consideration, the point
0 ∈ qiC does not belong to any parallelotope included in C.

Lemma. Let P ⊂ RN be a parallelotope and let x ∈ P . Then there is a parallelotope Px centered
at x such that Px ⊂ P .

� By 3.4, there exist z ∈ RN and Δ ∈ 
+(RN) such that P = z + Δ(Π1
0). As is easy to see,

y := Δ−1(x− z) ∈ Π1
0. Define r ∈ ]0,∞[N by putting r(n) := 1− |y(n)|. Then y +Πr

0 ⊂ Π1
0 and so

Px := x+Δ(Πr
0) = z +Δy +Δ(Πr

0) = z +Δ(y +Πr
0) ⊂ z +Δ(Π1

0) = P. �

Corollary. If C does not include any parallelotope centered at x, then C does not include any
parallelotope P such that x ∈ P .

Therefore, every projective convex set C ⊂ RN with nonempty quasi-interior includes some parallelo-
tope, but these parallelotopes do not always cover the quasi-interior of C.

5.7. A convex set C is quasilocally bounded at x ∈ qiC, if x ∈ qiB for some bounded subset B ⊂ C.
A space X is quasilocally bounded, if every convex set C in X is quasilocally bounded at each point
x ∈ qiC (see [1, § 5]).

According to [1, 5.10], RN is quasilocally bounded, but 5.6 implies that the parallelotopes do not form
a “base for quasilocal boundedness”: if x is a quasi-interior point of a convex set C ⊂ RN, then x ∈ qiB
for some bounded subset B ⊂ C, but it may occur that there are no parallelotopes among these B.
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