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Abstract—We introduce and study the concepts of injective and lateral convergence in a topological
space and obtain some results on the existence of homomorphisms of continuous Banach bundles, as
well as continuous and weakly continuous vector-valued functions and sections that take preassigned
values at the points of injectively and laterally convergent sequences.
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While speaking about continuous Banach bundles (CBBs), we use the terminology and notation of
[1; 2, 2.4]. In general topology, we follow the monographs [3,4]. In particular, the concepts of regular
and completely regular topological space include separation. By a neighborhood of a point we mean a set
that includes some open subset containing the point. The symbol “C” denotes the nonstrict inclusion.

If 2" and % are CBBs over a topological space @, the symbol Hom(Z ,% ) denotes the set of all
homomorphisms from 2" to #. (In [1,2] this set is denoted by Homg(Z , %), and its elements are
called @-homomorphisms in [1].) According to Theorem [1, 2.4.4], Hom(Z , %) coincides with the set
of all mappings H that assign bounded linear operators H(q) € B(ﬁ&”(q), @(q)) to points ¢ € @, have
locally bounded pointwise norm || H|| : ¢ € @ — |H(q)||, and satisfy the condition H ® v € C(Q, %)
for all u € C(Q, Z), where H®u : g€ Q — H(q)u(q) € #(q). The symbol 2™ denotes the set
Hom(Z ,Q x {R}) of all homomorphisms acting from 2" to the constant CBB over () with stalk R.

For each point ¢ € @, consider the subspace 2*(q) := {H(q) : H € Z™*} of the dual Banach space
2 (q) = B(ﬂ&”(q), [R). In the theory of CBBs, the question remains open of how representative is 2 (q)
in Z°(¢q)’. For instance, there are various wide classes of bundles 2~ (see, e.g., [5, 3.4.4]) for which at
each point ¢ € @ the space 2 *(q) is norming, i.e., satisfies the condition

z[| = sup{[{z|y)|: y € Z7(q), Wl <1}, z€ Z(g);

but not a single case of violation of this condition has been found so far. Moreover, the possibility of the
equality 2™ = {0} for a nonzero bundle 2" is questionable, while for all bundles known by now we have

[zl = sup{|H(q)z| : H € 27, |H|o <1}, 2 € 2 (q).

In this regard, general methods for constructing homomorphisms that have certain approximating prop-
erties remain relevant. These include the results obtained in this article on the existence of homomor-
phisms H that take preassigned values H(q,) and H(q) for a given convergent sequence ¢, — q.

A sequence of points ¢, € Q converges injectively to a point ¢ € Q if ¢, — q, ¢, # ¢ for n # m, and
qn # q for allm € N. A covering of a sequence (qn)nen is an arbitrary sequence of neighborhoods U,, of g,.
A covering (Up)nen of a convergent sequence g, — q is laterally tangent to q if

AUnn e | JU,=2 forallmeN (1)
n#m
and, moreover, ¢ is a proper limit point of the union J, ¢y cl Up.
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In a regular space, every injectively convergent sequence ¢, — ¢ admits a covering that is laterally
tangent to ¢ (see Proposition 1.5). If the space is completely regular, then the injective convergence
qn — q allows us to construct continuous vector-valued functions, sections, and homomorphisms that take
preassigned values at ¢, and ¢g. One of the results in this direction, Proposition 2.6, asserts the existence
of a homomorphism H € Hom(Z ,%) that takes the values H(q,) = Hy,(g,) for any predetermined
sequence of homomorphisms H,, € Hom(.2", %) satisfying the condition || Hy||cc — 0.

The uniform convergence ||Hp|c — 0 is a rather restrictive requirement. In the context under
consideration, a condition similar to pointwise convergence looks more natural: || Hy,(¢n)u(gn)|| — 0 for
a sufficiently representative set of sections u € C(Q, Z"). The existence of the desired homomorphism H
in this case can be ensured due to a more accurate covering of the sequence (g )nen (see Theorem 2.10);
namely, it suffices to have a covering (Up,)nen that satisfies (1) and is such that ¢ is the unique proper
limit point of the union (J, ) clUy. A covering with such a property is called laterally converging to q.

In the above-mentioned Theorem 2.10, the existence of a laterally convergent covering is an essential
requirement. Example 2.11 shows that the injective convergence ¢, — ¢ alone is not sufficient for the
existence of the desired homomorphism H, even in the case of a compact space Q.

Section 1 is devoted to the study of lateral coverings of convergent sequences; and in Section 2 the ob-
tained results are applied to construct continuous vector-valued functions, sections, and homomorphisms
that take preassigned values on sequences that admit lateral coverings.

§ 1. Lateral Convergence

In what follows, @ is an arbitrary topological space.

1.1. DEFINITION. Agree to call sets U,V C Q disjoint and write U L V if clU N clV = @.

Say that a sequence of sets U, C Q

(a) is disjoint if its members are pairwise disjoint: U,, L U, for m # n;

(b) is lateral if Uy, L |J,,,,, Up for all m € N or, which is the same, Uy, L U, Un for all m € N;

(c) is laterally tangent to a point g € @ if the sequence is lateral and, moreover, ¢ is a proper limit
point of the union (J,, ¢\ clUy, ie.,

ae(alJuva)\ U et
neN neN

(d) converges laterally to a point g € @ if the sequence is lateral and, moreover, ¢ is the unique
proper limit point of the union J, ¢y cl Uy, i.e.,

(cl U Un) \ AU, = {a);
neN neN

(e) contracts to a point g € @ if for every neighborhood V' of ¢ there exists m € N such that U, C V
for all n > m (i.e., the filter generated by the tails | J Un, m € N, converges to q).

clU, (m € N). The following

n=m
1.2. Lemma. Consider U,, C @ (n € N) and q € Q. Put %, :=J
are equivalent:
(a) (Up) converges laterally to q, i.e., (Uy) is lateral and c124 \ 721 = {q};
(b) (Uy) is disjoint and cl %y, \ %m = {q} for all m € N;
(c) (Uy) is disjoint, g € 124\ %, and (Vp € Q\{q})(3m € N)(p & 1 %n);
(d) g€ cd?\ 2% and (Vpe Q\{g})(3meN)(p ¢ U zm Un).

4 (a)=(b): It suffices to show the equality cl %, \ %, = {q} for m > 2. For all i € {1,...,m — 1}
we have

n=>m

AU N Uy C AU | U, = 2;
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therefore,
cl %, \ Yy, = (Cloz/m \ (ClUl U--- UClUmfl)) \OZ/m
= ((c1U1 U---UclUp_1UclZy,) \ (clUy U--- UclUm,l)) \ U,
= (Cl%l \ (C1U1 U--- UClUm_l)) \%m
=cl\ % = {4}

(b)=(c): Let p € Q\{q}. Since the sets clU,, are pairwise disjoint, there exists m such that p ¢ %,,.
Then from the equality cl %, \ %, = {q} it follows that p ¢ cl%,,.

(c)=(d): Let p € Q\{q}. Consider the smallest k¥ € N for which p ¢ cl%. If k < 2 then there is
nothing to prove. Let k£ > 2. Then p € cl %1 = clUi_1 U cl %, and hence, p € clU;_1. Since the sets
clUy,...,clUi_o do not intersect clUy_1, we obtain

pgclUyU---UclUg_oUcl% =cl U U,.
n#k—1
(d)=(a): According to (d) for each point p € c121\{q} there is m such that
ped?\d|JUy=dUnud| U\ | ] Up=dUnC %,

which means ¢l % \ % C {q}.

To justify the equality

AdUpne | J U, =2, kel,
n#k

it is sufficient to note that for each p € clUy the natural m in (d) cannot differ from k. >

1.3. DEFINITION. A covering of a sequence of points g, € @ is an arbitrary sequence of sets U,, C Q,

each of which is a neighborhood of the corresponding point ¢,. A covering consisting of open (closed)
neighborhoods is called an open (closed) covering.

1.4. DEFINITION. Say that a sequence of points ¢, € Q

(a) is injective if g, # qm for n # m;

(b) converges injectively to a point ¢ € @ if the sequence converges to g, is injective, and, moreover,
qn # q for all n € N;

(c) converges laterally to a point ¢ € @ if the sequence converges to ¢ and admits a covering that
converges laterally to q.

1.5. Proposition. In a regular topological space Q, every injectively convergent sequence ¢, — ¢
admits a covering that is laterally tangent to q.
< From the injective convergence ¢, — q and the Hausdorff property of @ it follows that
an & {gm :m>n}, nel

Define open sets U, and V,, (n € N) by the following recursive procedure: put Vj := @ and, using the
regularity of @Q, for each n € N choose open subsets U, V,, C V,,_1 so that

an €Upn, Mgm -m>n}CV,, U,LV,.
Then (Uy,)nen is the desired covering, since

AU, Nel | U, CedU,NelV, =@ forallneN;

m>n
g€ g, :neN} | ] Uy
neN
g€ (Y Magm:m>n}c (| Vac (1(@Q\cdUn)=Q\ | Uy »
neN neN neN neN
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1.6. Proposition. (a) Let (Up)nen and (Vi,)nen be two coverings of a sequence (qn)nen such that
Vi C clU, for all n € N. If (Uy)nen is disjoint (lateral, laterally tangent to q, laterally convergent to q),
then so is (Vi) nen-

(b) If a sequence of points admits a disjoint (lateral, laterally tangent to q, laterally convergent to q)
covering, then it admits an open covering and a closed covering that have the same property.

(c) If a sequence of points converges laterally to q, then it converges injectively to q.

(d) If a sequence of points converges laterally to q, then q is the unique limit of the sequence.

1.7. EXAMPLE. In a Hausdorff space, every injectively convergent sequence of isolated points ¢,
converges laterally. As a laterally convergent covering serves the sequence of the singletons {gy}. In par-
ticular, in the compact ordinal w + 1, with w the first infinite ordinal, the sequence (n),cn converges
laterally to w.

1.8. Proposition. (a) In a metrizable space, the classes of injectively convergent and of laterally
convergent sequences coincide.

(b) If a sequence (g )nen converges injectively to a point q in a metric space (Q, d ), then any sequence
of closed balls B(qn,en), €n > 0, that are pairwise disjoint and do not contain q, is a laterally convergent
covering of (¢n)nen. The above condition is satisfied, for instance, in the case when

1
0<ep <= inf d(gm,qn) for alln € N. (2)
2 m#n

< Suppose that ¢, — ¢ in a metric space (Q,d) and let B(qn,e,) be pairwise disjoint closed balls
that do not contain ¢q. By 1.2(c) it suffices to take a point p € Q\{¢q} and find m € N for which
p ¢ cdU,>pm Blgn,en). Put € := d(q,p) and consider m such that ¢, € B(g, e) for n > m. Since

q ¢ B(qn,en), for n > m we have g, < %6 and so B(qn,en) C B(g, %5), as d(r, qn) < €, implies
1 2
d(?“, Q) < d(?“, QTL) + d(qTLa Q) <éen+ §5 < §€.

Therefore, cl Un>m B(gn,en) C B(g, %6), while p ¢ B(q, %5)
Next, in the case of (2) the balls B(gn,e,) are pairwise disjoint, since the existence of a point
P € B(qm,em) N B(qn,&n) with m # n implies the contradictory relations

1 1
d(gm; gn) < (g, p) + d(p, dn) < €m + en < 5Ad(Gm, @) + 5d(Gm, 4n) = dGm, Gn)-
Moreover, it follows from (2) that ¢ ¢ B(qn,ey) for all n € N, since d(gm, qn) > 2&, for m > n and so
(¢, qn) = lim d(gm, qn) > 2en > en.
m—0o0

It remains to note that the injective convergence of (g, )nen implies the inequality inf,, 4, d(gm, gn) >0
forallm € N. >

1.9. EXAMPLE. There is a compact Hausdorff space containing a sequence that converges injectively
but not laterally.

< Consider the Cartesian product @ = (w + 1) X (w1 + 1) of the compact ordinals w + 1 and w;y + 1,
with w the first infinite ordinal and wy the first uncountable ordinal. Then in () the sequence ((n, wl))neN
converges injectively to (w,w1), but does not converge laterally.

Indeed, consider an arbitrary covering (U, )nen of ((n, Wl))nelN- For each n € N, in the space wy + 1
there is a neighborhood V;, of wy such that {n} x V,, C U,. Since the intersection V' = [, Vp is
a neighborhood of wy in wy + 1, there exists an element o € V' distinct from wy. Then for all m € N

(wy,wi) # (w,a) = nh_)n(;lo(n, a) € cl U{n}xV Ccl U Un,

nzm n>m

and hence by 1.2(c) the covering (U, )nen does not converge to (w,wi). >
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1.10. Let us note a few more simple properties of laterally convergent sequences.

Proposition. Let (¢,)nen converge laterally to g in Q.

(a) Every subsequence (qy,, )men converges laterally to q.

(b) If Qo is a topological subspace of Q) containing (qn)nen and g, then (qn)nen converges laterally
to q in Q.

(c¢) If T is a stronger topology on @ and (g, )nen converges in T, then it converges laterally to q in .

(d) If (Up)nen Is a laterally convergent covering of (qn)nen and p, € clU, for all n € N, then
c{pn :n € N} \ {pn:n €N} C{q}. In particular, if (p,)nen Is convergent, then p, — q.

1.11. Theorem. For the lateral convergence q, — q to be valid in () it is necessary, and if Q) is
regular, is sufficient, that the following two conditions hold:
(a) gn — q injectively;
(b) there exist an open set U containing (qn)nen, and a sequence (Vy)nen of neighborhoods of q
such that
AU N () Vo = {q}- (3)

neN

<4 NECESsSITY. Let (Uy)nen be an open covering of (g, )nen that converges laterally to ¢ (see 1.6(b)).
The injective convergence ¢, — ¢ is noted in 1.6(c). Furthermore, since ¢ ¢ | J,,¢p cl Uy, for every n € N
the set V,, := Q \ clU, is a neighborhood of ¢q. Putting U := (J, ¢ Un, we conclude that

AUN () Va=dUn ((@Q\cUy) =cUn (Q\ U clUn) - (cl U Un) \ | dU, = {a).

neN neN neN neN neN

SUFFICIENCY. Let (gn)nen converge injectively to ¢, and let U and (V,,)nen satisfy (b). Without
loss of generality, we require V73 = Q. Since @ is regular, for each n € N there exists an open set GG, such
that ¢ € G,, and cl G,, C V,, with G; = Q. Replacing G, by the intersection G; N --- N G, we assume
that Gy D Gy D ---.

Since U N, Gn € clU N(,,en Vi = {q}, each element of U other than ¢ belongs to only finitely
many sets G,,. In particular, for each n € N we may consider the natural

m(n) = max{m € N : g, € Gy, }. (4)

Using the regularity of (), which guarantees the separation of each point ¢, from the closed set
{@n+1,In+2, - - - } U{q}, and applying recursion, it is easy to define two sequences of open sets U,, and W,
satisfying the following conditions for all n € N:

cdU,N clW, = g;
an € U,cUn Gm(n) N anl; (5)
{Qn+17Qn+27 <. } U {CI} - Wn - Wn—la

where Wy = Q. We show that the sequence (U, ),en converges laterally to ¢ by checking 1.2(c). From (5)
and the convergence ¢, — ¢, we see that the sequence (Up,)nen is disjoint and

chlUUn\ UclUn.

neN neN

Next, consider an arbitrary point p # ¢q. If p ¢ clU, then p ¢ cl Un>1 U,, since Un>1 U, C U. Now let
p € clU\{q}. From (3) and the inclusions clG,, C V,, it follows that p ¢ cl G}, for some k € N. Since
Gn — q € G, there is m € N such that g, € Gy for n > m. According to (4), from g, € Gy, it follows
that m(n) > k, which means Gy D G,(n) D Uy for n > m. Thus, p ¢ clGy D clU,,, Un- >

283



1.12. Corollary. For the lateral convergence g, — q to be valid in @ it is necessary, and if Q) is
regular, is sufficient, that the following two conditions hold:

(a) the sequence (qn)nen is injective and q, — q;

(b) (gn)nen admits a covering (U, )nen Such that

(cl U Un> \ U dU = {a}.

neN neN

< Only sufficiency needs some clarification. Let (¢, )nen be an injective sequence converging to ¢ and
let (Up)nen be a covering of (g )nen subject to (b). Then for every n € N we have q ¢ clU,, whence
qn # q (and thus the convergence ¢, — ¢ is injective) and V,, := @ \ clU, is a neighborhood of g.
Moreover, the open set U := UneN int U,, contains (g, )nen and satisfies the following conditions:

geadun (Vo= (aJimt0,)n () (@\cUy)
neN neN neN
c(alJua)n(@\Uaum) = (clU va)\ U U = {a}.
neN neN neN
It remains to apply Theorem 1.11.

1.13. Proposition. Suppose that (g, )nen Is an injective sequence in a regular topological space,
which converges to q and admits a covering contracting to q. Then (g )nen converges laterally to q.

< Consider a covering (Up)nen Of (gn)nen which contracts to g. Without loss of generality, we may
assume that g ¢ clU, for all n € N. Then, on the one hand,

q € cl{gn:neN}\ U clU, C (cl U Un> \ U clU,.
neN neN neN
On the other hand, if V' is an arbitrary neighborhood of ¢ and U,, C V for n > m, then

(clUU)\UclU c(UclU UclUU)\UclU calJU,cav.

neN n<m n>m n<m n>m

Therefore, (cl Unen n) \ Unen €1 Un = {q}, and by 1.12 the sequence (g, )nen converges laterally to ¢. >

1.14. Theorem. Let (¢,)nen be a sequence laterally converging to a point q in a regular space Q.
The following are equivalent:

(a) every covering of (qn)nen laterally converging to q contracts to g¢;

(b) Q is countably compact.

4 (a)=(b): Assume to the contrary that @ is not countably compact. Then there exists an infinite
subset P C @ that has no limit points (see, for instance, [3, Chapter III, Problem 189]). Undoubtedly,
P contains only finitely many terms of (¢,)nen, and so we can find an injective sequence of elements
pn, € P that do not belong to {g, : n € N} U{q}. Note that each of the sets P, := {p, : n = m} (m € N)
has no limit points and is therefore closed.

By hypothesis, the sequence (g, )nen admits a covering (W, )nen that converges laterally to ¢. Owing
to the regularity of @, there exists a closed covering (V;,)nen of (gn)nen such that V,, € W, \ Py for all
n € N. Put

Up i=VaU{pn} M EN), ZUpn:= | Un, %= ] Va (meN).
nz=m n=m

We show that the closed covering (U, )nen of (¢n)nen converges laterally to ¢ by checking 1.2(b).
Indeed, due to 1.6(a) the covering (V;,)nen converges laterally to ¢q. Therefore, U,, NU, =V, N V,, = &
for m # n and, moreover,

Uy \ U, = (Vi U Py) \ (Y U Br) = (el 75, U P) \ (P U Py
:(Clym\ﬂym)\P :{q}\Pm:{q}

for all m € N. It remains to note that (Up,)nen does not contract to g, since p,, € U, and p, - q.
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(b)=(a): Suppose that (Uy)nen is a covering of (gn)nen that is laterally converging but not con-
tracting to ¢. Then there exist a neighborhood V' of ¢ and sequences (7;)men C N and (pm)men C @
such that n,, — oo and p,, € U, \V for all m € N. Since (Uy,)nen is disjoint, P := {p,, : m € N}
is infinite. Obviously, g ¢ cl P. Moreover, from 1.2(d) it is clear that the elements of Q\{q} also cannot
be limit points for P. Thus, ) contains an infinite set that has no limit points, and is thus not countably
compact (see [3, Chapter III, Problem 189]). >

1.15. Recall that the pseudocharacter ¢(q, Q) of a T} space @ at a point ¢ € @ is the smallest among
the cardinalities |¥'| of sets ¥ consisting of open subsets of @) and satisfying the equality N? = {¢}:

¥(q,Q) = min{|“//| : ¥ C Open(Q), NV = {q}}
For instance, the pseudocharacter of a T} space at a point possessing a countable neighborhood base
is countable.
The following is a direct corollary to Theorem 1.11:

Proposition. Let Q) be a regular space and q € Q. If the pseudocharacter ¢ (q, Q) is countable, then
every sequence in () injectively converging to q converges laterally.

1.16. EXAMPLE. The converse to Proposition 1.15 does not hold even under the additional assump-
tion that @ is compact. Indeed, let Q@ = D U {q} be a one-point compactification of an uncountable
discrete space D. The pseudocharacter 1(q, Q) is uncountable, since for every sequence (V},)nen of open
neighborhoods of ¢, the complement Q \ (.o Vi = U,,en(@ \ Vi) is countable. Moreover, each injective
sequence of elements in D converges laterally to ¢ (see Example 1.7).

1.17. Let us describe another illustrative case when a compact space has uncountable pseudochar-
acter at the limit of a laterally convergent sequence.

ExAMPLE. Let P be a Hausdorff compact space that has uncountable pseudocharacter ¥ (p, P) at
some point p (or, which is the same in this case, contains a point p that has no countable neighborhood
base, see [3, Chapter III, Problem 68; 4, 3.1.F]). We will assume that P does not intersect N. Equip
Q@ := P UN with the topology in which the open sets are the unions U UV with U an open subset of P
and V a subset of N satisfying the condition

(FmeN)(Vn>=m)(neV)
in the case of p € U. (Such a topological space @ is homeomorphic to the join P Ut(p,w)} (w+1) in the
sense of [4, 2.1.12] or to the quotient space of the sum P @ (w+ 1) by the equivalence relation identifying
the points p and w.) Then @ is a Hausdorff compact space (see, for instance, [4, 3.2.11]) with uncountable
pseudocharacter ¥ (p, Q), whereas the sequence (n),cn converges laterally to p (see Example 1.7).

§ 2. Homomorphisms of Banach Bundles

In this section, we establish several results on the existence of homomorphisms of CBBs, as well as
continuous and weakly continuous vector-valued functions and sections taking preassigned values at the
points of injectively and laterally convergent sequences. As before, () is a topological space.

2.1. DEFINITION. A function covering of a sequence of points ¢, € (Q is an arbitrary sequence of
continuous functions f,, : @ — [0, 1] such that f,(g,) = 1 for all n € N. A function covering (f,)nen of
a convergent sequence g, — ¢ is called laterally tangent (laterally convergent) to g, if so is the sequence

of the supports supp f,, :=cl{q € Q : fn(q) # 0}.

2.2. As is easy to see, for every covering (U,)nen of a sequence (g,)nen in a completely regular
space there exists a function covering (fy,)nen of the sequence such that supp f, C U, for all n € N.
In particular, if a convergent sequence ¢, — ¢ in a completely regular space admits a covering that is
laterally tangent (convergent) to ¢, then the sequence also admits a function covering that has the same
property. With this observation taken into account, the following fact ensues from 1.5:

Proposition. In a completely regular topological space, every injectively convergent sequence q, — ¢
admits a function covering that is laterally tangent to q.
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2.3. DEFINITION. We describe the construction of the pointwise sum of a disjoint sequence of sections
of a bundle of vector spaces, which will be repeatedly used below in various special cases (see 2.4, 2.6,
2.7, 2.9, 2.10).

Let 2 := (2 (q))qeq be a family of vector spaces, let S(Q, Z") := [I,cq 2 () be the vector space
of sections of 2", and let (s,)nen be a sequence of sections s, € S(Q, Z") that have pairwise disjoint
supports supp s, := cl{q € Q : s,(¢) # 0}. In this context, it becomes possible to consider the section
Y nen Sn € S(Q, Z7) that is the pointwise sum of s, and takes the following values:

(Z Sn) (q) = { Z?(QL q € supp sy,

nenN q € Q \ UnGD\I Supp Sp.
In most of the cases considered below, the mappings s,, are continuous in one sense or another and belong
to a subspace of S(Q, Z") with a natural vector topology, while the section ), s, turns out to be the
pointwise sum of the uniformly convergent series > > | sp.

2.4. Lemma. Let the following conditions hold:

(a) Q is a completely regular topological space;

(b) a sequence of points q, € () converges injectively to q € Q;

(¢c) Z is a CBB over Q;

(d) @n € Z(qn), ll2al — 0.
Then there exists a bounded continuous section s € C(Q, Z") such that

S(Qn) = Tn (TL € [N)v 5(‘]) =0.

<4 By Dupré’s Theorem [6, 1.1], for every n € N there is a continuous section s, € C(Q, Z") such that
Sn(qn) = zpn and ||sp| < ||zn||. Let (fn)nen be a function covering of (gn)nen that is laterally tangent
to ¢ (see 2.2). Then the section s := )\ fnsn € S(Q, Z") takes the required values and, moreover, is
bounded and continuous, being the pointwise sum of the uniformly convergent series > ", fnsSy in the
Banach space C?(Q, 2°) C £*(Q, 2") of bounded continuous sections (see [1, 2.3.6]). >

2.5. Proposition. Let the following conditions hold:

(a) Q is a completely regular topological space;

(b) a sequence of points g, € () converges injectively to q € Q;

(¢c) Z is a CBB over Q;

(d) z € Z(qn), = € Z(q);

(€) (gn,zn) — (¢, ) in the topological space Q @ Z (see [1, 2.1.4]).

Then there exists a bounded continuous section s € C(Q, Z") taking the values

$(an) = zn (n €N), s(q) = .

< By Dupré’s Theorem [6, 1.1], there exists a section s, € C%(Q, 2") such that s;(q) = z. It follows
from [1, 2.3.8] that lim, s [|[Zn — $2(¢n)|| = 0. By Lemma 2.4, there is a section sy € C*(Q, Z") such
that so(qn) = zn — S2(gn) for all n € N and sg(q) = 0. Then s := sy + s, is the desired section. >

2.6. Proposition. Let the following conditions hold:

(a) Q is a completely regular topological space;

(b) a sequence of points g, € () converges injectively to q € Q;

(¢) & and % are CBBs over Q;

(d) H, € Hom(Z , %), ||Hpllco — 0.
Then there exists a bounded homomorphism H € Hom(%Z , %) such that

H(Qn) = Hn(Qn) (n € N)? H(Q) =0.

< Denote by 2 the Banach bundle over () with stalks B(%(p), @(p)) at p € Q. Let (fn)nen be
a function covering of (¢n)nen that is laterally tangent to ¢ (see 2.2). Then the section H := "\ fnH, €
S(Q, Z) takes the required values and, moreover, is a bounded homomorphism from 2" to %, being

the pointwise sum of the uniformly convergent series Y o° | f, H, in the Banach space Hom’(2", %) C
>(Q, %) of bounded homomorphisms (see [1, 2.4.11]). >
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2.7. Proposition. Let the following conditions be satisfied:
(a) Q is a completely regular topological space;

(b) a sequence of points q, € () converges injectively to q € Q;
(c) X is a topological vector space;

(d) a sequence of vectors x,, € X converges to x € X.

Then there exists a continuous function u : ) — X taking the values

u(qn) = zn (R €N), u(q) ==z (6)
If, moreover, the set {x,, : n € N} is bounded, then there is a bounded function u € C(Q, X) satisfying (6).

< Let (fn)nen be a function covering of (g, )nen that is laterally tangent to ¢ (see 2.2). Define the
function ug : Q@ — X by setting ug 1= Yy fn @ (xn — ). Then ug(gy) = 2z, —2 for all n € N, uo(q) = 0,
and, moreover, g is bounded and continuous, being the pointwise sum of the series > > | fr ® (z, — )
that is uniformly convergent with respect to the uniformity of the space X. Therefore, u := ug + x is the
sought function. >

2.8. Proposition. Let the following conditions hold:

(a) Q is a completely regular topological space;

(b) a sequence of points g, € () converges injectively to q € Q;

(¢c) & =Q x{X} is the constant CBB over () with stalk X;

(d) a sequence of functionals y,, € X' converges weakly* toy € X'.
Then there exists a bounded homomorphism H € 2™ taking the values

H(Qn) =Yn (n € N)? H(Q) =Y.

< By 2.7, there is a weakly* bounded weakly* continuous mapping H : Q — X’ taking the values
H(q,) =yn (n€N) and H(q) = y. It is clear that H @ u € C(Q) for all constant functions u : @ — X.
Moreover, since X is complete, H is bounded in norm. It remains to use [1, 2.4.9]. >

2.9. A sequence (Z)nen in a Banach space X w-w*-converges to x € X if for all y,,y € X' the
weak* convergence y,, — y implies (z, |y,) — (z|y) (see [5, 3.1.7]). Say that a section w € S(Q, Z")
of a CBB £ over @Q is weakly continuous and write w € Cyw(Q, Z) if H®@ w € C(Q) for all H € 27
(see [5, 3.5]).

Proposition. Let the following conditions hold:

(a) Q is a completely regular Fréchet—Urysohn space;

(b) a sequence of points q, € () converges injectively to q € Q;

(¢c) Z =@ x{X} is the constant CBB over @) with stalk X;

(d) a sequence of vectors x, € X w-w*-converges to x € X.

Then there exists a weakly continuous section w € Cyw(Q, Z") taking the values

w(Qn) = Tn (n € N)’ w(Q) =Z.

< As in the proof of Proposition 2.7, consider a function covering ( f,,)nen of (¢n)nen that is laterally
tangent to ¢ (see 2.2), and put u:= " .\ fa ® (z, —2) € S(Q, Z), i.e
fa(p)(@n — ), p € supp fa,
u(p) =
0, pPEQ\S,

where S := J,,cpysupp fn. Then the sum w := u + x takes the required values at g, and ¢, and it only
remains to verify that u € Cy(Q, Z).

Consider an arbitrary homomorphism H € 2™ and show that H ® u : Q — R is continuous. First of
all, note that H ®u is continuous on the complement @\ cl S, since it is identically zero on it. Next, H®@u
is continuous on S, as each of the supports supp f,, lies in the open set @ \ cllJ,, p, SUPD fm on which

H(p)u(p) = fu(p)H (p)(xn — x).
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It remains to show that H ® u is continuous on cl.S \ S. Assume this function discontinuous at some
point p € c1.S'\ S. Then there exist a real £ > 0, a sequence of points p,, € S, and a strictly increasing
sequence of naturals n,, € N such that

pc Cl{pm tme [N}v Pm € Supp fnma |H(pm)u(pm)| > €

for all m € N. Since @ is Fréchet-Urysohn, there is a subsequence p,,, — p. It is easy to verify that
the sequence of vectors u(pm) = fn,,(Pm)(Zn,, — ) w-w*-converges to zero, and hence this is true for
its subsequence u(pp, ). At the same time, H(py,,) — H(p) weakly*, which leads to the contradictory
relations

€ < |H(pm, )u(pm,,)| — [H(p)u(p)| = 0. >

2.10. Theorem. Let the following conditions be satisfied:
(a) Q is a completely regular topological space;
(b) a sequence of points g, € @) converges laterally to q € Q;
(¢) & and % are CBBs over Q;
(d) Hy, € Hom(Z', %), ||[Hplloo <1 (n € N);
(e) % is a countable subset of C(Q, Z);
(f) 1% (q) = Z (q), where %(q) :=A{u(q) :u € %};
(&) |1 Hn(gn)u(gn)|| = 0 for allu € % .
Then there exists a homomorphism H € Hom(Z , %) such that

[H|loo <1, H(gn) = Hnlqn) (n€N), H(q) =0.

< Denote by 2 the Banach bundle over @@ with stalks B(%(p),@(p)) at p € Q. By [1, 2.4.9],
a bounded section H € S(Q, %) belongs to Hom(Z , %) whenever there exists a stalkwise dense set
Y CC(Q,Z) in Z such that H®wv € C(Q,%) for all v € ¥. We begin by introducing a set ¥ that is
convenient for further exposition.

Consider a covering (W),)nen of (gn)nen that converges laterally to ¢ and put

W o= {wGC’(Q,%) :w=0on cl U Wi forsomeneh\l}.
m#n
Note that # (p) = Z (p) for each point
peQ\a = (@\aJw.)uJam.
neN neN

Indeed, due to the complete regularity of @, in each of the cases p ¢ cllJ, o)y Wn and p € [, eyl Wi
there exists a continuous function f : @ — [0,1] such that f(p) =1 and f =0 on cllJ,,,, Wi for some
n € N. By Dupré’s Theorem [6, 1.1], for each x € 2 (p) there is a section u € C(Q, Z") with the value
u(p) = x, and hence x is the value at p of the section fu belonging to #'. Thus, # (p) = 2 (p) for all
p # ¢, and so the union

V=W U{uy :meN}

is stalkwise dense in 2", where {u,, : m € N} = %
Next, according to (g) there is a strictly increasing sequence of n,, € N for which

1 1
| Hp(qn)ua(gn)|l < m | Hp (qn)um(gn) || < m’ m,n €N, n = npy.
As is easy to see, there exists a covering of (¢, )nen constituted by subneighborhoods V,, C W, such that
1 1
I Hy @ uy < et SRERY 1 Hp, & || < — on Vi, for ng, <n < nppg1.
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Consider a function covering (f)nen of (gn)nen such that supp f,, C V,, for all n € N (see 2.2). It is clear
that (fn)nen, like (Vi,)nen, converges laterally to ¢ (see 1.6(a)), and

lim || fnHp ® um|lec =0 for all m € N.
n—oo

Then the section

H := anHn S S(Qvg)

neN

takes the required values at ¢, and g and, moreover, ||H || < 1. It remains to show that H®v € C(Q, %)
forallv e 7.
If v € # then there is n € N for which v = 0 on the set

o | J WD | VD | supp frnHim,

and then H @ v = f,H, @ v € C(Q,%). If, otherwise, v = u,, for some m € N, then

lim || fnHy @]l = lim ||fnHy @ umlleo =0,
n—oo n—oo

and so the section H®v = ) -\ fnH, ®v is continuous as the pointwise sum of the uniformly convergent
series > °° (fnH, ®v) in the Banach space C*(Q, %) of bounded continuous sections (see [1, 2.3.6]). >

2.11. The following example shows that the lateral convergence requirement (b) in Theorem 2.10 is
essential and cannot be weakened to injective convergence.

EXAMPLE. A situation is possible when the following conditions are satisfied:

(a) Q is a compact Hausdorff space;

(b) a sequence of points g, € @ converges injectively to g € Q;

(¢c) 2 and & are CBBs over Q;

(d) Hy, € Hom(Z', %), ||[Hplloo <1 (n € N);

(e) 2(q) = {0},
but there is no homomorphism H € Hom(Z, %) such that H(¢,) = Hn(g,) for all n € N.

< Consider a compact Hausdorff space S that has uncountable pseudocharacter 1 (t, S) at some point
t € S, and put

Q=(w+1)xS8, ¢, =(nt), q=(w,t).

(For instance, in the case of S = w; + 1 and ¢ = wy, the space @ and the injectively convergent sequence
qn — q coincide with those considered in Example 1.9.) Let ¢ be the constant CBB over @ with stalk R,
and define 2" to be the subbundle of % with stalks

R, p#q
%):{{0}’ p=4q

and continuous structure {u € C(Q) : u(q) = 0} = C(Q, Z") (see [1, 2.2.1 and 2.2.2]). For each n € N,
denote by x,, the characteristic function of the subset {n} x S C Q:
1, a=mn;

Xn(a,s) = { 0. atn

for all (o, s) € Q. Note that the functions x, : @ — R are continuous, and by virtue of the equality
Xn(q) = xn(w,t) = 0 they belong to C(Q, Z"). Finally, we define the sequence of homomorphisms
H, € Hom(Z ,%) by setting

Xn(a, s)z for even n;

H,(a,s)xr =
0 for odd n

for all (a,s) € Q and =z € Z (a, s).
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Assume to the contrary that there is a homomorphism H € Hom(Z2 , %) taking the values H(g,) =
H,(q,) for all n € N. Then for each n € N we have H(n,t)xn(n,t) =1 for even n and H(n,t)xn(n,t) =0
for odd n, and hence, in the space S there exists a neighborhood V,, of t such that

H®xn >
H® xn <

on {n} xV, for even n;

on {n} x 'V, for odd n.

Wl wWlN

Since the pseudocharacter 1 (t, S) is uncountable, there is a point ¢’ € [,y Vi \ {t}. Consider a function
f € C(S) that takes the values f(t') = 1 and f(t) = 0, and define the section v € C(Q, Z") by setting

u(a, s) = f(s), (a,8) € Q.
Then (n,t') — (w,t’), whereas the sequence of the reals
(H@u)(n,t') = Hn,t') f(t') = H(n,t')1 = H(n,t)xu(n,t') = (H® xn)(n,t')
has no limit. >
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