
1.2. �®ª ¦¥¬ ¢â®à®¥ â®¦¤¥áâ¢®

(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C) (1.1)

¯¥à¢®¥ â®¦¤¥áâ¢® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®. �® ®¯à¥¤¥«¥­¨î ¬ë ¨¬¥¥¬

(A ∪B) ∩ C = {x | x ∈ C ∧ (x ∈ A ∨ x ∈ B)},
A ∩ C = {x | x ∈ A ∧ x ∈ C}, B ∩ C = {x | x ∈ B ∧ x ∈ C}.

�á¯®«ì§ãï ¢â®àãî ¢ë­®á­ãî áâà®ªã, ¯à® ­ «¨§¨àã¥¬ ¢ëà ¦¥­¨¥ (A ∩ C) ∪ (B ∩
C). �£® á¬ëá« á®áâ®¨â ¢ â®¬, çâ® í«¥¬¥­â x ¢á¥£¤  ¯à¨­ ¤«¥¦¨â C, ­® ¯à¨ íâ®¬
¬®¦¥â ¯à¨­ ¤«¥¦ âì ¨«¨ A, ¨«¨ B. � íâ®, ãç¨âë¢ ï ¯¥à¢ãî ¢ë­®á­ãî áâà®ªã,
íª¢¨¢ «¥­â­® â®¬ã, çâ® x ∈ (A ∪B) ∩ C.

1.3.f. �®ª ¦¥¬ â®¦¤¥áâ¢®

A ∩ (B \ C) = (B \ C) ∩A = (A ∩B) \ (A ∩ C). (1.2)

�ãáâì x ∈ (A ∩B) \ (A ∩ C). �â® à ¢­®á¨«ì­® â®¬ã, çâ®

x ∈ (A ∩B) \ (
(A ∩ C) ∩ (A ∩B)

)
= (A ∩B) \ (A ∩B ∩ C) = (A ∩B) \ C.

�®
(A ∩B) \ C = A ∩ (B \ C);

¤¥©áâ¢¨â¥«ì­®, ¢ëà ¦¥­¨¥ (A ∩ B) \ C ®§­ ç ¥â, çâ® ¨§ ¬­®¦¥áâ¢  A ∩ B ¬ë ã¡¨-
à ¥¬ ¢á¥ í«¥¬¥­âë, ¯à¨­ ¤«¥¦ é¨¥ C,   ¢ëà ¦¥­¨¥ A ∩ (B \ C) ®§­ ç ¥â, çâ® ¬ë
à áá¬ âà¨¢ ¥¬ â ª¨¥ í«¥¬¥­âë x ¬­®¦¥áâ¢  A, çâ® x ∈ B, ­® x /∈ C, ¯®íâ®¬ã ¨
í«¥¬¥­âë ¬­®¦¥áâ¢  A∩ (B \C) | íâ® â ª¨¥ í«¥¬¥­âë ¬­®¦¥áâ¢  A∩B, ª®â®àë¥
­¥ ¯à¨­ ¤«¥¦ â C. � ª¨¬ ®¡à §®¬, â®¦¤¥áâ¢® (1.2) ¤®ª § ­®.

1.5. �® ®¯à¥¤¥«¥­¨î ¬ë ¨¬¥¥¬

A�(B�C) =
(
A \ (B�C)

) ∪ (
(B�C) \A

)

=
(
A \ (

(B \ C) ∪ (C \B)
)) ∪

((
(B \ C) ∪ (C \B)

) \A
)

= D1 ∪D2.

�ãáâì x ∈ D1. �®£¤  x ∈ A, ¨, ¯®áª®«ìªã B ∪ C = (B�C) ∪ (B ∩ C), ¬ë ¨¬¥¥¬
á«¥¤ãîé¨¥ ¤¢¥ ¢®§¬®¦­®áâ¨: 10 x ∈ A ¨ ¯à¨ íâ®¬ x /∈ (B ∪C), 20 x ∈ (A ∩B ∩C).
�ãáâì x ∈ D2. �®£¤  ¬ë ¨¬¥¥¬ á«¥¤ãîé¨¥ ¤¢¥ ¢®§¬®¦­®áâ¨: 1′ x ∈ B, x /∈ (A∪C),
2′ x ∈ C, x /∈ (B ∪ C). �®¢®ªã¯­®áâì ¢®§¬®¦­®áâ¥© 10, 20, 1′, 2′ ¤ ¥â ­ ¬ ¯à ¢®
á¤¥« âì á«¥¤ãîé¨© ¢ë¢®¤

A�(B�C) =
(

(A ∪B ∪ C) \ (
(A ∩B) ∪ (B ∩ C) ∪ (C ∩A)

)) ∪ (A ∩B ∩ C).
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� «¥¥ § ¬¥â¨¬, çâ® (A�B)�C = C�(A�B). �®£¤ , ¯à¨¬¥­ïï â¥ ¦¥, çâ® ¨ ¢ á«ãç ¥
A�(B�C),  à£ã¬¥­âë, ¬ë ¢ë¢®¤¨¬, çâ®

C�(A�B) =
(

(A ∪B ∪ C) \ (
(A ∩B) ∪ (B ∩ C) ∪ (C ∩A)

)) ∪ (A ∩B ∩ C),

®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.
1.8. � ¯®¬­¨¬, çâ® ¬­®¦¥áâ¢® R ­ §ë¢ ¥âáï ª®«ìæ®¬, ¥á«¨ ¢ ­¥¬ ®¯à¥¤¥«¥­ë

¤¢¥ ®¯¥à æ¨¨ | á«®¦¥­¨¥¬ + ¨ ã¬­®¦¥­¨¥ · , ®¡¥ ª®¬¬ãâ â¨¢­ë¥ ¨  áá®æ¨ â¨¢­ë¥,
  â ª¦¥ á¢ï§ ­­ë¥ § ª®­®¬ ¤¨áâà¨¡ãâ¨¢­®áâ¨, ¯à¨ç¥¬ á«®¦¥­¨¥ ®¡« ¤ ¥â ®¡à â­®©
®¯¥à æ¨¥© | ¢ëç¨â ­¨¥¬:

10 á«®¦¥­¨¥ ª®¬¬ãâ â¨¢­®: a + b = b + a,
20 á«®¦¥­¨¥  áá®æ¨ â¨¢­®: a + (b + c) = (a + b) + c,
30 ã¬­®¦¥­¨¥ ª®¬¬ãâ â¨¢­®: a · b = b · a,
40 ã¬­®¦¥­¨¥  áá®æ¨ â¨¢­®: a · (b · c) = (a · b) · c,
50 á«®¦¥­¨¥ ¨ ã¬­®¦¥­¨¥ á¢ï§ ­ë § ª®­®¬ ¤¨áâà¨¡ãâ¨¢­®áâ¨: (a+b)·c = a·c+b·c.
� ª ç¥áâ¢¥ + à áá¬®âà¨¬ ®¯¥à æ¨î �, ¢ ª ç¥áâ¢¥ · | ®¯¥à æ¨î ∩. � íâ®¬

á«ãç ¥ á¢®©áâ¢  10, 30 ®ç¥¢¨¤­ë, á¢®©áâ¢® 20 | § ¤ ç  1.5, á¢®©áâ¢® 40 ¯à®¢¥àï¥âáï
í«¥¬¥­â à­® ­¥¯®áà¥¤áâ¢¥­­®. �®ª ¦¥¬ á¢®©áâ¢® 50, â. ¥.

(A�B) ∩ C = (A ∩ C)�(B ∩ C). (1.3)

�á¯®«ì§ãï (1.1), ¬ë ¯®«ãç ¥¬
(
(A \B) ∪ (B \A)

) ∩ C =
(
(A \B) ∩ C

) ∪ (
(B \A)

) ∩ C
)
. (1.4)

� ¤àã£®© áâ®à®­ë, ¨á¯®«ì§ãï (1.2), ¬ë ¬®¦¥¬ § ¯¨á âì

(A ∩ C)�(B ∩ C) =
(
(A ∩ C) \ (B ∩ C)

) ∪ (
(B ∩ C) \ (A ∩ C)

)

=
(
(A \B) ∩ C

) ∪ (
(B \A) ∩ C

)
. (1.5)

�®¯®áâ ¢«ïï (1.3) ¨ (1.4), ¯®«ãç ¥¬ (1.5).
1.9. �® ®¯à¥¤¥«¥­¨î f−1(M) = {x ∈ X | f(x) ∈ M}. �®íâ®¬ã ¤«ï «î¡®©

â®çª¨ z ∈ f−1(M) ¬ë ¨¬¥¥¬ f(z) ∈ M , çâ® ¢«¥ç¥â ¢ª«îç¥­¨¥ f
(
f−1(M)

) ⊆ M .
�à¨¬¥à ®â®¡à ¦¥­¨ï f : X → Y , ¤«ï ª®â®à®£® ¢ª«îç¥­¨¥ áâà®£®¥, á«¥¤ãîé¨©:
X = {x1, x2} ⊂ R2, Y = {y1, y2, y3} ⊂ R2, f(x1) = y1, f(x2) = y2, M = Y . �®£¤ 
f−1(M) = {x1, x2}, f

(
f−1(M)

)
= {y1, y2} ⊂ Y = M (®â®¡à ¦¥­¨¥ f ¢ ¤ ­­®¬

¯à¨¬¥à¥ ­¥ áîàê¥ªâ¨¢­®).
1.10. �® ®¯à¥¤¥«¥­¨î f(E) = {f(x) | x ∈ E}. �®íâ®¬ã ¤«ï «î¡®© â®çª¨

z ∈ f(E) ¬ë ¨¬¥¥¬ x ∈ {u | f(u) = z}, £¤¥ f(x) = z, çâ® ¢«¥ç¥â ¢ª«îç¥­¨¥
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E ⊆ f−1(f(E)
)
. �à¨¬¥à ®â®¡à ¦¥­¨ï f : X → Y , ¤«ï ª®â®à®£® ¢ª«îç¥­¨¥ áâà®£®¥,

á«¥¤ãîé¨©: X = {x1, x2} ⊂ R2, Y = {y1, y2, y3} ⊂ R2, f(x1) = f(x2) = y1, E = {x1}.
�®£¤  f(E) = y1, E ⊆ f−1(f(E)

)
= {x1, x2} (®â®¡à ¦¥­¨¥ f ¢ ¤ ­­®¬ ¯à¨¬¥à¥ ­¥

¨­ê¥ªâ¨¢­®).
1.24.
(1) �à¥¤¯®«®¦¨¬, çâ® f ­¥ áîàê¥ªâ¨¢­®. �®£¤  B \ f(A) 6= ∅, ®âªã¤  á«¥¤ã¥â,

çâ® ­ ©¤¥âáï í«¥¬¥­â y ∈ B \ f(A). �à¨ íâ®¬, â ª ª ª g ◦ f | ¡¨¥ªæ¨ï, ¬ë ¨¬¥¥¬
g(f(A)) = C. � ¤àã£®© áâ®à®­ë, ¯® ãá«®¢¨î h ◦ g | ¡¨¥ªæ¨ï, ¯®íâ®¬ã g(y) ∈ C,
¨, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ â®â ä ªâ, çâ® g(f(A)) = C, ¬ë ¯®«ãç ¥¬, çâ® ­ ©¤¥âáï
í«¥¬¥­â x ∈ B â ª®©, çâ® g(y) = g(x). �. ¥. g | ­¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥. �®
â®£¤  ¨ h ◦ g | ­¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �®íâ®¬ã
f | áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥.

(2) � ª ª ª g ◦ f , h ◦ g | ¡¨¥ªâ¨¢­ë¥ ®â®¡à ¦¥­¨ï, â® f , g | ¨­ê¥ªâ¨¢­ë¥
®â®¡à ¦¥­¨ï.

(3) �§ (1), (2) ¢ëâ¥ª ¥â, çâ® f | ¡¨¥ªæ¨ï.
(4) �á«¨ g | ­¥ áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â® g ◦ f ­¥ ¬®¦¥â ¡ëâì ¡¨¥ªâ¨¢­ë¬

®â®¡à ¦¥­¨¥¬, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �­ ç¨â, g | áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥-
­¨¥, ®âªã¤ , á ãç¥â®¬ (2), ®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï ¡¨¥ªâ¨¢­ë¬.

(5) �á«¨ h | ­¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â® á ãç¥â®¬ (4) ®â®¡à ¦¥­¨¥ h ◦ g ­¥
¡¨¥ªâ¨¢­®, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �­ ç¨â, ®â®¡à ¦¥­¨¥ h ¨­ê¥ªâ¨¢­®.

(6) �á«¨ h | ­¥ áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â® á ãç¥â®¬ (4) ®â®¡à ¦¥­¨¥ h ◦ g

­¥ ¡¨¥ªâ¨¢­®, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �­ ç¨â, ®â®¡à ¦¥­¨¥ h áîàê¥ªâ¨¢­®.
(7) �§ (5), (6) ¢ëâ¥ª ¥â, çâ® h | ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥.
1.25.b. �§ ãá«®¢¨ï § ¤ ç¨ áà §ã ¦¥ ¢ëâ¥ª ¥â, çâ® ®â®¡à ¦¥­¨ï f : A → f(A),

g : B → g(B) ¨­ê¥ªâ¨¢­ë,   ®â®¡à ¦¥­¨¥ g : (f ◦ h)(C) → C áîàê¥ªâ¨¢­®. �ë
¨¬¥¥¬ (f ◦ h)(C) ⊆ B, ¨ ¥á«¨ B \ (f ◦ h)(C) 6= ∅, â® íâ® ¡ã¤¥â ¯à®â¨¢®à¥ç¨âì
¨­ê¥ªâ¨¢­®áâ¨ ®â®¡à ¦¥­¨ï g : B → g(B). �«¥¤®¢ â¥«ì­®, (f ◦ h)(C) = B, çâ®
¢«¥ç¥â ¡¨¥ªâ¨¢­®áâì ®â®¡à ¦¥­¨ï g : B → C. �à®¬¥ â®£®, â®¦¤¥áâ¢® (f ◦h)(C) = B

¢«¥ç¥â áîàê¥ªâ¨¢­®áâì ®â®¡à ¦¥­¨ï f : h(C) → (f ◦ h)(C) = B, çâ® ¨áª«îç ¥â
ýáâà®£®¥þ ¢ª«îç¥­¨¥ h(C) ⊂ A (­ «¨ç¨¥ â ª®¢®£® ¯à®â¨¢®à¥ç¨â ¨­ê¥ªâ¨¢­®áâ¨
f : A → f(A)). �«¥¤®¢ â¥«ì­®, ¬ë ¨¬¥¥¬ h(C) = A, çâ® ¢«¥ç¥â ¡¨¥ªâ¨¢­®áâì
®â®¡à ¦¥­¨ï f : A → B ¨ áîàì¥ªâ¨¢­®áâì ®â®¡à ¦¥­¨ï h : C → A. �à¥¤¯®«®¦¨¬,
çâ® ®â®¡à ¦¥­¨¥ h : C → A ­¥ ¨­ê¥ªâ¨¢­®. �® â®£¤ , ¢ á¨«ã ¡¨¥ªâ¨¢­®áâ¨ f : A →
B ¨ g : B → C, ¬ë ¯®«ãç ¥¬, çâ® ®â®¡à ¦¥­¨¥ g ◦h ◦ g : B → B ­¥ ¨­ê¥ªâ¨¢­®, çâ®
¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ h : C → A ¨­ê¥ªâ¨¢­®.



2.9. �®ª ¦¥¬ ¢á¯®¬®£ â¥«ì­®¥ ¤¢®©­®¥ ­¥à ¢¥­áâ¢®

2
√

n + 1− 2
√

n <
1√
n

< 2
√

n− 2
√

n− 1. (2.1)

�¥©áâ¢¨â¥«ì­®
2
√

n + 1− 2
√

n = 2√
n + 1 +√

n
<

1√
n

,

2
√

n− 2
√

n− 1 = 2√
n +

√
n− 1

>
1√
n

.

� ª¨¬ ®¡à §®¬, ¤¢®©­®¥ ­¥à ¢¥­áâ¢® (2.1) ¤®ª § ­®. �®« £ ï ¢ (2.1) n = 2, . . . , n,
¯®«ãç¨¬

2
√

n + 1− 2
√

2 <
1√
2

+ · · ·+ 1√
n

< 2
√

n− 2,

®âªã¤  ¯®«ãç ¥¬

2
√

n + 1− 2
√

2 + 1 < 1 + 1√
2

+ · · ·+ 1√
n

< 2
√

n− 1. (2.2)

�ç¥¢¨¤­®, çâ® 2
√

2 < 3, ¯®íâ®¬ã ¨§ (2.2) ¢ëâ¥ª ¥â, çâ®

2
√

n− 2 < 1 + 1√
2

+ · · ·+ 1√
n

< 2
√

n− 1. (2.3)

�®« £ ï ¢ (2.3) n = 1000000, ¬ë ¯®«ãç ¥¬

1998 < 1 + 1√
2

+ · · ·+ 1√
1000000

< 1999.

�«¥¤®¢ â¥«ì­®, æ¥« ï ç áâì ç¨á«  1 + 1√
2 + · · ·+ 1√

1000000 à ¢­  1998.
2.10. ��������. � ¬ áãé¥áâ¢¥­­® ¯®¬®¦¥â ¨§¢¥áâ­®¥ âà¨£®­®¬¥âà¨ç¥áª®¥

â®¦¤¥áâ¢® cos 2A = 2 cos2 A− 1.
2.11. �á¯®«ì§ã¥¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �ç¥¢¨¤­®, çâ® 2 sin

(
a1

π
4
)

=
a1
√

2 ¯à¨ a1 = ±1. �à¥¤¯®«®¦¨¬, çâ® áä®à¬ã«¨à®¢ ­­®¥ ¢ ãá«®¢¨¨ § ¤ ç¨ à ¢¥­-
áâ¢® ¢ë¯®«­ï¥âáï (¨­¤ãªæ¨®­­®¥ ¯à¥¤¯®«®¦¥­¨¥). �®£¤  ¤«ï § ¢¥àè¥­¨ï ¤®ª § -
â¥«ìáâ¢  ­ ¬ ­¥®¡å®¤¨¬® ¯à®¢¥à¨âì â®¦¤¥áâ¢®

2 sin
(π

2
(
a1 + a1a2

2 + a1a2a3
22 + · · ·+ a1a2 · . . . · an

2n−1 + a1a2 · . . . · anan+1
2n

))

= a1

√
2 + a2

√
2 + · · ·+ an+1

√
2,

ª®â®à®¥ (á ãç¥â®¬ ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï) íª¢¨¢ «¥­â­® â®¦¤¥áâ¢ã

2 sin
(πa1

4
(

1 + 1
2
(
a2 + a2a3

2 + · · ·+ a2 · . . . · an+1
2n−1

)))

= a1

√
2 + 2 sin

(π

4
(
a2 + a2a3

2 + · · ·+ a2 · . . . · an+1
2n−1

))
. (2.4)

1
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�¡®§­ ç¨¬
a2 + a2a3

2 + · · ·+ a2 · . . . · an+1
2n−1 .

�®£¤  (2.4) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

2 sin
(πa1

4
(

1 + A

2
))

= a1

√
2 + 2 sin

(π

4 A
))

. (2.5)

�®¦¤¥áâ¢® (2.5) «¥£ª® ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
2.14. � áá¬®âà¨¬ ¬­®¦¥áâ¢® A1 â ª®¥, çâ® |A1| = 1. �ç¥¢¨¤­®, çâ® ¢á¥ ¯®¤-

¬­®¦¥áâ¢  â ª®£® ¬­®¦¥áâ¢  á®áâ®ïâ ¨§ ∅ ¨ A1, â. ¥. ç¨á«® ¢á¥å ¯®¤¬­®¦¥áâ¢
1-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  à ¢­® 2. �à¥¤¯®«®¦¨¬, çâ® ç¨á«® ¢á¥å ¯®¤¬­®¦¥áâ¢ «î-
¡®£® n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  An à ¢­® 2n. � áá¬®âà¨¬ ­¥ª®â®à®¥ n+1-í«¥¬¥­â­®¥
¬­®¦¥áâ¢® An+1. �ç¥¢¨¤­®, çâ® ¥£® ¯®¤¬­®¦¥áâ¢ ¬¨ ¡ã¤ãâ ¢á¥ ¯®¤¬­®¦¥áâ¢  Bi

n,
i = 1, . . . , 2n−1, ¥£® n-í«¥¬¥­â­®£® ¯®¤¬­®¦¥áâ¢  An. �áâ «ì­ë¥ ¦¥ ¯®¤¬­®¦¥-
áâ¢  ¬­®¦¥áâ¢  An+1 ¯à¥¤áâ ¢«ïîâ á®¡®© ¬­®¦¥áâ¢  Bi

n ∪ {an+1}, i = 1, . . . , 2n,
£¤¥ {an+1} = An+1 \ An. � ª¨¬ ®¡à §®¬ áã¬¬ à­® ª®«¨ç¥áâ¢® ¢á¥å ¯®¤¬­®¦¥áâ¢
n + 1-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  An+1 à ¢­® 2n + 2n = 2n+1.

2.16. 2n−1.
2.18. � ¦¤ë© í«¥¬¥­â ¬­®¦¥áâ¢  A ¬®¦­® ®â®¡à §¨âì ­  ª ª®©-­¨¡ã¤ì í«¥-

¬¥­â ¬­®¦¥áâ¢  B m-á¯®á®¡ ¬¨, ¨ ¯à¨ íâ®¬ |A| = n. �«¥¤®¢ â¥«ì­®, ®¡é¥¥ ç¨á«®
®â®¡à ¦¥­¨© ¬­®¦¥áâ¢  A ¢ ¬­®¦¥áâ¢® B à ¢­® mn.

2.19. m(m− 1) · . . . · (m− n + 1).
2.20. �ãáâì {fM} | ¬­®¦¥áâ¢® ®â®¡à ¦¥­¨© fM : A → B â ª¨å, çâ® M ⊂ B,

f−1
M (M) = ∅ (¯à®®¡à § M ¯ãáâ). �®®â¢¥âáâ¢¥­­®, ¬ë ¨¬¥¥¬ |M | = 1, . . . , m − 1.

�ãáâì {B1, . . . , Bm} = B, â®£¤  ¢á¥ M â ª¨¥, çâ® |M | = 1, á®¢¯ ¤ îâ á á®¢®ªã¯-
­®áâìî M1 ¬­®¦¥áâ¢ Ci = B \ Bi, ¢á¥ M â ª¨¥, çâ® |M | = 2, á®¢¯ ¤ îâ á á®¢®-
ªã¯­®áâìî M2 ¢á¥¢®§¬®¦­ëå ¬­®¦¥áâ¢ Ci ∪ Cj , i 6= j, ¢á¥ M â ª¨¥, çâ® |M | = k,
á®¢¯ ¤ îâ á á®¢®ªã¯­®áâìî Mk ¬­®¦¥áâ¢ Ci1 ∪ · · · ∩ Cik

, £¤¥ ¢á¥ il à §«¨ç­ë. �ë
¨¬¥¥¬ |Mk| = Ck

m, á¬. § ¤ çã 2.23, ¨ |Fk| = (m − k)n, £¤¥ Fk | á®¢®ªã¯­®áâì ¢á¥å
®â®¡à ¦¥­¨© ¢¨¤  fCi1∩···∩Cik

, á¬. § ¤ çã 2.18. �®£¤ , ¨á¯®«ì§ãï § ¤ çã 2.57, ¬ë
¯®«ãç ¥¬, çâ®

|{fM}| = |F1| − |F2|+ · · ·+ (−1)m−1|Fm−1|,

¯®íâ®¬ã, ãç¨âë¢ ï, çâ® ®¡é¥¥ ç¨á«® ®â®¡à ¦¥­¨© f : A → B à ¢­® mn, ¬ë ¯®«ã-
ç ¥¬ ®â¢¥â ­  ¯®áâ ¢«¥­­ë© ¢ § ¤ ç¥ 2.20 ¢®¯à®á:

m−1∑

k=0
(−1)k · Ck

m · (m− k)n.
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2.21. �­®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§ n í«¥¬¥­â®¢, ­ §ë¢ ¥âáï ã¯®àï¤®ç¥­­ë¬, ¥á-
«¨ ª ¦¤®¬ã í«¥¬¥­âã íâ®£® ¬­®¦¥áâ¢  ¯®áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ ­¥ª®â®à®¥ ç¨á«®
(­®¬¥à í«¥¬¥­â ) ®â 1 ¤® n. �¯®àï¤®ç¥­­ë¥ ¬­®¦¥áâ¢  áç¨â îâáï à §«¨ç­ë¬¨,
¥á«¨ ®­¨ ®â«¨ç îâáï «¨¡® á¢®¨¬¨ í«¥¬¥­â ¬¨, «¨¡® ¨å ¯®àï¤ª®¬. � §«¨ç­ë¥ ã¯®-
àï¤®ç¥­­ë¥ ¬­®¦¥áâ¢ , ª®â®àë¥ ®â«¨ç îâáï «¨èì ¯®àï¤ª®¬ í«¥¬¥­â®¢ (â. ¥. ¬®£ãâ
¡ëâì ¯®«ãç¥­ë ¨§ â®£® ¦¥ á ¬®£® ¬­®¦¥áâ¢ ), ­ §ë¢ îâáï ¯¥à¥áâ ­®¢ª ¬¨ íâ®£®
(ã¯®àï¤®ç¥­­®£®) ¬­®¦¥áâ¢ .

�î¡®© í«¥¬¥­â a1 ¬­®¦¥áâ¢  A ¬®¦­® à §¬¥áâ¨âì ­  n ¬¥áâ n á¯®á®¡ ¬¨. �®á«¥
íâ®£® á¢®¡®¤­ë¬¨ ®áâ ­ãâáï n− 1 ¬¥áâ, ¨ à §¬¥áâ¨âì ­  íâ¨ n− 1 ¬¥áâ ­¥ª®â®àë©
í«¥¬¥­â a2 ∈ A \ a1 ¬®¦­® n − 1 á¯®á®¡ ¬¨. � ª¨¬ ®¡à §®¬ í«¥¬¥­âë a1, a2 ­  n

¬¥áâ ¬®¦­® n · (n − 1) á¯®á®¡ ¬¨. �®á«¥ íâ®£® á¢®¡®¤­ë¬¨ ®áâ ­ãâáï n − 2 ¬¥áâ,
¨ à §¬¥áâ¨âì ­  íâ¨ n − 2 ¬¥áâ ­¥ª®â®àë© í«¥¬¥­â a3 ∈ A \ {a1, a2} ¬®¦­® n − 2
á¯®á®¡ ¬¨. � ª¨¬ ®¡à §®¬ í«¥¬¥­âë a1, a2, a3 ­  n ¬¥áâ ¬®¦­® n · (n− 1) · (n− 2)
á¯®á®¡ ¬¨, ¨ â. ¤. �®íâ®¬ã ç¨á«® ¯¥à¥áâ ­®¢®ª ª®­¥ç­®£® n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢ 
A à ¢­® n · (n− 1) · . . . · 1 = n!

2.22. n · (n− 1) · . . . · (n− k + 1).
2.23. �¡®§­ ç¨¬ á¨¬¢®«®¬ Cm

n ª®«¨ç¥áâ¢® m-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ n-í«¥-
¬¥­â­®£® ¬­®¦¥áâ¢  A. �â®¡ë ¯®áâà®¨âì m-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢ 
A, ­ã¦­® ª ­¥ª®â®à®¬ã (m − 1)-í«¥¬¥­â­®¬ã ¯®¤¬­®¦¥áâ¢ã ¯à¨á®¥¤¨­¨âì ®¤¨­
¨§ ®áâ ¢è¨åáï n −m + 1 í«¥¬¥­â®¢. �®áª®«ìªã (m − 1)-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢
¨¬¥¥âáï Cm−1

n ¨ ª ¦¤®¥ ¨§ ­¨å ¬®¦­® á¤¥« âì m-í«¥¬¥­â­ë¬¨ n−m+1 á¯®á®¡ ¬¨,
â® â ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç¨¬ (n−m + 1)Cm−1

n ¯®¤¬­®¦¥áâ¢. �® ­¥ ¢á¥ ®­¨ ¡ã¤ãâ
à §­ë¬¨, â ª ª ª ª ¦¤®¥ m-í«¥¬¥­â­®¥ ¬­®¦¥áâ¢® ¬®¦­® ¯®áâà®¨âì m á¯®á®¡ ¬¨:
¯à¨á®¥¤¨­¥­¨¥¬ ª ¦¤®£® ¨§ m ¥£® í«¥¬¥­â®¢. �®£¤  mCm

n = (n − m + 1)Cm−1
n .

�âáî¤  ­ ©¤¥¬

Cm
n = n−m + 1

m
Cm−1

n = (n−m + 1)(n−m + 2)
m(m− 1) Cm−2

n =

· · · = (n−m + 1) · . . . · (n− 1)
m(m− 1) · . . . · 2 C1

n. (2.6)

�® ç¨á«® 1-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ C1
n ¬­®¦¥áâ¢  A à ¢­® n, ¯®íâ®¬ã, ãç¨âë-

¢ ï (2.6), ¬ë ¯®«ãç ¥¬, çâ® Cm
n = n!

k!(n−k)! .
2.24. Cm

2m ¢ á«ãç ¥ n = 2m, Cm
2m+1 = Cm+1

2m+1 ¢ á«ãç ¥ n = 2m + 1. (��������.
�á¯®«ì§ã©â¥ à ¢¥­áâ¢® Ck

n = n−k+1
k Ck−1

n .)
2.25. n!

n1!·...·nk! .
(
��������. n!

n1!·...·nk! = Cn1
n · Cn2

n−n1 · . . . · Cnk
n−n1−···−nk−1 .

)

2.26. � áá¬®âà¨¬ ¢á¥ ­ âãà «ì­ë¥ ç¨á«  ®â 1 ¤® n + m + 1 ¢ª«îç¨â¥«ì­®.
� áá¬®âà¨¬ ¯à®¨§¢®«ì­ë¥ ­ âãà «ì­ë¥ ç¨á«  a1, . . . , am−1 ∈ {2, . . . , n + m}, ai <
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ai+1. �®£¤  ç¨á«  x1 = a1 − 2, x2 = a2 − a1 − 1, . . . , xm = n + m + 1 − am−1 − 1 =
n+m−am−1 ï¢«ïîâáï ­¥®âà¨æ â¥«ì­ë¬¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï x1 + · · ·+xm = n.
�¥©áâ¢¨â¥«ì­®,

m∑

i=1
xi = a1 − 2 + n + m− am−1 +

m−1∑

i=2
(ai − ai−1 − 1) = n.

� ¤àã£®© áâ®à®­ë, ¥á«¨ ­ ¡®à (x1, . . . , xm) ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­ë¬ à¥è¥­¨¥¬
ãà ¢­¥­¨ï x1+· · ·+xm = n, â® ¯à¨ ¯®¬®é¨ á®®â­®è¥­¨© x1+2 = a1, x2+a1+1 = a2,
x3 +a2 +1 = a3, . . . , xm−1 +am−2 +1 = am−1 ®¯à¥¤¥«ïîâáï m−1 ç¨á¥« a1, . . . , am−1,
¨§ ®¯à¥¤¥«¥­¨ï ª®â®àëå ¢ëâ¥ª îâ á®®â­®è¥­¨ï

a1 ≥ 2, ai > ai−1, i = 2, . . . ,m− 1, n + m− xm = am−1 (⇒ am−1 ≤ n + m).

�®íâ®¬ã ç¨á«® ­¥®âà¨æ â¥«ì­ëå à¥è¥­¨© ãà ¢­¥­¨ï x1 + · · · + xm = n á®¢¯ ¤ -
¥â á ª®«¨ç¥áâ¢®¬ ¢á¥¢®§¬®¦­ëå (m − 1)-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ (n + m − 1)-
í«¥¬¥­â­®£® ¬­®¦¥áâ¢ , â. ¥. Cm−1

n+m−1.

2.27. Cm−1
n−1 . (� áá¬®âà¨¬ ¨­â¥à¢ « I = [1, n] =

n−1⋃
i=1

Ii, £¤¥ Ii = [i, i + 1]. �áå®¤-
­ ï § ¤ ç  íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã ¢®¯à®áã: áª®«ìª¨¬¨ à §«¨ç­ë¬¨ (m − 1)-
á¯®á®¡ ¬¨ ¬ë ¬®¦¥¬ ýà §®à¢ âìþ I ­  m− 1 ç áâ¥© â ª, çâ®¡ë â®çª¨ ýà §àë¢®¢þ
á®¢¯ ¤ «¨ á á¥à¥¤¨­ ¬¨ ®âà¥§ª®¢ Ii, i = 1, . . . , n− 1).

2.28. ��������. �á¯®«ì§ã©â¥ à¥§ã«ìâ â § ¤ ç¨ 2.26.
2.31. �¥âàã¤­® ¯®­ïâì, çâ® ¯®á«¥ ã¬­®¦¥­¨ï (a + b)n = (a + b) · . . . · (a + b) ¬ë

¯®«ãç¨¬ áã¬¬ã ¢¨¤ 
n∑

k=0
Akbn−kbk, Ak ∈ N. �¥®¡å®¤¨¬® ¯®­ïâì, ç¥¬ã à ¢­ë Ak.

�«ï ¯à®¨§¢®«ì­®£® k = 0, . . . , n ¯à®¨§¢¥¤¥­¨¥ bn−kak ¯®«ãç ¥âáï ®­® á«¥¤ãîé¨¬
®¡à §®¬: ¨§ ¯à®¨§¢¥¤¥­¨ï n-áª®¡®ª (a + b) · . . . · (a + b) ¬ë ¢ë¡¨à ¥¬ ¯à®¨§¢®«ì­®
k áª®¡®ª, ª ¦¤ ï ¨§ ­¨å ¤ ¥â ¢ ¯à®¨§¢¥¤¥­¨¥ bn−kak ¬­®¦¨â¥«ì b, ®áâ «ì­ë¥ ¬­®-
¦¨â¥«¨ a ¯®ï¢«ïîâáï ¨§ ®áâ ¢è¨åáï (n−k) áª®¡®ª ¯à®¨§¢¥¤¥­¨ï (a+b) · . . . ·(a+b).
� ª¨¬ ®¡à §®¬, Ak = Ck

n.
2.33. ��������. � §«®¦¨âì, ¨á¯®«ì§ãï ¡¨­®¬ �ìîâ®­ , ¯à ¢ãî ¨ «¥¢ãî

ç áâ¨ â®¦¤¥áâ¢  (1 + x)2n = (1 + x)n · (1 + x)n ¨ áà ¢­¨âì ª®íää¨æ¨¥­âë ¯à¨ xn,
¯à¥¤¢ à¨â¥«ì­® ¤®ª § ¢ â®¦¤¥áâ¢® Ck

n = Cn−k
n , k = 0, 1, . . . , n.

2.34. ��������. �¯®á®¡ 1. �á¯®«ì§ã©â¥ § ¤ ç¨ 2.14 ¨ 2.22. �¯®á®¡ 2. �á-
¯®«ì§ã©â¥ ¡¨­®¬ �ìîâ®­ .

2.35. ��������. �á¯®«ì§ã©â¥ § ¤ çã 2.25.
2.37. ��������. � §«®¦¨âì ¯® ¡¨­®¬ã �ìîâ®­  ¢ëà ¦¥­¨ï (1+x)n, (1+x)m,

¯¥à¥¬­®¦¨âì íâ¨ à §«®¦¥­¨ï ¨ áà ¢­¨âì ª®íää¨æ¨¥­â ¯à¨ xk á ª®íää¨æ¨¥­â®¬
¯à¨ xk ¢ à §«®¦¥­¨¨ ¯® ¡¨­®¬ã �ìîâ®­  ¢ëà ¦¥­¨ï (1 + x)n+m.
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2.40. �®áâ ¢«¥­­ ï § ¤ ç  íª¢¨¢ «¥­â­  á«¥¤ãîé¥©: ¤®ª § âì à ¢¥­áâ¢®

1 + (n + 1)C0
n + n + 1

2 C1
n + · · ·+ Cn

n = 2n+1.

� ¬¥â¨¬, çâ® 1 = C0
n+1, (n + 1)C0

n = C1
n+1, n+1

2 C1
n = C2

n+1, . . . , Cn
n = Cn+1

n+1 . �®á«¥
¨á¯®«ì§ã©â¥ § ¤ çã 2.34.

2.46. �ëçâ¥¬ ¨§ à ¢¥­áâ¢  § ¤ ç¨ 2.40 à ¢¥­áâ¢®, ª®â®à®¥ ­ ¬ ­¥®¡å®¤¨¬® ¤®-
ª § âì. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

2C0
n + 2

3C2
n + 2

5C4
n + · · ·+ 2

n + 1Cn
n = 2n+1

n + 1 , (2.7)

¥á«¨ n | ç¥â­®¥, ¨«¨

2C0
n + 2

3C2
n + 2

5C4
n + · · ·+ 2

n
Cn−1

n = 2n+1

n + 1 , (2.8)

¥á«¨ n | ­¥ç¥â­®¥. � áá¬®âà¨¬, ­ ¯à¨¬¥à, à ¢¥­áâ¢® (2.8). �®á«¥ í«¥¬¥­â à­ëå
¯à¥®¡à §®¢ ­¨© ¥£® ¬®¦­® § ¯¨á âì ª ª

(n + 1)C0
n + n + 1

3 C2
n + n + 1

5 C4
n + · · ·+ n + 1

n
Cn−1

n = 2n,

¨«¨ ¦¥
C0

n + C1
n + C3

n+1 + C5
n+1 + · · ·+ Cn

n+1 = 2n. (2.9)

� «¥¥, ¨á¯®«ì§ã¥¬ à¥§ã«ìâ â § ¤ ç¨ 2.30 ¨ ã¡¥¦¤ ¥¬áï, ãç¨âë¢ ï § ¤ çã 2.14, ¢
á¯à ¢¥¤«¨¢®áâ¨ ¨¬¥¥¬ â®¦¤¥áâ¢  (2.9). � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (2.8) ¤®ª § ­®.
� ¢¥­áâ¢® (2.7) ¤®ª §ë¢ ¥âáï ¢ â®ç­®áâ¨ â ª¦¥, ª ª ¨ (2.8).

2.48. ��������. �á¥ ç¨á«  Ck
p , k = 1, . . . , p−1, | ­ âãà «ì­ë¥,   p | ¯à®áâ®¥.

2.49. �á¯®«ì§ãï ¡¨­®¬ �ìîâ®­ , ­ ©¤¥¬, çâ® (2 +
√

5)p + (2 − √
5)p | æ¥«®¥

ç¨á«®. �ë ¨¬¥¥¬ −1 < (2−√5)p < 0, á«¥¤®¢ â¥«ì­®,

[
(2 +

√
5)p

]
= (2 +

√
5)p + (2−

√
5)p

= 2
(

2p + C2
p2p−25 + C4

p2p−452 + · · ·+ Cp−1
p · p p−1

2
)
. (2.10)

� ¤ ç  2.49 ¢ëâ¥ª ¥â ¨§ (2.10) ¨ § ¤ ç¨ 2.48.
2.50. �à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ k à ¢¥­áâ¢®

n∑

i=1
i(i + 1) · . . . · (i + k − 1) = n(n + 1) · . . . · (n + k)

k + 1 (2.11)



6

¤®ª §ë¢ ¥âáï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �à¨¢¥¤¥¬ ã­¨¢¥àá «ì­®¥ (¤«ï
¯à®¨§¢®«ì­ëå k, n ∈ N) ¤®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ®

n∑

i=1
i(i + 1) · . . . · (i + k − 1) =

n−1∑

i=0

(k + i)!
i!

= k!
(

1 + (k + 1)!
1!k! + (k + 2)!

2!k! + · · ·+ (k + n− 1)!
(n− 1)!k!

)
= k!

(
C0

k+1 +
n−1∑

i=1
Ci

k+i

)
. (2.12)

�®á«¥¤®¢ â¥«ì­® ¯à¨¬¥­ïï à ¢¥­áâ¢® ¨§ § ¤ ç¨ 2.30 ª ¯à ¢®© ç áâ¨ (2.12), ¬ë
¯®«ãç¨¬, çâ®

n∑

i=1
i(i + 1) · . . . · (i + k − 1) = k!Cn−1

k+n ,

®âªã¤  ¨ ¢ëâ¥ª ¥â à ¢¥­áâ¢® (2.11).
2.52. �®ª §ë¢ ¥âáï ®â ¯à®â¨¢­®£®. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ª ª®£®-â® ­ âãà «ì-

­®£® ç¨á«  n > 2 ã ¯ àë Fn+1, Fn ¥áâì ®¡é¨© ¤¥«¨â¥«ì d > 1. �®£¤ , ¨á¯®«ì§ãï
à ¢¥­áâ¢® Fn+1 = Fn + Fn−1, ¯®«ãç ¥¬, çâ® Fn−1 â ª¦¥ ¤¥«¨âáï ­  d, ¨ â. ¤. �
à¥§ã«ìâ â¥ ¯®«ãç¨¬, çâ® ¨ F2 â ª¦¥ ¤¥«¨âáï ­  d > 1, ­® íâ®£® ­¥ ¬®¦¥â ¡ëâì,
¯®áª®«ìªã F2 = 1.

2.53. �­ ç «  ¤®ª ¦¥¬ ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ä®à¬ã«ã

Fn+m = Fn−1Fm + FnFm+1. (2.13)

�­¤ãªæ¨î ¡ã¤¥¬ ¯à®¢®¤¨âì ¯® m. �à¨ m = 1 ä®à¬ã«  (2.13) ®ç¥¢¨¤­ . �à¨ m = 2
¬ë ¨¬¥¥¬

Fn+2 = Fn−1F2 + FnF3 = Fn−1F2 + 2Fn = Fn+1 + Fn.

�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® ä®à¬ã«  (2.13) ¢¥à­  ¯à¨ m = k ¨ m = k + 1. �®ª ¦¥¬,
çâ® ®­  á¯à ¢¥¤«¨¢  ¨ ¯à¨ m = k + 2. �ë ¨¬¥¥¬

Fn+k = Fn−1Fk + FnFk+1,

Fn+k+1 = Fn−1Fk+1 + FnFk+2.

�ª« ¤ë¢ ï ¯®á«¥¤­¨¥ ¤¢  à ¢¥­áâ¢  ¯®ç«¥­­®, ¬ë ¯®«ãç ¥¬ Fn+k+2 = Fn−1Fk+2 +
FnFk+3. � ª¨¬ ®¡à §®¬, ä®à¬ã«  (2.13) ¤®ª § ­ . �¥¯¥àì ¯¥à¥©¤¥¬ ­¥¯®áà¥¤-
áâ¢¥­­® ª à¥è¥­¨î § ¤ ç¨ 2.53. �®ª ¦¥¬ ¤®áâ â®ç­®áâì. �ãáâì k ¤¥«¨â n, â. ¥.
n = km. �®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¢¥áâ¨ ¨­¤ãªæ¨¥© ¯® m. �á«¨ m = 1, â® Fk ¤¥-
«¨â Fn ®ç¥¢¨¤­ë¬ ®¡à §®¬. �à¥¤¯®«®¦¨¬, çâ® Fkm ¤¥«¨âáï ­  Fm. � áá¬®âà¨¬
F(k+1)m = Fkm+m. �á¯®«ì§ãï ä®à¬ã«ã (2.13), ¬ë ¯®«ãç ¥¬

Fkm+m = Fkm−1Fm + FkmFm+1.
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�¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ ®ç¥¢¨¤­® ¤¥«¨âáï ­  Fm, ¢â®à®¥ á« £ ¥¬®¥ ¤¥«¨â-
áï ­  Fm ¢ á¨«ã ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï. � ª¨¬ ®¡à §®¬, ¤®áâ â®ç­®áâì
¤®ª § ­ .

�®ª ¦¥¬ ­¥®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬, çâ® Fk ¤¥«¨â Fn, ­® ¯à¨ íâ®¬ n = ak+l,
a, l ∈ N, l < k, ¨ ¯à¨ íâ®¬ ­¥®¡å®¤¨¬®áâì ¤®ª § ­  ¤«ï ¢á¥å Fn′ , £¤¥ n′ < n. �®
ä®à¬ã«¥ (2.13) ¬ë ¨¬¥¥¬

Fn = Fak+l = F(a−1)k+l+k = F(a−1)k+l−1Fk + F(a−1)k+lFk+1.

�«¥¤®¢ â¥«ì­®, ãç¨âë¢ ï § ¤ çã 2.52, ç¨á«® F(a−1)k+l ¤¥«¨âáï ­  Fk, ®âªã¤ , ¨á-
¯®«ì§ãï ¨­¤ãªæ¨®­­®¥ ¯à¥¤¯®«®¦¥­¨¥, ¬ë ¯®«ãç ¥¬, çâ® l = 0, â. ¥. n ¤¥«¨âáï ­ 
k.

2.54.
1√
5

((1 +
√

5
2

)n+1
−

(1−√5
2

)n+1)

= 1√
5

((1 +
√

5
2

)n

−
(1−√5

2
)n)

+ 1√
5

((1 +
√

5
2

)n−1
−

(1−√5
2

)n−1)
,

1√
5

((1 +
√

5
2

)1
−

(1−√5
2

)1)
= 1√

5

((1 +
√

5
2

)2
−

(1−√5
2

)2)
= 1.

2.57. � ¤ ç  à¥è ¥âáï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �«ï ¤¢ãå ¬­®¦¥áâ¢
A,B ¬ë ®ç¥¢¨¤­® ¨¬¥¥¬

|A ∪B| = |A|+ |B| − |A ∩B|. (2.14)

�à¥¤¯®«®¦¨¬, ä®à¬ã«  ¢ª«îç¥­¨ï ¨ ¨áª«îç¥­¨ï ¢¥à­  ¤«ï n−1 ¬­®¦¥áâ¢. �®ª -
¦¥¬ ¥¥ ¤«ï n ¬­®¦¥áâ¢. �á¯®«ì§ãï ä®à¬ã«ã (2.14), ¨­¤ãªæ¨®­­®¥ ¯à¥¤¯®«®¦¥­¨¥,
  â ª¦¥ § ¤ çã 1.2, ¬ë ¨¬¥¥¬

|A1 ∪ · · · ∪An| = |A1|+ |A2 ∪ · · · ∪An| − |(A1 ∩A2) ∪ · · · ∪ (A1 ∩An)|
= |A1|+

(
S1(A2, . . . , An)− S2(A2, . . . , An) + · · ·+ (−1)nSn−1(A2, . . . , An)

)

− (
S1(A1 ∩A2, . . . , A1 ∩An)− S2(A1 ∩A2, . . . , A1 ∩An)

+ · · ·+ (−1)nSn−1(A1 ∩A2, . . . , A1 ∩An)
)
,

£¤¥ Sk(A1, . . . , An) ¥áâì áã¬¬  ç¨á¥« |Ai1 ∩ · · · ∩Aik
| ¯® ¢á¥¢®§¬®¦­ë¬ ¯¥à¥á¥ç¥­¨-

ï¬ à®¢­® k à §­ëå ¬­®¦¥áâ¢ ¨§ ¬­®¦¥áâ¢ A1, . . . , An. �«ï â®£®, çâ®¡ë ®ª®­ç¨âì
¤®ª § â¥«ìáâ¢® ä®à¬ã«  ¢ª«îç¥­¨ï ¨ ¨áª«îç¥­¨ï, ®áâ ¥âáï § ¬¥â¨âì, çâ®

|A1|+ S1(A2, . . . , An) = S1(A1, . . . , An),

S2(A2, . . . , An) + S1(A1 ∩A2, . . . , A1 ∩An) = S2(A1, . . . , An),

Sk(A2, . . . , An) + Sk−1(A1 ∩A2, . . . , A1 ∩An) = Sk(A1, . . . , An),

Sn−1(A1 ∩A2, . . . , A1 ∩An) = Sn(A1, . . . , An).
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2.61. �®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¯à®¢®¤¨âì ¯® ¨­¤ãªæ¨¨. �à¨ n = 1, 2 ãâ¢¥à¦¤¥­¨¥
®ç¥¢¨¤­®. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å k = 1, . . . , n.
�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ¤«ï n + 1. �§ ç¨á¥« 1, 2, . . . , 2n + 1, 2n + 2 à áá¬®âà¨¬ ¥£®
¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® Tn+2, |Tn+2| = n+2. �á«¨ ¢ Tn+2 ­ ©¤¥âáï n+1 ç¨á«®,
¯à¨­ ¤«¥¦ é¥¥ ¬­®¦¥áâ¢ã {1, 2, . . . , 2n − 1, 2n}, â® á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï
¢ëâ¥ª ¥â ¨§ ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï. �«¥¤®¢ â¥«ì­®, {2n + 1, 2n + 2} ∈
Tn+2,

(
Tn+2 \ {2n + 1, 2n + 2}) = An+2 ⊂ {1, 2, . . . , 2n − 1, 2n}, |An+2| = n. �¨á«®

n + 1 ¨ ¥£® ¤¥«¨â¥«¨ ­¥ ¬®£ãâ ¯à¨­ ¤«¥¦ âì ¬­®¦¥áâ¢ã An+2, ¯®áª®«ìªã 2n + 2 ∈
Tn+2. � ª¦¥ ç¨á«® 1 ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã An. �«¥¤®¢ â¥«ì­®, ¬­®¦¥áâ¢®
An+2∪{n+1} á®áâ®¨â ç¨á¥« â ª¨å, çâ® ­¨ª ª¨¥ ¤¢  ¨§ ­¨å ­¥ ¡ã¤ãâ ¤¥«¨âìáï ¤àã£
­  ¤àã£ . �® An+2 ∪ {n + 1} ⊂ {1, 2, . . . , 2n − 1, 2n},   §­ ç¨â ¯® ¯à¥¤¯®«®¦¥­¨î
¨­¤ãªæ¨¨ ¢ ¬­®¦¥áâ¢¥ An+2 ∪ {n + 1} ¤®«¦­ë ®¡­ àã¦¨âìáï å®âï ¡ë ¤¢  ç¨á« ,
®¤­® ¨§ ª®â®àëå ¤¥«¨âáï ­  ¤àã£®¥. �à®â¨¢®à¥ç¨¥.
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