ISSN 0037-4466, Siberian Mathematical Journal, 2024, Vol. 65, No. 2, pp. 265-278. (© Pleiades Publishing, Ltd., 2024.
Russian Text © The Author(s), 2024, published in Sibirskii Matematicheskii Zhurnal, 2024, Vol. 65, No. 2, pp. 258-276.

QUASIDENSENESS IN RN AND PROJECTIVE PARALLELOTOPES
A. E. Gutman and I. A. Emelianenkov UDC 517.98

Abstract—We establish two new criteria for the closedness of Archimedean cones in countable-dimen-
sional locally convex spaces in terms of projective parallelotopes and projective automorphisms. We also
answer some open questions about quasidenseness and quasi-interior.
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The paper [1] provides an exhaustive description of the class of the locally convex spaces whose
all Archimedean cones are closed. Namely, there is introduced the concept of quasidense subset of
a locally convex space and shown that the class consists of all finite-dimensional spaces and all countable-
dimensional spaces X whose topological dual X’ is quasidense in the algebraic dual X# equipped with
the weak topology o(X # X ). The use of the concept of quasidenseness made it possible to solve a few
problems related to Archimedean cones, but the concept remains new and little studied, as evidenced in
particular by the list of open questions at the end of [1]. In the case of dim X = |N|, the locally convex
space (X #. o(X # X )) is isomorphic to RN; therefore, the primary task of the study is the characterization
of quasidense subsets in RN. The article is devoted to solving this problem.

In the auxiliary Sections 1 and 2, we give preliminary information and consider the automorphisms
of sequence spaces. In the central Section 3, we introduce and study the concept of projective parallelotope
and prove two new criteria for quasidenseness in RN. Sections 4 and 5 answer the four open questions
posed in [1], as well as the questions on the representativeness of parallelotopes in their connection with
quasidenseness and quasi-interior.

§1. Preliminary Information

We start with clarifying the general notation and terms and also reproduce some of the definitions
and facts in [1] so that the article be suitable for independent reading. A more complete set of relevant
information, including proofs and examples, is available in [1] and the literature cited therein.

1.1. The symbol “C” denotes the nonstrict inclusion of sets. The assignment symbol “:=" introduces
notation and indicates the equalities valid by definition.

Let N stand for the naturals {1,2,...}. The rationals and reals are denoted by Q and R. By R we
denote the collection {A € R: XA > 0} of positive reals. The set R is endowed with the standard operations
and topology that make R a field and a locally convex space. We designate as Ry, the set of reals endowed
with the discrete topology. Closed and open numerical intervals are denoted by [, 5] and ]« 5.

By lin S, co 5, clS, and int .S we designate the linear span, the convex hull, the closure, and the
interior of a set S in a vector or topological space under consideration.

1.2. In what follows, by a vector space we mean a vector space over R. The term subspace means
a vector subspace. A subset K of a vector space is a cone, if K+ K C K, R*K C K, and KN—K = {0}.
A cone K in a vector space X is Archimedean whenever the ordered vector space (X, <) is Archimedean,
where r <gy<ey—x € K.

1.3. If X and Y are vector spaces, let L(X,Y") denote the vector space of linear operators from X to Y.
By X7 we denote the vector space L(X,R) algebraically conjugate to X. If X and Y are topological

Original article submitted December 24, 2023; revised December 24, 2023; accepted January 28, 2024.
265



vector spaces, then £(X,Y’) stands for the vector space of continuous linear operators from X to Y,
and X' is the space L£(X,R) topologically conjugate to X. We use L(X) and £(X) as abbreviations for
L(X,X) and £(X,X). Let Aut(X) designate the set of automorphisms of a topological vector space X,
i.e., the set of bijections T: X — X such that T,T~! € L(X).

1.4. By RY we denote the subspace of RN consisting of finitely supported sequences, i.e., of the
functions s: N — R whose support {n € N : s(n) # 0} is finite. Tuples z = (z(1),...,2(n)) € R", with
n € N, are traditionally regarded as functions z: {1,...,n} — R. In what follows, we use the notation

en = Xy = (o,...,o,(rll),o,o,...) e RY,
RN :=1lin{er,...,e,} = {s € RY : s(m) = 0 for m > n}.
The linear operator m,: RN — R is defined by
MTpS = s‘{17...’n} = (8(1), e s(n)) (1)

We will use (1) not only for sequences s € RN but also for tuples s € R™, with m > n. We also put
R := {0} and mps := 0 € R” for convenience.

1.5. Vector spaces X and Y form a dual pair with respect to duality (-|-), if (-|-): X xY — R
is a bilinear functional such that ker (:| = {0} and ker|-) = {0}, where (z| = (z|-) € Y# (2 € X) and
ly) = (-|y) € X# (y€Y). These spaces X and Y are endowed by default with the corresponding
weak topologies o(X,Y) and o(Y, X) and thereby become some Hausdorff locally convex spaces that
we denote by X|Y and Y|X. In this case, the mappings (-|: X — Y’ and |-): Y — X’ (or, more precisely,
(]: X|Y — (Y|X)" and |-): Y|X — (X|Y)') are linear and topological isomorphisms.

1.6. The space R™ with n € N is considered in the dual pair with R”, where (x|y) = > i, z(4)y(7).
The spaces R}, and R™ are regarded by default as a dual pair with respect to (z|y) = 3, o z(n)y(n)
and endowed with the corresponding weak topologies: RN := [RE;H[RN and RN := [RN}[RE;ID. We imply the
same duality when considering locally convex spaces of the form [R,";HY, where Y is a subspace of RN
satisfying the following equivalent conditions (see [1, 3.5 and 3.6]):

(a) RN and Y form a dual pair with respect to (z|y) =3, o z(n)y(n);
(b) the weak topology o (R, Y) is Hausdorff;

(c) Y is dense in RN|RY;

(d) Y is dense in RY';

(e) m,Y =R" for all n € N;

(f) mhen € m,Y for all n € N.

1.7. A set S C RN is projective (see [1, 7.1]) if S is closed in RY or, which is the same, S contains
every s € RN satisfying m,s € 7, S for all n € N.
Arbitrary Cartesian products [, o An, with A, C R, are examples of projective sets. Moreover,
every closed subset of RN is also closed in RY and, therefore, projective.

A sequence of sets S, C R™ (n € N) is projective (see [1, 7.1]) if it has the following equivalent

properties:
(a) there is a set S € RN such that S, = 7,5 for all n € N;
(b) Sy, = Sy, for n < m;
(¢) Sy = mpSpy1 for all n € N.
In this case,
ﬂ 1 (Sn) = {s eRN:mse S, forallne D\l}
neN
is the projective limit of (Sy)nen which is denoted by lim S, (see [1, 7.3]). The projective limit lim S,
is the largest among the sets S satisfying (a), presents the only projective set among them, and coincides
with the closure of each of them in the topological space RY.
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1.8. The quasi-interior qi S of a subset S in a Hausdorff locally convex space X is defined as follows:
qiS :={zeS:cdR"(S—z)=X}.

The elements of qi S are the quasi-interior points of S. A set S is quasiopen whenever qi.S = S.
Theorem [1, 4.13]. If C C RN is convex, then

qiC ={ce C:myc e intm,C for all n € N}.
In particular, a convex set C' is quasiopen in RY if and only if each projection m,C' is open in R™.

1.9. An open box in RY is a set of the form [I.cn Ans with A, open subsets of R. The boz topology
on R is that for which the open boxes serve as basic open sets. For every z € RN, the open convex boxes

[112() = r(n), 2(n) + (), r(n) >0, (2)

neN

form a base of neighborhoods of z in the box topology.

Proposition [1, 7.8]. An arbitrary open convex box in RN is an example of a projective quasiopen set.
Moreover, all subsets of RN open in the box topology are quasiopen.

1.10. A subset S of a locally convex space X is quasidense in X, if SN B # @& for every closed
bounded convex set B C X with nonempty quasi-interior (see [1, 6.2]).

Proposition [1, 6.4]. All quasidense sets in RN are dense.

1.11. Proposition [1, 8.8]. The following properties of S C RN are equivalent:

(a) S is quasidense in RN;

(b) if C is a compact convex subset of RN and qi C # @, then S N C # @;

(c) if B is a nonempty projective bounded quasiopen convex subset of [R'N then S N B # &;

(d) if (Bn)nen is a projective sequence of nonempty bounded open convex sets, then SNlim B, # &;
(e) if C is a projective convex subset of RN and qi C # @, then S N C # @.

.12. Theorem [1, 8.5]. Let Y be a dense subspace of R.
(a) All Archimedean cones in RY |Y are closed if and only if Y is quasidense in RV,
(b) If C is a compact convex subset of RN, qiC # @, and Y N C = & (see 1.11(b)), then

{z e RN - (z]c) >0 for c € C}
is an example of an Archimedean cone that is not closed (moreover, it is dense) in [R‘”;’n‘Y.

§ 2. Inductive and Projective Automorphisms

In this auxiliary section, we clarify the form of the numerical matrices that represent continuous
linear operators in sequence spaces, and study the operators corresponding to upper triangular and lower
triangular matrices.

2.1. Let X and Y be a dual pair of vector spaces and let 7" € £(X). As is known, in this case there
is a unique mapping 7": Y — Y satisfying (Tz |y) = (x| T"y) for all x € X and y € Y. The mapping 7"
belongs to £(Y') and is referred to as dual to T (see [2, 11-1]). Given S € L(Y), the dual §" € L(X) of S
is defined similarly.

Every operator T € L£(X) is dual to 77 € L(Y), and every S € L(Y) is dual to S’ € L(X); ie.,
T" =T and 8" = S.

Given T€ L(X), the conditions T'€ Aut(X) and T"€ Aut(Y') are equivalent. In this case, (T—1)'=(T")"1

In what follows, the role of X and Y will be played by the pair of RY and RN. Owing to the relation

([Rg\ln) ([REH) all linear operators 7: RY, — R} are continuous; i.e., L(RY) = L(RE).
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2.2. We use the term matriz for a numerical family p € RNXN

p(m,-) (m,n € N) the columns and the rows of pu:

and call the sequences p(-,n) and

p(L 1) pu(1,2) p(1,3) p(Ln)

p(2,1) p1(2,2) p(2,3) p(2,n)

p(3:1) p1(3,2) p(3,3) p(3,n)

’M(m7 1) M(m7 2) M(mv 3) ﬂ(mvn) ‘ M(mv‘)
N’('?n)

wu(-,n) = (u(m,n))meN € RM is the nth column (n € N) of the matrix p,
u(m,-) = (u(m,n))neN € R is the mth row (m € N) of the matrix .

The transpose p* of a matrix u is defined by the formula p*(m,n) := u(n,m) for all m,n € N.

A matrix g is column finitary (row finitary) whenever u(-,n) € RN for all n € N (respectively,
w(m,-) € RY for all m € N). The special cases of column finitary and row finitary matrices are upper
triangular and lower triangular matrices, i.e., such pu, A € RN*N that u(m,n) = 0 for m > n and
A(m,n) =0 for n > m:

0 ,LL(Z, 2) (2v 3) ,LL(Z, n) T )‘(27 1) )‘(27 ) 0 0 0

0 0 wu(3,3) - u(3,n) - A1) A3,2) AB.3) 0 e 0 e
0 0 (| ce e
0 0 o - 0 .- cee e e

2.3. Column finitary matrices g and row finitary matrices A are associated with the mappings
p’: RY 5 RN and \: RN — RN defined as follows:

(u z)(m) := (x| u(m Zumn ), zeRN meN,
neN

(Ny)(m) := (A(m,-) [y) = > _ Am,n)y(n), yeRY, meN.
neN

(Let us demonstrate why "z € RY for 2 € RY . Indeed, since the columns p(-,n) are finitely supported,
there is a sequence of naturals m, such that p(m,n) = 0 for all m > m,. Therefore, if (n) = 0 for
n > k, then (p"z)(m) = ZZ L(m,n)z(n) = 0 for m > max{my,...,my}.)
Given an operator T in L(RY,) or L(RM), define the matrix [T] € RN*N as follows:
[T](m,n) == (Te,)(m), m,n e N.

2.4. Proposition (cf. [2, 11-1-6, 11-1-10, and 11-1-11]).

(a) If p is a column finitary matrix, then p* € L(RY,) and [p"] = p.

(b) If X is a row finitary matrix, then X' € L(RN) and [\'] = \.

(c) If V € L(RY,), then [V] is a column finitary matrix, [V]" =V, V' € L(RY), and [V'] = [V]".

(d) If A € L(RN), then [A] is a row finitary matrix, [A]Y = A, X' € L(RY), and [A] = [A]".

< Only (d) needs demonstration. Let A € £L(RN). Then

[A](m,n) = (Aen)(m) = (em | Aen) = (Nem | en) = (Aem)(n)
for all m,n € N. This means [A](m, ) = Ne,, € RY; i.e., [A] is row finitary. Next,
([A]"en)(m) = ([Al(m,-) [en) = ([A](m,))(n) = [A](m,n) = (Aen)(m)

for all m,n € N; whence, using the denseness of lin{e,, : n € N} in RN and the continuity of A and [A]
(see (b)), we infer [A]Y = A. The equality [A'] = [A]" is obvious. >
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2.5. Proposition. The following properties of V € L([Rf'ﬁn) are equivalent:
(a) [V] is an upper triangular matrix;

(b) V(RY) c RY for all n € N;

(c) Ve, € RN for all n € N.

An operator V € L(RY)) with the equivalent properties (a)—(c) is inductive.

2.6. Proposition. The following properties of A € L(RY) are equivalent:
(a) [A] is a lower triangular matrix;

(b) ify € RN, n € N, and m,y = 0; then 7,Ay = 0;

(c) ify,z € RN, n € N, and m,y = T,2; then m,Ay = 1,Az;

(d) mpAepy1 =0 for all n € N.

An operator A € £(RN) with the equivalent properties (a)-(d) is projective.

2.7. Proposition. (a) V € L(RY) is inductive if and only if V' € L(RY) is projective.
(b) A € L(RN) is projective if and only if N' € L(RY,) is inductive.

2.8. Proposition. (a) For every sequence of x, € RY, there is a unique operator V € L(IR?;L) such
that Ve, = x,, for alln € N. This operator V is inductive.

(b) If a sequence of y,, € RN satisfies the condition m,y,,1 = 0 for all n € N, then there is a unique
operator A € L(RN) such that Ae, =y, for all n € N. This operator A is projective.

< Item (a) does not need any demonstration.

(b): By hypothesis, the matrix A defined by A(m,n) := y,(m) is lower triangular, and so A := \’
is the required operator (see 2.4(b)). The uniqueness of this operator follows from its continuity and the
denseness of lin{e, : n € N} in RY; its projectivity is due to 2.6(d). >

2.9. Proposition. Let A € L(RY) be projective.

(a) A is continuous as a mapping from RY into RY.

(b) If P is a projective subset of RN; then A~!(P) is a projective subset of RN,

(c) If im A = RN and Y is a dense subspace of RN; then A(Y) is a dense subspace of R.

< Item (a) is easy to prove using 2.6(c). Items (b) and (c) follow from (a) by 1.7 and 1.6(d)
respectively. >

2.10. Proposition. Let V € L([REH) be inductive. The following properties of V are equivalent:
(a) V € Aut(RY);

(b) Ve, (n € N) are linearly independent;

(c) [V](n,n) #0 for all n € N.

< The implication (a)=-(b) is trivial.

(b)=>(c): Since Ve; € RY (see 2.5(c)) and Ve; # 0; therefore, [V](1,1) = (Vey)(1) # 0. Now let
n > 1. From (b) it follows that Ve, ..., Ve,_1 form a basis for RY_,. If [V](n,n) = (Ve,)(n) were equal
to zero; then, as Ve, € [RE;I, the relations Ve, € [R;'j_l = lin{Vey,...,Ve,_1} would be valid contrary
to the linear independence of Ve, ..., Ve,.

(c)=(a): Since an upper triangular n x n matrix with nonzero diagonal entries is invertible; we con-
clude that Ve, ..., Ve, form a basis for R} for each n € N, whence {Ve,, : n € N} is a basis for RY.

An inductive operator V € L(R},) with the equivalent properties (a)—(c) is an inductive automor-
phism. An inductive automorphism V is positive, if [V](n,n) > 0 for all n € N. Let V+([RP§“) stand for
the set of all positive inductive automorphisms.
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2.11. Proposition. Let A € L(RY) be projective. The following properties of A are equivalent:

(a) A € Aut(RN);

(b) Ae, (n € N) are linearly independent and clim A = RY;

(c) [A](n,n) #0 for all n € N.

< The implication (a)=-(b) is trivial.

b)=(c): Show that A'e, (n € N) are linearly independent in RY . Indeed, if Aj,...,\, € R and
Yoy AilNe; =0, then

y> =0

for all y € RY; whence, by the denseness of im A in RN, we infer Yoy dieg=0andso A\; =--- =\, =0.
Owing to 2.4(d), 2.7(b), and 2.10, we have [A](n,n) = [A]"(n,n) = [A](n,n) # 0 for all n € N.
The implication (c¢)=(a) is also easily deduced from 2.4(d), 2.7(b), and 2.10. >

The requirement clim A = R™ in (b) is essential. The shift operator A(y) = (0,y(1),y(2),y(3),...)
serves as a counterexample.

A projective operator A € £(RN) with the equivalent properties (a)—(c) is a projective automorphism.
A projective automorphism A is positive provided that [A](n,n) > 0 for all n € N. Let AT(RN) stand for
the set of all positive projective automorphisms.

2.12. The following is an immediate consequence of the above:
Proposition. (a) For all V € L(RY) and A € L(RY),

VeW%Ry) & Ve ®RY;
Ae NRY) & Ne Vi (RY).
(b) Vi (RE,) and A" (RN) are subgroups of Aut(R},) and Aut(R™) under the composition of operators.

8 3. Projective Parallelotopes

In this section, we introduce the concept of projective parallelotope, establish the connection between
parallelotopes and inductive and projective automorphisms (Theorem 3.4), and prove two new criteria
for quasidenseness in RN in terms of parallelotopes and automorphisms (Theorem 3.8).

3.1. Given 3 = (3¢,)nen € [[en R” and r € ]0, 00, put

I, = {y e RN |y(1)] < (1), ‘y(n 1) - Z%n(i)y(i)‘ <r(n+1)forallne D\l}.
=1

In what follows, we assume s¢ := 0 € R? for convenience. (Recall that R := {0} and my := mox := 0 € R°
for y € RN and z € R™.) With this convention adopted, we see that

I, = {y eRN: ‘Z/(”) — (stn—1| 7Tn_1y>‘ < r(n) for all n € D\l}.

The set z + II7, with z € RN, is the parallelotope (more precisely, the projective parallelotope) with
center z, tilt s, and radius r.
Denote by IIjj the parallelotope with zero center 0 RN, zero tilt (0,0,...) € [I,cn R, and radius

r €10, 00™; and by 11}, the parallelotope 15"

0= {y e RN: |y(n)| < r(n) for all n € D\I},
4= {y e RY: [y(n)| < 1 for all n € N}.
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3.2. From the following lemma it is clear that each projection m, P of a parallelotope P C R is
an open parallelotope in R™, i.e., an open n-dimensional parallelepiped:

Lemma. Let 5 € [, R", r €]0,00™, n € N. Then

Il = {z € R" : |2(m) — (1| Tm—12)| < r(m) for m=1,...,n}

={zeR": my_12 € 111}, and |z(n) — (3en—1 | T12)| < 7(n)}.
< The inclusion “C” is obvious. Now suppose that z € R" and

|z(m) — (sam—1 | Tm_1z)| <r(m), m=1,...,n.
Define y € RN by putting 7,y := x and y(m) := 3.7 " sm_1(i)y(i) recursively for m > n. Then y € IT},
and so z € m, 1l ,. >

3.3. Proposition. Every parallelotope uniquely determines its center, tilt, and radius: if z + 117, =

/
2 +1I7,, then z = 2/, »x = 5, and r =1r’.

qlet 2+ 11, =2 + H;’,. First of all, note that z = 2/, since a nonempty bounded set cannot have
two centers of symmetry. Therefore, we may assume that z = 2’ = 0.

Consider n € N and show that r(n) = r/(n) and »,_1 = 5/, ;. The case n = 1 is trivial. Let n > 1.
For each z € m,11II, = Wn_lﬂ’;,, by 3.2 we see that

A= Gt |2)| <r(n) & (2,0) €emll, & (z,)) € mlll, < A= (e, y | 2)| < 7'(n)

for all A € R; whence r(n) = r'(n) and (s,—1 |x) = (3¢, | z). Since = € m,_11I, is arbitrary, the last
equality means that the functional (3¢,—1 — 5, ;| is constant on 7,_11II},. Consequently, »,_1 = 3, ,,
as m,_1117, is a neighborhood of the origin in R"~! by 3.2. >

3.4. Theorem. The following properties of P C RN are equivalent:

(a) P is a parallelotope centered at the origin; i.e., P = II, for some 5 € [], .y R" and r € ]0, co[M;

(b) P={y € RN : [(Ven |y)| <1 for all n € N} for some V € V;(R);

(c) P = A(I1}) for some A € A"(RN).

Moreover, s, r, V, and A are uniquely determined by P and satisfy the following:

1
r(n) = Ve o) -1 = —1(n) Th_1Vey; (3)
Ve, = r(ln) (=sn-1(1),..., —5p-1(n—1),1,0,0,...); (4)

A= (V)= (VY v=@) =@y,

< (a)=(b): Let s and r meet (a). According to 2.8(a), there is an inductive operator V satisfying (4)
for all n € N; moreover, V € V,(RY), since [V](n,n) = (Ve,)(n) = ﬁ > 0. It remains to note that
1

r(n)

y(n) — <r(1n)%"_1 ‘ wn_1y>‘ <1l & |(Ve,|y)| <1

ly(n) = (stn—1 | Te1y)| < r(n) <

for y € RN and n € N.
(b)=(c): Let P and V satisfy (b). By 2.12, V/ and A := (V’)~! belong to the group A"(RM).
Moreover, for all y € RN and n € N, the inequality [(Ve, |y)| < 1 is equivalent to [(V'y)(n)| < 1, and so
yeP & Vyclll & ye (V) 'I1) = A(TI).
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(c)=(a): Let A € A(RN) and P = A(II}). Owing to 2.12, the operator V := (A~!)" belongs
to V+([Ri'll\'n) Define r and » in accordance with (3) and show that P = II%,. Indeed,

(A7) () = (e | AMy) = (A en |y) = (Ven|y)

- <Ven><n>y<n> T (a1 Ven | Tno19) !

= —svn) = (o e | macaw)

for ally € RN and n € N. Consequently, the inequalities [(A™'y)(n)| <1 and |y(n) — (360—1 | Tp—1y)| <7(n)
are equivalent, and so
yeP & yecA(ll}) & Alyell] & yell’.

Demonstrate the uniqueness of s, r, V, and A in the claim. The uniqueness of s and r is justified
in 3.3. If V meets (b); then, as is seen from the proof of the implication (c)=-(a), the equality P = II,
holds, where r and s are determined by (3). Then 3.3 implies that P uniquely determines the values Ve,
with n € N and hence the operator V. If A satisfies (c), then V := (A~1)’ satisfies (b), and so P uniquely
determines V and A = (V')~!

3.5. The following is a consequence of 2.12(b) and 3.4:
Corollary. If P is a parallelotope and A € A'(RY), then A(P) and A™'(P) are parallelotopes.

3.6. Corollary. Fach parallelotope is a nonempty projective bounded quasiopen convex subset of RN,

< The properties listed are enjoyed by II}; therefore, according to 2.9(b) and 2.12(b), they are also
enjoyed by every set of the form z + A(I}), with z € RN and A € A"(RY). It remains to refer to 3.4. >

3.7. Lemma. Let C be a projective convex subset of RN. Then qi C' # @ if and only if C' includes
some parallelotope.

< Sufficiency follows from 3.6. Show necessity. Assume that 0 € qi C. According to 1.8, the projec-
tion m,C' is a neighborhood of the origin in R™ for each n € N; therefore, there are sequences of elements
¢n, € C and reals €, > 0 such that

TpCn = EnTneyn for all n € N.
Since T,Cn11 = TnTni1Cni1 = Tn(Ent1Tniient1) = 0; by 2.8(b), there is a projective operator A € L(RN)
such that Ae, = Qn%cn for all n € N. Moreover,
1 1 1
[Al(n,n) = (Aey)(n) = ch(n) = W(”ncn)(n) = ﬁ(anwnen)(n) >0,

and so A € AY(RY). From 2.9(b) it follows that D := A™'(C) is a projective convex subset of RN, with
0 € D and 2"*e, € D for all n € N. Put 2 := (1,1,...) € RN and show that 2 + I} C D.

Let y € Hé. Since D is projective, it suffices to fix n € N and establish that = := m,(z + y) € m,D.
Given i € {1,...,n}, we have z(i) = 1 + y(¢), with |y(7)| < 1, and so 0 < z(i) < 2. Consequently,

o

x =xz(1)mper + x(2)mpes + -+ - + x(n)mpe,

= @M(‘lel) + xg)ﬂn(S@) + - z(n) (2" ey, (1 — Z

4 on+1 n
=1

8

\V)

and hence x belongs to m, D as a convex combination of the elements
Tn(der), mp(8€2), ..., Ty (2”+16n),0 e m,D.

From z + I} C D it follows that C = A(D) includes the parallelotope Az + A(I1}) (see 3.4). >
In connection with 3.7, the question arises naturally as to whether the parallelotopes form a “quasi-
interior base” in the following sense: If C' is a projective convex subset of RN and z € qi C, then does C

include a parallelotope centered at x or at least a parallelotope containing 7 The answer is given below
in 5.5 and 5.6.
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8. Theorem. The following properties of S C RN are equivalent:
) S is quasidense in RY;

) S has nonempty intersection with every parallelotope;

) A(S) is box dense in RN for every A € AF(RN).

4 The equivalence (a)<(b) follows from 1.11, 3.6, and 3.7.
b)=(c): Let A € A"(RN). Since every basic open box

B =[] J2(n) = r(n), 2(n) + r(n)[

neN

3.
(a
(b
(

C

(see (2)) is the parallelotope z + IIjj; by 3.5, the set A'(B) is also a parallelotope. Then (b) implies
SNA™(B) # @ and hence A(S) N B # @.

(c)=(b): By 3.4, every parallelotope has the form z+ A(II}) for some z € RN and A € AT(RY). Since
A7l e AY(RY) (see 2.12(b)) and A™lz + I} is a box; from (c) it follows that A~1(S) N (A~ 2 +11}) # @
and so SN (z + A(I)) # 2. b

3.9. Corollary. If S is a quasidense subset of RN and A € A"(RYN), then A(S) is quasidense in RN,

§4. Examples

In this section, we provide some counterexamples to the three conjectures in [1] on the polars of cones
[1, 9.6], on connections between quasidenseness and projectivity [1, 9.7], and on the spaces with all linearly
independent sets closed [1, 9.11].

4.1. If X and Y is a dual pair of vector spaces; then, given S C X, there are defined the polars
(see [1, 3.7])

Ci={yeY: (s

Ti={yeVY:(s

A sequence of subsets S, C RY (n € N) is inductive (see [1, 8.1]) if it has each of the following

equivalent properties:

(a) there is S C RY such that S, = SNRY for all n € N;
(b) Sy = Sm NRY for n < m;
(¢) Sp=Snt1NRY for all n € N.
In this case, the set S satisfying (a) is unique and equal to J, ¢y Sn-

y) >0 for all s € S};

|
|y) > 0 for all s € S\{0}}.

Lemma [1, 8.3]. If K, C RY with n € N is an inductive sequence of closed cones, then (1, K,)®
with n € N is a projective sequence and

lim (7, K)® = ( U Kn>EE.

neN
The following example gives the negative answer to the question [1, 9.6] as to whether the sequence
of polars (7, K,)® is projective in this situation:
ExaMpPLE. Consider the closed cone K3 := R*({1} x D) C R3, where D = {(y, 2) : 4>+ (2 —1)?> < 1}
(see Fig. 1).

1
Fig. 1 Fig. 2
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Put RS := R? x {0} C R3, Ky := m(K3NR3) = {(x,0) : z > 0}, and show that K # mKj. Indeed,
(0,1) € K3, but no triple (0,1, \), with A\ € R, belongs to K3 ; since the half-plane {(y, 2) : y + Az < 0}
intersects the circle D for every A € R (see Fig. 2), and, given a pair (y, z) in the intersection, we have
(1,9,2) € K3 and ((1,,2)|(0,1,\)) = y + Az < 0. Therefore, for S := K3 x {(0,0,...)} C R} the
sequence of polars (m,(S N IR;';'))@ is not projective.

4.2. According to 1.11, the quasidenseness of S C RN is equivalent to each of the two conditions:

(a) S intersects every nonempty convex set B C RN that is bounded, quasiopen, and projective;
(b) S intersects every convex set C' C RN that has nonempty quasi-interior and is projective.

The example presented below answers the question [1, 9.7] and shows that the projectivity requirement
for B and C in (a) and (b) is essential even for the case that S is a dense vector subspace of RN.

EXAMPLE. There exist a quasidense (and therefore dense) subspace Y C RN and a nonempty
bounded quasiopen convex subset B C RN such that Y N B = @.

< Let T be a transcendence basis for R over Q, i.e., a maximal algebraically independent subset of R
over Q or, which is the same, an algebraically independent subset T" of R over Q such that algQ(T") = R.
(Here Q(T) is the subfield of R generated by T'; and alg F' is the subfield of R consisting of all reals that
are algebraic over a subfield F' C R) Consider a sequence (t,)nen of pairwise distinct elements in 7" and
put Ty := T\{t, : n € N}, T, := Ty U {ty,...,tn}, and F,, := algQ(T},). Then (F,)nen is a sequence
of subfields of R with the properties

(i) F, C Fh4q for all n € N;

(iii) R is infinite-dimensional as a vector space over F;, for each n € N.

Indeed, owing to the equality algQ(T) = R, for every A € R there is a nonzero polynomial p(z)
with coefficients in Q(7") such that p(\) = 0; whence, by the obvious relations Q(7,,) C Q(7,+1) and
QT) = Upen Q(Tn), it follows that all coefficients of p(x) belong to Q(7},) for some n € N, and so
A € algQ(T},) = F,,. Moreover, it is easy to see that F,, # R and, given A\ € R\ F},, the reals A\, A2, \3,. ..
are linearly independent over F,.

According to (iii), there is a sequence of x,, € RY such that, for each n € N, the reals x,,(1), ..., z,(n)
are linearly independent over F,,, and z,(n) > 0. Consider the automorphism V € V+([R”ﬁi) with values
Ve, =z, for all n € N (see 2.8(a) and 2.10), and put

V=V (1inQ"), B:={beIljnRE :b(1)>0}.

It is clear that B is nonempty, convex, bounded, and quasiopen (see 1.8). Using 1.11(d), it is easy
to show that lin QN is a quasidense subspace of RN. Next, V' € AT(RN) (see 2.12(a)), and hence YV
is quasidense in RN (see 3.9). The denseness of Y in R follows from its quasidenseness according to 1.10
(see also 2.9(c)). To complete the proof, it suffices to establish the equality Y N RY = {0}.

Show that V'z ¢ RY for every nonzero z € lin QY. Let

k
Z:Z)\jq]‘, )\jGIR, q]‘GQN,
j=1

and assume that z(I) # 0 for some [ € N. Owing to (i) and (ii), there is m > [ such that Ay, ..., Ay € Fpy,.
Consider n > m and show that (V’'2)(n) # 0. Indeed, 2(i) = E?:l Ajqj(i) € Fy, C Fy, for all i € N. Then
(xn|2z) =1 xn(9)2(7) is a linear combination of the reals (1), ..., xy(n) that are linearly independent
over F),, with coefficients z(1), ..., z(n) € F,,; and the combination is nontrivial, since n > [ and z(l) # 0.
Therefore, (2, | z) # 0. It remains to note that (z, |2) = (Ve, |2) = (e, | V'z) = (V'2)(n). >
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4.3. In [3], some examples are provided of dense proper vector subspaces Y C RN for which all
linearly independent sets are closed in RY ‘Y (see [3, 4.8]); and it is shown that the existence of a nonclosed
linearly independent set implies the existence of a nonclosed Archimedean cone (see [3, 4.7]). The question
whether the converse holds was left open and formulated explicitly in [1, 9.11]. The example presented
below gives the negative answer.

Given a numerical sequence (\,)nen and a real A, write A,, = A if A, — X and there exists n € N
such that A\, # A for n > n. Call A C R sparse if A has the equivalent properties

(a) A is closed and discrete;

(b) all bounded subsets of A are finite;

(c) there are no sequences (A\,)nen in A and reals o € R such that A\, — a.

Lemma. The set
Aag,...,op) == {a12™ + -+ 2™ : ny,...,ng € N}

is sparse for all k € N and aq,...,a; € R.

4 Proceed by induction on k. The sparseness of A(a) = {a2" : n € N} for every « is clear. Suppose
that A(B1, ..., Br—1) is sparse for all f1,..., Bk_1, consider arbitrary a1, ..., ax, and assume to the con-
trary that A(ary,...,ag) is not sparse. Then there exist sequences v1,...,v, € NN and a real o such that

A(n) == 21 oy 2 ()
The current goal is to find a contradiction.

Observe that each of the sequences vy, ..., tends to infinity. Indeed, if, for example, 1y - oo;
then 11 has a constant subsequence vy (n,,) = i. In this case,

M) = 0128 4 a9272("m) o4y ove(m) _y

and then ‘

2v2(m) o g 2vk () o — 21
despite the sparseness of A(ag,...,ax).

Put p(n) := min{v1(n),...,vk(n)} —1 (n € N). Then

A(n) = 2#() (0112“1(") 4ot akQﬂk(”))7
with p;(n) = vi(n) — p(n). Moreover, u(n) — oo and, for each n € N, at least one of the naturals
p1(n), ..., pe(n) is equal to 1. For definiteness, assume that pq has a constant subsequence pq(n,,) = 1.

In this case,
A1) = 200 (20 4 p2k2(Mm) g g i)y

whence, as p(n,,) — oo it follows that ag2t2(m) o g 2kk(mm) 90 contrary to the sparseness
of A(ag,...,ax). >
EXAMPLE. Put Y = lin[[,.,{2""™ : m € N}. Then Y is a dense subspace of R™, and all linearly

independent sets in RY

Y are closed, but there are nonclosed Archimedean cones.
4 The space Y is dense in RY: since, for each m € N,

d-+ 2m+lem) - deY, whered= (2n+1)n€IN-

Em = om+1 ( om+1

The closedness of all linearly independent sets in RY. ‘Y can be proven in exactly the same way as in [3, 4.8].
According to 1.11(c), 1.9, and 1.12(a), in order to establish the existence of a nonclosed Archimedean
cone in R} Y, it suffices to show that ¥ N ]0,1[N = @. Each y € Y has the form

y(n) = a2 Lo gt — 9n N () (n e N),
where kK € N, aq,..., a5 € R, mi(n),...,mg(n) € N, and
An) = a 2™ 4 2 e Aoy, .. ap).
If y € ]0,1[N, i.e., 0 < 2"A(n) < 1 for all n € N, then A(n) — 0, which contradicts the sparseness
of A(ag,...,a). >
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8 5. Quasidenseness and Topological Denseness

In this section, we answer the question [1, 9.9] and establish that the quasidenseness in RN is not
equivalent to the denseness with respect to the box topology. We also give some examples related to the
question [1, 9.10] about the topological nature of quasidenseness and show that the parallelotopes do not
form a base for any topology and therefore do not characterize the quasidenseness in RN as a topological
denseness. Moreover, we give the negative answer to the question in 3.7 as to whether the parallelotopes
form a base for quasi-interior.

5.1. Lemma. There is a sequence » € [], .\ R™ such that
L, N 11 = {0}.

In particular, if Y CRN and 2 ¢ Y, then Y N (z +IIL) N (2 + 11}) = @.

< Let (Ny,)men be a partition of N into infinite subsets N, C N. Define » € [], ., R" by putting
%, = nmpem for n € Np,. Consider y € I1L, with nonzero value y(m) # 0 for some m € N, and show that
y ¢ 11§ Indeed, if n € Ny, and n > m, then (55, | T,y) = (nTnem | Tay) = ny(m) and so, as y € 1L,

ly(n +1) —ny(m)| = |y(n + 1) = (e | Tay)| < 1

for these n; in particular, [y(n + 1)| > n|y(m)| — 1. Therefore, sup,cy, |y(n +1)| = co0. >

5.2. According to 3.8, every quasidense subset of RN is box dense (see also 1.9 and 1.11(c)). As the
following example shows, the converse is not true even for dense vector subspaces of RN, which gives the
negative answer to the question [1, 9.9].

EXAMPLE. There is a dense subspace of RN that is box dense but not quasidense in RY.

4 Let Z be a box dense subspace of RN that does not include > and has dense intersection Z N ¢> in RN
(For example, lin QY is suitable for the role of Z.) Owing to 5.1, there is a parallelotope P centered at the
origin such that PNIT} = {0}. Using the absolute convexity of P, it is easy to show that (lin P)Né> = {0}.
Put Yy := Z N ¢*° +lin P and consider b € ¢*° not belonging to Z. As is easy to see, b ¢ Yy and so there
is a subspace Y C RN of codimension 1 such that Yy C Y and b ¢ Y. Since ZN{>® C Y, the space Y is
dense in RN, Moreover, P C Y and b ¢ Y imply Y N (b + P) = @; therefore, by 3.8, the space Y is not
quasidense in RN, It remains to show that Y is box dense in RN.

Consider s € RN and r € ]0,00[N and prove that Y N (s + IIj) # @. We may assume that r € £°°,
i.e., IIfy C £°°. Since codimY = 1, there exists o € R such that s — ab € Y. Owing to the box denseness
of Z in RN, there is an element z € Z N (ab + II};). The inclusion ab + II5 C £°° implies z € ZN{>®° C Y.
Moreover, z + s — ab € s + 1. Therefore, z+s—abe Y N (s +1Ij). >

5.3. From 5.1 it follows that the parallelotopes do not form a base for any topology. Despite the
fact that every quasidense subspace Y C RY intersects each parallelotope; if Y # RN, there exist two
parallelotopes P and ) with a common center such that

YNPNQ=2.

In particular, criteria 1.11 and 3.8 do not characterize the quasidenseness in RY as a topological denseness
even for vector subspaces. This observation, however, does not answer the question [1, 9.10] as to whether
there is a topology 7 on RN such that 7-denseness is equivalent to quasidenseness in RN,

5.4. In what follows, we consider each of the spaces R” (n € N) endowed with the Euclidean norm
Il :==|-]]2. Given S C R", put ||S|| := sup,cg ||s||. Denote by 0,, the origin (0,...,0) of R”. If € R" and
A € R, we designate the tuple (m(l), ... ,a:(n),)\) € R"*! as (z,\). In particular, (0,,\) = (0,...,0,)\) =
AMpiiens1 € R™TL
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Lemma. Suppose that n € N, C is a bounded convex subset of R™, 0 € int C, and A > 0. Define

the subsets D and D+ of R"! by putting
D :=co(Cx{-1}U{(0n,N)}), D*':={deD:d(n+1)=0}.

Then
(a) 0 € int D;
(b DNn—D Cc D*uU—-D*;
© 100 -D < |D"| - max{ A, 27 /C
(d) m,

(a) (b) (c)

(0, )

Cx{-1}

Fig. 3

< (a): By hypotheses, C' includes some ball {z € R™ : ||z|| < €}, € > 0. An elementary check shows
that the open neighborhood of the origin

U := {u c [Rn‘i’l . ||7Tnu|| + u(n + ]-) + 1

<1, un+1)> —1}

€ A+1
lies in D. Indeed, if u € U then, putting ¢ := % mru, we see that ||c|| < € and u belongs to the

segment [(¢, —1), (0n, A)] (see Fig. 3(a)).

The remaining relations are trivial (see Fig. 3(b) and 3(c)). >

5.5. If  is a quasi-interior point of a projective convex set C' C RN; then, in view of Lemma 3.7,
we might expect that C includes a parallelotope centered at x. Nevertheless, the proof of the lemma

provides only the existence of a parallelotope P C C' whose center is different from z and, moreover,
x ¢ P. The following example shows that the above circumstance is significant:

EXAMPLE. There is a projective convex subset C' C RN such that 0 € qi C', but C does not include
any parallelotope centered at the origin.

< Consider the sequence of C,, C R" (n € N) defined recursively as follows (see Fig. 4):
Oy = [-1,1],

Cry1 = co(Cy ><{—1} U{(On, An)})s
where the reals \,, > 0 are chosen so that max{)\n, 2 41Cn I} <L

Ch Co

Fig. 4
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1

By 5.4, the convex sets (Cp)nen form a projective sequence, with 0 € intC,, and ||C, N =Cy| <
for all n € N. Put C := 1<iLnCn. From 1.8 it follows that 0 € qi C". On the other hand, had C included
a parallelotope centered at the origin, there would exist ¢ € CN—C with ¢(1) # 0, and then the following
contradictory relations would hold for all n € N:

1
] < Nlmnel| < flma(CO=C) = [Ch 0 =Call < . b

5.6. We strengthen the previous example and show that, in the case under consideration, the point
0 € qi C does not belong to any parallelotope included in C.

Lemma. Let P C RN be a parallelotope and let € P. Then there is a parallelotope P, centered
at x such that P, C P.

4 By 3.4, there exist z € RN and A € A'(RY) such that P = z + A(II}). As is easy to see,
y = A™1(z — 2) € II§. Define r € |0, 00[N by putting r(n) := 1 — |y(n)|. Then y + IIj C I} and so

Poi=x+A()) =2+ Ay +A(L}) =2+ Ay +1I5) C 2z + A(Il) = P. >

Corollary. If C' does not include any parallelotope centered at x, then C' does not include any
parallelotope P such that x € P.

Therefore, every projective convex set C' C RN with nonempty quasi-interior includes some parallelo-
tope, but these parallelotopes do not always cover the quasi-interior of C.

5.7. A convex set C' is quasilocally bounded at x € qiC, if x € qi B for some bounded subset B C C.
A space X is quasilocally bounded, if every convex set C' in X is quasilocally bounded at each point
x € qiC (see [1, §5]).

According to [1, 5.10], RN is quasilocally bounded, but 5.6 implies that the parallelotopes do not form
a “base for quasilocal boundedness”: if x is a quasi-interior point of a convex set C' C RN, then = € qi B
for some bounded subset B C C', but it may occur that there are no parallelotopes among these B.
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