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[IPEANICJIOBUE

1 BEIIECTBEHHBIE YUCJIA

1.1 «HAWBHOE IPEJICTABJIEHUE O YHCJIAX»: COBOKYIIHOCTU YUCEJ, W3-
BECTHBIE U3 <«IIIKOJIbHOI'O» KYPCA MATEMATUKU

COBOKyHHOCTL HaTypaﬂbeIX quceJi
N=1{1,2,3,...,n,..}

CIIy2KUT JIJId IepecdeTa npeaMeToB.
COBOKyHHOCTI) OEJIBIX YHCeJI

Z ={0,+1,42 43, ..., +n, ..}

obecrieInBaeT BO3MOXKHOCTD JIBUTAThCS B 00€ CTOPOHBI OT HyJs. COBOKYyII-
HOCTb PaIlMOHAJIBHBIX YUCEJI

Q:{S:pGZ, qGN}

CIIy?KNT JJIsI JeJICHUsI EJIbIX COBOKYIIHOCTEH Ha, IIPOU3BOILHOE KOJUIECTBO
nouteii. Ouesngao N C Z C Q.

O6o3nauennbix cuMpoiaMu N, Z, () COBOKYIHOCTEH HEJIOCTATOYHO JJIsk
U3MEpPEeHUs BeJTUInH.

1.1. TIPEJJIOXKEHWE. /Jlmaronajb KBaJgpaTa HECOH3MEPHMAa C €ro CTO-
POHOH.

JIOKA3BATEJ/ILCTBO. Ecam B3aTh KBajpaT cO CTOPOHOI, paBHOH 1, TO
o Teopeme Iudaropa ero maronans Gyaer pasra /2. s 1oKasaTeb-
CTBA yTBEPK/ICHUS HAJIO IPOBEPUTH, YTO \/2 HEIb3s MPEJCTABATH B BHJIE
parmonabHOro dncia. [lycts, Hamporus,

va=2,
q

r7e parroHAJIbHAS IPOOD g npemmnosiaraerca Hecokparumoii. [lo ompemee-

2
HUIO KopHs umeeM 2 = L. Orcrona

2¢° = p?. (1.1.1)
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Taxk kak JieBas 4acTb JEJIUTCA Ha 2, TO U IIPaBas 4acTh 9TOI'O PABEHCTBA
nemures Ha 2. Eciam HaTypasbHOe 4mCIO0 p? IEJUTCS HA 2, TO W HYHUCIO P
neaurcs Ha 2. CirefoBaTesibHO, dncso p dernoe: p = 2k. Ilojacrasiss sTo
upegcrasienue B (1.1.1), mosydaem

2¢° = 4k* wm ¢* = 2k>.

Orciofia Tak Ke, KaK U MPEJIBLIYIIEM CIydae, MoaydaeM YeTHOCTh IUCIa (.
Takum obpaszom, 0b6a YuCIa p U ¢ YeTHBIE. DTO IPOTUBOPEIUT HECOKPATHU-
MOCTH J[pOOU %.

JIJ1st HAMBHOT'O TOHSITHUS JEHCTBUTEILHOTO YHCIIa, OOBIYHO HUCIIOIB3YETCS
[IPEJICTABJICHIE YUCJIA B Brie OECKOHETHON JeCATUIHON NpOoOU: eciin KazK10e
pPAIMOHAIFHOE YUCJI0 MOYKHO TIPEJICTABUTH B BHJIE KOHEYHOW WU IT€PUOIH-
YeCKON JeCITUYHON Jpobu, TO BCe OCTaBIINECST OECKOHEYHBIE JIECATUIHBIE
Jpobu cry2KaT 1 0003HAUEHUsI MPPAIMOHAIBHBIX unce. JleficTBuTe ibHbIE
YUCJIa — TO BCE PAIMOHAJIbHDBIE U BCe UPPAIMOHAIbHDIE TUCIIA.

Kak wm3BecTHO, meficTBUTEIbHBIE YMCJIA MOXKHO CKJIAJIBIBATH, [TEPEMHO-
JKaTh U JIBa JIOOBIX JIEHCTBUTEJHHBIX YUCJIA HAXOMATCS B OJIHOM U3 OTHO-
meHnit: b0 OHU PABHBI, TUOO OTHO U3 HUX OOJIBITIE IPYTOrO.

1.2. 3aJA49A. Ilycrs p — npocroe gucio. JlokasaTb, 9TO |/p He MOXKET
OBITH PAIMOHAJIBHBIM YUCIOM.

1.2 AKCHMOMATHUYECKHUI MOJIXOJ K OIIMCAHUIO JENCTBUTEJbHBIX YUCEJ.
CBOWCTBA AJITEBPAMYECKHUX ONEPALINI (AKCHUOMBI 110J1s1). CTIEACTBUS
U3 AKCUOM.

CoBOKYITHOCTh R BEMECTBEHHBIX IUCEJ ONPEJIEISAETCS KaK MHOXKECTBO, Ha
KOTOPOM OIIpeJIeJIeHbl aJIredpandecKue OlepaIlu CJIOXKEHUsI U yMHOXKEHUS,
U OTHOIIIEHNE MOPsi/IKa, 00J1a/1at0Ie CBoiicTBaMu, ¢chOpMyJINPOBAHHBIMU B
[IPUBOJUMBIX HUXKE aKCHOMAX.

Omnepanus cioxkenus: Ha R ompesesiena Kak HEKOTOPOE OTOOPAYKEHME S :
R x R — R, obmanatomiee cpoiicreamu Al — A4 (cm. nuxe). Ilpu srom
JUTSL TIAPBI T, Y Iucio s(x,y) 0BO3HATAETCS CUMBOJIOM I + Y U HA3BIBAETCSI
CyMMOIi 4uces T u y.

A1l (ACCOUMATUBHOCTDL CJIOXKEHUA). st 006X 2,9y, 2 € R umeer me-
CTO PABEHCTBO

@+y)t+z=z+(y+2).

A2 (cvimecTtBoBAHME HIIsT). CymecrByer gucso 0 € R Takoe, 4To

r+0=0+x=2x
11



IJist BesaKoro © € R
A3 (CYUIECTBOBAHUE TPOTHBOIIOJIOYKHOI'O SJIEMEHTA). s Besikoro
z € R cymecrByer unciao —z € R takoe, aro

z+ (—z) =0.

Yucno —x Ha3BIBaETCA UUCIIOM, NPOMUEONOAOHCHIM T.
A4 (KOMMYTATUBHOCTb CJIOXKEHUSA). s yi00bix x,y € R nmeem

T+y=y+uz

Omnepanust ymMmHOXKeHUsT Ha, R ompeiesieHa Kak HEKOTOPOe OTOOparKeHue
p:RxR — R, obnanarommee npuBoauMbiMu HiKe cBoiictBamu M1 — M4 u
AM. IIpu srom it napsl &,y 9uciao p(x,y) 0603HAYAETCS CUMBOJIOM I - Y
WA IPOCTO TY U HA3BIBAETCHA UX IIPOU3BEICHUEM.

O cBoiicTBax omepanuii § 1 p OyJeM T'OBOPUTH KaK 00 aKCHOMAaX aJired-
pamvdeckoil CTPYyKTypbl MHOYXKecTBa R wiam mpaBmiax JefiCTBUN HaJ, BeIe-
CTBEHHBIMU YHCJIAMA.

M1 (ACCOIMATUBHOCTH YMHOKEHUHA). s mobeix x,y, z € R umeer
MEeCTO PaBEHCTBO

(x-y)-z==z(y-2)
M2 (cvuiectBoBAHUE EAuHUIL). CyrmectByer uncso 1 # 0 Takoe, 910

l-z=x

11t Bestkoro x € R.
M3 (CcyLIECTBOBAHUE OBPATHOI'O JIEMEHTA). s moboro x # 0 u3 R
CyIIECTBYET YUCJIO % Takoe, 9To

x x
YHuco % Ha3BbIBAETCS YUCTIOM, 00PAMHBIM K X.

M4 (KOMMYTATUBHOCTb YMHOXKEHHUSA). [l 1r00BIX 7,y € R nmeem
x . y g y . x.

AM (aucTPuByYTUBHOCTD). st 00bIX T,7,2 € R BbInOJHSIETCS pa-
BEHCTBO
r(y+z)=z-y+x-z
Ecin 2z € R, y € R, 10 gucsio z+ (—y) Ha3bIBaeTCs pA3HOCTHIO YUCET T U
y 1 obo3HauaeTcsa cuMBosioM x — . Eciau y # 0, To auciio x - % obo3HaTaeTCS
gepes % U Ha3bIBaeTCAd YaCTHBIM T U Y.
I/I3 NEPEINCICHHBIX aKCHOM MO2KHO BBIBECTHU U3BECTHBIE TOXKIECTBa dJIe-

MEHTapHO! areOphl.
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1.3. 3AOAYM. BeiBecTu uX aKCUOM CJIEIYIOIINE CBOWCTBA:
0 eIUHCTBEH.

1)

2) 1 emuHCTBEHHA.

3)0-a=0.

4) (-1)-a = —a.

5) 0 = —0; JoKa3aTh aHAJOIMYHOE CBOHCTBO Jyisd 1.
)

6) Eciim 1 =0, ro R = {0}.

7) B MHOXKECTBE JEHCTBUTEIBHBIX YUCEN Y KAXKIOTO JIEMEHTA UMEETCs
€IMHCTBCHHDIN IIPOTUBOIOJIOXKHBIA 3JICMEHT.

8) Ypasuenue a + x = b gyig a,b € R umeer u 1puToM eJIUHCTBEHHOE
pemienue x = b + (—a).

9) B MHOXKeCTBe JIEHCTBUTEBHBIX YUCEN Y KAXKJIOTO SJIEMEHTA UMEeTCsl
€JINHCTBEHHbBI OOPATHBIN JIEMEHT.

10) Ypasuenue a - x = b mig a,b € R, a # 0, umeer u UPUTOM €JIUH-
CTBEHHOE perneHne r = b - é

11) 3AKOH COKPAILIEHUA: eciu a - b = 0, TO BO3MOXKHBI JIUIIb CJIEIYIO-
e BapUaHTHI:

a)a=0,b=#0;
b) a#0,b=0;
¢c)a=0,b=0;

yKASAHI/IE: WckmoanTs BO3MOXKHOCTE: @ 7 0, b # 0.
12) ~0:0;m5{mo6oroxER.

= (—1) - & gz yxoboro z € R.

1) (—x) = x aya moboro z € R.

)-

—z) - (—z) = x - & pya uoboro x € R.

13) —
14)
15)

/\/\

1.3 Axkcnombl NOPAAKA. COMVIACOBAHHOCTD C AJICEBPAUYECKUMMU OITEPA-
nusimu. CIIENCTBUSA

Ha muoxkectBe R ompemeneno orHomenne, 0603HAYaeMOe CHMBOJIOM < H
Ha3bIBAEMOE OMHOWEHUEM NOPAJKG. ITO O3HAYAET, ITO JJIsi KAYKION Maphl
BEIIECTBEHHBIX YUCENI T,y YKA3aHO, BEPHO JIU [IJIs Hee BhICKA3bIBaHue & < Y
nu "HeT. Ectu ono BepHo, T0O Oy/ieM TOBOPUTD, 9TO T He O0AbWE Y, WU UTO X
He npesocrodum Yy, WM, HAKOHEI, 9TO * npedwecmsyem y. B ciydae, ecin
x <y, OysieM TakKe IHCATDH Y > & ¥ FOBOPHUTD, UTO Y He MEHDWE T, NIA Y
boavuwe Ul pasro T, Wil Yy caedyem 3a x. Takmm 0Opa3oM, BHICKA3BIBAHUS
r <y "y > T 03HAYAIOT OJHO U TO YK€ CBOICTBO.

CBoifcTBa OTHOIIIEHUsT MTOPsiIKa B R ONMUCHIBAIOTCS CIIEIYIONIUMA aKCHO-
MaMH.

O1 (pEonekcuBHOCTD). [is Beakoro x € R crupaBesmmBo OTHOIIEHNE
r < x.

13



O2 (tpansuTuBHOCTB). Eciu z,y, 2 € R TakoBel, uto 2 <y u y < z, TO
r < z.

O3Ecmz<yuy<z 10T=1y.

04 s m06eix x,y € R Beerma mmbo x < y, aubo y < x.

OA Ecmn z < y, To mya Jsmoboro z € R mmeer MecTO HEPABEHCTBO
r+z<y+z.

OMEcmz<yu0<z 1022z <yz.

Iycts z,y € R. Torma, ecin © < y u x # y, 10 GyJieM nucath T < Y WIA
Y > T, ¥ TOBOPUTD, 9TO T MeHbULE Y UIH UTO Y H0AbUWE T.

Qopmyssl, comepkaIiye 3HaKH <, >, < U >, HA3BIBAIOTCH HEPAGEH-
cmeamu. HepasencTsa, comepzkaliiue 3HaKu < U >, HA3BIBAIOTCH CMPO2UMU,
HEPABEHCTBA CO 3HAKaMU < U > — Hecmpoz2umu.

W3 akcroMm mopsijika JIErKO BBIBECTH IIPOCTENINe CBOWCTBA OTHOIIEHUSI
MIOPSIJIKA, HAIIPUMED, CJIEYIOIIHe.

(1) st sir06bIx JABYX 9JIEMEHTOB X,y € R BBIIOJHIETCS OJHO H TOJBKO
OJIHO U3 CJIEIYIOIUX TPEX COOTHOIITEHUIT:

r<y; z=y; y<a. (1.3.2)

(2) Iycrp x,y,z € R Takoser, uro jmbo © < y uy < z, aubo x < y u
y < z. Torga x < z. B gactHOCTH, ectm x < y my < z, TO * < Z.

(3) Eciim x < y, 10  + z < y + z 1ust Besioro z € R.

(4) Ecimm x < y, 10 2z < yz 15T BCIKOro z rakoro, 4ro 0 < z.

(5) st sroboro x € R umeer mecto HepaBeHCTBO - x > 0.

1.4. 3AZTAUYA. BeiBecTn nx akCHOM CJIEIYIONINE CBONCTBA:
1) Ecmma>0ub>0,T0a+b>0.
2)Ecmma>0ub>0,10a-b>0.
3) Ecin a > 0, To —a < 0.
JEcmma>0ub<0,t00-b<0.
JEcimma<0ub>0,t00-b<0.
6) Ecrma <0ub<0,m0a-b>0.
7) Ecu b > 0, To £ > 0.
)
)
0
1

(S

8 ECJII/Ib<O,TO§<0.

Ecmma>0ub>0, 10
10) |a - b| < |al - [b].
11) 0<1.

=)

> 0.

Sl

1.4 AKCHUOMA HENPEPLIBHOCTHU

Ecau A u B — dea nenycmoix nodmmoscecmsa 6 R, obaadarowue mem

ceoticmeom, 4mo daa aw0bux a € A u b € B 6unoanaemcsa mepagencmeo
14



a < b, mo cywecmsyem wucao ¢ € R maxoe, wmo coommnowerus
a<ec<b

6VINOAHACTNCA OAA A00WT wucea a € A ub € B.

1.5 ABCOJIIOTHAS BEJIUYUHA YUCJA. PACCTOSSHUE MEXKJY TOYKAMU U EI'O
CBOMCTBA

1.5. OTIPEAEJIEHUE. A6coaommoti eAusutot Win MoOYAeM YUCAA T €
R nasepiBaerca aucio |x|, pasaoe x, eciiu & > 0, u —x, ecam z < 0.

1.6. 3AOAYA. |a| = 0 Torga u rosbKo Torma, korga a = 0.
1.7. 3AIAYA. [List 066X © u y u3 R
|lzy| = |a] - |yl
B wacruocru, umeem | — x| = | — 1| - |z| = |z| aua Beakoro x € R.

Jlerko moKa3bIBAETCsI CJIEIYIONIEE

1.8. CBoicTBO Moayad. Ilycrs a € R, a > 0. Torza
a) HepaBeHCTBO || < a pPaBHOCHJIBHO CHCTeMe HEPABEHCTB

—a <z<aq;
b) HepaBeHCTBO || < a PaBHOCHJIBHO CHCTeMe HEPABEHCTB —a < T < q.

1.5.1 HEPABEHCTBA TPEYTI'OJIbHUKA

1) JLust ro6eix amcer x,y € R
[z +yl < [z + Jyl. (1.5.3)
HeticTBUTETIHHO,
—|a| <z < |af,
~lyl <y < lyl.
CkJaJpIBast 3TH HepaBeHCTBa, OYIEHHO, ITOJIyYiM
(e +1ul) < =+ <al + o],
15



OTKYJIa B CHJIy IIEPBOTO U3 CBOMCTB 1.8 cjemyer, 4TO
[z 4yl < ||+ [yl.
2) Jlnst mobpix x,y € R cupaBeamBo HEPABEHCTBO
[z = [yl] <[z —yl. (1.5.4)
HeticrBurenvho, umeem © = (x —y) +y u y = (y — ) + z. Orciona
[z <z —yl+lyl n fyl <ly—a|+ |z
B cuiy (1.5.3). VI3 nepBoro HepaBeHCTBA [OJIyIaeM
2 =y < |o —yl,

a u3 BTOPOTO —
|z = |y| > —|z — yl.

Orciofia B cuity miepBoro u3 cBoiicTs 1.8 BeITekaeT Tpebyemoe:
2| = [yll < |z —yl.

1.5.2 PACCTOSHUE MEXKJIY TOUKAMU HA BEIUECTBEHHOW NPAMON

1.9. ONPEAEJEHUE. Paccmosanuem Mexty Toukamu z,y € R Ha3biBa-
eTcsl HeoTpHIaTesbHas Bennanna d(z,y) = |z — y).

C mOMOIIBI0 YCTAHOBJIEHHBIX B 9TOM pa3iesie CBOMCTB MOXKHO JIOKa3aTh
CJICYIOIIIE CBOMCTBA PACCTOIHISL.
1) st robeix © uy n3 R

d(xz,y) > 0.

B uacraocru, d(x,y) = 0 Torma u TOJIBKO TOrJA, KOLIa T = Y.
2) Lt 1r06b1x x 1y u3 R BBIIOIHSIETCS CIle/LyTolIee c80Ucmeo CuMMem-
puu:
d(z,y) = d(y, z).
3) st yobbix amces x,y, z € R BLIIOJIHACTCS HEPABEHCMEO MPEY20NL-
HUKQ:

d(x,y) < d(y, 2) +d(z, ).

ITepsbie jBa CBOMCTBA BBITEKAIOT U3 OIPEIEJIeHHsT MOyJIst. st tokas3a-
TEJIbCTBO TPETHErO CBOMCTBA BOCHOJIB3YyEMCS HEPABEHCTBOM TPEYTOJbLHUKA
(1.5.3) mas Mogysist:

d(a,y) = |z -yl =z -2+ 2 —y| §6|w—2|+lz—y| = d(z,2) +d(z,y).



1.5.3 TIOJIO>)KUTEJIbHASL U OTPULIATEJIbHASI YACTHU BEIIECTBEHHOT'O YUC-
JIA. IIOHSTUE 3HAKA YMCJIA

IIycts z € R. Ioaoosicumenshoti vacmuvio 9UCIa T HA3SLIBACTCS YHCIO T,
pasuoe x, ecain > 0, u 0, ecoir © < 0. Ompuyamesvroli 4acmdvlo TUCIA T
Ha3bIBaeTCd 4nucyio -, pasHoe 0, ectn ¢ > 0, u —x, ecom x < 0.

1.10. ITPEJIOKEHME. /JList Besikoro x € R cupaBeayinBbI paBeHCTBA,

r=z"—27, |z|=2T+2". (1.5.5)

JIOKABATEJILCTBO. JeiicrBuresnbro, ecau « > 0, To 2t =z, 2= = 0,

|2| = x, u oba pasencTra jyist Takoro x BepHbl. Ilycts 2 < 0. Torma 7 = 0,
T = —x, |x| = —x, OTKyJAa ACHO, YTO U B 3TOM Cjydae paBeHcrsa (1.5.5)

BepHbI. [Ipenoxkenne q0Ka3aHO.
N3 coornomenntit (1.5.5) qyst * € R BBITEKAIOT CJIEIYIONME PABEHCTBA!

o lalre o fel-a
2 2

Haxkomnern, jst mpoussosibHOro & € R nostaraem

1, ecia x > 0,
signz = < 0, ecian © = 0, (1.5.6)
-1, ecia x < 0.

Besnmunna sign @ (unTaeTcs «CUTHYM T», signum — 3HaK (JIaT.)) Ha3bIBa-
ercsd 3narxom wucaa . s Beakoro x € R, oueBnino, nmeem

|x] = xsignz, x =|z|signz.

1.6 TIOHATUE MPOMEXKYTKA. JIEMMA O HEINYCTOTE NPOMEXKYTKA U EE
CJIEJICTBUE

1.11. OuPEAEJEHUE. IlycTh manbl mpom3BoJsibHBIE ducaa a,b € R Ta-
Kue, uro a < b. MuoxecrBo, 0603HaqaeMoe CUMBOJIOM (a, b) U coBaIaioniee
C OJIHUM M3 MHOYKECTB

b)={xr€eR|a<zx<b},

[a,b] ={zx e R|a <z <b},

b)={x €R|a<x<b},

(a,0) ={z eR|a <z <b},
17



HA3BIBACTCSA NPOMENCYMKOM HUCA0G0T NpamoTi ¢ xonyamu a,b. Ilpu sTom
MHOKeCTBO (@, b) HA3BIBAIOT OMKPLIMOLM NPOMEHCYMKOM UITA UHINEPEANOM,
a MHOKECTBO [a, b] — 3aMKHYMBIM NPOMENCYMKOM WX 0OMPEZKOM C KOHIIA-
mu a, b. IIpomexxyrku [a,b) u (a,b] HazbIBaIOT NOAYyOMKpPLIMBIMU.

STeno, w10 [a, ] = (a, )U{a}U{b}, [a,5) = (a,D)U{a}, (a, 8] = (a, B)U{B}.
Ormerum, 9ro (—00,al, re a < 00, ecTh MHOXKECTBO Beex uucena & € R
Takux, 9ro ¢ < a, a (—00,a) ecrb MHOXKECTBO Bcex © € R, i KOTOPBIX
T < a.

1.12. JIEMMA. s r0bbix a,b € R takux, aro a < b, cymecrByer mo
kpatineii mepe oqao x € R rakoe, aro a < x < b.

HOKABATEJLCTBO. Eciu a,b € R, To uncimo z = “T*b obsamaer Heob-
XOJIMMBIM CBOMCTBOM. JIpyruMu cJIOBaMu, 9UCIO T YIOBJIETBOPSIET HEPABEH-
CTBaM

a<x<b.

Jlemma, mokaszaHa.

1.7 BEPXHUE U HU>KHUE I'PAHUIIBI Y CJIOBOI'O MHOXKECTBA. OrrPAHUYEH-
HBIE MHO>KECTBA

1.13. ONPEAENEHUE. Ilycrs mano mHemyctoe MuokecTBo A C R. Ynmceso
L € R (I € R) naswbiBaercsa seprnets (Huoicned) rpannneil MHOXKecTBa A,
ecin x < L (coorBercrBeHHO, x > ) mjist Beskoro x € A.

COBOKYIIHOCTh BCeX BEPXHUX (HMKHUX) rpaHul Jjist MHOKecTBa A C R
oboznauaercs cumposiom ' (A) (I (A)).

MuoxkecrBo A C R HasbiBaeTcsa oeparusennvim c6epry (CHu3y), ecam
cymecrByer ducio L (1) takoe, 4To

x<L (I<z) nusmoboro yncna x € A. (1.7.7)

U3 sT0ro onpeeseHns BBIBOAUM, 9TO MHOXKecTBO A C R orpanndeHo csep-
xy (cuusy) Torga m Tosbko Torga, korja muoxkectso I'T(A) (I (A)) nemy-
cToe.

MuozxkecrBo X C R Ha3BIBACTCS 02paHUNENHDIM, ECITH OHO OLHOBPEMEHHO
OrPaHUYEHO CBEPXY U CHHU3Y.

1.14. 3A0AYA. Ecin L — BepxHsisl 'paHUIla MHOXKeCTBa A, TO u j11060€
ancio L' > L sasagercs Bepxueil rpanuneil mis A: ecim L € TT(A) u
L' > L,to L' e TT(A).
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1.15. 3AnA4YA. ChopmyaupoBars olipejieieHe HeOrPaHNIEHHOI'O CBEP-
xy (cHm3y) mHO)KecTBa. Jlokazars, uro MHOKecTBO A C R He orpanutueHo
cBepxy (cHHU3Y) Torga m TosBKO Torma, Korga I (A) =0 (I~ (A) = 0).

1.16. IIPENJIOXKEHUE. MuoxkectBo A C R orpanmdeno Torjja u TOJIKO
torga, korga cymecrsyer L € R taxoe, uro |z| < L grst moboro x € A.

JOKABATEJIBCTBO. HEOBXOJIMMOCTD ouepuiHa. [IOUYEMY?

HOCTATOYHOCTb. Eciim A C R orpaHuvyeHo CBEpXY, TO MHOXKECTBO
't (A) nenycroe u nostoMy cojiepskut Hekotopoe uucyio M € R. Ilpu sTom
x < M nna moboro uncia x € A. Ananmornuno, eciu A C R orpanundeno
cHU3y, TO Haiimerca m € R takoe, uro m < x jyis Jiioboro uucia r € A.
Yucso L = max(|m|,|M]) ymoBierBopsier COOTHOIIEHUSIM

—-L<m<zx<M<ZL

qutst sioboro x € A. CiiefioBaTesibHO, 1O OnpezieeHnto Moy |z < L ags
Joboro x € A.

1.8 TIOHATHUE HAUBOJIBIIEIO U HAMMEHBIIEI'O SJIEMEHTOB YMCJOBOTI'O MHO-
KECTBA

1.17. OIPEAEJEHME. IlycTh fano Hemycroe muoxkectBo A C R.

(I) Yucao M € R HasbIBaeTCs HAUGOALWUM STEMEHTOM MHOXKeCTBa A,
ecim

1)MeAn

2) M €Tt (A), . e. 2 < M ans moboro z € A.

(II) Yucno m € R Ha3BIBACTCS HAUMEHDUWUM SIEMEHTOM MHOXKECTBA A,
ecru

l)meAn

2)m el (A), . e. m < x jgya moboro z € A.

Hanbospimmit (HanMEHBIIN) 9JIEMEHT MHOXKECTBa A, €CJIi OH CyIIecTBy-
er, o6o3HauaeTcst cuMBoJIoM max A (coorsercrsenHo, min A) (max u min
OT JIATHHCKHX CJIOB Maximum — «HauGoIbmuiiy, 1 minimum — «HauMeHb-
it ).

1.18. 3AnA4A. [okasarb, 4ro HaMOOMILIINMA (HAMMEHBIIN) 3JIEMEHT
mHokecTBa A C R equncTBEH.

1.19. 3aga4A. /lokasaTh, uro eciu MHOXKecTBO A C R mmeer HanbGo b
mmii U HauMeHbIui 3eMenThl, 10 A C [min A, max AJ.
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1.20. 3ApA4A. Jlokazarb, ato ecau iyt mMHOKecTBa A C R umeem
min A = max A, To MHO>KeCTBO A OIIHOTOYEUHOE.

1.21. 3aga4A. [lokasarh, uro eciu MHOXKecTBO A C R mmeer Hanbon-
it (HauMenbinumii) ssement, To max A = min 't (A) (min A = max '~ (A)).
ITpuBecTn npuMep OrPAHUIEHHOIO CBEPXY (CHHM3Y) MHOXKECTBA, HE HMEIOIIIe-
ro HamboJsIbIIero (HAMMEHBIIIET0) YHCJIA, HO JJisi KOTOPOIO COBOKYIIHOCTH
Bepxuux rpanur It (A) umeer nanmenbinee (Hanbosbiiee) 9UCIIO.

1.22. 3aA49A. Muoxkectso A C R ojHOTOUEYHOE TOTJA U TOJBKO TO-
raa, korpa [~ (A) UTT(A) =R.

st 3aMKHYTOTO TIPOMEXKYTKaA [a,b] B R JIeBbIil KOHEN a sIBJIsieTCst ero
HAMMEHBIINM, & NpaBbli b — HanbosbmuM saemenToM. (IIPOBEPUTH IO
OTIPEJIEJIEHUIO!)

MmuoxkectBo A C R MOXKeT U He UMeTh HANMEHBIIErO WJIN HANOOJIBIIErO
anementa. Hampumep, unrepsan A = (0,1) ne umeer Hu HaubGOJbIIErO, HU
HANMEHDIIEro d1eMenTa. JeficTBUTEIbHO, BO3bMEM IIPOU3BOJILHO TOUKY @ €

(0,1) u mosoxuM:
a a+1

2 YT o

OueBngno, uto 0 < & < a < y < 1. Tem camMbIM a He MOXKeT OBITH HU HAU-
MEHBIIUM, HU HanGoJIbIuM 1eMenToM npoMexyTka (0, 1). Tlosromy BBUIY
upoussosbaoctu a € (0,1), y muokecrBa A = (0,1) HeT HU HAUMEHBIIETO,
HU HAHOOJIBIIIETO dJIEMEHTA.

dcHo, uTo MHOXKecTBO R He MMeeT HM HAUMEHBIIEr0, HU HAUOOJIbIIIETrO
9JIEMEHTA.

€r=

1.23. 3anA4A. Jlokazarh, 9ro mosyunTepsai [a,b) C R umeer nam-
MEHBIIHI 3JIeMeHT U He HMeeT HaubGOJILIIeTo.

Y10 MOXKHO CKa3aThb U HAHMMEHbIIeM M HanbGOJIbIIeM 3JIeMEHTe MOJTyHH-
repsana (a,b] C R?

1.24. 3a1A49A. Henycroe muOKecTBO A C R mmeer Hanbospmmit (Han-
MEHBINHIT) SJIEMEHT TOTJ/Ia U TOJIBKO TOT/Ia, Kora nepecedenne ANTH(A) #
0 (ANT~(A) # 0). Eciin 910 nepecedenne Helycroe, To OHO COCTOUT U3 OJi-
HOI TOYKHU, KOTOPasd U 6y)leT MaKCHUMaJIBHBIM (I\II/IHI/H\’IaﬂbeIM) QJIEMEHTOM
MHOXKeCTBa A.
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1.9 IIOHATUE TOYHON BEPXHEN M TOYHOW HUXKHEW T'PAHUL] YMCJIOBOT'O
MHO>KECTBA U UX CYIIECTBOBAHUE

1.25. ONPEAENEHUE. Ilycrs mano memycroe muoxkecrso A C R. Hau-
MEHBIIAs U3 €r0 BEPXHUX I'DAHUII, €CJU TaKOBasl CYIIECTBYET, HA3BIBACTCS
mounotl eeprHel eparuyet MHOXKeCTBa A 1 0b03HATaETCsT CHMBOJIOM sup A
(Sup cokpailenue JIATHHCKOrO CJIOBa supremum — Hausbicmil). Takum 06-

pasom,
sup A = min T (A).

Haunbonpmag n3 HMKHAX TDAHUI], MHOMKECTBA A, €CJIM TaKOBas CyIIe-
CTBYET, Ha3bIBAETCA MouHol Husichel epanuyeti MEHOXKeCTBa A 1 0603HATA-
erca cumBojioM inf A (inf coxkpamenue jarunckoro cjiosa infimum — Hu-
Kadimmit). Takum obpazom,

inf A = maxT'~(4).

B srom onpesienienun, ecrecTBerHo, npejnonaraercs, 9to IV (A) u T~ (A)
HeIyCThle MHOXKECTBa. BoJiee TOro, BOSHUKAET BOIPOC O CYIIECTBOBAHUM
HAMMeHbIIeN 13 BepXHUX rpaHul (HanbGoJsbineil n3 HUKHUX TPAHMUIL) HEILy-
croro MHO)KecTBa A. OTBET HA 3TOT BOIPOC IOJIOXKHUTEJIBHBIN (CM. HUXKe
reopemy 1.27).

1.26. 3A71A4H. 1) Ecim muO)KecTBO A C R nmeer HanbGosbmmuii s7eMeHT,
TO OH ABJISETCS W TOYHON BepxHel rpanunei Mmuoxkecrsa A: max A = sup A.

2) Ecom muO)kecTBo A C R nMeeT HAMMEHBINWH 3JEMEHT, TO 9TOT JJIe-
MEHT SBJISETCS TOYHON HUKHell rpanuneil muoxkectBa A: min A = inf A.

1.9.1 TEOPEMA O CYLIECTBOBAHUU TOYHOU BEPXHEN M TOYHOUN HUXKHEN
IPAHUIL HEITYCTOT'O YMCJIOBOI'O MHOYKECTBA

B nanbHeiieM cymmecTBEeHHO UCIIOJIB3YEeTCs CJIeAYIONee CBOWCTBO TOJIMHO-
JKECTB COBOKYMHOCTH R BeIeCTBEHHBIX THCEJT.

1.27. TEOPEMA. Besikoe HelycToe orpaHHIeHHOe CBepXY (CHH3Y) MHO-
kecrBo E C R uMmeer TOYHYH0 BEPXHIOK (HHXKHIOI) TDAHHILY.

Takum obpasoM, IJIsT BCIKOTO oz2panuderhozo mmoxcecmea I C R co-
BokynHocTh I'F(E) Becex ero BepXHUX I'DAHHUIL UMEeT HAUMEHBIIHT 3JIeMeHT,
a coBOKynHOCTh '~ (E) Bcex ero HUXKHHUX [DAHUIL UMEET HAUOOJIBbIIHUI dJ1e-
MEHT.

JOKA3ATEJJIBCTBO. IlycTth MmHOXKeCcTBO F orpanndeno csepxy. [lomara-
eMm B akcuome HerpepbiBHocTH 1.4 A = E # (), a B = ' (E). Torga oba
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MHOXKECTBa HEILYCThIE U B CUJIy aKCUOMBI 1.4 cymiecTByeT unciio ¢ € R Takoe,
qT0
r<c<y

JUTst JTIOOBIX umce ¢ € A n y € B. JleBast 4acTh 9TUX COOTHOIIEHUI O3HA-
qaer, ato ¢ € ['M(E), a npasasg — uro ¢ = min ' (E).

AHasOruvIHO JOKA3BIBAETCH CYIECTBOBAHNE TOYHON HUKHEH TDAHUIHI,
KOTJIJa MHOXKECTBO F OrpaHUYeHO CHU3y.

1.28. 3amAaun. 1) Ecim orpanundennoe csepxy muoxkectso F C R me
HMeeT MaKCHMAaJbHOro 3j1eMenta, To max{FE U {sup E'}} = sup E.

2) Ecsn orpanuyennoe caudy muoxkecrBo F € R He umeer MUHUMAJIb-
Horo snementa, 7o min{ £ U {inf F}} =inf F.

Ha ocuoBanum 3amad 1.26 u 1.28 MOXKHO cJiesiaTh BBIBOM, 4UTO sup F
(inf E) ciyxxar anpreprarusoii max E (min E) B Tex ciydasix, KOrja MHO-
»kecTBO E He mMeeT HAMGOJIBINEro (HANMEHBIIIET0) JIEMEHTA.

1.9.2 IIPU3HAK TOYHO¥M BEPXHEW U TOYHO! HUXKHEWN I'PAHUL]

Ilpu HAXOXKJIEHUN TOYHBIX BEPXHUX M HUXKHUX Tpanul; MuoxkecrBa A C R
VIOOHO MCITOJIH30BATH CJIEIYIONIMI MPU3HAK. XX

1.29. TEOPEMA. (I) st Toro aro6st ancao b € R 6b110 ToHOI BepxHei
rpanuteli Herycroro Muaoxkecrsa A C R HeobXoquMo u JJOCTATOYHO, YTOOBI
BBIIIOJIHSLJIACH CJICIYIONIHE YCIOBHSL:

1) be T (A), . e. b — oiHA U3 BEpXHUX I'DAHHIL;

2) aist Jioboro gucia b’ < b cymecrByer siaemenT x € A Takoi, 4ro

b <x<b. (1.9.8)

(I1) ZLst Toro aro6br ancio a € R 6bL10 TOUHOI HUXKHEI IPDAHUICE HEILy-
croro MmaokectBa A C R HEOOXOAUMO H J0CTATOYHO, YTOOBI BBIIOJIHSIHCD
CJIeIYIOIIHE YCJIOBUSL:

3)a €T~ (A), T e. a — oHA U3 HIXKHUX TPAHMNIL;

4) murst moboro umcaa @’ > a CymecTByer JieMeHT X € A rakoi, 4ro

a<z<ad. (1.9.9)

JOKABATEJILCTBO. MuI JIokazkeM TiepBoe yTBep:KaeHune. Bropoe moka-
3bIBAETCHA AHAJIOTUIHO.
HeosxoguMocTh. Ilycts b = sup A. Torma b — HanMeHbIIas U3 BEPXHUX

rpasun 1 nosromy b € I't(A).
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Teneps dukcupyeMm mnpousBosbHOe uncao b < b. Ormerum, aro b ¢
't (A), mockonbKy b — HanMeHbIag U3 BepXHUX rpanull. [losTomy Hepa-
BeHCTBO = < b’ HE MOXKEeT BBINOJIHAETCS i Becex © € A (160, B upoTUBHOM
cayaae b € T'T(A)). Cnenosarensro, Hafigercss aucao r € A, s KoTo-
POr'0 3TO HEPABEHCTBO HE BBINOJIHACTCA M, 3HAYUT, /I Hero umeeM b’ < .
OueBnHo, < b, MOCKOJIbKY b — BepxHss rpanuiia MHoxkecTtBa A. Takum
06pa3oM, JIJIsL TOTO I BBIIOJIHSIIOTCs cOOTHOIIeHus: (1.9.8) u, cienoBaTesb-
HO, YCJIOBHE 2 JIOKA3aHO.

JoctaTounocTb. [Iyers b € T (A) u ancsio b yI0BaeTBOpSIeT yCI0BHIO
(1.9.8). Tpebyercs joka3arb, 9YT0 b — HAUMEHbBINAs] U3 BEPXHUX TDAHMUIL.
BosbMem Jij1st 9TOr0 Kakyo-HuOy/Ib U3 BEPXHUX TPAHUIL JJIs MHOXKeCTBa A,
ckaxkeM b, u nokaxkem, aro b < b’. JIjist 9TOro J0CTATOYHO MCKJIIOYUTDL BO3-
MOKHOCTH HepaBeHcTBa b’ < b. IociieHee HEPABEHCTBO HEBOZMOXKHO, TAK
kak ycsiosue (1.9.8) oznauaer, uro b’ He MOKeT ObITh BepxHedi rpanunedi st
A. Tlostomy, ecam b’ — Bepxusis rpanuna mais A, o b’ > b. Cremosares-
Ho, mveeM b € I'M(A) n s moboro b’ € I'T(A) cupasenymso b’ > b, . e.
b=min'"(A) = sup A.

Teopema jrokazaHa.

1.30. 3AAYA. Ecim menycroe muoxkecrso A C R orpanumdeno, To
A C [inf A, sup A] u orpesoxk [inf A, sup A] e moxer ObITH yMeHbIIEH (Cp. €
zagaqeii 1.19).

1.31. 3ATAYA. inf A = sup A Torma u TOJBKO TOIJIA, KO8 MHOYXKECTBO
A C R onnoroueunoe.

1.9.3 TOYHBIE BEPXHUE U HUXKHUE T'PAHUIIBI IIPOME>XKYTKA

PaccvoTrpum ciemytoruit mpumep.

1.32. IIPEJUIOXKEHME. Ilycrs A = (a,b) C R — npomexkyTok Ha Beime-
crBenHoi mpsimoit. Torga

a=1inf A, b=supA.

Kpowme Toro, ecmna € A (b€ A), rominA =inf A =q (max A =sup A =
b).

JIOKABATEJILCTBO. COrJIacHO OIIPEIEJICHAIO TPOMEKYTKA UMeeM a < b.
s Besikoro © € A BhINOJIHsIETCS HepaBeHCTBO x < b, Tak 4ro b ecTh
BepxHsis rpanuna Muoxkectsa A: b € I'7(A). BosbMmem npoussosibho b < b
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U JOKazKeM, 9To Haiijercs uncio x € A takoe, uto b’ < x < b. Ecom V' < a,
TO Jifo0ast TOUYKa U3 A yIOBIETBOPSIET 3TOMY COOTHOIIECHUIO.

Eciu xe a < b, 10 a <V < bu A conepxur B cebe unrepsan (b',b).
Suauut, a0basg Touka x € (b, b) upunamuexkur A. Ipu stom b < x < b.
Mpr BupumM, 9o b yrosiersopsier ycsosuio (1.9.8) reopemst 1.29 u, cieso-
BaresbHO, b = sup A. Eciim b € A, To sup A = max A.

Amnajiornyno ycranasimBaercs, 9to a = inf A. IlpeiozkeHue 1oKa3aHO.

1.9.4 COOTHOUIEHUMA [1Jidd sup U inf BJIOYXKEHHBIX MHOYKECTB

1.33. TEOPEMA O MOHOTOHHOCTH TOYHBIX BEPXHUX U HUXKHUX
I'PAHUL, OTHOCUTEJIbHO BKJIFOYEHNA MHO>KECTB. HyCTb JlaHbI HEITy-
crere mHO)KkectBa A C R u B C R. Ecoim A C B, T0

inf B<infA w supA <supB. (1.9.10)

Harnsaapiit cMbIca TeopeMbl: y 0oJiee ITHPOKOIO MHOYKECTBA TOYHA
BEpXHssl I'DAHUIA He YMEHbBIIAETCsl, & TOYHAs HUXKHsISI TPAHNUIA HE yBeJIH-
YNBaeTCs.

JOKA3ATE/IBCTBO. Ilycts p = inf B, ¢ = sup B. Torza jjs Besikoro
r € B nmeeMm

p<z<gq (1.9.11)

Tak kak A C B, TO /1000i1 3JIeMEHT MHOXKECTBa A SIBJISETCS 3JIEMEHTOM
MHOXKeCTBa B W, 3HAYAT, JJIsI BCAKOTO & € A BBITOJHIIOTCS HEPABEHCTBA
(1.9.11). Do o3Havaer, uro p € I'"(A) — onna u3 HIKHEX, a ¢ € ['T(A) —
OJTHA U3 BEpXHUX rpanul; MHOXKecTBa A. ClieoBaTesHo,

p<maxI'"(A4) =inf A, ¢>min['"(4) =supA.
Teopema mokazama.

1.34. TIPEAJIOXKEHUE. Orpanmdentoe maOX)kectBo X C R — mpome-
JKYTOK H& BEIECTBEHHOH IMPSIMOH TOrJa H TOJBKO TOIJA, KOIJIa BMECTE C
JIFOOBIME JIByMsT TOYKaMu a,b € X B 9TOM MHOXKECTBE COIEPKUTCSI OTPe-
30K [a,b]: [a,b] C X. Bosee roro, X = (inf X,sup X) u X 3amHyT ciesa
(copaBa) rorya u TopKO Tora, Korga inf X € X (sup X € X).

JIOKA3BATEJILCTBO. Heobxomumocrs oueBunna. (IIPOBEPUTB!)

Hoxkaxkem nocrarounocrs. Ilycrs, Hanpumep, inf X € X, a sup X ¢ X.
Hokazxkem, uto X = [inf X, sup X ). Brurtouenne X C [inf X, sup X) ouesu-
HO.
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s nmokasaTesbcTBa OOPATHOrO BKJIIOYEHUS PACCMOTPUM IIPOU3BOJIb-
uyio Touky z € (inf X, sup X). Tokaxkem, uro x € X. ITo npusnakam TOIHOI
BepxHeil 1 HIKHell rpaneit HaityTcs Touku a,b € X takme, uro a < = < b.
o yeaosuio [a,b] C X, caeposaresnsro, © € X. Tak xak inf X € X, Bruto-
genwue [inf X, sup X) C X mokaszamno.

Caenosarenpro pasercTso X = [inf X, sup X) B 9T0M CiIydae 10Ka3aHoO.
OcraBiinecs ciaydan pacCMaTPUBAIOTCS AHAJIOTUTHO.

1.10 WMHAYKTUBHBIE MHOXKECTBA. BAXKHEWIIUE KJIACCHl JEUCTBUTEJIb-
HBIX YUCEJL.

1.35. ONIPEAEJEHUE. Muox)XecTBo X C R HazbBaeTcst uHyKMUSHbIM,
€CJIN C KaXKJIBIM YUCJIOM & € X eMy NPUHAJIEKUT TaKxKe ducjio T + 1.

1.36. IIPUMEPHL. R; [0, 00); [1, 00).

1.37. 3A0A4A. Ilepecedenue 10001 COBOKYITHOCTH MH/LyKTHBHBIX MHO-
JKECTB SIBJII€TCS] WH/IYKTHBHBIM MHOYKECTBOM.

1.38. ONPEAEJEHUE. Mnootcecmeom HamypasbHblL TUCEST HaA3bIBAETCS
repecevenne BCEX MHIYKTUBHBIX MHOXKECTB, cojiepKariee 1.

MHOKeCcTBO HATYpaJbHBIX Unces 0003HatMaeTcss cuMBOJIOM N; ero ae-
MEHTBI HA3bIBAIOTCS HAMYPLALHOMU TACTAMA.

1.39. ONPEAEJIEHUE. Mnootcecme8om Ueavbir IUcesl HA3bIBAETCS COBO-
KYIIHOCTH

N-N={z—-y|z,yeN}

MuozkecTBO 1IeJIbIX YHcCeJI 0003HaYAETCS CUMBOJIOM Z, €ro 3JIeMeHThI Ha-
3BbIBAIOTCA UECADIMU TUCTIAMUA.

1.11 IIPMHUUII MATEMATUYECKON MHAYKIWU. [IPUMEHEHUS

1.40. ITPUHIIUIT MATEMATUYECKOY UHAYKIIUU. Ec/Iu IOJMHOKECTBO
FE C N Takoso, uTo

1)1€ EFu

2) Bmecre ¢ KaxKabM qucjaoM © € E muoxkecrBy E npubamiexxur qucjio
z+1,

o K =N.
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JOKABATEJIBLCTBO. IIpuHiun MaTeMaTuIecKOi MHIYKIIUYA BBITEKAET U3
OIIpeJieJIeHUsI HaTyPaJIbHBIX dnce. /leiicTBUTeIbHO, C OHON CTOPOHBI, F —
WHIYKTUBHOE MHO2KecTBO B N, conepzxkainee 1, a ¢ jpyroit, N C F,| mocKob-
Ky N — HauMeHbIIee MHIYKTHBHOE MHOXKECTBO, colepzKaiiee 1.

JloKaxKeM C OMOIIBIO IPUHIUIIA MATEMATHIECKON NHILY KU HEKOTOPDIE
CBOIICTBa HATYPAJIBHBIX YUCEJ.

1.41. CBOMCTBO. CymMMa u NPOU3BEJECHHE HATYPAJIBHBIX THCEJI SIBJIS-
eTCsi HaTyPaJJIbHBIM THCJIOM.

JOKABATEJBCTBO. Paccmorpum MHOXKeCTBO
E={neN:m+neN g moboro m € N}.

HokazkeM ero mHJIyKTHBHOCTH U uto 1 € FE. leficrButensuo, £ C N 1o
noctpoennto. lanee, 1 € E. JleiictBurenbao, ecitu m € N, tou m+ 1 € N,
Tak Kak N — HHIyKTHUBHOE MHOXKeCTBO. IIycrs Tenieps n € E, T. e. m+n € N
ans goboro m € N. Torma u m +n + 1 € N gma moboro m € N B cuny
[IPEbIIYIIEro Iara.

1.42. 3A0AYA. [Jokasarh, 9TO MPOU3BEJEHUE HATYPAIbHBIX UUCEJT sIB-
JISIETCS HATYPAJIHHBIM YHCJIOM.

1.43. CBonctBO. Ecotmn € Nun>1, ton—1¢€N.
HOKABATEJILCTBO. Ilycrs
E={neN|n=1lumn#lun—1¢€N}

HoxkaxewMm, uro F — nnnykTtuBHOe MHOKecTBO U 1 € E. JlefictBuresbno, 1
BxouT B E mo moctpoenuto. Eciu n > 1 uw n € E, To 1m0 omnpenaeaeHuio
muoxectBa F nmeemn € Nun—1€ N. Horornan+1€Nu (n+1)—1=
neN, e n+1ek.

1.44. CBOMCTBO. Ecimun,m € Nun <m, tom —n € N.
JOKA3ATEJBCTBO. IlycTh
E={neN|m—neN gz moboro m € N rakoro, aro m > n}.

HoxkazkeM, uto E — maaykTuBHOe MHOXKecTBO U 1 € E. JleficTBurenbuo, 1
Bxoaut B E mo ceoiictBy 1.43. Ecmun € E, um >n+ 1, To m > n u mo
onpenesennio F mmeem m —n € N. Tak kak m—n > 1, tom—n—1€NB
cuity cBoiicrsa 1.43. Cuenosaresnsuo, m— (n+1) € N unosromy n+1 € E.



1.45. CBOMICTBO. Ecmmx,y € Zunx <y, 0y—x € Nmz+1<y.

JOKA3BATEBCTBO. Ilycts © = p—q, y = r — s, e p,q,7,8 € N.
Torma ycioBue p — ¢ < r — § 9KBUBAJEHTHO P + § < ¢ + I, & TMOCKOJbKY
JIeBas M MpaBas YaCTU MOCJIEIHETO HEPABEHCTBA — HATYPAaJbHBIE UUCJIA, TO
1o ceoiictBy 1.44 pazuoctb ¢+ — (p+ §) — HATYPAJIbLHOE YUCI0. 3aMeTUM
Tenepb, 9TO

y—xz=(r—-s)—(p-—q@=qg+r—(p+s) =1
1.46. 3AJAYA. Eciu z € Z, To qmbo x € N, 6o x = 0, mubo —x € N.

1.11.1 TIPMHIMI MHUHUMAJIbHOTO (MAKCHMAJIBHOI'O) YMCJIA

1.47. TEOPEMA. Bcskoe orpanmiennoe cHu3y MHOKkecTBO E C 7 mesbix
guces IMeeT MAHAMAJIbHBIN 3JIeMEHT.

HOKABATEJBLCTBO. Ilycts k = inf E. [lockosbky F orpaHmdeHo CHU3Y,
k € R. Ilo npusnaky 1.29 To4uHO# HIKHEHl T'DAHUIBI CYIIECTBYET UYUCJIIO
x € E, ynoBieTBopsiioliee HepaBeHCTBAM

k<z<k+1.

s mroboro y € E umeem k < y, ciemoBaresnbho, ¢ — 1 < k < y. Tak kak
o ceoiicry 1.45 Bepuo y — (x — 1) € Ny ro y — (2 — 1) > 1 mim

<y

st moboro y € E. Tak kak ¢ € F/, T0 £ — MUHUMAJBHBIN 3/1eMeHT B E.

Us JAOKa3aHHOI'O BbBITEKACT NPUHUUTL MAKCUMAADHO20 HYUCNA.

1.48. CIEACTBUE. Besikoe orpaHudeHHOE CBEpXy MHOXKecTBO F' C 7
IIeJIBIX THCEJT HMEeET MAKCHUMAJHHBIH JIEMEHT.

JIOKA3ATEJIbCTBO. /leiicrBurensruo, Muoxectso £ = —F = {y € Z :
y = —x, ¢ € F} orpannueno causy. ITo Teopeme 1.47 mHO)ecTBO E comep-
JKAT MUHUMAJIBHBIA 3j1eMenT min E. Ocraercs IpoBepuTh, 94TO IEJI0e YUCIIO
—min E 6yzner makcumasibabiM st F. B camom meste, ¢ 0JIHOI CTOPOHBI,
nveeM min E < y muist groboro y € E| a ¢ ApyToil, BBIBOAUM

r=-y<-mnFEe€(—FE)=F

IJist Jiroboro ajaeMenTa x € F.
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1.49. UHayKumnsa BHU3. Eciau momqvuoxkectBo F' C N takoBo, uTo

l)ne Fu

2) BMecTe ¢ KaxapiM wuciom ¢ € F | x> 1, muoxecrsy F npunajiexur
apcao x — 1, To [1,n] NN C F.

HOKABATEJBLCTBO. [leficTBuTEIBHO, IIyCTH
D={keN|1<k<n, [k,n]NNC F}.

OueBuHo D He mycro, 110 Kpaiineir mepe, n € D. Tak kak D orpaHudeHo
CHU3Y, BO MHOXKecTBe D cyIecTByeT HAUMEHBIee JIUCJIO 1. 3aMETHM, ITO
M HE MOXKET ObITh OOJIBIIIE eIUHUIIBL: B 9TOM ciydae m — 1 € F u mostomy
[m—1,n]NN = {m — 1} U {[m,n] NN} C F. Ilocrennee npoTuBOpevInT
MHUHUMAJBHOCTU ducjaa m. Takum obpasom, m = 1.

Nupyknusi, copmynupoBantasi B 1. 1.40, Ha3bIBaeTCS MHOTIA UHOYK-
yuetll 66epr.

1.50. 3AZIAUA. Ucnonb3ysa meron 1. 1.49 joka3aTh cjemyionuii Bapu-
AHT WHJYKIUU BBEPX:

ecau nodmmooicecmeo B C 7. maxoso, wmo

1) ko€ Fu

2) emecme ¢ Kaotcdvim wucaom x € B, x > ko, muoocecmey E npunad-
aeotcum wucao x + 1, mo {k € Z | k> ko} CE.

AHaJIOruYHO NpPeABIIYINeMy MOXKHO YCTAHOBUTH TakxKe OOOOINEeHNe HMH-
JyKIpu BHU3 1. 1.49.

1.51. 3AZ1AYA. [loka3arh ciieayronumii BApuaHT WHIYKIINA BHU3:

ecau nodmnoocecmeo B C 7 maxoso, umo

1) khe Fu

2) emecme ¢ Kaotcdvim wucaom x € E, x < ko, muooicecmey E npunad-
aesrcum wucao x — 1, mo {k € Z | k < ko} C E.

1.11.2 HEePABEHCTBO Kol MEXK/Y APUOMETUYECKUMU U TEOMETPUYE-
CKUMU CPEJHUMU
JokazkeM C MTOMOIIBIO JIBYX WHIYKIMI HEPABEHCTBO MEXKy apudMeTute-

CKUMU U reOMEeTPpUIEeCKUMU CPpEeIHNUMU.

1.52. TEOPEMA. Ilyctb x1,T9, . . ., T, — HEOTPHIIATETLHBIE TUCA H T >
1. Torga

1+ T2+ ... +xp > YT Ty ... Ty (1.11.12)
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Crporoe HEPABEHCTBO BBIIOJIHSIETCSI TOIJIa H TOJIBKO TOIJA, KO HE BCE I;
PaBHBI MEXKJTy COOOI].

JIOKA3ATEJLCTBO. Hepaserncreo (1.11.12) soKaxeM B J(Ba IIara.

Ha mepBoM mrare npuMeHHM HHIYKIUIO JJISl 7 DABHBIX CTEIIEHH JIBOMKM:
n=2% kecN.

Ha BTOpOM mare IpruMeHIM HHIYKITUIO BHUS3.

1 AT. IIycts n = 2. IllpumennM u3BeCTHOE HEPABEHCTBO

Y+ Y3 > 2y1ys,

CIIpaBEJTUBOE JIJIsT BCeX Y1 U Yo. llosarast B 9TOM HEpaBEHCTBE y% = 14,

Y2 = xo, TIOTyIaEM

xr1 + T2

B) Z\/‘Tll’g (1,11.13)

IS JTIOOBIX HEOTPHIATEIBHBIX YUCEN X1 U Ta. PaseHcrso B (1.11.13) BO3-
MOKHO TOTJIa ¥ TOJIBKO TOIJIA, KOIJIa T = X3.

3aMeHuM Ternepb T HOBOI IepeMeHHOI %(ml + xz), a To — HOBOH Iie-
PEMEHHOM %(.’,Eg + x4). Torna u3z vepasencrsa (1.11.13), IPUMEHEHHOTO JBa~
2KJIBbI, MBI HaiizieMm

T1A Ty a3+ Ty x1+x2x3+x4]%
4 - 2 2

> [(z122)* (w324)

M
Nl=

|7 = (z1@92324). (1.11.14)
PagencTBo B mepBoM mepexojie BO3MOXKHO TOTJIa U TOJIBKO TOTIa, KOTJa T'1 +
To = T3 + T4, & BO BTOPOM — KOTJIa 1 = Xg U &3 = X4. OTCIOJIa BHIBOINM,
9TO (1.11.14) BEPHO B TOM CJIydae, KOIJla X1 = To = T3 = T4

IIpomonkas TakuMm 0O6pa30M MO UHIYKIIUK BBEPX, MbI YOEKIaeMCsI, ITO
HepaseHcTso (1.11.12) Bomoangerca qyia n = 1,2,4,8, ..., T. e. 1jg J1060-
T0 N, SIBJIAIONIErOCS CTEIEHbIO JIBONKHU, IPUYEM PABEHCTBO OyleT TOrma u
TOJIBKO TOTJIa, KOT/Ia BCE X; PABHBI MEXKJIy COOOI.

2 WAT. Ilpumenum Terepb WHIYKITUIO BHU3: IOKAYKEM, 9TO €CJIM yTBEP-
JKJIeHre TeopeMbl 1.52 BepHO jist 1 > 1, To oHO BepHa u it n— 1. Samenum
Zn B (1.11.12) Ha

1+ T2+ ...+ X1
n—1

)

e n > 2, 1 OCTABUM JIpyrue x; Heu3MeHHbIMU. Torma 1Mo WHIYKITHOHHOMY
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IPEAII0JIOZKEHUIO (1.11.12) IIOJIy4aeM COOTHOIIICHUSI:

T1+xot+...+Tn_1
n—1

r1+To+...+2Tp_1+
n

1
> (Il.’lﬁg .. .xn,;[)" (

1 +To+ ...+ Ty
n—1

)%, (1.11.15)

NJINn

Z ($1l‘2 e SCn_l) n

1
1+ + ...+ Tp_1 L(J’J1+.’E2+...+5En_1)ﬁ
n—1 n—1 ’

[Tocste ympormenust moysaeM UCKOMOe HEPABEHCTBO
1 +2o+ ...+ Ty

>( )11
L1Tx2 ... Tp—1)" 1.
n 1 = 142 n—1

PaBeHCTBO 3/1eCb BOSHUKHET TOI'/la U TOJIBKO TOr'/la, KOTrJa 1 — T2 — ... =
_ Titzet..4Tn_1 __
Tn—1 = n—1 = Tn-

1.11.3 HEPABEHCTBO BEPHVY/LIN
1.53. TEOPEMA. Ecim x > —1, T0
I4+2)">1+nz (1.11.16)

st jiroboro n € N. PaBeHCTBO HMeeT MeCTO TOIJia M TOJIBKO TOIJA, KOIJA
aubon =1, mbon > 1, a x = 0.

JOKABATEJILCTBO. IlycTs MHOXKecTBO E COCTONUT U3 HATYPATIbHBIX TH-
ceJl, Jyisi KOTOPBIX ClpaBeiiuBo HepaBeHcTBO (1.11.16). Ilpunayexnocrsb
1 € E odeBugna, Tak Kak

1+z) =14z (1.11.17)

st Becex x € R.
HoxkazkeMm, 910 F — HHIYKTUBHOE MHOXKECTBO. Ec/in HaTypabHOE 9rCI0
7 TPUHAJIEKUT F, T. €. BBITTOJTHEHO (1.11.16)7 TO

(1+z)" =1 +2)"(1+2) > (1+nz)(l +2)
=1+m+Dr+nr*>1+ (n+ 1z (1.11.18)

Takum obpazom, B CHIy TPUHITATIA MaTeMaTUuIecKoil nuayknun F = N.
OwueBuzno, uro Jyist n = 1 B HepasencTse (1.11.16) Bcerga nmeeT MeCTO



paBeHCTBO 1ist Jiroboro & > —1, em. (1.11.17). Ecomm n > 1, o npu 2 = 0 B
HEpPaBEHCTBEe (1.11.16) MBI OYEBHIHO UMeeM paBeHCTBO. Fcim ke x # 0, To
nocsieHee HepaBeHcTso B (1.11.18) GyJer CrporuM U mMO9TOMY PABEHCTBA B
(1.11.18) GBITH He MOXKeT.

1.54. 3A7IAUA. JTokasaTh 0600Imenne HepaBencTsa bepryiin:
1
(1+@"21+nx+§Mn—1m2 (1.11.19)

st Jioboro x > 0 m ioboro n = 1,2, .. .. VccrenoBars caydait paBeHCTBA.

YKABAHUE: [IpuMennTs nuayknuo. B qoka3zareabcTBe WHIYKITMOHHOTO
Irara BOCIOJIb30BaThCA HEPABEHCTBAMU

1
14+z)" ™ =1 4+2)"(1+x) > (14 nz+ in(n —1)zH)(1+2)
1 1 .
=1+(n+1z+ §n(n — 1)z? +na® + in(n —1)2®

1
>14+(n+1x+ i(n + 1)na?.

1.11.4 T'EOMETPUYECKAS IIPOI'PECCHS

Ilyctb a € R uw g € R\ {1}. Habop [mcen a,aq,aq?,...,aq", rae n €
N, HasbiBaeTcs 2eomempuseckoti npoepeccueti co snamernamenem q. 3auada
COCTOUT B TOM, 9TOOLI HANTH (POPMYJIY IJIsl HAXOXKJIEHUS CyMMBI

a+aq+ag®+ ...+ aq”

3JIEMEHTOB T€OMETPUIECKON TPOTrPEeCCHH.

1.55. TEOPEMA. Ilycrs q # 1. Torza

qn+1 _ 1

n
atagt+aid+...+ag"=> adt=a - ———. 1.11.20
q+aq q Z;q 1 ( )

JOKA3BATEJBCTBO. [lycTh MHOXKECTBO I/ COCTOUT U3 HATYPAJIBHBIX U~
ceJ1, JIJIs KOTOPBIX CIpaBeinBo paBeHcTBO (1.11.20). Ipunamiexuocts 1 €
FE odeBujHA, TaK Kak

(g—1 21
a+aq:a@+1y:a‘q+)m ):a~q . (1.11.21)
q—1 q—1
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HoxkazkeM, 9T0 F — UHIYKTHBHOE MHOXKeCTBO. Ec/in HaTypaibHOE 9nc/Io
7 TPUHAJJIEXKUAT F, T. €. BBIIIOJTHEHO (1.11.20), TO

2 1 ¢t -1 1
a+aq+aq®+...+aq" +aq"" :a~qf1+aq7“r
n+1 _ 1 n+2 _  n+1 n+2 _
—a.? ta 2 _4.4 . (1.11.22)
q—1 q—1

Takum 06pa3oM, B CHIy MPHUHITAIIA MaTeMaTndecKoit nuaykmuun F = N.

1.11.5 bBbuHoMm HpIOTOHA

B dopmynmupyemoit Hike TeopeMe MBI HCHOIL3YEM CJeaylomye obo3Hade-

0<k<n0=10C9=1.
1.56. TEOPEMA. Ecau z,y € R, T0
n
(@t = 3 Chanhyh
k=0
-1
=z" + %x”fly + %x"iQ(yZ +...4+y" (1.11.23)

st jiioboro n € N.

JOKABATEJILCTBO. IlycTs MHOXKecTBO E COCTONUT U3 HATYPATIbHBIX TH-
ceJl, JIJIs KOTOPBIX CIpaBeinBo paBeHcTBO (1.11.23). Ipunamiexuocts 1 €
FE oueBmana, Tak Kak

(x+y) =a+y

s Beex z,y € R.
HokazkeM, uTo E — MHIYKTUBHOE MHOXKeCTBO. Ecm HaTypasbHOE |mc-
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JIO N PUHAJIEKUT F/| T. e. BBITOJTHEHO (1.11.23)7 TO

(z+y)" =

- 1t

(z+y)"(z+y) =

E
I
<

k=0
n+1

n

k=0

C«k n+l1—k k+ZC«k n—k k—‘rl

Ck n+1—k k+zck 1 n+1 kyk

n+l+z Ok:+ck: 1 n+1 k k+02+1y

k k—1 _
Ocraercs uposepurs C + CF

Ch+Cyt =

k=1

= CF, . HeiicrBuTesHo,

Oxonvarenbio, (1.11.24) paBuo

n! n!
Mok k- Dln+ 1R
nln+1—-k+k) (n+1)!
Hn+1-k)!  Kn+l-k)
n+1
Z +11.n+17kyk’

(@+y) Y Cramry*

_ ik
- CnJrl'

(1.11.24)

Takum 06pa3oM, B CHLy IpUHIUIA MaTeMaTudecKoil napayknun F = N.

1.57. ITPuUMEP. Pazmnoxum (1 + %)

i m! xk
kEl(m — k)! mk
k=0

M COMHOKHUTeeit

me(m—1)

(1

€T m
REAL
m

m

o 6unomy Hprorona:

(m—(k—1)) 2*

k!

.(1_

k—1

m

)

mk

xk

k!

(1.11.25)



(5]
b o =1 (1 — %) ----- (1 - E) (1.11.26)

IIpuBesem nerko mposepsieMoe CBOMCTBO KO3IP@UIMEHTOB Cpy k, M € N, 0 <
kE<m:

1) ¢m,0 =1 mns Bcex m € N,

2) 0 < ¢k < 1 st Beex Harypaibabix 1 < k < m.

1.58. IIPENJIOXKEHUE. ITycth u € R — mosoxkurenpaoe aucao u kg € N
— takwue quca, 91o u < kg + 1. Tora HEpaBeHCTBO

1
Z ol ko — (1.11.27)

k=ko +1

CIIPaBEJJIABO JJIsT BCEX HATypaJbHbIX L > k.

JOKA3BATEIBCTBO. elicTBUTEIBHO,

L uk
>0
k=ko
ko u u2 ULiko
=t U + Tt )
kzo!( (ko+1) (ko +1)(ko+2) (ko+1)(ko+2)-...- L
uko L oo
Fo* k=ko+1 (ko +1)(ko+2) ...k
" j w \L—ko+1
= k! o (ko +1)7 k! [
who 1
T 1.11.2
< Tl kol 1— ( 8)

k+1

3aech Mbl npuMennan Gopmyiy (1.11.20) s CyMMbI reoMeTPUIeCcKOil mpo-
rpeccuu co 3HaYeHNEM ¢ = 1 M 3HAMEHATeIeM ¢ =
mpaBasi YacThb y2Ke He 3aBUCHUT OT L.

T +1 < 1. 3amerum, 4TO

1.59. CIEACTBUE.

& u® Lok ko 1
sup E CL’kE S sup E ﬁ S PN 171‘, (11129)
L, LEN k—ko . L,LeN ko 0 L7 Eor1

e e i € (0,1] — kosappunmentsr u3 npumepa 1.57 npu L = m.
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1.12 IIpuHUMIO APXUMEJIA M ETO CJIEACTBUS

1.60. ITpuHUMI APXUMENA. MuoxkectBo N HaTypaJbHBIX dmces He
OrpaHUIEHO CBEPXY.

HOKABATEJBLCTBO. IlycTs, Hanmporus, coBoKymHOCTH N Orpanutiena cBep-
xy. Torga B cuity npunnuna xaubosbiiero yucia (ciaencrsue 1.48) sra co-
BOKYIIHOCTH NUM€ET MaKCHMAaJIbHBIH dj1eMeHT: 1iesioe ducio L € N rakoe, 9To
n < L gis Becex n € N. OueBuiHo, 9T0 umcyio L — HaTypaJibHOE, TaK Kak, B
gacraoct, 1 < L (ectu L=m—-n,mne€L,ul<m—-n,rom—n€Ns
cuty cBoiicrBa 1.44). 3ech MbI IPUXOAUM K IPOTHBOPEYUIO, Tak Kak L+ 1
— TOXK€ HATYPAJIbHOE UUCJIO0, OJTHAKO, /i Hero Hepasencrso L + 1 < L me
BBIIIOJTHSETCH.

W3 npunnuna Apxumena n 3agaan 1.46 momydaem

1.61. CJIEJACTBUE. MHOKeCTBO IEJIbIX YUCeT 7, He OrPAHHYIEHO HU CHH-
3y, HH CBEPXY.

1.62. CBonicTBO. Ecoim z,y € R, y > 0 w = > 0, To cymecrByer
HaTypaJIbHOE M TaKoe, 4T0 Y < NI.

JOKA3BATEJJIBCTBO. Tpebyemoe HATYpAJIbHOE YHCJIO CEIYeT UCKATh Cpe-
JI HATYPAJIBHBIX YUCEJ], YIOBIECTBOPSIONIUX YCIOBUIO:
y <n.
x
B cuty npunnuna Apxumea Takoe HaTypaJibHOE YUCIIO 7 BCET A CYIIECTBY-
er.

1.63. CBONCTBO. Ecim a € R — rakoe umcjo, 9To
1)a< % auisa mioboro n € N, To a < 0.
2) 0§a§%;ummo6oron€N, 10 a = 0.

JIOKA3BATEJ/IBCTBO. B KaxXXJ0M U3 JIOKa3bIBAEMBIX CJIyYaeB TPedyeTcCs
HUCKJTIOYUTDH BOBMOKHOCTD a > (. Ilycrh, HanpoTus, 0 < a < % JIst JTI000T0

n € N. Torma

1
n< —
a

ayist Jioboro n € N, oTKyzma BhITEKAET OrPAHMYEHHOCTbH MHOXKECTBa, HATY-
PAJIBHBIX YUCEJ, TPOTUBOPEYaIlas IpUHIUITY Apxumesa.
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1.64. CBOMCTBO. Eciim x,y € R uwx > 0, To cyImecTByer eJuHCTBEHHOE
11eJ10e IHCJI0 P TaKoe, ITO

(p—1z <y < pz. (1.12.30)

JTOKABATEMBCTBO. Ilogvmmoxectso £ = {q € Z : £ < q} nmemprx ancen
He mycro u orpanundero cuusy. CiemoBaresibHo, Mo Teopeme 1.47 B E cy-
[IECTBYET MUHUMAJIBHBIN 3jieMeHT: p = min ', KOTOpbIil u Oy1eT NCKOMBIM,
TaK Kak p—1 < £ . EMHCTBEHHOCTD YMCIIa P BBITEKACT U3 €MHCTBEHHOCTH
MHWHHIMAaJIBHOT'O 3JIEMEHTa MHOXKeCcTBa .

[Monaras B (1.12.30) = 1 noayvaeM cieyionee

1.65. ONIPEAEJEHUE. /s mpousBosibHoro vuciaa y € R exumncTBeHHOE
1esoe 4nucyo p € Z raxoe, uro p < y < p + 1 HazbIBaeTcd Ueaol 4aAcmvo
unciia ¢ 1 0603HadA0T cCUMBOJIOM [z] unu E(z).

1.13 PAILIMOHAJIbHBIE U UPPAIIMOHAJIBHBIE YHCJIA

1.66. OTIPEAEJIEHUE. M1ootcecmeom payuoHasbHblT TUCET Ha3bIBAETC s
COBOKYIIHOCTH

{§|pEZ, qu}.

MHo0keCTBO paIrmoHabHBIX drcesl 0003Ha4daeTcss cumBosioM Q5 ero aste-
MEHTBI HA3BIBAIOTCS PAYUOHAADHHLMU TUCTIAMU.

1.67. OIIPEAEJEHUE. JleficTBUTEIbHBIE YNCIa, HU SIBJISIONIAECS DA~
OHANDHBLMU, HASBIBAIOTCS UPPAUUOHAALHOMY. TakuM 00pa3oM, HpPpAIo-
HaJIbHBIE YUCIa — 9TO Yrucya MHOkecTBa R\ Q.

1.13.1 CBONCTBA MJIOTHOCTH COBOKYIIHOCTU PALIMOHAJIbHBIX YWUCEJ U
COBOKYITHOCTU UPPAIIUOHAJIbHBIX YUCEJI

1.68. CBOMCTBO. Ecim a,b € R, a < b, TO cymecTByer paiuoHaIbHOE
YHCJIO T TAKOE, YTO
a<xz<b. (1.13.31)

JIOKA3ATEJIBCTBO. Ilycts a < b. B cuty npunnuna Apxumea cytie-
CTBYET HATYPAJIbHOE YUCJIO N TAKOE, ITO

1
b—a

<n wm —<b—a.
n
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Tomnarass @ = + = a B ycJIOBUSX cBoiicTBa 1.64 HaiijeM eIuHCTBEHHOE
n b
1eJIoe YUCIo m € 7 Takoe, 9To

m—1 m
<a< —.
n

Comnocrasiisist OJIYy9Y€eHHbIC HEPpaBEHCTBa, IIOJy49aeM COOTHOIIIECHUA

m 1
——a< —<b—a.
n n

Orciona umeem 7 < b. OKOHYATETLHO BBIBOUM
m
a< — <b.
n
OuesuHo, YTO WHCIO T = " palpoOHAIbHOE U yjoBIeTBopser (1.13.31).

1.69. CBOMCTBO. Eciir a,b € R, a < b, To cymecTByeT uppanuoHaIb-
HOE 9UCJIO X TAKOE, YTO
a<x<b. (1.13.32)

JIOKABATEJILCTBO. s 10Ka3aTeIbCTBa 3TOrO CBOWCTBA JOCTATOYHO
UMeTh XOTs Obl OJHO MppalnuoHajbHoe uuciao « > 0. JeiicrBurenbno, eciu
TAKOE YUCJIO CYMECTBYET (CM. JI0KA3aTeabCTBO HUXKE), TO 1O HpuHIuny Ap-
xumea naiigercs n € N takoe, uro o < b — a. Ilo ceoiictey 1.64 naiinerca
€JIMHCTBEHHOE IIEJI0e YHUCI0 M € 7, TaKOe, UTO

m—1 m
—a<a< —a.
n n

C mpyroit CTOPOHBI, IMeeM

m m—1 1 «
—a=—a+-a<a+—<b.
n n n n

Comocrapisis [Ba TOCIEIHAX COOTHOIMIEHUS, HoaydaeM a < o < b. Oue-
BHJIHO, YTO B Ka4eCTBE I MOYKHO B3ATh MPPAIMOHAIBHOE YUCIIO (v, eCyn
m # 0.

B nporusnoM ciygae, a < 0 < b, ¥ B CHIy JOKA3aHHOT'O BBIIIE HARIETCA
uppanuonaabHoe ducso B unrepsase (0,b) C (a,b).

1.70. ONIPEAEJIEHUE. Mnootcecmaom 080UMHO-PAUUOHANDHBIL TUCETT Ha~
3BIBAETCS COBOKYITHOCTD

p
{27|p€Z, qu}.

1.71. 3A7A49A. Jloka3aTh, 9TO COBOKYITHOCTH JIBOMIHO-PAITMOHATBHBIX
4quces mwioTHa B R.
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1.13.2 CVYUIECTBOBAHUE KBAJIPATHOI'O KOPHS /2

1.72. IIPEA/IOKEHUE. CymiectByer aedicTBuresbHoe 4ducao o > 0,
KBaJpaT KOTOporo paseH 2: o = 2, u npu 3ToM o ¢ Q.

JIOKABATEIBCTBO. Myets X = {x >0 |22 <2}uY ={y>0]y? >
2}. Bamernm, yro MHO)KecTBa X n Y HemycTble, Tak Kak odeBuiHo 1 € X
nu2€eY.Ilycrsb x € X my € Y — npoussosbable uncia. Torma 22 < y2, a
TaK KaK 9uCja T,y — CTPOro IOJOXKUATEIbHbIE, TO HMeeM Takxke n T < y. B
camom Jiente, ecn y < x, 7o y? < yx m yr < x?. Orciona BuBomuM, y? < x2,
YTO HPOTUBOPEYNT HEpaBEHCTBY T2 < y2.

ITo akcmome HeNpPepBIBHOCTU 1.4 CYIIECTBYET JIEHCTBUTEILHOE THUCTIO (X
Takoe, 910 * < o < y jist 006X ¢ € X u y € Y. OueBugHO

l<a<?2.

IMokaskem, ato o = 2.

He MozKeT 6BITH TAKOTO, YTOOEI a2 < 2, TaK KAK B 3TOM CJIydae KBaJPaT
2

qnciaa, o + 2_50‘ , boutbrirero «, O6bL1 ObI MenbIne 2. eiicrBurensuo, 1 € X
n 1l < . Orciona mveem 1 < o2 < 2 U, CJIeJOBATEJIHLHO,

0<d=2-0a’<1.
3HaguT,

6\ 2 9 1) 6\ 2 6 0
a—&-f) =« —|—2a7—|—(7> <a?44-+_-=a’+6=2.
( 5 5 5 5 5
Ilo 3T0 mpuuune, o + % € X, 94TO TPOTHUBOPEYNUT HEPABEHCTBY & < (v JIJIs
sgoboro x € X.
AHATOrIYHO HCKIIIOYTAETCST BO3MOKHOCTD 2 < (: eCJIH 9TO TAK, TO KBAJI-
)

par umucia o — 952 MeHbIero a, 6uu1 661 Gosbie 2. B camom neste, B cuity
2 €Y nmeem 2 < a? < 22 I/IJII/IO<A:(1272<21/IO<%<1. OTcroma

(a—%)zzaQ—Qa%—i—(%)Q>a2—4%—% >a2—5%=a2—A:2.

Tlocneree TpOTHBOPEYUT TOMY, UTO (v OTPAHUYINBAECT MHOXKECTBO Y CHU3Y.
TakuM 06pa30M, OCTAETCS TOJILKO MOC/IEIHSIS BO3MOXKHOCTD: o2 = 2.
UpparmonaabHOCTD YnCIa (v TOKa3aHa B pazgeste 1.1.

1.73. 3AJIAUA. Haiitu panuonanbabie yncia o u  Takue, 9To0bI

V7T +5V2=a+ BV2.
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1.74. 3A0AYA. JlokasaTb, 4TO

V5= i - L a+ VB ),

s/ 1 2[4
2-1={/-—{/=+1/=
V2 9 9 Vo

J3+2V5 V541

3-2v5 V5-1

1.14 PACIIMPEHHASI YUCJIOBASI TIPSIMASI.

1.14.1 TIoPsiJIOK HA PACUIMPEHHOW YMCJIOBO¥ IPSIMOM U EIO CBOMCTBA.
KOHEYHBIE U BECKOHEYHBIE JIEMEHTHI

B HekoTophIx cuTyarusx, CBSI3aHHBIX C OTHOIIIEHHEM Mopsiaka B R, ym1o6HO
HCITOJIb30BATh MHOXKECTBO BEIECTBEHHBIX YHUCEJI, JOMOJHEHHOE ABYyMs 6ec-
KOHEYHBMU INEMEHTAMU.

1.75. ONPEAEJEHUE. /lobaBue K MHOXKecTBY R J1Ba 3jileMeHTa —00 H
+00 («MuHYC GECKOHETHOCTh» U «ILIIOC GECKOHEUHOCTDY ) TAKUE, YTO —00 <
T < 400 mist jiroboro x € R, MBI mojry9aemM paciinpeHHOe MHOXKECTBO Bellle-
CTBEHHBIX 4uces (UM PACIIMPEHHYIO YUCJIOBYIO HDSIMYI0), 0003HAYAEMOE
cumposiom R. Cumraem TakzxKe, uTo —00 < -+00. COIIacHO OIpejIe/eHuo,
R = RU{—00, +00}. Bmecto cumBosia +00 fgaiee MBI Gy/ieM THCATh TPOCTO
0.

DJIeMEeHTHI MHOMKECTBa R TakKe GyIeM Ha3bIBATH YUCAGMU. 11pu 3TOM
qncno v € R OyzeM Ha3bIBATh KOHEYHBIM, eciin = € R.

Yucsa —00 u 0o OymeM HA3BIBATH OECKOHETHBIMU IJIEMEHTAMU MHOYKEe-
crea R.

Ormpeiesienne 6€CKOHETHBIX 3JIEMEHTOB TI0 CYIIECTBY COJEPYKUT PACIIPO-
CTpaHeHHe OTHOIIeHNsT TTopsiKa B R Ha MHOxkecTBO R. CooTHomenust < y
U 2 > ¥y JUIs 3JIEMEHTOB U3 R, OIpeIeISIOTCs TaK ¥Ke, KAK U JIJIsl 9JICMEHTOB
u3 R B oM cityuae, korga x,y € R. Ecau 2 = —o0 (y = o0), To —00 < y
(r < oo)mma moboro smementa y € R (z € R).

HerpytHo npoBepuTh, ITO IPHU 3TOM BBIIOJHSIIOTCS YTBEPKICHUS AKCH-
om O1 — O4.

1.76. ITPEAJIO>KEHUE. CBoiicTBO, C(hOPMYyIHPOBAHHOE B AKCHOME HEIIPE-
DBIBHOCTH, BBIIOJIHSIETCS TaKKe JJIsT JTI00bIX HerrycThix MaokecTB X, Y C R:
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ecin X 'Y — 1Ba HEIYCTHIX IIOAMHOXKecCTBa B R, 06,1a1af0Iie TeM CBOM-
cTBoM, 4TO Jist Jitobbix x € X u y € Y BbimoyiHeHO T < Y, TO CYIIeCTBYeT
TakKoe ¢ € @, 9TOo

r<cly

J1st JiobbIx qucer t € X ny €Y.

JTOKA3ATEJIBCTBO. [Tomoxknm A = X NR, B=Y NR. Ecom A u B

— HeIIyCTble MHO?KeCTBa, TO 110 aKCHUOM€E€ HEIIPEPLIBHOCTHU CYIIIECTBYET INCJIO
c € R Takoe, 910

r<c<y (1.14.33)

Juist mobbix uncen ¥ € A u y € B. Tak xak muoxkecrso X (Y) moxer o1-
mmaaTbest or A (B) ammb cuMBoioM —oo (+00), To cooTHomeHnst (1.14.33)
OYEBUIHBIM 0Opa30M CIIpaBeIUBLI Jijist Bcex t € X ny € Y.

Ecmm A = (), To B Ka4ecTBe ¢ MOXKHO B3dTh —00O. JIefICTBUTENLHO, B
srom ciaydae X = {—oo} u mosromy coorromenne X 3 —oco < c <y €Y
CIIPaBEINBO JJId Beex y € Y. Amamormuno, nisa B = () B kagecTBe ¢ MOXKHO
B34Tb +00, COOTHOH_IeHI/Ie(l.14.33) cBoJUTCA B 3TOM caydae K X Sz < ¢ <
+o00 €Y, Tak Kak Y = {+00}.

1.14.2 TIOHATHUE NMPOMEXKYTKA B R. JIEMMA O HEIIYCTOTE ITPOMEKYTKA
U EE CJIEJCTBUE

1.77. ONPEAENEHUE. IlycTh mans! mpousBobHbe uncaa a € Rub € R
rakue, 9To a < b. MHOXKecTBO, 0603HATAEMOe CUMBOJIOM {(a, b) U coBIaIa0-
Iee ¢ OJHUM U3 MHOXKECTB

HA3BIBAETCS NPOMEHCYMKoM (PACIIUPEHHON) “UCA080T NPAMOT ¢ KOHUAMU
a, b. TIpu 3TOM MHOKECTBO (@, b) HAZBIBAIOT OMKPBINbIM TPOMENHCYMKOM HITA
UHMEPBAAOM, & MHOXKECTBO [a,b] — 3aMENHYMOM NPOMENHCYMKOM UITH OM-
peskom ¢ Kounamu a, b. Ilpomexxyrku [a,b) u (a,b] HaszbBaoT noayomxpo-
MYLMU.

[IpomexkyTok <a,b> OyZeM HA3bIBaTh 02PAHUMEHHLM, €CJIU €r0 KOHIIBI
CyTh KOHEUHBIE UHCIA, T. €. —00 < a < b < 00.

Slcro, wro [a, b] = (a,b)U{a}U{b}, [a.b) = (a,b)U{a}, (a,b] = (a,b)U{b}.
OrmeruM, 9TO (—oo,a], rae a < 00, eCTb MHOXKECTBO BcexX dmcesa & € R
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Takux, 910 ¢ < a, a (—00,a) ecrb MHOXKECTBO Bcex T € R, i KOTOPBIX
T < a.
Anasnornuso [a,00) = {x € R | x > a}, (a,00) = {x € R | x > a}, rae

a € R. Hakorern, (—o0,00) = R, [—00, 0] = R.

1.78. JIEMMA. s smo6eix a,b € R takmx, uro a < b, cymectsyer 1o
KpaiiHert mepe oiHO x € R Takoe, uto a < x < b.

JOKA3BATE/BCTBO. Ecin @ u b — KOoHeUHBbIE YHUCa, TO UUCJIO0 T = “TH’
001a1aeT HEOOXOUMBIM CBOMCTBOM.

Ecim a = —o00, b < 00, TO 9nciio = b— 1 ynoBieTBOpsieT HEPABEHCTBAM
a<zx<b.

Eciu ke a > —00, b = 00, T0 x = a + 1 Oyzer TpebyeMbIM.

Haxkowerr, ectu a = —o0, b = 00, To JI060e & € R ynoBieTBOpsieT Hepa-

BeHCTBaM a < = < b. Jlemma jokaszana.

1.14.3 BEPXHME U HU>KHUE 'PAHMIEI YUMCJIOBOIO MHOYKECTBA B R

1.79. ONPEAEJEHUE. Ilycrs mamo mmoxectso A C R. Yucno ¢ € R
HasbIBaeTCs seprrel (Huorchedl) rpaHunel MEHOKecTBa A, ecom & < ¢ (co-
OTBETCTBEHHO, T > ¢) JJIsl BCAKOro T € A.

O4eBHIHO, UTO — 00 ABJISETCA OJHON U3 HUXKHHUX IPAHMIIL, 8 +00 — OJIHOI
M3 BEPXHUX I'PaHMmIL JIo0oro muoxkecrtsa A C R.
CoBOKYIIHOCTD BCEX BEPXHUX (HUKHUX) I'DaHUI Jjis MHOXKecTBa A C R

o6osmaTaeTCS CHMBOTIOM T (A) (T (A))L. Ouesnmmo " (A) >+ (T (A)>
—00) s Jioboro muoxkectBa A C R.
esrtecoobpasno cumrarh, YTO BCsAKOe ducio p € R apisercs BepxHel u

OTHOBPEMEHHO HU2KHEN I‘paHI/ILIGIU/I IIyCTOr'O MHOXKeCTBa.

1.80. BAZAYA. st moboro muoskecrsa A C R sepro I' (A)\TT(A) >

+ooul (A)\T7(A) > —oo. Ecm A C R — Hemycroe MHOXKECTBO, TO
THA)N\TT(A) = 4oouT (4)\ T (4) = —oc.

Hanowmunm, gro Hemycroe MuoxKectBO X C R HazbiBaercs ozpanuven-
Howv ceepry (crusy), eciu cymecrsyer aucio L € R (I € R) Takoe, 9To

x<L (I<z) pnnamoboro uncia x € X. (1.14.34)

=+

13ech cremyer pasamuarh "em oTaMHaeTcs ynorpebsenue cumposia I (A) or cuM-
Bosta I't(A). Tlepsrrit ncnonb3yeTcs /11 0603HAUEHNsT COBOKYITHOCTH BEPXHUX TDAHUI] B
R, a BrOpoi#t — 151 0603HAYMEHUSI COBOKYIIHOCTH BEPXHUX IpaHur] B R.
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U3 3T0TO OlpE/Ie/IeHNst BBIBOAUM, YTO ecy MHOxkecTBo X C R orpanudeno
cBepxy (cHm3y), To nepeceuerne I't (X) NR (I'"(X) NR) nmemycroe.

Muozkectso X C R Ha3BIBAETCH 02PAHUENHDLM, €CITE OHO OJHOBPEMEHHO
OTPAHUYEHO CBEPXY M CHH3Y.

1.81. 3Az1AYA. Ecom L — Bepxuas rpannna muoxectsa A C R, To n
aro6oe uncso L' > L siBisiercs BepxHedi rpanuneii jwis A: ecau L € I (A)
nl/>L,tol € f+(A).

1.82. IIPEAJIOXKEHUE. Muoxecrso X C R orpanudeno Torza i TOJbKO
torga, korga cymecrsyer L € R takoe, uro |x| < L mis smoboro x € X.

JTOKABATEJBCTBO. Ecom X C R orpanmdeno csepxy, To IepecedeHne
f+(A) N R conmepzxur Hekoropoe umcno [ € R. Suauur, < | mia 1o60ro
qncaa x € X.

Amanornuno, ecm X C R orpanmmdeno cumsy, naiigerca I/ € R Takoe,
qro I’ < x pis mo6oro uncna x € A. Hucoo L = max(|!’|, |I|) yrosrersopsier
COOTHOIIIEHUSIM

—L<I'<z<I<L

s joboro & € X. CiienoBaresibHo, 110 onpejesaenuio Moayis |z < L s
Jgoboro x € X.

1.14.4 TIOHATHUE HAMBOJIBIIEIO U HAUMEHBIIEIO 3JIEMEHTOB YMCJIOBOT'O
MHOX>KECTBA B R

1.83. ONPEAEJEHUE. Ilycrs mamo muoxectBo A C R. Uncimo a € R
HA3BIBAETCS HAUOOALWUM (HAUMEHDULUM) SJIEMEHTOM MHOXKeCTBa A, eciu

1) a npunagiexur A u

2) siBysiercst BepxHeil (HuxKkHeil) rpanuneil MHOXKecTBa A, T. e. ecan a €
A u jgyist Bcex © € A BBIIOJNHSAETCST HEPABEHCTBO & < @ (COOTBETCTBEHHO,
x> a).

Haunbosbumii (HauMeHbIuit) 3/1eMeHT MHOXKECTBa A, e/ OH CyIIecTBy-
er, obo3Hadaercss cuMBojoM max A (coorBercrBeHHo, min A) (max u min
OT JIATHHCKHUX CJIOB MaxXimum — «HauOOJIbIIHi», 1 minimum — «HauMeHb-
muiis ).

1.84. 3A1A4A. [lokasarb, 90 HAMOOIbIIMI (HAMMEHBIIUI) JIEMEHT
mHOoXkectBa A C R equncrsen.
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Yucno —oo ABIIsIeTCs HAUMEHBIIAM 3JIEMEHTOM, a IUCJIO 00 — HaubO0JIb-
MM 3TeMeHTOM MHoxKecTBa R. [y 3aMKHYTOrO TpoMexyTka [a,b] B R
JIEBBIIl KOHEIT ¢ SIBJISIETCS €r0 HAMMEHBIINM, & MPaBbIl b — HamOOJIbIINM
siaemenToM. MuozkectBo A C R MOXKeT U He UMeTh HAMMEHBIIIETO MM HAH-
GOJIBIIIETO JJIEMEHTA.

Hanpumep, narepsan A = (0, +00) He nMeeT HU HauGOJIBIIETO, HA HAU-
MEHBIIIEro 3jieMeHTa. JleficTBUTeIbHO, BO3bMEM IIPOM3BOJIBHO TOYKY a €
(0, +00) u nosoKuM:

a _a+1
2 YT
OueBnzao, ut0o 0 < = < a < y < +o0o. Tem camMbIM a HE MOXKeT OBITH HU
HAMMEHBIINM, HI HAUOOJIbIIHUM 3j1eMeHTOM 11poMexkyTka (0, +00). [Tosromy
BBHLy npoussosbHocTd a € (0,400), y muoxkecrsa A = (0,+00) HEeT HU
HAMMEHBIIEr0, HU HAMOOJIBIIEro JIEMEHTA.

fcno, aro MHOXKeCcTBO R He MMeeT HU HAMMEHBIErO, HU HANOOJIBIIErO
SJIeMEeHTa HE B caMOM MHOxKecTBe R, u B R.

xTr =

1.85. 3AJAUA. Hemycroe Muoxectso A C R nveer nambonbmmit (Han-
. =+
MEHBIIHI) 9JIEMEHT TOrJIa M TOJBKO TOTIa, Korja nepecedenne ANT ' (A) #

d (ANT (A) # 0). Ecsin 310 nepecevenue HEMycToe, TO OHO COCTOUT U3 OJI-
HOH TOYKH, KOTOpasg U GyleT MAKCHMAJLHBIM (MUHAMAJIBHBIM) 3JIEMEHTOM
MHOXKeCTBa A.

1.14.5 IIOHATUE TOYHOU BEPXHEN M TOYHOU HUXKHENU 'PAHUILL YUCJIOBOI'O

MHO>KECTBA B R. TEOPEMA O CVYIIECTBOBAHUM TOYHOW BEPXHEW
U TOYHOW HUYKHEW F'PAHUII HEIIYCTOI'O YMCJIOBOT'O MHOYKECTBA

1.86. ONPEAEIEHUE. Ilycrs mano memycroe muoxectso A C R. Han-
MEHBINAasi U3 ero BEPXHUX T'PAHMUIL, €CJIM TAKOBas CyMIECTBYET, HA3bIBAETCS
mounoll eeprret eparuyet MHOXKeCTBa, A 1 0603HAYAETCST CUMBOJIOM sup A
(Sup cokpaienue JIATHHCKOrO CJIOBa supremum — Hausbicmit). Takum 06-
pasowm,

sup A = min T (4).

HawnGosbliast U3 HUKHHX TDAHHUI] MHOXKECTBa A, eci TakoBas Cyle-
CTBYET, Ha3bIBACTCA Mool nudtcHel eparnuyeti MEOKecTBa A 1 0603HaYa-
ercst cumBosioM inf A (inf cokparnenue narmHCKOro cooBa infimum — Hu-
Kadimmit). Takum o6pazom,

inf A = maxT (A).
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EcrecTBenno, BOSHUKAET BOIPOC O CYNECTBOBAHIN HAUMEHDBIIEH U3 BepX-
HUX I'DAHUI[ HEIyCTOro MHOXKecTBa A (HaMGOJIbINEN W3 HIMKHUX TDAHUIIL)
Herycroro Muoxecrsa A. OTBET Ha 3TOT BOIPOC OJIOKUTEIbHBINA (CM. HU-
ke Teopemy 1.88).

1.87. 3a71a9n. 1) Ecm muoxkectBo A € R mmeeT HanbobITiT S1eMEeHT,
TO OH U sIBJISIETCs] TOYHOI BepxHell rpanuleii Muoxkectsa A: max A = sup A.

2) Ecin MuoskectBo A € R mMeeT HamMeHbBIIHil 3JIEMEHT, TO 3TOT dJie-
MEHT ABJISETCS TOYHON HUKHel rpanureil MmuoxkectBa A: min A = inf A.

B naHHBIX 37€Ch OlpeleIeHusIX MHOXKECTBO A IIPeIosarajoch HeIry-
crbiM. OKa3bIBaeTCs 1€1eCO00PA3HBIM OIPEIE/IUTh IOHITHS TOYHON BEpX-
Hell 1 TOYHON HUKHEeN I'paHUIbl TaK2Ke U JJIgd IIyCTOI'O MHO2KECTBA. HOJI&—
raemM

inf() = 400, supf = —oo0. (1.14.35)

[esrecoobpa3sHOCTD TAKOTO COTJIAIIEHUs Oy/1eT BUJIHA U3 JAJIBHEHIIero.
B nanbmeiiieM cyniecTBEHHO HCIIOJIB3YETCS CJEIYIONIee CBOMCTBO IIOJI-
MHOKECTB B PACIIUPEHHOIT BenecTBeHHON mpsmoit R.

1.88. TEOPEMA O CYHIECTBOBAHUM TOYHBIX BEPXHEW U HUYKHEN
TPAHUIL YUCJIOBOTI'O MHOYKECTBA. Besikoe MmHOKecTBO E C R mmeer Tou-
HYIO BEDXHIOIO H TOYHYIO HH>KHIOIO I'DaHHUIIBI.

Ecin E C R mycroe, To cylmecTBOBaHHe ero TOYHBIX BEPXHEH U HUK-
Heil rpanuI obecriedero corviamenueM (1.14.35). Takum ob6pas3oM comepKa-
TeJIbHAsT 9aCTh TeopeMbl 1.88 roBOpUT O TOM, 9TO 044 6CAK020 HENYCMO20
mnooiceemea E C R mmoorcecmeo T (E) scex ezo seprnux epanuy, umeem
naumernvwuti saemenm, a mmosicecmeo I (E) ecex ezo nusichux 2paruy,
UMEEM, HAUOONDWUTL INEMEHTT.

JIOKABATENBLCTBO. Ilosnaraem B akcuoMme HenpepbiBHOcTH A = E # (),

=+
aB =T (F). Torna oba MHOXKeCTBA HEILyCTbIE U B CUJLY HpeJjiozkeHus 1.76
cymiecTByer dnciio ¢ € R Takoe, 9To

r<c<y

Jtst o0bIX dncest © € A u y € B. JleBas 4acTb 9THX COOTHOIIEHUIT O3HA-
=+ .=t
qaer, yto ¢ € I' (E), a npaBast — uro ¢ = min['" (E).
AHaAJIOrNIHO OKa3bIBAETCs CYIIECTBOBAHUE TOYHON HUYKHEH TPaHUIIbI.

1.89. 3aga4n. 1) Ecim muokectBo A C R He nMeeT MakcHmMasIbHOTO
smemenTa, To max{A U {sup A}} = sup A.
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2) Ecim muoxectBo A € R He nmMeer MHHHMAJIBHOTO 39JIEMEHTA, TO

min{A U {inf A}} = inf A.

1.90. 3aga4n. Iycrs nano muoxkectso A C R. Oupemesum MHOKECTBO
:—A—{y€R|yf—x x € A}. Torna

)T (B)= T (4).

2) 1nfB = —sup A.

3) T (B)=-T (4).

4) sup B = —inf A.

1.14.6 TIPM3HAK TOYHOIl BEPXHEI U HUYKHEI I'PAHUL B R. TOYHBLIE BEPX-
HUE U HUYKHUE T'PAHULIBI TIPOMEXKYTKA. COOTHOIIEHUS [JIsI sup U
inf BJIOYKEHHBIX MHOYKECTB

IIpr HAXOXKJIEHUN TOYHBIX BEPXHUX W HUXKHUX Tpanul; MuoxkecrBa A C R
Y/I0OHO HCITOJIB30BATH CJIEYIONIIIT TPU3HAK.

1.91. TEOPEMA. /ly1st Toro urobsr unciao b € R 6bL10 TOUHOIH BepxHeit
rpammieil Hermycroro MaoxecTsa A C R He06XOAMMO M JJOCTATOTHO, ITOOKI
BBIIIOJIHSIJTACH CJIGJIYIONHE YCIOBUSI:

1)be I (A), T e. b — oHa U3 BEPXHHUX I'DAHUIL;

2) s Jioboro guciaa b’ < b cymectByer sgaeMeHT x € A Takoh, 4ro

b <z <b. (1.14.36)

st Toro urober uncao a € R 6BLIO TOUHOI HUKHEH I'DAHHIICH Herry-
croro muoxecrsa A C R Heo6X0quMO U JOCTATOYHO, ITOOBI BBHIIOIHSTICH
CHIEIYIOIHE YCIIOBHS:

3)aecT (A), e a— oaHa H3 HH>KHUX TPAHMHIL;

4) muist moboro umcaa @' > a CymecTByer JieMeHT ¥ € A rakoi, 4ro

a<z<d. (1.14.37)

JOKA3BATEJ/IBCTBO. MBI JOKa>KeM TepBOe yTBEP:KICHIE.

HeosxoguMocTh. Ilycts b = sup A. Torma b — HauMeHbIast U3 BEPXHUX
CPaHUI] U TIO3TOMY b € T (4).

Tenepn durcupyem npoussosbaoe yucyio b’ < b. Tak kak b ¢ T (4),
MTOCKOJIbKY b — HaMMEHBINAas M3 BEPXHMUX TPAHUI], TO HEPABEHCTBO T < b/
HE MOXKeT BbIoJHsAeTcst it Becex © € A. CutesioBaresibHO, HalleTCs 9uco
T € A, IJIg KOTOPOrO 5TO HEPABEHCTBO HE BBIMIOJIHIETCS U, 3HAYUT, JJIs
storo x umeeM b’ < x. OueBuano, x < b, IOCKOJIBbKY b €CTh BepXHsisl IPAHUILA
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muO)kecTBa A. Takum 06pazom, JjIst 9TOrO T BBIIOIHSIIOTCS COOTHOIIEHUS
(1.14.36) u, ciie10BATENILHO, YCIOBUE 2 JIOKA3AHO.

IloctaTouHOCTB. Ilycrs b € er(A) ¥ 9UCJI0 b yI0BJIETBOPSIET YCIOBUIO
(1.14.36). Tpebyercs moKka3arTh, 9T0 b — HAUMEHbINAS W3 BEPXHUX TDAHMUIIL.
BozbMmem jij1st 3TOr0 Kakyio-Huby/ib U3 BEPXHUX TPAHUIL JIJIsT MHOXKECTBa A,
ckaxkeM b, u nmokaxkem, 9to b < b’. JIjIst 9TOro JOCTATOUYHO MCKJIIOYUTEL BO3-
MOXKHOCTD HepasercTsa b < b. Ilociieee HEPABEHCTBO HEBO3MOXKHO, TAK
kax ycsosue (1.14.36) o3madaer, uro b’ He MOXKET OBITh BepxXHeil rpanureit
mas A. Tlostomy, ecm b — Bepxuss rpanmna gisa A, To b > b. Ciaemosa-
TesbHo, mveeM b € T (A) u gya moboro b € I (A) copasengmso b’ > b,
T.e. b= minf+(A) =sup A.

[IpusHak TOYHOM HUXKHEH TPAHUIILI MHOXKeCTBA A JJ0Ka3bIBAETCs AHAJIO-
ruano. Teopema jlokazaHa.

1.92. 3a51A4A. Ecim muOXKecTBO A C R He orpannveno ceepxy (cHuU3Yy),
To sup A = oo (inf A = —oc0).

Paccmorpum caemyroruit mpumep.

1.93. TIPEJIOKEHUE. [Tycrs A = (a,b) C R — mpomeskyTok Ha pac-
IHIHPEeHHOH BelrecTBeHHO#H npsiMoit. Tora

a=inf A, b=supA.

Kpowme toro, ecmma € A (b€ A), omin A =inf A =a (max A =sup A =
b).

JIOKABATEJ/ILCTBO. CorjiacHO ONPeJIeICHUIO IPOMEXKYTKA UMeeM a < b.
st Besikoro x € A BBINOJIHSIETCST HEPABEHCTBO & < b, Tak 4To b ecTb
BepXHsisl TpaHuIia MHOXKecTBa A: b € f+(A). BosbmeM mpousBosibHO b < b
U JIOKazKeM, 9To Haiijercsa uncio x € A takoe, uto b’ < x < b. Ecom V' < a,
TO Jit00ast TOYKa U3 A yI0BIETBOPSIET 3TOMY COOTHOIIECHUIO.

Ecin e a < b ;10 a <V < bu A conepxkur B cebe unrepsan (b, b).
Suauut, a0basg Touka x € (b, b) upunamuexkur A. Ipu stom b < x < b.
Mpbr Bugum, yro b ynosiersopsier yciosuio (1.14.36) Teopembr (1.91) wu,
cJieJioBaTesibHO, b = sup A.

Anajiornuyno ycranasimBaercs, 9to a = inf A. IlpejjiozkeHue J1oKa3aHoO.

1.94. TEOPEMA O MOHOTOHHOCTH TOYHBIX BEPXHUX U HUXKHUX
I'PAHUIL OTHOCHUTEJIbBHO BKJ/IFOYEHNA MHO>KECTB. HyCTb JIaHbI MHO>Ke-
crBa A CR u BCR. Ecomm A C B, to

inf B<infA wum supA <supB. (1.14.38)
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Harssnneiit cMpIc TeopeMbl: y 6ojiee ITUPOKOrO MHOXKECTBA TOYHAs
BEPXHsS T'DAHUIA HE YMEHBIAETCs, a TOYHAA HIXKHAA I'DaHUIA He yBeJIU-
YUBAETCS.

JIOKABATEJILCTBO. Eciin MHOXKeCTBO A TIycTO, TO HEPABEHCTBA OYEBU/I-
HBIM 06Pa30M BBIIOJHAIOTCA. (DTO MOATBEPAKIAET 1[eJIeCO00PA3HOCTD JAH-
HOI'O BBIIIE OIpeJe/IeHUs] TOYHONH BEpXHel W TOYHOU HUKHEH I'paHull JJid
[[yCTOrO MHOYKECTBA).

Bynem cuurarh, uto A me mycro. Torma uw B # (). Ilycts p = inf B,
q = sup B. Torga njs Beskoro © € B nveem

p<zx<gq (1.14.39)

Tak kak A C B, 1o s060ii 37eMeHT MHOXKecTBa A SIBIISIETCS 27I€MEHTOM
MHOXKeCTBa B 1, 3HAYUT, JJIsS BCAKOrO & € A BBIIOJIHSIIOTCS HEPABEHCTBA
(1.14.39). D10 o3nauaer, uto p € [' (A) — omHa U3 HUKHKX, & ¢ € f+(A)
— oJHA U3 BepxHUX rpanull MHO)kecTBa A. CresoBaresbHo,

p<maxD (A)=infA, ¢> minf+(A) = sup A.

TeopeMa JIOKa3aHa.

1.95. IIPEA/IOXKEHUE. Muoxecrso X C R — mpomexxyrok Ha pac-
HIMPEHHOH BEHeCTBEeHHOH IPSMOI TOI/a W TOJIBKO TOIJa, KOIJla BMeCTe C
JIFOOBIME JIByMsI TOYKaMu a,b € X B 9TOM MHOYKECTBE COIEPKUTCSI OTPe-
30K [a,b]: [a,b] C X. Bosee toro, X = (inf X,sup X) u X 3aMKHyT ciieBa
(copaBa) rorya u ToabpKo Torga, Korga inf X € X (sup X € X).

JLOKABATEJILCTBO. HeobxomumocTh oueBngHA. JJ0KaxKeM JOCTATOTHOCTD.
Iycrs, nanpumep, inf X € X, ainf X ¢ X. Tokaxewm, yro X = [inf X, sup X).
Bruiouenne X C [inf X, sup X)) ouesuo.

s nokazaTesbcTBa OOPATHOIO BKJIIOYEHHS] PACCMOTPUM I[IPOU3BOJIb-
uyio Touky z € (inf X, sup X). Hokaxkewm, aro x € X. ITo npusnakam TO9HOI
BepXHeH 1 HUXKHel rpaHeil HaliayTca Toukn a,b € X takume, 9to a < x < b.
o ycaoBuio [a,b] C X, caepoBarensro, € X. Tak xak inf X € X, Brirto-
genne Briouenue [inf X, sup X) C X nokasamo.

CrenoBaresnbho pasercTBo X = [inf X, sup X) B 9TOM CiIydae 10Ka3aHo.
OcraBiinecs ciaydan pacCMaTPUBAIOTCS aHAJIOTUIHO.

1.15 ITone C KOMIIJIEKCHBIX YUCEJ

1.15.1 IIOHSITHUE KOMIIJIEKCHOTO YMCJIA

1.96. ONPEAEIEHUE. ITycts R? — mpsimoe mponsseienue MHOkKecTBa R
Ha ce0sl, T. e. COBOKYITHOCTh BCEX YIIOPSIIOUEHHBIX Tap (,y) BEleCTBeHHBIX



qucest. [laper Buna (z,y) GyueMm 3anucbiBaTh B BHJIE
T +1y.
Onpenesnm B R? oneparuu caosicenus U ymrostcernus dneMenTos. ITycrn
z=x+1ty, w=u+1iv
— JIBa POM3BOJILHBIX 3jeMenTa MHOXKecTBa R2. Tloaraem
zHw=(x+u)+ily+v), z -w=(ry—uwv)+i(zv+uy). (1.15.40)

MuozkecTBo R2, B KOTOPOM YKA3aHHEIM OODPA30M BBEJIEHBI OLNEPAIHH CJIO-
JKEHUS U YMHOXKEHUS JIEMEHTOB, HA3BIBACTCA MHONCECTNGOM KOMNAECKCHBLT
yucen n obosznadaercss cumpoaoMm C. Diements Muoxkecrsa C HaszbIBaIOTCS
KOMNAEKCHOMU YUCAAMU.

Takum 06pa30M, KOMIIJIEKCHBIMH YHCJIaMH HA3BIBAIOTCA 3JIEMEHTHI MHO-
2KeCTBa

C={z=z+iy|x,yeR}

C ollepaIUsAMy CJIOXKeHUs U yMHOKeHust (1.15.40).
Axkcrowmbr anrebpandeckoii crpykTypsl B R OysryT BoimosasaToes u B C.

1.97. IIPEAJIOXKEHUE. AJsrebpanmdeckue onepaniui HaJj KOMIIIEKCHBIMHA
gucjaaMu 00/185al0T CJIAEAYIOIIMYE CBOHCTBAMH.
A1l. st mrobpix z =x + iy, w=u+iwunt=r-+1is uz C

(z4+w)+t=z+4 (w+1).
A2. Cymecrsyer uncsio 0 € C rakoe, uro mst Besikoro z € C
z24+0=0+2=2z
A3. Jlis Besixoro z € C cymectByer unciao —z € C rakoe, 9ro
z+(—z)=0.
A4. Jlns r06p1x z = x + iy mw = u + 1w u3 C umeem
Z+w=w+ z.

M1. s mobpix z = x + 1y, w =u+ 1w ut =r +is uz C umeer mecro
PaBEHCTBO
(z-w)-t=2z-(w-t).
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M2. Cymecrsyer ancsao 1 € C takoe, aro s Besikoro z € C

1

M3. Jlrs moboro z # 0 uz C cymecrByer 9uc/Io 5 Takoe,4To
1
z-— =1
z

Ma. ns mobpix z mw u3 C
zZ-w=w-z.

AM. Csoticmeo ducmpubymusHocmu onepavuy YmHoxcerus. st Jiro-
6b1x Tpex unces z,w u t u3 C BbIIOJIHSIETCSI PABEHCTBO:

z-(w+t)=z - w+z-t.

Yucmo —z, yIOBIETBOPSIONIEE YCIOBUIM aKCHOMBI A 3, HA3BIBACTCS NPO-
mueonoaosicrvim ducty z. Ecan z € C,w € C, To uncio z + (—w) Ha3bBa-
€TCA PA3HOCMBI TUCENT 2 U W U 0DO3HAYAETCS CHMBOJIOM Z — W.

Yucso %, JIOBJIETBODSIIONIEe yCaI0BUAM akcuoMbl M3, HaspIBaeTcs “uc-
JIoM, obpamnbim K z. BEcau w # 0, To 1ucio z% 0003HAYAETCA CUMBOJIOM =
U Ha3BbIBACTCS YACTMMHbM 2 U W.

JOKABATEJLCTBO. Ilepeunciennbie CBOWCTBA ONEpAIUil CJIOXKEHUS U
YMHOKEHNS KOMIIJIEKCHBIX UHCEJT ABJISIIOTCS CJIEJCTBHEM UX OMPEICJICHHS.
ITocnenoBaTenbHO IPUBEEM IPOBEPKY ITHX CBOWUCTB.

Al. Ilycrs z = x + iy, w = u + v, t = r + is. Torma

(z+w)+t=((z+u)+r)+i((y+v)+s)
=@+ (utr) +ily+(v+s)) =2+ (w+1)

A2. TToaoxum 0 = (0,0). Torga juist Besikoro z = © + iy € C nnveem

z+0=(z4+0)+ (y+0) =2z + iy = z,
0+2z=0+2)+i(0+y)=x+iy = 2.

A3. YcioBuio, yKa3aHHOMY B 9TOM IPEJJIOKEHNN Il TUCHIA 2 = T + 1Y,
OYEBUIHO YJIOBJIETBOPSIET YHCJIO

—z=—x+i(-y).
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A4. Tlycrs z = z 4+ iy, w = u + iv. Torma oueBnIHO
zrw=(z+u)+i(y+v)=(ut+z)+ilv+y) =w+z
M1. Ilycts z = ¢ + iy, w = u + v, t = r + is. Torma nmeem

2w = (zu — yv) + i(zv + yu),

(
(zw)t = (zur — yor — xvs — yus) + i(xus — yvs + xvr + yur),
= (ur —vs) +i(us + or),
(

2(w )

CpaBHuBasi II0JIyYeHHbIe BbIpakenus wist (zw)t u z(wt), nomydaeMm (zw)t =
z(wt).

M2. VcioBuio JAHHOTO TIPEJJIOXKEHNs, KaK JerKO [POBEPUTh, YJIOBJIE-
TBOpPSieT YHCIIO

zur — xvs — yus — yur) + i(xus + xor + yur — yvs).

1=(1,0).
M3. Ilycts 2 = 2 + iy, 2 # 0 = (0,0). Torma 22 + y? # 0. [Nomoxmm

x oy
+14 )
2 + 92 2 + 92

Torma mosryanm

W = wz = xx—(—y)y_i_l—xy-l-my (1,0) =
x2+y2 :C2+y

u, cjaeaoBaTe/IbHO, B Ka9eCTBEe UCKOMOI'O YHUCJIaQ % MOZKHO B34Tb W.

M4. lannoe npejioxKeHne HEIOCPEICTBEHHO CJIEAYeT U3 OUPEJIeICHIs
[IPOU3BEJICHNS] KOMIIEKCHBIX THCEJI.

AM. Ilycrs 2 = z+1iy, w = u+iv u t = r+1is. Torma no onpenereHNIO
w—+t=(u+r)+i(v+s)u, 3HaUuT,

z(w+1t) = (z(utr)—y(v+s)) +ilz(v+s) +y(u+r))
= (xu —yv) + i(zv + yu) + (zr — ys) + i(xs + yr) = zw + zt.

Yucno 1 Takoe, yro 1z = z1 = z gna Beakoro z € C enuHcTBEHHO.
HeitcTeuTenbro, myctb unciaa 1’ u 17 Takoswl, uro 1’z = z n 21" = 2 gna
moboro z € C. Ionaras B mepsom pasencrse z = 1”7, nomyunm: 17-17 = 17,
TTomrarast Bo BTOopoM pasenctse z = 1/, 6ymem mvets: 17 - 1”7 = 1/) orkyna
crnemyer 17 = 1", aTo m TpebGOBAIOCH TOKAZATD.

AnanornaabiM 06pa30M yCTAHABIUBAETCSI €MHCTBEHHOCTD anca 0, ym1o-
BJIETBOPSIONIETO YCJIOBUAM IIpeiozkenuss A 2.



st Besikoro z #% 0 4mMcJio w Takoe, 4To 2w = wz = 1, eJUHCTBEHHO.
JeficTBUTETBHO, TIPEIIONIOKUM, YTO YUCTIA W1 U We TAKOBBI, UTO ZW| =
1, wez = 1. Torma nmeem

wo = wel = wo(zwy) = (we2)wy = 1wy = wy,

910 U TPEDOBAJIOCH OKA3ATH.
AHayIornIHO ycTaHaBINBAETCS €JMHCTBEHHOCTD YHCJIA W TAKOTO, UTO W+
=z4+w=0.

1.98. ONPEAEJAEHUE. Oupenenum orobpaxkenue J : R — C, nosaras
J(x) = x +10.

st ¢ € R. HenocpencrBenHo npoBepsieTcs, 9TO i JIOOBIX ¢ u Yy u3 R
BBIIOJIHSIIOTCSI PABEHCTBA.:

J@+y)=J@)+J(y), J@ y) =J)- Jy), J0O)=0, J(1)=1

Orobpaxenne J mHbeKTUBHO. MBI OyjieM Ha3bBATh J KAHOHUYECKUM
BiioxkeaneM MHOKecTBa R B C. BemecrBennoe 4uciio  Mbl OyaeM OTOXK-
JECTBJIATH C KOMIIJICKCHBIM YHCJIOM J(IL‘) I/IHBIIVH/I CJIOBaMH1, OTHBIHE MBI
yciiaBJaIuBaeMCdA CUYUTATb, 9YTO KOMIIJIEKCHOE YUCJIO T + ZO 1 BEIIEeCTBEHHOE
9HCJIO & TIPEJICTABJSIOT COOOH OJINH U TOT Ke 00beKT. B masbueiinem, Iuco
1 MBI Oyzem 0603HaYATH CHMBOJIOM 1.

Kowmruiekcuoe unciio 0+ ¢1 3amucbiBaeTcs IpocTo Kak 4. Hemocpeicreen-
HO IIPOBEPLAETC, YTO UMEET MECTO PABEHCTBO

i?=—-1+i0=—1.

2

Msr1 nostygaem, TakuM 00pa3oM, 9TO ypaBHEHHE £~ = — 1, KOTOPOe HE UMEeeT

pertennii B R, okaspiBaercs paspemunmbivm B C.

1.99. 3a1A49A. JlokazaTh GOpMyILy JJIsi CyMMbI T€OMETPUIECKON PO~
rpeccun

qn+1 -1
a+aq+aq2—|—...+aq":a71. (1.15.41)
q-—
JUIsI CJTydast KOMILIEKCHBIX a U § # 1
1.100. 3AMAYA. [Jokazars 6unom Herorona mist u,v € C:
n
(u+0)" = Z Cryn=hyk
k=0
n N -1 n(n — 1) n—2,2 n
=u"+ —u"T v+ ———u" T+ o+ u” (1.15.42)

1! 2!



nist jiroboro n € N.

1.15.2 Moavib, COINPAXKEHHOE YUCJIO, BEIIECTBEHHAS U MHUMAS YACTU
KOMIIJIEKCHOT'O YUCJIA

1.101. ONPEAEJIEHUE. Ilycth z = z + ty. Yucsio © Ha3bIBaeTcs: seuje-
cmeeHHoT wacmovio z n 0bo3HadaeTcst CUMBOJIOM Rz. Uucso y Ha3bIBaeTCs
MHUMOT 4ACMBIO TUCTA Z U 0D03HATAETCST CHUMBOJIOM 2.

Bo BBegennoit 371ech popme 3ammCH KOMILJIEKCHBIX YHCENT apupMeTmde-
cKue JefiCTBUAs HaJ HUIMHU MOXKHO BBINIOJIHSTH KAK HAJ, OOBIYHBIMU JIBY 9JI€-
HAMH, IPUHAIMAS [IPX 9TOM BO BHHMAHHNE, ITO 42 = —1.

1.102. ONPEAEJEHUE. Ilycre z = x + iy. Yucjao r — iy Ha3bIBaeTCs
CONPANCEHHBM K 2 T 0D03HATAECTCS CUMBOJIOM Z.

1.103. ONIPEAEJIEHUE. [Ijis KOMIIJIEKCHOTO YUCa 2z = T + iy ToJaraemM
|z| = V2% + y?. Bemunna |z| HA3BIBAETCST MOOYAEM KOMNAEKCHOZO YUCAQ Z.

Nmeem |z| > 0 mas Beskoro z € C, n |z| = 0 B TOM ¥ TOJBKO B TOM
ciy4dae, korja z = 0.

1.104. ITPEAJIOKEHUE. OTMETHM HEKOTOPBIE CBOHCTBA OIE€PAIIHH IIe-
pexosa K CONPSI2KeHHOMY YHCJIYy H MOJYJISI KOMILIEKCHOTO IHCJIA.
I. /s Besixoro z € C mMeer MecTo paBeHCTBO

zZ=2z (1.15.43)
I1. /Lnst mro6bix z1, 2o € C umeem
21 F 22 =721+ 22, Z1Z3 = Z1%9. (1.15.44)
I11. /{nst mro6oro z € C umeem
2z = |2|2. (1.15.45)
IV. CnpaBemyiuBbl HepaBeHCTBA
[Rz| < |z, [Sz] < 7| (1.15.46)

st Besikoro z € C.
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V. /I m06bix qBYX KOMILIEKCHBIX THCEJ 21 H Z9 HMEIOT MECTO COOTHO-
IICHHST

|z122] = |21]]22], (1.15.47)
|21 + 22| < |21] + [22]- (1.15.48)

VI ,ﬂJIH JII0OOOr0 KOMILIEKCHOT'O YHCJIA % BEpPDHO COOTHoOIIIeHue
|| = |Z|. (1.15.49)

JOKA3ATEJIbCTBO. JlokazarenncrBo cBoiictB I u IT BoIBOAMTCS HEmo-
CPEJICTBEHHO M3 OIPEJIEJIEHUI COIPSI?)KEHHOTO YNCIIa U aJIreOpanIecKux Oore-
paruii.

II1. [Ina z = = + 1y umeeMm

22 = (z+iy)(z —iy) =% — (iy)* = 2” +y* = |2

IV. IIycrs z € C. Nnmeem |z| = /22 + y? > Va2 = |z| = |Rz| u, nanee,
Vi +y? > \y? =y =[Sz,

V. B cuy (1.15.45) umeem

|2’12’2|2 = (2122)(2122) = 21292129 = 21212229 = |21|2‘Z2|2.

Orcrosia, 0YEBUIHO, CJIEIyeT PABEHCTBO (1.15.47).
[Mpumenss paserctso (1.15.45), moaydum

21+ 22|* = (21 + 22) (21 + 22) = (21 + 22) (21 + Z2).
Orcroma
|21 + 2| = 2121 + 2152 + 2120 + 2072 = |21 |2 + 2122 + 2120 + | 20]°.
Tenepb 3aMeTHM, 9TO 2122 = 2122 = 2122, OTKY/Ia BLIBOJUM, UTO
2122 + Z122 = 2R(2122) € R.
Ipumensig nepsoe u3 HepasercTs (1.15.46), moaygaem
2120 + Z120 = 2R21Z0 < 2|21]|22],

OTKyZa
|21 + 22|* < |21]? + 2|21l 22] + |22 = (21 + |22])*.

Hepagenctso (1.15.48) OYEeBUIHO JIOKA3aHO.



W3 nepasencrsa (1.15.48) JIOCJIOBHO TakK »Ke, KaK U B CJly4ae BellleCTBeH-
HbIX gnces (eM. (1.5.4)), BBIBOAUTCS, ITO

|l2] = |wl] < |z = wl (1.15.50)

Jast ooeix z,w € C.

KowmriuiekcHbie guciia JIOMyCKaloT TeOMETPUIECKOe IPEJICTABIEHUEe KOTO-
pO€e JacTO OKA3BIBAETCSI MOJIE3HBIM.

Ha mtockocTn 3a/1a/11M J1I€KAPTOBY OPTOTOHAIBHYIO CUCTEMY KOODMHAT.
IIycts O magasno cucrembr KoopauHAT. KOMILIEKCHOMY YUCITY Z = T + iy CO-
[IOCTABUM BEKTOP Ha IJIOCKOCTH, HAYAJOM KOTOPOro CIyxKuT Touka O, a
KOHIIOM TOYKa — A ¢ koopauHaramu (x,y). Bekrop OA HasoBeM m306pa-
JKEHUEM KOMILIEKCHOTO YUCia 2 = & + 1y.

IlycThb JAHBI KOMILIEKCHBIE UHCIA 2 = T 44y H w = u+ v 1 myctb OA u
OB ux n300paxkenus. Torma m3o0parkeHneM CyMMBbI 2 + w OyZeT CIIyKATh
BEKTOD OC = OA+ OB, rie ci0KeHne BEKTOPOB OIIPEJIEJISIeTCS] U3BECTHBIM
NIPABUJIOM TPEYTOJIbLHUKA.

Mostyab uncia z = & + iy paseH jumue BekTopa OA, KOTOpBIl H306pa-
xkaer z. Hepasencrsa (1.15.48) u (1.15.50) B CHJIY 9TOrO JIOILYCKAIOT IIPOCTOE
reoMeTpuIeckoe UCToJKOBaHue. [lepBoe HEPABEHCTBO PABHOCHIBHO YTBEP-
JKJICHUIO: JIJIMHA CTOPOHBI TPEYTOJILHUKA HE IPEBOCXOIUT CyMMbI JIBYX JIPY-
IUX €ro CTOPOH, BTOPOE — YTBEPXKIEHHUIO O TOM, UTO PA3HOCTD JJIUH JABYX
CTOPOH TPEYTOJILHUKA HE MIPEBOCXOIUT TPETHEH €r0 CTOPOHDI.

Omneparusi yMHOKEHUsT HA KOMILIEKCHOE YHCJIO 2 = & + 1Y TaK»Ke JIOIyC-
KaeT MPOCTOe TeOMETPUIECKOE UCTOIKOBaHue. MbI peiocTaBiisieM aurare-
JIIO Pa300pATHCST B 9TOM CAMOCTOSITENIHHO.

2 MHOYKECTBA U 3JIEMEHTAPHBIE OIIEPAIIMU HAJI HUMU

[TonsaTre MHOXKECTBa IPUHAIJIEIKUAT K UHUCJIY IIEPBUYHBIX MaTeMaTHde-
CKUX IOHSITHII 1 HE MOXKET OBITH OIIPEJIEJIEHO CBEJIEHIEM K KaKUM-JIHO0 JIpy-
ruM 6oJiee MPOCTBIM IMOHSATHUSIM.

MHOKeCTBOM Ha3bIBAETCsI JIFOOAsT COBOKYITHOCTD ITPEJIMETOB ITPOU3BOJIb-
HOT'O pojia, paccMaTpuBaeMas Kak eguHoe 1esoe. CJI0BO «MHOXKECTBO» €CTh
MaTeMaTUYeCKUi TePMUH, yIOTPeOIseMblii i 0003HAYEHUsI TOrO, YTO B
0OUXOIHOI pedur BLIPaKaloT CJIOBaMU: cOOpaHue, HAOOP, CUCTEMa, KOJLIEK-
I[IUs1, COBOKYITHOCTB, ceMeiicTBO u T. Ji. Hanpumep, MOXKHO TOBOPUTH O MHO-
JKECTBe pelleHuil HEKOTOPOI'o yPaBHEHMs, O MHOYKECTBE KAPTUH, XPaHSIIIIIX-
cs B My3ee, MHOXKECTBE TOYEK Kpyra H T. 1.

[Ipeamersl, COCTABAAIONINE TO WM WHOE MHOYKECTBO, HA3BIBAIOTCSA €r0
anemernmamu. MHOKECTBO CINTAETCA 3aJaHHBIM, €CJIN [ JTI000T0 00BHEKTA
MOXKHO YCTAHOBUTBH SIBJISIETCS OH 9JIEMEHTOM TOI'0 MHOYKECTBA, UJIA HET.
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2.1 OTHOIIEHUE BKJIIOUYEHUSI.

Ilycts A — npoOM3BOILHOE MHOYXKECTBO, a & — KaKoh-To 00bekT. Torma, ecyiu
T eCTh 3JIeMEHT A, TO TOBOPAT, UTO X npunadsescum A m mumyr: © € A
(unraeTcss «r MpUHAIIEXKHUT A», «T — 37€MeHT A» WIN, HAKOHEI, <«I W3
A»). Ecim ke x He gBJIsieTCsl 3JIEMEHTOM MHOXKecTBa A, TO rOBOPHAT, 4TO
ne npunadaescum A. B 0603HAUEHUSX TOCJICIHAST CUTYaIlUsd BbIPAKaeTCs
cepyiommM obpaszoM: & ¢ A (dmuraercd: «r He IPUHAIJIEKUT A» mam «x He
€CTb 3J1eMeHT A» ).

OxasbiBaeTcst y06HBIM TOBOPUTH O MHOXKECTBE, Y KOTOPOTO HET HUKA-
KHUX 3JIEMEHTOB. MHOXKeCTBO, HE UMEIOITee HU OJIHOTO 3JIEMEHTA, HA3bIBAETCS
nycmuim 1 0603HadaeTcs cuMBosioM (). Hampumep, MHOMKeCTBO BeeX IMPIMO-
YTOJILHBIX PABHOCTOPOHHUX TPEYTOJLHUKOB IIyCTO, TaK KaK He CYIIECTBYeT
HU OJJHOTO TAKOTO TPEYTOJbHHWKA. B TeOpuum MHOXKECTB ITyCTOE€ MHOXKECTBO
UTPAET POJIb, AHAJOTUIHYIO TOH, KOTOpas B OOLIMHON apudMeTHKe TPUHAI-
JIEXKAT HYJTIO.

2.1. OnPEAEJIEHUE. Ilycts A u B — npousBoJibHbIE MHOXKECTBa. 10-
BOpAT, uTo A comepxkurcs B B win, unade, A siBJISIETCA NOOMHONCECTNGOM
wim yacmovio B, ecin BCSIKUIT 9JIEMEHT MHOXKECTBa A sIBJISIETCST TaKKe U
asilemMeHToM B.

BrickasbiBanue: «A cojep:kuTcs B B» 3alUChIBAeTCs OJHUM U3 CIIOCO-
608, subo: A C B, smbo B D A (uepBas 3anuch unrtaercsd Kak «A couep-
Kutcst B By, Bropast — «B cojepxur A»).

[IpussaTO CYUTATH, YTO MyCTOE MHOYXKECTBO COJEPIKUTCA B JIIOOOM JIPY-
rom: () C A KakoBO GBI HU OBLIO MHOYKECTBO A.

OTMeTrM HEKOTOPBIE C80CMEa OTHOIIEHUsI BKITIOUEHHS, HEITOCPEICTBEH-
HO BBITEKAIOIINE U3 OIPEJICTICHIS.

2.2. TIPEAJIOXKEHME. 1) /st Besikoro MHOXKecTBa A BEPHO BKJIFOUEHHE
ACA.
2) Ecm ACB,aBCC,m0ACC.

JOKABATEJILCTBO. JloKa3aTeabCTBO MEPBOTO CBOWCTBA OYEBHUIHO.

Hokazkem Bropoe Bosbmem npoussosibro © € A. Torma x € B, Ttak Kak
A C B. Tak xak B C C, TO x sABJISIETCsI 3JIEMEHTOM TaK:Ke U MHOXKECTBa
C. TTockoyibKy x OBLIO BBIOPAHO B MHOXKeCTBe A IIPOM3BOJIBHBIM 0Opa30M,
TO T€M CaMbIM JIOKA3aHO, YTO JIIOOOH 3JIEMEHT MHOKECTBA A SIBJISIETCS dJ1e-
merarom C, 1. e. A C C, 910 u TpebOBAIOCH JOKA3ATh.
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2.3. ONPEAEJEHUE. ['oBopsiT, uTo MHOXKecTBa A u B pagHv, wiu cosna-
darom u utyT A = B, ecim 0JHOBPEMEHHO CIIPABEJIMBLI JIBA BKIIIOUCHUS:

ACB u BCA.

MNuadge roeops,

A=B

B TOM M TOJIBKO B TOM CJIy4dae, eCJIi BCAKU djieMeHT A sBJIsieTcs JIeMeH-
TOM B, a BCcsikuil 3j1eMeHT B IpUHAJIEXKUT U MHOXKeCTBY A.

OrmeTuM c60ticmea PABEHCTBA MHOYKECTB, HEIIOCPEICTBEHHO CJIEIYOIIee
3 OTPEIeTICHUS.

2.4. ITPENJIOXKEHME. 1) st jiroboro muoxkectBa A umeem: A = A.
2) Ecom A= B, 10 B = A.
3) Ecu A=B, B=C, 10 A=C.

JIOKA3ATEJILCTBO. [lepBoe cBoiicTBO OYeBUTHO U3 OlpejesieHns. Bro-
poe CJIejiyeT U3 TOro, YTo B OIPEJIe/ICHIN PaBEeHCTBA MHOKeCTBa A n B BXO-
JISIT paBHOMPAaBHBIM 00paszoM. JlokazkeMm Tperbe npemiiokenue. Feim A = B,
10 AC Buecu B=C, 1o B C C. Orcrona cieayer, aro A C C. Tak kak
C =B, 10 C C B, aus B= A soitekaer, uro B C A u, 3uaaur, C C A.
WNrak, Beimosnsiorces Bkmodennss A C C'u C C A u, noromy A = C, uro n
TpebOBAIOCH JOKA3aTh.

2.2 ONEPALIMM HAJl MHO>KECTBAMM (OBBbEJIMHEHUE, IIEPECEYEHUE U PA3-
HOCTB)

2.5. ONPEIEJEHUE. Ob6sedunernuem mmootcecms A u B HaspiBaercs
COBOKYITHOCTh BCEX OOBEKTOB X, KAaXKJbI M3 KOTOPBIX MPUHAIJIEKUT HJIH
MHO)kecTBY A, mim muoxkectBy B.

O6beaunenne maoxkects A u B obosnavaercs cumsoaom A U B.

2.6. OIPENEJEHUE. [lepeceueruem mnoocecms A u B nasbiBaercs co-
BOKYITHOCTH BCEX OOBEKTOB &, KAYXKIbII 3 KOTOPBIX ITPUHAJIE?KUT OIHOBDE-
MEHHO W MHOXKeCTBY A, m MHOXKecTBY B.

[Tepeceuenue obo3nadaercs cumBojiom A N B.

Eciin y nanabix MHOKeCTB A 1 B HeT 0oOIIUX 9JIEMEHTOB, TO UX II€PECe-
yenue A N B npejcrapisieT mycToe MHOXKecTBo, A N B = (). B sToM ciyuae
rOBOpSIT, YTO MHOXKecTBa A n B He mepeceKaroTcst Wi Ju3sloHKmHbL.
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2.7. OIPEAEJIEHUE. Pasnocmwvio muoocecmsea A m MHOXKecTBa, B MBI
6y/IeM HA3BIBATH COBOKYITHOCTH BCEX JIEMEHTOB MHOXKeCTBa A, He MpHHA/I-
JIeZKAIIX MHOXKECTBY B

Pasznocts MHOXKecTB A 1 B oGo3navaercs cumBosiom A \ B.

U3 oupezenenus, oueBuaHo, cieayer, uro Beerpa A\ B C A, a nepece-
yenue muoxkects A \ B u B nycmoe.

2.8. 3AIAYA. JlokazaTs, uTo jiyist Jir00bIX MHOXKeCTB A u B crupase -
BBl PABEHCTBA

A\B=A\(ANB)=(ANB)\ B,
A\ (A\ B)=AnB.

2.9. Baga4da. [Jokazarh, uro s Jai00bix Tpex MuoxkecTB A, B u C
BBITIOJIHSIOTCS PABEHCTBA!

(ANB)UC =(AUC)N(BUC),
(AuUB)NC=(AuC)n(BUCQC).

2.10. 3AHAYA. JlokazaThb, 9To JJIsl TPOU3BOJILHBIX MHOXKECTB A, B u C
CIIPABEJJINBBI PABEHCTBA

A\ (BUC) = (A\B)n(4\C),
A\ (BNC)=(A\B)U(A\C),
AN(B\C)=(ANB)\ (ANC),
(AUB)\C=(A\B)U(A\C).

2.11. BAZAYA. TaHo n MHOXKeCTB A1, As, ..., A,. CKOJIBKO, camoe 6oJib-

miee, HOBbIX MHOXKECTB MO2KHO O6pa30BaTb N3 HUX UCIIOJIb3Ysl Oll€epalinmn 00b-
CIWHECHUA, IIepeCeICHUA U B3ATUA pa3HOCTI/I?

2.12. 3A1A4A. Byznem obosnadaTh cUMBOJIOM #(A) 4HUCIIO0 3J€eMEeHTOB
koneuynoro mMuoxectsa A (tak uro #(0) = 0, #({1,2,3}) = 3 u .11.). Mo-
KazaTh, 9TO JIsl JIIOOBIX JBYX KOHEUHBIX MHOXKecTBE A m B chpasesiuBo
DPABEHCTBO

#(AUB) = #(A) + #(B) — #(AN B).

Hokazarb, 910 st Ji06bIX Tpex Muoxkects A, B u C
#AUBUC) = #(A) + #(B) + #(C)

— #(ANB) — #£(ANC) — #(BNC) + #(ANBNC).
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Jokazarh cienytonyo obiryio dopmyny. Ilycrs Ay, Ag, ..., Ay — Ko-
HEYHbIE MHOXKECTBa. Torma crupaBeiiiBo PaBEHCTBO

m

#(O AZ-> = Z[(—l)’“‘l > #(A;, NA,N... mAik)].
i=1

k=1 1Si1<i2<~-<’ikfm

31ech KaxKas BHY TPEHHSISI CyMMa COIEPXKUT CaraeMble, OTBedalomye BCeM
BO3MOKHDBIM KOMOWHAIIASAM UHIEKCOB %1, 12, . . . 1), YAOBIETBOPATIOIIAM YCJIO-
BUIO, YKA3aHHOMY IO, 3HAKOM Y ..

2.3 IIPAMOE IIPOU3BEJEHUE MHOXKECTB U EI'O CBOVICTBA

IIycte mambl Ba IPOM3BOIBHBIX 00bEKTa & U Y. [0OBOPAT, 9TO OHI 0OPA3yIOT
YNOPAJOUEeHHYIO NAPY, €CIU OJUH U3 HUX HA3BAH IEPBLIM, a JIPYroil — BTO-
peiM. Ilapa, B KOTOpO# TIEPBBIH 3JEMEHT €CTh T, & BTOPOil Yy 0bo3HaYaeTCs
cumBosioM (x,y). Ilpu arom jBe mapsl (21,y1) U (X2, Y2) CIUTAIOTCS COBNA-
0a10W UMy B TOM U TOJIBKO B TOM CJIy4ae, eCliu T1 = Ta, Y1 = Y2. OObEKTHI
T u Yy, 00pa3yoInue mapy, He IPeIIOaraeTCs PA3JIMIHBIMA, TAK YTO MOYKHO
paccmaTpuBarh napbl Buga (z,x), (y,y) u 7. u. IlepBolii 275eMeHT napbl Ha-
3BIBAIOT TAK2KE €€ IIePBO KOMIIOHEHTOII, BTOPOI 3JIeMEHT, COOTBETCTBEHHO,
— BTOPOI KOMIIOHEHTOI ITaphl.

2.13. OOPEJAENEHUE. Ilycts A u B — npousBosibible MHOXKeCTBaA. Co-
BOKYIIHOCTD BCEX YIIOPSI0YeHHbIX Hap (x,y), riue © € A, y € B, na3piBaercs
(npamvim) npoussedernuem mrooicecms A u B u 0603HAYAETCS CUMBOJIOM
A X B.

B Tom ciydae, Korma oHO U3 JaHHLIX MHOXKeCTB A n B mycTto mosaraem

Ax B=1.

"3 onpeae/IeHnd HEIIOCPEJACTBEHHO BBITCKAET CJIEAYIoIee IPeII02KeHne.

2.14. IIPEAJIOXKEHUE. Ilycrh gaHbl MHOXKecTBa Ay m As, By u Bs.
Tora ecoim A1 C Ay u By C By, To A1 X By C Ag X Bs.

JOKA3ATEJ/ILCTBO. JleiicTBUTENIHHO, BO3bMEM TPOU3BOJILHYIO TAPY
(x,y) € Al X Bl.

Torna x € Ay, y € By u tak kak Ay C Ay, By C By, To x € Ay, y € By n,
suaqut, (x,y) € As X By. 910 mokasbiBaer, uto A; X By C Ay X Bs.
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B uwacrnoct, R X R ectp MHOXKecTBO Bcex map (z,y) BeIeCTBEHHBIX
qucen, N x N MHOXKecTBO Beex map (m,n) HATYPAJbHBIX YUCEN U T.J.

IonsTHe NPSIMOro IIPOU3BEICHUA MOYKET OBbITh PacIpOCTPaHEHO Ha CJIy-
qaifi J060ro KOHEYHOro (U jaske GECKOHEYHOT0) YNCJIa MHOKECTBA.

IIycTh mano mpomsBoJbHOE Tesoe uuciao n > 2. Ilpeanonoxum, 9To
KaxKJIOMy HATypaJbHOMYy 4Ynciay k Takomy, uro 1 < k < n, comocrapieH
HEKOTOPbIl 06bEeKT ay. B 3TOM cilydae TOBOPAT, YTO 3a/aHa YHOPSI0YeH-
Has cucreMa (ai,asg,...,d,) OOBEKTOB, COCTOMAINAS U3 7 KOMIIOHEHT WJIH,
uHade, ylopsiodeHHas n-ka. [Ipu aToMm ay HazbiBaercs k-oif womnonenmot
cucmemvs (a1, as, ..., ay). Mbl OyJieM rOBOPUTH TaK:Ke, 9TO (a1,as,. . ., dy)
€CTb YNOPAJOUCHHAA CUCTIEMA ONUHDL T.

C10BO «yNOPAJI09EeHHASA» B KOHKPETHBIX CJIydasaX OOBIYHO OITyCKAETCH.

Bcesikas napa, oueBuIHO, eCTh yIOps0deHHas n-Ka, JJIs KOTOpoit n = 2.

2.15. ONPEAEJEHUE. Ilycrs nana ynopsijioueHHasi cucremMa

(A1,A9,...,A,)
IJMHBL N, Tae Aq, As, ..., A, — IPOU3BOJbHBIE MHOXKECTBA. IIpAMbLM I
dexapmosvim npouseedenuem muooicecms Ay, As, ..., A, Ha3bIBaeTCI COBO-
KYIIHOCTb BCEX YIODSIOYEHHBIX HAOOPOB (1, L9, ..., Ty ) JJIMHBL 1, Y KOTO-

PBIX TIepBasi KOMIIOHEHTA L1 €CTh IAEMEHM MHoxHcecmea Ay, Bropas Ty —
3JIeMEeHT MHOXKecTBa As M, BOOOIIE, T TPUHANJIEKUT MHOXKECTBY Aj mpu
Besikom k = 1,2,... n. Ilpamoe npoussenenne Muoxkects A, As, ..., A,
obo3Ha"aeTcs MO0 CHMBOJIOM

A1><A2X-~-><An,

JInbO TIOCPEICTBOM CJIEIYIONIETO BHIPAYKEHUS:
n
11 4+
k=1

JlaHHOE olpejeieHre He HCKJIIoYaeT Caydail, Korga Bce MHOXKeCTBa Ay
cosnadarom. Ecim Ay = Ay = --- = A, = A, 1o mHO)KecTBO A1 X Ag X + -+ X
A, oboznagaeTcs TakxKe cuMBosioM A™. CoryiacHo JaHHOMY 371eCh OIIpeIesie-
Huio, A™ ecTh COBOKYITHOCTD BCEX YIIOPSIJOYEHHBIX N-0K, Y KOTOPBIX KaXKIasi
KOMIIOHEHTa SIBJIZE€TCS HEKOTOPLIM 3JIeMEHTOM MHOXKeCTBa, A.

2.16. 3AZIAYA. Hanmer muOXKecTBa A1, By, Ao u Bs. Jloka3zarh paBeHCTBA
(A1 X Bl) N (A2 X BQ) = (A1 n AQ) X (Bl n Bg),

(A1 x B1) \ (A2 x Ba) = [A1 x (B1 \ B2)] U[(A1 \ 42) x (B1 N By)]
[(Al \14529) X Bl] @] [(Al N Ag) X (Bl \Bg)}



2.4 OBIIEE MTOHATUE ®YHKIIUU U OTOBPAXKEHUSI.

2.17. OnPEAENEHME. [Tycte A u B npousBosibHbIE MHOXKECTBA. DyHK-
nueit ¢ obaacmuvio onpedesenun A u obaacmuvio 3navwenutli B HazbiBaeTCs
BCSIKOE NPaguA0 WK 3aK0H [, B CHILy KOTOPOTO KaXKJIOMY JIEMEHTY & MHO-
KecTBa A COOTBETCTBYET OJIMH U TOJIBKO OJIMH JIEMEHT y € B. Dror 371e-
MeHT y obo3HauaeTcst cuMBoJIoM f(2) U HasbiBaeTCs 3HaueHuem GYHKIAKN
f wa symemente x € A. Takas yHKIUs 0603HAYACTCA CUMBOJIOM

f+A— B,
a ee objiacth onpegeserns A — cumpojiom Dom f.

DyHKIUS, TAKAM 00pa30M, €CTh COBOKYITHOCTH TPEX OOBEKTOB — MHO-
oicecms A u B u npagusa f, B Ciily KOTOPOTO KarKJIOMY 3JIEMEHTY & MHO-
KecTBa A COOTBETCTBYeT eduncmeentvill smeMenT y = f(x) MHO)KecTBa B.
OTHOCHUTENBHO TIPUPOJIBI MHOXKECTB A 1 B u nipaBuia f npu 9TOM He JieJia-
eTcs HUKAKUX npeanonoxenuii. Tpebyercst uib, 9T06bI KaXKJIOMY T COOT-
BETCTBOBAJI B TOYHOCTH OJ[FH JIEMEHT Yy MHOXKecTBa B. PasubiM ajieMeHTamM
MHOXKeCTBa A MOTYT COOTBETCTBOBATH KAK PA3JINIHBIE IJIEMEHTHI MHOXKE-
crBa B, Tak 1 OJUHAKOBBIE.

Oyuknug f ¢ obsacTbio onpejeieHnss A u 06sacTbio 3HaYeHnl B HA3bI-
BaeTCsT TAKKE 0Mobpasicenuem muoocecmss A B MHOXKecTBO B. Bbickasbr-
Banue: f ectb orobpaxenue A B B (wiu, 94ro 1o ke camoe, [ ecrb dyHKIHs
¢ obuacrbio oupesnesernss A u 061acTbio 3HaYeHuit B) CUMBOJMYECKH 3a-
nuchIBaeTcst ceyromuM obpasom: f 1 A — B (unraercs: «f orobparkaer
A B B»). Bnauenne GyHKiyun f Ha 37eMeHTe T MHOXKeCTBa A Ha3bIBAETCS
Tak)Ke 00pa3oM T mpu orobpaxkeHun f.

2.18. ONPEAENEHUE. JIBe dyukuuu f : Ay — By u g: As — By cun-
TAIOTCS COBNAJAOUUMU, T. €. PACCMATPUBAIOTCS KAK OJIHA U Ta YKe (PyHKIHs
B TOM U TOJILKO B TOM CJIydae, €CJIM UX ODJIACTH OIIPeeJIeHUus CO8Nadatom,
1. e. Ay = As mwim Dom f; = Dom f5, u obnacru 3Hayenuii cosnadarom, T. €.
By = By, upuuem eciiu A — ux obmiast objacTh ompejesienus, a B — ux
obmmast ob1acTh 3HaUeHuit, To s Besikoro © € A snementst f(z) u g(x)
MHOKeCTBa, B CcOBIIaIaloT.

Ormpesiesienne GyHKIMKA He UCKIIOYaeT (HOPMAIBHO CJIyUail, KOTrjaa 00-
JacTh onpejeaeans A GyHKImn f MOXKeT ObITh IIyCThIM MHOXKeCTBOM. Ecsin
A = (), To MEO’KeCTBO B Takke MOXKeT GBITh mycThiM. Ho ecom A — Herry-
CTO€ MHOXKECTBO, TO, OUEBHIHO, I MHOXKECTBO B 3HaUeHMIT (DYHKIINN TAKIKE
HEIyCTOe.

OTMeTnM JBa BayKHBIX JACTHBIX CJIydasl OOIIEro MOHATHS (DYHKIUH.



2.19. ONPEAEJEHUE. @yuknust f : A — B Ha3bIBaeTCA NOCMOAHHOU
Ha MHOXKECTBEe A, €cjn CyIIecTBYeT Takoil 3JEeMEHT ¢ MHOXKecTBa B, uTo
f(z) = ¢ st Beex © € A. B s1oM cirydae Mbl OyjeM ToBOpuTb, 410 f(X)
MoocOecmeenno pasHo c.

2.20. ONIPEAENEHUE. Ilycts A 1 B — npou3BOIbHBIE MHOXKECTBA, IIPH-
yem A C B. OroGpaxenue j : A — B, onpenenentoe 1o dopmyse j(z) = x
JIJIsl BCAKOTO & € A HA3BIBAETCS 8402CEHUCM MHOXKECTBa A B MHOXKeCTBO B.
Biioxkenue ecth orobpazkenue, KOTopoe KaxKjaomy x € A comocraBiser TOT
JKe CaMBbIil Z, HO paCCMATPUBAEMBIH y2Ke Kak JIEMEHT MHOXKeCTBa B.

Eciin A = B, T0 oTobpazkeHne BjIOKeHUs1 MHOXKecTBa, A B A Ha3bIBaeT-
cst mootcdecmeerHvim 0TOOParKeHNEM MHOXKeCTBa A 1 0003HAYAETCs] CUMBO-
JIOM 1 4.

B nasipHeiiem paccMaTpUBAOTCs, TJIABHBIM 00pa30M, Takue (pyHKIUU
Yy KOTOPBIX 00JIACTb OIpefesieHnsi U 00JIaCTh 3HAYEHUN eCTh JIMOO MTOIMHO-
JKECTBO MHOKECTBa BellleCTBeHHBIX uncel R (kommaekcubix dncest C), mu6o
MOTYT ObITH TTOTyYeHbl 3 R mwim C ornpeiesleHHbIMU TOCTPOEHUSIMU, HATIPH-
mep, R.

Hasee Gymer BCTpeuaThCsl BBICKA3bIBaHWE BUja: «1aHa (QyHKIiws f(x)
epeMEeHHO = ¢ 06IacThIO OnpeseneHnst A 1 00/1acThio 3HaUeHnt By, win
«mana pyakuug f(r) nepeMeHHON T» U, HAKOHEIl, IPOCTO «aaHa (OyHKIHs
f(x)». IlepBoe BbICKA3bIBAHUE IIPU ITOM SIBJISIETCS CHHOHUMOM BBICKA3bIBa-
Hus: «JaHa GyHKIWs f, KoTopas Kaxiaomy ¢ € A conocrasister f(x) € B».
Bropsie gBa ciienyer paccMaTpuBaTh KaK COKPAIEHHBIE BAPUAHTHI IIEPBO-
ro, yrnorpebiisieMble B TeX CJIydasiX, KOria O0JIacTb OlpeesieHusl U 00/1acThb
3HaveHnsi (DYHKIWI SICHBI M3 KOHTeKCTa. llocimemuuil crmocod BhIpaXKeHUs
0CcOOEHHO y/I00€H B TeX CJIydasX, KOrja yKaszaHa (GopMmysa IJjis OmIpejeJie-
HUs BeJMYUHBL f(X) [0 JAHHOMY .

DopmasnbHO BeIparkenue: «gana dyukiyd f(z)» comepkur B cebe HEKO-
TOPYIO HETOYHOCTH, IOCKOJIBKY B HEM CMEITHBAIOTCSA OO'bEKTHI PA3HOIl JIOrHU-
9eCKOil TpUpOobl — (DYHKINs, KAK 3aKOH COOTBETCTBHUsI, U 3HAYEHUE, [IPU-
HuMmaemoe OYHKIMeH f Ha sjeMeHTe T ee obsactu omperenenns. 1lo maH-
HOIl TIPUYUHE HEKOTOPBIE aBTOPHI M30ETal0T TOJIH30BATHLCS BBIPAXKEHUSIMU
Buna «nana dyaknus f(x)». OJHAKO 0TKA3 OT TAKOTO Crocoba pedn BeJeT
K HEKOTODBIM HEYyJI00CTBaM, a COJIEPKAIIecs B HEM OIACHOCTH HA CaMOM
JleJie HUKAKUX TPYIHOCTEH He BBI3BIBAIOT.

[Tycrs manbr MHOXKECTBA A M B M HEKOTOpOE MATEMATHIECKOE BBIPAsKe-
uue F(z), conepxarnee cumsou . IIpeanonoxumM, aro ecan B F'(z) BMecTo
[IOJICTABUATH [IPOU3BOJILHBIN 3JIeMEHT MHOXKecTBa A, TO MbI U0 IOy UM
[IpeJIIICaHne, YKA3BIBAIOIIEe, KAK OCTPOUTD 0 & OIPEICJIEHHBIN 3JIEMEHT
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1y MHOXKeCTBa B, mubo mpuiiieM K BhIPaKEHUIO, HE UMEIOMEMY CMbICa. B
epBOM cJiydae roopsrt, uro F(x) onpeneseno mist ganHoro © € A, y Ha-
3BIBAIOT 3HAYEHUEM Bbipakenusi F'(x) mig sroro x u mumyt y = F(x). Bo
BTOPOM CJIydae roBopdr, 9ro F'(x) i paccMarpuBaeMoro & He OlpeIeJIeHO.

2.21. ITpuMEeP. Ilycrs, nanpumep, A = B = R u F(z) ectb apobb %fii
Econ ameso ¢ # +1, To mozcraBus ero B F(x) n BBINOJHUB BCE ONEPAINH,

YKa3aHHbI€ B BbIPDazK€HUUN JIJIs1 F(.’I}), MbI IIOJIY9IMM HEKOTOPOE€ YHCJIO. HO,H-

1+:1:2
1—x2

CTaBJIdd B ,ILpO6I) 3HadYeHuss 1 u —1, TOJIy9InM HE MMeEoInee CMbICTIa

BBIDaIKEHIE %.

O6o3HaunM yepe3 F COBOKyIHOCTH BeeX & € A, JJisi KOTOPBIX BbIpa-
)kenne F(x) onpeznerneno. ConocraBnsst ¢ € E 3nadenne F(x), momydanm
HEKOTOPYI0 GYHKIMIO f ¢ 00/1aCThIO onpenesienns E u 061acTbio 3HaAYeHMI
B, nna xoropoit f(x) = F(z) aua Beaxoro x € E. s 0603Ha4€eHNsT 9TOM
dyukimu f ucnosnbsyercst 6o Beiparkenue [ : x € A — F(x) € B, nu6o
carenytoree 6osiee KOpoTkoe Beipaxkenue: f : x +— F(x). Takum obpaszom,
BbIcKa3biBaHue «jana dbyukuus [ :x € A~ F(x) € B» 3agaer dbyHKImio,
00J1aCTb OIIpEIEIEHNST KOTOPOIt €CTh COBOKYIHOCTL E Beex x € A Takux, 910
Boipazkenue F'(x) umeer cMbici, a 00JIACTh 3HAYEHUIT €CTh MHOXKECTBO B.
st Kask10ro Takoro x BeandnHa f(2) paBHA 3HAUEHUIO, KOTOPOE BhIparKe-
Hue F' nmpmHMMAaeT mpu MoJICTAHOBKE B HErO JAHHOTO 3HAUEHUS .

2.22. TIpuMEPHL. 1) IIyctb A = B = R. Torzna Boipazkenue «QyHKIUs
frzeR— %» o3HavaeT GyHKIWIo f, y KOTOPOil 00/IaCTh ONpeIe/IeHHsT
€CTh MHOMKECTBO BCex umcesl * € R, oTamuHbIX OT Hysis, npudeM f(x) = L
JIUIsT JTEOOOTO TAKOTO .

2) Boipaxenue «byukuua x — 1 — x?» osnagaer dyukuuio f, 06-
JIACTH OIpEJIeJIEHNsI KOTOPO eCTh MHOXKECTBO Beex r € R rakux, uro 1 —

22 > 0, mpmaenm f(r) = /1 — 22 114 Beex 3THX .

2.23. ONPEJEJEHUE. IlycTth S — mpou3BoJIibHOE HEIyCTOe MHOYKECTBO.
HocaedosameavbHocmvbro dIAEMEHMOE MHOMHCECTNEA S HAZBIBAETCS BCIKOE OTO0-
paXXeHue T MHOYXKeCTBa HaTypaJbHbIX unces N B mHOX)KecTBO S. O6pa3z 3Jre-
merTa n € N mpu oTobpazkeHnn £ 0003HATAETCSI CHMBOJIOM X, W HA3BIBAETCA
N-BIM YWIECHOM [TOCJIeJI0BATEILHOCTH. [ 151 0603HAMEHMS TTOCIEI0BATETLHOCTH
2z : N — S MbI OyzieM IPUMEHSATH TAKYXKE 3aIUCh

{an € S}nEN

0O MPOCTO

{xn}neNv
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uim
{zn}, n=12,....

TlocenoBaTeIbHOCTD 9JIEMEHTOB MHOXKECTBA S, TAKUM 00Pa30M, eCTh (PyHK-
nusa ¢ obacThio onpeaenerns N 1 00/1acTbIo 3HATEHUH S.

B nambmeiinrem HeOAHOKpATHO OyIeT BO3HUKATDL HEOOXOIWMOCTH B IIO-
CTPOEHUN OCTIENOBATEILHOCTElH, 00JI1aIaI0IIX TeMI UM HHBIMHA CBOHCTBA-
Mu. JIjist 9T0M eI BO MHOTHX CJIYYasX OKA3bIBACTCS MTOJIE3HBIM CJISLYIOIIEe
YTBEPXKJIEHUE, HEIOCPEJICTBEHHO BBITEKAIONEe U3 IPUHIUNA MaTeMaTude-
CKOII MHIYKIIUU.

[MocsenoBaTeabHOCTb {Ty, }ren OUPEZEIeHa, eCid 3ajaH JEMEHT T1 U
YKA3aHO MIPABUJIO, KOTOPOE MO3BOJISIET TIOCTPOUTD Ly i1 B CIYUAE, KOTIA Ty,
OIIPEICTIEHO.

Mpr OyzeM Ha3BIBATH JAHHOE MPEIJIOXKEHUE IIPUHIUIOM UHILYKTHBHOIO
[IOCTPOEHUSI MTOCJIEJ0BATEILHOCTH. AHAJIOTUYHO IPUHITAILY MATEeMATHIECKON
MHAYKIAA OHO JIOIYCKAET CJIELYIONLYI0 MOAN(PUKAIIAIO.

[MocsenoBareabHOCTb {Ty, }ren OUPEIEIeHa, eCid 3ajaH JIEMEHT T1 U
YKA3aHO IMPABUJIO, KOTOPOE IMO3BOJISIET YKA3aTh Typi1 B CIIydae, €CJId T,
OTIPEJIEJIEHO s JIIOBOT0 TEeJIoro m Takoro, 9to 1 < m < n.

OmnuiieM erne oHy cucTeMy 0003HAYEHUN U TEPMUHOJIOIHMIO, CBI3aHHBIE
¢ oHATHEeM (DYHKIINN.

2.24. ONPEAEJIEHUE. IlycTh JaHbl POU3BOJIBHBIE HEMYCTHIE MHOXKE-
crBa T u S. Cemeticmeom anemenmos MHOHCECNEa S, 3aHyMePOBaHHBIX
[IOCPEeJICTBOM 3JjieMeHTOB T, HasbiBaeTcs orobpaxkenue r : T — S. Mmuo-
kecTBO T HA3BIBAETCS MHOAHCECTNBOM UHIEKCO8 cemelicmea, a 0bpa3 3Jie-
MeHTa t B MHOXKECTBe S 0003HaIaeTcss CUMBOJIOM &;. CeMelcTBO 3JIeMEHTOB
MHOXKECTBa S, 3aHYyMEpPOBAHHBIX dJieMeHTaMu T, 0603HAYAETCS CHUMBOJIOM
{ T €S } ter- B TEX Cilyvasx, KOI/Ja U3 KOHTEKCTa $ICHO, YTO HPEJICTaBIISIOT
coboii mHO)KkecTBa S mim T ykazanue MHOKecTB T mjin S B 0003HAYEHUSIX
OILyCKAETCs U IPUMeHsIeTCs 60jiee KOPOTKAasl 3aIiCh {xt} teT

TepMmuHbl «PyHKIHUsI», «OTOOPaAXKEHHE», «CEeMENCTBO» O0003HAYAIOT OJI-
HO U TOXKE MOHATHE. B KOHKPETHBIX BOMPOCAX ODBIYHO MPUMEHSIETCS] KAKOH
Jinbo ouH n3 HuX. BHIOOD TepMUHA IIPU 9TOM OIMPEIEISIeTCH COAePIKAHNEM
BOIIPOCA, XOTs yKa3aTh [IPABUIIO, KOTJIA HY>KHO MTHCATH «(DYHKIUI», a KOTJIa
— «OTOOpaXKeHUe» WM «CEMEHCTBO» He MPEJICTABIISIETCS BOZMOXKHBIM.

C nousiTueM (bYHKIUA TECHO CBA3AHO IMOHATHE yPABHEHUs. Y DABHEHUEM
HA3BIBAETCA BCsiKoe paBeHcTBO Buja: f(x) = g(x), rne f u g — HEKOTOpBIE
dbyuknyu. Besmanna xy Ha3bIBAETCs PEIIEHIEM STOTO YPABHEHUS, €CJi 00e
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Besmunnbl f(xg) u g(xo) onpeenenst (T. e. Xy IPUHAIIIEXKUT OOJIACTH OIPE-
JlesieHnst Kaxk 1ol u3 dbyHkImit f 1 ¢g) u coBuagaoT Mexkay coboi. Ilpu srom
He Tpebyercsi, 9To0bl f U g MMeJIu OJIHY U Ty Ke 00J1acTb onpejeserus. Ec-
JI1 @ — KakKoi-smbo obbekT, To paBeHcTBO f(x) = a, rae f — dyHKIWs, ecTh
ypaBHEHHe, IpaBasi 9acTh KOTOPOro — (byHKIUSI, TOXKJIECTBEHHO DaBHAs ¢
U UMeroIasi Ty Ke 06JIaCTh OlpeJiesieHus, ITo U f.

2.25. ITpuMEPHL. 1) Ilycte A = R, B = R. 3agaaum 1pou3BOJILHO
qncia a u b. ComocraBuB KaxkjaoMy & € R wwmciio ax + b Mbl moIydnm
uwekoropyio dbyskmuio f : R — R. Umeem: f(z) = ax + b qys moboro
z € R. Oupenenennas tak dyHknns f Ha3bBaeTca a@PurHol.

2) Iycre pmamsl gucaa a,b,c. Keadpammuvwm mpexusenom ¢ xosbbdu-
nueHTaMu a,b u ¢ HaszbiBaeTcst DYHKIUSA f, OMpPEJIeJIeHHAsT COOTHOIEHIEM
fixeR—az®>+bx+c.

3) CoorHorenusi & — x™ (n HaTypajbHOe), T — log yz, = — a”, T —
Sinx u T. JI. OUpeuensioT (PYHKIMH, Y KOTOPBHIX OOJACTH 3HAYEHUN €CThb
MHOKeCTBO R, a 06JIaCTHIO ONMPEJIEJIEHUST CIIY>KUT, COOTBETCTBEHHO, MHOXKE-
c¢TBO R 1151 I€PBOIA, MHOXKECTBO BCEX TIOJIOKHUTEIHHBIX IUCEJT JIJIst (DyHKIIN
log,( = 1, HAKOHEIl, MHOXKECTBO BCEX UHCEJ & JJIsl IIOCJIeIHUX ABYX (DyHKINMIL.

4) Tlycts A = R x R. Torma cOOTHOIIEHHUSL:

A:(z,y) e RxR—2x+y,
M :(z,y) e Rx R zy,

N:(z,y) ERX R /a2 +y?

ONPEJIETSIOT HEKOTOPbIe (DYHKIMU CO 3HAYCHUAMH B R, 3a/IaHHBIE HA MHO-
kectBe A = R x R Bcex map (x,y) BEIECTBEHHbBIX THCEIL.

5) Ilycre T MHOXKECTBO BCEX TPEYTOJIBHHKOB Ha ILIockocTu. Kaxmomy
TPEYTOJBHUKY T MOT'YT GBbITH COMOCTABJIEHBI HEKOTOPBIE YUCJIA: €r0 TIONIAIh
S(z), nepumerp I(z), paguyc BoucanHoro kpyra r(x) u 1. 1. Tem cambIM Ha
MHOXKeCTBE T BCEX TPEyTOJIbHUKOB Ha TIOCKOCTHU OIIPEJIEIEHBI (PyHKIIUH:

S:xzeTwS), lizeTw—Il(x), r:zecT—r().

6) IIycrb T' TakKe eCcTh MHOXKECTBO BCEX TPEYIOJIbHUKOB, a K MHOXKe-
CTBO BCEX KPYI'OB Ha IJIOCKOCTH. Kakjiomy 3jieMeHTy T MHOX)KecTBa A MO-
JKeT OBbITH €JMHCTBEHHBIM 00Pa30M COIIOCTABJIEH HEKOTOPBIH sj1eMeHT P(1)
MHOXKecTBa K a, IMEHHO, KPYT BIMCAHHBII B TPEYTOJbHUK T. DTUM OIIPE/Ie-
Jleno HekoTopoe orobpaxkenne P : T — K. JIpyroe orobpaxkenune 1T’ B K MbI
[TOJIYIUM, €CJTH COMMOCTABUM KAaXKJIOMY TPEYTOJILHUKY I OMHMCAHHBIH BOKPYT

Hero Kpyr Q(z).
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7) IousiTue byHKIMH €CTh OIHO U3 OCHOBHBIX CPEJCTB MAaTeMaTHIECKO-
IO OIMCAHUSI CAMBIX Pa3HOOOPA3HBIX (PUBNUECKUX, MEXAHUIECKUX U JIPY-
rux siBjiennii. [IycTsb, HapuMep, n3ydaercs ABUKEHIEe MaTEPUAJIBHON TOUKH
Ha IPsAMOIl B Te€UYeHWE OTPe3Ka BpeMeHu [, OIpeie/IeHHOrO HepaBEeHCTBAMMU
a <t < b Beakomy t € I mMoxkeT OBITH COIOCTABJIEHO HEKOTOPOE UUCJIIO
z(t) — KoopauHaTAa paccMaTpPUBAEMOil TOUKH Ha IPAMOIi B MOMEHT Bpe-
Mmenu t. Tem caMbIM ompejieseHa HekoTopasi dbyHKus x(t). dra dbyHKIUSA
[TOJTHOCTBIO OIACHIBAET JBUXKEHUE TOUYKM. Bce ocrajibHble XapaKTePUCTUKH
JBUYKEHUS MOYKHO ITOJIyIUTh 9MCTO MATEMATHICCKIMU CPEICTBAMU, U3Ydast
dyukmo x(t).

8) IlpesooxKum, 9TO B OIPEIeIEHHON 06/I1aCTU IPOCTPAHCTBA 3a/aHO
SJIEKTPOCTATUYIECKOE TI0JIe, CO3/[aBaeMOe HEKOTOPOIl crucreMoit 3apsiioB. Co-
[TOCTABJISAST KAXKJI0M TOYKE 00JIACTU BEKTOP HAIIPSI?’KEHHOCTHU 3JIEKTPOCTATHU-
9eCKOr0 TOJIsi TIOJIyIUM (DYHKITUIO, JjIsi KOTOPOii JaHHas 00JIACTh SBJISIETCS
00JIACTBIO OIIpeieIeHNs], & 00JIaCTh 3HAYEHNIT €CTh MHOYKECTBO BCEX BEKTO-
POB B IPOCTPAHCTBE.

2.5 TIOHATUE OBPA3A U ITIPOOBPA3A TOUYKHU (MHOXKECTBA). IHbEKTUBHBIE,
CIOPbEKTUBHBIE I BUEKTUBHLIE OTOBPAYKEHNSI.

2.26. ONPEAEJEHUE. [lycTh mambr HemycThie MHOXKecTBa A u B 1 0T00-
paxenne f : A — B. Ilycrb E — npousBosibHOe mojamuokectBo A. Coso-
KYITHOCTBH BCEX 3JIEMEHTOB Y € B, KaXKJbIil 13 KOTOPBIX SBJIAETCS 00pa3oM
XOTst OBl OJTHOTO 3JIeMEHTa MHOXKecTBa F mpu orobpakeunun f Ha3bIBaeT-
cs1 0bpasom MHOXKecTBa E 1npu orobparkenun f u 0003HAYAETCS CHMBOJIOM

f(E).

Moxkno ckazarb, Takxke, uro f(F) ecrb MHOXKeCTBO Bcex y € B, mid
KOTODPBIX ypaBHeHnue f(x) = y umeer, 110 Kpaifineii Mepe, OJHO DeIleHUEe T,
npuHaIeXxKaree F.

CumMmBoJsIndecKas 3alluch JAHHOTO OIpeleIeHusI:

f(B)={ye B|3(z e E)y=f(x)}

2.27. ITpuMEP. Ilycre A = B = R. Pacemorpum dbyukumio f(z) =
2z — 1. Torna jyiss E = Z muoxkecrso f(E) ecrb MHOXKECTBO BCEX HEYETHBIX
nenbix uucest. dna E = N o6pas f(E) ecTb MHOXKECTBO BCEX HEYETHBIX
HATypaJbHbIX uncen. Ecimm F = (Q MHOXKeCTBO BCEX PAIlMOHAJBHBIX UHCEI,
to f(FE), oueBunHoO, coBnajaer ¢ E.

2.28. ONPEAEJEHUE. Otobpaxkenne f : A — B Ha3blBaercs clopvek-
MUBHIM OMOBPAHCEHUEM T 0MOOPAHCEHUEM MHOHCECTBA A Ha MHOHCE-
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cmeo B, ecin f(A) = B. (Ilpemior «ma», TakuM 00pa3oM, HECET OIIpejie-
JICHHYIO T€PMUHOJIOIMYECKYIO HATPY3KY ).

WNuadge rosopsi, [ : A — B ectb orobpaxkenue A Ha B, eciin jijisi KaxK-
JIOTO 3JIEMEHTA Y MHOXKECTBa B MOXKHO yKa3aTbh 9JIEMEHT I MHOXKEeCTBa A,
00pa30M KOTOPOTO sABJISIETCs JaHHoe Yy € B. 910 yciioBue MOXKHO chHOpMy-
JpoBarh erie Tak: f orobpaxaer A Ha B, ecau ypasuenue f(x) =y umeer
pernenne, KakoBo Obl HE ObLIO Yy € B

2.29. ONPEAENEHUE. Ilycrs nano npoussosibHoe MHOXKECTBO M. CoBo-
KYITHOCTB BCEX 3JIEMEHTOB T MHOXKECTBA, A, 06pa3bl KOTOPBIX IIPU OTOOpaske-
wun f @ A — B npunajyiexkar MmHOXKecTBY M, HazbiBaeTcss npoobpasom M
OTHOCHTEeNIBHO oToOpaskerns f : A — B u obosnadaercs cumpoaom f~1(M).

B Tom wacTHOM Ciy4ae, KOrja MHOXKECTBO M COCTOMT U3 €IUHCTBEH-
noro sementa M = {y}, f~1(M) obozmauaercs mpocto 4epes f~1(y) u
HA3BIBAETCS NPO0OGPA3OM Y.

Takum 06pa3om, MHOKeCTBO f (1) ecTh COBOKYIHOCTH BCEX perleHmit
ypasuenus f(z) = y:

[Ty ={z e Al f(z) =y}

Bamernm, uTo, B yacTHOCTH, f (M) MOMKET BBITH ITyCTBIM MHOKECTBOM.
DT0, 04eBUIHO, OY/IET B TOM U TOJIBKO B TOM CJIydae, KOrja

FA) N M =0.

B pmamnom ompejseniernn npoobpasa MuoxkecTBa M mpu orobpaskeHun
f + A — B me tpebyercs, urobbt M 6bu10 niogmuOXKecTBoM B OveBumHO,
aro ect BOAM = (), to f~1(M) ecThb mycToe MHOJKECTBO U B OOIIEM CITydae
[ M) = (M B)

CuMBoIIYIeCKast 3aIIUCh IIPUBEJIEHHBIX OIIPE/IeJICHUI]:
FAM) ={z e Al f(x) e M} mm f7'(y) ={z € A|f(x) =y}

2.30. ITPUMEP. OGosHauuMm depe3 [0,00) MHOXKECTBO BCEX HEOTPHILA-
TeJIbHBIX JIEHCTBATELHBIX Yuces, uepes (0, 00) — MHOKECTBO BCEX HOJIOKU-
renbHBIX gncest. (Takum obpasom, 0 € [0,00) u B To ke Bpems 0 ¢ (0,00).)
[Mycts nana bynxmas f : A — R. Torma f~1([0,00)) ecTh MHOMKECTBO Beex
x € A, nys xoropuix f(z) >0, a f71((0,00)) ectb MHOKECTBO Beex T € A,
nuist kotopeix f(z) > 0. Tlosromy 3asaua — maiitu Muozkectso f~ (M) B
ciyuae M = [0, 00) paBHOCHJIbHA 3aJia4€: PEIIUTh HepaseHcTBo f(x) > 0, a
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B caygae M = (0, 00) — 3amaqe: pemuth HepaBeHCTBO f(2) > 0. MbI Buanm,
TaKUM 06Pa30M, UTO OJIHA U3 MOMYJISIPHBIX TEM PA3JIMIHOTO POJA KOHKYDPC-
HBIX 9K3aMEHOB — 3a/1a4i Ha PEeIleHNe HEPABEHCTB CBOJISITCS K OLIPEJICJICHUIO
poo6pa3oB MHO)kecTB [0,00) u (0, 00).

2.31. IIPUMEP. PaccmoTpum erre TpUBOIUBIIUICS BBIIIE IPUMED, KOTIA
A =T ecTb MHOXKECTBO BCEX TPEYIOJILHUKOB, a B = K — MHOXKECTBO BCeX
KpYyroB Ha 1jiockocTu u orobpaxkenue P : T — K conocraBiisieT KazKIOMY
TPEYTOJBHUKY = € 1" BnmcaHHbI B Hero Kpyr ¥. g npousBosbHOoro y € K
mpoobpas P~1(y) B aToM cilydast ecTh COBOKYIHOCTH BCEX TPEyTOJHLHUKOB,
OIMCAHHBIX OKOJIO JAHHOTO KPyTa Y.

2.32. OOPEAENEHUE. Orobpaxkenue f : A — B Ha3blBaeTCs UHbek-
MUBHbIM TIIA 83AUMHO 00HO3HAYHBIM, €CJTH 00PA3bI PA3IUIHBIX JIEMEHTOB
MHOXKeCTBa B 1151 9TOro 0ToOpakeHus BCeraa Pa3ndHbl.

WNnage rosopst, f : A — B B3auMHO OJHO3HAYHO, €CJIA T1 # To =
flz1) # f(z2). Iocnenusst uMIIMKaIUs SKBUBAJEHTHA cJeipyomeit: f
A — B B3auMHO 07HO3Ha4HO, eciu f(z1) = f(z2) = x1 = .

Bamerum, uro eciu f(x1) = f(x2) =y, 10 21 € f7Hy), z2 € f71(y).
TTosToMy ycaoBre B3aMMHO# OHO3HAYHOCTH f MOKHO COPMYJIUPOBATH IO
Jpyromy: omobpasicenue f: A — B 83aumno 00H03HAMHO, eCAl OAf 1106020
y € B mmnoorcecmeo f1(y) cocmoum ne 6oaee uem us 00nozo0 saemenma.
Ha s13bIke MIKOJIBLHON MaTeMaTWKu 9TO O3HadaeT cieayomee: f : A — B
B3aMMHO OJHO3HAYHO, ecJiu ypaBHeHue f(x) = y umeer He Gojiee OIHOTO
perteHust st jioboro y € B.

2.33. ONPEAENEHUE. Orobpaxkenue f : A — B Ha3biBaercs 6uexmue-
HbLM, €CTTH OHO OJTHOBPEMEHHO CIOPHEKTUBHO M MHHEKTUBHO.

Jpyrumu ciioBamu, orobpaxkenue f : A — B OUEKTUBHO, €CJIi OHO €CTh
B3aMMHO OJIHO3HAUHOE 0TOOpazkeHne MHOXKecTBa A Ha MHOXKecTBO B (MOXK-
HO CKa3aTh TaK¥Ke, 9TO f eCTh B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKLY

Awu B).

2.34. ITpuMmEPHL. 1) ITycts A = B = N. Oupezenum orobparkeHue
f N = N, nonaras f(n) = 2n upu Bcakom n. Torga f ecrb uHbEKTHB-
Hoe orobpaxkenue muoxecrsa N B ceba. Ilpu srom f(N) — obpa3 camoro
MHOXKeCTBa N eCTh MHOYKECTBO BCEX UETHBIX HATYPAJBHBIX UHCEI.

2) Ilycre A = N, B = N. Oupegenum orobpaxkenue f : N — N mo-
agarasg f(1) = 1u f(n) =n—1upun > 1. Torga f ecrb CIOPbEKTUBHOE
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orobpaxkenne N Ha N. B 10 ke Bpemst [ He B3auUMHO OJIHO3HAYHO, TAK KaK
f)=f2)=1

Ucnionb3yst BBEIEHHBIE MTOHATHS, MBI MOXKEM COPMYIUPOBATH U3BECT-
HBIE U3 JIEMEHTAPHON AJIredPhl TEOPEMBI O PA3PEIINMOCTH JIMHEHHOTO yPaB-
HEHUS U CHCTEM JINHEHHBIX YPABHEHUH CJIEIYIONIM 00pa30M.

IIycts @ — mpousBosibHOE 1nciio. Torma oTobpazkeHne

l:z—areR

OMEKTUBHO B TOM M TOJHLKO B TOM CJIydae, Koraa a 7 0.

ITycrs naHa cucrema [uced a, b, ¢, d. Torga orobpazkenne L : (z,y) €
R xR +— (az + by,cx + dy) € R x R GUEKTHBHO B TOM U TOJBKO B TOM
CIIyvae, ecJiu 9UcyIo

D =ad— bc

OTJINYHO OT HYJIsI.

[Tycrs A u B npousBoJibHbIE MHOXKECTBa, ipudeM A C B. Orobpaxkenne
BJIOXKEHUS § 4 MHOXKeCTBa A B MHOXKecTBO B B3anMHO oHO3HaqHO. Ecmn A =
B, 10 i 4 ecTb TOXKJIeCTBEHHOE 0TOOpayKeHne MHOXKECTBa, A M B 3TOM CJIydae
i 4, OYEBUIIHO, SIBJISIETCSA B3AUMHO OJTHO3SHAYHBIM OTOODaYKEHNEM MHOYKECTBA
A ua cebsi, T. e. ABJISIETCS OUEKMUBHBLM 0TOOPAHCEHUEM.

2.35. 3AMAYA. Ilycrs mano orobpaxkenue f : A — B. JlokasaTb, 4To
JJist JTI0OBIX MByX MHO2KecTB P C B u () C B crpaBelyIuBbl PABEHCTBA!

FFHPUQ) =P UHQ),
FFUPNQ) = 1PN fHQ),
FFUP\NQ) = 1P\ FHQ).

2.36. 3AJAYA. Tano orobpaxkenne f : A — B. Ilycts By C A, Es C A,
M; C B u My C B. Hokazars, uro eciiu Eq C Ey, 10 f(E1) C f(E2), a
eciiu My C My, To f_l(Ml) C f_l(MQ).

2.37. 3AAAYA. Hano orobpazkenuwe f : A — B. Jlokasarb, 4TO Jist
Besikoro M C B Bwmosmgercs skmouenune: f[f~1(M)] € M. Jlokaszars,
aro f[f~1(M)] = M nanst Beskoro M C B B TOM 1 TOJILKO B TOM CJIyvae,
eciu f — CIOPbEKTHBHOE OTOOparkKeHne MHoXKecTBa A Ha B.

2.38. 3aga4A. [ano orobpaxkenue f : A — B. JlokaszaTh, 9To mjist
Beskoro B C A mmeer mecto Brmodenme f1[f(E)] C E. JoxkazaTb, aTo
f7Yf(E)] = E ana sesxoro E C A Toryia u TOIBKO TOT/a, KOraa oTobpa-
keHue [ MHBEKTUBHOE.
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2.39. 3A0AYA. Jlano orobpaxkenue f : X — Y. JlokaszaTb, 4TO CJIEIy-
IOIHe YCJIOBUsI SKBUBAJICHTHBI:

a) [ ecTb MHHEKTUBHOE OTOOPAZKEHUE.

b) Hna mobbix Fy, B2 C X cupasemymuso pasencrso f(E; N E) =

f(Er) N f(E2).

¢) Hast Besikoit maper muOXKecTB F1, By C X Takux, uro Ey N Ey =
rakxke u f(Eq) N f(NEs) = 0.

d) f(A\ B) = f(A)\ f(B) st mobeix A, B C X.

2.40. 3A0AYA. Ilycts A — npousBosibHOE MHOXKeCTBO. st dyHKInn
[+ A— R nonoxum

Ni={ecA|flx)=0}, H;={vecAlf()#0}

IIpeamonoxkum, uro 3amanbl yukuun f; : A = R, ¢ = 1,2,...,m. Hna
x € A nonmoxum f(x) = fi(x)fo(x) ... frm(z). Jokazars, aro

Nf:UNfz‘7 Hf:mei'
i=1 i=1

2.41. 3A0AYA. Ilycte nana dysukmus f: A — R. das n € N mycrs

1 1
Po={acalf@)>=}, Qu={sca|s@)>-—}.
Tlomoxxum - -
P= U Py, Q = m Qn
n=1 n=1
Joxazars, uro P ={x € A| f(x) >0} u Q@ ={x € A| f(z) > 0}.
2.42. 3AIAYA. s npousBosibHOM dyHKImn ¢ @ A — R mosoxum

Eo(p) = ¢7'[(0,00)] = {z € A | p(x) > 0},
Ei(p) = ¢~ '[(=00,0)] = {z € A| p(z) < 0}.

[Mycrs ganst Gysknun f: A - R, g: A — R u uyers F(z) = f(x)g(x).
JlokazaTb paBeHCTBa

Eo(F) = [Eo(f) N Eo(g)] U [Er(f) N Ex(g)],
EV(F) = [Eo(f) N Ev(9)] U EL(f) N Eo(9)]-

(IIpasuia pemenus nepasencts Buna f(x)g(x) > 0 u f(x)g(x) < 0.)
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2.43. 3AJAYA. anel byskmun f; : A - R i =1,2,...,n, u F(z) =
fi(@) fa(z) ... fo(z). Jokazars, aro

Eo(F)= |J [Ba(f)NEa(fa) NN E., (F),

€1,€2;---En

rJie KaxJoe £; NpuHIMaeT TOJIbKO 3HaueHns 0 u 1, a oObejuHeHNe ClpaBa
GepeTcsi 0 MHOXKECTBY BCEX KOMOMHAIMI YHCEI £1, €2, . . ., Ep, CYMMa KOTO-
peix gerHa. (Mcnonssytores obo3Hadenns 3amaqn 2.42.)

2.44. 3AIAYA. Jansr otrobpazkenue f : ¢ € R — 22 +px+q u uaTepBa
(a, B) C R. Hoctpours muokecTBo f1((c, 3)).

2.6 CVYXXEHUE U NPOJIOJI>)KEHUE ®YHKIIUU

Tlousitue byHKIMN Wi oTOOparkeHUsT IPECTABIIAET COOON COBOKYITHOCTD
Tpex OOBEKTOB: 00JIACTH ONpeJeeHns, 00JaCTH 3HAYEHUNH W MPaBUa CO-
orBeTcTBUA. Ecam XoTst ObI OAUWH W3 yYKA3aHHBIX TPeX OOHLEKTOB MEHSET-
CsI, TO MBI IIOJIyYaeM yzKe HEKOTOPYIO HOBYIO (PYHKIMIO. DTO HAXOIUT CBOE
oTpazkeHne, HAITPUMED, B TOM YTO CBOWCTBA OTOOpaXKeHUsT OBITH B3aUMHO
OJIHO3HAYHBIMU UJIU OBITH OTOOPAXKEHUEM <«HAy IIPU KAKOM M3MEHEHUU BO-
obrie ropopst, He coxpaHnsttorcs. Hanpumep, mycrs Ry = [0, 00) ecTh MHOXKe-
CTBO BCEX HEOTPHUIATEILHBIX BEIECTBEHHBIX duces. PaccMoTpuM QyHKIIAN
f:R=>R g:R— Ry, h:Ry — Ry, kaxkgas u3 KOTOPHIX COMOCTAB-
JISIET BCAKOMY 3JIEMEHTY OOJIACTHU OIpPEJIe/IeHUsT ero abCOMIOTHYIO BEJIUIUHY.
Torma orobpaxkenue f He OyjeT HM WHBEKTUBHBIM, HU CIOPbEKTHBHBIM, ¢
eCTh CIOPBEKTHBHOE OTOOpaskKeHWe, HO He WHbeKTuBHOe. Hakower, h ecrtb
OMEKTUBHOE .

Oka3zbIBaeTCsl IOJIE3HBIM OTPA3UTH B HAJIJIEXKAIIUX OIPEIeJIeHUsIX 1 000~
3HAYEHUSIX HEKOTOPBIE CUTYAIUN, BOSHUKAIONINE, KOTIa MEHSIIOTCS JINOO 00-
JIACTB OIIpeJIeJIeHNs, JInO0o obsracTh 3HavYeHus dyHKnuu Mbl orpaHmduMcs
TOJIBKO CJIy9aeM, KOIjia MeHsIeTCsi 00JIaCTh OIIpe e/ IeHUsI

2.45. ONPEAEJIEHUE. I[lycTb 3amanbl Hemycrbie MHOXKecTBa A, M u B,
npuueMm M C A, u orobpakenus f: A — B, g: M — B. Torma mbr 6ymem
TOBOPUTH, 9TO ¢ €CTb 02paHuMeHue WIn cyotcenue orobpakenus f ma M,
ecm

I Kaxkaoro r € M.

B srom ciryuae mbl Oyzem Takke TOBOPUTH, 9TO f €CTh npodoasicerue g
na A. Eciin g ectb cyorcenue orobpaxenns: f : A — B wa M, 10 MbI OymeM

nucath: g = f|p mmbo g = f|M.
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2.7 CVYIHNEPIIO3ULIMS OTOBPAYKEHUI U EE CBOUCTBA

2.46. ONPEAENEHUE. Ilycre manbr orobpaxkenust f : Ay — By, g :
As — Bs. Ux cynepnosuyuet (mmm xomnosuyuel) Ha3bIBaETCI OTOOPazKe-
Hue

h:xzw— g[f(z)],

06JIACTBIO OIIPe/Ie/IeH s KOTOPOro siBJisiercst mpoobpas f~1(Ay), obiacTbio
3HaYEeHNe MHOXKeCTBO By

Orobpaxkenue h oboznavaercss cuMBojioM ¢ © f (LOPSIOK, B KOTOPOM
3aIHUCBHIBAIOTCS CUMBOJIBL f U ¢ 371eCh UMeeT CYIIeCTBEHHOE 3HAYCHUE)

[Mosicamm annoe onpepesenue. Cyneprnosunust h = g o f orobpakenunit
f: Al — Byug: Ay — By ectb oT0OpazkeHue, KOTOPoe CTPOUTCS CJIEILy-
ormuM 06pa3oM. BepeM mpou3BOJIbLHO 2JIEMEHT T MHOXKeCTBa A1 M HAXOIUM
sBesmauny y = f(xz). Ecau y npunajgexur Ag, To oupenesien sjaement g(y)
mHoxkecTBa Bo u Mbl nosaraem h(x) = ¢g(y). Moxer, KOHEYHO, OKA3ATHCH,
gro y = f(x) mHOXKecTBY Ao He upuHaJJIe)KUT. B 31OM Cilyuae BesmdnHa
h(z) mias pamnoro x e onpejesena. ObsacTbio 3HadeHuil GyHKIUUA h s1B-
Jisiercst MHOXKecTBO Bs. O6sacTh onpeseniennst h eCTh COBOKYITHOCTH BCEX
x € Ay, nast xkoropeix f(z) € Ag, T. e. mpoobpasz f~1(Az) (3m0 makcu-
MaJIbHOEe MHOXKECTBO, Ha KOTOPOM OIlIpeJie/ieHa cynepro3uius ). MuoxkecTBo
f~1(Ay) MokeT oKazaThCs IyCTBIM 1 TOTIa 00J1acTh onpeiesenns h = go f
ecThb mycTroe MHOKeCTBO. (PopMmanbHO onpesenerneM GQYHKIMN TaKast BO3-
MOXKHOCTH He nckiovaercs.) CienobaresbHo, cyneprosunus b = go f oTo6-
paxenwnit f: A1 — By u g: Ay — Bs ecTb 0TOOparkeHue

h:f~'(Ay) = By (2.7.1)

¢ obnactbio onpesenenus f1(Az) = f71(A2 N By), obnactbio 3HAYEHHT
Bs, ompeiesieHHOe IO TPABUILY

7 HA2) 3 z = g[f(x)]. (2.7.2)
Takum obpazom,
Domh =Domgo f = f*(As) = f*(Domg). (2.7.3)

Cynepriosuniysi eCTb OIWH U3 OCHOBHBIX CIIOCOOOB ITOCTPOEHUsI HOBBIX
bYHKIMIT U3 y2Ke UMEOIIUXCsT B HAIIEM PACIOJIOXKEHUN.

2.47. IIpuMEP. Ilycts g = f| - Torza nveer MecTo paBeHCTBO

g:fojM7
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rie jy ectb Biaoxkenne M B A. JleiictBuresbHo, f o jpr €CTh 0TODpasKeHue
M B B un gist Bcsgkoro x € M

(f eda)(x) = flim(@)] = (=),

U, 3HAYNT,
fojM:g:f‘]w'

2.48. TTPUMEP. ®@yukiwms h(z) = v/1 — 22 HanpuMmep, eCTh CYIEPIIO3U-
st bynkmmit f(z) =1 — 22 u g(y) = /y. B srom cayuae Ay = By =Rnu
Ag = By = [0,00), rze [0,00) — MHOXKECTBO BCEX HEOTPHUIIATEIBHBIX BEIle-
CTBEHHBIX THCEJT

OTrMeTnM HEKOTOPBIE MIPOCThIE CBOMCTBA CyNEPIO3UIUN OTOOPAYKEHUN.

IIycrs nanbr muoxecrsa A u B u orobpazkenne f : A — B. Ilyctb i4 —
TOXKIECTBEHHOE OTOOparkeHne MHOXKeCcTBa A B cebst, i — TOXKIECTBEHHOE
orobpazkenne B. Torma m3 omnpejeneHus CyHepHO3UITUN HEIIOCPEICTBEHHO
CJIeJIyer, 9To

foia=ipof=Ff

Orneparust 00pa30BaHusl CYEPHO3UIIH 00JIa1aeT OJTHIM BaXKHBIM CBO¥i-
CTBOM, KOTOPO€E HA3bIBAETCH aCCOIUATUBHOCTHIO.

2.49. TEOPEMA OB ACCOLIMATUBHOCTU CYIIEPIIO3ULIMU. [IycTs na-
Hbl orobpaxkennus f : Ay — By, g : As — B, h : A3 — Bjs. Torzga
orobpaxkennsi ¢ = ho (go f), ¥ = (hog)o f coBuagart, T. e. UMEIOT OLHY
H Ty 2Ke 00JIaCTh OIIPEAeJeHUsI H OJHY U Ty Ke 00JIacTb 3HAYCHUIT U JIIs
BCSAKOrO T U3 uX obmieii obracru onpeaenenus p(x) = (x).

JIOKABATE/NBCTBO. [lonoxum go f = hy, hog = f;. Tpebyercss noka-
3aTh, 9T0 hohy = fiof, 1. e. Hayo mokazaTk, 40 Dom(hohy) = Dom(fiof),
u jgis sioboro x € Dom(h o hy) umeem cosuagenue: hlhy(z)] = f1[f(x)].

B coorsercreum ¢ (2.7.1) Kommuosuims ¢ = h o hy upexcrasisier coboii
oTobpazkeHne

@Y hl_l(Ag) — B3

taxoe, uto @(x) = h[hi(z)] a1a x € hy*(Az). Bamerum, uro x € hi ' (A3)
TOrJa U TOJIBKO Torma, koraa hi(x) = (go f)(x) = g[f(x)] € As. Tak kax
(9 o f)(z) € By 10 onpejiesieHNI0 KOMIIO3UIMU ¢ © f, TO, Ha CAMOM JieJie,
x € hi'(A3) Torma i Tosmko Tora, korma x € (go f)~H(BaNAs). C apyroit
croponbl, eciiu € (go f)~H(B2NAsz), To (go f)(x) = g[f(z)] € BaNAs. Us
nocyiemero umeem f(z) € g1 (BaNAs), orkynax € f~1(g7 1 (B2NA3)). Ta-
KUM 06pa3oM, JIoKa3ano, uto ecin x € hy ' (Az), oz € f~1 (g7 (B2 N A3)),
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T. e. mokazano Bryodenue hy'(Az) C f~'(g~'(By N As3)). Beumenpuse-
JICHHbIE BBIBOJIBI OYEBHIHO OOPATHMBbI, TIO3TOMY MMEEM TaKzKe W 0OpaTHOe
srmoucrue f~ (g~ (By N A3)) C hy'(A3). Crenosarensho,

Dom ¢ = hi'(A3) = f~ (g~ (B2 N A3)), (2.7.4)

a i Touku ¢ € Dom ¢ umeem () = h{h1(x)} = h{g[f(2)]}.
B coorsercreum ¢ (2.7.1) u (2.7.3) kommosuiws 1) = f1 o f npeacrasisier
coboit oTobparkeHne
Y f~H(Dom f) — B
takoe, ato ¥ (z) = fi[f(z)] s x € f~1(Dom f1). 3amernm, uro Dom f; =
g 1(A3) = g7 (B2 N A3). Orciona

Dom¢ = f~'(Dom f1) = f (g~ (B2 N A3)), (2.7.5)
a Juist Toukn ¢ € Dom ) umeeMm ¢(x) = f1[f(x)] = h{g[f(x)]}.

CpasrnBas (2.7.4) u (2.7.5), Mbl BuguM, 910 Dom ¢ = Dom ¢ u ¢(x) =
Y(x). CnenoBaresbHO, 0TOOpPAYKEHUS @ U ¢ COBHAIAIOT. Teopema j1oKa3aHa.

2.8 IIOHATUE OBPATHOI'O OTOBPAXKEHUSI

2.50. ONPEAENEHUE. [Iycts f : A — B — B3auMHO OJHO3HAYHOE OTOO-
paxenue. [Tonoxxum M = f(A). Torna mis Besikoro y € M cymecrByer u
LPUTOM €JMHCTBEHHbII sjieMeHT & MuOxKecTBa A Takoit, yro f(z) = y. Co-
MOCTABJIASA KaxKaoMy y € M sTor s7eMeHT - € A, MbI MOJydaeM HOBOE
orobpaxkenue g : M — A. 910 orobparkeHue Ha3bIBAETCST 00pamHviM K [ 1
obo3HAMAETCA CUMBOJIOM f 1.

Cornacno omnpesienenuio, ecmm y = f(z), tne © € A, o f~l(y) = x.
[oscrassis B paseHcTBO Y = f(2) BMecTo 2 BBIpaskenue f!(y) momydamm

[ W)l =y

ngist moboro y € M. Amasormuno, HojCTaBiAs B paseHcTso fl(y) =
BMeCTO Y BbIpazkenue f(z) II0Jydum, 4To

@) ==
Jist jioboro x € A. Vnade roopsi,
fofilsza fﬁlof:iAa

TIe jy ecThb orobpakenne Biaoxkenuss M B B, a 14 €CTb TOXKIECTBEHHOE
oTobpakeHue MHOXKecTBa A.

73



2.51. 3AOAYA. Ilycres mano orobpakenue f : A — B. /lokazarb, 4To
ecam cymecTByer orobparkenue g : B — A makoe, uto go f = is (i —
TOKJIECTBEHHOE OTOOpazkKenne MHOKeCTBa A), To oTroOparkenue f B3aMMHO
onuosnauno. (B manHoM ciyuae g Ha3bIBAETCs A€6bLM 00paMHbIM IJist f).

JlokazaTb, 4TO eciu CyllecTByeT orobpaxkenue g : B — A Takoe, 4To
fog=1ip, 10 g ecTb OTOGpaKenue muOKecTBa A Ha MHOXKecTBO B. (B sToM
CIIy4ae g Ha3BIBAETCS NPasvim 00pamHuim K f.)

2.9 TI'PA®UK OYHKLUU

2.52. ONPEAEJEHUE. [Iycte A 1 B — npou3BOJIbHBbIE HEILYCThIE MHO-
»xecTBa Paccmorpum mx mpsimoe nipouseesienne A X B. Ilpearonoxum, 910
3ajaHo orobpaxenne f : A — B. Muoxecrso I'(f) C A x B Bcex nap
(z, f(x)) HasbiBaerca epagurom orobpazkenus f.

st Toro, 9ro6bl MHOXKeCTBO I' C A X B 6b110 rpaduKOM HEKOTOPOTO
orobpaxenus f : A — B HeoOXOIUMO U JOCTATOYHO, YTOOBI JJjis JTFOO0r0
aJieMeHTa T € A CymEecTBOBaJ W MPUTOM €IUHCTBEHHBIN 3jieMeHT y € B
MHOXKecTBa B Takoii, uro napa (z,y) upunaiexur I'. deiicrBuresbHo, ec-
au I' ecrs rpaduk Hekoroporo orobpaxkenus f : A — B, o I' oueBuHO,
VJIOBJIETBOPSIET JAHHOMY YCJIOBHUIO. IIpenosioxkum, ¢ Apyroif CTOPOHBI, 4TO
st MHOXKecTBa ' C A X B yKazaHHOe yCJOBHE BBITOJHsIETCsI. Bo3bMmeM
npousBosibHO T € A. g mero, mo ycaoBuio, Haiifercs y € B, 1y KOTOpo-
ro (z,y) € I', upuuem Takoe y eauucrsenno. CorocraBuM Kaxjaomy & € A
y € B Takoe, uro (z,y) € I'. MbI moslyunM B pe3ysbraTe HEKOTOPOE OTOO-
paxxenue MHOkecTBa A B MHOXKecTBO B. I'padukom 3Toro orobpakeHusl,
OYEBUJHO, SIBJISIETCS JTAHHOE MHOXKecTBO [

2.10 BELECTBEHHBIE ®YHKLIVU.
2.10.1 AJTEBPAMYECKUE OIEPALIUY HAJl ®YHKIUAMU

IIycte A IPOM3BOJIBHOE MHOXKECTBO. BemecTBeHHON (hyHKIMel Ha MHOMKe-
crBe A HazpIBaercs Besikoe oTobpazkenue f @ A — R.

Oyrkmmo f @ A — R Mb1 Gy1em HasbBaTh KoHewuHol, eciu f(x) € R
N1 Bcex x € A.

B nanbHeiimesM, KaxK/Iblii pa3, KOrjia 3TO HE OPAHUYEHO 0C0DO MOJ Be-
MECTBEHHOM (QyHKIMEN BCeryia MOHNMAET sl KOHETHAs BeleCTBeHHas (hyHK-
s,

IIycts f: A — Rug: A— R — KOHeuHBIE BelleCTBEHHbIE (DYHKIINU,
oIIpe/ieIeHHbIe Ha MHOXKeCTBe A.
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2.53. ONPEAEJEHUE. Cymmot u npoussedenuem pyHkuit f u g Ha-
3BIBAIOTCS (DYHKITN

s:A—=>R u p:A—-R,
OTIPEJICJIEHHBIE CJIEJLYTOIIUM O0OpPA30M:

s(x) = f(z) + g(x), plz) = f(r)9(z)

st Bcex © € A. Mbr Gyjmem 0603HaYaTh (DYHKIUIO S CUMBOJIOM f + g a
GYHKIMIO p — CUMBOJIOM fg.

2.54. ONPEAEJEHUE. Ecian g npuHuMaeT 3HAYEHUS, OTJIUIHBIE OT HYJIsT
X0Tsl OBbI B OFHOM TOUKe T € A, TO MOXKeT OBITH ONPEJIETIEHO YaACMHOE

h ==
g

byuuumii f u g. Obactbio onpejenerns GYHKIUN h SIBJISETCST MHOYXKECTBO
BCeX ¥ € A, miist KoTopbIx ¢(z) # 0 U AyIst BCAKOTO TAKOTO X

ITycrs a € R npoussosibaoe yucyio u f : A — R — aucnoBas dyHKIys,
ompeiesientast Ha MHOKecTBe A. CumBostamu af u f + a Gyjaem obo3HadaTh
bYHKIIH, OIIPEIESIEHHBIE YCIIOBUSIMIE:

(af)(z) =a- f(z), (f+a)(z)=f(z)+a

Aqs oboro x € A.

2.10.2 T'PA®UK BEIIECTBEHHOW ®YHKIIUU

IIpu usyvenunn BerecTBEHHBIX (DYHKITAN, OMPEIETIEHHBIX HA IUCIOBBIX MHO-
2KeCTBaX OKa3bIBalOTCdA ITOJIESHBIMU HEKOTOPbIE HaIlJIZA/JIHO I'eOMeTpUYeCKHe
npeJacTaB/JIeHUsd.

OC?JTO HA NAOCKOCMU WX OCHI0 6 NPOCMmMpaHcmee HA3bIBACTCA BCAKaA
npsiMasi, Ha KOTOPOIl yKa3aHbl JIBe€ PA3JIUIHbIEe TOUKU, IPUYIEM OJHON W3
9TWX TOUEK NMPUCBOCHO HANMEHOBAHUE HY.Ae601, a IPYyTroil — eduHuuHo.

[Iycrs | — npousBosbHast ock, O — ee HyJsieBasi, £ — equHUYHAs TOYKA,
(mapucyiite). Kaxoit Touke M Ha ocu | MOXKeT OBITH CONOCTABIEHO HEKO-
Topoe BeriecTBeHHoe Yucao x(M) HazbiBaeMoe KoOpauHaToi Touku M Ha
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ocu I. Yucyo (M) onpenensiercst caemyrommm oopasom. Ilyers € > 0 ectsb
ortHotrenue e orpe3koB OM u OF,

OM
g OM
|OE|
Torma x(M) = £, ecou rouku M u E nexar 1o oxuy cropony touku O u
(M) = —£, eciiu Touku M u E pacnosioxKeHbl 10 Pa3Hble CTOPOHBI TOU-
ku O.

CHpaBeﬂJII/IBO cienymiiiee yTBepzKJAeHrne, Ha KOTOPOM 6&3I/Ipy€TCH 110-
CTpoeHune aHAJINTUYIECKOMN T€OMETPHH.

2.55. TIEPBBI TTOCTVIAT AHAJIMTUYECKOW TEOMETPUU. OTobpa-
xenne x @ M € | — x(M) B3aumMHO 0JHO3HAYHO OTOGpAXKaeT HPIMYIO | Ha
MHO>KeCTBE BCEX BCIIleCTBEHHbIX 4YHCeJI R.

HamomuauM OHSAITHE JIEKapTOBO OPTOrOHAJIBHON CHCTEMBI KOODIMHAT
Ha IJIOCKOCTH. 3aJIaJIM IIPOU3BOJIbHBIN OTpe30K e. [IpoBeieM aBe B3anMHO
neprenaukyaspabie npambie OX u OY, nepecekaormuecs B Touke O (Ha-
pucyiite). Ha mpambrx OX u OY ormoxkum orpesku OF, u OF,, paBHble
OTpe3Ky e, u OyjieM cauTarh TOUKy O HyJI€BOM Ha KaxK10# u3 npsaMbix OX
u OY, a roukn £, u Fy, — e JMHUYHBIMI.

Kaxnast uz npameix OX u OY Oyner npeictapisTbh coboii 0OCh U, Cjie-
JI0BaTEIbHO, OIPEE/IEHO MMOHSITHE KOOPAUHATHI JIJIsi TOYEK HA ITUX OCHX.

[Iycts M — mpousBosbHas TOYKa Ha mockoctu, My u My ee oproro-
HasbHble npoekiuu Ha upsimble OX u OY'| coorBercrsenno. Ilycrs (M) —
koopauHara Touku My va ocu OX, y(M) — xoopuunara Mo Ha ocu OY.
Takum 06pazom, Touke M orBedaeT Iapa BEIECTBEHHBIX duces (T,y), rie
x =ax(M), y = y(M), T. e. HeKOTODBIt 3y1eMenT MHOXKecTBa R? = R x R.
YHucna x u y HaspBaoTcd Koopamnatamu touku M. IIpm stom wmcio x
HA3BIBAIOT abCyuccol, a Iucyio y — opdunamoti Touaku M.

CrpaBe yinBO CJIeIyIoniee yTBepKIeHue.

2.56. BTOPOIT OCHOBHOW IMOCTVYJIAT AHAJIUTUYECKOY 'TEOMETPUHU.
Orobpaxernne M +— (x(M),y(M)) miockocru B npsimoe rpoussegenne R x
R = R? B3amMHO OZHO3HAYHO H SIBJISETCS OTOOpa’kKeHHeM ILIOCKOCTH Ha
MHOKecTBO R2.

DT0 NPEJIOKEHNE 03HAYAET, UTO ecyi TOUKU M7 u Mo pa3iudHbl, TO CO-
OTBETCTBYIONMM UM TIaphl (21, Y1) U (X2, Y2) TAKIKE PAIMIHBL U [T JTEOGOMH
napsl dnces (x,y) cymecrsyer Touka M, abcuueca KOTOPOH paBHA I, & Op-
auHaTa paBHa y. OTobparkeHne MJI0OCKOCTH B MHOXKECTBO AP BEIECTBEHHBIX
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uncest R?, mosyuaemMoe ¢ OMOIIBIO OIHICAHHOTO 3/1eCh IIOCTPOEHUS HA3bIBA-
eTcs JIeKapTOBOI OPTOTOHAJIBLHOI CHCTEMOIN KOOPJMHAT Ha TIJIOCKOCTH, OCH
OX u OY Ha3bIBAOTCH OCSIMHU ITON CUCTEMBI KOODIMHAT.

2.57. ONIPEAEJEHUE. [lycts A — HemycToe MHOXKECTBO BEIECTBEHHBIX
qancest. [Ipeanosoxkum, aro nana dyaxnus f: A — R. Sagaaum Ha 11710CKO-
CTH JIEKAPTOBY OPTOTOHAJIBHYIO cucTeMy KoopauHart. I'paguxom dyHKIIn
f B 9TOl cucTemMe KOOp/MHAT HA3LIBAETCS COBOKYITHOCTDH BeeX Touek M, y
KOTODBIX IiepBag kKoopaunara x (M) npunasyexxur A, a Bropas KOODIMHATA,

y(M) pasna f[z(M)].

Ucnonp3oBanne rpaduka 9acTo MO3BOJISIET MPEJICTABUTH T€ WU WHBIE
CBOIICTBa BEIEeCTBEHHON (DYHKIUU B HAIVISHON u 0003pumoii hopme. ['pa-
buk GyHKINN 00BITHO N300PAKAIOT B BUJE HEKOTOPOU JIMHUU HA IJIOCKO-
cru. Ecan dyHKIMsa 70CTATOYHO MPOU3BOJIbHA, TO e TpaduK MOKET OKa-
3aThCsl MHOXKECTBOM, MaJIO HOJJIAIOIIAMCS HATJISTHOMY BOCIPHUSITUO.

2.10.3 BEPXHSS U HUXKHS S 'PAHULIBI BEIIIECTBEHHO! ©YHKIUKU. OTPAHU-
YEHHBIE ®YHKIIVUU

IIycts mana dyukmus f : M — R, rae M— IpousBOIbHOE MHOMKECTBO.
IIpenmosoxkumM, 910 A — HEIYCTOE TOAMHOXKECTBO M.

Yuco L € R uassiBaercs eeprrets 2panueti GyHKIUN f Ha MHOKECTBE
A, ecin st Beex x € A Bblnosiasiercs HepasercTso: f(z) < L.

Amanormano uncio K € R naseiaerca nusicheti eparuvet: byaxumum f
Ha MHO)KecTBe A, ecim jyist Beex ¢ € A umeem: f(z) > K.

OueBHIHO, —00 SIBJISIETCST HUKHEH, a 00 — BepxHell rpanurieil hbyHKIun
f: M — R ua Bcaxom muoxectse A C M.

Oyuxmus f: M — R naseisaerca ozpanuqennoti c6epry Ha MHOKECTBE
A C M, eciun oHa mMeeT XOTs ObI OJIHY KOHEWHYIO0 GEPITHION 2PAHULY HA
MHOXKecTBe A, T. e. cymecrByer uucio L € R Takoe, 9ro mjsa Bcex x € A
BBINOJIHsIETCsT HepaseHeTso f(z) < L.

®ynkmua f : M — R nasbBaeTca ozpanutennoti cHusy Ha MHOYKECTBE
A C M, ecnu oHa uMeer Ha A XOTsI ObI OJHY KOHEUHYIO HUNCHION 2PAHULY,
T. e. cymectByer unciao K € R takoe, 9To j1s BceX & € A BBIIOTHAETCS
uepasenctso f(z) > K.

@Oynxmus f : M — R maspisaeTca ozpanuvennoti Ha MHOKecTBe A C M,
€C/Ii OHA OUpAHWYEHA Ha HEM CBepXy W cHu3y. VHadye roBopsi, DOyHKIMsI
f: M — R orpanmuena na MuOXKectBe A C M, €Cciu CyIIECTBYIOT HYHCTIA
K u L takwe, ato —o0 < K < 00, —00 < L < 00, u jyigd Bcex © € A
BoiosiHsgAoTcs Hepasercrsa: K < f(z) < L. Ilosesno cuemyroiee mpocroe
YTBEDXKJICHUE.
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2.58. JIEMMA. @ynukmus f : M — R orpanudena Ha mMHOKecTBe A C M
TOTJIa M TOJBKO TOTJIA, KOIJIa CYIIECTBYET TaKOe KOHeUHOe JucI0 L, aro st
Bcex © € A BpinosHsiercst HepapeHcTso | f(x)] < L.

JIOKA3BATEJIBLCTBO. IIpemmomoxum, uro dyuknus f : M — R orpa-
HuueHa Ha MHOXKectBe A C M. Torma maiigyrcs uucia K u L takue, 910
K eR, | €R, u s Bcex x € A BBINIOJHSIOTCS HEPABEHCTBA

K < f(z) < L. (2.10.6)

O6oznaunm udepe3 H naumbosbinee n3 uncen |K| u |L|. OdueBugHOo BepHBI
COOTHOIICHU

~H<-|K|<K<L<|L <H.

Orcrona u (2.10.6) 3akmoaaem, uro —H < f(x) < H nysi Bcex © € A, . e.
|f(z)] < H nnsa Beex z € A. Dtum nokazana HEOBXOJUMOCTD yCIOBHUs
JIEMMBI.

Hoxkaxkem ero JOCTATOYHOCTb. IIpeanosoxkum, 910 CymecTByeT quc-
g0 H rakoe, uro 0 < H < oo u |f(z)] < H nua Becex x € A. Suaqwur,
—H < f(z) < H nas Beex & € A. Mbt Bugum, uro —H ectb HuXKHsAs1, a H
BepxHsist rpanunpbl GyHkuu f Ha A. Tak kak H KOHEYHO, OTCIOJIa CJIeyeT
orpaHUYeHHOCTh QyHKIK f Ha MHOXKecTBe A. JleMMa mokazaHa.

2.10.4 TOYHBIE BEPXHUE U HUXKHUE I'PAHUILIBI YUCJIOBBIX ®YHKIIUN

IIycrs mambr dyukmus f : M — R u muoxectso A C M. Torga omnpeje-
seHo mHOKecTBO f(A) — obpas muoxkecrBa A. TouHast BepXHsisl TPAHUIA
muoxkectBa f(A) HazwbiBaeTcs mouwnoli eeprreli epanuuet Pynruyuu [ ha
MmHoocecmee A m 0603HATAETCST CHMBOJIOM

sup f(z) mubo, kopoue, cumBoOJIOM  Sup f.
z€A A

Tounas HuKHsg rpanuiia MuoxKecTBa f(A) HazbIBaETCI MOYHOT HUHCHET
epanuyet gynryuu f na mroocecmee A m 0603HAYACTCS CUMBOJIOM

inf f(x) wnu, kopoue, cumBosiom  inf f.
T€A A

CornacHo OIIpe/IeJICHUI0O nMeeM

sup f(z) =sup f(A), inf f(z) =inf f(A).
€A z€A

OTMeTHM HEKOTOPBIE TTPOCThIE CBONCTBA TIOHSI TN TOYHON HUYKHEH U TOU-
HOI BepxHel I'paHuIlbl, HEIIOCPEJACTBEHHO BbITEKAIONINE U3 OIIPEJIe/ICHUA.



3a181M 1pon3BosibHO dyHKImIo f @ M — R U HemycToe MHOXKECTBO
A C M. ITonoxxum

K = if f(z), L:?Elgf(w).

CupaBeJIMBbI CJIEIYIONINE TPOCTHIE CBOMCTBA, (DOPMYy/IUPYEMble HUXKE KaK
3aJa4d I CAMOCTOATEIBHOI'O PEeIIeHUd.

2.59. BAAYA. s moboro & € A BBITOIHSIOTCS HEPABEHCTBA
K < f(z) < L.

2.60. BAJAYA. Ecam umcno L' aBisiercsa BepxHeil rpanunell hyHKIum
f Ha MHOXKecTBe A, T. e.

fl@) <L

mra scex v € A, ro L < L.
Ananormano, eciim K’ ects HuxkHag rpannna f Ha A, T. e.

flz) > K’
g Beex v € A, To K > K.

2.10.5 TIIPU3HAK TOYHBIX BEPXHUX U HUX>KHUX T'PAHUL] YUCJIOBBIX OYHK-
UM (TEOMETPUYECKASI UHTEPIIPETALIMS )

YcTaHoBUM MPU3HAKNA TOYHON BEPXHEH U TOYHOM HUXKHEH rpaHull QyHKIINH,
aHaJIOTUYHBIE COOTBETCTBYIONINE IPU3HAKaM /JIJIsl TOUYHOI BepXHell M TOYHOM
HUXKHeH I'paHUIl YUCJIOBOIO MHOKECTBA.

2.61. TEOPEMA. Ilycrs gambl ¢pyuxmus f : M — R u memycroe mmo-
sxectBo A C M. st Toro uro6er L € R 6bL10 TOUHOI BepxHeil rpanurneit f
Ha A HEOBXOUMO H JJOCTATOYHO, YTOOBI BBIIOJIHSIIOCH CJEIYIOIHE YCIOBHSI:

a) f(x) < L mus suoboro x € A;

b) st smo6oro p < L cymecrsyer © € A Takoe, uro p < f(z).

Yucio K € R sapisercs Tounoit nuxkmeii rpannmeii (pynxmum f Ha MHO-
JKecTBe A TOIJIa H TOJIBKO TOTJa, KOTJa

a') f(z) > K g smoboro ¢ € A;

b') must moboro q > K madinercs x € A takoe, uro q > f(x).
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JIOKA3BATEJ/IBCTBO. MbI orpaHuaumMcst C/iydaeM TOYHON BepxHEHl Trpa-
Hunpl. JIjIs TOYHON HUKHEN IpaHMIIBI JIOKA3ATEhCTBO IIPUBOIUTCS COBEP-
IeHHO aHaI0rudHOo. Hy>KHO TOJIBKO B pacCyzK/I€HUSIX 3aMEHUTDb 3HAKU HePa-
BeHCTB < Ha >, < HA > W CJIOBA «BEPXHssI 'PAHUIA.» — CJOBAMU «HUKHSS
TDAHUIIBI».

HeosxoaumocCTsh. Ilycrs L = sup 4 f = sup f(A). Torga B cuty 3ana4n
2.59 Beimosineno ycsosue a). Tpebyercst Joka3aTh, 9To L yuoBjIeTBOpsieT
yeaosuio b). Iycrs p < L. Tak kak no onpezaenenuto L = sup f(A), o B
cwry mpusHaka 1.91 TodHOI BepxHell TPAHUITBI MHOXKECTBA HaReTcd y €
f(A) rakoe, uro p < y. Corsacuo onpejesenuto muoxkecrsa f(A) Haiinercs
x € A rakoe, yro y = f(z). Takum o6pa3oM jyisi BHIOPAHHOIO X MMeeM
p < f(z). Yemosue b) Tem caMbIM JJOKA3aHO.

JOCTATOUYHOCTD. Tpebyercs 0Ka3aTh, 9TO ecjiv L BEpXHsIsl I'PAHUIA
dbyukiuu f Ha muOXKecTBe A M It yucsaa p < L waiinercs x € A rtakoe,
gro p < f(x), ro L = sup f. HeficrBuresbHo, eciu yciaoBue S BBIIOJIHEHO,

A

TO HUKAaKOe 9nuciio p < L He saBjsercs Bepxueil rpanurieii yukmum f Ha
muoxkectse A. Snauut, ecom L' mobasg apyras BepxXHss rpannna GpyHKIUNT
f ma muoxectse A To L < L'. Takum o6pa3oM, MbI OJIydaeM, 9TO L ecThb
HaMMEHbIIasl U3 BepXHUX rpanul] ¢pyHknun f Ha MHOKecTBe A. Ha ocHoBa-
Hun npeoxkenuit I u I goKa3aHHBIX BBIIIE, 3TO O3HAYAET, 9TO

L=supf
A
Teopema jtokazana.

2.10.6 CBOWCTBA TOYHO! BEPXHEM M TOYHOU HUXKHEW I'PAHMI] ®YHKIIUU
Huzxe Mbr hopmynmupyeM B 3a/1adax HEKOTOPBIE TTPOCTHIE CBONCTBA TOTHOM

BepxHeil U TOYHOU HUXKHEil rpaHut] PyHKIWUH.

2.62. 3A1AYA. IIycrs mams! dyuxmus f : M — R u muOo)kecTBa A, B C
M. torga B ciydae A C B BBIOJHSIOTCS HEPABEHCTBA

sup flz) < sup fl@) = inf f(z) 2 inf f(z).

YKA3AHUE. Ecim A C B, 1o f(A) C f(B).

2.63. 3AIAYA. Ilycrs maner bynkmm f: M — Ru g: M — R. Ecom
s Beex ¢ € A, tne A C M, Bomosnsiercs vepasenctso f(xz) < g(x), To

inf < inf < .
;IelAf(x)_a}ng(x) :0 :lelgf(w)_ilelgg(x)



YKA3AHUE. Eciin K = irelgf(m), to K < f(z) < g(z) nost Becex z € A.
T

2.64. 3ATAYA. Ilycrs nansr dynxiums f : M — R u muO)ecTBO A C M.
Torma

inf f(z) = —sup[—f(z)] n sup f(z) =— inf[-f(z)].

z€EA €A €A T€EA

YKABAHUE. [Ipumenuts Teopemy 2.61.

2.11 KOHEYHBIE U BECKOHEYHBIE MHO>XECTBA
2.11.1 KOHEYHBIE MHO>XECTBA

HOK&)KGM, KaK HHTYUTUBHBIC IIPDECACTABJICHHUA O KOHETYHOM MHOXKECTBE 1 YUC-
JIEe €Tr0 3JIEMEHTOB COOTHOCATCHA C BBIIIECIIPUBEICHHBIM OIIPpEJICJICEHUEM HaTY-
PaJIbHOI'O 9UC/Ia.

st mponsBosbaoro n € N cumBosiom I, 6yzmem obo3nadaTh COBOKYII-
HOCTD
I, ={meN|m<n}.

CoBokynHocTh I, 6y/eM Ha3BIBATE 7-bM OMPEIKOM MHONHCECTIEBA BCET Ha-
mypasvHulx wucea N.

Ecmm m < n, to Tem 6osee m < n + 1. Orcioga BBITEKAET, UTO MPHU
kaxgaoM n € N mmeer mecto Brinodenwe: I, C I,4y. Ectm m € [,4; =m
m # n+1, o m < n+ 1 u, 3HaauT, no ceoiictBy 1.45 umeem m < n.
Caenosarenbao, m € I,,. I[locientnee 03B0JIsSIET 3aKII0YUTH, 9TO

Hn+1 = Hn U {TL + 1}

BeisicHsist 9uciio mpeaMeToB, o0pa3yoIuX KaKy-Ju00 COBOKYITHOCTb,
(HanpuMep, YHC/IO 37aHUil B TOPOJIE, YUCJIO CTYAEHTOB, sIBUBIIUXCS HA 3a-
HATHs, 9ACJIO ABTOMOOUIIEH HAa NAPKOBKE U T. II.), MbI [I0 OYePe/Id yKa3bl-
BaeM Ha KaXKJIbIH U3 9TUX MPEJIMETOB, IPOU3HOCS TIPH ITOM CJIOBA: «OJIUH»,
«JiBay, «Tpu» u T.J. Korma OyjeT yka3aH MOCIeIHUN 13 JJAHHBIX [TPEIMETOB,
CJIOBO «M», KOTOPOE MbI IIPH 9TOM IIPOM3HECEM, U OyJeT 0003HAYATH TUCIIO
[IPEJIMETOB, BXOJSINNX B JAHHYIO COBOKYITHOCTb.

MaremMaT4ecku 3TOT OOBIYHBIN MPOIECC CYeTa €CTh HE YTO UHOE, KaK
[TOCTPOEHUE B3ANMHO OJ[HO3HAYHOTO OTOOPAsKEHUsT PACCMATPUBAEMOTO MHO-
KecTBa 00bEKTOB Ha 0Tpe30K I, muoxkecTBa N.

81



2.65. OIPEJEJIEHUE. Hemycroe MHOXeCTBO A Ha3BIBAETCS KOHEUHbIM,
ecyin cyrecTByeT uncyao n € N, mpu Kotopom A GUEKTHBHO HEKOTOPOH co-
BoKymHOCTH [,.

Takoe n HABBIBAETCST YUCAOM IAEMEHMOE MHOMHCEcEa A 1 0603HATACTCS
CUMBOJIOM #A.

[Tycroe MHOXKECTBO TakKe Oy/IeM CIATATH KOHETHBIM MHOYKECTBOM: IUC-
JIO €T'0 3JIEMEHTOB II0JIaraeM PaBHBIM HYJIIO.

B cBsizu ¢ jlaHHBIM OIIpejieJIEeHNEM KOHEYHOI'O0 MHOYKECTBA BO3HHKAIOT
HEKOTOPBIE BOIIPOCHI, H6€3 OTBeTa Ha KOTOPBIE TO OIpeJe/IeHne He MOXKET
cunTaTbes yAoBjaeTBopUTEbHBIM. OCHOBHOI W3 HUX TAKOB: HE MOXKET JIU
0KAa3aThCsI, 9TO JJIsT HEKOTOPOIO MHOXKeCTBa A CyIecTBYIOT B3aHMHO OJI-
HO3HATHBIC OTOOpakeHusT Ha pasymdabie orpesku I, u I, MHOXKecTBa Ha-
TypaJIbHbIX YHCEJI N? I/IHa‘{e TOBOpsA, HE MO2KET JIN IIOJIYyIUTbHCHA, 9YTO IIO1-
CUYUTBIBAsT YUCJIO JIEMEHTOB KOHEYHOIO MHOXKECTBA B PA3HOM IIOPSIJIKE MbI
OyIeM KaXKIblil pa3 MOJIyIaTh PA3HbIE Pe3yJIbTaThl!

Harmma 6smekaiimast mesib — HOKa3aTh, YTO YUCIO JEMEHTOB KOHETHOT'O
MHOKECTBa OIPEJEIeHO KOPPEKTHO, T. €. He 3aBUCUAT OT BBHIOOpA OMEKTHB-
HOro orobpaxkeuusi f : A — I,,.

IIyctb A — Hemrycroe KOHEYHOe MHOXKECTBO. 1IpesnosioxKumM, 94To cyIie-
CTBYIOT GueKTuBHLIE oTobpaskenus o : A — I, u f: A = 1,,,. Torma Boa ™!
€CTh OMEKTUBHOE OTOOparkeHne MHOXKECTBa, I, B MHOXKeCTBO I, .

B cuny mokaspiBaeMoro mHmrke cBoicTBa 2.67 9TO IO3BOJISIET HAM 3aKJIIO-
9YUTh, YTO 1 < M.

AnajiormunsiM 06pazoM, oo 7! ecTh GUEKTHBHOE OTOGPAYKEHHE MHOMKE-
crBa I, B I,. B cuny cBoiictBa 2.67, orcioma ciemyet, 970 m < n 1, 3HAYNUT,
m=n.

Takum 06pa3oM, JjIst BCSIKOTO HEIyCTOr0 KOHEYHOTO MHOXKECTBa A 9ucjio
n € N rakoe, 4T0 A J0mycKaeT OUEKTUBHOE OTODPAYKEHNE HAa MHOYXKECTBO I,
€JINHCTBEHHO, W YUCJIO €r0 3JIEMEHTOB OIPE/IeIEHO KOPPEKTHO.

VYcTaHOBUM HEKOTOPBIE IIPOCTHIE CBOWCTBA MHOXKECTB I, .

2.66. CBOVCTBO. Bcsikoe uHbeKTHBHOE 0TOOpazkeHne MHOXKecTBa I, B
cebs1 sIBJIsSIeTCsT OGUeKTUBHBIM oTobpaskernneM I,, Ha cebsI.

JOKABATENBCTBO. Ilycrs E = {n € N | Bcskoe nnbekTHBHOE 0TOOpa-
JKeHne MHOXKecTBa I, B cebst aABjsteTcst OMeKTUBHBIM OTOOpaskenueM I, Ha
cebst}.

ITokaxxem, uro 1 € E. IlefictBurespno, B ciydae n = 1 MHOXKecTBO [,
COCTOUT U3 €JIMHCTBEHHOIO 3jieMeHTa — ducia 1. CyIliecrByer TOJIbKO OJHO
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orobpaxkeHne MHOXKecTBa [ B cebst — ToxKIecTBeHHOE oToOpaxkenue I;. Ono
OJIHOBPEMEHHO ¥ UH'bEKTUBHO, U OUEKTUBHO.

[Ipeanonoxum, aro n € E. llyers B : I,41 — I,41 — umbekTUBHOE
orobpaxenwue I, 1 B cebsi. Paccmorpum 4acTHBIH cirydail, K KOTOPDOMY MBbI
nozxe ceegeM obmuit: S(n+ 1) =n + 1. O6o3Hauum Yepe3 o OrpaHuIeHIe
[ ual,.

Orobpakenne « uabekTuBHO. Eciiu m € I, To m # n + 1 u, 3Hauwur,
a(m) = B(m) # B(n+ 1) = n+ 1. Orciona caenyer, uro a(m) < n, T0
ectb a(m) € I, pug Beskoro m € I, u, 3naunt, o orobpazxaer I, B cebs.
B cuny wHIyKIIMOHHOTO MPEIIIONIOXKEHUs, (v — OMEKTUBHOE OTOODaKEeHUe
MHOKeCTBa, I,,.

Orcrofia BeITEKaeT, 9To 5 — OGueKTuBHOE 0TOOparkeHne MHOXKecTBa [, 11
Ha cedsl.

Paccmorpum Tenepn obmuii cayuait, korga S(n + 1) # n + 1. Iycrs
B(n+ 1) = m. Bagamum orobpaxkeHue T MHOXKecTBa [, 11 Ha cebsi, mosaras
T(m)=n+1,7(n+1) =m u 7(k) = k B ciyuae, ecu k € [,,41 ormano
ormun-+ 1.

OueBuHO, 9TO T — GUEKTUBHOE OTOOparkeHne MHOKeCTBa I, 11 Ha cebsl.
ITonaraem v = 7 o B. OueBUHO, ¥ €CTh UHBEKTUBHOE OTOOpazkenue l,11 B
cebs1. IIpu arom y(n + 1) = 7[B(n + 1)] = 7(m) = n + 1. ITo gorazanHOMY,
OTCIOZ[A BBITEKAET, UTO Y — OMEKTHUBHOE OTOOpaKeHne MHOXKEeCTBa 1,1 Ha
cebst. DTO MO3BOJISIET 3AKJIIOUUTH, 9TO [ TAK¥XKe sIBJISIETCS OTOOpaKeHHeM
MHOXKecTBa [, 11 Ha cebs.

B cuny npunnuma matemarndeckoit muayknun E = N

2.67. CBOMCTBO. ITycrs gansl anciaan, m € N. Ecju cymnjecTByer HHb-
exTuBHOE oTobpaxkenue I,, B I, To n < m.

JOKABATEJILCTBO. ®urcupyem npoussosbuoe m € N. Ilycte F =
{n € N | 1ys1 BCIKOro MHBEKTUBHOrO oTOOpakenus « : I, — I, BbImOI-
HsieTess n < mb.

B cnygae n = 1 umeem 1 € F, OCKOIBbKY 1 €CTh HANMEHBITIEE HATYPAJTh-
HOE 9HUCJIO.

[peanonoxum, aro n € E. Ilycrs 5 : 1,41 — 1,, — urabexkTuBHOE
oTobpazkeHue.

Eciu B(n+1) = m, to orpanuuenue 3 Ha I, 6y/ieT HHBEKTUBHBIM OTOG-
paxkenueMm [, B I,,. B cumy npeamonoxkenus: MHIYKITUU, OTCIOJA CJIEIYET,
aro n < m. YCTAHOBUM, YTO PAaBEHCTBA 37eCh OBITH He MOoxKer. [leiicTBu-
TEJIbHO, €CJIU N = M, TO UHbeKTuBHOE oTobpaxkenue 3 : I, — I, B cuy
cBoiictBa 2.66 Oymer 6uektuBHBIM. CiietoBarebHo, cymecTByer | < n Ta-
koe, uto (1) = m. IlocsegHee TPOTUBOPEYNT HHBEKTUBHOCTH OTOODAKEHUST
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B 141 = Iy, tak xax B(1) = f(n+ 1) = m. 3aa4ut, n < M U MO3TOMY
n+1<m (BbITeKaeT HEIOCPEJICTBEHHO U3 CBolcTBa 1.44).

[peauosnoxkum, aro k = B(n + 1) # m. Ilycrs 7 ectb oToOpaxkenue
mHOXKkecTBa I, Ha cebs, omnpenesennoe cieiyomum obpasom: 7(k) = m,
T(m) =k n 7(i) =i B cayuae, ecau § € I, ormano or k u m.

OueBnHO, T ecTh OMEKTUBHOE oTOOpazkenue I, Ha cebst. [Tonaraem v =
70 3. Orobpazkenue vy MHO)KecTBa I, 1 B I, uabexTusHO. [Ipn arom y(n +
1) = m. To mokazanHomy, orcioga ciemyer, aro n+ 1 < m.

O6a TpeboBaHMs TPUHIUIIA MATEMATHIECKON NHIYKIINH 31eCh CODJTIOe-
HBI U T€M CaMbIM CBOHCTBO 2.67 J0Ka3aHO.

2.68. CBOMCTBO. Bcsikoe Herycroe MOAMHOXKECTBO MHOXKecTBa I, s1B-
JISIETCSI KOHEUHBIM MHOXKECTBOM, T. €. JIOIYCKaeT OHEKTHBHOE OTOOparkKeHue
Ha MHOXKecTBO I, st HekoToporo m € N.

JOKA3BATEJJIBCTBO. /loka3aTeabCcTBO O6yIeM BECTHU ¢ TOMOIIBIO ITPUHITH-
na uaayknun. Ilycts n = 1. Umeem: Iy = {1} u Besikoe HelrycToe OMHO-
xecTBo 1] coBnasmaer c I, a moromy KOHEUYHO.

[Ipeamonoxum, 910 J1j1si HEKOTOPOTO N MPEJJIOYKeHne noka3ano. [lycrs
A ecTb HelycToe MOIMHOYKECTBO MHOXKECTBA Iy 1 1.

Ecmu n + 1 we sBasiercs snemenToM A, TO 1iisi BCIkoro k € A mmeeMm
k < n+ 1 u, saaunt, k < n. Orcioga Boirekaer, yro A C I,,, u, 3HaunT, B
CIJTy TIPEJITOJIOYXKEHNsT UHIYKIIH, MHOXKeCTBO A KOHeJHOoe.

Ipenmonoxum, aro n+ 1 € A. Ilycre A’ = A\ {n + 1}.

Ecnu A’ mycro, To A COCTOUT U3 €IMHCTBEHHOTO 3JIeMEHTa, — YUCIa n+1.
Tomaras a(n + 1) = 1, Mbl 04eBUIHO MOIy9aeM GUEKTHBHOE OTOOPAKEHHE
A ma Ij, Tak 4TO B 3TOM C/Iydae MHOXKECTBO A KOHEYHO, B CMBICJIC JAHHOTO
3]1€Ch OIPEICICHHS.

Ecmu A’ # (), To nns sesxoro k € A, oueBugno, umeem: k < n + 1 n,
sHaqut, k < n, o ectb A’ C I,,.

ITo npeAnonoKEeHnIo HHLYKIUN, MHOKeCTBO A’ KOHEYHO U, 3HAYUT, Hali-
neTcs buekTusHOE oTOGpaxkenue « : A’ — I,,,. Ilpomoizkum o Ha A, mostaras
a(n+1) = m+ 1. B pesysabrare noayaum buekmusroe omobpadicenue A B
I41. Tem cambiM KOHewHOCTH MHOXKeCTBa A JTOKa3aHa.

2.69. 3A71AYA. Eciun maOX)ecTBa A 1 B cyTh IPOU3BOJIbHBIE HEIlEPECe-
KAIOINECs KOHEYHBIE MHOYXKECTBA, 7 — YUCJIO JIEMEHTOB MHOXKecTBa A, m
— YHUCJIO 3JIEMEHTOB MHOXKeCcTBa B, To ux obbenunenne A U B umeer n+m
3JIEMEHTOB:

#A+#B =#(A+ B).
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2.70. BAZTIAYA. Eciiu KoHEYHOE MHOXKECTBO A COIEP:KUT HEKOTOPOE HEITy-
cTOe MHOXKeCTBO B, To MHOXKecTBO B 1 jonosnHenne A \ B — Tak:ke KOHeU-
HbIE, U

#A\ B=#A—#B.
2.71. 3AJAYA. Eciiu A u B — KOHEYHBbIE MHOXKECTBA, TO
#(AUB) =#A+#B — #(ANB).
2.72. 3AIAYA. Eciim A, B u C' — KOHEYHbIe MHOYKECTBa, TO

#(AUBUCQ)
= H#AF#B+#C —#(ANB) —#(BNC)—#(ANC)+#(ANBNCQO).

2.73. 3AOAYA. Ilycrs A, As, ..., A, — KOHeuHBbIE MHOXKECTBa. Torzia
CIIPABEJJINBO PABEHCTBO
#(U Az) :Z{(—l)k_l Z #(Ail ﬂA’iz ﬁﬂAlk)]
i=1

i= k=1 1< <ig<...ixg<m

3mech KaxkJasi BHYTPEHHsI CyMMa, COJICPYKUT CJIaraeMble, OTBedaroNiue
BCEM BO3MOKHBIM KOMOWHAIUSIM UHJIEKCOB 41,12, . . . 1k, YAOBIETBOPAIOIINM
YCJIOBHIO, YKA3AHHOMY IO 3HAKOM » .

Ycranosum OJIHO CBOMCTBO KOHEYHBIX IIOIMHOZKECTB R.

2.74. TEOPEMA. Bcsikoe HelycToe KOHETHOE MHOXKECTBO BEIIECTBEHHBIX
qHces] HMeeT MAKCHMAJIbHBIH U MHHUMAJBHDBIH 2JIEMCHTHI.

JIOKABATEJIBCTBO. Ilycts A C R Koneunoe MHOKeCTBO U #(A) uucio
€ro 9JEMEHTOB.

Eciu #(A) = 1, To A cocTouT U3 €IUHCTBEHHOI'O JIEMEHTa, KOTODBIil
Gy/IeT 1 HAMMEHBIINM U HanGOJIBIIAM SJIEMEHTOM MHOXKeCTBa A.

ITpeonoXKum, 9To yTBEPIKIeHHe TeopeMbl BepHO, Korya #(A4) = n.

ITycts #(A) = n + 1. Bo3emem npousBosibHbLl s1eMenT © € A. MHO-
s)kectBo A\ {2} cocronT U3 n 971eMEHTOB N, O TPE/IIOIOKEHHIO, 00Ia1aeT
HAUMEHBIINM U HAUOOJIBIINM JIEMEHTAM.

ITycrs p ecTh HAnMeHbIINH, a ¢ — Hanbobmmii ssement A\ {z}. Torua,
MeHbIIlee U3 YHce] & U p OyJIeT HAMMEHBIINM 3JIEMeHTOM MHOXKecTBa A.

Touno Takke, OOJIbIIIEE U3 YUCENI T U ¢ SIBJIAETCST HAUOOJIBIIUM 3JIEMEH-
Tom MHOKecTBa A. Teopema mokasana.

85



2.11.2 BECKOHEYHBIE MHO»KECTBA. CUYETHBLIE MHO>KECTBA U HX CBOW-
CTBA

Ecnu MmuOXKECTBO HE SABIIsIETCS KOHEIHBIM, TO B TAKOM CJIYYIA€ €r0 HA3BIBAIOT
OeCKOHEUHBIM.

Onna u3 ocHoBHBIX uueit ['eopra Kanropa — cosmaressi Teopuu MHO-
JKECTB — COCTOUT B KJjaCCU(PUKAINU OECKOHEUHBIX MHOXKECTB 10 CTEIleHU
ux «obmupHocTtuy. Kak mokazan I. KanTtop GeckoHedHble MHOXKECTBa MO-
ryT ObITh OoJiee u MeHee OOITUPHBIMA.

CuerHble MHOXKECTBA 3aHMMAIOT CAMOE HU3IIee MECTO B MepapXuu Oec-
KOHEYHBIX MHOXKeCTB, rmocTpoernoit I'. Kantopowm.

2.75. ONIPEJAEJIEHUE. Ilycts A — npousBoJibHOE MHOXKeCTBO. [ 0BOPHT,
9T0 A — CYeTHOE MHOXKECTBO, €CJIU CYIIECTBYET Ouekmueroe omobpasice-
Hue ¥ MHOXKECTBa HaTypaJbHbIX uncesa N Ha MHOXKecTBO A. Besikoe Takoe
orobpaxkenue v : N — A Ha3bIBaeTCa Hymepayuet, 3IeMeHToB A. DjeMeHT
v(n) coorsercryer uucity n € N B nannoit mymepanuu. Jucio n Ha3biBa-
eTcst HoMepom anemenma v(n).

ToBopst HAT/ISITHO, MHOXKECTBO A CUETHOEe, eC/IU KayKJOMY €ro JIeMeH-
Ty MOXKHO IIPUCBOWTH OIPEJIEJIEHHBII HOMED M IPUTOM TakK, 9TO Pa3HbIe
9JIEMEHTBI BCErJa IOJIYYalT TOJBKO pas3Hble HOMepa. 1lpu 3HadeHUs: 3TUX
HOMepOB 1poberaioT Bee muoxkectBo N. (3mech onmcano obparHoe 0Tobpa-
xenne v~ i A — N.)

MmuozkecTBO Beex HaTypastbHbIX unces N cuerno. Heficrsurensno, N ectsb
OeCKOHEeTHOe MHOXKECTBO U TOXKIeCTBeHHOe oToOparkerne N B cebs sIBIseTCA
nymeparmeit N.

2.76. TEOPEMA. Ilycrp gaHo buexkruBHOe orobpazkenue [ : A — B.
Torna, ecoiu A c4eTHO, TO MHOXKECTBO B Takzke cYeTHO.

JOKABATEJBCTBO. Tak kak A cueTHOE, TO COIJIACHO OIPEJIEJIEHUIO Cy-
mecTByeT OmekTuBHOE orobOpakenue [ : N — A. Ilogoxum v = f o p.
OueBnHoO, v ecTh OuekTuBHOE oToOpaxkenue N Ha B. Teopema nokazana.

2.77. TEOPEMA. Besikoe beckonednoe noJaMHoxxkecTBo MHOXKecTBa N j10-
IIyCKaeT B3auMHO OJHO3HAJIHOE oTobpazkexue Ha N.

JOKA3ATE/IBCTBO. Ilycts M CN 6eckonednoe MHOKECTBO. MBI TOCTPO-
UM CHadaJIa B3aNMHO-OJHO3HaTHOE oToOpaxkenue MaoxkecTsa N Ha M. OTob6-
pazkeHue 0OpaTHOE K HEMY, OYEBUIHO U OyJET UCKOMBIM.

Ob6o3HaunM 4Yepe3 x1 HaUMEHbIHIT 31eMeHT MHOXKecTBa M . TIpemosto-
JKUM, 9TO JIJIsi HEKOTOPOTO 1. 9JIEMEHTHI X1, Lo, . .., L, OIpejaeieHbl. 1lycTnb
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M,, = M\ {1,229, ..., 2Ty} MHOXKECTBO, COCTOSIIIEE U3 BCEX OCTAJBHBIX 1€~
menTOB MHOXKecTBa M. Tak kak mHOXKecTBO M Geckoneuno, To M, He my-
cro. O603HAYMUM Uepe3 Xy, +1 HAUMEHBINNHN 31eMeHT MHOXKecTBa M,,. B cuty
MIPUHITAIIA, MATEMATHICCKON WHAYKIIMA TEM CaMBIM OIpeIe/IeHa HEKOTOPas
[IOCJIeIOBATEIBHOCTD { Xy, }neN 21EMEHTOB MHOXKecTBa M, T. e. oToOpakeHue
x mHOXkKecTBa N B M.

IlocTtpoennoe orobpaxkenue x : N — M B3aumuO omHO3HA4UHO. JleiicTBu-
TeJILHO IIyCTh 7M1 U Mo IPOU3BOJIbHBIE HATYPAJIbHBIE YUCIIA, IIPUYEM 1] F TNa.
Bynem cuurtars, uTo ny < ng. Ilomoxum ny — 1 = n. Torma z,, ects oxgHO
13 YUCEIN T1,X2,...,Tn, & Tny, = Tnt1 € M, u, 3HAYUT, Tp, HE PABHO HU
OJTHOMY W3 HHCEJI T1,XL2,...,Tn. B YACTHOCTH, Ty, F Tn, -

HoxkazxxkeM, uTo = ectb orobpaxkenme N na M. [lomycTtum, 4TO 3TO HE
tak. Torma Haiimercs m € M Takoe, 4TO M # I, KaKOBO ObI HU OBLIO N.
VI3 mocTpoeHus! OCIIeI0BATELHOCTH { Ty tnen Cileayer, uro m € M, npu
JIIOOOM M M, 3HAYUUT, Tp4+1 = min M,, < m jus Bcex n. OueBuyno 1 < m, u B
CIJTY TIPWHITAIIA, MATEMATHIECKON WHIYKIIMH OTCIONA TOJYydaeM, ITO T, < M
st Beex n. Orobpazkenne = : N — M, Kak JI0Ka3aHO, B3AUMHO OJHO3HAYHO
U 49UCJa T, BCe HaTypaJibHbie. MbI mojrydaemM, TakKuM 00Pa3oM, 4TO MEXKJLY
1 u m comepuTcs GECKOHETHO MHOTO PA3JINIHBIX HATYPAJIBHBIX 9UCE]T, ITO
Hesterio. VITak gommycTuBs, 9TO T He ecTh oTobpazkenne N Ha M MBI IpuUXoanM
K IIPOTUBOPEYUMIO.

Takum 00pa30M, yCTAHOBJIEHO CYIIECTBOBAHUE B3AWMHO OJHO3HAYHOI'O
orobpazkenuss N ma M u Teopema, TeM caMbIM, JOKA3aHA.

2.78. TEOPEMA. Ilycts f : A — B ecTb oTOGpakeHue CIETHOTO MHO-
skectBa A Ha 6eckoHednoe mHOXKecTBO B. Torma B — cyeTHOE MHOXKECTBO.

JOKABATEJILCTBO. 3agaanM TPOU3BOILHO HYMEPAIWIO I/ MHOYKECTBA
A, 1. e. buekTuBHOE OoTOOpaxkeHue v : N — A u paccMOTpUM KOMIIO3UIIAIO
uw= fov:N — B. Bo3pmem npoussosibio y € B. Tak kak f — ciopbek-
THBHOE OTOOpasKeHne, TO MHOXKeCTBO f1~1(y) memycroe. O603HAUNM uepes
min ;! (y) HauMeHbIHIt U3 HOMEPOB 3JIEMEHTOB MHOXKeCTBa 1~ (y). Drum
ompeesieHo otobpaxkenue g : B — N:

B 3y~ minp(y).

OTrobpazkeHre g B3aUMHO-OJHO3HAUYHO. JleiicTBUTENIBHO, eciu §1 F# Y2, TO
muozxkectBa p1~ L (y1) u 1 (y2) He umeror obmmux 3mementos. CiienoBaTe N b-
1o, g(y1) = minp ' (y1) # min p~ " (y2) = g(y2).

Ms1 noctpown nHbeKTHBHOE OoTOOpaxkenue g : B — N u Tem cambim
TeopeMa JlokazaHa, Tak Kak ¢g(B) C N — GeckoHeuHoe 110IMHOKECTBO B N,
a 1o Teopeme 2.77 muoxkecTBo g(B) cuerHoe.



2.79. CJIEOCTBUE. BeckoHeYHOE MOJMHOXKECTBO B cYeTHOro MHOMKe-
crBa A cYeTHO.

JIOKABATEJBLCTBO. PaccMmorpum ciienyroree orobpaxkenue f : A — B:
f(z) =z, ectn x € B, u f(x) = xg, ecin x ¢ B, rjie kg € B — npon3Boiib-
Hast dpukcupoBanHas Toudka. [lo Teopeme 2.78 mHOX)ecTBO B cuerHOe.

2.80. CIEACTBUE. Ilycrp mano orobpaxkernme f : A — B. Tornma ecin
MHO)kectBo E C A cuernoe, u ero obpas f(E) 6eckorneuen, 1o u f(E) —
CYETHOE MHOKECTEO.

JIOKA3ATEJIBCTBO. J[oCTaATOYHO 3aMETHTD, UTO Cy’KEHIE OTOOPAKEHNUST
f Ha mHOXecTBe E ecTh orobpazkenne F Ha f(F).

2.81. CJIEJACTBUE. Ecjim 6ecKoHEUHOE MHOXKECTBO A JIOMyCKaeT HHbHEK-
THBHOE oTobpakeHue B N, To A — cueTHoe MHOXKECTBO.

JOKABATEJIBLCTBO. Ilycts v : A — N — UHbEKTUBHOE OTOOparKeHHe.
Iycre M = v(A). OueBugno, M ectb GeckoHeunoe noamuoxkecTBo N 1,
3HAYUT, 110 TeopeMe 2.78 cymecTByeT buekTuBHOe oTobpaxkenue p : M — N.
Orobpazkenue, 0OpaTHOE K KOMITO3UIIAH L O/, KAK HETPY/IHO BUIETH, U €CTh
Tpebyemoe orobpazkenne. Cire/icTBIE JTOKA3AHO.

CiieicTBrE MOKA3BIBAET, UTO IIPOBEPKH CUYETHOCTH OECKOHETHOI'O MHO-
KecTBa A JIOCTATOYHO HOCTPOUTH MHBEKTHUBHOE OTOOpakeHne A B MHOXKe-
crBo N.

2.82. ONPEJAEJEHUE. [Iycte A — nmpousBosibHOE MHOXKECTBO. ['0OBODSIT,
aro A — He 6oaee wem Cuemmnoe MHOHCECME0, ECIIN CYIIECTBYET WHbHEKTUB-
HOe OTOOpaXKeHue ¥ MHOXKeCTBa A BO MHOXKECTBO HATYPaJsbHBIX duces N.

W3 cinepcrBust 2.79 0YeBUIHO BBITEKAET, 4TO He OoJiee YeM CUETHBIMU
MHOXKECTBAMM MOT'YT OBITH JIUIIb KOHEYHbIE MHOYXKECTBa U cueTHbIe. [lycToe
MHOZKECTBO ITI0 OIPEICJICHHUIO ToJIaraeM He 60j1ee 9eM CUETHBIM.

2.11.3 OTNEPALMM HAJl CYETHBIMU MHOYKECTBAMU

Ilens sTOrO pazjesna — TPUBECTU OJIHY HATJISJHYIO CXEMY, IOJIE3HYIO TpU
PA3JINYHBIX OMEPAIUAX HAJ| CICTHBIMU MHOYKECTBAMU.
Ha mrockoctu 3a/1a1uM JIEKAPTOBY OPTOTOHAJIBHYIO CUCTEMY KOODJIMHAT.
Pacemorpum kBagpanT
x>0, y=>0. (2.11.7)
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IIpavpivu £ = m, y = n, TJle M U N TPOU3BOJIbHbIE HATYpPAJbHBIE YHCJIA,
MBI pa300beM €ro Ha KBaJIpaThl, OIPeJIeIsieMble HEPABEHCTBAMU

m—1<zx<m; n—-1<y<n. (2.11.8)

Paznestennpiii Takum o6paszoM KBajapauT (2.11.7) GymeM Ha3bBaTh «KAHTO-
pOBOIi TabsuIei> U OT/e/IbHbIE KBaIPaThl, COCTaBJIAMIINE pa3bueHue, Oy-
JIEM UMEHOBATDb «KJIETKaAMHU KaHTOPOBOH Tabuipi». KieTKy, onpeaeeHnyo
HepasercTsamu (2.11.8) 6ymem 0603HavaTL CUMBOIOM Ky, ,, (HapucyiiTe).

2.83. JIEMMA. MHo>»kecTBO BCeX KJIETOK KAHTOPOBOI TaOJIHIbI CICTHO.

JOKABATEJIBLCTBO. OupeaesnM CJIeIyonmM 00pa30oM Hy MEPAITHIO KJle-
TOK KaHTOPOBO# Tabmmipl. ComocTaBuM KieTke K, , HaTypaabHOe THCIIO0

v(m,n) = (2m —1)2" %

Harmsiao 910 03Ha9aeT, 910 KjIeTkaMm, 00pa3yonuM CaMy 0 HUZKHIOK CTPO-
Ky TabJnIBl B KATECTBE HOMEpa MPUCBANBAIOTCSA MOCIEI0BATEIbHbIE HETET-
Hble gucaa. KireTke Kaxk10i Ceayoneil CTPOKHU MIPUCBANBAECTCS HOMED, ITO-
JydaeMbIil yJIBOGHUEM HOMepa KJIETKU, PACIIOJIOXKEHHON HEIloCpeCTBEHHO
1IO/1, HEH.

JlokaxkeM, 9TO OTOOparKeHue

viKpn (2m—1)2""1eN

OMEKTUBHO.

JleficTBUTEeIBbHO, BO3bMEM JIBE Pa3Iudnble KNeTku Koy, », 1 Kp, ,. To-
LJIa, €CJIU N1 # N, TO aucaa v(mq, ny ), v(mae, ne) AEIATCI HA PA3HbIE CTEle-
HU 9MCTIa 2 W TOTOMY Pa3JIMdHbl. Kcin e ny = ng TO0 my # mo U, 3HAYNT,
2my — 1 # 2mg — 1, orkyzna cuegyer, uaro torua v(my,ny) # v(ma,ng).
Takum obpazoM, ecan KIeTKH K, n, 1 Ky, 5, DA3JIUIHBI, TO W YUCIA
v(my,n1) u v(ma,n2) Pa3IMIHBL, TAK YTO ¥ €CTh MHBLEKTHBHOE O0TOOpa-
JKeHre KaHTOPOBO Tabyminl B N,

C mpyroif CTOpOHBI, BCIKOE HATYpPaIbHOE YUCIO0 [ MOXKHO €JMHCTBEHHBIM
obpaszom mpescTaBuTh B Buje (2m — 1)2"~! (. e. wncmo | Gymer obpasom
kiterkn K, ). CiegoBarensbno, orobpaxenue v Oyjer oToOparKeHueM Ha
N, a moromy — 6uekTuBHBIM. JlemMMa j1oKa3aHa.

[Ipumenenre KaHTOPOBOI TaOJIUIIBI BO MHOIUX CJIydasiX IIO3BOJISIET IIPU-
JaTh HALJISTHBIN XapaKTEP PACCY XK IEHUSIM, TOCPEICTBOM KOTOPBIX JTOKA3bI-
BAETCS CIETHOCTDH TE€X WM WHBIX MHOXKECTB.

IIycts mano Geckoneunoe muoxkecTBO M. Ilpeamomoxkmm, 910 BCe 1€~
MEHTBI MHOKeCTBa M pa3MereHbl B KJIeTKH KAHTOPOBOH TabJIHIILI, TpIYIeM
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B OJIHOI KJIeTKe OKa3bIBaeTcs He Oojiee oanoro sjnementa. He Tpebyercs,
9TOOBI BCE KJIETKU KAHTOPOBOI TaOJIMIIBI ObLIN 3aHSITHI 3JIEMEHTAMHU MHO-
xkectBa, M. MOXHO pasMecTuThb OJUH 3JIEMEHT MHOXKeCTBa M B HECKOJIBKO
KJIETOK, Ba>XHO TOJIBKO, 9TOOBI B KaKJOW KJIETKE COJEPKAJIOCh He Dojiee
onuoro synementa muokecrBa M. Ilycrs E MHOXKECTBO BCeX KJIETOK KAHTO-
POBOit TaOIUIIBI, B KOTOPBIX CTOAT 3jeMeHThl MHO)KecTBa M. IlonsaTwHo, 1To
MHO)KecTBO E Geckoneunoe. (IIOYEMY?)

ITo caeserBuio 2.79 MHOXKecTBO E cueTHOE (Kak 6ECKOHETHOE TTOMHOKE-
€TBO cueTHOro 3jeMenTa). COmoCTaBuB KazK 10 KieTke u3 F 3aKk/IoueHHbIit
B Heil asement M mosmyganm orobpaxkenune F na M. B cuny crnencrBus 2.80
oTCcrojia cyeyer, 9To M — cueTHOe MHOYKECTBO.

Koncrpykius kaHTOPOBOiT TabJ/IUITBI BO MHOTUX CJIy4asX 00JerdaeT Ipo-
[IeCC pa3MeIeHusI B Hee 3JIEMEHTOB MHOXKecTBa. [lokazkeM Kak HCIIOJIb3ys
KaHTOPOBY TaOJIAIly JOKa3aTh, HAIPHUMED, CUEMHOCTIG MHOINHCECTNEA BCET
UEADIT HUCEA. SATUIIEM B KJIETKH IIEPBOl CTPOKHM KAHTOPOBOI TAOJIUIIBI THC-

aa 1, 2, 3,.... B mepBoii kierke BTopoit crpoku 3amumiem uuciao 0. Hako-
HeIl, B KJIETKaX TPETheil CTPOKU 3AIUIIEeM IIOCJIeI0BATEIHLHO uncia —1, —2,
—3,.... B pesyiprare Kaxkjoe 1mesoe 9uciao OyJeT 3aHECEHO B HEKOTODPYIO

KJIETKY KaHTOpOBOII Tabsymnbl. [IprcBouB eMy HOMEp 9TOH KJETKHU, IOJIY-
9UM B3aWMHO OJHO3Ha4HOEe orobpakenme Z B N. Tem campiM, moka3aHo,
YTO MHOXKECTBO Z SIBJISIETCSI CUETHBIM.

AnaslornaapiM 06pa3oM MOXKET ObITH YCTAHOBJIEHO, YTO W MHOXKECTBO
BCEX PaIlMOHAJIbHBIX YHUCEJ CUueTHOe. MBI BBIBEJIEM 9TO YTBEDXKIEHHE KaK
CJIEJICTBYE HEKOTOPOU ODIIell TeopeMbi.

[IycTs (Et) ¢ IPOU3BOJIBHOE CEMEfiCTBO MHOXKECTBA, I/1e HHJEKC ¢ PO~
Geraer HekoTopoe MHOXKecTBO 1. (Dro o3madaer, uro Beskomy t € T co-
[OCTaBJIeHO HeKoTopoe MHOXKecTBO Fy.) CemeiicTBO (Et) e HA3BIBACTCA
CYETHBIM, €CJTH MHOXKECTBO WHJIEKCOB 1’ cueTHoe. OObeuneHneM ceMeiicTBa
MHOYKECTB (Et) tc HA3BIBACTCS COBOKYIHOCTH BCEX OOBEKTOB &, KazKplil
13 KOTOPBIX IPUHAJIEIKUT 10 KpaiiHeil Mepe OJHOMY U3 MHOXKECTB F;.

2.84. TEOPEMA. Ob6bemunenne He 6oJiee 4eM CUETHOTO CeMeHcTBa He
boJtee yeM cYeTHBIX MHOXKECTB He boJiee yeM cuerHoe. Ecin xorst 6b1 omHO 13
MHOXKECTB 9TOI'0 CeMeicTBa CYeTHOe, TO HX OObEJUHEHHE — TaKXKe CYETHOE.

JOKA3ATEJILCTBO. /loka3arennbcTBo. [lycTn (Et) rer — IPOU3BOJIBLHOE
He Hojiee YeM CUETHOE MHOYKECTB, YIOBJETBODSIONINX YCJIOBHIO TEOPEMBI,
E — ero obbeaunenne. 3a1a/ UM IPOU3BOJILHOE HHHEKTUBHOE OTOOPaKEeHIe
v : T — N. JIna gaxgoro t € T smeMeHTbl MHOXKecTBa I pazmecTum
[IOCJIEJIOBATEIBHO B KJIETKAX CTPOKU ¢ HOMepOM V(1) KAHTOPOBOU TabJIUIbI
TakuM 00pa30M, 9TOOBI HUKAKKE JIBE PA3IUIHDBIX dJIeMeHTa MHOKEeCTBa [y He
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[OTTaJIN B OJTHY KJIETKY. DTO BO3MOYKHO, [TOCKOJIBKY MHOXKeCTBO F; He 6Gosiee
geM cyernoe. (MoxKeT 0Ka3aThbCsl, 9TO IIPU 3TOM OYJIET 3aHATA JIAIIL YaCTh
KJIETOK JIAHHO} CTPOKH B CJIydae KOHEYHOI'O MHOYKECTBa, JUOO B CJIydae
[IyCTOro MHOXKeCcTBa F; HU OjiHA KJeTKa JAHHON CTPOKU He OyJeT 3aHATa. )

B pesysbrare Bce aj1eMeHTBI MHOYXKECTBA F OKayKyTCsl pA3MEIeHHBIME B
KJIETKaX KaHTOpOBOit TabuIbl. [lycTsh F' MHOXKECTBO BCeX KJI€TOK KaHTOPO-
BOIl TaOJIHUIIBI, 3aHATHIX JIEMEHTAMH MHOYXKeCTBa F.

Eciu F' GeckoHedHOe, TO 1O cyencTBuio 2.79 MHOXKecTBO F' cuernoe (B
[IPOTHBHOM CJIydae OHO KOHEYHOE UJIH ILyCTOE).

B cuny mocrpoenuns kaxk ot KileTke MHO2KeCTBa F' COOTBETCTBYET HEKO-
TOPBI JIEMEHT OO'beINHEHWS

E:UEt.

teT

B cuy Teopembr 2.78 orciozia BeiTeKaeT, 94To F — cueTHOE MHOXKECTBO.
Teopema mokaszana.

2.85. CJIEACTBUE. MHoxkecTBO Beex panuoHaJbHBIX uuces Q cuerHo.

JIOKA3ATEJILCTBO. HeiictBurensho, nyctb Q,,, rae n € N ectb MmHOXKE-
z

cTBO Becex uamcesa r € (Q, mpeacTaBUMBIX B BUIE & = ﬁ’ e z € 7.

IIpu kaxxgom n € N coorBeTcTBUE 2z [IPEJICTABJISIET COOOI MHbEK-
THBHOE OTOOparkenme MuoxkecTBa Q,, ma Z. CymecTBoBaHme TAKOTO 0TOD-
paXKeHWs JIOKA3bIBAET, UTO KaxKjoe n3 MHOXKecTB (), cueTHO, Tak Kak 7Z
cueTrHoe. MuoxectBo QQ siBjisiercst o0beinHeHneM MHOXKecTB Qy,, OTKy1a B
cuity TeopeMbl 2.84 ciemyer, uto Q cueTHOE MHOXKECTBO, MOCKOIBKY Q bec-
KOHEYHO.

B ¢Bsi3u ¢ m0JIyYeHHBIM PE3YIBTATOM €CTECTBEHHO BO3HHUKAET BOIIPOC, a
CYIIECTBYIOT JIK BOOOIIE OECKOHETHBIE MHOYKECTBA, HE SIBJISIONTUECS CICTHDI-
Mu. [ToJI0KUTEIBHBINA OTBET HA 3TOT BOIPOC JAH B CJEAYIONIEH TJIaBe.

2.86. TEOPEMA. /lekapToBO HpOU3BEJEHHE KOHEIHOI'O UUCJIa CIETHBIX
MHOXKECTB — CUETHOE MHOYKECTBO.

JOKABATEJIBLCTBO. Ilycres pmambr mHOXKecTBa Ap, As, ..., An, n < 1,
KaxKJioe U3 KOTOPBIX cueTHoe. Tpebyercs MoKa3arh, 9TO

A:A1><A2X-~-><An

— cdeTHOe MHOXKecTBO. JloKazaTenbcTBO Oy/eM BecTH MHAyKImeit mo n. B
ciaydae n = 1 umeem A = Aj ¥ JI0Ka3aTE/IbCTBO OYEBUIHO.
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[IpeamooxkumM, ITO JI7IsT HEKOTOPOTO N TeopeMa J0Ka3aHa U JIaHa COBO-

KyIHOCTB n3 N+ 1 cuerHbix MHOXKeCTB A;, 1 =1,2,... ., n+1. Juat € A,41
obo3HaunM Uepe3 F; COBOKYIIHOCTH BCEX IJIEMEHTOB T1,X32,...,Tp41 MHO-
xectBa A1 X A X +++ X Apt1, ¥V KOTOPBIX Tpy1 = t. VIMeem OmekTHBHOE
oTODpazKeHune:

(xl,...,mn)GAl><A2><~-~><An|—>(a:1,...,xn,t)€Et.

Ilo uHIyKIUMOHHOMY JIOIYIIEHNI0O MHOXKeCTBO Ay X Ag X --- X A, cueTHOe.
Orciofia BeITEKAET, 9T0 )y — cueTHOE MHOYXKECTBO IpH KaxKjiaom t € A, 11. B
CUJIY OYEBUIHOIO COOTHOIICHUS

A1XA2X"'XAn+1: U Et.

tEAL+1

o Teopeme 2.84 orciona BbIBOJIUM, 9TO0 A1 X Ag X -+ X A, 41 — cuerHoe
MHOKECTBO. B Cujly NpuHIMIIa MATEMATHIECKON MHIyKIIMM TeopeMa JI0Ka-
3aHa.

2.87. CIEACTBUE. /Jlist Beskoro n € N MHOXKeCTBO BCeX KOHEUHBIX
nocienoBaresbHocreli ¥ = (T1,%2,...,%Ty) U3 N DPAIHOHAJIBHBIX THCE]T —
CYETHOE MHOXKECTBO.

JOKA3BATEJ/IBCTBO. JleitcTBUTEIbHO, YKA3aHHOE MHOYXKECTBO €CTh ITPO-
U3BeJIeHIE
Q"=QxQx--xQ (n mHOXKUTEJIE).

Taxk xax, coryiacHo cieacrbuio 2.81, MHOKecTBO (Q cueTHOE, OTCIOJIA, B CHILY
TeopemMbl 2.86 BoITeKaeT, 4To Q" ecTh CUeTHOE MHOXKECTBO.

2.12 TIOHSITUE PABHOMOIIIHBIX MHO>KECTB. I[IPUMEPBI. MHOXKECTBA MOIII-
HOCTHU KOHTUHYYM

T'oBopsT, YTO MHOXKECTBO X PABHOMOUHO MHOKECTBY Y, €CJIM CYIIECTBYET
OmeKkTHBHOE OTOOpaykeHne X Ha Y.

flcHO, 9TO BBEIEHHOE OTHOINEHNE MEXKIYy MHOMKECTB, SIBISIETCS OMHO-
wenuem sxeusascrmuocmy (IIPOBEPUTB!), o s1oil npudune Mbl Oyuem
nucath X ~ Y, ec/ii MHOYXKECTBA X M Y PaBHOMOIIHBI.

OrHOIlIeHe PABHOMOIIHOCTH Pa3bUBaeT COBOKYITHOCTH BCEX MHOXKECTB
Ha KJIACChI SKBUBAJIEHTHBIX MEXKIy c000il mMHOKkecTB. MHOXKeCTBa OIMHO-
IO KJ1aCcCa 9KBUBAJEHTHOCTU WMEIOT OJNHAKOBOE KOJUIECTBO IJIEMEHTOB, &
MHOKECTBa U3 PA3HBIX KJIACCOB He OMEKTUBHBI, T. €. KOJUIECTBA JIEMEHTOB
pa3IuYHbIe.
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Kutace, koropoMy IpuHAJIEIKUAT MHOXKECTBO X, HA3BIBACTCS MOUHOCTIIHIO
MHoocecmBa X, KapOuHasoM AT KAPOUHGALHOIM YUCAOM MHOHCECNEa X 1
obosnauaercs cumBosiom card X. Ecou X ~ Y, To mumyT, aro card X =
card Y.

2.88. TEOPEMA. Muoxecrso touex orpeska [0, 1] mecuerno.

Mg ipuBeieM JTIOKa3aTeIbCTBO ITON TeopeMbl B pasjese 4.1.
ToBOpSIT, YTO MHOXKECTBA, PABHOMOIIIHBIE MHOYKECTBY TOUeK oTpe3Ka [0, 1]
HMEIOT MOIIHOCTD KOHIMUHYYM.

)

3 TIPEAEJ NOCJEJOBATE/JILHOCTU

3.1 OHPE,ELE.HEHI/IE IMOCJIEJOBATEJ/IbHOCTHU U IMTPUMEPDI

3.1. ONPEAENEHUE. Ilycte M C Z — xoHeuHOe niiu 6€CKOHEYIHOE MHO-
JKECTBO, a S — MHOXKECTBO IIPOU3BOJIbHON pupoasl. OTobparkenme

z:M—S (3.1.1)

Ha3bIBAETCsI II0CIE0BATEIbHOCTHIO TOYEK MHOYXKECTBA, S, MHIEKCHPOBAHHBIX
guciaamu MHOKecTBa M. ITocienoBaresnsrocts (3.1.1) obo3HavaeTcss OJHUM
U3 CJIEJYIONUX CUMBOJIOB:

{xn}nEIVJU Tn, n € Mj
i {Z, }, ecam MHOXKECTBO UHAEKCOB M B KOHTEKCTE HE MEHSETCsI.

Takum obpaszom, x, € S — 3TO IPOCTO 3HAYEHUE MOCJIEI0BATETHHOCTH
(3.1.1) na nomepe n € M.

B nmanbueitiiem mzioxkeHnn Mbl OyeM, B OCHOBHOM, PacCMATpPUBATL N,
NU{0} nm Z B kauectse MHOKecTBa uHexcos M, u R, R umu C B kauecTse
MHOYKECTBa S 3HAYEHUHN [TOCJIE0BATEIHLHOCTH.

3.2. IIPuMEPHI. 1) Ilycts p € R — mpomssosbHas Touka. Ilocienosa-
TeJbHOCT & @ Z — {p} Ha3bIBaETCH IIOCTOSHHOM. 31€Ch T, = P I BCEX
Homepos n € M.

2) x, =(-1)", neN.

3) xpy =1+, neN.

n

)
Na,=14+qg+¢+...+¢"= > ¢" neN.
k=0

5) (1+1)" neN

LTn
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6) Tn=1+F+5+g+...+ nlzzki eN.
7) z, = €™, neN.

3.2 ONPEJEJIEHME IPE/IEJIA ITOCJIEJOBATEJIbHOCTH
3.2.1 KOHEYHBLIE IIPEJIEJIBI

3.3. ONPEAEJIEHUE. IlocnemoBarenbHOCTh T, € R cxomurca K ducay
a € R mpu n — oo Torma, Korma s joboro € > () cymecTByeT 9mucio
ng € N Takoe, ITO JIIsT BCEX N > N BLIMOJHIETCS HEPABEHCTBO

|z, —al <e.

3.4. BAZIAYA. Tlokasarh, urTo mpeses lim x, = a 3KBUBaJIEHTEH IIpe-
n—oo

bitching nhﬁngo |z, —al = 0.

3.5. 3AOAYA. Jlokazarh, 94TO IIOCJIEI0BATEILHOCTD Ly € R cxomures K
quciay a € R mpu n — N Toryma u To/ibKO TOT/A, KOT/Ia it Jiioboro € > 0
MHOYKECTBO

{neN]| |z, —a|] >¢e}

KOHEYHOe.

st 06o3HaYEHUS CXOAUMOCTH [IOCJIEA0BATEILHOCTH { Ty, } K uncay a € R
[IpU N — 00 YIOTPEOJIAIOT JIF000I U3 IPUBOIUMBIX HUYKE CUMBOJIOB:

im z, =a, x, — a wwm T, = a|pseo-
n— oo n— oo
3.6. 3AJIAYA. Ecim mocienoBaresibHOCTh T, € R cxomurcs K 9uCiLy
a € R opu n — N, 10 |2,| cxoqurest ¥ anciy |a| npu n — N. O6parHoe
yTBEpXKJIeHIe BEPHO JIMIIL B ciydae a = (.

3.7. 3A1A4A. Jloka3aTh U3 OIpEJIeIeHns], YTO eCJn T, € R i Beex

n € Nu lim x, = a € R, To mocjieioBaTeIbHOCTh I, OFpAHUYIEHA: T. €.
n— oo

cyuiecryer uucio L € R rakoe, uro |z,| < L miusg Bcex n € N.

3.8. IIPUMEPHEI. UccienyeMm Ha CXOIMMOCTD IOCIEI0BATEIHLHOCTH 1—3
337491 3.2.

1) IIycrs a € R — npousBosibHast Touka. [Tocuenosarensrocts @ : N —
{a} maswBacrcs mocrosiHOM. 37ech X, = a Jyst Bcex HOMepoB n € N.
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TosroMmy He3aBHCHMO OT BBIGOpA HOMepa n umeeM |z, — a| = 0. Cienosa-
TeNIbHO, |2, — a| < & mua smoboro € > 0 u Beex n € N. Ilo onpeesnenuro

npeneia uMmeeMm lim x,, = 0.
n—oo

2) z, = (—1)", n € N. B aT0oM ci1y4ae, I0CJIEI0BATEILHOCTD IPHHIMAET
JIBA PA3JIMYHBIX 3HAYCHUS, IPUYEM KaKJI0€ U3 HUX [IPUHAMAETCS HA CKOJIb
YTOIHO GOJIBIMMX HOMEpaX. DTO sIBHBII NPU3HAK OTCYTCTBHS npesena. leii-
CTBUTEJIBHO, €CJIM TPEJIIONIOKUTD, 9TO MOCTIEI0BATEIBHOCTD UMEET MPEJIEIT
a €R, 1o 151 € = % cylecTByeT HOMEp 1y TAaKOM, UTO

1
|zn —a] =[(-1)" —a| < 5 AW BeeX n > ng.

JIjist 9eTHBIX 1 uMeeM |z, —al = |1 —a| < 1, a ja nevernvix |z, —a| =
1 _ 1,1 _
(1) —a| < 5. Orcrioma 2 = [1 — (1) <1 —a|+]a— (1) < 5+ 5 =1,
YEro OYEBUJIHO HE MOXKET OBbITh.

3) xp = %, n € N. @ukcupyem € > 0. [To npunmuny Apxumena 1.60
CYIIECTBYET HATYPAJIBHOE T TAKOE, TITO % < ng. Torma musa moboro HATY-
PaJabHOTO N > Ny UMeeM
1
no

< <eg,

S|

4. Tp. 1. (410 TPebOBAIOCH IOKA3ATH).

3.9. 3AAYM. J/lokasaThb IO OIPEIEIEHIIO, ITO
1) lim - =0;

n—ooo N1

2) lim n%rb = 0 gy moboro ¢pukcrposannoro b € R;
n—oo
3) nl;rr;o an1+b = 0 g5 o6bIx GukcupoBaHHbIX a,b € R, a # 0;
4) nlingo angp = 0 st snoObix ukcuposanubix a,b,c € R, a # 0unc # 0.

3.10. IIPEMJIOKEHUE. IlycTh JaHbl ABE MOCAEAOBATEBHOCTH Xy H Yp .
Eciu mociienoBareabHOCTD Xy, CXOAUTCS K ducay a € R, a x, — y, — 0 npu
n — 00, TO HOCJIEJOBATEIBHOCTH I, CXOAUTCS U €€ IPees PABEH .

)_IOKAsATEHbCTBO HO HepaBeHCTBy TpeyFOJIbHI/IKa nmMeemM
|yn - a| < |xn - a| + |yn - xn‘

Dukcupyem npoussosibhoe € > 0. Tak KaK T, — a|p—c0, TO CYNIECTBYET
quciio n; € N Takoe, 9T0 I BCeX N > Ny BBIIOJHIETCS HEPABEHCTBO

|z, —al <
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IockonbKy Xy, — Yn — 0]n—oo, TO CyleCTBYET YHCIO M2 € N Takoe, 4TO
JIJISI BCEX 7 2> Mo BBINOJHSIETCS HEPABEHCTBO
€

[T — yn| < 2

Torya myst Bcex n > ng = max(n1, N2) BBIIOJIHSIOTCS 06a MOCIEHAX Hepa-
BercTBa. [losromy mis pasHocra |y, — a| umeem

13 g
|yn—a|§|In_a|+|yn_xn‘<§+§:5-

OTcrofia B CHILy IPOM3BOJIA B BBIOODE € TOMYUaeM, ITO Yn — & |n—soo-

VeaoBuMcest 0 cieyomieM obo3nadennu. s BCAKoro HaTypajabHOro N €
N paccmorpum HekoTopoe BbickasbiBanue P(n), 0 KOTOPOM MOXKHO CKa3aTh
UCTUHHO OHO WJIU JIOKHO. MBI Oy/1eM yrmoTpedsiTh CAMBOJT

(1) |nsoo

JUIst 06O3HAYEHWsI TOTO, UTO BbICKasbiBaHue P(n) MCTUHHO JUIsi BCEX N Ha-
YUHAs ¢ HEKOTOPOTO HOMEpPA, T. €. CYIIECTBYET HOMEP 7o Takoi, uro ®(n)
UCTUHHO JIJId BCEX 1L > Ny.

3.11. 3axA4n. Ilokazars, 9To 33189y 3.7 MOXKHO 11epedOpPMYyIHPOBATE

CJIEJIYIONIMM 00pa3oM: J0Ka3aTh, UTO ecau lim xz, = a € R, To mocsemoBa-
n—oo

TeJILHOCTD T, OrpaHMYeHa MpHU OOJBIIUX N T. €. cymecTByeT unciao L € R
TaKoe, 9T0 |y | < L|n—yoo-

3.12. TIPUMEP. BrickasbiBanue ®(n) cOCTOUT B TOM BEPHO JIN HEPABEH-
CTBO % < 1 wm wer, ecau n € N. O4eBHIHO OHO BEPHO JIJIsT BCSKOTO 1 > 2.
CHUMBOJIMYIECKU 3TO CBOMCTBO MOYKHO 3aITUCATH KPATKO: % < 1|nsoo-

3.13. 3asaun. 1) Iposeputs, uro n > 10291 |, .
2) Ilyersb ¢ > 1 — npomssosbaoe wuco. Torma ¢" > 102015 |, .

)
3) Ecin |q] < &, 1o |2n| < 2[00, e T = 1+q+¢*+...4¢" = Y ¢~
k=0
)

4) Hokazarh, 910 2.5 < Zp < 3|00, T

1 1 1 1 "1
k=0
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3.14. TIPEJJIOKEHUE. Paccmorpum BpickassiBarnst ®;(n), kaxmoe u3
KOTODBIX HCTHHHO JJIS BCEX N HAUHHAs ¢ HEKOTOPOI'O HOMEpPA:

Torma 1t Bcex n HAUHHAS C HEKOTOPOI'O HOMepa Ny OY/yT HCTHHHBI BCE
BbIckasbiBakust P;(n) ogHOBpeMeHHO:

(I)l AN Cbg AN A @k(n) |n~>oo

JIOKA3ATENBCTBO. Ilo onpenenenuto cumBoiia ®;(n) |n—oo Aist Hadi-
JleTcst HoMep n; Takoit, uro ®;(n) meTuHHO 171t HOMEPOB 1 > 1. [lomoXKuM
nog = max{ni, ne,...,ng}. Torma 1y Bcex n > ny HEPABEHCTBO CBOWCTBO
®;(n) ucruHHO OIHOBPEMEHHO [t Beex ¢ = 1,2, ...k, 4. Tp. 1.

3.15. TIPEMUIOXKEHUE. IlycTh JaHBI HECKOJIBKO ITOCJIEIOBATEIBHOCTELL

(1) ( ) ...,x%k), KazkJjasi U3 KOTOPBIX UMeeT mpesesa lim :vgf) =aqa; € R,
n—o0
1= 17 2,..., k. Torma just sroboro € > 0 Hafigercss ng Takoe, 4To
|l’£f) — ai\ <e€ (3'2'2)
JUIST BCEX M > N OJHOBPEMEHHO s © = 1,2,..., k.

JOKABATEJ/ILCTBO. Jl0Ka3aTebCcTBO ITOTO IPEJIOKEHUST MOYXKHO TI0-
JIYYUTDb U3 IIPEJIbLIYIIETO.
OjHako, MBI TPHUBEJEM He3aBUCHMOE paccyxkieHue. [lo ompesereHnio

npejena g joboro € > 0 Haiijerca n; Takoe, UTO |mn) —a;| < & s

Bcex n > n;. HosoxumM ng = max{ny,ng,...,ni}. Torga jus Bcex n > ng
HEPABEHCTBO (3.2.2) BBINOJIHIETCA OJHOBPEMEHHO Jjist Beex ¢ = 1,2, ... k,
9. Tp. 1.

3.2.2 DBECKOHEYHBIE [IPEJEJIbBI

3.16. ONPEAEJEHUE. IlociienoBareibHOCTD T, € R CXOJIUTCS K +00 €
R mpu n — oo Torma, Korma s Jjiroboro r € R cymectByer uncio ng € N
Takoe, UTO JJIT BCEX 7 > 7ig BBIMOJHAETCA HEPABEHCTBO

Ty > T.

3.17. 3AZAYA. Jlokazarhb, 9TO MOCIEI0BATEIBHOCTD X, € R cxoauTest K
400 mpu n — N Tor/1a 1 TOJIBLKO TOT/1a, KOTJA JijIs JTI000oro 7 € R MHOXKEeCTBO

{neN|xz, <r}

KOHEeYHOe.
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3.18. OIPEAEJEHUE. Ilocien0BaTebHOCTD Ty € R CXOIUTCSI K —00 €
R mpu n — oo Torma, Korga s Jjiroboro r € R cymecrByer yncio ng € N
TaKoe, UTO JIJIsi BCEX N > Ny BBIIOJHSIETCS HEPABEHCTBO

Ty <T.

3.19. 3AAYA. /Joka3aTh, 9TO MOCIEI0BATEIHLHOCTD X, € R cxomuTes K
—oo pu n — N Torzma u TOJIBLKO TOT/Ia, KOTIa M1 JTI060oro 7 € R MHOXKeCTBO

{neN|z,>r}
KOHEYHOe.

st 0603HaEeHNsT CXOAMMOCTH TIOCJIE0BATENBHOCTH { Xy, } K uncity p € R
[Ipy N — 00 YIOTPEOJIAIOT JIF000i U3 IPUBOIUMBIX HUYKE CHUMBOJIOB:

lim z,=p, x, — p WM Ty = Plnooo-
n— o0 n— o0

3.20. 3AHAYA. Ecim mociie1oBaTeslbHOCTD I, € R cxomures K qUCITY
p € Rupun — N, 1o |x,| cxoqurest K uncay |p| npu n — N.

3.21. 3AJIAYA. HcecaenoBaTh mOCIEI0BATEILHOCTD Ty, HA CXOIUMOCTD U
HaWTH! ee Ipenes Ipu n — 00, eCJIn
1)z, =(—1)"n,neN;

2) z, =n,neN;
3) xp,=-n,neN;
n
4 xn=1+q¢+¢+...+¢"= > ¢" neNupug<1
k=0
5) xp =n+1;
2) x, = n + b mua moboro dukcuposanuoro b € R;
3) x, = an + b mist MO6BIX HUKCUPOBAHHBIX a,b € R;
4) x, = %H’ JJIs JIIOOBIX (PUKCUPOBAaHHBIX a, b, c € R, ¢ # 0.

3.22. 3A0AYA. [oka3arh U3 OIpeesIeHnsi, ITO ecind T, € R s Bcex

n€Nwu lim z, = p, To B ciryuae
n—oo

1) p = 0o HOCIEIOBATEIBHOCTD Iy, OTPAHUYEHA CHHU3Y: T. €. CYIIECTBYET
aucao L € R Takoe, aro xz,, > L njsa Bcex n € N.

2) p = —00 OCJIEIOBATEILHOCTD &, OIPAHUYIEHA CBEPXY: T. €. CYIIECTBY-
et yncyio L € R Takoe, aro x, < L misa Bcex n € N.
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3.23. 3a1A4M. Tlokazars, 4o 3aja4y 3.7 MOKHO 11epedOPMYyJINPOBATH

CJIE 1Y IOIIUM 06pa30M: JI0Ka3aThb, 9TO €CJI lim Ip = P, TO B CJIydae
n—00

1) p = 00 moC/IENOBATENILHOCTD Ty OTPAHMYEHA CHU3Y [PHU OOJIBIIUX 7
T. e. cymectyer uncsio L € R takoe, 9T0 2, > L |00

2) p = —00 HOCJIENOBATEIBHOCTD X, OIPAHUYEHA CBEPXY IIPU OOJIBIINX
n: . e. cymecrsyer ducio L € R rakoe, 910 2, < L |p—00-

3.24. 3AAYA. Ilyers lim z, = a € R. Jlokasars, 4To Hpees mocie-
n—oo

JOBATEIbHOCTH Y, = —I, paBeH —a: lim y, = —a € R.
n— oo

3.25. 3AAAYA. Ilycrh jmaHbl JiBe MOCJIEIOBATETLHOCTH Ty U Yp. Hcin
[OCJIeJI0BATEIBHOCTD &y, CXOAUTCS K 400 WM K —00, & |Ty — Yp| < L mpu
n — 00, e L € R, To mocienoBaTeIbHOCTD Y, CXOIUTCS IIPU N — 00 U ee
[IpeJesl paBeH Ipeely IOCAeI0BATEILHOCTH Ly, .

YKA3BAHUE. [Ipumennts MeTos noka3arenbcTBa mpeayioxkennst 3.10.

3.26. 3AJAYA. IlycTh j1aHBI HECKOJIBKO ITOCJIEI0BATEILHOCTEH

:r'sll)’ ':Z:gLZ)? M 7x’E’Lk)7

umeromux oomuit npegesn +0o (—oo). Torma mysa moboro r € R naiigercs
HOMEDP Mg TaKOIi, 4TO ‘ A
@ > (20 <) (3.2.3)

JI7IS BCEX N > Mg OJHOBPEMEHHO i Bcex ¢ = 1,2, ... k.

YKABAHUE. [IpuMeHuTh METO/T JOKA3aTEILCTBA, MpeToxKenns 3.15.

3.27. BAJAUN. JToKazaTh, UTO €CIH Ty, — P |ln—oos TO U Tntk —> D In—soo
JJist J10boro pukcupoBaHHOTO k € Z.

3.3 E,ELI/IHCTBEHHOCTI) NMPEJAEJIA TTOCJIEJOBATEJIbLHOCTHU

3.28. TEOPEMA. Ilocsie/1oBaTe/IbHOCTh MOXKET UMETh TOJIBKO OJUH IIpe-
J1eJI.

JIOKABATEJIBLCTBO. Tpebyercst 10Ka3aTh, 9TO MPEES TOCIEI0BATE b

HOCTHU euHCTBEeH. J[jist 9TOr0 MBI JoKaxKeM, 910 @ = b, ecim lim x, = a u
n—oo

lim z, =b.
n—oo
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3.3.1 Cy4All KOHEYHBIX ITPEJEJIOB

1) Iycrb a # b u a,b € R. Torga st gucia | € N cyruecrByior uucia ny u
Ng TaKUe, 4T, C OIHON CTOPOHBI, |X, — a| < 2% JJIA BCEX N > N, & C APYyroi
umeeM |z, — b| < % 11l BCeX n > ng. losoxkum ng = max(ny,ng). Torga
JUIST 9UCETT N > Ny BBIBOJAM
1 1 1

b—a|l <l|xp —a|+ |z, —bl < =+ == -
3ameTuM, 4T0 HEPABEHCTBO |b—al < % JJIst IPOU3BOIHLHOTO | € N BO3MOXKHO
TOrJIA M TOJIBKO TOTMa, Koraa a = b (cM. cBoiicTBo 1.63).

3.3.2 Cay4All, KOIJIA OJIMH M3 IMPEJIEJIOB MOYKET BbITh BECKOHEYHBIM

2) UckirounM Terepb BO3MOXKHOCTB, Korja ¢ € R, a b = +o0o. B arom
clydae, C OIHOU CTOPOHBI, IJIs YUCa € = | CyIIeCTBYeT YUCJIO 1] TaKOe,
91O

|z, —a| <1 musgBcex n>ng.

C apyroii croponsl, nyst ancaa u L > |a| + 1 cymecTByer umcsio ny TKoe,
970
T, > L  pmas Bcex n o> no.

Tosoxkum ng = max(ny, ns). Torga s HATYPAIBHBIX YUCEN 1L > Ty BBIBO-
JIAM
@l < [ — al + Ja] < 1 +]a] < L.

Ilocienaee MpOTUBOPEYUT HEPABEHCTBY T, > L I BCEX 1 > ng.

3) Cayuaii a € R, a b = —0o paccMaTpuBaeTCs aHAJOMMYHO.

4) Just okoHYAHUS JIOKA3aTEIbCTBA OCTACTCS UCKJIIOUUTD CIIydail, Koria
a = —00, ab=00. Barom cayuae, ¢ OHONi CTOPOHBI, /IJIsT IPOUIBOJIHLHOTO
quciia r € R cylmecTByer 9ucso mq Takoe, YTO

T, > 1T 9 BCEX N > Ny.

C pyroit CTOPOHBI, JJIs TOTO 2Ke Yncja 1 € R CyIecTByeT 9mcio ng TAKOe,
9TO
T, <1 JIJId BCEX N > No.

TTomoxum ng = max(nl, ng). Torma myst HATYPATBHBIX UUCEST N > N BHIBO-
JIAM
Ty < T U OJHOBPEMEHHO 7T < Ip.

Otciofia BEIBOIUM Xy, < Ty, JUIA BCEX N > Mg, YTO OYEBHUJIHO HEBO3MOXKHO B
cuity coorHomenuii (1.3.2).
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3.4 TEOPEMBI O MPEJIEJIE MOHOTOHHOU IMOCJIEJIOBATE/ILHOCTHU

3.29. OPEAENEHMUE. 1) ITocienosarensrocts {x, € R}pen (nm {x, €
R},.en) HA3BIBaCTCA (cMpo2o) 6o3pacmarouieti, eCIa Ty, < Tyl (Tn < Tni1)
it sioboro HoMepa n € N.

2) Tocaemosareabuocts {x, € Ripen (wm {z,, € R},en) nasvibaercs
(empozo) youwsarowet, eciu Ty, > Tpy1 (Ty > Tpi1) IS TH0O0C0 HOMEPA
n € N.

3.4.1 KJIACCUYECKAS TEOPEMA BENEPIITPACCA O MPEJEJIE MOHOTOHHO
OIPAHUYEHHOY ITOCJIEJJOBATEJILHOCTH

3.30. TEOPEMA. Monoronnas orpanudenHass (CBepXy HJIM CHH3Y) IIO-
caegoBarebHOCTD { Ty, € R}, en Beeria umeer npene:
1) eciu x,, Bo3pacraer u OrpaHHYCHA CBEPXY, TO

lim z, =supz, € R;
n—oo neN

2) ecsu x,, yObIBaeT W OrPAHHIEHA CHH3Y, TO

lim z, = inf z, € R.
n— 00 neN
JIOKABATE/IBCTBO. JlokakeM mepBoe yTBEP:KICHUE TEOPEMBI, BTOPOE
JOKA3LIBAIOTCS aHAJOTMYHO. IIycTh mocaea0BaTe/IbHOCT T, € R MOHOTOH-
HO BO3PACTaeT ¥ OrPAHUYEHA CBEPXY.
HanomumM, 1o
sup x,, = sup{x, : n € N}.
neN

Ilycts a = sup . OueBumno a € R. @ukcupyeM MpoU3BOJILHOE TOTOKI-
neN
TenpHOEe 4ucso €. ITo mpusnaky 1.91 To4HO# BepxHe#l rpaHUIIBI MHOYXKECTBA

{z, : n € N} cyuecrByer 3j1eMeHT T, TaKOi, 4r0 @ — & < Zp, < a. C
JPYTON CTOPOHBI, B CUJTy MOHOTOHHOCTH WMEEM

a—e<Tp, <xp<a
i1 moboro n > ng. OTcrona BHIBOIIM
| —al=a—z, <a—ax,+x,—(a—¢€)=¢

JJIst JII0OOro m > ng. B cuiy nmpousBoJia B BBIOOpE € UMEEM Ty — G |p—oo-
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3.31. IIPUMEP. PaccMoTpuM 0C/I€10BATEIBHOCTD &y = (l—l—%)n, néeN
npuMepa 3.2 U MOKayKeM, U4TO OHa CTPOTO MOHOTOHHO BO3PACTAET: Ly < Tni1
ast Becex n € N. JleiicrBuresibHo, TpebyemMoe HEPABEHCTBO PABHOCUJIBHO
CJIeIYIOIIEMY: w;‘—:l > 1 gna Becex n € N. meem

+1
)" (n+2)" "

T (R SIT

n24+2n \7n+2 1 n 1
_ (et Y )
<n2+2n+1) n+1 ( n242n+1 +n+1 ( )

TepBblii COMHOKUTEJb OLEHUM 110 HepaBeHCTBY Bepuysuiu (1.11.16):

1
Tntl (1+ n+l

1 n n
() 20 )
n2+2n+1 n2+2n+1

IIpomoszkum onerky (3.4.4):

= (1 ) ()
—(1-—2 (1
T, n24+2n+1 +n—i—l

1 n n 14 1 -1
n+1 (+1)2 (n+1)3 (n+1)3 =

3.32. 3AOAYA. Ilpumensisi meros perenus npumepa 3.31, 10Ka3aTh,

)’I’L-i-l

9TO MOCJEIOBATEILHOCTD Yy = (1 + % , n € N, cTporo MOHOTOHHO yObI-

BaeT

VKA3AHUE. Hajio nposeputs, uro 22— > 1. Nmeem

Yn+1
1 n+l n+1 n+2
Ynil (1 + nil)n+2 nn—i—l(n + 2)n+2
n? +2n+ 1\ntin+1 1 n+1 1
_ S U W L U
( n? +2n ) n-+2 ( +n2+2n n+2 ( )

Hasiee K nepBOMy COMHOXKUTEJIIO B IpaBoii gactu (3.4.5) cieyer IpUMeHUThb
HepaBeHCTBO Beprysmm (1.11.16) ¥ nNpuiiTu K HEPABEHCTBAM

Yn 1
>14 > 1.
Ynil n(n + 2)?2
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3.4.2 TEOPEMA O IPEJEJIE MOHOTOHHOI NOCJIEAOBATEILHOCTU {x, € R}

3.33. TEOPEMA. MoHOTOHHASI ITOCJIE0BATEIBHOCTD X, € R Bcerma ume-
et npeses (KOHeYHbIH Hin 6eCKOHCUHBIIH):
1) ecsu x,, Bospacraer, TO

—00, ecs x, = —o0 s Bcex n € N;
. a €R, ecmnx, €R xors 661 g1 oqHOrOo n € N
lim z, =supz, =
=00 neN U OrpaHUYeHa CBEepXY;

~+o00, ecJI X, He OTPAHHYEHa CBEPXY;
2) ecin x, yObIBaeT, TO

400, ecsid T, = +00 s Bcex n € N;
a €R, ecmnzx, €R xors 6br a1 ogaoro n € N

lim z, = inf z,, =
n— oo neN

U orpaHHdeHa CHH3Y;

—00, eCcjid Xy, He orpaHnveHa CHHU3Y.

JOKA3BATEJILCTBO. /lokaxkeM IepBoe yTBEPXKJIEHUE TEOPEMBI, BTOPOE
JTOKA3BIBAIOTCS AHAJIOTHIHO. IIyCTh HOCIEI0BATENLHOCTD &y, € R MOHOTOH-
HO BO3PACTaeT.

Hanomumm, aro

sup x,, = sup{x, : n € N}.

neN
IIycts a = sup x,,. Paccmorpum Tpu ciaydast:
neN
a) a = —00;
b) a € R;
c) a = +o0.
B ciuyuae a) umeem z, < a = —oo juig Bcex n € N, 1. e. x,, = —00 g

Bcex n € N — nocrosinHas mocsenoBaresbHOCTh. [losToMy ee penes pasen
—00.

Bropoit ciaydait o cymectBy cBojutcs K Teopeme 3.4.1. Eciim a € R
— KOHEYHOE YHCJIO, [0 CBOHCTBAM TOYHON BepXHEl IpaHuipl (CM. IPU3HAK
1.29) umeeM HepaBEHCTBO

a—1<ax, <supzx, =a < o0
neN
JJIsE BCEX HATYPAJIbHBIX N, HAYMHAs C HEKOTOPOIr'o HOMepa ng. Takum obpa-
30M, IOCJIEJOBATENIBHOCTD Yk = Tpy+k € R MOHOTOHHO BO3PAcTaeT M Orpa-
HudeHa cBepxy. CiemnoBaresibHO, IO TeopeMe 3.4.1 CYIeCTBYeT ee Ipeest
klim Yk = SUP Yk = SUP Tny+k = SUP Ty = Q.

—+o0 keN kled\é neN



IIPOBEPUTHL PABEHCTBO sup Tno+k = SUP Ty C pyroii CTOPOHHI,
keN neN

i = Jim 0 =0

ITepeiijieM K paccMOTpeHHIO ciiydasi ¢): a = +00. PaccMorpum npoms-
BosibHOe uncyio r € R. Ilo nmpusnaky 1.91 TouHOlIl BepxHEHl IpAHUIBI MHO-
kecTBa {Ty : n € N} cymecTByer 31€MeHT T, TAKOH, UT0 1 < Tp, < +00.
B cuny monoToHHOrO BO3pacTaHHd IOCIEIOBATEIBHOCTH UMEEM Lp < Ty <
400 mms smoboro n > ng. Takum obpazom, x,, > 7 Ajsg Ja0dboro n > ng. B
cuily pou3BoJia B Bbibope 7 € R umeeM x,, — +00 |5 00-

3.34. BAMEYAHUE. Kak yke ObLIIO OTMEYEHO, YTBEPKIEHUS 2 TeOpeM
3.30 u 3.33 MOryT OBITH JOKA3aHBI IO CXEME IEPBOrO yTBEPKIEHUs B 9TUX
Teopemax. Kpome TOro, ux J10Ka3aTebCTBA MOXKHO CBECTU K IIPEIIBIIYIIIAM
CIIydasiM C IOMOINBIO CJIEAYIOMIEr0 IPHeMa: MOJOXKUM Y, = —I,. loria
[I0CJIEIOBATEIBHOCTD Y, OyJIleT MOHOTOHHO BO3PAaCTAIOIIEil U B CUJIY JIOKa-

3aHHOI'O OYJIeT CyIIeCTBOBATD mpejies lim y, = sup y,. Ocraercst 3aMeTuTh
n—oo neN
(em. 3amaan 3.24 u 2.64), 4To

lim z, = — lim y, = —supy, = inf [-y,] = inf x,.
n— o0 n—o00 neN neN neN

3.35. BAHAYA. JlokaszaTs, uto lim /n! = 4o0.
n—oo

VYKA3BAHUE. IIpoBepuTh, 9TO MOCJIEI0BATEILHOCTE v/ 1! BO3pacTaer u He
OTPAHUYEHA CBEPXY.

3.4.3 Yuciio DUIEPA
CpaBHuBas 1mocJeoBaresbHOCTH puMepa 3.31 u 3amaun 3.32, uMeeM
r1=2<x, <y, <y1 =4, mneN. (3.4.6)

CirestoBaresbHo, 00€ 3TU IMOCIEI0BATEIHHOCTH YOBJIETBOPAIOT YCIOBUSIM
Teopembl Beitepmrpacca 3.4.1 1 MO9TOMY UMEIOT KOHEIHBIE IpeJesbl: lim x, =
n—roo

a, a lim y, = b. Bonee Toro, 3Tu mpeIesibl COBIAIAIOT:
n—oo
1y\n+1 1\"» I\ 1 4
0§b—a<yn—xn:(1+—) —(1+—) :(1+—) -
n n n n o on
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st Beex n € N. Orcrona B cuity cBoiicra 1.63 umeem a = b. O6mmumii npees
MOCJIeI0BATEILHOCTEH X, U 1Y, 0003HAYAETCA CUMBOJIOM €. Takum o6pazoMm,
JIJIsl 9UCJIO € — 9TO 00IIee 3HAYEHUE JIBYX MPEJIEIOB:

1\" 1\nt+1
e=(1+2) =(1+2) . (3.4.7)
n n
3.36. TEOPEMA. CrpaBeinBo paBeHCTBO
1
— Tim (1 ) = lim 3 = 4.
o=t (1) =l g (5.4
n
JIOKA3ATENBCTBO. Ilonoxkum u, = Y % Tak xax mocjemoBaTeb-
k=0
HOCTH lim (1 + %)n cxonuTes K uucay e € R, To B cuily npesjioyKeHust

n—o0
3.10 ayia pokasaresnbersa (3.4.8) JIOCTATOYHO YCTAHOBUTD, YTO PA3HOCTD

1\n
- (1 + 5) CTPEMUTCH K HYJIIO TIPA 1. — OO.
Takum 06pa3oM B COOTBETCTBUU C OIpPEJIETEHUEM Ipesesa HaI0 MOKa-
3aTh, 9TO JJIs1 JiFoboro € > 0 HaliaeTcsa HOMEpP ng TaKOM, 9TO

n l (1 + l)n
k! n
k=0

st Bcex n > ng. @ukcupyem mpomsBoabaoe 0 < € < 4. Pazmoxenune s
(1 + %)n [IOJIyIUM 13 IpuMepa 1.7 npu m =n u z = 1:

<e (3.4.9)

Y = ( i ﬁ) - chvkﬁ’ (3.4.10)
k=0
rae
1 —1
ci=1-(1=1) o (1= L) (3.4.11)
n n

IIpuBenem Jsrerko npoBepseMble CBOMCTBa KOI(DMUIUEHTOB ¢y 1, 7 € N, 0 <
k<n:
1) eno=1,a0<cyr <1 mascex Harypaupubix 1 < k < n,

3.37. JIEMMA. lim ¢, = 1 g1 moboro ¢purcnpoarraoro 1 < k < n.
n—oo

JIOKA3ATEJIbCTBO. ILHH JIOKA3aTeJIbCTBA JIEMMbI TIPUMEHUM UHIYKITHIO.
Ouesuano 0 < 1—c¢y,1 = ;. Orcrona lim ¢, 1 = 1, 9To Jierko mposepsercst
n—oo
10 OIIpEJIe/ICHUIO TIpeIeia. TaKI/IM obpazom, 6a3a UHIYKIMH TPOBEPEHA.
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IIpenmonoxkum, aro lim ¢, = 1 gma 1 < k < n, n gokaxeM, 4TO
n— o0

lim ¢, k41 = 1. 3aMeTuM, 9TO Cp j41 = Cn k (1 - 7) Torna
n—oo

k
Cn,k — Cn,k+1 = Cnk — Cnk + Cnk* — =Cnk* —
n n

CrenoBaTesbto, |Cy g —Cn kt+1] = Cn ok % < % Tak Kax ImpaBas 9acTh MOXKET
OBITD CcHesiaHa CKOJIb YTOAHO Masoi (eM. 3agady 3.9), TO |¢p k — Cpk+1| — 0
upu n — oo. [lpumensia npeioxenne 3.10 K 10CI€10BATENBHOCTAM Ty =
Cn,k ¥ Yn = Cp k+1, BBIBOJUM, UITO nh_}rr;o Cnk+1 = 1, 9. Tp. 1.

[Tpunumas Bo Buumanue (3.4.10), pACCMOTPHUM IIPOU3BOJIBHOE YUCIIO 1 <
ko < n, KOTOpOE BIOC/IEICTBUN (DUKCUPYEM OIPEIETEHHBIM 00pa3oM, 1 3a-
HAIIEeM MO/LYJIb Pa3HOCTU B (3.4.9) B CJICJIyIOIEeM BUJE:

"1 1\" 1 1
S () gﬁ‘;kﬁ
ko—1 ko—1

Z Z ”kkl

il |2 e

k)ofl 1 n
< za—cnk)k,] 23 L (s
k=0 k=ko
N——
«xopouias» 4acTb «mjIoXadg» 4acTb

Takum 06pa30M, BbIpaXKeHue B Mpasoil gactu (3.4.12) COCTOUT U3 ABYX CJIa-
raeMbIX: IIEPBOE CJIAraeMoe «xopomiees (y Hero KOHEYHOEe UUC/IO CIaraMblX ),
a BTOPOE «ILJI0X0€e» (y HEro KOJMYECTBO CJAAraeMbIX MOXKET ObITh IIPOU3BOJIb-

HBIM).
st oTieHKHM TLTOX0M vacTu BhibepeM kg Takoe, ITO
1 < €
ko 8

(cymecTBOBaHMe TAKOro ko BHIBOAMTCA M3 npuniuna Apxumena 1.60). To-
IJ1a OJITHOBPEMEHHO BBIIOJIHAIOTCS CJIeIYIONINe HEPABEHCTBA:

1<1<6 ! <1<€<1 (3.4.13
— < —<- n —<—<=-<Z. 4.
ko! — ko 8 ko+1 kg 8 2 )

Ha ocnosannu (1.11.27) noJiy4yaeM CJIeAYIONNe OICHKN:

n

1 1 1 1
2) <2 <4 <
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[TockombKy ko puKCUpoBaHO, MBI MOXKEM TI0/I00paTh Ng > ko Tak, ITOOBI
(M. mpepmoxenue 3.15)

€
(1 —¢nk) < = auid BCex m > ny.
’ 2kq

IIpu TakoMm BBIOOpE N 1T BCEX N > Ng UMeEeM

ko—1 ko—1

1 e 1 € €
1-— — — <k — == 3.4.15
2 (1 =ens)pg| < ZZkok!_ " 2k 2 (8.4.15)
k=0 k=0
(31€Ch UCIIOIB30BAHO OYEBUIHOE HEPABEHCTBO % <1,k=1,...,k). O6b-

enunss ouenku (3.4.14) u (3.4.15), noxydaem (3.4.9).
ITo Teopeme 3.36

"1
e= ZHJFRH. (3.4.16)
k=0

Mertos IoKka3aTe/bCTBa MOCIEIHEH TeOPEeMbl MOYXKHO TPUMEHUTD JIJTsT JI0-
Ka3aTeJIbCTBa U JIDYTUX COOTHOIIEHUH.

3.38. IIPEAJIOXKEHUE. /JLi1st ocrarka R, crpaBeanBbl OlleHKH
1 n+2

m
ﬂOKA3ATE.HbCTBO. Tak kax II0CJIeJ0BATEJIbHOCTD E % MOHOTOHHO

k=0
SN 1 1
BospacTaer, To e = lim Y %1 = sup > Ik Jamee HEenocpeICTBEHHO TTPO-
MmO p—p m k=0
BepdaeM
e = szp i W + s%p i
k=0 k=0 k=n-+1

(ITPOBEPUTD). Takum obpazom,

m
n = Sup Z

m k=n-+1

m

I109TOMY JIOCTATOMHO HOJIYUNTh BEPXHIOIO OLEHKY JUIsl CyMM > 77, M >
k=n-+1
n + 1. Takosas npusegena B (1.11.29) upu kg =n+ 1, u = 1:
m

1 1 1 n—+2
$ hem 3 N

W k! meN k" n—l—l)'l 2 (n+1)! n+1

107



3.4.4 VIPPAIUMOHAJIbLHOCTb YUCJIA e.

Tak kak npasag 9acTb (3.4.17) MeHbIIE eIUHUIBI P 1 > 2, TO MPEJICTAB-
nenre (3.4.16) ¥nciia e MOXKHO 3alMCATh B BUJIE

"1 6, n+2
= —t —— >2 3.4.18
¢ Zk!+n! (n+1)2’ e ( )

rue 0, € (0,1). I3 upeacrasienus (3.4.18) MOYKHO BBIBECTH MPPAIUOHAJIb-
HOCTb YHCJIa €.

ITycThb, HAIIPDOTUB, YHCJIO € palMOHAIbLHOE H PABHO Ipodu %’, rae p,qg € N
(oueBumno ¢ > 2). Torma, nomaras B (3.4.18) n = ¢ u ymHOXKas obe dacTu
paBeHCTBa

Ha ¢!, IOJIy4aeM COOTHOIIEHHE

q+2
(g—1)!-p—ql- Zk'_ C T (3.4.19)

KOTOpPOe He MOXKET OBbITh BEPHBIM, TaK CJIeBa — II€JIOE YUCJIO, 8 CIIPaBa —
JpobHOE.

Yemy paBHO: ¢ = 2, 718281828.. ..

KTo u korga orkpsut: Jxxou Henep, mormanackuit maremaruk, B 1618
rogy. CaMoro 4mcyia OH He YIOMUHAJ, 32TO BBICTPOUJI HA €r0 OCHOBE CBOU
Tabuipl JorapudmoB. OTHOBpEMEHHO KAaH/IMIATAMU B ABTOPHI KOHCTAH-
ol cuntarorcs Axkod Beprysuu, Jleitbuun, [oiirenc u Ditep. JlocroBepHo
M3BECTHO TOJIBKO TO, YTO CUMBOJI € B3sLJICsl U3 (DaMUJIUU TTOCJIEHETO.

3.5 TEOPEMA O HEPABEHCTBE IIPEAEJIOB

3.39. TEOPEMA. Ilycts maHbI JgBE MOCIETOBATEIABHOCTH Xy, Ypn, T
KOTOpBIX cymiecTByeT lim x, = a u cymecrByer lim y, = b. Ecan
n—oo n—oo

1) a < b, 10 Ty, < Yn |n—soo;
2) Zn < Yn ln—soo, TO a <.

JIOKA3BATEJIBCTBO.
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3.5.1 Cy4YAll KOHEYHBIX ITPEJEJIOB

JlokarkeM TiepBoe yTBEPIKICHUE.

1) Eciu a,b € R, To cymecTByoT HATYpaAbHbIE YUCIA T U Ny TAKUe,
4910 |2, — a| < € mig Bcex n > mp, U |y, — b| < & s Becex m > ng rue
£ = 1(b— a). Torma ars Beex n > max(ni,ng) MMeeM

Tp<at+e=b—ce <y,

[Ipu mokazaTesbCTBO BTOPOTO CBOMCTBA HAJO UCKIIOYUTH BO3MOYKHOCTH
b < a. Eciin Takoe cjyumsioch, TO B CHJIy IIEPBOIO IIyHKTa UMEEM ¥, <
Zn |n—oo, 9TO IPOTUBOPEUUT YCIOBUIO.

3.5.2 Cuay4Al, KOTJJA OJIMH U3 MPEJEJOB MOYKET BbITb BECKOHEYHBIM

2) Eciim a € R, b = 400, TO CyIECTBYIOT HATYPAJbHBIE YUCJIA 1] TAKHUE,
910 |2y —al < 1 st Beex n > ny, a Yy, > L ayist Bcex n > ng e L= a+ 1.
Torma syt Bcex n > max(ny, ng) uMeeM

Thn<a+1=L<y,.

3) Paccmorpenue ciyuaes a = —00, b € R u a = —00, b = +00 npejo-
CTaBJISIETCS IUTATEJTIO.

[Ipu moka3aTesbCTBO BTOPOIO CBOMCTBA HAJO UCKJIIOUATH BO3MOXKHOCTD
b < a. Ecim takoe ¢j1y9usioch, TO B CUJIy BTOPOI'O U TPETHEro IIyHKTOB NMeeM
Yn < Tn, |n—oo, 9TO IPOTUBOPEIUT yCIIOBUIO.

3.6 TEOPEMA O IPEJEJIE [IPOMEXXYTOYHO¥ ITIOCJIEJLOBATEJILHOCTH
3.6.1 CJ/y4All KOHEYHOI'O ITPEJIEJIA

3.40. TEOPEMA. Ilycrb gaHBl TpH MOCACOBATEIBHOCTH {Tyn}, {yn} u
{zn} rakme, uro
1) cymecrByer lim x, = a € R;
n—o0
2) cymecrByer lim y, = a;
n—oo
Torza cymecrByer npejest HOCJAe0BATeIBHOCTH {2, } 1
lim z, = a.
n—o0
HOKABATEJLCTBO. Ilycte a € R. Pukcupyem MpOM3BOJBLHOE YUCIIO

€ > 0. ITo ycaoBuio TeopeMbl CyIIeCTBYIOT HaTypaJbHbIe YUCIa 11, Ty U N3
TaKwme, uTo |, — a| < & jis Beex n > ny, |y, — a| < € s Bcex n > nag,
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Tn < 2n < Yn A7 BeeX N > ng. Torma mjsa Bcex n > ng = max(nl,ng,ng)
OJIHOBPEMEHHO BBITIOJIHSIIOTCS Bce Tpu ycaoBusi. OTCIOa BBIBOIUM, 9TO

a—e<zp < 2zp <yn<a+de TOpuBCEX N > Ng.

CuremoBaresibho, |z, —a| < € upu Bcex n > ng. Takum o6pazom, nhﬂngo Zp = a.

3.41. 3apAa4yn. [okazars, 910

1) lim ¢"™ = 0 gua moboro dukcupoBanHOro YKCIa ¢, |q| < 1.
n—oo

VKA3BAHUE. g g € (0,1) umeem % =1+ «a, roe a > 0. Hasee o
HEpPaBEHCTBY BepHyJLIn uMeeM

1 /1\» .
— = <7) =1+a)">1+a-n.
q q

Orciona 0 < ¢" < 7. Tax kax npasas 9acTh CTPEMUTCS K HYJIO, TO U

lim ¢™ = 0. Ocraerca paccMoTpeTh ciry4aii, korga g € (—1,1)
n—oo
2) lim 2% =0 aus mo6oro GUKCHPOBAHHOrO ducaa ¢, ¢ > 1.
n—oo 4 "

YKABAHUE. [IpoBepum, 9TO MOCTIET0BATETHHOCTD 2+ MOHOTOHHO yOBI-

Baer. [leficTBUTENBHO, ;—ﬂ < qﬂ n—oo, TAK KaK 9TO HEPABEHCTBO SKBUBA-

JIEHTHO "T“ < ¢ |n—oo- ClpaBeyIMBOCTD MOCJIEIHErO CBOMCTBA BBITEKAET U3
n+1 __ 1
TEOPEMBI O HEPABEHCTBE MPEJENIOB BEUIy = =1+ -~ = lnpun — oo n

mepaseHcTBa 1 < q. CieroBaresnbHo, 110 TeopemMe Beliepirpacca o cxomumMo-
CTU MOHOTOHHOM ITOCJIEIOBATETHLHOCTH MTOCTIEI0BATENHHOCTD Xy = ﬁ nMeeT
npenen a > 0 npu n — oo. meeM cooTHOIIEHNST

I -

n+1_n 1 1 1 1
T v g gt q gt

xn+1 = qn+1 =
Ilepexond K npeznesy npu n — 00, HoIy4aeM a = a- . Ilociregaee paBeHCTBO
BO3MOYKHO JIITb TIpn @ = 0.
3) lim /a =1 s smoboro duxcuposanuoro uucia ¢ > 0.
n—00

1
q

VYKA3AHUE. [Tycts a > 1. TlocmemoBaTelbHOCTE {/a MOHOTOHHO yOBIBA-
er, Tak Kak "/a < /a (nmocnesmee SKBUBAJIEHTHO OYEBUIHOMY HEDABEH-
ctBy a” < a"t1). Crenosarenmsho, o Teopeme BeitepmTpacca o cxoamMo-
CTH MOHOTOHHOM TI0C/I€I0BATEIbHOCTH Ty, = {/a umeet upeaen b > 1. Eciu
b>1,tob=1+4+p,8>0. Nmeem Va >1+fwma> (1+5)">1+np
npu n — oo 1o HepaenctBy bepuyimu. Tak kax 8 > 0, nocsiennee npoTu-
BopeunT npunmny Apxumena 1.60.

4) lim ¥/n=1.

n—oo
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VYKABAHUE. IlocienoBarelbHOCTh X, = /1 MOHOTOHHO yOBIBaeT IpH
n— oo "Wn+1< Yn|nsoo. JdelicTBuTensHO, HEpABEHCTBO

"t 1< n

sxBuBaseHTHO (n+1)" < n" ™ = n™.n um (1+ %)n < n. Ilocnennee nepa-
BEHCTBO BBINOJIHATCA IpU 1 > 4 (cM. (3.4.6)). CireroBaTesibHO, IO TeOpeMe
Beiiepmrpacca 0 ¢XoAMMOCTH MOHOTOHHOH TOC/IEI0BATEILHOCTH. TOCTIEI0-
BaTEJIBHOCTD X, = /N uMeer npeges b > 1 u npu sTom =, = {/n > b. Ecim
b=1+4+8>1,ton > (1+ 8)". Ipumenum K paBoii 4acTu 06OOIIEHHOE
HepaBeHcTBO Bepnyyum 1.11.19:

n2(1+ﬂ)"21+nﬁ+%n(n—1)62.

. 1 1 2
Ocraercs pazgemuTs 06e yacTh HepaBencTsa Ha n: 1 > =+ B+ 5(n—1)5%.,
U YBUJETH, YTO 9TO HEPABEHCTBO HE MOXKET OBITH BEPHBIM TIPU N — OO B
cuty npunnuia Apxumena 1.60.

5) % = 0 my1st 1106010 (PUKCUPOBAHHOIO Yncaa ¢, ¢ > 1.

lim
n—oo

yKASAHI/IE. HpOBepI/ITb, YTO II10CJIe/10BaTC/IbHOCTD % MOHOTOHHO y6I>I—
BaeT IIpu n — o0 n IIPUMEHUTDb TEOPpEMY Beﬁemepacca O CXOJUMMOCTH MO-
HOTOHHOH I10CJIeI0BATEIbHOCTH.

6) lim ¢™ = co gy a06oro bUKCUPOBAHHOIO YKCIA ¢, g > 1.
n—oo

YKA3BAHUE. [Ipumenuts nepaBeHcTBO Beprysin.

3.6.2 Cuay4All BECKOHEYHOI'O IPEJIEJIA

3.42. TEOPEMA. I) Ilycth manb! jgBe mocieaoBarensroctd {2, } u {z,}
TaKue, ITo
1) cymecrsyer lim z,, = 4o0;
n—oo
2) Tp < Zp |n—>oc~
Torma cymecrByer mpees mociaegoBareabnoctu {z, } u

lim z, = +o0.
n—oo
II) Iycre massl ase nocienosarenbHoctd {z,} u {y,} Takue, aro
1) cymecrsyer lim y, = —o0;
n—oo
2) zn < Yn [nsoo-
Torma cymecTByeT mpees nocjaegaoBareabnoctu {z, } u

lim z, = —o0.
n—oo
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JIOKA3ATENBLCTBO. 1) @ukcupyem mpomssosnbHOe umcsio r € R. Tlo
YCJIOBUIO TE€OPEMBI CYIIECTBYIOT HaTypaJbHBbIE YHUCJA M1 U N TaKHe, 4TO
T, > 7 s BCEX N > N1 U Xy < 2, JJIA BCEX N > ng. Torga Jjisi Bcex
n > ny = max(ni, ne) OJHOBPEMEHHO BBIIOJHSAIOTCH 00a yciaous. Orcioma
BBIBOJIM, 9TO

Zn > Ty > T  TIPHU BCEX N > M.

CiretoBaresibho, 2, > T IpU BCEX N > Ng. Takum obpasom, lim z, = +oo.
n—oo

Bropoe yTBep:KieHrEe pacCCMATPUBACTCS aHAJOTUIHO TPEJIBLIYIIEMY.

3.7 TIPEJAEI U AJITEBPAMYECKUE OITEPALIMKA

B xaxmom pazmene gannoro maparpada Mbl GOPMYIUPYEM JBE TEOPEMDI:
[IEPBYIO JIJIsl KOHEYHBIX IIPEJIEJIOM, & BTOPYIO, KOIJIa OJUH U3 IIPEJEJIOB MO-
2KeT OBITh OECKOHETHBIM.

3.7.1 TEOPEMA O CYMME [PEJIEJIOB

3.43. TEOPEMA. IlycTb JaHbI JBE CXOSIHECS II0CJI€I0BATEIHHOCTH
{z, € R} u {y, € R}. Cymma npesiesioB paBHa HPEIEILY CYMMBL: €CJIH

lim z, =a€R, lim y,=5b€eR,
n—oo n—oo

TO
lim (z, 4+ y,) = lim z, + lim y, =a+b. (3.7.20)
n—oo n— oo n—oo
JOKABATEJIBLCTBO. @ukcupyem mpousposibaoe € > (. CymecTByer duc-
Jg0 ny € N Takoe, 9T0 IJjIst BCEX N > N BBIIOJIHSIETCS HEPaBEHCTBO
13
)

|zn, —a] < 5

U CYIIECTBYET YUCIO No € N Takoe, UTO JJIT BCEX M > 7o BBINOJHACTCA
HEPaBEHCTBO

€

5.

Torpa mjst Bcex n > ng = max(ni, nz) umeeMm

|yn _bl <

3 g
[+ ) = @+ B)| < fon —al + g — b < S+ 5 = 2.

CuenoBaresbuo, lim (z, + y,) = a + b, u paBencrso (3.7.20) moka3aHo.
n—oo

3.44. 3ADAYA. Pacripocrpanuts Teopemy 3.43 Ha KOHETHOE UUCIIO CJIa-
raeMbIX.
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YKABAHUE. [IpuMeHUTs METOT MaTEMATUIECKON WHTYKITUH.

3.45. TEOPEMA. Ilycrp gaHbr jaBe mocaeqoBareasHoctd {T, € R} u
{yn € R}. Eciin nocaieoBarenpaocts {x, € R} orpanuuena causy (cepxy),
a npeges nocaenopareabHoctd {y, € R} paBen +o0o (—oo0) npu n — 0o, T0
1IpeJies1 CyMMBI IIOCIEJ0BATEIbHOCTEH paBeH +00 (—00) mpu n — 0o.

Tagum obpa3oMm,

+o0, ecmu x, > L gt Bcexn € N, u lim y, = +o0,

n—00 —o00, ecan xp < L mas Bcex n € N, m lim y, = —o0.
n—oo

(3.7.21)

Teopema BepHA, B 9ACTHOCTH, B TOM CJIy9ae, KOIJa IMOCIEJ0BATEIBHOCTD Ty,
nmeer npeges: lim x, =a € R\ {—oo} (lim z, =a € R\ {+00}).

JOKA3ATEJ/ILCTBO. Paccmorpum ciywait lim g, = 400, BTOpoii pac-
CMATPUBAETCS IO AHAJIOTUU. e

IIycrs x, > L nns Bcex n € N. QukcupyeM Mpou3BOJIBHOE 9HCIO0 7 € R
u HaiineM ng € N Takoe, 94TO JIJIst BCEX 1. > 7 BBIMOJIHSIETCST HEPABEHCTBO

Yn > 1 — L.
Torna miast Bcex n > ng uMeeM
Tn+yn>L+(r—L)=r.

Caenosarenbro, lim (2, + y,) = +00, 1 nepBoe paBeHCTBO B (3.7.21) 10-
n— oo
Ka3aHo.
Ecau lim z, = a € R\ {—o00}, To nocse10BaTeIbHOCTD X, OrPAHIYEHA
n— o0

cun3y (cM. 3a7aun 3.7 u 3.22) u 9TOT cirydail CBOAUTCS K IPEBIIAYIIEMY.

3.46. BAMEYAHUE. Eciiz a u b — 6eCKOHETHOCTH PA3HBIX 3HAKOB, CYMM-
Ma @+ b He onpesesena (B 3TOM CJIydae FOBOPIT O HEOIPEIEJCHHOCTH BHIA
00 — 00).

3.47. BAMEYAHUE. Ha camowMm Jiejie B J0Ka3aTe/IbCBe

3.7.2 TEOPEMA O IIPOU3BE/IEHUU [IPEJIEJIOB

3.48. TEOPEMA. IlycTb maHbI ABE CXOJSIHECS II0CJIE€I0BATEIHHOCTH
{z,, € R} u{y, € R}. [Ipoussenenune npeesoB paBHO IIPEJIETY TPOU3BEICHUST:
ecsim

lim z, =a€R, lim y,=5b¢€R,

n— oo (mdee]

113



TO
lim (2, - yn) = lim z, - lim y, =a-b. (3.7.22)
n—oo n—roo n—roo
JOKA3ATENBLCTBO. Tak kak nocienosarensHocta {2, } u {y, } cxogar-
cs1 K uncsaM B R, To oHn orparmvenst (cM. 3a7ady 3.7): CYIIECTBYET IHCIIO
L € (0,00) Takoe, uro |z,| < L u |y,| < L s Bcex n € N (IPOBEPUTH
9TO!, cM. 3amaay 3.11).
®Pukcupyem npoussosibHOe € > 0. CymectByer unciio ny € N Takoe, 910
JLIST BCEX 1 > N1 BBINOJHSACTCS HEPABEHCTBO

| | < =
T, —a —
oL’
U CYIIECTBYET YUCIO No € N Takoe, UTO JJIg BCEX M > 7o BBINOJHAECTC

HEPABEHCTBO
lyn — bl < ==
Yn 5L

Torga s Becex n > ng = max(ny, ng) umeem

|Tn - yn —a-b| = [(xy, — @) - yn +a- (yn — b)|
< ‘xn_a|"yn|+|a|'|yn_b|

<L+ —

5T 5T -L=e¢. (3.7.23)

CueoBaresnbuo, lim x, -y, = a - b, u paBercrso (3.7.22) 10Ka3aHO.
n—oo

3.49. 3aA4YA. Pacupocrpanuth Teopemy 3.48 Ha KOHETHOE UUCIIO CO-
MHOXKUTEJICH.

YKABAHUE. [IpuMeHUTh METOJT MaTEMATUIECKOW WHTYKITUH.

3.50. TEOPEMA. IlycTh maHbI ABE CXOJSIHECS IIOCIEI0BATEIHHOCTH
{z,, € R} u{y, € R}. IIpoussesenne npeseioB paBHO Py [IPOU3BEICHUSI:
ecim lim x, = a, lim y, = b, u onpexereno mpoussesenwe a - b, To

n—oo

n—oo
lim (2, - y,) = lim z, - lim y,. (3.7.24)
n—00 n—00 n—00
Tarum obpa3om,
lim z, -y, = (sigr.la)oo, eem a g\ {03, b = oo, (3.7.25)
n—00 (—signa)oo, ecan a € R\ {0}, b = —o0.
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JIOKA3BATEJ/IBCTBO. PaccMoTpuM mepBbIit ciry4ait, BTOpoil paccMaTpu-
Baercs 1o amasorun: a € R\ {0}, b = +oo.

[Tostoxkum jiyist onipeiesiennoctr a < 0. Pukcupyem TpOU3BOTLHOE TUCTIO
aMvexay a u 0: a < a < 0. ITo Teopeme 3.39 0 HepaBeHCTBE IPEIETIOB
HalijeTcd HoMep 711 TAKOH, 4TO

Ty < @ JIJISI BCEX 1 2> M.

C mpyroii cTOpOHBI, I IPOU3BOJLHOIO 7 € (—00,0) Haligercsa HOMEp 7o
TaKOIt, 4TO

r
Yp > —7— JIJISI BCEX N > No.
||
Torga st Beex n > ng = max(ny, ng) umeem

—r
|Tn - Yn| > || - — = —1.
|ov|

ITockosbKY @, - Yy, — OTPHUIATENBHOE YUCJIO IPH 1 > Mg, TO
Ty - Yn < T.
Tosromy lim x,, -y, = —00, 1 paBeHCTBO (3.7.24) B 9TOM CJIyvae JI0Ka3aHO.
n—o0
3.51. BAMEYAHUE. B ciyuae, koria a = 0 u b — 6eCKOHETHOCTD JTFO60T0
3HaKa, IPOU3BEJIEHNUE ¢ - b He onpejeseHo (Heoupe/ejeHHocTb Buaa 0 - 00).

3.7.3 TEOPEMA OB OBPATHOW BEJIMYUHE TTPEJEJIA

3.52. TEOPEMA. IlycTp jaHa CXOJISANIASICS IOCT€T0BATENBHOCTD {X;, €
R}. Obparnas Bejmuuna npejesia, He PABHOIO HYJIIO, DABHA IIPEEILY TTOCIe-
JIOBATEJIBHOCTH 00paTHBIX BeqmanH: ecan lim x, = a € R\ {0}, 1o

n—oo

. 1 1 1
lim — = — = —. (3.7.26)
n—00 T, lim z, a
n—o0

JOKA3ATENLCTBO. B cayuae a € R\ {0} mamo mokasars, 4ro s
qoboro € > 0

11 -
‘ ‘ _lEnzal oo (3.7.27)

Zn  al |z, -a

Durcupyem 0 < & < |a|. Torma Jyist HEKOTOPOrO HOMEpA 11 UMEeM




st Bcex n > ny. Ilo Teopeme 0 HEpaBeHCTBE IIPEJIESIOB CYIIECTBYET TaKXKe
HOMEp Ny TAKOM, ITO
|al

|xn|23 mm — <

1 2
|xn|

lal

JUIst Beex n > ng. OTcrofa mis Bcex n > max(ng, ng) UMEEM OLEHKY CBEPXY
I IpaBoit yacru (3.7.27):

|z, —al  |a|?e 2

| - al 2 Jal-la]

3.53. TEOPEMA. Ilycrs mana mocaenosarenpHoctb {2, € R}, cxors-
masicst K OJ[HOH u3 6ecKoHedIHoCTeH npr n — 0o. Toria mpeges mocaenoBa-

TeJIbHOCTHU O6paTHbIX BE€JIMYUH paBE€H HYJIIO: €CJIA lim Ty = :EOO, TO
n—00

1
lim — =0. (3.7.28)

n—oo xn
JLOKABATEJILCTBO. 15 moyueHnst OrieHKn

1

Tn

<e

HAJI0 HANTHU TAKOE 1( HAYMHAS C KOTOPOTO OYJIET CIIPABETMBO HEPABEHCTEO

e~ < |z, |. CymecTBoBaHme TAKOTO N TADAHTUPOBAHO ycaoBHeM lim x,, =
n—oo

+o0.

. 1 —
3.54. 3AOAYA. Jlokasarh nh—>néo v 0.
U3 Teopem 3.48, 3.50, 3.52 3.53 BBIBOIUM
3.55. CJIEACTBUE. Ecam mocaemoBaTeaIbHOCTh Ty, € R cxoqurcs K duc-
ay a € R opu n — 00, mocjaenoBaTeabHOCTh Y, € R cxomurces K daucity

b € R\ {0} npun — oo, TO cymecTByeT npesess OTHOIIEHHST TTOCTE[OBATE b
HOCTEll B paBeH OTHOIMEHHIO TPEJIEJOB, KOIJIa OHO OIIPEJIETICHO:

lim — = —. (3.7.29)

Takum 06pa3oM,

Tn 2, ectma € R, be R\ {0},

n—0o0 Ypn 0, ectma € R, b= oo.
116

(3.7.30)



3.56. BAMEYAHUE. Takum 00pa3oM, HE OIIPeJIeJIeH IIPeJiel OTHOIIEHMS
B CJIEILYIOIIUX CIydasax: KOIjIa

1) a=0ub=0 (HeonpeeseHHOCTD Bula J);

2) a = 00 m b = 00 (HEOTIPE/IEIeHHOCTD BUIA 22 ).

3.57. 3AgA4A. Ilycrs ¢ € R u |g| < 1. JokazaTh, 4T0 110CJI€I0BATEI b
n
_ 2 _ k _ 1—=q""!
HOCTh Ty, = 1+ q+ ¢ +...+¢" = kzoq = 5L (om. (1.15.41)) umeer
npeges Ipu n — 0o (HaSBIBaeMblﬁ CYMMOIi GECKOHEYHOI IPOrPeccrn ), pas-
w1
HBIA ——.

1—q

3.58. 3AZAYA. Ilycrs nana nociaenoBaTeabHOCTh {x, € R}, 2, # 0 auist
Bcex n € N, u lim x, = 0. Torma

n— 00
. 1 +o00, ecau x, >0
lim — = ’ n > Olnoyoo, (3.7.31)
n=oo I, —00, ecnn Ty, < 0|n_oo-

3.8  YACTUYHBLIE [IPEJEJILI [IOCJIEJOBATE/JILHOCTU. TEOPEMA BENEPIITPAC-
CA O YACTUYHBIX ITPEJIEJIAX

3.8.1 YACTWUYHBIE [PEAEJBI ITIOCJEJOBATEJILHOCTU

IIycts mana mociemoBaTebHOCTD Ty € R, n € N.

3.59. ONPEAEJEHUE. Hucio a € R HazbBaeTcs wacmuuhvim npede-
A0M TIOCITIETIOBATETBHOCTH { Xy, }neN, €CIH CYIMECTBYET TTOCJIEN0BATENTLHOCTE
HATypaJabHbIX dncest {ng € N}iey ¢ yenosuem klim ng = 400, JJIsi KOTOPOii

— 00

lim z,, =a. (3.8.32)

k—o0

3.60. 3AHAYA. Ecim mociienoBareibHOCTh T, € R cxomures K 9uciy
a € R mpu n — N, To a OymeT Tak:Ke TpeesioM U Jjs JI000i ee MOomocye-
JIOBaTEJIbHOCTU. B 9TOM cilydyae Bce ee YaCTUYHBIE IIPEJIEJIbl COBIIAIAOT.

3.61. BAJIAYA. Ecaun mocemoBaTebHOCTD I, € R MOHOTOHHAS U M3Be-
CTeH HEKOTOPBIA ee JacTUIHBIA mpenes1, paBHb a € R, To mpemen moce-

J0BaTEIbHOCTU I, IIPU N — OO TAK2Ke paBeH a: lim xz, = a.
n—oo

YKABAHUE: ITo Teopemam 3.30 u 3.33 maHHas MOCIEI0BATEILHOCTD Ty
nMeeT IIpeiesl, COBIAIAMONINIA 110 IIPeAbIIyIeil 3a1a4e ¢ JIIOObIM ee JacTud-
HBIM IIPEJIEJIOM.
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3.8.2 TEOPEMA BEUEPIITPACCA O YACTUYHBIX MPEJEJIAX

3.62. TEOPEMA. COBOKYITHOCTh YaCTHYIHBIX IPEIEIOB MOCTIEIOBATE b
Hocth T, € R, n € N, mpezgcrapisier coboit HeLycToe MHOXKECTBO.

JTOKABATEILCTBO. Ilycts z, € R, n € N, — npousBo/bHas HOCIEI0-
BaTEIbHOCTE. IlomoxKmM

N3 nw— 2z, =sup{Tn, Tni1s - s Tmy-- ) (3.8.33)

TTo reopeme 1.94 nocse0BaTeIBHOCTD { 2, } MOHOTOHHO YOBIBALT: 2, > Zpt1
qutst moboro n € N. ITo reopemam 3.30 u 3.33 nociesoarenbHoCcTb {2, }
AMEET TPeJIeNT

lim z, = inf z, =q.

n—00 neN

TTokazkeM, 9TO ¢ — JACTUUHBII IIPeJIes MCXOTHOMN [OCIe0BaTeIbHOCTH { Ty, }.

Ecmn ¢ = —o0, To n3 HepaBencTBa —00 < X, < 2, JUIS BCEX N UMeEEM
lim x, = —oco mo Teopeme 3.42.
n—oo

Ecm ¢ € R, BeOGepeM cxopdmmytocd K ¢ IOAIOCIEIOBATEIBLHOCTD Ly,
o nHAyKInA. Bo3bMeM M1t 9TOTO TPOU3BOILHYIO HOCIEI0BATEIBHOCTD £y

TTOJTOKUTETHHBIX 9HCET, CXOAAIIYIocs K Hyso: lim e, = 0. Hanpuwmep, €,, =
n—oo
1

Tl'

CymecrByer HOMED [ TakKoii, 9TO JiJisi BCeX HOMEPOB N > 1 umeeM q <
Zn < q + €1. Ilo mpusnaky TouHoll BepxHeit rpanutbl 1.91 cymecTByer
HaTypaJIbHOE YHCJIO 1] > [ TAKOe, YTO

q—¢€1<xp, <2z, <qg+er.

ITycTb 971EMEHTHI Ly, , Ty s - - - 5 Ty, JAHHOI IOCJIETOBATEIBHOCTH YK€ BBI-
OpaHbl, TPUIEM

q—€m <Tp, <q+em muaBcexl<m<k

nny <ng <...<ng.
HOKa)KeM KaK BBI6paT]) JIEMEHT .Tnk+1 TaK1M O6pa3OM, LI‘TO6])I

q—Ek+1 < Tppyy < g+ Egt1

ung < Ngt1. JeliCTBUTENIBHO, CYIIIECTBYET HOMED lj41 TAKOi, 9TO JIJIst BCEX
HOMEDPOB N > l4+1 UMeeM

q < zp < g+ €kt (3.8.34)
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onoxxum Iy = max{ly41,n%} + 1. Torga (3.8.34) GyjeT BBIIOJHATLCSA
u jasa n > lo1 Io npusHaky TouHoil BepxHeil rpanuiel 1.91 cymecTByer
HATYPAJLHOE TUCIIO M1 > lg41 TAKOE, UTO

q—€kt1 < Tpyy, < 2y <4+ €kt

Takum 00pa3oM, MOAIOCIEN0BATEILHOCTD Ly, IIOCTPOEHA, IPUYEM U COOT-
HOIIIEHNU A
q—cp < Tp, <q+eg

7 HEPABEHCTBO Ny < Nj+1 BBIIOJHAIOTCA I Beex k € N.
Hamee, m3 lim e = 0 ¢ momompio TeopeMbl 3.40 BBIBOAUM TpedyemMoe:
k—o0

lim z,, =gq.
k—oc0
Ecmu ¢ = 400, TO oueBumHO 2, = +00 s Bcex n € N. Bozbmem 1po-
U3BOJILHYIO TTOCTEOBATENIHHOCTD T, TMOJOKUTETBHBIX UHUCEJI, CXOISIILYIOCS
K 4oo: lim r, = +oo. Hanpuwmep, 7, = n.
n— oo
ITo npusnaky TouHoIt Bepxueit rpanursl 1.91 cyiecTByeT HATypaJIbHOE
9UCJIO Ny TAKOe, 9TO
T < Tp,-

IIycTb 971eMEHTHI Ly, ) , Ty s - - - 5 Ty, JAHHON IOCIIETOBATEIBHOCTH Y2KE BBI-
OpaHbl, TPUIEM
Tm < Tp,, MsBcex 1 <m <k

nny <ng <...<ng.
[Tokazkem Kak BLIOPATDh 3JIEMEHT Ty, ., TAKUM 00PA30M, YTOODI

Tk+1 < xnk+1

u ng < Ng41. IHocKOIBKY 2y, +1 = 400, 0 IpU3HAKY TOYHOI BepxXHEi
rpaHuns! 1.91 cymecTByeT HATypaJIbHOE THUCIIO Ng41 > N + 1 Takoe, ITO

Tk+1 < l'nk+1 .
Takum 06pa3oM, IOIIOC/IE0BATEIBHOCTD Xy, IOCTPOEHA, IIPUYEM
T < Ty,

ung < Ngy1 41 Beex k € N.
Hanee, u3 lim rp = +00 ¢ OMOIIBIO TeopeMbl 3.42 BBIBOAUM Tpebye-
Moe: hroo
lim z,, = +oo.
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3.9 BEPXHUIT U HUXKHUN NPEJEJIBI IIOCJEIOBATE/JIBHOCTH

YHacTuuHbIil Mpejies ¢ MOCIeI0BATEIbHOCTH {mn}7 HaJICHHBIIT B TeopeMe
3.62, obsia1aeT OIHIM 3aMedaTe IbHBIM CBOMCTBOM: 410001 “4acmuyHvill npe-
dea nocaedosamenvrocmu {x,} He mpesocrodum wacmuurnozo npedeaa q
meopemol, 3.62.

1 oKaz3aTeIbCTBa 9TONO CBOMCTBA BOCIIOIB3yEeMCs HEPABEHCTBOM: Ly, <

Zn, n € N. Ecn a = klim Ty, — YACTUYHBIHA IIpeJe MOCIeI0BATeIbHOCTH
— 00

Ty, TO, IIEPEXOJIS B HEPABEHCTBE Ty, < 2, K NpeJiesly Ipu k — 00, IOJIy-
JaeM HEpPaBeHCTBO a < q.
Takum 06pazom, HOKA3aHO

3.63. IIPEAJIOXKEHUE. YacTHUHbIH Ipeaes q mocae 0BaTebHoCT { X, },
HaiiteHHbIi B TeopeMe 3.62, SABJISETCS MAKCHMAJIbHBIM U3 BCEX YACTHIHBIX
IIPEIEJIOB IOCICIOBATCIBHOCTH { Ty }.

IIpenen
g = lim sup{Tn,Tni1s- -, Tmy--.}
n—oo

TeoOpeMbl 3.62 sBjIsieTCsI YaCTUYHBIM II0CJICJIOBATECJIbHOCTHU {J}n}, Ha3bIBaeT-
Cd 8EPTHUM npez?e/LOM IIOCJIeIOBATECJIbHOCTU {l’n} 1 0003HAYACTCS CUMBOJIOM

g= lim z,. (3.9.35)

n— oo

AHajIoruyHO UpeapLIyIeMy MOXKHO HallTh HAMMEHbBIIIN U3 BCEX YaCTHY-
HBIX TIPEJIEJIOB MOCJIEe0BATENBLHOCTH {Xy, }. [lJist 9TOro HaJ0 paccMoTperhb
IIOCJIEJIOBATE/IHBHOCTD

Nonw y, =inf{x,, Tnit, -y Tm,- -1y (3.9.36)

u 1o Teopeme 3.30 yOeauThCsa B CYIIECTBOBAHUH IIPEJIEIA

IPOBEPHUTH, YTO OHA MOHOTOHHO BO3PACTACT: Yy < Ypi1 I Jr000ro n € N,

lim y,, = sup y, = p. (3.9.37)
YuraTesto 0CTaeTCs MOKa3aTh, UTO P — MUHAMAJBHBIA YACTUIHBIA peIest
UCXOJIHOM MOCJIEJIOBATENBHOCTH { Ty, }.
YacTUaHBI TPEJIeIT P MOCIEI0BATEILHOCTH { Ty, } HABBIBACTCS HUMCHUM
npedesom MOCIEA0BATEILHOCTA {Xy, } U 0003HAYAETCH CHMBOJIOM

lim z,.
n—roo
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3.64. 3AJIAYA. JTokasaTh, YTO YACTUIHBIN IIPeIesT P II0C/IeI0BaTeIbHO-
CcTHI {xn}, HaliIeHHbII B (3‘9.37), ABJIIETCA MUHUMAJIbHBIM U3 BCEX YaCTUY-
HBIX [IPEJIEJIOB TI0CJIEI0BATEILHOCTH { Ty, }.

3.65. 3AAYA. JTokazarh, 94TO JIJIsl TOCJIE0BATEILHOCTH T, € R, n € N|
BCer/ia UMeeT MeCTO HePaBEHCTBO

lim z, < lim z,. (3.9.38)

n—oo n— oo

3.66. 3AMAYA. JlokasaTh, 9TO €cjd P, ¢ — COOTBETCTBEHHO HUKHUN
U BEPXHUU IIPEJIesbl IMOCIeI0BATEIbHOCTH T,, € R, n € N, To 1151 JTI060TO
a > q (8 < p) MHOKECTBO

{neN:z,>a} ({neN:z,<p}) (3.9.39)

KOHEYHOE.

YKABAHUE: Bocmoan3yiiTech HEPABEHCTBOM ¥y, < Tp < 2, 1 € N, u
CyIIeCTBOBAHUEM TAKOI'O 7, UYTO JjIsI BCeX M > Mg Oyuer

B < Yn S Ynt1 S Tl < 2Zpg1 Sz <

3.67. 3AAYA. JTokazarh, 9TO JIJIsl TOCJIE0BATEILHOCTH T, € R, n € N|
CXOJIUTCST TOTJIA, U TOJIBKO TOT/Ia, KOTJIA

lim z, = lim z,. (3.9.40)
n—o0o n—co

3.68. 3AJ1AYA. [TocsienoBaTeIbHOCTD Xy, 1 € N, CXOMUTCS TOTIA U TOJIb-
KO TOIJ[a, KOIJa COBOKYITHOCTH BCEX €€ YACTHIHBIX IPEJIEJIOB COCTOUT W3
€JIMHCTBEHHON TOYKMN.

3.69. BAZIAUA. JloKazaThb, 4TO [Is MOCJIEI0BATEILHOCT] T, € R, n € N,

1 HEKOTOPOI ee MOJIIOC/IeOBAaTeIbHOCTH Iy, € R, k € N, Bcerna cupasen-
JIMBBI COOTHOIICHUS

lim z, < lim z,, < lim z,, < lim x,. (3.9.41)
n—o00 k— 00 k—oc0 n— 00

Ykazanne. Beskuil qacTHIHBIA Opesies] HOCIe0BaTeIbHOCTH {Zy, , k €
N} aBngercs rtakKe YaCTHYHBIM MPEJEJIOM H IOCJIEI0BATEIBHOCTU { Ty, }.
Orcrona coBOKynHOCTb M 9aCTHYHBIX IIPEJEIIOB HOC/IEOBATENLHOCTH { Ty, }

COACP2KUT COBOKYIIHOCTH S YaCTUYHBIX IIpeaesioB  I1ocjieJJ0BaTeJIbHOCTU
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{zn,,k € N}: S C M. ITosromy HauMeHbmnii s1eMeHT MHOKecTBa M, pas-
HBIl MUHAMAJIbHOMY YaCTHIHOMY INIpeJiesly IocsesoBarebHoctn {x,}, He
MIPEBOCXOJIUT HAMMEHBIIIErO JIEMEHTA MHOXKECTBA S, PABHOIO MUHUMAJIBHO-
My 9aCTHYHOMY NIPEJIENy IOCIIeI0BATeIbHOCTH {Zy, , k € N}. CiesroBarens-
HO,

lim z, < lim z,,.
n—o00 k—o00

3.70. 3AAYA. ITycrs nansl nocaenosarenbrocru {x, € R} u {y, € R}.
JokazaThb, 9TO o
lim (z, +y,) < lim z, + lim y, (3.9.42)
n— 00 n—oo n— 00

IIPU YCJIOBUU, UYTO CyMMa B IIPABOil YaCTHU OIpejiesIeHa.

Penierne. Ilpumep nocsenoBaTeslbHOCTER Ty, = N U Yy = —N IIOKa3bIBA-
€T, YTO yCJIOBHE OIPEIEJICHHOCTH CyMMbI B IIpaBoil yactu (3.9.42) cBa3aHO
C CYIIECTBOM JieJIa: caraeMble B IIPABOI 9acTU He MOTYT ObITH GECKOHEYHO-
CTAMH PA3HBIX 3HAKOB.

Ecm lim z,, = 400, To 1o ycaoBmio lim y, > —00, U B 9TOM CTydae

n—oo n—oo
HepaBeHCTBO (3.9.42) 0YeBUJIHO.
Ecin lim (z, 4+ y,) = —o00, TO B 9TOM Cilyyae HepaBeHCTBO (3.9.42)
n—oo
TaKKe OYEBUITHO.
Ecmun lim x, = —oo, To o ycioBuio lim y, < +00, 1 B 9TOM ciiydae
n—oo n—oo

HAJIO JIOKA3aTh, YTO BEPXHUIl IIpejesl B JieBOil yacTu HepaBeHCTBa (3.9.42)
paBen —oo. leficTBuresbHo, B 9TOM ciy4ae cymectsyer L € R takoe, uro

Yn < L

JIst BCeX HOMEPOB 1. > ny, rjae np € N — Hekoropoe uucio. s mgoboro
r € R naitgerca aomep ny € N Takoii, 9To

Tn <r—1L
ILJIsL BCEX HOMEPOB N > ng. Eciu ng = max(ny, ns), T0
Tn+yYo<r—L+L=r

JJIs BCceX HOMEpPOB 1. > ng. Tak kKak r € R — mpousBoJIbHOE YHCJIO, TO
lim (2, + yn) = —00, U HepaBeHCTBO (3.9.42) TaK»Ke BBIIOJIHIETCS.
n—oo

PacemoTpum OCHOBHOM ciry4ait: Korja mpasas u Jiepast dactu (3.9.42)
— KOHeuHble ymcia. 1lycTb moamociie1oBaTeIbHOCTD Tn, + Ypn, CXOIUTCH
K lim (z, + yn) upu k& — oo. Ioamocsie0BaTeIbHOCTD Xy, MOXKET U He
n— oo
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CXOJIUTCs, HO y Hee eCTh (II0J1)MO/IIOCIIE0BATEIbHOCTD Tp,,, CXOALAIIAACA K

klim Ty, . 3AMETHM, UTO TOTJa IO Teopeme 3.45 u Yny, CXOIHUTCSH, TAK KaK
oo

Yng, = (Tny, T Yni,) — Tny, = n@(xn + ) — k@o Tn,

upu [ — co. II3 nocieaHero, B YaCTHOCTH, BBIBOJHUM, 4TO lim x,, # —00,
k— o0

TaK Kak B IPOTUBHOM Ciydae u lim y,, = —00,
=00 l
im (Tn,, + Yn,, ) = lim (2, +y,) = —o0,
l—o00 g n—00

YTO IIPOTUBOPEUUT IIPEJIIOJI0KEHNIO KOHEYHOCTH JIEBOI YacTU (3.9.42). OxoH-
gaTeJIbHO,

lim (z, +yn) = lm (xn, + Yn, ) = lim z,, + lim y,,
n—oo l—o00 4 l l—o00 4 l— 00 L
< lim z,, + lim y,, < lim z, + lim y,
—00 k—o0 n— oo n—oo

(31eCh MBI BOCIIOJIB30BAIUCEH 3a1a4deil 3.69).

AHAJIOTUYIHO PEIAOTCs CJIeIyIONre TP 3aIa4u.

3.71. BAAAYA. ITycrs nansl nocaenoparenbroctu {x, € R} u {y, € R}.
JokazaTb, 4TO
lim (2, +y,) > lim z, + lim y,

n—oo n—roo n—oo

IIPU yCJIOBUAM, YTO CyMMa B IIPaBOil 4acTU OIlpesesieHa.

3.72. 3AAAYA. ITycrs nansr nocaenosarenbroctu {x, € R} u {y, € R},
T, Yn > 0 it Bcex n € N. /lokazaTh, 94TO

lim z, -y, < lim z, - lim y,
n—oo n— oo n—oo

IIPU yCJOBUM, YTO IIPOU3BE/ICHUE B IIPABOIl YaCTH OIIPEJIEJICHO.

3.73. 3AgA4YA. [Tyers nansr nocaenosarenbroctn {x, € R} u {y, € R},
T, Yn > 0 1t Bcex n € N. JlokazaTh, 94TO

lim z, -y, > lim z,- lim y,
n—oo n—oo n— oo

opu yCJIOBUHU, 9TO IIDOU3BEJICHUEC B HpaBOfI qJaCTUu OIIpeaeJIeHo.
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3.10 TIOHATUE ®YHAAMEHTAJIbHOW ITOCJIEJOBATEJIBHOCTU. KPUTEPUIT KO-
111

Paccemorpum mociienoBaresibHOCTh X, € R, n € N, cxoasinyocss K HEKOTO-
Y )

pomy unciy a € R. Torga myst € > 0 Haiiercs HOMED ng TaKOM, 4TO

€

3.10.43
: (3.10.49

|z, —a| <
Js1 Bcex n > ng. CiremoBaresbHO, s BeeX m, [ > ng u3 (3.10.43) nMeeM

[T — x| < |Tm — al + |z — al <S4t
2 2
Takum 0bpazoM, ecan MoCaeaI0BATEIHHOCTD T, € R, n € N, cxomurest K
nekoropoMmy duciay B R, To mis soboro € > 0 maiieTrcss HOMED ng TaKoif,
91O
|z — x| < e (3.10.44)

Jst Bcex m, [ > ng. CoiicTso (3.10.44) MOXKHO pAcCMaTPUBATH U HE3ABHCHU-
MO OT TOT'O CXOJIUTCS TIOCJIEIOBATE/THHOCTD WJIU HET. BhIIeJ M oIy YeHHOe
CBOICTBO B HOBO€ IIOHATHE.

3.74. ONPEAEJEHUE. IlocienoarenbHocTh T,, € R, n € N, Ha3bIBaeT-
¢t Ppyndamenmanvrot, ecan njs jroboro € > 0 Haliercs HOMED 7y TaKO,
91O

|Tm — x| < e (3.10.45)

IS BcexX m, [ > ng.

3.10.1 Krutepruii Kouu

3.75. TEOPEMA. IlocnenoBaTenbHOCTD {Xy, }nen CXOAUTCA K HEKOTOPO-
My uucsy B R Torma m TOJIBKO TOIJA, KOIJia OHA (DYHIaMEHTAJIbHASI.

JIOKA3ATEJILCTBO. HEOBXOANMOCTD J0Ka3aHa Iepes OIpee/IeH-
eMm 3.74.

JLOCTATOYHOCTb. [locenoBaresnbHoCTh { Xy, }rnen PyHmaMenTambia. To-
TJIa JIs MPOU3BOJILHOTO (puKcHpoBaHHoro € > 0 cyrecTByer HOMeEp 19 € N
TaKoii, YTO JIsg Beex m,l > ng clupaseiinBO HepaBeHCTBO (3.10.45). Dux-
cupyewm [. IIpu m > ng uMeeM COOTHOIIEHUSI

—e4x; < Ty < €+ 14 (3.10.46)

U3 KOTOPBIX BBITEKAET, YTO [OCJIEI0BATEIbHOCTD { Ty, } orpanudena. Boiie-
JiuM 110 TeopeMe BeitepmTpacca 3.62 CXOSILYIOCS OITOCIEI0BATETHLHOCTD



Ty lem X, = a. Tak Kak My > Mg |g— o0, TO MOJATAST B HEPABEHCTBAX
oo

(3.10.46) m = my, u nepexod K upejey upu k — 0o 1o Teopeme 3.39 o
HEPABEHCTBE IIPEJIEJIOB MOJTyIaeM

—ec4x<a<e+x wm |y —a|<e (3.10.47)

pu Bcex | > ng. Takum obpa3om, 10Ka3aHO, 9TO llim T = a.
— 00

3.11 DKCHOHEHIUAJIbHAS OYHKIUS €Xp T
3.11.1 ONPEJEJIEHUE SKCIIOHEHIUAJIbHOU ®YHKIIUU

IIpumenum xpurepuit Komm 1 q0Ka3aTeIbcTBa CXOMMMOCTH OCIEI0BA~
TeJIbHOCTHU

up () = (1 + %)n, n €N,

rie x € R — npoussosibHOE hukcupoBarHoe anciio. [lousitao, ato npu z = 0

TOCJIEIOBATEIHHOCTD TIOCTOSTHHAST U ee mpejest pasen 1. Coydait £ = 1 6bu1

paccMoTpeH pantee B 1. 3.31: 6puI0 j10Ka3aH0, 4To Upeden lim wu, (1) cy-
n—oo

eCTBYeT, TpuHaIe:KuT R, 1 ero 3HadeHne ObIT0 0003HATEHO CUMBOJIOM €.
3/ech MBI PUBEJIEM HOBOE JIOKA3ATENbCTBO CYIECTBOBAHUS IIPEJea Mo-
CJIEIOBATENILHOCTH Uy, (). TakumM 06pazomM, GyIer J0Ka3aHO, ITO KayKIOMY
2 € R MoxkKHO conocTaBuTh 4ncyao lim uy,(z), KoTopoe Mbl 0G03HAYNM CHM-
BOJIOM €XD Z: e
Rz expz = lim w,(x). (3.11.48)
n—oo

Huzxe B pazmene 3.11.3 OymeT moKa3aHo, 9TO 9Ta PYHKIUI 007IaTaeT 3aMe-
JaTesJbHBIM CBOficTBOM: exp(x + y) = expx - expy. [lo sToil npuunue ona
Ha3bIBAETCS IKCTLOHEHUUAADHOT.

3.76. TEOPEMA. IIpenen

lim (1 + %)" (3.11.49)

n—oo
cymmecrByer juist Jroboro € R.

JIOKA3ATEJILCTBO. Ilpu z = 0 mocjie10BaTe/IbHOCTD OUYEBUTHO CXOIUT-
csi 1 ee ipejiedt paseH 1. @ukcupyem npoussosbHoe ¢ € R\ {0}, pacemorpum
IIOCJIEJOBATEJIBbHOCTD

un(x) = (1—|—%) , meN,
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U JIOKaXKeM, YTO OHa CXOIUTCH.
3amerum, 9T0 1Ipu & = 1 3Ta M0CJIeI0BATEIHHOCT COBIIAJIAET C MIOCIIEI0-
BaresbHOCTBIO {X,}, n € N, npumepa 3.31. OzHAaKO, JJIs 10KA3aTEIHCTBA
CXO/IIMOCTH TIOCTI€A0BATEILHOCTH {ty, (2)} MBI BOCIOIB3yeMCsl KPUTEPHEM
Kormmn.
Hamo moxasars, @wTo ay1st joboro € > (0 HalieTcss HOMep ng TaKoi, ITo

[tum (z) — w(z)] < e (3.11.50)

JUIst BcexX m, | > ng. @urcupyeMm npousBosibHoe 0 < & < 4. 3anuiieM JeByio
YacThb (3.11.50) B CJICLyIOIIEeM BUJE:

\um(x)—ul(m)\:Kl—l—%)m— (1+§)l]. (3.11.51)

m
Pazmoxenune st (1 + %) IIOJTyI€HO B mpuMepe 1.57 mpu m = n:

Ym(z) = (1+ ) Zcmkk', (3.11.52)

rie
=1 (1 — i) ----- (1 — E) (3.11.53)

IIpuBenem jierko mpoBepseMble CBOHCTBa KO3(MMHUIUEHTOB Cp, k, M € N,
0<k<m:

1) emo=1,a0 < c¢pp <1 s Beex Harypasbubx 1 < k < m,

2) n}gnoo Cm,; = 1 aya moboro ¢ukcuposannoro 1 < k < m B cuiy
JeMMbI 3.37.

IMpunumast Bo BHEManue (3.11.52), PACCMOTPHUM IIPOU3BOJILHOE UHCJIO
1 < ko < min(m, ), koTropoe BrocsecTBUN (DUKCUPYEM OIIPEIEJIEHHBIM 00~
pa30M, U 3alMIIeM Pa3HOCTh B IpaBoil yactu (3.11.51) B cieayiomeM Buje:

m k l {Ek
[um () — w(z)| = Zcm Sl ch,kﬁ
k=0 k=0 ’
ko—1 ko—1
Zcmkkl chkkl‘ Zcmkk, chkkl
k= ko k= k()
o Jol*
< E (Cm,e — CLk) E o (3.11.54)
k=0 k=ko
«Xopomniad» 4YaCTb «IjIoxad» 4acTb
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riae L = max{m,{}. Takum o6pasoM, BeiparkeHue B npaBoil wactu (3.11.54)
COCTOUT M3 JIBYX CJIAraeMbIX: IIEPBOE CJaraeMoe «xoporuees (y Hero KoHed-
HOE YHUCJIO CJIAraeMbIX ), & BTOPOe «ILI0X0e» (Y HEro KOJMYECTBO CIaraeMbIX
MOKET OBbITh IIPOU3BOJILHBIM). JIjisi ONEHKM ILJIOXO# YacTh BBIGEPEM TAKOE
ko € N, 4ro6bl OIHOBPEMEHHO BBIIOJIHSJIUCEH CJIEYIONUe HepaBeHcTna, (Cy-
[IeCTBOBaHME TAKOrO ko copMysmpoBaHo B 3ajade 3.41):

G << i << L (3.11.55)
— %8 — —. . .
k! 8 ko+1 8 °2
Orcrona B cuity HepaseHerBa (1.11.27) ¢ u = || BBIBOAUM CJ€myIOIIYIO
OIICHKY'
2 ~ Jal* plef 1 gzt e 3.11.56
> G < Fol 1 L~ gl S 2 (3.11.56)
k=ko ko+1

crpaBe By Jyis Juoboro L = max(m, 1) > kg
[Tockombky ko dpurcupoBaHo, MBI MOXKeM MOI00paTh ng > kg Takoe,
9T06BI (CM. mpeiokerne 3.15)

lemk — ekl <lemp — 1+ lar — 1] < s Beex m, 1 > nyg.

€
2ko(|x| 4 1)*ko

IIpu Takom BBIOOPE N ISt BCeX M, | > ng uMeeM

ko—1 |k:
> (Cmk — cLp) Z | — o
k=0
Jzl* €

< k-
<Z2k0 (el + DFo kI =0 25 ~ 2

‘ k

(3711€Ch UCIIOJIL30BAHBI OUEBHIHBIE HEPABEHCTBA a <lm % <1, cupa-

z|+1)ko
BejumBble Juist Beex k= 0,..., ko n x € R).

O6benunss onenku (3.11.56) u (3.11.57), noaygaem (3.11.50).

3.77. ONPEJIEJIEHUE. DKCIOHEHIINAJIBHOM QyHKIME HA3BIBACTCST Py HK-
st

Rz~ expx= lim (1—&-{) . (3.11.58)
n—oo n

OuesnjHo exp 1 = e.
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DKCIIOHEHTA,

T T T T T
150 |
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—6 —4 -2 0 2 4 6

X

Merto JIoKa3aTe/IbCTBa MOCIEIHEH TeOPEeMbl MOYXKHO TPUMEHUTD JIJIsT JIO-
Ka3aTeJIbCTBA U JIPYTUX COOTHOIIEHMUIA.

3.78. 3A0AYA. CrpaBeyinBO paBEeHCTBO

. xr I
expzr = lim (1—}—5) = lim Z—' (3.11.59)

n—oo n—oQ

i Bcex x € R.

YKA3AHUE. IIpuMmeHuTs METO/I JJOKa3aTEeIbCTBA TeoOpeMbl 3.36 U cOOT-
HOITIEHUS B JIOKA3aTeIbCTBE TeopeMbl 3.76.

Takum 06pazoM, It SKCIOHEHIINATHHON (DYHKITMH UMEEM TAKOE IIPEJI-
CTaBJIEHUE

nok
x
expx = E o + R, (x) (3.11.60)
st Bcex x € R.

3.11.2 OUEHKU NPUBJIU>KEHUS SKCIOHEHIIMAJILHOW ®YHKIIUU

Harma 6smmzkaiimmast IIeJIb — OIEHUTH CBEPXY OCTATOK

R, (x) =expx — Z 'k
128



3.79. CHEACTBUE. CrpapeiuBa OLEHKA

2 n
|Rn(2)] < m\xl 1 (3.11.61)
upu |z| < "7"‘2, n =0,1,2,.... B gacrHocru, expx = 1 + z + Ryi(x), rge

|R1(1‘)\ < |x\2 pu ‘m| < %
,HOKA3ATEJIBCTBO. ,Hef/'ICTBI/ITeJIbHO, uMeeM OIIEHKY

n k m

x . ||*
expmfzﬁ §ml£noo o n = R, (|z]). (3.11.62)
k=0 k=n+1

| Ry (2)| =

Orciona ¢ yaerom (1.11.29) BoiBoauM TpeGyemoe:

— z[* [ 1 2 1

Ru(lz))= sup < < ||,
| | |z |
m,meN, £~ k! (n+ 1)1 — ey (n+ 1!

3.11.3 OCHOBHOE CBOWCTBO 3KCIIOHEHI[MAJbHOU ®YHKIIUA

3/1eCh MBI JIOKayKeM OCHOBHOE CBONCTBO SKCIIOHEHIHAJILHON (DYHKIINN.

3.80. TEOPEMA. 9DkcroHeHHaabHAsT (DYyHKIUsT 001a4a€T CJIEIYIOIIHM
CBOHCTBOM:
exp(u + v) = expu - expv (3.11.63)

JUIST JTIOOBIX JIeHCTBUTEIBHBIX Tuces u,v € R.

JOKA3BATEBCTBO. Ilo yciroButo Teopemsbr 3.76 mjist Becex u, v € R ompe-
JleJIEHbl 3HAYEeHU S

n—oo

expu = lim <1+E> l,
n
v
n

expv = lim (1+ ) ,

n—oQ
exp(u +v) = nh—>ngo<1 + u:;v> .
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TlosTomy

expu-expv = lim (1—&-3) - lim (1—1—3)
n—00 n n— 00 n
— lim (1+“+” “—;’)
n—o0 n n
U+ v\"” uv n
= 1im (145" (14 )
AT {1+ 222)
— lim (1+“+”) .(1+i") , (3.11.64)
n—00 n n
rie
uv
2y = ——————.
n+u-+ov

15 OKOHYAHUS JTOKA3ATEIbCTBA OCTAETCHA IIPOBEPUTD, ITO

. Zn\"™

lim (1 + —”) =1 (3.11.65)

n— oo n

Ecau saTo paBencTBO BepHOE, TpeIesl BTOPOrO COMHOYKUTEIS B IPABO TacTh

(3.11.64) pu n — o0 OYIET paBeH eJUHUIE U TeopeMa Oy/IeT JoKa3aHa.
Tak Kaxk |z,| — 0 mpu n — 00, TO CYIIECTBYET 1y TAKOE, YTO HEPABEHCTBO

1
|Zn| < 5

BBITIOJIHSIETCSI TIPU BCEX 1. > Ny.
ITo wepasercTBy Beprymau (1.11.16) mMeeM JiBa COOTHOIIEHUSI:
Zn\ ™ Zn\ ™
(1+f) >142, n (1_7) >1 - 2, (3.11.66)
n n
1
=

B

2
Hanee u3 0IE€BUIHOTO HepaBeHCTBa 1 — 2—2 < 1 BemBOmUM 1 + % <

2|

Orcrona u us3 (3.11.66) HPUXOAUM K COOTHOIIICHUAM:

1 1

ng *
(%)

n\" 1
1+zn§(1+z—) < .
n 1-—2z,

1+zn§(1+z—”) <
n

CiietoBaTeIbHO,

Orcroma o teopeme 3.40 o mpezesie TPOMEXKYTOIHON TOCTEI0BATEHHOCTH
nosygaeM coorHormenue (3.11.65), Tak Kak z, — 0 npu n — oo.
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3.12 TEOPUS NPEAEJIOB /1JisI KOMIIJIEKCHO3HAYHBIX ITOCJIEJOBATEJIbHO-
CTEN. IIPUMEPBHI.

3.12.1 ONPEAEJIEHUE ITOCJIEJOBATEJIBHOCTHU U ITPUMEPBI

3.81. ONPEAENEHUE. Ilycte M C Z — koHeunoe miim GECKOHEUHOE
MHOXKecTBO, 8 C — MHOXKecTBO KOMILTEKCHBIX unces. OTobpazkeHne

z:M—=C (3.12.67)

Ha3bIBAETCS II0CJIE10BATEIbHOCTBIO ToUeK MHOXKecTBa, C, MHIEKCHPOBAHHBIX
guciaamu MuoxkecTBa M. Ilocnenosarensaocts (3.12.67) oboznauaercs oji-
HUM U3 CJIEJIYIONUX CUMBOJIOB:

{Zn}nEM; Zp, N E Mv
wm {z,}, ecm MHOXKeCTBO HHJIeKCOB M B KOHTEKCTe He MEHSIETCH.

Takum obpaszom, z, € C — 910 MpOCTO 3HAUEHME MOCJIEI0BATETBHOCTH
(3.12.67) na HOMepe n € M.

B nmanbueitiiem mzsoxkeHun Mbl OyeM, B OCHOBHOM, PacCMATpPUBATL N,
NU {0} wim Z B Ka1ecTBe MHOXKECTBA UHJEKCOB M.

3.82. TTpuMEPHIL. 1) Ilycrs p € C — npoussosbHas Touka. [locienosa-
renbHOCTD 2 : M — {p} Ha3BIBaeTCa noctosHHOM. 3/eCh 2, = D IS BCEX
nomepos n € M.

2) z, =4", neN.

3zm=1+z+22+...+2"= Y 2% neN.
k=0
. ) .3 .n n -k

(1+4)", neN.

n

n
=l Z2+ 545+ . +5 =32 neN

)

5) 2
)
)

Zn

(1+2)", neN.

3.12.2 TIPEJEJ/I KOMIIJIEKCHO3HAYHOW IIOCJIE/JOBATEJ/IbHOCTU

3.83. ONPEAEJEHUE. Ilycrs mama nocsiemosarensnocts z : N — C.
Yucsio p € C HasbiBaeTcst npedesom IOCJIEN0BATETLHOCTH Zp, €CJIU JIJIs
Joboro € > 0 cymecrByer uucio ng € N Takoe, 9To JIst BCeX 1. > nyg
BBIIIOJIHSIETCS HEPABEHCTBO

|z, —al <e. (3.12.68)
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st 0603HATEHHST CXOMMOCTH MOCJIEI0OBATENBHOCTH { 2y, } K YUCILY P TIPH
7 — 00 YHOTPEDJISIFOT CHMBOJIBI

lim z,=p, 2z, = p WM 2z, = Plrsoco-
n—oo n—o0

3.84. 3AAYA. Tlokazars, aro mpenesn lim z, = p SKBUBaJIEHTEH IIpe-
n—oo
peny lim |z, —p| =0.
n—roo
3.85. TEOPEMA. IlociienoBareibHOCTD Zy, = Ty + 1Y CXOJUTCSI K G =

xo + iyo € C upu n — 00 TOrIA M TOJBKO TOIJA, KOIA Xy CXOMAHTCS K I,
a Y CXOJUTCS K Yo IIPH N — OO.

ﬂOKASATE.HbCTBO TeopeMbl BbIBOJUTCA U3 COOTHOIIIEHU

1
5(\3;” — 20| + [yn — w0l) < lzn — 20| < (|20 — @o| + |yn — yo|)-  (3.12.69)

Ecau lim z, = 29, To lim |z, — 29| = 0. VI3 sieBoit wacTu COOTHOIIEHUI
n—oo n— oo

(3.12.69) BBIBOIUM

lim 2, =29 u lim y, = yo. (3.12.70)
n—oo n— 00

Ecin ke Bepuo (3.12.70), To npaBoii yactu coorHomenuit (3.12.69) BbI-
BomuM lim z, = zg.
n—oo

3.86. 3AOAYA. Ecium nmocnemosarenbHOCTh 2, € C cxomurcs K 9uciy
a € Cupu n = N, 10 |2,| cxomurca x uucay |a| npu n — N. Obparnoe
HEBEPHO.

3.87. 3AAAYA. Eciu nocnenosarenbHOCTh 2, € C cxomurcst K 4uciy
a € C upu n — N, 10 Z,, cxomurcs K qucjay @ upu n — N.

VKABAHUE: npuMeHsis cBoiicTso (1.15.49), BoIBOAUM
|zn, — a| = |z, — a|] = |2, — al.

U3 3Tux paBeHCTB CJIeIyeT, 9YTO U3 CXOAUMOCTH 2, K @ IIPU N — 0O BBITEKAET
CXOIUMOCTD Zy K G IIPU 1 — OO

3.88. 3ATAYA. JlokasaTh u3 ompeneaeHus, 9To ecim z, € C maaa Bcex

n € Nu lim z, = p, To m0C/IeIOBATEILHOCTD Z, OIPAHUYEHA: T. €. CYIIe-
n— 00

creyer uncio L € R takoe, 410 |z,| < L ms Beex n € N.



3.89. BAOAYA. UcciemoBars Ha CXOAMMOCTD IIOC/eH0BaTe/bHOCTH 1—4
3amaqn 3.82. Haiitu npesiesbl B cilydae UX CyIIeCTBOBAHUS.

s Beakoro HaTypasibHOro n € N paccMOTpPUM HEKOTOPOE BBICKa3bIBa-
uue P(n), 0 KOTOPOM MOXKHO CKA3aTh UCTHHHO OH UJIH JIOXKHO. Mbl Oymem
YHOTPEDJISATH CHMBOJI

D(n) [nsoo

IJist 0003HAYEHUsT TOrO, YTO BBICKA3bIBAHUE <I>(n) UCTUHHO JIJIsI BCEX M Ha-
9uHas C HEKOTOPOI'O HOMepa, T. €. CyIIeCTBYeT HOMEDP 7y TaKOU, 4YTO (I)(n)
UCTUHHO JIJISI BCEX N > M.

3.90. 3AA4YA. Bajaay 3.88 MOXKHO 11€pedOPMYJIHPOBATE CJIE LY FOTINM
obpazoM: J0Ka3aThb, 4TO ecau lim z, = p, TO MOCIETOBATEIHHOCTD Z,
n—oo

orpaHmYeHa pu OOJbIINX N: T. €. cymecTByeT uyuciao L € R rakoe, drTo
20l < Llnosoo-
3.12.3 EAMHCTBEHHOCTL IIPEJ/IEJIA [IOCJIE[JOBATEJIbHOCTU
Amnayiornano Teopeme 3.28 MOKA3BIBAECTCS CIEYIONIANA PE3YJIHTAT.

3.91. TEOPEMA. IlociienoBaTeibHOCTh MOXKET HMETH TOJIBKO OJHH IIPe-
JeJI.

JIOKABATEJIbCTBO. 9TO yTBEp:K/IEHUE — IPSIMOE CJIEJICTBHE TEOPEMbI
3.85.
3.12.4 TIPEJEJ U AJITEBPAUYECKUE OTNEPAIIMU B C
YV TBepKIeHUS ITOTO Pa3jiesia MOXKHO IIPOCTO JIOKA3aTh C MTOMOIIIHIO TEOPEMBI

3.85.

3.92. TEOPEMA. CymMmma mpesiesioB paBHa Mpeaey CyMMbl: ecan lim z, =
n—oo

a, lim w, =0b, T0O
n—oo

lim (z, + w,) = lim z, + lim w,. (3.12.71)
n—oo n— oo n— o0

3.93. TEOPEMA. IIpousBeieHne peieJoB PABHO MPEJIETy IPOU3BEICHHUS:
ecsm lim z, = a, lim w, =b, To

n—oo n—oo
lim (2, - wy,) = lim z, - lim w,. (3.12.72)
n—oo n—oo n—oo
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3.94. TEOPEMA. ObparHast BeJIMUUHA IIPEAe/Ia, He PABHOI'O HYJIIO, PaB-
Ha [peJesIy 10CAe10BaTe/IbHOCTH 0OPATHBIX BEJIHMYHH: €CJad lim z, = a #

n—oo
0, To
. 1 1
lim — = ——. (3.12.73)
n—00 z, lim z,
n— 00

3.95. 3AJ1AYA. Ecin ocsieqoBaTe/ibHOCTD 2, € C cxomurest K aucity a €
C upu n — N, nocaenosarensrocts wy, € C cxomures x uncay b € C\ {0}
npu n — N, TO CyIIeCTByeT TpeJiel OTHOIEHUS MOCIE0BATETBHOCTENR 1
PABEH OTHONICHUIO NPEJIEIOB, KOIJIA OHO OIPEJIEIIEHO:
.z a
lim — = 7 (3.12.74)

n—00 Wy,

3.12.5 ITIOHATUE ®YHJIAMEHTAJIbHON ITOCJIELOBATE/IbHOCTU

Pacemorpum nocsieiosaresbaocts 2z, € C, n € N, cxomginyocss K HEKOTO-
pomy umciy a € C. Torga s € > 0 Haliercs HOMEpP 19 TaKoil, I4TO
€

3.12.75
: (3.12.75

|z, —al <
Jst Bcex n > ng. CitemoBaresbHO, s BeeX m, [ > ng u3 (3.12.75) nMeeM

e ¢
\zm—zl|§\zm—a\+|zl—a|<§+§=€.

Takum obpazoM, eciin MoCIeI0BaTeIbHOCTE 2z, € C, n € N, cxomurcesa x
nekoropomy uucity B C, To jyis jroboro € > 0 Haiigercs HOMEP 7y TaKoi,
9TO

|zm — 21| < € (3.12.76)

Jast Becex m, [ > ng. CBoiicTBO (3.12.76) MOZKHO pacCMaTpUBaTh U HE3aBUCU-
MO OT TOT'O CXOJIUTCS TIOCJIEIOBATEIHHOCTD HJIU HET. BhIIeJmM oIy YeHHOe
CBOMCTBO B HOBOE€ TIOHSATHE.

3.96. ONPEAEJEHUE. IlocinenoBaresbHOCTS 2z, € C, n € N, HasbiBaeTcs
Pyndamenmanvroli, eciu s joboro € > 0 Hadijercsa HOMEp ng TaKoil, ITo

|2m — 21| < € (3.12.77)

JJIsT BcexX m, [ > ng.
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3.12.6 Kpurepuinn Komm

3.97. TEOPEMA. Iloc/ieoBaTesbHOCTD {Zp tneN CXOMUTCS K HEKOTODO-
wmy gnciy B C rorpa u To/1bKO TOrIA, KOrAa HOCAEA0BATEIbHOCTS {2y } DyH-
JTaMeHTaJIbHA.

JOKABATE/ILCTBO. HEOBXOJIMUMOCTD JI0Ka3aHa Iepes, OmpeJiesleHn-
em 3.96.

JIOCTATOYHOCTb. IlycTh OCTEM0BATENBHOCTS { 2 }nen DYHIAMEHTAD-
na. Torma J1s1 mpou3BoOIBHOTO (pUKCHpoBaHHOrO € > 0 cyllecTByer HOMep
ng € N Takoit, 94To 1151 Bcex m, | > ng CrupaBeJInBO HEPABEHCTBO (3.12.77).
3amumeM i PA3HOCTH 2y, — 2] = (Tyn— 1) +4(Ym — Y1) AHAJIOT COOTHOIIEHU{
3.12.69:

1
§(|xm =2+ Ym —wl) < [2m — 21 < (|20 — 21| + |ym —wi]). (3.12.78)

U3 9TUX COOTHOIIEHWUH BBITEKAET, UTO MOCIEI0BATEIBHOCTH {Tn} 1 {yn}
dyngamentanbubie. B cuny kputepuss Komu onn cxongamuecs: lim x,, =
n—oo

To, & lim ¥y, = yo. Orcroma nMeeM cxoaumMocTb lim z, = zg = xg + Yo.
n—oo n—oo

3.13 DKCIIOHEHIUAJIbHAA OYHKIUA expz. OCHOBHOE CBOWCTBO KCIIO-
HEHUVAJIbHOM ®YHKIUU.

3.13.1 DKCIIOHEHIIMAJIbHAS ®YHKIU exXp 2 KOMIIJIEKCHOI'O API'YMEHTA.

B »srom pasgesie MblI jloKaxkeM, 9To jyis Jgoboro ¢ukcupoBanHoro z € C
[IOCJIEIOBATEIHHOCTH

z 22 28 z" Ly
un:1+ﬂ+§+§+...+ﬁzkzg7 neN, u (3.13.79)
=0
wn=(1+5) . neN, (3.13.80)
n

zagaan 3.82 cxomgarca B C x omHOoMy m TOMy mpereiry upu n — oo. O0-
Ui peJiest ITUX TOCTIEIOBATEIBHOCTEH U €CTh 3HAYEHUE IKCIIOHEHIIHAI b~
noit dyuknuu B Touke 2z € C 1 0603HAUAETCS CUMBOJIOM €XD Z.

3.98. TEOPEMA. IIpemen

n
) Z*
lim E —
n—o00 k!
k=0

cymmecrByer jist Jioboro z € C.
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JIOKA3ATEJ/IBCTBO. JlocTaTovyHO /10Ka3aTh, UYTO IOC/IE/I0BATEIHHOCTD
n =3 X!
k=0

dynramentanbaas. JleficTBuTEIbHO, BO3bMEM IIPOU3BOJILHBIE HATYPAJIbHBIE
qucaa m > | U pacCMOTPHUM PA3HOCTH

Um — U] = E —-—.
k!
k=I+1

JJ1eT 9TOI PA3HOCTH CIPaBEJIUBBI OIEHKN

D SR P il L U
—uy| = — < . .13.
! & BT I+ 1)y — L
k=Il+1 k=Il+1 1+2
3/ech TepBOe HEPABEHCTBO — PE3yJIbTAT [TPUMEHEHUsI HEPABEHCTBA Tpe-

YTOJIbHHKA, 8 BTOPOe — De3yJIbTaT IpuMeHenus ouenku (1.11.28) upu kg =
I+1, L=m,u=lz, |2| <l+2.
1+1
Qukcupyem € > 0. BuibepeM ng TaxmM, 9TOOBI 14%‘2 <1l a 2]
mis Beex | > ng. Ilpu takom BeIGOpE N u3 (3.13.81) mpu Beex m > l > ng
BBIBOJIAM

\um—ul|<2~g:6.

Takum 06pa3oM, TOCTIETOBATEIBHOCTD Uy DYHIAMEHTAJIBHAS, U 10 TEOPEME
3.97 aBigercda CXOAsIIeiics.

Takum o6pa3om, MBI osTydaeM (PyHKITHIO

no_k
C3>zr—expz= lim Z%,

n—oo

OIpeieJIeHHY 0 st Bcex KoMmiuiekcHbiX 2z € C co 3nauenmsivu B C. Dra
byHKIMSA TakK XKe, Kak u B pazzese 3.11.49, Ha3bIBACTCs 9KCNOHEHUUGALHOU.

3.99. TEOPEMA. IIpexesr lim (1 + %)n cymectByer st sioboro z € C.
n—oo

Kpome Toro, cripaBeiuBbI paBEHCTBA

expz = lim = lim <1—|— )

n— o0 . n—oo
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JOKABATEJILCTBO. IIpuBoguMble HUIXKe BBIYUCIEHAS — ITO IOYTH OUe-
BuHas MoauduKanmii Beraucjaenuii 8 reopeme 3.36. Anasoruano (3.11.52)

HaIHIIeM
n k
(1+2)" =2 s
ol Co =
n k)
k=0

no ok
Torpa pasuocts y. 4 — (1+ %)n MOYKHO OIICHHUTD CJIEILYIONIIM 00pPa30M:

k=0
n n Zk n Zk
()= - ey
k=0 k=0
l e ER
<D =eam) g+ D0 ot Z cakop =0+ Lt s,
k=0 k=l+1 k=Il+1
(3.13.82)

rie | < n, & BEJIMYIHHBL Cy ) ONpejieiensl dhopmyioit (3.4.11). Tak xak 0 <
enk <1, 10 I3 < I. Bamerum, uro onenka Js Io npusenena B (1.11.27):
nosarasi B (1.11.27) ko =1+ 1, L = n, u = |z|, noay4aem

S A 2 I+1

IQ = < < . |Z| +
| | 2| — |
k;ﬂ R (R FEN R ()]

IIPU yCJIOBUHU l‘-% < % Orciona n I3 < I BeIBOIUM

Iy +13 <2, < ﬁ
upu yeaosun 2|z — 2 < [. 3amernm, uro npasas 9acTb (3.13.83) B oyimyme
OT JIEBOII HE 3aBUCUT OT N

@ukcupyem ¢ > 0. Tak kak npasast qactb (3.13.83) crpemurcst K 0 nmpu
| — o0, Haiijierca HaTypambHoe qncio kg > 2|z| — 2 rakoe, uro Iy + I3 < 3
upu Beex | > kg. Homaras B (3.13.82) n > | = ko, BeIBOAUM

-zt (3.13.83)

D2k Z\" ko e
‘Zﬁ’<1+;) ‘g ‘Z(lcn,k)k!'Jrz. (3.13.84)
k=0 k=0
Tak kak cymma B (3.13.84) COCTOMT U3 KOHEYHOIO HUHCJIA CJATAEMBIX U
Cn,k — 1 mpum n — oo jua smoboro dbuxcuposannoro k = 1,2,..., kg, To

cyMMa B TpaBoii uactu (3.13.84) crpemuTes K Hy/ro npu n — oo. [loaromy
137



CYMIECTBYeT N, HAUMHAsA C KOTOPOro 3Ta cymma Oy/er mMenbire 5. Okonya-
TeJIbHO JJIsl BCEX M > N HOJIydaeM

n Z]~c Z\ "

‘Z——(l—&-f) \<€.
k! n

k=0

Taxum o6pazom, |u, — wy| — 0 mpu n — co. CieloBaTENBHO, OCIIEI0-
BATEJILHOCTD Wy, = Uy — (Wy, — Uy, ) UMEET TIPEJIEII IIPU N — 00, COBNIAIAIOIINI

C IpesesioM exp z = lim uy,.
n—oo

3.100. 3AJIAUA. €% = €7,

YKABAHUE. 3HadeHne e* siBaseTcs MIPeaeIoM MTOCaeI0BATETHLHOCTH Wy, =

n JR—
(1 + %) npu n — oo. B cuny 3amaun 3.87 3HaUeHWE €7 PABHO IIPEJIEITY

n A\ N _
[IOCJICIOBATCIBLHOCTH W, = (1 + %) = (1 + %) — e* npu n — oo.

3.13.2 OUEHKU IPUBJIU>KEHUSA SKCIIOHEHIIMAJIbBHON ®YHKIUU

Hamra 6mmexaiimas 1me/ib — OIEHUTH CBEPXY OCTATOK
no_k
R,(z) =expz — Z %
k=0
3.101. CIEACTBUE. B npejicraBieHnn
no_k
exp z = Z % + R, (2)
k=0

Jutst ocratka R, (z) cupaBesina orjeHKa

2

‘Rn(z)‘ < m

Elkals (3.13.85)

npu |z| < %2 n =0,1,2,.... B yactnocrn, expz = 1+ z + Ry(2), rae

|R1(2)] < |2 mpu |2 < 3.

JokazarenbcrBo onenku (3.13.85) Mo CymIeCTBY HUYEM HE OTIAIAETCS
OT JIOKa3aTeJIbCTBA aHAJIOTTIHON OIEHKH, YCTAHOBJIEHHO B ciie/icTBUA 3.79
JIJIsT BEIIIECTBEHHDBIX YUCET.
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3.13.3 OCHOBHOE CBOWCTBO 3KCIOHEHLUAJIbHON ®YHKIIWU.

3.102. TEOPEMA. DKcHoHeHIuAIbHAST (DYHKI[HST 00J1a4a€T CJIEIYOIIHM
CBOHCTBOM:
exp(u + v) = expu - expv (3.13.86)

JLIsT JIFOOBIX KOMILIEKCHbBIX gmcesi u, v € C.

JOKABATEJBLCTBO. Ilo ycioButo Teopembr 3.102 mist Bcex u,v € C
OIIpejieJIeHbl 3HAYEHUsT

expu = lim (14—3) ,
n

n—oo

v n
expv = lim (1—|—7> ,
n

n—oo
exp(u +v) = li_>m <1+ u;ll—v> .
[Tosromy
expu-expv = lim (1 + B) - lim (1 + E)
n—00 n n—oo n
~ i (140 )
n—00 n n
U+ v\" uv n
= Jm (14 =) (U )
N (e
— lim (1+ “+U) : (1+Z—“) , (3.13.87)
n—00 n n
rJie wo
Zp = ———.
n+u+v

JJtsT OKOHYaHUS JOKa3aTeIbCTBA OCTAETCA MPOBEPUTH, UTO

n
lim (1 n Z—”) ~ 1 (3.13.88)
n

n— oo

Ecii 9170 paBeHCTBO BepHOE, IIPEIe BTOPOTO COMHOXKUTEISI B TIPABO YacTh
(3.13.87) upu n — oo GyJer paBeH eJUHUIE U TeopeMa OyIeT I0Ka3aHa.
Tak Kaxk |z,| — 0 mpu n — 00, TO CYIIECTBYET Ny TAKOE, UTO HEPABEHCTBO

1
|Zn| < §

BBIIIOJTHACTCA IIPU BCEX N Z no.

139



[Tosrarast * = 2z, B mpumepe 1.57, umeem

Zn\ ™
Yn(zn) = (1 + —) (3.13.89)
n
chl _1+chll'a
rae ¢, = 1- (1 — %) e (1 — Z_Tl) Hamomuamm Jterko mpoBepsieMoe CBOHCTBO

K03 dunuenTos ¢, ;, n € N, 0 <l <n: 0<c,; <1
Torna pasHocThb yn(zn) — 1 MOYKHO OIEHUTBH CJIELYIOIIUM ODOPa30M:

‘ Z |Cn Z |Z"|l (3.13.90)

3ameTuM, 9TO OIEHKA JJId CYMMbI B IpaBoii yactu (3.13.90) upusenena B
(1.11.27):

[yn(2n) — 1] <

|z 1
_ E < .
lyn(zn) — 1] < 2. T |20 - ‘Z;‘ < 2|zp] (3.13.91)

1pu yesoBun n > ng (KoTopoe obecneunsaet |z, < 1).
Tak kaK 2z, — 0 mpu n — 00, TO IO TEOPEME O HPOMEXKYTOTHON MOCTIE-
JIOBATEJIbHOCTU U3 (3.13.91) BBIBOJIIM

lim (1+Z—")"—1‘ —0.
n

n—oo

I BceX n > ng. OTcioma maydaem (3.13.88).

4  OCHOBHBIE IIPUHIIUIIBI AHAJIM3A 1 TOIIOJIOTHS B
MHO>KXKECTBE BEINECTBEHHBIX YN CEJI

4.1 JIEMMA O BJIOXKEHHBIX OTPE3KAX

4.1. ITepuHimn Ko — KAHTOPA. /Jlist j1r060# moc/ieioBaTe IbHO-
ctu Iy D Is D ... D I, D BIOXKEHHBIX OTPE3KOB HaIJeTCsI ToUKa ¢ € R,
IpHHA I KAIIAas BCeM 3THM OTPE3KaM.

Ecn, kpome TOro, H3BeCTHO, UTO AJIsI JH0b60oro € > 0 B MOCI€L0BATEb-
HOCTH OTPE3KOB MOXKHO HaliTu orpe3ok Iy, muuHa koroporo |Ii| menbine €,
TO ¢ — €JUHCTBEHHAsI O0Iasl TOYKA BCEX OTPE3KOB.

CdhopMyIupoBaHHBIN TPUHIUI SIBJISIETCS CJIEJCTBAEM CJIELyIONero 6o-

Jiee OOITEro yTBEPKICHUSI.
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4.2. TEOPEMA O NEPECEKAIOIINXCs OTPE3KAX. Ilepeceuenue 000kt
COBOKYIIHOCTH M = {Ig} IIOIapHO MepeCceKaroIuXxcsa OTPE3KOB SABJISACTCA OT-
PE3KOM H, CJIe40BaTeJIbHO, HEILyCTOoe

JOKABATENLCTBO. Ecim gBa orpeska Iz = [ag,be| u Iy = [ay,by)]
HIMeIOT 00mLy1o ToUKy & € I¢ N I, TO OMHOBPEMEHHO MMEEM COOTHOIICHI
ag <z < bg ua, <x < by Orciona BEIBOIUM

ae <b, m a;<bg,

T. €. JIeBbII KOHeI] .]'IIO6OI"O U3 OTPE3KOB, BXOJAINNUX B COBOKYIITHOCTH M, HE
[IPEBOCXOIUT MIPABOIO KOHIA JIIOO0r0 U3 OTPE3KOB TOW Ke CaMOil COBOKYII-
HocTH. CrresoBaTesIbHO, JJIA JIIOO0TO a¢ TOTydaeM

ag < inf b, = 6.
¢ Iny=lay,by]eM K

W3 neBoro HepaBeHCTBa OY€BU/IHO UMeeM

o= sup ag < f.
I¢=[ag,be]leM

Iockonbky a¢ < o < < by, 1O
[or, B] € () Le-
3

Hokaxem obparnoe Britoudenue. Ilycts Touka = € () I. Torma nmeem

ag < z < b, s soboro reBoro Komna orpeska I = [ag, be] € M u mpasoro
KOHI[a oTpe3ka I, = [a,,b,] € M. 13 coornomenuii ag < x < b, BBIBOIEM
HEPABEHCTBA

a<zx<pf.

Takum 0b6pa3oM, BKIIFOUEHTE

(e C [, 8]
3
JIOKa3aHO, & BMeCTe C HUM JOKa3aHO U PaBeHcTBo [a, ] = (] I¢.

3

4.3. 3AAAYA. TTosyunTh U3 TEOPEMBI O HEMEPECEKAIONNXCS OTPE3KaX
npunnun Ko — KanTopa.
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4.2 HECYETHOCTb MHOXKECTBA TOYEK OTPE3KA. MHOYKECTBA MOIIIHOCTH
KOHTUHYYM

HoxaxkeMm, cchopMyIUPOBAHHYIO BBIIIE TeopeMmy 2.88

4.4. TEOPEMA KAHTOPA. MHoxkecTBO TOUek orpeska [0, 1] HecuerHoe.

JIOKA3ATEJILCTBO. IlycTs, Hanporus, Bee unciaa orpeska [0, 1] moxkHO
[IePeCUUTaTh, T. €. CYIIecTByeT OuekTrsHOe oTobpazkerne N — [0, 1]. Takum
o6pa3oM, Bce JieficTBuTe/bHbIe Ynciaa orpeska [0, 1] sBASOTCH 3HAYCHUS-
MU 1ocsesoBareabHoctu {xy,}, n € N. BosbMeMm TOYKy 21 U Ha OTpe3Ke
Iy = [0,1] cTpoum oTpe3ok I; HeHyJIEBON JIMHBI, HE COAEPIKAIUIA TOUKY
x1. B orpeske I; crpoum orpe3ok [, HEHYJIEBOW JJIUHBI, HE COIEPIKAIAN
TOUKY 3. Ecim orpesok I, C I,—1 C ... C Iy C I; HeHyJIeBO# JIUHBI, HE
COJIEPKAIIUIT TOUKY T, YK€ IIOCTPOEH, TO B HEM MOYKHO BBIODATH OTPE30K
I,,+1 HEHyIeBOIl JUINHBI, HE CONEPIKAIUN TOUKY Tpy1. B CHIIy IPHHINIA
4.1 Kommm — KanTopa nociemoBarenbaocts I1 O Is D ... D I, D BIOXKeH-
HBIX OTPE3KOB HMeeT HelrycToe repecedenne. Touka ¢ € R, npunaiexxamast
BCEM STHUM OTPE3KaM, OYEBUJIHO HE COBIIQJIA€T HU C OJHUM U3 3HAYEHUN 1,
Lyeo ey Ty

4.3 JIEMMA O KOHEYHOM IOKPHLITUU.

Tosopsit, uro cucrema S = {X¢}eex MHOXKECTB X¢ NOKPHIGAETT MHOKECTBO
Y, ecin

Y c | Xe.
£ex

4.5. ITpunuun BoPEJA — JIEBETA. U3 110605 cucteMbl HHTEDBAJIOB,
IIOKPBIBAIOIUX SaMKHyTbIﬁ OTPE30K, MO2KHO BbIZICJINTb KOHEYHYIO II0/ICH-
cremMy, TakK>Ke INOKPBIBAIOIIYIO 9TOT OTPE30K.

[Mpunnun Bopesnst — Jlebera Mbl MOJIy9nUM KaK CJIEJICTBUE CJIEIYIONIETO
YTBEPKJICHUS.

4.6. TEOPEMA. Ilycts mambl oTpe3ok [a,b] u cucrema S = {Ug }ecx nu-
TepBaJIOB, IIOKPhIBAIOIasl 9TOT 0TPe30K. Tora CyIecTByeT MoJI0KUTe/IbHOe
qpcso 0 Takoe, 4TO BCSIKHE 0Tpe3ok |, ] C [a,b], mmHa 8 — o KoToporo
He IPeBOCXOMUT O, IPHHAIICKUT KAKOMY-HUOYIb HHTEePBAJIy HOKPBHITHS S.

JOKABATENBCTBO. Ilycrs nanst orpe3ok [a,b] u cucrema S = {Ug }eex
MHTEPBAJIOB, MOKPBIBAIOIIAs ITOT OTPE30K. JlomycTnm, 910 JoKa3bIBAEMOe
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yTBepxKenne ne BepHo. Torma s Besgroro n € N HafijieTcst oTpe3ok

1
[an, Bn] C [a,b] mmmEBl 5, — @y < o

KOTODBIN HE MPUHAJIEKUT HU OIHOMY WHTepBasly mokpbitus S. ITo Teo-
peme Beiteprrpacca 3.62 0 9aCTHYIHBIX MpeJeax CYIMIEeCTBYET CXOJIATIASI-
csl TIOJIIIOC/IEOBATENIBHOCTD (ry, , UMEIOIIas Ipesien og. 13 cooTHOmeHnit
a < ap, < b mo Teopeme 3.39 0 HepaBeHCTBE IIPENETIOB BBIBOIHUM, 4YTO
a<ay<hb.

IMockosbKy S — MOKpBITHE OTPe3Ka [a, b], TOUKa vy TPUHAJIEKUT OJ-
HOMY M3 MHTEpPBAJIOB HOKpBITHS: (g € Ug, = (x — r,x + 1), tne Ug, € S,
r > 0. Jnst Touku z € [t , Bn,,| BBIIOTHSIIOTCST COOTHONIEHUST

|z — 2| < |z — apn, | + |an, — ao| + |ao — z|. (4.3.1)

SameruM, 9TO YUCIO |9 — x| crporo menbiie 1. CieoBaTebHO, PA3HOCTD
r — |ap — x| = € moIOKUTENbHAA.

[TocKONMBKY |2 — | + |n, — o] < |Bny — any, | + |an,, — ao| — 0 npu
k — 0, To Haiimercst Yucyio kg Takoe, YTO HEPABEHCTBO

|2 — n,, | + o, — a0l <€
Gyaer BepHbIM it Beex k > ko. Orciona u u3 (4.3.1) BeIBOAUM
|z —z| <e+|ag — x| =7

9TO 3HAYUT, YTO [y, , Bn,| C Ug, st Beex k > ko, BOIPEKHU IIPEIIIOIONKE-
HUIO.

4.7. 3A0AYA. Tomyuaurs u3 Teopemsr 4.6 npuniun Bopens — Jlebera.
YKABAHME: JIsl IAHHOTO IIOKPBITUs S 0Tpe3Ka [a, b] uHTepBasaMu BO3bMeM
qncyio § u3 reopeMbl 4.6. Torma cOBOKyITHOCTD TOYEK

{agp =a+kd<b|k=0,1,...}

KOHEUHasl, & KOHEUHAs] COBOKYITHOCTh OTPE3KOB [, (k1] 0Opa3yeT MOKphI-
THe OTpe3Ka [a, b]. Kaxk bl 0Tpe3oK [au, (ikt1] COEPXKUTCS B KAKOM-HUOY b
HMHTEPBAJIE TIOKPHITHSA S, COBOKYITHOCTb KOTOPBIX ¥ 00pa3yeT KOHETHYTO TOJI-
cucTeMy, 06pa3yIolIyIo IIOKPLITHE OTPe3Ka [a, b].
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4.4 JIEMMA O NPEJIEJIbHOW TOYKE B R

4.8. ONPEIAEJEHUE. daemenmaphoti okpecmHocmyvio ToUkn p € R Ha-
spiBaeTcs Beskuil unrepsan suga OL(p) = (p — e,p + €), rue € € (0,00).
Taxoit nHTEpBaI HA3LIBAIOT TAKKE OMKPIMOTU E-OKPECTHOCTHIO TOUKH P.

4.9. OnPEAENEHME. Ilycts E C R. Touka p € R maspBaercs npe-
deavroti 1yt MHOXKecTBa F, ecim mjrst jioboil 91eMeHTapHON! OKPECTHOCTH
O.(p) roukn p nepeceuerne O, (p) N E \ {p} wemycroe. COBOKYIHOCTH BCEX
[IpeIeSIbHBIX TOYeK MHOXKecTBa F obozHadaercs cumBosiom Lim F.

4.10. ITpuHIUI BOJBIIAHO — BEMEPIITPACCA. Beskoe beckonednoe
OrpaHu4eHHO€ YUCJIOBO€ MHO>KECTBO B R mmeer xorst 6bI O/IHY IIPDE€JICJIbHY IO
TOYKY.

JOKABATEJIBLCTBO. Ilpeamonokum, 910 Ajist HEKOTOPOTO OECKOHETHOTO
orpanndeHHoro Muoxkecrsa A C R yTBep:k/ieHUe He BBITOTHSAETCS. 3ame-
M, uto A C [—L, L].

Torna Hukakas Touka & € [—L, L] He siBjsieTcst IpeJIeIbHON TOUKOM 115t
A, 1. e. cymecrsyer unrepsai Og, (z) € N (z) Takoii, 4To nepecedenue

ng (:K) nA

cocTonT caMoe GOJIbIIee U3 OHOM TOUKH = (Takoe GyJeT B TOM CJIydae, KOTaa
z € A).

Bamernm, uro coBokymnocts {O¢, (x) : ¢ € [—L, L]} unrepsanos obpa-
3yeT MOKpbITHe oTpeska [—L, L]:

U Oc(@)>[-L 1.

z€[—L,L]

Ilo mpunrmuny Bopesst — Jlebera u3 3T0ro moKpbITHsT MOXKHO BBIJIEJIUTH KO-
ueunoe nonokpbitue {Og, (x;)}:

U Ogi (acz) D A.

CieoBaTe/ibHO, MHOYKECTBO A KOHEYHOE, TaK KaK

Ac|Og ()N A

Tlonyaennoe mpoTuBopedne gokasbiBaeT npunnui bopesns — Jlebera.
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4.5 JIEMMA O NPEJEJBLHOI TOYKE B R

B sTom pazjiesie MBI pacmpoCcTpaHUM MOHATUS U PE3YIbTATHI TPEJIBIIYIIETO
pa3zesia Ha PACIIMPEHHYIO BEIIECTBEHHYIO MPSAMYyI0. B KadecTBe OCHOBHOIO
pe3yJIbTaT Mbl JOKaXKeM 3/eCh

4.11. TIpuHIUI BOJILIAHO — BEMEPIITPACCA B R. Beskoe 6ecko-
HEYHO€ YHCJIOBOE€ MHO>KECTBO B R mmeer xoTsa 661 OIIHY IIPpE€JIECJIbHYIO TOYKY.

OcHoBHOE OTIMYMEe ITOro NpuHIUIa OT chopmyaupoBantnoro B 4.10 co-
CTOHUT B TOM, YTO MbI OTKA3bIBAEMCS OT YCJIOBUS OI'PAHUIEHHOCTH YUCIOBOIO
MHOKecTBa. Hampumep, B KatecTBe TAKONO MOXKHO B3dTh COBOKYITHOCTD Ha-
rypaababix unces N. [loHsaTHO, YTO HuUKaKasi TOUYKa U3 R He MOXKET OBbIThb
upenensuoii gy N (JIOKABATH 9T0!). CrenoBaresibHO, IpeNebHON TOU-
KOIf, €CJIN TaKOBasl CYIIECTBYET, MOXKET OBITh TOJBKO +00 min —oo. Huxke
MBI IIPUBOYM TOIIOJIOTUYECKIE TOHATUS, HeOOXOMMMbIe J1si (hopMaIn3anum
HOHATHS HpeJebHOi Toukn B R.

4.5.1 TIOHSITUE SJEMEHTAPHOI OKPECTHOCTU TOYKHU B R

HanmomuuM, cM. onpefeienue 4.8, 94T0 2AeMeHmaphoti 0Kpecmiocmbio TO4-
ku p € R naspiBaerca Beakuii uarepsan suga O (p) = (p — e,p + €), rue
e € (0,00).

4.12. OnPEAENEHUE. Ilycrs p € R. Eciam Touka p KoHedHas, T. e.
npuHagaexuT R, To ee ssemermaproti 0KpecmHocm b0 Ha3bIBAETCA BCAKUIA
nurepsan O, (p).

Eco Touka p = 400 (ToUKa p = —00), TO ee aneMeRMmapHoll OKPecmHo-
CMb10 Ha PACHIUPEHHOI BEIeCTBEHHON ITPAMOI R Oy/ileM HA3bIBATH BCAKMI
IpOMeKyTOK Buja (1, 00] (Buma [—00,r)) st Ipou3BosIbHOrO Yucia r € R.

Takum 00pa30M, COBOKYIHOCTHU IAEMEHMAPHOIT OKPECTHOCTEN TOUKA
p € R coBmanaior u ua R, i Ha PACHIMPEHHOI BEIECTBEHHOMN IpaMoil R.

COBOKYIIHOCTD 3JIEMEHTapHLIX OKPECTHOCTell Touku p € R Gymzem o6o-
sHavaTh cuMBosiom N (p).

4.5.2 CBOWMCTBA DJIEMEHTAPHBIX OKPECTHOCTEN ®UKCUPOBAHHOM TOYKU

4.13. CBOMCTBA CHUCTEMBI SJIEMEHTAPHBEIX OKPECTHOCTEN B R.
Ilyctp p € R — IIpoM3BOJIbHAS (bHKCHpOBaHHAs TOYKa, a N, (p) — COBOKYTI-
HOCTB 3JIEMEHTAPHBIX OKPECTHOCTEH 910l Todkn. Torga

1) BCsIKasT OKPECTHOCTH TOYKH P COAEPKUT 3Ty TOUKY: p € U juis 1060it

ssiemenTapHoit okpectroctu U € N, (p);
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2) mepecedenne JIFOOBIX JBYX 9JIEMEHTAPHBIX OKPECTHOCTEH TOUKU D SIB-
JIAETCS JIEMEHTAPHOI OKpECTHOCTHIO 910k Touk: UNV € N (p) st mobbrx
oxpecrrocreit U,V € N,(p);

3) Jo6bie jBe pa3/IMYHbIe TOYKU PACUIHPEHHOH YUCI0BOM 1IPAMOK 0bJia-
JTAIOT HeIlepeceKaloNnIuMICs 3JIeMeHTapHBIMI OKPECTHOCTSMIL: eCI p,q € R
u p # q, To cymecrsyior okpecraoctu U € Ny(p) u V. € N,(q) rakue, uro
UNV = (; 6omee Toro, ecmu p < q, To x < y s J0ObIX Touek © € U u
yev;

4) y Kasgoit TouKH T 31eMenTapHoii okpecrroctn V€ N, (p), p € R,
x # p, mmeercs smemenTapHas okpectHoctb W € N (z) rakas, awto W C V

up ¢ W, -
5) v kaxkg08 Touku p € R mMeercst Takast 0CJIE0BATEIBHOCTD €€ OKPECT-
mocrei Og D O1 D ...0,, D ..., YTO BCsIKas 3JeMeHTapHast OKPECTHOCTEL V'

9TOH TOYKH CONEPXKHUT HEKOTOPYIO okpecTHOCTh Buaa O, .

ITociteoBaTEILHOCTH OKPECTHOCTEN TOUKU M3 CBONCTBA 5 HA3BIBAIOTCS
bA3UCHBIMU CUCTNEMAMU OKPECTHOCTIEN.

4.14. TIPUMEPHL. Ecou p € R, To MoxHO B3saTh O, = (p—27", p+27"),
n € N;

ecam p = 00, TO MOXKHO 1oaoxkuTh O, = (n, 00|, n € N;

ecim p = —o0, To okpecruoctu O, = [—oco,—n), n € N, obianaior
HY>KHBIMH CBOHCTBaMH.

4.15. 3AAYA. Jlokazars cchopMysmpoBaHHble B paszeie 4.13 coiicTBa
OKPECTHOCTEI.

4.16. 3ATAYA. Jlokazarsb, uro ecim Oy, n € 0o, — Ga3uCHasI CUCTEMA

okpecrHocTeit Toukn p € R, to [ O, = {p}.
neN

4.5.3 TIOHATUE NPEJEJLHON TOYKM YUCJIOBOIO MHOYKECTBA B R

4.17. ONPEAEIEHUE. Ilycts E C R. Touxka p € R maspiBaercs npe-
deavHotl 1jisi MHOXKecTBa F, eciu jyist Jito00ii 3J1eMEeHTapHON OKPECTHOCTH
V € N.(p) nepeceuenne VN E\ {p} e mycro. COBOKYIIHOCTH BCEX TIPeIETb-
HBIX TOYEK MHOXKecTBa E obosnaudaercs cumsosiom Lim E.

Bamvianue E vmoxectsa E C R cocrout m3 Towek MHOMKecTBa F m
BCEX MPEJIEJIbHBIX TOYEK ITOI0 MHOXKECTBA:

E=FEULlimE.
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Touka p mMHOXKecTBa F HA3BIBAGTCS U30AUPOGAHHOU, €CIIA CYIECTBYET
sJleMeHTapHas okpecTHocTh V' € N, (p) Takas, uro nepecedenue V N E =
{p}, T. e. TOUKA p He sSIBJISIETCsI NIPEJIEIBHON Jisi MHOXKecTBa, F

B cienyrorneit 3aatie chopMyIMpOBaHO XapaKTEPUCTHIECKOE CBOMCTBO
IpeeSIbHOM TOYKH.

4.18. 3AIAYA. JlokasaTh, 9ro TOUKa p € R 6yaer HpemesbHOil jiis
MHOKecTBa E C R Torja u TOJIBKO TOrja, KOrja CYIIEeCTBYET IOC/IeI0Ba-
TeJILHOCTD TOUEK S, € E \ {p}, cxomsimasicst K Touke p npu n — o0.

YKA3AHUE: [IjIs1 1OKa3aTeILCTBA JOCTATOYHOCTH CIELYeT PACCMOTPETh
6asucuyo cucremy {0, } OKpecTHOCTE! TOUKN p CBOWCTBA 5 B yTBEPIK ICHUN
4.13 n B KaxJI0il U3 HUX BBIOpATh TOUKY S, € Op, N A\ {p}. ITocaenosa-
TEJILHOCTD Sy, CXOJUTCS K TOUKE P IPHU 7 — 0O.

4.6 TEOPEMA O NPEJEJILHOW TOYKE sup E. IIPEAE/JLHBIE TOYKU OTPE3KA
U MHOXKECTBA BCEX HATYPAJIbHBIX YUCEJI

4.19. TEOPEMA O HPEJEJBHON TOUYKE sup F (inf F). Ecin sup E
(inf E) He npunasuexxkut HermycroMy mHOKecTBy E, To sup E (inf E) — npe-
JleJIbHAsT TOUKa 9TOIO MHOMKECTBA.

JOKABATEJNBLCTBO. OueBnino sup F # —oo. Obosnauum p = sup E.
ITycts U € N.(p) — npoussosbHAg OKpecTHOCTL Touku p. OHA CONEp:KUT
HEKOTOPBI OTKPBITHIA unTepBas (a,p): (a,p) C U. Ilo upusnaky 1.91 Tou-
HOH BepXHEHl TI'DAHUIbI CyIecTByeT dmuciao r € E rtakoe, aro a < = < p.
Tak kak p ¢ E, 10 a < & < p, mw nosromy E N (a,p) # 0. Crenosarensho,
UNEN\{p} # 0, u nockosbKy okpecrnocts U € N (p) npomnssosibHas, To
TOYKa p = sup B — npejiesbHas Jij1si MHOXKecTBa F.

AHAJIOrUYIHO JTOKA3BIBAETCS, YTO B YCJAOBUSX TeOpeMbl TOYKa inf F —
TOXKE TIpeJiesibHast JJIs MHOYXKeCTBa, F.

W3 nokazamnmoit TeopeMbl u npemiokenus 1.93 momygaem

4.20. CHEL[CEBI/IE. Touka +0o0 € R (—ox € @) Oyer npeaebHOH JIst
mHuokectBa F C R torga u Tosibko rorja, korga MHoxkectBo B\ {—o00, +00}

He orpanudeno csepxy (cum3zy) B R.

4.21. CnEACTBUE. COBOKYNMHOCTH IPEJIEABHBIX TOYEK HMPOMEXKYTKA
(a,by C R cosmajgaer c [a, b].
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4.22. 3AmAYN.
ooeN;Q=R; 0 =0.
2) Eem SCT,t0 SCT.
3)5=3.

4.6.1 JIOKABATE/JbLCTBO NMPUHLUIIA BOJBLIAHO — BEMEPIITPACCA B R

Ecim A C R — orpanmaenHoe MHOXKECTBO, TO TIPHHIUIL JOKA3AH B PA3JIEIIe
4.10.

ITycrs reneps MuOKecTBO A\ {+00} (A\ {—00}) HE Orpannveno csepxy
(camsy). Torma B cmry 3amaan 1.92 umeem sup A = +oo (inf A = —o0).
ITo yrBepxKaennio 4.19 MbI BBIBOAUM, 9TO 400 (—00) — IpeesbHast TOUKa
muO)kecTBa A\ {+00} (A\ {—00}), a cienoBarensro u MHOXKecTBA A.

4.7 TIOHATHUE OKPECTHOCTHU HA PACIIUMPEHHOM YMCJIOBOW MPSMOM.

B 3TOM pasjesie MbI OIPEIeIHM ObIIee HOHATHE OKPECTHOCTH TOYKH B KR,
0000IIAKOIIEe TTOHATHE JIEMEHTAPHON OKPECTHOCTH.

Hanomuum (cp. ¢ pasgenom 4.5.1), 910 asemenmaphoti 0Kpecmuocmbvio
Toukn p € R Ha BermecTBeHHOI npsaMoit R HA3bIBAETCS BCAKUIT WHTEPBAJ
Buna O:(p) = (p —€,p +¢), tie € € (0,00). Takoil unTEpBaT HA3BIBAIOT
TaKIKe 0OMKPLMOLl E-OKPECTHOCTBHIO TOUKH p. Tor ke cambriii narepsat O, (p)
Ha3BIBAETCS INEMEHMAPHOT OKPECTNIHOCTMYI0 TOUKH p € R 1 Ha pacmupeHHOH
BEIIECTBCHHON IPAMO R.

Saemenmaprotls OKpecmnocmbvio mouky +00 (TOUKH —00) Ha PACIIUPEH-

HOIT BermecTBeHHoM mpssMoii R OymeM Ha3bIBATHL BCAKUN MTPOMEXKYTOK BHUIA
(r,00] (Buma [—oo,r)).

4.7.1 TIOHATUE OKPECTHOCTU TOYKU

4.23. ONPEAEJIEHUE. Muoxectso U C R (U C R) maswBatoT oxpecm-
nocmwio mouku p € R (p € R), eciiu 0HO COIEPKUT HEKOTOPYIO HJIEMEHTAD-
HYIO OKPECTHOCTb 3TOU TOYKHU.

Hanpumep, unrepsain (a,b) ABJIsieTCs OKPECTHOCTBIO KazKJIOM CBOEH TOU-
KM, & OTPE30K [a, b] — OKpecTHOCTHIO JIto6oi Touky nHTepBada (a,b). [omy-
uHTepBad (t, +00] ABIAETCH OKPECTHOCTHIO JIIO00i CBOEH TOUKH.

MuozkecTBO Bcex oKpecTHOCTeil TOuKH p € R Gynem 0603HAYATH CUMBO-

oM N (p). Ouesuno, N (p) D Ne(p).
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4.7.2 CBONCTBA OKPECTHOCTEN ®UKCUPOBAHHOWM TOYKMU

IIpuBosmMBbIe HUXKE CBOMCTBA, CUCTEMBI OKPECTHOCTEH JTaHHON TOYKH 0000-
MIAI0T CBOMCTBO pazjesa 4.5.2.

4.24. CBOMCTBA CUCTEMbBI OKPECTHOCTEI B R. ITycrs p € R — mpo-
u3BoJIbHAA (pukcupoBaHHas To4ka, a N (p) — COBOKYHHOCTH OKpecTHOCTE
910l Touku. Torma

1) BeAKAasT OKPECTHOCTD TOYKH P CONEPIKUT ITY TOUKY: p € U aurst moboti
okpecraocru U € N (p);

2) mepecevenne JIIOOBIX ABYX OKDECTHOCTEl TOUKH P SIBJISIETCS OKPECT-
nocreio aroit Toukn: U NV € N (p) ans mobwix okpecrrocreit U,V € N (p);

3) MHOKECTBO, COJeprKallee OKPECTHOCTh TOYKH P, SBJISETCS OKPECTHO-
crpio aroii roukn: ecmm U € N(p) mV D U, ro V € N (p);

4) Jirobble ABe pazJmvHble TOYKH DACIIMPEHHOH YHCJIOBOH HPIMOil 06-
JIaTAIOT HEeNepeceKaloIIMICS OKPECTHOCTSAMMI: eCln p,q € R mw p # ¢, To
cymectyitor okpecraocru U € N (p) u V € N(q) rakne, uro U NV = ;

5) y Kask/10if Toukn p € R mMeeTcst Takast HOC/1e[0BATeTbHOCTD €8 OKPeCT-
mocreit Og D O D ...0, D ..., 9TO BCSIKass OKPECTHOCTH V 3TOH TOUKH
COZIEPKAT HEKOTOPYIO OKpecTHOCTH Buga Oy

6) y Kaxgoii Toukm x amementapHoii okpecrroctn V. € N (p), p € R,
x # p, umeercs ajementapuas okpecraocts W € N, (x) takass, uro W C 'V
up ¢ Wi B

7) ecn a,b € R ma < b, TO CyIECTBYIOT HENEPECEKAIOIUECST JJIEMEH-
tapubie okpecraocta U € N(a) m V € N (b). Crenoarensro, x < y st
Ji06p1x Togek c € U my € V.

[TocenoBaTebHOCTH OKPECTHOCTENH TOYKH M3 CBOWCTBA D HA3BIBAIOTCS
0a3UCHBIMU CUCTNEMAMY OKPECTVHOCTIED.

4.25. TIPUMEP. Ectu p e R, 10 O, = (p— 27", p+27"), n € N;
ecian p = 00, 10 O, = (n, 0], n € N;
ecau p = —o0, To O,, = [0, —n), n € N.

4.26. 3AJAYA. JTokazars cchopMyImpoBaHHble B pasjelie 4.24 cBoiicTBa
OKPECTHOCTEIA.

4.8 SAMKHYTBIE U OTKPBITBIE MHOX>KECTBA. 3AMKHYTOCTL MHOXKECTBA
NPEJE/IBHBIX TOYEK HA PACIIMPEHHOI YUCJIOBOW IPSIMOM

IIpuBoauMOe HUKE OIIpE/IeJIEHIE ITPEJIeTbHON TOUKU 0000IAeT OIIpe/Ie/IeHIe
4.9.
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IIycts E C R. Touxka p € R HasbBaercs npedeavhoti 1S MHOMKECTBA,
E, ecrm g moboit okpectnoctu V€ N (p) nepecewenme V N E \ {p} me
mycto. COBOKYITHOCTD BCEX IIPEJIEJIbHBIX TOUYEK MHOXKecTBa F 0003HavaeTcs
cumBosioM Lim E.

Samvixarue E muoxkectBa £ C R cocronT m3 Todex MHOXkecTBA F 1
BCEX IIPEJIeJIbHBIX TOYEK ITOI'0 MHOYKECTBA:

E=FEULimE.

4.27. ONUPEJAEJEHUE. MuoxectBo A C R HasbIBAeTCH 3AMKEHYMOLM,
€CJIN OHO COJIEPYKUT BCE CBOU TIpeJle/ibHbIe TOUKH, T. e. A C A.

Muoxectso G C R HA3ZBIBACTCS 0MKPHIMBLM, €CITH OHO SBJISAETCS OKPECT-
HOCTBIO JTI06GO# CBOE TOUKH, T. €. s moboro x € G nmeem G € N ().

4.28. 3AJIAUYA. Jlokazarh, 9TO 3aMbIKAHME MHOXKECTBA — 3aMKHYTOE
MHOKECTBA.

4.29. JIEMMA. 1) Jomosnenne K 3amkayToMy mMHOXKectBy A C R or-
KDBITO.
2) Jonosnenune x orkpeiromy muoxkecrBy G C R zamkmyTO.

JOKA3ATEJJILCTBO. Jlokakem mepBoe yTBepxKaeHue. Kcau, HanpoTus,
U =R\ A He sBJIsieTCs] OKPECTHOCTBHIO HEKOTOPO# Touku € U, To sobast
OKPECTHOCTh TOYKHU T Iepecekaercss ¢ MHOxkecTBoM A. Takum obpasom, x
SIBJISIETCS TIPEJIEJIBHON TOUKOM Jijist A, U B CHJIy 3aMKHYTOCTH MHOYKeCTBa A
JOJIKHA €My MIPUHAJJIE’XKATH, 9TO TPOTHBOPEYNUT BHIOOPY TOUKH I.

Yro6b! TOKA3aTh BTOPOE yTBEPKIACHNE, 3aAMETUM, ITO JTI0DasT TOYKa OT-
KpBITOrO MHOXKeCcTBa (G HE MOXKET OBITH MPEeJIeIbHON TOYKON JIJIsT JIOTIOJI-
HeHusi K MHOXKecTBY G. Ilostomy nomosaenne R\ G comepkur BCe CBOM
[IpeJIeJIbHBIE TOUYKH U TIO9TOMY 3aMKHYTO.

B ciemyromem yTBepKAeHUN MBI (DOPMYIUPYEM OCHOBHBIE CBOWCTBA OT-
KPBITBIX ¥ 3aMKHYTBIX MHOXKECTB.

4.30. JIEMMA. 1) O6benuaerne mpou3BOJbHONH COBOKYIHOCTH OTKDBI-
ThIX Ha R MHOMXKECTB OTKPBITO.

2) Ilepecedenne KOHEYHOrO YHCIA OTKPBITHIX MHOYKECTB OTKDBITO.

3) Ilepecedenme MPOU3BOLHOI COBOKYITHOCTH 3aMKHYTBHIX Ha R MHO-
2KeCTB 3aMKHYTO.

4) Ob6beauHeHne KOHEYHOIO YUC/Ia 3aMKHYTBHIX MHOXKECTB 3aMKHYTO.
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JOKABATENLCTBO. 1) ITycrs {Ug}¢cz — mponsBosibHOE CEMEHCTBO OT-

KpbIThIx MHOXKecTB, U = |J Ug. ITokaxkem, uro U orkperro. Ilycrs z € U.
{eE

Torna x € Ug nna mexoroporo & € =. Tak xak Ug oTkprITO, TO U AIBNIAACT-
cst OKpecTHOCTBIO Toukn z. CiiefoBaTesibHO, U HoJiee MHUPOKOE MHOXKECTBO
U D U; siBngeTcs OKPECTHOCTBIO 9TOM TOYKH.

2) IDocrarouHo mokazarb, 4ro ecau U u V — OTKDBbITbIE MHOMKECTBA,
To U NV orkpwiro. [eiicrBurensro, nmycts @ € U N V. Torma, Tak Kak
U u V OTKpBITHI, TO KaXKJ0€ U3 HUX SABJISLETCA OKPECTHOCTHIO TOYKH .
CiietoBaTeIbHO, IO CBONCTBAM CHCTEMbI OKpPECTHOCTel nx nepecedenne U N
V' rakike sIBJIsSIeTCS OKPECTHOCTHIO TOUKHU .

Vreepxkaenus 3) u 4) MOIyHAIOTCs U3 IPEAbLLYIIX yTBepKIeHuii 1) u
2), IPUMEHEHHBIX K JIOIOJHEHHUSIM PACCMATPUBAEMbBIX MHOXKECTB (CM. JIEMMY

4.29).

4.31. TEOPEMA. 1) Jlio6oe memycroe orkperroe MuOX)KecTBO U Ha Beirje-
crBerHolt psivoit R ecTb 0b0begunenne He 60s1ee 4eM CIeTHOH COBOKYITHOCTH
B3aHMHO-HEIIePECEKAIOIIIXCS HHTEPBAJIOB.

2) Ecim orkpbiroe muoxkecrBo U paBHO 00bEIHHEHUIO KOHEYHOH COBO-
KYIHOCTH MIPOMEXKYTKOB, TO OHO MPEJICTABHMO KaK 00bEIMHEHHE KOHETHOIO
YUCJIa B3AHMHO-HEIIePeCEKAIONINXCS HHTEPBAJIOB.

JIOKABATEJILCTBO. 1) Hazosem nBe Touku x,y € U IKBUBAJIECHTHBIMU
[IPY BBIMOJHEHUH CJIejyiomero yejosust: [x,y] C U, ecom x < y, unu [y, z] C
U, ecim y < x. DKBUBAJEHTHbIE TOYKHU Z,y € U 0603HATAEM CHMBOJIOM
x ~ y. HemmocpeicTBEHHO IPOBEPSIETCs, YTO BBEJIEHHOE OTHOIIIEHNUE SIBJISIETCSI
OTHOIIIEHNEM SKBHUBAJIEHTHOCTH, T. €., OHO

1) pednexcusno: x ~ x;

2) CUMMETPUYHO: €CJIU T ~ Y, TO Y ~ I;

3) TPAH3UTUBHO: €CIIU T ~ Y U Y ~ Z, TO T ~ Z.

ITo w3BecTHO# Teopeme 0 pasbUeHNN HA KJIACCHI SKBUBAJIEHTHOCTH MHO-
»KecTBO U pasbuBaeTcsi Ha HellepeceKaloIInecs: HellyCThble Kiaaccel Uy, mpu-
YeM TOYKM I,y € U BXOAAT B OJUMH KJIACC TOTJA W TOJBKO TOTJA, KOTJIA OHU
9KBUBAJEHTHBI. 3aMETUM, UTO BCAKAsS TOYKA T comep:kutcsa B U BMecTe ¢
HEKOTOPOii cBoeil okpecrHocThio V() = (x — g, + €), € > 0. ITosromy,
ecyIn 3Ta TOUKa IPUHALIEXKNAT Kaaccy Ug, To oOKpecTHOCTB V(&) TakxKe co-
nepxkurcst B Ug (IIPUMEHHTH CBONCTBO TPaH3UTHBHOCTH). TakuM 06pasoM,
KaxKIblil Kaacc Ug — 9TO OTKPBITOe MHO2KeCTBO. II0CKOIBbKY B KasKIOM OT-
KPBITOM MHO2KeCTBe Uy HafieTcsl palfOHaIbHAs TOUKA U PA3IHIHEIE KJIAC-
CBI He IIEPeCEKAIOTCsI, TO COBOKYIHOCTh MHOMXKECTB Uz DABHOMOIIHA, HEKOTO-
POMY TIOJIMHOXKECTBY MHOXKECTBA PAIMOHAJIBHBIX YHCEN U, CJIEJOBATENHHO,
OHa He 0oJiee YeM CYETHA.

151



Ocraercs HOKa3aTh, 9TO KazKiblil Kiiacc Ug COBIAJIAET C OTKPBITBIM IIPO-
mexxyTroM (inf Ug,sup Ue), rae inf Ug, sup Ug € R. OgeBnmno

Ue C [inf Ug, sup Ue].

Bamerum, 4uro ecau inf Ug € Ug, To, ¢ omnoit croponsl, inf Us # —oo, 1o-
cxonpky Ug C U C R, a ¢ apyroit cropounsl, inf Ug npunasyexxur Ug BMecTe
¢ TOYKAMU HEKOTOPOI CBOel OKpecTHOCTH. B mocsennem ciydae HalaeTcs
Touka * € Ug Takad, aro x < inf Ue. Ilocnemnee mMpoTHBOPEUNT TOMY, ITO
inf U aBnseTcsa equHCTBEHHON HIKHEH rpanumeil MHOKecTBa Ug. CreoBa-
tessro, inf Us ¢ Ue. Ananornuno moxaseiaercs, uro sup Ug ¢ Ug. Takum
obpasomM, gokazano Briroderne Uy C (inf Ug,sup U).

ITokazkeM Tereps, uro jmodast Touka & € (inf Ug, sup Ug) npuna yiesxur
rakyke Ug. JleficTBUTENIBHO, 110 ONIpPEJEICHNI0 HIKHEH U BEPXHEH I'DAHUIL
IICOBOTO MHOXKECTBA HaflmyTcs Takme sjeMeHTH z,Yy € Ug, uro inf Ug <
z < & <y < supUg. Ilockomeky 2z ~ y, 10 [2,y] C U u, cremoBaremns-
HO, [z,2] C U. Takum obpasom, z ~ z u nosromy x € Ug. Briouenue
(inf Ug,sup Ug) C Ug nokasano. Bmecre ¢ HUM JIOKa3aHO TaKKe PABEHCTBO
Ue = (inf Ug, sup Ug).

2) Jloka3aTeabCTBO BTOPOIO CBOWCTBA MIPEJOCTABIISIETC IUTATEIIO.

4.32. TEOPEMA O 3AMKHYTOCTHU IPEJAEJBLHBIX TOYEK. Ilycte E C
R. Torma coBokymaocTs Lim E npenenrpapix Touek MHOXKeCcTBa F 3aMKHYyTA.

JIOKABATEJBLCTBO. Ilycts Lim E # (). Tpebyerca moka3arhb, uro Lim F
— 3aMKHyTOE MHOXKeCTBO. JIpyrmmu cjoBamu, HAJO JIOKA3aTh, YTO BCS-
Kasl IpeJiesIbHAsT TOUKa MHOXKecTBa Lim E Gyer TakxKe NpeIebHONR U J1Jist
MHOKecTBa, E. PaccMOTpuM 1JIst 3TOTO NpejiebHylo TOYKY P MHOXKECTBa
Lim E. Torga mia mo6oit smementapuoii okpectnoctu V- € N (p) mepece-
genue V N Lim E \ {p} conepxur Touxy y € Lim E. Paccmorpum renepb
ameMeHTapHYI0 OKpectHOCTE W € N (y) Takyo, uto W C V up ¢ W (cm.
cpoiictio 6 B 4.24). Torma mepeceuenne W N E'\ {y} comepkut HEKOTOPYTO
TOUKY T # P.

Oxkonuarensao umeem: ¢ € WNE\{y} C VNE\{y,p}. Takum obpaszom,
TeopeMa, JIOKA3aHa.

4.33. CnEACTBUE. Ecomn E C R — 3amkHyTOEe MHOXKECTBO, TO sup E €
FuninfE € FE.

JIOKABATEJIBCTBO. [eiicrBurenbho, eciau, naupumep, sup E ¢ E, 1o
sup E € Lim F no teopeme 4.19. Tak kak Lim E C FE, To cjeacTBue I0Ka-
3aHO.
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5 [IIPEJEJ ®YVHKIINNU

5.1 APU®METUYECKOE OIIPEJIEJIEHUE MPEJEJA B R ovHkIuu f : A — R,
A C R. IIPUMEPHI.

5.1. OOPEJEJIEHUE. Pacemorpum dyukmuio f : A — R, onpenenennyio
ma muoxkectse A C R. Ilycrs p € R — mpomsBosibHas HpejebHas TOUKA
muozkectsa A. Yucsno a € R naseiaerca npedesom dbynkmuu f : A — R
[pu & — P 10 MHOXKEeCTBY A, ecjin

1) B CIIVUAE a € R: gzt yno6oro € > 0 cymecryer uuciio 0 < § Takoe,
o Jis Beex © € A ¢ yeaosuem 0 < |z — p| < 0 BBIIOJHSAETCST HEPABEHCTBO

/(@) —a| <&

2) B CJIIVUAE a = +oo: g jmoboro 7 € R cymecrsyer guciao § > 0
Takoe, 4T0 1 Beex * € A ¢ ycmosueM 0 < |z — p| < § BBLIOIHSAETCH
HEPABEHCTBO

f(x) >r;

3) B CJIVUAE a = —o0: s Jjuoboro 7 € R cymecrsyer guciao § > 0
Takoe, 4T0 Jyid Bcex ¥ € A ¢ yciosuem 0 < |z — p| < ¢ Bbmommsercs
HEPaBEHCTBO

flx) <r

Brimeckazannoe 3anmnchIBaoT CHIMBOJIMIECKI OJHUM U3 CII0CODOB:

%lg%f(x) =a, f(x) oy ® fz) — a|§g>£, f(z) > anpux —p, z €A,
z€A z€A
Jmbo Ge3 ykazanust x € A, Korza siCHO O Kakoil objiacTu orpejeeHust A

naeT peydb.

5.2. IIPUMEP. B ompenenerun 5.1 THOUYIHON 00JIACTHIO OIIPEIEJIEHUsT
MOXKeT OBITH KOHEUHBIH M GeCKOHETHBIH TIPOMEXKYTOK (a, ), a B KauecTse
IIpeJieIbHOM TOYKH p MOXKeT OBITh JIH0O0 JI00ast ero BHyTPEHHSA TOYKa, T. €.
Touka p € (a,b), mMbO rpaHUYHAS TOYKA ¢ WJIU b, €CJIM OHA KOHEYHasl.

5.3. BAMEYAHUE. Yciosue 0 < |z — p| < § B oupejiesieHun 1pejesa
O3HaYaeT, YTO Ipe/ie He 3aBUCUT OT 3HaueHHd (PyHKIUU f B Touke p. Bosee
TOro, f MoXKeT OBbITh U He OIpejiesieHa B TOYKE P.

VYeqosue 0 < |x — p| < & B oupenesernn npegena (5.1) dbyskuun f B
TOYKEe p 03HAYAET TAKxKe, YTO 3HAYEHHUE IPeJiesia He 3aBUCUT OT TOTO KAKHe
3HAUEHUA IPUHUMAET (DYHKIUA f B TOYKAX, JAJEKUX OT P.
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JlpyruMu cioBaMHu, ONpe/Ie/IeHUe TIPEIesia IMEET JIOKAIbHBINA XapaKkTep,
T. €. 3aBUCHUT JIMIIb OT TIOBEJeHUA (PyHKIUKU f BOJU3M TOYKH p: €CJIHM JIJIst
dbyukmun f : A — R cymecrByer mnpemes Ihg%) f(x) To cymecrByer Tak-

z€A
JKe U Tpeent ;1_1)1%) f(x) maga aoboro o > 0, coBHAMAOMIUI ¢ IEPBHIM.
z€ANO, (p)

(LOKA3BATDB!) 3aech Bo BTOpoM Hpejieiie pacCMaTPUBAETCsl OrPAaHUYEHUe
nmaunoit dyskumit f : A — R Ha mepeceuerne A N Oy (p), T. e. dyHKIWMS
f: AnO,(p) — R, snavuenne koropoit B Touke z € A N Oy (p) paBHO
suavenuto f(r) Gyakouu f: A — R.

5.4. TIPUMEPHI. 1) ITycts a € R — nponssoabmas Touka, A C R — mpo-
MU3BOJIbHOE MHOXKECTBO, & p — €ro IpejeabHast TOUYKa. 1Ipees mocTossHHOR
dyukmmn f: A — {a} paBen a npu & — p Mo MHOXKeCTBY A.

2) Has dbyskuuu signz, ¢ € R, upenen B Touke p > 0 (p < 0) pasen 1
(—1), a upenen B Touke p = 0 HE CyIIECTBYET.

Bwmecre ¢ Tem cymecrBytor npemens lim signx = 1 n lim signz = —1.

z—0 z—0
x>0 <0
3amMeTuM, 9TO B IEPBOM CJiydae O6JIaCTh OMPEIEJeHus Sign & — 9TO IOJIy-
ocb [0,+00), a BO BropoM — noJyoch (—o0, 0]. Bepro rakxke u ciezyiomniee
lim signz =1 u lim signax = —1.
x—0 z—0
x>0 <0
3) lin%J expx = 1. [eiicrBurensto, B cuiy ouenku (3.11.61) upu n = 0
r—r
nmeeM |expx — 1| = |Ry(z)| < 2|z| mas |z| < 1. CremoBarensHo, mosaras B
ompeJiesiennn 1pejena § = § g joboro € € (0,1), morydaem

lexpr — 1| <20 =¢

JyIst JII000r0 & TAaKoro, 4To || < 4.
4) lil% xsin% = 0. HeilicTBUTETBLHO, CYIIECTBOBAHUE IPEJIEIIBI BBITE-
Tr—
zER\{0}
o1
KaeT 13 ONeHKH | sin 1| < [z| g moboro @ # 0.
5) lir% ?12 = 400. B sTom nnpumepe 0 — npejiesibHas TOYKa JJIs 00JIACTH
d

onpenenerns: R\ {0}.
6) lim tgz = +oo. B arom npumepe 5 — UpeJie/ibHas TOUKa Jijisd 00J1a-
T3
$<%2
cru onpeiesenus (— 5, 5 ).
7) lim expx = expp, p € R. s 10Ka3aTeIbCTBa CJIELYET BOCIOIb-
r—p

30BaThCs OCHOBHBIM CBOICTBOM KCIIOHEHIIMAJILHON (DYHKIIMHN U 3ajadeit 3:
|expx — expp| = expp - |exp(z —p) — 1.
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. —1
8) hr% FEE— =1, p € R. [Ina goKa3aTesnbCTBa CleLyeT BOCIOIb30-
xr—r

BaTbes ciefcTueM 3.79: expr = 1+ x + Ryi(z), rae |Ry(x)| < |z|? upn
7] < 2. Torma |222=L — 1| < |2| npu |z| < 2. Orciona no onpesesenmo
IpeJiesia ToJTydaeM TpebyeMoe.

9) Oynxmusa f(z) = e umeer npegen f(p) = e mpu  — p, p € R.

B paznese 5.1 MBI onpesenuy 3HaU€HUE IIPEJIESIA B TOM CJIydae, KOrJa
npejieibHas TOYKa p KoHedHas. Huzke MBI Olpeie/TMM 3HAYEHUE TIPEIe/ia B
TOM CJiydae, KOrja Ipejie/ibHas TOYKa MHOXKECTBa A wim +00, wim —oo.

5.5. ONPEJEIEHUE. Paccmorpum dyukimuo f : A — R, onpesenennyio
na muowectse A C R. Ilyers +o00 — mpesesnbHas ToUKa MHOKecTBa A.
Oyuxmus f : A — R cxomurcs Kk a € R npu x — +00 10 MuozkecTBy A
TOTJIA, KOTJIA

1) B CIVYAE a € R: jya moboro € > 0 cymecryer uucio L € R
Takoe, UTO i Bcex © € A ¢ ycnoBueM L < @ BBIIOJHSIETCS HEPABEHCTBO
[f(z) —al <&

2) B CJIVUAE a = +00: s Juoboro r € R cymecrByer gucio L Takoe,
qTo Jist BeeX T € A ¢ yeaoBueM L < & BBIIOJIHIETCST HEPABEHCTBO f (x) >,

3) B CIIVUAE a = —oo: jyid Juoboro r € R cymecrByer 4ucio L Takoe,
910 Jyist Beex ¥ € A ¢ ycnoueM L < x BBIIOJHsIETCS HepaBeHcTBO f(x) < 7.

BorirmeckazaHHOe 3aIIMCHIBAIOT CHMBOJUYECKN OJIHUM U3 CIIOCODOB:

lim f(z)=a, f(z) — a,

T—>+00 T—>+00
€A T€EA

f(@) = alestoo, f(x) = anpuax — 400, x € A,
TEA

Jynbo 6e3 ykazanusa x € A, Korma sicHO 0 Kakoil objacTh olpeneaeHus A
UJeT pedb.

5.6. IIPUMEP. B ompemenerun 5.5 THIUIHON 00JIACTHIO OIPEIEJIEHUsT
MOKeT ObITh GEeCKOHEUHBIH MPOMEXYTOK (a,+00). B sroMm ciyuae Touka
P = +00 — IpeiesIbHAsT JJIsl IPOMEKYTKA (@, +00).

5.7. ITIPUMEPHIL. 1) Ecim A = N, To dbynrkmusa f : N — R — 310 nocite-
JIOBAaTEIBHOCTD X, = f(n), n € N, a npexmes lirf f(z) = a conagaer ¢
Tr—r—400

zeN

IpeaesioM I10CJaIeJ0BaTeIbHOCTHI lim Tn = Q.
n——+00

2) Ilycrs a € R — npoussosbaas Touka, A C R — npousBosbHOe MHO-
JKECTBO, & +00 — €ro mpejieibHast Touka. [Ipesesr mocrossHHON (hyHKIUNT

f:A— {a} paBen a npu x — +o0.
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3) Hna dbyuxknun 51gnx x € R, npeznen pasen 1 upu z — +00.

)

4) hm arctgr = 7.
x—+00

5) hrf 2* = 400 ana moboro k € N.
xr—r+00

6) 1131 exp x = 400. HelicTBUTETHHO, IMEEM ONEHKY eXp T > 14+ > T
xr—r+00

anst Beex x> 0. CiiemoBaresbHO, Iojtaras B onpeaeseHnnn 5.5 npegena L = r
it ioboro T > 0, momygaemM

expr >z >r

JJIed JII060r0 T TaKoro, 4T0 T > L.

7) lim 1=o0.
) z—+o0 ¥
n
8) Iyers P(z) = 3. an_px® — mommmowm crenenu n: a, # 0. Torma
k=0
1 Sof - — ]
9) lim -£— = 0 ja smoboro dukcuposannoro n € N. g moxa-

z—+o0 XPT
3aTEJIbCTBA, CJIEIYeT BOCIIOIb30BATHCSA CJEAYIONMM HEPABEHCTBO: €Xp L >
In+1
(n+1)!
10) @yukius f(x) = sinx He UMeeT pees IPH & — +00.

g x > 0.

5.8. 3agA4YA. [lokasare, uto B ciyaae A = N, p = 400, onpeesne-
uue 5.5 npenena dynkmuun f @ N — R coBmagaer c omnpeuenenuem 3.3
rpejiesia mocjeI0BaTeIbHOCTH.

5.9. ONPEAEIEHUE. Pacemorpum dyukmuio f : A — R, onpenenennyio
na muoxkectse A C R. Ilycts —0o — IpeJiesibHasg TOuKa MHOXKecTBa A.
®ynkmua f : A — R cxomures x a € R mpu  — —00 1o Muoxkectsy A
TOIJIA, KOIJIa

4) B CIYYAE a € R: mua soboro € > 0 cymecrsyer gucio L € R
Takoe, 4TO Jjisd Bcex © € A ¢ ycioBueMm x < L BBINOJHSIETCS HEPABEHCTBO
[f(z) —al <&

5) B CJIVUAE a = +00: Juist aroboro r € R cymecrsyer uucyio L Takoe,
qTO fyist BeeX @ € A ¢ ycsoBueM x < L BbinosiageTca HepaBeHcTso f(x) > r;

6) B CJIVUAE a = —o0: gyis Juoboro r € R cymecrByer yucio L Takoe,
qTOo JIs BeeX T € A ¢ yeaoBueM & < L BBITTOJIHIETCST HEPABEHCTBO f (x) <r.

BerirmeckazaHHOe 3aIUCHIBAIOT CHMBOJUYIECKN OJJHUM U3 CIIOCOOOB:

lim f(z)=a, f(z) — a,
Tr—r — 00

Tr—r— 00
z€A TEA

f(@) = alos—, f(z) = aupuxz— —o0, x € A,
T€EA
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aubo 6e3 ykazaHus x € A, KOTJa sSICHO O KaKoil 00siacTu orpejeseHus A
UJET PeYb.

5.10. IIpuMEP. B onpenesennn 5.9 TUnu4HON 00JIACTHIO OIIPEIEJIEHUS
MOXKeT OBbITh GECKOHEUHBIH IPOMEXKYTOK (—00,a). B aToM ciyuae TOUKa
P = —00 — IpeJiesIbHAs JIJIsl IPOMEKYTKA (—00, a).

5.11. IIPUMEPHI. 1) Ilycts a € R — npoussonbaas Touka, A C R —
IPOU3BOJIBHOE MHOXKECTBO, & —00 — €ro TpejiesibHas Touka. [Ipeaes mocro-
stuHol dyrkuun f : A — {a} paBeH a npu x — —00.

2) Hua dyuakuuu sign x, x € R, upemgen pasen —1 npu x — —o0.

3) lim arctge = —7.
Tr—r—00

4) lim 2% = 400 ama moboro wernoro k € N;

Tr—r—00

lim 2
Tr—r—00

5) lim expx = 0. g MpoBEpKH MOCJEIHErO CJIELYET BOCIOIb30BATD-
T—r—00

= —00 /i J11060ro HedeTHOro k € N;

sl COOTHOIICHUEM €XP T = ——r

. exp(—x) "
O = =0
n
7) Oycrts P(x) = Y. an_xa® — mommmom crenenu n: a, # 0. Torma
k=0
Py =1

8) lim afexpx =0 mia moboro x € N.
r—r—00

9) Oyukuus f(xr) = cos He uMeeT Upee] UPpU T — —00.

ﬂaﬂee MBI OoIlpeZiesisieM OITHOCTOPOHHUE IIpeJIe/Ibl.

5.12. ONPEAEJEHUE. Paccmorpum dyukmmio f @ B — R, onpenesen-
Hyto Ha MHoxkecrse B C R. Ilyers p € R — npousBosbHas TOUKa, npedess-
nas s nepecedenuss A = (—oo, p)N B. Yucso a € R nasbisaercs npedenom
cnesa pyuknun f : B — R upu © — p, x < p, eciin @ SBJISIETCS IIPEJIETIOM
cyxennsd f: A — R upu x — p 1o MHOXKECTBY A.

[Ipenest cieBa 0603HAYAETCS OHUM I3 CHMBOJIOM

lim f(z)=a, f(z)—alzsp-0, f(z)—aupuz—>p—0,axc A
z—p—0 €A

IMycts p € R — npedeavnas Touka jia nepecedenust A = (p, +oo) N B.
Yucino a € R maspBaercs npedeaom cnpasa dyukmun f : B — R mpu
T — p, x > P, ecyn a sABJsieTcs nupejesom cyxerns f 1 A — Ropu z — p
10 MHOXKeCTBY A.
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[Ipenen cupasa 0603HAYMAETCS OTHUM U3 CUMBOJIOM

lim f(z)=a, f(x)—=alempro, f(x) = ampuz—p+0,xe€A
x—>p2—0 €A
e

5.13. IIPUMEP. B onpenenennn 5.12 tunu4dnoit 06,1acTbIO OIPeIeIeHnsT
MOXKET OBITH KOHEUHBIH M GeCKOHETHBIN TIPOMEXKYTOK (a, ), a B KauecTse
IIpeJieIbHOM TOYKH p MOKeT ObITH J1r00ast €ro BHy TPEHHSIA TOUKA, T. €. TOUKa
p € (a,b). BaroMm ciryuae p sIBIsIeTCs IPeIIIbHOI KaK JIJIsi MHOXKeCTBa (a, D),
TaK ¥ JJIS MHOXKeCTBa (p, b)

5.14. ITPuMEPHIL. 1) Ilycts a € R — mpoussosbHas Touka, B C R —
IPOU3BOJIBHOE MHOYKECTBO, & P — NPEJENbHASA TOUKA KaK JJIs EePEeCedeHns]
A = (—o0,p)NB, tak u mis nepecedenus A = (p, +00)NB. OgHocroponnue
npesienbl moctostuHol dynkmum f @ A — {a} coBnamaoT m paBHBI @ pH
x — p Kak 1o MHOXKecTBY A = (—00,p) N B, Tak u 10 MHOXecTBY A =
(p, +00) N B.

2) Hua dysxnuu sign z, x € R, ongocroponnme npeaessl B ToUke p = 0
pagiuyHble: cieBa —1, a cupasa +1.

3) Husa dbysxiun %, x € R\ {0}, ogrOCTOpOHHNE Tpesesbl B TOUKe ()
pas3JIMUHBIE: CJIeBa —00, & CIpaBa +0o0.

4) Hna dyuxun w%, x € R\ {0}, omsocToponHue npesenst B Touke 0
COBIAIAIOT: CJIeBa +00 U cIpaBa +00.

5) Jna dyukuun efa%?, x € R\ {0}, ogrOCTOpOHHNE Tipeenbl B Touke 0
coBnajaor: caesa 0 u cupasa 0.

B cremyromeit cepum 3amad copMyIUpOBAHBI apupMETHIECKIe OIpe-
JIeJICHWsT OJHOCTOPOHHUX IIPEJIEJIOB.

5.15. 3a1A4n. Pacemorpum dyukmmo f : B — R, ompenesennyio Ha
muozkectse B C R. Ilycts p € R — mpesenbHas Touka MHOXKecTBa A =
(p,+00) N B. Yucyo a € R 6yner npedesom cnpasa bynxmuu f : B — R
pU T — P 1O MHOXKECTBY A TOIJa W TOJBKO TOTJA, KOTJIA

1) B CIIVUAE a € R: gyt yuo6oro € > 0 cymecryer uuciio ¢ > 0 Takoe,
qTo Jtst BeeX & € B ¢ yenoBueMm p < x < p + § BBIOJHIETCST HEPABEHCTBO
@) —al <=

2) B CJIVYAE a = +oo: s yoboro r € R cymecrsyer uncio 6 > 0
Takoe, 4To Hjisi BceX © € B ¢ yciaoBueM p < x < p + J BBINOJHSIETCS
HepaseHcTso f(z) > r;

3) B CJIVUAE a = —o0: jyig Jioboro r € R cymecrsyer 6 > 0 Takoe,
9TO 771 BCeX T € B ¢ ycnoBueM p < & < p + J BBIIOIHSAETCA HEPABEHCTBO

flz) <r.
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4) CdopmyupoBaTh aHAJOIUYIHbIE YTBEPXKIEHUs JJIs JIEBOIO IIpejiesa
dbyukiun f B TOUKE P.

5.2 TOMNOJIOTMYECKOE ONPEAEJEHUE MPEJEIA B R ovakuuu f : A — R,
A C R. IIPUMEPHIL.

MHoroobpasue npuBeIeHHBIX B IPEILLIAYIIEM pa3jesie apudMeTHIeCKUX OIpe-
JieJIeHHI IIpejiesia IIPeJICTaBIIsgeT Olpe/e/IeHHbIe TPY/IHOCTHU IIPH JI0Ka3aTe Ib-
CTBe CBOWCTB TIpefiesia, TaK KaK PacCykKIaThb BO MHOTUX CJIyYagX MOXKHO
0 aHAJIOTUM, HO IPUXOJIUTCI MHOTOKPATHO THPAXKNUPOBATHL OTHOTHUITHBIE
paccyzKeHust. ITO 0OCTOSITEIBCTBO HABOJIUT HA MbBICJIb, 9TO JOJIXKHA OBITH
06001aronast KOHIEIIsI, CO/IepKallasi B KAUeCTBE YaCTHOIO CJIydas MPH-
BeJIeHHBIE BBIIIIE TIOX0XKHUE JIPYT Ha JIpyTa OlpeesieHus, U OJHOTHUIIHbIE Pac-
cyzKJieHnst. B kadecTBe TAKOBOH IpejjlaraeTcs Caeayoniee

5.16. ONPEAEJEHUE. Paccvmorpum dyukmmo f : A — R, ompenesen-
uyto Ha muoxkectBe A C R. Ilycrs p € Lim A — Npou3BOJIBHAS HPEIeb-
Hast Touka MHOXkectBa A. Uncno a € R naswiBaercs npedesom GyHKIHI
f:+A— Rupu x — p no mHOXKeCcTBY A, ecu st r000i /1€ MEHTAPHOM
okpecrnoctu W € N, (a) maiinerca saemenrapnas okpectHocTb V € N (p)
Takast, 9To s oboit Toukn x € VN A\ {p} umeem f(z) € W.

BeimmieckazaHHOe 3alnChIBAIOT CUMBOJIMYECKU OJHUM M3 CIIOCOOOB:

I f@)=e f0) Zya f@>alzp @) sammoopach
x x

aubo 6e3 ykazanusa x € A, KOrJa sICHO O KakKoil objiacTu onpejesieHus A
UJeT pedb.

5.17. TEOPEMA. Paccmorpum ¢pyuxmmo f : A — R, omnpenenenuyro
na muoxecrse A C R. Ilycrs p € R — npousBo/ibHas mpeseibHAsl TOUKA
muOKecTBa A C R. Apugmernyeckme onpenenenns 5.1, 5.5, 5.9, 5.12 npe-
ngena pynxnma f : A — R B npenemsroii Touxke p € Lim A npm x — p
110 MHOXKeCTBY A SKBUBAJEHTHBI TOIIOJOIHIECKOMY OIIPEJICJICHUIO TPEIeIa
5.16

JOKA3BATEBCTBO. JlokakeM Teopemy i caydas, Korna a € R up €
R: ocranbHbBIE JIOKA3BIBAIOTCS aHAJOTMYHO. J[JIs1 J0Ka3aTeIbCcTBa 3aMEeTUM
CJIEJIYIONIEe: YCJAOBUE TOTO, YTO TOYKA & € A yIOBJIETBOPSET COOTHOIIEHUSIM

0<|z—pl <d§ osxsusanentHo z € Os(p)N A\ {p}, (5.2.1)
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a HEepaBEHCTBO

|f(z) —a] <e osxBuBamenrno f(z) € O(a).. (5.2.2)

HEOBXOUMOCTB. IlycTh BhIOIHEHO TIEpBOE ompesesenue B 5.1. Bo3b-
MeM IPOU3BOJILHYIO 3JIeMeHTapHy10 oKpecTHoCTh O¢(a) Touku a. ITo € > 0
maiizem 0 > 0 Takoe, 9ro mug Beex ¢ € A ¢ ycaosuem 0 < |z —p| < §
Boinostsgercs | f(x) —al < e. B cuy (5.2.1) u (5.2.2) 910 TO XKe caMoe, 94To
qst todek x € Os(p) N A\ {p} Bepuo f(z) € O(a).

JIOCTATOYHOCTb. IlycTh Teneps BImoHSAETCS yetoBue 1) Teopembr 5.17.
BosbmeMm npoussosibHoe € > 0. st ssemenTapsoii okpectaoct O, (a) Hall-
nercs okpecrHocts Os(p) € N, (p) Takas, aro s rouek x € Og(p) N A\ {p}
Gyzaer pomonHsThes f(2) € Oc(a). B cuy (5.2.1) u (5.2.2) 910 TO XKe camoe,
470 i ToueK - € A ¢ ycaosueM 0 < |z — p| < d Bepro |f(x) —a| < e.

Oxkpecruocts Os(p) = (p— 0, p+ 6). Housaruo, yro eciau 0 < |z — p| < 4,
o x € Os(p)\{p}. Caenosarenbro, nmeem Takxke u | f(x) —a| < e. Teopema
JIOKa3aHa.

Takum obpaszom, yrBepkaeHue 5.17 MOXKHO PACCMATPUBATHL KAK SKBH-
BAJIEHTHOE COOTBETCTBYIOIUM onpezesaeHusM 1), 2) u 3) u3 5.1.

B zaBucumocTn or 3amaun yrobHee MOJIb30BATHCS TEM HJIM WHBIM OIIPe-
JIeJICHUSAM. YJI00CTBO OIpe/iesieHnit TeopeMbl 5.17 cOCTOUT B TOM, YTO OHH
HE 3aBUCSAT OT TOTO SBJISIETCS JIX TOYKA P COOCTBEHHON WM HET.

5.18. 3AAYA. Jlokazarh, uTo B onpeienaerun 5.16 jpocTtarodHo pac-
CMaTpUBaTh TOJBKO OA3UCHBI HAOOP 3JIEMEHTAPHBIX OKPECTHOCTEM, a He
BCE 3JIEeMEHTapHbIE OKPECTHOCTH.

5.19. 3A1A4YA. Jlokasarb, 9To ompenenenue 5.16 B 3aBHCHMOCTH OT
KOHKDETHBIX 3HAYEHWIl ¢ WM P SKBUBAJEHTHO KaXKJIOMYy U3 apudMernde-
CKHX OTPEIeIeHNN CXOMMMOCTH (PYHKIUN Pa3aesios 5.1.

5.20. 3a7A4n. Pacemorpum dynxmmo f : A — R, ompenesennyio Ha
muozkectse A C R. Ilyers p € R — mpousBosibHas IIpeie/ibHAs TOUKa, MHO-
xecrBa A. Oynxrmusa f : A — R cxomurca k ¢ € R upu £ — p € R mo
MHOXKeCTBY A Torma um TOJBKO TOrja, KOria

1) B CIVUAE a € R: ms soboro € > 0 cymiecTByeT OKpecTHOCTh V' €
N.(p) Taxas, aro mus Bcex © € V N A\ {p} BhImONHAETCH HEPABEHCTBO
[f(z) —a| <&

2) B CJIVYAE a = +o00: Juisd Jjoboro 7 € R cymiecrByer 0KpecTHOCTD
V € N.(p) raxasi, aro qus eex x € VN A\ {p} BbIOIHSAETCST HEPABEHCTBO
flx) >
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3) B CJIVUAE a = —o0: i Jjioboro 7 € R cyriecrByer 0OKpecTHOCTD
V € N.(p) rakag, aro gy scex x € VN A\ {p} BoImonngercs nepaseHcTBO

flx) <r.

IIpuBognMBIE B ClIeAyIONUX pa3jesax CBOMCTBa MPeJeIoB MOYKHO pac-
CMaTpUBaTh KakK OOOOIIEeHWsI aHAJOTUYIHBIX CBOICTB Ipejesa IOCIeI0Ba-
TeJIbHOCTH.

5.3 EAVHCTBEHHOCTD I[IPEJEJIA ®YHKIIWU.

Caemyrotee CBOIRCTBO sSIBJIsieTCs 0000ITEHNEeM TeopeMbl 3.28.

5.21. TEOPEMA O EJUHCTBEHHOCTU MPEJAEJIA. @Pyukrnust f : A —
R, A C R, moxker umerb TOJBKO OJUH 1Ipejes mnpu r — p € Lim A o
MHOKECTBY A.

JOKA3ATEJILCTBO. Tpebyercs moka3aTh, UTO MPeIes MOCIeI0BATE b~
HOCTHU eIMHCTBeH. JlJIst 3TOro Mbl JOKaxkKeM, 9To a = b, ecyin
lim f(z)=a u lim f(z)=0.
r—r—00

T——00
z€A z€A

IIycrs a # b. I3BeCcTHO, YTO CYIIECTBYIOT HEIIEPECEKAIOIIMECs] OKPECTHOCTH
U € N.(a) u W € N.(b). Torna ¢ onnoit cropount f(x) € U mia Beex
x € VN A\ {p}, a c gpyroit Gyner f(xz) € W, ecsiim x € Vo N A\ {p},
rae Vi n Vo — HeKoTopble 3j1eMeHTapHble OKPECTHOCTH TOYKH p. VI3BecTHO,
qTo nepecedenne V = Vi N Vo — Toxe 3y1eMeHTapHasg OKPECTHOCTb TOUKH
p. Torna mg x € VN A\ {p} nmeem f(xr) € UNW. Takum obpasom,
okpectHoctr U u W nMeIOT HerycToe mepecevdeHne, ITO MPOTHBOPEIUT UX
BBIOODY.

5.22. ONPEAEJIEHUE. s Beaxoro 2 € A C R paccMoTpuM HEKOTOpoe
BbICKasbiBanne P (), 0 KOTOPOM MOXKHO CKa3aTh UCTUHHO OHO MJIN JIOXKHO.
Mer 6yeM yroTpebsIsiTh CUMBOIT

@ Z)|xz—p
(@) [o=p
JJis 0003HAYEHUsT TOrO, YTO BbICKasbiBanue P(x) MCTUHHO Jjid BCeX T €
A\{p} u3 mexoropoii okpectaocTr V € N, (p), T. €. CyIECTByeT OKPECTHOCTH
V € Ne(p) rakas, uro ®(z) mcrunno s seex € VN A\ {p}.

Hcnonb3ys 3T0 0603HaYEHHE, ONpee/eHIe IPeIeia MOKHO 3aIicaTh B
ceytoreii popme: %15% f(z) = a Torga u ToNBKO TOr/IA, KOT/A JJIsT JHOOOI
z€A
okpecrroctu U € N (a) nmeem f(z) € U |z—p.
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5.23. 3AAYA. /lokazarh, 4TO B Ciydae

%ig%)f(as):aeR
€A

cymiecTByer Takoe duciio L € R, uro
)| < L|z—p.
F@) |§:e£

DT0 CBOWCTBO BHIPAXKAIOT TAKUME CJIOBAMU: PYHKUUA, UMENULLS KOHEUHDIT
npedes 68 MowKe P, AOKAALHO 02PAHUYEHA 6 TOYKE .

5.4 'TEOPEMA O NIPEJIE/JIbHOM IIEPEXO/IE B HEPABEHCTBAX.

Cremyrotee CBORCTBO sBJIsieTCs 0000ITeHneM TeopeMbl 3.39.

5.24. TEOPEMA O HEPABEHCTBE IPEJIEJIOB. IlycTs jganbl fBe pyHK-
mn f:A—-Rug: A— R, ACR, 115 KOTOPBIX CYIECTBYIOT IIPEJEIBI
lm f(z) =a w limg(z) =D.
€A €A
Eciu
1) a <b, 1o f(x) < g(x) |[z—p;
r€A
2) f(z) < g(z) |a—p, TO a < b.
z€A

JOKABATEJILCTBO. Hokaxkem mepBoe yTBepkKAcHUE. PaccMorpum mjist
3TOrO JIBE HellepeceKaoluecs sjieMenTapubie okpecraocru U € N(a)u W e
N (b) (cMm. coiictBo 2 paznena 4.13). Tlo ycIOBHIO TE€OPEMBI CYIECTBYET
okpectHocTh Vi € N(p) (Vo € No(pX)) rakag, aro f(x) € U mna Beex
x e ViNA\{p} (g(x) € W nus Bcex x € VaN A\ {p}). Torna s scex
zeVNA\{p}, toe V=ViNV, € No(p), umeem f(z) < g(x).

IIpu J0Ka3aTeLCTBO BTOPOrO CBOMCTBA HAJO0 MCKIIOYNTL BO3MOMKHOCTD
b < a. Ecim Takoe Cayumioch, TO B CHILy TEPBOrO IMyHKTa uMeeM ¢(z) <
f(z) ’ng, YTO MPOTUBOPEYUT YCIOBHIO.

x

5.5 TEOPEMA O NPEJIEJIE ITPOMEXKYTOYHOU ®YHKIIWU.

Cireytoree yTBepKjieHue siBiisieTcst 0b6o01enneM reopeMbl 3.40.

5.25. TEOPEMA. Ilycrsb pambt tpu ynxnmm f: A — R,h:A—=Rumu
g:A—R, ACR, rakme uTo

f(z) < h(x) < g(x) |§Z£'
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Ecisn cymecrByroT npenesibr

fm f(z) =a n limg(z) = a,
T€EA z€A

TO CyIIeCTByeT TaKxke H IIpeJiesT

%ig%) h(z) =
z€A

JOKA3BATEJ/IBCTBO. PuKcupyeM IMPOU3BOJIHLHYIO 3JIEMEHTAPHY IO OKPECT-
nocth U € N, (a). TTo yc/ioBHIO TEOpEMBI CYIECTBYIOT 3JIeMEHTapHBIE OKPECT-
moctu Vi, Vo m V3 Toukm p Takme, 9TO

1) f(z) € U s secex © € Vi N A\ {p},

2) g(z) € U oz Beex © € Vo N A\ {p},

3) f(z) < h(z) < g(x) nst Beex x € V3N A\ {p}.

Torna ma Beex ¢ € VN A\ {p}, tne V=V NVanNV; € No(p), onro-
BPEMEHHO BBINOJIHAIOTCS Bee Tpu yeaoBus. Orciona BeiBoguM, 9o h(z) € U
upu Beex ¢ € VN A\ {p}. Takum obpazom, %1_% h(z)=a

z€A

5.6 TEOPEMA O IPEJEJIE MOHOTOHHOW ®YHKIIUU.

5.26. ONPEAEIEHUE. 1) @ymkmua f : A — R, A C R, masbisaercs
(empoeo) eospacmarowet, ecm f(z) < f(y) (f(x) < f(y)) mua mob6bix
3HAYEHUIT apryMeHTOB & < Yy MHOXKecTBa A.

2) @ymkmus f : A — R, A C R, maswaerca (cmpozo) ybuiearouset,
ecn f(x) > f(y) (f(x) > f(y)) muast m00BIX 3HAUEHUI apryMeHToB T < Y
MHOXKeCTBa A.

5.27. IIPUMEPHI. 1) Ilycts a € R — npoussonbaasg Touka, A C R —
Ipou3BoJIbHOE MHOXKeCTBO. [locrosinnas dyukims f : A — {a} MoHOTOHHA.

2) ®yuknug sign x, x € R, MoHOTOHHAS.

3) Oyukuuu f(z) =z, x € R, u f(z) = %, x > 0, MOHOTOHHBIE.

4) DrcrnoHeHIMAIbHAs QYHKIUS €Xp z, £ € R, crporo MOHOTOHHO BO3-
pacraer. B camom siesie, Haj0 TPOBEPUTH HEPABEHCTBO €XpP T < €Xp Y JJist
JIFOOBIX JIEACTBUTETBHBIX Yrces & < Y. [Io OCHOBHOMY CBOWCTBY 9KCIIOHEHIIH-
aabHON (DYHKIMU HEPABEHCTBO €Xp & < eXP Y IKBUBAJIEHTHO 1 < exp(y — )
upu yeaosuu y — x > 0. Hepasencrso exp(y — x) > 1 aBisierca ciiejcTBue
Toro, 4ro exp(y — ) — 9TO Upejie] MOHOTOHHO BO3PACTAIONIEH OCJIe10Ba-

n
TEJILHOCTH » (y;if)k
k=0

a1
2, x > (0, MOHOTOHHASI.
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Crenymoliiee yrBepKieHne siBjisieTcst 06001eHneM reopemsr 3.30.

5.28. TEOPEMA. ITycrs A C [—00,p| u p € Lim A. Monorounasi ¢yHK-
must f: A — R Beeryia uMmeer npezesi Ipu £ — P 110 MHOXKeCTBY A:

1) ecim f Bospacraer, To lim f(x) = sup f(z);
i;’{ z€A\{p}

2) ecsn 6piBaet, To lim f(x) = inf ).

) fy ﬁ?ﬁfﬂ) ond  f(@)

JLOKA3ATEJ/IBCTBO. J/lokaxkeMm epBoe yTBEPKIEHNE, BTOPOE JI0KA3BIBa~
erca anagornuno. Hanmomuum, uro  sup f(x) = sup{f(z): z € A\ {p}}.

z€A\{p}
Ionoxum a = sup f(x).
zcA\{p}
Ecin a = —o0, 10 f(z) = —o00 jyist Bcex ¢ € A\ {p}, 1. e. f(x) —

nocrosinHast GbyHKus Ha MHOXKecTBe & € A\ {p}, u Teopema B 3TOM Ciryuae
JIOKa3aHa.

IIycts a € R. ukcupyem ssemenrapuyio okpecraoctb O (a) = (a —
€,a + €) Touknu a, vae € > () — MPOU3BOJIBHOE MOJOKUTENHHOE TucIo. 110
npusHaky 1.91 Tounoit BepxHeit rpanune B Mmuoxkectse { f(z) : © € A\ {p}}
cymecTByer sseMeHT f () Takoii, 94To ¢ omHoit cToponsl a —e < f(zg) < a,
a ¢ apyroii f(zg) < f(z) < a mia moboro x € AN (xg,p). Takum o6paszom,
flx) e O |a:g>£. B cuity mpousBosia B BIOOpE € nMeeM

x

}Cllgj flx)=a.
z€A
ITycTs Tenephb a = +00. B KadecTBe OKPECTHOCTH TOYKH @ PACCMOTPHUM
[IPOU3BOJIbHYIO JIEMEHTAPHYIO OKPeCTHOCTH (T, 00]. ITo npusnaky 1.91 Tou-
Hoit Bepxuefi rpanunpt {f(z) : x € A\ {p}} cymecrsyer anement f(x¢)
TaKoii, 4To ¢ ofHOM cTopoHbI r < f(xo) < 400, a ¢ mpyroit f(zg) < f(x) <
+oo auist oboro x € AN (xg,p). Takum obpasom, f(x) € (r,o0], Korua
x € AN (xg,p). B cuiy npoussojia B BEIOOPE 3JIEMEHTAPHON OKPECTHOCTU
nMeeM
lim f(z) = +oc0.

=)
z€A

5.29. 3AAYA. /loka3arh ClieAyonuil BApUaHT TeopeMbl 5.28. -
ITyemv A C [q,+o0] u g € Lim A. Monomonnas gynruyus f : A — R
6cezda umeem npedes npu r — q no muoscecmsy A:

1) ecau f sozpacmaem, mo lim f(x) = inf x);
) ecau f o lig o) =10
2) ecau f ybwsaem, mo 1131127 f(x)= sup f(=).

z sEA\(p}
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5.30. 3A7A4YA. Ilyctes A C [—o00,p|, p € LimAu f: A — R — moHO-
rTonHas dyHKIMA. JloKa3aTh, 4To

%g)r%)f(:v) = lim f(z,) (5.6.3)

n—oo
TEA

JUTst JIF00OM [OCTIeI0BaTeIbHOCTH To4YeK T, € A\ {p}, cxonsmeiics K p.

PEIIEHUE. PaccMOTpHM IIPON3BOIBHYIO MOC/IEI0BATENBHOCTD TOUEK Ty, €
A\{p}, cxongamytocs k p. Hazo nposepurs, uro B (5.6.3) cyliecTByer Ipees
crpasa, paBHBL Ipejery ciaeBa. Tak Kak HpeJies cJeBa CyIeCTByeT 1 PABeH
a € R, To nus moboit oxpectnoctn W € N, (a) cymecTsyer oKpecTHOCTh
U € N.(p) rakag, aro ms mo6oit Touku x € U \ {p} Bepno f(z) € W.
C apyroit croponbl, mpefen nocjienoBareabaoctu r, € A\ {p} pasen p.
CremoBaTeIbHO, CYMECTBYeT HOMED 1y TAKOMH, ITO JJIs BCEX N > M) UMEEM
xn € U\ {p}. Orcrona seiBomum f(x,) € W s Bcex n > ng. Tak xak
okpecraocts W € N, (a) npoussosbHast, TO nh_)rr;o f(z,) = a u pasencrBo

(5.6.3) mokaszaHo.

5.31. BAMEYAHMUE. U3 pasencrsa (5.6.3) MOKHO C/I€IaTh TAKOH BBIBOJL:
pejieJl MOHOTOHHOM (DYHKITMN MOXKEeT OBITh HAllJIeH KakK [pejesl IpaBoii Ja-
CcTH (5.6.3) JI7IsT OJTHOM TIOAXOJSIIE BHIOPAHHON IIOCJIEI0BATEILHOCTA TOYEK
xn € A\ {p}, cxogameiicsa K p.

5.7 TEOPEMA O MPEJEJE KOMIIO3UIINU ®YHKITUI.

5.32. TEOPEMA. Ilycrs jambt jape pyukmun f : A — Bug:b— R,
A, B C R, takue, 9yro
lim f(z) =q, rme p€ LimA,

T—p
TEA

}gr%)g(y) =s, e q¢€ LimB.
z€A

Torza npu OAHOM U3 CJACAYIOUIUX ABYX YCJIOBHUIX
1) ymbo f(x) # q }z—)p
z€A
2) ymbo s = g(q)
nMeeMm

lim go f(z) =s.
r€A
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JIOKABATEJBCTBO. [Ijist ymo6oit okpecrnoctn W € N, (s) cymecrsyer
okpecraoctb U € N, (q) rakast, uro ¢g(y) € W g soboii Touku y € U N
B\ {q}. Janee cymecrByer okpecraoctb Vi € N, (p) Taxas, aro f(z) € U
Jutst moboit roukn x € Vi N AN\ {p}.

1) Ecmm f(z) # q }’“'Zj” TO CYIIECTBYET OKPECTHOCTH Vo € N, (p) Takas,

x

qro f(x) # q s mo6oit rouku x € VoN A\ {p}. Torna umeem go f(z) € W
Jutst mo6oit Toukm © € V N A\ {p}, te okpecrrocts V = Vi NV, € N (p).
2) Ecan B okpectHocTH Vi MOryT ObITH TOUKH x Takue, uto f(z) = g,
B cuity ycioeus s = g(q) B Takoii Touke umeeM g o f(z) = g(q) = s € W.
IMocnenmee obecneunsaer g o f(z) € W mns moboit touxkn x € Vi N A\ {p}.
Ilo onpemenenuio npemena nMeem %11% go f(z) =s.
e

5.33. 3AAYA. JloKkazaTh, YTO «HEBLINOAHEHUE NEPBO20 YCAOBUS> TEO-
peMbl 5.32 3KBHBAaJIEHTHO TOMY, YTO TOYKA P SBJISETCS IPEJIETbHON I
muozxkectBa f1(q).

5.34. 3A1A4YA. [IpoBeputsh, uTo ipumMep GyHKIAT

i1
sin = 0
Rz f(z) = R v 70,
0, =0,
uR 3y — g(y) = |signy| nokassiBaer, 9ro 6e3 BTOPOro yCJIOBUS TEOPE-

Ma 5.32 HeBepHA

5.35. IIPUMEPHL. 1) Jlokasats, wro lim o) _ ;.
z—

2) Jokazath, yro lim ljcl—f = 0 s r0060ro moJiokuTebHOro « € R.

T—+00

5.8 TIPEJIEJT ®VHKIUM U AJITEBPAUYECKHUE OTIEPAITUU.

Cremymoliiee yTBEpKIeHNE sIBJIsieTCs 0000IIeHneM TeopeMbl 3.43.

5.36. TEOPEMA. Cymma I1IpesiesioB paBHa IpeJIesLy CyMMBbI: eCId

lim f(z)=a, w limg(x) =0,
T€EA z€A

u onpezeieHa cymMmma a + b, To

lim (f(2) + g(x)) = lim f(z) + lim g(2). (5.8.4)
1:6}; zeg 1:61;2
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Takum 06pa3oM,

a+b, ecma € R, beR,
lim (f(z) + g(z)) = { +o0, ecan a > —00, b = 400, (5.8.5)

T—p
z€A

—00, ecant a < +00, b = —oo0.

JLOKABATE/LCTBO. PaccMoTpuM [Ba CIy4asi, OCTABIINHCH PACCMATPU-
BaeTcs 110 AHAJIOTUH.

1) a,b € R. ®ukcupyem npoussosibhoe € > 0. ITo Teopeme 5.17 cyrue-
crByer OKpectHOCTH Vi € N (p) Takas, uro jia seex x € Vi N A\ {p}
BBIIIOJIHSIETCSI HEPABEHCTBO
€
o7

f@)—al < 5

U CYINECTBYET OKpecTHOCTD Va € N, (p) Takas, uro ms Beex © € VaNA\ {p}
BBLIIIOJTHSCTCS HEPABEHCTBO
€

VORUEE

Torma st Bcex z € VN AN\ {p}, tne V =V, NV, € Ne(p), umeem

e €
|(f(@) +g(2)) = (a+b)| < [f(2) —a| +]g(z) —b] < 5 + 5 =
CuremoBaresbHo, %gr%)(f(x)—kg(x)) = a+b, u pasenctso (5.8.4) B 3TOM CiIydae

z€A
JIOKa3aHo.

2) Tlycts Temeps a > —oo, b = 4o00. B srom cayvae byukuus f(z)
OrpaHuveHa CHU3Y IIpH T U3 A, 70CTaTOuHO BIN3KUX K TOUKE P: CyIIECTBYIOT
ancsio L € R n okpecrrocts Vi € N (p) takue, uro f(x) > L ana Bcex
x € V1 N A (HPOBEPUTH 5TO!). Pukcupyem 1pousBosibHoe 9ucio r € R u
Haiizem okpecrHocts Vo € Ne(p) rakymo, aro msa Beex x € Vo N A\ {p}
BBILIOJIHSAETCS. HEPABEHCTBO

9(y) >r—L.
Torna st Beex x € VN A, e V =V N Vo € N(p), umeem
fl@)+ge)>L+(r—L)=r.

CuretoBarTesbHO, %L)Ii})(f(x)Jrg(z)) = 400, 1 paBeHCTBO (5.8.4) B 9TOM cirydae

z€A
TaK2Ke JOKa3aHO.
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5.37. TEOPEMA. IIpou3ssenenue npeesioB PABHO IIPEAETy NPOU3BEICHHST:
ecn
lim f(z) =a, wu limg(x) =0,
TEA z€EA

U oIpesiesIeHO NTpoHu3BeeHue a - b, To

a-b, ecma €R, beR,
%ig;) f(z) - g(z) = ¢ (signa) - oo, ecn a € g\ {0}, b= +o00, (5.8.6)
zeA (—signa) - oo, ecin a € R\ {0}, b = —c0.

JOKABATEJBLCTBO. Paccmorpum aBa ciydas, OCTaJbHBIE PACCMATPH-
BAIOTCSI 110 AHAJIOTUH.

1) a,b € R. Tak xax dbyukimuu f(z) u g(r) cxogarca K uuciaam B R,
TO OHM OTPAHWYEHBI TIPDH T — P 110 MHOXKeCTBY A: cymecTByoT umncao L €
(0,00) m oxpecruocts Vi € N, (p) rakue, aro |f(z)] < L u |g(z)] < L ana
Bcex = € V4 (IIPOBEPUTH 3TO!, cM. 3ayady 5.23).

Dukcupyem npoussosbHOE £ > 0. Cymecrsyer okpectrHOCTE Vo € N, (p)
Takasi, 9T0 Jyuist Becex & € Va N A\ {p} Bbimonnsercs nepaBeHcTBO

5
— < —,
£@) —al <
U CyIIeCTBYeT OKpecTHOCTD V3 € N, (p) Takad, uro misa seex ¢ € VaNA\ {p}
nmMeeM
v =l < 57
Yn 5L

Torgma s Bcex x € VN AN {p}, tme V =Vi NVa N V3 € N (p), nmeem

|f (@) g(x) —a-b| =[(f(z) —a)-g(z) +a-(9(z) - )|
< [f(x) —al - |g(@)] +al - [g(x) — b]

CiretoBaTesbHO, %1121 f(z)-g(z) = a-b, u paBercrso (5.8.6) B 9TOM ciryuae

z€A
JI0Ka3aHo.

2) a € R\ {0}, b = +oo. [onoxxum s onpenenentoctn a < 0. @ukcn-
pyeM npousBoJibHOe uncao o Mexkay a u 0: a < o < 0. Ilo Teopeme 5.24 o
HEPABEHCTBE NPEJIEJIOB HANIETCsl OKPECTHOCTH V) Takasi, 9To

f(z) <a auseeex x € ViNAN {p}.
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C mpyroit CTOPOHBI, JJIst IPOU3BOJIBHOIO 7 € (—00, 0) HalieTCsT OKPECTHOCTH
Vo Takas, uto

g(x) > —ﬁ st Beex ¢ € Va N A\ {p}.

Torna mist Beex x € VN AN\ {p}, e V = V1 NVa € N(p), umeem

r

1f(@) - g(z)| > |o| - — = -

|
IMockonbky f(z) - g(x) — orpuiarensroe uncao upu x € VN A\ {p}, 1o

f(@)-g(z) <

Tosromy %13%) f(z) - g(x) = —o0, u pasencrso (5.8.6) B 9TOM CiIydae TOXKe

z€A
JIOKa3aHO.

5.38. TEOPEMA. Ecsn %13%) f(¥)=a#0, 10
TEA

1 1

li = . 8.
@) T T @) (587
€A

Tagum 0bpa3oMm,

lim
veh J(@)

(5.8.8)

{(11, ecma a € R\ {0},

0, econ a = £00.

JIOKA3ATEJILCTBO. B cayuae a € R\ {0} mamo mokasars, uro s
moboro € > 0
11 |f®)—d

7@ " al = 8wy <l 550

Dukcupyem 0 < € < |a|. Torma st HeKOTOPO#t OKpecTHOCTH V] MMeeM

lal?e

\f(x)—a\<T

qutst Beex © € VN A\ {p}. ITo Teopeme 0 HEpaBEHCTBE TIPEJIEIIOB CYIIECTBYET
TaK»Ke OKPECTHOCTU Vo Takas, 9To

1 2
fanz 4w o< 2

la]



st Beex @ € Vo N A\ {p}. Orcrona st Becex © € VN AN\ {p}, tme V =

inv, e Ne(p), UMeeM OLICHKY CBEepXYy JJId IIPpaBOi 4acTu (5.8.9):
f@)—al _la?e 2
|f(x) - al 2 lal-lal

IlepBbrit ciry4ait qoKa3aH.
Bo BTOpOM citydae f71g TOJIydIeHHST OIEHKN

— <e
f(@)
HAJIO JIMIIb HANTH TAKyI0 OKPECTHOCTH V), HaYMHAs ¢ KOTOPOii OyJer cripa-
BeTHBO HepasercTBo € ¢ < |f(z)]. CymecTsoBanme Takoit okpectHOCTH V)
rapaHTHPOBAHO YCIOBHEM %112} f(z) = £o0.

z€A

5.39. 3AAYA. Ecom dyuknus f: A —>7@ CXOJINTCS K YUCIIY G eﬁ@ npu
x — p € Lim A o muoxecrsy A, g: A — R cxogurca x uuciy b € R\ {0}
IpH T — P 10 MHOXKECTBY A, TO CyIIECTBYeT IPEAE] OTHOINEHUs (DyHKITHIA,
PABHBIA OTHOIIEHUIO TPEJIEIOB, KOIYIa OHO OIPEIEIEHO:
z a
lim f@) =—. (5.8.10)

org(z) b

Takum obpazom,

flz) _ {Z, ecm a € R, b € R\ {0}, (5.8.11)

im
T—p =
oy (2) 0, ecm a € R, b = +oo0.

5.9 Kprutepuil 'ETHE CXOAMMOCTU ®YHKIIUU.

5.40. KPUTEPUI CXOAUMOCTHU ['ENHE. @ynknna f : A — R nmeer
npeaes npu ¥ — p € Lim A 1o MHOXKecTBYy A Toria m TOJILKO TOrZa, KOrga
JUTsL KaxKJIoit mocaenosarenbaocTh s, € A\ {p}, n € N, cxonsmeticst x p,
mocaegoBaTebHOCTSH { f(8,)} sBasIeTCs cxomsmetics. Boiee Toro, Bee Takmne
npesesisl nh—>H;o f(sn) coBnamaror u ux obiiee 3HaUEHHE PABHO %13}) f(z).

z€A

JTOKA3ATE/IBCTBO. HEOBXOIUMOCTL. Ilycrs }13%) f(z) = a. Torna
r€A
Jutst moboit okpectnoctu U € N(a) cymecrsyer okpectaocts V' € N (p)

takas, uro f(z) € U pna moboit Toukn © € V N A\ {p}. Ilycrs Tenepn
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$n € A\ {p} — npousBOIBbHAS TOCIIEIOBATETBHOCTD, CXOIAIMIASICS K TOUKE D

(Takme mocsIeIOBATEILHOCTH CYIECTBYIOT B COOTBETCTBHUM ¢ 3a1a4eit 4.18).

Torga o reopeme 5.32 o npejese kommnozunuu uMeeM lim f(s,) = a.
n—oo

JOCTATOYHOCTD. PaccmoTpuMm, mpexkie Bcero, JiBe pa3andHble TOCTIe-
noBarenbHocTh {8y, € A\{p}}nen u {s], € A\{p} }nen, cxonsamuecs K TouKe
P, ¥ TIOKAYKEM, UTO IIPEJIEIbI

lim f(s,) =m lim f(s)

n—oo n—oo

COBIIQIAIOT. CocraBum JJId 9TOT'O TPETBHIO IIOCJAECI0BATEJIBHOCTD
/ / /
51,51,52,89, -+ 3,Sn,Spy et

IlonsTHO, 9TO 3HAYEHMS IJIEMEHTOB TOU IIOCJIEIOBATEILHOCTUA IPUHA/JIE-
kar MHOKecTBY A \ {p} u cxomsares k Touke p. o yenaoBuo Teopembl mo-

caieioaresnbHOCTh f(81), f(81), f(s2), f(sh),..., f(sn), f(s),), ... cxomurcs,

u Torja JiBe ee mojiociaenoBarenabHocT f(s,) u f(s)) cxomgres K omHO-

My W TOMY K€ TIpefiey. Takum o6pa3oM, BCe IOCIEJIOBATEBHOCTH BUIA
{f(sn)} upu ycaosuu A\ {p} > s,, — p upu n — 0o uMeroT OOIMIT IpeIE,
KOTOPBIN MBI 0003HAYIUM OYKBOM .

JlokaxkeM Terepb, 9TO MpeJIest %13}) f(z) = a. Pacemorpum 1ponsBosib-

T€EA

Hy1o GasucHyo cucremy {B,} okpecTHOCTEll TOuKn p. Ecim HeBepHO, 9TO
}1_1)1}) f(z) = a, To maiinerca okpecrnocts U € N (a) Takas, 9ro st mo6oro
€A

n € N cymecrByer Touka s, € B, N A\ {p} rakas, aro f(s,) ¢ U. Torna

OYeBUJIHO S, — P TpU N — 00, a ¢ apyroit f(s,) ¢ U amns seex n € N.
Takum 06pa3oM, IIpees IOCIeI0BaATeNbHOCTH [(S,) He MOXKeT ObITh paB-
vbIM a. [losrydyeHo nmpoTruBopevne ¢ J0Ka3aHHBIM BBIIIE YCIOBUEM, UTO ITOT
npesiest JOJKEH PABHATHCA a.

5.10 KpuTepuil Koy CYyIIECTBOBAHUA [IPEJEJIA ®YHKIIWUU

5.41. KPUTEPUI cXOAuMOCTU Korm. ®ynkmus f : A — R umeer
KOHEUHBII npejesa npu x — p € Lim A 1o MHOXKECTBY A TOrja u TOJIb-
KO TorJa, Korja Jjis jroboro € > 0 HaiigeTcss s7eMeHTapHass OKPECTHOCTD
V € Ne(p) raxas, aro ma mobpix togek x,y € V N A\ {p} Bbuonmsercs
HEPaBEHCTBO

[f(z) = f(y)l <e.

JIOKABATEJILCTBO. HEOBXOIMMOCTbD. Ilycrh %gr%) f(z) = a. Torma
z€A
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Jutst Jnioboro € > 0 cymectsyer okpectHocTb V € N (p) Takas, aro
€

f@)—al < 5

Jutst moboit Toukn ¢ € VN A\ {p}. Ilycrs reneps z,y € VN A\ {p} — nBe
[POM3BOJIbHBIE TOUKH. Tor/ia BEIBOAUM

€ €
7)) < 1F@) —al +1f0) —al < S + 5 ==
JOCTATOUYHOCTD. Hano, uro ms Jjioboro € > 0 Haiimercss saeMenTap-
Hast OKpecTHOCTh V' € N (p) Takas, aro mys mobbix Touek @,y € VNA\ {p}
BBIIOJIHSETCS HEPABEHCTBO

[f (@) = f(y)l <e.

IMoxaxkeM, uro dyukims f : A — R yI0BIeTBOpPSIET KPUTEPUIO CXOAUMOCTI
Teitne 5.40. PaccmoTpuMm Jijist 9TOTO MPOU3BOJILHYIO ITOCEIOBATETHLHOCTD
rouek {s, € A\ {p}}nen, CXOMILYIOCS K TOUKE p, ¥ HOKAXKEM, UTO CyIIe-
CTBYET TIPEJEIT TTOCIETOBATEIHBHOCTH

lm f(sp).

n—oo
DukcupyeM MpousBosbHoe dncio € > 0. CymecTByeT HOMED Ny TAKOH, 94TO
JUIsL BCeX m > ng OyzeT BeIIoHAThC T, € V N A\ {p}. Torma nst nro6eix
HOMEPOB N, M > 1y UMeEeM

|f(sn) = fsm)| <€

TakumM 06pa3oM, IPOBEPEHO, UTO MOCIENOBATEIBHOCTD { f(s,)} dyHmamen-
tajbHas. CjenoBaTe/ibHO, OHA CXOIUTCS U ee Ipejesl KoHedeH. Bosiee Toro,
BBINOJIHSIFOTCSI yCJIOBUsT cxoaumocTu [eiiHe u, Cjie10BATEIbHO, CYyIIEeCTBYET
KOHEYHBIA mpeest

%13%) f(z)=a€R

z€A

5.42. 3A71A9A. Cdopmynuposars apudmernieckuit kpurepuit Kommn
cxomumoctu dyukmun f : A — R opu ¢ — p € Lim A o muoxkecrBy A njist
CJIydaeB, KOTJa

1) peR;
2) p = +o0;
3) p = —o0.
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5.11 BEPXHUI U HUXKHUW NPEJEJIBl ®YHKIIWUU

IIpuBosuMBIe HUXKE TIOHATUS BEPXHEIO U HUYKHErO NpeiesioB (pyHknuu f :

A — R B Touke p € Lim A 0606IIAIOT TAKOBBIE [Tl TOCJICI0BATEILHOCTEIL.
[Iycrs p € R. Kak usBectHo, BesskoMy duciy d > 0 COOTBETCTBYeET 3Jie-

Mmenrapuas okpectaoctb Og(p) € N, (p). ConocraBum ducity § BeJMYUHBI

u(d) = sup f(x)
z€0s(p)NA\{p}

1(0) = inf T
(¥) z€0s(p)NA\{p} J(@)

B cuny Bkimouenns
Os(p) C Os,(p) mpu 6 < & (5.11.12)
u3 3372491 2.62 BBIBOAMM, 9TO (DyHKIUS
0 <d— u(d)
MOHOTOHHO Bozpacraer: 1(d) < u(dy) mpu 0 < § < d1, a DyHKIMS

0< 6 1)

MoHOTOHHO yobIBaeT: [(J) > (41) mpu 0 < 6 < dy. IIpu sTom Bcerya BepHBI
COOTHOIICHNS

1(01) <1(0) <wu(d) <wu(dy), 0<d <. (5.11.13)

ITo reopeme 5.28 3akiodgaeM, 9TO CyIIECTBYIOT Ipeesibl byHKImit u(J)
u l(0) npu 6 — 0+. IlepBbIit U3 HUX HA3BIBAETCS BEPTHUM NPEIeAOM BYHK-
yuu f B TOYKE P 10 MHOXKECTBY A u 0003HAYAETCS CUMBOJIOM

lim f(z) = lim »(§) = lim sup flx). 5.11.14)
v ) 00+ ©) 320+ €05 (p)nA\{p} ) (

Bropoit npemen naspiBaeTcs Huosichum npedesom Gyrwkyuy f B TOUKE p IO
MHOXKeCTBY A 1 0603HAYAETCS CUMBOJIOM

li = lim [(0) = li inf . 5.11.15
S0 = R 1O =, o dinin T .
EAS

W3 coorHomennii (5.11.13) BBIBOJMM HEPABEHCTBO

lim f(x) < lim f(x). (5.11.16)
o
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PaccMorpenue ciiydasi, KOrja IIpele/bHONl TOYKON SIBJIAeTCs +00 WIN
—00, MOXKHO CBECTH K TPEIBLIYIIEMY CJeAyIOImuM obpa3oM. JJeMeHTap-
HYIO0 OKPECTHOCTH TOYKHM +00 YIOOHO MapaMeTpu30BaTh JIEHCTBUTEIHHBIM
qucegaoMm 6 > 0:

Os(+00) = {xeR|x> %}

Anajiormano 1
Os(—00) = {x ER|z< —g}

Takoe ompeiesieHne 3JIEMEHTAPHBIX OKPECTHOCTEN HECOOCTBEHHBIX TOYEK CO-
rmacyercst ¢ onpenenerneMm 4.12. Bosee Toro, mjis 3eMEeHTapHBIX OKPECT-
Hocreit Os(+00) u Os(—00) cupasemsa nepapxus (5.11.12):

Os5(+00) C Os,(4+00) mpum 6 < §y

Os5(—o0) C Op,(—0) npu  § < d;.

Paccmorpum Teneps dynkmuio f : A — R m myers +oo € Lim A.
B ompenenenne BesmamH u(d) u [(§) MONKHO HOICTABUTH 3JEMEHTAPHYTO
okpectHOCTh Og(+00), § > 0. [Tosyuennsie DyHKIMU GyyT 00J1a/1aTh CBOM-
CTBOM MOHOTOHHOCTH, C(POPMYJUPOBAHHBLIM BhIIIe. 1103TOMY OIIpeIesIeHbI
BCJIMIMHBI

lim f(z) = lim w(6) = lim sup f(z 5.11.17)
e = st o) 070F 2€05(+00)NA\ {+o0} o
u
lim f(z)= lim u(é) = lim sup f(x), 5.11.18)
:6%64:400 ( ) 6—=0+ ( ) 00+ 305 (+00)NA\{+00} ( ) (

HA3BIBAEMbBIE, COOTBECTBEHHO, GEPTHUM U HUuMCHUM npedesamu gyrnryuy f B
TOYKE +00 10 MHOXKeCTBY A. JIjis1 9TUX IpeiesioB crpaBe/iInBo HePaBEHCTBO
(5.11.16) B TOouKE p = +00.

AHaJOrMYIHO NPEBIYIIEeMY ONPEIEAIOTCI 6ePTHULL U HUNMCHUT npede-
abt Pyrryuy f B TOUKE —00 110 MHOYXKECTBY A, KOTOPBIH JJIst KOTOPBIX TAKKE
BBIIIOJIHSAETCsT HepaBeHcTBo (5.11.16) B TOUKe p = —00.

5.43. 3A7AYA. 1) lokaszaThb, uro Bepxuuit npeen gynxmun f: A — R
B Touke p € Lim A no mHOXKecTBY A paBeH

sup lim f(sn),

{Sn} n— oo
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rJle BEpXHssl TPaHb GepeTcsl Mo BCeM MOCIIe0BATeIbHOCTIM S, € A \ {p},
n € N, s koTopeix cymecrsyer lim f(s,).
n—roo

2) JoxaszaTb, uro HmKHmil npenesn dyrkmuu f : A — R B Touke p €
Lim A no mHOX)ecTBY A paBeH
{isrif} nlingo f(sn),

rJle HUKHUH 1pejiest Gepercst Mo BCeM IOCJIeIoBaTeIbHOCTAM S, € A\ {p},
JIIS KOTOPBIX cymmectByeT lim f(sy,).
n—oo

5.44. TIPUSHAK CYIIECTBOBAHUS NPEIETA. @yurmus f : A — R
umMeer 1peJes npu r — p € Lim A 110 MHOKeCTBY A Torjia U TOJIBKO TOIJA,
korga B HepaseHcrse (5.11.16) uMeer MeCTO paBEHCTBO:

lim f(z) = lim f(z). (5.11.19)
T—p TP
€A z€A

JIOKABATEJILCTBO. 1-BIi1 CJIYYAIL: }13%) f(z)=a€eR.
z€A
HeosxoaumocTs. 1o ycnoButo jtst oboro € > 0 cyIiecTByeT OKpecT-

nocts Os(p) € N.(p) Takas, aro

nutst sroboit roukn x € Os(p) N A\ {p}.
Orciona BHIBOIIM

a—§<f(x)<a+§

Jutst 6ot toukn © € Os(p) N A\ {p}. Cnenoparesnbro, nveem

u@) = swp  fl@)<a+t,

z€05(p)NA\{p} 2

1 €
1(6) = inf r)>a— —.

Q €05 (p)NA\{p} = 2

Taxum obpazom,

S
li =1 < =
i, f(x) = Jlig, u(0) < a3,
r€A

9
1 = i > — .
TLer;)f(x) 515&1(5) =475
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Ternepb BLIBOIUM

0<Tim f(z)— lim f(z) < = + - =&
T—=p T—p 2 2
T€A z€A

Tak Kak € — TPOM3BOJBLHOE IMOJOXKHUTEIHHOE THUCIO0, PABEHCTBO BEPXHETO
npesesa ¢ HUXKHAM JT0KA3aHO.

JOCTATOYHOCTb. IlycTh Temeph BepXHUIT U HUKHUIT IIpEIE/TbI COBIIA~
naroT 1 paBHbl a € R. Torma must smoboro € Haiigercs aucio dg > 0 Takoe,
970

a—e<l(d) <uld) <a+e

Jutst o6oit Touku § € (0,0¢). ITo onpeesnenmmo Besmann u(d) u [(J) umeem
16) < f(x) < u(d)
qutst oot Troukn x € Os(p) N A\ {p}. VI3 HanmcaHHOTO BBIIIE HAXOIUM
a—e <) < flx)<u(d) <a+ce
ns moboit Toukn x € Os(p) N A\ {p}. Orciona BeBOIUM
|f(z) —al <e

st moboit Toukn © € Os(p) N A\ {p}. Tax Kax BBIOOP € LPOU3BOJIEH,
noJrydaeM Tpebyemoe: %gr%g f(z) =a.
z€A
2-0o11 cnavyail: lim f(x) = +oo.
T—p
z€A
HeEoBXOAUMOCTS. Ilo yeaoButo mrs moboro L > 0 cymnecTByeT OKpecT-
nocrb Os(p) € Ne(p) Takas, 1ro

fl@)>L

1uis oot Touku x € Os(p) N A\ {p}.
Orciona BBIBOAIM

1(6) = inf z) > L.
) era(p)ﬂA\{P}f =

Taxum obpazom,

;1631% flz) = lim u(0) 2 iljrf;f(x) Jm 1(6) > L
€z z€A
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Tak kak L — mpou3BOJILHOE YUCIO, BHIBOIUM

lim f(z) = lim f(z) = +o0.
T—p T—p
z€A z€EA
JOCTATOYHOCTb. IlycTh Temeph BepXHUIl U HUXKHUI ITPEIE/TbI COBIIA~
JaoT U paBHBI +00. Torma st jro6oro € Hadigercs ducio 6y > 0 Takoe,
910

L < 1(0)

Jutst mo6oit Touku § € (0,dp). ITo onpenenenmo Besmuanust [(§) umeem
1(6) < f(=)
st oot toukn x € Os(p) N A\ {p}. VI3 HanmcaHHOTO BBIIIE BBIBOAUM
L < f(x)

qutst giroboit Toukn © € Os(p) N A\ {p}. Tak kak BbIGOp L UpPOU3BOJIEH,
moJryaaeM TpebyemMoe: %11)1%7 f(x) = 4o0.
T€A
3-Ull CIIYUAIL: %1_I>I}) f(z) = —oo paccmarpuBaerca anajgorudso. JTOKA-

Tx€EA
3ATD!

5.45. IIPUMEPHL. [lokazaTs, uro dyukius upuxire

1, ecn x € Q,

D(z) = 0, ecin x ¢ Q,

r € R, He uMeeT mpejiesa B KaXKJI0W TOUKe 00JIACTU OMPEICTICHNUSI.

YKABAHUE. B j060it okpecTHOCTH TOYKH p € R ecTh Kak paIrnoHa/b-
HBlE, TAK W WppaImoHajbHble TOUYKH. OTCIOa M0 ONpEeJeIeHII0 BEPXHErO

U HUXKHErO IIPEJIesIoB 1oJydaeM, uro lim D(z) = 1, a lim D(x) = 0, rue
T—p T—p
p € R — npousBoJibHAsT TOYKA.

5.12 ACUMNOTOTUYECKUE OTHOUIEHNSI CPABHEHUS. CUMBOJIBI O U 0, IIPA-
BUJIA OIIEPUPOBAHUS C HUMMU.

IIycts na muoxkectse A C R zaganst ase dyHKIun f u g, 1 GUKCHPOBAHA
TouKa p € Lim A.
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5.46. ONPEJEJIEHUE. Bysem rosoputs, uto dbyakuus f(x) 6eckoneuro
MAAG OMHOCUMENbHO GYHKUUY g(X) NPU T, CMPEMAWEMCA K P O MHOHCE
cmey A, ecnn mjist Kayxka0ro € > () CpaBeINBO CIIeIyoIee acCuMITOTHIe-
CKO€ HEPABEHCTBO

|f(@)] < elg(@)|[e-p.
€A

B sTOM cityuae ropopsaT Takke, 9ro f(x) ecmov o-manoe om g(x) npu x — p
no muoocecmsy A, n mumyt f(z) = o(g(x)) ‘mﬁg.
AS

5.47. OCHOBHBIE CBOMCTBA. 1) f(z) = o(1) |9H£ TOIJIA H TOJIBKO TO-
e
rna, korga f(x) — 0 |x~>p.
r€A
2) f(z) = o(g(x)) ’xa}g TO/A U TOJBKO TOIJIA, KOTJa CYIEeCTBYeT (DyHK-
TE
must a(x) = o(1) rakas, aro f(x) = a(x)g(x) ’zﬂ/}l).
zE
JOKA3ATEJIBCTBO. Jloka3aTeabCTBO IEPBOTO CBOMCTBA BHITEKAET HEIO-

CPEJICTBEHHO U3 CpaBHEHMUS JIBYX OIIpe/leJIeHn.
HoxkazxkeM BTOpOE cBOitcTBO. HEOBXOAMMOCTD. [Tomoxxum

e

(5.12.20)
0 uHaye.

Tak kak s jmoboro £ > 0 cymecryer V € Ne(p), uro |f(z)] < e|g(z)]
st iroboro & € VN A\ {p}, TO /s TaKUX X OJHOBPEMEHHO IIOJIYIaeM
f(z) = a(x)g(z) n |a(x)| < e. CormacHo apudMeTHIECKOMY OIPE/IEJIEHIO
upegena 5.1 umeem ax) = o(1).

HOCTATOYHOCTD O4YeBHUIHA.

5.48. 3AAYA. JTokaszars, aro ecan g(x) # 0 ’z—)p, To f(x) = o(g(x)) ’r—)p

z€A
TOT/Ia U TOJIBKO TOTJIA, KOT/Ia f gxg — 0 |:1:~>p
T€EA

5.49. 3A1A4YA. JlokazaThb, 9TO
1) ectn k < n, To 2" = o(z*) |I_>0 u 2F = o(a™) |I_)OO;
2) ™ = o(e®) |I_mO JIJTST JTIO00TO TTOJTOKUTEIBHOTO TUCTIA M.

5.50. OPEAEJEHUE. Tosopsit, urto f(z) ectb O-6oavwoe om g(x) npu
z — p no mnoscecmsy A, u mumyt f(z) = O(g(z)) |2—p, econ naiingres
€A
Takast KoHcTanTa C < 00, 4TO

|f(z)] < Clg(z I\ng
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5.51. 3AagadA. Hokaszars, uro f(z) = O(g(x)) {z—f‘) TOJIA U TOJBKO
kS

TOrJIa, KOT/ia (DyHKITHS oz(x), onpegenentas dhopmystoi (5.12.20), acuMIITO-
TUYECKU OrpaHudeHa npu & — p 1o MuOKecTBY A, T. e. a(z) = O(1) ‘z%p.
T€A

5.52. OIIPEJIEJIEHUE. ByjieM roBopuTh, 4TO BEIlleCTBEHHO3HA3HAS (DYHK-
must f(z) axsusasenmua Pynryuu g(xr) npu x — p no muoxcecmsy A, u
mucareb f(z)~g(z), eciu

f(x) = g(z) = o(g(x)) |z—n.

z€A

5.53. IIPEAJIOXKEHUE. Jlokasars, uro f(xz) ~ g(z) |z~>£ TOIJIA U TOJIBKO

€
TOrJa, KOIJ]a CYNIeCTBYET BeIleCcTBeHHO3HauHas yHkmus u(x) — 1 ‘x%p
T€A

rakas, 9ro f(zr) = u(x)g(z) ‘iz};

JIOKA3ATEJBLCTBO. Ecin f ~ g, 10 f(2) — g(x) = a(z)g(x) ‘m_if’ e
[

a(z) =0 .
(2) = 0ap
Orcrona BoBoguM f(z) = (1 + a(x))g(x) u, crano 6birh, dyHkIusa u(x) =
1+ a(z) ynosiersopser TpebyeMbiM yeaoBuam: u(x) — 1 |m~>£.
TE

Ecmun xe f(x) = u(z)g(x), tne v — 1 |i:£’ ro f(z) —g(z) = (1 —

u(2))g(x) = olg(e) |,
Dyuknuio u(z) co 3HAYCHUAME B R HA3BIBAIOT GCUMNMOMUYECKOT e0u-

ruyed npu £ — p 1o MHOXKecTBY A, ecan u(x) ~ 1 ’xﬂp.
z€A
Huotce ecrody 6 amom pasdese mam, 20e nod 3HAKAMU =, ~ UAU —> HEM,

npunucku © — p, x € A\ {p}, ona nespumo npucymemeyem.

5.54. 3A0AYN. OCHOBHBIE CBOMICTBA ACUMIITOTUYECKIX CPABHE-
HUI.

1) OTHomIEHNE ACUMIITOTHYIECKON YKBUBAJIEHTHOCTH

peduiekcusHo: f ~ f;

CUMMETPUYHO: ecau f ~ g, mo g~ f; u

TPAH3UTHUBHO: ecat f ~ g u g~ h, mo f ~ h.

2) Ecnu f1 ~ g1, fa ~ g2, 10 f1fo ~ g1g2. Ecau k Tomy xe dbyHuximu g
U gy HEOTPULIATEIbHBI, TO f1 + fo ~ g1 + go.

3)Ecm f~gug—a, 0 f— a.

179



5.55. 3AAYA. [Jokasars, uro ecau g(z) # 0 npu x — p, 1o f(z) ~ g(z)

f(z)
@ 1.

TOTJIa U TOJBKO TOT/Ia, KOT/Ia

5.56. 3AJIAYN.

1) Eciu f = o(g), To f = O(g). Ecom f ~ g, To f = O(g).

2) Ecmn f = o(g) u g = O(h), 10 f = o(h).

3) Ecimn f1 = o(g1) m f2 = O(g2), To fifa = 0(g192).

4) Ecm f1 = o(g1) n f2 = o(g2), To f1 + f2 = o(|g1] + |g2])-

5) Ilpu « — 0 Beaxuit momaOM P(T) S9KBUBAJIEHTEH CBOEMY MJIAJIIIEMY
9JIeHy, & IPU & — 00 — CTapIIeMy.

6) € — (14 ...+ 31)~% loso.
) In(1+2z) — (2 — % )~% |20
. 3 5
8) sinx — (a: — x—)wm—, lz—0-
9) arcsinz — (z + %
10) cosz — (1 — ﬁ)~4! |z'_>0. ,
11) arccosx — (g —(z + m—;))w% |z—0-
3 5
12) tgz — (x4 & )~22 |, 0.
)

13) arctanz — (z — ?)NI; l2—s0-

[IpuBenenmbie aCUMITOTUYECKUE CDABHEHIS MOXKHO IIPUMEHATH [IPH PAC-
KPBITUU HEOIIPEJIeSIEeHHOCTEN BUIA g.

5.57. METOZIT PACKPBLITHUA HEOIPEJEJEHHOCTEN BU/JIA % C IIOMO-

b0 ACUMIITOTUYECKUX PA3JIOXKEHUI. Paccmorpum oTHOIIEHNE IBYX
byHKIMit % TaKUX, 9TO KaxKjas u3 HuxX umeer upenen 0 nmpu z — 0.

Takyio cuTyaruio HA3BIBAIOT HEOIPEIEJIEHHOCTHIO BHUIA %.
[TousiTHO, YTO OOIIME TEOPEMBI BHIYUC/IEHUS TIPEJIETIOB B 9TOM CJIydae He
paboTaior.
Criocob HaXOKJEHUsI TIPEJICJIOB B 3TOM CJIydae COCTOUT B CJIEJYIOIIEM.
1) Haxozum mopsifiok CTpEMJICHUS K HYJII0 3HAMEHATEJIs:

g(x) = bx" +o(2z¥), rtme k>0, a b#0;
2) HAXOJUM MOPSAJOK CTPEMJICHUS K HYJIO 3HAMEHATEJIS:
f(x) =az' +o(z!), tme 1>0, a a#0;

3) Torma




4) nasbHeRnuil aHAJIN3 CBOJUTCS K PACCMOTDEHUIO TPEX CJIyUYaeB:
a) k =1: B 3TOM ciiy4ae

fz) az®+o(x®) a+o(l) a

g(z)  ba* + o(zh) - b+ o(1) % la—0;

a) | > k: B aTOM ciiy4ae

f(x) axt+o(z!)  ax'=F +o(x!F)

g(x)  bak +o(xk) b+ o(1)

— 0|:v~>0;

a) | < k: B aTOM ciiyuae

f(x)  az'+ o(azt) a+o(1)

g(x)  bxk +o(xk)  brk=l 4 o(xk-1)

— :|200|xa07

5.58. IIPUMEPHI. 1) IIpumeHnM U3JI02KEHHBIA BbIIIIE METOJ sl HAXOXK-

2
: z°—1
JeHUs IIpeJiesa qul_)ml DTy

OueBnIHO 3/1€Ch MBI IMEEM HEOIPEJIeJIEHHOCTb BUIA, %. Hemnaem 3ameny
nepemenHoit * — 1 = y. Torma

. 2 —1 . 1+y)2-1
lim = lim
e—1222 —x—1 y=02(1+y)2—(1+y)—1
1 2_1 1 2_1
= lim (1+y) = lim 7( +9)
y—=02(14+2y+9y2)—y—2 y=0 3y+o(y)
. 2y+o(y) 2
= lim —% = _.

y—03y+o(y) 3

. 100 _
2) Haiitu npeges lim ”5507223”1 OwsiTh HeonpeaeseHHoCTb Buaal. Te-
r1 xT°0— x+1 0

JaeM 3aMeHy nepemennoii x — 1 = y. Torma y — 0 mpu  — 1. 3namenaresn
290-22+1 = (1+y)%°—2(14+y)+2 = (1+50y+o(y))—2(1+y)+2 = 48y~+o(y)
mpu y — 0. Anasjornano wucmrens r10 — 2z + 1 = 98y + o(y) npu y — 0.

2100 _2z41 _ lim 98y+o(y) __ 98 _ 49
250 —2x4+1 y—0 48y+o(y) ~ 48 — 24°

CremoBarenbro, lim
r—1

6 HEINPEPBLIBHBIE ®YHKIIUU

6.1 OHPE‘Z[EJ'IEHI/IE HEINPEPBIBHOCTU ®YHKIIMN B TOYKE N EE CBOWCTBA

IIpuBenem kmaccmaeckoe OIpeJiesieHIe HETPEPHIBHOCTH.
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6.1. ONPEAEJEHUE. @ukcupyem mHOKecTtBO A C R, dynrmmo f :
A — R u touky p € A. Msr roBopum, uro dyukims f : A — R nenpepovisra
6 mouwke p € A, ecu njis oboro € > 0 cymectsyer § > 0 Takoe, 9TO st
BCeX T € A ¢ ycioBueM |z — p| < ¢ BBIIOJHAETCH COOTHOIIECHHE

[f(z) = f(p)| <e. (6.1.1)

Oyukiust f : A — R HasbiBaeTcst HenpepuieHoll Ha A, eciiu OHa HeIlpe-
PBIBHA B KaXKJOH TOYKE MHOXKECTBa, A.

IMongaTHO, 94TO ecin p — U30JUPOBAHHAS TOYKA MHOXKeCTBa A, To B Takoi
rouke dyukius f : A — R Beerga Gyier HeIpepbIBHON (CyIIECTBYET TaKOe
J, uro Touka x € A ¢ ycnoBueM |r — p| < § — TOABKO OJHA: caMa TOUKA P).

Eciu ke p — npenesibHast TOYKa MHOXKeCTBa A, TO IPUBEIEHHOE OIPe-
JleJIeHre SKBUBAJIEHTHO cieaytomemy (cM. Teopemy 5.17).

6.2. JIEMMA. @ukcupyem muoxkectBo A C R, ¢pyukmnmuio f : A — R
u TouKy p € A, npenespHyfo st MHOXKecTtBa A. @yukmus f 1 A — R
HENpepueHa 6 mowke p € A Torja U TOJIBKO TOIJA, KOTJA

lim f(z) = f(p). (6.1.2)

D
z€A
Jlemma 6.2 roBopuT 0 TOM, 4TO B IpeJebHOI Touke p € A dyukius f
HEIIPpEPBIBHA B TOM CJIy4ae, KOrJa Ipejell

lim f(x)

I—)p
z€A

cyuiecrByer u paset f(p).
3ameTnM, 9TO HENPEPbIBHOCTh — JIOKAJIBHOE CBOMCTBO.

6.3. HPELLHO}KEHI/IE O JIOKAJIBHOM XAPAKTEPE HEIIPEPBIBHOCTU.
1) Ilycrs ¢pyaknus f : A — B HenpepbiBHa B Touke p € A. Torma st
smoboit okpectaoctn V€ N (p) dyuknus f : ANV — B menpepsiBHa B
TOYKE P.

2) Iycre 3anana ¢yaknus f : A — B. Ecian umeercst okpecraocrs V
rakast, 9ro pyukmus f : ANV — B menpepbIBHA B TOYKe P, TO H (DYHKIIHS
f: A — B HempepbIBHA B TOUKE .

6.4. TONIOJIOTUYECKUIT KPUTEPUI HENPEPLIBHOCTU. Dyukiust f :
A — B HempepbIBHA B TOUKE p € A TOra U TOJIHKO TOTAA, KOTIa JJIsT JIF0OOH
okpecraoctu U € N, (f(p)) cymectsyer okpectnocts V' € N, (p) rakas, uro

st yirobort rousn x € VN A umeem f(x) € U.
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JIOKABATEJIbCTBO. JTa TeOpeMa, sIBJISI€TCsI IIPSMBIM CJIEICTBAEM TOIIO-
JIOTUYIECKOTO onpejiesierns 5.16 npejena pyHKINN.

6.5. TEOPEMA O HEIPEPBLIBHOCTU KOMIIO3ULIN. Ecin ¢pynkmus f :
A — B menpepbiBHA B Touke p € A, u ¢pynkius g : B — S HenpepbiBHA B
touke ¢ = f(p), To Kommosunust go f : A — S HelpepbIBHA B TOYKE P.

JIOKA3BATEJ/ILCTBO. Eciu p — usonupoBanHas TOYKA, TO KOMITO3HUITUST
HeIIpEPBIBHA B TOYKE p 110 OlpejeseHuto. JleficTBUTeIbHO, eCu p — U30-
JIMPOBAHHASA TOYKA, TO CYINECTBYeT OKpecTHocTh V. € N, (p) Takas, [uro
f(x) = ¢ mna moboit Touku x € V N A. Torma ayis mob6oii rouku © € VN A
umeem g o f(z) = g(q) = g o f(p). o oupenesenuto kommnozunus g o f
HEIPEpPHIBHA B TOUYKE P.

Bo Bcex ocrasbHBIX cilydasix TeopeMa 6.5 sIBJISIETCS CJIEICTBAEM Teope-
MBI 5.32 0 mpejiesie KOMIO3UITUH.

6.1.1 IIPUMEPHI U CBOMCTBA HEIIPEPBIBHBIX ®YHKIIUNI

1) JTrobast mocrosiaHasi byHKIMST HEIIPEPHIBHA.

2) ToxgecTBennoe orobpaxenue id4 : A — A HenpepbIBHO.
3) CyzkeHre HepPepPbIBHOrO OTOOPAYKEHUS HEIPEPHIBHO.

4) DkcnonennuaibHas QYHKIUs eXp & HenpepbiBHA HA R.

6.6. IIPEJTOKEHUE O HACJIEJIOBAHUMN HEIIPEPBIBHOCTU. Ecitu ¢pyHK-
must f: A — B HenpepbiBHA B Touke p € A, a ¢pyuknusi g : D — B TakoBa,
urop € D, D C A u f(x) = g(x) aus Bcex Touek x € D, 10 pyHKIUSA
g : D — B menpepbIBHA B TOUKE D.

6.1.2 HENPEPBIBHOCTDL IIPOMEXXYTOYHOW ®YHKIUNA

Cremyromas jeMMa — IpsIMOe CJIEJICTBHE TeopeMbl 5.25 U omnpejesieHus
HEIPEPBIBHOCTU.

6.7. JIEMMA O HEIIPEPBIBHOCTH IIPOMEXKYTOYHOM OYHKIINN. Ecin
dyaknun f,u,v : A — R rakosol, ro f(z) € [u(z),v(x)] wist Beex x € A,
dyHKIME U, v HenpepbiBHBI B Touke p € A u u(p) = v(p), 10 Gynkumsa f
Tak>Ke HEIPEPBIBHA B TOUKE .
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6.1.3 ACHMIITOTUYECKOE CBOWCTBO TOYEYHBIX HEPABEHCTB JIJISI HEIPE-
PBIBHBIX ®YHKIUN

6.8. HPE,ZL.HO}KEHI/IE OB ACUMIITOTUYECKOM HEPABEHCTBE. Ecim
¢yukumu f,g: A — R menpepsisubt B rouke p € A u f(p) < g(p), ro f(z) <
g(x) B HEKOTOPOIt OKPECTHOCTH TOYKH P, T. €. CYHIECTBYET OKPECTHOCTh V €
Ne(p) raxasi, aro

f(z) <g(x) muistBecex ze€VNA (mm f(z)<g(z) |:1H£).
e
CdopmymupoBannoe yTEEpKICHAE — MPSIMOE CJIEJICTBUE TeopeMbl 5.24.

6.1.4 HENPEPBIBHOCTb U APU®OMETUYECKHUE OIEPALIUU.

CirencrBueM yTBEpzKIEHUN pasjesa 3.7 ABJISIETCH CJIeIyOmast

6.9. TEOPEMA. Cymma u mpon3BejeHrue HelPEPBIBHBIX (DYHKIIUIT Helrlpe-
poiBHBL: ecan pyukmun f,g: A — R HenpepsiBabI B TOUke p € A, TO (PyHK-
mun f + g u f - g Tak>ke HeMPEpPbIBHBI B 9TOI TOUYKE.

Ecin yukuust f nenpepoiBua B Touke p u f(p) # 0, 1o pyHKIus %
HeIlIpepbIBHA B TOYKE P.

6.10. ITPuMEP. Kaxxmast parmonaabaast GyHKIUs, T. €. (DYHKINS, TTPEI-
CcTaBUMAas B BUJe OTHOIIEHN JIBYX IOJTMHOMOB, HETPEPLIBHA BO BCEX TOUKAX,
r7e 3HAMEHATEeb He O0OPAIaeTCs B HYJIb.

6.1.5 KPUTEPUI HEINPEPBLIBHOCTU ['EMHE
IIpambiv ciencrBueM Kputepus 5.40 u onpejiesieHUsT HETPEPHIBHOCTH $IB-

JIAeTCA

6.11. KPUTEPUIT HENPEPHLIBHOCTU ['EVHE. @ymkmus f : A — R
HeIlIpepbIBHA B TOYKE p € A B TOM W JIHIIIb B TOM CJIydae, KOIJa OHa KaXKIYI0
0CJIE/IOBATE/ILHOCTD Ty, € A, CXOMSIIIYIOCST K P, TEPEBOJUT B IOCIE0BA-
resbHOCTD f(X4,), cxousmgyrocs K f(p).

6.2 TOYKM PABPBIBA ®YHKIIVH.

Touky paspbiBa IepBOro U BTOPOro poja. Touku paspwiBa. Teopema o TOdY-
Kax pa3pbiBa MOHOTOHHOI (yHKuu. CylecTBoBaHNe MOHOTOHHONW (DYHK-
LMK C 33JaHHBIM MHOYKECTBOM TOYEK Pa3pbIBa.
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6.12. ONIPEAENEHUE. [oBopar, uro dbyukius f : (a,b) — R umeer B
TOUKEe  00JIACTH ONPEEIEHUs PA3PhIB Nepeo2o poda, eciu f uMeeT KOHEY-
HBIIi TIpEJIesT CJIeBa B TOUKE T:

def ;.
x<p
U KOHEYIHBIN TIpejiesT CpaBa B TOUKE X:
def ..
flp+0) = lim f(z)
T>p

1 IIPpU 9TOM HapyHIIaeTCAd XOTsA OBl OTHO U3 PAaBCEHCTB B COOTHOIIIEHUAX

flp—0)=f(p)=flp+0). (6.2.3)

Ecnu ke onun u3 mpeesioB He CYIIECTBYET WU PaBEH OECKOHEUHOCTH,
TO TOBOPST, O Pa3pbiBE 8MOP020 Poda C COOTBETCTBYIOIIEH CTOPOHBI.

6.13. 3AIAUA. Jlokasarhb, 4TO ecjiu B COOTHOIIEHUsX (6.2.3) cupases-
JIUBBI BCe paBeHCTBa, TO dyukius f : (a,b) — R HenpepbiBHA B TOUYKE P.

6.14. 3AOAYA. IlpuBenure npuMepsb! (DYHKINNA, UMEIOIUX B 33/ IaHHOM
TOYKE Pa3PBbIBbI BTOPOT'O POJA.

6.15. IIPUMEP. @yrkius Pumana [0,1] 3 z +—

(@) %, ecim x = 7, TJie M U N — B3aMMHO IPOCTBIE YUCIIA,
€Tr) =
0, ecam x — UppaIMOHAJIBHOE YHUCIIO,
pa3pbIBHA IPU KaXKI0M PAITMOHAJIHHOM 3HAYUEHNN & U HEITPEPLIBHA MTPH KaXK-
JOM UPPaIMOHAIBHOM 3HAYEHUH .

PaspeiBHOCTE pyHKIIMKM PuMaHa B parnoHaJIbHBIX TOYKAX, BBITEKAET UX
KpuTepusi HenpepbiBHocTH Leitre. B camom zese, quist roukn x € [0,1] N Q
BO3bMEM MIPOU3BOJIbHYIO mocsieoBareasrocTs [0,1]\ Q 3 x,, — z. Torna, ¢
onuoii croponsl, f(x,) =0 — 0, a ¢ gpyroii f(z) # 0.

ITycrs Teneps x € [0, 1] — upousBosibHast uppalonaibHas Touka. Puk-
cupyem € > 0 u n € N — takue, 4To % < e. Torma MHOXKECTBO

{zrel0,1]: f(z) 2} C {xe 0,1] : f(x) z%}
C{xz%E[O,l]:p,qEN, qg<n, pgq}:Ds_ (6.2.4)
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Ilocnenmee muOXKeCTBO Do COCTOMT M3 KOHEYHOTO HaOOpa pPaIMOHAIBLHBIX
TOYeK ¥ 1modToMy uncio 6 = min{|t — x| : ¢ € D.} cTporo mooKuTeILHOE.
Toaromy s siroboro y € [0, 1] Takoro, uto |y — x| < J, umeem

If(y) — f(@)] <1f(y)] <e.

HenpeprsiBaocTs B TOUKE T /I0KAa3aHA.

6.16. ITPUMEP. @ynkius Jupuxie [0,1] 3 © +—

x(w) =

1, ecm z € Q, rae ¥ — PAIMOHAJILHOE THUCIIO,
0, ecau z € [0,1]\ @ — uppanuoOHATIBLHOE YHUCIIO,

paspbIBHA BO Bcex Toukax orpeska [0, 1].

s pemterust 3TOi 3a/1a49u, JTOCTATOYHO TPUMEHUTH KPUTEPHil Herpe-
peiBHOCTH [eiime.

6.17. TEOPEMA. Bcesikast moHoTOHHast pyaknus | : {a,b) — R Moxker
HMeTh Da3pbIBbI TOJIHKO IIEPBOIO pOJa, IpHYeM He bojiee deM B CUETHOH
COBOKYITHOCTH TOYEK.

JOKABATEJBLCTBO. IlycTs miist onpeseieHHOCTH 00JIACTD OMPEIeICHIS
dbyukmun f : (a,b) — R — orkpeirsiii uaTepBan u f — HeyObiBaoIias
dyukuus. Torma o Teopeme 5.28 pyHKIuUs f UMeeT IIpejiesl CleBa B KazK-
JI0#1 TOUKe p 00JIACTHU OIIPE/IEICHNUS:

fp—0) = lim f(z) = sup (),

z<p x<p

a 1o 3aj71ade 5.29 — mpesen cripasa

fp+0) = lim f(x) = inf f(x).

<z
xTx>p p

Ouesnno, f(x) < f(p) B kaxg0# Touke Wit < p, modromy f(p—0) < f(p)
o Teopeme 5.24 o HepaseHcTBe npejesos. Anasmoruuno, f(p) < f(p + 0).
Taxkum o6pasom, p — Touka HenpepbisHOCTH, ecin f(p — 0) = f(p+0), n
p — Touka paspbiBa, ecim f(p —0) < f(p+0).

Cuie10BaTEIbHO, KAXKIION TOYKE PAa3PhIBa COOTBETCTBYET UHTEPBAJ

(f(p—0),f(p+0))
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B 00J1acTHU 3HAMEHH (DYHKIINN, UMEIOITNit HeHyIeByo Jiuny. [Ipu sTom pas-
JINYHBIM TOYKAM Pa3pbIBa COOTBETCTBYIOT Pa3JIMYHbIE MHTEPBAJIBLL. B camo-
MO JieJie, ecau p < ¢ — TOYKHU PaspblBa, TO JJIA JIOOBIX TOUEK p < & < z <
y < g umeeM f(p) < f(x) < f(2) < f(y) < f(q). Orcrona mo Teopeme 5.24
O HEPABEHCTBE IIPEIEJIOB BBIBOIIM

fp) < flp+0) < f(2) < flg—0) < f(g).

N3 IIOCJIETHUX HEPABCHCTB 3aKJ/JII09aeM, 9TO IIepececdeHue

(flp—0),f(p+0)N(f(g—0),f(g+0))

Iycroe.

Takum ob6pa3oM, Pas3JIUIHLIM TOYKA Pa3pbiBa COOTBETCTBYIOT HeIlepece-
KAIOIUEeCs NHTEPBAJIbI ITOJIOKUTEILHON JIJIMHBL. B KaXK10M TaKOM WHTEpBa-
Jie BBIOEpEM PAIMOHAIBHYIO TOUKY. TaKUM 00pa30M, MbI [TOJIy9aeM HHbHEK-
THBHOE OTOOPAaKEHNe N3 MHOYKECTBA TOYEK PA3PhIBA BO MHOYKECTBO PAIlHO-
HaJIbHBIX TOYEK.

CitetoBaTeIbHO, COBOKYITHOCTH TOYEK Pa3pbIBa UM IIyCTasl, U KOHEd-
Hasl, NN CYETHAasl.

6.18. TEOPEMA. Bcsikast ney6piBatomast ¢yukius g : [a,b] — R pasna
cyMMe JBYX (DYHKIIHIL:
g =01+ ge, (6.2.5)

e g1 ¢ [a,b] = R — HeyGbiBaromast HenpepbiBHas byHKIUA, a g2 : [a,b] —
R — ¢hynknms ckadkos:

@)=Y g+ > g (6.2.6)

k,cp<x k,cp<zx

6.3 IVIOBAJIbHBIE CBOMCTBA HEIIPEPBIBHBIX ®YHKIIUA.

6.3.1 TEOPEMBI BEAEPIITPACCA O HEINPEPBIBHBIX ®YHKIIMAX HA 3AMKHY-
TOM OTPE3KE.

6.19. TEOPEMA BEUEPIITPACCA OB SKCTPEMYMAX. Jlobast Herpe-
DBIBHAST BEIIECTBEHHAST (DYHKIIHSI, OIIPEEICHHAST HA OTPAHUIEHHOM OTPE3Ke
BeI.HeCTBeHHOﬁ ocu, O6JIa,ZIaeT HaI/I60.HbHII/IM U HAWUMEHDBIITUM 3HAYCHUAMU:
ecan orobpaxkenne f : [a,b] — R HempepriBHO, TO HalIyTCsT TaKHE TOUYKH
p,q € [a,b], uro

f(p) < fx) < flq)

J1st J1io6oii Toukn x € [a, b].
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JTOKA3ATENBCTBO. Iyers A = [a,b], B = f(A), M = supB u y, €
B — xakas-HUOYIb OCJIEI0BATEILHOCTD, cxojsdmmasicss K M. s Kaxmoro
HOMepa n Haliiércsa Touka x, € A Takas, 4ro y, = f(x,). [lo Teopeme
Beiteprirpacca 0 9acTHYIHBIX MpefesiaxX IMOCIeI0BATEIbHOCTD X, 00Ia1aeT
HOJIIIOCTIE0BATEILHOCTIO Ty, , CXOALAIIEHCS K HEKOTOPOit Touke ¢ € [a, b].
Tockoubky dyuknus f venpepsiBHa, 10 f (2, ) — f(¢) |k—oco 110 HpU3HAKY
6.11 menpepeisHocTH Leitre. C npyroit cTopoHsl, Tak Kak f(2,) = M |n— 0,
10 f(Zn, ) = M |k—oo. BBumy emuncreennoctu npesnena f(q) = M.

CrenoBaresbHO, fjis Beex x € [a, b] umeem f(z) < M.

Cy1ecTBoBaHTe HAMMEHBINEr0 3HaYeHUs (DYHKIUU f ycTaHABINBaETCS
AHAJIOTTIHO.

6.20. CJIEACTBUE. Bcesikast HenipepbiBHast R-3HaYHAasT (QyHKIHUS, OIpe-
JleJIeHHAasI Ha 3aMKHYTOM oTpeske [a,b] C R, orpannyeHa.

6.21. 3AZIAYA. [IpuBecTu npuMepbl, MOKA3BIBAIOIIIE, 9TO JJIS PA3PHIB-
HBIX (DYHKIUN Ha OTpE3Ke, a TaKKe /Il HeIPEPBIBHBIX (MYHKIMI Ha IPO-
MEXKYTKaX UHBIX TUIIOB 3aK/IIOYUEHUs TPEJbIIYIINX JIBYX YTBEPKJCHUN He
BEPHBI.

6.3.2 TEOPEMA BoJIbIITAHO — KOIIIM O MPOMEXKYTOYHBIX 3HAYEHUSIX.

6.22. TEOPEMA BosbliaAHO — Komu. Eciu ¢yrakmnus f : [a,b] — R
HerpepbiBHa, To 1poobpas f~1(y) Jmoboit Touxu y orpeska [f(a), f(b)] He
mmycr m, 60JIee TOro, CONEPKUT HAUOOJIBIIHI U HAUMECHBIIHE 9JIEMEHTHI.

JOKABATEJILCTBO. IIpeamono:xum it Onpeae 6 HHOCTH, ITo a < b u
aro f(a) < f(b). Pukcupyem npoussosbroe uuciao y € [f(a), f(b)]. Hoka-
JKeM, 9TO MHOJKecTBO [~ 1(y) memycroe.

Iycrs X = {z € [a,b] : f(z) < y} u p = supX. ITockonbky a € X
na<b TopE [a,b]. Ilo xputepuio To4UHOI BepxHEl I'paHUIBI HANIETCS
[IOCJIeIOBATEILHOCTD T,, € X, cxofsiasicss K p. Tak kak dyHKius f Herpe-
peiBHa, 10 f(2,) — f(P)|n—oo. Hockombky f(x,) < y, TO mo Teopeme o
HepasencTse npezesos f(p) < y.

ITokazkeM, uro y < f(p). Dro Tak, ecau p = b. [Tosromy Gymem pesio-
narath, uro p < b. Tax Kak Ha mosgyuHTepBaJse (p,b] HET TOUEK MHOXKECTBA
X, ro f(t) > y muas xaxzoro ¢t € (p,b]. Ilycrs ¢, € (p,b] — xaxkas-HUGYIDL
[OCJIEIOBATEIHLHOCTD, CXOIAINasAcs K p. B cuiy HenpepbiBHOCTH QyHKIMHA f
U 10 TeopeMe O HEePABEHCTBE HpeeaoB umeeM f(p) = nl;ngo fltn) >y

Taxum obpasom, f(p) =y, T. e. p € f~1(y), npmuém p = max f~1(y),
Tak Kak f(t) >y aus Beex t € (p, bl.
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IIPUBECTH I0Ka3aTeILCTBO CYIEeCTBOBAHNSA HAMMEHbITIEro 3JIeMEHTa, ITPO-
obpaza f~1(y).

6.23. CJIEACTBUE. /list Besiroii menpepbiBaOH R-3Ha4HON (DyHKIHH,
omnpe/ie/IeHHOI Ha 3aMKHYTOM orpeske [a,b] C R, takoii, aro f(a)- f(b) <0
(1. e. pynrmus f npuHEMaeT 3HAYEHHsI DA3HBIX 3HAKOB HA KOHIIAX OTPE3Ka
[a,b]), ypaBHeHme

fa) =0

uMeer pereHue Ha orpe3ke |a, bl.

6.24. 3AJAYA. MHOro4IeH HEYETHOI CTEIeHN NMEET, II0 KpaiiHeil Mepe,
OJIMH BEIECTBEHHBIN KOPEHb.

6.25. 3AIAYA. HempepoiBaasi BerecrBenHast GyHKIMs Tpeobpasyer
[IPOMEXKYTKHU B IIPOMEXKYTKHU, & OTPE3KA — B OTPE3KHU.

6.3.3 IIPU3HAK BOJIbIIAHO CTPOIrO¥ MOHOTOHHOCTHU.

6.26. IITPU3HAK BOJIBIIAHO CTPOI'OY1 MOHOTOHHOCTU. Ha Bcskom
npomexxytike T C R si06ast HempeprIBHAST HHHEKTHBHAST BEIIIECTBEHHAS (DY HK-
st f cTporo MOHOTOHHA.

JOKABATEJLCTBO. locraTouHo moka3arh, 9TO eciau f CTPOro BO3pac-
TaeT HAa KaKOH-HHOyIb mape To4Yek x,y € 1, To Ha J00Oi Ipyroit mape
PA3IMYHBIX TOYEK OHA TAKXKE CTPOIO BO3PACTAET.

1P miAr. Ilyers @ < y u f(z) < f(y), a Touka 2z € T TakoBa, 9TO
r<y<z.

HokazxeMm, aro Bmecre ¢ f(x) < f(y) mvmeem takxke u f(y) < f(2).
Honycrum, aro sro ue tak: f(y) > f(z). Torna cornacuo reopeme Boubia-
1o — Komm mrpoo6pas f~1(t) moboit Touku t mHTEpBasa

(max(f(x), f(2)), f(y))

MMeeT, o KpaiiHeil Mepe, o OTHOMY Mpoo0pa3y Ha KasKJIOM U3 WHTEPBAJIOB
(z,y) u (y, z). DTO HECOBMECTUMO C UHBEKTHBHOCTHIO OTOOparkeHus f.
AnajiornaHo MOXKHO JJoKa3arhb, 94To f(2) < f(x) mus moboii Toukn z < .
Ecou tenepp x < z < yu f(z) < f(2), To mo nokasanHoMy umeeM f(z) <
f(y). Ecm xe f(z) > f(z), nua dyaxmuu —f umeem —f(z) < —f(2),
OTKy/Ia B CHJLy JIoKa3aHHOro nostydaeM — f(z) < — f(y). VI3 mocsrenHux a8y X
HepaBeHCTB BbiBoguM f(x) > f(y), 9T0 HPOTHBOPEUUT MPEIIOIOKEHHUIO.
CunenoBarenbio, ecin GyHKIMs f BO3pacTaeT Ha Iape TOYeK T U Y, TO
OHA BO3DACTAeT M HA IIPOU3BOJILHON TPOHKe TOYEK, BE U3 KOTOPBIX T U ¥.
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2°% IIAT. 113 JOKa3aHHOrO Ha IIEPBOM IIAare BBHITEKAET, YTO (DYHKIHS f
CTPOro BO3pacTaeT Ha IPOU3BOJILHOI YeTBEpKe TOYeK, JIBEe M3 KOTOPLIX T U
Y, & JBe ApyTHe TOYKHU Z, U MPOMexKyTKa T IpOM3BOJILHBIE.

HeiicrBuresnbho, mycrb, HanpuMep, & < z < y. Torma B cuily JoKa3aH-
uoro umeeM f(z) < f(z) < f(y). Eciim z < y < u, 70 B Clily JOKa3aHHOI'O
noinygaeM f(z) < f(y) < f(u). Bee ocrasbHble ciydan B3aMMHOIO DPACIIO-
JIO?KEHHS TOYEK PacCMATPUBAIOTCS AHAJIOTUIHO.

6.3.4 TEOPEMA O CYUIECTBOBAHUU HEIPEPBIBHOI OBPATHOI ®YHKIUU.

6.27. TEOPEMA OB OBPATHOW ®VHKUUU. Ecim f : T — R — menpe-
PBIBHAS I CTPOro Bo3pacTaromas (bynkimus na npomeskytke T C R, 1o

1) obpaz f(T) npomexkyrka T siBJsieTcss IPOMEKYTKOM TOTO K€ THIIA,
aro u T, ¢ xkornamu inf f(T'), sup f(T);

2) orobpaxenue [ : T — f(T) obparumo;

3) obparnoe K Hemy orobpazenue g : f(T) — T HempepbIBHOE H CTPOrO
BO3pacTaIoIIee.

JOKA3ATEJILCTBO. Byaem mosaraTsh, 9To TpoOMeKyTOK 1’ COIEPIKUT, 110
Kpaiineil Mepe, jiBe Touku. Toryga u 06pa3 CONEPKUT HE MEHee JIByX TOUYEK.

1) Bocrosibayemcsa npemiozkenueM 1.95 1yisi mpoBepKu TOro, 9to 00pas
X = f(T) asngerca npomexxyTkoM. PUKCUPYEM JIBe IPOUZBOJIbHBIE TOYKU
a,b € X n gokaxem, uro [a,b] C X. Tak kak a = f(z) u b = f(y) s
HeKoTophIX x,y € T, x < y, To 110 Teopeme Bosbriano — Kormm o mpomexy-
TOYHBIX 3HAYEHUSX Jisl JH000i Toukn ¢ € (a,b) Haiinercs Touka z € (z,y)
rakast, uro f(z) = c¢. CnenoBaresnbHo, [a,b] C X u X — IpoMexKyToK.

Tak xak dynkius f crporo Bozpacraer Ha T', Touka u € T Oyaer Mu-
HUMAJILHBIM (MaKCUMAJIbHBIM) 9JIEMEHTOM IIPOMEXKYTKa T’ TOrja U TOJILKO
Torza, Korja eé oopas f(u) okaXkeTcs MUHUMAJIbHBIM (MAKCUMAJILHBIM ) DJ1e-
MEHTOM TIPpOMEKYTKa X .

2) Orobpaxenne f: T — X = f(T) UHbEKTUBHO U CIODBEKTUBHO, T. €.
OMEKTUBHO W, 3HAYUT, OOPATUMO.

3) Jlerxo BuzeTh, 9TO obpaTHOE OTOGpazkenne g = f~ L : X — T crporo
Bo3pacTatoree. [lokakeM, ITO OHO HEIPEPLIBHO B KaxKa0#l Touke p € X.
Iycrs U — kakas-smbo ssemenTapHasi oKpecTHOCTh Touku ¢ = g(p). Co-
[JIACHO TOIOJIOTUYIECKOMY KPUTEPUIO HEIIPEPBIBHOCTU HAM JIOCTATOYHO yCTa~
HOBHUTD HAJHUIME TAKOH 3JIeMEHTAPHO! OKPECTHOCTU V TOYKH P, UTO

g(VNX)cU.

Jomycrum, 910 ¢ — BHYTpEHHsIsT TOUKa poMexkyTka 1. B arom ciydae
MOXKHO cuutath, uro U = (¢ —e,q +¢) C T, ¢ > 0. Coracuo nyHkTy 1)
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muOKecTBO f(U) SIBISETCS MHTEPBAJIOM W, 3HAUUT, COJEPKUT HEKOTOPYIO
3JIEMEHTAPHYIO OKpecTHOCTHIO V' Toukm p. IlockosbKy orobpaxkenust f u g
B3anMHO obparusl, T0 g(V) C g(f(U)) ="U.

JlomycTnmM Tenepsb, UTo ¢ — KpaiiHss TOUKa TpoMeXKyTKa T, HarmpuMmep,
€ro JIeBBI KOHeI. PaccMoTpuM JBa coryvast:

1) g eR;

2) ¢ = —o0.

B nepeom caygae U = (¢ — €, q + €) comepKuT IpoMexyToK S = [¢,q +
) C T. Cornacno myrkry 1) mmeem f(S) = [f(q), f(g+¢)). Hycrs f(g+e) =
fl@)+9d (e flg) € R),d > 0. Honoxkum V = (f(q) — 96, f(q)+9). Eciu xe
f(q) = —o0, To momokum V = [—o0, f(q+ ). B o6oux cayuaax VNX =
f(S), a Tak kak orobpaxkenusi f u g B3ammHO obparHbl, To g(V N X) =
g(f(S)) =S C U. Tem cambiM, B JF060M 13 JBYX BO3MOXKHBIX Ciydaes V'
SIBJISIETCSI HY KHO! 9JIEMEHTapHOI OKpeCTHOCThI0 Toukn p = f(q).

Bo BTOpOM cityuae B KavecTBe 3J€MEHTAPHON OKPECTHOCTH TOUYKH — 00
BO3BMEM TIPOM3BOJIBHBII TPOMEXKYTOK S = [—00,7) C T. CorsiacHO MyHKTY
1) mmeem f(S) = [f(q), f(r)). Eciu f(q) = —o0, momoxum V = [—o0, f(r)).
Ecim xe f(q) € R, monoxum V = (f(q) — 6, f(q) +8), rue 6 = f(r) — f(q).
B oboux ciayugasx VN X = f(5), a rak kax orobpaxkenus [ u g B3auM-
Ho obparusl, 0 ¢(V N X) = g(f(S)) = S C U. Tem cambiM, B 11060M 13
JIBYX BO3MOYKHBIX CJIy9aeB V SABJISETCS Hy?KHOH 3JIEMEHTApHON OKPEeCTHO-
crbio TouKu p = f(q).

6.28. ITPUMEPHI. IIpumepsr 06paTUMBIX 0TOOpaXKEHUIA:

1) sin : [_ga g} - [_171]7

2) cos : [0, 7] — [—1,1],

3) tan: (=5, 5) = R,

4) 2 : R — (0,00).
O6parHble K 3TUM OTODPasKeHUsIM O0DO3HAYAIOTCsI arcsin, arccos, arctan,
log,, cooTBecTBEHHO.

6.3.5 PABHOMEPHAZ HEINNPEPLIBHOCTbL, TEOPEMA KanTora u MO/ VYJIb HEIIPE-
PBIBHOCTHU

6.29. ONPEAENEHUE. Pukcupyem muox)ectBo A C R, dyukmuio f :
A — R. Mus1 rosopumM, uro dyaknusa f : A — R pasromepro nenpepovisha
Hna A, ecsm juis goboro € > 0 cymectByer § > 0 Takoe, UTO JJIsT BCEX
x,y € A ¢ ycioBueM |z — y| < § BBIOJHSAETCS COOTHOIIEHNE

|f(z) = f(y)| <e. (6.3.7)

191



6.30. ITpuMEPHL. 1) Ecin dyukmua f : A — R paBromepHO Hemnpe-
phiBHa Ha A, To [ HempepblBHa B KaxkJ0il Touke MHOxKecTBa A. ITosromy
dyHKIUA Sign  He ABJIAETCs paBHOMEPHO HelpepbIBHON Ha R.

2) Hocrosuuas dyukuusa f : A - R, f(z) = a € R mua Beex x € A,
PABHOMEPHO HeNpepbhIBHA HA MHOXKeCTBE A.

3) Toxnecrsennas dyuknus idag : A — R, f(z) = ¢ € R s Beex
T € A, paBHOMEPHO HellpepbIBHA Ha MHOXKecTBe A.

4) Oynxnust 22 paBHOMEPHO HelpepbIBHA Ha JII0O0M TIPOMesKyTKe [a, b] C
R, Ho He aBagercd TakoBoil Ha R.

5) Oyukius % PABHOMEPHO HEIIPEPBIBHA HA [a, +00) 1yist Jar06oro a > 0,
HO He $BJIsIeTCsl pABHOMEDHO HenpepbiBHOiT Ha (0, +00).

6.31. TEOPEMA KAHTOPA. Ilycre gaH npomexxyTok |a,b] C R. Beskast
HenpepbiBaas Ha [a,b] dynkuus f : [a,b] — R paBHOMepHO HEnpepbiBHA HA
HEM.

JIOKA3ATEJ/IBCTBO. Ilo ycoBuio Teopembl OyHKIUS QYHKITHA
fila,b] = R

HelpepbIBHA BO BCEX TOYKAX OTPe3Ka [a,b]. Bo3bMeM mpomsBosibHOE £ >
0. Jns kaxkaoil Touku = € [a,b] Haljercs 3jeMeHTapHAsi OKPECTHOCTH
Os, () = (x — §z, ¢ + d;) Takasi, 9TO BBIIOIHIETCS HEPABEHCTBO

1f(y) — f(z)] < % Jutst mroGoit Toukn y € [a,b] N Os, (z) . (6.3.8)

CewmeiictBo unrepsasnos S = {O;, (z) | « € [a,b]} obpasyer mokpbITHE OT-
peska [a, b]:
a0 | J Os,(2).
z€[a,b]

ITo Teopeme 4.6 cyInecTByeT MOJIOKUTEIBHOE YUCIO § TAKOE, UTO BCAKHIA OT-
pesok [« B] C [a, b], ymHa S — e KOTOPOTO He TPEBOCXOUT §, TIPHHAJIEIKHUT
KaKOMYy-HUOY/Ib WHTEepBaTy TOKpbITus S. Torga aBe TPOM3BOJBHBIE TOUYKA
Y,z € [a,b] Takue, uro |y — 2| < J, HpUHAIIIEKAT KAKOMY-HUOY L MHTED-
BaJly HOKpBITHs NOKpbITUst S, Hanpumep y,z € Op, (z9). Onernm Tenepsb
npupainenue GyHKIuu f B TOYKAX Y, 2: U3 HepaBeHcTBa (6.3.8) uMeeM

) = F()| < £ ) = Flao)l +1£(2) = o)l < 5 + 5 = <.

Taxum 06pa3oM, JJIst TPOM3BOJIBHBIX TOYEK ¥, Z € |a, b| Takux, aro |y — z| <
J, mmeeM | f(y) — f(2)] <e.

CrnenoBarenbho, manHas dynkmus [ : [a,b] — R paBHOMEpHO Hempe-
pBIBHAS.
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6.32. ONPEAEJEHUE. [Iycrs mamer muoxkectBo A C R u dyukius f :
A — R. Oyskmus w : [0,h) = R, rae 0 < h < 00, Ha3BIBAETCS MOOYALM
HenpepuieHocmu GYHKIUA f Ha MHOXKeCTBe A, €C/Ii OHA YIOBJIETBODSIET
CJIEJIYIOIIMM YCJIOBUSIM:
1) w — HeorpunaTesnbHas Bo3pacTamoomas dOyHKIHs;
2) umeer npejes B 0, paBHBLT HyJIIO:
}g% w(t) =0.

3) Juist MOOBIX X1, Zo € A TakuX, 4TO0 |21 — 2| < h, BBINOIHSIETCS HEpa-
BEHCTBO

|f(z1) = fa2)] < w(lz1 — x2).

6.33. IIPENJIOKEHUE. Ecin pyaknust f : A — R umeer moxysip Herpe-
PBIBHOCTH, TO OHA PABHOMEDHO HEIIPEPHIBHA..

JIOKABATEJILCTBO. [leficTBUTENbHO, IPE/IIONIOXKIM, UTO IS JAHHON
dyukuun f cymecrsyer dynkuug w : [0, h) — R, ynosiersopsiomast ycJio-
BusiM 1) — 3) ompejenenus 6.32. 3amamum mpoussossHo € > 0. Tak Kak
w(t) = 0 mpu t — 0, To maitnerca d € (0,h) Takoe, 9ro w(t) < € mis JIo-
6oro 0 < ¢t < §. Bo3bMeM HPOM3BOJIBHO TOUKHU Z1,T2 € A, mJisi KOTOPBIX
|z1 — 22| < 0. Torma |f(z1) — f(z2)] < w(lzy — x2]) < €. Tak kak € > 0
[POMU3BOJIBHO, TO, TEM CAMbBIM, DABHOMEPHAs HEIPEPLIBHOCTL (DyHKIUU f
JIOKA3aHA.

6.34. ONPEAEJEHUE. [oopsiT, uto dyukius f : A — R yaoBjierBo-
psier yciosuto Jlnmmuna, ecau dyaknus t € [0,00) — Ct, tne C' > 0 —
[MOCTOSTHHAS, SBJISETCS €€ MOJLYJIeM HEIPEPHIBHOCTH:

|f(x) = f(y)| £ Cle —y| mns Beex x,y € A,

Ecau dynkiys ¢ € [0, h) — Ct*, tne C u a nocrosiauble, npudeM C' > 0
n 0 < a <1, ectb MOIYJIb HEIIPEPHIBHOCTH (DYHKIMK f, TO TOBOPST, 9TO f
yJIOBJIETBOpsieT ycoBuio ['éibjiepa ¢ mokazareiem q:

If(z) = f(y)| < Clz —y|* nnaseex z,y € A, [z —y| < h.

Cresyromasi TeopeMa siBJIsieTcsi OOPaTHON K IpeIoxKeHu o 6.33.

6.35. TEOPEMA. Ilycrb ganbr MHOKeCcTBO A C R u pynknus f : A — R.
Ipennooxum, yro pyHKIUs f paBHOMEPHO HellpepbiBHA. Tormna ¢GpyHKIUs

f: A — R umeer MOmy/b HEIIPEPHIBHOCTH.
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B kadecTBe TAKOBOTO MOXKHO B3SITH (DYHKITHIO

w(t) ={ SUI;A [f(z1) — fz2)| & |21 — 22| < t}. (6.3.9)

Haiigerca h > 0 rtakoe, uro npu 0 < t < h pesuuuna w(l) KoHEUHA H
obutasiaer cBoricrBamu onpegeserus 6.32.

JOKA3ATENBLCTBO. Ilycts mambr muokectBo A C R u dyuruus f :
A — R. s npoussosibHoro ¢ > 0 onpeieauM BeJuduy w(t) Kak yKasaHo
B (6.3.9).

ITpu Besikom ¢ > 0 dyukuus w(t) paBHA TOYHON BepXHE rpaHU HEKOTO-
poii HeorpunaTeabHON dyHKIMU. OTCona BEIBOIMM, 4T0 w(t) > 0 ms Beex
t>0.

ITyctb t1,te TakoBel, uro 0 < ¢ < to. Ecim x1,29 € A u |x1 — 22| < 1y,
TO UMeeM Takxke |r1 — x| < to. CienoBaresbro, 3Hadenue w(te) ompees-
ercs 110 6osiee MUPOKOMY Habopy nap (1, T2) CPABHUTENIHLHO CO 3HAYEHHEM
w(t1), U, 3HAUNT, ee 3HAUEHUE HE MOXKET ObITh MeHbIIe 3HadeHus w(ty). Ta-
KUM 06pa30M, B CUJIy U3BECTHBIX CBOWCTB TOYHON BepxHEH rpanu (GyHKIUNA
OTCIOJIa BBITEKAET, 4TO

w(t) ={ SUp€A|f($1) — fl@2)| oy — 22| <t}

<{ sup |[f(z1) = fa2)|: o1 — 22| Sto} =w(t2) (6.3.10)
z1,L2€A
Takum obpazom, IepBoe ycjaoBue onpejeserus 6.32 MOMyss HelmpepbIBHO-
crtu Jjist (DYHKITUU W BBITIOJTHEHO.
[To ycnoBuio dyukius f : A — R paBHOMEPHO HEIpPEpHIBHA. 383 IHM
npousBoibHO € > (. CoryiacHO OnpeIesIeHrI0 PABHOMEPHOI HEIIPEPBIBHOCTH,
no Hemy Hafizercst 6(g) > 0 Takoe, 4TO ecau 21, o € A TAKOBHI,

aro |21 — 2| < 8(e), 10 | f(21) — f(22)] < g (6.3.11)

Orcronma cireryer, BO-IIEPBBIX, 9TO I € = 1 mMeeM

W(B(1) ={ sup |f(e1) = Fla2)] s a1 — x| < 5(1)} < 1/2.

z1,52€A

Canenosatresbro, Juist ¢ € [0, h], rne h = §(1), 3nadeHne w(t) KoHETHOE.
Bo-Bropsix, u3 (6.3.11) BbITeKaer, 4o s ¢ € [0,d(¢)) nmeem

w(t) ={ SUPA If(z1) = f(ma)] : Ja1 — x| <t} <e/2<e.
1res 194



Tax Kak Jj1s1 9TOTO TOTPEOOBAJIOCH JIUIIH, YTOOBI BBITIOJHAIOCH HEPABEHCTBO
t < 4, TO, TEM caMbIM, JOKa3aHo, 9To w(t) — 0 mpu t — 04, Tak 9TO JJIs
(GYHKIMY W BBIMIOJIHAETCST TAKXKEe U BTOPOE yCJIOBUE onpezesenns 6.32.

ITycrs TOoUKHU X1, 2 € A TAKOBBIL, 9T0 |1 — Ta| < h. logoxkum t = |z —
x2|. Torma B cuy (6.3.9), oueBngno, |f(z1) — f(z2)| < w(t) = w(|z1 — z2]).
MprI mtostyvaeM, ITO TPEThe yCJIOBHE OnpeieeHus 6.32 TakKe BBITOTHIETCST
¢ dbyHKIMel w, onpeenerHoi dopmyoii (6.3.9).

Teopema jokazaHa.

7 OCHOBHBIE SJIEMEHTAPHBIE ®YHKIINN

7.1 JIMHEUHBIE ®YHKIUU U UX ®YHKIMOHAJILHOE ONMMCAHUE. CYIIECTBO-
BAHUE PA3PBIBHOU JIMHENHOM ®YHKIUU.

Addumuenoti dyukimeil, oupenenensoil Ha R, HazpiBaercs GyHkuus [ :
R — R, obagaromiast CBORCTBOM

flx+y) = f(x)+ fy) (7.1.1)

st Beex x,y € R. Ilpumep ammuTuBHO# (DyHKIIMU XOPOIIO W3BECTEH: JIer-
KO IIPOBEPUTH, uTO JmHeiinas dyuknus f(z) = ax, ¢ € R, rie a € R —
dukcupoBanHoe IuCy0, aJauTuBHA. MBI cefidac mokarkeM, 9TO MpU OTHOM
JIOTIOJTHUTEJIHHOM YCJIOBUH BCSIKasi aJIUTHBHAST (DYHKIWS Oy/eT JIMHEHHOM
dyHKIMeEl, yKa3aHHON B 9TOM IIPUMEPE.

7.1. TEOPEMA. Eciu amaunruBnast ¢pyukmus f : R — R jubo merpe-
pbIBHA, JIH60 MOHOTOHHA, TO f(r) = ax, © € R, maa Hekoroporo dmcia
a € R

JIOKA3BATEJIBCTBO. U3 ycuosus (7.1.1) nonydaem, uro f(0) = 0 u xa-
aee f(0) = f(z+ (—x)) = f(z) + f(—x) = 0. Cnenosaresnbro, nuHelHAS
dyukims vHevernas. IIycrs f(1) = a.

st sio6oro dukcuposannoro x € (0, 00) no unayknuu umeem f(nz) =
nf(x), rue n € N — marypasbnoe uncsio. [losaras B mocsjegneM paBeHCTBE
z.:L%,Ca;In = m, TOTydaeM TLrLLf(_%) :i”(ll :.a.ﬂCHe,ILOBaTe.HI)HO, f(d) =

- pyroit cropousl, f(&) =nf()=a- 2.

Jlajiee, B ciiydae HENPEPBIBHOI JIMHENHON (DyHKIMHN [ pacCMOTPUM IIPO-
U3BOJIbHYIO TOUKY & € R\ Q ¥ 10CI610BaTEIbHOCTD PAMOHAIBHBIX THCE]T
Gn — T pm n — oo. Torma nmeem
f@)= lim f(g,) = lim a-¢q, =a-x, (7.1.2)
n—oo

n— oo

TaK 9TO B 9TOM CJIy4dae TeopeMa JJOKa3aHa.
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Eciu ke sunelinas GyHKMs f MOHOTOHHA (HAIIPEMED, MOHOTOHHO BO3-
pacraer), TO JijIsl IPOU3BOJIBHO BBIOpaHHOH Toukn z € R\ Q paccmorpum
JIBE [TOCJIEJI0BATEIHbHOCTH PAIMOHAJBHBIX TOYEK ¢, < T U T < S, TaAKHUe, 4TO
Sn — qn — 0 mpu n — oo. Torma 0 < f(sn)*f(Qn) = a-Sp — G- Qqn =
a-(sp — qn) = 0 npu n — oo. CilennoBaTeIbHO, T HE sIBJIAETCS TOYKON pas-
pbiBa MOHOTOHHOI (byHKIUU f U no3roMmy yHKIUs f HelnpepbiBHA. B cuiry
JIOKA3aHHOI'O BBIIIE OHA JIMHEWHA.

Besikyto ajumntuBHyto HenpepbiBHYI0 Ha R dyHKIU0O OyneM Ha3bIBATh
AUHETHOT.

7.2 ODKCIHOHEHTA U HATYPAJILHBIN JIOTAPU®M

Oyuknus exp : R — R HenmpepbIiBHAasS U CTPOTO BO3PACTAIONIAS.

JleiicTBUTENBHO, OYEBHIHO exp - > 1, ecin x> 0. 7151 OJI0KATETHHOTO
z € R no ceoiicry (3.80) umeeMm expz - exp(—z) = exp0 = 1, orkyua
exp(—z) = [expx]™! > 0. Ecrm @ < y — nBa uncna, To exp(y — ) =
expy - exp(—xz) = expy - [expz]~! > 1. CiiesioBaresbio, exp z < exp y.

HenpepbiBHOCTE 3KCHOHEHTHI B TOUKe x € R mpoBepsieTcss Hermocpe-
cTBEHHO: ¢ y4eroM (3.11.61) BbiBOgUM expy — expx = exp z - (exp(y — x) —
1)=expz-O(y—2)=0(y —x) upu y — x.

3amernm, uTo u3 HepaseHcTBa ) < & < €XP T HEOCPEICTBEHHO BBIBOIUM

lim expx = oo, u, cienoBarebuo, lim expz = 0.
Tr—r00 T—r—00

ITo reopeme 6.27 dbyuxiusa exp : R — (0,00) umeer HENPEPHIBHYIO
obpatuyto. Ob6parTHy0 OYHKINIO HA3BIBAIOT HATYPAJBHBIM JOrapudMOM U
0003HaYAI0T CUMBOJIOM In.

7.2. CBOMICTBA HATYPAJIbHOI'O JIOTAPU®MA.

1) In: (0,00) = R — 6uekTnBHOE OTOGPAXKEHHE;

2) In: (0,00) = R — HenpepbIBHASI H CTPOrO MOHOTOHHO BO3DACTAOIIAS
DyHKIHS;

3)Inzy=Inz+Iny.

JIOKA3ATEJ/JICTBO. IlepBble j1Ba CBOICTBA BHIBOIUM U3 TEOPEMBI 00 00-
parHoil dyHkmu. st nmokasaresbcTBa TpeThero pacemorpuM exp(lnz +
Iny) = exp(lnz)exp(Iny) = zy = exp(Inzy). Orciona B cuiry GueKTHBHO-
CTH SKCIIOHEHTHI ToJydaeM 3).

7.2.1 TIIpeges lim 20E2) — g
z—0 z

w =1. ﬂ.ﬂ?{ 9TOro cjesjaeM CJICAYIONIyIO 3aMEHYy:

HoxkazkeMm, uro lim
z—0

In(l+z) =y. Tornma z = expy — 1 uy — 0 upu z — 0. ITo Teopeme o
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3aMeHe IIepeMEHHOI B IIPe/Ie/IbHBIX IIepexo/iax 0JIydaeM

. In(l1+42) ) Y
lim = lim —— = 7
z—0 T y—0expy —1 y—=0y+o(y)

(3mech B mOC/IEAHEM IIEPEXOJIE UCIOIL30BAHN0 ACUMITOTHIECKOE PA3JIOXKEHIe
(3.11.61) mpu n = 1).

7.3 ONPEJEJIEHUS TTOKA3BATEJIbHOW W JIOTAPU®GMUYECKON ®YHKLIMNI. VX
XAPAKTEPUCTUYECKUE CBOVICTBA.

ITo ceoiictBy (3.80) 9KCIOHEHTA YIOBJIETBODPLAET CJieayomeMy (byHKIHMO-
HAJIbHOMY COOTHOIIIEHUIO

fle+y)=fz)- fy) (7.33)

JUIsT BCeX 3HadeHmi x,y € R.
3aMeTuM, YTO ITOMY K€ COOTHOIIEHUIO Y/IOBJIETBOPSET TaK»Ke PyHKII

fa(z) = exp(z1na), (7.3.4)

e a € (0,00) — IPOU3BOJBHOE MOJOKHUTEIBHOE YUCI0. I3 MKOIBLHOTO
Kypca MareMaTHK{ M3BECTHO, 4To GyHKImu Buja (7.3.4) HA3BIBAIOTCS I10-
Ka3aTeJIbHBIMU 1 0003Ha4aroTca cuMBojioM a”. Hama Osmkaiimas 1eiab —
[TOKa3aTh, YTO IIPU OJHOM JOIOJTHUTEILHOM YCJIOBUU BCe (DYHKIIUU, YIIOBJIE-
TBOpsiomue byHKIMOHAIBLHOMY COOTHOIIEHUIO (7.3.3), cyTh (DYHKIUHU BUIA
(7.3.4) (1. e. MOKA3ATEIIBHBIE).

7.3. TEOPEMA. Ilycrs a € (0,00), a ¢pyHKnus g, : R — R yropiaerso-
DSIET CJCAYIOUIUM JBYM YCJIOBHSIM:

1) 94(1) = a (ycoBHEe HOPMHPOBKH),

2) go(x +y) = ga(x) - 9a(y) mrst Beex z,y € R (9KcHoHEHIHAIBHOE
CBOFCTBO HJIH CBOHCTBO MOKA3ATEJIbHON (DYHKIIHH).

Torma ¢yakmus g, : R — R ToxmecTtBenHo coBmagaer ¢ (QyHKITHEH
fa(z) = exp(z1na), onpenerennoit B (7.3.4).

JIOKA3ATENBCTBO. Ilyers a € (0,00) — dukcupoanHoe uncio. s
kaxjoro ¢ € R mosoxum f,(x) = exp(zlna). Pynkuus f, MOHOTOHHA
HelmpepbIBHA U 00s1amaeT coiictBamu 1 u 2. OyHKIWS g, U3 YCIOBUS TEOpe-
MBI 06JIa12€T CICAYIOIIUMA CBONCTBAMU:

a) 94(0) =1, n6o a = go(1+0) = ga(1) - 92(0) = a - ga(0);

b) go(—2) = 1/g4(z) pna xaxzgoro = € R;
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() =0(2) () =) =l

n pas
my ™
=gaV) () =g a= fulD) o fall) = fu( )
m pas m pas m pas

U3 cpoiicT a)-b) BbITEKaet, 4To Jr00bIe 1Be MYHKIMHU, 06JIaaI0IIHe CBOi-
crBamu 1 U 2, COBIAJIAIOT Ha MHOXKECTBE PAIlMOHAJIBHBIX 4Kce . FKcim mnpu
9TOM OHM 00€ HEeIpPEepBhIBHBIE, TO OHU COBIAJAIOT TAaKXKe W HA MHOXKECTBE
JeiCcTBUTEbHBIX dnces, Tak Kak Q mwroruo B R.

Ecmm xe pyHKIINSA g, MOHOTOHHASI, HAIPUMED, BO3PACTAIOIIAs, TO (PUK-
cupyeM TO4YKy = € R u paccMOTpPUM IIPOU3BOJIbHBIE IOCJIEI0BATEIHLHOCTH
PAIMOHAJIBHBIX YHCET Uy, < P U U, > P, CXOAAIIMecs K Touke p. Torma mis
byukIwmit f, u g, HoaydaeMm

fa(un) = ga(un) < ga(P) < ga(vn) = fa(vn).

Tak xkak dyarnusa f, HempepbIBHAA, TO
fa(p) = nh_{go fa(un) < ga(p) < nh_)néo fa(vn) = fa(p).

CuenroBarenbho, fq(p) = go(p) Mg Beex p € R.
OyHKIHUIO f, HA3BIBAIOT NOKA3AMENLHOU PYHKYUET, & IUCTO G — €€ OC-
HOBaHHEM. 3HaYeHUe Toi (DYHKIUU B TOUKe & € R 0003HATAIOT CUMBOJIOM

a/ZE

7.4. CJIEACTBUE.
1) e* =expz, z € R;
2) a® = exp(x - lna), x € R, u nosromy

n
m . (z1na)k
a® = lim E —_
n—o00 k!
k=1
QOyukuus a” : R — (0,00) nepemenHoit x npu a # 1 obparuma coriac-
HO TeopeMe 6.27. Obparuyio k Heil dyHKnu obo3Hadaor log, u Ha3bIBA-
10T sozapupmom no ocnosaruto a. Pynkuus log, HempepbIBHAST U CTPOrO
MOHOTOHHAs. XaPaKTEPUCTUIECKIE CBOUCTBA JiorapudmMudeckoit dyHKIun
COCTOSIT B TOM, YTO
1) log,a =1;
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2) log, zy = log, = + log, y.
Jlorapudmuyeckas dyHKIIHS

i T T T T T 7

1.5 |

0.5 |

7.4 ONPEJEJIEHUE CTEIEHHOI ®YHKIUU. CBONCTBA CTEIIEHHOU ®YHK-

LIMU.

Cmenennotl pyrryuets Ha3biBaeTcsi (PyHKIUS BUIA

% = exp(alnx), (7.4.5)

e a € R — dukcnpoBanHoe 4uCIIo, a IepeMeHHast & IPUHUMAET 3HAYUCHUS
u3 (0,00), 3navenue Gynknuu z* Beerjga Heorpunaresbuo. OupeeneHnas
paserncTBoM (7.4.5) crenennas GyHKius obsagaer upu &,y > 0 u3BeCTHBIM
U3 MIKOJIBHOTO Kypca MareMaruku coiicrBamu (IIPOBEPUTH):

1) 2% y* = (z-y)%

2) (xa)ﬁ =zf = (xﬁ)a;
3) 2% = oo
4) i—; =z B,
5) (5) ==

Takum obpazom, cremenHass GYyHKIMUSA YAOBIETBOPsIeT (DYHKIIMOHAILHO-

My YPaBHEHUIO

flx-y)=f(x)- f(y) upu a06BIX HOJOKUTENBHBIX T,y € R.  (7.4.6)
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7.5. TEOPEMA. EgumHcTBeHHOH (DYHKITHEH, HE DPABHOH TOXKJECTBEHHO
HYJIIO, OIIPEIEIEHHOI i HelpephIBHOI B ipoMeskyTKe (0, 00) U yI0BIeTBODSI-
rontelf na Hem ycjosuio (7.4.6), sBisiercs: crenennass Gyuknus suga (7.4.5).

JIOKABATEJIBCTBO. U3 ycnosus (7.4.6) npu x = y umeem f(22) =
f(z)? > 0. Tak kax mo6oe ancio y € (0,00) MOKHO NPEJICTABUTL B BUJIE
y = 2, BBIBOAMM, UTO (YHKIHSA f W3 YCJIOBHS T€OPEMBbI MTPHHIMAET HEeOT-
pHIATETHHbBIE 3HATEHNUSI.

ITycrs B Touke = € (0, 00) bdynkuus f(xz) # 0. Cymecrsyer uncio o € R

rakoe, uTo f(z) = x®. IlokaxkeM, 4TO Jyist JIOGOIO PAIMOHAIBHOIO YHUCIIA
n

BUna p = 7>, m > 0, IMeeM paBeHCTBO
f(a?) = (2P). (7.4.7)
HeiicTBuTepHo,
f(xi)m:f(x#) f(x%):f(a:#m..-xi):f(x):xo‘
m pa3s

n pas

[ycrs Teneps y > 0, u y = 27, tie B € R. Ilycrs nociienoBaTensHOCTh {py, }
paIMOHAJLHBIX ToYeK cxoaures K 3. B cuny (7.4.7) numeem

flaP) = (aPn)". (7.4.8)

Tak Kak JieBag U Ipasasd 9acTu paBeHCTBa (7.4.8) HENPEPBIBHBLI, MOXKHO
NepeliTi K Npefesy IphA N — 00 U MOJYyYUTh PABEHCTBO

f(zP) = (xﬂ)a.

Orciona BbIBoguM paBeHCTBO f(y) = y%, cupasemiuBoe Jyisd JIIO60ro y €
(0, 00).
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Crenennast OYHKITHS

100 |-

—100

7.5 TPUTOHOMETPUYECKUE ®YHKIIWU.
7.5.1 OIPEJEJEHUE TPUTOHOMETPUUYECKUX ®YHKIIWUN

Hamnomunm m3BecTHBIE U3 MIKOJIBHOTO Kypca MaTeMaTUKN (DYHKINU Sin z u
cos x. J1jist 5T0ro paccMOTpUM OKPYXKHOCTD S Ha KOOPJIUHATHOMN IIJIOCKOCTH
¢ 1ieHTpOoM B HadaJie KoopauHaT O u pajgumyca 1. OmiokuMm ot ocu aberuce
[IPOTHUB YaCOBOM CTPEJIKY YroJI (v. BeJimunna 31oro yriia paBHa «JJIuHE JIyTH
OKPYKHOCTH», 3aKJIIOYEHHON MeKIy cropoHamu yria. Ilycrs Touka B —
910 TIepecedenue Jgyda OB, He Jiexkalero Ha ocu abCIyce, ¢ OKPYKHOCTBIO.
Torma abernucca Toukn B — 9TO KOCUHYC yIUIa (v, & OPJINHATA, 9TOI TOIKU —
CHHYyC yIy1a « (CM. PHCYHOK HUXKe).
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sin «

Sin &« COS v

[0) COS «x A= (1’0)

B BbINIenpuBeIeHHOM OIIPEIEJIEHNN OCTAETCs JIUINb BBISICHUTH IIOHATHE
«JUIUHBL JIyTU OKPYKHOCTH». 3aMETHUM, UTO OIpeJe/IeHHAs IS BCeX Jefi-
CTBHUTEJIBHBIX 3HavYeHnit ¢ € R dyuxnns

exp(iz) = f(z) + ig(z) (7.5.9)

umMeeT JIefCTBUTENIbHYI0 1 MHUMYIO Yactu f(x) u g(x), ymoBieTBopsitomniye
CJIEYIONIAM COOTHONICHHSIM:

f2(x) +¢g*(x) =1 ans Beex z,y € R, (7.5.10)

tak KaK f2(1)+g?(x) = |exp(ix)|? = exp(iz)-exp(iz) = exp(iz)-exp(—iz) =
exp0 =1 B cury 3amaun 3.100.

Takum 06pa3oM, MBI IMEEM HEIIPEPBIBHOE OTOOPaKEHIE
Rz e e, (7.5.11)

KOTOPOE HA3BIBAETCS Napamempusayueti oKpyKuoctu S. CBolicTBa 31Ol 1ma-
paMeTpU3aIy YCTAaHOBJIEHB! B CJIE/IYIONIEM YTBEDIKJIEHUH.

7.6. JIEMMA. CymecrByer § > 0, uro
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1) orobpaxenne (a — S, + &) > [ + e unnexrusHO HPH JTOGOM
¢urcupoBasaoM o € R;

2) JIHHA YT OKPYXKHOCTH € DaBHa

3) f(a) = cosa, g(a) = sina g1 Beex o € (—6,0).

i[0,a]

JTOKABATEJILCTBO. Tpeanonoxkim e = e, Torma |e?|-|e!(@—#) —1| =
e’ —1] = |i(a = B) +o(a—B)| = la— ] -|i+o(1)| = 0 mpu [a— B| — 0.
IMonsarHo, uTo paBeHcrso |a — B - |i + o(1)| = 0 meBosmoxkHoO, ecau | — (|
JIOCTATOYHO MaJjio. TakuMm 06pa3oM, IepBoe yTBEPXKIEHNE JOKA3AHO.

N3BecTHO, 9TO

1'2 x4
1'3 1’5
g(x):$*§+y

Orcioma BeITeKaet, ato g(z) > 0 mpu = € (0, ), TJe Tpu HEOOXOIUMOCTH
yucso o > 0 U3 IpeAbLIyIero paccy IeHus cieayer yMeHbmuTb. Ciie-
JI0BATETHHO, YBEIMUeHNIO TapaMeTpa X OT HyJs COOTBETCTBYeT IBUKEeHHe
TOYKH €'® BJIOJb eMHITHON OKPYKHOCTH IIPOTHB YaCOBOIl CTPEJIKH.

7.7. OIPEJEJIEHUE. J[auna dyeu oKpysHCHOCTIY OTIPEAETISeTCsT KAK BepX-
Hslsl TPAHUIA JJIMH BIMCAHHBIX B JIyTy JoMaHbIX. PDopMaIbHO PaccMOTpUM
miist aroro pazbuerre P = {0 = ag < o < g < ... < @y, = a} oTpe3Ka
[0, a]. Hazosem duamempom pasbuenus: P senmanny A(P) = | max lag —

)

aj—1|. Pasbuennto P cooTBETCTBYET JIOMaHAasl, BIUCAHHAS B JIYTy elloel ¢
y3aaMu B ToukKax €'* Lk = 1,... n. lpuna jomMaHoil paBHa cymMMe JIJIMH
COCTAaBJISIIONIX €€ OTPE3KOB:
n
E ‘6i(1k _ ez’ak,1 .
i=1
Jmna ayra /%% papma o onpegesrenmio
n
sup g et — et*h—1], (7.5.12)
Pz

IlousiTHO, 9TO TpM W3MesBYEHWN pPa30MEHUs [JINHA BIIMCAHHONW JIOMAHOM
JIIb yBesmauBaercs. [losromy nepexos K Bepxueii rpanute B (7.5.12) upo-
ucxonut upu A(P) — 0.
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[TPOJIO/I2KEHUE JOKA3ATEJIbCTBA. 3aMETHM, 9TO aHAJIOITIHO HAadaJLy
JIOKa3aTe/IbCTBa MOXKHO HaIllCaTb

n n
Dl et =3 jfefnmony -
i=1 i=1

= Z(ak —ag-1)-li+o(1)],

rJie Jyist jiroboro € > 0 MoxkHO HaiiTi Takoe 0 > 0, uro |o(1)] < € Kak TOJbKO
A(P) < 6. ockombky 1 — |o(1)| < |i 4+ o(1)| < 1+ |o(1)], To npu A(P) < §
HOJLy IaeM

n
a(l—¢) < Z efor — elor-1] < o1 + ¢),
i=1

n
Tak Kak »_ (o — Qp—1) = Qv
i=1
CiesioBaTesIbHO,

n
supz etk — elor-1] = @, (7.5.13)
P iz

Iockonbky myra €9 maxomuress Ha eMHUYHOA OKPYKHOCTH, TO €€
JUINHA B TOYHOCTH paBHA Beimunue yria ZAOB, roe B = €. B coorset-
CTBUHM CO IIKOJIBHBIM KypcoM MareMaruku abcrucca f(a) Touku B — aro B
TOYHOCTHU COS v, & ee opauHaTa g() — 9710 sin .

7.5.2 IIPEAEN lim S22 — 1,
z—0 T

7.8. CJIEACTBUE. CrpaBeiinBo paBeHCTBO

sin x

11m

lim —= =1. (7.5.14)

JIOKA3ATEJIBCTBO. J[0Ka3aTeIbCTBO OYEBUIHO, TaK Kak ¢(x) = sinx =
x4+ o(z).

7.5.3 ®OPMYIA DIIEPA. OPVHKIMOHAJIBHOE OMUCAHUE TPUTOHOMETPU-
YECKHUX OYHKIIUN
7.9. TEOPEMA. CrupaBemyuBa opmysia Direpa:
i

e = exp(ix) = cosx + isinz (7.5.15)

st Becex x € R.
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JOKABATEJIBLCTBO. CupaBeyinBoCTh (hOpMy/Ibl Diijiepa IIPH MaJjIbIX
3HAYEHUSX MapaMeTpa T BbITEKaeT u3 JieMMbl 7.6. /leficTBuTesbHO, Ipu J10-
CTATOYHO MAJIBIX 3HAUCHHUAX HapaMeTpa T TOUKa e JIesKUT Ha eIUHITHON
OKPY2KHOCTH B IIEPBOM KBaJIpaHTe KOODAWHATHON miockocTu. e meiicrBu-
TeJbHAA YaCTh — 3TO IIPOEKIIN TOUKHU €'® Ha 0Ch abCIUCe, T. €. COBHAIACT C
COS T , a ee MHMMAs YaCTh — HPOEKINA TOUKHN €% Ha 0Ch OPJMHAT COBIAIACT
csinx.

Jia nokasarennerBa hopmyiist (7.5.15) ocTaeTcst HOKA3aTh €€ CIPABEl-
JINBOCTH IIPU OCTAJIbHBIX 3HAYEHUSIX aPIYMEHTA. DTO MBI IOy IUM KaK CJIE/I-
CTBUE JIOKa3bIBaeMOi HuKe TeopeMbl 7.10.

W3BecTHble M3 MKOJBHOIO Kypca MaTeMaTHKH (DYyHKIUHU SN U COS T
YAOBJIETBOPSIOT COOTHOIIICHUIO

cos(y £ x) =cosx-cosy Fsinx-siny s Beex x,y € R. (7.5.16)

Kpowme toro, mveem €' t¥) = i . ¢ Orcroma mmeenm f(z +y) +ig(z +

y) = (f(z) + ig@) - (F(3) + ig(y)) = F@)F(y) — 9(@)g(w) + i(F()gly) +
fy)g(x)). Cnenosareinnuo,

fle+y) =f@)f(y) —g(@)g(y) nnsveex z,y € R, (7.5.17)

9(x +y) = f(2)g(y) + f(y)g(x) 1z Beex 2,y € R. (7.5.18)
Amanormano u3 coorHomenmit !(®Y) = ¢ . e~ W g e=W = f(y) — ig(y)
BbBIBOJIUM

flx—y) = f(@)f(y) + g(x)g(y) nnaseex z,y € R, (7.5.19)

gz —y) = f(@)g(y) — f(y)g(x) anaseex z,y € R. (7.5.20)

CkaagpiBasg (7.5.17) u (7.5.19), nosydaem

fly+z)+ fly—x)=2f(x) fly) nnaseex z,y €R. (7.5.21)

U3 (7.5.16) BBIBOAMM, UTO COS & TOKE YAOBJIETBOPIET COOTHOMIEHUIO (7.5.21).

OcHoBHasg 1eIb JAHHOTO pasdjeia — JoKasarh, uro f(x) coBuajaer c
dyHKIHIEH COS .

YCTaHOBUM JJIst 9TOT'O CJIEAYIONINI PE3yJIbTAT.

7.10. TEOPEMA. EauncrBeHHO# (DyHKIHEH O,
1) ompenesennoii u wenpepbiBHOH Ha R,

2) yaosaerBopsiromeii ycaopuio (7.5.21),

3) He paBHON TOXKJIECTBEHHO HYJIIO H
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4) npunuMaromeii B 10605 OKPECTHOCTH HYJIsl 3HAYEHHS, MCHBIIHE €~
HHITBI,
apstercss Qyakuus cosax, rge a € (0,00) — HEKOTOpOe IMOJIOXKUTEIbHOE
BeIecTBeHHOE THCJIO.

JIOKA3ATEJILCTBO. Ilonarast B cooTHOIIEHNN

oly+ )+ ey —xz) =2p(x) p(y) ausa Beex x,y € R (7.5.22)

x = 0, nomyaaem 2¢(y) = 20(0) - p(y). Tak kak p(y) # 0 1yIa HEKOTOPOrO
y € R, to ¢(0) = 1. Ecan monoxkum B (7.5.22) y = 0, To moxyunm o(—zx) =
o(z), 1. e. p(x) — gernas GyHKIUS.

Tak kak ¢(x) — HenpepbiBHas (BYHKIHsL, TO HAHETCS TAKOE IIOJO0KU-
TeJIbHOE InCIIO ¢, uTo ¢(x) > 0 auist Beex x € [0, ¢]. ITo yesoButo 4) Teopembr
MOXKHO cuntarb, 9T0 0 < @(c) < 1. Tak Kak QYHKIWMs COS X HENPEpHIBHA,
maiinerca rtaxoe 0 € (0, %), uro ¢(c) = cosf. Ecm B (7.5.22) HOI0KHTH
T =y = ic, To nOIyUHM

PR - 20 L )] s

Tak xak oba 3HaUYeHUs © (%c) H COS (%9) HeOTPHUIATEJIbHBI, TO U3 IIOJIyYeH-
HOI'O COOTHOILIECHUA IIOJIydaeM

1 1
ap(ic) = cos(ié?). (7.5.24)
PapencrBo (7.5.24) ABJIsTeTCsT 6a30M MHIYKIIUN: €CJU COOTHOIICHIE
1 1
—c) = —9) 7.5.25
v ( on C) o8 ( on (7.5.25)

JIOKA3aHO, TO IOACTaBssl B (7.5.24) 2%0 BMECTO C, 1 2%0 BMeECTO 6, IoJTy1aemM
1 . 1 0
<p(2n+1 C) - COs(zn+1 )
Hasee, uz (7.5.22) umeem

oly+z)=2p() ¢(y) — ey —x) nns Beex x,y € R. (7.5.26)

[opcrasnsas x = y = 5% B (7.5.26), ¢ HOMOIIBIO paBeHCTBA, (7.5.25) BHIBOIMM

cp(2. 2%) - 2[¢(2%)r 1= Q[COS(%HQ 1= cos(2 : %) (7.5.27)
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Ilpu x = %, Y= 22n € TIOMOIIBIO paBeHCTB (7.5.27) u3 (7.5.26) BBIBOIUM

(o) =2o(5)olog) - ol
() (a) o) = oo 1)

Ecmm JOKa3aHO paBEHCTBO

cp(m . 2%) = cos(m - 2%), (7.5.28)

TO moACTaBIAA B (7.5.26) & = 55, Y = Mgy € MOMOIIBIO (7.5.28) HOTydYaeMm

<(m+ b QCn) 2“)(2(;) ( 2%)_‘9(2%)
0 0 0 0
—2008(2 )cos(mQ—n) —008(27) :cos((m—I— 1)- 2n)

Taxkum o6pasoM, paBeHCTBO (7.5.28) miust Bcex m € Z u n € N jokazaHo.
TToCKONIBKY COBOKYIHOCTD JIBOMYHO-PAIIMOHAJIBHBIX UNCEIT IIOTHA B R (CM.
zagaqay 1.71), cupaBeijiuBo paBeHCTBO

o(x-c) = cos(z - 0) (7.5.29)

st Beex ¢ € R. [lonmaras x = %, a= %, IoJIy4aeM yTBepzKJeHUe TeOPEMBI.

7.11. CaeacTBUE. Popmysna Diirepa (7.5.15) crupasejymsa 1IpH BCEX
3HAYEHUSIX apryMeHTa, T.

JIOKABATEJILCTBO. Ilockonbky dopmynna Diiiepa yKe J0oKazaHa MpH
MaJIbIX 3HAYEHUSAX IapaMeTpa o, TO YHCI0 § M3 Hadaja JOKA3aTelbCTBA,
reopeMbl 7.10 oueBuIHO coBlagaeT ¢ aprymenTom c. Tak uro f(x) = cosx
JUIST BCEX 3HAYEHUIT apTyMeHTa & .

Cosnazienne g(x) = sin x MOXKHO nosTyauTh 13 hopmya sinx = /1 — cos? x
ng(x) =+/1— f(x)? ¢ yuerom nmokazanHoro pasencrsa f(r) = cosz, ¢ € R,
ueuernoctu byuxiyu g(x), u nosoxurensuocru g(x) upu x € (0,7). To-
KAYKUTE!

7.12. CJIEACTBUE. @yHKIuu cos u arccos. Qyukrust cos : R — R
Henpepbiaa. DyHkimst cos : [0,71] — [—1,1] obparuma cormacHo Teope-
Me 6.27. ObparHyro K Heil (pyHKIHIO 0003HAYAOT arccos. OyHKIUST arccos
HEIpPEPBIBHAS U CTPOr'O yObIBAIOIIASI.
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7.13. CJIEACTBUE. @yukimu sin  m arcsin. @OyHkmus sin : R — R
menpepsiaa. Pyuknus sin : [—7w/2,7/2] — [—1,1] obparuma no Teope-
Me 6.27. ObparHyro K Hell (pyHKIHIO 0003HadaroT arcsin. OyHKIUs arcsin
HEIMPEPBIBHA U CTPOrO BO3PACTAIOIIASL.

7.14. CIEACTBUE. @yHKiuu tan u arctan. Qyakmus

sin T T
tan = — : (——,—) — R
cos 2°2
obparnma corjiaciao Teopeme 6.27. ObpatHyro K Heil QyHKIHIO 6ymeM 060-
3HagaTh arctan. Obe ¢yHKIMM tan u arctan HeNpPepBIBHBIE H CTPOI'O BO3-

pacraroIrue.

8 JN®PEPEHIIMAJIBHOE UCYUCJIEHUE OYHKIIUI OJHOU
[IEPEMEHHOI

8.1 ONPEAEJEHUE ITPOU3BOJIHOM

Bynem rosopurs, uro dyukuus f duddeperyupyema 6 mowke p u nmucarThb
f € D(p), eciu ona onpejeseHa B HEKOTOPOH OKPECTHOCTU 3TOH TOYKHU U
€CJIM OTHOIIEeHNE IpupaeHns GyHKIUA K IPUPAINEHIIO apl'yMeHTa,

f@t) — f(p)
t—p

)

paccMaTpuBaeMoe Kak (DYHKIIMS TEPEMEHHOI t, UMeeT KoHeuHbitl TIPeJIest
1pu t, CTPeMSIIEMCsI K p. DTOT IIpeJiest

i FO = £2)

t—p t—p

)

Ha3bIBAETCS NPousdsodwoti pyHKImMU f B TOUKE p U 0003HAYAETCS OLHUM W3
cumbosios f(p) mm D f(p). Cumson D(p) obosHauaer Kiaace Bcex dyHK-
unit, puddepeniupyembx B Touke p. Oyukimio f HaspBaor Jguddepen-
UpyeMoii, ecau oHa JuddepeHnupyeMa B KaXKJIoil TOYKe CBOeil 06JacTh
omnpe/iesienust Dom f.

MHOKeCTBO BCeX TOUEK, B KOTOPBLIX GyHKIN [ auddepeHmmpyema, 6y-
sieM oboznadaTh Dom f/ mmu Dom D f. ®yHknuio, Koropas KaxKJI0ii TOUKe
t € Dom f’ conocrasmsier aucio f(t), Ha3bIBAIOT NPoudsodrol yHKIMU f
1 OOBIYHO 0OO3HAYAIOT OJIHUM U3 CJIEJYIONIMX CHMBOJIOB

i o T
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Ilocsteauit cUMBOJI HCIIOJIB3YIOT B TOM CJIy4ae, KOrJa BhIpaxkeHue f Kpome
T COIEPXKUT JpyTrre OYKBBI, KOTOPBIE B JAHHBI MOMEHT HETJIACHO IIPEIIIo-
JIATafOTCs MMOCTOSTHHBIMU, a f PacCMATPUBAIOT KaK (DYHKIMIO TEPEMEHHOM
. Hampuwmep,

d d
-y =1, —(v—y) =L

8.2 OJHOCTOPOHHUE ITPOU3BO/IHBIE

Ecnu pasnHocTHOE OTHOIIIEHHE

f(z) = f(p)
r—=p
dyukIMu f B TOUKE p MMeET HpeJes UPU I, CTPEMSIIEMCS K P CIpaBa,
TO STOT Ipenell HA3BIBAIOT Npasoll npou3eodnoll GyHkuuu f B TOUKe p U
obosnauaror 60 D, f(p), mabo f' (p).

8.1. 3agauu. 1) Ipusectu onpeeenue JeBoi npoussoauoit D_ f(p)
byuknun f B TOUKE p.

2) Oyukuua f nuddepeniupyemMa B TOUKe P B TOM U JIAIIL B TOM CJLy-
4Jae, KOTJla OHa OIpeJIe/ieHa B HEKOTOPO# OKPECTHOCTH 3TOHM TOYKY U 00J1a,/1a~
€T KOHEUYHBIMU U PABHBIMHU MEXKJTy COOOH OJIHOCTOPOHHMMU ITPOU3BOIHBIMU

D_f(p) u D4 f(p). B srom cayuae D_f(p) = Df(p).

8.3 KHHEMATHUYECKAS UHTEPIIPETALIMSA ITPOU3BOJIHON

Co Bpemén Hprorona Beipazkerne f(t) 0OBITHO HHTEPIPETUPYIOT KAK II0JI0-
JKEHUe JIBUKYIIEeNcs TOYKN B MOMEHT BpeMenu t. B aTom cirydae j1pobb

f(t) — f(p)
t—p
HA3BLIBAIOT CpeJiHell CKOPOCTHIO Ha IPOMEXKYTKE BpeMeHH OT p Jio t, a eé
upeies Ipu ¢, crpeMsineMcs K p, T. e. npousBoiuyio f’(p) naspsaior (Mruo-
BEHHOI1) cKOpocTbio GyHKIMU f B MOMEHT BPEMEHH P.

8.4 T'EOMETPUYECKAS UHTEPIIPETALMA ITPOU3BOIHON.

IIycts f : X — R — muddepennupyemasi B Touke p dyakims. Ormernm
KaKylo-HHOYIb TOUKy ¢ € X 1 paccMoTpuM npsimyto L, Ha mtockocrn R?,

npoxozsnLyto depes Toukn (p, f(p)) u (g, f(¢)) rpaduka I'y byskumu f. Jra
psiMasi IBJsgeTcs rpadukoM OYHKITAN

ly(z) = f(p) + kg (x—p),
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rae kg = % — yr70BO# Koaddunument npamoit L,. Ecim ¢ mpubmm-
KAThb K P, TO kg yerpemurcs x f/(p) u, ciaemosarensno, npamast L, Gyner
CTPEMUTBHCS 3aHATH MMOJIOXKEHUe MpsiMoit K, siBJistionieiicst rpadukoM QyHK-
n

I(z) = f(p)+ f'(p) - (x —p). (8.4.1)
D1y UpsIMYI0 HA3BIBAIOT kacamenvrol K rpadbuky dyuknun f B Touke (p, f(p)).
TTozxke OyayT yKazanbl 60jiee rirybOKUe TPUIUHBI TAKOTO Ha3BaHUs. TakuM
0o0OpazoM, 3HAYEHUE TPOU3BOIHON €CTh YIJIOBON KOI(DMUIUEHT KacaTeIbHOM

K rpaduKy UCXOTHON (DYHKINK B COOTBETCTBYIOIIEH TOUKE TpaduKa.

8.5 TEOPEMA O JIEUBHUIIEBOM PA3JIOYKEHUU

Oyukiust A : R — R #HasbiBaeTcs JIMHERHOM, ec/ii OHA HelPePbIBHA U a1~
tuBHa. HammoMuuM, 910 /1151 J1I000# JTUHEHHON (DYHKIME CYIIECTBYET TUCTIO
a € R Ttakoe, uto A(v) = a - v. 3amernm, uro a = A(1), u nosromy ompese-
JISIETCSI €IMHCTBEHHBIM 00Pa30M.

8.2. TEOPEMA O JIEUBHULIEBOM PABJIOXKEHUU. Pyrkrnus f aucdde-
peHIIpyeMa B TOYKe P B TOM U TOJIBKO B TOM CJIyYae, KOIia OHa OIIpese/IeHa
B HEKOTOPO¥ OKPECTHOCTH 3TOH TOYKH U CYIIECTBYET TaKoe JINHEHHOe 0TOO-
paxkerme A : R — R, uro

f(x) = f(p) + A(x —p) + o(x —p) npuz — p. (8.5.2)
B srom cayuae A(v) = f/(p)v st Beex v € R.

JIOKA3ATENBCTBO. Honycrum, uro f € D(p). Jus kaxzgoro v € R
nonozxum A(v) = D f(p)v, n nyers o(z) = f(z) — (f(p) + A(z — p)).

Torna

o) _ fx)—flp) = Df)(x—p) _ flx)—fp)

= = —Df(p) — 0.
T—p xT—p T —p z—p

[IycTe Teneps dyukius f u muHeitnoe otobpazkenne A : R — R TakoBsl,
uyTo cupaselyuBa dopmysia (8.5.2). [lockoibKy orobpazkenue A jmHeitHoe,
TO CyIIeCTBYeT Takoe ducyio a € R, aro mjs soboro v € R umeer mecto
paserctBo A(v) =a-v (a= A(1)). Takum obpasom,

f(@) = (f(p) +a-(x—p)) = olr—p),

CTaJIO OBITh,

flx) = fp) _a-(x—p)+o(x—p)
e ol

— a+0,
D T—p



T e. a = Df(p).

8.3. BAMEYAHUE. 13 ypaBuenus xacarejbHO# (8.4.1) u pasjoxkeHus
(8.5.2) MOXKHO CJieJIaTh TAKON BBIBOJL:

f(z) = l(x) = o(x —p) nupuz — p.

JlpyruMu cjioBamM|, pasHOCTb MEXKLy 3HAYCHUAME (DYHKIUK [ U KACATE/Ib-
HOI | B TOYKE X OTJIMYAIOTCH HA BEJUIUHY 6OJIee BBICOKOTO IIOPSAJIKA CPAB-
HUTEIHHO ¢ PA3HOCTBIO & — P. DTO CBOMCTBO KACATEIBHOMN IIOJHOCTHIO €€ Xa-
paKTepu3yeT: HUKakas Apyras npaMas, Ipoxodinas depe3 Touky (p, f(p)),
TAKUM CBOHCTBOM HE 00JIa/1a€eT.

8.6 ONPEAEJEHUE JJUPOEPEHIIAAJA

Jluneitnoe orobpaxkenue A, mjst Koroporo cupasemiusa dopmyia (8.5.2),
HasbBalOT Judipepenyuanom byukiuun f B Touke p u obozmauaor df (p).
O6pa3 asemenra v € R npu orobpazkenuu df (p) 6yaem obozuagars df (p)v
unun df (p){v) u HasbBaTh 3HAa4YeHueM Juddepennuana df B TOUKe p Ha dJe-
menTe (BekTope) v. Oco6o ormernm dbopmyITy

df (p)(v) = f'(p) - v s Beex v € R. (8.6.3)

8.4. 3AanA4n. 1) Besikas nocrosiHas dynknus ¢ : R — R nauddepen-
nupyema. B jr060it Touke p € R e€ npousBojHas u jquddepeHnyuas paBHb
Hymo: De(p) = 0 € R, a de(p) = 0 — Hyneoe orobpazkenue, T. e. de(p)v =0
st Becex v € R.

2) Kaxmoe smneitnoe orobpazkenne A : R — R nuddepenuupyemo. Ero
nuddepeniman B 11060# Touke p € R coBnasaer ¢ HUM caMHUM, & IPOU3-
BOJIHAST TIOCTOSTHHA.

3) Ecu f € D(p), 1o f(x) — f(p) O(z — p). Hanpuwmep,

f@ =0 < (1D1@)I+ 7)o =

T—r

Kinacc dynkiuii, HenpepbIBHBIX B TOUKE P U PABHBIX HYJIIO B 9TOI TOUYKE
o6ozraunm Cy(p).

4) JIEMMA OB OTHOIIEHUU "o-MAJIOE". Ilycrs ¢ — dbyHKIms, onpe-
JeI€HHAs B OKPECTHOCTU TOYKHU P U PaBHAsI HYJIO B 9TON Touke. Torma

p(z) = of(z—p)), keN,

211



B TOM U JIMIIIb B TOM CJIy4dae, KOI'Jda (byHKIlI/Iﬂ @ 1IpeJacraBuUMa B BUIE

o(x) =o(1)(x —p)* upuz — p.

YKA3BAHUE: BoiTekaeT HETOCPEICTBEHHO U3 OIPEIETECHUA.

5) CIEACTBUE. Oyukuus, auddepeniupyemast B TOUKE p, HEIPEPLIBHA
B 9TOIl TOUKe.

YKABAHUE: elicTBUTEIBLHO,

f(z) = f(p)+ Df(p)(x —p) +o(1)(x —p) = f(p) + o(1) upuz— p.

8.7 OCHOBHBIE TPABUJIA JANPPEPEHIIMPOBAHUWA.

8.5. IIPABWJIA JIUPPEPEHIIMPOBAHUSI CYMMBI U IIPOU3BEIEHUSI.
Ecmn ¢yukmun f n g aupgepennupyembl B ToUke p, TO0 pyHKIII f + g
u fg Takyke quchbpepeHIIIPyeMbl B 9TOMH TOUKe, MPHIEM

D(f +g)(p) = Df(p) + Dg(p)

D(fg)(p) = Df(p)g(p) + f(p)Dg(p) — dopmyna Jleiibrnma.

JLOKA3ATEJ/ILCTBO. Obsiacth 3amanns kKak Gyukiun f+ g, Tak 1 GyHK-
man fg ectb MHOKecTBO Dom f N Dom g € N (p). Jlelibauneso pasioxkenne
8.2 dyukmuit f u g umeer BUJ

f(z) = f(p) + Df(p)(x —p) +o(1)(z — p),
g(w) = g(p) + Dg(p)(x — p) + o(1)(x — p)

npu © — p. [lostomy
f()+g(x) = (f(p) +9(p)) + (Df(p) + Dg(p))(x —p)+ (o(1) +o(1))(z — p),
f(@)g(z) = f(p)gp) + (Df(p)g(p) + f(p)Dg(p)) + v(z)(x — p),

rae y(x) — cyMMa IIeCTH CJIaraeMblX, KayKJ0e U3 KOTOPBIX CTPEMUTCS K
nysmo npu z — p: v(x) = [f(p)o(1)+D f(p)(z—p)(Dg(p)+o(1))+o(1)(g(p)+
Dyg(p)(x — p) + o(1)(z — p))]. Takum obpazom, v(z) = o(l) upu = — p.
Ocraérest BOCIIONMBb30BAThCS TEOPEMOI O JIEHOHUIIEBOM PA3JI0KEHIH.

8.6. IIPABUJIO JTUPD®EPEHIIUPOBAHUSA JPOBU. Eciin pyuknuu f u g

g depeniupyembl B Touke p u g(p) # 0, To PyHKIHS 5 Takke aupge-
PEHIIIpyeMa B TOYKE P H CHPABEIIHBA (POPMYIIa

(f)" _f9—1d
g/ 'r 912 9° P



JOKA3ATEJJIBCTBO. Ilockosbky (byHKIHMS g HEIpepbIBHA B TOYKE P U
g(p) # 0, To |g] > 0 B HEKOTOPO} OKPECTHOCTH 9TOH TOUKH (IO JIeMMe O
HEPABEHCTBE IPEJIE/IOB) 1 1oToMy Dom % € N(p). Beraucgmm mpousBoIHyIo

dyHKIMH é:

1 1

9@ s _  9(p) —g(x) . g'(p)

—p 9(2)g(p)(z —p) ==p  (9(p))?’

Ocraércs npoauddepeHimposars npousseeHue f - é.

8.7. IIPABUJIO AU®PEPEHIIMPOBAHUS KOMIIO3ULUU. Ecin ¢yukims
f mugpepennimpyema B Touke p, a QyHKIHST g AudepeHnupyeMa B TOUKe
q = f(p), To Gynknus g o f muepenuupyema B TOUKE p U HMEET MECTO

¢opmyra
D(go f)(p) = Dg(f(p)) - Df(p). (8.7.4)

JIOKABATEJILCTBO. Ycranosum, uro Domg o f € N (p). Tockombky
byaruuu f u g guddepeHIupyeMbl B TOYKax p U ¢, ToO MHOXKecTBa Dom f
u Dom g sBJISIFOTCSI OKPECTHOCTSIMM TOYEK p U ¢ COOTBETCTBEHHO. Tak Kak
dyHKIMs f HelpepbIBHA B TOYKE P, TO COIVIACHO TOIIOJIOTUIECKOMY OIIPE/Ie-
JIeHUIO Tpefiesia 5.16 y TOUKHU p mMeeTcs TaKasi OKPECTHOCTL V', 9To

f(VNnDom f) C Domg.

CremoBarensro, V N Dom f C Domg o f u moromy muO2)kecTBO Dom g o f
SIBJISIETCSL OKPECTHOCTBIO TOYKH P.
ITo slemme 06 "o-masiom " IeibHUTIEBO pa3/IoKeHne (DYHKIMN § TPUHIMA-
€T BU/I
9(y) = 9(q) + Dg(a)(y — ) + B)(y — @)

rie 5 € Co(q). Orcrona
g(f(@)) = g(f(p))+Dg(f(p))(f(x) = f(p))+B(f(2))(f(z)— f(p)). (8.7.5)

Tockoubky dyuruusa f € D(p), TO 1js CIPABEIIBO JIEHOHUIIEBO PA3JIOXKe-
HUE B TOYKE p:

f(z) = f(p) = Df(p)(x —p) + o(1)(x —p) 1pmz — p.

IMoxcrasiss B (8.7.5) neitbuuneso pasitoxenue pazuoctu f(x)— f(p) B Touke
P, UMeeM

g(f(z)) = g(f(p)) + Dg(f(»))Df(p)(x — p)

+ Dy(f(p))o(D)(z = p) + S(f(2))(Df(p) + o(1))(z — p)
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upu x — p. Tenepsb ocTaercss 3aMeTUTH, YTO BbIpaXKeHUE

[Dg(f(p))o(1) + B(f(2))(Df(p) + o(1))]

ectb Besmuuna o(1) npu z — p (ITOYEMY!). Takum o6pasom,

g(f(z)) = g(f(p)) + Dg(f(p))Df(p)(x — p) +o(1)(z —p) nupuz— p.

Orcrona nostydaem npaBuiio (8.7.4) nuddepeHIupoBaHs KOMIO3HUIIH.

8.8. IIPABUJIO JTU®PEPEHIIMPOBAHUA OBPATHOU ®YHKIUU. [lycTh
f:X—=>Ywug:Y — X — B3aumuo obpaTHble OTOOPAKEHHS HOJMHOXKECTB
quca0BOH npsiMoi u myctb [ nucgepenmupyemo B Touke p € X. B rakoit
curyanuu orobpazkenue g auggepennupyemo B rouke ¢ = f(p) B ToM u
JIHIIIb B TOM CJIy9ae, KOIfa

1) mpoussonnas D f(p) # 0,

2) orobparkeHre g HENPEPBIBHO B TOYKE ¢,

3) mHOkECTBO Y ABJISIETCS OKPECTHOCTHIO TOYKH (.

Kpowme Toro, .

Df(g(q))

JOKABATEJIBLCTBO. Heobxomumocts oueBumana. leificTBUTEIBHO, ecyn
g € D(q), 0 Y € N(q) n g menpepriBHa B TOUKe ¢. Bosee Toro, kKoMmosutust
g o [ nmuddepeHupyeMa B TOUKe p U 3HAYEHHE [IPOM3BOIHON paBHO 1:

g(fp)-f(p)=1

Dg(q) =

Orcroma f'(p) = ﬁ # 0.
Hokaxkem pocraroanoctb. Tak kaxk dyukius f € D(p), To eé MOKHO
IPEJCTABUTL B BUJIE

f(x) = f(p) + Df(p)(z — p) + a(z)(z — p),

rue o € Co(p). Orcroma 1uis kaxkioro y € Y seuny pasencrsa f(g(y)) =y

y=q+Df(p)(9(y) —9(q) + ag9(y))(g9(y) — 9(q))-

U nockoseky D f(p) # 0, a dyuxmus a(g(y)) € Co(q), T0
o)~ 00) = () + ) A=y



Tak xax a(g(y)) — 0 mpu y — ¢, TO MOJIyUEHHOE pa3JIOKeHHe OyIeT Jei6-
HUIEBBIM 7151 (DYHKIMKA ¢ B TOYKE ¢, €CJIM OTHOIIEHNe

9(y) —9(a) _ 0(1)
y—q

HeficTBuresnsHo, nonaras y = f(z) u yuurbiBasi, 910 £ — p UPA Yy — ¢,
nMeeM

gy -gle) _  x-p 1 1 _
v—q @ f@) 1w D) rem) )
npu y — q.

8.9. 3a7Aun. 1) CocraBuTh U 3aOMHUTH TAGJMILY [POU3BOIAHBIX U3-
BECTHBIX (PYHKITHIL.

2) duddepennupyemocts, npoussoanast 1 AuddepeHimalt CyTh JOKaAIb-
HBIE TIOHATHS: ec/in (PYHKIMKU f U ¢ COBIAJIAIOT B HEKOTOPOW OKPECTHOCTH
rouku p u f € D(p), 10 g € D(p), Dy(p) = D f(p), dg(p) = df (p).

3) JIEMMA O ITPOU3BO/IHON ITIPOME2KYTOYHOU OYHKIIUU: eciiu PyHK-
man f,u,v : X — R takosel, aro f(z) € [u(z),v(z)], u,v € D(p), u(p) =
v(p), u'(p) =v'(p), To f € D(p) n Df(p) = v (p).

4) YeyoBust 2 n 3 npapuia auddepeHImpoBans 06paTHOrO 0TOGpaKe-
Hust 6e3 yiepba Jjisi MCTUHBI MOXKHO OTOpPOCHTH, ecju oTobpakenue f :
X — Y memnpepsIBHO.

5) Iycrs f € D(p), & Ty, U Y, — TAKHE CXOILAIIAEC K TOUKE P IOCIIE0-
BaTEJIBLHOCTH, 9TO T, 7 Y, Mt Becex n € N. Torga

yn — T n—oo

Df(p),

€CJI BBIIIOJHEHO XOTsI OBl OJIHO U3 JIBYX CJIEIYIOIIUX YCJIOBUIL:

1) p € [z, ynl;

2) dyukuusa f muddepennupyemMa B HEKOTOPOH OKPECTHOCTH TOYKH P,
a e€ MPOM3BO/IHAS HEIPEPHIBHA B TOYKE P.

Bes nonosauTebHBIX ycJIOBUil yTBEp2KieHne HeBepHO. [IpuBecTn mnpu-
MepHI.

6) Iycts w, : R — R — takas 2! "-nepumouueckas dbynkms, aro
wp(z) = |z| opn x € [-27",27"], n nycts w(z) = > wy,(z) Oynkuus

n>0

w HENPEpPBIBHA, HO B JTI000H TOUKE HE ;m(b(bepeHquyeM;. Takune dyuxIIH
BIEpBBIe obHapyku1 Beitepirpacc.
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8.10. 3BAMEYAHHUE.

1) Ha npakTuke BbIpazkKeHUs TUIA T2 U € TPAKTYIOT U KaK (DyHKIUU
[IEPEMEHHOM X, U KaK 3HaYeHust 9TuX GyHKIMI B ToYKe 2. BHIGOp TpakToBKU
JIUKTYETCS CMBICJIOM TEKCTa (KOHTEKCTOM).

2) Pesysbrar Boluncienus npousBoaHoil dbyskimu f(x) mepeMeHHOl

vacro 3anuckiBaor tak: (f(x)) = g(z) nwm % = g(x). Hanpuwmep,

2

(Inz) = l, it‘r =t"Int.
' dz
Takast dopma 3ammcu paBencTBa QYHKIMH GHOPMATLHO HEKOPPEKTHA, TaK
KaK, 3aMEHUB OyKBY & UMEHEM KOHKPETHOTO IUCJIA, MOYKHO [OJIyYUThH HEBEP-
HOE U JazKe HEJIeIoe PABEHCTBO.

Yro6bl y3aKOHUTH UCIIOIb30Banue pasercts Tuna (f(x)) = g(x), MoxkHO
CYMTATH TAKOE PABEHCTEO CHMHOHUMOM CJIEIYIONIAX BBICKA3BIBAHWIA:
«bynaxmun (f(z))’ n g(x) mepemennoit = comamaoT Ha MHOKecTBe Dom f/»,
«qyst Beex p € Dom f/ sepuo (f(2))'|, = g(p).»

3) B m0106HbIX cuTyarusax OyKBY & MOJIE3HO TPAKTOBATH KAk (DYHKIIUIO
IepeMeHHO , T. €. KaK ToXKaecTBeHHOe orobpaxkenne id : R — R, mockob-
Ky OHO onpegessgerca (opmysioii id(x) = x miua Beex x € R.

8.11. JIEMMA O 3HAKE IPOU3BOAHON. I. Ecsim D4 f(p) > 0 (< 0), To

@) > f0) (@) < o).
IL Eou D_f(p) >0 (<0), 10 f(2) < f(0) (/@) > S(0):

z—p—0

JIOKABATEIBLCTBO. Ilycrs D_ f(p) > 0. [lockoabky

f(.’L') — f(p) _ D,f(p) > 07

r—p z—p—0

TO IIO TeopeMe O HEepaBEHCTBE IIpe/1eJI0B

HO, f(.’ﬂ) - f(p) m_}i_ 0.

0
ﬂpyrne yTBepzKAeHusd JIEMMbI YCTaHABJANBAIOTCA aHAJIOT'HTIHO.

M > 0, u, ciegoBaTe/b-
=P z—p—0

8.12. CnEACTBUE. Econ f € D(p) u D f(p) > 0, 10 y TO9KH p HMeeTcs
Takass okpectHocTb (¢ < 1), aro f(t) < f(p) mms Beex t € (¢ < p) u
f@&) > f(p) amsa Beex t € (p <71).

ToBopsT, 9TO p CTh MOUKAE MUHUMYMG (CMPOL020 MUHUMYME) PYHKUUL
f: X =R, ecin

f(x) > f(p) musasecex ze€X
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(ecnu f(z) > f(p) mna Bcex x € X \ {p}). ToBopsar, uto p ecrb Mmou-
K@ AOKAADHOZ0 MUHUMYMAE (CTMPO2020 AOKAABHOZ0 MUHUMYMG) GYHKUUL
f: X = R, ecin y TOUKM p MMeeTCsT TaKast OKPeCTHOCTH U, UTO p sABJIsieTCs
TouKOl MuHUMYyMa (cTpororo Munumyma) dyukuuu f: UNX — R. Aunaso-
TUYIHO OMPEEIISIIOTCS TOYKY MAKCUMYMA, CMPO2020 MAKCUMYMA, AOKAND-
HO20 MAKCUMYMA U CMPO2020 AOKANLHO20 MAKCUMYMA Gynryuy. Toakn jo-
KaJbHOIO MUHUMYMA& U TOYKH JIOKAJTHHOTO MAKCUMYMa, HA3BIBAIOT MOYKAMU
AOKANDHO20 IKCTPEMYMA.

8.8 HEOBXO,III/IMOE VYCJIOBUE JIOKAJIBHOT'O SKCTPEMVYMA.

8.13. JIEMMA ®EPMA. Eciiu p — ToUKa JIOKAJIHHOTO 9KCTPEMYMa, Py HK-
mun f, o Jmbo

1) f memudpdepennupyema B 9108 TOUKE, JIUOO

2) [ mucppepennupyema B a10it Touke, u B 31oM caydae D f(p) = 0.

JOKA3ATENBLCTBO. Ecim f € D(p) u Df(p) # 0, To 10 cieacrsuio
JIEMMBI O 3HaKe IIPOM3BOHOI, p He MOXKET OBITH TOYKOI JIOKAIBHOIO IKC-

Tpemyma pyHKIuu f.

8.14. TEOPEMA PoJuid O CPEIHEM. Eciu ¢yHKIims [ HernpepbiBHA
Ha orpeske [a < b] u qugdepennupyema B KaxKJI0ii ero BHYTDEHHEH TOYKe
u eciu f(a) = f(b), To umeercst takasi rouka p € (a,b), aro D f(p) = 0.

JOKABATEJIBLCTBO. CormacuHo Teopeme Beitepmrrpacca 06 sKcTpemy-
Max, Ha oTpe3ke [a,b] umerorcs takue Touku p,q, uro f(p) < f(z) < f(q)
npu aobom x € [a < b]. Ec f(p) = f(q), To f nocrosinua Ha [a < b] n,
craso 6biTh, D f = 0 na cém unrepsase (a < b).

B unOM ciydae oHa M3 OTMEYEHHBIX TOYEK IPUHAJJICXKUT UHTEPBAJLY
(a < b) u, 3naunt, B cuwry Jemmbl DepMa STBISAETCS UCKOMOIL.

8.15. TEOPEMA JIATPAHXKA O CPEIHEM. Ecim ¢ynkmus [ Henpe-
PbIBHA Ha OI'PaHHICHHOM OTPE3Ke [a, b] u juchpeperIupyeMa B KaxKJI0i ero
BHYTPEHHEII TOYKe, TO Ha HHTepBaJIe (a, b) HaJIETCs TaKasl TOYKa P, 4TO

F(b) = fla)

Dflp) = ———

JIOKA3ATENBCTBO. Ilycrs I(t) — dynkims, rpaduk koTopoit — 310
npsiMast Ha 1iockoctn R?) mpoxosgmast wepes touku (a, f(a)) u (b, (b)),

ne £(b) = f(a)

I(t) = fla) + ————
91— @

(t—a).



@Oyukuus (f —[) yIoBIeTBOPSIET BCEM YCJIOBUAM T€OpeMbl Posuis u, 3HAUHMT,

numMeercst Takast Touka p € (a,b), aro D f(p)—Dl(p) = 0. Ocraércst 3ameTuTh,
_ fb)—=f(a)
q9TO0 Dl(p) = "%=a -
3aksouenue TeopeMbl Jlarpamska SKBHBAJEHTHO YTBEPXKJICHUIO: Kaca-
tespHas K rpaduky 'y, B Touke (p, f(p)) mapasuienbna mpsMoii, TPOXois-

tiedi gepes rouku (a, f(a)) u (b, f(b)). Iouemy?
Pasnocts f(b) — f(a) HasBIBAIOT Npupawenuem Gyrryuu f oT a 10 b u

ee 0003HAYAIOT CUMBOJIOM f ‘a.

8.16. TEOPEMA O NPUPAIUEHUAX. Ecan pyakmnun [ u h HempepsBHBI
Ha orpeske [a < bl C R u |f'(z)| < W(x) mus Beex x € [a, b], 32 nckmode-
HHEM, OBITH MOXKET, KOHETHOH COBOKYIIHOCTH TOYEK, TO

Lol < Al

JIOKABATEJIBCTBO. [loctarouno camraTh, uro HepaseHctso |f'(z)] <
h/(x) BeimosHeHo B Kaxknoil Touke x € (a,b). Hepasencrso |f/| < h'(t)
9KBUBAJICHTHO cjemyiomeii nape mepasencrs —h' < f' < b/, koropas, B
CBOIO OYepejib PaBHOCUJIbHA ciemyiomeli nape mepasencts b/ + f > 0 u
W— f>0.

[ycts g = h — f. OyHkmusa ¢ HempepbiBHA Ha oTpeske [a,b] C R
n ¢'(t) > 0 B KaKJ0i BHyTPEHHeHl TOYKe 3TOro oTpeska. M3 TeopeMmbr
Jlarpan»ka CJIeJIyer, 9To sl BCAKOHM mapbl To9eK T < y uHTepBasa (a,b)
g(x) < g(y). Tak Kak QyHKIWMs ¢ HEIPEPLIBHA, TO [0 TEOPEME O HEPaBEH-
cTBe TpejienoB g(a) = gﬂgﬂog(z) < g(y) anst Besikoro y € (a,b). Orcrona

o roii xke npuunte g(a) < lim g¢(y) = g(b). Tem cambim f|b < h‘b.
y—b—0 a a

b b
AHajIornIHO ycTaHAB/INBAETCSI HEPABEHCTBO fh|a <f |a.

9 [IPUJIOKEHUA NUODPEPEHIIUAJIBHOTO NCYUC/IEHUA

9.1 TIIPOUBBOJHASI U MOHOTOHHBIE ®YHKIIWU.

9.1. TEOPEMA O IN®O®EPEHIIUAJIBHBIX TTPU3HAKAX MOHOTOHHO-
CTU. Ecim ¢pynknusi f HenpepbiBHa Ha mpomexxyTke T w eciu eé mpowns-
BOZIHASI HEOTPHUIATE/IbHA (II0JIOKHUTEIbHA) B KAXKIOH €ro BHy TPeHHEl TOUKe,
To yurius f Bospacraer (CTPOro Bo3pacraer) Ha 3TOM IIPOMEXKYTKE.

JOKABATEJIBCTBO. Ecian 0 < D f, To cormacHo Teopeme O TpUpPaIeHn-
ax f |Z > 0 nuia 1r000it Tapbl TOYEK & < Y MPOMeKyTKa 1.
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Ecmu xxe Df > 0, To f Bo3pacraer u ecsm 61 Ha T’ GbL1a OBI TaKast mapa
Touek x < y, 9ro f(x) = f(y), T0 Ha orpeske (z < y) dbyHKMs f Oblaa ObI
MIOCTOSTHHOM M, CTAJIO OBITH, UMEJIa HYJIEBYIO IPOU3BOIHYIO.

9.2. 3A1A4YA. ChopMyMpoBaTh U TOKA3aTh aHAJOrHIHbIE Juddepen-
[UaIbHBIE TPU3HAKY yOBIBAHMS.

9.2 JIMO®EPEHLUAJIBHBIE [IPU3SHAKN 9KCTPEMYMA.

9.3. ,D;OCTATOLIHBIE IIPUBHAKU JIOKAJIBHOI'O 9KCTPEMYMA.

I. Ecin cpynkuus f uenpeppisua Ha ubreppajge T = (a <b)up € T —
Takasl TOUKa, 9T0 Ha nHTEepBaJe (a,p) npoussognas ' < 0, a Ha HHTEpBaJe
(p, b) npoussoguast f' > 0, To p ecTh TOUKA CTPOroro MHHUMYMa QyHKIHN
fraT.

II. Ecm f'(p) = 0, a f"(p) > 0 (< 0), 10 p sgBIsIeTCsT TOYKOH CTPOrOro
JIOKAJIBHOTO MEHAMYMa (MakcuMyMa) pyaknun f.

JOKABATEJLCTBO. 1. IlepBoe yTBep:kIieHne — 3TO IPSIMOE CJIEICTBHE
[IPU3HAKOB CTPOTOro yOLIBAHUSI W BO3PACTAHUSI.

9.4. TIPUMEP. f(x) = /|sinz|, T =[-1,1], p=0.

II. ®ynkumsa f’ onpejenena Ha HEKOTOPOH OKPECTHOCTH TOYKH p, NGO
obsagaer npoussoauoii f”(p). B takom ciaygae corsacuo ycuaosuio f”(p) > 0
u JeMMe 8.11 0 3HaKe MPOM3BOIHON y TOUKH P UMeEETCsT TaKasi OKPECTHOCTD
(a < b), aro f'(¢t) < f'(p) = 0 muza Beex ¢t € (a < p), f'(t) > f'(p) =0
st Beex t € (p < b). Iyt I roBopuT 0 TOM, 9TO p €CTh TOYKA CTPOTOrO
MuHUMyYMa QyHKIwN f Ha okpecTHOCTH (@, b) TOUYKH p.

9.3 BBINYKJIBIE ®YHKIIUU.

[lycts E — Kakoe-HIOYIH BEKTOPHOE MpocTpancTBo (Hampumep, R?). Mmo-
KecTBO B C FE Ha3bIBaIOT BBIILYKJIBIM, €CJIM OHO BMecTe ¢ Ji000# mapoii
CBOMX TOYEK P, ¢ CONEPKUT OTPE3OK [p, ], UX COEIMHSIIOIIIA:

[p,q) ={z=p+tlg—p):te0,1]}
={r=7mp+nq:T, 2 Ry, T + 7 =1}

9.5. ONIPEJEJIEHUE. T'oBopsT, uT0 MYHKIUA [ ABAAEMCA BVINYKAOT HA
npomestcymxe T, eciiu Hadepadur

Hy:{(z,y) eR*:z €T, y> f(x)}
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dyuxuun f : T — R sBJIseTCs BBITYKJIBIM IIOJIMHOYKECTBOM IJIOCKOCTH RZ.
Oyuknuio f Ha3BIBAIOT 602HYMOU Ha npomescymxe T, ecau Ha TOM
npoMekyTKe PyHKIns — f BBIITyKJas.

9.6. 3AagAYN. Oyuknus f : T — R gaBisieTcst BBITYKJION TOL/A U TOJb-
KO TOT/Ia, KOI/[a BCAKA XOP/ia, COEINHAIONIAs KaKNe-inbo TOUYKN I'paduka,
HaXOJUTCs BbIIIE JyTu I'paduKa, COSTUHSIIONENR STH K€ TOUKU.

9.7. JIN®OEPEHIIMAJIBHBIE [TIPU3HAKU BBINIYKJIOCTU. 1. Ecin pyHK-
must  angppeperimpyema Ha mpoMeskyTke 1 u eé Ipon3BogHAST BO3PACTAET
Ha 9TOM IIPOMEXKYTKe, TO (pyHKIHA f BoiIykJa Ha T .

I1. Econ dyukmus f aBazkiel quggepernnupyema Ha nmpoMekyTke T u eé
BTOpasl IPOU3BOIHAST HEOTPUIATEIbHA HA 3TOM MPOMEXKYTKE, TO (DYHKIIHST
f Bomyksa ma T

JOKA3ATENBCTBO. I. Ilycre (a,y) u (b, 2) — Kakue-mbo TOUKH HaJI-
rpaduka Gynkuuu f, T. e. Takue Touku, uro a,b € T, f(a) <y, f(b) < 2.
HormyctuMm, uto a < b, u mycTb

Rt I(t)=y+—2(t —a)
—Q

— dbyukms, rpaduK KOTOPOIt CTh IpsAMast, TPOXOAIIAS T€PE3 PACCMATPHU-
BaeMble TOUKW. Hamma 1esb — MOKa3aTh, 9TO OTPE30K, COSTUHSATONTAN TOTKH
(a,y) u (b, z), nexkur soime rpaduka Gyukuuu f : [a,b] - R, 1. e. uro
f(t) < I(t) upu mobom ¢ € [a,b]. dusg 5T0ro JOCTATOYHO YCTAHOBUTH, YTO
dyukims h = f —1 <0 na [a, b].

Tak kak f(a) <y =lI(a) u f(b) < z =1(b), 1o h(a) < 0 u h(b) < 0.
JonycTuM, 910 Ha HalleM OTpe3Ke ecThb Touka ¢, rue h(c) > 0. B arom
cirydae h’; > 0. Ilo Teopema Jlarpamxka 8.15 o cpeHeM CyIIeCTBYeT TOYKA
p € (a,c) Takas, aro Dh(p) > 0. Ilosromy Dh(t) > 0 mua Beex t € [p,b],
u6o dyuxnus Dh sospacratromas. Cuenosarenbro, h(b) > h(c) > 0 B TO
Bpewmsi, kak h(b) < 0.

IT. SToT MpHU3HAK SABJIAETCA MPOCTHIM CJIEJCTBUEM MPEIBLIYIIETO.

9.8. ONPEAEJEHUE. Buinykaot xombunayuelds movex pi,...,P, MPO-
CTpaHCTBa F HA3BIBAIOT BCAKYIO TOUKY BUIA T1P1+ . .+TkPk, THE T1, -+« y Tk —
HEOTPUIATE/IbHbIE YNC/Ia TaKue, 9To 71 + ... + 7, = 1.

9.9. ®U3BUYECKAS UHTEPIPETALMS. Ilapy (p,m), tue p € E, m €
R, Ha30BéM MacCHBHOH TOYKOH, a 9mucjg0 m — eé maccoir. BapumeHTpom
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(meHTpoM Macc) cHCTeMbl MACCHBHBIX TOYEK (p1,Mmy1), ..., (pg, my) Ha3bIBa-

0T TOYKY
k
1
p=— E m;pi,
m 4
i=1
k
e m = Y. m; — Macca pacCMaTPUBACMOI CHCTEMbI MACCHBHBIX TOYEK.

i=1
Tem caMbIM, BBIIYKJIYIO KOMOHHAIIHIO T1P1 + . . . + Tk Pr MOXKHO TPAKTOBaTH
Kak GApHIIEHTP CHCTEMBI TOUEK TOTAJIHHON €THHHIHOH MACCHI.

9.10. BAPULIEHTPUYECKUIT KPUTEPUU BBIIIYKJIOCTU. MHoxkKecTBO
B C E BBIIIYKJIO B TOM W TOJIBKO B TOM CJjiy4dae, Kor/la KazK/las BBIIIyKJlasd
KOI\46I/IHaI_U/IH JIIO6OI7I CHCTEMBI €r0 TOYEK SIBJISIETCSI TOUKOH 9TOro MHOXKECTBa
(6apuIieHTPHIECKOE YCJIOBUE BBILYKJIOCTH).

JIOKABATEJILCTBO. JlocTaTrouHOCTh GAPUIEHTPUYECKOIO YCJIOBUS SIB-
JISIETCSI TIPSIMBIM CJIEJICTBAEM OIPEJIEICHIST BBIILYKJIOCTH.

HorycTuM, 9T0 MHOXKECTBO B BBIIYKIIOE U MOKaYKeM, 9TO JII00asi BBITYK-
Jlast KoMOnHatms k ero Touek mpuHanexkut B nmpu k > 2. Ecim k = 2, To
9TO yTBepXKjeHue UCTHHHO. [lycTh paccMarpuBaemMoe yTBEDIKJIEHHE BEPHO
JJIsI HEKOTOpOro k > 2.

Pacemorpum k + 1 Touky po,...,pr € B ®m HeoTpumaresbHbIe YUCIIA
k k

T0,. .., Tk TaKue, 4r0 » T, = 1. Homoxum p = »  Zip; UpH ycroBuwm,
n=0 i=1

k

gro 7 = », 7; > 0 (cayuait 7 = 0 oueBuzen). CoriacHO UHIYKIIMOHHOMY
i=1

npeamonokennto p € B. I[Tosromy

k k
.

Zﬁpi = ToPo JrTZipi =Topo +7p € B,

=0 = 7

ubo po,p € B, 79 + 7 = 1, a MHOKecTBO B BBIIIyKJIOE.

9.11. HEPABEHCTBO WEHCEHA. ITycrs f — Bblmykias QyHKIHs Ha
mpomexxyTtie 1. Torga mj1st 10605 BBIITYKJIOH KOMOMHAIIAT T1X1 + . . . + TRXk
TOYEK X1, ...,T, € 1T HMeeT MECTO HEPABEHCTBO

flhzy + ...+ mex) <7f(zr) + ..o+ 7 f(2r),
rie T; — IPOHU3BOJIbHbBIE HeOTPUIATEIbHbIE YHCIa, YI0BICTBOPSIOLIHE Y CI0-

BUIO Ty + ...+ T = 1.
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k
JIOKABATEJIBCTBO. Ilycrh © = ) 7;0; — Kakasg-au00 BBIILYKJIAs KOM-
i=1
k
Gunarmsi Touek npomexxyrtka T, a y = > 7 f(x;), e
i=1

7,20, Ti4+...+7 =1
Toukn
(-Tlvf(xl))v'~~7(xk7f(xk))

npuHajekaT Hajarpaduxy Hp, ABIAIOMEMYCsS BBIIYKJILIM MHOXKECTBOM.
Biarogaps 6apurieHTpruiIecKOMy KPUTEPHUIO BBITYKJIOCTH UMEEM

(z,y) = (ZTixi,ZTif(xi)) = ZTi (@, f(x)) € Hy.

Dro oznavaer, uro f(z) < y.

sin(fa + 4+ 7)

9.12. IIPUMEP. 3

a, B, € [0, 7).

> 1 (sin a+sin B+sin~y) as Beex Touex

9.13. HEPABEHCTBO FOHTA.
ai’ - ...-af <Ta 4.+ TRag (9.3.1)

JUIST JIIOOBIX TIOJIOXKHUTETBHBIX THCET G, ..., Ak, Ti,. .., Tk TAKHX, 9TO T1 +
...+ 7, = 1. BHak pasencrBa B (9.3.1) BO3SMOXKEH TOIJ[a H TOJBKO TOIJIA,
Korjga ay = ... = Q.

B ugactHOCTH, OTCIO/IA BBIBOJIHM

1
«k/al-...-akgE(al—i—...—i—ak)

(nepasencmso mescdy cpeoHum 2eomMempuyueckum U cpedrum apudmemu-
YECKUM,) .

JOKABATE/BCTBO. Oyukius e” Boinykias. [losromy B cuty HepaBeH-
crBa leHncena nmeem

a‘]l:1 A a;’“ — Tt Inay | ek Inag — Tt Inai+...4+7 Inag S

< e 4 e = a4 TRa.

B cuy crporoit Beimykitoctu dbyuknuu e® pasercrso "=" Bmecro "<" 31ech
BO3MOXKHO TOTJIa ¥ TOJIHKO TOT/IA, KOTJIA BCE UUCIA A1, . . . , Af, PABHBI MEXKJTY
CO0O1A.
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9.14. HEPABEHCTBO I'ENIbAEPA. IIycth x; > 0,y; > 0,1 =1,...,n, —
JIBa Habopa HEOTPHIATEJbHBIX BEI[eCTBEHHBIX YHCEJ, U 1% + % =1,p¢€

(1,00). Torza
> ay < (Z xf) " (Z yf) " (9.3.2)
i=1 i=1

i=1
3nak pasencrsa B (9.3.2) BO3MOXKEH TOIJA U TOJBKO TOLIA, KOLJA BEKTODDI
P q
(xf,...,22) m (y{,...,yl) OpOImOPIHOHAILHEL

n n
JIOKABATENBCTBO. Ilycte X = > 2 >0unY = Y y? > 0. Honaras
> yP i=1 i=1
B (9.3.1) a1 = <, ap = 5+, UMeeM
TiYi Lz 1y
X»ye pX qY

CyMMupyst 9TU HEPaBEHCTBA 110 ¢ OT 1 710 M, moJIy4YaeM

n
Z TiYi
i=1

= <.
XrYa

U3 nocsieninero seiBoguM (9.3.2).
IMockosbKy 3Hak B (9.3.2) npu k = 2 BO3MOXKEH JIMIIL DU (41 = A2,
3akJ09aeM 4To B (9.3.2) OH BO3MOXKEH JIMIIb [P IIPOIIOPIMOHAIBLHOCTI
P\, 4 4 _ P ;_
r, =y mma y! = Ax;,i=1,...,n.

9.15. HEPABEHCTBO MWUHKOBCKOTO. Ilycth x; > 0, y; > 0, ¢ =
1, ...,n, — aABa Ha6opa HeoTpuliaTe/JIbHbIX BEIIIECTBEHHbBIX YHUCEJI, U YUCJIO
p € (1,00). Torza

(i(%‘ + yi)p>; < (i fff + (é yf) %. (9.3.3)

i=1 i=1

JOKABATEJBLCTBO. [Ipumennm mepaBencTBo [€ibaepa K KaxK 1o cym-
M€ B IPaBOU 4aCTHU TOXKIAECTBA

n

n n
Do @ity = wilw gD e+ y)
=1 =1

i=1
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Torna jieBast yacTh OyieT OlleHEHa CBEPXY B COOTBETCTBHM C HEPABEHCTBOM
Ténpepa BesmanHOM

S (b < (_ )

=1 %

=
10

(i(azi—f—yi)p)é.

i=1

o) (5

q

(z; + yi)p) (ecsin ona

n
ITocse neeHns Moy IeHHOTO HEPABEHCTBA HA (

i=1
OTJINYHA OT HyJIsl) IPUXOTUM K (9.3.3).

9.16. 3aga4n. [lycrs f — dbyukius, BeiyKias Ha uaTepsadse 1. Torga

1) dbyukuua f wenpepniBha na uaTepsaje 1.

2) B kaxK10i1 Touke unrepsaia T Gynkuus f 0b1asaer 0IHOCTOPOHHUME
[TPOUBBO/THBIMH.

3) Ha T dyukuuu D_ f u Dy f Bospacrator, nupuaém D_f < D, f.

VYKA3BAHUE. Huzke paccmarpusaiorcs Juinb Touky uarepsasia I’ = (a <
b).

JJtst KaxK 0l mapbl Pa3JIMIHbIX TOYEK P, ¢ TTOJIOKAM

fla) = fp)
kp.q = u lyqg(t) = f(p) + kpq(t —p).
q—p
I'padux dynkimn I, 4(t) ecrs npsmasi, mpoxosinas depe3 To4uku (p, f(p))
u (q, f(q)), a kp q = (yryioBoii kosddurmenT 510i NpsAMOit) =(cpeaHss CKo-
pocts dyukiun f Ha ydacrke [p,q]) = Dl .
1) Hus mobeix o u y umeeM f(t) <l ,(t) ma [z,y] u f(t) > 1, ,(t) BHE
[, y].
IIycts ¢ < y < 2 — IPOU3BOJIbHBIE TOYKY WHTepBaJa 1.
2) £(1) € lLay (). Ly (1)) 1pn ¢ € [, 2],
[Tosromy dyuknust f HenpepbiBHa B KaxKjaoil Touke ¢t € T coryiacHO
TeopeMe O HEelPEPBIBHOCTH IIPOMEKYTOUHOM (DyHKIHH.
3) kat,y < km,z < ky,z-
4) Oynxrun ky , u ky . TepeMeHHOl y BO3PACTAIOT Ha HHTEpBaTIax (T <
b) u (a < z), COOTBETCTBEHHO.
5) Cymecrsytor lim k,,=D_f(z)u lim k,, = Dy f(z), npuiém
y—z—0 ° y—x+0 )
)

6) Dif(x) <ky.<D_f(z),ecmnz < z.

7) kaoy <ky:=D_f(y) <k, .<Dif(y) = D_f(y)
D

<Dy f(y)
B urore: ecom @ < z, ro D_f(x) < Dyf(xz) < D_f(2) <D

LIG2).
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9.4 IIpaBusO JIOTIUTAJIA.

9.17. IIPABUTIO JIONMUTAJS. Ecn pynknmu f u g muddepenrpyempr
na nosyunreppaie T = [a,b) C R u ecian

1) 6o lim f(x) = lim g(z) =0, mbo lim g(z) = oo,
$—>b|T w—)b|T $_>b|T

2) Df(z) _, cuDg#0mnaT,

I‘)blT

JOKABATEJBLCTBO. Tak kak Dg # 0 Ha T', To orobpaxkenue g : T — R
OyJeT CTPOro MOHOTOHHBIM (B IIPOTUBHOM CJIydae B CHJIYy T€OpeMbl PoJiist
IPOM3BOJHAS PaBHA HYJIO B HEKOTOpOil Touke). Ilosromy 3Hak €€ mpous-
BOAHOU mocTOosineH Ha 1. Bymem miisi onmpenesieHHOCTH IPeAIoIararb, ITo
Dg > 0, a o1 3HAKOM — BCIO/Iy HE3PUMO IIPUCY TCTBYET mpumnucka r — b—0.

I. ITycrs f — 0 u g — 0. Ionoxum f(b) = g(b) = 0. Teneps peobpa-
30BaHHBIe (DYHKIUK [ U g HENPEPBIBHBI Ha OTpe3Ke [a, b].

1) Houycrum, uro ¢ = 0. B arom ciaygae jyia oboro € > 0 Haiiaéres
Takas To4ka p < b, 9ro

IDf(t)| <eDg(t) mnaseex tE€ [p,b).

ITosToMy corsiacHO Teopeme O HPHUPAIIEHUSIX [l BCIKOro € (p, b) umeem

|f(z)] = ‘fm < Eg‘i = ¢|g(z)|. CemoBaressHo, 5 —0=c

2) Ecu ¢ € R, 10 %;Dg — 0. B cooTBeTCTBUM € MPEABIILYIIUM IyHK-

TOM
i_cszcg_ﬂ).

g g
3) Ecim ¢ = 00, To cymecrByer Takas rouka a’ < b, uro Df > Dg > 0 na
nosyuaTepBasne [a,b). 3uauut, Ha [o’,b) byHKIMEU f M g cTporo BozpacTaroT
u, cTajo ObITh, OTIMIHBL OT HyJsi, u60 f(b) = 0 = g(b).

ITockonbKy g—? — 0, To % — 0 cormracuo nysKTy 1. 1, 3Ha4nT,
f — 00 =c.
9

II. IIycts Temeph g — oo. IIpeamonoxxum cuadasa, uro ¢ = 0. B atom
catyuae Juist J106oro € > 0 HalIeTes Takast TOUKa P, 9To Jls JII0oro t € [p <
b) Bemoseno nepasenctso |Df(t)| < §Dg(t) u moTomy B ciTy TEOpeMbI O
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NPUPAIIEHUSX JJIsT KaXKI0T0 & € [p, b) Oymem uMmers:

[f@)=[f@)+ fL] < 1fW)+[7])] <

€ |z € €
@)+ 59[, = [f @)l = 590) + 59(@).
TockonbKy g — 00, TO Ha UHTEpBaJe (p,b) UMeeTcs: Takasl TOUKA ¢, UTO
sg(z) > |f(p)| — 59(p) nna Beskoro x € [g,b). Conocrapias mOTyHeHHbIE
HEPABEHCTBA, BUAUM, 9TO Jyid Jiuoboro & > 0 maiinerca umcio g € [p,b)
TaKoe, 9TO JIIs BCeX T € (¢, b) MMeeM COOTHOIIEHHE

[f(2)] < eg(x).

OTcrona BBIBOIMM 5 —0=c.
Cuyyau ¢ € R u ¢ = 00 uccaenyiorest Tak e, Kak 1 B curyanun 1.

10 MHOTOKPATHAS JUO®PEPEHINPYEMOCTDH

st kaxkoit pyHKIuu f u 1jis1 i060ro HATYpaJbHOTO unca k ompese-
M k-10 npouszeodnyto D f ciemyiomum obpazo:

Df=f, D'f=Df, ..., Df = D(DF1f).

10.1. OOPEAEJEHUE. Bynem roBoputs, uro dgymnxyusa f duddepenuyu-
pyema 0duH pas 6 mowke p, ecau owa Jugdeperyupyema 6 amot movke.
IIpu k& > 2 6yzmem rosoputh, uro ¢yrkuus [ Jupdepenyupyema k pas 6
mouke p u mucath f € DF(p), ecim ona muddepenupyeMa B HEKOTOPOI
OKPECTHOCTH TOYKH p, a e mpouspognas D f muddepenmupyema k — 1 pas
B TOYKE P.

Ecm f € DF(p) mnsa Beex k € N, To 6yjieM roBOpUTb, 4TO dyHKuus
f beckoneuno dugpepenyupyema B Touke p, u mucarb f € D(p). Bynem
roBOpUTh, 4TO pyHkyus f duddepenyupyema k pa3 na mmoocecmee M u
mcats f € D¥(M), ecrm f € D¥(x) nna seex x € M. Ecm f € D¥(Dom f),
To GymeMm mucars f € DF.

10.2. 3azaun. 1) Jemma o aokasusayuu. Muorokparnas guddepen-
UPYEMOCTDb SIBJISIETCA JIOKAJBHBIM HOHATHEM: ecii (DYHKIUK f U g COBIAa-
JAIOT B HEKOTOPOi OKpecTHOCTH Toukm p u g € D¥(p), To f € D*(p) n
D¥f(p) = D*q(p).

2) Ecin f € D**1(p), 0 y ToukHM p mMeercs Takas OKpecTHOCTH U, 4TO
f eDFU).
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10.3. CYMMA ®YHKIUI KJIACCA DF. Ecin hynxnun f,g € D¥(p), To
(f+9) €D p) n

DM(f +g)|, = (D f+ D¥g)] .

10.4. ITPOUBBEAEHUE ®YHKIUI KJIACCA DF. Ecmu ¢pyuxnmn f,g €
D¥*(p), To fg € D*(p) u cupasegmusa popmyra Jleiibrmia:

Dk(fg)|p = (Zk: C,iD’“*ifDig) ’p. (10.0.1)
=0

JOKA3ATEJBCTBO. IIpu k = 1 Teopema Bepnua. /lomycTum, 9To oHa nc-
TUHHA JIJIsi HEKOTOPOTo k > 1, u paccMoTpuM Kakue-HUOYIb hyHKIMU f 1 g
kaacca D**1(p). B aToit curyarmuu y TOUKH p HalAETCSA TaKasg OKPECTHOCTD
U, aro dbynxmmn f, g npuaajteskar xkiraccy DF(U), n, ctano 6uITh, yTBep-
KaeHue (10.0.1) UCTHHHO JjIst Kazxkaoro € U. A tak Kak Bce IPpOM3BOIHBIE
nopsyka < k dynkumit f u g npunaexar kiaccy DI(p), To mpasast qacTb
dopMyJIBI (10.0.1), a BeJIeJ 3a Hell U jieBad, IPUHAJIC’KAT 9TOMY KJIacCy.

Yenosumes caurarh Cp ¢ = 0 nadg obbx n, s € Z u Jjiodoit GyHKIun
p, ecam ubo s < 0, 1ubo s > n.

Tak kak ¢dopmysa (10.0.1) BeiosHserca B J0boil Touke z € U u Bce
dyHKIINN, yIacTByomue B 310l (popmyse, auddepeHIupyeMbl B TOUKE P,
TO B 9TOI TOYKE BBIIIOJIHSAOTCS CJIEIYIONINE PABEHCTBA:

D¥*1(fg) = D(D*fg) = D(Y_ CLD*'fD'g)
€L
— Z O’ka+17ifDig + Z Cszfsterlg
i€EZ SEZ
s:é'—l Z C]kaJrl_ifDig + Z C]if*le-‘rl—ifDig

_ Z(Ci; + C]i_l)Dk+17ifDig — Z C]i+1Dk+17ifDig
7 €L
k+1 A ‘ ‘
_ Z Cl'i_i_leJrlfszzg.
=0

10.5. KOMITO3UIUST OYHKIWIT KJIACCA D*. Ecmr f € DF(p), a g €
D*(f(p)), 10 go f € D*(p).

JIOKA3ATEJ/ILCTBO. Teopema crnpaBegnuBa g k = 1 coryacHo mpa-
Bty guddepennupoBanus Kommosuiuu. [Ipeamnosoxum Tenepb, 9T0 OHA
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BepHa st Hekoroporo k > 1, u nycrs f(z) u g(y) — Kakue-mub0 DyHK-
mmm kmaccos DL (p) m DF*1(q), ¢ = f(p), coorsercTrenno. B sTom cirydae
byaruuu f u g nuddepeHmpyeMbl Ha HEKOTOPBIX OKpecTHOCTSX X u Y
TOYEK p W ¢, COOTBeTCTBEeHHO. Tak Kak (pyHKusa f HempepbIBHA B TOUYKE P,
TO COTJIACHO TOMOJIOTHYECKOMY KPHUTEPUIO HEIPEPBIBHOCTU CYIIECTBYET Ta-
Kas okpecrHocTb U TOUKM p, uro jyist Beex € UNX umeem f(x) € Y. Tem
caMbIM MHOKeCTBO V = UN X saBjseTcss OKPEeCTHOCTHIO TOYKH P TAKO, ITO
qutst Beex ¢ € V umeem f € D(x), a g € D(f(x)). HHosromy cornacHo npasu-
sty nuddepeHImpoBaHns KOMIIO3UITNE B JiI000i Touke * € V dbyHknus go f
muddepeniupyemMa u crpaBensa hopMysia

D(go f)le = Dyg(f(z)) - Df(x) = (Dg) o f) - Df) la- (10.0.2)

Hockomsky f, Df € D*(p), a Dg € D*(f(p)), To cormacHo MHIyKIH-
onHoMmy Tpenosiozkenmio (Dg) o f € DF(p) u, crenosarensro, byHKms
((Dg)o f)-Df nuddepennupyema k pa3 B TOUKe p, OyLyIu IPOUZBEICHUEM
bynxmmit knacca DF(p).

Coruacuo dopmyse (10.0.2) byukuuu D(go f) u ((Dg) o f) - Df cos-
najialoT Ha okpectHocTH V Toukm p u noromy D(go f) € DF(p). 3naunr,
go feD"(p).

CoriacHO IPUHIUITY MAaTeMAaTHIECKO NHIyKIIUU paCCMaTPUBaeMasi Teo-
peMa BepHa I KaXKJO0ro HATypaJbHOro k > 1, a, ciieoBaTeabHo, U Jjist
k = oo.

10.6. CneAcTBUE. Ecmn f € DX (p) u f(p) # 0, 10 % € D*(p).

10.7. IIPU3HAK k-KPATHOU IU®OEPEHIIUPYEMOCTH OBPATHOM ®YHK-
uuu. Ilycrs f m g — takme B3amMHO obpaTHbIE OTOOpakeHusi, IT0 f €

D*22(p), D f(p) # 0. Torna g € D*(q), rae ¢ = f(p).

JIOKABATEJLCTBO. Homycrum, uro Df(p) > 0. Tak kak k > 2, 10
byuknusa D f HenpepbIBHA B TOUKE P U, CTAIO0 ObITH, D f > 0 Ha HEKOTOPOM
uarepBasie T, comepxaiem p. CiresioBaresbHo, GyHKIMs f HEIpepbIBHA U
crporo Bozpactaer Ha 1. Ilosromy dbyHKINS g HEpepbIBHA HA WHTEPBAJIE
X = f(T) (reopema 06 obparHoii dyukimnu). CornacHo npasuiy audde-
peHImpoBaHus 00paTHOil (pyHKIMN st Becex © € X nMeeM

g€D(x) n Dg(x)=(Df(9(x)" =wo(Dfog)l, (10.0.3)

rie w: R\ {0} - R — orobpazkenue, 3agasaemoe dopmysioit w(r) = 1.

Onwmpasich Ha IpeIbLIYILYI0 TeopeMy, opmyiy (10.0.3), u jeMMy 0 Jio-
KaJIN3aluu, MOJIydaeM CJISAYIONIYIO IeIIOYKY 3aKJIIOYeHNA.
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Tak xak g € D'(q), Df € D*1(f(q)), w € D®, Towo(Dfog) € D'(q).
Cnenosarensno, Dg € DY(q) u nostomy g € D?(q).

Tax kax g € D?(q), Df € D*~1(f(q)), w € D>, Towo(Dfog) € D?(q).
Cnenosarensuo, Dg € D?(q). Orciona g € D3(q).

IIpososzKast 9TOT TIporecc, moaydaeM g € DF(q).

HNTak, TeopeMa, CIIpaBeJInBa I KasKI0To HATypaJIbHOro ducia k > 2,
a, CTaJjo OBbITh, U JJIst k = 00.

10.1 JIOKAJIbHASA AIINPOKCUMALIUA ®YHKIIUNU [TOJIMHOMAMU

10.8. JIEMMA O CTENEHHOW OLIEHKE NPUPAINEHUS. Eciru pyHKIM g
HenpepsIBHA Ha 0TPE3Ke [p, q| 1 gis mroboit rouxu t € (p, q) umeem |Dg(t)] <
clt —p|®, rme s > —1, 10

c
s+1

gl | < ——lt = pI**!

JuIst Beex t € [p, q].

HOKABATENBCTBO. Iyers h(z) = Sflv — p|**sign(q — p). Oyuxmus

h : R — R menpepsisaa, upuuém Dh(z) = cla — p|® B m06oit Touke = €
R\ {p}. Coruacuo Teopeme o upupalneHusx it Besakoro ¢ € [p, g] umeem

gl <[l -
(Mojysib B mpaBoii yacTu HeOGXOAUM, KOTIa ¢ < P.)

10.2 doprPmviA TENJIOPA C OCTATOYHBIM YJIEHOM B ®OPME IIEAHO

10.9. TEOPEMA O PABJIOKEHUU TENIOPA C OCTATOYHLIM YJIEHOM
B ®OPME IIEAHO. Ecim f € D¥(p), To mmeercs, n K TOMy »Ke JTHIIb OJHH,
TTOJTHHOM
Plz—p)=ao+a(z—p)+...+ap(z—p)F

crerenn, He boJbeit k, Takoi, ITO

f(z) = P(z —p) + »(2),

rre o(x) = o((x — p)*). B srom cayuae a; = % JIST BCeX j €
T—p :
{0,...,k}.
JTOKABATEIBCTBO. 1) Ecm mommom P(z) = 3 ¢zt = o(2F), To
i>0 z—0

COZ...:Ck:O.
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Hna k = 0 umeem ¢y = ;13%) P(z) = iim i(,f) 2¥ = 0. Homycrum, aro yxe
YCTAHOBJIEHDLI PaBeHCTBa ¢y = ... = ¢;_1 = 0, toe j < k. Torma P(z) =
> cp2™ u moToMy ¢; = hm PZ(J) lim P(z) k=3 =0, ecrm j < k. Taxum
n>j z—0
CI10cobOM, IO WHAYKINHA JIETKO H00epEMCS 110 Cy.

2) Ecin dynxmnus g € DF(p) Taxosa, uro DYg(p) = ... = DFg(p) = 0,

e k> 1,10 g(z) = o((z —p)¥).
T—p
[ycts € > 0. Tak kax D*~1g(p) = 0u D(D*~1g)(p) = 0,10 D¥"1g(x) =

T—p
o(|z — p|) (meitGrmmeso pasnoxkenne bynkman DF~1g). Ilostomy HaiiaéTcs
takoit orpesok T = [r < p < g], uto |D*1g(t)| < €|t — p|' ana xaxmoro
teT.

Orcrozna, moctenoBaTeIbHO IpuMeHsst eMMy 10.8 o cTemeHHOH OreHKe
NPUPAIIEHNS, Oy IaeM HEPABEHCTBO

€
D% ()] < 1z = pl",
crpaBeiiuBoe st Kaxkjgoro r € 1. Tem caMbiMm

g(a) = D°g(a) = ollo —pl").

k
3) Eenmn g(z) = f(2)— Y 2@ (2 —p)7 10 DOg(p) = ... = D*g(p) = 0.
j=0
I/IS HyHKTa 1 cne;LyeT €/IMHCTBEHHOCTH MCKOMOI'O IIOJIMHOMAa, & IIYHKTbI
2 n 3 JOKa3bIBaIOT CyL[LeCTBOBaHI/Ie nu yKa3bIBaIOT €ero BU/I.

10.10. OnPEAEJEHUE. [TommHOM

k

=> D]f —p)’

7=0

HA3BIBAIOT k-BIM noaunomom Tetaopa dynryuu f(x) 6 mouke p, a ps

) D)y

|
=0 7

— padom Tetinopa pynxuyuu f B Touke p. IlomsaTHOo, uro psiy Teitmopa
dyukImE f B TOYKE p MOXKHO HAIUCATHL JIMIIL B TOM Cjydae, Korjga f €

D>(p).
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10.11. 3agayn. 1) Psag Teiisiopa IpousBOgHON paBeH psily MPOU3BOJ-
HbIX psija Teitnopa. Tounee: npoussognas (n + 1)-ro wiena psiza Tefinopa
byukiun f aBisercs n-biM wieHoM psja Teistopa dyukium D f.

2) Haiitu psaaer Teisiopa B Touke 0 ciaenyrommx GyHKIMA: exp &, cos T,
sinz, In(1 + z), (1+ )%, ﬁ, arctan .

10.3 @®orMvJIA TENJIOPA C OCTATOYHBLIM YJIEHOM B ®OPME JIATPAHX>KA

10.12. dorMwIA TENIOPA C OCTATOYHBIM YJIEHOM B ®OPME JIATPAH-
KA. Jomycrum BemecrBennas ¢yuknusa [ : [a,b] — R auddepenmupy-
ema k + 1 pas Bo Bcex Toukax mareppana (a,b) mw DFf € Cla,b]. Ilycrs
p,x € |a,b]. Torma cymectByer Touka 0, exkaiasi MeXKIy p H T, TaKasi, 9TO

DA £(0)
(k+1)!

(z — p)htt. (10.3.4)

k. pi
fla) = >0 2 oy
§=0
IIpu k = 0 310 yTBep:KIeHue mpespamaercss B Teopemy Jlarpamxka o
cpesHeM 3HaveHuu. B obieM cirydyae TeopeMa IMOKa3bIBaeT, YT0 pyHKIU f
MOKHO NPHUOJIU3UTH MHOIOWIEHOM crenenu k; pasercTso (10.3.4) 103BoJig-
€T OIEHUTH TOIPEITHOCTD TPUOJIMKEHNUS, €CJI M3BECTHA BEPXHsIS T'DAHUIA
sesmmammant |[DFFLF(9)].
JOKA3ATEJIBCTBO. Ilycts M — <uciio, onpeneiseMoe paBeHCTBOM

f(x) = P(z) + M(z — p)**!, (10.3.5)
U IIyCTh
g(t) = f(t) = P(t) — M(t —p)**1 (a <t <D), (10.3.6)

rae P(t) — k-brit noaurnomom Tetnopa dynryuu f(t) B Touke p. Ham Haso
nokazathb, uto (k + 1)!M = D**+1 f(0) npu mexoropom 6, nexarmem Mex Ty
puz.

13 (10.3.6) nmeem

D lg(t) = DFFLF(t) — (k+1)!M  (a <t <b). (10.3.7)

3HAYUT, IOKA3ATEIHLCTBO OyIeT 3aKOHYEHO, €CJIM Mbl I[IPOBEPUM, dUTO
D**1g(0) = 0 npm mekoTOpOM 6, TerKaIIeM MeKIY p I T.
Tak kak

D'p) =D (2 202 - )

=0 T oy

= D'f(p).

t=p



npu l =0,1,...,k, MbI UMeeM

9(p) =9¢'(p) =... = D*g(p) = 0. (10.3.8)

Yucao M 6b110 BBIOpano Tax, uro g(z) = 0. IlosroMmy coryiacHO Teopeme
Jlarpanzxka o cpegmem ¢'(x1) = 0 npu HEKOTOPOM X1, JIEXKAIIEM MEXKIY D
u z. Tak kax ¢'(p) = 0, T0 HOHOOHBIM 2Ke 06PA30M MbI 3aKJIIOYAEM, ITO
g" (x2) = 0 mpu HEKOTOPOM X2, JTeXKaIeM MexX Iy p u x1. [locine k+ 1 maros
MBI ITPUJIEM K BBIBOJLY, YTO g(k‘H) (Tk+1) = 0 IPM HEKOTOPOM Tt 1, JIEXKAIIEM
MEXIy p U Tj, T. €. Mexkay p n x. OueBnaHO B KadecTre ) clelyeT B3sATh
Th+1-

10.13. JIATPAHKEBA OIIEHKA OCTATKA PA3JIOXKEHUA TEMJIOPA.
Ecin pynkuus | auddepennupyema k + 1 pas wa orpeske [p, x| u

|ID*F() < M

npu s1o6oM t € [p, x], TO

D" f(p) oM k
T)— ——(x — < x — p|Fth.
#() > < gyl

JLOKABATEJILCTBO. [IpuBeaenmast omeHKa OIeBUIHO BHITEKAET U3 POp-
MYJIbI (10.3.4). OsHaKO MBI IPUBEIEM TaKyKe U HE3aBUCHUMOE JO0KA3aTe lb-
CTBO.

ko .
Iyers g(t) = f(t) - ZO P (3 — p)i. Torma DOg(p) = ... = Drg(p) =
j=

0, a |[DF*1g(t)| = |D**1f(t)| < M ansa Beex t € [p, x).

Orcrona, TpuMeHss MOCIeI0BATEIHHO JJEMMY O CTEIEeHHOH OIeHKEe MPH-
parmenust K GyHKIUH ¢, TTOIy9IaeM HYKHOe HEPABEHCTBO:

o) < ot

k+1
(k+1)! I

e —

10.14. 3HAMEHI/ITI:>IE PA3JIOXKEHUSI B CTEIIEHHBIE PSI/IBI.
er=3 % % s seex z € C.

3>0
2) COS:L'—lf§+%*...,HJIHBCCXI€R.
3) siny =y — 4 + % — ... qrs Beex x € R.
4) arctant =t — f3 —&—i— .. s Beex t € [—1,1].

5) In(1+¢) = t———i— . aurst Beex t € (—1,1] (popmyaa H. Mepramopa).
6) Hovromonoso pas,/wofcenue ouroma:
1

(1+x)8 —1+S.T+6(é D2 4 slem 1)(5 23 4 ... st Beex x € (—1,1).
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JIOKABATEJIBCTBO. 1) Jljig BeIECTBEHHBIX 2 — 9TO CJIEJCTBUE DABEH-
cTBa e® = exp z. [l KOMIUIEKCHBIX — OIpeJIesIeHIe.

2) Mockosbky | D7 cosx| < 1, TO BBULY JIarpaHKeBOil OIEHKH OCTaTKa
pasnoxkenus: Teitopa

‘1:|k+1

S 1)l 5 ”

k .
D7 cosO ,
COST — E —
J!
Jj=0

Cireosaresbio, cosz = lim Z Dl cos0,
k~>oo_] -0

3) YcraHABIMBAETCS aHAJOTUYIHO MPEIbLYIIEMY IIyHKTY.

k
4) Tlycrs gi(t) = arctant — 3 (—1)7 5

j t21+

. Torma
j=0
k
o] = |-y = | G = B <
1+ t2 14 t2 14 t2 1+t2—

7=0

Orciofia, onmMpasich Ha JIEMMY O CTEIIEHHOH OIEHKe MTPUPAIIEHNUSI, [0y IaeM

|t|2k+3
—
lox()] < 2k + 3 k—oo
k s
nst Besikoro t € [—1, 1]. Caenosarernbro, arctant = lim ) (—1)? t;,]: .
k— o0 =0 J
k
5) s kaxkoro t > —1 nojoxkum g (t) = In(1+¢) — Z ]j_tlﬁl Torna

7=0
|t|k+1

k
1 ,
Dyi(t :‘—— —t]‘: .
o) = | = 307 =

OTMeTHM KaKyo-HUOY/Ib TOYKY U > —1 Torma nns xaxkjgoro t > u

cupaseiuBo HepaBeHCTBO |Dgy (t)]| < 1 - Orciona, onnpasch Ha JeMmy
0 CTENEeHHOH ONEHKE NMPUPAIICHHS, 3aK/II0UaEM, ITO

‘t|k+2
—— = 0
(k + 2)(1 + u) k—o0

Jutst Beex ¢ € [u, 1]. TIockonbKy © — npou3BosibHast Touka uHTepBasia (—1,0),
To |g(t)] W 0 st Beex t € (—1,1]. CueroBaTensbHo,
— 00

gk (£)] <

k P
. (_1)Jt1+1
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JlokazaTesbeTBO pasioxkeHust 6) MPETOCTABISETCS TUTATEIIO.

[IpuBenem ere OJHO JTOKA3ATEIHLCTBO 3HAMEHUTOI (hopMyJIbl Ditjepa.
10.15. DOPMVYIIA DUJIEPA.
e = cost + isint.

JIOKA3ATEJ/IBCTBO. Jloka3aTeabCTBO OYEBUIHO 3AKIIOUEHO B CJIEIYIO-
IIIUX COOTHOIIEHUSIX:

i N (@)F (it)** - (it)*+ !
=D _;%((2/{)1 + (2k+1)!)

k>0

_ Z (it)% (Z-t)2k+1

+
! !
= (2k)! = (2k +1)!
_ (—1)k¢2k (—1ykg2hrl N
- Tk:)!JFZZW—CostJrzsmt.
k>0 k>0

10.4 dDoprPmvyiaA TENIOPA C OCTATOYHLIM YJIEHOM B ®OPME Koiu

Xotsa popmysoit Teittopa ¢ ocTaTrodnbiM wieHoOM B popMme Jlarpanzka, BBU-
JIy €ro MPOCTOTHI, VI0OHO MTOJIb30BATHCS, BCE XK€ B OTIEJIbHBIX CJIyYasixX 3Ta
dopMa HEmpurogHa JJisi OIEHKM OCTATKA. B TaKWX CIIydasix MPUXOIUTCS
npuberaTh K ApyruM popMaM OCTATOIHOrO wieHa, MeHee mpocThiM. Chop-
MYJIHPYEM HUXKE CJIeIYIOMNN Pe3yIbTAT.

10.16. ®oprPMVyJIA TENJIOPA C OCTATOYHBIM YIEHOM B ®OPME KoO-
. Jomycrum BemecrBennass yaknus [ : [a,b] — R gudpeperuupy-
ema k + 1 pas Bo Bcex Touxax mmreppama (a,b) w D*f € Cla,b]. Iycrs
p,x € [a,b]. Torma cymecrsyer uucao n € (0,1) takoe, uro 4ro

j _ k41 r—
f(x)_zw(x_p)J+D " f(P;:!??( p))(l_n)k(x_p)kﬂ.

(10.4.9)
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11 TEoPUA PAI0B

11.1 Paabl

11.1.1 IloHaTuEi pajgA. [IPuMEPBI. HEOBXOUMBIN ITPU3HAK CXOUMOCTH.
ITPu3HAK Kol CXOAUMOCTU PSAIA

P?{,ZLOM OPUHATO Ha3bIBaTh CHUMBOJI

oo
> ax, (11.1.1)
k=1

KOTODBII MIMeeT CJIeJIYIOIee COJIePIKATEIbHBIN CMBICII:

1) mocaenoBarensaocTs {ay € R}, k € N, aj1eMeHTBI KOTOPO HA3BIBAIOT
YAEHAMU PAOQ: TOBOPAT, 4TO {ak} — obwjul HieH;

2) 3HAK CyMMBI O3HAYAET, UTO YUIEHBI DA CKIIAJBIBAIOTCS 11O CIIELYIO-
IIeMy [IPABUILY: [IOCJIEOBATENBHOCTH YIEHOB PsIJIa COOTBETCTBYET MOCIIEI0-
BATEJILHOCTD “4ACTNUNHDLE CYMM

Sl = ay,
Sy = ay + asg,
S, =a1+as+ ...+ ay, (11.1.2)

3) Cymmot S pada (11.1.1) Ha3BIBAIOT npedea, €CIU OH CYIIECTBYET,
wacmushoir cymm (11.1.2):

o0
S:nll_{glosn:zqk. (11.1.3)
k=1
Ecin S € R, To psin HasbiBaeTcst crodauwumes (Mma cymmupyemoim ). Eeam
S = £00, TO TOBOPSIT, YTO Psijl pacrodumcs K +oo.
OueBuIHO, YTO €CJIH P (11.1.3) CXOIUTCHA, TO CXOAUTCS TaKXKE U PAL

i ar, (11.1.4)

k=ko

rae kg — IpoOu3BOJILHOE HATYPAIbHOE UnCI0. TakuM 00pa3oM, HUKAKOe KO-
HEYHOE YHUCJIO WICHOB Psijia HE BJIUsSET HA €r0 CXOIUMOCTb.

OCHOBHAS IPOBJIEMA TE€OPHUH PSJIOB COCTOUT B TOM, 4TOOBI IO IIOBE-
JEHUIO YJIEHOB PSAJIA CJIeJIaTh BBIBOJ, O €r0 CXOJIMMOCTH.
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11.1. HEOBXOAUMBIN IMPU3HAK CXOAUMOCTU. Ecau psig cxomures,
ero o0Iuil IeH CTPEeMHTCS K HYJIIO.

JOKABATEJIBCTBO. B camom gnente, ap = Sp — Sk_1. Tak kak mocie-
nosaresbHOoCcTH {SK} u {Sk_1} wmeror ofmmii npexen mpu k — 00, TO

lim a; = 0.
k—o0

11.2. ITPUMEPHL. 1) Pag 3. ¢* = 1+q+¢?>+...+¢" +. .. naspiBaerca
k=0

beckonewnoli zeomempuueckots npoepeccueti. OgeBuano, uro upu |q| > 1 ne
BBIIIOJIHAETCS HeOOXOAUMBbI npu3HaK cxogumoctu. [pu |g| < 1 mis naxox-
JeHUs] 9aCTUYHOM CYyMMBI 3TOTO Dsijia BOCIOJb3yeMcs: dhopmystoii 1.11.20:
nMeemM 11

1—q"

Sp=——".
l—q

Ha ocuoBanuu dopmysist (1.11.20) HAXOAUM 3HAUEHHE CYMMbI GECKOHEIHOM
reOMETPUYIECKON IIporpeccun:

: 1 — 2 k
lim Sn:i:Zq =1+q+q¢ +...+q¢ +....

n— 00
k=0

o0
2) Panx Y (—1)F pacxomures. 3ech mociieioBaTeIbHOCTD YACTHIHBIX
k=1

cyMM S, MMeeT JBa Pa3JIMYHBIX YaCTUYHBIX Ipenesa: So, = 0 — 0 npu
n — 00, U Sopy1 = —1 — —1 mpu n — 0O, U MOITOMY HE MOXKET OBITH
CXOIIATIENCA.
o0
3) Fapmonuyeckuii psag » % pacxomurcs. CruemaeM ciemyroriee HabJIro-

k=1
JleHue:

S —1+1+(1+i)+<1+ +i)+ +(#+ +i)
on = 2 3 22 5 PN 23 e 2n_1+1 “ .. 277,

1 1 1 1 1
>14+ =492 — 4922, 4.4l 2 > RSN
2 +2+ 22+ 23+ + on = +n2 00

npu n — oo. CiaemoBarenbHo, lim So» = 00, M TAPMOHIUYECKU P paCXo-
n—oo
JIMTCH.

o0
3) Pax > k% cxomuTest. JlefcTBUTEIbHO, JIOCTATOYHO TPOBEPUTD, UTO
k=1
n
[OCJIeIOBATENBHOCTD Sy, = Y. YACTUYHBIX CYMM DsJIa MOHOTOHHA M OrDa-

k=1
_ 1 .
mndena. U3 coornomenust S,11 = S, + (nF1)z BPIBOIMM MOHOTOHHOCTB!
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Snt1 > Sp, n € N. Jlastee niosrydaeM OrpaHUYIEHHOCTH CBEPXY YACTUIHBIX
CyMM:

Sp=ld et b b —— !
" 2.2 3-3 n-n (n+l)-(n+1)
S WL I N
- 1-2 2.3 (n—=1)n n-(n+1)
(1)) (- Y ()
2 2 3 n—1 n n n+1l
1

<2 g scex n € N.
n+17— s

X 1yk—1
4) 3HaKonepeMeHHbI TapMOHUIECKUI DS Y ( ,1 cxomurcd. B arom
k=1
citydae

2n—1 2n
1 1 n n 1
1.2 3.4 2n—1)-2n
2n [ee]
1 1 1 1 1
<l+—=4+—=4+... 4+ ——— = — < — .
LR R C— ;W—;m«’o

Takum 06pazoMm, MOHOTOHHO Bospacramomasa ([IOUEMY?) mocsenoBareis-

HOCTB So, OrPAaHUYEHA CBEPXY U, CJIEIOBATENBbHO, cxoauTcs. C apyroit cro-
POHBI, IIOCJIEJI0BATEIbHOCTD

1
2n+1

Son+1 = Son +

CXOJUTCS K TOMY 2Ke Tipeiesty. Ciie/oBaTeibHO, CYIIeCTBYET pejiest lim .S,,.
n— oo
(JTOKA3ATB?)

[ee]
K
5) DKCIOHEHTMATBHBIN PA Y | T cxonuTea s joboro T € R. Cxonu-
k=0
MOCTB 9TOI0 PsiJia HEIIOCPEICTBEHHO BBIBOJIUTCS U3 caeacTBust 3.79.

11.3. Kputepuil Kol cXOQUMOCTU PANA. Psig

[eS)
D ak
k=1
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CXOJIUTCS TOI/Ia, U TOJIBKO TOr/a, Korja s jiroboro € > 0 HaiieTcss HoMep
ng € N Takod, 4To ajst J106b1X m > | > ng BBIIOJJIHSIETCS HEPABEHCTBO
m

S

k=l

<e. (11.1.6)

JOKA3BATE/IBCTBO. lis BbIBOMA KpuTepus KoOIM CXOAMMOCTH psiia
npumennM kpuarepuit Komn 3.75 K 10C1e10BATEIBHOCTH YACTUIHBIX CYMM
{S,}: mocaenoBarensrocTh {5, } cxomuress R Torja u TOJIBKO TOrJA, KOrja
st iroboro € > 0 maiinercs Homep 1y € N Takoit, aro mjis ar0bbix m > [ >
N1 BBILIOJIHETCs HEPABEHCTBO | Sy, —S)| < €. Ilocaennee yaobHo nepenucarsb
B BHJIE HEPABEHCTBA |S,, — S;_1| < &, cupaBeJIMBOro st Jo0bIX M > | >
n1 + 1. Samerum Ternepb, 4TO

|Sm—Slf1| = < €.

m
> a
k=l
Tocueaee sxkBuBasenTro (11.1.6) muss m > 1> ng = ny + 1.

11.1.2 JIENACTBUS HAJl PAJAMU

PaccmoTpum cxosmmmecst psiibt

ian u ibn. (11.1.7)
n=1 n=1

ConocraBuM TUM PsifiaM UX JIMHEHHYI0 KOMOUHAIIUIO
o]

> (aan +Bbn), a,BER. (11.1.8)

n=1

11.4. TIPEJIO>KEHUE. Ecau psapr (11.1.7) cxoasTest, TO CXOQUTCS TaK-
JKe U HX JIHHEHHAasT KOMOWHAIHS (11.1.8). Bousee Toro, cymma JmHEHHOM
xoMmOunaruu (11.1.8) paBHA JHHEHHOH KOMOHHAIIUH CYMM:

Z(aan + Bb,) = az an + 8 an.
n=1 n=1 n=1

JOKABATEJJILCTBO. elicTBUTEIHHO,
m m m
Z(aan + Bby,) = ozz an + 3 an.
n=1 n=1 n=1

Tak Kak mpeJiesibl B IPaBOil YACTH STOTO PABEHCTBA IIPU N — OO CYIIECTBY-
IOT, TO CYIIIECTBYeT TaK2Ke U IIpeJieJl CJleBa.
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11.1.3 ABCOJIIOTHO CXOJSIIMECS PSAAbl U UX NNEPECTAHOBKU

oo
11.5. ONIPEAEJIEHUE. Psan Y aj Ha3bIBaeTCH a6COMOMHO CLOOAULUM-
k=1

(o ]
s, €CJIM CXOIUTCS DM Y |ag|, cOCTaBIeHHBIN U3 MO/l WIEHOB UCXOI-

k=1
HOIr'o psjia.

11.6. TEOPEMA. Ecsm psiz cxomurces abcoroTHO, TO oH cxonurcsi. O6-
paTHOE HEBEPHO.

JIOKA3ATEJ/IBCTBO 3TOil T€OpeMbI BBITEKAET U3 JIOKA3BbIBAEMOI'0 HUKE
MasyKOPAHTHOrO NpU3HaKa 1upu by = |ag|, cM. Teopemy 11.9.
Pan npumepa 4 n3 11.24 cxogurcst HeabCOIIOTHO.

11.7. OIPEJAEJIEHUE. PaccmoTpum psin

oo
> an, (11.1.9)
n=1

U MPOU3BOJIbHOE Ouexmusroe orobpazkenue o : N — N. Pany u orobparke-
HUO 0 COIIOCTAaBUM PsiJ{

(o]
> ao,. (11.1.10)
n=1

Py (11.1.10) nasbiBaercs nepecmarosrot psaga (11.1.9).

3amMeTuM, 4TO 3HAYEHUS YACTUYIHBIX CyMM psazoB (11.1.9) m (11.1.10)
MOI'YT 3HAYUTEIBHO OTJIUYATHCA JIPYT OT JApyra. EcrecTBeHHO, BO3HUKAET
BOIIPOC KAK MOTYT OTJIMYAThCA CyMMBI STUX PsJIOB, €CJIU TOJIBKO 00a psilia
CXOIATCH, UM YTO MOXKHO CKa3aTb O CyMMe OJHOI'O U3 PsJI0B, €CJIU APYyTroi
P CXOMUTCA.

11.8. TEOPEMA. Ecuiu psiz (11.1.9) cxouurest abcooTHO, TO Ji0basi ero
mepecranoBka (11.1.10) Tak>Ke CXOQHUTC:, IPUIEM €ro CyMMa DaBHA CYMMe
HCXOJHOI'O psJa.

JOKABATEJIBLCTBO. @ukcupyeM mpousBojibHoe € > (. CyimecrByer ng €
N Takoe, ¥To 151 1I000TO N > Mg BEPHO HEPABEHCTBO

oo

> Jax] < %

k=n
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[Tycts mo = max{oc~1(1),071(2),...,071(ng)}. Homaruo, aro mgy > ng.
Hutst moboro n > mg uMeeM

{o1,09,...,0,} D{1,2,...,n0},

{o1,09,...,0n} C{1,2,...,n9,...,L},

rae L = max{o1,09,...,0,}. OTciona nosydaem oneHKn
00 n o) L
e ¢
E ay — E ag, | < E lak| + E |ak|<§+§=a.
k=1 k=1 k=no+1 k=no+1

Tak kak € > (0 — TPOU3BOIBLHOE TUCJIO, U3 MOCIECIHIX HEPABEHCTB BBIBOIIM
KaK CXOJIMMOCTb Psja (11.1.10)7 TaK U COBIIQ ICHUE CYMMBI II€PECTABJIEHHOIO
palia ¢ CyMMOR MCXOIHOTO.

11.1.4 MAXKOPAHTHBIE [IPU3HAKHN CXOJUMOCTU

o0 o0
11.9. TEOPEMA. Ilycte JaHbI psigbl » . ap 1y by.
k=1 k=1
1) Eciu jj1s1 4I€HOB 9THX PSIJIOB BBIIIOJIHSIETCS COOTHOIIIEHHE:

lak| < L - by [k—o0, (11.1.11)

oo
e L € (0,00) — pukcupoBaHHOE YHCIO, TO M3 CXOJQUMOCTH psiga . by

k=1
oo
BBITEKaeT abCOIOTHAST CXO[UMOCTD DSl » ., .
k=1
2) Eciu Jist 4IeHOB 9THX DSJIOB BBHIITOJHSIETCS COOTHOIICHHE:
0<aw< L-by s, (11.1.12)
oo
e L € (0,00) — pUKCHpOBAHHOE YHCJIO0, TO U3 PACXOAUMOCTH DsJia » . aj
k=1

oo
BBITEKAET PACXOUMOCTD Dsijia » . by.
k=1

JIOKABATEJIBCTBO. 1) Ilycrs ycsosue |ag| < by BbIIOJIHSAETCS U1 BCEX
o0
k > ny. Tak kak psm Y, Lbp cxomurest, To jgist mo6oro € > 0 BbITEKaeT

k=1
CyIIeCTBOBaHUE Mg TaKOI'0, YTO IIPU BCEX 1 > 7T > Mo BBIIOJJHAETCA COOT-

HOIIIEeHUue m
L- Z b < e.
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oo
Orcrofa Jyist psiia Y, aj, MMeeM COOTHOIIEHHSI

k=1
m m m
Zak Z|ak|<L Zbk<5
k=n k=n k=n

IUIg BCeX m > n > ng = max(ny, ng). Orcioga mo kpurepuio Kormm 11.3
oo

CXOJIUMOCTH Psijia [OJIy9aeM KaK CXOIUMOCTDb DAMa Y . Gj, TAK CXOJUMOCTH
k=1

[ee]
psga Y. |ag|, T. e. ero aGCOMIOTHYIO CXOMUMOCTb.
k=1
2) Ilycrs ycnosue 0 < aj < by BbIIOIHSETCH Jyuid BeeX k > ni. U3

HEPABEHCTBA
m m
ORI S8

k=n, k=n1

oo m
BBIBOJIIM PACXOJUMOCTD Psifia Y . by, TaK Kak MO yCJIOBUIO Y. G = +00.
k=n1 k=n1

o0
11.10. TEOPEMA. Eciau psig Y, aj cxomurest (pacXoquresi) 0
k=1

Z—’“aKe(O,oo) npu k — 00, (11.1.13)
k

o0
TO u psit Y, by cxomuTest (pacXoquTest).
k=1

JIOKABATEJIBCTBO. 13 ycsoBus (11.1.13) nosydaem, 410

ak c (K SK)‘
bk ) /c—)oo.

OTCIO,aa nmeeM by, < 2ak ‘ oo . B cunty Teopembr 11.9 mmeeM cxoauMoCThb

pana Z b, €CaM TOJBLKO P E ay, cxomurcesa. Ecam »xe OH pacxomuTcs,
k=1 k=1

TO IO TOU XKe TeopeMe paCXO,ZLI/ITCH " pﬂﬂ Z bk, TaK KaK BepHa OHeHKa
k=1
3K
ap < 250k [ oo

oo o0
11.11. TEOPEMA. Ilycrs gaHbr psasl » . ap 1 Yy by. Ecin
k=1 k=1

k41 bk+1

Qﬁ

(11.1.14)

77,*)00



TO

(o) (o)
1) u3 cxomumocru psiza Y by BbITEKaeT CXOAUMOCTD Dsijia y . Ak, a
k=1 k=1

[ee] [ee]
2) M3 pACXOJUMOCTH DSIia » , Q) BBITEKAET PACXOAUMOCTD psiaa » . by.
k=1 k=1
JOKABATEJ/ILCTBO. JleficTBUTEIBLHO, 110 YCJIOBUIO TEOPEMBI COOTHOIIIE-
uue (11.1.14) BeimosHserca s Beex k > n, e n € N — HekoTropoe 4uciio.
Torma s k > n mMeeM COOTHOIIIEHMST
a b
n+1 S n+1 ’
an bn

bn+2

Ap+2

IN

)
an+1 bn+1

a, _ b
koo bx

ar—1 ~ br—1
HepeMHO}Kaﬂ IIOYJIEHHO 3THU HepaBeHCTBa BbIBOJIMM

a b
—kg—k a7t Beex k > n.
an by,

Orcioma nmeem

a
ap < b—nbk 1jist Bcex k > n.
n

JlokaspiBaeMble yTBEPXK/IEHUsT MbI BBIBOJIUM Teepb n3 Teopembr 11.9.

11.1.5 TEJECKOIIMYECKUWIN IMPU3HAK CXOJAUMOCTH

oo
11.12. TEOPEMA. Ilycrp wienbl psiaa », G HEOTPUIATEJILHBI U MO-
k=1
o0
HOTOHHO cTpeMsiTcs K Hy/o. Ps Y ay cxomurest Torga u TOJIbKO TOIJA,
k=1
KOIJIa CXOJUTCS P
o0
> 2Fay. (11.1.15)
k=1

o0 n

JIOKABATEJIBCTBO. IlycTh naHHbll psag » |, ap cXomurcd u S, = Y aj
k=1 k=1

— IOCJIEJ0BATEILHOCTD €ro YacTUIHbIX cyMM. OGo3HaunM cuMBosioMm T;, =
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2k=10,. 1I0C/IEI0BATEILHOCTD YACTHYHBIX CyMM Psijia

M=

k=1
o0 1 (o]
D 2 lay = 5 > 2% a. (11.1.16)
k=1 k=1

B sTux obo3nadeHnIX MO WHIYKIMH KMEEM OIEHKN

w0
[ V)
|

=a1+az > azx =T,

Si=a1+as+as+as > as+ 2a92 = To,

Sor=a;+as+...+ay Zﬂ_1+a21_1+1+...—|—a21
>Ti 1 +27ay =T

CiietoBaTeIbHO, MOHOTOHHAST IOCTIEIOBATEIBHOCTh YACTHIHBIX CyMM 1] orpa-
HUYEHA CBEPXY M IIO3TOMY B CHJIy TeopeMbl 3.30 cyIecTByeT KOHEYHBIN ITpe-
gen lim T;. Takum o6pasom, B cuity cooTHormrenns (11.1.16) ps (11.1.15)
exOITTeH.

ITycrs Tenepn cxomurest paxn (11.1.15). B npeabuiynmx 0603HAYEHHIX 110
WHIYKIIUA TMEeEeM OIEHKHI

ay + 217 = a1 + 2a2 > a; + a2 + az = Ss,
a1—|—2T2:a1+2a2+22a22 > S3+ a4+ as+ag+ar = Sy,
a1+ 2T = a1 +2as + ...+ 2ag > Sj_1 + gt + ...+ agirr_; = Sor+1_q.

CieoBaTe/IbHO MOHOTOHHASI IIOJIIOCIEI0BATEIBHOCTh Soi+1_1 IIOCJIEI0Ba-
[ee]

TenbHOCTH {S), } TACTUYHBIX CyMM JAHHOTO PSIIa Y . aj OTPAHUIEHA CBEPXY.
k=1
TToatomy B cuty Teopembr 3.30 MOIOCTENOBATEIBHOCTD Sgi+1_1 CXOIUTCS.

B cuny 3amaun 3.61 MOHOTOHHASI IIOCJIEIOBATEIBHOCTD Sy TAKXKe SIBJISIETCS
o0

cxongmeiics. CXoauMoCcThb psafa » | ax JOKa3aHa.
k=1

11.1.6 TIIPuzHAK cxogumocTu I’ AJAMBEPA

11.13. TEOPEMA. Psg

Zak (11.1.17)
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cxouTCst abCOIIOTHO IIPH YCJIOBUU

T (%1l (11.1.18)
k—o0 |ak|

FEcim ke
a
ol 5y (11.1.19)
|a]

1o psz (11.1.17) pacxomurcs.
CyIecTBy 0T KaK CXOJSIIIHECST, TAK H PACXOJSIIITUECST PSIJIbI, JI/IsI KOTOPBIX

i |21 — |agt1]

m <1< lim . (11.1.20)
k— o0 ak| k—o0 |ak|

JIOKABATEJIBCTBO. [lycrs Boinoseno ycsosue (11.1.18). Bosbmenm mpo-
U3BOJIBHOE MTPOMEXKYTOUHOE YUCIIO (v, YIOBJIETBOPSIONIEE COOTHOIIEHHUSIM

Tim lar+1]

<a<l.
k—oc0 |ak|

B cuny 3agaqun 3.66 cymecrsyer | € N takoe, 14ro

|agt1]

<a<l
|a|

aist Becex k > 1. Torma st nponsBosibHOTO k > | nMmeeMm

lax| = Jax| .|“k—1|.....|al+1|.| |

= 11.1.21
\ak—1| |ak—2| |al| ( )
_ aj
<ol =
lail K

00
HOCKOJIbe P Z (7 CXOUTCeA, TO B CUJIy MaKOPaHTHOI'O IIpU3HaAKa
k=0

Otl
exomumoctu 11.9 pan (11.1.17) cxopurest aBCOIOTHO.
Ecin ke Boimosaneno yemaosue (11.1.19), To cymecrsyer m € N Takoe,
qT0
|ak+1]
|ak|

>1 (11.1.22)

ans Beex k > m. Ilpumenum cooTHoIeHne (11.1.21) C 4UCJIOM 1 BMeCTO [.
C yuerom (11.1.22) npuxoauM K COOTHOUICHUSIM
x| = |lag|  [ag-1] |1l

S bt 1 S bt RN Nam| > |am]
ac] el ) Tan]
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st oboro k > m. Tak Kak a,, # 0, 1 paga (11.1.17) He BBIIOJIHSETCS
HEOOXOINMBIN MIPU3HAK CXOLLI/IMOCTI/I U OH PaCXOUTCSI.
o0

st psjios Y L u Z —3 BBINOJIHAETCH ycyosue (11.1.20), oaHako mep-

n=1
BBIIl PsIJT PACXOHUTCS, a BTOpOI/I CXOIUTCS.
st psaia
1 1
§+3+7+372+7+373+
nMeeM

2\ k
tim 1941 gy (5) =0

k— 00 |6Lk-| k—oo\3

_ 3\ k

lim k41 = lim (f) = +o0.
koo |ag] k—oo\2

11.14. ITpumEeP. [Ipumenum npusnax I’ Amambepa 1151 10Ka3aTEIHCTBA

oo
k
CXOZIMOCTDb IKCIIOHECHIINAJILHOI'O PAT Z %, 3nech st PUKCHPOBAHHOIO
k=0

k
x € R umeem obmuit 4ien ay = 7 U 103TOMY

e S R L
] Gt F R+l

—0 upu k — oo.

CuretoBarebHO, BITOAHEHO ycaoBue (11.1.18) 1 HO3TOMY IKCIIOHEHIUAIb-
HBI st CXOAUTCS abCOJIIOTHO.

11.1.7 TIIpuzHAK Kollu ¢XOAUMOCTU

11.15. TEOPEMA. Psg

o0
> ak (11.1.23)
k=1
CXOIUTCST aDCOJTFOTHO TIPH YCJIOBHH
lim {/]ax| < 1. (11.1.24)
k—o0

Ecun e st HekoTopoii nognocaenoBaresabnocru {k} cupaseniuso

Y ar,| > 1isoos (11.1.25)

To psz (11.1.23) pacxomurcs.
CymecTByIOT KaK CXOISAIIHECST, TAK H PACXOSIIUECST PSJIbI, 1JIsI KOTOPBIX

lim /|ax| = 1. (11.1.26)
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JIOKA3ATEJILCTBO. IlycTs BBINOMHEHO yeaoBue (11.1.24). Bozbmem npo-
M3BOJILHOE MTPOMEKYTOIHOE YUCIIO (v, YIOBJIETBOPSIONIEE COOTHOIIECHUSIM

lim {/|ar] < a < 1.
k—oc0
B cuny 3amaun 3.66 cymectsyer n € N Ttakoe, ITO

Vlak| < a <1
ans Becex k > n. Torma misa npousBosibHOTO k > 1 numeeMm

lax| < a®.

o0
IockonbKy psa Y. aF cxomures, To B CHIly MaXKOPAHTHOTO TPU3HAKA, CXO-
k=0
gumoctu 11.9 psg (11.1.23) exomurest abCOJIIOTHO.
Ecin ke Bommosaaeno yeiaosue (11.1.25), To cymecrsyer m € N Takoe,

q9To
k\/l |ak’l‘ >1

Juts Beex | > m. Orcroga umeeM |ay, | > 1 s Beex | > m. CirenoBaresibHO,
JJId pasia (11.1.23) He BBITIOJTHSETCS HeOOXOMUMBbIH MPU3HAK CXOIUMOCTH U
OH PACXOJIUTCS.

Konrupumepst K yciaosuio (11.1.26) Takue ke, KaK U B IIPEIbIIyIIEil
TeopeMme.

11.16. 3apa4A. [Jokasarb, uro yciosue (11.1.25) BbITEKaeT U3 Hepa-
BEHCTBa

kﬁ Y ak| > 1. (11.1.27)
— 00

TonsitHo, uTO ycsosue (11.1.27) dbopmanbHO cuibHee ycaosust (11.1.25).
CymectByer Jin psj, Jjisi KOTOPOro BbImoJHsgeTcs yceaosue (11.1.25), HO He
BBIIIOJIHSAETCS yeaoBue (11.1.27)7

11.1.8 TIIPU3HAKU CXOAMMOCTU KVYMMEPA, PAABE, BEPTPAHA U ['AvccA

11.17. TEOPEMA. Ilycte mocaenoBarenpHocts {¢, > 0} Takosa, 4To

pan
1
Y — (11.1.28)
Cn
pacxomaurcs. Py

Zan (11.1.29)



C IIOJIO2KHUTEJIbHBIMH YJICHaAMH COIIOCTaBHUM I10CJIE/IOBATE/IBHOCTD

Ecin
]Cn 2 5 >0 |n—>ooa

1o psir (11.1.29) cxoqurcs.
Ecin
ICn S 0 In—>007

To psz (11.1.29) pacxomurcs.

(11.1.30)

(11.1.31)

(11.1.32)

JOKABATEJBCTBO. Ilycrs K, > § > 0 mis Bcex n > ng. Torna mis

n > ng IMeeM
CnQn — Cn410n41 > 6an+1~

(11.1.33)

Orciofia BBIBOIAM Cp@y — Cpy1lpy1 > 0 WK Cpay > Cpy10p41 Taxkum o6-
pa30M, MOHOTOHHO YOBIBAIOIIAs [MOCJIEI0BATEIBHOCTD Cpdy, UMEEM IIpeest

a > 0.
CiieoBaTEIBLHO, PIT

[ee]

Z (Cnan - Cn+1an+1)

n=no

cxomurest. VI3 (11.1.33) U MaKOPAHTHOIO IIPU3HAKA CXOAUMOCTHU BBIBOIMM,

o0
YTO PSIL Y Gy, TAKIKE CXOJUTCSL.
n=1
Ecmu »xe nisa Bcex n > ng uMeeM

Qn

Icnzcn' _Cn+1§07

Ap41
TO BEPHO TaKX>Xe€ M TaKO€ HEPaBECHCTBO:

1

Cn+41
> 2=
a —_
" ¢n  In—oo

An+41

o0
U3 reopembr 11.11 mosyuaeM pacxoiuMOCTb Dsjia  » . Gp, TaK Kak psil

n=1
o)

> - pacxoasmuiics 10 YCJIOBUIO TEOPEMBI.
n=1 n
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11.18. 3AgAYA. TokasaTs, aTo ycaosue (11.1.32) pacXoquMOCTH B IIPH-
3nake KyMmepa BBITEKAET U3 COOTHOIIEHUS

lim X, < 0. (11.1.34)

n—oo

IonsitHO, uTO yemosue (11.1.34) dopmanbHO cuibHee yeaosust (11.1.31).
Cy1uecTByeT Jiu psifl, 1jisl KOTOPOT'O BBIOJIHSIETCSI YCJIOBUE (11‘1.31), HO
He BBINOJIHsIeTCd yeaosue (11.1.34).

11.19. CIEACTBUE. Ilomarast B npusnake Kymmepa ¢, = 1 mrst Bcex
n € N, mosyuaem npuznak cxogumocta I’ Asnambepa.

JIOKA3BATEJ/IBCTBO. /leiicTBUTE/NIHHO, B 9TOM CJIydae

a 1
/Cn = o - 1=—- 17
Ap+1 Dn
rae D, = . Ecjm peimosasercs ycjaosue (11.1.31), To lim K, > 0, u

an
n—oo

cienoBarenbuo, lim D, < 1. JIerko mpoBepuTh, YTO BEPHO U OOpATHOE: U3
n—oo

lim D, < 1 umeem lim K, > 0. CiiemoBaresbHo, 06a 3TU IPU3HAKA B
n— o0

n—o0
3TOM CJIydae SKBUBAJIEHTHDI.
3amerum eie, uro yciaosue K, < 0 sxksubajentHo D, > 1.
CJrencrBue JI0Ka3aHo.

11.20. ITPusHAK PAABE. Iloraras B npusnake Kymmepa ¢, = n s
Bcex n € N, moaydaem mpusnak cxomumoctu Paabe: cocraBum yist psiia

(oo}
> ay, MOCIEIOBATEIBHOCTS
n=1

R,=mn- ( an_ _ 1). (11.1.35)
Ap+1

o0
Ecau lim R, > 1, to pax > a, cxomurcsa. Ecim R, < 1|p—o0, TO 3TOT
n—o0 =1
PSLIT PACXOIHTCA. "

JOKA3ATEJJIBCTBO. Ilosoxkum B yciaoBuu nmpusHaka Kymmepa ¢, = n.

o0
Panx Y %, KaK M3BECTHO, PACXOIUTCS.
n=1
Torma nocenosarenbHOCTh K,y B pusHake Kymmepa MOXKHO 3ammcaThb

B CJIEZYIOIIEM BU/IE:

Kn=n- an —(n+1):n-<ﬂ—1)—1=7zn—1. (11.1.36)
1
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Tenepsb oueBnHO, uTo yeaosue lim R, > 1 (R, < 1|p—00) SKBUBAJIEHTHO
n—oo

yeaosuio lim KC,, > 0 (K, <0 |psoo)-

n—oo
11.21. IIpusHAK BEPTPAHA. Ilomaras B mpusnake Kymmepa c, =
nlnn qrsg Bcex n € N, mosryyaem npusnak cxogumoct beprpana: coctaBuM

o0
JUISL DJIa Y, Qy HOCJIEOBATETBHOCTD
n=1

B, =1Inn- {n ( In__ 1) — 1}. (11.1.37)

Ap+41

oo PR
Ecmn lim B, > 1, to psig > ay, cxogurest. Ecin lim B, < 1, o aror psi
n—00 n=1 n—00
PACXOIHUTCS.

JOKA3ATE/IBCTBO. [losoxkum B ycaoBum mnpusHaka Kymmepa ¢, =

o0
nlon. Pag Y nl—in, KaK M3BECTHO, PACXOIUTC.
n=1

Torya nocsreoBarebHOCTD )y, B Ipu3Hake KyMMepa MOYKHO 3ammcaTh
B CJIEJLYIOIIEM BU/IE:

Qn

K,=n-lnn- —(n+1)nn+1)

An+41
n 1 n+1
zlnn-[n~(a —1)—1}—1n<1+7)
Ap+1 n

=B~ (1+ %)"H. (11.1.38)

OueBnano, uro yciaosue lim B, > 1 ( lim B, < 1) 9KBHBAJIEHTHO YCJIOBHIO
n— 00 n—00
lim £, >0 (lim K, <0).
n—oo

n—oo

o0

11.22. TIPU3HAK TAVCCA. Ilyctbs . an, — sl ¢ IOJOKHTETbHBIMA
n=1

giaeHam. lIpeanoroxkumM, 9TO OTHOIIIEHHe aaL MOXKeT ObITH 3aIlHCAHO B

CJIEJIYIOIIeH ACHMITTOTHIECKOH popMe:

a 0
—”:A+ﬁ+—’; mpm n — 00, (11.1.39)
Ap+t1 n o n
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o0
e 0, — orpanndenHas Beanmianna. Psyr > ay,

n=1
A>1,
CXOIUTCSL, €CIIH (11.1.40)
A=1pu>1,
"
A <1,
PACXOJIUTCST, €CJTH (11.1.41)
A=1pu<1.

JIOKABATE/IBCTBO. Tak kak lim -%2— = \ 1o ciayuait A # 1 cBoguTCst

n—oo 4n+1
k npusHaky JI’Amambepa.

IIycrs Teneps A = 1. Torma

n en
R = (-2 1= O
Ap+1 n

Tlostomy cayuait 4 # 1 cBomuTes K npusnaky Paabe.
Eciu p =1, To numeem

1
anlnn(Rn—l):%-Qn—)O Ipu n — 0o,

TaK 9TO CXOAMMOCTb Psifia B 9TOMY CJIydae BhITEKAET U3 Ipu3Haka Beprpana.

11.1.9 CTENEHHBIE PSAbl B JENCTBUTEJIbHOI OBJACTHU. ®oPMyJiA Kolu
— AAMAPA

Pacemorpum pan Buza

o0

ZE:anx”. (11.1.42)

n=0
Saecy gncaa a, € R durcuposanb, n € N, a x € R — mpousBoabHOe
JefiCTBUTEILHOE TNUCJIO. Psanl Buma (11.1.42) HA3BIBAIOTCA CMENEeHHHIMU.
Yucia a, € R HazbBaoTCca K03p@huyueHmamu CTEIEHHOIO Psijia.

OCHOBHOI1 BOIIPOC IIPU UCCJIEJIOBAHIE CXOJMMOCTH CTEIIEHHOIO Psijia CO-

CTOUT B TOM, ITOOBI 110 KaddDUIMEHTAM CTEIEHHOTO PsIa HANTUA COBOKYII-
HOCTH Beex x € R, npu Koropbix paj (11.1.42) cxomures.

11.23. ®opmviia Ko — AJAMAPA. Ilycrs gaH cremeHHOR psiq

(11.1.42). Homoxxmum

1
R= — (11.1.43)

T 4/
e

n



Tora

1) g Beex x € R rakmx, uro |x| < R, psax (11.1.42) cxogurcs abco-
JIIOTHO.

2) st Beex x € R rakwmx, uro |x| > R, psa (11.1.42) pacxoqurcs.

JOKABATEJILCTBO. 7151 MpOBEPKU CXOIUMOCTH CTEIIEHHOTO PSIa TPU
|z] < R < oo nupumennm npusnak Kormmu cxogumoctu psijia: 1pu

lim {/|ax||z¥| < 1
k—o0

pan (11.1.42) cxoqures. JIeBas 4acTh HOCJIEIHETO HEPABEHCTBA PABHA |9c|R_1.
Venosue |x| R < 1 exoamMocT psjia 09€BUIHO SKBHBAJEHTHO COOTHOIIIE-
Huo |z < R.

Paccmorpum teneps ciyvait R = co. Umeem

lim {/|a,| = 0.
n—oo
Dukcupyem uancio g € (0,1). Bospmem npoussosibHoe gucio € R u naii-

JIeM N TaK, YTOOBI
Vlanllz|™ = |z| {/]an| < ¢

JI BCeX 1 > ng. lorma

lim {/|an||z"] < g <1

n—00

U IIO9TOMY Dsi]T (11.1.42) CXOJIUTCsI aDCOJTIOTHO.
ITycTs Tenepnb — TaKasi I Nan, | = &

y Pb p,, aKasl II0/III0C/I€I0BATE/IbHOCTD, YTO Ay, -

1

T . CreoBarespHO,
‘ankl k—o0

Torpa us yciaosus |x| > R nosiydaem |z| >

™ ay,, | > 1 . Takum obpa3oM, He BBIIOTIHSIETCS HEOOXOIUMBIH IIpH-
k—o0

3HAK CXOAUMOCTH, U psaf (11.1.42) pacxoaurcs.

Bozmukaer Bompoc: 9To Kakasi CXOIUMOCTH MOYXKET OBITh HA IPAHUIIE KPY-
ra CXOIUMOCTH, T. €. B Toukax |r| = R. PaccMOTpUM HECKOJIBKO IIPUMEPOB
pazmena 10.14.

O \nu2nt1
11.24. IIPUMEPHIL. 1) arctgt = 20(12)”7; =t- % + % — ... s
n=

Beex t € [—1,1].

n/t2n+l t2+%

B / _ e 2
Hpusnaxy Komu — Anamapa nmeem ycosue {/ 45— e U <

1 jis exomumoctu paga. Takum 06pa3oM, psji CXOAUTCH IIPU BCAKOM |t] < 1,
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u pacxogurcs 1pu [t| > 1. Ipu ¢t = +1 umeem pan + Z o +1 , CXOZSIIIMIICS
no npusHaky JleiiGauna (cm. Hzke 11.30).
2) In(1 +¢) = Z(lnltn t—%—i—%—...,&HHBCQXtE(—l,l]

(popmysa H. Mepmzmopa) .

[Mpuznaky Komu — Amamapa mmeeMm ycyiosue {/ % = J%/% = |t <1

JJId CXOAUMOCTH PATA. TaKI/INI O6paBOM pax CXO,ZH/ITCH IIPU BCAKOM |t| < ].7 nu
)n 1

pacxomurces pu [t| > 1. Tlpu t = 1 umeem psig Z (7 , CXOZANIHARCS 110
n=1
npusnaky JleiiGuuna (cm. muzke 11.30). ITpu ¢ = —1 umeem rapMoHHYECKHIT
X (Z)nl(_)n o0 1
Pﬂﬂz( ) n( ) :_ZE'
n=1 n=1

6) BUHOMUHaJLbHuﬁ pAad:

1+ Z s(s—1)(s—2)-...-(s—(n—1))z" _ 1+sx+s(s!1) 2+5(5—1)(5 2) 3+

n!

CXO,ZLI/ITCH :um Beex x € (—1,1). Yro6bl 9T0 IPOBEPUTD, IPUMEHUM IIPUIHAK
s(s—1)(s—2)-...-(s—(n—1))x" Or-

n!

JI’Anambepa. O6muit wien psiaa paBeH a, =

CIOJIa
jansa] _ [s(s=D(s=2)- ... (s — (n=1))| - (s = n)|z|"*'n
[anl—Ts(s =) =2+ (5 = (0 = D)Ja] (0 + 1!
_ s —nllal
=T

CaenoparesibHO, npu |x| < 1 GUHOMHUHAJBHBIN Psijl CXOAUTCST aGCOIOTHO, a
upu |z| > 1 psg pacxomgurest.

Yurareab MOXKeT TPOJIONIZKATDH JAJIbHENIee NCCIeJOBAHNE U TTOKA3aTh,
9TO CXOAUMOCTH B TPAHUYIHBIX TOYKAX 3ABUCHUT OT S:

1) ecoiu s > 0, T0 GUHOMUHAJILHBIA PsiJl CXOAUTCS TAKXKE U B 'PAHUIHBIX
ToyKax r = —1l u z = 1;

2) ecim —1 < s < 0, TO GUHOMUHAJILHBIN PsAJ] CXOAUTCA B I'PAHUYHOM
TOUKe & = 1 W pacxXoJUTCAd B TPAHUYHON TOUKE T = —1;

3) eciim s < —1, TO GUHOMUHAJIBHBIN Psifl PACXOJIUTCS B IPAHUYIHBIX TOY-
Kax z=—1lnax=1.

OrmMernM, 9TO B Ka4eCTBe YaCTHOIO ciydas 1npu s = —1 mosaydaem Gec-
KOHEYHYIO T€OMETPUYIECKYIO IIPOrPECCUIO:

1 .
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11.1.10 VYCJ/JIOBHO CXOJISIIUECS PSIAbl U WX INEPECTAHOBKU. [IPU3HAKU

CXOAUMOCTU ABEJIS U JIUPUXJIE

o0
11.25. OOPEAEJEHUE. Psan Y ajp Ha3bIBaeTCS YCA08HO CTOOAUUMCA,
k=1
o0

€CJM OH CXOJIUTCS, HO He abCcOMOTHO (T. €. Psii Y, G CXOIUTCS, & PsijL
k=1

|ak|, cocraBieHHBINA U3 MOyl YJIEHOB UCXOAHOTO PSAA, PACXOAUTCH).

gL

1

k
(o]
11.26. ITPEQJIOXKEHUE. Ecsiu psis Y aj CXOAUTCS YCJIOBHO, TO

k=1
oo oo
}: + _ }: - _
a, =400 mu a; = 100,
k=1 k=1
+ _ |ak|tak — _ |ak|—agk
rﬂeak—i‘ ‘2 ,ak—i‘ ‘2 .
n
- > ag.
k=1

n
JIOKABATEJIbCTBO. [leificTBuTenbo, nMeeM y. ap = . a;
k=1 k=1

o0
Orcrojia BEITEKAET, 9TO eCIIU PSJ| Y az CXOJIUTCSI, TO CXOJIUTCHA TaK2Ke 1 P,
k=1

n n n
- o + —_
ay, . Torga u3 coorHomeHus k§ 1 lak| = kzl ap + kzl @), BBITEKAET, 4TO

18

k=1
o0
cxoauTes U pax Y |ag|. Takum oO6pa3oM, HPEIHOIOKEHHE O CXOJAUMOCTH

k=1

o0
paga Yy a: IIPUBOJIUT K IIPOTUBOPEYUIO.
k=1
AHaAJIOrNIHO MpEBIYIEeMy Mbl MPUAIEM K MPOTHBOPEUMIO TIPE/IITOJIO-
o0

JKIB CXOJIUMOCTDH psijia E a,;.
k=1
11.27. TEOPEMA PUMAHA O IEPECTAHOBKAX YCJIOBHO CXOJIAIINX-

o
csa PaoB. Ecim psg Y ap cxomures yeaosro, To sist mo6oro A € R

k=1
CYIIIeCTBYET MEePECTAHOBKA O 3TOI'O PsJia TaKas, 9TO

00
Z Ao (k) = A.
k=1

JOKABATEJIBLCTBO. O603HAYMM CUMBOJIAMHY P1, P2, P3, - - - HEOTPUIATE b~

(11.1.44)

o0
HBIE WIEHBI PSZIA Y, G B TOM TIOPSIZIKe, B KAKOM OHU BCTPEYAIOTCS, W IIyCTh
k=1
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d1,492,43, ... — abCOJIFOTHBIE BEJIMIUHBI OTpuaTeJbHbIX YJIEHOB MCXO/JIHOI'O
psdAJda TaKzKe B UX €CTECTBEHHOM IIOPAIKE.

(o) &) &) o0
Pasbt Y. pr, . @ OTIHYAIOTCH OT PAJIOB Y. Ay, Y. @ TOJBKO HyJe-
k=1 k=1 k=1 k=1

BBIMH “LICHAMH ¥ I09TOMY PACXOZATCH.
Mzt moctpouM nBe mocaenoBaressrocTd {my, }, {ky,} HaTypaJbHLIX Tn-
CeJl TaKue, ITO Psif

Pr+ .+ Pmy —q— =Gk
+Dmig1+ oot Py — Qb1 — oo — Gy + .., (11.1.45)

o0
SIBJISTEOIIUICST TIEPECTAHOBKOM MCXOIHOTO PSIA Y G, OYIET CXOMSIIAMCS 1
k=1
YZIOBJIETBOPATE ycsosuio (11.1.44).
IIycts mq, k1 — HauMeHbBININE U3 HATYPAJLHBIX YHUCEJI, YIOBJIETBOPSIO-

X yCJIOBUAM

p1+...+pm1>A,
P+ Pm — @ — = Qe <A

IyCcTb My, kQ — HanMMEHbIINEe N3 HATYPaJbHBbIX YUCEJI, YIO0BJICTBOPAIOIIUX
yCJII0BUAM

Prt.F+DPm — @ — = @y FPmt1+ Py, > A,
p1+-~'+pm1_q1_~"_q161+pm1+1+-~-+pm2_leJrl_"'_QkQ<A>

oo oo
u T. 1. MBI MOXKEM IIPOJOJIZKUTE 3TOT BBIOOD Tak KakK DBl » . Dk, Y. qk

k=1 k=1
PaCXOIAIIIECST.

Eciin cumBoniamu A,, u B,, 0603HaYnTh 0003HAYNTDH YACTUYHBIE CyMMBbI
paga (11.1.45), MOCJIeJHIAE YJIEHBI KOTOPBIX Py, U —(qk,, , TO

|An*A‘ Spmna |Bn*A‘ qun~

Canenosarenbno, A, -+ Au B,, - A, tak Kak p,, — 0u ¢, — 0 npun — oo.

ITo MOCTPOEHMIO MEePECTAHOBKH SICHO, YTO HUKAKOE IUCJIO, OTJIUIHOE OT
A, He MOXKeT OLITh YACTUYHBIM IPEIEeJIOM I10C/Ie0BATeIbHOCTH YaCTUIHBIX
cymMm psiga (11.1.45).

11.28. METOA CYMMUPOBAHUA ABEJA. Ilycrh ganbr jgBe mocjenoBa-
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reaprocTH {ay}, {bx}, k > 0, u nomoxum

P

A = Z aj, rge0 <k <p — ¢uxcupopantoe 4uciIo, (11.1.46)
j=k

A =0. (11.1.47)

Tora muist mobpix HaTypasababix 0 < p < g uMeeMm

q q—1
Z apby = Z Ak(bk — bk+1) + Aqbq — Ap_lbp.
k=p k=p

JIOKABATEJ/ILCTBO. 3amerum, 4to ap = A — Ap_1. Jas HaTypaabHbIx
0 < p < q nmeeMm

q q
Z apb, = Z(Ak — Ap_1)bg
k= k=p
q q q g—1
= ZAkbk — Z Ap_1br = Z Agby — Z Agbri1
k=p k=p k=p k=p—1

qg—1
= Ap(bp — bpar) + Agbg — Ap_1b,.  (11.1.48)

k=p

11.29. ITPUBHAK CXOAUMOCTU JAVPUXJIE. Ilycrs gaH psig

00
E arby. (11.1.49)
k=0
TOF,ZIa IIpu BBIIIOJITHEHU N yCJIOBI/II'/JI
00
D1) wacTudaHBIE CYMMBI DSII& Y . Af, OTPAHHYIEHBI B COBOKYITHOCTH, T. €.
k=0

Jutst HekoTopoit nocrosauoi L € (0, 00) nMeeM cooTHOIIEHHE

<L

>

k=0

n

JutsT Becex n € N;
D2) nmocienoBaTeIbHOCTD by, MOHOTOHHO CXOQHUTCS K HYJIIO
psx (11.1.49) cxonures.
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JOKA3BATEJIBCTBO. [Ij1s1 onpeiesiennocTu 6yaeM mpernosararh, 9To by,
MOHOTOHHO ybbIBaeT. Torma by — b1 > 0 st Beex k > 1.
IMokazkeM, uTo g psga (11.1.49) BeinosHsierca kpurepuit Komm. s

q
OLIEHKH CYyMMBbI Y agby, rae 0 < p < ¢, UPUMEHUM METOJ CYMMHUPOBAHUS

k=p
k
Abens (11.28). Ilonaras Ay = Y a;, nMeeM
§=0
q q—1
> arbi| <Y |Ak] - bk = brga| + [Ag] - bl + [Ap—1] - [by]
k=p k=p

q—1
= L(Z(bk —bg41) +bg + bp> =2Lb,. (11.1.50)
k=p

Tak kak b, — 0 pu p — 0o, To JyIa moboro € > 0, cymecTsyer ngy TaKoe,
9TO JIJTST BCEX P > N BEPHO HepaBeHcTso |by| < 57 . Torma s seex ¢ > p >
np u3 (11.1.50) BeIBOAUM
q
>
k=p

Taxkum obpasom, mis paaa (11.1.49) Beinosnsercs kpurepuit Koru.
B kadecTBe ciie/icTBUST MBI TIOJTydaeM

<e.

11.30. ITPU3BHAK CXOJUMOCTHU JIEMBHULIA. 3HaKOII€EpEMEHHBIH DS

oo

> (=)o, (11.1.51)

k=0

B KOTOPOM IOCJIEJIOBATEIBHOCTD {by} MOHOTOHHO CTPEMHTCS K HYJIIO IPH
k — oo, cxomurest.

JIOKABATEILCTBO. eitcTBuTennno, nosaraem ap = (—1)* B mpusnaxe
Jupuxie (11.29). Torma ogeBunHo BhIIOIHAIOTCs yeaosua D1 u D2 upu-
suaka dupuxsie u nosromy psig (11.1.51) cxomures.

11.31. [TPU3HAK CXOAUMOCTU ABEJIA. Ilycrs gan psig

Zakbk. (11.1.52)
k=0

256



Tora IpH BHIOJIHEHHU YCIOBHIT
oo
Al) psig > ay cxonures;
k=0
A2) mocremoBaTebHOCTE b, MOHOTOHHA W OTPaHHIeHA
pax (11.1.52) exoaures.

JOKABATEJLCTBO. s onpesesieHHOCTH OyAeM MPEeIoaraTb, 9To by
MoHOTOHHO y6bIBaeT u |by| < K g soboro k. Torma by — bg—1 > 0 auis
Bcex k > 1.

IMokazkeM, aro mis paga (11.1.52) Bemosagerca kpurepuii Ko, Ouk-

q
cupyeM npousBosibHoe € > 0. st oneHku cymmbl » | apbg, rme 0 < p < g,
k=p

[ee]
npuMeHnM Mero, cymMmupoBanust AGesst (11.28). Tak Kak psi » . ap CXO-
k=0

JIATCS, CYIIEeCTBYET | Takoe, 9To JJist J1t06oro k > | 6ynem umers |Ag| < 55

2K
E
rae Ay = Y a;. Torma muis | < p < ¢ umeem
=
q q—1
> arbe| <D Ak| - bk — byl + [Ag] - [bg| + [Ap1] - [by]
k=p k=p
€ K €
<3 (;(bk — by1) + by +bp> =5 2p<e (11.153)
=p

Takum obpazom, juist Beex ¢ > p > | u3 (11.1.53) BbIBOAUM
a
> axby
k=p

CuemoBaresnbho, g psaga (11.1.52) Beinosnserca kpurepuit Kormm.

< €.

11.32. BAMEYAHUE. [Ipusnak AGejist MOXKHO IIOJIy YUTh TAKKe KaK IIpsi-
Moe crejicTBue npusnaka Jlupuxite. /leficTBUTENHHO, IO YCJIOBUIO TE€OPEMBI
Abess cymiectByer KoHeunblit npegen lim by = b. Tlomoxum S = b — by.

k— o0

Torma psan

o0
> awBr
k=0

cxonurces 1o npusHaky Jlupuxie. Ho cymma nByX CXOASIUXCH PsAIOB

oo oo
D o+ ) arb
k=0 k=0
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o0
paBHA CyMMe UCXOJHOTO psifia » . axby. CiiesoBaTesibHO, OH CXOJIUTCS.
k=0

11.33. TIPUMEP. B kadecTBe NpHMEPOB YCJIOBHO CXOJIAININXCS PSIOB
paccMoTpuM KJjaccuueckue psiiabl Jlupuxiie:

>, sinn >, cosn
. 11.1.54
Do om Y (11.1.54)

n=1 n=1

CXOAI/IMOCTI) ATUX PAJI0B yILO6HO uccjie10BaTb OJJHOBPEMEHHO:

. cosn >, sinn =, ein
n=1 n=1 n=1

Tlonaraem B npusnake lupuxie a, = €', b, = % OueBnHO, 9TO by, MOHO-

TOHHO CTpeMHuTCst K HyJi0. Ocraercs MpoOBEpHUTH, UTO YACTUIHBIE CYMMBI
o0

paia Y. ap OrpaHuYeHbl B COBOKymHocTH. [leficTBurenbro, 1o dhopmysie

k=1
(1.11.20) myist CyMMBbI T€OMETPUYECKOl IIPOIPECCUH UMEEM

L ) ) ) i(n+1)—1 i(n+1) _ 1)(e—t — 1
Zelk:1+61+621+...+61n:€ 4 :(6 )(6 )

— et —1 (et —=1)(e7" —1)
ein _ indl) _ =i ] gin _giln+l) _ =i 4
2— (et +e7) B 2(1 —cos1)
Orcroia BEITEKAET, ITO
< 2

— 1—-cosl

Takum 06pa3oM, MBI BUINM, 9TO OIEHKH
n

Z cos k

k=0

He 3aBucdaT oT n. CjenoBarebHO, Ui PII0B (11.1.54) BBIIIOJIHAIOTCA yCJIO-
BUs Tpu3Haka Jupuxje u mo3ToMy OHHM CXOISTCSI.

Jlokaxkem, ITO Psiabl (11.1.54) HEe SIBJISIIOTCS aDCOJIIOTHO CXOJISIIITUMMUCS.
Yr00bI yOEIUTHCS B 9TOM, JOCTATOYHO [TOKA3ATH, ITO

cos’n sin’n
— = 007
Z n Z n

n>1 n>1
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— 1—cosl

n
2
E sink| < ———
1—-cosl
k=0




160 |cosn| > cos?n, |sinn| > sin®n. Tus sToro 3amernm, 4To

cos’n sin?n 1
E + E = g — = Q.
n n n
n n

n

CiietoBaTeIbHO, OJIHA M3 PACCMATPUBAEMBIX CyMM TakzKe paBHa 0o0. Ho Tak

2 02 cos 2n
KaK cos” n—sin”n = cos 2n, a cymma psga y, <= COrTACHO IIPEIbLIy M

n>1
pacCyKJeHuAM KOHEYHa, TO U CyMMa KazKJ/I0I'O U3 paCCMaTPUBA€MbIX DsAI0B

OeCKOHeYHA.

11.1.11 YMHOXKEHUE PAJIOB

o0 o0
ITycre mamst pannt y . a; u » . b;. ComocTaBuM STUM IBYM psiiaM TpPeTHit

i=0 =0
o0
PAS Y Cp, TE
k=0
cp = Z aibj, keN, (11.1.56)
it+j=k
oo
YiieHbl psiia Y, ¢ B 9T0M TeopeMe chOPMUPOBAHBI 10 IPABIILY YMHOXKEHUSI
k=0

o0
noHOMOB. Ero 06br9u0 HazbiBaioT npousdsedenuem (no Kowu) pados Y a;
i=0

00
n Z bj.
7=0
Hmxe (bOpMy.HI/IpyIOTCH JAOCTATOYHbIE YCJIOBUA, IIPU KOTOPBIX IPOU3BE-

JeHUe PAIOB CXOIUTCA U €r0 CyMMa PaBHA IIPOU3BEJIEHUIO CYMM.

o0
11.34. TEOPEMA MEPTEHCA OB YMHOXKEHUU PANOB. Ecou psiyg > a;

=0
o 00
cxXomuTest abCOMIOTHO, & psijl Y, b; CXOMUTCsl, TO psig Y. Ck, TAe ¢k OIpele-
=0 k=0

Jgterbl popmysioii (11.1.56), cxonures u
o0 (o) o0
= () (2oh).
k=0 i=0 §=0
JOKA3BATEJ/IBCTBO. /[ocTaTOYHO YCTAHOBUTD, UTO TOC/IEI0BATEILHOCTD

= (S0)(S0) - e

Y



CTPEMHUTCS K HYJIIO.
[Iycts € > 0. CorytacHO yCJIOBHIO TEOPEMBI, MOCIEI0BATEIbHOCTH A, =
o0

o0
> lai|u B, = )~ bj cxomares k myimo. ITosroMy nMerorcst Takast KOHCTaHTa
i=n Jj=n
C € R u HOMED M, 9TO
A, <C wu |B,|<C upumobomn €N, n

Ay

u |B,| < £ opu J000M 1 > m.

<7
- 2C - 2C

ITockombKy

n n—t n n—ia

éck =S =Y Y b= Y (S b).

i+j<n i=0 j=0 i=0 =0
TO JIJIsT KaXKJIOTO HOMEpPA N > 2m UMeeM

n 0o n n—i 0o

|zn| = ‘;ai;bj —gaizbﬂ" = \iai(Z% _gbj)‘

=0 i=0 =0

3

Bu-isa] £ laill Bu-isil
= j=n—i+1 =0

n

:Z|ai”Bn—i+1|+ > lail|Bo-isal
=0

i=m-+1

m n E
i i <A A, oY =
;|a| +Z_:;H|a\c_ 055 +Ami1C < 02C+2Cc €.

11.35. KourpripuMeP. Ilycts a, = b, = E/nli) st Bcex n € N. Ps-

o0 o0 o]
JBL Y. Gp U Y. by CXOIATCS YCJIOBHO, OJTHAKO, PSIL Y . Cp, SIBJISTIOIIUHCS
n=0 n=0 n=0

ux ImpomsBe/IeHueM I10 I{OH_II/I7 CXOOAININMCA HE ABJIACTCA nbo ero 4jeHbl He
CTPpEMATCA K HYJIIO.

11.36. 3AAAYA. TTosyunutsb ochosHoe c801cmE0 SKCIIOHEHITHATBLHON (DYHK-

mun: exp(z+y) = (expx) - (expy) st JIOOBIX T, Y, KAK CJICICTBHE TEOPEMbI
06 ymuoxkenuu psyios 11.34 u pasioxkenus: buaoma 1.11.23.
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