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Abstract—Lateral convergence of sequences in Banach spaces endowed with the weak topology is
described.
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In [1], the concept of lateral convergence in a topological space was introduced and studied. In partic-
ular, it was shown that the lateral convergence of a sequence ensures the existence of continuous mappings
(including vector-valued functions, sections, and homomorphisms of Banach bundles) that take preas-
signed values at the points of the sequence. In this connection, the problem arises of describing lateral
convergence in specific classes of topological spaces.

Lateral convergence implies a certain separation of the terms of a sequence from each other and from
the limit point. In regular topological spaces with countable pseudocharacter (in particular, in metric
spaces), lateral convergence admits a very simple description: a convergent sequence converges laterally
if and only if it converges injectively, i.e., when its terms are distinct from each other and from the limit
point (see [1, 1.15]). A less obvious problem is to describe lateral convergence in Banach spaces endowed
with the weak topology, as well as in closed balls of such spaces. The present note is devoted to the
solution of this problem.

The main results are as follows. Let X,, and B,, be a Banach space X and its closed unit ball en-
dowed with the weak topology, and let X! and B. be the topological dual of X and its closed unit ball
endowed with the weak* topology. If X is separable, then in X/, and B, lateral convergence is equivalent
to injective convergence (Corollary 16). If, on the other hand, X is nonseparable, then there are no
laterally convergent sequences in the space X, (Theorem 18), whereas in the ball B, the lateral conver-
gence of a sequence (f,)nen is closely related to the convergence || f,|| — 1 (Theorems 17 and 23 and
Corollary 24). Dual statements are also valid, describing the lateral convergence of sequences (2, )nen
in X,, and B,, in connection with the separability of X|, and the convergence ||z, || — 1. In addition,
examples are presented in which there are no laterally convergent sequences in B,, and B), (Theorem 25).

DEFINITION 1 [1, Section 1]. Let X be an arbitrary topological space.

A covering of a sequence of points x,, € X is an arbitrary sequence of sets U, C X, each of which is
a neighborhood of the corresponding point x,.

A sequence of sets U, C X converges laterally to a point z € X if

AUnn | U, =2
n>m
for all m € N, and, moreover, x is the unique proper limit point of the union (J,,c) cl Uy, i.e.,
(cl U Un> \ | dU, = {a}.
neN neN

A sequence of points x,, € X converges laterally to a point x € X if z,, — = and the sequence (zy,)nen
admits a covering that converges laterally to x. A sequence (x,)nen converges injectively to x if x,, — x,
Xp # Xy for n # m, and, moreover, x,, # x for all n € N. (Obviously, every laterally convergent sequence
converges injectively.)
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Lemma 2 [1, 1.2]. Let X be a topological space. A sequence of sets U, C X converges laterally to
a point x € X if and only if the following three conditions hold:

(a) clUp, N clU, = @ for m # n;

(b) = € cllUpen Un \ Upen €l Un;
(c) ifx#ye X, theny ¢ cl

Lemma 3 [1, 1.13]. Let (z,,)nen be a sequence in a regular topological space that converges injec-
tively to a point x and admits a covering (U, )nen with the following property: for every neighborhood V/
of x there exists m € N such that U, CV for all n > m. Then (zy),en converges laterally to x.

n>m Un for some m € N.

DEFINITION 4. The pseudocharacter of a Ty space X at a point x € X is denoted by v (z, X) and
is defined as the least cardinality || of families U consisting of open subsets of X and satisfying the
equality N\U = {z}:

Y(z,X) == min{|U| : U C Open(X), NU = {z}}.
The pseudocharacter of the space X is the cardinal sup{¢(z, X) : z € X}.

REMARK 5. Obviously, the pseudocharacter of a space X is countable if and only if X has count-
able pseudocharacter at each point. Examples of spaces with countable pseudocharacter include spaces
satisfying the first axiom of countability. In particular, all metric spaces have this property.

Proposition 6 [1, 1.15]. Let X be a regular topological space and let € X. If the pseudocharacter
Y (x, X) is countable, then every sequence in X that converges injectively to x converges laterally.

Corollary 7. In a regular topological space with countable pseudocharacter, injective convergence
and lateral convergence of sequences are equivalent.

REMARK 8. Asiseasy to see, given a Hausdorff topological vector space X, the following are equivalent:

(a) X has countable pseudocharacter;

(b) X has countable pseudocharacter at each point;

(¢) X has countable pseudocharacter at some point;

(d) X has countable pseudocharacter at zero, i.e., (), Un = {0} for some sequence (Uy)nen of
neighborhoods of zero in X.

DEFINITION 9. Let X be a Hausdorff locally convex space. (All vector spaces considered here are
assumed to be real.) The topological dual of X (i.e., the vector space of continuous linear functionals
on X) is denoted by X’. We agree to denote by X, and X/, the spaces X and X', endowed with the weak
and weak* topologies o(X, X') and o(X’, X), respectively. As is well known, in locally convex spaces
X, and X, basic neighborhoods of arbitrary points z € X and f € X', respectively, are sets of the form
z4+ (X(fi)Nn---NX(fm)) and f+ (X (z1)N---NX'(z)), where m € N, f; € X', and z; € X. Here and
below we use the notation

X(fy={zeX:|flx) <1}, X' (z):={feX :|f(x)] <1},
with z € X and f € X'.

DEFINITION 10. Let X be a Hausdorff locally convex space.
(i) As is well known, the following properties of a subset ' C X are equivalent:
(a) the linear span of T is dense in X;
(b)if fe X" and f =0on T, then f =0 on X;
(c) if f,g € X" and f # g, then f(t) # g(t) for some t € T.
(ii) Assertion (i) implies the equivalence of the following properties of a subset F C X :
(a) the linear span of F is dense in X|;
(b) if x € X and f(x) =0 for all f € F, then z = 0;
(c) if x,y € X and = # y, then f(z) # f(y) for some f € F.
Subsets T'C X and F C X, possessing the above equivalent properties are called total (also fundamental
or separating; see [2]).
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Lemma 11. Let X be a Hausdorff locally convex space.

(i) The following assertions are equivalent:
(a) X is separable;
(b) X, is separable;
(¢) X includes a countable total subset;
(d) X, includes a countable total subset;
(e) X, has countable pseudocharacter.

Moreover, if X is nonseparable, then for every sequence (Up)nen of neighborhoods of zero in X,
the intersection (), oy U, includes a nonzero vector subspace.

(ii) The following assertions are equivalent:
(a) X, is separable;
(b) X\, includes a countable total subset;
(¢) X, has countable pseudocharacter.

Moreover, if X|, is nonseparable, then for every sequence (U, )nen of neighborhoods of zero in X,
the intersection (), oy U, includes a nonzero vector subspace.

PROOF. (i): The equivalence of conditions (a)-(d) is well known and is easily verified, for instance,
by approximating arbitrary linear combinations by combinations with rational coefficients, and also by
using the fact that the closure of a convex set does not depend on the choice of a topology compatible
with the duality.

(c)=(e): If T is a total subset of X, then for every nonzero f € X’ there exist t € T and n € N such
that |f(nt)| > 1, and hence (), ,)erxn X' (nt) = {0}.

(e)=(c): Let (Up)nen be a sequence of neighborhoods of zero in X{,. Each of the sets U, includes
some basic neighborhood X'(z7) N --- N X'(z, ), where m, € N and 27 € X. If the countable subset

T := UneN{x?, - 795?1”} C X is not total, then there exists a nonzero functional f € X’ that vanishes
on T, and then

(M aeRyC () X (atyn--nX{al, Y S [ Un
neN neN

Assertion (ii) follows immediately from (i). O

DEFINITION 12. In what follows, X is an arbitrary real Banach space, and X’ is the topological dual
of X. We agree to use the following notation:

B:={reX:|z|| <1}

S={reX:|z|=1}

B, is the ball B as a topological subspace of X, ;

B(z,e):={yeB: ||zr -yl <e} forz € B and € > 0;

Bz, f) =+ X{(f))NB={yeB: |[f(xr—y)| <1} forx e Band f € X’
and similarly

B ={feX |fl <1}

S = {7 € X' 7l =1;

B!, is the ball B’ as a topological subspace of X/ ;

B'(f,e):=={ge B : ||f —g| <e} for f € B and € > 0;

B (f,x) =(f+ X (z))nB' ={ge B : |f(x) —g(z)| <1} for f € B and z € X.
Using the introduced notation, basic neighborhoods of arbitrary points x € B and f € B’ in the topolog-
ical spaces B,, and B, respectively, take the form B{x, f1)N---NB{(x, fn) and B'(f,x1)N---NB'{f, ),
where m € N, f; € X/, and z; € X.

68



Lemma 13. Let X be a Banach space.

(i) If X is nonseparable and (Uy,)nen is a covering of a sequence ( f)nen in X, then for every A > 0
there exists g € X' such that ||g|| = X and f, + g € U, for all n € N.

(i) If X}, is nonseparable and (U, )nen is a covering of a sequence (xy,)nen in X,,, then for every XA > 0
there exists y € X such that |ly|| = A and x, +y € U, for all n € N.

PRrROOF. (i): For each n € N, the difference U,, — f,, is a neighborhood of zero in X|,. According
to Lemma 11(i), the intersection (), (Un — fn) includes a nonzero vector subspace, which obviously
contains the desired element g.

Assertion (ii) is proved analogously to (i), with Lemma 11(ii) used instead of Lemma 11(i). O

Lemma 14. Let X be a Banach space.
(i) The following assertions are equivalent:
(a) X is separable;
(b) Bl has countable pseudocharacter;
(¢c) B, has countable pseudocharacter at some point of B'\S’.
(ii) The following assertions are equivalent:
(a) X is separable;
(b) B, has countable pseudocharacter;
(¢) B, has countable pseudocharacter at some point of B\S.
PROOF. (i): The implications (a)=(b)=-(c) are trivial in view of Lemma 11(i).
(c)=(a): Assume that X is nonseparable. Consider an arbitrary point f € B'\S’ and a sequence of
its neighborhoods U, in B}, and show that ,,c\, Un # {f}. Each of the sets U, is of the form V,, N B,
where V;, is a neighborhood of f in X]. By Lemma 13(i), there exists ¢ € X’ such that ||g|| =1 — || f||
and f+g €V, foralln € N. Then f+ g€ B, and hence f # f+ g € N,eny Vo N B =, yen Un-
Assertion (ii) is proved analogously to (i), using Lemmas 11 (ii) and 13(ii) instead of Lemmas 11(i)
and 13(1). O

REMARK 15. Conditions (a)—(c) of Lemma 14(ii) hold, for instance, if the Banach space X is sepa-
rable or is the dual of a separable Banach space (see [3, 3.1.5]).

The assertion stated below follows from Corollary 7 and Lemmas 11 and 14.

Corollary 16. Let X be a Banach space.

(i) If X is separable, then in the spaces X,, and B, injective convergence and lateral convergence
of sequences are equivalent.

(i1) If X, is separable, then in the spaces X,, and B, injective convergence and lateral convergence
of sequences are equivalent.

Theorem 17. Let X be a Banach space.
(i) If X is nonseparable and ( fy)nen is laterally convergent in B, then || f,]| — 1 as n — oco.
(i) If X, is nonseparable and (z,,)new is laterally convergent in B,,, then ||z,| — 1 as n — oo.

PRrROOF. (i): Let X be nonseparable, let f, — f in B, and let (U,)nen be a covering of (fp)nen
in BJ, that converges laterally to f. Assume to the contrary that there exist an infinite set 7 C N and
areal 0 < A <1 such that ||f;|| < A for all i € I.

Each of the sets Uj; is of the form V; N B’, where V} is a neighborhood of f; in X,. By Lemma 13(i),
there exists g € X’ such that ||g|| =1— X and f; + g € V; for all i € I. From the relations

Ifi +gll <Ifill +llgll <A+ (1 =A) =1
it follows that f; +¢ € V; N B’ = U; for all ¢ € I. In particular, for each m € N,

fitgeU; € |JU.C|JUn foralliel, izm.

nel,n>m nz=m
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Moreover, the convergence f; + g — f+ g in X/ and the closedness of B’ in X/, imply f + ¢ € B’
1€

Thus, in the topological space B, we have f # f + g € cl Un>m U, for all m € N, which contradicts
condition (c) of Lemma 2.

Assertion (ii) is proved analogously to (i), with Lemma 13(ii) used instead of Lemma 13(i). O

Theorem 18. Let X be a nonzero Banach space.

(i) The following assertions are equivalent:
(a) X is separable;
(b) in X\, injective convergence and lateral convergence of sequences are equivalent;
(c) there exists a laterally convergent sequence in X.,.

(ii) The following assertions are equivalent:
(a) X|, is separable;
(b) in X,, injective convergence and lateral convergence of sequences are equivalent;
(c) there exists a laterally convergent sequence in X, .

PROOF. (i): The implication (a)=-(b) is contained in Corollary 16.

The implication (b)=-(c) is trivial: for instance, given a nonzero f € X', the convergence % f—0
in X, is injective and, by virtue of (b), is lateral.

(¢c)=>(a): Consider a laterally convergent sequence g, — ¢ in X|, and assume to the contrary that
X is nonseparable. From the weak* convergence g, — ¢ it follows that there exists A > 0 such that
llgll < A and ||gn|| < A for all n € N. Put f, := 21)\gn and f := %g. Clearly, the sequence (fy)nen
converges laterally to f in X/, and the terms of this sequence as well as its limit belong to B.,. Therefore,

(frn)nen converges laterally in By, (see [1, 1.10(b)]). By Theorem 17 (i), this implies that || f,|| — 1, which

contradicts the relations ) ) )
= — < —A=—.

Assertion (ii) is proved analogously to (i), using Theorem 17(ii) instead of Theorem 17(i). O

DEFINITION 19. We recall several classical definitions and facts concerning convex and smooth spaces
(see, e.g., [4, Chapter II; 5, Part 3]).

A Banach space X is

(a) strictly convez if for all z,y € X

r+y
lall = Iyl = |52 =1 = 2 =u

(b) uniformly convez if for every £ > 0 there exists 6 > 0 such that for all z,y € X

[zl =1yl =1, lz -yl > e = H H

(c) smooth if for every nonzero x € X there exists a unique f € X’ such that || f|| = 1 and f(z) = ||z]|;
(d) uniformly smooth if for every € > 0 there exists § > 0 such that for all z,y € X

el =1, [yl <0 = llz+yll +llz -yl <2+ellyl-

Classical examples of spaces with properties (a)—(d) include Hilbert spaces and spaces of the form LP,
1 <p<oo.

REMARK 20 (see [4, Chapter II; 5, Part 3]).

(a) Every uniformly convex space is strictly convex, and every uniformly smooth space is smooth.

(b) The smoothness of X’ implies the strict convexity of X, and the strict convexity of X’ implies
the smoothness of X.

(¢) The uniform convexity of X is equivalent to the uniform smoothness of X', and the uniform
smoothness of X is equivalent to the uniform convexity of X’.

(d) Uniformly convex Banach spaces and uniformly smooth Banach spaces are reflexive.
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Lemma 21. Let X be a Banach space.

(i) If X' is strictly convex, then BY, has countable pseudocharacter at each point of S’.

(ii) If X is strictly convex, then B,, has countable pseudocharacter at each point of S.

ProOF. (i): Let X’ be strictly convex, and let f € S’. Since | f|| = 1, there exists a sequence
(#n)nen in B such that f(x,) — 1 as n — co. We show that (), o B'(f,nz,) = {f}. To this end,
take an arbitrary g € (,cy B'(f, nz,) and establish the equality f = g. Indeed, for all n € N we have
|9(xn) — f(2n)| < 3, whence

1
L= gl = g(zn) = f(an) + g(@n) = f(2n) > flan) = — — 1,

n n—oo

T e L e

and hence f = g by the strict convexity of X’.

(ii): The proof can be carried out along the same lines as for (i). In this case the arguments are more
elementary: if X is strictly convex, then the countability of the pseudocharacter of B,, at a point x € S
is ensured by the equality (), B(x,nf) = {«}, where f € X’ is such that f(z) =/ f||=1. O

Corollary 22. Let X be a Banach space.

(i) If X' is strictly convex, then in B, the injective convergence and the lateral convergence of
a sequence to an element of S’ are equivalent.

(ii) If X is strictly convex, then in B, the injective convergence and the lateral convergence of
a sequence to an element of S are equivalent.

Theorem 23. Let X be a Banach space.

(i) Let X be uniformly smooth, let (f,)nen converge injectively to f in B, and suppose that
| fnll = 1 as n — oo. Then (f,)nen converges laterally to f in Bi,.

(ii) Let X be uniformly convex, let (x,)nen converge injectively to x in B,, and suppose that
|zn|| = 1 as n — oco. Then (xy,)nen converges laterally to x in B,,.

PROOF. (i): Let the assumptions of (i) hold. We may assume that dim X’ > 1 and that f,, # 0 for

all n € N. Since X’ is uniformly convex (see Remark 20(c)), for every e > 0 there exists §(¢) > 0 such
that for all g,h € X’

g+h
gl = lnl =1, |25 > 1-0(e) = llg—nll <e. (1)
We show that for all x € X and g, h € X’
el = llgll = g(z) =1, [lall <1, [h(x) =1 <d(e) = [lg—hl <e. (2)
Indeed, let ||z|| = ||lg|| = g(x) =1 and |h(z) — 1] < d(¢). In the case ||| =1 we have

(x):1+;(h(:z:)—1)>1—5(25)>1—5(€),

Hg+hH>g+h
2 2
whence ||g — h|| < e by (1). Now let ||h|| < 1. Consider a nonzero functional z € X’ satisfying z(z) = 0,
and put hy := h + Az for A € R. Clearly, there exist reals A < 0 < p such that [|hy|| = ||hu|| = 1. Since
hy(xz) = h,(z) = h(z) and relation (2) has been proved for functionals h of unit norm, we have

lg —hall <&, g = hull <,

and hence ||g — h|| < €, because h lies in the segment [hy, h].

Since X is reflexive (see Remark 20(d)), by James’s theorem there exists a sequence of z, € S such
that f(zn) =|fnll for all n € N. Owing to the convergence | f,| — 1, for every € > 0 there exists
N(e) € N such that for n > N(¢)

[l 1] < 666), 3)
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We show that for all e >0, n > N(e), and h € X’
1
I <L Jh@) ~ fule)] < & = - Al <22 -

Indeed, if n > N(e), [|h]| <1, and |h(zn) — fn(zn)| < 1, then by (3) we have

1
[h(zn) =11 < [h(zn) = falwn)| + | fal@n) = 1] < — 4 |l full = 1] < 5(e). (6)
Put g, = fu/|fnll- Then ||z,|| = |lgnll = gn(xn) = 1, and hence, in view of (2) and (6), we get
llgn. — h|| < e. Using (4), we conclude that
fn _ fn _ —
[fn= bl < fn=gnll+llgn =Rl < fn_m +e = (Ilfall - )Hf Ml e= fnll =1 +e <et+e=2e

By Lemma 3, to justify the lateral convergence f, — f in Bl it suffices to show that for every
neighborhood V of f in B, the inclusion B'(f,,nx,) C V holds for all large n. In view of the structure
of basic neighborhoods in By, (see Definition 12), it is enough, in turn, to fix an arbitrary nonzero x € X
and, for all large n, establish the inclusion

B'(fn,nan) € B'(f, x). (7)
Since f,, — f weakly, there exists M € N such that |f(z) — fu(z)| < 3 for n > M. We show that

inclusion (7) holds for
1
n = max{N(—),M}.
Af||

Indeed, if b € B'(fy, nay), ie., ||h]| < 1 and |h(zn) — fu(zn)| < L, then by (5) we have ||f, — k|| <
and hence

7@ = h@) < 1F@) ~ fale)| + fal@) = @) < 5+ 1a— el < 5+ 500

2H:CII

]l =
2|| I

ie., he B (f ).

(ii): A uniformly convex space X is reflexive, and its dual space X’ is uniformly smooth (see Re-
mark 20(c),(d)). These observations make it possible to identify B,, with the unit ball of the second dual
space X", endowed with the weak* topology, and to apply assertion (i). O

Corollary 24. (i) Let X be a nonseparable uniformly smooth Banach space. In the space B,
a sequence (fn)nen converges laterally to f if and only if (f,,)nen converges injectively to f and || fn|| — 1
as n — oo.

(ii) Let X be a nonseparable uniformly convex Banach space. In the space B,,, a sequence (X )nen
converges laterally to x if and only if (x,)nen converges injectively to x and ||z,| — 1 as n — oc.

Theorem 25. (i) There exists a nonzero Banach space X such that B), contains no laterally con-
vergent sequence.
(ii) There exists a nonzero Banach space X such that B,, contains no laterally convergent sequence.

PROOF. (i): Consider an uncountable set I and the classical Banach spaces X := ¢}(I) and £>°(I),
consisting, respectively, of summable functions x : I — R and bounded functions f : I — R, with norms

Izl =Y le@, [Ifllc = ilglf(l’)l-

i€l

As is well known, the mapping f f, which assigns the functional f cxo Yo orx(i) f(i) to each
function f € ¢°°(I), implements a linear isometry of ¢>°(I) onto X'.
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Suppose that there exist functions f,, € £°°(I) (n € N) and f € ¢£°°(I) such that the sequence (f,,)nen
admits a covering (Uy,)nen in BY, that converges laterally to f

Each of the sets U, includes some basic neighborhood B’<]?n, x?> N---N B’<;, :U”mn>, where m,, € N
and 2} € X. Since every function z € ¢(I) has countable support suppx := {i € I : z(i) # 0}, all a7
vanish outside the countable subset

Iy := U tj suppzy C I.
neN k=1

As is easy to see, for each n € N the set U, contains every functional § corresponding to a function
g € £°°(I) such that ||g]|c < 1 and g = f,, on Ij.

Fix an element j € I \I and a real A € [—1,1] distinct from f(j). Denote by e; the indicator function
of the singleton {j} C I, and define functions g, g, € £°°(I) by setting

g =f+ ()\—f(])) €j, Gn = Jfn+ (A_fn(j)) €j-

Clearly, ||gn]loc < 1 and g, = f, on I\{j} 2 Iy. Therefore, g, € U, for all n € N. Moreover, in B,
we have the convergence

Gn=fat A=) G = F+ (A= f())E =7

as n — oco. Thus, f #§ € c Unsm Un for all m € N, which contradicts condition (c) of Lemma 2.

(ii): A corresponding example is provided by the space X := ¢¢(I), endowed with the supremum
norm, which consists of real functions defined on an uncountable set I and vanishing at infinity, i.e.,
functions = : I — R such that the set {i € I : |z(i)| > €} is finite for every € > 0. The proof can be
obtained by repeating the arguments in (i) with ¢o(I) in place of £>°(I) and using the linear isometry
of the Banach spaces co(I) and ¢1(I). O
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