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In this paper we study the definability of least fixed points of propositional modal formulas in
the positive case.

Modal formulas are assumed to be constructed from propositional variables and the constants
1, T via the connectives A, V, =, O, and ¢. A modal formula ¢(p,qi,.-..,q,) is called positive
(modalized) in p if every occurrence of p in ¢ is positive (in the scope of O or ¢).

A modal Kripke frame < W, R > consists of a non-empty set W and an arbitrary binary relation
R on W. A Kripke model < W, R,v > consists of a frame < W, R > and a valuation function v
that assign a value — a subset of W — to each variable. The value of constant L is always the
empty set. The value of constant T is always the set W. This function is extended to formulas
in the usual way as follows: the connectives =, A, V correspond to, respectively, complementation,

intersection, and union; [0 and ¢ correspond to the following operations on sets

OA = {z|Vy(zRy =y € A)},
QA ={z|Jy(zRy Ay € A)}.

Counsider a formula ¢(p,qi,...,q,) in variables p,q1,...,q, and a Kripke model < W, R,v >
with values Q1,...,Qn of variables ¢i,...,qn. Define the operator F, by the rule F,(P) =
e(P,Q1,-..,Qn). This operator takes each PCW to the value p(P,Q1,...,Qy) of the formu-
la . A set P is called a fized point if P = F,(P). A fixed point P is called the least fized point if
P C P’ holds for any other fixed point P'. A formula w(q,...,q,) defines the least fixed point P
if P=w(Q,...,Q,) holds.

A formula w(qi, - - ., qn) preserves positivity of parameters if for any variable ¢; if o(p, q1,-.-,qn)
is positive in ¢;, then w is positive in g;. A formula w(qy,...,q,) preserves positivity of L if the fol-
lowing holds; if ¢(p, q1,...,q,) doesn’t contain negative occurrences of L and positive occurrences
of T, then w(q,...,¢,) doesn’t contain negative occurrences of L and positive occurrences of T.

There is the well-known Fixed Point Theorem [11]

Fixed Point Theorem (de Jongh, Sambin, Bernardi, Smorynski). For any formula o(p,q, ...,
qn) that is modalized in p, there is a formula w(qi,...,q,) which defines the unique fized point of

the operator F,, in each strictly partially ordered Kripke model with the ascending chain condition.

In a certain sense the positive case can be reduced to the modalized one. Let a formula ¢ be
positive in p. Transform the formula ¢. Replace all occurrences of p which are not within the

scope of O or ¢ by L. Denote obtained formula by (. The formula ( is positive and modalized in
p.

Proposition 1 Least fized points of operators F,, and F¢ coincide in every model < W, R,v >.

But Fixed Point Theorem theorem doesn’t hold for strictly partially ordered Kripke model

without the ascending chain condition.
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Example 2 Consider natural numbers < N, <> with strict linear order 0 < 1 < 2 < .... If
¢ = Op, then the operator F, has two fixed points; @ and N. If ¢ = O-p, then the operator F|,
doesn’t have fixed points. A

The following example demonstrates undefinable fixed points in partially ordered models.

Example 3 Let o =0O(pVq) VO(pV —q). The linear ordered model consist of two copies N and
N' of the natural numbers 0 <1 <2< --- <2 <1 0. Let @ be the set of even numbers
(bullets). The set N’ is the least fixed point of the operator Fi,. This set is undefinable.

The next model is partial ordered tree. A set () consists of all pairs (i, ) with even i (bullets).

The least fixed point is the set {(i,7)|i < j}. This set is undefinable. A
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Figure 1.

A partially ordered Kripke frame < W, <> is called an E-frame if for any infinite chain x; <
xz < ... there exists x; such that Vy > z; 3z; such that z; > y.

Lemma 4 A partially ordered Kripke frame < W, <> is an E-frame iff for any nonempty subset
ACW and each element x € A at least one of the following conditions holds:

1) dy € A such that x < y and y is mazimal in A,

2) 3z € A such that x < z and Yu > z Jv € A such that u < v.

Example 5 Each partially ordered Kripke frame with the ascending chain condition is an E-frame.
The natural numbers < N, <> and the integers < Z, <> are E-frames.

Let us give finite partially ordered frame. Attach to some elements chains ordered as natural
numbers (fig. 2). The frame obtained is an E-frame. A



Figure 2. Example of E-frame

A Kripke model based on E-frame is called E-model.

Theorem 6 For any formula o(p,qi,-..,qn) that is positive in p there is a formula w(qi, .., qn)
which defines the least fized point of the the operator F, in each E-model and preserves positivity

of parameters and L.

Proof Let us transform the formula . First, replace all occurrences of p which are not within
the scope of O or ¢ by L. Move all negations to variables and constants, delete double negations,
replace =L and =T by T and L respectively. Consider the maximal subformulas with the outer
connective ¢. The formula ¢ is constructed from such subformulas, the variable p, and subformulas
that don’t contain p via the connectives A, V, and 0. Next move all these occurrences of A outside
through V and O. Now ¢ is represented as A 6$, where each 6§ is generally the disjunction of

S
formulas that don’t contain p, formulas with the outer connective [0, and formulas with the outer
connective ¢. We denote by 7 the disjunction of all disjunctive terms that don’t contain p. If
there are no such terms, we add L for our reasoning to be uniform. Then 67 has the form

vi v\ 0i v\/ 08,
l i

Consider the formula 67. We will designate subformulas and construct a finite set with binary

relation S. Each element of this finite set has a formula assigned.

Construction 7 Take an element denoted by 85 and assign the formula ¢} to it. For each formula

0, put new elements 6 such that #5562, For all elements 63, we do the following. First, see to

2
it that the structure of the formula 67 is analogous to that of 7. Denote the disjunction of all
disjunctive terms not containing p by 1. If there are no such terms, we add L. Assign ¢{ to the
element 0~f . Disjunctive terms whose outer connective is [ will be denoted 8}, with an index

distinct from those already used. Disjunctive terms whose outer connective is { will be denoted



Qpj, with an index distinct from those already used. For all disjunctive terms 006} occurring in
0, put new elements @3 such that 6S65.

Next, apply this procedure to all 87, and so on. When this process is finished, a finite set is
obtained, and we call it the complete tree for 6. The construction is completed. A

If 67 contains p as a disjunctive term, the element éf of the complete tree is called branching.
If 67 has as a disjunctive term the formula containing p with the outer connective ¢, the element
63 of the complete tree is called marked.

The reflexive and transitive closure of S is the partial order <.

Lemma 8 Let x be an element of a Kripke model < W,R,v >. If x ¥ 07, then there exists a
relation preserving mapping u of the complete tree for 67 into the model such that the following
conditions satisfied:

1) &= u(@);

2) u(82) ¥ 05 holds for each 63 ; therefore u(82) ¥ ¢ and u(ji) ¥ p holds for each branching ji.

Proof Put u(f]) = x. For all 0§ we have 2 ¥ 067. Choose z; such that xRz; and z; ¥ 67 and let
u(6?) be equal to z;. Proceeding this construction, we obtain the mapping required. The lemma
is proved. A

A finite set with binary relation S, constructed in Construction 9 below, is called a refuting

tree for the formula 67.

Construction 9 If 87 =17, then the refuting tree for §; coincides with the complete tree for 65.
Otherwise consider some subset K of the set of branching elements of the complete tree for 65.
Take the set T = {5} U {ji| 37 € K, ji < #} of elements of the complete tree for #5. Consider the
image of this tree under the relation preserving mapping which takes all elements of I to a single
element %, and takes all the other elements to themselves. The binary relation S is the relation of
covering. For each 85 ¢ I, assign to 8¢ the formula assigned to 6?. Assign to 65, all of the formulas
assigned to elements of I (thus, to element éfU we may, in general, assign several formulas). Add
the new element, #5 such that é{SéfU. Assign ¢ to 65, The construction is completed. A

If 9% contains p as a disjunctive term and 6% ¢ I, the element % of the refuting tree is called

branching. The definitions given imply that éf and éfU are not branching.

Lemma 10 Let x be an element of a transitive and antisymmetric model < W, R,v > and x ¥ 6§
holds. Let there is mazimal element y among elements z such that z > x and z ¥ 0. Then there
exists a refuting tree for 0 and a mapping f from this tree into the model such that the following
statements are true:

1)x=f6),y=F6) o

2) f preserves relation S except the following case: 6 and 67y can be mapped to one irreflezive
element;

3) for each element éf of the complete tree, if éf € 1, then f(éfU) E 67 holds; if éf ¢ I, then
for the element 8% or refuting tree f(0F) ¥ 62 holds; in addition f(83) ¥ 65 holds;

4) for each branching fi, f(ii) > f(65,) holds.

5) for all z > f(83,), 2 E 65 holds.



Proof If 6] = v7, then f(éf) = x. Otherwise consider the mapping u from Lemma 8 for y. Now
we construct a refuting tree and its mapping f into the model. Let K be the set of all branching
elements i such that u(ji) = y. Put f(65) =z, f(65,,) = y. If 6% € I, then put f(8?) = u(?). The
lemma, is proved. A

Construct formulas pj. If 6§ = ¥7 vV \/ Oy, we don’t construct pj.
!
I£ 07 = 47 V'V Op) VOO, then pi =7 vV O vO(LVO(LV VD))
! i 1 i
Let e = NG5 AApS.

The complete and refuting trees for pj are shown in fig.3.
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Figure 3. Trees for p§

A refuting structure is any finite set with binary relation S constructed as follows.

Construction 11 Consider a refuting tree for some formula 6§ (or p3). Let 77 be branching. To
this element we attach a refuting tree for some % (or pt), identifying 6% (or 4%) with 7. Apply this
procedure to all branching elements of the refuting tree for 6 (or pf). Iterate this procedure of
attaching refuting trees for all branching elements of the attached trees.

The iteration process should be organized so as to satisfy the following conditions: for any
formula in each path going upward, the refuting tree for this formula occurs at most once, and the
uppermost trees have no branching elements. The procedure is completed. A

Clearly, there exists only a finite number of such structures.

Sets of forbidden elements of complete tree is a certain subsets of the set of marked elements
in this complete tree, specified below.

A refuting mechanism is a family of trees with sets of assigned formulas and an association
relation between the sets of trees and the elements of trees; this family is constructed as follows.

Construction 12 Take some initial structure. We will proceed step by step to consider the sets of
structures, adding some complete trees with the structures attached and defining set of forbidden
elements for complete trees.

First, consider the set consisting of the given initial structure. For each s, assume the set of
forbidden elements for 6§ to be empty.

Step. To each structure in the set considered we apply the following procedure.



1) For each refuting tree in the structure, execute the following procedure. Let this refuting
tree is tree for 67.

2) For each marked, nonforbidden element 0~;§ of the complete tree for 6] execute the following
procedure.

3) For each disjunctive term Q¢? in 65 execute the following procedure.

4) Transform ¢, following the same line as for ¢. Let ¢ = A 9{. For each conjunctive term
J

0{ execute the following procedure.

Construct a complete tree for 0{. Next, attach some structure to each branching element of
this complete tree for 0{. Consider all possible ways of attaching, each time taking a copy of the
complete tree with the structures attached. We will thus obtain a set of trees. The procedure for
a conjunctive term is completed.

Take a union of the trees over all conjunctive terms of 2 . Add these trees to the mechanism
and assume that this set, constructed via the formula ¢¢? . is associated with the element fi of the
refuting tree. The element fi corresponds to the element éi of the complete tree. It means that
fi=05if 07 ¢ 1. 105 € I and k # 1, then ji = 05, If k = 1, then ji = 63.

Note that several sets, constructed for distinct disjuctive terms of the form ¢?, , are associated
with the element fi.

For each marked element BNZ in each copy of the complete tree occuring in a tree from the set
of trees added to the mechanism, we execute the following procedure.

a) For each disjunctive term Q7 in t‘)g execute the following procedure.

b) Transform ¢J following the same line as for ¢. Let ¢ = A 07. For each conjunctive term
T
07 execute the following procedure.

c¢) Construct a complete tree for 7. Attach some structure to each branching element of this
complete tree for 7. Consider all possible ways of attaching, each time taking a copy of the
complete tree with the structures attached. We will thus obtain a set of trees. The procedure c)
for a conjunctive term is completed.

Take a union of the trees over all conjunctive terms of (/. Add these trees to the mechanism
and assume that this set, constructed via the formula {? , is associated with the element 5{ of
the complete tree.

The procedure b) for ¢¢pJ is completed.

The procedure a) for éi is completed.

We proceed with this procedure of adding sets of trees, applying it to all marked elements of
the added complete trees, etc. Procedure of this type will be taken until all complete trees are
exhausted.

Define the sets of forbidden elements for complete trees for all attached structures. The sets
of forbidden elements of of complete trees for 6%, with ¢ # s, remain unchanged. Define the set of
forbidden elements of complete tree for 6§ as an union of the preceding set and all marked elements
7] of the complete tree such that 7 < 0~,“’c.

The procedure 4) for ¢p?, is completed.

The procedure 3) for é,sc is completed.

The procedure 2) for the refuting tree is completed.

The procedure 1) for the structure is completed.

Consider the set consisting of the structures attached at this step.



The step is completed.

Step of this type will be taken until all marked, nonforbidden elements are exhausted. The
number of forbidden elements for the added structures increases, and the process will terminate in
a finite number of steps. The procedure is completed. A

A morphism of the refuting mechanism is a set of mappings from the trees of this mechanism
into the model < W, R,v >, for which the following conditions hold:

1) there exists exactly one mapping f of the initial structure;

2) these mappings preserves relation S except the following case: éf and éfU can be mapped
to one irreflexive element;

3) for each mapping h of any tree and any of its elements #, all the formulas assigned to the
element 7 are false at h(7);

4) let h be a mapping of some tree and let some set of trees be associated with the element
of this tree. Then, for each element y such that h(?)Ry, there exists a mapping of some tree in
this set that takes the smallest element of the tree to y.

A refuting mechanism, together with its morphism, is called a refuting configuration.

The image of the smallest element in the initial structure of the mechanism is called the initial
element of the refuting configuration.

The following lemmas are analogous to lemmas in [3].

Lemma 13 Let P be a fized point of the operator F, in E-model < W,R,v >. If x ¢ P, then
there exists a refuting configuration, whose initial element is x.

Proof Let a value of p be P. Since z ¥ p, we have z ¥ 67 for some s. Consider a set A* = {w €
W lw ¥ 65}, If there is an element y € A® such that < y and y is maximal in A%, we map a
refuting tree for 65. If there is z € A® such that ¢ < z and Yu > z Jv € A% such that u < v, then
x ¥ pj. We map the refuting tree for pj. For each branching element #, p is refuted at the image
w of ¥. Therefore, some 6] or pj is refuted at w. Attach the refuting tree for 6§ or pj to . Take
the union of the mappings over all trees.

The process of attaching refuting trees and taking unions of maps continues. Consider a refuting
mechanism with the initial structure obtained. A

Lemma 14 Let a transitive model < W, R,v > and refuting configuration be given. Consider the
refuting tree at the bottom of the initial structure of the refuting mechanism. Let it be a refuting
tree for 6. Then the elements f(03), f(85y) and f(6F) for all branching elements 85 of this tree
will be initial in some refuting configuration. For each branching element éf of each complete tree
occurring in the trees constructed for the refuting tree given at the first step, and for each mapping

h, the element h(éf) will be initial in some refuting configuration.

This lemma holds for p§ also.
Henceforth, the set of the elements of the model that are not initial in any of the refuting

configurations is denoted by P’.

Lemma 15 Let a transitive and reflexive model < W, <,v > and refuting configuration be given.
Consider the refuting tree at the bottom of the initial structure of the refuting mechanism. Let it
be a refuting tree for 05 or pj. Let x be the initial element of this refuting configuration. Then
x E 0.



Lemma 16 ¢(P',Q1,...,Q,)CP’ holds in each transitive and reflexive model < W, <, v >.
Lemma 17 In each E-model < W, <,v > the set P’ is the least fixed point.

For each refuting mechanism, one can construct a formula that is false at z iff there exists a
refuting configuration with this mechanism and with = as the initial element. We construct the
formula by induction on the association relation.

Consider the trees with the elements of which no sets of trees are associated. By induction on
the vertices of a tree, we associate a formula to each element.

With each vertex of the tree we associate the disjunction of formulas assigned to it. Let to
each element of the tree be associated the disjunction of the formulas associated to the immediate
successors of this element, prefixed with 0, and the formulas assigned to this element.

To construct a formula associated to the element having an assotiated set of trees, we add as
a disjunctive term the formula obtained by attaching ¢ to the conjunction of formulas associated
to to the smallest elements of trees in the assotiated set.

The required formula correspond to the smallest element of the initial structure.

There exists a finite number of refuting mechanisms. The conjunction w of all formulas corre-

sponding to these mechanisms defines the least fixed point. The theorem is proved. A

Remark 18 We can use the following simplifications.
1) The refuting tree for p; coincides with the complete tree for p;.
2) Refuting trees for p; cannot be higher than refuting trees for 67 in refuting structures.
3) We don’t add trees containing refuting trees for 65 to the set associated with the top element

of the refuting tree for pJ. A

Figure 4. Complete tree for 6}

Example 19 Consider the formula ¢ = O(pV ¢) VO(p V —q). Here p = 61 and 6 = L vO(pV
q)VO(PV—q). Sopl=LvOLVO(LVOpPVe VOPVq)) and e = 6] A p}.

Use simplifications from the remark 18. The complete tree, refuting trees, structures, and
mechanisms are shown in fig. 4 5, 6, 7. The associated set is shown inside framebox. There are two
refuting mechanisms. The formulas corresponding to mechanisms are written under mechanisms.
The formula w is a conjunction of this two formulas corresponding to mechanisms and equivalent
to 00 (Og vV O~q) in E-models. A

A strictly partially ordered Kripke frame < W, <> is called an SE-frame if for any infinite
chain ; < x» < ... there exists x; such that Vy > x; 3x; such that z; > y.
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Theorem 20 For any formula ¢(p,qi1,...,qn) that is positive in p there is a formula w(qy, ..., qn)
which defines the least fized point of the operator F, in each SE-model and preserves positivity of

parameters and 1.

Proof is similar to the proof of the theorem 6. There are some differences;
1) pi = ¢f V\/Oﬁpl VD(DJ_VO(J-V\/DGS))

2) we use refutlng trees with K = & only
3) when a formula corresponding to 0{ of the refuting tree is constructed, the connective [ is
applied to the formula corresponding to éfU, where Ha = a A Oa. A

We denote by Lg the modal logic which is characterized by the class of all E-frames and by
Lsg the modal logic which is characterized by the class of all SE-frames.

Corollary 21 For any formula o(p,q1, .-.,qn) that is positive in p there is a formula w(qy,-..,qn)
which preserves positivity of parameters and L and such that the following formulas are contained

m LE
w=oW,qr,. -, qn),

O = ¢(p,q1,---,qn)) = O(w — p).

Corollary 22 For any formula o(p,qi, ..., qn) that is positive in p there is a formula w(qy,...,qn)
which preserves positivity of parameters and L and such that the following formulas are contained

m LSE

w= @(waqla"'aqn)a
B = e aq,---, ) = B(w—p).
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