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Survey of notations
In this monograph, together with standard notations, we applied the following ones.
Everywhere below L denotes a usually finite dimensional vector space over R and L*
is its dual (conjugated) space.

co A is a convex hull of A C L,

A+zrz={a+x|aecA}foral ACL, x €L,

A+B={a+blac AbeB}foral ACL, BCL,

AZB={ac€L|a+BC A} forall ACL, BCL,itisa (geometrical)
difference of Minkowski,

(p,z) = p(x) = px denotes inner product of vectors p € L*, x € L,
(p,A) ={p(x) | z € A}, where p € L*, A C L,

(A,B) ={(z,y) |r € A, y € B}, where BC L*, AC L,

A>B < a>bVae A Vbe Bforall ACR, BCR,
A>B < a>bVaec A, Vbe Bforall ACR, BCR,

A\ B={x € A|x ¢ B} is set-theoretical difference.

Possible kinds of linear intervals in L with endpoints a,b € L are denoted as fol-
lows:

la,b] = co{a,b} ={rAa+ (1 —-X)b|0<A<1},
(a,b] = [a,b] \ {a} ={Aa+(1=X)b|0 <\ <1},
[a,0) = [a,b] \ {b} ={Aa+ (1 =A)b |0 <A< 1}
(a,b) = (a,b] N [a,b).

If L is endowed with a topology then for A C L:
A = clA is closure of A, and

intA is its interior.



() is a set of all elementary events of nature,

P = P(Q) is a partition of set €2,

(Q, P(Q)) is a measurable space of nature events,

(2* is a partition consisting on singleton elements (complete information),
B is a set of all partitions €2,

Pw): we P(w)e P(Q),weQ,

P> P < P(w)C P(w),Vw € Q,

P\/ P & P M\ P’ denote supremum and infimum of partitions P, P’ € 3,
P=(P)r & P’ = (P/)z denote informational structures of an economy,
P>-P < P >P, Viel,

ks : (B)% — (P)® is a coalition S C T information rule,

k = (ks)sec is an information rule of economy,

k = (ks)sec is a rule of informational sharing <= ks((P))ics) = (P;)ics, VS, P,
R is a set of all informational sharing rules,

k= r < ki((P))jes) = k5((P})jes) for each coalition S C Z, VIP € B7,
M(Q, R = (RH® = L is a space of contingent commodities,

M(Q,RY x P is a generalized commodity space,

Lp={y € MR |y(w) =0, Vw ¢ E} is a subspace induced by E C Q,
Lr={y xF(:) € L |y e R} is a subspace of constant on E functions,

Lp=Mp(QLRY :={f:Q— R"| f|pw) = const} is a subspace of all
P-measurable mappings, P € ‘3,

L; = Lp, is a subspace corresponded to information P; € B of agent 7 € Z,

1=(1,1,...,1) e R.



Preface

I would like to say some words on the history of the contractual approach appearance
and the presented monograph: In the 1990s years of the last century, I was engaged to
develop the theory of incomplete (financial) markets—argued the existence of equilib-
rium, and so on. However, during that time I discovered that the theory is imperfect
and contains a significant gap—there is no concept of the core. At first it surprised
me, but later I realized that it is indeed a problem: in the literature I could find
only a few clumsy attempts to introduce something similar to the core, all clearly
unsatisfactory.

When I started to think about this problem, it became clear that one has some-
how separate the flows of goods on-the-spot markets of the future (states of nature)
between themselves and separate they with the deliveries across the states of nature,
that in the model is realized through trade of assets. And then I was reminded of an
interesting and long forgotten idea of 70-80 years by my former scientific supervisor
Valeriy Makarov. It was the idea about a contract as a specific form of agreement
among agents in delivering of commodities that has to be an elementary and basic
form of economic interaction. As I understood much later, in the early 70s similar
ideas have appeared in the works of Victor Polterovich. In those years, Makarov’s
idea had not obtained a profound development, the possible outcomes were unclear
and seemed somewhat unsolvable. However, rudiments of the new terminology were
presented and, in the works of another scholar from Novosibirsk, Anatoly Kozyrev,
an idea of a partial breaking of the contract appeared. Partial break means that
agents involved in the contract carry out the obligations in short measure, but this
measure is the same for all individuals (for example, all execute 60%) and it is also
(renewed) contract. Kozyrev showed that the allocation implemented via a web of
contracts, stable with respect to the partial break and signing a new contract (under
assumptions!) is equilibrium. This fact was very important, and for me it meant that
having properly developed contractual approach can be applied to determine the core
in incomplete markets.

So, at the beginning of the 21st century, I turned to develop a contractual ap-
proach in an attempt correctly introduce incomplete market core. A bit later, when
the outcome started to be observable, I applied for a grant from Economic Educa-
tion Research Consortium (EERC): a foundation that has played an important role
in the further promotion of contractual approach. Being uncertain about success, I
still believed in this barter idea and hoped that EERC experts will be able not only
to appreciate it but also to provide important directions for its development. Then,
being invited to EERC workshop, I really saw the friendly and intellectually chal-
lenging working atmosphere. The EERC experts, including Richard Ericson, Victor
Polterovich, Shlomo Weber and others, turned out such nice resource persons, that
the great amount of helpful important comments became a real surprise for me. I
obtained new opinions and new literature on the topic. I would have satisfied even
if the project wasn’t supported. But it was. So after the seminar I was satisfied
and simultaneously filled responsibility for the project and successfully completed it
at summer EERC workshop in Kyiv, 2002. Soon the Expert Committee of EERC
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awarded this project “Contracts and domination in incomplete markets” with Zvi
Griliches prize as the best study of the year and I felt very proud.

Having this lucky experience and understanding now how valuable EERC work-
shops are, I was surely eager to apply again, but did not hurry to satisfy the high
quality standards of EERC. The idea was to further elaborate the contractual ap-
proach. So, I presented my second proposal in winter 2004 workshop, and suggested
studying the contractual version of disequilibrium dynamic of GE economy. It was
one of the new ideas emerging at previous EERC workshops. In spite the fact my pro-
posal had a lacuna (I even tried to cancel or postpone the application), I was invited
to the next workshop and even won a grant, because the experts were thinking deeply
enough to appreciate the main idea, the difficulties and possible resolutions of the
problem. And really, after 1.5 years of work, in 2006, I did successfully complete this
investigation. The elaborated theory is presented in the Part II of this monography.

The third EERC grant I won at winter 2008 workshop and successfully presented
the final report in June 2010. This study further elaborates the contractual approach,
now applied to an economy with asymmetrically informed agents. Again, I am devel-
oping the idea that was suggested in general form within the experts’ comments on
my first EERC grant. Generally, my experience of cooperation with EERC is quite
positive and I am very grateful this Foundation. The results of the last EERC project
investigations compiled Part I1I of the monography. Also, these results were partially
carried out when the author was visiting Fellow of European University Institute,
Florence, Italy in 2009 (three months) and he is specially grateful to the Institute
and its Economic department for very kind hospitality and creative atmosphere that
helped me in the work.

Also, I would like to express gratitude to Central European University, Budapest,
Hungary, where I was visiting research Fellow via Special and Extension program. I
carried out studies on contractual views on public goods economics. The obtained
results formed Chapter 3 and partially Chapter 1 (in the part of production models)
of the monography. I very grateful to the University and its Economic department
for the support of my studies.
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Introduction

During the initial stages of developing the economic theory, many important basic
notions and principles appeared and different prominent methods of their mathemat-
ical analysis were elaborated. However, it was also obvious that there are a lot of real
economy features which are not taken into account by the classical theory. This is why
up to the end of the 1980s a crisis of models was generated—classical constructions
being well studied do not suggest fully satisfactory answers. This situation, start-
ing mainly from the early 80s, motivated constructing and investigating non-perfect
market models.

In modern economic theory, one can see a number of non-perfect market models
including incomplete (financial) markets (the trade with specific financial tools, so-
called assets, is incorporated into the model), markets with informational asymmetry
(about future events, etc.), sequential markets (time factor and trust), and so on. In
our opinion, the diversity of models and the difficulties in their analysis are caused, on
one hand, by the complexity of the object (economy) and, on the other hand, by the
absence of sufficiently universal tools for the model investigation. The latter resulted
in a variety of solution concepts primarily related to the notion of domination (via
coalition) and therefore to the concept of the core. The reason for this is that, following
the classical tradition, the main attention is paid to the analysis of the final resource
allocation. The commonly missed fact is that in the real economy this allocation is a
result of many exchange dealings among economic agents (coalitions). It is important
that not every exchange is permissible in a real economy—there are many reasons
for this: institutional, physical, informational, ethical, behavioral, etc. I believe that
the focus of the theory should be shifted in order to be concentrated directly on the
exchange bargains of commodities, contracts, which should be included in the model as
primitives and form (together with the other model elements) the basis for theoretical
constructions, instead of allocations. Thus I propose a contract-based approach as a
tool for economic modeling. I hope that this approach is able to help to clarify many
problems of economic theory arising in the analysis of non-perfect markets. It may also
help in an understanding of perfect competition conditions delivering another view
on this subject, and we suggest this approach to be a cornerstone of domination and
core for the economic models of different types. Moreover, this approach may also be
fruitful for the analysis of market processes even in classical frameworks, for example,
to understand better the tatonnement process, to avoid the idea of an auctioneer who
rules prices while they are not equilibrium ones (see, e.g., Arrow, Hahn (1991) and
also survey from Section 4.1 of this monograph).

The first attempts to introduce the formalized notion of contract in exchange
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economies were made by Polterovich (1970), Makarov (1980, 1982), and Kozyrev
(1982a,b). In Polterovich (1970) some kinds of contractual processes were studied
(a break of contracts was not allowed), in Makarov (1980, 1982) general ideas of
contractual approach as a kind of new language were suggested. Kozyrev (1982a,b)
first suggested partially broken contracts that implied the study of appropriate forms
of stability, and some preliminary positive results were obtained (see Section 1.2).
This study is a result of the author’s investigations of the last two decades presented
in the papers of 2002-2022 years. Already terminology was essentially transformed
and expanded: now it includes a wider class of contractual notions and interactions
relative to mentioned papers (a term “contract” already has been changed). Our the-
ory of contractual barter and production interactions was not elaborated in western
literature in its specific form. About relationships, it will explain later.

In the framework of an ordinary pure exchange model, every (barter) contract
is simply an elementary, possible, and permissible exchange of commodities among
consumers. Contracts may be added to one another, and with every (finite) set of
contracts, an allocation of resources can be associated—as a result of the summation
of contracts and the allocation of the initial endowments. It is presumed that every
feasible set of (permissible) contracts—let us call it “a web of contracts”—may be
changed during economic life. Each consumer can break contracts in which he/she
participates, and each coalition of consumers can also sign a new contract(s). In a
classical model with private commodities, a production contract can be associated
with a collection of production plans and with an ongoing parallel barter exchange.
Contract related with public goods has a really cooperative production specification
since joint consumption commodities are produced and each individual has to have
his own input into a deal that specifies contractual functioning.

Moreover, a consumer can be able to partially break contracts (assigned in the
past) if it is beneficial for him. The partial breaking of a contract means its re-
placement by a smaller volume contract with the same exchange proportions. This
leads to the concept of “properly contractual allocations” and approaches contractual
processes to market processes under perfect competition conditions. An allocation
is called properly contractual if it can be realized by a web of contracts that is sta-
ble relative to the procedure of both parties partially breaking existing contracts and
signing new contracts. At the same time, the core allocations are described in terms
of “contractual allocations.” These are the allocations that can be realized by a web
of contracts and which are stable relative to the procedure of (fully) breaking con-
tracts and signing new contracts. Thus the only difference between these two notions
of contractual allocation is that in the first case, the partial breaking of contracts is
allowed, while in the second case, only the complete breaking is possible. Thereby,
an equilibrium can be described in purely game-theoretical terms and does not ad-
dress any kind of value parameters. The mathematical nature of this phenomenon is
quite similar to the coincidence of equilibrium allocations and the fuzzy core elements
(or Edgeworth’s equilibria, see Aliprantis et al. (1989)), which is one possible way to
model the conditions of perfect competition.

What is the major theoretical meaning of the contractual approach? The crucial
point is that being based on extended views on coalitional stability of allocation, this
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allows us to redefine equilibria in micro-terms: indifference with tatonnement that
does not model local interactions. It gives us an opportunity to describe economic
interactions under equilibrium prices. The partial breaking of contracts plays a key
role in the analysis, and it can be even asymmetrical (for the newly planned con-
tractual stages). By introducing of partial break, we enter into an economic model
perfect competition conditions in a way that is essentially simpler than known in
the literature. Really in a classical equilibrium theory, perfect competition condi-
tions are described (see e.g. Vind (1995)) as a presence of continuum agents, each
of them being infinitesimally small relative to the economy as a whole, (it is said
there is a non-atomic measurable space of economic agents, Aumann (1964)). Under
these assumptions (non-atomic space etc.) a nontrivial theorem on the coincidence
of core and equilibria is proven, it applies involved techniques on the integration of
point-to-set mappings, etc. (see also Hildenbrand (1974)). There are other delicate
models of perfect competition conditions applying among others nonstandard analysis:
economies with hyperfinite numbers (infinite natural number) of agents are studied
here. However, do we really need to apply so complicated and prominent techniques to
substantiate perfect competition conditions? Not at all and contract-based approach
suggests the simplest way of perfect competition conditions presentation: all that we
need is to allow the agents to partially break contracts. Moreover, now equilibrium
and core allocations are the objects of the same rank: they are implemented by the
webs of contracts stable in a specific sense where a fortiori equilibrium stability is
stronger one.

In general, partial breaking can be interpreted in different ways, one of which is
indirectly paying attention to the dynamical component of the contractual process (it
is out of a static model frame). Suppose an economy lives during the long-duration
interval of time. The contract assumes mutual deliveries of goods among agents and,
after its execution, an opportunity of renewal, 7.e., the same contract can be signed
again, but now it is realized during another time period. The agents can agree with the
contract’s renewal (prolongation) or disagree, first studying an opportunity to prolong
the contract in smaller volumes. Thus, instead of breaking the contract, even if partial,
for an economy in dynamics living a long time period one can speak about renewal
and non-renewal of the contracts. So agents learn do not to renew non-profitable and
iteratively realize profitable contracts (in optimal volume for a current time moment
and saving exchange proportions) at the next stage of contracting. If nobody wants to
re-contract again, it means the system as a whole enters a stable functioning. One can
note that admitting partial breaking contracts we tolerate an individual to competitive
myself to myself, and this is a competition between individual interests at different
time moments of realizations, and similarly for other agents (specific realization of
R. H. Coase conjecture...)

The monograph consists of three more or less independent parts: Statics, Dynam-
ics, and Information. The first part consists of three chapters devoted to the analysis
and presentation of the results for the contractual approach applied to pure exchange
models, Arrow—Debreu, and incomplete (financial) markets. The second part presents
a theory of contractual processes that drive the economy to equilibrium. Here there
are also three chapters, with the first presenting a detailed review of the literature
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on the processes that transit economy in equilibrium. The last chapter presents a
series of model examples that demonstrate the convergence and possible looping of
contractual processes. The third and last part of the monograph concerns the theory
of contracts being applied to models with asymmetrically informed agents. In par-
ticular, the application of the contractual approach reveals the relationship between
classical concepts such as Walrasian expectations equilibrium (W EFE) and in the ra-
tional expectations equilibrium (by Radner, RE'E). A lot of new concepts of specific
contractual equilibrium are also introduced: equilibria and core with differentiated
agents, interim (intermediate) core and equilibrium, and so on. Each chapter of the
monograph ends with a conclusion, which highlights the main results of this chapter.
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Chapter 1

Contract-based approach in
Arrow—Debreu—McKenzie model

The chapter develops the theory of contractual interactions in the framework of an
abstract economy with private goods. It applies this theory to classical markets and
production economies of Arrow—Debreu kind with convex and non-convex technolog-
ical sectors. We consider and study the formal rules of operating with the sets of
contracts. The difference in these rules differentiates the types of a web’s stability
and therefore in the stability of allocations realized by webs. The types of these “sta-
bilities,” together with the property of contracts to be permissible, reflect different
behavioral, physical, and institutional principles formally given in a game-theoretical
form, which one can find in real life and in neoclassical economic theory. So, different
types of web stabilities correspond to different types of contractual allocations, as well
as their modifications, which can relax or strengthen the property for an allocation to
be stable. We introduce a new formalism and several original contractual concepts: co-
herent, perfect, fuzzy, and complex contractual allocations; some relationships among
them are revealed. Thereby, depending on the structure of permissible contracts,
one can describe notions well known in economic theory such as core, competitive
equilibria, Pareto boundary, and so on in terms of a stable web of contracts. The
relationship between the elements of fuzzy core and fuzzy contractual allocations is
important in its own right: it provides a natural interpretation for fuzzy core and can
be applied even for infinity dimensional models, e.g. to state the existence of equilibria
(see Marakulin (2006a) generalizing results from Florenzano, Marakulin (2001)).

The inadmissibility of some exchange contracts is a specific feature of many modern
non-classical models, and it reflects the essence of our approach. However, as a first
step we consider only the application of the contract-based approach to economies
without admissibility constraints for contracts, this corresponds to the case of classical
markets. In subsequent sections really non-perfect markets are appearing: public
goods, financial and asymmetrically informed markets, and so on: not all versions are
well studied. In non-perfect economies, the permissibility constraints for contracts
are usually implemented as a requirement for a contract to be situated in a subspace
of all possible barter exchanges or in a subspace of technological possibilities. It may
be the subspace of measurable functions relative to informational structure (algebra)

17



18 Chapter 1: Contract-based approach in Arrow—Debreu—McKenzie model

for economies with asymmetrically informed agents or a specific subspace formed via
real assets in incomplete markets (because the direct commodity exchange between
different states of the world is impossible) and so on.

Notice that our theory of contractual interactions does not address bargaining
theory (e.g. see Thomson (1994), Muthoo (1999)) and solutions elaborated in its
context (Nash’s, etc.). These results may be partially incorporated into it in further
investigations. We have not also studied any bargaining procedures for driving agents
to optimal or fair contracts.

From the middle of the 1980s, studies aimed to clarify the basic hypotheses of
competitive equilibrium theory in a context of a strategic game began to appear. An
idea was to apply game theoretical methods to give the answers to such questions
as whence the prices are undertaken and who defines them, why the agents should
accept the prices as given and why they cannot change them (a consumer is said to be
a “price-taker”), that is equilibrium and perfect competition? The answers to these
and other important theoretical questions are given in the analysis of some games in
extensive form. These games belong to a class of DMBG-games (dynamical matching
and bargaining games), constructed by a model of an economy in a special way. In
general, an ideology of this approach is quite close to contractual. This approach and
its substantial sense are described in §4.1.5 from Chapter 4. Here we only note that
certainly, the contract-based approach does not present such widespread variants of
disequilibrium interactions as in the strategic case. However, it is not still a shortage
at all because a cooperative component of implemented allocation (presented in an
aggregated form via a stable web of contracts) plays a crucial role in subsequent
analysis. Moreover, relative to the strategic contractual model is simpler and easier
to be analyzed.

1.1 The model of a contractual exchange economy

We consider a typical exchange economy in which L denotes the (finite-dimensional)
space of commodities. Let Z = {1,...,n} be a set of agents (traders or consumers). A
consumer ¢ € Z is characterized by a consumption set X; C L, an initial endowment
e; € L, and a preference relation described by a point-to-set mapping P; : X; = X;
where P;(x;) denotes the set of all consumption bundles strictly preferred by the i-th
agent to the bundle ;. It is also applied the notation y; >; x; which is equivalent to
y; € Pi(x;). So, the pure exchange model may be represented as a triplet

E=(Z,L,(Xi,Ps,e€)icz)-

'In general there is a possibility to apply the bargaining theory correctly to define a specific
contractual tatonnement process that drives the economy to equilibrium, but it still is not properly
elaborated.
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Let us denote by e = (e;);ez the vector of initial endowments of all traders of the
economy. Denote X = [],.; X; and let

AX)={zeX | ) z=) e}

1€ i€T

be the set of all feasible allocations.
Everywhere below we assume that model £ satisfies the following assumption.

(A) For eachi € I, X; is a conver solid® closed set, e; € X;, and for every x; € X,
there exists an open convex G; C L such that Pi(z;) = G; N X; and if Pi(x;) # 0 then

Notice that due to (A) preferences may be satiated, i.e., P;(z;) = () is possible
for some agent i and x; € X;. However, if P;(z;) # 0, then preference is locally
non-satiated at the point x;.

Let £ = LT denote the space of allocations of the economy £. In the framework
of model &, we are going to introduce and study a formal mechanism of contracting
and recontracting. This mechanism reflects the idea that any group of agents can find
and realize some (permissible) within-the-group exchanges of commodities referred to
as contracts. The mechanism defines the rules of contracting.

By the formal definition, any reallocation of commodities v = (v;);ez € £, i.e. any
vector v € £ satisfying

Z V; = O,
i€
is called a contract.

Not every kind of possible reallocation may be realized in the economy; there
are some institutional, physical, and behavioral restrictions in the economic models
of different types. This is why we equip the abstract contractual economy model

with a new element, the set of permissible contracts W C £. Thus, the contractual
(exchange) economy under study may be shortly represented by the 4-tuple

gc = <Iv L7 W7 (X27 Pi7 ei)i€Z>-
In addition to (A), we only assume everywhere below that for a contractual economy
(C) The set W is star-shaped at zero in £, i.e.,

veW = welW, VO<ALZI.

The economy £¢ as well as the economy & is called smooth if for every i € Z,
Pi(zi) ={y € Xi [wi(y) > wiz:)}, Vo € X;

for some differentiable quasi-concave function u; defined on an open neighborhood of X;.

2Here “solid” is equivalent to “having a nonempty interior.”
3The symbol A denotes the closure of A and \ is set for the set-theoretical difference.
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For a contractual economy, we study the sets of contracts that represent feasible
allocations and introduce the operation of breaking a part of a given set of contracts.
This motivates the following important definition.

A finite collection V' of permissible contracts is called a web of contracts relative
toy € A(X) if

y+Y veX, VUCV

velU

We denote by z,(U) the feasible allocation sustained by U relative to y, i.e., we put
z,(U) =y + Zv.

Similarly, U,(z) denotes the web which realizes x relative to y.
A web of contracts V relative to e is called a web of contracts or simply a web.
Note that V' = () is a web relative to every y € A(X). Denoting

A(V) = Z v,

where V' is an arbitrary collection of contracts (by convention, we write A(()) = 0),
we can write

z,(V)=y+AV), z(V)=2(V)=e+ A(V)

so that V' being a web simply means that
z(U)e X, YUCV.

Now we are going to introduce the operations of breaking existing contracts and
signing new ones. For any contract v € V| let us set

S(v) =supp(v) ={i € T | v; # 0},

the support of the contract v. It is assumed that any contract v € V may be broken by
any trader in S(v), since he/she simply may not keep his/her contractual obligations.
Also, a nonempty group (coalition) of consumers can sign any number of new con-
tracts. Being applied jointly, 7.e., as a simultaneous procedure, these operations allow
coalition T" C 7 to yield new webs of contracts. The set of all such webs is denoted
by F(V,T). Formally, we require that each element U € F(V,T) has to satisfy the
following properties:

(i) ve VU = S)NT #0,
(i1) ve U\V = S(v) CT,

(111) D ey A0 €W forall 0< A, <1, velU\V.
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Condition (i) means that only members of T can break contracts in V, condition
(77) means that only members of 7' may sign new contracts, and (¢ii) is a kind of
joint permissibility of new contracts, which is useful in applications of the contractual
economy. Notice also that due to the definition of a web of contracts, a coalition can
break any subset of contracts of a given web that satisfies (7).*

Further, for the webs of contracts, it is introduced the notion of domination via
a coalition. This property, being written as U ; V (U dominates V' via coalition T'),

means that
() U e F(V,T),
(17) z;(U) = ax;(V) forall ieT.

Definition 1.1.1 A web of contracts V' is called stable if there is no web U and no
coalition T C I, T # 0 such that U ? V.

An allocation x is called contractual if © = x(V') for a stable web V.

The property that a web of contracts is stable may be relaxed as well as strength-
ened. The most important possibilities are described below.

Definition 1.1.2 A web of contracts V' is called lower stable if there is no web U and
no coalition T CZ, T # 0 such that U ? Vand U C V.

A web of contracts V' is called upper stable if there is no web U and no coalition
TCZ, T#0 such thatU?V and V C U.

An upper and lower stable web of contracts V is called weakly stable.
An allocation x is called lower, upper, or weakly contractual if x = x(V') for some
lower, upper, or weakly stable web V', respectively.

It has to be clear that all the above notions of stability and domination may be
considered as “relative to some given feasible allocation,” simply use this allocation
instead of the initial e. Also, it has to be clear that the notion of a weakly stable web
(weakly contractual allocation) is really weaker than the corresponding notion of a
stable web (contractual allocation). The difference is that in the first case the opera-
tions of breaking existing contracts and signing new contracts are applied separately,
whereas in the second case they are applied simultaneously. In the framework of a
market economy, we consider below the relationships among the sets of contractual,
lower, upper, and weakly contractual allocations. They correspond to notions well
known in economic theory.

How can the process of recontracting (breaking existing contracts and signing
new ones) be expressed in economic terms? We can assume that this is something
like a tatonnement process (cooperative tatonnement), which, for example, may be
as follows. To simplify the argument, let us imagine that there is an ordered list
of all coalitions. At the first stage (iteration), the coalitions, in the given order

4Otherwise, it would occur that an allocation realized via breaking contracts is not feasible.
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of appearance, start to sign and/or break contacts (transiting to webs in F'(Vg, Tg),
where & is the order number of coalition T¢). Here the first coalition “starts” from the
given initial endowment allocation e and since there were no contracts signed before
from the web Vi = (). The stage, the iterative loop, is finished when the last coalition
has made its choice. Next, the second stage starts where the same process is going on,
assuming that the first coalition in the list deals with the web of contracts realized
at the end of the first stage. The fixed points of this iterative process correspond to
the contractual allocations and to the stable webs of contracts. Clearly, the order
of coalitions’ “appearance” during a stage is not essential. Moreover, a coalition can
appear several times during one stage, and the order of coalitions’ appearance can
vary from stage to stage. What is really important is that each coalition has a chance
to appear in infinitely many iterations. In general, this scenario does not impose
any time restrictions on the duration of an iteration, and the number of iterations is
potentially unlimited (therefore the duration of a stage is infinitely small). Informally,
it is just presumed that the process finishes in “a reasonable time” and the economy
transits to a stationary state. It is these potentially possible stationary states that are
the subject of my analysis. Notice also that if in the iterative process, starting from
some stage, one forbids the signing of new contracts for coalitions, one can realize
stationary states and webs of contracts which are lower stable (in one of the senses
described above or below: it depends on which kind of contract breaking is permissible,
i.e., whether one can break a contract only in its entirety, partially, or even with a
transition to equivalent contracts). Similarly, by forbidding breaking contracts or by
breaking contracts in a mixed regime (at one stage forbidding signing new contracts, at
another stage forbidding breaking them, and so on), one can realize upper and weakly
stable webs and contractual allocations, respectively. A conventional presentation of
the contracting and recontracting process, a kind of timing, is presented in Figure
1.1.1. Here coalition Ty = {1,4} breaks a part of contracts W C V¢_; from the web

Te /7 N\ Ten Tess Teys Teya
000 ‘/% ‘/§+1 000
(1,4)\_ 11,5} 24,5 (2,3} (1,3,4)

Figure 1.1.1: Contracting and recontracting process

Vi_1 and signs a new contract w = (wi,0,0,wy,0,...,0) € R™ (I is a number of
commodities), forming a new web V¢ such that

e + Z U%il +wy =1 €1+ Z Uffl,

v5*1€V§,1\W U£71€V§,1

-1 -1

e, + E Ui + Wy >4 €4+ E Uﬁ .
’L)E_lE‘/g,l\W Ug_le‘/g,l

On the left-hand side of these relations, the summation is taken over contracts from
Ve_1, which are not broken by coalition {1,4}. Conversely, on the right-hand side of
these relations, the summation is taken over all contracts from the web V,_;. Further,
the web V¢ is transformed by coalition T¢y; = {1,5} in a similar way, and so on.
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Remark 1.1.1 Similar views on commodity exchange processes, sometimes called
barter processes, can be found in Madden (1975), Graham et al. (1976), and other
papers. However, all these papers studied other problems and did not elaborate
contract-based approach properly. [ |

Now we continue the list of stability concepts, strengthening the stability relative
to the procedure of breaking contracts. It is clear that a web that is not lower stable
cannot be long-lived in a market. This is why we restrict our attention below only to
the lower stable webs. First, let us introduce an equivalence relation on the set of all
such webs. This equivalence will allow us to partially divide some contracts. To this
end, we can define a partial ordering on the set of all webs as follows:

U>V <= 9 amaponto f:U — V such that
(1) Af(u) =u for some 0 < A <1 and for every u € U,
(1) D yep-1(pu = for every v € V.

One can easily see that the set of contracts f~*(v) is a partition of contract v and so
the web U consists of (finite) partitions of contracts from V. The minimal elements
of the set of all webs may be called root webs. Note that for U > V due to definition
we have A(U) = A(V). Now the equivalence relation may be defined as follows:

U~V «<— 3 aweb W suchthat V>W & U > W.

Clearly, U ~ V simply means that these webs have a common root web.

Definition 1.1.3 An allocation x is called properly contractual (resp. lower properly
contractual, weakly properly contractual) if there exists a web V' such that x = x(V)
and for every U ~V the allocation x = x(U) is contractual (resp. lower contractual,
weakly contractual).

So, for properly contractual allocations we allow the agents to partially break
contracts as well as to sign new contracts (simultaneously or separately). This may
be interpreted in two ways. First, speaking in behavioral terms, the agents are going
to sign many small volume contracts instead of signing one contract of a large volume.
This way they gain more economic freedom through the ability to break off some small
contracts if a necessity arises. The second way is to treat a proper contract as a kind
of preliminary agreement. In this agreement, only the rates of exchange are rigidly
defined in contrast to the volume of the contract, which is flexible and will be defined
rigidly at the end of the contracting procedure. It should be clear that due to the
last definition, the property of an allocation to be stable (in any of the senses) is
essentially strengthened when we add the word “proper” to the term “contractual”
allocation. Below, we refine and define the term “proper” for a single contract and
for a web.
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Definition 1.1.4 Let V be a web. A contract v € V' is coherent if every web U such
that U ~ {v} is lower stable relative to (x(V') — v), when it is taken as the initial
endowments or equivalently for ordered preferences, if

A subweb U C'V consisting of coherent contracts is called coherent.

A subweb U C 'V is called proper if for every web W ~ U the web (V\U)UW is
lower stable.

An allocation x realized by a coherent web V| i.e., x = x(V'), is called (lower)
coherent.

Notice that the only difference between coherent and proper webs is that in the
first case the web is stable relative to the partial breaking of any single contract,
whereas in the second case the agents may partially break any number of contracts in
the web. In general, these notions are not equivalent (see Example 1.2.1). Moreover,
even the notions of coherent and proper contracts are not equivalent; in the latter case,
breaking more than one contract in the web is also allowed. The case of a proper web
of contracts is geometrically presented in Figure 1.1.2 a) in the coordinate system of
consumer ¢ € Z. Figure 1.1.2 b) presents the geometry of stable but non-coherent and
non-proper webs.

4

Figure 1.1.2: a)—the web {u,v} is proper, b)—the web {u,v} is not proper

The difference is that while in the first case the whole “parallelogram of contracts”
does not intersect P;(Z;), in the second case it does intersect, but no vertez belongs
to ’Pl(i'l)

The next proposition fully characterizes coherent contracts for convex contractual
economies.

Proposition 1.1.1 Let V' be a web. Contract v € V is coherent iff there exist linear
functionals py # 0 such that

<p;)>73z(xz(v))> > <p§}7$2(v)>5 & <pfavi> Z 0 (1'1'1)

for every i € Z. Moreover, if the utility functions are differentiable, (1.1.1) is fulfilled
for p{ = Vu;(z;(V)) #0, 1 € L.

> (A, p) denotes the set {(a,p) | a € A} and A > b (A > b) means a > b (a >b) for all a € A. By
convention we assume (p, ) > b, Vb € R.
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Proof of Proposition 1.1.1. Let us show that (1.1.1) is sufficient. Assume that for
every ¢ € supp(v), inequalities (1.1.1) are true, but the contract v is not coherent.
Then after partially breaking v, the broken part being 0 < v, < 1, agents realize the
new allocation

rf =x, — o, 1E€T

such that 2 >=; z; for some i € supp(v) so that the first part of (1.1.1) gives pYz& >
pYx;. But then, using the second part of (1.1.1) for this i, we obtain pYz$ < pYa;,
which contradicts the previous inequality.

To establish that (1.1.1) is necessary, assume that the contract v € V' is coherent,
i1.e., the web V is stable relative to the partial breaking of contract v. For each
consumer ¢ € Z, let us consider the set

U(z)={z;i— v | 0<, <1} C X,

By definition, the sets U; are nonempty, convex and closed. Now, since the contract
v € V is coherent, it follows that

Pi(x;) NU(x) =0, Viel.

By assumption, there exists an open convex set GG; C L, such that in non-satiated
case G; N X; = Pi(x;) # 0, z; € G; for the given z € A(E) and i. Now for each
non-satiated ¢ € Z at x; the last relations imply

Therefore, by the separation theorem, for each non-satiated ¢ € Z there exists p; € L'
such that py # 0 and

(pi, Gi) > (pi, i) = (pj, Ui()).

Clearly, for differentiable utility functions if Vu;(z;(V')) # 0 then one can put p! =
Vui(z;(V)), i € Z. Now the first inequality implies the first part of (1.1.1), and the
second one gives

pii 2 pjwi — o (Ui, py), 0 < <1

Therefore, (v, py) > 0. |

The following corollaries characterize properly contractual allocations in terms of
coherent webs.

Corollary 1.1.1 Let £° be a smooth contractual economy. Then allocation x is lower
properly contractual iff there exists a coherent web V' such that x = x(V'). Moreover,
relation (1.1.1) is fulfilled for p; = p! = Vu;(z;(V)) # 0 and for every v € V and
1€T.

Proof of Corollary 1.1.1. It is enough to check that every coherent web U, such
that = x(U) is stable relative to the procedure of partially breaking any number of
contracts, i.e., U is a proper web.
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In fact, due to Proposition 1.1.1 for differentiable utilities, for every v € Ve(z) the
functional (vector) p! = Vu;(z;) = p; # 0 satisfies condition (1.1.1) for all € Z. This
implies

GZ' N Mz(l’) = Q), Vi € I,

where
/\/li(w):{xi—Zavvi |0<a,<1,veV}CX,.
veV

The proof is completed. [ |

In particular, the last corollary states that for smooth economies every coherent
web is proper, i.e., stable relative to the partially breaking any number of contracts.
Note that the assumption of differentiability of utilities cannot be dropped here; ap-
propriate examples can be easily constructed (see Example 1.2.1, second part).

The next property of proper and coherent contracts is that under a condition
of saving aggregated exchange parameters they can be replaced by another proper
web, keeping the lower stable property for the new web. This fact also follows from
Proposition 1.1.1. Recall that V,(z) = V denotes a web realizing the allocation z
relative to the initial endowments y, i.e., z =y + A(V).

Corollary 1.1.2 Let £¢ be a smooth economy and x € A(X). Then any coherent web
Ve(x) has the following inheritance property: for every (coherent) contract v € Vo(x)
and every coherent web W,_,(x), the new web U = (Vo(x) \ {v}) UW,_,(x) is lower
stable relative to partially breaking (any number of)) contracts and therefore is proper.

Proof of Corollary 1.1.2. Due to Proposition 1.1.1 (necessity), for all i € Z there
are unambiguously up to normalization defined functionals p; satisfying (1.1.1) for any
(coherent) contract v € Vi(z), as well as for contracts in the coherent web W, _,(z),
since this web is stable relative to the partial breaking of contracts and ZwEWz_v(x) w—+
x —v = x. In other words, for every non-satiated i at x; there is a p; # 0 such that

(piy Pi(xi)) > (pi,xi),  (pi,v) >0, Yo' € Vy(x)
and
(pi,w;) >0, Yw € W,_,(x).

Hence, joining the second relation with the first one for contracts in U and applying
Proposition 1.1.1 in the part of sufficiency yield the result via Corollary 1.1.1. |

The next important property of proper and coherent contracts is that they can be
replaced by another proper web, keeping the lower stable property for the new web.
This fact also follows from Proposition 1.1.1. Recall that V,(z) = V' denotes a web
realizing the allocation x relative to the initial endowments y, i.e., z =y + A(V).

Corollary 1.1.3 Let £€ be a smooth economy and x € A(X). Then any coherent web
Ve() has the following inheritance property: for every (coherent) contract v € Vo(x)
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and every coherent web W,_,(x), the new web U = (Vo(x) \ {v}) UW,_,(x) is lower
stable relative to partially breaking (any number of)) contracts and therefore is proper.

Proof of Corollary 1.1.3. Due to Proposition 1.1.1 (necessity), the functionals
pi = Vu(z;) satisfy (1.1.1) for any (coherent) contract v € Ve(z), as well as for
contracts in the coherent web W,_,(x), since this web is stable relative to the partial
breaking of contracts and ZweWI,v(x) w—+x —v = z. In other words, for every i there
is a p; # 0 such that

(pi, Pi(:)) > (pi, wi),  (pi,vi) >0 Vo' € V()

and
(pi,wi) >0 Yw € W,_,(z).

Hence, joining the second relation with the first one for contracts in U and applying
Proposition 1.1.1 in the part of sufficiency yields the result via Corollary 1.1.1. [

The following proposition gives the characterization of proper webs in dual terms
for the non-smooth case. The proof of this proposition is similar to the proof of
Corollary 1.1.1.

Proposition 1.1.2 Let V' be a web of contracts and v = z(V). Then web V is
proper, i.e., x is a lower properly contractual allocation, if and only if, there exist
linear functionals p; # 0, such that

(pis Pi(x:s(V))) > (pi,z:(V)) & (piyvi) 20 VveV (1.1.2)
for each i € T.

Proof of Proposition 1.1.2. Under assumption (A), the fact that V is a proper
web is equivalent to the condition

GZHM1<$) =0 Vi €T,

where
M;(z) = {xi—Zawi | 0<a, <1, veU} CX,.
veV
Now applying the separation theorem to the sets G; and M;(z), we establish the
necessity of (1.1.2). Its sufficiency can be checked directly. |

In applications of contractual economies one can also use contracts with a stronger
stability, so-called perfect contracts. To introduce this notion, let us first consider
another kind of equivalence relation defined on the set of all proper webs. This (weak)
equivalence relation may be defined as follows: Let U and V' be proper webs, then

U~V «— Zu:ZU.

uelU veV
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Clearly, U ~ V simply means that these webs are proper and realize the same allo-
cation. It also has to be clear that U ~ V implies U ~ V for all proper webs U and
V. Given a proper web V', a proper web U such that U ~ V may be referred to as a
virtual web (relative to V).

Definition 1.1.5 An allocation x is called perfectly contractual if there exists a proper
web V' such that x = x(V'), and for every proper web U such that U ~ V the allocation
x =z(U) is contractual.

Perfectly contractual allocations correspond with agents’ perfectly contractual be-
havior, which can be treated in the following way. When the agents are signing
contracts, they should take care that not only these contracts would be short enough,
as for the properly contractual behavior, but also would be differently directed (i.e.,
they have sufficiently many different exchange proportions) to provide the opportu-
nity to break the “unluckily directed” ones. So agents are allowed not only to break
contracts partially but also to change (in a sense) the “directions” of contracts with-
out loss of low stable property. One can see an analogy with the hedge policy, the
main difference being that here we are speaking about the exchange-of-goods based
contracts (barter), by the signing of which and moving into agreements via “tacks or
traverses,” the agents reach a final resource reallocation.

This may also be treated in terms of an optional agreement. In fact, in a perfectly
contractual allocation, the society is protected from the possibility that some coalition
initiates a new recontracting process. A coalition may hope that via recontracting,
it will ‘gather more profitable harvest,” i.e., find better consumption programs for
its members. The following scenario may take place. A coalition, acting through its
members, may suggest to the non-members of the coalition, who are involved in the
coalition contracting, that the contracts be rewritten so that

(7) the same allocation is realized,

(77) nobody has incentives to break new contracts partially, i.e., the new web inherits
the lower stable property of the initial web relative to the partial breaking of
contracts.

In such a case, the non-members of the coalition may sign these new agreements
as long as they have no revealed incentives to refrain from doing so (possibly the
coalition members are good negotiators). Once these new agreements are signed, the
coalition breaks a part of the contracts and signs a new contract that as a whole
provides the coalition members with better consumption bundles. However, for a
perfectly contractual allocation, this hypothetical behavior of every coalition cannot
be profitable.

Certainly the property of an allocation to be perfectly contractual is the strongest
kind of stability. The following definition extends the notion of being perfect to a
single contract.
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Definition 1.1.6 Let V' be a web. A coherent contract v € V' is perfect if every web
U such that U ~ {v} is stable relative to (x(V') — v), which is taken as the initial
endowments.

A web (subweb) which contains only perfect contracts is called perfect.

Remark 1.1.2 We would also like to mention an alternative definition of a web’s
perfect subweb of contracts.

Let V be a web. A subweb U C V is called perfect if it is proper and, for every
web W proper relative to (x(V)—=>_, ., u) and such that W ~ U, the web (V\U)UW
is stable. A contract v € V' is called perfect if the subweb {v} is perfect.

Note that according to this definition, every web containing at least one perfect
contract is stable. Notice also the difference between the two following statements for
U C V which arises in this case: “U is a perfect subweb” and “U is a perfect web
relative to (x(V) — >,y w)”. The first one implies the second, but in general the
reverse is not true (since in the first case it is allowed to break contracts in V' \ U, but
in the second one it is not).

If one assumes this definition, the contracts and their webs (subwebs), perfect in
the sense of Definition 1.1.6, may be renamed as perfectly coherent. Note also that
due to Proposition 1.1.1 and its corollaries, for smooth economies both wariants of
the definitions of a perfect contract and of a perfect web (subweb) are equivalent. M

The described scheme of agents’ interaction during the contract process is illus-
trated in the following Example 1.1.1. Moreover, this example presents a properly
contractual allocation, which s not perfectly contractual.

Example 1.1.1 Consider an exchange economy with two commodities and with three
agents having the following characteristics. Let X; = Ri, 1 = 1,2,3 be the agents’
consumption sets, and let preferences be defined via utility functions u; : X; — R.
Let endowments e; € X; and utilities have the form

ui(z) = min{dz; + 4z, 21 + 720}, e
ug(2) = min{dz; + 629,321 + 722},
us(z) = min{20z; + 29, 21 + 2022}, e3 =

—~
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Let us consider an allocation z = (z1, x2,x3) € RS, where
1 = (1, 1), Ty = (2,2), T3 = (1, 1)

This allocation can be realized by a web consisting of the only contract w = =z — e.
Since ul(xl) =8> 5% = ul(el), UQ((L’Q) =20 > 18% = u2(82)7 U3($3) =21 > 16% =
us(es), the allocation x is individually rational. As in our case for each agent, as
soon as the sets P;(z;) of strictly better consumption bundles are represented as the
intersection of some (open) cone with the vertex at the point x; and positive orthant,
then the individual rationality of x implies that the web W = {w} is proper relative
to e. Moreover, in the next section a stronger property will be established—this
allocation (W) is properly contractual.
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Further, coalition {1,2} can propose to agent 3 to rewrite contract w = = — e,
dividing it due to an allocation y € X into two contracts: u =2+ —y and v =y — e,
forming a wvirtual proper web {u,v} ~ {w}. Agent 3 can accept this proposal, since
he/she realizes the same consumption program, and moreover, via the partial breaking
of new contracts, the agent spreads his/her playing abilities to dominate current
allocation. Let us consider an allocation y = (y1, e, y3) satisfying

h=x14+x— (1h +y2) = (—3¢e,¢), &>0.

This condition compromises the requirement that the web {u,v} be proper. For
example, one can take

2/1:(71%); E=451 = 922(%,2—5)7 ys = (

%))
©|~3
tollo
ENIS

).

To check that the web {u,v} is proper, apply Proposition 1.1.2. Now for agent 1
consider functional p; = (1,7) supporting P;(x;) at point x1, obtaining

Y

pizr—y) =1, pi(yr —e) = %

For agent 2 consider supporting functional p, = (4,6), having

p2(372 - y2) = pz(y2 - 82) = %-

For agent 3 take supporting functional p; = (20, 1), for which
ps(zs —ys) =253, ps(ys —e3) =247

All described functionals satisfy the sufficient condition (1.1.2) of Proposition 1.1.2,
which proves the web {u, v} to be proper. This analysis is illustrated by Figure 1.1.3,
where the left figure presents Edgeworth’s box,® constructed separately for coalition
{1,2}, the right one describes the case for agent 3 in his/her coordinate system.
Here &, = x1 + x5 — €2, Pa(xs) = x1 + 23 — Pa(x2), G2 = x1 + T2 — yo are the
presentations of initial endowments, preferences and consumption vector y, in 1st
agent’s coordinate system, correspondingly. Notice that €, # e; and 7, # v, since
e;+e # 1+ T2 # Y1+ 1.

Finally, when agent 3 accepts the proposition of coalition {1,2}, the members of
this coalition can break contract u = x —y, realizing the allocation y as a kind of “new
initial one,” and can sign a new contract g = (g1, ¢g2), where g1 = 1 — y; + §(1, 1),
g2 = xa—y2—h—09(1,1), 6 > 0. Due to the definition of h, this is a contract in fact such
that new consumption bundles are z; = 21 + §(1,1), 20 = x5 + (3e — §, —e — §). The
utility of the first agent for the new bundle increases due to preference monotonicity.
The utility of the second agent also increases if § is small enough:

ug(22) = ug(wa) + min{6e — 100, 2 — 100} = us(xq) 4+ 26 — 105 > ug(x2) for 6 < e/5.

So, acting in the described way, coalition {1,2} can reach a higher consumption level
for its members (let all contracts be permissible), and studied allocation x is not
perfectly contractual. |

60n Edgeworth’s box, see also Example 1.2.1 from the next section.
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I $1+$2:(3,3)

2, R

Figure 1.1.3: Edgewort’s box for coalition {1,2} and agent 3’d consumption separately

Further, we consider the concept of fuzzy contractual allocation. The notion of
properly contractual allocation presumes that agents are able to partially break con-
tracts in such a way that every contract may be divided into several contracts with
equal exchange proportions and some of these contracts may be broken, 7.e., instead
of contract v € V the agents may deal with a finite family of contracts {u¢}, such
that Y ue = v and ug = A¢v for some real A¢ > 0 for all £. Thus for partial breaking
of contract v the members of coalition S = supp(v) have to coordinate their actions.
Relaxing this coordination requirement for fuzzy contractual allocation, we allow the
agents to break contracts asymmetrically and together with » ue = v to require
(ug)i = Agiv; for a real Ag; > 0 for all £ and ¢. Notice that now vector ug may not be
a contract at all, since ) . ug; = 0 may not hold.

Let V be a web of contracts. For every v € V' we consider and put into correspon-
dence an n-dimension vector

= (043,10, 0<t' <1, Viel,
and let
V' = (v, thuy, ..., to0,)

be the vector of commodity bundles formed from contract v = (v;);ez when all agents
“break” individual bundles (fragments) of this contract in shares (1 —t});cz. Denote
T(V)=T={t"|v eV} and introduce

Vi={'veV, t"eT} AVT)= > o (1.1.3)

vteVT
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Definition 1.1.7 An allocation v € A(X) is called fuzzy contractual if there exists
a proper web V' such that x = x(V') and for every T(V') there is no barter contract
w = (wi,...,w,) €R", > w; =0, such that for

G=&TV,w)=e;+ AV +w;, i€l (1.1.4)

one has
§imimi Vi & # T (1.1.5)

So, for this kind of allocation the negation of domination means that the implementing
web of contracts is proper and allocation is stable relative to asymmetric partial break-
ings of contracts. It is appropriate to compare this definition with Definition 1.3.5,
which specifies fuzzy contractual allocations in an economy of Arrow—Debreu type
(with a production sector): allowing only zero production, we have an equivalent
result.

In economic terms, this notion can be explained in the following way. During
recontracting agents may make mistakes, coordination among coalition members may
work imperfectly, and so on. As a result, an agent ¢ can (erroneously) think that
after the partial breaking of current contracts he/she will have a commodity bundle
r7 = e; + Ay(VT) and that commodities from z! may be mutually beneficial ex-
changed so that to dominate current allocation = (x;)z. If allocation z(V') is not
fuzzy contractual, then the last may (potentially) destroy agreements and allocation
will be changed. Thus fuzzy contractual allocations are protected from this kind of

agreement destructions.

Finishing the gallery of various kinds of allocation stability in a contractual econ-
omy, let us assume that the set of permissible contracts can be represented as a (finite)
union of star-shaped sets, 1.e.,

W = UVk.

Note that WV is then a star-shaped set itself and Ve may, in particular, be convex sets
or, moreover, subspaces of £ (as for incomplete markets or DI-economies).

Now, for a given web V', we can associate with each v € V', v € W, certain sets in
{Ve} and can require that if v € V¢ for a given &, then the contract v has to be coherent
and either proper or perfect or neither proper nor perfect. When such an association is
established, the allocation z(V') is called complex (composition) contractual. In other
words, a complex contractual allocation is stable relative to both the procedure of
appropriately breaking contracts (depending on the set to which the contract belongs)
and the procedure of signing new (permissible) contracts. Moreover, some additional
requirements may be imposed on a web realizing an allocation. These requirements
always take the form of joint stability of contracts from the web. Below we will see
such kind of construction in the context of an incomplete market model.

1.2 Contracts in a standard exchange economy

In the classical setting, it is indirectly assumed that for a pure exchange economy
all kinds of commodity exchanges are allowed, the only restriction being that the
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realized consumption programs (bundles) have to belong to the agents’ consumption
sets, 1.e., the allocations have to be feasible. This is why when one complements this
model with a contract-based mechanism it is logical to think that all contracts are
permissible, i.e., one may presume that VW = £ where £ is the space of allocations.
In fact, sometimes it suffices to require a bit less. So, speaking of a standard exchange
economy, we always assume that the corresponding contractual economy is such that
the set W of all permissible contracts is radial (absorbing)” at zero in £. In all
other aspects the standard model coincides with model £. Further let us recall some
definitions.

A pair (z,p) is said to be a quasi-equilibrium of £ if x € A(X) and there exists a
linear functional p # 0 onto L such that

<Pa Pz(%» > pxr; =pe;, Viel.

A quasi-equilibrium such that z; € P;(z;) actually implies pz, > px; is a Walrasian
or competitive equilibrium.

On the other hand, z € A(X) is said to be dominated (blocked) by a nonempty
coalition S C Z if there exists y° € [],.gX; such that >, oy = > . g€ and
y? € Pi(x;) Vi€ S.

The core of £, denoted by C(E), is the set of all x € A(X) that are blocked by no
(nonempty) coalition.

Weak Pareto boundary for £, denoted by PBY(E), is the set of all x € A(X) that
cannot be dominated by the coalition Z of all agents.

An allocation z € A(X) is called individually rational if it cannot be dominated
by singleton coalitions. ZR(E) denotes the set of all these allocations.

The above definitions imply

€S

C(E) € PB (E) NIR(E).

In general, the reverse inclusion is true only for a two-consumer economy.

Next we would like to make several remarks on the concept of Pareto optimality
(Pareto boundary). First recall a stronger concept of optimality, sometimes called the
strong Pareto optimality. For preordered preferences® =; an allocation z = ()7 €
A(X) is a strong Pareto optimum if there is no z = (2;)7 € A(X) such that

zimiwy Viel & Jjel:zi-juz;.

Let us denote by PB*(E) the strong Pareto boundary, the set of all strongly Pareto
optimal allocations. The definitions imply PB*(E) C PBY(E).

There is one more possibility of defining the optimality concept in an economic
model. It takes an intermediate position between the two notions considered above.
We will see below that exactly this kind of optimality is realized by upper contractual
allocations.

TA set A C £ is radial at a point a € A if, for every b € £, \b € (A —a) for all real 0 < X\ < )
and some )\, > 0. Notice that a conver radial set is star-shaped at its every point.
8This is a reflexive, complete and transitive non-strict binary relation.
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Let us call an allocation x = (z;)r € A(X) strictly Pareto optimal if there is no
coalition S C Z for which there exists a y° € [[,.g Xi such that >, cy? = > ;e
and y? =; x; for each i € S. In other words, x is an allocation in the core of the other
economy, which differs from the original one in only one aspect, namely, allocation
x is taken as the initial endowments. In our opinion, the last concept of optimality
presents the most precise form of Pareto optimality.

Denote by PB(E) the strict Pareto boundary. 1t is easily seen that

PB(€) C PB(E) C PBY(&).

Therefore, if under some conditions one can show that an = = (x;)r € PBY(E) is
strongly Pareto optimal (this is the case if, for example, the preferences are locally
non-satiated and z € intX),? then the allocation z is strictly Pareto optimal as well.

The next important notion, fruitfully working in the theory of economic equilib-
rium, is the concept of fuzzy core. Recall that any vector

t:(tl,,tn)%o, 0<t; <1, Yiel

may be identified with a fuzzy coalition, where the real number ¢; being interpreted
as the measure of agent i in the coalition. A coalition ¢ is said to dominate (block)
an allocation x € A(X) if there exists y* € [[; X; such that

Dotwi=) te = ) ti(yi—e)=0 (1.2.1)
i€l i€ i€

and
yi=ix;, Viesupp(t)={i€Z|t; >0} (1.2.2)

The set of all feasible allocations which cannot be dominated by fuzzy coalitions is
denoted by C/(€) and is called the fuzzy core of the economy &.

1.2.1 Preliminary results and an example

We start the analysis with the theorem, which establishes relationships between the
core and contractual allocations.

Theorem 1.2.1 Let £° be a contractual economy such that W = £, and let x be a
feasible allocation. Then:

(i) x is contractual < x € C(E)NPB(E);
(ii) x is upper contractual <= x € PB(E);
(i13) x is lower contractual <= x € ITR(E);

(v) x is weakly contractual <= x € ITR(E)NPB(E).

9Moreover, it is well known that if the preferences are strictly monotonic and X; = Rﬂr (1is
the number of commodities) for all ¢, then the concepts of strong and weak Pareto optimality are
equivalent.
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Proof of Theorem 1.2.1. The necessity of (i)—(iv) directly follows from the defi-
nitions. To check their sufficiency, let us consider the web Vi (z) consisting of only
one contract v = x — e. This is really a web since x € A(X) and by assumption,
x —e € W. A routine checking of Definitions 1.1.1, 1.1.2 completes the proof. [ |

The following theorem characterizes the equilibrium allocations in terms of the
properly contractual ones. So, the result of this theorem allows us to consider sta-
bility of an allocation relative to the partial breaking of contracts as a specific form
of perfect competition conditions that delivers another contractual sight on this sub-
ject. This approach is developed via the idea of fuzzy contractual allocations and
their relationships with equilibria (they coincide under weaker assumptions) that are
revealed at the end of section, see Propositions 1.2.1, 1.2.2 and Lemma 1.2.2.

Theorem 1.2.2 Let £° be a smooth contractual economy, the set W C £ be radial
at zero and x be a feasible allocation such that x € intX and Vu;(x;) # 0 for some i
and all agents are non-satiated. Then the following statements are equivalent:

(1) x is an equilibrium allocation,

(19) x is Pareto optimal and there exists a coherent web V realizing this allocation,
i.e., v = x(V') such that V is coherent and upper stable;

(¢4i) x 1s a properly contractual allocation;
(iv) x is a perfectly contractual allocation.

Moreover, if (x,p) is an equilibrium and V is a web realizing x = x(V'), then V is
a coherent web if and only if pv; =0, Vo € V, Vi € T.

Remark 1.2.1 The analysis of the theorem’s proof demonstrates that the implication
(i)=(ii1) is true in the general case for the non-smooth, possibly satiated preferences
and without the requirement x € intX, i.e., in a standard exchange economy every
equilibrium is a properly contractual allocation.

Recall also that due to Theorem 1.2.1 (i7), statement (ii) of Theorem 1.2.2, in
which the Pareto optimality of the allocation z is claimed, is equivalent to the existence
of a coherent and upper stable web realizing this allocation. [ |

Proof of Theorem 1.2.2. To establish the equivalence of (7)-(iv) recall that un-
der the theorem’s conditions and via Second Welfare Theorem, x € A(X) is Pareto
optimal iff there exists an i € Z such that for p = Vu,;(z;)

(Pi(z;),p) > (p,x;), Vje€TLX (1.2.3)

Let without loss of generality be i = 1.

19In particular, it implies that non-zero Vu;(x;) and Vu;(x;) coincide up to a normalization for
all ¢ # j. It is easy to analyze the omitted case when Vu;(z;) =0 Vi € Z.
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Further, let us notice that (iv)=-(iii)=(ii). To establish (ii)=(i) define p =
Vuy(xy) and apply Proposition 1.1.1 to obtain pv; > 0 for all v € V and i € Z.
Summing up over v € V for every i € Z, we arrive at

P, Ai(V)) 20 = pr; > pe;.

This, due to the feasibility of x, implies px; = pe; for all ¢ which by (1.2.3) yields the
equilibrium properties of (z,p).

Now let us prove (i)=(iv). Let v =v" = (x — e)/r, where the natural r is chosen
based on the assumption that WV is absorbing, and define the set V' consisting of the r
identical copies of the contract v. Clearly, V is a web. Now the equilibrium properties
of the pair (z,p) imply pv; = 0, Yo € V, Vi € T and therefore (1.1.1) is true (one
can take p = Vu;(z;) as the equilibrium price vector for z). Applying the sufficiency
part of Proposition 1.1.1, one concludes that V' is a coherent and, moreover, proper
web. Now let U ~ V for a proper web U. Once again due to Proposition 1.1.1
(necessity), the properness of U implies pu; > 0, Yu € U, Vi € Z. But then the
contract specification (), ;u; = 0) implies pu; = 0, Vu € U, Vi € Z. Finally, if for
aTCZ, T+#0and aweb W € F(U,T) we have W =7 U, then it follows from the
equilibrium definition that

(p,ys(W)) > (p,z:(U)), VieT.

Consequently, summing up these inequalities over ¢ € T, we arrive at the contra-
diction with the contract specification of w € W \ U (since S(w) C T, because of
W e F(U,T) and (ii)). The final part of theorem is also clear. |

Further, let us consider an example demonstrating the difference between the
various notions of contractual allocation. Of course, for this difference to be realized
when the partial breaking of contracts is allowed, the conditions of Theorem 1.2.2
have to be invalid, and either the utilities have to be non-smooth or the allocation
has to belong to the boundary of X.

The following example, borrowed from Kozyrev (1982a), shows that for non-diffe-
rentiable utility functions a properly contractual allocation may not be an equilibrium.

Example 1.2.1 Consider a two-commodities exchange economy with two consumers,
where X; = R%. Let x = (z1,22) and y = (y1,y2) denote the consumption bundles
of 1st and 2nd agent, respectively. Let preferences be defined onto Ri by the strictly
monotonic utility functions

uy (21, T2) = 22122 + 21 + Ta,  Up(Y1,Y2) = 2¢/Y1¥2 + Y1 + Y2 + min{ys, pp}
For the initial endowments, we take the vectors
e; =(1,0), ex=(0,1), e=e +e=(1,1), e= (e, ez)=1((1,0),(0,1)).

In further considerations, we make use of the “Edgeworth’s box,” the well known
subset of R?:
EB(e)={rcR?*|0<x<(1,1) =¢e}.
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One can interpret © € EB(€) as the consumption of the first consumer and (e—z) =y
as the consumption of the second one. The point z may also be associated with the
allocation (z,e — z).

A simple analysis shows that in this example Pareto boundary is the set

PB =co{(0,0),(1,1)} ={zxe€ EB(e) |z1=22=0a, 0<a <1},

i.e., it is the diagonal of E'B(e).

Since every equilibrium allocation is Pareto optimal and due to the fact that if it is
an interior point of the box, the price vector has to coincide up to a normalization with
Vu,(x), the vector (1,1) has to be an equilibrium price vector. Clearly, the points
(1,1) and (0,0) are not equilibrium allocations. Consequently, p = (1,1) is the only
(up to a normalization) equilibrium price. Using the budget constraints px; = pe;,
one can easily find the unique equilibrium allocation which corresponds to the first
agent’s consumption bundle (%, %) in the Edgeworth’s box.

The core in this economy with two consumers coincides with the set PB N IR
which, in turn, is the set of all contractual and weakly contractual allocations and

can be easily calculated to be
PBNIR ={z€PB|u(zr)>uiler), us(€ —x) > us(ez) } =co{ (3 1), (3 3)}

Next let us find the set of all properly contractual allocations. Clearly, this is
the set of all points x = (a, ) in PB C EB for which the derivatives of the utility
functions u; and wus are not positive in the directions of hy = e; — (o, ) and hy =
e — (1 —a,1 —a), i.e., we need to solve the system of equations

Opur(a, ) <0, Opyus(l —a,1 —a) <0.

A direct calculation gives
Vui(a, 8) = (v/Bla+1,y/a/f +1)
for all @ > 0, 8 > 0 and
Vus(l—a,1 =) = ((1 = B)/(1 —a) +2, V(1 —a)/(1 = §) + 1)

for« > 8 > 0,1 —a > 0. Calculating the inner products and substituting o = f3
(i.e., passing to the limit for 8 — «) yields

1-20<0, 5a—3<0.

As aresult, the set of properly contractual allocations is described as co{ (5,3) . (2, 2) }
and does not coincide with (but contains!) the set of equilibrium allocations. Fig-
ure 1.2.4 illustrates the analysis conducted.

In this example it seems to be interesting to clarify the structure of the set corre-
sponding to another new theoretical concept, the set of all lower properly contractual
allocations. With this in mind, let me describe allocations which cannot be dominated
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Figure 1.2.4: Non-smooth preferences

by the coalition {1} relative to the partial breaking of the contract x —e (i.e., the web
consisting of only one contract). In the Edgeworth’s box, they are the points («, [3)
satisfying the condition

(9h1u1(04,6) S 0, hl = €] — (Oé,ﬁ).

Now calculating the directional derivative in the form of the inner product and sub-
stituting the value for e;, we obtain for («, 5) > 0

(I—a)(VB/a+1) = B(Va/B+1) <0,

which can be rewritten as

VBla<(Wa+ /B -1 < (Va+B) < (Va+/B)Va.

Dividing both sides by \/a + /B > 0 yields after transformations
1
Vba>1l—a <= [+2>—+a.
Q

Therefore, the set we are interested in is the part of the epigraph of the curve x? =
- 421 — 2 inside the rectangle 0 < (x1,#]) < (1,1). This set is shown in Figure 1.2.5.
It is harder to carry out a similar analysis for agent 2 by purely analytical means.
This is why we also turn to geometrical considerations. Let us choose an individual-
rational point («, ) for agent 2 in the coordinate system of agent 1, which lies in
the interior of the box. If this point belongs to the diagonal, i.e., a = [, then as we
have seen above, it satisfies the required property only if a < 3/5. Now assume that
the point (a, B) does not belong to the diagonal, i.e., « # [ and consider the second
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Figure 1.2.5: Lower proper contractual allocations

agent’s indifference curve (in the coordinate system of the 1st agent) passing through
this point. This curve corresponds to the graph of a concave function; therefore, if our
point is desired, i.e., Op,us(1—a, 1—35) < 0 for hy = ea—(1—a, 1—/), then every point
of the curve to the right of (a, 8) is also a desired one. Next, if & < /3, the right-hand
side of the curve intersects the diagonal at a point (-, ) where, by the above argument
v < 3/5. Moreover, for aw < 3, we have ug(1—a,1—8) =u1(1—a,1—p5)+1—p5. Now
calculate the gradient and pass to the limit for (o, 5) — (v,7), v > 0. The result is
that (,~) must satisfy the condition

((2,3),(y=1,7) <0 = 7 <2/5.

Consequently, in the coordinate system of agent 1 the desired set can be viewed as
the ordinate set of the curve consisting of three parts: for the interval [0, %], this is
the graph of a concave function which is equal to 0 at 0 and % at %; for the interval
[2,2] the curve coincides with the diagonal; for the interval [2,1] this is again the
graph of a concave function which is equal to % at % and 0 at 1. Thus we arrive at
a non-convex set. The intersection of this second set with the first one represents
the set of all lower properly contractual allocations in the Edgeworth’s box. Being
intersected with the Pareto boundary (the diagonal) in addition, this set represents
the already known set of all properly contractual allocations; see Figure 1.2.5.

In the framework of this example, one can also demonstrate the difference between
the notions of coherent and proper webs as well as between the corresponding stability
properties. Let us consider an allocation, in which agent 1 consumes the bundle (%, g),

see Figure 1.2.6. Set hy = (0,1) — (2,2) = (-2, 2) and calculate the derivative of the
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Figure 1.2.6: Coherent non-proper contractual allocations

function u; at the point (g, %) in the direction of hy:

O (2,3)=((2,2),h) = -2 <0.

575

For the allocation considered, the second agent’s consumption bundle is a point of
non-differentiability of his/her utility function, but its derivative in the direction of
ho = (1,0) — (3,2) = (£, —2) can be easily calculated as the limit for («,3) — (£, 2)
of the inner product of the vector-gradient of uy calculated at the point (1—a,1—f),

B > a >0, and the vector hs. Since forf>a>0,1—-05>0,

Vus(l —a,1 =) = (V(1 = B)/(1 —a) +1,/(1 —a)/(1 = §) +2);
upon calculating the inner products and substituting o = 5 = %, one obtains
Oy, u2(2,2) = ((2,3), ha) = 0.

Next, for a sufficiently small € > 0, take allocation

e =e—cw
to be the initial endowments and consider web V¢ = {v,ew} where
V= (Uhv?)v U1 = —U2 = (gv %) - (170) = (_gv %)7
and
w = (wy,ws), w =—wy=(3,-2)
is the contract in which the first consumer exchanges 2 units of commodity 2 for 3
units of commodity 1. For example, one can take ¢ = é. Obviously
)

e +uvtew= ((27%>’(§7§ )7
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1.e., the allocation considered is realized by the web V¢ relative to the endowments
e®. The above calculations of the derivatives in the directions of le, iLQ together with
the previous calculations of the derivatives in the directions of hy and hy (for o = 2),
show that each contract in the web V¢ is coherent relative to €. However, for every
e € (0, 4] the web V¢ is not proper since after the breaking of a half of ew and after
the partial breaking of the contract v, the broken part being § = ge < 1, it realizes

the allocation for which the first agent’s consumption program has the form

£

36(3,-2)+ (1 —2)(—2,2) + (1,0) —e(3,-2) = (£,2) — (5, 3) = 1.

D=

Y

N[ =

Therefore, the proposed partial breaking of contracts is, in fact, profitable for the
second agent since it results in an increase in her/his consumption by £(3, 3). This
proves that the web V¢ us not proper relative to e®. [ |

The above example stimulates a more careful study of the mathematical prop-
erties of properly (and perfectly) contractual allocations in the situations where the
conditions of Theorem 1.2.2 are invalid, that we are going to do below.

1.2.2 Properly and perfectly contractual allocations

Let us begin with the discussion of lower properly contractual allocations. Due to
the definition, they are the allocations z(V') which can be implemented by a web of
contracts V', which is stable relative to the partially breaking contracts. As soon as
for the standard market model every contract is permissible, web V' can be replaced
by web AV = {u} consisting of only one contract u = ) ., v = x —e. It can be
easily seen that the low stability of the original web implies the same type of stability
for web AV. Therefore, one can restrict the analysis of properly (not only lower)
contractual allocations to the webs having the form {z — e}. Further, it will be clear
that all the conclusions can be easily applied to the case of webs consisting of multiple
contracts. However, in the case of webs consisting of a single contact, one can directly
conclude from the definition that an allocation z € A(X) is lower properly contractual
if and only if

[.Ti, ei] N 732(931) = @, Vi e Z, (124)

where

Now via Theorem 1.2.1 (i) the definitions of stability clearly imply that weakly prop-
erly contractual allocations are exactly the Pareto optimal and satisfying (1.2.4) ones.

The properly contractual allocations can be characterized in similar terms as fol-
lows. Breaking the (1 — \) part of the contract z — e and signing a new contract
v, the members of S C T realize the collection of consumption bundles y* = (y)s
such that >~ ¢ y” = > ¢(Az; + (1 — M)e;). Since the definition of properly contractual
allocation forbids this type of domination, the allocation x must belong to the core of
the economy with the initial endowments Az + (1 — \)e = e} = e, € [z, e], which we
denote by C(£2). Thus an allocation z is properly contractual if and only if it belongs
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to the core of each economy C(&2), i.e., when

re () CE.

es€[x,e]

We can continue by similarly describing the perfectly contractual allocations. In
order to do this, we actually only need to understand to which kinds of the “initial
endowments allocations” one can transit upon breaking a “virtual web” for {x — e}.
First of all, note that in this case we may restrict the analysis to the webs consisting
of two contracts. To see this, let V' be a proper virtual web realizing the allocation
x, i.e., V.~ {x — e}, and let U C V be the set of all contracts broken by some
coalition. Form the web W = {A(U),A(V \ U)} in which all broken contracts are
aggregated into one contract and all preserved contracts into another one. Clearly,
web W is proper, W ~ V' and by breaking contract A(U) one realizes the allocation
that coincides with the allocation obtained from V' as a result of breaking contracts
U C V, which completes the argument. So, let W = {u,v} ~ {z —e}. Then by
partially breaking contracts in this web, one can realize any point y in the convex
hull of the set consisting of four points: z, e, e + v, e + u. It is clear that the web
{z — y,y — e} constructed for this y is also proper. The opposite is also true: if this
web is proper, y € A(X) can be realized via breaking a part of the contracts in a
virtual web realizing x. Thus if for z € A(X) one defines

PC ={y € A(X) | web {z —y,y — e} is proper},
then

x is perfectly contractual <= PC #0 & x € ﬂ C(&,), (1.2.5)
yePC

where y is the vector of initial endowments in model &,. To better understand the
meaning of this formula, the structure of the set PC needs to be clarified. Below, we
will do it in dual terms.

Further, let us turn to the description of the objects under study in terms of
dual cones. It is of mathematical interest in its own right and, as we will see below,
can considerably contribute to the understanding of various concepts of contractual
allocation in the situations we are interested in.

The cone

K*={pel'| (p.K) >0}

is said to be the dual cone of the set K C L. For every i € Z, let us set
[(z;) ={p € L'| ({p,Piz;) — {z:}) = 0}.

This is the dual cone of the P;(z;) — {x;}. It is well known (and easy to prove
applying the separation theorem) that for every (strictly) Pareto optimal allocation,
there corresponds a (non-zero) linear price functional p € L’ such that

(p, Pi(z;)) > (p,x;), VieTL.
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The necessity part of this statement is always true (for convex, possibly satiated pref-
erences), whereas its sufficiency part is true for the interior points of the consumption
sets (if, in addition, the sets P;(x;) are open in X;, that we have due to (A)). One
can see that this description is very close to being a precise characterization of Pareto
optimality. Accordingly, it is not inaccurate if we call the allocations which satisfy
this property Pareto quasi-optimal. In the above terms, they can be described as the
allocations satisfying

T(x) = [T(x:) # {0}. (1.2.6)
For every © € Z set

G(zi—e)={peL|(pxi—e) >0}, G(z)=[)GC(z;i—e).

A

Now one can easily see that x is a quasi-equilibrium <=

([G(x: — e)) NT(a:)] # {0} <= G(z)NT(z) # {0}. (1.2.7)

T

Assume that x € intX.!' Then similarly applying the separation theorem and
(1.2.4), we see that an allocation x is lower properly contractual <=

VieZ Ap;e L p; 0 (pi,Pi(z)) > (pisxi) & piwi > pie;. (1.2.8)

Thus, in this case an allocation is weak properly contractual if (1.2.6) holds in addition.
Further, let us study the properties of the properly contractual allocations.

Lemma 1.2.1 If an allocation x is properly contractual then for each coalition S C I,
S # (), containing only non-satiated agents, there exist ps € L', ps # 0 such that

<p5773i(xi)> > <p57xi>7 VieS & PSZ%’ > pSZei- (1-2-9)
S S

If in addition x € int X, the opposite is true, i.e., if there exist linear ps € L', ps # 0
satisfying (1.2.9), ¥S C I, then x is a properly contractual allocation.

In other words, the lemma states that for a properly contractual allocation, each
coalition can find internal-coalition prices such that, first, they are “suitable” for
every member of the coalition (the first inequality in (1.2.9), that may be treated
as a form of the coalition efficiency) and, second, the contract x — e is coalition-
profitable relative to these prices (the second inequality in (1.2.9)). Thus, the properly
contractual allocations are precisely the allocations which satisfy the condition of
coalition-profitability (1.2.9). The statement of the lemma is similar to the description
of the weak properly contractual allocations given in (1.2.8), the only difference being

"This condition together with (A) is essential for establishing sufficiency; as for necessity, it may
be dropped (in view of (A)).
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that the lemma claims the existence of internal-coalition prices, satisfying (1.2.9) for
every coalition, whereas in (1.2.8) just for singleton coalitions. This is why the weak
properly contractual allocations are just individually profitable and Pareto optimal
(i.e., the coalition of all agents is profitable as well). Notice also that the statement
of Lemma 1.2.1 may be rewritten in the equivalent form

(C@) (GO zi— > e) #{0}, VSCI.
S S S

Of course, in the general case, this requirement is weaker than (1.2.7). This is why in
order to establish that a properly contractual allocation is a (quasi)equilibrium, we
need to make additional assumptions to guarantee that (1.2.7) is equivalent to the
last relation (for example, that the utilities are differentiable and x € intX, which is
actually a strong assumption, that we made in Theorem 1.2.2).

Proof of Lemma 1.2.1. It follows from the above analysis that an allocation z is
properly contractual iff it cannot be improved upon by any coalition S C Z relative
to the endowments z* = Az + (1 — Xe) for all A € [0,1]. Let Ps(y®) = [1sPi(vi)
for y° = (yi)ies € [[¢Xi = X¥ and let 2§ = (27)ies. Then for a fixed A, the last
property can be written in the form

Ps(@®)(\(Ls+23) =0, Ls={y*€ L% y =0} (1.2.10)
S

Therefore,
Ps(z%) ﬂ(LS +[2%,€°]) =0, 2% = (;)ics, €° = (&i)ies,

where [2°, €°] is the linear segment in L° connecting the points 2° and e (the convex
hull of two points). Due to assumption (A), since the set Lg + [2°,e°] is convex
and each member of S is non-satiated (hence int Ps(z°) # ), one can apply the

classical separation theorem, which gives the existence of a linear functional (vector)
p° = (pi)ies € (L)%, p° # 0, such that

<pS>PS($S)> > <pS>LS + [:ES’eSD‘

The right-hand side of this inequality is a subset of R bounded from above. Hence the
inequality may be true only if the set (p°, Lg) is bounded. Since Lg is a subspace of
L?, it follows that (p°, Ls) = {0}. A standard argument then implies that p; = p; = p
Vi,j € S (because p°z% = 0 for all 2° € L such that 2 = —zJS € L and z7 =0 for
t #i,5,t € S). Moreover, p # 0 since p° = (p,...,p) # 0. Next, assumption (A)

implies that Pg(z°) is convex and % € Pg(z5). Therefore, it follows from the last
inequality that

0%, 2%) = 0%, [2%,e"]) = pY wi=p) e
S S

Moreover, arguing by contradiction, we obtain

(p°, Ps(x”)) > (p°,2°) = sup(p™, [2%,€"]) = (0, Pi(w)) > (p, i), ViES.
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Now to complete the proof of the lemma’s necessity, just substitute pg = p.

The lemma’s sufficiency follows from (A) and the condition z € intX, since in
this case the inequalities in the first part of (1.2.9) are actually strict, which together
with the second part of (1.2.9) implies (1.2.10) for all A € [0, 1]. |

Lemma 1.2.1 allows us to discover new interesting (and sometimes unexpected)
properties specific to properly contractual allocations. For example, it follows from
this lemma that every properly contractual allocation in a 2-replicated economy is an
equilibrium if the economy contains just two agents or, alternatively, if there is one
agent with differentiable preferences.!?

First, we would like to recall the concept of a replicated economy. Given a natural
r € N, the r-fold replica of £ is the model £" in which every consumer of the original
model defines a type of economic agent represented by her/his r precise copies. For
convenience, the agents in £" are numbered by double indexes (i,m), i € Z, m =
1,...,r. It is assumed that X, = X;, e;,, = e;, and the preferences, being defined on
and taking values in X;,, are defined by P;,, = P;. Notice that for every allocation
x = (x;)z in the initial model, there canonically corresponds an allocation in the
replica according to the rule x;,, = z;, Vi, m. The opposite is also true if the allocation
is symmetric, i.e., when identical agents consume equal bundles (equal treatment).

Replicas play an important role in the analysis of perfect competition, especially
for proving the well known Edgeworth’s conjecture, which states that under perfect
competition conditions the core and equilibria coincide. It is the replica’s symmetric
allocations and the corresponding allocations in the original model that is the main
subject of this analysis, with every coalition in the replica being allowed to dominate
the original allocations by not necessarily symmetric inter-coalition allocations.

Theorem 1.2.3 Assume that an economy has two agents or, alternatively, there ex-
ists an agent with a smooth preference whose consumption choice is an interior point
of his/her consumption set. Then every allocation, which is properly contractual in
the 2-fold replica economy, is a quasi-equilibrium if all agents are non-satiated.

Proof of Theorem 1.2.3. Consider first the case of an economy with two agents. Let
Z ={1,2} and let x = (x1, 25) be a properly contractual allocation in the 2-fold replica
economy. It suffices to establish (1.2.7) for x. To this end, apply Lemma 1.2.1 and rela-
tion (1.2.9) to the coalitions S’ = {(1,1),(1,2),(2,1)} and " = {(1,1),(2,1),(2,2)}.
This results in the existence of nonzero vectors p', p” € L’ such that

p/,p” S F(ZEl) N F(l’g)

and
P'(2x1 + x2) > p'(2e1 + €2), p'(z1+ 2x9) > p’(e1 + 2ey).

Since x1 + x5 = €1 + e, the last inequalities are equivalent to

p’xl 2 p/el & p//xg 2 p”82.

12This result was first proved in Kozyrev (1982a), who applied the technique of subdifferential
calculus (to concave utility functions, etc.), that restricts the generality. Lemma 1.2.1 and the proof
of the next theorem are original.



46 Chapter 1: Contract-based approach in Arrow—Debreu—McKenzie model

If one of these inequalities is actually an equality, then due to the feasibility of =z,
either p’ or p” belongs to the intersection in (1.2.7). Suppose both inequalities are
strict. Then, the first component of the 2-dimension vector (p'(z1 —ey),p'(x2 —e€3)) is
strictly more than zero, the second one is strictly less than zero, and their sum is equal
to zero. The same is true for the vector (p”(z; — e1),p"(z2 — €3)), in which the first
component is strictly less than zero. Next find a real 0 < o < 1 such that ap’(x; — e1)
+ (1—a)p’(z1—e1) =0 (set a = —p"(z1 —e1)/ [p'(x1 —e1) —p"(x1 —e1)]). Then
it is clear that [ap’ + (1 — a)p”](x2 — e2) = 0. Now let us set p = ap’ + (1 — a)p” # 0.
Hence, by construction, we obtain p(z; —e;) =0 = p € G(x; —e;), i = 1,2. Also
p € I'(x;), i = 1,2 due to the convexity of I'(x;). This proves (1.2.7).

Now let us show (1.2.7), assuming that there exists an agent with a smooth prefer-
ence. First note that due to this assumption, if there exists a nonzero vector p € I'(z;),
Vi € Z, then it is unique up to a normalization. Now apply Lemma 1.2.1 and relation
(1.2.9) to the coalitions S* = {(7,2)} UZ x {1}, i € Z, i.e., all the coalitions in which
the i-th type consumer is presented by two agents and all the other consumers just
by one agent. It follows that there exists a nonzero vector p € I'(z;), Vi € Z, which is
common for all coalitions S, such that for every i € T

P wi+w]>p) e +e] = pw>pe,.
jez jeT

Since x is feasible, pz; = pe; for all 7 and the proof is complete. [ |

Arguing along the lines of the proof of Lemma 1.2.1, one can obtain a dual de-
scription of perfectly contractual allocations. Having this in mind, let us make use of
formula (1.2.5) to describe the proper web {z —y,y — e} in dual terms. Asin (1.2.4),
we conclude that {x —y,y — e} is proper <=

co{z;, yi, e, ;i —yi + et NPi(x;) =0 Viel.

Now applying the separation theorem, we see that this web is proper if and only if
for each ¢ there exists a nonzero p; € L' such that

(pi, Pi(w4)) > (i xi) > (pi, co{xs, yi, €, i — yi +€;}).

In this chain of inequalities, the second one is equivalent to p;x; > p;y; > p;e;. Thus
we obtained a description of PC', the set of all allocations which can be realized via
breaking a part of the contracts in a virtual web realizing x. We can apply this
description to give a characterization of the perfectly contractual allocations.

In fact, being properly contractual, a perfectly contractual allocation has to satisfy
(1.2.9) and, in addition, for every y € A(X), the condition

VieZ3p e Lpi 0 (pi,Pi(x:)) > pixi & pixi > piyi > pie; (1.2.11)

has to imply = € C(€,). Moreover, since it has to be true for all ¥ € [z, y] (substitute
y' for y in the last relations), i.e., since x is properly contractual relative to y, one
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can apply Lemma 1.2.1. Thus condition (1.2.11) has to imply that for each coalition
S C T, there exists a nonzero pg € L' such that

(ps, Pi(z;)) > psxi, Vie S & pSZfEi > pszyi-
S S

Further, we turn to a comparative analysis of the contractual allocations and the
fuzzy core allocations.

1.2.3 Fuzzy core and fuzzy contractual allocations

We begin with a study of the specific properties of the fuzzy core allocations. The
elements of fuzzy core are defined via conditions (1.2.1), (1.2.2) which for non-satiated
preferences, i.e., when P;(z;) # 0, Vi € Z, domination may be equivalently rewritten

in the form'
€L

Thus in this case condition z € C/(€) is equivalent to'4
0 ¢ colJ(Pi(x:) —ei)l, (1.2.12)

that after applying separation theorem allows to conclude that the elements of the
fuzzy core are quasi-equilibria. Below we propose other useful in applications charac-
terizations of fuzzy core points presented in “geometrical” terms. To this end, let us
consider the sets

Ty(x;) = co(Pi(x;) U{e;}), i€
Due to the convexity of P;(x;), for P;(x;) # 0, conclude

co(Pi(z;) U{ei}) = U [APi(z) +(1—=Ne]= U XNPi(xi) —e;) +e;, i€l

0<A<1 0<A<L1

This implies that the condition z+e € [[; Y;(z;), where e = (ey, ..., e,), is equivalent
to the existence of 0 < \; < 1 and [y; € Pi(z;) # 0 and y; = e;, if Pi(x;) =0],i €T
such that

z = (/\1(’!/1 — el), ce /\n(yn — en))

Hence, due to (1.2.1), (1.2.2)

reCl(f) — Phzel® 240: z+e€HTi(xi) & Zz,:o —
z i€l
I i) ((zz) € P 1D 2= e} = {e}. (1.2.13)
z €T ieT
Notice that characterization (1.2.13) is also valid for satiated preferences. In doing
so, we have proven the following

13 Admitting some inaccuracy in formulas here and below, we identify a vector with a one-element
set containing it.
14 Clearly, for a dominating fuzzy coalition t one may always think that > serti = 1.
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Proposition 1.2.1 An allocation x € A(X) is the element of fuzzy core if and only
if relation (1.2.13) is true.

In the case of a 2-agent economy, condition (1.2.13) may be rewritten in the form
Ti(xy)N(e—"Ta(e—x1)) ={e1}, e=e; +e,.
Hence,
(z1,79) ¢ C/(E) <= 3 ray starting at the point e;, which intersects
both sets, Pi(z1) and € — Py(€e — 1) = 732(:@).

Figure 1.2.7 presents a graphic illustration of conducted analysis in the Edgeworth’s
box for a 2-goods economy. In this case, an allocation z lying in the fuzzy core is
equivalent to the convex hulls of Py(x;) U {e;} and of [€ — Py(€ — z1)] U {e;} having
only one point, ey, in common.

A
x? e, + e,

A

e1

Figure 1.2.7: Fuzzy core

Further, we are going to reveal the specification of fuzzy core allocations in purely
contractual terms. We start from a preliminary result describing mathematical prop-
erties of fuzzy contractual allocations (Definition 1.1.7, page 31), that is of interest in
its own right.

Proposition 1.2.2 A lower properly contractual allocation x € A(X) is fuzzy con-
tractual if and only if

TTI(Pi(z:) + co{0,e; — 2:}) U {e}] [ JALT) = {e}, (1.2.14)

A
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where A(L%) is a subspace defined by the balance constraints of a pure exchange econ-

omy:
AL ={(z)z € LT | ) 2= e}

i€l 1€l

Notice that in this proposition P;(z;) = 0 is possible for some i € Z: by definition
0+ A =0 for any A C L. Also recall that being lower properly contractual an
allocation x € A(X) has to satisfy (1.2.4) that can be directly incorporated into the
statement.
_ Figure 1.2.8 illustrates Proposition 1.2.2 result in the Edgeworth’s box. Here
Po(z3) =€ — Py(€ — x1) and one can see that preferred bundles are extended along
linear segment with endpoints x1, e;.

The statement of Proposition 1.2.2 can be reformulated in another form, that may
be useful in applications.

Corollary 1.2.1 A lower properly contractual allocation x € A(X) is fuzzy contrac-
tual <—

(Piwi)+co{0, e~z })x [ [(Pi(x)+co{0,ej—z;})u{e;} (AL =0, (1.2.15)

JFL,jEL

for each i € T : Py(x;) # 0.

Xy e + ey

A

Figure 1.2.8: Fuzzy contractual allocations

Proof of Proposition 1.2.2. Let x be a fuzzy contractual allocation implemented by
a proper web V i.e., x = x(V) for some web V', satisfying Definition 1.1.7. Suppose
that (1.2.14) is false and therefore does exist y = (y;)z # e which belongs to the
left part of equality (1.2.14). Consider coalition S = {i € Z | y; # €;}. Notice
Pi(x;) # 0,7 € S and find z; € P;(x;), i € S such that y; = 2z; + \i(e; — x;), for
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somereal 0 < \; < 1,7 € S and y; = e;, @ ¢ S. Determine w; = y; —€;, i € I.
Since D, .7 ¥i = > _;er € then Y s w; = 0 and therefore w = (w;);ez is a contract with
supp(w) = S # ). One can write

2'1::yi—erir)\i(xi—ei)—i-eiIwi+>\¢2vi+ei, 1€ 8.
veV

Now for all v € V put t;, =t/ = N\, i € S,and t; = 1,7 ¢ S and apply T(V) =
{t*},ev for allocation x = z(V). We have 27 = e + A(VT), whereby construction
27 =e; +ti(x; — e;), Vi € Z. Therefore, by construction

that contradicts Definition 1.1.7.
Show that if a lower properly contractual allocation x satisfies (1.2.14) then it is

fuzzy contractual relative to a web V' = {x — e}. Assume contrary and find 7" = {t}
and a contract w = (w;)z, supp(w) = S # 0, such that

wi—i—ti(xi—ei)—i—ei € ,Pz(SC@), Vie S <— Z; = W; +€; € 772(:1:1)+t1(ez—:171), VieS.

Let us determine z; = e; for i ¢ S. Now due to contract’s definition conclude
Y ic1 % = Y_ic7 € that implies the allocation z # e belongs to the left part of (1.2.14)
and this is a contradiction. n

Notice that as soon as for every feasible allocation x = (z;)7 we have
e; € Ti(z;) C (Pi(x;) +co{0,e; —x;}) U{e;}, VieT,

then due to Propositions 1.2.1, 1.2.2 every fuzzy contractual allocation belongs to
fuzzy core of the economy. However, in general, the property of an allocation to be
fuzzy contractual is still a bit stronger than being an element of fuzzy core. The
following result clarifies the relationships between two fuzzy notions.

Lemma 1.2.2 Let z € A(X) and Pi(x;) # 0 for all i € Z. Then x € CI(E) implies:

[I(Pi(@) + cof0,e; — 2 ) ({21, zn) € L5 [ D 2= e} =0.  (1.2.16)

A 1€T 1€T

The comparing of formulas (1.2.16) and (1.2.15) makes clearer the difference between
fuzzy core allocation and fuzzy contractual one. One can see that this difference is
not too big that allows us to interpret allocations from fuzzy core as fuzzy contractual
ones.'> Moreover, the fact that every element of fuzzy core is a quasi-equilibrium (this
is why fuzzy core is so popular in existence theory) can be also easily derived from
formula (1.2.16). In fact, separating sets in (1.2.16) by a (non-zero) linear functional
7= (p1,...,pn) € LT one can conclude:

BEarlier in literature allocations from fuzzy core were interpreted only as Edgeworth’s equilibria
and served as a technical tool more than an economic concept.
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(1) pi = p;j = p # 0 for each i,j € Z; this is so because 7 is bounded on A(L*) =
{(z1,...,20) € LT | Y ,cr 2 = D ez @i} So, one can take p as a price vector.

(77) Due to construction and in view of preferences are locally non-satiated at the
point z € A(X) the points x; and e; belong to the closure of P;(z)4c0{0, e;—z;}.
Therefore, via separating property we have > j4i D€ +pT; > > pej = pr; > pe;
Vi € 7, that is possible only if px; = pe; Vi € Z. So, we obtain budget constraints
for consumption bundles.

(17i) By separation property for each i we also have (p, P;(x) + co{0,e; — x;}) >
pe;, that by (ii) implies (p,P;(x)) > px; = pe;. So we proved that p is
(quasi)equilibrium prices for allocation = (x;);ez.

As a result, one can see that if an economic model is such that every quasi-equilibrium
is equilibrium, then every fuzzy core allocation is fuzzy contactual one and there-
fore two fuzzy concepts are equivalent each other. Conditions delivering this fact
are well known in literature; for example, it is the case when an economy is irreducible.

Proof of Lemma 1.2.2. The argument in the proving of lemma’s result is based on
Propositions 1.2.1 and relation (1.2.13), which characterize fuzzy core elements. We
need to show that (1.2.13) implies (1.2.16).

Assume that x satisfies (1.2.13) and suppose that (1.2.16) is false. This implies
that there is a vector t = (¢1,...,t,), 0 <t; <1 and bundles z; >; x;, i € Z such that

Dzt tilei—z)=) e (1.2.17)

holds. Now for a real 0 < 3 < 1 consider the vector y = y(8) = (yi)icz, where

yi(B) = Blzi +tile; — )] + (1 — B)zy, i€l

In view of (1.2.17), and = € A(X) we have Y ,y;(5) = > ;e; for every 5. Now
vectors y;(f) can be presented in the form

vi(B) = (1 — Bt))x; + ftie; + (1 — 5ti)1 —Bﬂt(& —x;), 1€,
whereby the choice of 5 we have p; = % < 1. This due to (A) for i € Z implies

wilzi —x;) € Pi(x) —xy = Am; € Pilx) iz — ) = m3 — 2.
Therefore, the previous formula gives

yi = (1 — Bty)n; + Stie,

that implies y; € T;(z;), i € Z. This allows us to apply relation (1.2.13), concluding
y=y(B) =eforall real 0 < § < % Write this equality componentwise and due to
y:(8) specification find

e —I;
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that has to be true for all ¢ € Z and all 0 < 8 < % However, these equalities
(consider different ) can be true only if x; = e; = z;, i € Z, that due to the choice of

z; implies x; >; x; and contradicts to (A). Proof is completed. [ |

1.2.4 Contracts with constrained coalition structure

A number of characterizations of the equilibrium were described above in the form of
the contractual interaction, and the most significant among others—as a fuzzy con-
tractual allocation. Despite the fact that this characterization was established under
the weakened conditions (no differentiable utilities or interior point), the achieved re-
sult still can not be called quite satisfactory from the modeling point of view, because
it assumes the existence of agreements in many unrealistic coalitions between agents
living at great distances, etc.

In this section we consider a possible limit on the number of participants in the ex-
change transaction. We show that certain constraints of this type can be used without
prejudice to its equilibrium properties of the final allocation. The ideas in this section
go back to Graham, Weintraub (1975); Graham et al. (1976), where it was found that
Pareto optimal allocation can be achieved via mutually beneficial exchanges carried
out in coalitions limited by the dimension of the commodity space. In these works, the
contractual approach itself was not developed and the possibilities of individuals to
break contracts—partial or complete—were not considered, and obtained characteri-
zation does not appeal to Walrasian equilibria. Moreover, we also take into account
the fact that an agent may not be interested in absolutely all existing products. The
analysis can be reduced to an effective space of products of lower dimensionality—by
eliminating products that are not of interest to the contracting parties. As a result,
a coalition has a specific product space which dimension can be applied to restrict
the size of coalitions. We will see that such restrictions on the size of coalitions does
not prevent for fuzzy contractual allocations to be Walrasian equilibria. In further
analysis, we need the following

Theorem 1.2.4 (CARATHEODORY, 1907) Let A C L be a subset of a vector space
L. If dimaff(A) = d < oo, then any element x € co A can be presented as a conver
hull of not more than d + 1 elements of A.

In a real economy, consumers may not be interested in all existing products, i.e.,
individuals may be indifferent to some products'®. Excluding them from considera-
tion, one can reduce the dimension of the actual product space for each agent. The
exact definition is given below.

Definition 1.2.1 A commodity j is indifferent for i € T if Vo € A(E)

. , . L
Vyi = ((Yi)-5,9)) € Pilws) = ((vi)-s.€]) € Pil(w:)-;,€]) = Pi(w:).""
16For example, an ordinary consumer on the market is not interested in all kinds of spare parts,
parts and structural elements (bolts, nuts, gears, transistors ...).

ITHere we indirectly assume that all bundles we need belong to consumption set, i.e., ((yi)—;5, eg),
((z5)—j,€l) € X;; it is a specific constraint for X;, i € Z.
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Here y; = (yf)j:17._,,l € R and (yi)—; = (YF)ksjr=1,.1 is a vector consisting of all
components of y; excluding yf .

Two properties are postulated in this definition: a product j is indifferent to a given
individual 4, if in any consumption bundle y; = ((;)_;,4!) € X; his/her consumption
can be replaced by the initial one (to nullify?), i.e., one goes to a bundle ((y;)_;, e])
such that ((y;)_j,e!) € X, and this does not lead to the change of consumption
properties of y; € L.

Let L; C L be the space of non-indifferent commodities (interesting) for individual
7 and let Lg C L be a subspace of commodities that are interesting for the members

of coalition S C 7:
Ls=> L.

ics
In this section, the notation z° means the projection of the vector z € L onto the
subspace Lg C L. Recall that for contracts v € W there is defined S(v) = supp(v),
this is the support of the contract. Given the possible indifference to some products,

as a product space for a coalition S(v) (page 20) one can specify

Lsw = Y Lu

1€S(v)

We begin the discussion from the concept of upper stable web and upper contrac-
tual (stable) allocation, see Definition 1.1.2. Theorem 1.2.1, which characterizes the
contractual allocations for WW = £ = L%, this is the set of all permissible contracts in
the economy, can be clarified and one requires less:

V= (Ui)ieI EW «— v € LS(v); 1€ S(U), |S(U)| < dim(LS(v)) + 1. (1.2.18)

It is said that a vector (consumption bundle) xk € L is extremely desirable if for
each = = (x;);ez from a neighborhood of A(€) in X one has

Ti+ K= x, €L

In the literature, it is standardly assumed that cumulative initial endowments
> icz € = € presents an extremely desirable bundle.

Theorem 1.2.5 IfW obeys (1.2.18) then every upper contractual allocation is strictly
Pareto optimal. Moreover, if preferences of £ are transitive and there is an extremely
desirable bundle k € L, then (1.2.18) can be weakened and one can require

vEW = v € Lgw), i € S(v) & [S(v)] < dim(Lgwy))-

So, the Theorem states that the economic system can arrive at Pareto optimal allo-
cation via a contractual process with coalitions size constrained by (1.2.18).

Proof of Theorem 1.2.5. Suppose that an upper contractual allocation x € A(E)
is not strictly Pareto optimal. Therefore, there exists a coalition S C Z and contract
v = (v;)iez € £= LT, supp(v) = S such that
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Here by Definition 1.2.1 for each member of the coalition S, the components of v;
corresponding to indifferent products can be considered as zero, i.e. v; € Lg(,) Vi € I.
Since z is upper contractual one, then v ¢ W (here v; =0, ¢ € Z \ S) and, therefore,
|S(v)| > dim(Lg(,)) + 1. Now we can assume that S is a coalition of minimal size
among those having this property. We have ﬁ YoicsVi = 0, S = S(v). Using the
Caratheodory theorem, one can find a coalition 7" C S such that

VieT 3op€(0,1]: > a;=1, > aw; =0 & |T| <dim(Lg) + 1.

€T €T

Define w; = a;v; # 0, and think without loss of generality that w; € Ly, i € T (if
necessary, one replaces some components with zeros). Now due to the main assump-
tion (A) (page 19) one has A(P;(x;) — x;) C Pi(z;) — x; YA € (0,1], that implies
r; +w; € Pi(x), i € T. Since ), ,w; = 0 and |T| < |S|, we come to a contradic-
tion with the choice of S as a coalition of minimal size. Therefore, there are no such
coalitions at all and = € PB(E).

In the second part of the statement of the theorem, we again argue from the
contrary and find a coalition S C Z of minimal size and a contract v € £, supp(v) = 5,
v; € Lg, i € T satisfying (1.2.19) and such that |S| > dim Lg. Let us specify

F:CO{Ui€L5|iES}.

By construction one has ﬁ d..qv; =0 € T'. Next, we take an extremely desirable

=
k € L, consider its projection x° onto Lg and find a real A\ > 0 such that —\x°
belongs to the face of (bounded) polyhedron I'. This can be done from the condition

A =max{\ | -Nx" €'}

Since the dimension of any proper face is at most dim Lg — 1, there is a coalition
T C S such that |T| < dim Lg and

VieT Ja; € (0,1]: Z%‘Zl, Zaivi:—)\ﬁs.

€T €T
Next one defines w; = a;(v; + Ax®), i € T and w; = 0,4 € Z\ T. As a result one has:

S .
Ty =i T + v < T+ U + GART =1y +w;, 1 €T,

wa = Zaivf + (Z ;) A& = 0.

ieT i€T ieT
These relations indicate that w = (w;);ez is a mutually beneficial contract, the
support of which is the coalition T', no larger than dim(Lg). Thus, we again have
found the coalition that dominates the current allocation, and its size is strictly less
than [S|, which is impossible. B

Let us turn now to the characterization of fuzzy contractual allocation, which
represents the main result of the section.



1.2.4 Contracts with constrained coalition structure 5%

Lemma 1.2.3 Let = be a fuzzy contractual allocation and W obeys (1.2.18). Then

[T ((Pi(z:) + co{0.e; — z:}) U {e:}] [ ALT) = {e}.

1€T

Now by virtue of the characterization obtained in the Proposition 1.2.2 and the rea-
sonings at the end of the previous section, we directly conclude

Corollary 1.2.2 Let W obey (1.2.18). Then every fuzzy contractual allocation is a
quasi-equilibrium one.

So, the Lemma and Corollary states that applying partial break and contracts specified
in (1.2.18), a contractual process can arrive the economy to Walrasian equilibrium.
Proof of Lemma 1.2.5. Let x be a fuzzy contractual allocation, YW obeys (1.2.18)
and conclusion of the theorem is false. Let us consider the left part of intersection
(1.2.14). Now we first show that there is no y = (y;)z # e such that the coalition

Ty)={ieZ|y#e}#0 (1.2.20)

satisfies |T'(y)| < dim(Lr) + 1. Indeed, otherwise according to the construction one
can find z; € Pi(x;), oy € [0,1], i € T such that

v =z +oi(e—x) ey, €T, Zyz :Zei-
T T

Applying now Definition 1.2.1, we may think that z;, z; € X;N(Lr+e;) (for i and the
bundle z; one has to change indifferent components with his/her initial endowments
and do not change all other). Now, specifying v; = (y; —€;) € Ly C L, i € Z, via
construction and Definition 1.2.1 we obtain

zZi=v+oi(r; —e)+e = x;, i€T, Zvi =0 & supp(v) =T,
i€
that contradicts Definition 1.1.7 and condition (1.2.18).

Thus, if the conclusion of the theorem is false, then |T'(y)| > dim(Ly) + 1 for
each coalition specified by (1.2.20). But in the (finite) set of all such coalitions there
is a coalition of minimal size, which we denote S C Z. Again, one can think x; €
X;N(Ls +e;), i € S. By construction there are z; € P;(z;) N (Ls + €;), a; € [0,1],
© € S such that

yi:zi+ai(ei—xi) #e,;, 1 € S, ZyZ:Zel
S S

We have ﬁ > s(y; —e;) = 0. Since by assumption |S(y)| > dim(Lg) + 1, then using
Caratheodory theorem, one concludes there exists R C S and f3; € (0,1], ¢ € R such
that |R| < |S] and

Zﬁz(yz —e;) =0, Zﬁz =1 = Z(ﬁzzz + Bici(e; — ;) — Bie;) = 0.

i€ER i€ER i€R
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Since A(P;(z;) — x;) C Pi(x;) — x; YA € (0, 1], the terms on the right-hand side of the
latter equality can be rewritten in the form

Bi(zi—x;)+Pici (€ —x;)—Bi(ei—x;) = &—xi—fi(1—ay)(ei—x;) = vi, & = x4, i € R.

By construction ), v; = 0 and defining y; = v; +e;,i € Rand y; = e; fori € T\ R
one obtains ), y; = > ..y €; and

v =&+ (1 - 81 —«))(e; —x;) € Pi(x;) + co{0,e; — x;}, i€ R.

Thus, we found y’ such that under condition (1.2.20) we have T(y’') = R, where
|R| < |S|, which contradicts the minimality of S C Z. This contradiction completes
the proof. [ |

1.2.5 Existence of fuzzy contractual allocations

In this section, we consider the problem of the existence of fuzzy contractual alloca-
tions in the context of the pure exchange economy. Our existence theorem is proved
under the additional weak assumption of (lower semicontinuous) extendability of in-
dividual preferred sets to a neighborhood of the consumption sets, which, taking into
account the supposition (A) used above, is very close to modern methods of existence
theory. The proof is based on the application of Michael’s theorem on the existence of
a continuous selector for a multivalued lower semicontinuous mapping taking convex
values, and Brouwer’s theorem on the existence of a fixed point for a mapping from a
convex compact set into itself.

For the existence of objects under study, we apply the following (weak) prefer-
ence continuity assumption and which, without prejudice to the content, we consider
defined on the set X = [[,.; X; of all possible allocations.

(SC) For each i € T there is a point-to-set mapping P;: X = L such that for
every x € A(X) the image P;(x) is convez, open in L, implements

Pi(z) = Pi(z) N X;
and for every y; € Py(z) the set
Pl (y:) = {z € X |y € Pi(2)}
18 open one m X.

Thus, under the assumption (SC), it is assumed that the “set of preferred” con-
sumption plans P;(z), x € X can be continuously extended to a neighborhood of
the set X;, i € Z. Also, below due to (A) and without loss of generality to simplify
notations I am assuming that X; is convex and has full dimension, i.e., intX; # ()
Viel.

Theorem 1.2.6 Let in an exchange economy the set A(X) be bounded and assump-
tions (A), (SC) hold. Then fuzzy contractual allocations do exist.
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Corollary 1.2.3 In Theorem 1.2.6 conditions fuzzy core 1is non-empty, 1i.e.,

Ccr(E) # 0.

The existence of contractual core, fuzzy and fuzzy-contractual allocations can be
established by applying Brouwer (or Kakutani) fixed point theorem and Michael’s
(Michael, 1956) continuous selector theorems. The proof of Theorem 1.2.6 is presented
below; we use characterization described in Proposition 1.2.2.

For the further analysis we need auxiliary lemmas. Let NS C A(X) be an area
of all lower unstable contractual allocations, i.e. x € A(X) for which (1.2.4) is false;
also let 2 C A(X) be a subset consisting the points x € A(X) for which (1.2.14) is
false. Below I study some properties of these sets.

Lemma 1.2.4 If economy & obeys (A) and (SC), then NS and Q are open in A(X).

Proof. An area of all lower stable contractual allocations is specified as

and now I consider its supplement NS = A(X) \ LS, this is the set of all allocations
for which there is an agent interested in a partial break of current contract v =z —e.
Suppose P;(z) N [z;,€;] # O for some i € Z. It means there is y; € P;(x) N [z;, €],
y; # x;. Since P;(x) is assumed to be an open one, there is a finite set A C P;(x)
such that
y; €int(coAd) = €O = ﬂ P(a),
acA

where © C X is open in X. Due to P;(z), z € A(X) are also assumed to be convex
ones we conclude y; € co A C Pi(z) ¥z € ©. Now if € > 0 is so that

z€L, ||zi—yill<e = z€c0A & '€ AX), || —z|]|<e = 2’ €6,
then for these allocations one can conclude
[rj,e]NcoA#D = [z),e]NPi(z)) #0 Vo' € AX): |[2" — || <e.

As a result we conclude NS is the neighbourhood of every its point and, therefore, is
an open subset of A(X).

Next I consider 2 C A(X). The reasoning is similar to that presented above: for
every z € Q one can find ¢t = (¢;);ez € [0, 1]* and a contract w = (w;)iez, Y ;er Wi = 0,
such that

yi = w; +ti(v; —e;) +e; € Pi(x), Vi: y; # ;.

For these ¢ € 7 there are finite A; C L such that

yi € int(co A;) CPy(z), Vz€ [ Pri(A)NAX) CQ.

1y #T
It implies there is € > 0 such that

ZZ(Zi)iGIEA<X), ||Z—l‘||<€ = yi:wi—kti(zi—ei)—i—eieﬁi(z), Vi yz#xz
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As a result Q C A(X) is a neighbourhood of every its point and therefore it is an
open subset in A(X)—as we wanted to prove. [ |

Let us study other properties of these allocations from 2. Assuming z € ) we
consider the set of contracts () that fuzzily block this allocation:

o(x) = {(vi, t:)z € (L x [0,1])* | Zvi =0,v#0:Vi¢supp(v),t; =1 &

VieT vi+ti(z; —e;)+e = gi(x), Viesupp(v), gi(z)=; x;}. (1.2.21)

The following lemma presents crucial properties of the point-to-set mapping ¢(-).
First I recall the definition of lower hemicontinuous'® point-to-set mapping.

Definition 1.2.2 Let Y, Z be topological spaces. A point-to-set mapping =Y = Z
is called lower hemicontinuous (l.h.c.) iff

V) ={yeY |v(y) NV +£0}

15 open for every open V. C Z. For a metric spaces Y, Z a l.h.c. mapping can be
equivalently characterized as follows:

For everyy €Y, z € ¥(y) C Z and every sequence y,, — y there is a subsequence
Ym, €Y and a sequence zi € Y(Ym, ), m, k € N such that zx, — z for k — oo.

Lemma 1.2.5 Ifx € Q the set p(x) is convex and non-empty. Moreover, the mapping
0 : Q= (L x[0,1])T is lower hemicontinuous one.

Proof. 1 first state the convexity of p(x). Let (v, ), (w”,#") € p(x) and a € (0, 1).
Then, from the convexity of preferences (A), having in mind ¢; = 1 for i ¢ supp(w’)
and, similarly, ¢/ =1 for i ¢ supp(w”) we have:

Vi € supp(w') U supp(w”)
a(w; + ti(x; —e;) +e) + (1 —a)(w! +t/ (z; —e;) + &) =i ;.
Thus, with respect to t = at’ + (1 — a)t”, for any a € [0, 1] the contract
w=oaw +(1—a)w: (wt) e p(x).

Next, we show that due to (SC) point-to-set mapping ¢(-), defined in (1.2.21) is
lower hemicontinuous.
Indeed, let (v,t) € ¢(x) be fixed. Now according to (1.2.21), for i € Z such that
v; # 0 we have
gz(l') =v; + tl<£li'2 — ei) +e; € 771(:10)

18 According to the modern views, the term “semi-continuous” mapping is specifically applied for
a function—point-to-point map—and “hemicontinuous” is used for a correspondence.
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Clearly, without loss of generality it is enough to study the case g;(z) € intP;(z).
Now let A; C intP;(z) be a finite subset such that g;(x) € int(co 4;), i.e. coA; is a
neighborhood of g;(z). We specify

Vi= () P (a).

aEAi

Due to (SC) and (A) this is an open neighborhood of x € A(X) such that g;(z) €
coA; C Pi(y) for every y € Vi. So, if 2™ € A(X), 2™ — x for the natural m — oo,
then for some k € N we have: Vm > k Vi € supp(v)

gi(z™) = v + ti(z" —e;)) + e €coA; CPi(x™) & gi(a™) = gi(x).

As a result, via (1.2.21) one concludes (v™,t™) = (v,t) € @(a™) for all m € N big
enough. This proves, by definition, ¢(+) is lower hemicontinuous in z € Q C A(X).
]

In the proof of Lemma 1.2.6 below I apply the following Michael theorem (see
Michael (1956) p. 368, Th 3.1”,(c)) on the existence of a continuous selector in its
simplified finite-dimensional presentation.'®

Theorem 1.2.7 (MICHAEL, 1956) LetY and Z be subsets of finite-dimensional lin-
ear spaces. Then every l.h.c. point-to-set mapping ¥ : 'Y = Z having nonempty
convex images Y(y) C Z Yy € Y has a continuous selector.

Lemma 1.2.6 There is a continuous function h : Q — A(X) such that for some
continuous & : Q@ — X, v : Q@ — [0,1] such that §(x) € Pi(x) U {x;} one has

hi(x) =& (x) +vi(z)(e; —x;), YVeeQ, iel

and, moreover, for any x € S there exists i € I such that hi(x) =& (x) =; x;,
i.e. &(x) € Pi(z) and vi(z) = 0.

Proof. According to assumptions and Lemma 1.2.5, the correspondence ¢(+) spec-
ified in (1.2.21) obeys all requirements of Michael’s theorem on the existence of con-
tinuous selector: a lower hemicontinuous correspondence having domain ©Q C A(X),
and with convex non-empty images. Thus, there is a continuous mapping satisfying

(v,8)(-) : @ — (L x [0,1])F such that (v(z),t(z)) € p(x) Vo € Q.

By definition, we have ) . _;v;i(z) = 0 and, t;(z) = 1, g;(x) = x; for i ¢ supp(v(z))
and
Vi € supp(v), vi(z) +ti(z)(2; — &) + € = gi(z) € P(x).

9Note that in original paper item (c) has a typo for the range of ¢ : X — K(Y). Author denoted
K(Y) as a set of all convex subsets of Y, but speak and prove the result for a narrower class of sets
D(Y) C K(Y), see p. 372. Here I present a less general result, to avoid a cumbersome specification
of D(Y).
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Therefore, for fi(z) = vi(z) +e; = gi(x) +ti(v)(e; — x;), i € Z we obtain ), fi(z) =
> icz € Thus, we find a continuous mapping f : {2 — A(L*) such that

VeeQ e# f(x H i (2;) + co{0,e; — ;}) U {e;}] ﬂALI

i€

Now we define ™" (z) = min;cz(¢;(z)) and specify

xi + gi(x) 4 (ti(x) — ™" (x))(e; — ;)

hi(x) = 5 , vef iel. (1.2.22)
So, as
D (gix) +tiz)(ei —x)) =) e Y (e —z;) =0
i€l icT ieT
we conclude
Z hi(z) = Zei.
icT icT

Moreover, for i € Z such that t;(z) = t™"(z) we have h;(x) = M that due to
x; € cl'Pi(x) and g;(z) € Pi(x) gives hi(x) € Pi(z). Now we need to show only that

For g;(z) = x; one can put Ww = q; € [0,1] and by (1.2.22) conclude

hz(l') = (1 — C(i)l'i + o4e; € Xz

For g;(z) € P;(x) C X, via (1.2.22) for 8; = t;(x)—t™"(x) we have (1—3;)z;+5;e; € X;
and therefore

ho(a) = 9@ (L= Bt Bre

€ X,.
2 2

This proves the map specified in (1.2.22) has range A(X). Now putting
x; + gi(x ti(x) — t™n(x)
ST N R N

we can redefine the map h : Q — A(X); it obeys all requirements of Lemma 1.2.6. l

Proof of Theorem 1.2.6. Recall that
LS ={x = (2;)iez € AX) | Pi(z) N [x;,€;] =0 Vi € T}

is an area of all lower stable contractual allocations and we consider its supplement
NS = A(X)\ LS, this is the set of all allocations for which there is an agent interested
in a partial break of current contract v = z —e. For x € NS condition (1.2.4) is false.
Also we specified Q C A(X) as a subset consisting the points z € A(X) for which
(1.2.14) is false. Now let us suppose that

QUNS = A(X)

and show that it is impossible.
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Indeed, according to Lemma 1.2.4, NS and 2 are an open subsets of A(X). We
specify ¢ : NS — A(X) by formula

xr+e
q(r) = 5

and “glue” this mapping with h(-) defined in Lemma 1.2.6, setting

f(z) = a(z)q(z) + B(z)h(z), =€ AX),

where o : A(X) — [0,1], B : A(X) — [0,1] are continuous functions, such that
a(z)=1forx e NS\ Q, f(z) =1for x € Q\ NS, and a(x) + B(z) = 1 Va € A(X).

For example they can be specified as

p(z, LS) plz, ACX)\ Q)
p(z, LS) + p(z, A(X) \ Q) p(z, LS) + p(z, A(X) \ Q)

where p(z,S) is a distance from the point z to the set S C A(X).2° Obviously, for
QUNS = A(X) the mapping f : A(X) — A(X) is continuous and, by Brouwer’s
theorem, it must have a fixed point z = f(z). However, where is it?

Suppose Z € NS\ Q. Then f(z) = q(z) = &2 # &, since otherwise T = e ¢ NS.

Suppose T € Q\ NS. Then f(z) = h(Z) = (hj(Z));ez and by Lemma 1.2.6 there
is i € Z such that h;(Z) € P;(z) that is impossible by (A).

Suppose T € NSNQ. Now f(z) = a(z)q(z) + B(z)h(z). Clearly a(z) > 0
and S(z) > 0, since the contrary is impossible. Recall that we also have h;(Z) =
&(Z) +vi(z)(e; —z;) Vi € Z. Now for ig € Z, which is interested in a partial breaking
of the contract ¥ — e, at the fixed point we have

iy = [0+ (00 = )| + B16u(0) + (o)1 — 70)] =

B(z) = , e A(X),

alz) =

iy + g (@1 — ) + BlE(®) — iy +70(@)ey — 7)) >

5 B (o) (e~ 70) + 8(6@) — ) =0 (1229

Clearly &;,(z) = 7, is impossible, otherwise (1.2.23) implies Z;, = e;,. Therefore
&, (Z) € Piy(z). Also at a fixed point £ € NS for some A € (0, 1] we have

1
A {éa + B%io (55)} =p >0, ple, —Ti) + Tiy € Piy(Z).
At the same time, due to (&;,(z) — z;,) € Piy(Z) — 7;, and (A) we conclude
Aﬁ(glo(i) —Tiy) € Pi (f) —Tj, = I, (T) € ’Pio(f) : /\6(&0(‘@) —Tiy) = Mg (j) — Tiy-
Now, due to (1.2.23) and (A) we have p(e;, — Zi,) + 1iy(T) — Tyy = 0 =

:U’(eio _ jio) + jio + 771'0<j) _ =
2 2

207t is standardly defined as p(x, S) = infyes p(z,y).
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which is impossible.

Thus, the assumption Q U NS = A(X) implies the existence of a continuous
mapping f : A(X) — A(X) with no fixed point in A(X). This contradicts Brouwer’s
theorem. So, the assumption that there are no fuzzy contractual allocations lead us
to a contradiction and it proves the theorem. |

1.3 Production Arrow—Debreu economies

One of the main objectives of the economic theory and its basic part—general equi-
librium theory—consists in the description of resource allocation implemented via
the system of the markets. In the classical Arrow—Debreu model resulting alloca-
tion arrives as Walrasian (competitive) equilibrium that is the basic object of the
theoretical analysis, see Arrow, Debreu (1954), McKenzie (1954), Mas-Colell et al.
(1995), Aliprantis et al. (1989), etc. Arrow—Debreu model was developed and gener-
alized in different directions, one of them being the study of models with non-convex
technological sets and with public goods.

For the classical Arrow—Debreu model, the convexity of technological sets (and
sets of the preferred consumption bundles) is a very important assumption, other-
wise, equilibria may not exist. However, non-convexity in technologies is a charac-
teristic for many industrial spheres, and it relays with increasing returns from scale
(for example, for private municipal enterprises). Therefore, the case of non-convex
technological sets is a very important theoretical problem. The non-convexity in tech-
nologies leads to the known concept of equilibrium with pricing by marginal costs,
so-called MCP-equilibrium. For the first time, the existence of MCP-equilibrium for
a monopolistic economy with one firm has been established in Mantel (1979). Further,
in the paper of Beato, Mas-Colell (1985) existence of an equilibrium with marginal
costs pricing has been proved for several firms with non-convex technologies, most
general results have been obtained in Bonnisseau, Cornet (1988, 1990); a survey of
literature one can find in Brown (1991). So general equilibrium theory started to
develop for non-convex technological sets. Notice in addition, that equilibrium with
marginal costs pricing implements only necessary condition for Pareto optimality of
current (equilibrium) production allocation (in general MCP-equilibrium may not be
Pareto optimal); however, it is also sufficient in a convex case and corresponds with
profit maximization of producers.

So, we will consider models of the economy with production and consumption
sectors. Structurally they are Arrow—Debreu models, in the first case it is a model
with a convex production sector, while in the second one increasing returns from scale
in production are possible. The analysis is based on a contractual approach developed
in the previous sections and extended to the production model in an appropriate
way. In the consumption sector contract is considered almost the same as in an
exchange model: a barter contract delivering commodities for exchange. However, for
production contract agents have taken material expenses related to the production of
goods.

The collections of contracts can form webs that can be transformed via concluding
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new mutually beneficial contracts and breaking existing ones similarly pure exchange
economy. However, production plans can now also be changed. A partial break of
contracts is also permissible. Stable webs of contracts are the subject of the study,
these webs allow to characterize Walrasian equilibrium for the convex economy and
with MCP-pricing (marginal cost pricing) for non-convex: it is true if the partial
breaking of contracts is possible. A specific property of our contractual approach is
that all processes of production and exchange are going without any kind of value
parameters. So, applying the contractual approach, we are interested in the stable
web of contracts and this stability can be variable.

Further, we consider a basic Arrow—Debreu model and traditional notions applied
in its context: core, Walrasian, and MCP—equilibria. Mantel’s theorem as being the
first known result on the existence of MCP—equilibrium is also presented here. In the
following section, we study convex case: model, main definitions presented here and
equivalence theorems.

1.3.1 Production economies

The formal economy of Arrow—Debreu type in its shortest form is presented by the
following bundle of parameters:

EP = (T, T, R X, Pi(-), €, {0:} biez {Yj Yier )- (1.3.1)

Here Z = {1,...,n} is the set of consumers, J = {1,...,m} is the set of producers
(firms), [ is a number of commodities and R! = L is the commodity space. Consump-
tion sets are denoted as X; C R and X = [L;cz Xi; agents’ preferences are presented
by point-to-set mappings P; : X; = X;, i € Z where Pi(z;) = {y; € X; | y; =i x;} is
a set of all consumption bundles strictly preferred by the i-th agent to the bundle z;.
It is also applied notation y; >=; =; which is equivalent to y; € P;(z;). Consumers have

n
also initial endowments e; € X;, i € Z. Determine e = (ey,...,e,) and let € = > e;.

=1
A producer j € J is described by a technological set Y; C L, Y =[] ier Y defined in
terms of material flows, i.e., non-negative component of y; € Y; is an output but if it
is negative, then it is input of commodity in the units of counting. Now for a vector
of prices p = (p1,...,p) € L' profit m;(p,y;) for a plan y; € Y; can be calculated in
the form of inner product 7;(p,y;) = (p,y;) = p - y;. There are also nm scalar values
67 > 0 they being the components of vectors §; = (6}, ..., 6™) present the shares of i
in the profits m; of producers j € J; by the definition ) 6; = (1,...,1). Further, let
i=1
us recall the definition of competitive (Walrasian) equilibrium.

Definition 1.3.1 A triplet (z,y,p), where x = (x;);er € X is a family of consumption
plans, y = (y;)jes € Y are production plans and p = (p1,....m) # 0, p € L' is a
price vector, is said to be quasi-equilibrium, if:

pry; = (pY;), VjeT (1.3.2)

A, B)y={{a,b)=a-blac A, be B} foral ABCL; A>b < a>bVac A.
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(p.Pi(x:)) >p-ei+ Y Olp-y;=p-x;, Viel, (1.3.3)

j=1

=D e+ y; (1.3.4)
i=1 i=1 j=1

If all inequalities in (1.3.3) have a strict sign then the triplet (x,y,p) is called com-
petitive (Walrasian) equilibrium.

Requirements (1.3.2)—(1.3.4) have a familiar economic sense. If inequality (1.3.3)
has strict form it means that consumption plan z; is an optimal choice (demand) for
individual 7 under his/her budget constraint p-z; < p-e; + Z;”:l 95 p-y; =1i(p,y),
z; € X;, where the right-hand side presents total agent’s income from all channels
(the sale of commodities e; and the shares in firm’s profits 93 py;) under prices p =
(p1,...,m) € L'. Condition (1.3.2) says that producers maximize profit and (1.3.4) is
a material balance condition that usually is presented as the equality of demand and
supply.

Conditions guaranteeing existence of equilibria in Arrow—Debreu model are well
known in literature, e.g. see Mas-Colell et al. (1995), Aliprantis et al. (1989),
Marakulin (2012). In consumption sector they are the continuity (different versions
are applied), open-convex values, irreflexivity and local non-satiation of agents’ prefer-
ences P; : X; = X, Vi € Z. Consumption sets have to be convex and closed; moreover,
they have to provide a bounded (compact) set of all feasible allocations. These re-
quirements are sufficient for quasi-equilibria or more refined notion of equilibria with
non-standard prices exist in exchange economy (see Marakulin (2012), Konovalov,
Marakulin (2006)). For strict equilibria to exist one needs to require in addition sur-
vival assumptions, it may be resource relatedness, irreducibility or something like this
one. Further, let us turn to production sector and consider it in more detail.

For production sector it is usually assumed that for all j € J technological sets
Y; have the following properties:

o Y, — conver, closed sets (i.e., limit and mixed technological processes are per-
missible),

e Y, — R, CY; — free disposal condition,

e V;NR, = {0} — no free lunch, where R" is positive orthant of commodity
space.

e Y(—=Y) = {0} — the irreversibility of production processes.

In spite of the latter three requirements have an own economic sense they are really
needed to provide, together with consumption sets properties (boundedness from be-
low), that the set of all feasible (balanced) allocations is bounded one. Nowadays one
can often meet a direct requirement for the feasible allocation set to be bounded. The
first assumption is for us now the most of interest and as a part of it the convexity of
production sets. Without this requirement, equilibria may not exist.
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In this section we deal with the cases of convex and nonconvex production sets.
Nonconvexity in production may occur, for example, due to increasing returns to
scale (firm revenues are increasing per unit costs). For example, the recording of the
CD-ROM is costlier than its replication, overwriting occurs at low cost. However,
this possibility (because of technical-mathematical reasons) has not been studied in
the classical version of the existence theory. Of course, in order for an equilibrium
to exist under non-convex technology, the concept should be appropriately modified.
However, this modification should be such that the new concept is resulted in (or at
least has chances) the Pareto optimal allocation, as it is in the convex case. Pricing
on the basis of average costs does not satisfy this requirement. The key idea of
MCP-equilibrium is that profit maximization is replaced by the (necessary) first-order
condition (expressed in terms of gradients of the functions that define the production
sets), which in the convex case is also sufficient for a plan to be profit maximizer. Thus
the concept directly generalizes the usual competitive equilibrium. As the subject of
interpretation, one is usually talking about the social planner who has the ability
to “evaluate” the price obtained according to the principle of marginal cost pricing
(MCP), and then force the manufacturers to adhere to the specified production plans.
Let us consider the simplest version of the model with a nonconvex production sector,
described by differentiable functions.

Assume that the production sets Y; are described via differentiable functions ¢;
by formula

Vi={yeL|piy) <0}, jed. (1.3.5)

and, moreover, in this case the boundary of production sets can be defined as??

Wj={yeL|gy)=0}#Y; jeJ. (1.3.6)
Define X = [[ X;, Y = ][ Y;. The following definition of MCP-equilibrium can
i€T jeg

be found in Mantel (1979), Brown (1991).

Definition 1.3.2 MCP—equilibrium (marginal cost pricing) is a triplet (z,y,p),

where © = (2;)ier € X is a family of consumption plans, y = (y;)jeys € Y are
production plans and p = (p1,...,p) is a price vector, which satisfies the following

conditions:
(TS H@Y} & E|>\j>02 p:/\ngoj(yj), VieJd, (137)

JjegJ
(p, Pi(x;)) >p-e; + Z@Zp Yy, =p-a, Vi e, (1.3.8)
JjeJ
i€ jeg i€T

The requirement (1.3.7) is the above-mentioned first-order conditions which the equi-
librium production plans must satisfy instead of the condition of profit maximization

22(Clearly, in the general case, the topological boundary of the set may be narrower than the set
described below.
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(1.3.2). Conditions (1.3.8), (1.3.9) present the optimum of consumer preferences under
budget and other constraints and the balance of commodity markets.

In the latter definition, it is implicitly assumed that production can be unprof-
itable, but total taxes cover the losses of firms with nonconvex production sets. It is
important to note that if all firms have convex technologies, the concept of equilibrium
with marginal cost pricing is turned to be the Walrasian equilibrium in the classical
Arrow—Debreu model. Further well-known in the literature and one of the simplest
results (see Brown (1991)) on existence of MCP-equilibria is stated.

Consider a model with one firm and let assumptions (1.3.5), (1.3.6) hold. In
addition, let us assume 0 € Y, Y — Rl C Y, the set (Y + > e;) NR. is bounded
and if y + > - e; € 9Y NRY, then Vip(y) > 0.

Let for all ¢ € Z consumption sets X; = Rl_,r, and preferences are determined
via utility functions u; : X; — R, which are continuous, strictly concave and locally
non-satiated ones.

Theorem 1.3.1 (MANTEL, 1979) Under presented assumptions, an equilibrium
with marginal cost pricing does exist.

Essentially stronger results can be found in Bonnisseau, Cornet (1988, 1990). Here
many firms are considered and they may have non-smooth boundary, as well as a
general rule of pricing is analyzed. In this context, the mapping ¢ : [],9Y; — ]RIJr
is considered, which maps a vector of production plans to a set of production prices.
Requirements on the map v (-) are very general and this approach can present the
marginal cost pricing as soon as average cost pricing—AC P, and also other variants,
see Bonnisseau, Cornet (1988), Brown (1991).

Further, we are passing to the main purpose of the section—the analysis of contrac-
tual approach in Arrow—Debreu model with convex technologies as well as non-convex
ones. Further presentation is according to Marakulin (2014, 2021). We start from the
analysis of convex Arrow—Debreu model.

1.3.2 Contractual approach in convex Arrow—Debreu model

Consider the following model of an economy with production
E=(ZL,L,(Xi,e;,Y;,Pi)ier ). (1.3.10)

This model differs from the classical Arrow—Debreu model only in the part of pro-
duction sector, which assumes the existence of individualized production sets Y; C L,
1 € Z. It is easy to see that the classical model can be reduced to a model of this
kind: it is sufficient to specify the individual production sets Y; as Y; = Z;n:l 9? -?j,
where Yj are production sets in the model £4P. Therefore, the results obtained for
model £ will be applied to model £4” and vice versa. In this case, however, theoret-
ical constructions are considerably simplified. For this model, budget constraints are
applied in the form

pr,<p-e+p-y, t€L
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1.e., consumer ¢ income from production activities is presented by the value p - y;.
Further, define Z; = X; xY;, Z = [[ Z; and let £ = L* x IF be a space of allocations.

Define <
A€)={z=(z,y) e X XY | le = Zei —|—Zy,}
i€T i€ i€
the set of all feasible allocations in model £. In the context of £ equilibrium is defined
as follows:
o A triplet (x,y,p), where p # 0, p € L', (x,y) € A(E) is said to be quasi-
equilibrium, if for each i € L:

(p,Pi(w;)) >p-ei+p-yi=p-w, (1.3.11)

Py > (p,Yi). (1.3.12)

holds. If (1.3.11) has a strict sign for each i, then triple (x,y,p) is called competitive
equilibrium.
Everywhere below we assume model £ satisfies the following assumption.

(A) For each i € I, X; is a convex solid closed set (nonempty interior), e; € X;
and for every x; € X; there exists an open conver G; C L such that*

e FEconomy & is called convex if it obeys (A) and has a convex production
sector, i.e.sets Y; are convex for all i € L.

For the convenience of further exposition, we introduce a specific notion of a
smooth economy.

e Fconomy £ is called smooth if for each i:

holds for a differentiable concave function u;(+) that is defined on an open neighborhood
of X; and the set'Y; has a boundary presented as a smooth manifold.

Economy £ has a smooth consumption sector if only the first requirement is
true.

Recall further the conceptual apparatus of the theory of barter contracts, see Sec-
tion 1.1 (Marakulin, 2003, 2011), while adapting it to the model with the production
sector.

Any vector v = (v;);ez € L* satisfying >, v; = 0 is called a barter (exchange)
contract. Such barter contracts are used in pure exchange economies, as well as in the
consumption sector in the economy with production. In what follows, we assume that
any barter agreement is valid. With every finite collection V' of (permissible) contracts,
it can be associated allocation z(V) = e+ > ., v, where e = (ey,...,e,) € X is

23Notice that we strengthened the above similar assumption, adding non-satiation in preferences.
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an initial resource allocation. If e+ v € X YU C V, i.e., if for any part of
contracts is broken one can get anyway a feasible allocation, then we call V' as a web
of contracts.

In this section, contractual concepts are modified and adapted to an economy with
production. In the latter case contract is a pair (v,y) € LT x L, where v is an ordi-
nary barter contract but y = (y1,...,y,) is a vector which corresponds to production
programs y; for individuals i € Z. If (v,y) € LT x Y, i.e., if each production program
is feasible, y; € Y;, i € Z, then contract (v,y) is permissible. For a finite collection
V' of contracts in the model (1.3.10) one can put into correspondence (consumption)

allocation
z(V)=e+ Z Y+ Z v.

(v,y)eV (v,y)eV

On the other hand, clearly that any contract (v,y) can be decomposed into the sum
of pure exchange contract (v,0) and production contract (program) (0,y). In this
case, referring to the web of contracts, there is no need to specify a different set of
production programs, it suffices to take a gross contract, obtained by summing them.
Moreover, the actual production component of the contract may be without prejudice
to endure beyond the concept of a web of contracts. So, one arrives at the following
definition:

A finite collection V' of permissible contracts is called a web of contracts relative
to pair ((,y) € X x Y, if

(+y+> veEX, VUCV <= GHuy+» ne€X, VieI VUCYV,

velU velU

i.e., under the current consumption ¢ € X and production plans y € Y, individuals
enter into contractual relationships so that they can break any contracts. Here, the
vector of current consumption plans ¢ = ((1,...,(,) actually plays a role (variable)
of initial endowments. In the case where ( = e = (eq,...,e,) € X, i.e., when there
is a web of contracts relative to a pair (e,y) € X x Y, one calls this web a y-web.
Specify:

x(Viy)=e+y+>» vel’, z(Vy) = (z(V,y)y) €L’ x L.

veV

Let yr = (yi)ier be a collection of production plans of individuals entering in
coalition T'. Define Z \ T' = —T, then y_r will present the vector consisting of the
production plans of all individuals who were not included in the coalition 7. Now the
collection of all production plans y = (y;);cz can be written in the form y = (y7, y_7).

Being applied jointly, i.e., as a simultaneous procedure, these operations allow
coalition T" C 7 to yield new webs of contracts. The set of all such webs is denoted
by F(V,T). Formally, we require that each element U € F(V,T) has to satisfy the
following properties:

Let us say that y'-web U, v = (v, y_r) € Y, dominates y-web V| y = (yr,y_r) €
Y via coalition T' (notation U=V), if:

(i) Ue F(V,T),
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(17) x;(U,y') =i x;(V,y) for all i € T.

Notice that now production plans of supplementary coalition y_, are unchangeable

but yr can be substituted for new plans v € [[ Y:. In other words, members of
i€T

the coalition T can change not only the exchange contracts (breaking of the old (any

involving)) and conclude new within the coalition contracts), but they are also able

to modify their production plans.

Definition 1.3.3 A y-web of contracts V' is called stable if there is no y-web U and
no coalition T C I such that U7V . Allocation z = (z,y) € A(E) is called contractual
if v = x(V,y) for some stable y-web V.

In order to introduce the operation of partial breaking of contracts, similarly to
the pure exchange economy case consider the following partial order on the set of
y-webs. This ordering is defined by the rule:

U>V <= da maponto f:U — V such that
(1) Af(u) =u for some 0 < A <1 and for every u € U,
(1) D yep-1(pu = for every v € V.

By this definition, a web U consists of a finite partition of contracts from V' (decom-

position into the sum, see (i7)) subject to the exchange ratios are not changed (due

to (7)). Minimal elements of the ordering among all y-webs are called root webs.
The ordering induces the following equivalence relation on the set of all y-webs:

U~V <= dy-web W such that V> W and U > W. (1.3.13)

Notice that if U ~ V', then z(U,y) = z(V,y), i.e., equivalent webs yield identical
allocations.

In terms of equivalent webs an allocation z € A(E) is called properly contractual,
if there is y-web V' such that z = z(V,y) and for every U ~ 'V allocation z = z(U,y)
15 a contractual one.

This concept of a properly contractual allocation can be reformulated in the fol-
lowing simplified form. For real a define oV = {a-v | v € V}, i, aV is a
web, yielded from V' by multiplying contracts on a. For 0 < a < 1 consider web
U = aVU(1—a)V, which obviously implements the same allocation z(U, y) = z(V, y).
The web U = aV U (1 — a)V is called a-partition of the web V. An allocation
z = z(V,y) is properly contractual if a-partition of V is stable for every a € [0, 1].
Below, I present a narrative definition in substantial terms.

Definition 1.3.4 A pair (z,y) € X XY 1is called properly contractual allocation if
there is a web V' such that the following conditions are satisfied:

(i) x:x(V,y):;ere—iry.

(i) There is no coalition S, for which it is profitable:
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() to partially break barter contracts;

(B) to transit from the programs y = (ys,y_g) to new production programs

Y = (Ys,y—s), where ys € T]Y;;
€S

(7) to sign a nmew contract.

In Section 1.2, it has been proven that for the smooth pure exchange economies
each interior properly contractual allocation is an equilibrium (Theorem 1.2.2, see
also Kozyrev (1982a), Marakulin (2003, 2011)). Below this result is extended to the
convex Arrow—Debreu model.

The following lemma gives a characterization of Pareto optimal allocations of the
convex economy in value terms and, in fact, this is an analog of the Second Welfare
Theorem. Recall that:

o A feasible allocation (z,y) is said to be (weakly) Pareto optimal if there is no a
family (2}, y)ier € A(E) such that x}; >; x; for alli € T.

Lemma 1.3.1 Let £ be a convex economy and Z = (T, Ui)iez € [Liez Xi X Yi be a
Pareto optimal allocation. Then there is a vector p # 0 such that:

(0. Pi(z:)) =p- 7, (1.3.14)

P Ui > (p,Yi). (1.3.15)
holds for each i € T.

Remark 1.3.1 If £ is an economy with a smooth consumption sector and if
Z; € intX; then there is a real \; > 0 such that p = \; - Vu,(7;). [ |

Proof of Lemma 1.3.1. First, note that assumption (A) implies that z; € P;(z;)

and z; € P;(7;) is true for all ¢ € Z. Next, write the property that allocation (Z;, ¥; )iez
is Pareto optimal in an equivalent form:

[I(Pi@) x Y [ AL) =0,

i€
AR)={(z,y) €LY zi=> e+ > uil
i€ i€Z i€Z
Since intersected sets are convex and nonempty (because of (A)), then by separation
theorem there exists a linear functional f # 0 separating these sets, i.e.

(@i yi)ier) = f((&i, Gi)ier), V(@i yi)ier € H(PZ(@) X Yi), V(Zi, i)iez € A(L).
i€
Since our commodity space is finite-dimensional, it follows that the linear functional

can be represented by the vector (through the inner product), i.e., we can assume
that f = (f1,..., fa) € £. Now the latter relation can be written in the form:

> i @ayi)) =D (fi (0, 00))- (1.3.16)

1€l €L
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Fix (@i, 4i)iez € [l;ez(Pi(Ti) x Y;). From (1.3.16) the value ) ., (fi, (%i, %)) is
bounded on A(£), i.e., f is bounded from above on A(£). Show that in fact the
functional is constant on A(L).

Assume contrary. The set A(L) can be written in the form:

AL) = (e1,...,€,,0,...,0)+ H=(e,0)+ H,

where H = {(z,y) € £ | Y. z; = >_ y;}. Notice that H is a linear space such that
ieT i€z

the summation f(e,0) + f(h) is bounded for all h € H. Therefore f is bounded from

above on H that is possible only if f(h) =0 on H (hence functional f is constant on

Further, one can note that the vectors of the form
((07 0)17 e (O, O)Z‘_l, (ZL’, ZL‘)Z', (0, O)i—H, RN (0, O)n) € H, Vr € L.

Therefore, f;(z,2) =0 for all € L. Write f; = (f#, f/) and obtain f-x+ f/-x = 0.
Now, since x is an arbitrary chosen, one concludes

fi=-f=np (1.3.17)

Further show that p; = p; for all ¢,5 € 7.
Due to (1.3.17) one has f; = (p;, —p;). Further note that for every pair (z,y) € £
the vector of the form

((07 0)17 SRR (07 O)i—lv (1’, y>i7 (07 O)i-i-lv ) (07 0)j—1a _(557 y)j’ (0’ O)j-i-lv RN (07 O)H)

belongs to H. Therefore, one has fi(x,y) — f;(z,y) = 0. The latter equality holds for
every pair (z,y) € L x L, that implies

fi=1f;=(p,—p) Vi,jeTL.

Finally, the fact f # 0 implies p # 0. Now (1.3.16) can be rewritten in the form

D A, =p), (@iw) = > ((p,—p), (E:, ). (1.3.18)

i€ €L

To prove inequality (1.3.14) let us consider inequality (1.3.18). Consider y; = ; =
g; and let @; = Z; for all ¢ € Z. In view of (1.3.16) for all x; € P;(T;), i € T one has:

ieT i

Fix i and consider j # i. From (A) it follows that Z; € P;(Z;), which allows in the
addends with numbers j # ¢ in the left hand side of the last inequality pass to the
limits by x; — Z; and as a result one gets (p,x;) > (p, ;) for all z; € P;(z;) and all
i € Z, this proves (1.3.14).
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To prove relation (1.3.15) consider y; = ¢; = y; and &; = Z; for all j # 4. Let
¥; = y; and ; = Z;. In view of (1.3.18), one obtains

ZP(%‘ — ;) — plyi — 4;) = 0.
jeT
Similarly to the previous one, passing x; to Z; for all j € Z one concludes
as we wanted to prove. [ |

The following theorem establishes an equivalence between equilibrium and prop-
erly contractual allocation in the economy with the convex production sector.

Theorem 1.3.2 Let £ be a convex contractual economy with smooth consumption
sectors. Let z = (Z,y) € A(E) and T; € intX; for all i € Z. Then pair (Z,p) is an
equilibrium if and only if Z is a properly contractual allocation.

Proof of Theorem 1.5.2. Let us start by checking the sufficiency. Suppose that
z = (z(V,y),y) is a properly contractual allocation. This allocation is Pareto optimal
since coalition Z is unable to conclude a new contract beneficial for all members of Z.
From Lemma 1.3.1 it follows the existence of p # 0, which satisfies

Now, to prove that (z,y,p) is a quasi-equilibrium, it suffices to show the following
P-Ti=p-Yi+p-e, Viel (1.3.19)

The proof is by contradiction. Assume that not all equalities (1.3.19) hold. Then,
since the allocation z is balanced, one concludes:

D T=D G Y e = ) pE= ) phi+ ) pei
i€ i€ i€ i€ i€ i€
Therefore there is ¢ € Z, for which
P Ty —p-yi<p-e;.
This inequality can be rewritten in the form
p-T;<p-(e+¥y)=p-,

where
J_,’Z' :ei—i-ﬂi—kai, ZT; :ez—l—?jz—i—O
veV
Further, from p-Z; < p - z; one concludes p - (x; — ;) > 0, that due to Remark 1.3.1
to Lemma 1.3.1 (p = \; - Vu;(Z;) for some \; > 0) one has
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However, this inequality means that the function w; from the point z; increases in the
direction x; — ; = — Y, .\, ¥s, so there is € (0,1) such that

wi(z; — p - ZU’) > u;(%;).
veV
Thus it is profitable for agent ¢ partially break all barter contracts in the volume
uV. Now one arrives at a contradiction with the definition of properly contractual
allocation. It remains to note that under the theorem conditions (z; € intX; Vi) and
in view of assumption (A) every quasi-equilibrium is an equilibrium in fact.

To prove the necessity, define v = z—g—e and put V- = {v}. In view of equilibrium
properties of pair (Z,p), one has p-v; = 0 for all i € Z. Suppose that Z is not properly
contractual allocation. Then there is a coalition T' C Z, real 0 < A\, < 1, contract
w = (w;);er and production plans yr € [[;Y; such that e; +y; + A, - v; + w; =; 7;,
i € T. However, from equilibrium properties (1.3.3) one concludes

po(eityitr-vitw)>p-Zi=p-(e+yi+uv) icT.

Therefore p - w; > p- (y; — y;) for all i € T, that via (1.3.2) implies p - w; > 0, hence
p- >, w; # 0. One obtains a contradiction with the definition of contract because it
i€T
has to be > w; = 0. Theorem 1.3.2 is proved. |
€T
A similar result avoided from so restrictive differentiable utilities assumption can
be stated if one likes exchange economies to transfer the study for fuzzy contractual
allocations. In Section 2.2.3, this notion is introduced and elaborated rather carefully
for the model with public goods. This is why we present only the main definition and
announce the major result.

Definition 1.3.5 An allocation (z,y) € A(E) implemented by a web of barter con-
tracts V.= {v}, v = & — y — e is called fuzzy contractual if for every t = (t;)ier,
0<t; <1,Viel, there are no other production programs y; € Y;, i € T and a barter
contract w = (wy, ..., w,) € R, ST w, =0 such that for

& =&i(t,v,w) = e+t +wi+y, 1€T (1.3.20)
§imiZTi Vi & #FT (1.3.21)
take place.

Notice that due to (1.3.21) possibility w = 0 is also possible and thereby only a
partial break can be implemented. If there is no such possibility to dominate, an
allocation is called stable relative to asymmetrical partial break of barter contracts
and the admissible change of the (individualized) production program®* (lower stable
allocation).

The following lemma complete characterizes fuzzy contractual allocations in “ge-
ometrical” categories.

24The ability to select a new production program is the only significant “new property” of this
concept in the production model.
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Lemma 1.3.2 Let (z,7y) € A(E) be a lower stable relative to partial break allocation.
Then it is fuzzy contractual if and only if

A(LF) m H <(7)z(fz) —Y; + co{(e; + 7 — 7;),0}) U{ez}> = {e}. (1.3.22)

€T

Here e = (e, ey,...,e,) and A(L?) is a subspace that corresponds to the material
balance constraints:

ALT) ={(z)z € LT | ) 2= e}

1€T 1€T

This characterization works very efficiently in applications. In particular, it is possible
to state results on fuzzy contractual allocations similar to Theorem 1.3.2 but for the
preferences of general form. To do it, one has to separate sets from the left-hand part
of (1.3.22) by linear functional, and then one analysis the result (for example it is so
during the proof of Theorem 2.2.4 below).

Proof of Lemma 1.3.2. Necessity. Let (1.3.22) be false. Therefore, in the left-hand
side of the intersection (1.3.22) there is z = (z;)7 # e. Define

Further, find a contract with this support and appropriate amounts of contracts
breaking. Define w; = z; — e; that gives > w; = 0 since 2 € A(L*). For
i ¢ S one obviously has w; = 0, i.e., supp(w) = S. Also, for ¢ € S one has
zi € (Pi(x;) — Y; + co{0, (e; + 4; — Z;)}), that allows to conclude 30 < ¢; < 1 and
& > T; such that:

e tw =z=§—yi+tie+y—1) = &§=e+tv+y +uw,

forv, =2, —e; —y;, 1 € S (§ = T; for i ¢ S). This contradicts the definition of fuzzy
contractual allocation.

Sufficiency. Let (1.3.22) be true for (z,y) € A(€), and in addition, let it be lower
stable relative to the partial breaking. Assume this is not fuzzy contractual. Then
there are real t = (¢;)z, plans y; € Y;, i € T and a barter contract w = (wy, ..., w,) €
R, > wy, = 0, satisfying all Definition 1.3.5 requirements. This for v; = z; — §; — €;
due to (1.3.20) for the members of a nonempty coalition yields

Summing over ¢ by the definition of contract one concludes Y ,x; = > re; + > -y,
i.e., for z; = x; —y;, i € T allocation z = (z;)7r belongs to the intersection in
the left hand part of (1.3.22). If one supposes z = e, then x; = e; + y; Vi € T,
that being substituted to the right-hand part of (1.3.23) yields w; = 0, Vi € 7T =
supp(w) = (). Hence, domination is carried out without the exchange and only via
a partial break of the gross contract v = ¥ — y — e. However, this contradicts the
lower stability relative to a partial break. Therefore, one finds an allocation z # e
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which belongs to the intersection of the left-hand side (1.3.22); it is a contradiction. W

Finishing the section note that similarly to the case of exchange model for Arrow—
Debreu kind model, one can introduce the notion of fuzzy core closely related with
fuzzy contractual allocations. Recall that allocation (z,7) € A(€) in the model
(1.3.10) is dominated by a fuzzy coalition ¢t = (t1,...,t,) #0,0<¢; < 1,i €T
if there are z; € P;(z;), y; € Y;, i € Z, such that

Zti(%‘ —e) = Ztiyi-

€T €L

Fuzzy core C/(€) is formed as a set of all allocations which are non-dominated by
fuzzy coalitions. If the preferences of all agents are non-satiated, then for the convex
economy an allocation belongs to the fuzzy core if and only if

0 ¢ co{Uz[Pi(z;) — Y; — €]}

The main theoretical value of the fuzzy core is that it can be effectively applied
to develop a theory of the existence of competitive equilibria and, in view of results
presented here, fuzzy contractual allocations. The general methodology of this ap-
proach (with regard to the existence of equilibrium) one can find in Aliprantis et al.
(1989), and the most advanced mathematical results in Florenzano (1989, 1990) and
Marakulin (2012), etc.

In conclusion, we only present another geometrical interpretation for fuzzy core
elements which supports all ongoing analysis. Let economy be convex. Define

Yi(x, ;) = co[(Pi(x;) — Y;) U{e))}], i€

Then allocation (x,y) € C/(€)

H Ti(zi, y;) N A(LY) = {e}.

1€

This result is appropriate to compare with that was obtained in Chapter 1 for the
exchange model, see (1.2.13) and Proposition 1.2.1. An analogous analysis is provided
also in Section 2.2.1 in the public goods economies context (next chapter).

1.3.3 Contractual economies with non-convex smooth pro-
duction

Consider the model of the economy (1.3.10) for which one assumes the presence of
non-convex production sets Y;, ¢ € Z and the other standard assumptions: closeness,
free disposal and so on. For this model a specified concept of properly contractual
allocation is applied and this concept uses the notion of a star-shaped set. Recall
that a set A C L is called a star-shaped with respect to x € A if for all y € A linear
segment [z, y] C A; here by definition [z,y] = {z € L|3IN € [0,1] : z = Az + (1= N)y}.
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Let y = (yi)ier € Y be any given family of production plans. For each i € 7
specify a set M as a star-shaped relative to y; € Y; subset of Y; such that it is the
maximal by inclusion among other star-shaped sets of this kind.

Notice that for a convez case, the sets M} and Y; are matched but in the non-convex
variant it can be both ways, see Figure 1.3.9 a). In the case of nonconvex production
sets the concept of properly contractual allocation is modified, but it coincides with
the above in the convex context.

Definition 1.3.6 A pair (z,y) € X XY is called marginally contractual allocation
if there is a web V' such that the following conditions are satisfied:

(i) x::c(V,y):;v—i—e—l—y.

(i) There is no coalition S, for which it is profitable (in a separate or simultaneous
regime):

() to partially break barter contracts;

(B) to transit from the given production programsy = (ys,y_s) to new produc-
tion programs y' = (ys,y—s), where ys € [[ M;;
i€s
(v) to sign a new contract. ©

Here, in contrast to the convex case, the freedom of the individual in choosing
a production plan is limited. It is assumed that the mutual cooperation, or some
authority establishes joint production plans, and the individuals still have the right
to decide: do it or not (a specific form of non-binding agreement). However, the
individual deviations from a given production plan is only possible within the sets
M} CY;. Again, in the case of convex production M} and Y; coincide.

Suppose further that the production sets Y; are described by differentiable func-
tions p; as follows:

Yi={yeL|pi(y <0}, il

Without loss of generality assume that the boundary of production sets is defined as?
i={ye L]y =0} #Y;, i €T
Further, we need the following

Lemma 1.3.3 Let M/ be the maximal star-shaped subset of Y; relative to a point
y; € 0Y;. Then

M} C{zeL]wi(z) <0& Vi(yi) - 2 < Voi(yi) - yi}-
Proof of Lemma 1.3.3. Take z € M. By M/ definition, one has

N =0=Nyi+rze M/ CY;, Yrelo1].

25Note that this implies intY; # (.
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A

Y
Y

Figure 1.3.9: a)—Mazximal star-shaped subset M}, b)—semi-spaces K;

)

Therefore, ¢;(2(A)) < 0. As soon as ¢;(y;) = 0, then

wi(yi + Mz — ;) — 0

i, ) (Vi) = — i) <0,
that completes the proof of lemma. u

Relationship between marginal contractual allocation and MCP-equilibrium is
established in the following

Theorem 1.3.3 Let £ be smooth economy and let v = (x;)iez € IntX and y =
(yi)iex € Y be the families of consumption and production plans. Then the triplet
(x,y,p) is the MCP—equilibrium if and only if (x,y) is marginal contractual allocation.

Proof of Theorem 1.3.3. Necessity. Let (z,y,p) be a MCP-equilibrium and let
V' = {v} be a web where v = Z — gy —e. Show that (z(V,9),y) = (z,y) is a marginally
contractual allocation. Assume contrary. Then there is a coalition S, a real A, € [0, 1],

a new contract u = (u;);ez and new production programs vy = (¥})ics € [] M} such
€S
that
)\U~vi+ei+y§+ui:x; >~ Ty, 1 E S

holds. By equilibrium definition px; > pe; + py;. Since the deviation from the pro-
duction plan is possible only within M} then by Lemma 1.3.3 one obtains
Vi(9i) -y < Voildi) - Ui

As soon as p = \; - V;(y;) for some A\; > 0 then p -y < p-y;, that for each i € S
yields

px; > pe; + pYi = pe; + py; = pr; — pe; — py; > 0.
Since A\,pv; + pe; + py; + pu; = px,, one has

PY ui=pY a;—PY e—DY yi—APY v (1.3.24)
S S S S g
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However, one already has p) ox, — DY s€ — DY ¢y; > 0. Now note that the
properties of MCP-equilibrium (1.3.8) imply pv; = 0 for all ¢ € Z that due to (1.3.24)
allows to deduce p) 4 u; > 0, that contradicts to the contract definition.

Now establish the sufficiency. Let (z(V,y), y) be marginally—contractual allocation.
Show that there exists a vector p # 0 such that (z,y,p) is a MCP—equilibrium.
Consider the following convex sets (see Figure 1.3.9 b)):

Ki={y; € L {(Voi(yi), vi) < (Veilyi),ya)y U{wi}, i €L

Note that

KD {y, €Y | (Voilyi), vy < (Vei(yi),v)} DM, i€T.

This is a tangent cone to the Y; going from a point ;.

Put K = [],.; K;. Next, consider an economy Eg similar to one under study in
which the sets Y; are replaced by K;. Show that the pair (z,y) is Pareto optimal
in k. Assuming contrary, one finds an attainable allocation 2 = (&,9) € A(k),
where g € [[ K; and &; >; x; for all i € Z. Let

i€T
yila) = yi + (9 —yi), a€(0,1], i€l
Since y; € K;, then for ¢; # y; one has

(Vi (vi), vi(a) — vi) = a{Vi(y), i — vi) <0, i€L.

Recall that ¢;(y;) = 0. But then for all sufficiently small o > 0 one obtains

ei(yi(@)) = wily:) + (Vei(yi), yila) — yi) + o(lyi(e) — i) <0, i €T,

Consequently, for some ¢ > 0 and all « € [0,¢], for each i € Z one has y;(a) € M/.
Further, fix a € (0,¢] and put §; = yi(«), T; = az;+(1—a)z;. Let w; = &, —y;—e;,
i € Z. As soon as P;(x;) is convex, one has &; >; x;. On the other hand,

f?i :a(ﬁz+wz+el) -+ (1 —a)(yi—i—Zvi—i—ei) :ez—i—(l —Q)Zvi+awi+§i.
veV veV

Define W = (1 — o)V U {aw}, w = (wy,...,w,). By construction, aw is a (new)
contract and g; € M/ is a new production plan constructed via the initial ;. Here
new consumption plans Z; = Z;(W, ;) are strictly preferred to the plans z; for all
1 € Z. Now one comes to the contradiction with the definition of marginally contrac-
tual allocation since the allocation (Z,7) is received from the current one through a
partial break of initial contracts in the amount of a > 0, the new choice of admissible
production plans and the signing of a new barter contract aw.

Thus, now we are in the conditions of Lemma 1.3.1 according to which there is a
vector p # 0 such that for all i € 7

(0, Pilwi)) >p-xi & p-yi > (p, Ki). (1.3.25)
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We prove further that p is a price vector for MCP-equilibrium. To this end, we first
show that
pr; = pyY; + pe;, 1€ T.
However, this fact is proved in the same way as it was done in the convex case (see
Theorem 1.3.2). As soon as assumptions (A) and z; € intX; for p # 0 in view of
(1.3.25) together imply
<p, Pz(xz» >D-x;, 1€ I,

then condition (1.3.8) of Definition 1.3.2 is proven. Condition (1.3.7) of Definition
1.3.2 follows from (1.3.25) and specification of K;. Finally, (1.3.9) holds by the defi-
nition of contractual allocation. Theorem 1.3.3 is proved. [

1.3.4 Contractual economies with non-convex and nons-
mooth production

In this section, we study the general case of the model (1.3.1) with non-convex tech-
nological sets and non-smooth boundaries.

Pareto frontier and tangent cones

In our analysis we shall apply several notions of tangent cones, see Clarke (1983);
Demianov, Rubinov (1990); Polovinkin (1985). Below we recall some Minkowski al-
gebraic operations applied to sets from a vector space. The product by the number,
the sum of A, B C L are determined in a standard way (see Notation on page 6) but
in addition we apply the (geometrical) difference of Minkowski, specified as

AZB={acL|a+BCA},
and
o(b, A) = inf{||b — a|| | @ € A} — a distance from a point b € L to the set A.

Let Q C R! be a set and a € cl(). A vector g is called an admissible direction of
the set 2 at a point a if there is a number a, > 0 such that

a+ag €, ac(0,q,).

The set T4(€2, a) of all admissible directions is called adjacent tangent cone to 2 C R!
at a € cl(2). It can be shortly presented as

T4(Q,a) = lim Q—a: U ﬂ Q—a.

a—+0 0] «
ap>0 046(0,040)

The vector g is called the tangent direction at the point a to the set €, if for
a — 40 there is o(a) : (0, ag) — R! such that

a+ag+o(a) € 9,
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where o(«) is so that @ — 0 for @« — +0. The set T(€2, a) of all tangent directions
is called (lower) tangent cone to Q C R’ at a € cl(Q2) and can also be presented in the

form
Q—a

Tp(2,a) = liminf

al0

={geQlim olg, a1 (2—a)) = 0}.

An element g € R is called the possible tangent direction to €2 at a, if there is a
sequence g; € R, k € N and a sequence of positive real numbers a;, > 0, k € N so
that

g — g, apl0, a4+ argr € Q.

The set T(€2, a) of all tangent vectors is called the contingent cone (or the Bouligand
tangent cone) to Q C R at a € cl(€). In a short form, it is

Q—a

Tp(£2,a) = limsup
al0

={geR| limj]nf o(g,a” (2 —a)) =0}

An element g € R! belongs to Clarke cone if for any sequences z;, € € and positive
real numbers oy, > 0, k € N such that x;, — a, ay, | 0 there exists a sequence g, € R!
for which zj, + agi € .26 So, the Clarke tangent cone to a set ) at a point a can be
described as

O—zx

Tc(9,a) = liminf ={geR'| lim o(g,a '(2—a)) =0}

al0,x—a « al0,x—a

where the convergence x — a occurs over the set ().
The inclusions are obvious

Te(2,a) CTL(2,a) CTr($,a).

If the set 2 is convex (or locally convex), then all the three indicated cones are equal.
Clearly also that T4(2,a) C T1(Q2, a).

We start our analysis from the characterization of Pareto optimality. Everywhere
below we suppose (A), see page 67. As above we specify the set of all feasible alloca-
tions in model £4P

AEP)={z=(2,y) € X x Y | in:Zei—i—Zyj}.

1€T €L JjeT
Now I recall a standard definition of Pareto optimality.

e A feasible allocation (z,y) € A(EAP) is said to be (weakly) Pareto optimal if
there is no a family ((2})iez, (V})jes) € A(EAP) such that @, =; x; for all i € T.

26This is not Clarke’s original definition from Clarke (1983), but it is equivalent to it.
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Lemma 1.3.4 Let an economy EAP obey (A) and be non-satiated at a point
((%i)iez, () je7) € A(EAP). Assume that for each j € J there is a convex cone
K;(5;) C R" such that K;(y;) C Tp(Y;, ;). Now if the allocation (Z,y) € A(EAP) is
Pareto optimal then y; € OY; Vi € J and there is p € R', p # 0 such that

(Pi(z:),p) > (T, p), 1€, (1.3.26)

(K;(y;),p) <0, jeJ. (1.3.27)

Proof of Lemma 1.3.4. The Pareto optimality of an allocation can be rewritten in
the following form: ((Z;)iez, (4;);cr) € A(EAP),

[Z Pi(z:) — Zez]ﬂzyj = 0. (1.3.28)
ieT ieT jed

Assume y; € intY) for some j' € J. Now via (A) one can find z} € P;(Z;) enough
close to z;, 1 € Z and such that

Sl -m)+ gy =y emtyy = > al= > gryit+d e
i€ €L J#3" €T €L

So we find an allocation (2, (y;);e7), where y; = y; for j # j', which dominates (7, ),
that is impossible for Pareto optimal allocation.

Further, due to D, ., Zi—> ;.7 € = > _c 7 ¥j, (1.3.28) and Bouligand tangent cone
definition one concludes

> P - el () (z 5T, sz) )
icT i€l JjeT JjeJ JjeTJ
Now since Tp(d ez Vi D jer ¥i) 2 2 jer In(Y;, y;) we find

[thP ;) Zez ﬂzyJ+TB y)l=0 =

i€T €L JjeT

[thp (Z;) z:eZ ﬂZy]—i-K y;)] = 0.

1€ €T jeTJ

Here two convex sets have empty intersection, one of which has a nonempty interior.
We can apply separation theorem and find p € R, p # 0 such that

(0, tPi(z:) — Y ) > (p, Y 5+ K;(5)]).

i€l €T JjeJ

The set of values on the right-hand side of this inequality is upper-bounded, therefore
because every K;(y;) is a conic set with a vertex at zero, we conclude

(0, Kj(@;) <0 VjeT & (p,)y intPi(z)— Y e) > (p, > 7).

€T €T jeT
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The left inequality states (1.3.27). Now applying z; € clPi(z;), i € Z, taking into
account .. T = y 7€ + i ¥;, passing to the limits®” and transforming the
right inequality we yield: for each i € 7

Y 0 x)+ 0 Pe@a) = (0, e+ (0, > u) = Y, (0.&) + ().

i#i i€T ieT jeg i#i i€T

Omitting identical terms this proves (1.3.26). [

So, Lemma 1.3.4 presents specific necessary conditions for an allocation to be
Pareto optimal and this is an analog of the Second Welfare Theorem. Here the
family of cones K;(y;) C Tp(Y;,y;), j € J accumulates the form of efficiency in
this specification: wider cones provide a better description, and the best among them
is a collection of half-spaces. Of course one can also try to apply the asymptotic
cones described above, but among them only the Clarke cone is convex. The way
to overcome this obstacle is to transform these cones using the method suggested in
Polovinkin (1985); Polovinkin, Balashov (2004) for specifying the derivatives of the
point-to-set mapping: I describe this construction below. It is based on the crucial
property of Minkowski geometrical difference presented in the following lemma (see
Lemma 1.1.4 in Polovinkin, Balashov (2004)).

Lemma 1.3.5 For any cone K, the set K = K is its convex subcone. For the
convez cone K, the equality K = K = K holds. If K is closed then K = K is closed
and

To(K,0)= K = K.

Proof. For v € (K = K) and real A > 0 one has Az + K) C A\K = K =
M+ K C K. So, K = K is a cone. Moreover, since for =,y € (K = K) one has
v+ (y+K)Cax+ K C K one concludes v +y € (K = K), i.e., K = K—convex

cone. The closeness of K = K for closed K is obvious. The proof of relation
To(K,0) = K = K can be found in Polovinkin, Balashov (2004), Lemma 1.4.5, p. 45.
|

There is another way to associate a cone with the given set.

Definition 1.3.7 Let Q C L. The set
O Q={reL|VaecQVNeRAX>0, a+ \x € Q}. (1.3.29)
1s called the asymptotic cone of €.

It is easy to see that O is convex and in general, it can be non-closed. The
asymptotic cone is closely related to the cones specified via Minkowski geometrical
difference, it can be alternatively defined as

oN=0=qQ.
*"Notice that Vp € R! (p,clP;(z;)) > b < (p,Pi(Z;)) > b <= (p,intP;(z;)) > b, Vb € R.
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Now applying the geometrical difference to the cones introduced above, we are going
to the specification of convex approximating cones. They are the following: if a € cl €2,
Q) C L; then asymptotic lower tangent cone is

TAL(Q, a) == TL(Q, CL) z TL<Q, (1),
and the asymptotic upper tangent cone is

Tan(Q,a) = cl [(TB(Q,Q) X Tp(9,a)) + Tar(Qa)l -

The most important properties of these cones are summarized in the following theorem
(see Theorem 1.4.1 in Polovinkin, Balashov (2004)).

Theorem 1.3.4 (POLOVINKIN) The cones Tar(Q,a) and Tap(Q2,a) are conver and
closed. Moreover, the equalities and inclusions are valid:

TAL<Q,6L> = T0<TL<Q,CL>;0), (1330)
Tap(Q,a) =l [Te(TL(Q2,a);0) + Te(T(2,a); 0)] (1.3.31)
To(Q,a) CTar(Q,a) C Tap(Q2,a) C Tp(2,a). (1.3.32)

Moreover, all inclusions in (1.5.32) can be strict.

Proof of the theorem can be found in Polovinkin, Balashov (2004). A useful charac-
terization of the Clarke cone is presented in the following theorem. This specification
is based on Theorem 2.1 from Demianov, Rubinov (1990), p. 84, here I omit a detailed
proof.

Theorem 1.3.5 Let Y C R! be a technological set, satisfying standard assumptions
and y € 9Y. Then

e For almost all boundary points 2 C JY, every point has a tangent hyperplane,
i.e. it is the differentiability point of a function f which graph presents

Y={yeR|f(y) <0}, 9Y ={yeR'|f(y) =0}
o Clarke tangent cone at y € Y is a normal cone to

L . . ot - Vi) )
Ay) = {h RIS €QteN: ¢ = 7& oy tjooh}’ e

To(Y,5) = {5 €R'| {h,x) <0 Vh € A},
Proof of Theorem 1.3.5. According to the assumptions for every z € R! one can
find the only real A = A(2) such that [z — A\(1,1,...,1)] € 9Y. Now we have

Y ={zecR|Az) <0}
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Figure 1.3.11: ¢) Bouligand tangent cone Tg(Y,y); d) Tangent cones toY aty € Y

Define f(2) = A\(z), 2 € Rl. Clearly, because of assumptions f(-) satisfies the Lips-
chitz condition and, therefore, is an absolutely continuous function. It is known that
functions of this type are differentiable almost everywhere. The second statement of
the theorem follows from the characterization of Clarke subdifferential for Lipschitz
functions presented in Theorem 1.2 from Demianov, Rubinov (1990). n

So, as an application one can describe the necessary conditions for an allocation
to be Pareto optimal, the best option is to choose an asymptotic upper tangent
cone Tap(Yj,7;). In contrast, the worst choice is the Clarke cone T¢ (Y}, ;). Let us
call a convex closed cone K C L marginal (at a point y; € Yj) iff

A specification of the related equilibrium concepts and related contractual notions
is presented in the next section. Below, I give an example showing that the cones
presented above can be really different ones.

Example 1.3.1 On the two-dimensional plane, Figure 1.3.10 and 1.3.11 present pos-
sible non-convex technological set Y and mentioned above cones associated with the
point y € Y. In Figure 1.3.10 b) dark area presents a lower tangent cone at y (it is
convex now), in Figure 1.3.11 ¢) non-convex Bouligand tangent cone is denoted as a
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light gray area with a solid boundary line; from this, an asymptotic cone T = T is
derived, it is shown as a dark gray area. Figure 1.3.11 d) presents all conic types: neg-
ative orthant coincides with T (Y, y) since (1,0), (0,1) € A(y) (see Theorem 1.3.5),
wider middle gray area corresponds to lower tangent cone 77 (Y, y) and the widest one
is asymptotic upper cone Tp(Y,y), now it is a half-space, bounder by the diagonal
solid line. [ |

I — MCP-equilibria and contracts in non-convex economies

In Section 1.3.2 we studied the contractual approach in the convex Arrow—Debreu
economy, which can be efficiently reduced to the model (1.3.10) with individual-
ized production sets. However, this method is working only for convex production
economies; for a non-convex economy, the presented reduction works incorrectly be-
cause leads to an arbitrary change of the model since now relation >, [> 7", 07Y;] =
Zjej Y; is violated and is true only for convex Y;, j € J. How this obstacle can be
overcome?

The crucial idea for the comparing of production programs is that the difference
between a new production plan y; € Y; and an old one y; € Y; has to belong to a
(convex) marginal tangent cone specified at the point y; for the set Y;. In other words
one needs

v — v € Kily;), j€T
to be able to compare a bundle (yé) jeq =Yy €Y of production plans with the initial
bundle (y;);es =y € Y. Cones K,(y,) are associated with the contractual interaction
and present the first-order conditions specified in subsection above in Lemma 1.3.4.
In particular these cones can be chosen as T (Y}, y;) either Tz (Y}, y;), or Tap(Y;, y;).
Now we introduce the concept of the web of contracts and their domination in pro-
duction economies.

Again we specify contract as is a pair (v,y) € LT x L7, where v is an ordinary
barter contract v = (vq,vs,...,v,) and y = (y1,...,¥n) is a bundle of production
programs y; € Y;, j € J. Now a reallocation z = (21, ..., z,) of production plans can
be added to individual consumptions, it can be specified as follows

Zi = Zefy], 1€X.
JjeT
So, if we have (v,y) € L* x Y and ), ;v; = 0 then contract (v, y) is permissible and
it implies consumptions z; = e; +v; + 2; € L, © € Z. Now we can define a web of

contracts (V,y) associated with the family of production plans y € Y: here V is a
finite set of barter contracts such that

dvtzteeX, VUCV <= e+zu+Y v€X;, VieI VUCYV,
velU velU

i.e., under the current endowments e € X and production plans y € Y, individuals
enter into contractual relationships so that they can break any contracts. Specify:

x(V,y) :e+z(y)+Zv c Lt

veV
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I pay your attention that we apply the only family of production plans y = (y;)jes-
Now let us pass to the definition of webs domination. This domination assumes that
some contracts from a web can be broken (as a whole), some new contracts concluded
and new production plans generated.

A web of contracts (W,%’) dominates a web (V,y) by coalition S C Z, written as
W y) =s (V,y), iff

e Vo e V\W, SN{ieTZ]|v #0}+#0— consumers from S can break contracts
from V' \ W;

e Vo e W\V,SD{ieZ|wv #0}— only consumers from S can sign new
contracts;

o (y; —y;) € Kj(y;), j € T;
o ZL’I(VV, y’) i [L’I(V, y) VieS.

An allocation that cannot be dominated is called K-contractual.

The described contractual interaction also allows us to introduce a concept of
contractual core, specified for non-convex production. This weak concept is related
with a bundle of marginal conic sets K;(y;) € L, j € J and is so that MCP-
equilibrium with prices from the normal cone, i.e., prices p € L', p # 0 satisfying

belongs to the core.

Definition 1.3.8 Coalition S C T dominates an allocation (x,y) € A(E) wvia
marginal cones K = (K;)jes C L7 if there is (2°,2%) € [[icg Xi x L¥ such that
for some y; € Y satisfying (y; —y;) € Kj, j € J one has z = dieq 0
Sgxi = g€+ Y gz so that xF¥ ; x; Vi€ S.

The set CK(E) € A(E) of all allocations that can be dominated by no coalition is
called weak K -core.

y; and

This core is really weaker than the standard one as soon as the possibilities of a
coalition to dominate are reduced and the core may contain allocations that are not
Pareto optimal. An advantage of the concept is that generalized MCP-equilibrium
allocation (presented below) always is an element of the core and it is nonempty. It
can be easily proved by arguing by contradiction. Now we are passing to a discussion
of partially broken contracts. It leads us to the notions of proper and fuzzy contractual
allocations.

Definition 1.3.9 Let K = (K;)jes C L7 be a family of marginal cones. An alloca-
tion (z,y) € A(E) implemented by a web of barter contracts V= {v}, where

- (s N\
v=r—2—e, ZzZ=(Z)ier, Zi= g 67 y;
jeT
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is called K -marginal fuzzy contractual if for everyt = (t;)ier, 0 <t; < 1,Vi € T,
there are mo other production programs yj- € L, y; —y; € Kj, 5 € J and a barter

contract w = (wy, ..., wy,) € L*, 37, w; =0 such that for
&= &G(tv,w,y) = e + tiv +w; + 2, = Z@jyj, J (1.3.34)
JjeT

one takes place
§imiTy Vi & # T (1.3.35)

This definition describes the following contractual interaction. First, the individuals
are going to partially break barter contracts, each in the measure (1 — ¢;) and it
is private information: nobody else knows about it. Second, they change production
plans for y; € L in a part €] that they can control and under the condition y§ € y,+Kj,
7€ J: thisis a form of social production efficiency (notice that since K is a convex
set one has )., 07y: = y; € y; + K;). Finally, agents conclude a new barter contract
w = (W, ..., wy,). As a result of this interaction, each involved individual has to
benefit. Notice that due to (1.3.35) contract w = 0 is also possible and thereby only
partial break can be realized. So, if there is no domination of this kind, then an
allocation is called K-marginal fuzzy contractual.

The following lemma characterizes fuzzy contractual allocations in “geometrical”
categories. Recall that an allocation (z, %) € A(E4P) is called stable relative to asym-
metrical partial break (lower stable) it Vi € TVz € Z; =3, 0 (7, + K;)

Vi€ (Zi+ (% e +z)[ | Pilx:) =02 (1.3.36)

The specificity of condition (1.3.36) is that if it is not true, then there is an individual
who acting separately certainly changes the web as soon as it is beneficial for him.
Here, there is no contractual interaction.

Lemma 1.3.6 Let (z,7) € A(EAP) be an allocation lower stable relative to a partial
break and K = (K;);es C L7 be a family of marginal cones specified for (§;)jes = §.
Then (z,9) is K-fuzzy contractual if and only if

A(LF) ﬂH( — Zi+ cof(es + 7 — i),O})U{ei}) —{e}.  (1.3.37)

i€

Here Z; = 3., 0)(7, + K;), zi = > e 0)9;,i €T, e = (e),ey,...,e,) and A(L?)
1s a subspace that corresponds to the material balance constraints:

A(L") = {(G)ier € L* | Z G = Zei}.

1€T 1€T

28Tt means that nobody wants to partially break a barter contract without concluding a new one.
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This characterization works very efficiently in applications, but one has to apply
(1.3.37) and (1.3.36) simultaneously. In particular, applying it below we state the
equivalence between fuzzy contractual allocations and MCP-equilibria. To do it
one has to separate sets from the left-hand part of (1.3.37) by linear functional and
analyze the result.

Proof of Lemma 1.3.6. Necessity. Let (1.3.37) be false. Therefore, in the left-hand
side of the intersection (1.3.37), there is ( = ((;)iez # e. Define

S={ieT|G+el}#0.

Further, find a new contract with this support and the appropriate amounts of con-
tracts breaking. Define w; = (; — e; that gives Y, ;w; = 0 since ¢ € A(L*). For
i ¢ S one obviously has w; = 0, i.e., supp(w) = S. Also for ¢ € S one has

CZ' € (7)2(.7_31) — ZZ + CO{O, (ei —+ 51' — J_IZ)}),
that allows to conclude 30 <t; <1 and &; >; &; such that:
eﬁ—wi:Q:&—zi—i—ti(ei—i—ii—ii) = fz :ei+tivi+zi+wi,

forv,=2;,—e;—z,i€ S (fori ¢ Soneputst; =1 & 2z, = z; = § = ;). Here
due to Y ;7 => ;€ + > 7% we have ) - v; = 0. This contradicts the definition of
K-fuzzy contractual allocation.

Sufficiency. Let (1.3.37) be true for (z,7) € A(EAP), and in addition, let the
allocation be lower stable relative to the partial breaking. Assume this is not K-fuzzy
contractual. Then there are t = (¢;)7, plans z; € Z;, ¢ € Z, and a barter contract
w=(wy,...,w,) € R" > _w,; =0, satisfying all Definition 1.3.9 requirements. This
for v; = T; — Z; — e; due to (1.3.34) for the members of a nonempty coalition yields

Summing over ¢ by the definition of contract one concludes Y ,;z; = > €, + > 2,
i.e., for {; = x; — z;, i € T allocation ( = ((;)zr belongs to the intersection in
the left-hand part of (1.3.37). If one supposes ( = e, then z; = €; + z; Vi € Z,
that being substituted to the right-hand part of (1.3.38) yields w; = 0, Vi € 7 =
supp(w) = (). Hence, domination is carried out without the exchange and only via
a partial break of the gross contract v = ¥ — z — e. However, this contradicts the
lower stability relative to a partial break. Therefore, one finds an allocation ( # e
which belongs to the intersection of the left-hand side (1.3.37); it is a contradiction. B

Now we formalize generalized MCP-equilibrium and then state equivalence of it
and K-marginal fuzzy contractual allocation.

Definition 1.3.10 Let (z,y,p) be a triplet such as x = (x;)iez € X is a family of
consumption plans, y = (y;)jeq € Y are production plans and p = (p1,...,p) # 0 is
a price vector. Given a family K = (K;(y;))jes of marginal cones at points (y;);ez,
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triplet (x,y,p) is called K — MCP-quasi-equilibrium if it obeys the following con-
ditions:

g €0Y; & (p.K;)<0 VjedJ, (1.3.39)
(p, Pi(;)) > p-e; + Z@{p Yy, =p-x; Viel, (1.3.40)
JjET
dm=> Y+ e (1.3.41)
ieT jeg ieT

If all inequalities in (1.3.40) have strict sign then the triplet (x,y,p) is called K —
MCP—equilibrium.

Here, in contrast to the convex case, the freedom of the individual in choosing a
production plan is limited. It is assumed that mutual cooperation or some authority
establishes joint production plans, and the individuals still have the right to decide:
do it or not (a specific form of non-binding agreement). However, the individual
deviations from a given production plan are only possible within the sets K; NY; in
a part that an individual ¢ € Z can control, i.e. #K;. Again, in the case of convex
production, this requirement and standard one coincide.

Finally, we note that similarly to the convex Arrow-Debreu economy for non-
convex case, one can introduce the notion of a fuzzy core that is closely related to fuzzy
contractual allocations. The main theoretical value of the fuzzy core is that it can be
effectively applied to develop a theory of the existence of competitive equilibria and, in
view of results presented here, fuzzy contractual allocations. I omit this presentation,
the general methodology of this approach is well known, for details see Section 1.2.3,
Aliprantis et al. (1989), and the most advanced mathematical results in Florenzano
(1989, 1990) and Marakulin (2012), etc. Now we pass to study an equivalence between
equilibrium and contractual approaches.

Remark 1.3.2 The existence of K — MCP-equilibria and the non-emptiness of weak
K-core is not studied here, I left this problem for further research. In the literature,
it is well known that these problems are closely related and the existence of one can
be derived from another one. For Clarke cones K = K¢ (Y}, y;) we deal with MCP-
equilibrium by Bonnisseau—Cornet, which existence was stated in Bonnisseau, Cornet
(1990) that clearly implies the non-emptiness of our weak core. Notice that under
standard assumptions for production set Y C R’ a point-to-set mapping y = T (Y, y)
has good mathematical properties, it is lower semicontinuous correspondence with
non-empty, convex, and closed values. This simplifies the existence problem, for other
chosen cones (e.g. K = Txp(Y,y)) it is not true and it can be a difficult obstacle.

The relationship between K-marginal fuzzy contractual allocation and X — MCP-
equilibrium is established in the following

Theorem 1.3.6 Let (z,%) € A(EAP be an allocation in Arrow-Debreu economy and
K = (K;(y;))jes be a family of closed convex cones such that

Te(Y;,9;) € Ki(y;) € Tas(Y5,95), J€JT.
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If (z,9) is K-marginal fuzzy contractual then it is K-MCP-quasi-equilibrium. On the
contrary, assume that there are prices p € L' such that (Z,y,p) is K-MCP-equilibrium.
Then (z,y) is K-marginal fuzzy contractual.

In the theory of the existence of Walrasian equilibrium, the conditions under
which each quasi-equilibrium turns into a strict equilibrium are well known: it is
necessary to require additionally some survival assumptions, the representative of
which can be irreducibility. Here we omit the description of these methods and refer
the interrogated reader to Marakulin (2012).

Proof of Theorem 1.53.6. Necessity. Our analysis is based on Lemma 1.3.2 and the
application of relation (1.3.37). Indeed, (Z,y) is K-fuzzy contractual iff (1.3.37) and
(1.3.36) hold. Excluding e; from the left-hand side of (1.3.37), one concludes

A(LF) ﬂH — Z; 4 co{(e; + z — 1;),0}) = 0.

Here affine subspace A(L?) is intersected with a convex solid set. Applying classical
separation theorem one finds a nonzero linear functional (vector) f = (fy,..., fn) € L*
separating these sets, that is

(f, ALD)) < (f, ] (Pu(x:) — Zi + cof(e; + 2 — 2:),0})).

i€l

The left-hand side of the inequality is upper bounded and, since A(L?) is a subspace,
one concludes

(frreeo s ) A(G o G €LY ) G=01) =0 =
i=1
fi=fi=p#0 Vi,k el
Now, substituting this to the latter inequality and transforming it we obtain
i€ i€T
Now we recall that Z; = z; + > ier ZK ; where every K is a convex conic set, that
due to > 7> s PK;, =3 jes K and the last inequality allows us to conclude

Y K)>0 = (pK;)<0VieJ,
JET
that proves (1.3.39). Further, notice that z; € clP;(z;) Vi € Z implies
fi — 22‘ +e; + 2@' — .f‘i =e; € CI[PZ(SZ’@) — Zz + co{(e,; + Z@' — .’fi), 0}],

that substituting it into left-hand side of (1.3.42) for j # i and then omitting identical
terms yields

Vi el (p, ’Pl(]_,’z) — ZZ + co{(ei + 22‘ — Zf'i), 0}> Z pe; = <p, ,Pz(lfz) — 2i> Z pe;.
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Again, taking into account z; € clP;(Z;) and specification of z; the last one implies

(p, Pi(Z;)) > pe; + Z 9329.% & px; > pe; + Z 9329.% el
Jj€T Jj€T

Because (Z,7) € A(E4P), i.e. it is feasible allocation, one concludes: for all i € T
PT; = pe;i+ Y. jes 9? py; that finishes the proving (Z,y, p) is in fact a quasi-equilibrium
by Definition 1.3.10.

Sufficiency. Let (z,y,p) be a K-MC P-equilibrium. It easy to see that now condi-
tion (1.3.40) in its strict form and (1.3.39) for each (fixed) ¢ € Z imply that

(p, (Pi(Z;) — Zi + co{(e; + z; — T;),0})) > pe;.

We always have

Z <]5, (le(jizl) — Zz" + CO{(GZ‘/ + Zi/ — i‘i/), O}) U {ei/}) Z Z ﬁei/.

V€T, i #i Ve i+

Summing this and latter one we get a strict inequality that is true for every i € Z.
This can be true only if (1.3.22) holds. Condition (1.3.36) is also true, it follows from
(1.3.39), (1.3.40) and via Z;, i € T specification. Theorem 1.3.3 is proved. |

Conclusion to Chapter 1

In this chapter, the basic elements of the theory of barter contractual interactions
were presented and first developed for exchange economies; then they were expanded
to the models with the production of private goods. A series of stability concepts
of contractual allocations and the webs of contracts were considered, their relation-
ships with notions known in classical theory were revealed. Now equilibrium, Pareto
boundary, core, fuzzy core obtain a clear description in contractual categories. It
was shown that contract-based approach is rather convenient to model perfect com-
petition conditions, efficiently supplements classical methods and presents alternative
forms of it.

The graphical presentation of logical relationships among various stability concepts
of the webs of contacts and related contractual allocations is given in Figure 1.3.12.
Here the arrows show a stronger property from the nearest ones.

Main results for standard market are the following:

e Theorem 1.2.2 on the contractual characterization of equilibria.

e The results of Section 1.2.3, 1.2.4, characterizing properly, perfectly, and fuzzy
contractual allocations; moreover, the number of participants in the contracts
can be limited to the number of interesting for contracting parties commodities
plus one.

In the second part of the chapter, the contractual approach was analyzed in the
context of Arrow—Debreu model with the production of private goods. Economies with
convex and nonconvex production sets were studied here and contractual description of
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| CONTRACTUAL CONCEPTS |
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contractual
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Figure 1.3.12: The relationships and logical connections among the array of contractual
concepts

coherent web I

a variate of known theoretical equilibrium concepts was obtained. They are Walrasian
equilibrium in a convex model and equilibrium with marginal cost pricing in a non-
convex setting (MCP-equilibrium and K — MCP-equilibrium). At the same time,
a number of new contractual concepts were proposed: specific variants of properly
contractual, and also marginally contractual allocations. These concepts characterize
equilibria in cooperative terms and without value categories, and this is an advantage
of a contractual approach. The main results are the following:

e Theorem 1.3.2 and Lemma 1.3.2 on the equivalence of properly and fuzzy con-
tractual allocations and competitive equilibrium in a convex Arrow-Debreu
economy.

e Theorem 1.3.3 on the equivalence of MCP-equilibrium and marginally contrac-
tual allocation for smooth economy.

e Lemma 1.3.4 and Theorem 1.3.6 on the equivalence of K — MCP-equilibrium
and K-marginally contractual allocation for nonsmooth economy.



Chapter 2

Contracts and the production of
public goods

In this chapter, an appropriate notion of production contract is introduced and the
contractual approach is expanded to the model with public goods. The main re-
sults of the chapter are the theorems on the equivalence between Lindahl equilibria
and properly and fuzzy contractual allocations. The relationship of equilibria with a
specifically introduced fuzzy core for an economy with public and semi-public goods
is also revealed.

An economy with public goods is specified by the presence of special commodities,
which by their physical characteristics are the goods of public consumption. Exam-
ples of public goods are public television and radio, street lighting, roads, production
of “security” (police, national defense, etc.). The list of examples can be continued,
but clearly, a public good is a commodity that is simultaneously consumed by many
agents and there is a need to reproduce it (one needs to repair roads, produce and
broadcast television programs) that has to be financed somehow. It is clear that the
funding of production of a collective consumption commodity should be carried out
by all its consumers. In the neoclassical theory of a decentralized economy, the con-
cept of individual valuations is considered as a basis for public goods financing; these
valuations are calculated as the product of individual prices and a (total) consump-
tion bundle. Of course, ordinary products may exist in the economy, and processes of
their allocation and production are carried out under usual market rules. In theory,
an appropriate concept of equilibrium (by Lindahl) is defined and studied in such a
way that the related allocation is a Pareto optimal one. The correct determination of
individual prices is a difficult theoretical problem in practice. In the case of private
commodities, this issue is resolved via the market mechanism, based on a large num-
ber of exchange transactions, by the method of price “tatonnement.” This method
does not work for public goods, because individuals are incapable of exchanging the
parts of public goods.! From a theoretical point of view, individual prices should be
proportional to the marginal rates of substitution (exchange), but in terms of utility
functions, they should be proportional to a fragment of the gradient, corresponding to

!Therefore, it is recommended in practice to transform the “public goods” into private ones
whenever possible, through various specific techniques in order to enable the market mechanism. An
example of this is the transition to the counters in water provision.

93
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public goods. Thus, in order to “evaluate” the individual prices, one must have purely
private information about the preferences of individuals, which is not practicable in
real life. Below, I suggest a theoretical way to resolve this problem.

Modern views on the theory of financing of public goods stem from Samuelson’s
papers and the results of some other authors; see the survey by Milleron (1972) and
Ruys (1974). A public good is a product of joint consumption of all economic agents.
The Pareto efficient mechanism of value regulation of public goods is based on the in-
dividual valuations calculated as a product of the individual price and total consump-
tion.? Clearly, there can be ordinary commodities in the economy: their exchange and
production are governed by usual market rules. An appropriate theoretical concept
of Pareto efficient equilibrium defined in the literature is known as the Lindahl equi-
librium. However, practical implementation of the individual price apparatus being
applied to public goods raises a problem of calculation of these prices (and taxes).
This is in fact a difficult theoretical question that still does not have a clear answer in
classical theory. One way to solve this problem could be based on the cooperative de-
scription of equilibrium, in such a way as is done in models with purely private goods,
via a theorem on the coincidence of the core and equilibria under perfect competition
conditions. However, examples show that under ordinary replication® of an economy
the Foley core does not shrink to equilibrium (see Muench (1972), Milleron (1972), and
Buchholz, Peters (2007)). If one does not take into account such extreme results as
Conley (1994), the problem finds its resolution in the modern literature only through
the transformation of the concept of coalitional domination. Instead of the familiar
public goods so-called semi-public goods are introduced, as was done in Vasil’ev et al.
(1995) (see also Weber, Wiesmeth (1991), Vasil’ev (1996) and Florenzano, Mercato
(2006)). The difference is that now the utility of consumed goods depends on the
total number of customers.* One can say that consumers are interested in the average
level of consumption of public goods. In theory, there appeared such concepts as
“returns to group size”, see Roberts (1974), congestion of goods, etc. Vasil'ev et al.
(1995) proved subtle theorems on the coincidence of the core and equilibria under the
assumption of constant returns to the size of the coalition. The condition proves to be
necessary for the coincidence between the core and equilibria, which is a remarkable
result. In this chapter, the theorems on the coincidence of the core and the Lindahl
equilibrium are stated within the contractual approach and under assumptions that
are similar to those made in the papers mentioned above. However, here we are
not talking about coalition sizes or a measure of congestion in public goods: in the
model, individuals are engaged in ordinary economic activity; they sign and break
(partially and asymmetrically) production and barter contracts, thereby producing a
stable regime of functioning, which corresponds to a Lindahl equilibrium allocation.

2There are also other, non-Pareto efficient, equilibrium notions, such as based on a private pro-
vision of public goods (e.g. see Florenzano (2009)).

3This is one of the most popular ways to model perfect competition conditions, which goes back
to Debreu and Scarf. There are other methods, e.g. Aumann’s approach, applying a non-atomic
measure space of economic agents.

4Perception of the good is inversely proportional to the number of users of the same type; not
only the total amount, but mainly the density of vehicles and traffic congestion affect the satisfaction
of such a good as “transport infrastructure.”
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The presentation below is based on Marakulin (2013).

2.1 Public goods and main classical notions

The structure of an economy with public goods is similar to the Arrow—Debreu model:
the main difference is in the commodity space, which also represents public goods.
The mechanism of public goods decentralization is also different and specific. The

model has n consumers forming a set Z = {1,...,n} and m producers (firms) J =
{1,...,m}. There are [ types of private good, their nomenclature being {1,...,1},
and s kinds of public good, numbered by the indices {l + 1,..., [+ s}. Thus, the

total number of products is [+ s. Consumers are equipped with individualized private
goods consumption sets X? C R' and a common for all consumers set of permissible
for consumption public goods X¢ C R*. So, here R!™* = L is a commodity space. In
addition, consumers have initial endowments of private goods e; € X7, i € Z, and the
economy as a whole has endowments of public goods e“ € X°. In general, firms can
produce and spend private as well as public goods; their production capacities are
presented by technological sets Y; C R, 0 € Y}, j € J. Production plans y; € Y
are written in the form y; = (yj,¥5), where y} € R! is associated with the private
goods and y; € R* with the public ones. The set

Z=][xtxxx][Vv;
T J

is identified with the set of all admissible states and the space £ = Rntstmli+s) 5 7 ig
a space of allocations. Consumers’ preferences are defined and take values in X x X,
i.e., P XP x X = XP x X¢ The sets X x X¢ are associated with consumption
sets of individuals; they are assumed to be convex. Omne can see that this model
has externalities, concentrated in the area of public goods. In addition, as in the
Arrow-Debreu model, #/ > 0 (a component of vector 8; = (8L,...,07")) is the share
of consumer 7 in the profit of producer j. These quantities satisfy >, ; 9{ =1 for all
j € J (i.e., profit is completely distributed among all shareholders).

Assume that the processes of exchange and production of goods are regulated
by the individual prices for public goods ¢; € R® and the market prices p € R! for
the private commodities. In this case, the budget constraint for consumption plans
(xi,2¢) € XP x X of individual ¢ € Z are specified by

(i, p) + (2, q;) < (e, p) + (e qi) + Y _ 0/ (py? + qu5),
JjegJ

where y € [[,Y}, ¢ = (q1,-..,qn) € [R]F, p € R and § = >_; ¢;. So, one can see
that agents’ incomes are formed from three sources: the sale of private endowments
e; for market prices p, the individualized value of public goods (g;,€°), and as the
“sum of dividends” from the profits of producers. It is also worth repeating that the
producers’ profits are determined by “production” prices (p, 7). Now in its shortest
form the model under study can be written as

gpg = <I7 \77 RZ)RS7 {Xg)7pi(')79i7ei}i627 {Yj}jej)XcaeC>‘
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In the neoclassical setting the Lindahl equilibrium is considered as the fundamental
solution concept.

Definition 2.1.1 An allocation z = (x,2°y) € Z is said to be a Lindahl equilib-
rium with a price bundle (p,qi, ..., q,) € RF™ if for =Y, q; it satisfies

s+ aqys > {(p.q),Y;), jE€JT, (2.1.1)

((p @), Pilwi, %)) > ep+€qi+ > 01 (pyf + qyf) = wip+a°qi, i€, (2.1.2)

JjeT
T 7 J
=" i (2.1.4)
J

With non-strict inequalities in (2.1.2) it is said to be a quasi-equilibrium.

Requirements (2.1.1)—(2.1.4) have their usual substantial sense. Condition (2.1.1)
implements the principle of producers’ profit maximization, (2.1.2) states that (x;, z¢)
is an optimal budget acceptable plan, condition (2.1.3) presents the balance for private
consumption commodities and (2.1.4) is the balance for public goods.

Commenting on the equilibrium definition, one notes that individuals evaluate the
consumption of public goods according to individual prices ¢;, while in production
specific industrial prices are applied: they are equal to the sum of individual prices,
g = Y7 ¢ Also note the specific requirement of the public goods balance: this is
so because all individuals consume the same quantity of good, if it is a public one.
Further, any allocation from Z satisfying (2.1.3) and (2.1.4) is called a feasible (valid)
one and the set of all such allocations is denoted A(EP9).

Without going into detail, we note that for a convex economy the Lindahl equilib-
rium is always Pareto optimal and does exist under almost the same assumptions as
the Walrasian equilibrium; see, for example, Ruys (1974), Florenzano, Mercato (2006),
Florenzano (2009), and Marakulin (2012) §1.2.3. Similarly to the usual Arrow—Debreu
model in an economy with public goods there is an analog of the 2nd Welfare theorem:
every Pareto optimal allocation can be presented in the form of a Lindahl equilibrium
for a specific redistribution of initial endowments. In other words, for a Pareto optimal
allocation one can provide a dual characterization in value categories (a similar result
can be found e.g. in Florenzano, 2009)). Insofar as this is involved in the subsequent
analysis, I present a formalization of an appropriate mathematical result and give its
proof. Recall that:

o A feasible allocation (z,z¢,y) = ((Z;)iez, ¢ (Yj)jeq) € Z is said to be (weakly)
Pareto optimal if there is no allocation ((x;)iez, 2%, (yj)jes) € A(EP?) such that
(@, x°) =4 (%;,Z°) for each i € T.

In the following lemma and the subsequent analysis we shall use the assumption®
(A) and apply a specific notion of locally non-satiated preferences of each individual in

5 . . . . . .
®Here, one has to consider X? x X¢ as a consumption set for individual .
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the groups of private and (separately) public goods. The latter means that changing
the consumption bundle (z¥,z¢) only in part of the private or (separately) public

goods while the consumption from another group of commodities is the same, it is
possible to obtain a strictly preferred consumption bundle:

Pila?,af) R x {2} £0 & Pifaliaf) N {a?} x B £0, VieL  (2.15)

Lemma 2.1.1 Let the allocation Z = ((Z;)iez, ¢ (§j)jeq) € A(EP?) be Pareto opti-
mal. Then there is a vector of prices for private goods p € R and individualized price
vectors for public goods q; € R®, i € I, which are not all equal to zero and are such
that

((p, i), Pi(x:, 7)) = {(p, @), (%1, 7%)), i € L, (2.1.6)
(> a).3) > (Vi) €T, (2.1.7)

If for Z in addition, the consumption of each individual is non-satiated by private
and (separately) public goods, and if (Z;,z¢) € int(X? x X¢) Vi € Z, then all these
price vectors are non-zero, i.e. p #0, ¢; #0Vi € L.

Remark 2.1.1 If £ is an economy with a smooth consumption sector and all the
lemma’s assumptions are satisfied then for interior allocation and for every ¢ there is
areal \; > 0: (p, (b) =\ - Vul(a’:z, i’c>. [ |

Proof of Lemma 2.1.1. To establish the lemma, one expresses the Pareto optimality
of the allocation Z in a form suitable for the application of the separation theorem.
For this purpose, let us define the following affine space:

L={(zP, 28, ... a2, aC, yP ol ...y ye,) € RUFs)mtm) .
Wbl = () = Zez, (2.1.8)
75— af =0, 2§ ~af =0,..., 2 —af =0, (2.1.9)
— i) = ) 21.10)

Now, Pareto optimality can be written as

[[Piz:.z xHY N L=0. (2.1.11)

T

Since the intersected sets are convex and nonempty (by (A)), then, by the separation
theorem, there exists a linear functional f # 0, which separates these sets, i.e. if
one presents this functional in the form of inner product, then there exists a vector

f: (fla"'7fnagla---,gm) such that

fH xl,cxHY
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Further one reveals the structure of the functional (vector) f. Since f is bounded from
above on L, then it must be constant on £ and, hence, its representing vector must
be located in the subspace orthogonal to £. However, £ is represented as a linear
hull of the normal vectors to the hyperplanes defined by relations (2.1.8)-(2.1.10)
(all equations in vector form). The analysis of these relations gives the following
representation: 3p € R, 3¢, ¢a,...,¢, € R® such that for ¢ = ¢ — Y., ¢; one has
fi=p, @), g5 = (=p,—q) Vi, j, i.e.

f = (p> q1,P,492,---,D;4qn, (_p7 _q_)a R (_pa _Q)>

Further, to establish (2.1.6), consider the value of the functional f on the vector
(@, z¢ ... 20 2 s, g, un) €L (2.1.12)

and compare it with the value on a similar vector where at the place of 7’s consumption
a vector (¥, x§) € P;(zh, z¢) is written. By (A) one has (Zy, 7€) € Pr(Ty, 2¢), Yk € T
and, therefore, constructed the vector belongs to the closure of the set, recorded in
the left side of the intersection (2.1.11). Consequently, the value of the functional on
the constructed vector must be not less than its value on the vector (2.1.12), hence,
reducing the common terms in the right-hand and the left-hand sides one arrives at
(2.1.6).

Inequalities (2.1.7) are proved in a similar way: the value of the functional on the
vector (2.1.12) should be compared with the value on a similar vector where instead
of production plan (37, y5) (arbitrary chosen) plan (y7,y$) € Yj is written. In so doing
one arrives at

(=, =), (5, 95) = ((=p, =), (7}, 47)), V(yj.y5) €Y;

<(p7 Q)> g]> > <(pa Cj>7 Y;>,

which proves the first part of the lemma. We now prove the second part.

Consider an inequality of (2.1.6) such that (p, ¢;) # 0. Suppose, for example, that
p = 0. Now substitute consumption bundle z; by x; so that (z;, z¢) >=; (Z;, °) is true.
Next find z¢ such that ¢z < ¢;z° but still (x;,z¢) >=; (Z;,2°). The assumptions of
the lemma (interior point and non-satiation separately for private and public goods)
allows us to do it. However, now one obtains ((p,q), (x;, %)) < {((p, @), (T:, T°)),
which contradicts (2.1.6). Therefore, ¢; # 0 implies that p # 0. It can be proven
similarly that p # 0 = ¢; # 0 for each i. Lemma 2.1.1 is proved. [

In the model £PY with public goods the concept of the Foley core is usually con-
sidered in literature, and it has a familiar substantial sense: the set of all production
allocations, which can be dominated by no coalition, i.e., no group of individuals
would benefit to live as a separate economy.

e An allocation z = (x,2¢y) € A(EP) is said to be dominated (blocked) by coali-
tion O # S C T if there exist production y° = (y°7,y%°) € Yo = >, g Zjej 07Y; and
consumption ((zf)s, %) € [1g X; x X¢ programs such that

fo = Zei + P 2% =e"+y% & (2f,2%) = (z5,2°) for each i€ S.
ieS ies
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The set of all allocations that are dominated by no coalition is denoted as C(EP9)
and is called Foley core.

Foley introduced this concept (Foley, 1970) and proved under certain assumptions
that the Lindahl equilibrium belongs to the core: below this result follows directly from
the analogous fact for the fuzzy core; see Proposition 2.2.1. However, does the Foley
core shrink to equilibria under infinite replication of the model? It is well-known from
the literature that an infinite replication of the model does not imply that Foley core
shrinks to (equal treatment) Lindahl equilibria, unlike economies with only private
goods. The following example, borrowed from Buchholz, Peters (2007), illustrates the
fact. So, how is perfect competition to be presented in public goods economy? As
we will see below there are at least two approaches: the fuzzy core approach and the
contractual approach.

Example 2.1.1 Consider an economy with two individuals ¢« = 1,2 and two goods:
one private and another public one. Let (x;,z°) € RZ be permissible consump-
tion plans, which agents ¢ = 1,2 can consume in any non-negative quantities. Let
consumers have identical Cobb-Douglas utilities specified in logarithmic form as
w;(z;, z¢) = In(x;) + In(x) and let the individuals’ endowments be e; = (1,0), i = 1,2
(public goods endowments be zero). Finally, suppose there is a technological set
specified as a cone

Y = {(ylva) S R2 ‘ Y1 S 07 Y2 S _y1}7

i.e., technology is linear and one unit of private good produces a unit of public one.
Now let us calculate a Lindahl equilibrium according to Definition 2.1.1.

Due to (2.1.1) and the fact that public good in the equilibrium is not in zero
quantity, for the (normalized) equilibrium prices, one has (p,¢) = (1,1) and the zero
profit for producer. From the first-order conditions in the consumer’s problem, one
concludes Vu;(x;, z¢) = (zi, L) =X(1,¢;), \i > 0 = ¢; = Z, that from the budget
equality allows to conclude x; + ¢+ 2t =1 = x; = % = 2°=2—x; —xy = 1. Thus,
in the equilibrium one has

(x1,2°) = (x9,2°) = (%, 1) ,
where the price for the private good is p = 1, and the individualized prices are
g1 = Qs = % Further let us find the core.

In an economy with two agents core is a part of the Pareto boundary, where the
consumption bundles for each agent are individually rational (utility is not less than in
an economy with one agent). Pareto frontier can be found using the above analysis and
Lemma 2.1.1; now the individual rationality constraint is given by xz; - 2 > % . % = %,
that allows to describe core structure.

C(EP) = {(z1,20,2°) €RY [2° =1, ;1 + a2 =1, 21 > §, 72 > 7}

Using an analysis similar to the above, it is easy to understand that in the n-times
replicated economy the Lindahl equilibrium has the following form.

o (11 11
($11,$21,---,$1n,5€2n7$:(?/,y))—<2,2,~-,2a2,n,( nan))a
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under prices p =1, i, = 5., 1=1,2, k =1,.
Let us consider now the followmg allocatlon

5 3 5 3
zZ = (%11,1’21, s ,Q?ln,xgn,ﬂfc, (yayc)) = (§7 é? BRI §7 §7n7 (_nan)> )

e., agents of the second type are spending for the public good g of the private
commodity, and first type agents only g Now applying Lemma 2.1.1 one can easily
show that this is a Pareto optimal allocation (here similarly to the above g = Z£).
Moreover, it belongs to the core. To verify this, consider a coalition S, CODSlStlIlg of
[ 1st type agents and m of 2nd ones. The optimal production of public goods in this
group (through inter-coalitional Pareto frontier) is 2§ = l+m < n. Hence, in order to
allow agents of 1st type to reach the level of utility no less than in the allocation z,

5

they have to consume the private good more than 3. But then (by balance) in the

group of 2nd type individuals in S there is an individual whose consumption of private

good x5, is strictly less than (l+m—5l) ——%i i.e,3(2,k) € S: x2k<——%%
=
ps  Em (L LN iAm (L 1T itn
2k 2 8m 2 2 8n 2
1 1 6n? 3
in — (6 —2(—n)?) < 2 — 2,
= Ton —@n—-0n+1) < 16”(671 (l—n)%) < 6n = 3"

Taking the logarithm of both sides of the inequality, we conclude that the utility of
the individual (2, k) € S is lower than in the proposed allocation, which contradicts
S is blocking. Since [ and m were chosen arbitrarily, then the resulting contradiction
proves that allocation z belongs to Foley core.

The presented analysis holds for arbitrarily large n, which proves that Foley core
does not shrink to Lindahl equilibrium when the model of economy is replicating to
infinity. |

In the next section, we introduce and study the concept of the fuzzy core for
a model with public goods. In Section 2.2.3, fuzzy contractual allocations will be
introduced and studied. As we shall see, these concepts are closely related to each
other; they work fruitfully in the equilibrium theory and present an adequate solution
of how the core can shrink to the Lindahl equilibrium.

2.2 Contractual economy with public goods

2.2.1 Fuzzy core vs. Foley core—what is the best?

Let us start from the definition and analysis of the fuzzy core. Recall that a fuzzy
coalition is identified with any vector

t=(ti,ty, ... 1)) £0, 0<t; <1 Viel,

where real t; is standardly interpreted as a measure of agent ¢’s participation in the
coalition activities. The key property that determines the efficiency of fuzzy coalitions
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is their ability to dominate a current allocation of the economy, and it defines the fuzzy
core. In a model with public goods, this is an especially peculiar thing.

o Let (x,2°) = ((@i)iez, %) € [[; X7 x X¢ be a family of private and public
consumption plans, and y = (y?,y°) € >, Y; =Y be an aggregated production pro-
gram. Let triplet (z,z¢y) = z present a feasible allocation, i.e. x¢ = €+ y° and
Yosxi=> r€+yP hold. A fuzzy coalitiont = (ti,...,t,) blocks allocation z if
there is a triplet ((&;)z,&¢, (CP,C°)), such that

D ti(G—e)=¢, £=¢, (("()eY (2.2.1)
A
and .
(&, i— +€%) = (z,2°) VieT: t; #0. (2.2.2)

The set of all allocations that are dominated by no fuzzy coalition is denoted C/(EP9)
and is called the fuzzy core.

Despite the fact that similar constructions have already appeared in the literature
(e.g. see Vasil’ev (1996)), further analysis is quite original.

The meaning of the fuzzy core and the blocking is as follows. Imagine that an
index ¢ € 7 specifies only the type of economic agent which is represented by many
identical copies (the same number for different types). Then ¢; € (0,1] is a share
of type ¢ individuals, entered in a blocking coalition. Being separated the coalition
passes to self-sufficiency of all its needs, which is expressed by relation (2.2.1). In this
case, however, agents have to improve their situation and reach a more preferred con-
sumption, which is expressed by (2.2.2), and this is the key peculiarity of (semi)public
goods. Indeed, the agents estimate public goods produced within the coalition as the
relative proportion of individuals of presented type. Florenzano, Mercato (2006) do
not introduce a fuzzy core concept; however, they expressly postulate the appropri-
ate type of domination in a replica of the original model (see Definitions 3.4, 3.5).
One can say that an average level (for a type) of public goods consumption is crucial
for agents instead of a common level of consumption. Thus, one can speak about
semi-public goods, just as it is done in Vasil’ev et al. (1995). Moreover, in Vasil'ev et
al. (1995), domination similar to that described above is interpreted in the terms of
congestion or crowding in its provision (in these terms the results on the equivalence
of the core and the equilibria are formulated). For example, (dis)pleasure from the
consumption of such a good as the opportunity to attend a public skating-rink (park,
road infrastructure, etc.) essentially depends on the number of visitors. Below we will
see that the domination and the fuzzy core elements can be interpreted in contractual
categories, where the coalition has the opportunity to enter into contracts for the
production of public goods for inter-coalitional consumption. Then the elements of
the fuzzy core correspond to stable sets of contracts (webs), subject to approval of
the possibility of an asymmetric partial breaking.

Below, the first important result on the fuzzy core is presented; it is proven under
the following additional assumptions.
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(P) For each j € J the set Y; is a convex closed cone with a vertex at zero and
public goods can only be produced, their amount cannot be reduced; i.e.Y; C R' x RS

(M) The set of feasible publiq goods consumption programs obeys X¢+ R3 C X¢
and all public goods are desirable® for each individual; i.e.

(25,24 2) =5 (23, 2°) V(x;,2°) € X; x X, Vz € intRY, VieT.

Proposition 2.2.1 Let EP9 obey (P), (M). Then the Lindahl equilibrium belongs to
the fuzzy core.

Proof of Proposition 2.2.1. Let the triplet (x,2¢y) € [[; X7 x X¢xY,Y =3V
satisfy Definition 2.1.1. Assume that there is a dominating coalition t = (¢;)7 # 0.
Then estimating (2.2.2) by prices and applying (2.1.2), we find: Vi € supp(t)

C

(p, &) + (a, i— +e) > (p,wi) + (g, 2% = (p,es) + (g, €) + >0 (py? + qu5).
v JjeT

Due to (2.1.1) and assumption (P) in the part of technological sets are convex cones
with the vertex at zero, we conclude that pyﬁ’ +qy; > 0, Vj € J. Substituting this in
the last formula and multiplying inequalities on ¢;, one finds that

tip, &) +(a:,€°) > ti(p, i), @ €supp(t) = (p, Z ti(&—e)) + Z 4 &%) > 0.
supp(t) supp(t)

However, it follows now from (P), (M) that £&¢ > 0 and ¢; > 0 for all 4, which implies
that <ZI Qi7€C> > <Zsupp(t) Qi7§C> and, therefore,

supp(t) T supp(t) supp(t)

Due to (2.2.1), this means that by equilibrium prices (p, §), ¢ = > _; ¢; production plan
(D aupp(ry L& — €:),€%) = (€7, (%) yields a strictly positive profit, which is impossi-
ble in view of (2.1.1) and the right-hand side of (2.2.1) for conical technological sets. B

In order to better understand the properties of the fuzzy core and to reveal the
exact relationship between the core and the equilibrium (equivalence?), we establish
the following fuzzy core characterization. Define

Yi(x, 2°) = co(Pi(x;, ) U {(e;,€)}), i€Z (2.2.3)

Due to the convexity of P;(z;, x¢), for P;(x;, 2¢) # 0 (we have it by (A) or (M)) we
conclude that

co(Pi(zs, z°) U {(e;,e)}) = U [APi(x;,z°) + (1 — N)(e;, €%)] =

0<A<L1

6This is monotonicity of preferences regarding public goods.
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= TZ<ZL',,1‘ ) = OSL)\ng)‘[Pi(xivx ) - (ei’e )] + (ei’e )7 el

Next, consider a set [[7 Ty(z;, %) x Y, a vector
&= ((e1,€°), (e2,€), ..., (e €°),0) € RFI+S)

and condition z + € € [[; T;(z;,2°) x Y. By construction and analysis, one has a
representation

z = (Al(gl - elagf - ec)7 AQ(SQ - 82,§§ - ec)7 SRR >\n<§n - en)gfz - ec)7 CP) CC) (224)
considered relative to some (&;,&5) € Pi(x;,x¢), © € Z, (¢,¢°) € Y. Now, let us

%

consider a subspace which corresponds to the material balance conditions for the
model with public goods:

£ = (21, 21), (25, 25), - (20, 20), (0P, 0) |

zf+z§+~--+zﬁ=y”+2ei, 2N =25=-=2z0 =y°+ e} (2.2.5)
T

Finally, if z+¢€ € [[; Ti(x;, 2¢) x Y N L9 then these balance conditions are added to
constraint (2.2.4) for z:

Al(gl_el)—i_"'_’—)‘n(fn_en):Cp & /\l(gtlj_ec):"':/\n(gfb_ec)zcca

asin (2.2.1). For & = E\—z—kec, by construction, one has (&;, % + €°) € Pi(z;, z¢), which
is equivalent to (2.2.2), i € Z.

Hence, fuzzy blocking occurs if and only if there exists nonzero z, satisfying all
requirements (i.e., z + € belongs to the intersection). The presented reasonings prove
the following characteristic

Lemma 2.2.1 A feasible allocation (z,x¢,y?,y°) € C/(EP9) if and only if

[ i, 2 x Y () £ = {&}. (2.2.6)

Provided that in (2.2.6) all intersected sets are convex, it allows us to apply the
separation theorem for the characterization of the elements of fuzzy core in value
categories. One can do this applying the result and the mathematical technique used
in Lemma 2.1.1 to intersection (2.2.6), and further apply the following.

Proposition 2.2.2 Let the allocation z = (7,7, 4P, 4°) € C/(EPI) and preferences be
non-satiated (via (A)). Then (z,z¢ y?,y°) is Pareto optimal and therefore there exist
prices p € R, q; € R®, i € Z, not all equal to zero, such that relations (2.1.6) and
(2.1.7) hold. Moreover, if (P) holds (convex conic production) then in addition

((p,qi), (2:,2%)) = (p i) + (g:, €%), i €L, (2.2.7)

1.e., all the budgets are balanced and therefore the allocation is a quasi-equilibrium.
If the conditions of the second part of Lemma 2.1.1 are true, then it is a genuine
Lindahl equilibrium.
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Now a theorem on the equivalence of the core and the equilibrium can be obtained
as a consequence of the unconditional approval of the latter in conjunction with the
Proposition 2.2.1 proved above.

Theorem 2.2.1 Let EP9 satisfy (P), (M), (x;,z¢) € int(X; x X¢), i € Z and (2.1.5)
be true (separated mon-satiation). Then allocation z = ((x;)z, ¢, yP,y°) € C/(EP9) if
and only if it 1s a Lindahl equilibrium allocation.

Remark 2.2.1 In order to avoid such restrictive requirement as an interior point in
the consumption of each individual, one can use the irreducibility assumption (speci-
fied for the public goods) and non-trivial quasi-equilibrium property, as in Florenzano,
Mercato (2006), Florenzano (2009), and Marakulin (2012) §1.2.4. Here and below,
I restrict myself to the case of an interior point, in order to not overburdened the
presentation. |

Proof of Proposition 2.2.2. Let z = (z,z¢, 9, §°) € C/(EP9), which, due to Lemma
2.2.1, is equivalent to (2.2.6). Now applying separation theorem,” one can find a
non-zero linear functional non-strictly separating these sets. Since

HP Ti, T chHT z;,7°) X Y,

it is clear that this functional also separates the sets of (2.1.11); this relation is equiv-
alent to Pareto optimality (a small difficulty with the fact that Y =} /Y; can be
easily bypassed), and therefore all conclusions regarding the separating functional
from Lemma 2.1.1 can be applied to our functional. This proves the first part of the
statement: there are prices p € R, ¢; € R®, i € Z, not all zeros, such that the relations
(2.1.6) and (2.1.7) are true. We now prove (2.2.7).

The vector representing the functional that separates the sets of (2.2.6) has the
following structure:

f: <p7q17p7q27"'7p?qn7(_p7 _Cj»? q:Zqz
T

Now, from the local non-satiation we conclude that (z;, ¢) € P;(Z;,7¢), i € Z. Hence
co{(xz, ), (e;,€)} C Yyi(z;,z¢), i € T and certainly co{(7”,7°), (0,0)} C Y. There-
fore, functional f non-strictly separates the set

CO{('Ilv ) (elv )} X X CO{(‘T”? ) (em )} X CO{(gp’gc)v(O’o)}

and affine subspace £P9. Calculating further the value of the functional at the point
e = ((e,€%),...,(e,,€),0,0) € LP9 and for an appropriate element of the product,
one finds that

Z(pej -+ qjec) —l—pfi + qii’c Z Z(pej -+ q]-ec) —i—pei -+ qiec = pi‘i -+ ql':ic 2 pe; + qiec
J# J#i

Strictly, to apply the theorem, one has to extract point & from the set, located on the left side,
and notice that it does not imply the loss of convexity. Instead of the set, one can also take its
interior, which is convex, and clearly has an empty intersection with a subspace.
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Summing inequalities over ¢+ € Z and taking into account the balance relations
Y7 =Y 7€ +y” and ¢ = e + y°, we find that py? + qy° > 0, which can only
be executed in the form of equity (since Y is a convex cone with the vertex at zero).
Consequently, each added inequality can be fulfilled only in the form of equality. W

Further, we pass to the contract-based approach.

2.2.2 Partial breaking and properly allocations with public
goods

The main thing that is necessary to clarify is what and how a contract is concluded
in the production sector and how is it broken. The essential feature of these contracts
is that they are carrying out a joint production of collective consumption goods.
Formally, the contract is

(ri,. .. 70, y°) € R x R® (Zn,yc) GY:ZYJ-.
T J

With every production contract w = (r,y°), r = (r;);ez one can associate its support:

supp(w) ={i € Z |r #0} = S(w).

It is formed by the agents which are involved to realize the production program
(> iz i y¢). As follows from the definition, the main specific feature of a production
contract for the model with public goods is its cooperative nature. That is, unlike
the classical Arrow—Debreu model where production can be individualized, it is a
project consisting of some joint activities related to the production of goods y¢ =
(Y1, Y5, -+ -, ys) from resources 7 = 3, g, i obtained from the agents from S(w).
Notice also that it is not a necessity for private commodities to be consumed in
production: private goods can be produced along with public goods if the technology
allows it... In other words, the vectors r; and 7 = Zie S(w) Ti Ccan also have positive
components. The breaking of production contract w is possible by any of its members
i € S(w), and this means that all mutual obligations among members of the coalition
S(w) are void.

Similarly to barter, production contracts may form a web, i.e., a finite set W of
contracts, each subset U C W of which forms a set of agreements, which correspond
to a feasible production plan:

QDY oy ed v

welU i€Z wel €T

Thus, the specific feature of production webs is that the breaking of a part of the
contracts does not directly have any effect on the implementation of other contracts
and the corresponding production programs. Notice also that for the conver conic
total technological set every collection of feasible contracts forms a feasible web (and
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vice versa). Note that forming a joint web with a family V' of barter contracts one
needs also to require feasibility in consumption:

e+ Y TP+ Y v E€Xy, €+ Y, eX, VUCW, U CV, Viel

wel velU’ wel

It is worthwhile to compare this with the similar requirement determining webs of
barter contracts in an exchange model, see Section 1.1, p. 20.

Now let us assume that the production contracts of a web can be broken not
only fully but also partially—similarly to the case of pure barter contracts for private
commodities. Moreover, this analogy is also extended to the specific concepts of web
stability: to the concepts of lower stable (the breaking), upper (conclusion of a new
contract), and just a stable web (simultaneous breaking and signing of new contracts);
in addition, these concepts can be applied to the union of barter (exchange) and
production webs. Hereby admitting only the total breaking of contracts we arrive at
the concept of contractual allocation that likes Definition 1.3.3. A simple analysis of
the definitions shows that the contractual allocations of this type in an economy with
public goods are exactly the allocations of the Foley core; see the definition above.
Indeed, the fact that a coalition S C Z dominates (blocks) the current allocation
can be expressed in contractual terms as follows: this coalition breaks all contracts
and signs new inter-coalitional contracts (both barter and production ones), in which
only members of the coalition and their technological set Ys = > .« > ier 6 Y; are
involved. As a result of these activities, each member of the coalition should improve
upon its position (get higher utility). Finally, the core is the set of feasible allocations
implemented by a web of contracts that no coalition can improve upon. Allowing the
possibility to break contracts partially leads to a more qualified type of stability and
a number of new concepts, which is reflected in the subsequent definitions.

Now let us consider a specific notion of properly contractual allocation. Having this
in mind, I first extend the relation ~, see (1.3.13), to the set of all production webs.
Here ~ corresponds to the partial breaking of contracts that can be represented so that
instead of the web of contracts its partition into two or more webs is considered, so
that exchange or production ratios are not changed, but the total volume of exchange
and production flows also is saved. Simplistic, but strict enough, this means that the
webs V', W are replaced by (~ equivalent) the webs aV U (1 — )V, 0 < a <1 and
BW U (1 —B)W,0< B <1. For properly contractual allocation, this operation does
not imply that the implementing web V U W loses stability. Formalism can be as
follows.

Let V be a web of barter contracts and W be a web of production ones in the
model £P9. Define z(V, W) = (z,2¢,y) € [R)F x R* x RI*+*) = £ as an allocation these
webs implement, 7.e., for

2(V,W) = ((2:(V,W))iez, (W), y(V, W)

determine

VW) =e+ Y v+ S, ez, yvw) = (3 S S (228)

veV weW T weWw weW



2.2.2 Properly contractual allocations with public goods 107
‘(W) =e+ Z Yo (2.2.9)

In terms of equivalent webs, an allocation z € A(EPY) of the model with public
goods is called properly contractual, if there exist barter V' and production W webs
such that z = z(V,W) and for every V' =~V W' =~ W allocation z = z(V',W') is a

contractual one. Below, a narrative substantial definition is presented.

Definition 2.2.1 A triplet (z,2¢y), where ((x;)icz,z¢) € [[; X} X X is a family
of private and public consumption plans, and y € ) ;Y; is an aggregated production
program, is called a properly contractual allocation if there exists a barter web V'
and a production web W such that the following hold.

(Z) x; = IZ(‘/: W) =€ + Zvev U; + ZwEW T;U; 1€ Iz
z¢=z(W) =e+ ZwEW Yp & y=y(V,\W)= (37 ZweW i, ZwEW Ye)-

(i) There is no coalition S C I for which it is profitable (in a separate or simulta-
neous regime)

(a) to partially break barter and production contracts;

(B) to sign new barter and production contracts which together with preserved
contracts form new feasible webs.

In other words, the allocation is properly contractual if it is implemented by a pair of
stable webs (barter and production) that do not lose stability with respect to any of
their partial decompositions.

Remark 2.2.2 For some public goods it is adequate to assume the possibility of
partial breaking of production contracts while for others it is not. For example, public
skating rinks or picture galleries can be viewed as a good of the first type because an
individual contribution to the production contract can be understood as the money
spent by the individual to visit a rink or a gallery (season tickets, etc.). Here, partial
breaking of a contract means reducing the number of visits, which implies a decrease
(in the same volume) of the consumption of the public good. A contract for goods
such as street lighting or national security is fundamentally different: failure to pay
taxes to finance these goods (assume such a form of financing) has almost no impact
on their consumption. The described theory is related to goods of the first kind. W

The following results characterize properly contractual allocations in terms of val-
ues that allow them to establish their relationship with the equilibria and state the
main result of this section: the theorem on coincidence (under appropriate assump-
tions) of Lindahl equilibria and properly contractual allocations.

Proposition 2.2.3 Let EP9 obey (P), (M). Then Lindahl equilibrium is a properly
contractual allocation.
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Proof of Proposition 2.2.5. Let the triple (z,2%y) € [[; X! x X¢xY,Y =3V
obey Definition 2.1.1. One needs to construct two webs of contracts: a barter web
V and a production web W which implement the equilibrium allocation and satisfy
Definition 2.2.1. Having this in mind define § = >, y; = (7, ¥°), i.e., one specifies
a vector 7 of total production inputs and outputs of private goods as 7 = ) 7 yﬁ.’ .
Consider a production web W, consisting of a single contract w = (ry,...,7,,y°),
whereby definition r; = x; — e;, « € S. Then as soon as allocation is balanced one
has > -1 = > 7 yf = 7 and therefore contract w implements production program
y = > ;Y;. Furthermore, by definition p(z; —e; — ;) =0, Vi € Z. Next define
v; = x; —e; —r; = 0 and form a formal web V' = {v}, consisting of a single contract

= 0. Let us show that the constructed web implements a properly contractual
allocation.

First notice that the bundle (r;,y°) has zero value by equilibrium prices, i.e.,
pri + q;y¢ = 0. This is implied by budget balance (equality) in the equilibrium and
zero profit in production: due to (P), the technological set is a cone. Further one
argues going to a contradiction Assume that there is 0 < ¢t < 1 and a production
contract ¥ = (¥4, ...,9,,n%, OV, n°) €Y, such that, with contract w being broken
in an amount (1 — t), a new contract ¥ is concluded by coalition S = supp(?),
whose members are better off with respect to their consumption plans: (§;,£°) =
(€; + try + Vi, €+ ty° +n°) =; (x;,2°), 1 € S. Now estimating these consumptions by
equilibrium prices and via (2.1.2) we find that ((p, ¢:), (&,£°)) > (D, @), (xs, %)), i.e.,
for all ¢ € supp(¢}), we conclude that

ple; +tri + ) + qi(e“+ty° +n°) > ple; + ) + (e +7°) = pdi+qn°>0.

Summing these inequalities for ¥ # 0 one obtains

POkt ( Y. @ >0 = p Y et O >0,

supp() supp (") supp(?)

which due to (2.1.1) for a conic production is impossible. For ¢ = 0 domination is
possible only for a singleton coalition and only then the current contract is (partially)
broken, i.e., for t < 1. Here similar reasonings yield 0 > 0. Everything leads to a
contradiction. The proof is completed. |

Characteristic properties of properly contractual allocations are analyzed in the
following theorems: they allow one to reverse the last statement.

Theorem 2.2.2 Let z(V,W) = ((z;(V,W))iez, (W), y(W)) be an allocation im-
plemented by a joint web of contracts: barter web V and production web W. Let
2(V, W) € int([[; X? x X¢) x>, Y; and let E* be a conver model with a smooth
consumption sector and each individual be non-satiated in private and public goods.

Then, if z(V,W) is implemented as a properly contractual allocation, there exist
nonzero vectors p € R, ¢; € R, i € T such that

(P @), Pizi, 29)) > ((p, @1), (ws,2°)), Vi € Z, (2.2.10)
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pv; =0, YoeV, Viel, (2.2.11)

pri’ + qiyy, >0, Yw e W, VieT, (2.2.12)

(0 a) y(W) = ((p.Y @), > Y)). (2.2.13)
i€l €L JjeJ

The peculiar circulation of the result of Theorem 2.2.2 gives the following

Theorem 2.2.3 Let (P), (M)® and the conditions of Theorem 2.2.2 hold. Then every
contractual allocation satisfying (2.2.10)-(2.2.13) is a properly contractual one.

Equalities (2.2.11) mean that the cost of the consumed private goods bundle z; is
equal to the cost of initial endowments plus the cost of private goods flow directed
(derived from) in the production sector, while (2.2.10) means that if the consumption
of public goods is valuated through individual prices, then there is no other strictly
preferred bundle that is cheaper than this. Inequality (2.2.12) says that every produc-
tion contract is individually profitable, and (2.2.13) shows that the production sector
of the economy as a whole operates in a maximum profitable way.

The following corollary of Theorems 2.2.2; 2.2.3 actually presents an equivalent
description of Lindahl equilibrium in purely contractual categories. Note that the
contractual allocation of any type, as well as a properly contractual one, does not
appeal to the value parameters, their stability has a cooperative nature, expressed
in terms of product flows and the contractual obligations among agents. Thus our
approach eliminates the main theoretical difficulty of the concept of equilibrium with
public goods—the presence of individual prices their production mechanism.

Corollary 2.2.1 Let economy EPY9 have a smooth consumption sector, obey (P), (M)
and each individual be non-satiated in private and public goods. Then a feasible al-
location z = (x,2°y) € Z, (z,z°) € int(][; X} x X¢) and a bundle of private and
individualized prices (p,qu,...,q.) € R present Lindahl equilibrium if and
only if there are the webs of barter V and production W contracts, implementing
this allocation as a properly contractual one.

Remark 2.2.3 Note that the only difference between the conditions of Corollary
2.2.1 and the assumptions of Theorem 2.2.1 consists of the fact that the consumption
sector is smooth. [ ]

Proof of Corollary 2.2.1. Necessity is due to Proposition 2.2.3. Sufficiency: Under
the corollary conditions Theorem 2.2.3 takes place, and hence (2.2.10)-(2.2.13) are
fulfilled. Since the production sets are cones, the total profit is zero and according
to (2.2.13) the inequalities (2.2.12) can be performed in the form of equalities.
This provides budget equalities on the right side of (2.1.2). Other requirements of
equilibrium definition are also obviously following from (2.2.10)—(2.2.13). |

8Public goods are desirable, can be only produced but cannot be spent, and the technological set
is a convex cone with vertex at zero.
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Proof of Theorem 2.2.2. The fact that z(V, W) is a properly contractual allocation
implies that allocation ((x;(V, W));ez, x°(W), (y*(W),y*(W))) = z(V, W), where

(VW) =e+> v+ Y 1’ i€l

veV weW
(W) =e"+ Yy
weWw
and
W),y (W) = (DD > ) €Y,
weW €T weW jeJ

is feasible and Pareto optimal. Hence, by Lemma 2.1.1, there exist non-zero vectors
p € R ¢ € R® i € Z, satisfying (2.1.6), where all inequalities are fulfilled in a strict
form and therefore (2.2.10) is true, and

(> @), WP OV), " (W) = (0, D> @), YY)

i€l €T JjeT

Next one uses these price vectors and proves (2.2.11)-(2.2.13). The requirement
(2.2.13) is true by construction. Let us prove (2.2.11). It is sufficient to show by
the definition that for each individual and every contract v € V one has pv; > 0,
1 € Z. Assuming to the contrary, one finds contract v and an individual ¢ such
that pv; < 0. By Remark 2.1.1, it follows that (Vu;(z;(V, W), z¢(W)), (—v;,0)) > 0,
i.e., the derivative of the utility in the direction —(v;,0) is positive. Hence, it would
be advantageous for this individual to partially break contract v in a possibly small
volume « > 0, because in this case locally his/her change of utility is calculated as
a(Vu;(z;(V,W),z¢(W)), (—v;,0)) > 0. This contradicts to the definition of properly
contractual allocation.

To prove (2.2.12), let us consider the value of the consumption bundle of the
individual 7 at prices (p, ¢;) after a partial breaking of the production contract w € W,
i € supp(w) in a volume « > 0. It is easy to see that after the break one has:

(P, @), (2 (V, W), 25(W))) = al(p, @) (i’ 4 ))-

In other words, the value is changed by —o((p,q),(r",vS)), which for
pri¥ 4+ qys, < 0 is positive. Applying Remark 2.1.1 to this case, one obtains
(Vu(z;,(V, W), x¢(W)), (=1, —y5)) > 0, i.e., the derivative of ’s utility in the
direction corresponding to the breaking of the contract w is strictly greater than
zero. Therefore, it is beneficial for the individual to break this contract at least in a
small volume. Hence, the assumption pri’ 4+ ¢;y;, < 0 leads us to a contradiction with
the definition of a properly contractual allocation. [ |

Proof of Theorem 2.2.3. Let conditions (2.2.10)—(2.2.13) be fulfilled. Arguing
by contradiction, it is easy to see that (2.2.10) and (2.2.13) together imply Pareto
optimality of the allocation implemented by a web of contracts (one comes to a con-
tradiction by comparing the aggregate cost balance of the current and dominating
allocations).



2.2.2 Properly contractual allocations with public goods 111

Without loss of generality, assume that there are only one barter contract v and
one production contract w. Suppose there exists a coalition S C Z, interested in a
partial breaking of existing contracts in amounts 1 > 1 —a >0,1>1— > 0 and
in the conclusion of new contracts v and w. Consumption bundles obtained in this
manner should be preferred for the agents ¢ € S. These bundles are

Ti=e+ov, + PBri+ v +75, i €5, & 1°=e + Py + -,

ri=e +uv,+r;, 1€S & x°=e"+y°.

Estimating the bundles by prices (p, ¢;), and applying (2.2.10) and (2.2.11), one finds
that

p(Brs + 0 + 75) + ¢i(By° + 9°) > pri + ¢y

Summing up these inequalities over i € S, via ) 4 ¥; = 0, one concludes that

51727%‘4-1?273’4‘(2%)(5964‘@6)>pz7”i+(zqz‘)yc =
S S S S S
Py Fit Zqzy>1— Z Zqz . (2.2.14)
S

On the other hand, the updated production program must be technologically accept-
able, i.e., it has to be

O r+BY i +B8y)eD Y,
s I J
which in view of (2.2.13) yields

Zrﬂrﬁzrz Z (7° + By°) <pZn O ay =
pY Fi+ Q@) <(1=Bp) ri+ (O a)y]
S A T T

Further, remember that all public goods are desirable for all agents (an assumption
of the theorem), i.e., preferences are monotone in this commodity group. Hence, by
(2.2.10) it is easy to conclude that ¢; > 0, Vi € Z. In addition, it was assumed in
the theorem that public goods can be produced but not expended, i.e., ¢ > 0, which
together with the previous gives ZI\S ¢;y¢ > 0. Now, applying (2.2.12) (summing
the inequalities over i € S) one concludes that the right-hand side of (2.2.14) is
non-negative, and finally one concludes that

Y ri+ O @y <D i +pZm O )i <

7\S

=B i+ (O a)y]
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Now [ =1 implies 0 < 0, which is impossible. For 8 < 1, one concludes that
pzri + (Z%’)yc >0,
7 I

which contradicts (2.2.13) and the theorem assumption on production sets which are
the cones with the vertex at zero: in this case, firms’ profits (the value on the left-hand
side of inequality (2.2.13)) have to be zero. |

2.2.3 Fuzzy contractual allocations

It was shown in previous studies that the contractual approach and especially its
methodology and concepts related to the partial breaking of contracts may be consid-
ered as a specific way to model perfect competition conditions. Being much simpler
than “classical” methods (non-atomic space of economic agents by Aumann, or repli-
cas and Edgeworth equilibria by Debreu, Scarf and Aliprantis, etc.), and well-known
in the literature, the contractual approach demonstrates high efficiency and leads to
the same conclusions as in the previously analyzed situations. However, it is also
applicable to many other situations which have not yet been explored. Here, I intro-
duce the concept of fuzzy contractual allocation, which really can be considered as an
alternative model of perfect competition. Consider first a meaningful scenario.

Imagine that at some intermediate moment of economic interaction, individuals
intend to improve the structure of their contracts, partially breaking the old ones
and entering into new contracts. Nobody controls their contractual activities and
there is no coordinating body. Therefore, the breaking of contracts may take place
asynchronously and secretly, with the result that in an intermediate planning stage
individuals may operate with unrealistic asymmetrical agreements which are not con-
tracts at all. However, during the search for a new contract, agents can rely on the
resources made through such bogus contractual options. This can motivate them to
sign new contracts and to break old ones, but now the contractual system as whole
breaks down, as the breaking always occurs at the highest possible option, because all
contracts are concluded on a voluntary basis, and they are voluntarily prolonged. The
above situation may occur when the current allocation is not fuzzy contractual in the
sense described below. Fuzzy contractual allocation is resistant to such perturbations
of the contractual agreements. A formalization of this scenario is now presented.

Suppose again that V' is a web of barter contracts and W is a web of production
contracts of the model €79 and they implement allocation z(V,W) = (z,zy) ac-
cording to (2.2.8) and (2.2.9). For simplicity and without loss of generality, one can
assume that both webs are singletons, i.e., V' = {v} and W = {w}. Suppose that
an individual ¢ € Z intends to partially break the barter contract in the amount of
(1 —-g7), 0<g’ <1 and production in the amount of (1 —¢), 0 <t < 1. As a
result, he/she will have the following bundle of private and public goods:

Tit?,97) = e+ gl v+ & TE) = e+ 17 -y

Further, the individual intends to sign new barter ¢ = (s1,...,$,) and production
V= (V,...,9,,n°) contracts, which together should lead to a preferred consumption:
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(&,£°) =i (x4, 2¢), where
G=G{tg) =ei+g] v+t r’+si+0;, =E(g) =€+t y, +n".

The situation can be further simplified if one notes that due to the definition of
barter contract » s = 0 and hence if ¢ was a feasible production contract, i.e.
(3", n°) € Y, then contract (¢1 + $1,...,Y, + Su,n°) is also feasible. Therefore,
for domination there is no need to use two new contracts; it is sufficient to apply
only one production contract ©. Moreover, it will also be valid for the original allo-
cation: if instead of two contracts v and w one considers only a production contract
(r1 + v, 7m0+ Vo, ..., Ty + Uy, yS) then the stability of allocation and the web of con-
tracts can only be strengthened due to the fact that now the partition of contracts
is carried out only in equal amounts. In other words, without loss of generality, one
may always assume that v = 0. Below, a formal definition is presented.

Definition 2.2.2 An allocation (x,z¢ y?, y°) € A(EP?) is called fuzzy contractual
if a production contract w = (ry,rs, ..., 1, y°) implementing the allocation as

vi=ei+r, (€I, =€ +y, y¥=> r, (Yy)EY
A

is such that, for every t = (t;)iez, 0 < t; < 1, Vi € T there is no another feasible
contract ¥ = (U1, ...,9,,n°) implementing a new allocation

§ =& (tw,0) =e; +tir +0;, § =&t w)=e +ty +n°
such that Vi : (&7, &F) = (x;, x°) implies t; = 1 and
( f’fzc) ~i (mbe) Vi ( f?ézc) 7£ (miaxc)' (2‘2'15)

With respect to this definition, note that, by applying (2.2.15) with ¢ = 0 it can be
seen that no individual may be interested only in a partial breaking of contracts,
i.e., in accordance with the terminology of Marakulin (2003, 2006b) the production
contract could be called proper.” In addition, the definition posits the absence of
explicit contractual missense activity, leaving the consumption bundle unchanged.
But if the non-trivial current contract is broken, then the broken part is returned
to the individual through his/her participation in a new contract. Notice also that
unlike the concept of properly contractual allocation, here requirements regarding the
joint admissibility of the old (partially asymmetrically broken) contract(s), and a new
production contract are not imposed. However, notice again that for conic production
sets this happens automatically: any set of admissible contracts constitutes a valid
web.

Proposition 2.2.4 Let EP9 obey (P), (M). Then Lindahl equilibrium is a fuzzy con-
tractual allocation.

9In Marakulin (2003, 2006b) only pure exchange economies were studied.
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Proof of Proposition 2.2.4. The proof completely repeats the arguments of
the proof of Proposition 2.2.3; the fact that the production contract is broken
asymmetrically does not matter. |

The following lemma characterizes fuzzy contractual allocation in “geometrical”
categories.

Lemma 2.2.2 An allocation z = (z,z° 9P, y°) € A(EP) is fuzzy contractual if and
only if it is lower stable relative to the partial breaking of contracts and

7 (1P (i, 2°) + co{0, (e; — 75,6 — 29)}) U {(e;,€9)}] x ¥ = {&}.  (2.2.16)

1€

Here as above

e = ((e1,€), (e2,€%),...,(e,,€%),0) € ]R("H‘D(H-s))

and LP9 1is the subspace corresponding to the balance constraints of economy with public
goods; see (2.2.5):

LP9 = {<<Z;f? Zi): (Zga 25)7 (Zga wa) (yp7 yc>> ’

Ap bbb =y ) e, A =af==20 =y +e}
A

By Definition (2.2.3) one has
Ti(‘xi? xc) - (Pz(l’“ xc) + CO{O, (ei — T, e’ — xc)}) U {(ei7 ec>}7 i€l
Hence, applying Lemmas 2.2.1 and 2.2.2 implies the following

Corollary 2.2.2 Fvery fuzzy contractual allocation belongs to the fuzzy core.

Remark 2.2.4 One can purely mathematically note that in general (2.2.16) itself
implies that the allocation is lower stable relative to the partial breaking of contracts.
This is so (due to corollary) when all elements of the fuzzy core are equilibria. Thus
in general (2.2.16) is solely sufficient for an allocation to be fuzzy contractual. [

Proof of Lemma 2.2.2. Let zZ be a fuzzy contractual allocation according to
Definition 2.2.2. Assume that (2.2.16) is false, and therefore that there is z =
(20, 26) 7,97, y°) # €&, belonging to the left part of (2.2.16). Consider a coali-
tion S = {i € T | z # (e;,e°)}. Notice that P;(7;,7¢) # 0, i« € S and find
(&,¢¢) € Pi(T4,7°), i € S such that z; = & + t;[(e;, €°) — (T4, 2°)] for some 0 < t; < 1,
i€ S and z; = (e;,€%, i ¢ S (because z € LP9, the possibility S # Z occurs only at
zero production of pubhc goods, which is one of the options). Define J; = 2 — e;,
i €Z. Now ) . ;20 =3 . .re+yPimplies ), v; = 3P and, therefore, for n° = y°, the
vector ¥ = (4, ..., Y,,n°) presents a feasible production contract. Now for i € S # ()
one can write

=2 —e+t(Ti—e)te =0+t +e
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and, for the public sector,
2= +ti(ef—1%)=y'+e = E=y"+e 4Ly =n"+ty" +e".

We have (£7,&5) =; (z;,z¢), i € S. Thus, in accordance with Definition 2.2.2, one
finds a vector t = (t1,...,t,) and contract 9 = (¥, ..., J,,n°) satisfying (2.2.15) (here
t; =1 and 9¥; = 0 for i ¢ S). One comes to a contradiction.

We show that if a stable allocation z = (z, z¢, P, y°) € A(EP) relative to the par-
tial breaking obeys (2.2.16), then it is fuzzy contractual with respect to the production
web V = {(ry,r2,...,7s,9°)}, where r; = &; — e;, i € Z. Assume to the contrary, and
find t = (t1,...,t,) and contract ¢ = (V4,...,9,,7°), (W, y°) = O 7V, n°) € Y,
¥ # 0 such that, Vi: (&F,&5) # (75, 7°), & = e; + tir; + 04, & = € + ;5 + 1°,

(&, &) =i (7,7°) =

zi = (e;,€%) + (U4, 1) € Pi(Z4, %) + ti((e4, €°) — (T4, T°)). (2.2.17)

Here, either (¢7,&5) # (Z;,2°) Vi € Z or Ji € I: (&9,€5) = (T4, T°).

In the first case, (2.2.17) is realized for all i € Z, and z = ((2;)z, ¥, y°) # € belongs
to the intersection on the left side of (2.2.16); this is a contradiction.

In the second case, by Definition 2.2.2 for some 7 one has t; = 1 and
e + 4y +n° = & = ¢ = e + y°, which implies that n°© = 0 = y°. Take
zi = (e;,€e°) for i ¢ supp(). Now via the contract’s definition, one can conclude
that Y=, ;20 = > . ;e +y*, 2§ = e Vi € Z. Thus, there is found an allocation
z = ((2)z, (yP,y°)) # €, belonging to the left side of (2.2.16), which is a contradiction.
[

The central result of the section is the following theorem on the equivalence of
Lindahl equilibrium and fuzzy contractual allocation.

Theorem 2.2.4 Let EP9 satisfy (P), (M), (z;,2¢) € int(X; x X¢), i € Z and (2.1.5)
be true (separate non-satiation). Then allocation z = ((x;)z, 2% y*,y°) € A(EPI) is
fuzzy contractual if and only if it is a Lindahl equilibrium allocation.

Proof of Theorem 2.2.4. The proof of necessity follows immediately from the fact
that the conditions of this theorem are identical to the conditions of Theorem 2.2.1
on the coincidence of equilibria with the elements of the fuzzy core: therefore, being
an element of the fuzzy core, a fuzzy contractual allocation is an equilibrium one.
The proof of sufficiency is due to Proposition 2.2.4 and repeats the arguments of
Proposition 2.2.3. [

The following final statement of the section fully reveals the relationship between
the elements of the fuzzy core and fuzzy contractual allocations.

Lemma 2.2.3 Let z = (z,2%y) € A(EP) and Pi(x;,x°) # O for alli € . Then
(z,2¢,y) € CT(EPI) implies that

L9 ﬂ H (2, 2°) + co{0, (e; — x;,€° —2°)}) x Y = 0. (2.2.18)

€L
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Here (as before) LP9 is a subspace corresponding to the balance constraints of the
economy with public goods; see (2.2.5).

Comparison of formulas (2.2.16) and (2.2.18) clarifies the difference between the
fuzzy core allocations and fuzzy contractual ones. It is evident that this difference
is not too large, which allows us to interpret the allocations of the fuzzy core as
fuzzy contractual. Moreover, now the fact that every element of the fuzzy core is
a quasi-equilibrium (this is the main reason why the fuzzy core is so popular in
existence theory) can be easily deduced from formula (2.2.18).

Proof of Lemma 2.2.3. The proof is based on Lemma 2.2.1 and relation (2.2.6),
characterizing elements of the fuzzy core. One needs to show that (2.2.6) implies
(2.2.18). Assume that z = (z,z¢, ¢7, §¢) satisfies (2.2.6), but (2.2.18) is false. Then
there is a vector t = (t1,...,t,), 0 < t; < 1, production plan (y?,y°) € Y and bundles

7 € 7 and such that

ST@HY tilei—z) =D ety & €+t —7°) = e + -,
T T T

Define C = ((1,C -, Cuy ¥P,y°). By construction ¢ € L£P9. Further, for a real
0 < B <31, consider a vector 3¢ + (1 — 3)z = p(8) = p, where for i € T one has
by construction

p;(B) = BI& +ti(ei — z)] + (1L = B)zi, & pj(B) = B + ti(e” — 79 + (1 — B)7°
In view of z € A(EPY) C L9, one has p() € LPI for every . Moreover,
(Byp + (1 - B)gp’ ﬂyc + (1 - B)gc) € Y7

i.e., a feasible production program corresponds to the vector p(5). Further, let us
present vectors p;(/3) in the form

5 c —c .
pilB) = (1 = Bt;) (s, 7°) + Btiles, ) + (1 = fti) 37— G (&, &) — (z:,79)], i€,
whereby the choice of 5 one has pu; = % < 1. For i € T the last expression due to

(A) entails
pi(&i — (24, 2%)) € P23, 2°) — (2, 7°) =

I € Pi(@i,7°) ¢ (& — (24, 7)) = mi — (T4, 7°).
Hence, from the previous formula, one concludes that
pi = (1 — Bti)n; + Bti(e;, e),

which implies that p; € Y;(z;, %), ¢ € Z. Now one can apply (2.2.6) and conclude
that p = p(B) = € for all real 0 < < % We write this equation component-wise,
and, by definition of p;(/3), we find that

6[5@ +1 ((ez, ) (fch))] + (1 - ﬁ)(jz’jc> = (ei7ec> =
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(ei7 ec) — (jivjc)

/8 )
which has to be true for all ¢ € Z and all 0 < § < % However, these equalities
hold for different (3, which is possible only if (z;,z¢) = (e;,€°) = &;, i € Z, which by
the choice of & implies (Z;,z¢) >; (Z;,2°). This contradicts to (A) (preferences are
irreflexive). Lemma 2.2.3 is proved. [

i+ til(ei e) — (2, 7°)] = (24, 7°) +

Conclusion to Chapter 2

In the chapter, a contractual approach for an economic model with public goods and
convex production was proposed and analyzed. The study revealed the high potential
of this approach, which presents a contractual description of the important theoretical
concept of the Lindahl equilibrium. Moreover, this is realized in several forms and
via a number of new contractual concepts. These concepts characterize equilibria in
cooperative terms and without value categories, and this is the basic advantage of the
contractual approach. The main results are the following.

e Theorems 2.2.1, 2.2.4, and Corollary 2.2.1 on the equivalence of Lindahl equi-
libria and fuzzy core and/or specific properly and fuzzy contractual allocations.

These results characterizing Lindahl equilibrium do not involve the individual prices
apparatus which is difficult to implement in practice; here, using an appropriate con-
cept of contract, purely cooperative properties of the economic model are embodied
into the results, and it does not address such notions as congested public goods and
crowding in its provision. However, the results can be applied only for public goods
that can be provided by production contracts admitting partial breaking in the process
of their reproduction (excludable goods). Not all public goods have these properties.
They are exclusive public goods, in fact, see Remark 2.2.2. All presented in Chapter 2
results are original and were published in Marakulin (2013).

All this contributes to the further development of the contractual approach as a
universal tool for constructing and analyzing the models of economic processes.
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Chapter 3

Contract-based incomplete markets

In the world of real economy, individuals are forced to make decisions under uncer-
tainty arising from incomplete information and the objective uncertainty of future
events. As a result, in a modern economy one can observe not only ordinary com-
modity markets but also a rich array of markets of specific financial tools, so-called
assets. The functioning of these markets is directly aimed at solving problems of
this kind, problems deeply related to the uncertainty of the future. Examples of
these markets are the insurance business, the markets of futures contracts, trade with
options® of different kinds, etc. This problem, related with the uncertainty of the
future, was well understood by the classical economic theorists (see survey Radner
(1982)), but this subject has received new attention in the literature of the early
80s, when opportunities to develop the classical Arrow—Debreu theory ended. The
result was the development, in an extended Arrow—Debreu model framework, of the
incomplete market theory (e.g., see Geanakoplos (1990), Magill, Shafer (1991) for a
general overview). The term incomplete refers to the fact that the potentially infinite
set of possible realizations of the future is surely wider than those created by people,
“insurance variants,” expressed in the form of financial assets. Thus the incomplete
market theory models an economic environment in which economic agents live and
function under the constraints related to the possible differences in times when goods
appear on markets and the objectively defined uncertainty of the future with respect
to the present. Moreover, from the big array of ways to model uncertainty and time,
this theory chooses those that reflect the specific financial features of real market
economies, covering simultaneously the classical theory of resource allocation. How-
ever, the modern version of incomplete market theory has one essential gap—there is
no satisfactory concept of domination by coalitions (of allocations) and consequently
an appropriate core notion is lacking.

In fact, in a classical setting, the competitive equilibrium concept, having descrip-
tive power, is also supported by the fact that there is no group of agents (coalition)
that has incentives to form an autonomous subeconomy (it is said that the equilib-

IThe trade of property rights for future optional contracts, where “call” is to buy and “put” is
to sell some commodity.

119
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rium belongs to the core, i.e., this is not dominated by any coalition). Moreover,
in the conditions of perfect competition, every allocation from the core allows price
decentralization, 7.e., it is an equilibrium relative to some prices—this is Edgeworth’s
well-known conjecture. So in the ideal world of an Arrow—Debreu economy, compet-
itive equilibrium, primary defined in a purely descriptive way, obtains the normative
foundation as an ideally stable (in a given sense) allocation. This is why it seems
quite natural to raise the question about the core definition in an incomplete market
environment and to clarify its relations with the financial equilibrium. Moreover, the
answer to this question will allow us to better understand what kind of (coalition)
stability real observed financial markets have and what are the obstacles to stabilizing
them.

The main theoretical goal of this chapter study is to suggest and to investigate a
core concept in incomplete (financial) markets—a difficult quest for economic theory,
which still under search of its satisfactory solution. In the author’s strong opinion, a
“correct” core concept has to inherit the main properties of classical markets and has
to satisfy the following two requirements:

e Let the economy be described as an incomplete market but in fact be complete,
1.e., it is mathematically equivalent to a standard pure exchange model, in which
equilibria correspond to financial equilibria. Formally, this means that the rank
of the matrix of value returns from assets is equal to the number of future
events. Then the classical concept of the core and a new concept, introduced
for incomplete markets, can be applied simultaneously. In such a case, the set
of allocations for the core of an incomplete market should coincide with the set
of standard core allocations.

e Under perfect competition conditions, the core and equilibria have to coincide—
for a standard exchange economy this is the coincidence of Edgeworth’s equi-
libria (the allocations that belong to the core of each replicated economy) with
competitive equilibria.

So we take these properties as the main criterion for a correct definition for a core
and coalition domination in financial markets.

3.1 Incomplete market model

In the general framework of a pure exchange economy &, let us consider a model with
two periods ¢ = 0,1, in which there are [ kinds of physically different (potentially)
commodities available either today (with certainty) or tomorrow (contingent on each
of a finite number s of possible future states of nature). So for this (market) economy,
the total space of commodities L is associated with the space R!¢+Y) . For convenience,
we denote by o = 0 the state of nature today. At each state 0 = 0,1,...,s, there is
a spot market for each of the [ commodities, whose price-vector is p, € R’: at time 0,
there exists also a financial market for k assets that deliver a random return across
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the states at t = 1. Let ¢; be a price for j-s asset and ¢ = (¢1,¢2,...,qx) be the
price-vector for assets. Let

II={(p,q) R xR" Vo |poll <1, lall <1}

denote the set of admissible prices for commodities and assets, the elements of which
will be denoted by m = (p, ¢). In a general setting, the asset structure is given by the
map
AC) = la; (=1,

defined on R/TD+F x X the image A(7, z) is a (s x k)-matrix of which the j-th
column vector a;(m, x) denotes, given p, ¢ and z, the financial return of asset j across
states of nature at period 1, denominated in units of account. In other words, the
vector a;j(m, x) is the promised monetary-valued payoff in all future states of nature
associated with buying a unit of j-th asset. Now, if we denote

—q
Nem) = o). A= (g0t ),
then the total transfer of wealth across different states of the world, which some agent
can obtain from the market of assets with respect to his/her portfolio z = (2, ... 2%)
(trade program for assets), is described by the vector

A-z:zl[ al_(;]’lx)}*”“k[ ak_(gkx)l

In a general incomplete market setting, consumer i, being ordinary described by a
consumption set X; C L and a preference correspondence P; : X; = X, is also in
addition characterized by a portfolio set Z; C R* and vector-function
ai(-) = (07 ()75, af :REFIH X X 5 R,

giving for each state the wealth of consumer i, given prices p = (p,)7=, ¢ and ac-
tions of the other agents. Therefore, each consumer i can choose the net of his/her
consumption bundles under the following budget constraints, having the following
vector-inequality form:

Pr; <oz, m) + Az, o € Xy, 2 € Z,

where the matrix
Po 0 Po .. 0
0 Ds 0

defines the consumption cost operator. Note that “squared product” (the standard
notation poa’ denoting the vector (p, - 2,)7=5, o' € RUFD) commonly used in
incomplete market theory, coincides with the ordinary matrix-vector product Pz’
' € RH) . The incomplete market model under study is also equipped with the

vector of endowment € € L of the whole economy or simply with the vectors of
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individualized consumers’ initial endowments e; € X;, 1« € Z and for this case we put
e = Ziel €.
Now let us recall the concepts of equilibrium applied in incomplete market theory.
Let us resume with Z = [],.; Z;, the list of data concerning the portfolio re-
strictions. Taking as given the actions of the other agents and a market system of
commodity and asset prices, the budget set of i-th consumer is

Definition 3.1.1 A financial Z-equilibrium is a pair of actions and admissible prices
((Zi, Z))iez, (P, q)) € X x Z x 11 such that

(i) for eachi €T : pox; =a;(p, )+ AP,q,T)z and
(ZZ) Ziel' T; = e and ZiEI Z; = 0.

Classically, (7) means that each (Z;,Z;) is an optimal feasible budget plan for
agent i, given (p, g, ¥). Condition (i7) is a couple of market clearing conditions under
the assumption that no production or inter-temporal storage is possible! and assets
are in zero net supply. In (i7), if }°._; ;(p, ) = poe, the condition ) . ;% = 0 is
obviously redundant when the rank of A(p, ¢, Z) is equal to k.

The concept of consumption sets of the agents expresses the idea of sociological and
physiological restrictions on consumption bundles, independently of any limitation of
resources. A similar interpretation for portfolio sets seems more difficult, and this is
why economic theory is most interested in the particular case of financial Z-equilibrium
in which there are no restrictions on trade with assets.

Definition 3.1.2 A financial or GEI equilibrium is a pair of actions and admissible
prices, representing financial Z-equilibrium for which Z; = R* for each i € T.

Note that if . _; a;(p,Z) = poOe, even if the matrix A(p, g, ) has a rank strictly
less than k, the condition ) . ;% = 0 is redundant in the following sense: by
changing the portfolio of any one agent, it is easy to associate a financial equilibrium
with any ((Z;, Z;)iez, D, G) satisfying all the other conditions of Definition 3.1.2 but
not necessarily ), ; z = 0.

There are three basic types of assets which are of practical significance and gener-
ally considered in the literature. The first one is described by real assets—the vectors:

. . ik
a',a®,...,a" € R*, which as vector-columns form the (sl x k)-matrix A = [a/])Z],
i.€.,
12 k
ay a4 ay
A= o 0
12 k
al a? ... a

'More exactly, informally inter-temporal storage abilities are accumulated in agents’ initial en-
dowment vectors e; = (e7)2=¢, and via it, in agents’ profit functions.

1 /0=
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is commodity returns from assets which defines the matrix of financial returns across
the future states of the world by formula

Q[(*Tapa q) = (pcr : Gi)a=17...,s .

J=1,...k
Note that the concept of financial equilibrium with real assets is inflation-proof, i.e.,
the changes of price levels (the type of its normalization) on future and present markets
do not influence resource allocation (due to the homogeneity of budget constraints).
If a consumption bundle e, € R! is chosen as a unit of “numeraire” for ¢ > 1,
numeraire assets are given by al = rle,, rJ € R and in this particular case of real

assets, we have the second type of the matrix of returns from assets:
Az, p.q) = ((ps - ea)ri)qzll,...,s.
j=1,...

K

)

With purely financial securities, the matrix 2A(z, p, ¢q) does not depend on p, ¢, and
this is the third type of nominal assets.

It has to be clear that it makes sense to consider the notion of the core for an
incomplete market economy with only real assets and so that the agents’ profit func-
tions are defined through the value of individualized vectors of initial endowments,
i.e., for

o (p,q,z) =p.el, e =(e),... e
on the domain of af(-) and for all 7, 0. Note that in this case the i-th consumer
budget constraints have the form

—q k
< , . , . .
Pz; < Pe; + (PlA) 2z, 1, € Xy, 7z €RY, (3.1.1)
where the matrix
D1 0
P, = T
0 Ds

defines the consumption cost operator for future events, i.e., for ¢t = 1. This matrix is
the submatrix of P, which is formed by the rows ¢ = 1, ..., s and omitting the first [
zero columns. Clearly in this case, we have A(z, p, q) = P1A.

As a result, this model under study may be written in the following short form:

gin = <Ia L7 (X%Pivei)iGI?A)'

An important property of GEI-equilibrium prices is no-arbitrage, i.e. the lack
of opportunities to make a guaranteed profit by acting in the assets market; in the
absence of restrictions on trading portfolios, this profit can be increased infinitely.
Mathematically, arbitrage and the absence of arbitrage of opportunities is presented
as follows

ZzeR: [A(mz) 220 <« (m(;ffx)>z>oy
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If each spot market is non-satiated, then the individual’s utility-maximizing problem
can be solved only in the presence of no-arbitrage prices, otherwise, the trading assets
portfolio will grow to infinity (if there is one arbitration portfolio z € R¥, then the
ray {rz},cr, also presents arbitrage portfolios). In the important special case of real
assets no-arbitrage condition takes the following form

V2 € RY [(ppAg,2) >0Vo >1 & Fo0 > 1 (peAy,2) >0 = (q,2) >0].

Thus here inequality gz > 0 is a corollary of inequalities (p,A4,)z > 0, 0 = 1,...,s,
that allows to application of Farkas’ Lemma (e.g.see Rockafellar (1979), p. 200) or
directly Separation Theorem.

Lemma 3.1.1 Incomplete market prices ¢ € R¥, p, € R, ¢ = 1,...,s are no-
arbitrage iff there are real a, > 0 such that

q = a1p1A1 —+ 4 aspsAs-

Proof of Lemma 5.1.1. No-arbitrage asset price condition can be written as

LNA =10,

where £ C R**! is a linear hull of vector-columns of the matrix <P_ i), and
1

A* C R¥! is a standard simplex: A% = {y € R | > ;-0 ¥ = 1}. Now applying Sec-
ond Separation Theorem, one finds a linear functional (vector) 8 = (5o, 1, - .., Bs) #
0, strictly separating these sets:

(8,L£) < (B,A%.

Functional (-) is bounded on the space £, that is possible only if (5, £) = 0. We
obtain

<<_50q + BlplAl + -+ BspsAs)a (yla S 7yk)> =0 vy € Rk

Moreover, for the standard unit vectors e; € A® one has (f8,e;) = 5; >0, =0,...,s.
This and the latter one is possible only if

s s
—50q + /BlplAl + o+ /BspsAs =0 <— q= _1p1A1 + -+ B_psAs‘
Bo Bo
Finally, one can specify a, = g—g >0,0=1,...,s. Lemma 3.1.1 is proved. [

Lemma 3.1.1 presents an important property of equilibrium prices, which is a basic
concept in finance; of course, the statement of the lemma is true not only for the case
of real assets but also in a general case (the proof is the same). However, in the
case of real assets, it takes an even more elegant form: due to the homogeneity of
budget constraints one can think without loss of generality that the equilibrium prices

7 = (p,q) obey .
q= ZpUAU. (3.1.2)
o=1
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Really, due to Lemma 3.1.1, having equilibrium prices one can readily adjust them as
Do = Po; Po = QgPo, T 2 1

Being imposed for £, given the above assumption (A), see page 19, we also
assume that for an incomplete market model every X, is “rectangular” over the states
of the world, i.e., X; =[J_, X7, X7 C L, and

(S) Preferences are locally non-satiated in each spot market, i.e., for every o and
each i € L

v € Pi(af,x;7) N Lo, Vai = (2], 2;7) € X,

holds, where z;7 = (x¥ v adt a8 is a fragment-vector of x;, comple-

Gy :

menting x{ to x;, and L, is a subspace of L, related with the event o.

The reader can find more on incomplete market theory in Magill, Quinzii (2002),
Geanakoplos (1990), Magill, Shafer (1991).

3.1.1 The contractual approach in incomplete markets

Further, in the framework of the incomplete market £ let us consider the model of
a contractual economy, for which we define the set W of all permissible contracts as
follows

Wm U VU,

where V, C L? are some subspaces of L? corresponding to markets in all possible
states of the world. More exactly these subspaces are defined by

Vo={vel*|v'=0 VYm#o, m=0,...,s VicT}
forall o =1,...,s, and for the present (¢ = 0) let us put
Vo={vel? |35 eR": ovf =A,2, Vi€, Yo=1,...,s},

where A, are the submatrices of matrix A corresponding to the future states of the
world, i.e., A, = (a{,);j Note that if I were to apply an incomplete market with
some portfolio constraints, then I would change the previous formula, and in addition
require that z; € Z;. Also from the last definition, one can easily check that v € V),
is a contract, i.e. Ziel v; = 0, if and only if there exist such z; € R*, i € Z, that
Yicr % = 0 and v = A,z hold for every 7 € 7 and 0 = 1,...,s. This allows us,
for the convenience of the below considerations, to transit to the initial incomplete
market terms and to work with portfolios for assets instead of with deviations of
goods. Namely, to avoid misunderstanding, we shall apply the following specific notion
of contract for the present—this is a couple w = (v, z), such that v = (v;)ier €

L%, 2 = (2)ier € (R*)T and

D=0, ) z=0& =0, VieI, Yo=1,...,s

€L 1€T
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hold. Also, for convenience of notation, we will identify the contract v € V, for o > 1,
which formally belongs to the space L7 with the vector v from (R!)Z.

It follows from above that in incomplete markets the contracts are classified ac-
cording to the state of the world to which they belong and therefore each web V may

be represented as
v=_JvUw
o=1

where V7 is the set of all contracts relative to the state o # 0, and W is the set
of contracts in the present. The structure of permissible contracts in an incomplete
market is presented in Figure 3.1.1.

\

Figure 3.1.1: Contractual structure for an incomplete market

Let a web V' be presented. Then by definition consumer i’s consumption bundle
y; corresponding to this web satisfies

y(V)=el+ > u

(u,2)eW
wW(V)=el+ S5+ Y Agz,o=1,...,s (3.1.3)
veVeo (U,Z)EW

Now, if we denote

()

AV) =AW = Y Wl

(u,z)EW
Az =Az(W)= >z, AI(V)=> f, o=1..,s
(u,z)eW veV?e

and put A7(V) = A7(V?) + A,Az; for 0 > 1, then the total deviation of agent i’s
initial endowments may be represented by the vector
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which by definition is the i’s fragment-vector of the total deviation of initial alloca-
tion e. Now relations (3.1.3) may be rewritten in the form

i (V) = el + AY(W),

W (V) = €7 + AT(V7) + AyAzi, o0 =1,....5. (3.1.4)

The definition of a set of all permissible contracts W™ and also the rules of operating
with webs, described in Section 1.1, imply the following properties for breaking and
signing contracts in an incomplete market:

e the agents can break any contracts;

e for given event ¢ = 1,...,s the agents can sign new contracts—commodity
exchanges at this event;

e for event o = 0 (i.e., in the present) they can sign new contracts by means of
assets and by commodity exchanges for date ¢ = 0; the agents can do it in a
common regime, as well as in a separate style.

Thus the situation with breaking contracts and with signing new ones is non-
symmetrical, since consumers can break any kind of contract, but they can sign only
the contracts relative to a fized state of the world. This non-symmetry appears due to
specific incomplete market properties and fits with the item (éi7) of the definition of
F(V,T): the set of possible webs that may be realized by a coalition T" after breaking
some contracts and signing new ones, see page 20.

Now, in the context of an incomplete market, let us consider some notions of con-
tractual allocations presented in Section 1.1. To characterize the core and equilibrium
allocations, we shall use two kinds of complex contractual allocation. Also, one can
call them first and second contractual.

Definition 3.1.3 Let V = |J VZUW be a weakly stable web such that all contracts

o=1
from V7 are perfect for all o > 1. The allocation © = x(V') is called semi-perfectly
contractual if, for every virtual U ~ V° U’ CV, o > 1, there is no S C T and

VC U U7, satisfying
1

o=

supp(0) C S, Vo € 1% (3.1.5)
and such that for t = o =0, there is a contract w' = (v, 2’), supp(w’) C S such that

yi(V") =iz (V), ViesS
is true for web V' = {w'} U V.
The set of all semi-perfectly contractual allocations from £ is denoted
DP(EM).

In reference to Definition 3.1.3, note that allocation is semi-perfect contractual if
there exists such a weakly stable web realizing this allocation, in which all contracts
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for the future states of the world are proper. Moreover, every one of these contracts
can be changed by any weakly equivalent (virtual) web without the loss of stability
in the following sense. In the present, a coalition considers the possibility to create
an autonomous sub-economy. To do this, it has to break all contracts in the present,
and moreover, the coalition is forced to break some contracts at every future event,
using a virtual equivalent web, such that all contracts in which there is a non-trivial
exchange with some non-members of the coalition are broken. The condition (3.1.5)
realizes this requirement. When this deal is realized, the coalition can sign some new
contracts in the present. In so doing, the breaking of given contracts and the signing
of a new one is considered being simultaneous procedure. Of course, the fact that a
coalition can use virtual contracts for future events is very important.

Notice only that these contracts and the property of contracts from V7 being
perfect, one has to consider relative to contracts from V?—only in the limits of this
set of permissible contracts, one may pass to (weakly) equivalent contracts. Let us also
be reminded that the fact that we apply perfect contracts for future events implies
that there is no coalition that is able to increase its members’ utility by breaking
a part of equivalent contracts and signing a new one relative to any given future
state of the world. This is why this ability is not considered in the semi-perfectly
contractual allocation definition directly, but of course, it is taken into account in
further considerations.

It should be clear that as in the general case, the stability can be increased if,
for a given fixed event, one changes the group of contracts in the web by their sum.?
It follows that the subsystem of all contracts in the present, W, can be changed by
> wew w and, therefore, condition (3.1.5) and the other requirements of Definition
3.1.3 have to be fulfilled, subject to breaking the only contract w' =73, w.

Definition 3.1.4 Let V = U VI UW be a weakly stable web such that for o > 1 all

contracts from V7 are perfect and (for o = 0) all contracts from W are proper. Then
the complex contractual allocation x = x(V') is called proper- perfectly contractual, if

for every mrtual U ~V? o >1, and for every partition W ~ W there is no S cT
and V C U U"UW such that fort = o = 0 there is a contract w = (u, z), S(w) C S,

such that
yZ(V') =i (L’Z(V), Vie S

is true for the web V' = {w} UV
The set of all proper-perfectly contractual allocations from £ is denoted
Dcp(gin).

Notice that due to Definition 3.1.4, contracts in the present may be partially broken
and, moreover, condition (3.1.5) is not imposed. Each of these differences increases

2Note that it cannot be done for any subsystem of contracts, since one has to be sure the summed
contract is permissible.
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the requirements for the stability of allocation. However, note (it will be clear later)
that condition (3.1.5) does not play a special role in proper-perfectly contractual
allocations and may be added to the definition. The coalition of all agents, Z, plays
the main role. This situation is similar to ordinary markets, where the most important
thing is that the allocation is Pareto optimal and all contracts are proper. Thus a
proper-perfectly contractual allocation differs from a semi-perfectly contractual one
only in that we can partially break contracts in the present for the first allocation,
but for a semi-perfectly contractual allocation non-proper contracts in the present are
allowed and they may be broken only as a whole. In particular, note that it is always
true

Dcp(gin) g Dsp(gm)

In the following analysis, we will examine the possibility to treat G EI-equilibrium
as a contractual allocation stable in some sense. To approach this problem, we first
need a system of contracts to be assigned to every equilibrium allocation. Having
this in mind we associate a system of contracts V = {v7}7=§ with an equilibrium
allocation (Z, z, p, q) of incomplete market £, where

VW =w=(u,2)=(7"-e"2), =" —A,2),0=1,...,s (3.1.6)

and by convention A,z = (A,Z;)iez. We shall call this equilibrium system of contracts.
An important feature of the equilibrium system is the zero value of the contract for
each individual in each state of the world.

Proposition 3.1.1 Suppose assumption (S) holds (preferences are non-satiated for
each spot market). Then, without loss of generality, one can consider that for any
state of nature and for each agent, the system of contracts (3.1.6) which implements
GEI-equilibrium has zero value in the adjusted prices:

(po, ) — €*) + ) (PoAo, Z) = 0; (po,0]) =0 Vo =1,...,s.

o=1

Proof of Proposition 3.1.1. When preferences are non-satiated in equilibrium, all
budget constraints are fulfilled as equality. Hence, in any of the future states of nature,
every equilibrium contract has zero value just due to the contract definition:

Dol = Do€] + DoAsZi = po(a] —€] —AsZi) =povf =0, YieZ, VYo=1,...,s.

A similar property of a zero value of the contract in the present (presented in terms of
consumption goods) follows from py(z? — e?) = —¢Zz;, no-arbitrage for assets equilib-
rium prices and by (3.1.2), that is always true for adjusted equilibrium prices py = po,
Do = Py, 0 > 1, see Lemma 3.1.1. Proposition 3.1.1 is proved. |
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3.2 Contractual analysis and results

3.2.1 Preliminary analysis and technical results

The analysis and the key properties of complex contractual allocations in incomplete
markets are based on the following observation. Let some semi-perfectly contractual
allocation Z(W, V) € D*(E™) be given. Consider and fix some event o > 1 and fix
consumption for other events. Further, let us consider the reduced model £7, the
model in which only exchanges and the deviation of consumption bundles in state o
are allowed. If in this model one considers €7 + A, Az; (W) to be the vectors of agents’
initial endowments, then one can transit to the standard exchange economy in which
consumption sets are the appropriate sections of initial sets. Now if one presumes
model £™ is smooth, then due to assumption Z; € intX; and from the perfectness
of contracts from V7 and their upper stability in the reduced model, one can in a
standard manner conclude that® there is a vector-price p, such that

VieZ IN>0: p,= (0L ...,0L) =NV () (3.2.1)

and (z7);ez is equilibrium relative to x¢ and subject to fixed z; 7, where z;° =
(@0,..., 27zt &), and V|, u;(Z;) denotes the subvector of the gradient of
utility function, calculated at the p;oint Z;, and corresponding to the state ¢ > 1.
Therefore, due to assumptions, the budget equalities are fulfilled for z7, i.e.,

5 -
Dol = Po€] + DoAczi, o=1,...,5,

for z; = Az; and each i. Now denote the total vector-price in future markets by

Pt =(ps)=5, o €ERY o> 1.

Define

H:H(pl):{xengnl(sﬂ) | 3, c R - Zigzizo &
Dol — o€ = pyAszi, Yo=1,...,s, VieTl}

By construction we have z € H. Now put
H; = Hz<p1) = {xz € RZ(S—H) | Elzz € Rk : pax(if —pae? = pUAUZia o=1,..., S};

this is (in fact) the projection of subspace H onto a subspace corresponding to agent
1’s consumption bundles. Clearly,

Hi=H+e, H={ye R!+D) |32 eR* : poy = p,Ayz, Yo > 1}. (3.2.2)

takes place for all i.

The useful properties of incomplete market complex-contractual allocations (more
exactly, for semi-perfectly contractual and therefore for proper-perfectly contractual)
are stated in the following lemma.

3Note that for this assumption, (S) plays an important role.
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Lemma 3.2.1 Let £™ be a smooth incomplete market, an allocation T € intX N
DP(EM) and p* = (py)5=5 be the prices (3.2.1) found in the above arguments. Then

(1) T € H and does not leave space H after an appropriate breaking of contracts of
goods and assets,

(ii) T is not Pareto-dominated via an allocation from the space H,
(17i) T is not Pareto-dominated via an allocation from the space

Li={y=(y)z € L" |y;" =27, Vi€ I}, Vo=0.

Proof of Lemma 3.2.1. The first part of item (i) Lemma 3.2.1 is obvious. To

check the second part, recall that for every contractual x = (z;)icz, x; = (22,...,z¢),
the representation (3.1.3) or equivalent relation (3.1.4) takes place. Further, as soon
as (Z7)ier is an equilibrium allocation for reduced onto ¢ = 1,...,s economy &7

equipped with endowments (e + A,Az;(IV)) (it was noted above and follows from
Theorem 1.2.2), then
DT = poe] + peAsAz;, (3.2.3)

and z; € H; for all .. Moreover, the equilibrium properties of 7 and Theorem 1.2.2
imply p,vf =0, v7 € V7 for all 7 and 0 > 1. Now if one breaks a part of contract
v? € V7 then the new allocation (27);cz satisfies the system (3.2.3). Therefore
T = (Z1,...,2,) € H. Note that breaking of a share of contracts in the present
touches the exchanges of assets and the agents just realize the new allocation, for
which the condition to be in H is realized for a new AZ;. The last one ends with the
checking of (7).

To see that statement (i) is true, let us presume that some semi-perfectly con-
tractual x is Pareto-dominated by allocation y € H. Now since z,y € H, then there

are such z, 2/, that the following equalities are true:
Do) — Do€] = PoAszi;, o=1,...,5 i€,
DoY) — Po€] = poAszl, o=1,...,s i €T

As soon as all contracts from V7, ¢ > 1 in the web V = le V2 U W, which realizes
o=

x = x(V), are perfect, due to perfect contract definition one may change contracts
related to the future states of the world and realize 7 by the (proper) web, which
consists of two contracts—v'” and v”?, defined by formulas:

, .
v, =yl —el —Ayz, 1€T,

"%y — Az — 2), i€,

v K3 (2

forallo =1,...,s, and saving “old” contracts in the present. This is a web due to the
fact that the consumption sets are rectangular. Now due to Proposition 1.1.1 and its
corollaries, to check the properness of v'” and v”? it is enough to verify that v;”p, = 0
and v/”p, = 0 for all 4, which we already have. In view of Definition 3.1.3, the new
web of contracts has to be stable relative to the simultaneous procedure of contracts



132 Chapter 3: Contract-based incomplete markets

breaking and signing a new contract in the “present.” Now one can break (as a whole)
the contracts of the second type and all contracts in the present and sign the new
contract W’ = (y° — e’, /) for 0 = 0. In so doing the agents can realize allocation v,
which contradicts the definition of semi-perfectly (first) and proper-perfectly (second)
contractual allocations.

Item (7i7) follows from the definition of semi-perfectly contractual allocation and
from Theorem 1.2.2. [ |

The items (i7) and (éi7) of this lemma and the above considerations induce the
following terminology.

An allocation = € A(X) is called o-Pareto optimal, o = 0, ..., s, if it is not Pareto
dominated via an allocation y € A(X) from the space

Li={y=(y)r€L* |y =12;7, Vi € I}.

An allocation, which is o-Pareto optimal for every o > 0, is called partially Pareto
optimal.

Let z = (z,)7=5 € A(X) be a o-Pareto optimal allocation. The nonzero vector
(functional) p, € R! is called o-Pareto prices if

payia > paf?, V(yiavji_a) € Pz(j'z)v Vi S (324)

Notice that for smooth preferences and if z € int.X, relation (3.2.4) is equivalent to
the existence of 77 > 0, satisfying

Vi ui(z;) = ps YViel (3.2.5)

A collection of vectors (p,)9=5, po € R! is called (partial) Pareto prices if (3.2.4)
is true for all 0 =0, ..., s.

An allocation from H is called Pareto H-optimal if it cannot be Pareto-dominated
via an allocation from H = H(p').* Using (3.2.2) in a standard manner, one can see
that an allocation is Pareto H-optimal if and only if it cannot be Pareto-dominated
via an allocation y € A(X), for which y — e € HZ, and this is the specific form of
constrained Pareto optimality.

The following lemma is the most technically difficult and important for the con-
sequent analysis, the lemma states the key properties of H-optimal allocations. The
“involved” proof is presented at the end of this subsection.

Lemma 3.2.2 Let €™ be an incomplete market, T € intX be an allocation and
p' = (p,)9=5 be prices for future states of the world. Let ic € T be an arbitrarily
chosen and fized agent. Then T = (z;)r € H(p') N A(E) is Pareto H(p')-optimal if
and only if the following property is true.

There exists p = (o, P1, - - - Ps) Such that py # 0 for alloc =0,...,s and

Py > pr; Yy € Pi(zy) | 3z € RY 1 po(y? —e7) = poAsz;, Yo > 1 (3.2.6)

4Notice that now p! may not be partially Pareto prices.
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is true for alli € I, 1 # 1y. For iy, a stronger property is true:

Note that the analysis of the lemma proof shows that € intX is essential just to
obtain the strict inequality in relation (3.2.6). The next corollary gives us a convenient
reformulation of Lemma 3.2.2 for a smooth case.

Corollary 3.2.1 In Lemma 3.2.2 conditions, let us assume that £™ is a smooth mar-
ket and let u;(-) be a utility function for i € Z. Then for allocation T to be Pareto
H(p')-optimal, the following property is necessary and sufficient. Let

D= Vuio (fio)

for some iy. Then for all i # iy and each o > 1, there exist real a; > 0 and \{, o0 > 1,
such that
V|zgui(i’i) = ;Do

Vo ui(#:) = qipo + Ay, Vo > 1
hold and, moreover, > °_1 N p, Ay = 0 is fulfilled.

o=1

Proof of Corollary 3.2.1. We have to consider the smooth case in the context
of Lemma 3.2.2. On the necessary side, for the existence of values o; > 0 and AY
Vo > 1, one can state it directly from relations (3.2.6) and (3.2.7), applying separation
theorem (or simply from the necessary conditions of a convex programming problem).
However, the easiest way to see it may be found from condition Z € int X and relations
(3.2.10), stated in the proof of Lemma 3.2.2. From this, we conclude in a standard
way the existence of such a; > 0, that Vu,(%;) = a;f; (i # 0 due to Vu,;(z;) # 0).
Finally, one needs to apply (3.2.11).

To state the sufficiency, let us show that relations (3.2.6) and (3.2.7) are true. For
some i and y; € P;(Z;), assume Jz; € RF @ p,(yf — e7) = p,Ayz; Vo > 1. Due to
gradient’s properties for interior points we have

Now substituting the gradient presentation given in the corollary conditions, one can
conclude

o;py; + Z N Poyi > aipTi + Z A Doy .
o=1 o=1

However, there are z;,% € RF such that p,y? = p,ef + p,A,2z &
Do) = po€! + prAsZ; Yo > 1. Substituting these expressions under summation in
the formula, one can find

aipyi + Y poe] + (O N peAs)zi > aipTi+ Y poe] + (D N poAs)%,
o=1 o=1

o=1 o=1
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that due to 2221 N psA, =0 and a; > 0 gives the result. n

Let us consider a smooth economy when ¥ € intX is also Pareto optimal in
each future market and (nonzero) spot prices satisty p, = 7V, , u;(Z;), 77 > 0, i.e.,
prices are (uniquely) derived from necessary optimal conditions (ﬁence they are Pareto
prices). Now applying Lemma 3.2.2 and its corollary, one can immediately conclude

Corollary 3.2.2 Let £™ be a smooth incomplete market and T € intX. Suppose T
be a partially Pareto optimal and let p* = (p,)2=; be a bundle of o-Pareto prices
(i.e., (3.2.4) is true for o > 1). Presume also that T = (%;)r € H(p") and is Pareto
H(p')-optimal. Then there exists a vector p = (po, 1, - - ., Ps) such that p, = B,ps for
some B, >0 and all 0 > 1, so that for § =Y 7_] psA, and everyi € T

Poy; — Poe€; + qzi > PoTy — Poe; + 4z, Vyi € Pi(T;) (3.2.8)
is true for all z;, z; € R¥, which satisfy

Doyl —€7) = poAvzi & Do(Z] —€)) =p,AvzZi, o=1,...,s

s

Proof of Corollary 3.2.2. To verify this corollary first note that since (p,)7=; is
a bundle of o-Pareto prices, in corollary conditions (3.2.5) is true. Now let us take
vector p = Vuy,(x;,) for iy € Z from the statement of Lemma 3.2.2 and via (3.2.5)
put 3, = 77 > 0. Now it is easy to see that in these lemma conditions we have
Hi(p') = Hi(p'), i.e., in the right-hand side of (3.2.6) one can equivalently change
vector p, by p, for all ¢ > 1. Now rewrite the inequality from the left-hand side of
(3.2.6) in the form py; — pe; > pz; — pe; and substitute the following representations:

S

> (Yl —pel) =D Pohozi=qu & Y (pT] —pel) = PeAsZi = .
o=1 o=1 o=1

o=1
This proves the result. [ |

Proof of Lemma 3.2.2. Let us write in matrix form the conditions that define the
allocations from H. In fact for feasible x € H, there are z; € R¥, i € T such that

n n
Y= e;
=1 =1

n
> 2z =0;
=1

pox;‘j _pvoZi :paeigv o= 17 sy S

holds. Notice that if balance relations and budget constraints p,xy — p,Ay2; = po€7
are satisfied for some fixed o > 1 and all i € Z \ {iy}, then the last budget constraint
is also true automatically. This is why all agent 7¢’s budget constraints, being linear
dependent, may be removed from the system of linear equations defining the space
H. One may think without loss of generality that 79 = n. Denote by B the matrix
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E 0 0 E, 0 0 E 0 0 0 0 0
0 E 0 0 E 0 0 E 0 0 0 0
o o . E . O O . E 0 0 . E 0 0 0
o 0 ... 0 .. 0 0O ... 0 0 O .. O© E., ... E, E
0 ppr . 0O ... 0 O ... 0 O O .. 0 -pA . 0 0
0 0 . ps . O O ... 0 0 0 .. 0 -psAs . 0 0
o 0 ... 0 ... 0 p . 0 0O O .. 0 0 . —piA; 0
o 0 ... 0 ... 0 0O . ps O O .. O 0 . —psAs O

Here in the standard manner E; and E), denote the unit matrices of an appropriate size
and py, ps, p1A; and p,A, are row-vectors. Clearly, we have the following equivalence:
feasible v € H <= there exists z = (z1,...,2,) such that

0 éo
l’l .
: &
1.8
1
. Ok
. 1
.O p1€q
x .
B x n = :
: Ds€]
xS
n .
. pPi€,,_1
Zn, B
pSen—l

Further let us consider the subspace
H? = {((x1,21), ., (Tn, 22)) € R x RWE | B(ay, ..., &0, 21,. .., 20) = 0};

this is the kernel of operator B(.), in which the order of components is changed for the
convenience of the below considerations. Due to Lemma 3.2.1, the allocation x € H
and is Pareto-optimal relative to H. Therefore,

H[(P,;(fi) —z) xR NH? =0

takes place (note that via (S) each of these sets is nonempty). Now by the separation
theorem we may find such linear functional f = (fi,...,f.) #0, fi = (fF, f?) €

Rl(s+1)+k that
(f ]I(Pi(@) = 2:) x RY) > (f, H)

T
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holds. Notice the functional f is constant (and hence is equal to zero) onto subspace
H?_ since the right-hand side of the last inequality is bounded. Therefore,

(f. ] [I(Pi(z) — 2:) x R¥]) > 0 (3.2.9)

is true. Let us show further that f7 =0, 1 € Z, i.e.,

fi=(f7,....f:,0,...,0)
k

holds for every i € Z. In fact, consider fixed & = (&1, ...,%;), &; € (Pi(z) —;),1 € T,
i; € R¥, j # ig for some ip € Z. In view of (3.2.9), for any u € R¥F we have

Z(fj7 (ija a])> + <fz'07 (i.iou u)> Z 07
J#io
which is possible only if f7 = 0 and in view of the arbitrariness of i, for all iy € Z.
For the convenience of the below notations I will identify the functional f; with f7,
i.e., by convention let us put f; = (f¥,0) = (f;,0).
Let us show further that

(fi (Pi(2) —2:)) > 0, i € T, (3.2.10)

and moreover, if f; # 0 and Z; € intX;, then the inequality is strict. Indeed, due to
the preferences are locally non-satiated, we have z; € cl(P;(Z;)); now the substitution
of Z; instead of P;(7;) in (3.2.9) for all j # i and due to f7 = 0, j € Z immediately
gives us the result. So, (3.2.10) is true in the non-strict form of inequalities. Now (A)
and 7; € intX; for f; # 0 standardly implies the strict inequalities.

Further, the fact that functional f = (f1,..., f.) is constant onto subspace H?
implies that this functional can be represented as a linear combination of the vector-
rows of matrix B. Now using the structure of matrix B, one can conclude the existence
of such real A7, 0 > 14 € Z, i # n and such vectors ¢ € R*, p = (po,...,ps) € L,

that for all 7 # n the following system of linear equations is true:

f’LO :ﬁOa

fi :pa+)\ipa7s o> 17 (3211)

fi=0=—q+ 3 \p;4o,
o=1

and for ¢ = n we have f? = 0= —¢+ 0 and f? = p. Putting A7 = 0 for all 0 > 1,
one may think (3.2.11) is true for all i« € Z. Moreover, system (3.2.11) implies that

qg= > Ap,A, =0 for all i. Note also that assumption py = 0 contradicts (S), the
o=1

local-nonsatiation in each spot market (and therefore for ¢ = 0)°. Therefore, f; # 0

°Due to H; specification, if y; € H; then for y; = (§7)3=§, where 7 = y? for o > 1, we have
Ui € H; for every 79, and therefore P;(z) N'H; # 0 for all i.



3.2 Contractual analysis and results 137

and on the right-hand side of (3.2.10) we have a strict inequality for all i. Moreover,
as soon as f, = p # 0, due to the same arguments—from the local-non-satiation agent
n in each future spot market—we conclude that p, # 0 for all o. It is also clear that
due to (3.2.10) and (S), we have f7 # 0 for all ¢ and o.

Now let us show that p satisfies the other requirements of Lemma 3.2.2. First note
that by subspaces H; specification for every x; € ‘H; we have

po(x] —€)) =p,Aszi, o=1,...,s
for some z; € R¥. Now multiplying equalities on \¢ and then summing them by
oc=1,...,s, one obtains

D Npo(x] —e]) =Y A peAozi = (O NpoAs)z = gz (3.2.12)
o=1 o=1 o=1

Next let us recall that due to (3.2.10) and the above considerations we also have
(fi, Pi(x) — 7)) > 0= (fi, (v = T5)) >0 Vy; € Pi(z) NH; # 0 (3.2.13)
for all i € Z. Now substituting the representation of f; from (3.2.11), we obtain

Po(y = 70) + > ((Bo + Npo), (47 — 7)) > 0 Vy; € Pi(T) N M,

o=1

Subtracting from the left and right-hand sides of the inequality the value Y~ A\ (p,€e7),
o=1

after transformations, we obtain
poyl + Y Pyl + Y ANDo(yf — €7) > Porl + Y po] + Y Apo (2 — €f).
o=1 o=1 o=1 o=1

Since Z;,y; € H;, there are such z; = z;(%;) z; = 2;(y;) that relations (3.2.12) are true.
Now due to the previous inequality, we get

(B, yi) +azi > (P, %) + ¢z
However, from the last equation of (3.2.11) we have ¢ = f? = 0, which gives
(D, yi) > (P, i) Vyi € Pi(®) NH; <= (b, ((FPi(Z) N Hi) — 7i)) > 0. (3.2.14)

The sufficiency of relations (3.2.6) and (3.2.7) for an allocation z € A(X) N H(p")
to be Pareto H(p')-optimal is stated quite standardly. In fact, let
y = (yi)z € A(X)N H(p") be such that y; >, Z; is true for all i. Then as soon as the
right-hand side in (3.2.6) is fulfilled for y = (y;)7 € H(p*) due to H(p') determination,
via the left-hand part of (3.2.6), we can conclude py; > pz; for all i. Now, summing in-
equalities over ¢ one finds P>, 74 > DD ,er Ti- Since Y, Yi = D icr Ti = i1 €
we are coming to a contradiction. Lemma 3.2.2 is proved. |
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3.2.2 Contractual characterization of GFEIl-equilibria

The next theorem presents one of the most meaningful results of this paper. This
theorem states the equivalence between proper-perfectly contractual allocations of an
incomplete market and G EI-equilibria.

Theorem 3.2.1 Let £™ be a smooth incomplete market. Then
intX NDP(E™) = W(E™) NintX

holds, where DP(E™) denotes the set of all proper-perfectly contractual allocations and
W (E™) is the set of GEI-equilibrium allocations.

Using the individual rationality of equilibrium allocations one directly yields

Corollary 3.2.3 If £™ is a smooth incomplete market, and P;(e;) C intX; for all
1 €Z, then ‘ '

DCp(an) — W(g’t’n)’
i.e., an allocation is a G EI-equilibrium if and only if this allocation is proper-perfectly
contractual.

Proof of Theorem 3.2.1. To check the inclusion
W(E™ NintX C intX NDPE™),

take some x € W(E™) NintX and consider the web V = {v7}9=5 where

o=0>

W= (2" —e%2), v =(2°—e" —A,2), o=1,...,s
and by convention A,z = (A,2;)iez for the appropriate portfolios z; existing due to the
G EI-definition. Due to Theorem 1.2.2, Proposition 3.1.1, and the G EI-equilibrium
specification, it is easy to see that v° is proper and v° are perfect contracts for all
o > 1. Also, due to the equilibrium specification, one can easy to see that this web
satisfies the condition of contracts’ common stability by Definition 3.1.4. In fact,
due to Proposition 3.1.1 in adjusted prices contract v° has zero value and it will be
so also for every contract v” = 07 4+ 07; moreover, if 07 and 07 are proper, then
P! = p,0f = 0 Vi € Z also hold. Thus an allocation y(V'), implemented by a web
XA/, obtained via a partial loss 0 < A < 1 of a contract volume in present and the break
of some proper contracts for future states, has the same value as an initial allocation:

pri(V) = peaf = poyl =pyi(V) =pe;, i€l
o=0 o=0

Suppose coalition S C Z signs a new contract (w, 2'), > gw; = 0, > ¢ 2/ = 0 such that
plans
Sz()zyz()+wla qu:y;jj—i_AUZ;a 0_217

satisfy & =; x;, © € S. Now by equilibrium properties, & cannot be budget feasi-
ble in spite of p,&! = poy? + PoAszi = po€l + poAs(z + (1 — N)z;). Therefore,
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consumption program (&, z; + (1 — \)z;) violates budget constraint in present, i.e.
po€? > poel — q(z; + (1 — N)z;). Now due to budget equalities for future states and
no-arbitrage for assets prices in equilibrium (3.1.2), one concludes

=3 el > Y el + (3 podds — )5+ (1= MY 2oy = 0)2 = e
o=0 o=0 o=1 o=1

Summing these inequalities over ¢ € S one obtains

Zpgi = Zpyi + Zpowi + Z<ZpUAU)ZZ/' =
o s S S o=1
:pzei +poni + (ZpJAJ)(Z 20 > pzei-
S S o=1 S S

However, this contradicts the definition of a contract, because we have > w; =0 &
> g% = 0. This contradiction proves C.
Let us check the inverse inclusion. Let Z € intX ND?(E™). By definition, there

is a weak stable web of contracts V = |J V7 (J W, realizing the allocation z = z(V),

so that all contracts from V7 are perfgctl, all contracts from W are proper, and the
web is stable relative to the simultaneous procedure of breaking (corresponding to the
type of contract) and signing new ones in the “present”.

Since we always have D? (™) C D*P(£™), then due to Lemma 3.2.1 and condition
T € intX N DP(E™), one can conclude that the conditions of Lemma 3.2.2 and its
Corollary 3.2.2 are satisfied. Now let p = (po,...,ps) be a vector which due to
Corollary 3.2.2 corresponds (uniquely) to the allocation Z and satisfies (3.2.8). We
have to show that there exists Z such that (z,z,p,q), where § = > 0_; p,A,, is the
G EI-equilibrium allocation of model £™. Having this in mind first let us state that
T € intX N D?P(E™) implies

(p,zi) = (p,e;), 1 € L.

Assuming to the contrary, suppose there is consumer 7, such that pe;, > pz;,. Then,
via the smoothness of preferences, we obtain

fio + :u(eio - jzio) o fio
for some real > 0 small enough. However, now using (3.1.4), one can write
Ty + plel, — 1) = e + AR (V) = pAg (V) = e + (1= ) A5 (W),

Ty + ,u(ezJ — 1_;100) =e] + ANy (V) + AsAziy — pliy (V) — nAs Az =
=ef +(1—pu)Ai{(V7)+ (1 —pAsAzy, 0=1,...,s.

Clearly by the choice of y one can think 0 < (1 —pu) <1, p > 0, and the participant
19 can partially break all contracts in a share u, increasing utility, which contradicts
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the lower stability of the proper contractual allocation . Therefore (p, z;) < (p,e;)
for all i € Z. Now via the feasibility of Z, one obtains the result.
Further, from Lemma 3.2.1, Lemma 3.2.2 and its Corollary 3.2.2 we have T €
H(p'), that means
ﬁafg = poe? +pO'AO'2i Vo Z 1

for some %z, € R*¥ and all i € Z, and also > icr Zi = 0. Let us take this Z = (%;);ez as a
net trade portfolio for allocation z. From the above relations, using

S S S S
DT = Do) = DoT; + Y Do) + Y PeAsZi = Y Po€]
o=0 o=1 o=1 o=0

one can easily conclude that pyz) = poe) — gz; takes place for § = Y 7] p,A,. Now
applying Corollary 3.2.2 and (3.2.8), one can conclude that for each i the vector z; is
the maximal element of >; on the set B;(p, ) of all z; € X, satisfying the conditions

Iz € RF ﬁox? = pe? — gz & pox] =pe] + p,Ayz Vo > 1.

However, using (S), local non-satiation in each of the spot markets, and following
along a standard line of augmentation, one can state that if »=; attains a maximal
point® on the set of all z; € X; such that

32 e RF - ﬁox? < ﬁe? —qz & pox] < pel +p,Asz; Vo >1

is true (in fact equal to ¢’s budget set for incomplete market), then this point un-
doubtedly has to belong to the set B;(p,q) (i.e., for this point all inequalities are
realized in the form of equality). So we have proven condition (i) of Definition 3.1.1

for(z, 2z, p, q).
As the requirement (i7) of this definition is also obviously true, Theorem 3.2.1 is
proved. [ |

3.2.3 GFl-equilibrium as a fuzzy contractual allocation

In this section, we study the fuzzy-contractual characterization of GEI-equilibria of
an incomplete market. Now, first of all, we will present a proper adaptation of the
concept of fuzzy contractual allocation.

The structural description of the contractual allocation remains the same. Here
the allocation « = (;);cz is defined by a web of contracts

V= OV"UW,
o=1

where V7 is the set of contracts specified for ¢ > 1, and W is the bundle of contracts
concluded in the present. Without loss of generality, we assume that in each event

5To be sure, such a point does exist, one may assume, in addition, strict monotonicity for at least
one agent’s preferences, and every consumption set is bounded from below. This is so provided that
budget sets are compact, which due to the continuity of preferences, gives the result.
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exactly one contract is concluded, i.e., W = {(¢v°,2)}, V° = {v°}, 0 = 1,...,s. By
specification (3.1.3) one has:

(V) =e) + 7,

7

2I(V)=e7 +vl + Apz;, o =1,...,5.

7

Definition 3.2.1 An allocation © = (x;)7 € A(E) is called fuzzy contractual if for
every A = (A1, Ao, ..., ) ER", 0< N\, <1,i€:

(i) t = 0 (present) for y? = 22(V) — \o?, y? = 27 — NAyz;, 0 = 1,...,s for
the allocation (y;)z there is no coalition that is able to conclude a new mutually

beneficial contract at the state t = o = 0.

(i7) t = 1 (future) Yo > 1 for yJ = x7 — \v? for the allocation (x;°,y7 )iz there
1s no coalition that is able to conclude a new mutually beneficial contract at the
state o =1,...,s.

The set of all fuzzy contractual allocations is denoted as
DI (™).

Substantially the claims (i), (ii) say that there is no coalition, the members of
which (each!) would be beneficial partially breaking the current contract (each i € 7
in any state of the world in an own measure \; € [0,1]), and then signing a new
contract at this state. Subsequent analysis reveals the relationship between equilibria
and fuzzy contractual allocations. It allows us to assert (with some reservations) that
they coincide.

Theorem 3.2.2 Let economy E™ obey (S) (non-satiation). Then
W(E™) C DI (M), (3.2.15)
where W (E™) s the set of all GEI-allocations.

So the theorem states that every GEI-equilibrium is a fuzzy contractual allocation.

Proof of Theorem 3.2.2. Consider any GEl-equilibrium (z, z,p,q). Let us prove
that this equilibrium is fuzzy contractual with respect to the standard system of
contracts. To this end, consider the “equilibrium” system of contracts V' = {v7}7=5,
where

W =w=(u,2)=@"—e"2), v=(>a"—-e —A,2),0=1,...,s

and A,z = (Ayzi)iez by convention. Due to Theorem 1.2.2 and G EI-equilibrium
definition, one can easily see that this web of contracts satisfies the condition of their
joint stability by Definition 3.2.1. Indeed, for example, let in the state ¢ > 1 an
(asymmetric) partial break of the contract v” occur and a coalition S C Z enter
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into a new agreement such that each member of the coalition improves its position:
)\i S [0, 1], 1€ S, w = (wi)ieg € R”S‘, ZSwi =0

55; =i Xiy Ty = (%), vy =] = i +w;, ViesS.

(2

Calculating further the value of the new and old consumption bundle in the state o,
via (ps,vy) = 0 (from the budget constraints in the definition of GEI), we find

<p0'7xga> = <pa717?> + <p07wi> > <pa7x7,c'f> = <p07wi> > 07 Vi € S.

Summarizing the inequalities obtained, we come to a contradiction with the definition
of the contract w: ) ¢p,w; > 0 =p, Y g w;.

The case of the break of the current contract and the conclusion of a new one
in the present is hereby analyzed in a similar way. Really, after the breaking of the
contract in the volume \; € [0, 1] one has

gl =a) — N2 —e)), vl =27 — NAsz, o> 1.

K3 (2

Earlier, by virtue of Proposition 3.1.1, we saw that the non-arbitrage property of
equilibrium prices implies the zero value of the contract in the present, i.e.,

((:L‘? - e?? (Aﬂzi)gii>7p> = po(x? - e?) + ZPUAUZZ' = —qz; + ZpaAazi = 0.
o=1 o=1

It follows that under a partial break of the contract in the present “full” value of the
equilibrium consumption bundle remains unchanged:

S
PYi = pTi = Zpgx? =pe; Viel.
=0
Now, if a coalition S C T enters into a new agreement (w,2’), > qw; =0, > 2 =0,
then consumptions reached by the coalition members are
é.?zy?+wza gio—:yg—i—AUZ;a 0-217

and being dominating they obey &; >; z;, ¢ € S. Consequently, consumption plans &;
are not budget acceptable. However, at the same time p,&f = poyf + p,Aszi =
Po€! + poAs(zi + (1 — N)z;), whence we conclude that consumption program
(&, 2, 4+ (1 — X\;)z;) does not satisfy budget constraint in the present, i.e., it is true
o€ > poe? — q(z} + (1 — \;)z;). Hence, taking into account budget equalities in the
future states and the non-arbitrage of equilibrium prices (3.1.2), one concludes

=3 07 > 3 el 4 (3 pods — 4+ (L= M) pods — )5 = e
o=0 o=0 o=1 o=1

Finally, we summarize these inequalities regarding ¢ € S, obtaining

pri - Zpyi + Zpowi + Z(ZpUAU)zZ’. —
o s S S o=1
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:pzei —H?ozwi + (ZPUAU)(Z z;) > Pzez‘-
S s o=1 S s

However, this contradicts the contractual specification, since ) qw; =0& > o2 = 0.
Theorem 3.2.2 is proved. [ |

In further analysis, in order to establish the inclusion inverse of (3.2.15), we need
to reveal certain mathematical properties of fuzzy contractual allocations presented
in the following Lemma. Recall that V, C L% denotes the subspace of valid contracts
in an incomplete market in a state o > 0, see page 125. We specify also

P (x) ={y) € X7 | (v7,277) =i 23}, =0,...,s, 1€T.

Lemma 3.2.3 An allocation x € A(X) in E™ is fuzzy contractual if and only if

[T P (zi) U {af} — (27, € + Apzi) (T, c00) € Vo | 07 = 0}={0}, o> 1,

T

[T (P Ui} — i (€0, (27 — Apzi) 2D @S, - 00) € Vo | D 0P =0} ={0}.

T

Here (27, €7+ A,z;] C R! this is a linear segment connecting the vectors corresponding

to consumption =7 and e + A,z;, where contracts in the state o > 1 are completely

broken. Analogously, (€9, (27 — Ay2;)7=5) is the consumption vector in the case when

i-th agent breaks all contracts in the present, keeping all other contracts unchanged.
The following corollary is applied in further analysis.

Corollary 3.2.4 If the allocation x = (x;)7 is fuzzy contractual, then

H(on-(xl)_[z7 Z+A’Z’L m{’017...,’UZ>EVU‘ZU?:O}:®, 0217
T

T

[T (Pi(a) = (i (€, (27 = Apz)=)]) (@), 0d) € Vo | > of =0} = 0.

T

Note that, unlike the Lemma, the components of the current consumption bundle

(x7)7=5 are excluded from the left side of the intersections described in this corollary.
Proof of Lemma 3.2.53. Consider the case of the contract in the present. After a
partial break in volumes (\;)z, one has y) = 29(V) — \o?, v = 27 — NjAyzi, 0 > 1,
i € Z. By definition in allocation (y;)z no coalition can conclude a new mutually
beneficial contract.
If a coalition S C Z enters into a new agreement (w,z’), > qw; =0, Y 42 =0,
supp(w, z’) = S, then the level of consumption achieved by the members of the
coalition is

&=y twi, &=yl + A2, o=1
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and the domination means &; € P;(x;), ¢ € S. Hence, coalition domination is equiva-
lent to
36 € Pi(w), i €5t (&)s — (yi)s € Vo(S),

where

Vo(S) = {())s € L5 | Y ) =0,¥i € S Iz € R*: of = A,2, 0 > 1}
s
is the space of contracts that coalition S is able to conclude in the present. A contract
concluded in the state ¢ = 0 is presented as v* = [(z? — €?, (A,2;)=5)]icz. So, after
a partial break in the volume 0 < )\; < 1 the following consumptions are realized:

yih) = i — (7 — €, (Ao2)72h) = wiN) € s, (], (2] — Aoz)o))].

7

To complete the picture, the allocations (y;)s and (&;)s for i € Z\ specified for coali-
tion S can be supplemented with bundles & = y; = z;. As a result, we conclude:
contractual dominance in the state o = 0 is possible if and only if the intersection

[T (i) U@} — [, (€], (af = Aoz)3Z)]) (N1, 0) € Vo | Yo = 0}
I T

contains a non-zero element. Thus, the required characterization is obtained in the
state ¢ = 0. For the states 0 = 1, ..., s, the characterization described in the Lemma
is proved in a similar way. Lemma 3.2.3 is proved. |

The main result of the section is the following theorem which, together with The-
orem 3.2.2, characterizes fuzzy contractual allocations as equilibria.

Theorem 3.2.3 Let incomplete market economy E™ obey (S). Then
intX NDY(EM) C W(EM™) NintX,

where DI (E™) is the set of all fuzzy contractual and W (E™) is the set of all GEI-
equilibrium allocations of the model ™.

The proof of this theorem is ultimately reduced to the specific application of the
separation theorem.

Proof of Theorem 3.2.3. Let us use the characteristic property of a fuzzy con-
tractual allocation presented in Corollary 3.2.4. For this purpose, it is necessary to
describe correctly the space of valid contracts in all possible states of the world. Let
us do it.

For ¢ = 0 (present), the presentation of the new contract is rather cumbersome
here because it is possible to make exchanges in future markets, using “standard”
contracts for real assets. However, in this case, contracts can be associated with the
kernel of the operator specified by the matrix

E o .- 0FEO -0 - FEO0--0 0 0O --- 0

o [ E,L, ] 00 00 -- 00 --0-4A 0 -+ 0

00 0 00 [ Es ] - 00 0 0 —A 0
By=| . . . : . .

0 0 0 0 0 [ Ex ] 0 0 —A

0 0 0 0 00 0 0 E, E Ey
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We have
(@f,...,00) €Vo, D 1) =0 =
T

0= (00,...,00) e RIGTI™ & F (2,...,2,) € R¥™ . By[u°, 2]t = 0.7

Here, the first [ equations correspond to the requirement Y oY = 0, i.e. vector
0% = (v%)7 is a contract. Next Is equations realize v — Az; = 0 and so on, i.e., Isn
equations provide the condition v)* = Az;, i € Z, where v)* = (v)7) ;-1
last group of k equations meets the requirement ), z; = 0, which specifies the couple
(v°, 2) as a contract. Thus, (v°,2) € kerBy(-) <= v° € V.

For ¢ = 1,...,s the space of contracts can be represented as the kernel of the

operator defined on LZ = R and defined by the matrix
BU:[EZ E - El].
Here E; of the identity matrix of size [ x [. We obtain

v = (v],...,v7) € R™, va:O < B,v” =0.
z

Let’s consider the final part of the construction, which involves the preferences of
individuals. By virtue of Lemma 3.2.3, for any fuzzy contractual allocation (z, z) the
conditions

[T (Pi@) — (2, (&), (27 — Az)523)]) x R¥" (ker(By) =0, (3.2.16)

A

[ (Pr(@) — (27,67 + A,z)) [\ ker(B,) =0, o=1,...
T
are satisfied. Note that the last factor R™™ in the left part of the intersection (3.2.16)
corresponds to the area of change of trading portfolios (z1, ..., z,) by assets.

The first of the intersecting sets in (3.2.16), (3.2.17) has a nonempty interior, and
the second one is a subspace. Applying the separability theorem, we conclude the
existence of a linear functional separating these sets, whose characteristic vector F,
has a structure:

»

(3.2.17)

Fo= (Tt TnyGr- s gn) 20, m eRICHD g cRF jeT

FU:(T?"'ahZ>7éO: thRl, ’iEI, O'Zl,...,s.

From the separability of a subspace and a convex set, we conclude that
(Fy,ker(B,)) =0, 0 > 0, that standardly implies

m=7m;=po, 9i=9;=9=0 & hl=hi=p, Vi,jE€L, o=1,...s.

0 2t = [ (v°)*

"The upper symbol ¢ indicates a transpose operation. Thus, [v°, 2 o ] is a column

vector.
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In fact, (Fy, ker(By)) = 0 implies (g1, - .., gn), R*) > 0, that gives g; = 0, Vi. Another
consequence can be done due to the structure of contracts in the future states, pre-
sented by the kernel of B,: if y € R, then (0,...,0,%,0,...,0,—y,0...,0) € ker B,
is a permissible contract in the state o, that corresponds to a commodity flow y of
agent i and —y for agent j. We have (h¢,y)+ (hS, —y) = 0 = (h;—h;,y) =0 Vy € R,

that is possible only if A7 = hJ. Similar conclusions also can be easily done for the

space of contracts in “present” and for vectors 7.

Further, from separability we have

D A(Pi@:) — [, (&), (2] — A;2:)723)]) , mi) > 0,

s

D ((P(x;) — [77,€] + AsZi]) ,po) 20, o=1,....s

T

By virtue of (S)—local non-satiation of preferences in each of the spot markets—we
have 77 € P, (%;) Vi € T and, therefore, zero belongs to the closure of each of the
terms under summation. Therefore, these inequalities entail: Vi € 7

<(Pz(ffz) — [z, (e, (2] — Apzi)7Z )]) ;) >0,
(P! (z;) — [27,€] + AZi]) ,po) >0, o=1,...,s.
Moreover, from the last inequalities we can immediately conclude that Vo =1,...,s
<Ezq7p0> Z <[ i€ +A Z@] po) = <i,;7 - ezq - Ao§i7p0> Z 07 Vi.

By virtue of > 27 = Y ;€7 and > ,Z = 0, we conclude that all inequalities are
performed in the form of equality. Therefore,

(P7(Z:),p0) > (%7 ,ps) = (€] + AsZi,ps) Vi€I, o>1. (3.2.18)

Similarly, for the “present”, the first group of inequalities gives

7 —el . po)+ Y (Az,77) >0 Viel

o=1

<ii7ﬂ-i> > <["Z‘lv( z’( —A ZZ) )]’ﬂ-i> — <

Moreover, the vector (functional) Fj obtained from the separability of sets is also
represented as a linear combination of the vector of rows of the matrix By (since it
turns to zero by ker(By)) and, since g; = 0 Vi, then

JZZEW;’AU =q= Uz:fwaa Vi,j el
o=1 o=1

for some ¢ € R¥. So, (327=1 77 A,, %) = (¢, z:) and, summing up the above inequali-
ties, we conclude that all of them can be performed only in the form of equality (the
sum of the values in the left part of the inequalities is zero). So there should be:
Viel

(Pi(@), mi) > (T, mi) = ((€), (20—As2)I=3), mi) = (€}, po +Z 2, mlY—(q, zi). (3.2.19)
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Carrying out reductions, from the received equalities we conclude

(), po) = (€}, po) — (¢, ). (3.2.20)

The formulas (3.2.18)-(3.2.19) practically give the desired result, but we still need to
exclude the trivial case. First of all, we note that by virtue of F, = (py,...,ps) # 0,
o > 1 we have

p17é07--->ps7é0-

Consider the case of 0 = 0 and assume py = 0. Find 7; # 0 (it exists for Fy # 0)
and take the vector w = (w?)9=; € R such that > 7-7(r?,w) < 0. Next, chose
w® € R from the condition 70 + w® € intP?(7;) (intPP(z;) # 0 by virtue of (S))
and consider the vector w(t) = (w tw!, ... tw®), t € R. Since z; € intX;, for a
sufficiently small ¢ > 0 we have x;(t) = z; + w(t) € Pi(z;). However, then (m;, z;(t)) =
(T3, &) + (m,w(t)) = (m, Ty) + ¢y 0_ (w7, w?) < (m, T;), which contradicts (3.2.19).
Similar reasoning proves 7y # 0. As a result we have

po#0, w #0, VieZ Vo=1,2,...,s.

For differentiable utilities from (3.2.18) and (3.2.19), we further conclude the ex-
istence of real a; > 0 and 37 > 0 such that

7 = o Vu(Z;), po =BV ,u(T;) Yiel o=1,...,s.
Therefore, for some A7 > 0 it is executed
7 =XNp,, VieI, o=1,...,s. (3.2.21)

These identities allow us to accept p = (po,p1,...,ps) and ¢ = > 0 \/p, A, as price
vectors corresponding to a fuzzy contractual allocation of an incomplete market. The
general non-smooth case is more nontrivial and is analyzed in the following Lemma.

Lemma 3.2.4 Under the conditions of Theorem 3.2.3, for every i € T and o =
1,2,...,s, there are real \{ > 0 such that

(Pi(Z:), (po, Xip1, -+ -, Nps)) > (T4, (po, Nipy, . .., Alps)) =

= <<e?7 (jg_Aagi)gii% (p07 >\i1p17 sy )\lsps)>
Moreover, >0 Nop,Anzi = (q, Zi).

Thus, this Lemma states that there are real A’ > 0 such that the vectors . p, can
be used instead of 7y while preserving all their properties significant for the analysis.
Therefore, further without loss of generality, we use the specification (3.2.21).

Next, we prove that (Z, z, p, ) is an equilibrium in £™. To do this, it is sufficient

to show that z; is the solution to the consumer problem for each i € Z. Let us do it.
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From the above considerations, it follows that the pair (z;, Z;) satisfies all budget
(in)equalities. Suppose y; € X; is such that y; =; Z; and for some z; € R¥, the plan y;
satisfies all budget constraints in future states:

S S S
PoYi < po€] +psAszi, o0=1,...,5 = Z?Tfyf < waef + Z?T;TA(,ZZ'.
o=1 o=1 o=1
From here, using (3.2.19), we conclude

Poy; + Zﬂ?ei’ + ZW?AJZZ‘ > Ty > Wil = poe + Z(ﬂ_f — Az
o=1 o=1 o=1
However, by virtue of (3.2.18), we have (7 — A, Z))p, = €Jp, = (Z7 — A, Z;)n] = eJn]
Yo > 1, which, after reducing the identical members and taking into account the
representation of ¢, allows us to conclude

y?po > e?po — qz;.

Thus, the pair (y;, ;) is not budget feasible in the present and, therefore, cannot be-
long to the budget set, which proves the budget optimality of (Z;, Z;). Theorem 3.2.3
is proved. [ |

Proof of Lemma 3.2.4. Let us consider for the space E = [[I_,R' the value
operator P : £ — R*"! specified by the matrix
Po 0
P— -
0 Ds
Suppose C' = P;(Z;) and consider the image P(C) = D of the set C' under the linear
mapping P(y) = Py, y € E, and the image of the hyperplane

Hf ={y € E|(y,m) = (Tsm)}.

By virtue of (3.2.19), we have (e?, (27 — A,z)9=5) € HF, but the analysis and (S)
imply
y; € mtP(z:) = (v, 7)) > (7, m) & (4 po) > (77, po).

Hence, the dimension of the affine manifold P(H) is no more than s and, moreover,
reasoning from the opposite, we conclude P(HT) NintD = (®. Obviously, the set
D C R**! is convex and P(Z;) € clD. Now we can apply the separability theorem
and, if necessary, continue P(H[) to the hyperplane in R**! while preserving the
separability property from intD. Because (by virtue of (S)) for some real r > 0

{ye R |y >0 & ||y|| <7} + P(z;) C intD,

8 Assuming the existence of y € P(H[) NintD consider P~!(y) C P~ (P(HF)) = S. By virtue
of (S), the affine manifold S has a dimension of no more than /(s + 1) — 1 and, since H' C S, then
necessarily H = S, i.e., S is a hyperplane in E. Since y € intD, the hyperplane S intersects with
P~Y(intD), which contradicts the construction of H.
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then we can conclude the existence of a vector representing a separating linear func-
tional as a scalar product, having strictly positive components. As a result, we found
a vector h' = h = (hg, hy, ..., hs) > 0 such that

<hv D> > <hv P(i‘z» = <ha P(e?7 (fg_Aazi)gii»'

Next, consider an arbitrary y = (y,)7=; € C. Using the operator P, from the previous
one we have

(h', P(y)) > <hia P(z;)) = hi(po, o) + I (p1, 1) + - - - + hi(ps, Ts).

Now, specifying \! = he o= 1,2,...,s, we conclude
0

(Pi(Zs), (Do, Xopr, - - -, Aipg)) > (T4, (Do, Aipr, - . ., Alpy)) =

= <<e?7 (i‘?_Aozi)gii)? (p07 /\iplv ) )\;ps)>
The last equality after reductions and taking into account (3.2.20) gives

€, pO Z )\gpaA Z; = €, 7p0> = <e?7p0> - <Q7 21> = Z AipUAagi = <Q7 52)

o=1

3.2.4 Core for incomplete markets

Now let us pass on the analysis of the core concept for incomplete markets. Let us
identify, by definition, an allocation from the core of £ with semi-perfectly contrac-
tual allocation by Definition 3.1.3, i.e., put

c(&my = DP(EM).

The first important fact immediately follows from Theorem 3.2.1 and core speci-
fication.

Proposition 3.2.1 In Theorem 3.2.1 conditions, every GEI-equilibrium belongs to
an incomplete market core.

The proof is via inclusion:
W(E™ NintX = intX N DP(E™) C DP(E™) = C(E™).

Below the main properties of C(£™) are investigated and, in particular, it is shown
that under some assumptions, which are not too strong in the context of incomplete
market theory, the set C(£™) fits with the ordinary notion of the core as soon as the
market becomes complete.

Consider p! = (p,)2=%, ps € R, 0 =1,..., s as a fixed vector of prices in the spot
markets of the future states of the world.
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Definition 3.2.2 An allocation x = (x1,...,7,) € X is called p*-feasible if there are
portfolios z = (z1,...,2,), z € R¥, 37, 12 = 0 such that equalities

Po¥] = po€] +ps A2, Vi€l Vo=1,...,s

hold.

The definition of a pl-feasible allocation x € X can be written in an equivalent form:

Pi(z} —e}) € L(P1A), i€, (3.2.22)
where £(P;A) is the linear hull of the vector-columns of the matrix of returns in future
markets from assets PyA under prices p!.

Analogously one can define the notion of a p!-feasible allocation for an arbitrary
(nonempty) coalition S C Z, substituting in Definition 3.2.2 the set Z by means of S.

Let us denote by A,1(S) (or by A,(S)) the set of all p'-feasible via coalition S
allocations. Note that the set A,1(S) # 0 for every S C Z since the vector of initial
endowments e” = (e;);cs always belongs to A1 (S). Moreover, it has to be clear from
the above definitions that A (Z) = H(p*) N X.

Definition 3.2.3 p-core is the set C,(E™) of all p*-feasible allocations which cannot
be dominated via coalitions, 1.e.,

T E€CLE™) = €A & ASCT: FycA(S) | yi=izi VieS.

Let agents’ preferences be defined via utility functions, (which are presumed to be
concave and continuous), and let a price-vector p' for future markets be fixed. Then
for an incomplete market one can put into correspondence some cooperative game with
non-transferable utility (to be short, the NTU-game). Recall that formally NTU-game
(for details, e.g. see Moulin (1988)) is a couple (Z, (V(S))scz), described by the set
of players (agents) Z = {1,...,n}, (n > 2) and the sets of permissible vector-payoffs
V(S) C R¥ for every (nonempty) coalition S C Z, which have to satisfy the following
properties:

e V(9) is the nonempty closed subset in R7;
e V/(9) is comprehensive from below, i.e., z € V(S) and y < x imply y € V(9);

e every singleton coalition has nonempty and bounded from above possibilities,
i.e., V({i}) # 0 and V({i}) < +o0, Vi € Z;

e the set of all individual-rational vector-payoffs from V' (.S), this is by definition
the set

Q(S) :={veV(S) | vi =2 V({i}) Vi € S},

is bounded from above in R®.
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In our case, the set of all permissible vector-payoffs for coalition S is determined
by formula

(9= U v,

€A, (S)

where
Vi (S) ={(i)ies < (uilzi))ies | (wi)ies € Ap(5)}-
Clearly that the sets V,(S) satisfy all the above described necessary conditions, it can
be checked easily due to the compactness of A(X) and the continuity of utilities in
the initial incomplete market model.
Recall that the family B of subsets in Z is said to be balanced if for every S € B
there is a real Ag > 0, such that

Z ANs=1VieT

SeBies

holds or, in an equivalent form,

D Aslg =1z

SeB

takes place where, by definition, 1g € RZ is such a vector that 15(i) = 1 for i € S
and 1¢(i) = 01if i ¢ S, i.e., this is the indicator function of the set S C 7.
A game (Z, (V(S))scz) is said to be balanced if for every balanced family of coali-

tions B
M i (V(S) S V().
SeB

Here pr, S() is the projection map of space R onto R,

The famous Scarf’s theorem (see Theorem 8.1.1 p. 301, for the proof see Theorem
8.1.2 p. 302) states that the core of a balanced game (Z, (V' (5))scz) is nonempty.
Applying this theorem and using standard arguments, one can prove the following

Proposition 3.2.2 Let the set of all individually rational feasible allocations® of £™

be bounded and let agents’ preferences be defined via concave continuous utility func-
tions. Then C,(E™) # 0.

Proof of Proposition 3.2.2. To apply Scarf’s theorem, we need to show that the
game (Z,V},), determined via an incomplete market under fixed prices p', is balanced.
With this in mind, let us consider a balanced family of coalitions B. It needs to be
shown that for every utility-vector v, corresponding to some p!-feasible allocation, the
following

VS € B pr (v) € Vp(S)] = vz € V,(T)

is true. In fact, due to the game definition, for each S € B there is 2° € A,(S) such
that vs = (v)ies < (ui(27))ies = ug(x®). Using the balanced family definition, for
each S € B one can find a real A\¢ > 0. Now, multiplying inequalities on Ag and

9This is A(X) N1 Pile;).
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summing then by S from B, due to the concavity of the utility functions we yield
(v:i)ier < (wi(Z;))iez for some z € A,(Z), which proves vz € V,(Z).

Finally, if 07 is the vector realizing the maximum of ), _; v; subject to vz = (v;)z
from the core of (Z,V,) (which is compact), then obviously the allocation correspond-
ing to it is from Cp(E). |

The following lemma presents a convenient tool for the study of an incomplete
market core.

Lemma 3.2.5 Let £™ be a smooth economy and x € intX. Then x € C(E™) if and
only if

(1) x is a partially Pareto optimal allocation, i.e., for every o > 0 it cannot be
dominated via allocations from LS = {y = (y;)r € L* | y; " = x;° Vi € I}, and

(it) @ € Cp(E™), where (p,)3=5 is a bundle of o-Pareto prices that corresponds to
item (i).
Note that if, in addition, P;(e;) C intX; for all ¢ € Z, then in the previous lemma
the assumption = € intX can be omitted. So in this case this lemma gives the full
description of C(E™).

Proof of Lemma 3.2.5. To state the conclusion of the lemma on the side of ne-
cessity, let us consider some x € C(E™) NintX. Clearly, every allocation from the
core of £™ is a relative equilibrium for the markets of future states of the world in
reduced economies £ relative to endowments e + A,Az; (W), i € Z and subject
to the fixed consumption in all other markets (since every contract for future events
is perfect, then it follows from Theorem 1.2.2). This proves (i) for o > 1; clearly it
is true for 0 = 0. Now let us prove (i7i). Due to z € intX and all utilities being
differentiable, the vectors of equilibrium prices p,, o > 1 are uniquely determined (up
to normalization). Show that z € Cp(E™). The proof parallels the proof of item (i)
from Lemma 3.2.1. Presuming the contrary, find y € A;(S) such that y >g x relative
to p'. Since x € A5(Z), y € A;(S), there are such z, 2’ that the equalities

]5033? _ﬁaeg :ﬁO'AO'Zh o=1,...,81 EIa

Dol] — Do€] = PoApzi, o=1,...,5 i€S

are fulfilled. As soon as all contracts for future states are assumed to be perfect, we
can substitute the initial web V7 which realizes the allocation (z7);ez by the web
consisting of two proper contracts v'* and v":

v =yl —ef — Az, i€ S, v =0, i€I\S,

)

V7 = (2] —yl) — As(zi —20), i €S, v =1l —e] — Az, i€T\S.

7 7

The last one can be done for all ¢ = 1,...,s. In the present, one can save “old”
contracts. Due to consumption sets being rectangular and due to the A;(.S) specifi-
cation, one can easily see that all of them are contracts forming a web. Recall that to
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see if these contracts are proper, it is enough to check v.°p, =0 v/°p, = 0 for all 7.
In so doing, by definition, the new web has to be stable relative to the simultaneous
procedure of breaking and signing a new contract in the “present.” However, break-
ing all contracts of a second kind now and all contracts in the present and signing
for t = 0 = 0 the new contract w = [(y? — €, 2!)];cs, the members of coalition S
are able to realize the allocation y € A;(.S), which contradicts the incomplete market
core definition.

Further, let us prove the sufficiency of items (i) and (i7) of Lemma 3.2.5. By the
assumption, x7 is Pareto optimal in a o-reduced model for a fixed 277 relative to
endowments e + A,z;, 0 > 1. And moreover, z € Cp(E™) NintX for partial Pareto

prices p! = (p1,...,ps). Therefore, there are z; € R¥ satisfying the condition
Pl.fl?;-l = Ple;l + PlAZz

Now let us consider the web V' = gl{v"} U {w}, where

w=(2"-e2), v=(2"—e —A,2), o=1,...,5

for A,z = (Ayz;:)iez. We have to prove that the allocation x = x(V'), realized via this
web, belongs to the incomplete market core, i.e., z = (V) € C(E™).

First, we show that each contract v?, ¢ > 1 is perfect in fact. Really, for fixed
o > 1 due to a specification, we have p,v? = 0 for all i. Since the prices p* are partial
Pareto, then for all 7 we also have

Poyi > por; Yy = (47, ;") € Pi(w:).
Now one can apply Proposition 1.1.1 and using the sufficiency of (1.1.1) conclude that
contract v7 is coherent. But applying Theorem 1.2.2 for a Pareto optimal allocation
x € intX realized by coherent web (since (ii) implies (iv)) we can conclude that the
web is perfect. Therefore, contract v” is perfect, and this is true for all o > 1.

Let a coalition S C Z, virtual proper webs V7 ~ {v?} and their subwebs U7 C V7,
which are realized after this coalition breaks a part of its virtual contracts, be given
for all o > 1, and let supp(u?) C S for every u” € U? and each ¢ > 1, i.e., (3.1.5) is
true.

In the present let the members of S sign a new contract (u°,2°), breaking con-
tract w. In such a case, the members of S realize the following allocation y = (y;)ies:

y?:e?+u?, 1€ 8,

v =el + AU+ A,2), o>1,i€Sb.
Now, since contracts from U? are proper and in view of Theorem 1.2.2, we obtain
pou! = 0, u? € U, which implies
payz‘a = paeg _l_pO'AO'ZZQv o> 17 i€ S.

From (3.1.5) we have ) ¢ A;(U?) = 0 for all 0 > 1, and by contract specification
Sogud = 0 and > gz} = 0; this proves Y ¢y; = >.g€;. So as a result, we have
y € A,(S) and see that domination by coalition S is impossible.
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So, it is proved that contracts v?, ¢ = 1,...,s are perfect and the web is stable
by Definition 3.1.3. Thus z is a semi-perfectly contractual allocation, as we wanted
to prove. [}

In considerations and results immediately below, we always presume incomplete
market £™ satisfies the strict monotonicity assumption for every spot market as
follows:

(M) For some i € Z and every x € A(E)

({zi} + L)\ {zi} € Pizs)."

Let us call a market (i.e., model £™) complete relative to prices pt = (p,)3=; if
the rank of matrix P; A is equal to s, the total number of possible future states of the
world.

A market is complete if it is complete relative to every bundle of spot prices
p1,...,ps € R such that p, >0, oc=1,...,s.

Clearly, this property of completeness (uniform relative to p! > 0) is a kind of
restriction for matrix A, more exactly for financial markets of assets, the number of
which under this hypothesis has to be no less than s.!'! An example of an incomplete
market, satisfying this completeness assumption, is the described above market of
numeraire assets for e, > 0, o > 1, in which the matrix R = (rg)gzlliz has rank
equal to s. T

Slightly strengthening the assumptions of the model, we arrive at the description
of the incomplete market core in familiar terms when the model is complete. This is

stated in the following important corollary of Lemma 3.2.5.

Corollary 3.2.5 Let £™ be a complete smooth economy satisfying (M). Then

ntX NCE™) = | (Cp(£™) NintX)
p1>0

takes place. If, in addition, E™ is such that P;(e;) C intX; for alli € I, then

ceE™ = J cpEe™.

pl>0

Proof of Corollary 3.2.5. Applying Lemma 3.2.5 on the side of necessity for x €
intX N C(E™), due to (i) one can conclude that the allocation z is partially Pareto
optimal. Therefore, via assumptions (S) and (M) there exists (and unique) o-Pareto

10Remember L denotes the commodity space of the economy, where L = R+ and LT = RTH).

11Of course this condition cannot be sufficient.
12This is a consumption bundle e, € R! chosen as a unit of “numeraire” for assets and for future
spot market o.
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prices p' = (p,)2=5, which satisfy p* > 0. Now applying item (i7) of Lemma 3.2.5,
we obtain ' .
reCp(E™) C | Cole™).
p1>0

To prove the inverse inclusion for complete model £, let us chose any = €
Cp(E™) NintX for fixed p* > 0. Now let us note that due to the completeness
of £™ for every p! > 0 the next system of linear equations

has a solution relative to Z; and other parameters of any kind. Note that these
solutions satisfy >, ;2 = 0 when (&;);cz is feasible; in (3.2.23) instead of P;A, one
can take any square non-singular submatrix whose dimension is s x s. Therefore,
every feasible (i;)7 is p'-feasible for ewvery p' > 0. Moreover, the condition
r € Cp(E™) NintX for p* > 0 implies that x is Pareto optimal, which entails
its partial Pareto optimality. From this, via (S) and (M), we can conclude the
existence of (unique up to normalization) o-Pareto prices p' = (p,)?=;, which also
satisfy p1 > 0. Now having in mind the application of Lemma 3.2.5 in the part of
sufficiency, we have to show only that x € C5(E™). Let y € A(S) for S C Z. Once
again, using the completeness of the market, we can conclude that system (3.2.23)
may be solved with respect to Z; for all © € S when one substitutes y; for z; and after
the substitution of p* by p*. Thus we obtain A;(S) C A;(S) and, using x € Cy(E™),
may conclude that coalition S cannot dominate allocation x under prices p. Now the
application of Lemma 3.2.5 finishes the proof. |

The characterization of an incomplete market core for complete exchange
economies gives the following

Theorem 3.2.4 Let E™ be a smooth economy satisfying (M) such that P;(e;) C intX;
for each i € T. If E™ is complete, then C(E™) = C(£).

Proof of Theorem 3.2.4. The proof is based on the simple application of Corollary
3.2.5 of Lemma 3.2.5, however, let us consider this in a detailed form.

First, let us remark that assumption P;(e;) C intX; Vi € Z, implies that x € intX
as for z € C(€) and also for x € C(€™). This is why in the below considerations we
can always think z € int.X.

Let us show the inclusion C(€) C C(E™). Let x € C(€). Then for each o the
allocation x, is partially Pareto optimal, which implies the existence of price-vector
pt > 0" such that condition (Z7,z;7) =; (z7,z;7) (relative to fixed z77) implies
p°2¢ > p°x¢ for all i. Now let us represent x as a p'-feasible allocation (to apply
Corollary 3.2.5). For this we need to find a feasible trade net of portfolios (2;)iez,

satisfying the system of linear equations

Plxil = Pleil + PlAZz’. (3224)

13The property p' > 0 follows from the strict monotonicity of utilities, which is guaranteed due
to assumption (M).
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Since the market is complete, this system is solvable relative to z;. Therefore,
z € A5(Z). Now let us presume that z ¢ C(€™). Then due to Corollary 3.2.5, one
obtains x ¢ C,(E™) for each p* > 0, and hence for a given p* > 0. Thus there is a
coalition S C Z and a p!-feasible for S allocation y such that

Yi =i Ti, VieS.

However this contradicts € C(£), which ends the check for inclusion. It is easy to
see that the web realizing the given complex contractual allocation x € C(E™) is the
collection .
V= {(u,2)} [ J{v7},
o=1
where u = 2° — €” and 2 = (2;);e7 are such that z; satisfy the system (3.2.24),' and
v =xf —ef — A%z foreveryi € Zand o =1,...,s.

Let us prove the inverse inclusion C(£™) C C(€). Consider x € C(E™). Due to
Corollary 3.2.5, there exists a price-vector p* > 0 such that z € C5(E™). Note if
allocation y dominates via S allocation x (in an ordinary sense), i.e., if there are
y; € X such that y; =; z; foralli € Sand Y. oy = D> ;¢ €, then in view of market
completeness one can find such z; € R¥, i € S that system (3.2.24) has a solution
relative to Z; and for fixed y; (substitute Z; instead of z; and y; instead of x;). Since
these Z; satisfy > ¢z = 0, then y € A5(S), and therefore x ¢ Cy(E™), which is a
contradiction. [ |

3.2.5 Fuzzy contractual core in incomplete markets

An alternative way to introduce a core in £™ is an approach based on a fuzzy-
contractual characterization of equilibrium, described in Section 3.2.3: The behavior
of the agents for the future states has to be specified as a fuzzy contractual one,
but the present is the opposite case. Here it is necessary to allow agents to break
off all current contracts in “present” and in all future events, as well as allow them
the opportunity to conclude new contracts in all states of the world, but so that in
future states the new contracts do nmot tmprove the preference of anyone involved
individual even if they are implemented partially. So, to present the idea simpler, we
consider the following concept of an ineffective contract.
The contract v € W is called ineffective if ), ;v; = 0 and

Vi € supp(v) ;= x; + Ay, VO< A< 1.

Thus, contracts are inefficient if with the minus sign they are coherent by Definition
1.1.4. In an incomplete market, the concept of an ineffective contract is associated
with the state of the world; for ¢ > 1, i.e., in future events, it means: v? € V7,
> vy =0 and

Vi € supp(v?) x; = (af + My, x;7) VO <A <1

As a result, we come to the following definition.

MMore exactly, it is the system defined via the square non-degenerate submatrix of P;A, whose
dimension is equal to s.
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Definition 3.2.4 An allocation (V') € A(X), implemented by the web of contracts
V = {(v° 2)} U{v7}9=5 belongs to the core of the incomplete market if the web V is
weakly stable and

(i) t = 0 (present) there is no coalition S C I for which it would be benefi-
cial: break all contracts in the present and future states, conclude a family
(w?)7=3 of ineffective contracts in the future and a new contract in the present
w = (w’2') € Vy;

(17) t =1 (future) Vo > 1 and any 0 < X\, < 1, i € Z, A= (A, Ag, ..., \n) € R™ for
y? = x7 — Ny allocation (z;7,y7 )iz 1S upper stable regarding the conclusion
of a new contract in the state o.

Item (7) of this definition indicates that no coalition S C 7 can conclude a family
of ineffective contracts in future events and a (profitable) contract in the present so
that supp(u),supp(w?) C S and

Vie S, &= (e} +w (el + A,z +v7)7=5) =i ;.

Thus, no matter what the ineffective contracts are concluded by the coalition members
after the break of current contracts: it is impossible to compensate them by concluding
a new contract in the present.

Item (i7) suggests that the allocation x is fuzzy contractual in each of the future
states of nature. The set of all allocations of the core by Definition 3.2.4 we denote

el Em).

To study the suggested concept of the core, we need some auxiliary notions are intro-
duced and investigated.

The following lemma is similar to Lemma 3.2.5 and allows us to reduce the anal-
ysis of core by Definition of 3.2.4 to the previous results of Section 3.3.2 (core by
Definition 3.1.3).

Lemma 3.2.6 Let £™ be a smooth economy and x € intX. Then x € C/(£™) if and
only if

(1) x is a partially Pareto optimal allocation, i.e., for every o > 0 it cannot be
dominated via allocations from LS = {y = (y;)z € L* | y; " = 2;° Vi € I}, and

(ii) = € Cu(E™), where (p,)I=5 is a bundle of o-Pareto prices that corresponds to
item (i).

So, for a smooth model
C(E™) NintX = intX N ¢/ (EM)

takes place.



158 Chapter 3: Contract-based incomplete markets

Proof of Lemma 3.2.6. By Definition 3.2.4 for each o > 1, the allocation (z7,x77)
from the core of the model £™ is fuzzy contractual one for the economy £ reduced
to state o future market relative to the endowments €7 + A,Az; (W), i € Z and for
fixed consumption in all other markets. Therefore, in the model £ the allocation
27 = (27);ez is a quasi-equilibrium. Since 27 € intX? according to the conditions of
the lemma, this allocation is an equilibrium in fact and, since the model is smooth,
its equilibrium prices p, satisfy:

VieZ IN>0: po=(p,...,0L) = NV ui(T).
Under these conditions, for an ineffective contract v7 = (v );ez we have
VieI (ps,v)) <0,

whence, summing up the inequalities and from the contract property »_
we conclude

0> (po, ) = (o, _07) =0 = (p,,0]) =0 Vi€

€L €L

g __
ez Vs =0,

The converse is also true: under the conditions of the lemma, this property fully
characterizes ineffective contracts.

Let us consider an arbitrary x € C/(£") NintX and establish the necessity of
Lemma 3.2.6. Now (7) follows from the upper stability of the web V' (the allocation
x(V') is weakly stable, see Definition 1.1.2). Let us establish further (7).

By virtue of z € intX and due to the differentiability of utility functions, the
equilibrium price vectors p,, 0 > 1 corresponding to partial equilibria are uniquely
determined up to normalization. We show that 2 € Cp(E™). Assuming the contrary,
we find y € A,(S) such that y =g x. By definition, we have ) sy, = > ¢ €; and there
exists 2/ = (2);es € [R¥]® such that'®

Poyl — po€] = poAszl, o=1,...,s i€S.

Now define
v;" =yl —el — A,z i €8.

We have p,v;” = 0, i € S and Y 4v;” = 0. Therefore, in the state o the con-
tract (v;7);es is ineffective. Now members of coalition S can conclude contract
w = (W% 2) € Vy, in which w) = 9% —e? i € S and 2/ = (z))ies. The latter
one is the exchange contract for assets of an incomplete market we found above. As
a result, members of the coalition S realize the allocation

(&) +w), (e + Agzl +v])7=5) = yi =i x; Vi€ S

However, this contradicts (7) of Definition 3.2.4.

15As usual, by virtue of the condition below, we can assume without loss of generality that

257 =0.
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Let us prove the sufficiency of the conditions (i), (i7) of Lemma 3.2.6. By assump-
tion, z? is Pareto optimal in the o-reduced model for fixed x77 and initial endow-
ments e + A,2;, 0 > 1. Now we have x € Cp,(£™) N intX for partial Pareto prices
pt = (p1,...,ps). Therefore, there are z; € R¥, such that

Pl.Iil = Plel-l + PlAZi.

Now let us consider the web of contracts V' = L>J1{v”} U{w}, where for A,z = (As2i)z

we set

w=(2"-¢e2), v=(2"—e —A,2), o=1,...,5

and show that z = x(V) € C/(€™). Obviously, the constructed web of contracts is
weakly stable.

Next, we first show that (27, 277) is fuzzy contractual in the markets of the future
states in the reduced models £. Indeed, by construction for given o > 1 we have
pov? = 0 for all i. Since p* = (py,po,...,ps) are Pareto prices, then for all 7 we also
have

Po¥i > o] Vyi = (¥, 7;7) € Pi(ws).

This immediately implies the equilibrium properties of (x7,277) in the o-reduced
model. However, every equilibrium is fuzzy contractual allocation, which proves
item (77) of Definition 3.2.4.

Next, let a coalition S C Z and a family of inefficient contracts {u”}7=%, where
supp(u?) C S for every o > 1, be given. It was shown above that in presented
conditions

pou; =0 ViesS.

Therefore, if in the present the members of coalition S enter into a contract (¢;, z});es,
Yogti= g€, > oz =0, then for

yi = (€] +ti,e] +u + A,2))7=3}), i€ S

one has
Pyl = Piel + P;AZ.

Thus, with y; >; x; ¢ € S this would mean domination and z ¢ C,(E™). So domina-
tion is impossible, and this proves the point (i) of Definition 3.2.4. Lemma 3.2.6 is
proved. [ |

3.2.6 Replicas and asymptotic properties of core

The asymptotic analog of Theorem 3.2.1 continues the analysis of the incomplete
core concept. This result is expressed in the form of a replicated incomplete market,
that better fits with the classical representation of perfect competition conditions.
The proof is based on the reduction of the domination in replicas to the study of
domination via fuzzy coalitions with the succeeding fuzzy core consideration. Of
course, the concept of the fuzzy core has to be adopted to the incomplete markets in
a proper way. In what follows, the mathematical problem is reduced to the separation
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theorem being applied to separate some convex set from zero (zero cannot belong to
the set due to the fuzzy core property). In so doing, our analysis is essentially based
on the characteristic Lemma 3.2.5 and on the fact that rational numbers are dense in
the set of all real ones.

An incomplete market replica of volume r € N is called the economy £, in which
r exact copies of each consumer from initial model £™ is put into correspondence in
E™. The agents from £™ are numbered by double index (i,m), 1 € Z, m = 1,...,r,
and it is put X;,, = X;, e;,, = e;. Agents’ preferences are defined and take values in
X, due to identification P;,, = P;. An assets structure for a replica exactly repeats
the structure of the initial model. To an initial economy £™ allocation x = (x;)z, we
can put into correspondence the replicated economy allocation 2" = () by the rule
Tim = T, Vi, m.

Definition 3.2.5 An allocation x is called incomplete market Edgeworth equilibrium
if 27 € C(E™) for every natural v = 1,2,... C4(E™) denotes the set of all Edgeworth
equilibria for the model £™.

Now let us consider the most characteristic properties of the Edgeworth equilibria.
This analysis is convenient to realize under assumptions for which Lemma 3.2.5 is true.
So let £™ be a smooth economy and x € intX. Then due to Lemma 3.2.5, the property
x € C¢(E™) is equivalent to the fact that allocation z is partially Pareto optimal, and
for partial Pareto prices p* = (p,),>1, the allocation belongs to the p-core of £™ for
every natural r. Consider the last requirement in more detail. It is very important
that domination is admitted via any coalitions and via any inter-coalition allocation.

Presume that for some r a coalition S C Z x {1,...,r} dominates the allocation
a”. Let Z(S) C 7 be the set of all agent types non-trivially presented in the coalition
S. Due to p-core specification, this domination means that for every (i,m) € S there
iS Yim € P;(z;) such that for some z;,, € R*

Piyim = Pie; + P1Az;,

and, in addition,

Z Yim = Z €im-

(i,m)es (i,m)es

Now if we “average out” the dominating consumption bundles and portfolios for each
given type of agents, i.e., if we put

vi=( > wm)/si & z=( > zm)ls Vie€I(S),

m|(i,m)eS m|(i,m)eS

where s; is the number of elements (capacity) in the set S = {m | (i,m) € S} (we
have i € Z(S) <= S’ # (), then former equalities yield

Plyi = Plei + PlAZZ & Z SiY; = Si€;.
Z(9) (S)
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Since P;(z;) is a convex set, we also obtain y; € P;(z;) for all i € Z(S). Next define a
vector t = (t,...,t,) by putting

Now it has to be clear that in the previous equality natural numbers s; can be equiva-
lently substituted by rational t;. Moreover, under imposed assumptions the described
logical chain can be inverted, i.e., one can show the sufficiency of described proper-
ties for some partially Pareto optimal allocation to be dominated via a coalition in a
replica. Resuming the described arguments, we are going to a fuzzy core concept for
incomplete markets, which is described below.

Recall that any n-dimension vector ¢t = (ty,...,t,) #0, 0<¢t <1 VieZis
said to be a fuzzy coalition. Let p* = (p,)o>1 be some fixed bundle of spot prices for
future states of the world. Introduce now the notion of fuzzy p-domination.

A fuzzy coalition ¢ is called p-dominating p'-feasible allocation = € A, (Z), if there

is y* € J[ X; such that
i€l
S tiyl = te (3.2.25)
i€T i€T
and for supp(t) ={i € Z | t; > 0}

Yl m; & 3z € RF: Pyt = Pre! + PiAz;, Vi € supp(t) (3.2.26)

holds.

Notice that if £" is a smooth economy and allocation x € intX, then the fact
x & C°(E™) is equivalent to the ability of its p-domination via a fuzzy coalition with
rational components relative to partial Pareto prices, corresponding to this allocation.

Definition 3.2.6 The set CJ(E™) of all p*-feasible allocations x € A,(ZL), for which
there is no p-dominating fuzzy coalition, is called a fuzzy p-core.

In accordance with this definition, the concept of the p-fuzzy core differs from ordinary
requirements only on the right-hand side of (3.2.26), where the potential financial mar-
ketability of consumption bundles relative to the given prices is additionally required.
If, moreover, one requires these prices to be partially Pareto, then one achieves the
notion of the incomplete market fuzzy core.

Definition 3.2.7 The fuzzy core is the set C/(£™) of all feasible allocations satisfying
the following properties:

(1) x is partially optimal by Pareto, i.e., for every o > 0 it cannot be Pareto domi-
nated via an allocation from subspace LS = {y = (y;)r € L* | y; " = 2,7, Vi €
7},

(it) = € A,(T), i.e., it is p'-feasible, where p* = (p,)7=; is a bundle of o-Pareto
prices, existing due to item (1),

(171) x € C’g(gm), i.e., it belongs to the fuzzy p-core of an incomplete market.
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The following lemma states the key properties of a fuzzy p-core.

Lemma 3.2.7 Let p' = (p,),>1 be a bundle of spot prices for future events and x be
a pt-feasible allocation. Let x € C’g(é’m) and z;, € intX,;, for some iy. Then there is
a vector p = (po, P1,- - -, Ds), Such that p, # 0 for all 0 > 0 and

Py > pei, Yy € Pi(T) | 3z € RF ¢ p,(yf — €7) = pyAgzi, Yo > 1 (3.2.27)
1s true for all 1 € L. Moreover, stronger property
DYio > D€iy, VWio € Pig(Tig) (3.2.28)
is true for agent ig.

It is useful to compare the statement of this lemma with the statement of Lemma 3.2.2.
The first difference is that the inequalities in Lemma 3.2.7 are non-strict. The second
one is that on the right-hand side of the inequalities, the value of initial endowments
is applied. One can find similarities between these facts with classical market case,
when Pareto optimality is compared with quasi-equilibrium.

Proof of Lemma 3.2.7. The proof of lemma is reduced to the application of the
separation theorem to a convex set properly constructed; this set correspond to the
possibilities of fuzzy coalitions to dominate an allocation.

Analogously to formula (3.2.2), let us determine the subspaces

Hi=H+e, H={yecRED|I2ecR" : py° =p,A,2, Yo >1}.

Next let us take any consumer ¢y € Z, let i = 1, and determine the following set

G =G(x)=co [(731($1) —e1) U ( U [(Pi(x;) —e;) N ”H])} .

=2

Now we show that if 0 € G, then there is a fuzzy coalition p-dominating given
allocation z in the incomplete market. In fact, 0 € G implies the existence of
t=(t1,...,t,) >0, > t; = 1 such that for some y; € P;(z;)

D tilyi—e) =0 <= > tyi=) le (3.2.29)

1€T €L 1€l
is true and moreover for : =2,....n
3 Z; € Rk : Plyl = Plei + PlAZZ

takes place. To check the fuzzy domination definition in part (3.2.26), it is sufficient
to state the last relation for i = 1 € supp(¢). To realize this, multiply (3.2.29) on
matrix Py, which after transformations due to t; # 0 yields

Piy; = Pre; + PLA(= D00, 72:).
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Thus one can take z; = — Y ., %z, as the necessary solution (portfolio) for agent 1.
As a result, we conclude that coalition ¢ can p-dominate the allocation.

Therefore, for every element x of a fuzzy core of incomplete market it has to be
that 0 ¢ G and since int G # () (because of intX; # () due to (A) and intP;(xq) # 0),
then one can apply the separation theorem and find such non-zero p that

{p,G) 2 0.
Since Py (x1) —ey and (P;(z;) —e;) NH, i = 2,...,n are the subsets of G, we conclude
<ﬁ7 Pl(xl» > pei & <2§7 PZ('CEZ) N (ei + H)> > pei, Vi = 2a s N

Moreover, the first of these inequalities due to (S), 1 € intX; and p # 0 implies
Do # 0, Vo in a standard way (presuming the contrary, one can conclude p = 0, that
is impossible). Lemma is proved. [

Furthermore, notice that applying the local non-satiation assumption for agents’
preferences in the present (¢ = 0 and (S)) and passing to limits in the left-hand
side of inequalities from (3.2.27), one can state px; > pe; Vi € Z, that due to

Y ez Ti = Y ;o7 € eventually yields
DIT; = pe; Vi e 1.

Finally, let z € intX, the economy be smooth and prices p* = (p,),>1 be partially
Pareto optimal. Then the first, non-strict inequalities from the left side of (3.2.27)
are turned into strict ones. Therefore, now the conditions of Lemma 3.2.2 and its
Corollary 3.2.2 are true. This is why, due to similar arguments applied in Corollary
3.2.2 proof, one can state the following

Corollary 3.2.6 Let E™ be a smooth incomplete market and T € intX N CH(E™).
Then there is a vector p = (po, P1,---,Ds) such that p, # 0 for all o > 0, and for
§g=> o _1PsAs and eachi € T

ﬁoy? > f)ge? + cjzl Vyl S PZ(.’Z'Z) | E|Zl € Rk . ﬁayf = f)ae;’ +ﬁaAaZi Yo Z 1 (3230)

18 true.

Applying this corollary one can easily prove the asymptotic theorem which states that
every incomplete market Edgeworth equilibrium is a G EI-equilibrium.

Theorem 3.2.5 Let £™ be a smooth incomplete market. Then

Cf(Em) = Co(E™) & intX NCE™) = W(E™) N intX.
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Proof of Theorem 3.2.5. First let us show C¢(E™) = C/(E™). To do it let us
state the inclusion C¢(£™) C C/(£™) (the inverse inclusion is true due to definitions).
Assuming to the contrary find an allocation z € C¢(£™), which is dominated via a
fuzzy coalition ¢ # 0. By definition this means the existence of y* € [[; X;, satisfying
relations (3.2.25) and (3.2.26). We can show then that the allocation = is dominated
via fuzzy coalition ¢ = (¢, ..., ¢,) with rational components ¢;, i € Z. With this in
mind for ¢; > 0, put

vy = (ti/g)yi + (1 —ti/q)ei = qi(z; —e;) = ti(y; — e;),

where rational g; satisfies the condition ¢t; < ¢; < 1, and for ¢; = 0 define ¢; = 0 and
x; = yt. Since e; € X;, then 2’ = (2})7 € [[; X; and

qu(a:; —e;)=0.

ieT
However due to (A), the scalars ¢; can be chosen in such a way that z; € P;(z;) is
true for all 4, satisfying ¢; > 0. Moreover, for these ¢

HZ; S Rk : Pl.T;l = Ple;l + PlAZ;

holds relative to o-Pareto prices, corresponding to x, as soon as similar relations are
true for y* (put 2, = L2;). We obtain a contradiction with the choice of z € Ce(E™M).

So, the coincidence of a fuzzy core with the set of Edgeworth equilibria has been
proved for an incomplete market. Now let us apply Corollary 3.2.6 and using argu-
ments fully equivalent to those described in the second part of Theorem 3.2.1, we can

state intX NCY (€M) = W(E™) NintX. Theorem 3.2.5 is proved. [

3.3 Contractual incomplete core in examples

In finishing this section, let us consider some examples of incomplete market and
describe our core concept in their context.

3.3.1 Incomplete market with one asset

Example 3.3.1 (A MARKET WITH ONE ASSET) Let us consider an economic model
with two consumers, two states of the world in the future and no present. Note,
that the last feature (there is no present) is not an essential factor, since formally
the present can always be added to the model description and moreover, to save
the non-satiation assumption, one can presume that agents are full antagonists in the
present—Ilet agents’ preferences be separable and in the present let them be defined via
linear monotonic and equal utility functions for ¢ = 0. Also in future events, o = 1, 2,
there are two commodities and let x = (27!, 2°=2) correspond to the consumption
of the 1st agent, but y = (y°=!,y°=2) be the consumption program for the 2nd one.
Let X; =R%, i = 1,2, a total vector of initial endowments e = (e;);—1 2 € R% satisfy
e; > 014 =1,2, and let utilities be described by functions

“1<x) = PélefZI(xUZI) + Pclyzsz:z(xU:2),
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us(y) = pomy U5~ (7 71) + P05 2 (y772),

where for i, o = 1,2 real p! > 0, and U? are (logarithmic) Cobb-Douglas functions:
Ul (z) = a,In(z1) + (1 — ay) In(22), 0<a, <1,
UJ(2) = ByIn(z1) + (1 — 5,) In(z2), 0< G, < 1.

The analysis of an incomplete market core will be based on key Lemma 3.2.5,
which for Cobb—Douglas functions gives a complete description of core allocations.
Now to apply item (i) of this lemma, we first need to give the constructive description
of partially Pareto optimal allocations. As soon as utilities are separable relative
to events, the o-Pareto optimality of allocation (z,y) is completely determined by
consumption bundles (z7,y?) for this event (in the general case it may depend on
consumption at other events), i.e., by functions U7 (-), US(-) and via total initial
endowments €’ = e] + eJ. In other words, when utilities are separable, the set of
partially Pareto optimal allocations may be represented as the Cart’s product (by o)
of Pareto boundaries which correspond to spot markets. Therefore, we first have to
describe the Pareto boundary for a model reduced to o.

Let us calculate in general form the Pareto boundary for a classical economy with
Cobb-Douglas utility functions. Let there be two goods and two consumers, whereas
above z denotes the 1st agent consumption and y is the consumption of 2nd one.
Due to individual rationality we are interested in allocations from the interior of
consumption sets, i.e., (x,y) > 0. In such a case, for each Pareto optimal allocation
one can put into correspondence (non-zero) price vector p, which has to be collinear
to the gradients of the utility functions. This vector can be found unambiguously up
to normalization; this is why the existence conditions of p = (p1,p2) > 0 and A > 0
such that

p:VUlz(g,l_a) — x:<ﬁ 1—a> & (p,x) =1,

Ty T2 P1’ b2
1— 1-—
p:AVngA(ﬁ, ﬁ) = y=/\<ﬁ, ﬁ) & (p,y) = A,
Yy Y2 P11 P2

are necessary and sufficient for allocation (x,y) to be Pareto optimal. Taking into
account T +y = e = (€', e?), from the right-hand side of last relations one can find

G505 = (35 (015)
P P2 Y2 ) e e e e

Thus real A\ > 0 parametrizes the Pareto boundary unambiguously (since x, y can
be unambiguously found by p and ). Moreover, it is clear that this analysis can be
easily extended to a more general case, that is, for any (finite) number of goods and
consumers. Notice only that then the number of (positive) parameters determining
Pareto boundary is equal to the number of agents minus one.

Further, let us turn to an incomplete economy and initially consider the case of
an unique real asset. Let, for example, this asset a have the form

. (aazl’ aU:Q)? Ug=1 = —Qg=2 = (1’0)
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Then for given spot prices, financial returns matrix P;A for trade portfolios has the

form )
PA = (—p‘fl) .
—Po=2

Now let us turn to item (ii) from Lemma 3.2.5, which requires a current partial Pareto
optimal allocation (x,y) to be p!-feasible and to belong to the p-core of the economy
for partially Pareto prices p corresponding to this allocation.

To simplify further our analysis, let us assume without loss of generality that the
total endowment of each commodity in every state of world is equal to 1, 7.e., we put
€,—1 = €,-2 = (1,1). Then partial Pareto optimality for prices means that for some
A >0 and 7 > 0 we have

Qg=1 1— Ag=1 50:1 1— 60:1 &-=(1,1)
Do=1 = (_1 ) ) +>\<_1 = —
(S e (S e

o=1 o=1 o=1 o=1
Po=1 = (a1 + Af1, 1 —ar + A(1 — B)), (3.3.1)
Og—y 1 — 52 60:2 1- 50:2 e,=(1,1)
po':2 - <1 b —9 ) +’Y (1 9 —9 <:>
€,=2 €r=2 €,=2 €r=2
Po=2 = (a2 +7B2, 1 — az + (1 — Ba)). (3.3.2)

The condition of p!-feasibility states that there is such real z that Piz = Pie; + PiAz
that via the structure of P;A yields

o=2

Pom127" ! = Pom1€] T F+ Pp1Z, Pom2t’ T = Po—z€] = Py_y?.
This, due to p,x? = 1, is equivalent to
Doz + Pyet = Pyea(Do=1,€] 1) + Py (Po=2, €] 7).
Now applying (3.3.1), (3.3.2), we find
ay + B2 +ar + AL =

= (ag +7B2) (a1 + AB1), 1 — ar + A(1 = B)), ] ')+
+H(ar + A8 (g + 72,1 — az + (1 = Ba)), €] 7). (3.3.3)

Thus an allocation (z,y) is p'-feasible if and only if, when determining parameters,
A > 0, v > 0 satisfy equation (3.3.3).

Next let us study the property of an allocation (z,y) being dominated by no
coalition. Since the list of coalitions contains only singleton and grand coalitions,
then this property is equivalent to

(i) ur(w) > ui(er) & wua(y) > us(es),

(i7) the allocation (z,y) is Pareto H(p')-optimal relative to partial Pareto prices p'.
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Condition (77) requires subsequent analysis. To do this, apply Corollary 3.2.1. In our
context Corollary 3.2.1 states that an allocation is H-optimal iff there is such p > 0
that vector p = Vug(y) — up satisfies

po:laazl +ﬁa:2a¢7:2 =0 = pizl - 15({—:2 = 07
that due to the relationship between Vus(y) and p gives

1 1 1 1
(X - ) p}r:l - (5 - M) p<17=2 =0 = N(pclrzz - p},zl) = ;p;=2 - Xp}yzr

The last relation is disintegrated into the following variants:
A) Pyoy = Doy = A =7,
D) Poes > Pomt = ANDgy > VPors

C) Dooy < Doy == ADa—y < VPoey-

So, taking into account relations (3.3.1) and (3.3.2), an allocation is H-optimal iff one
of the below relations

Qg + ’Yﬁz =1 + )\51 & \= v, (334)
as + 702 > a1+ AB1 & Aag +762) > y(an + A5y), (3.3.5)
g+ 7B <+ A1 & AMag+7v62) < v(an + ABh) (3.3.6)

is true.

Let us resume our given analysis. We supposed without loss of generality that
€,—1 = €,—2 = (1,1). The allocations from the core are unambiguously determined
via real parameters A > 0, v > 0, which have to satisfy (3.3.3) and one of the relations
(3.3.4)—(3.3.6). Then the first agent’s consumption is determined due to

o=1 __ aq 1-— (05} =2 (%) 1-— 9
o=\ T2 =T T2 ,
po’:l pgzl po’:2 po=2

where p,—; and p,—y are determined by A, v due to formulas (3.3.1), (3.3.2), and then
the 2nd agent’s consumption y is

y=(1,1,1,1) — x.
Moreover, the following relations

ur(z) 2 wi(er) & us(y) = us(ey)

have to be true too. These requirements are not conflicting, since the equilibrium
allocation, which does exist, satisfies all of them. In the general case, a core is rep-
resented as an image of all determining parameters, obtained as the intersection of
some hyperbola defined by (3.3.3) and a set defined as the union of three sets, defined
by (3.3.4)—(3.3.6). The properties of individual rationality of allocation have to be
fulfilled in addition.



168 Chapter 3: Contract-based incomplete markets

In conclusion, let me say some words about the set that is determined via relations
(3.3.4)—(3.3.6). It is clear that (3.3.4) can be true only for special parameters «,, f,,
o = 1,2 (either both a; — vy and B; — B2 are not zero simultaneously and have different
signs, or a3 = ay and ; = [y simultaneously), and in the general case, defines the
empty or a singleton set. Constraints (3.3.5) and (3.3.6) are more involved. In fact,
consider a straight line as + 70 = a1 + Af; and hyperbola A(as +782) = (a1 + ABy).
The line intersects the positive orthant by some ray with a positive directing vector
and separates the plane into two open half-planes, a left and right one. The hyperbola
has asymptotes paralleled to coordinate aces which are intersected at point (Ao, vo) =
( Gas o ). Since (0,0) satisfies the hyperbola equation, then a path going across
this point, and only this path intersects the orthant. Moreover, note that the point
of intersection of hyperbola and the line exactly corresponds to condition (3.3.4) (for
(A,y) > 0). Next, let for example 5 — 8; > 0. Then the set determined by relation
(3.3.5) can be described as the intersection of an open epigraph left hyperbola path
with the left upper half-plane, defined by our line. Relation (3.3.6) is true at the
points of the interior of a set, which supplements the epigraph of the left hyperbola
path up to the positive orthant, being intersected with the right lower half-plane. The
union of these two sets with the point of intersection of hyperbola and line completely
describes the collection of all points (A,7) > 0, satisfying conditions (3.3.4)—(3.3.6).
The case By — f1 < 0 is considered in a similar way. However, now the point of
hyperbola asymptotes intersection has a negative first component and only the right
path of the hyperbola intersects the orthant’s interior (it goes across the origin). This
is why the set we are interested in is represented as a union of three sets. The first
one is the intersection of the right open half-plane, defined due to a line with a part of
the orthant’s interior restricted by the right hyperbola path (a part of epigraph). The
second one is the intersection of the left open half-plane with a part of the orthant’s
interior, from which one has to remove the subgraph of the right hyperbola path.
Finally, one needs to add the point of hyperbola intersection with the line if it does
exist. |

3.3.2 Hart’s example

Further, let us consider a more complex incomplete market example, in which utilities
are described in the same manner as in Example 3.3.1; however, there are two real
assets. The particular case of this market is known in literature as Hart’s example,
in which GFEI-equilibrium may not exist. Notice conditions quarantining existence
Anderson, Raimondo (2007).

Example 3.3.2 (HART’S EXAMPLE) In the context of the economy described in Ex-
ample 3.3.1, let us consider a financial market with two assets having the following
structure. Let

a' = (al a, )’ aclr:I = aclf:2 = (170)

o=1Yo=2

be the first asset and let

a’2 - (CL2 CL2 )7 a¢27:1 = (13:2 = (07 1)

o=1Yo=2
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be the second one. Thus the buying of the 1st asset unit promises the delivery of a
unit of commodity 1 for the future (at every event). Analogous delivery of the second
asset is a unit of the 2nd commodity for every future event. As a whole, the matrix
A of real returns has the form

O =IO =
— Ol O

From this one can find the matrix of financial returns P; A for the trade portfolios of
the financial sector relative to given prices p! for spot markets:

PIA = = | o=t P | .
1 0 Po=2 ‘ Po=2 Po=2
p0'=2 0 p0'=2 1

Similar to Example 3.3.1, the analysis of the core is based on Lemma 3.2.5. Due
to item (7) of this lemma, a partial Pareto prices p* = (p,),—=12 may be put into
correspondence to every core allocation (unambiguously). Now in view of Example
3.3.1 analysis for some partially Pareto prices, conveniently normalized by (3.3.1) and
(3.3.2) (here €,-1 = €,-9 = (1,1) without loss of generality), we obtain

Oél—|—)\ﬁ1 ‘ 1-0[1+>\<1—61)

PA: ’
! 062‘1"752‘1—0424‘7(1_52)

where A > 0 and 7 > 0 are some real parameters, which unambiguously determine
the partial Pareto boundary. Due to item (ii) of Lemma 3.2.5 in order to current
partially Pareto optimal allocation to be an element of the core, it is also necessary
(and sufficient) that the allocation be p!-feasible and be an element of p-core for its
partially Pareto prices p'. The condition of p'-feasibility says that there is a vector
z = (21, 22) such that Pix = Pye; +P;Az. This, for the chosen normalization of prices
(it implies py—1To—1 = Po—2Ts—2 = 1), is equivalent to the fact that the system of
linear equations

PlAZ = ( 1 ) — Plel, (337)

has a solution relative to z. First note that if square matrix P;A is non-degenerated,
then a solution of system (3.3.7) does exist for every right-hand side, and therefore
for a given one. On the contrary, if the matrix columns are linearly dependent (de-
generation), then a solution of the system may exist only if there is a solution for the
system with only one unknown variable, where instead of matrix P; A one can take a
matrix consisting of one (any) column of the initial matrix with the same right-hand
side. In other words, if the matrix is degenerated, then we obtain a model with the
only asset. Thus for non-degenerated matrix P;A, the condition of p!-feasibility is
true automatically, for the degenerated one it is not the case and it turns to be a
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non-trivial condition. A matrix P;A is degenerated if and only if its determinant is
zero, i.e., det(P1A) =0 <—

(a1 +AB)(1 —az + (1 = B2)) = (a2 +762) (1 — ax + A(1 = B1)). (3.3.8)
In view of (3.3.7) the condition of p'-feasibility takes place only if for some real z
1=poore] ' + pé:127 1= py—ge{~" + pclr:QZ

is true, which is equivalent to

Po—s — Poey = Pa—s(Po=1,€]"") — pory (Po=2, €]~ 7).

Now applying (3.3.1) and (3.3.2), this equation may be standardly rewritten as an
equation relative to A > 0 and v > 0, similar to (3.3.3), which I omitted. It is
important that this relation has to be fulfilled together with (3.3.8). Moreover, due
to the fact that the allocation has to belong to the p-core, it is necessary to require
the following relations to be true:

(1) wi(z) = ui(er) & wua(y) = uz(ez),
(i7) allocation (z,y) is Pareto H(p')-optimal for partial Pareto prices p.

For the analysis of (i7) one can apply Corollary 3.2.1 which taking ip = 1 and p =
Vuy(y), now states that an allocation is H(p!)-optimal iff there is g > 0 such that
(here p = p is a vector of partial Pareto prices) p = Vua(y) — pp satisfies

ﬁazla},ﬂ +ﬁa=2a3:2 =0 = ﬁ}f:l ‘Hﬁclr:z =0.

Now from partial Pareto optimality we have Vus(y) = (Apy=1, YPo=2) for some \ > 0,
v > 0, that gives

(% - > Po—1 + <% - u) Poz =0 = oy + Do) = %pia + %pil-
Clearly, for positive prices and other parameters u > 0 that we need do exist. It
means that (i) is always true and only p'-feasibility and individual rationality (i) are
essential ones.

Now let us turn to the case when (3.3.8) is false, i.e., the matriz of financial
returns for partial Pareto prices is non-degenerated. In this case an allocation belongs
to the incomplete core only if it belongs to the classical core, i.e., requirements (7)
and (i7) are true, where (i7) is transformed into ordinary Pareto optimality. The
last requirement can be expressed in a standard way as the requirement of utilities’
gradients to be collinear. Due to their relationship with the partial Pareto prices and
according to chosen normalization, we have

P2_y o2

VUI('T) - <p<17=1p0:17pc1r=2p0:2) & VUQ(y> :( N Po=1, 07:2pa:2)
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that via the collinearity of vectors yields

MNoo1/ Pt = VPomn/Poe = A=775. (3.3.9)

Thus if parameters A > 0, v > 0 satisfy (3.3.9) and simultaneously do not satisfy
(3.3.8), then the generated individually rational allocation belongs to the incomplete
core.

Further, let us consider properly Hart’s exzample, which corresponds to our model
with two assets under an additional condition:

pa:,O%,:Pm 02172 & Q=1 = Q=2 = Q, ﬁo‘:l 25022:6'

Now one can note that the first part of this requirement and (3.3.9) imply A = 7, i.e.,
an allocation is optimal by Pareto iff A = ~. Initial endowments for Hart’s example
are determined as

e‘l’:1 =(1—¢g,1—¢), e‘f:2 = (g,¢), e]+eJ=(1,1), 0 =1,2,

where real 0 < e < 1.

Let us show that for Hart’s example the set of allocations from the incomplete
core which corresponds to the non-degenerated matrix of financial returns, forms the
empty set. In fact, if (z,y) € C(E€™) and det(P;A) # 0, then (x,y) is Pareto optimal
and A\ = v. However then from a, = «, 5, = 8, 0 = 1,2 one can conclude the
coincidence of matrix P; A rows and therefore det(P;A) = O—contradiction.

Next consider the second possibility: (z,y) € C(€™) and det(P;A) = 0. It may be
realized only if system (3.3.7) is solvable. The last one for this case is equivalent to
the solvability of system

(a+A5)Z_(1)_((a+A6,1—a+A(1—B))e‘{:1>.
a+y8 )7 1 (@+78,1—a+y(1-p)ef™ )’

substituting for the value of initial endowments and realizing some elementary trans-

formations we find
(329 (D)- () e

Next, substituting o, = «, B, = 5, 0 = 1,2 in (3.3.8) and doing transformations, we
obtain
det(PLA) =0 <= (y—A)(a—p)=0.

Thus the matrix of financial returns is degenerated only if v = A (as seen above) or
when o = . In the first case, (3.3.10) may be fulfilled only if ¢ = 1/2. In the second
case, (3.3.10) is reduced to

(1)) = () - () = ().
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This system is solvable only if

AMe—=1)4+¢e 1+A
l+e+ey 147y

142X+ Ay =0.

However, the last equation cannot be solved for A > 0 and v > 0.

Let us resume our analysis. For Hart’s example the core of an incomplete market
is a nonempty set only for ¢ = 1/2, and for this case the incomplete core coincides
with the classical market core (since then the solvability of (3.3.10) is equivalent to
an allocation be Pareto optimal). For ¢ # 1/2, the core is empty, which can be
explained via the specific features of given model parameters: preferences and real
assets. This peculiarity is such that contracting each other at every nature event
and applying real assets (in a given structure) in the present, the agents are not able
to arrive at Pareto optimal allocation, regardless of the fact that potentially there
are enough assets (so much as there are many future states of the world). In other
words any feasible net of contracts is unstable in the sense that coalition {1,2} of
all market operators is able to find an opportunity to sign a new exchange contract,
taking into account the ability to break some of the given contracts (remember that
for future events one can break virtual contracts). Figure 3.3.2 illustrates the case. In

UQ‘

Figure 3.3.2: Classical and incomplete core in Hart’s example

this figure the possibilities V' (1,2) = u[A(X)] of coalition {1,2} are described in the
criteria space of “utilities” in a standard manner. The abilities of singleton coalitions
are presented via vector u(e) = (ui(e1), uz(ez)). Curve AB, representing a part of the
Pareto boundary, corresponds to the standard core of the market. For an incomplete
market the points of this curve are not available for consumers since a bundle of
utilities from the curve is realized via an allocation which is not p!-feasible. Notice
that one can infinitesimally closely approach the points of this curve via allocations,
which are partially Pareto optimal and p!-feasible relative to partial Pareto prices.
In fact, partial Pareto boundary is completely parameterized by couples (), ~) > 0,
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and in doing so a point belongs to the (classical) Pareto boundary only if A = ~.
Moreover, the matrix of financial returns is also degenerated only if A = v (let for
simplicity o # (3). Thus for every point (A,y) > 0, A # 7 a partially optimal and
simultaneously p!-feasible allocation may be put into correspondence, which for A/~
being near enough to 1 realizes a utility vector which is close enough to the Pareto
optimal one. In this economy, Pareto optimal allocations may be attained only in a
limit, and a sequence of contracts, reflecting the exchange of assets in the p*-feasibility
condition in this passing to a limit which is an unbounded one. The last observation
is rather important, and we are going to discuss it more detailed below.

A contract of this kind for some (A,7) > 0, A # v can be calculated as a solution
of system (3.3.7), that for det(P;A) # 0 (true for A # ) yields

z = [PA]™? K } ) —Plel} :

However, for v — A we have det(P;A) — 0 and, since det([P;A]™!) = 1/det(P1A),
then det([PyA]™!) — oco. Therefore, ||[P;A]7|| (the norm of operator [P;A]™!, consid-
ered as a function of parameters A, ), is unbounded for ¥ — A > 0. Moreover, one can
show that exactly for the vectors of form y* = (1,1) — Pye; (prices depend on \,7),
operator [P;A]™! values are norm-unbounded for v — X > 0. It seems to be true that
exactly this fact is the main cause of the potential non-stability of financial market.
Speaking substantially in terms of contracts, one may see that during the contracting
and recontracting process, market operators may realize “a race to infinity”, 7.e., the
total volume of contracts for one of the agents may rise with no limit. The problem
can be solved if one imposes some constraints on the total volume of contracts from
the asset market for each agent; it is enough to restrict only the volumes of sales or
purchase, but with the same style for all agents. Notice that choosing some finite
but big enough constraints, one can realize allocations that are near enough to the
allocations (or to the utilities bundles) of a classical core. |

Conclusion to Chapter 3

The main goal of presented analysis was to study the possibility to correctly introduce
domination via coalitions and subsequently a core for incomplete markets. This con-
cept was introduced in this chapter, and it is based on our contractual approach. In
so doing, it was proved that a suggested incomplete market core satisfies the following
(two) requirements:

e If an economy is described as an incomplete market, but is mathematically
equivalent to a classical pure exchange model (i.e., it is a complete economy in
fact), then the core in the context of an incomplete market has to coincide with
the classical core of a pure exchange economy.

e In perfect competition conditions, the core of an incomplete market coincides
with the set of equilibrium allocations.
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Exactly these two properties allow one to assert that the correct concept of core is
truly introduced. This concept seems to be a natural generalization of the classical
approach and preserves its most meaningful properties. It is important that the sug-
gested concept being based on the notion of a contract does not address to current
allocation value characterizations—attention is concentrated on exchange (barter)
contracts. Some kind of value characterizations (p-core, fuzzy p-domination) have
appeared in the analysis of core allocations, but it is a more technical element of in-
vestigation than its foundation. The mathematical generality of the proved theorems
seems to be reasonable in the incomplete market context. Further, let us consider the
detailed results and conclusions that have been achieved in this investigation.

A contract-based model, which is put into correspondence to an incomplete market,
is such that only contracts implementing the ezchange of commodities for some fixed
elementary event are permissible ones, where exchanges via real assets are allowed in
the present. the trade via these fixed standard contracts is realized in initial model.
Applying only these standard contracts, one can realize the commodity exchange
between different states of nature. In so doing, one can also realize an exchange of
commodities in the present for the consumption at future events. Let the model be
smooth and a point (allocation) be taken from the interior of the consumption sets.

For the allocations of an incomplete market core, it is suggested to take complex
contractual allocations, which can be implemented via webs of permissible contracts
that are stable in the following sense. The web as a whole is weak stable, and all
contracts corresponding to future events are perfect. The web also has to satisfy an
additional stability property: there is no coalition for which it is profitable to break
all contracts with non-members of the coalition; for future events they can break
contracts from virtual webs, but contracts of present may be broken only as a whole,
and moreover the coalition can sign a new contract in the present.

Theorem 3.2.4 states that if the structure of assets in a (incomplete) market is
complete, then the incomplete market core coincides with the classical one. Here an
assets structure is complete if all commodities are desirable (goods) and for all positive
prices in future events markets the matrix of financial returns, defined via real assets
matrix, has a rank equal to the number of future events. Simply, the latter means
that there are enough independent assets — enough to realize any value transfer from
one to any other future event without a loss of value at other non-true events. This
means that the considered core concept satisfies the first of suggested criteria. It also
has proven that the concept satisfies the second criteria—under perfect competition
conditions, the core and equilibria coincides. Moreover, this fact is presented in two
versions.

The first (Theorem 3.2.1) states the description of G EI-equilibria in pure contrac-
tual terms, where a stability relative to the partial breaking of contracts is required in
addition to all forms of stability applied for core allocation. In other words, for every
event, a subweb relative to this event has to be stable therewith for future events in
the strong sense (since then contracts are perfect), and the web as a whole has to
satisfy the condition of joint stability described above.

The second (Theorem 3.2.5) follows to the classical tradition of perfect compe-
tition conditions modeling—being replicated, an allocation can be considered as an
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allocation of a replicated economy, and it has to belong to the core of the replicated
model. Then such an allocation may be decentralized.

The investigation of Section 3.3 also contains the analysis of examples including
well known in incomplete market theory Hart’s example. Under specific model pa-
rameters, there is no equilibrium in this example. It was clarified that the core in
the described sense may also not exist. The cause of this are the specific properties
of financial market. Namely, if the number of assets is limited, the situation may
occur when market operators tend to raise contract volumes for assets with no limit.
It seems to be true that this is a degenerate case, which may happen only under a
specific relationship between preferences and assets (it is well known in the theory
that financial equilibria, which always are in a core, generically do exist). Of course,
there are more chances for core non-emptiness relative to equilibria. Moreover, the
example shows that an incomplete market core may be nonclosed set. In particular,
this is why one cannot apply the classical scheme of the equilibrium existence proof,
in which (quasi)equilibria allocations are the elements of a symmetric part of core al-
locations of the replicated model—the intersection of nonempty, bounded, embedded,
but nonclosed sets may be empty. In my opinion for the incomplete market core to be
nonempty, it is necessary that grand coalition abilities be supplemented by marginal
variants of consumption bundles, i.e., one needs in fact to pass to the closure of an
appropriate set. The problem of core emptiness can be solved if one imposes some
institutional constraints on trade volumes for a financial market. It is known that
when some constraints of this kind take place, then equilibria exist under rather weak
model assumptions. Moreover, relaxing constraints to infinity, one can also consider
limit equilibrium allocations, e.g. see Marakulin (1999, 2012). These arguments may
be applied to the core concept also, and in such a case one can pass to the considera-
tion of approximating and marginal dominating variants and the incomplete market
core.
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Classical presentation on the mechanism of market functioning (how are prices
settled or how do individuals, having chosen preferred consumption bundles, transit
to final resource allocation?) is that equilibrium prices are realized as a result of little
by little permanently going tatonnement process, which corrects current prices in ac-
cordance with excess demand law: price for a commodity increases if demand exceeds
supply; when supply exceeds demand price decreases. Economic intuition says us
that moving in this manner economic system as a whole has to find, to grope toward
equilibrium prices. Applying mathematical terms this means that if one describes
price change process by differential equation (inclusion), having in right hand side
excess demand, then every solution of this equation converges to equilibrium prices®.
However what is this demand and can we observe it in reality? In a mathematical
model by definition demand is the summation of optimal individual solutions in con-
sumer problems, which are defined by current non-equilibrium prices and by agents’
preferences. How is it possible to observe demand under non-equilibrium prices, if it
is the sum of unrealized wishes to buy commodity bundles? One can observe the total
volume of purchases or the volume of sellings, supply and its excess, but we think that
demand is, evidently, fundamentally an unobservable category.? Moreover, classical
view on prices change in accordance with excess demand rule is commonly based on
a fictitious auctioneer hypothesis. This auctioneer conducts prices, but he/she is not
a revealed economic agent, more likely this is an impersonal being, realizing a market
power.

In the modern literature there are also available other approaches, different from
classical tatonnement, aimed at modeling of dynamics of market processes and the
analysis of their convergence to equilibrium: processes of the prices changes, using
Jacobi matrix of excess demand function (Smale’s approach and other); disequilibrium
models of trade (Hahn’s process, Fisher’s approach and other); Edgeworth’s processes
etc. The following chapter contains an extensive review of the literature on this theme,
where comparative analysis of the approaches and directions is presented. However
all approaches have the shortcomings, partially the same as in Walrasian tatonnement
(auctioneer and etc.), partially new, as, for example, high information requirement of
processes with Jacobian and others. So, it allows us to make a conclusion: classical
and other modern views on the market and laws of its homeostasis are not quite
satisfactory from the modern point of view.

To clarify the case and to answer questions we seemingly need to reconsider our
views of what really occurs in the market. In our opinion there are a lot of commodity
exchange dealings and for all involved individuals these dealings are mutually benefi-
cial at the moment of their realization. The current resource allocation is generated as
a summation of all the accomplished dealings and of an initial endowment allocation.
During a time some new dealings are realized, some of them reiterate those made
earlier, other ones do not (probably this can be treated as a form of the rejection of
signed in the past dealings which are non-beneficial at the moment). It is extremely
important, that such “natural” process of a barter exchange goes itself, here there

I This result holds only under additional strong assumptions (gross substitutability and etc.).
2If one knows supply and excess supply is positive, then demand for a commodity can be calcu-
lated, but what can be done when excess demand is positive?
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is no demand with the supply, or prices. The investigations presented in this part
of the monography are aimed to formally describe and to study properties of these
processes. So further contractual approach will be analyzed that seems to be closer to
an intuitive imagination on real processes of prices and consumed resources forming
and to deliver better understanding of cooperative and individual features of agents’
behavior in a market. In particular, applying contractual approach one can suggest
the clearer description of transition processes to stable (non-dominated) allocations
and reveal a specific cooperative tatonnement process, which formally-mathematical
description is one of the goals of this study. This cooperative tatonnement supposes
that coalitions of agents are able to sign new mutually beneficial contracts (exchange
commodity dealings) and also each agent can partially break contracts signed in the
past if it is beneficial for him. The process of the signing of new and breaking of
old contracts is going in simultaneous regime (although, it is possible to consider the
separate version), and is extended over time. The last means, that in fact process
deals with momentary contracts, which together with signed in the past define the
process derivative.

Formally contractual process can be described via differential inclusion
#(t) € F(x), where z(t) is current allocation of resources. The right hand side of
this inclusion is formed via mutually beneficial contracts for various coalitions where
abilities of singleton coalitions are realized by means of partial breaking of contracts.

All feasible solutions of this inclusion form a set of feasible contractual trajectories,
which can or cannot converge to (potentially) final allocations. It is known from the
theory of contracts presented in the first part of monography (see Theorem 1.2.2 and
also Marakulin (2003, 2011)) that under some assumptions (interior point, differen-
tiable concave utilities) every proper contractual allocation (this is an allocation which
can be realized by a web of contracts stable relative to the signing of new contracts
and relative to partial breaking of old ones) is equilibrium allocation. The converse
implication is always true: every equilibrium can be presented as a proper contractual
allocation. Thus equilibria and only they (under assumptions) are stationary points
for cooperative proper contractual tatonnement. However a key question is: when this
process, starting at initial endowments, is converging and which stationary points are
stable. The investigation of convergency of contractual processes and related questions
is the main goal of this part of the monography.

The main difficulties of the study, as for determination and so for stating of pro-
cess convergence, are caused by an opportunity of the individuals partially to break
contracts (because along a trajectory utilities may change non-monotonically), how-
ever it reflects the substance of market processes and otherwise equilibrium relative
to initial endowments cannot be attained. It is also to analyze stability of equilibria,
but the form of stability actually depends on the type of processes and it may differ
for classical and cooperative tatonnement. Interesting their comparison, and it is pos-
sible, that there are equilibria which are stable in one sense but unstable in another
one. As a whole the analysis of convergence and stability of process also seems to be
a necessary step for developing the theory of barter contracts, this is important for
economic theory and rather complicated problem.



Chapter 4

Processes driving economy to
equilibrium

There is a vast economic literature, devoted to the research of processes driving a
multiproduct economy to competitive equilibrium. By now one can mark out at least
five approaches to explain market dynamics, they have own comparative advantages
and shortcomings. These approaches are:

(7)

(v)

Tatonnement processes of equilibrium prices of Walrasian® type. This is

tatonnement, where a current disequilibrium prices change by the law of excess
demand: if it is positive the price increases, if negative then price decreases.

Processes, in which the law of change of prices is defined due to Jacobi matrix
(differential) of excess demand function. The first process of this type was
suggested in Smale (1981).

Disequilibrium models of trade processes among consumers; among them Hahn—
Negishi process (Hahn, Negishi, 1962) and Edgeworth processes by Uzawa
(Uzawa, 1962).

Edgeworth processes. They are the processes of commodity exchange without
prices; they are based on a mutually beneficial barter (irrevocable) among the
members of any coalition of consumers. As time elapsed the coalitions of agents
participated in exchange may vary and run some class of permitted coalitions
(some coalitions can be forbidden, maybe because of that the formation of them
is incredible from the essential point of view and exchanges are not realized).

Strategic approach, where equilibrium and competition are examined from
purely game theoretical point of view.

Below we consider the specified approaches in more details in (limited) frameworks
of well-known Arrow—Debreu type economy of pure exchange. For convenience of an
exposition we begin with formal descriptions of model, introduction of notations and
reminder of concepts and notions.

Tn this process market prices on different goods are changed simultaneously, this is a modification
of original Walrasian idea suggested in Samuelson (1941).
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4.1 Survey of the literature

Let us consider a typical exchange economy in which L = R! denotes the space of
commodities (I is the number of commodities). Let Z = {1,...,n} be a set of agents
(traders or consumers). A consumer ¢ € Z is characterized by a consumption set
X, =L, = Rﬂr, initial endowments e; € X;, and a preference relation described by a
utility function u; : X; — R, where u;(x;) > u;(y;) means that agent i strictly prefers
a bundle x; to y;. This may be also standardly denoted as x; >=; y;. So, the pure
exchange model under study may be represented as a triplet:

E=(T,L, (X;,u-),e)icz ).

A pair of vectors (z,p), © = (z1,...,2,) € [[; Xi, p € R, is said to be a Walrasian
or competitive equilibrium of model &, if the price vector p # 0 and the following
conditions are satisfied:

(1) Vi € Z, px; <pe; & Vy; € Xy, yi > xi = py; > pey;

(”) ZiGI Ti = Zz‘el €.

Condition (7) says that for each i the bundle x; is an optimal budget-admissible con-
sumption plan, while (i7) means that these plans can be jointly realized (all markets
are balanced). Traditionally the concept of competitive equilibrium usually is ex-
pressed in the terms of equality between demand and supply or simply as the equality
to zero of excess demand.

Individual demand d‘(p) of agent i for prices p = (py,...,p) # 0 is the solution of
utility maximization problem

u;(y) — max, subject to py < pe;, y € X,.

If p > 0 and utility is continuous, this problem always has a solution and therefore the
(multi-valued) map d’(-) is well defined on R, ,. Together with individual demand,
it is sometimes convenient to consider individual excess demand function, determined
by formula z‘(p) = d'(p) — e;.

In a context of assumptions for Arrow-Debreu model the map (function) of excess
demand for a given prices is defined as a sum of individual solutions of consumer
problems for all agents of economy (total demand) minus the total supply. In such
a way the vector D(p) = >, d'(p) is called total or aggregated demand. As soon as
in a context of exchange model supply is fixed and equal to € = ), e;, then excess
demand under the prices p is

Z(p)=D(p)—e=> d(p)—> e=>» ().

T

Obviously, the maps of demand and excess demand are correctly defined on area of
change of the prices ]Rl+ +. Moreover, a vector p > 0 is the prices of equilibrium if
and only if Z(p) = 0 (or, equivalently, Z(p) < 0). In general, the excess demand map
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can be a point-to-set mapping,?> however, for simplicity we shall assume below that
demand is single-valued.?

Besides, under the natural model assumptions (classical convex, continuous prefer-
ences) function Z(-) is continuous on its domain R, . Moreover, where it is necessary,
we shall assume without special mentioning that it is differentiable in an appropri-
ate degree. By construction, the function of excess demand Z(p) is homogeneous
of degree 0 and satisfies Walras law*: (p, Z(p)) = 0, Vp > 0. For the existence of
equilibrium and also to provide the convergence of a number of processes of price
changes to equilibrium, in addition, it is usually assumed boundary conditions. The
basic example of this kind condition is the following: if p™ — p® € R, p° # 0 for
m — oo, then Z;(p™) — +o0 for p? =0,j=1,...,0. In the limits of this section we
always shall think that it is true everywhere, where it is necessary.

Further, we proceed to the direct description of specified above processes and
results.

4.1.1 Walrasian tatonnement process of equilibrium prices

There is the vast literature, devoted to the study this type of processes, now we note
only two reviews Hahn (1982), Polterovich, Spivak (1982), where one can find the
detailed description of problems and results. Further first of all we describe process
formally. The economy is described in most aggregated form via to excess demand
function Z : p — Z(p), defined for all positive prices p > 0, p € R%.

In a general case “tatonnement” is described as a process of prices
p(t) = (pj(t))j=1,..1, t > 0 changes, as the solution of the following system of the
differential equations:

pi(t) = F'(Zy(p)), j=1,....L (4.1.1)

Here it is always assumed that all functions F7(-) are sign-preserving, i.e., we have
Zi(p)F'(Z;(p)) > 0 < Z;(p) # 0. Exactly this property of right-hand side of
(4.1.1) implies that the price of j-th commodity adjusts in the same direction as
excess demand for that commodity: it increases when excess demand is positive and
vice versa. It is commonly assumed in addition (Hahn, 1982) that L Fi(z) > 0
for points from an appropriate area for process (4.1.1). It is known (Hahn, 1982)
that the solution of our system exists and is unique for every initial data p(0) > 0.
In classical tatonnement it is presumed a simplest form of functions F?(Z;(p)) =
Zi(p), i.e., in classic approach FJ(-) is identity map of real numbers into itself. In
this case, the system of differential equations (4.1.1) turns into p = Z(p). Some
“intermediate” variants are also considered in literature where, for example, it is
supposed F7(Z;(p)) = k;Z;(p) for some real k; >0, j =1,...,1.

Essential treatment of tatonnement process (4.1.1) is commonly based on a hy-
pothesis of fictitious auctioneer, which, similar to how it occurs in real auctions, raises

2For example, in Polterovich, Spivak (1982) it was investigated convergence to equilibrium of
Walrasian processes and its stability under point-to-set excess demand mapping.

3Tt is provided by strictly quasi-concave utilities.

4For Arrow-Debreu model it is provided due to local non-satiated preferences.
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the price when demand exceeds supply and, accordingly, reduces price, if the demand
is less than supply. An auctioneer is not revealed in model (Arrow—Debreu type) eco-
nomic agent, this is some impersonal being, whose actions reflect an invisible hand of
the market. It is not quite clear in fact how the markets really work in a disequilibrium
situation, during the search of equilibrium, because there are no revealed microeco-
nomic models of process and of agents’ behavior out of equilibrium. In the literature
hypothesis on the existence of auctioneer and similar constructions are criticized and
are recognized as unrealistic, for example, see Kreps (1977) p. 195-198; Fisher (1983),
p. 19-26. Fisher (Fisher, 1983) have noted the following difficulties in the process
(4.1.1) interpretation: First, “... It has nothing to do with the question of whether
or not trade, consumption, or production takes place out of equilibrium” (actually,
exchange is possible only when equilibrium is attained!). Second, “...we know very
little about how individuals do or ought to behave when equilibrium is not presented;
hence, the resort to an aggregate equation”. Finally, “...in the unrealistic world of
no trading out of equilibrium ... individuals take action to make their excess demand
effective. ...they can take such action which ... implies that they have something of
value which they can and do sell so as to have something to offer when they buy...”
So, out of equilibrium individuals have to buy and sell to reveal their excess demand,
for the price changes to be going, but actually they can do it only under equilibrium
prices.

Summarizing, one can conclude that equilibrium theory needs an adequate dy-
namic theory, in which framework the process of equilibrium prices searching has to
be revealed.

The subject of criticism is also rather rigorous conditions, under which one can
guarantee the convergence of process (4.1.1) to equilibrium. Results on convergence
and stability of process (4.1.1) mainly are based on the property of gross substitutabil-
ity of excess demand functions, in various forms of generality, or just on the axiom of
revealed preferences and others. Let us consider these assumptions in more details,
see Mas-Colell et al. (1995).

e A function® Z(-) has the property of gross substitutability (GS—property), if for
any prices p’ and p such that p), > p,, is true for some m and p) = pj, for k # m,
then Zy(p') > Zi(p) takes place for all k £ m, k=1,...,1L.

For a differentiable function Z(-) the condition of gross substitutability takes
the form 0Z(p)/Opm > 0, Vp > 0, Vk # m.

e An excess demand function Z(-) satisfies weak aziom (WARP) of revealed pref-
erence, if for any couple of vector-prices, p and p/,

Zp)#Z(p) & pZ(p) <0 = pZ(p) >0

takes place.

5In a context of an exchange model the gross substitutability of excess demand function and
demand function are equivalent.
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Being applied to (aggregated) excess demand function, the properties of gross sub-
stitutability and (weak) revealed preference are, in general, non-equivalent and rather
strong requirements. However, both of them have common important corollaries:

(7) The set of equilibrium prices is convex.

(13) If p* is equilibrium price, then p*Z(p) > 0 for all p > 0 which are not propor-
tional to p*.

In particular, property (iz) allows us easily to understand why process (4.1.1) is
converged, if one of the specified conditions is carried out. Really, in the sim-
plest case of (4.1.1), when p = Z(p), it is enough to differentiate by ¢ the func-
tion of squared Euclidean distance between a current prices and equilibrium prices,
Ilp(t) — p*||* = Zézl(pj(t) — p;)?. By virtue of Walras law, we obviously have
Llp(t) — p*||* = 2(p(t) — p*)p = —2p*Z(p) < 0. So, we see that the distance be-
tween a current vector of prices and equilibrium ones decreases when time is going.
Finally, we would like to mention one more classical condition, providing the local
convergence of tatonnement process, this is the property of diagonal domination of
Jacobi matrix D,Z~ (p*) = A, without the last row and column, of excess demand
function Z(p) in a point of equilibrium p*. Formally, diagonal domination means

Ih=(h1,... . 1) 200V hjag; < = hilagl.
Py
Gross substitutability implies this property, but the opposite is false. Moreover, in
literature there are unknown other examples of diagonal domination. The diagonal
domination and other similar requirements, e.g. see Theorem 1.7 in Hahn (1982),
implies that eigenvalues of A have negative real parts and this provides the local
stability of price adjustment process.

4.1.2 Processes of the prices change, using Jacobi matrix of
excess demand function

First, we would like to note that a large part of the critical remarks, made relative to
Walrasian processes, can be also addressed to the processes of this type.

Smale (Smale, 1976) investigated the convergence of prices changes process, based
on (global) Newton method,® which is usually applied to find a solution of a system
of the nonlinear equations. The process is determined as:

[DpZ™(p)lp = —A(P)Z~ (p). (4.1.2)

Here Z~(p) is an excess demand for all goods excepting (for example) the last one,
and D,Z~ (p) is Jacobi matrix of excess demand function, excepting the last row and
column.” Tt is supposed, that the sign of functions A(p), entering as a factor in the

6For the first time the method was offered and partially investigated in Arrow, Hahn (1991).

"Here the last row and column correspond to a commodity, which is used as a numeraire good.
The elimination of a row and a column is necessary, to allocate square nonsingular submatrix in
J[Z(p)]; since excess demand is homogeneous, J[Z(p)]p = 0 and, therefore, matrix J[(p)] is always
singular.
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right part of (4.1.2),® coincides with the sign of (—1)""'det[D,Z~(p)]. If D,Z (p) is
non-singular matrix in the domain of p changes, then process (4.1.2) can be rewritten
in an explicit form
p==Ap)DyZ~ ()2 (p).

Smale (1976) has proved that this process converges to equilibrium for any aggregated
excess demand function,” if the initial prices p(0) # 0 are on the boundary of Rﬂr (area
of prices change), except for a set of zero measure (with the account of normalization),
and under an additional requirement that D,Z~ (p) is non-singular in effective area of
prices change (these are positive and normalized by the last component). Certainly,
this is a remarkable result, however its weak side is too large informational require-
ments. At each time moment the process of prices change requires a knowledge not
only excess demand, but also Jacobi matrix, i.e., the change of price in the market
explicitly depends on how the prices on other markets are changed.

Kamiya (Kamiya, 1990), developed Smale’s approach, and has offered process,
defined as

D,Z~(p) B I
1D, Z= (Pl llp = p(O)]]

Here, as well as in Smale’s process, D,Z (p) is Jacobi matrix of excess demand
without the last column and row, p(t) is (I — 1)-dimensional vector-function of the
prices without last component p;(t), such that ||p(t)|| < 1 and p(0) is an initial vector
of the prices of the same dimension. It is assumed the sign of real-valued function
A(p), placed in the right part of (4.1.3), is opposite to the sign of the determinant of
matrix, entered in the left part of (4.1.3), i.e., the sign coincides with the sign of

p=—-Xp)Z (p). (4.1.3)

I _ _DvZ7(p) : :
det [Hp—p(o)ll HDZZ*(I?)H]' Using methods suggested by Smale, Kamiya proves, that

the process (4.1.3) converges to equilibrium for almost all initial data p(0) from the
interior of Rﬂ:l.

Mukherji (Mukheryi, 1995) investigated another process, using Jacobi matrix of
aggregated excess demand function:

p=—JZp)]'Zp). (4.1.4)

He has shown in Mukherji (1995), that the process (4.1.4) belongs to a group of so-
called locally effective processes (LEPM): the processes of this type converge to any
(regular'®) equilibrium locally (i.e., for the equilibrium prices there exists a neighbor-
hood, such that if p(0) in the neighborhood, the process converges to the equilibrium).

Concerning all described above processes, and also other processes from this
group,!! it is possible to state one common remark: all of them require too much
information. Moreover, Saari, Simon (1978) has proved that this is an unavoidable
property of any LEPM-process, i.e., actually, it is a necessary condition for the pro-
cess to be locally effective for (almost) any function of aggregated excess demand. In

8Certainly, it is necessary also to postulate other properties of A(p), ensuring existence and unique-
ness of solution (4.1.2).

9Here the economy completely is set by function Z(p).

10 Jacobi matrix of excess demand at equilibrium point has the maximal rank equal to [ — 1.

HFor example, for orthogonal Newton process, described in Jordan (1983).
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relationship we would like to recall Sonnenschein-Debreu—Mantel results, see survey
Shaher, Sonnenschein (1982), about representation of a general aggregated excess de-
mand function as an excess demand function for Arrow-Debreu model. They show
that any continuous, homogeneous and obeying Walras law function allows represen-
tation in the specified for Arrow—Debreu model form, the model where the number
of the agents is equal to the number of commodities. In so doing the utilities of in-
dividuals may be classical: continuous, strictly concave, monotonous and, moreover,
homogeneous (degree 1). Thus, one can go to the following conclusion: any locally
effective mechanism of prices change based on excess demand function for Arrow—
Debreu model is informational requiring and, with necessity, has to use (whole!) Ja-
cobi matrix J[Z(p)] of excess demand. In particular, making comments to Smale’s
process, Hahn (Hahn (1982), p. 767) replies: “Obviously these results are interesting
as algorithms and not as models of invisible hand.”

4.1.3 Disequilibrium models of trade processes

There are at least two disequilibrium processes known in literature in a context of
a pure exchange model, see Fisher (1983), Mukherji (2003). These are Edgeworth
process by Uzawa (Uzawa, 1962), and Hahn'’s process (Hahn, Negishi, 1962), so-named
in Negishi (1962). It is a common feature of both processes, that endowments are
varied at the time, i.e., initial endowments e = (e, es,...,€,) € RT are the function
of time, e : [0,+00) — RT (n is the number of agents). As well as in Walrasian
processes (tatonnement), real consumption comes only at the end of the process where
it is described by a limiting point of e(-). Further, we consider other specific features
of processes.
Common properties. The prices change according to excess demand:

(o= { o Pk s b ZBERB N

Here the functions F7(-) satisfy the usual requirements: continuity and sign-
preservation.

There is a law of change of the initial endowments, which can be also treated as
(current) allocation of consumed resources e : [0, +o00) — R, and this map has to
obey the requirements:

VieZ, &(t)=gpt),el)) —elt Zel Zez Vt e [0,+00), (4.1.6)

where all functions g¢;(p(t),e(t)) are assumed to be continuous and, in addition, to
satisfy “No Swindling” condition:

VieZ, pt)ei(t) =0 <= p(t)g;(p(t),e(t)) = p(t)ei(t), ¥t > 0. (4.1.7)

Essentially, in both processes the functions g;(p(t),e(t)), i € Z set a rule of trade
(trading or transaction rule). Other requirements in processes differ.
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Hahn’s process. A specific requirement is the assumption that markets are orderly:
vVt >0

Zi(p(t),ei(t) Z;(p(t), ei(t) >0, j=1,2,...1, (4.1.8)

unless the case zj(p(t),e;(t)) = 0 for all i = 1,2,...,n. Here 2j(p(t),e;(t)) is
individual excess demand of i’s agent for the commodity j under current prices and
endowments e;(t). This requirement means, that if the market of a product j is not
balanced, then all agents have positive excess demand or supply (there are hence

only unsatisfied demanders or suppliers for any given good).

Edgeworth’s process by Uzawa. It is supposed that endowments (here it is a current
consumption) are changing so that monotonous growth of utility of each individual
goes, at least for one in strictly form, if it is possible in general, everything under
constraints (4.1.6), (4.1.7). Formally it is defined as: V¢ > 0

ui[gi<p(t)ve(t))] > Ui[ei(t)]v Viv (419)
uilgi(p(t), e(t))] = wile:(t)], Vi <= gi(p(t),e(t)) = ei(t), Vi &
V(@i an) €RY :p(t)a; = p(t)e;(t) Vi & > = > ei(t),

Ik ug(zr) > ug(er(t)) = Fi: wi(z;) < uilet)).

Thus, at each current moment of time, a state of economy changes if and only if it
appears possible mutually beneficial exchange within the framework of budget con-
straints.!?

Both described processes (Hahn’s process and Edgeworth’s process by Uzawa) are
converged to some Pareto optimal allocation under more or less standard assumptions,
including boundary condition (provides a movement of a trajectory in the limits of
RT ), and additional assumption about strict concavity of utility functions, see Hahn,
Negishi (1962), Uzawa (1962). In so doing price processes are also converged (for
Edgeworth’s process by Uzawa see Mukheryi (1974, 2003)) and the limiting prices are
the prices of equilibrium for the given limiting resources allocation (here this is initial
and final allocation simultaneously), this is a situation of no-trade.

The detailed description of specified disequilibrium processes one can find in Ar-
row, Hahn (1991) (part 13), Hahn (1982), Fisher (1983), Mukherji (2003), where their
criticism is also contained. For example, Fisher (Fisher, 1983), being an advocate of
Hahn’s process, criticized Edgeworth’s process by Uzawa in the following way. First,
it is not clear, why Pareto improving trade actually will takes place whenever such
a situation arises. The reason is that it is possible that all coalitions of the agents,
capable to do such mutually beneficial exchange, can have too large size, and small
coalitions (bilateral or trilateral or quadrilateral trade and so on) are unable to carry
out Pareto-improving exchange. Admitting an opportunity of exchange in the huge

12Uzawa also assumes that functions g;(-), determining barter process along a trajectory, take val-
ues equal to the demand of individuals, if aggregated demand is equal to supply (price of equilibrium
for current initial endowments). I did not identify a place where we need it. In my opinion this is
excessive assumption, though I cannot disagree with it.
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coalitions, we impose “very heavy requirements on the dissemination of information
and to assume away the costs of coalition formation.” Moreover, the inclusion into
the model of money as means of exchange actually does not change a situation. Sec-
ond, Edgeworth’s processes do not admit a revealed opportunity of production and
consumption in disequilibrium situations, now it is still open quest.'® Third, the as-
sumption that a trade takes place only when the utilities of individuals are increasing,
is not as harmless as it seems. In a true disequilibrium world, the individuals “trade
even then there is no direct utility (or profit) gain from so doing because they wish to
take advantage of arbitrage opportunities, speculating on their ability later to retrade
at more advantage prices.” Moreover, Fisher writes: “Yet a crucial aim of stability
theory must be to examine the question of whether arbitrage drives a competitive
economy to equilibrium.”

On the other hand, Hahn’s process also does not avoid shortcomings. One of them
is that before purchasing something, one needs to sell something. Therefore, many
of the potentially interesting bargains may be not realized. In order to solve this
problem, Arrow and Hahn (Arrow, Hahn , 1991) directly introduced money into the
model, using it as the intermediary-goods in any barter bargain, and imposed other
additional assumptions. Mukherji (Mukhersi, 2003) also criticizes Hahn’s process and
specifies a main its shortcoming: the absence of revealed wvoluntary nature of barter
bargains in process.

If there is no specific model, explaining in an microeconomic way how and why
(non-mutually beneficial) barter bargain is realized, voluntary can be understood
only as a condition, attracting monotonous growth of utility of the individuals along
trajectory, 7.e., realizing bargain all its participants should win.

Finally, both processes are indirectly based on a hypothesis of auctioneer, since
due to definitions they satisfy (4.1.5).

4.1.4 Edgeworth’s processes

They are the processes of change of current resources allocation, described in con-
tinuous or discrete time, which are going without prices and, accordingly, there are
no budget constraints. Essentially, the processes of this type are close to contrac-
tual processes without breaking of the contracts, see Hahn (1982) p. 772-777, and
also the sections below. The basic sense of process is that the process generates a
trajectory in space of allocations such that along trajectory there is the monotonous
growth of individual utilities, and at least for one strictly, if a current point still is
not Pareto optimum. A process of this type can be set, for example, via a rule of
trade, described by functions g;(e(t)), i € Z, similarly as it was made in the previous
paragraph (however here there are no prices): e : [0, +o0) — R’

n n

Vi€, é&(t)=gie(t) —eit), Y et)=> e0), Vte [0,+00).

i=1 =1

13 Hahn (1982) noted the work of Hurwicz—Radner-Reiter (Hurwicz et al., 1978), in which the
process is considered in a stochastic context and, moreover, it is also shown that the production can
be incorporated into model.
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The functions g;(-) are continuous and satisfy conditions (4.1.9), with the exception of
budget constraints.'* It is simply to prove that every limiting point of such a process
is Pareto optimal.'®

There are a number of papers where Edgeworth’s processes are considered in
stochastic context (see survey Hahn, 1982; and also Hurwicz et al., 1978, Graham,
Weintraub, 1975), where, in our terms, on the set of all mutually beneficial contracts,
some reasonable probability distribution is defined. The appropriate stochastic pro-
cess converges to a Pareto optimum with probability 1 (we omit other specific features
and assumptions).

There are also papers, in which Pareto boundary is attained by the efforts of
coalitions of limited size (agents are not more than the number of commodities). The
first result of this type was received in Polterovich (1970), see also Feldman (1973),
Graham et al. (1976), Madden (1975), Green (1974). However, in so doing each active
in barter process coalition carries out transition on intra-coalitional Pareto boundary
(relative to current allocation) and all permissible coalitions are incorporated in a
cycle which is repeated infinite times (compare with (4.1.9)). Thus, essentially these
processes are discrete in time.

There are also papers, in which the transition to core allocations are realized,
see Green (1974). Here a stochastic context is also available, where the reaction of
current blocking coalition replenishes with the reaction of supplementing coalition,
that forms the transition from a current allocation in subsequent one. In such a way
an allocation from core (if necessary the procedure is repeated infinitely) is attained
with probability 1.

It is clear that in all of these directions contractual context is available and, more-
over, the contract-based language is simpler, more convenient and it can be better
interpreted.

4.1.5 Strategic approach

This direction began to develop in the economic theory from the middle of 1980s of
last century and was aimed to clarify the basic hypotheses of competitive equilibrium
theory in a context of a strategic game.'® An idea was to apply game theoretical
methods to give the answers on such questions as: whence the prices are undertaken
and who defines them, why the agents should accept the prices as given and why they
cannot change them (a consumer is said to be a “price-taker”), that is equilibrium and

14This assumption is important for the process converges to Pareto optimum. In Hahn (1982) p. 773
there is another description of process, requiring only a growth of utilities without restrictions on the
derivative of process. Such a process can be finished at an “irredundant” point, which is not Pareto
optimal, an elementary example can be constructed: Let a : [0,+0c0) — [0, 1], supp(a) = [0, 00),
JoS e(t)dt =1 (one can take a(t) = ﬁ, fg a(s)ds=1-— (1—_1“)) and let v be a mutually beneficial
contract such that u;(z; + Av;) strictly increases in A € [0,1], Vi € supp(v), but z* = = + v is not
Pareto optimum. Then a trajectory of process z(t) = = + vfot a(s)ds obeys all Hahn’s conditions
and z(t) = = + v for t = 4o0.

15We can not give exact reference, but it seems that this (elementary) fact was clear to economists
for a long time ago, and Uzawa is one of them.

16Tt is also called as a game in normal form.
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perfect competition? The answers to these and other important theoretical questions
are given in the analysis of some game in extensive form. These games belong to a
class of DM BG-games (dynamical matching and bargaining games), constructed by a
model of an economy in a special way. For lack of an opportunity to enter in detailed
explanations, we specify only two sources of the literature: Gale (2000), Kunimoto,
Serrano (2004) and we briefly describe only the basic ideas of the approach!” in a
context of one possible game model.

In the best-known version ( Gale, 2000) in economy, there is a continuum of agents,
presented by a finite number of types. Each type is characterized by initial endow-
ments vector and by von Neumann-Morgenstern utility functions. Commodities are
infinite divisible, time is discrete and is indexed by the natural numbers. During each
time period, each agent can meet the partner with some fixed probability. If some
pair of the agents has met, then it is chosen with equal probably an agent who makes
an offer to another agent, wanting to get the product vector w € R! to be trans-
ferred to him from his opponent. If the agent accepts the offer, her/his consumption
bundle changes on —w, and the partner’s one on +w (only the allowable offers are
under consideration, they are not to allow consumption bundles to leave the limits
of consumption sets).!® If the agent does not accept the offer, the consumptions do
not change. The individual who does not accept the offer made to him, can leave
the market at a next moment in time, no other individual (accepting the offer or not
taking part in the given round) can leave market. An agent who never leaves market
receives utility equal to —oo (thus, the consumption is possible only after leaving).
A player’s strategy is a plan that prescribes her/his bargaining behavior in different
trade situations for each period, depending on current consumption, type of partner,
her/his current consumption and the offer made by him (if it happens). The strategy
of the agent depends on the realized (by him) earlier bargains and, if the offer is made
to him, it may takes the values: “accept the offer”, “reject and stay”, “reject and
exit”. It is supposed that the agents of the same type use common strategy. However,
in view of the previous acts of trade, the different agents can have different current
consumption bundles, but for each type only a finite number.

Further, for constructed DM BG-game a concept of market equilibrium is intro-
duced, which is in fact a specialized kind of perfect Bayesian equilibrium and in
discrete (equivalent) variant of game is presented as a sequential equilibrium. The
basic result is the theorem which states that in every market equilibrium each player
leaves the market with probability 1 if her/his consumption bundle is equal to a bundle
according to Walrasian equilibrium.

Thus these studies suggest a specific answer to the question of how economic
system arrive at equilibrium and are aimed to solve similar problems of equilibrium
theory, which are related to the validity and possibility to be correctly realize basic
theoretical hypotheses. In our opinion, the most attractive part of strategic approach
is the clear description of what and how the individuals make trades in uncertain
market circumstances. In literature there are many generalizations of this approach,

17 Apparently, it was Douglas Gale’s idea, but it seems that it is a suitable adaptation and devel-
opment of ideas of previous researchers, see Gale (2000).
18Tn contractual terms w is a proposition to conclude the barter contract (w, —w).
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see e.g. Dagan et al. (2000), Yildiz (2003). Finally, notice that comparing strategic
approach with contractual one can find an analog of possibility to break contracts: the
key element of contract-based approach. Really players are applying selected equilib-
rium strategies, i.e., inappropriate strategic variants were culled (broken) somewhere
in the past.

Conclusion to Chapter 4

In this chapter we described the known in the literature results offering and justifying
the processes driving an economy to equilibria.

There are at least five different competing approaches which have been elaborated
so far to explain how real markets operate, and how economy attains equilibrium,
namely: Walrasian tatonnement, the disequilibrium dynamic model, Edgeworth’s pro-
cesses, Smale-type processes and Strategic bargaining approach. Basically, they are
the processes of price changes, but among them there are also processes close to the
contractual one: it concerns Edgeworth processes, Edgeworth processes by Uzawa and
Strategic approach.

Each of the presented processes has some advantages and shortcomings, but
none is completely successful and convincing. The known historian of economic
thought, Mark Blaug, commented on this puzzle in an interview for “Challenge”
(May-June 1998). To the question “What are the major issues on which we have not
made progress?” the answer was: “Markets and how they actually function; that is,
how they adjust to match demand and supply. We in economics know a hell of a
lot about equilibrium, but we really don’t know how markets actually get to equi-
librium.” We would add that, in reality, we hardly see equilibrium itself, but some
infinite convergence process involving reaction to shocks. This study suggests a sixth
approach to this puzzle.



Chapter 5

Dynamical contractual process as
cooperative tatonnement

We begin with the description of contractual economy and main contract-based con-
cepts in an appropriate form of generality. Further, the basis of dynamical contractual
processes is described.

5.1 On the definition of contractual trajectory

Let us consider a typical exchange economy, described in Section 4.1 and presented
as a triplet:

E=(Z, L, (Xi,ui("), €)icz )-
Let us denote by £ = L? the space of economy allocations, let e = (e;);er be the
vector of initial endowments of all traders of the economy. Denote X = [[..; X; and

define
AX)={r=()icz € X | zi=) e},
i€ i€
the set of all feasible allocations in &.
Everywhere below we shall assume that model £ satisfies the following smoothness
assumption (D).

(D) All utilities u;(+) are concave and twice continuously differentiable functions,
such that Vx; € X; = Rﬁr, Vi € Z, Vui(x;) # 0 and matrices VZu;(x;) are negative
definite.

Further, we briefly recall different contractual concepts, see Chapter 1.
By the formal definition, any reallocation of commodities v = (v;);ez € L, where
v; € B, i €Z, i.e., any vector v € L satisfying Y v; = 0, is called a (barter) contract.
In this project context, we assume that every contract is permissible.
A finite collection V' of permissible contracts is called a web of contracts relative
toy e X it
WUy)=y+Y veX VUCV.

velU
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A web of contracts V relative to e is called a web of contracts or simply a web. Note
that V' = () is a web relative to every y € X. Notation z(V) = e+ > ., v denotes
the feasible allocation sustained by V' relative to e. For any contract v € V', let us set

S(v) =supp(v) ={i € Z |v; # 0}.

the support of the contract v. It is assumed that contract v € V may be broken by
any trader in S(v), since he/she simply may not keep his/her contractual obligations.
Also, a nonempty group (coalition) of consumers can sign any number of new con-
tracts. Being applied jointly, i.e., as a simultaneous procedure, these operations allow
coalition T' C 7 to yield new webs of contracts.

In contract-based approach, the notion of domination via a coalition is extended
onto webs of contracts which can be transformed during contractual process. Let us
recall terminology (see Definitions 1.1.1, 1.1.2).

A web of contracts V is called stable if there is no web U and no coalition T' C Z,
T # () such that U>T-V.

A web of contracts V is called lower stable if there is no web U and no coalition
T CZI,T # ) such that U>T-V and U C V.

A web of contracts V' is called upper stable if there is no web U and no coalition
T CZ, T +# () such that U>T—V and V C U.

An allocation x is called contractual (lower, upper contractual) if z = (V') for a
stable (lower, upper stable) web V.

It can be directly deduced from definitions that in any standard market every
core allocation allows an alternative description as a contractual one; accordingly,
Pareto optimal allocations correspond to upper contractual ones, and individual ra-
tional allocations are lower contractual ones etc, see Theorem 1.2.1. The concept of
properly contractual allocation is also very important, this concept provides an alter-
native description of equilibria (assumptions: interior point, smooth preferences, see
Theorem 1.2.2).

The simplest way to introduce the concept of a properly contractual allocation
can be done in the following manner. Let V' be a web of contracts. For a real a define
aV ={a-v|v eV} ie oV is a web, yielded from V' by multiplying contracts on
a. For 0 < a <1 consider web U = aV U (1 — a)V, which obviously implements the
same allocation z(U,y) = z(V,y). The web U = aV U (1 — a)V is called a-partition
of the web V. An allocation z = z(V,y) is properly contractual if a-partition of V' is
stable for every a € [0, 1].

The economic meaning of proper contractual stability of an allocation is that we
allow the agents not only to sign new contracts but also partially break contracts if
exchange proportions remain constant. This extends agents’ operating potentialities
and approaches contractual processes to market processes under perfect competition
conditions, see details in Chapter 1, 2.

Further, let us turn to the main subject of this study: the investigation of
the stability of trajectories which correspond to the proper contractual behavior of
traders. However, first we would like to specify one possible interpretation of proper-
contractual behavior, driving economy to properly contractual allocations.
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Suppose that an economy is not static and lives during a long-duration interval of
time. As time elapsed individuals sign the rather short-term contracts on an exchange
of commodities. The contract assumes mutual deliveries of goods among agents and,
after its execution, an opportunity of renewal, 7.e., the same contract can be signed
again, but now it is realized during another time period. The agents can agree with
the contract’s renewal (prolongation) or disagree, first studying an opportunity to
prolong contract in smaller volumes. Thus, instead of breaking of the contract, even if
partial, for economy in dynamics living a long time period one can speak about renewal
and non-renewal of the contracts. Notice that if resources are renewed then according
to this interpretation agents can consume goods as time goes on, notwithstanding the
fact that current situation is a disequilibrium one. It seems natural to assume that
stable in time contracts, i.e., regularly renewed contracts have to take out economy
to equilibrium performance (there is no production!). However, the convergence to
such a state is not clear and requires careful research.

We believe that suggested description of economic exchange processes—due to
rules of proper-contractual behavior—essentially closer to intuitive representations
about their character in the real economic environment in comparison with processes
considered in items (i)—(iv) of the previous section.

5.1.1 Contractual trajectory: preliminary analysis

Formally, a trajectory is a map z(-), operating from [0, +00) into the set of all feasible
allocations, i.e., into A(X),

z(+) : [0, +00) = A(X).

Here the vector z(t) = (z;(t))7 is a feasible bundle of consumption plans, realized at
the moment ¢t > 0. It is presumed that ¢ = 0 is the initial time point, the process
‘starts’ at this point from initial endowments allocation, i.e., we set z(0) = e.

We are interested in not arbitrary trajectories of this type, but trajectories which
can be realized during contractual processes via commodity exchange among agents.
Presume at > 0 is the time period during which a contract v is realized, and presume
that other exchange operations with commodities (the signing of new contracts or
the breaking of existing ones) were not realized. Then at the moment t' = ¢ + at
trajectory takes value x(t') = x(t) + v, wherefore v = z(t') — x(t). As soon as
other contractual operations in interval [t, '] were not conducted, one may think that
at the point t” = A’ + (1 — A\)t, A € [0,1] the trajectory value is produced from
values of endpoints, which are mixed in the same proportions, i.e., one can postulate
z(t") = Xx(t') + (1 — N)a(t).! This can be rewritten in the form x(t") = x(t) + \v =
x(t 4+ Aat) — z(t) = \v and therefore,

z(t+ Aat) —x(t) v

r(t) = i = — = = z(t)at.
&(t) AS 40 Aat at v=it)a

L Applying ‘physical’ interpretation, one can say that the uniform (constant) speed of contract
realization in interval [t,t'] is postulated.
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Further, let us assume that during time interval [t, t'] there was a (finite) sequence
of signed contracts, such that their time periods of realization are not overlapping. Let
m be a number of contracts. One can think that the final time point of one contract is
simultaneously the starting point of another contract: if not, we can always replenish
system with an appropriate number of zero contracts. So, interval [¢,¢'] is divided
into m intervals, determined by points t = tq < t; < ... < t,,, = t/, such that [t;_1, ;]
are time intervals of contracts vy = x(tr) — x(tr_1) realization, k = 1,...,m. Put
Aty =t — tr_1 and due to previous formula, find

m m t
p(t') =a(t)+ Y v =a(t) + > d(tpr)aty = x(t) + / i(s)ds.
k=1 k=1 t
As soon as by assumption contractual process starts at the moment ¢ = 0 at the point
e, we have
t
: . v
z(t)=e +/ i(s)ds, @(s) = —=, Vs € [tr_1, t].
0 Aty
Further holding ourselves away from the latter (simple) deduction or in other
words, if we allow ourself to consider a limit variant of last formula then the number
of contacts is passing to infinite and the realization time of each contract is passing
to zero, one can draw the following conclusions.

(1) Contractual trajectory, which for a finite number of contracts is represented as
integral of some step function, in general case is the integral of some integrable on
every finite interval function Z(-) and is defined via formula

z(t) =e —i—/o x(s)ds. (5.1.1)

In other words, contractual trajectory is an absolutely continuous® on every interval
[0,¢], ¢ > 0 map
z(+) : [0,400) = A(X).

So, we have provided the first property of contractual trajectory definition.

(73) Derivative &(-) of a contractual trajectory in general case is defined almost
everywhere on [0, +00) and the value #(t) defines a (momentary) contract, signed at
the moment ¢ € [0, +00). If the time at > 0 of contract realization is known, that
formally means &(t') = ("), Vt',t" € [t,t + at], the resulting (gross) contract can be
found from v(t) = #(t)at. In other words, the derivative of contractual trajectory can
be understood as a barter contract per time unit. Notice also the obvious corollary:
the range of derivative is the subspace of contracts, i.e.,

#(-) 1 [0,400) > £°, L={veL|v=(v)r: Y v;=0} (5.1.2)

2A function f(-) with domain [a, b] is said to be absolutely continuous if Ve > 0 3§ > 0 such that
X | f(bk) — f(ak)| < € holds for every finite system of pairwise non-overlapping intervals (ag, b) C
(a,b), k=1,2,...,m, which obeys X7, (bx, — ax) < 4.
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One more remark in addition. What is a contract for a given trajectory? By
definition of contractual trajectory (curve), we can not determine it in general because
we do not know the duration of the contract’s realization (what does zero duration
mean?). This is why one can correctly say only about momentary contracts, or about
the summation of contracts, signed during a non-zero time interval. Keeping this
point of view, one can say about the summation of contracts for a “measurable time”
© C [0, 7], where © is any measurable subset of interval. In such a case, we have

Souls) = [ als)ds.

S}

Surely, items (i), (i7) do not describe all properties of contractual trajectory related
to contractual processes; these are only initial, unconditional requirements. Further,
let us consider other features of trajectory which correspond to contractual processes.
In addition, it is necessary to take into account conditions, at which contracts are
signed, and also character of a trajectory changes under the breaking of contracts.

For the constructive description of contractual processes, related with the breaking
of contracts, it is convenient to consider an extended understanding of a trajectory
described below, we shall call this a coalitional trajectory.

Suppose that for each coalition S C Z with at least two elements, card(S) > 2, an
(absolutely continuous) map

v9 [0, +o0) — £, gz{v€2|v:(vi)z:Zvi:0 & v; =0,Vi ¢ S}, (5.1.3)

1€S

is determined. Essentially, v°(t) is gross (total) contract, achieved by the members of
a coalition S at a moment ¢t > 0. A collection of all such maps {v¥(t)}sex = V (t),
related to a set of permissible coalitions K C 2%, obviously determines a trajectory in
a previous sense by formula

w(t)=e+ Y o(t), t>0. (5.1.4)
SeK

Notice that in this description of contractual trajectory we actually describe not only
a current allocation, but a set of warying with time contracts, where each coalition
has the only current gross contract (for forbidden coalitions—=zero). As time elapsed,
this set can be transformed according to the rules of proper-contractual behavior.
Therefore, to ensure that an allocation realized after partial breaking of the contracts
from V(t) is feasible, it is necessary in addition to require that V(¢) is a web of
contracts (relative to e).

We would like to finish by noting one important thing. Basically, the trajectory
x(t), t € [0,400) comprises the whole information on the contracts made by the
agents, their volumes and the time moments of signing. This information is contained
in the derivative of trajectory &(t). Therefore a coalitional-contractual trajectory is
not a new object, but just a convenient form for representation of information in
adequate aggregated kind. Really, for each map the value v¥(¢) at a point ¢t > 0 can
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be determined by the formula

v3(t) = / i(s)ds, O ={s€0,t]|i:(s)#0,i€S & i;(s)=0, ie€T\S}
0%

However, there is one nuance here, which can appear in the case when two or more
pairwise non-intersected coalitions are independently signing new contracts at the
same moment of time, or simply the time intervals of contracts’ realizations are over-
lapping. Essentially, the consideration of such situations is consistent, especially in
coalitional-contractual context. To avoid some collisions, related to appearing now
ambiguity in the restoration of gross coalitional contract via derivative of trajectories,
the easiest way is to conduct analysis in the terms of a coalitional trajectory.

5.1.2 Contracting and recontracting processes

A coalition can sign a new contract only if all members of coalition have relevant
motives in signing, i.e., after contract’s realization (up to current moment) the utility
of every member has to increase. In the last section, we have seen that contract per
time unit is the derivative of trajectory at time point. Thus for smooth preferences
one can think that contract v will be signed by coalition S, i.e., trajectory moves
along vector v = &(t) only if supp(v) = S and

(#:(t), Vu;(x(t))) >0, Viels.
Since v; = 0 if i ¢ S, then we can write a determining condition:
zi(t) #0 = (&:(t), Vui(z(t))) >0, VieZ, Vt>O0. (5.1.5)

This condition characterizes moment ¢ as the case of the contract signing. Now let us
consider the case of contracts’ breaking.

The description of the contractual process with the partial breaking of contracts
is possible in a rather general framework. However, in such a case the formal-
mathematical analysis of process, with the purpose to prove its convergence, looks
very difficult, at least at this stage of research. This is why further we shall make
several simplifying hypotheses. These hypotheses determine basic parameters: which
contracts, in which time moment and in which volume are broken off, i.e., all vagueness
of contractual process related with the breaking of contracts are revealed.

The decision on partial break of the contracts is accepted by each agent indi-
vidually, in conditions of sufficient information for myopic-rational breaking of the
contracts. We conceive that, as opposed to signing of the new contract, where an
individual needs to find the partners and to pass a stage of negotiations about the
future contract, the breaking of contracts is a simpler decision and, therefore, can be
accepted and is realized without temporary delays, as soon as there is the suitable
opportunity. This motivates the following hypothesis.

(IB) Instantaneous Breaking of the contracts. In each time moment each
individual instantly (for zero time) partially breaks the signed earlier contracts in an
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optimum volume.

This hypothesis does not say anything about what contracts and in which volume
can be broken off. In a general case pertinently to think, that each individual has an
opportunity (right) to break in any volume any contract, signed earlier current time
moment ¢ > 0. However, to simplify the subsequent analysis, it is possible to consider
for the beginning some particular cases, a little bit limiting opportunities on break of
the contracts.

For the aggregated contractual trajectory, defined in (5.1.1), (5.1.2) we shall
postulate:

(UB)  Uniform Breaking of all contracts. At each time moment each individual
can partially break all contracts signed in economy to the given moment, but just in
identical measure (proportion).

This hypothesis assumes that at a current moment ¢ € [0, +00) each agent makes
a decision on break of the contracts. This decision is based on minimum of the infor-
mation, extracted only from current allocation x(t) and not accepting in attention the
values x(t'), “passed” by a trajectory in previous time moments t’ € (0,t). Apparently,
such point of view for an opportunity to break contracts is acceptable for an economy
with a few agents, where it is possible to assume that the contracts are signed only
by a coalition of all agents (grand coalition). However, if economy consists of many
agents, this assumption is problematic. It is not clear why the effect of breaking con-
tracts with involved persons has to influence in such crucial manner—the break in the
same measure—on uninvolved contract individuals? However, to carry out break only
for a part of the contracts in which agent is involved, it is necessary that this part be
explicit because it is better for essence of contractual process. One of simple variants
of revealing this information is to consider the trajectory in coalitional-contractual
form described in the previous section.

For the coalitional trajectory, described in (5.1.3), (5.1.4) we shall assume:

(CUB) Coalitional Uniform Breaking of contracts. At each moment of time
each individual can partially break all contracts, signed by any coalition, in which
she/he participates, and in limits of a coalition in an identical measure, but, probably,
in different proportions for different coalitions.

From the informational point of view, this hypothesis means that each agent stores
(remembers) the aggregated information about intra-coalition exchanges, in the form
of “gross” contract. Thus, now the results of breaking of contracts by an individual will
influence only the agents directly involved in the barter contract with this individual
by means of gross coalitional contract, and it does not concern exchanges in other
coalitions. As the special case of this hypothesis, it is possible to examine variant
when breaking and the signing of new contracts occurs in frameworks of the same
coalition.
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5.2 Proper-contractual UB-processes: uniform
breaking of contracts

In the previous section we have discussed contractual processes without breaking of
contracts, and also have considered some properties and hypotheses, related with the
partial breaking of contracts, signed earlier current time moment. Now we are going
to consider processes, in which the signing and partial break of the contracts go in
simultaneous mode.

At first, with the purpose to simplify the subsequent analysis, we shall consider the
case of aggregated proper-contractual trajectory, for which it is admitted only partial
breaking of all contracts signed to the current moment, and all in an equal measure.

Further, we have to clarify that means the fact that an individual 7 at the moment
t did not want, but after contract v signing, at some moment 7 > t he/she wants
partially break contracts. The first means that (Vu,;(z(t)), z;(t) —e;) > 0, the second
one that (Vu;(z;(t) + (7 — t)v;), z;(t) + (7 — t)v; — €;) < 0. Therefore, does exist a
moment ¢ + At € [t, 7] such that

Notice also, that by virtue of (IB) the effect of contracts’ breaking can influence the
change of a trajectory at a moment ¢ if and only if in each neighborhood of ¢ there is
a moment 7 > t with the specified above properties. Passing 7 — ¢ we obtain

and this is the first condition, which defines the motion of trajectory with contracts’
breaking. Notice that the point defined by equation (5.2.1) is the maximal point
of utility w;(y;) on the ray starting at the point e; in direction x; — e; (here y; =
e+ Nxz; —e;), A >0).

Further, let us consider another condition. Primary, at the time ¢ of signing,
contract v was mutually beneficial at the point x(t). The fact that at the moment
7 > t an individual ¢ € supp(v) partially breaks gross contract z(t) + (7 — t)v — e
in a volume 1 — « means that from the point z(¢) the trajectory moves to point
z=e+oa(z(t)+(T—thv—e) = (1 —a)e+a(z(t)+ (1 —t)v), 0 < a < 1. Once again
this is a maximum point for agent ’s utility on the linear segment, linking x(t)+(7—t)v
with initial endowments vector (thus there is a projection along straight line going
through two points). Therefore, new point of trajectory has to satisfy the equation

<VUZ(£CZ(T)), .Z',L(T) — el-> =0.
Setting at = 7 — t and substituting in equation expressions

Vui(zi(t + at)) = V(i (t)) + V(i) (ati;(t) + o(at)) + o(atiy(t) + o(at)),
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which are true because of Taylor’s formula,® and taking into account (5.2.1), we find
AP (V2w (z(1)) a3 (1), (1)) + o(at) = 0.

Now one can divide this on at and pass to limit over at — 0. As a result we are
coming to equation

(hi(as(t)), @:(t)) =0, hi(ws(t)) = Vui(@i(t)) + Vui(i(t)) (2:(t) — ). (5.2.2)

Equations (5.2.1), (5.2.2) describe important properties of contractual trajectory
but still do not completely define process. It is necessary also to take into account the
dependence of &(t) from initially mutually beneficial contract v, signing which agents
are coming to beneficial breaking of contracts for one of individuals. The situation
is illustrated in Figure 5.2.1 (in Edgeworth box style), which reflects a character of
transition and objects involved in the analysis.

7’s indif. curves-_ 1’s gndif. curves

i Zi =€; + OC(LUZ@) + Atv; — ei)

S ={i,j} {y: (vi —ei, Vui(y:)) = 0}

Figure 5.2.1: Proper-contractual transition

Recall that from the point z(t) trajectory moves to the point z(t + at) = e +
a;(z(t) + atv —e), 0 < o; < 1 at the moment ¢ + at. In general the value a; depends
on current consumption z;(¢), (momentary) contract v and duration at > 0 of its
realization. By virtue of assumption (D) the model is smooth, and it is easy to see,
that «;(x, v, at) is differentiable function (in general locally), implicitly defined from
the equation

(Vui(zi(t+at)), z;i(t+at)—e;) =0, z;(t+at) = (1—a;)e;+a;(z;(t) +aty;). (5.2.3)

Here parameter «; > 0 determines a point (1 — a;)e; + a;(;(t) + atv;) of i’s utility
maximum on the ray, parameterized as: e; + A(z;(t) + atv; —e;), A > 0. If o; < 1,

30(-) is the standard notation of infinitesimal value.
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then at a point x;(t) + atv; the breaking of contracts is realized in volume 1 — «;, and,
there is no the break if a; > 1.
From representation z;(t + at) in the right part of (5.2.3), we have

x;(t + at) — x;(t) _ (ai(z,v,at) — 1) (x;(t) — ;) + ai(, v, at)v;

At At

whence, passing to a limit on at — 0, with the account o;(x(t),v,at),,_, = 1 (by
virtue of (5.2.1)), we obtain

. Oa;(z(t), v, at

xz(t) = /\l(JIZ@) — ei) + Uy, )\z = ( éA)t )lAtZO'
Further, value \; is possible to find from the equation (5.2.2),

hi(xi(t)), vi
hi(as(0), Ni(as(t) — ) +0) =0 = A\ = ulzi®) v (5.2.4)

(hi(zi(t)), (i — x4(2)))

Thus, if at a moment ¢ there exists only one agent, satisfying (5.2.1), with number i,
the trajectory locally will change under the law

, (hi(zi(t)), vi)

(t) = Ni(z,v)(z(t) —e) +v, N(z,v) i) (e — m@)
Moreover, presented considerations allow us to reveal complete conditions, describing
a moment ¢ as a situation of break of the contracts at a current allocation z(t) and
when (momentary) a contract v is signing. The break is realized if the individual i
satisfies (5.2.1), value a;(x(t), v, at) is locally decreased in at at a point at = 0, i.e., if
derivative with respect to at is negative. So, for breaking it is necessary and enough?*
that \;(z,v) < 0. Further, by virtue of the assumption (D) the matrix of second
partial derivatives V2u;(z;(t)) is negatively defined, whence by virtue of (5.2.1) and
(5.2.2) for z;(t) — e; # 0 we conclude

(hi(zi(t)), e — 2i(t)) = —(e; — 2(t), Voui(zi(t)) (e; — wi(t))) > 0.

Thus, denominator in (5.2.4) is always positive and, therefore, the situation of break-
ing of contracts by the individual ¢ is completely characterized by condition (5.2.1)
and additional condition

What will take place in the case of several agents, desiring to break off contracts,
when a new contract v starts to be realized? In other words, how will the contractual
process go, if more than one individual satisfies (5.2.1)7 For all these individuals values
a;(x(t),v, at)|,,_, = 1, but the character of process is determined by their derivatives.
It is clear that the break will happen only if at least one derivative relative to at
is negative, and the measure of breaking is defined by greatest absolute value from
negative derivatives. Thus, it is proved the following

4When \;(z,v) = 0 the point x = x(t) can be or cannot be a limit point of breaking contracts
points of a trajectory.
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Lemma 5.2.1 Consider contractual process with partial breaking of barter contracts,
satisfying hypotheses (IB), (UB)—Instant Uniform Breaking of all contracts. Let
(x,v) be a couple achieved in process at a momentt > 0, where x = x(t) = (x1,...,2y,)
is allocation and v = (vy,...,v,) is a momentary mutually beneficial barter contract,
signed amonyg individuals at the moment t. A pair (x,v) sets a situation of breaking
of contracts if and only if for some i1 € T

hi(i(t)) = Vug(wi(t)) + V2 (a:()) (24(t) — )
takes place. In this case, the local law of contractual process is defined as:
z(t) = Mz, v)(x(t) —e) + v, (5.2.6)

where A(x,v) is minimum of A\;(z;,v;), calculated for individuals i € T, satisfying
condition (Vu;(x;(t)), z;(t) — e;) = 0; here

(e 0s) = (hi(zi(t)), vi)
Nl ) (hi(zi(t)), (e; — (1))

As it already was noted, if the break of contracts does not occur, the local law of
change of a contractual trajectory is set by a rule @(t) = v. Hence, one can apply the
law (5.2.6) in a general case, if for A(x,v) > 0 replace this value by zero. Combining
this fact with the result of previous Lemma 5.2.1, we come to the following definition
of proper contractual trajectories. Let’s define

(hi(:), vi)
(hi(zi), (i — x7))
Definition 5.2.1 An absolutely continuous map x(-) : [0,+00) = A(X) is called

proper contractual trajectory under hypotheses (IB), (UB), if the following condi-
tions are satisfied:

AT (g 0) = O/\min{ i (Vu(z,), 1 — €;) = 0} 5 (5.2.7)

(17) Derivative of the trajectory obeys the law

@(t) = A" (x,0)(z(t) — e) + v, (5.2.8)

where v € L¢ is mutually beneficial contract, i.e., (Vu;(x;(t)),v;) > 0, Vi € supp(v),
and value X" (x,v) is defined by (5.2.7).

Notice that due to this definition proper contractual trajectory is actually de-
scribed as a solution of some differential inclusion

#(t) € F(z), 2(0)=e

®Here standardly a A b = min{a, b} and min{\;(z,v) | i € 0} = +oo by convention.
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on interval [0, +00), where the right-hand side obeys (i), (i7).

The law of change of proper contractual trajectory (5.2.8) can have another form,
but, certainly, the law should satisfy restrictions (5.2.1), (5.2.2). Really, (5.2.8) pos-
tulates the certain form of projection of current allocation x = (z1,...,x,) on area,
defined by constraints

(Vu;(z;(t)), x;i(t) —e;) >0, Viel.

Essentially, this projection corresponds to a procedure of partial breaking of all con-
tracts, and the area, on which allocation is projected, is the set of all allocations stable
relative to the partial breaking of all contracts (or, alternatively, realized by a proper
contractual web V' = {x — e}, see Chapter 1, Def. 1.1.3). In doing so, the projection
is realized along the ray (e; — x;), where i is the individual, satisfying (5.2.1), onto
hyperplane {z € R" | (h;(z;), 2) = (hi(z;), ;) }, where the vector h;(x;) is determined
by (5.2.2). Such kind of projection assumes that only contracts signed before the mo-
ment ¢t may be broken and that the contract v is unchanged. However, it is possible
to postulate another law of breaking, in which the breaking of a current new contract
is possible:

z(t) = B(x,v)v + (1 = B(x,v))(e — x(t)). (5.2.9)
We can treat this process as a break with delay, i.e., the break occurs only after

realization of (momentary) contract v. A value f(x,v) can be found from the equation
(5.2.2), whence, if ¢ satisfies (5.2.1), we find

(i, i(t) — ei)

Pln) = Bt o) = G — ey + Chaven)

(5.2.10)

Notice that numerator in (5.2.10) is always negative and that the denominator is a sum
of numerator with the value (h;, v;), which in case of contracts’ breaking is negative,
and, therefore, if the break of the contracts is beneficial for ¢, the whole ratio is
a value between zero and unit. The value §;(z;(t),v;) < 1 defines for the process
(5.2.9) a measure of contracts’ breaking: if it is less, the break is more. Moreover, for
Bi(z;(t),v;) > 1 should be (h;,v;) > 0 and the break does not occur. In case when
several individuals satisfy (5.2.1) the break should come true at a maximum level.
Therefore, the law of a trajectory change has the following form. Let’s define

B = M (p(t),v) = 1 AmIn{B; | i € T : (Vu(zs(t)), 24(t) — e;) = 0},

where values f;(x(t),v) are set by the formula (5.2.10). Then our process obeys the
law

(t) = B 4 (1 — ™) (e — x(t)), (5.2.11)

where v € £° is a mutually beneficial contract, i.e., (Vu;(x;(t)),v;) > 0, Vi € supp(v).

How do the described processes correspond among themselves? In essence, they
are equivalent. Really, if only one agent is ready to break contracts and carries out it
in the process (5.2.8) then locally this law can be written as

Olnl0). ) —ejrue Lot (- e
Tm®). (o — @)y CO — @)+ =glfw+ (1= fle —a(®)],

= B
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where f3; is defined by (5.2.10). It is easy to see that in general case (few agents satisfy
(5.2.1)) will be the similar connection, i.e., we have

1
Bmin ([L’, ’U)
Thus, the distinction in processes is reduced to some positive factor, defined by func-

tion 8™ (z,v), that influences only the speed of the contractual process and can be
eliminated by the arbitrariness in a choice of mutually beneficial contract v.°

i(t) = A" (2, v)(2(t) —e) + v = 8™ (@, v)v + (1 = ™" (z,v)) (e — 2(1))].

5.3 CUB-processes: coalitional breaking of con-
tracts

Further, we shall consider the concept of coalitional proper contractual trajectories,
i.e., a trajectory, satisfying hypothesis (CUB) (instead of (UB)). For this one can
apply a significant part of the above analysis, but there are also essential differences:

(1) The partial breaking of gross intra-coalitional contract for different coalitions
can be realized in a different degree (measure).

(74) Breaking the gross coalitional contract the individuals are guided not on initial
endowments allocation, available in the beginning of a trajectory, but on their
sum with a flow of goods, received from participation in contracts of other
coalitions.

(#71) The signing of a new barter contract by the members of a coalition with, prob-
ably, subsequent breaking of intra-coalitional contract, potentially can also ini-
tiate the break of contracts in other coalitions (if the individual participates in
contract).

The difficulties which may happen here are caused by item (7iz), which in general
case can entail hardly predictable character of contractual process under hypothesis
(IB)—instantaneous breaking of the contracts. A problem, which we often encounter,
can be illustrated by the following example.

Let us consider an economy with three agents in which all coalitions are permitted.
Let the coalition {1, 2,3} be active and its members sign a new contract, which being
realized creates the following situation. All three agents can wish partially break off
the contracts in bilateral coalitions. However, the break of the contracts in coalition
changes consumption bundles of its members and, thus, influences a measure of a
desirable break of the contracts in other coalition. For example, in a coalition {i,j}
the agent ¢ would like to break off intra-coalitional contract in volume %, if a coalition
{i,k} does not break anything. However, if the agent k will break the coalitional
contract in volume %, the agent ¢ changes opinion on volume of break of contract

6Since the law (5.2.8) for a contract w = ™" (z,v)v is equivalent to the law (5.2.11) relative
to v.
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in {7,j} on the break in a measure % However, the break of contract in coalition
{k, j}, initiated by the agent j, can affect the opinion of individual k£ but the opinion
of j is influenced by a measure of break of contract in {i,j}, it may be % or e.g. %,
and etc. So, what will happen as a result of such cyclic breaking of the contracts?
Before the study a general case, it is reasonable to analyze some particular variants
of proper-contractual process.

One of the opportunities is to try to modify the assumption (IB). One can assume
that, similarly to the signing of a new contract, a breaking of contracts in a coalition
occurs only if this coalition is active. The passive coalition neither able to sign a
new contract nor break signed earlier contracts. Further, this behavioral hypothesis
is designated as (IBA) (i.e. (IB) only for active coalitions).

The second opportunity consists of restriction of a class K of permitted coalitions.
For example, it can be a class of all paired (two elements) coalitions. Then, if the
coalition {i, 7} is active in contractual process, it can entail breaks of contracts only
in coalitions {4, k} and {k, j}, where k # i, j. Moreover if only one coalition is active
at a current moment of time then only its members, ¢ and j, can initiate the breaking
of contracts and the transition is unequivocally determined.

5.3.1 Breaking of contracts in active coalitions

It is natural to assume in addition, that only non-intersected coalitions can be active
when time is passing, of course, for different time moments there may be the different
sets of active coalitions. Besides, we shall assume that if in some active coalition there
is an agent, aspiring to break contracts without signing of new contract, then only the
breaking is realized in contractual process for this coalition at a current moment of
time. Further, we shall describe this process in details.

Let some coalition-contractual trajectory be given, described by a set of maps
{v9(t)}sek, adequate for some set of permitted coalitions K C 2Z. These maps (see
(5.1.3)) are absolute continuous on [0, 00) and satisfy: V¢ > 0

vI(t) = (7)) Y vf(t) =0&vJ(t) =0, Vi ¢S,

€S

The trajectory is related with these maps by equality

w(t)=e+ Y o(t), t=>0.

SeK

Notice that now, in difference with IU B-trajectory by Definition 5.2.1, a cur-
rent state of trajectory x(t) can already not satisfy condition of absence of desire to
partially break intra-coalitional gross contracts v (t) for the agents from each of per-
mitted coalitions S € K, i.e., item (7) in coalitional context of Definition 5.2.1 can
be broken. This is the basic difference of CU B-process with breaking only in active
coalitions.

Let in a moment ¢ > 0 there is a list of active coalitions W(t) = {S,..., Sk} C K,
which are pairwise non-intersected. At the given moment t the exchange processes
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can go only in coalitions from this list. Thus for each of active coalitions (we shall
denote a current one as .S) where one of two opportunities can be realized:

() The members of coalition S do not desire to break gross coalitional contract
v°(t), and there is an opportunity to sign a new mutually beneficial contract (if
not, then coalition is idle, i.e., the zero contract is signed).

(ii) There is an individual in S, aspiring to break the coalitional contract v (t).

Further, we consider specified opportunities consistently. Let at a moment ¢ the
first opportunity is realized and coalition S signs a momentary mutually beneficial
contract w¥ = (wf)s = £ (this is a space of the possible contracts for coalition
S C 7). Now conditions determining a situation of contracts’ breaking are similar to
described in Lemma 5.2.1 and are adapted to coalition-contractual trajectory. Really,
the favourable situation for the breaking of gross contract v°(¢) as a result of the new
contract realization can happen only if for some i € S

(Vui(x(t)), v} (1) = 0

» Vi

takes place, this is an analogue of condition (5.2.1). Similarly, the breaking of contract

v (t) # 0 occurs if and only if for one of agents, satisfying the previous condition
(hi (2, 05(t)),w?) <0, b7 (2,0°(t) = Vui(wi(t)) + V()07 (1) (5.3.1)

takes place. Now, if only one agent ¢ € S aspires to break contracts, for the agents

from S the law of change of a trajectory can look like

(h7 (i, 07 (1)), wy)

(B (s, v (1)), 07 (1))

If more than one agent of the coalition aspires to break coalitional contract, instead
of A (x,v%, w?¥) in the law of a trajectory one have to take a minimum from values of
this type relative to the set of all such agents. For S € U(t) let us determine

() = X (2,0, w W (1) + w?, Nz, 0%, wd) = —

7

A2 (2, 05 (1), wY) = 0/\min{ i €S (Vu(x;),v7 (1)) = 0} :
(5.3.2)
Let (ii) of above possibilities be realized and let for some ¢ € S the breaking of

gross coalitional contract be favorable, 7.e.,
(Vui(z;), 07 (1)) <0

takes place. We may think that in such a case the new contract is not signed, and
there is only the break of current contract v (¢). The latter means that derivative of
coalitional contract should be proportional to a vector —v®(t), that allows to postulate
the law”

05 (t) = —v(t).

"This law of trajectory’s change can be deduced analytically, if in a basis of the analysis one takes
a trajectory by (5.2.11), for which specified situation is realized in limit when ™" — 1.
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As a result, we are coming to the following definition. Recall that

={wel|lw=(w)zr Zw,—o&wl—() Vi ¢ S}

€S

Definition 5.3.1 A set  {v9(t)}sex  of  absolutely  continuous  maps
v9(+) 1 [0, +00) = £% ds called coalitional proper contractual trajectory under
hypotheses (IBA), (CUB), if the following conditions are satisfied:

(1) Foreveryt >0 alistV(t) = {51,...,Sk} C K of active pairwise non-intersected
coalitions s specified, in which and only in them, contractual processes may go
on,;

(13) The derivative of trajectory is defined by a set of momentary mutually beneficial
contracts {'U]S}Se\p(t), signed among the members of active at the moment t > 0
coalitions V(t) C K, and obeys the law

() = N2 (2,05 (), w o (1) + w®, S € V(t), (5.3.3)

where if (Vu;(z;(t)),v?(t)) >0, Vi € S € U(t) then the value XZ™(z,v5(t), w®)
is defined by formula (5 3.2). ]f

(Vui(z:(), 02 (1)) <0, for some i€ S € W(t)
then X&' (z,v(t),w’) = —1 and w® = 0 takes place.

(iii) For T € K\ ¥(t), i.e., if coalition T at the moment t is passive (non-involved
in contractual process), then v7(t) = 0 and gross intra-coalitional contract does
not change.

5.3.2 Proper contractual bilateral CUB-process

In this section we shall assume that the set K of permitted coalitions in contractual
process is exhausted by all paired coalitions, i.e., we consider the case when

K={{ij}tlijel & i#j}

In addition, we shall assume that at any current time moment ¢ > 0 only one from
paired coalitions {4, j} can sign a new mutually beneficial contract w®.

Under these hypotheses one can describe proper-contractual process, adequate
to postulates (IB) and (CUB). As only paired coalitions are permitted, then the
breaking of contracts initiated by the signing of a new contract may proceed in all
coalitions in a predictable way and in conformity with (IB)—instantaneous breaking
of all unprofitable contracts. Let us describe this process.

Let to a moment ¢ > 0 for any permitted coalition S = {i, j} a state of a trajectory
x(t) = > v (t) + e, which is defined via a family of gross coalitional contracts v%(t),
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obey a condition of absence of desire partially break them. This can be expressed in
a form

(Vg (z(t), v (£)) >0, Vke {i,j}, Vi,jeTl

Fix further coalition S = {4, j}, which we think to be active one at a moment ¢,
and let its members sign a new contract w®”. Then at moment 7 = ¢t + at > t the
current consumption bundles will look like:

2p(7) = e, + Z oF™ () + o () ak (w? | at) + v (H)al(w?, at), k# i, 7;
m##i,j,k

(1) = e+ Y viF(Dag(w?, at) + a” (w, at)[v] () + atw];
ki,
— Jk J (i3 i (00 ij ij
vi(7) = e+ > vl (t)ad(w, at) + a¥ (w?, at)[v7 (t) + atw?].
ki,
Here all values ol (w”, at), al,(w”, at) and o (w", at) are between zero and one and
define saved volumes of gross coalitional contracts depending on the new contract w%
and time interval of its realization At ~ 0. Thus for at = 0 all of them are equal

to one. Notice that only individuals ¢ and j can wish to break off the signed earlier
contracts. Moreover, only contracts between ¢ and agents from

I(i) = {k € T| k # i, (Vui(wi(t), v} (t)) = 0},
can be broken, similarly between j and agents from

1) ={k € T |k #j, (Vuy(z;(t)),v]"(t)) = O},

If simultaneously j ¢ I(i) and i ¢ I(j), then only the contracts between one of the

members of a coalition {7, j} and non-members of the coalition can be broken off. In

this case o (w%, at) = 1 for small at. In opposite case it is possible o (w", at) < 1,

i.e. coalition {7, j} can also be involved in the process of contracts’ breaking.
Further, as well as earlier, by virtue of the Taylor’s formula

and similar representation for j. Besides, by virtue of previous considerations we have
(1) = 30 oY) + Ml (0 +
ki,
where o o
daj,(w", at) _ 0aY(wY, at)
ot B ot

Here values \i(w”) and A (w") one can find solving a system of the equations,
received from the first order necessary conditions (now they are also sufficient). Really,

)‘;c(wij) = |At:07 Af (wij) |At:0-
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if 1(i)" C I(i) is the set of contractors for i, for which the break of contracts actually
occurs, formally for them A (w*) < 0, then it should be

(Vu(zs(t + at)), o) =0, k € I1(i)".

Using further the representation of a gradient, after necessary transformations, divi-
sion on at, with the subsequent passing to limit in At — 0, we come to a linear system
of the equations for \i = i (w"):

(V20 (zi(1)) @ (1), 05 = 0, k € I(i)? =

> OB VR ()]of N, = oF V(s ()i, k€ 1), (5.3.4)

7
mel(i)®

Let us show now that due to assumption (D) this system has a unique solution only
if the system of vectors {vf'}rcs(y is linearly independent. From (D) the matrix
A = —V?u;(z;(t)) is positive definite and, therefore, it has a square root, i.e., there
exists a symmetric positive definite matrix B = /A, satisfying B2 = A. Now the
matrix of coefficients of system is represented as a Grama matrix ||(bx, bm) ||k merciy
for the system of vectors b, = BvF, k € I(4)°, and system (5.3.4) can be rewritten in
a form

> bk b N, = — (b, Bw), k€ I(i)". (5.3.5)

mel(i)b

It is known from linear algebra that Grama matrix for a system of vectors is nonsin-
gular one only when the system is linearly independent. However, as soon as B is
nonsingular matrix, which determines nonsingular linear transformation, the system
of vectors {bx}rery is linearly independent if and only if the system {vFi}c (@) 18
linearly independent.

Recall, that in general it is not enough that system (5.3.4) has a unique solution,
it is also necessary that the solution is non-positive in each component. Actually,
in some sense a solution of system (5.3.4) always exists, because values \! can be
found as a limiting solution of a problem of convex optimization for a given (fixed)
at > 0 on the compact set of variables 0 < o’ < 1. However, if the system of vectors
{vFiie 1(s) is linearly dependent, this solution may be not unique (in spite of the fact
that functions u; are strictly concave).

It is not easy to take into account all specified difficulties, which may appear in
described context of proper contractual process—CU B-process with paired coalitions,
it is too cumbersome for a first sight. This is why we specify below only the law of
change of trajectories in non-degenerated case: it is a situation, when system (5.3.4)
or, accordingly, (5.3.5), has a unique non-positive solution for both agents, i and j.
There are two variants of this situation.

First. Assume that in a coalition {i,j} no agent aspire to break coalitional con-
tract v (t) after realization of momentary contract w®. It means that for i either
(Vg (z;(t)),v7) > 0, or (Vui(xi.(t)),vfj) = 0 and in the solution of system (5.3.5)

(which is unique!) takes place A (w”) = 0. Similar properties should be carried out
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for the individual j. Thus, in this case j ¢ I(:)® and i ¢ I(j)° simultaneously. Then
at the point ¢ the law looks like:

W) =

) = Ao (D), ke 16,
o) = A(w)M(), kel(j),
oM (t) = 0, for other pairs  (k,m).

Here all values \i (w”) and A, (w%) are found as a solution of system (5.3.5) (for j its
own similar).

Second. Let in the coalition {i, j} one of agents aspire to break coalitional contract
v¥(t) after realization of momentary contract w%. It is possible only if, for example
for agent 4, (Vu;(x;(t)) v7) = 0 and if in the solution of system (5.3. 5) we have

? 7

X (w') < 0 (or similar conditions for j). Now define A, = M (w") AN (w") < 0 and
assume that individual 7 wishes to break off contract v (t) in the greatest measure,
i.e., N (w?) < Nj(w). It is a situation, in which the individual 7 imposes to the agent
j the greater break of gross barter contract, than j wishes. However, it is nothing to
do for j, he/she can only accept such rules of game, in so doing changing the initial
plans of breaking of the contracts with other individuals. These new volumes of break
should be found as a solution of system similar to (5.3.4), but for the agent j and
with fixed unknown variable at v’ (¢), where one has to take A7 Thus, volumes \,
of breaking of bilateral contracts between j and other agents now can be found from
system
> W=V, = o (Vi) (wf + X2 07), k€ 1)k # i

7 min ]
mel(j)b,m#i

Of course, everything said above can be correct only if all values to be found are
non-positive (otherwise one needs to replace positive values by zero and to continue
the search of a solution.) As a result, in this case we come to a system of the type

ot(t) = A’( Z)vik(t)7 k€ I(i)",
WRE) = X (wT)lt(), ki kel()),
P () = 0, for other pairs  (k,m).

We finish the description of bilateral contractual process at this point: basic char-
acter of this should be clear, but there is a wide variety of arising variants, which
are rather cumbersome. This essentially reduces prospects for hereinafter effective
analysis of convergence in a more-or-less general case.

5.4 Contractual processes: final specifications and
associated price process

In the previous sections, there were considered basic hypotheses about behavior of the
individuals, adequate to contractual processes with partial breaking of the contracts.
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Besides, there were developed some variants of proper contractual processes (trajecto-
ries), which correspond to different combinations of these behavioral hypotheses. The
elaborated processes actually were described in the terms of differential inclusions
with an autonomous right part, having form

i(t) € F(z), z(0)=e, tel0,+00).

However, for the analysis of convergence of contractual processes this form is not quite
convenient, and already for a process without breaking of the contracts, for the conver-
gence (to Pareto boundary) there are required some additional assumptions, ensuring
the contractual process is going fast enough (see Section 4.1.4 and footnote 14)). We
could formulate the necessary hypotheses in general terms of process, however more
convenient form is simply to add to the description of process some trade rule, which
unequivocally determines process as a whole. Doing so, we actually fix some selector
of point-to-set mapping, described via differential inclusion. Thus, some additional
conditions on a contractual trajectory will be made out as the requirements for a rule
of trade. Further, we shall consider a rule of trade close to that stated in Sections
4.1.3, 4.1.4, but in an adequate form for contractual processes.

5.4.1 Trade rule for a contractual trajectory

Let us consider a coalitional proper-contractual trajectory, corresponding to CU B-
process by Definition 5.3.1. The trajectory is set by collection {v°(t)} ek absolutely
continuous maps v3(+) : [0, +00) — £, satisfying conditions (i)—(iii). Now we have
to specify two things.

First. In item (i) it is necessary to postulate the law, revealing for a current
moment ¢t > 0 a set of active coalitions W(t) = {S1,..., Sk} C K. Apparently, the
simplest way to solve this problem is, that for each permitted coalition S € K to set
open, with infinite measure® a subset Ugs C [0, +00) of time moments, in which the
coalition is active. Further let’s define

U(t)={SeK|teUs}

and also postulate, that for each ¢ > 0 set W(¢) (can be empty) consists of pairwise
non-intersected coalitions.

Second. In item (ii), it is necessary to specify which of the mutually beneficial
contracts is signed by the members of an active coalition. And now a map occurs
that is possible to name a trade rule. As soon as the fact that a contract is mutually
beneficial for the members of a coalition depends only on current consumption bundles,
we can assume that for each coalition S € K a continuous map

w't AX) = 25 ={wel|w=(w)r:» w;=0&w; =0, VigS}
1€S

is determined such that

wi(zi +wi () > wi(z;) <= Jvely: iz +vy) >uj(z;)vies, (54.1)

8This property is necessary so that the coalition was able to realize the interests at least in infinity.



5.4 Contractual processes: final specifications and associated price process 213

and
Bve £y ui(n+v) >u(r)VieS = w(z) =0.

The vector value w®(x) € £ unequivocally specifies a contract, which will be signed
by the coalition S members at moment ¢ under two conditions:

(1) if S € ¥(t), i.e., the coalition has to be active, and

(2) if 2(t) =z, i.e., if allocation achieved by a trajectory at moment ¢ coincides
with z.

The stated requirements to the map w®(-), S € K mean, that at each time moment
when the coalition is active some mutually beneficial contract is signed, if there is
such opportunity at all; if not, the contract is not concluded (more precisely, the zero
contract is signed). Notice that when utilities are differentiable instead of (5.4.1) it is
appropriate to apply condition presented for gradients (derivatives by direction):

(Vu(z;),w () >0 <= 3ve Ly:uj(z;+v;) > u;(z;) VjeS.
Requirement (5.4.1) seems quite correct for discrete time presentation, however when
time is continuous w®(z(t)) is a momentary contract which defines not only beneficial
exchange proportions but also the speed of exchange processes (multiplying w?(z(t))
by a number more of unit we increase the speed of exchange and for positive but less
than unit numbers a speed is decreasing and etc.). Integrating w®(z(t)) over time on
interval [t,t + at] one can find a gross contract, obeying (5.4.1) at the moment t and
when a time of its realization is at > 0 (see comments from §5.1.1).

So, up to the moment coalitional proper-contractual process and the trajectory
are completely described, for it is enough in Definition 5.3.1 to add the additional
factors: sets Ug, S € K, determining current structure of active coalitions W(t), and
map w?(-), S € K, specifying contracts signed by active coalitions w®(x(t)), which is
necessary to use in the law (5.3.3).

Actually, we have described not only coalitional but also aggregated proper con-
tractual trajectory, determined in Definition 5.2.1. Aggregated trajectory turns out
from coalitional one if K = {Z}. Certainly, in this case only a trade rule, formalized
by map w?(-) will be actually applied (requirements to this map can be relaxed a
little).

In closing of this section, we would like to make an important statement. The right-
hand side of equation determining the law of contractual trajectory (5.2.8), (5.3.3), is
discontinuous in general—in spite of it is defined unambiguously and is formulated via
continuous functions! Of course this problem (perhaps imperceptible for a first view)
is arisen because of parameter \™"(x,v) defined by formula (5.2.7) (or analogous
Nz, 0%, wS) by (5.3.2)) which vanishes in an open area

but in general it is non-zero on its boundary, i.e., at the points (z1, 2o, ..., z,) € A(X)
where (Vu;(x;),z; —e;) =0 at least for one i. Thus the law of proper contractual
trajectory is described via differential equation with a discontinuous right-hand part.
Moreover, in such a case already, the concept of solution requires an accurate defini-
tion. Solution is a continuous function of time, which satisfies the law of trajectory
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change for almost all time moments. The solution of this kind defines a contractual
trajectory in an appropriate way.

Notice that classical theorems on existence, uniqueness and continuous dependence
over initial data cannot be applied to equations with discontinuous right-hand parts
since their right parts do not obey Lipshitz condition. However, by now there is a
theory of equations of this type in which appropriate theorems (on existence, unique-
ness and continuous dependence) have proven and these theorems are applicable to
equations describing contractual processes, see Filippov (1985).

5.4.2 Price process, associated with a contractual trajectory

The purpose of this paragraph is to discuss available opportunities to associate with a
contractual trajectory some parallel dual price process. This idea seems to be rather
tempting, since being successfully realized, it would allow us, on the one hand, better
to reveal interrelations and peculiarities of contractual trajectories with processes
known in the literature (first of all with tatonnement). On the other hand, it is
impossible to move away from the fact that in a real economy the barter processes
are going mainly with use of money, which are exchanged on goods and services in
proportions given by prices. A discussion about an appropriate price dynamics is also
important for better understanding of how markets function. However, the realization
(successful) of this idea encounters some difficulties. A possible approach to realize
the idea will be discussed below.

The most natural way to define current prices p(t) is to take the prices as a
vector, specifying exchange proportions in the current barter contract. It would be
not bad, if the economy has only two goods and, if in the bargain only two individuals
have been participated. Then if the first agent receives from the contract a vector
(v',v?), where v! > 0 and v? < 0, it means that 2nd good exchanges on 1st in
proportion —v! /v? i.e., (normalized) vector of prices can be chosen as p = (1, —Z—;)
This vector is possible to determine via an equivalent way, from equations:

(', 0%), (p1,p2)) =0, p1=1.

This property, equality to zero of scalar product of a vector of the prices on vectors
of commodities flows v;, received by the individuals from contract v = (v;)z, together
with normalization, is the crucial requirement for determination of a price vector in
this approach. However, in a general case it is possible to find vector of the prices
unequivocally, only if the rank of a system of vectors {v;}z given by contract v is
equal [ — 1 (I is the number of goods), i.e., if rank({v;}z) = [ —1. On the other hand,
other contracts may coexist at current time moment, and, moreover contracts signed
in the past and existing now should also take part in “determination of proportions
of an exchange”. As a result, for aggregated proper contractual trajectory, the given
approach yields the system of equations:

(p(t),mi(t) —e;) =0, VieZ, t>0. (5.4.2)



5.4 Contractual processes: final specifications and associated price process 215

At the same time, for a coalition trajectory, the similar system takes a form:
(p(t),v7(t)) =0, VieS VSecK, t>0. (5.4.3)

Moreover, in both cases it should be carried out some normalizing condition, for
example, py(t) = 1.

(Clearly, that it is absolutely not certain that the specified systems have a unique so-
lution: the system can be unsolvable or, contrary, it may have infinity many solutions.
However, in such case it is possible to try as the prices to take some approximating
solution. Certainly, it is necessary to do in some regular way, so that a trajectory
p(t), t > 0 has “not bad” mathematical properties. Having this in mind, one can use
known methods of a finding of approximating solution, for example, the method of
least squares. In so doing so-called “generalized inverse matrix” is entered into consid-
eration, which exists and is unique for any rectangular matrix. Let us pay attention
to this method.

Let us consider a system of the linear equations with some rectangular matrix:

Az =b.

An approximating solution of the system can be found with the help of generalized
inverse matrix A% as x = ATh, and, if system is overdetermined (a number of inde-
pendent equations is more than unknown variables), this gives a solution by a method
of the least squares. Then, if a rank of matrix is equal to the number of columns,
(A*A)~! exists (this is Grama matrix) and matrix A" can be fond as

At = (A'A)TAL
In a general case, the matrix A™ is set via the following four conditions:
AATA=A; ATAAT = AT, ATA & AAT symmetrical.

These conditions completely determine a matrix AT and were offered by Penrose
(Penrose, 1955), which has also proved existence and uniqueness of a matrix A™.
This problem was considered also in Moore’s works and papers of other authors,
this is why one can meet in the literature the name “Moore-Penrose inverse” (see
Greene, 1993 and Searle, Hausman, 1970). In a general case, the matrix A" also has
formula representation (see Greene, 1993, p. 45), that in particular allows to conclude
continuously differential character of the solution.

So, if to apply a generalized inverse matrix associated price process p(t) to an
aggregated trajectory can be determined as

p(t) = A+b1, b1 = (1,0, . ,0),

where the matrix A of dimension (n+ 1) x [, with rows ay, k = 1,...,n+ 1 which are
equal: a; = by and ay = xp_1(t) — €x_1, k > 2, accordingly.

For a coalitional trajectory associated price process p(t) can be set by the same
formula, in which, however, the matrix A has dimension (3 ¢ |S| + 1) x I, first
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row a; = by, and all other are indexed by pairs (i,.5), i € S € K and coincide with
vectors v5 .

For a proper contractual trajectory, it is also possible to try to determine price
process as the differential equation. Really, for an aggregated trajectory, formal dif-
ferentiation by time system (5.4.2) (notwithstanding that it may have not the exact

solution!), with the account (5.2.8), (5.4.2) yields
(B(t), zi(t) —e) +p(t)i; = 0 = (p(t), zi(t) —e;) = —p(t)N""(, v)(wi(t) —e;) +v;] =
(p(t),e; —x;i(t)) = p(t)vi(x), VieZ, pi(t)=0. (5.4.4)
Further, applying a generalized inverse matrix, the system (5.4.4) can be approxi-
mately solved relative to p(¢) and can be written in an explicit form. It is possible
also to try to solve systems (5.4.2), (5.4.4) jointly and find a direct dependence of p(t)
from current consumptions z(¢) and an exogenous trade rule v(z).
The similar actions can be made for a coalitional trajectory. Differentiating system

(5.4.3), by virtue of Definition 5.3.1, items (ii), (i7i), and applying (5.4.3), in the case
when a new contract w® is signed by a coalition S € ¥(¢) we find

(B(t),07) +pt)o7 =0 = (p(t),07) = —p(O)NG" (2, 0%, w)v) +w]] =

(B(t),v7 (1)) = —p(t)wi(x), YieS, p(t)=0. (5.4.5)
In all other cases (the breaking of contract or when a coalition is passive), we obtain

(p(t), 07 () =0, Vies.

) Vg

What preliminary conclusions and observations can be made about suggested vari-
ant of price process?

(7) The current prices are determined as an average (approximate) vector of ex-
change proportions overall (gross) contracts, signed and saved (i.e. unbroken) during
contractual process up to the current time moment. It seems that it corresponds to
economic intuition on how, in mass manner, the individuals can find the prices acting
in the real markets. For example, a similar method is used for a finding of market
price for the objects of real estate.

(71) We need the analysis of price process to be continued, at least for some par-
ticular model examples. Moreover, it seems us that an opportunity to apply price
process for a finding of suitable Lyapunov’s function has to be analyzed, to establish
convergence of proper contractual process, at least in limited frameworks.

(77i) Now it is not clear how in general suggested price process is related with
Walrasian tatonnement. However, it is possible to show that in an economy with two
agents and two goods, the associated price process is practically equivalent to Wal-
rasian tatonnement. Moreover, if the trajectory converges to equilibrium allocation,
then it is simple to prove that price process converges to the equilibrium prices.

(1) Tt is possible to consider modifications of described price process, even essen-
tially different price processes, with the purpose to find variant interrelated with the
different points of view. For example, it seems tempting to study still non-described
idea (now it is not elaborated yet): to put into correspondence to contractual process
some optimal control problem, which has a contractual trajectory as an optimal solu-
tion. Then one can try to find price process from necessary conditions of optimality.
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Conclusion to Chapter 5

In this chapter, contractual processes were introduced and in detail described; they
are, first of all, proper contractual ones, in which partial breaking of the contracts
is allowed. With this in mind in Section 5.1.2 several basic hypotheses, determining
the character of contracts’ breaking process, are formulated in a general kind and for
major particular cases. They are the following:

(IB) — instantaneous breaking of the contracts;

(UB) — uniform breaking of all contracts;

(CUB) — uniform breaking of gross within-coalitional contracts.

Combinations of these hypotheses result in proper contractual trajectories of a
different kind of a generality. Under (IB) and (UB), contractual trajectory turns out
aggregated (Definition 5.2.1), under (IB) and (CUB)—-coalitional-contractual (Def-
inition 5.3.1); formal and mathematically reasonable definitions are presented. In
my opinion, the coalitional-contractual trajectory should serve the central concept in
further researches. Besides, in Section 5.3.2 there was described specific contractual
process, adequate a case of the pairwise bargains and to simultaneous breaking of
contracts not only in active but also in passive coalitions.

At last, concept of trade rule was introduced (Section 5.4.1); this is a map, unequiv-
ocally determining mutually beneficial contract for the current consumption plans, and
possibly having some additional specific mathematical properties. By use of a trade
rule, a contractual trajectory for each mentioned kind is unequivocally determined.
Mathematical speciality of the approach is that, in accordance with the Definitions of
5.2.1, 5.3.1 with incorporated trade rules, contractual trajectory is defined as the so-
lution of ordinary differential equations with a discontinuous right-hand side: despite
the fact that we are considering continuous rules!

For considered kinds of proper contractual trajectories in Section 5.4.2 a variant
of parallel price process is offered. In this process, the current prices are determined
as an average (in a specific sense) vector of exchange proportions under all bargains,
actually carried out for the current time moment.
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Chapter 6

Convergence of contractual
processes

Before the beginning to describe obtained results, we consider two particular exam-
ples of economy with two individuals and two commodities. These examples are
interesting because they reveal in Edgeworth box the geometrical course of contrac-
tual processes with partial breaking of contracts. One can easily observe that our
process is convergent in these cases.

6.1 Contractual process in 2 X 2 economy

Further, an agent is called active at a current time moment ¢ if he/she realizes a
breaking of aggregated contract at this moment of time.

6.1.1 Two examples

Now we consider two particular examples of economy with two individuals and two
commodities. These examples are interesting because they reveal in Edgeworth box
the geometrical course of contractual processes with partial breaking of contracts.
One can easily observe that our process is convergent in these cases.

For both examples positive orthant in 2-dimensional plane presents individual
consumption sets, i.e., X; = Ri, t = 1,2. The examples are differentiated via agents’
utilities and endowments.

Example 6.1.1 (COBB—DOUGLAS UTILITIES) Let preferences be presented by
Cobb-Douglas utilities in logarithmic form as follows:

1 3 3 1
ul(xl,xg) = Z_llnxl + ZLII].Z'Q, Ug(yl,yg) = Zlnyl -+ ZIDyQ.

Consider also the following initial endowments:

e = (81,62): ((E,E>,(E,E)) s é:el+62:<1,1).
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Then indifference curves for first and second individual going across initial endow-
ments point e; in 1st agent’s coordinate system are described by equations:

1/ 9 \3 9 1 3
Ty = — , o =1—— ——] .
10 \ 1024 10 \10(1 — 27)

Calculations show that Pareto boundary is a curve determined by equation

. 91‘1
N 1+ 8;31’

To 0<z <1.

Finally, a maximal surface is composed via two curves and it is the low envelope for

them:
Ty = —3371 x>3&x— —28—31x1 a:<§
27 402, -9/ 717 40 27\ 37402, ) "' T 31

An illustration of this example in Edgeworth box is given in Figure 6.1.1.

In considered case proper contractual process is convergent to unique equilibrium
((3,2),(3,1)). This is developed in the following way: if its trajectory is in limits of
maximal surface (shaded area of Figure 6.1.1), then individuals are cooperated and
signed some barter contracts giving a rise of utilities. A current consumption point is
moving in such a manner as long as it starts to leave the maximal surface limits. If
a new contract starts to lead the point behind maximal surface and new position is
under control of 1st agent (we call him ‘active’ in contractual process), this is the left
low part of box restricted by budget line, then this agent partially breaks aggregated
contract and a current point of trajectory is projected onto maximal surface along to
straight line going at initial endowments point. Analogous thing takes place for the
second agent if a new contract leads the point to the area under 2nd agent control
(right upper part of the box behind the budget line). As it is shown in figure, in
both cases the next point of trajectory moves over maximal surface and approaches
to equilibrium. Thus in the limit our trajectory achieves equilibrium allocation where
1st agent consumption is (1, 3).

The following example is well known in literature and presents an economy with
a multiplicity of equilibria.

Example 6.1.2 (EXPONENTIAL UTILITIES) Let preferences be determined by the
following utilities functions:

uy (21, ) = 1 — 100@%27 s (Y1, y2) = Yo — 110672

Let e = (ey,e2) = ((40,0),(0,50)) be an initial endowments allocation. Now the
indifference curves of both agents going across endowments are defined by equations

x +60 z1—40
1100 > To =110 — 110e 1 .

9 = —101In <

Pareto boundary is a straight line defined as:

T9 = 21 — 40 + 101In 110.
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Figure 6.1.1: Contractual process in an economy with 2 agents and Cobb—Douglas
utilities

Maximal surface is composed by means of two curves, relative to 1st and 2nd agents:

21 = 40 — 1029615, 9 = 11(40 — 21)e 5

e 10 .

There are three equilibrium allocations, A, B, C, where 1st agent consumption bundles
are the following:

e~ (3.2212,10.226), 2 ~ (13.17211,20.1769), =¥ ~ (32.2579,39.2627).

An illustration of this example in Edgeworth box is given in Figure 6.1.2. Con-
tractual process is developed similar to that described above: in the limits of maximal
surface agents sign mutually beneficial contracts as long as an allocation behind area
restricted by maximal surface is reached. On the other hand, then a trajectory tends
to leave maximal surface area and a current point is under control of 1st agent (he is
active, this touch-dotted line in figure), the agent partially breaks aggregated contract
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Figure 6.1.2: Contractual process in economy with 2 agents and Exponential utilities

so that the point is projected onto maximal surface along a straight line going across
current point and initial endowments one. The similar thing takes place for the points
under 2nd agent control. One can see in figure that the next value of trajectory is
moved over maximal surface to be close to one of equilibrium: in the area of 1st agent
activity to C, in the area of 2nd agent to A. Finally, if trajectory “attempts to leave”
the limits of maximal surface and is placed exactly on the straight line linked B and
initial endowments then trajectory is finished at the point B.

So we see that in this example the multiplicity of equilibria does not impede
contractual process to be convergent. Moreover, one can correctly speak about locally
stable (A, C) and unstable (B) equilibria relative to contractual processes.
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6.1.2 Analysis of contractual processes in 2 X 2 economies

The geometry of contractual trajectories in the considered examples tells us that at
least in economy with two individuals and two goods the contractual process has
to converge to equilibrium under rather general assumptions. Really, in addition
to imposed above assumption (D) that model is smooth, we only need to require
Pi(e;) C intX;, i = 1,2, that together with (D) actually provides the coincidence of
proper contractual allocations with equilibrium ones.

To prove this hypothesis, let us consider some contractual trajectory x(t) =
(x1(t), z2(t)), t € [0,400) satisfying Definition 5.2.1 and defined via some rule of
trade

v AX) = £° = {(v1, 1) € (R | vy + vy =0}

As soon as economy has only two agents and Z = {1,2} a sole coalition in which
an exchange of commodities may be realized, then trading rule consists of unique
map vZ(-), where upper index Z can be omitted. By definition vy(z) = —vi(z),
Vo € A(X) and it is enough to set only function v; : RY — R? where the vector
(v1(x1), —v1(z1)) = v%(x;) is associated with the instant contract, which is signed
the members of coalition {1,2} at the moment ¢ € [0, 4+00) provided that a current
allocation is x(t) = (x1,x2), z2 = €; + es — x1. In addition, this function should be
continuous and to define mutually beneficial contract v = v*(x;): v # 0 if and only if

dv e £°: ul(xl + Vi) > uz(xl), 1= 1,2 & (‘%ul(xl) > 0, 1= 1,2

In other words, if there is at least one opportunity for a mutually beneficial exchange,
then one of variants of such exchange should be realized in the form of the mutually
beneficial contract; the contract can be zero only if there are no opportunities for a
mutually beneficial exchange of commodities.

For contractual process in economy with two individuals, only two following alter-
natives can be realized.

(7) There is an individual such that since some moment 7, almost everywhere on
[T, +00), only he/she can be active (probably both are passive); thus utility
of this individual monotonously does not decrease along a trajectory, i.e., for
example, for the first agent, it has to be

U1($1<t/) Z U1<I1(t), Vt' Z t Z T.

(17) The case described in (i) is not true, i.e., there are monotonously increasing
sequences tj_, > ty, tj,, > 1y, k € N, tj, — 400, tj = +00 when k — o0,
such that at the moments ¢}, the 1st individual is active, and ¢} are the moments
of 2nd agent activity, k = 1,2, ... Thus, utilities of both individuals can oscillate,
growing and decreasing, and this situation does not change when time elapses.

Analysis of alternatives (i), (ii) is realized in two subsequent lemmas. The first
establishes that if alternative (i) is true, then every limit point of a contractual tra-
jectory is Pareto optimal. The second alternative causes the greatest difficulties and
second lemma states that in some sense there is the monotonicity of utilities along a
trajectory but it has “piecewise” character.
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Lemma 6.1.1 Let alternative (i) be fulfilled. Then each limit point of a contractual
trajectory is Pareto optimal. Hence, every intertor limit point is equilibrium one.

Proof of Lemma 6.1.1. So let alternative (i) be fulfilled and let starting at the
moment 7 > 0, only 1st individual can be active and second is passive for all ¢ > 7.
Further, let Z; (1st agent bundle) be any limit point of trajectory. Define &y =
e + ey — &7 and show that allocation (Z, Z2) is Pareto optimal. Assuming contrary
due to trade rule definition we conclude (Vu;(Z;),v1(Z1)) > 0 and by continuity this
property has to be fulfilled in some neighborhood of the point z, i.e.

Je>0: (Vuy(xy),vi(xy)) >0, Yy € Bo(1),

where By (Z1) is a closed ball with the radius 2¢ centered at the point ;. Since the
ball is a compact set and by continuity, it is equivalent to

de > O, 60>0: <VU1($1>,U1(ZL’1)> > 5, \Vll'l < B25<J~]1). (611)

We observe from this that one can come to a contradiction if one manages to show

that the current point of trajectory is in the ball during infinite (by measure) time.
Really, since the 2nd agent is passive (almost everywhere) and because 1st agent

utility is increasing monotonically along the trajectory (starting at the moment 7)

the following estimations are fulfilled:

¢ du1 (ZL‘l

w(a(0) — () = [ ) 4o — [ (St (€, (0dc =

TS

> / (Vi (21(C)), v1(1(C)))dC > /[ tlm@W“l@l(C))aUl(fﬁl(C)»dC >0 p([r,t]N o).

Here © C [r, +00] is the set of all time moments when a current point of trajectory
x1(¢) is located in the ball By (%) and p([7,t] N O) is Lebesgue measure of the set
[7,t] NO. If u(©) = +oo we have pu([1,t] N O) — 400 for t — +00. Then due to the
last estimation it has to be u;(x1(t)) — +oo that is impossible since the set of all
allocations is compact and utility function is continuous.

Let us show that p(©) = +o0. It is obvious if starting at some time moment ¢ > 7
all points of trajectory are located in the ball. In the contrary case, one can find an
enumerable set of moments tx, tj, k = 1,2... such that || z1(tx) — &1 ||< € and ¢}, > t;
is a closest after t;, time moment when the trajectory leaves the ball, i.e.

21 (ty) — 21l = 2¢ & [lz1(Q) — &l < 2e, VC € [ti, 1)
However, in this case we have an estimation:

# # )
£ < flaa(ty) — 21t = | / #(Q)dc]| < / i (Q)lld¢ < e / a¢ = elth, — t),

ti 173

where ¢ > 0 is an upper bound for the norm of right-hand part of the law (5.2.8), i.e.
this value satisfies

C Z ||/\min<JZ,U1)(ZL’1 — el) + Ul(ZEl)“, Vl’l S Bga(ij).



6.1 Contractual process in 2 X 2 economy 225

Due to imposed assumptions and from the compactness and continuity of objects that
we need, it is easy to prove that the right-hand part of this inequality is bounded from
above and, therefore, such ¢ > 0 does exist. As a result, we have got the estimation

(t;—tk)z§>0, VE=1,2,...

Moreover, via construction all intervals [tx,?}] are pairwise non-intersected and
[tx, ] € ©, Vk = 1,2,... Therefore, ;(0) = +o00. Thus we obtain a contradiction
that proves Pareto optimality of the allocation under study.

To state the second part of the lemma remember that every allocation from the
interior of the direct product of consumption sets which is Pareto optimal and simul-
taneously stable relative to the partial break of the gross contract is an equilibrium,
see Theorem 1.2.2, Chapter 1, §1.2.1. |

Remark 6.1.1 One can easily see from the proof that this lemma is also true for an
economy with any number of agents and commodities. It is important only, that al-
ternative (i) is fulfilled. Moreover, if the economy has only two agents and alternative
() is true then it is easy to prove that all limit points have equal utilities for both
agents, that for strictly concave functions is possible only if allocations are equal (see
the first part of Theorem 6.1.1 proof). |

Remark 6.1.2 From the proof of Lemma 6.1.1 and due to Remark 6.1.1 one can also
conclude convergence of contractual process without a break of contracts. However,
now it will be convergence to some Pareto optimal allocation: it is obvious, that the
limit point is not obliged to be equilibrium since it is not a limit point of allocations
that are stable relative to partial break of gross contract. However, when utilities
are strictly concave there is only one limit point, that easily follows from the fact of
coincidence of utility (follows from monotonicity along a trajectory) for all individuals
in all limit points. u

Lemma 6.1.2 Let alternative (ii) be fulfilled. Then there ezist two monotonously
increasing sequences of the moments of time 7;, fori = 1,2, such that 7, < 77 < T4,

(Vui(zi(m9)), zi(7) —e;) =0,i=1,2, Vk € N and
ui(zi(1) < ui(zi(7)) < wilzi(riy)), V7€ (T4, Top), i=1,2 (6.1.2)

holds.

The content of this lemma is illustrated in Figures 6.1.3, 6.1.4. Figure 6.1.3 demon-
strates dynamics of utility for sequences of time moments 77, 1 = 1,2, k = 1,2,...
constructed in the proof and described in Lemma 6.1.2. Possible and impossible
dynamics of proper-contractual trajectories are demonstrated in Figure 6.1.4; it is
shown that the only fragment of trajectory, represented in the top part of the figure is
possible—all other variants result in an impossible cycle contradicting with the choice
of the moments 7.

Proof of Lemma 6.1.2. Let 7/ be some time moment when the first agent is active.
Now define a time moment when 1st agent is active 71 > 7/ and such that it is earlier
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Figure 6.1.3: Utility dynamics of contractual process in 2 x 2 economy, alternative (ii)

of first moment 7" > 7’ when 2nd agent is active and such that on the interval (7}, 7”)
both agents are passive. Here 7] is the latest moment of 1st agent activity on the
interval [7/,7"). Analogously, for 2nd agent, one can find a moment 7 as a moment
of last his/her activity up to the nearest moment 7" > 7”7 when 1st agent is active.
In view of compactness and continuity of objects under study, all considered time

moments exist. For example, 77 and 7{ can be found by formulas
™ =min{t € [7/,400) | (Vua(z2(t)), x2(t) — €2) = 0},

1 =max{t € [7', 7] | (Vui(21(t)), 21(t) — e;) = 0}.

Further taking the point 7" as “initial” (i.e. instead of 7’) in the described above
procedure, one can find the moments 75 and 75, accordingly. Show that constructed
in this way fragments of sequences that we need to be found obey the requirement
(6.1.2). With this in mind first, let us better understand the geometry of moving of
a trajectory and reveal some peculiarities of this moving.

By construction on intervals [r},7”] and [72,75] the 1st agent utility increases:
it is so because only mutually beneficial contracts are signed during the contractual
process and also because in our intervals 2nd agent is passive. It has to be shown
that for all points ¢ from the interval [7”, 72] the inequality uy(z1(t)) > ui(z1(7})) is
fulfilled. Let us do it.

Now consider the moment 7”. By construction the following relations
(Vur (21 (7)), vi(@1 (7)) > 0, (Vua(za(7")), vi(2:1(7"))) <0,

(Vug(z2(7")), 21(7") —€1) =0

have to be true. Moreover if hy(wo(7")) = Vug(zo(7")) — V2ug(z2(7")) (21 (7") — €1)
satisfies!

(ha(22(T")), v1(21(7"))) <O,

then the condition (5.2.5) of contracts break is violated and it means that a trajec-
tory only “touches” with maximal surface at the point x;(7") and then “leaves” it.

1Remember that z5(7") — ey = —(21(7") — 1) and vy (22(7")) = —vy (z1(7")).
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Therefore, in a neighborhood of the moment 7" a break of contracts does not occur
and both utilities are locally increased. A break of contracts may occur only if

(ho(za(T")), v1(21(7"))) > 0

and if for small at > 0 at the points 7" + at this inequality is strict. Thus after the
“going through” the point z1(7") a trajectory z;(t) will move some non-zero time in
the framework of e-extension of a cone with the vertex at the point z1(7”) which is
defined by inequalities:

(ha(z2(7")), 21) = (ho(2(7")), 21(7")),

(Vug(22(1")), w1) < (Vug(wo(7")), 21(7")) = (Vua(za(7")), €1).

More exactly, due to (hy(z2(t)),22(t)) = 0, see (5.2.2), a limit deviation of trajectory
will be realized along an edge of this cone, see Figure 6.1.4.

1st

Y

H&)—‘

Figure 6.1.4: Possible and “impossible” moving of contractual trajectory in
2 X 2 economy, alternative (i7)

Further, on the interval [r{,7”] in the plane, a trajectory z;(¢) circumscribes a
continuous curve with the ends x;(7) and z;(7”) such that for ¢t € (7}, 7”) the points
x1(t) are located strictly “below” than a point of the maximal surface being inter-
sected with the ray starting from e; and going through the point z;(t), because
(Vui(z;(t)), xi(t) —e;) > 0,4 =1,2. Moreover, for t < 7”7 and close to 7" it has to be

w1 (t) — x1(7")
T —t

(Vua(z2(7")), 21(7")) < (Vua(22(7")), 21 (1)) <= (Vua(w2(7")), )>0,
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because v (21(7")) = —vi (21 (7)) = % Thus there exists a moment t' < 7"
such that z1(t')—e; = v(x1(7")—eq) for some 0 < v < 1 and, simultaneously, all points
of trajectory from interval t € [1{,t'] obey (Vug(xa(7")), 71(t)) < (Vua(za(7")),€1). A
similar inequality has to be fulfilled for the points z(¢), t € [7”, 7] because contracts
are mutually beneficial and 1st agent is passive on this time interval.

Further, we are going to the final part of the proof. Assume that for some
t € [7",72] the inequality u;(x1(t)) < uy(zi(7)) is fulfilled. Now from the continuity
and due to presented above reasonings, it follows that there are moments t” < 7" and
7" < t" < 7¢ such that z1(¢") = z,(#") is true. Consider the first possible moment
of this type (one needs to take minimal ¢ having this property). For ¢ > 7 we
have a contradiction since then our trajectory is cycling (due to the law of change
is autonomous) and never arrives at a point on the 1lst agent maximal surface but
it has to be so at the moment 7, > . Therefore, it has to be ¢ = 7!. However,
71(7{) is a point on the 1st agent maximal surface where the 2nd agent is passive.
Hence there is a neighborhood of x1(7{) such that 1st agent utility strictly increases
along every trajectory starting from any point from the neighborhood. Therefore,
for all small enough € > 0, it has to be uy(z1(t" — ¢€)) < uy(z1(t")). Moreover, for
some £ > 0 no point z1(t), t € (t""" — ¢,t") can be located on the 2nd agent maximal
surface (otherwise at the point z;(t”) = () both individuals are active that is
possible only at an equilibrium which trajectory can never leave). Therefore the
last moment of trajectory being on the 2nd agent maximal surface, by definition
this is the moment 77, has to be realized earlier the moment ¢” because the point
z1(t") = z1(t") = (1) is located on the 1st agent maximal surface. Thus, it has to
be ¢” > 72, but this is impossible. The obtained contradictions finish the proof of
Lemma 6.1.2. |

The major result of the section is the following theorem on the convergence of
contractual trajectories to equilibrium in an economy with two agents and two goods.

Theorem 6.1.1 Let the economy have two agents and two commodities. Let utili-
ties be smooth, strictly concave, and non-satiated on R%. Then for any continuous
trading rule the contractual trajectory by Definition 5.2.1 converges to some properly
contractual allocation. Hence, in conditions when equilibrium allocations coincide with
properly contractual ones, every properly contractual trajectory converges to equilib-
rium.

Proof of Theorem 6.1.1. In conditions of the theorem, the considered above al-
ternatives (i), (i¢) take place. So, it is enough to show that for any alternative, the
contractual process converges to a properly contractual allocation.

Let alternative (i) be true. Let’s prove that x;(t) converges to Z; when ¢t — +o0.
To do it, let’s assume that the trajectory has two different limit points z' = (7}, 1),
? = (72,73) and ' # 7% Due to Lemma 6.1.1, both of them are Pareto optimal
and thus uy(Z1) = u1(7?). Let’s assume, for example, that ug(Z3) < ug(#3). Further,
consider any allocation represented as a convex combination of the limit points with
strictly positive coefficients, for example, one can take &’ = %il + %iQ. Now, by virtue
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1st indifference curve -

curves

Y

Figure 6.1.5: “The impossible” moving of contractual trajectory along a limit path
under alternative (i) and T} # T*

of strict concavity of utility functions conclude
uw(@) > u(@) = w(@) >u(F]), ux(Th) > ux(7),

that contradicts Pareto optimality of allocation Z'. Thus all limit points of a trajectory
coincide and, hence, the trajectory converges.

Further, we analyze alternative (ii). With this purpose, one can apply Lemma
6.1.2 and consider limit points of sequences {x1(7})}ren and {z1(72) }ren. Without
loss of generality, one can think that these sequences converge themselves. Determine

S 1yl S1 =2 2y 2 =2
Ty = lim 21(7;), T3=e1+ex— 2y, Zi= lim x(7;), T5=e; +ey—I7.
k—o00 k—o0

In view of (6.1.2), we have

ui(z1) = sup ur(21(t)) = ua(77),  ua(Z3) = sup ug(w2(t)) = ua(73).
tZTzl t27'21
It is clear, that point Z{ is on the maximal surface of 1st agent and 72 is on the
maximal surface of 2nd, and that for both individuals the allocations are equivalent
by the utility. Further, we shall show that actually coincide not only utilities but also
allocations, i.e. Z} = 72. For a two-goods economy this allocation will be obviously
properly contractual (equilibrium) since it is on the maximal surface of every agent.?

2Tt is not sufficient in general, but it will be so if the allocation is Pareto optimal.
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Let’s assume now that Z] # #%. These points are on a common indifference
curve of 1st agent, and, accordingly, the points ¥} # 72 are on an indifference curve
of the 2nd individual. Reasoning in Edgeworth box, for example in the coordinate
system of the 1st agent, we see that two points 71 # 72 are connected by two con-
tinuous curves which are the pieces of the boundary of two (convex) sets of a utility
level. Let’s connect the specified points by a linear segment, i.e., consider the set
{~v#1 + (1 —~)z? | 0 <y < 1}. By virtue of the strict concavity of utility functions,
the value of utility at points of this segment is strictly more than the utility level at
its ends for both individuals. This implies that for one of the agents the part of the
indifference curve, going through the points #1, 72 and placed strictly between these
points, cannot intersect the maximal surface of the agent, see Figure 6.1.5 (every ray
going from initial endowments through one of the considered points first intersects
with one of two indifference curves and then it hits at a point of the segment; there-
fore (via concavity) when a point moves along the ray utility increases at the point
of intersection with indifference curve). Let this be a case of 2nd agent indifference
curve. Further for the 2nd agent indifference curve let us find a point z7*** where 1st
agent utility is maximal, i.e., define x7*** from relation

up (277) = max{u (1) | ug(e; + ey — 1) = us(e; +ey — 1)}

Obviously, in the Edgeworth box for 2nd agent indifference curve, this point is placed
strictly between points Z1, 2. Further find neighborhoods V;, V4 of points #1, 22 and
a neighborhood V., of point z7"** satisfying the following conditions:

1) At every point from V., the 1st agent utility is strictly more than his/her
utility at any point from neighborhoods V7, Vy;

2) For every point from V; if the trajectory passes through this point (i.e. it is
starting from this point as a point of initial data in Cauchy problem) then it certainly
passes through some point of neighborhood V;,,4..

Clearly that such neighborhoods can be found, since first it is possible to find
neighborhoods satisfying 1) and then if necessary to reduce neighborhoods Vj, V5.
However, now we come to the contradiction because the 1st agent utility is non-
monotonically changed in the part of a trajectory where the 2nd agent is passive—it
contradicts to the property that every contract defined by trading rule is mutually
beneficial. |

30ne can yield a contradiction in a faster way: it is enough to notice that on a ray, outgoing from
e; and passing through the point #2, the point of 1st agent utility maximum should settle down
“closer” to the point e, rather than a similar maximum point for the 2nd utility. It follows from the
fact that points 71, 77 are located on a common 1st agent indifference curve, i.e., uy (#1) = uy (2%).
But it means that 7} # 77 is impossible.

Another way to obtain a contradiction is to notice that a trajectory, starting from a neighborhood
of point #? never can get in a neighborhood of #1, since for this it has “to overcome” an area of
point x7*** neighborhood, in which the vector field of the trading rule is oppositely directed.
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6.2 Local stability in contractual processes

In this section, we consider the problem of local stability of contractual processes.
But first, we recall classical definitions.

Let’s consider some autonomous differential equation & = F(z) and let = be its
stationary (or critical, equilibrium) point, i.e. a point for which F(z) = 0.4

A stationary point Z is called locally stable if for each neighborhood of this point
it is possible to find (another) neighborhood such that the solution of the equation
starting from any point of the last neighborhood (initial data in a neighborhood) will
never leave the limits of first neighborhood. Formally:

Ve>030>0: if ||z(0) — Z|| <4, then |z(t,z(0)) —Z| <e Vt >0,

where z(t, (0)) is the solution of Cauchy problem with an initial point 2(0) € domF'.
However, for our case it is not sufficient to have only ordinary stability, it is also
necessary that in the limit current allocation becomes equilibrium one (because we
are interested in converging processes). Formally, in addition, it is necessary to require
the following;:
lim z(t,z(0)) =z, Vz(0): ||z(0)—z| <.
t—+4o00

Thus, speaking about local stability of contractual process, we mean local asymptotic
stability. Similar definitions are given for the case of differential inclusions.

As usual, we begin our analysis from the study of 2 x 2 economy case. It is a
rather simple case and one can obtain a characterization of locally stable equilibria
already from the analysis of Diagrams 6.2.6 a), b). In these diagrams (in the style
of Edgeworth box) instead of projection onto agents’ maximal surfaces, it is shown
the projection onto tangent hyperplane to maximal surface at equilibrium point z
that is correct for the local analysis. The only difference between cases a) and b) is
actually that we have renumbered the tangent hyperplanes determined by vectors h;,
1 = 1,2 calculated at a point . However, this changed the case radically: locally
stable equilibrium has turned into unstable! As it is shown in Figure 6.2.6 a), some
current points 2/, x” are approaching to equilibrium but after a change of surfaces
numeration they are moving off from equilibrium as it is shown in Figure 6.2.6b).

Thus one can notice that in local stability the key role is played by an inter-location
of vectors hy, hy and p concerning equilibrium point. Moreover, this allows us to
formulate a hypothesis for the work: an equilibrium is stable if (locally) every current
consumption of an active individual is strictly less preferable of his/her consumption
in equilibrium. This hypothesis is fulfilled for the situations similar described in
Figure 6.2.6 a) and is violated for 6.2.6 b). For 2 x 2 economy it is possible strictly to
prove the validity of our hypothesis. However, already for the 3 goods economy, this
hypothesis becomes rather doubtful.

The considerations below show that for economy with two agents and 3 commodi-
ties, our hypothesis can be true only in some degenerated cases.

4For differential inclusion & € F(z) stationery condition has the form 0 € F(z). However, by
virtue of specific properties of inclusion & € F(z), corresponding to contractual processes condition
0 € F(z) is equivalent to {0} = F(Z).
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2nd surface

€

Figure 6.2.6: Locally stable a) and unstable b) equilibrium T

Let’s consider economy with two individuals and with commodity space of dimen-
sion [ > 3. Let x € Rl«r denotes the 1st individual consumption and y € ]RZJr is applied
to denote 2nd agent consumption and let preferences be defined via Cobb-Douglas
functions:

l
Ul(fﬂ):Hipija a>> 0, Zaj:l’ UQ(y):Hyfj7 8> 0, ZﬁjZI.
j=1

j=1

Let € > 0,4 = 1, 2 be some initial endowments. It is well known that in such economy
there is an unique equilibrium which we denote by (Z,y). Let’s show that in every
neighborhood of this equilibrium there are points (z,y) (allocations) such that an
individual, say 1st, is active and the 2nd individual is passive, i.e. (Vuy(z),z —e') =0
& (Vua(y),y — e?) > 0, and in addition uy(z) > uy (7).

With this purpose let us any allocation (Z,¢) such that only 1st individual is ac-
tive and uy(Z) > u1(Z). Such allocations in 3 goods economy exist (computer finds
them in particular examples) though they are absent in two-goods economy. Further,
reasoning in Edgeworth box style we can connect points £ and z by linear segment
and show that the points from the segment interior are strictly inside of maximal
surface. It follows from the fact that for Cobb—Douglas functions the restriction
(Vuy(x),z — e') > 0 is a restriction defined by concave function (thus the set of allo-
cations limited by the maximal surface is convex). For simplicity, taking the logarithm
of utility, and calculating a gradient, one finds

ol
Oé]ej

<Vlnu1(x),x—e1>:1—z ,

Lj

where in the right-hand part of equality a strict concave function is written down.
It follows from this that if from the point of initial endowments e' to let out a ray
going through some point of segment z(y) = v& + (1 — v)z, v € (0,1) then the
point of intersection of the ray and the 1st agent maximal surface is placed on the
ray further than point z(y). Thus, the 1st agent utility at a point of intersection is
greater than his/her utility at a point z(+), which in turn is more than his/her utility
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at a point of equilibrium. So, we have shown that in all points which are located
on a continuous curve on the maximal surface, it is constructed as all points of its
intersection with all designed rays, the 1st agent utility is strictly more than utility at
a point of equilibrium. It refutes our working hypothesis since if it is incorrect already
for Cobb-Douglas utilities then in general it cannot be considered acceptable.

So, in formulated above form, our characteristic property for an equilibrium to be
locally stable relative to general contractual processes is unsatisfactory. One of our
opportunities to elaborate positive result is to relax the stability requirement and to
require (local) convergence not for any rule of trade but for the rules having some
additional and economically reasonable properties. With this in mind, we first try to
understand the basic distinction between 2-goods and 3-goods economies.

In 2-goods case and for a small enough neighborhood of an equilibrium point, if
the current allocation is on the maximal surface, then any mutually beneficial ex-
change between the agents with necessity (almost always) involves the break of gross
contract, i.e., contractual process goes with obligatory break of contracts. Differently,
if the current point of a trajectory is placed in a neighborhood of stable equilibrium,
then process further goes according to alternative (z) of previous paragraph: when
time elapsed, there can be only one active individual and his/her current consump-
tion is strictly less preferable of equilibrium one (hence, using results of the previous
paragraph one can easy establish convergence of a trajectory to equilibrium). This
statement is true as soon as for a small enough neighborhood of equilibrium the nor-
malized gradients of utility functions are almost equal to the vector of equilibrium
prices but the vectors h;, 1 = 1,2 being calculated at equilibrium are disproportionate
to equilibrium prices. However, already in 3-goods economy it is not so, and in any
neighborhood of equilibrium one can find an allocation on the maximal surface ad-
mitting a mutually beneficial exchange without break of contracts, i.e., it is possible
Pareto improvement without break! This motivates the following

Definition 6.2.1 A rule of trade v : A(X) — £° is called benevolent, if v(x) does
not attract the break of contracts in all situations when a mutually beneficial exchange
without break 1s possible.

Contractual U B—process is called benevolent, if it is defined by a benevolent rule
of trade.

In substantial terms, Definition 6.2.1 means that before the individuals sign a new
contract, they carefully investigate opportunities for a mutually beneficial exchange
being aimed to find a contract without subsequent break of signed earlier contracts.
The signing of a contract with subsequent break is carried out only if there is no any
other opportunity to get an agreement.

Formally, for process by Definition 5.2.1 the concept of a benevolent rule of trade
requires performance of the following conditions.

Let z € A(X) be some allocation stable relative to the break of aggregated contract
r —e =wv and let

I9x) ={i € T| (Vui(a;), x; —e;) =0} #0
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be nonempty set of all active individuals. Let us define
W (2) = {w € £° | (Vu,(2;),w;) >0, Vi € T & (hy,w;) >0, Vi € I%x)}. (6.2.1)

This is the set (possibly empty) of all mutually beneficial contracts that being signed
do not attract the break of aggregated contract z —e.® If W/ (z) # () then

(hi,vi(x)) >0, VieZ% x) & (Vui(x;),vi(x)) >0, Viel. (6.2.2)

The following statement gives some criterion of local stability in economy with
two agents.

Proposition 6.2.1 Let & = (Z1,%2) be an isolated equilibrium allocation in the
economy with two agents and let standard assumptions be satisfied. Then if for some
neighborhood Vz in A(X) of point T for every y € Vz satisfying (Vu;(yi), v —e;) > 0,
1 = 1,2 the following relation

37 (Vui(y;), g5 —e) =0 & W(y) =01 = u(y;) < uy(z)) (6.2.3)

holds, then equilibrium is locally stable relative to (locally) benevolent contractual pro-
cesses.

Note that in the left-hand part of relation (6.2.3) there is described a situation in
which a mutually beneficial exchange without the subsequent break is impossible.
Thus, the requirement (6.2.3) tells us that in such cases an active individual prefers
equilibrium consumption to the current one; the last can also be written down as
(Vu;(yj), z; —yj) > 0 for z; # y; (it follows from strict concavity of utility).

Proof of Proposition 6.2.1. Let V; be a neighborhood of equilibrium point & =
(Z1, T2) which existence is postulated in Proposition 6.2.1. Consider a vector-function
f: Vz — R? where

fily:) = min{w;(y;), u; (%)}, i =1,2.
Show that this function is (non-strictly) monotonically increasing along benevolent
contractual trajectory.

In fact, for z(t) € Vi either Z%x(t)) = 0 but then at the point x(t) contrac-
tual process is going without break and monotonicity is obvious, or Z%(z(t)) # 0.
In the last case if W/ (x(t)) # 0 then monotonicity follows from (6.2.2), in a con-
trary case W/T(z(t)) = () and one can apply (6.2.3). Further, we first note that
(ur(z1(t)), ua(z2(t))) < (ur(Z1),us2(Zy)) is impossible because otherwise the equilib-
rium z Pareto dominates z = z(t) and W/"(2(t)) # 0. Therefore, since by (6.2.3)
it has to be u;(x;(t)) < u;(z;), j € I%x(t)) and then u;(x;(t)) > w;(z;) for i # j.
However, in this case by specification f;(x;(t")) = fi(z;) for all ' > t close enough to
t. The activity of j also implies that the function f;(z;(¢')) is locally increasing for
t'>t.

SHere £° = {(v1,...,v,) € LT | .7 v; = 0} is the space of contracts. Remember that condition
(hi(x),w;) > 0 means that individual ¢ € Z is not interested in the break of contract z — e when w
is signed at a state x.
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Further, due to the assumption that utility functions are strictly concave and since
equilibrium allocation is Pareto optimal, it is not difficult to prove that the sets

Vi={yc AX) | filyn) = fi(Z1) —¢ & fa(yo) = fa(T2) —€}, €>0

form a basis of neighborhoods for the point z in A(X).% To see this it is enough to
note that N.~oVF = {Z}. However, this is true because only Pareto optimal points
can be in the intersection but for strictly concave utility functions it is impossible to
find two different allocations which are Pareto optimal and simultaneously have equal
agents’ utilities. Choosing now € > 0 from condition V7 C V; and taking V; as a
neighborhood of initial data, we conclude that the first condition of local stability (see
above) is valid: a trajectory being at least one time in this neighborhood can never
leave it (due to the monotonicity of f along a benevolent trajectory).

Further, the monotonicity of f along a trajectory and the property f(z(t)) < f(z)
allows us to consider f as a Lyapunov vector-function, but we need to show that
lim , x(t) = Z. Let us do it. Let Z be any limit point of trajectory z(¢). The
monotonicity of f implies that lim; ., f(x(t)) does exist and also lim; . f(z(t)) =
f(Z) < (u1(Z1), ue(T2)). Show that this inequality can be fulfilled only as equality. To
do it first of all notice that the case f(Z) < (u1(Z1),u2(Z2)) is obviously impossible
(by Lemma 6.1.1 and Remark 6.1.1). Hence, at least for one component equality
is realized. Let, for example, for 1st agent and for all large enough ¢ it is realized:
30 > 0: uy(x1(t)) < ui(z1) — d. Now (6.2.3) and benevolence imply that the utility
of this agent is monotonically increased for all ¢ large enough. Moreover, it is easy
to see that if uy(Z2) > us(Z2) then we are in a condition of alternative (i) from the
previous section, §6.1.2 (page 223) because only 1st agent can be active for ¢ large
enough. Therefore, due to Lemma 6.1.1 and Remark 6.1.1 the allocation Z is Pareto
optimal. However, in so doing, Z has to be stable relative to partial break of gross
contract * — e. Hence Z has to be an equilibrium allocation from the neighborhood
V. Choosing now ¢ > 0 so that the neighborhood does not include equilibria different
from Z and taking this neighborhood as a neighborhood for initial data, one concludes
=1

Thus we have proven that (u1(Z1), us(Z2)) > (u1(Z1), u2(Z2)). However, once again
it means that  is Pareto optimal and therefore it is an equilibrium. Hence & = z. As
a result: we have found a neighborhood such that any trajectory defined by benevolent
contractual process which is going through some point of the neighborhood has all
limits points equal to . This trajectory converges to Z. [ |

Remark 6.2.1 Notice that for 2-goods economy an equilibrium Z is isolated if vectors
hy, hy calculated at the equilibrium point are non-collinear. Moreover, under assump-
tion (D) and if equilibrium is an interior point, then it is possible to prove that any
contractual process in 2 X 2 economy is locally benevolent. To see this, it is enough
to note that for any allocation y on the maximal surface and from a neighborhood of
equilibrium a cone of improvements

z € R?* | (Vur(y1),2) >0 & (Vug(ys),z) <0

6Tt means that all these sets are neighborhoods and that every neighborhood includes a set of
this type.
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does not intersect a half-plane (h;(y1),2) < 0 when 1st agent is active, or does not
intersect a half-plane (ha(y2), 2) > 0 when 2nd agent is active. It will be so since in a
neighborhood of equilibrium the utility gradients are close to the equilibrium prices
and in view of h;(y;) = hi(z;), (hi(Z;),e; —z;) > 0,4 =1,2.

Thus Proposition 6.2.1 corresponds with our previous reasonings and serves their
formal proof. Moreover, this allows us to formulate a computable criterion of local
stability for equilibrium in economy 2 x 2. |

In presented form it is not easy to extend the result of Proposition 6.2.1 to the
case of any number of agents because the fact that economy has only two agents is
essential in the proof. Really, if there are only two individuals and one of them is
active in a current state from a suitable neighborhood of equilibrium, then one can
conclude that for benevolent trajectories the utility of passive agent is strictly more
than his/her utility in equilibrium. If there are more than one passive individual,
then one can surely assert only that among them there is at least one individual with
strictly greater utility than in equilibrium.

Despite the difficulties to study the general case of local stability, in the following
section we shall continue investigation of benevolent proper-contractual processes.
Under certain assumptions it will be proved that these processes generically converge
to equilibrium.

6.3 Convergence of benevolent UB-processes

We begin the analysis from detailed research of a general case of benevolent trajec-
tories. With this in mind, we first study situations in which a mutually beneficial
exchange without break of contracts is impossible. The following lemma describes
necessary conditions that such a situation takes place.

Lemma 6.3.1 Let « € riA(X) be an allocation stable relative to the partial break of
gross contract x —e. Let standard assumptions be satisfied and let mutually beneficial
exchange without the subsequent break of contracts be impossible, i.e., W/ (x) = 0.
Then there is a vector p # 0 so that for each individual i € I there are real numbers
a; >0, B; > 0 such that

p = Vu;(z;) + Bihi(z;), YViel (6.3.1)
and the following complementarity slackness conditions:

Bi - (Vui(w;),z; —e;) =0, Viel
are fulfilled.

Complementarity slackness conditions in this lemma just serve a convenient form to
describe the fact that for each passive individual (if (Vu;(z;),z; —e;) > 0) the value
Bi > 0 should be zero while for an active agent (if (Vu;(x;),x; —e;) = 0) it can be
strictly more than zero. Further, it is easy to see that up to the normalization of p
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the values a; and §; in the formula (6.3.1) are unequivocally defined since Vu;(z;)
and h;(z;) are the non-collinear couple of vectors for any active individual in the
current allocation. It allows us among the active individuals to correctly identify the
agents who can really influence the course of the contractual process via a break of
the contracts.

So, we shall call an active individual ¢ really active, if 5; > 0. Accordingly, if
B; = 0 for an active agent then he/she may be called fictitiously active (locally in
process behavior of these individuals similar to passive ones). Also, let’s name the
individual really passive if he/she is passive or fictitiously active.

Proof of Lemma 6.5.1. By definition (6.2.1) of the set W/" () one can equivalently
rewrite condition W/"(z) = ) in the following way.

Let us define B;(z) = {z € L | (Vu;(z;),z) > 0} if the individual 7 is passive and
let Bi(x) = {z € L | (Vuy(z;),2) > 0 & (h;(x;),z) > 0} for the active individual.

Then
A

where, remember, £° = {(v1,...,v,) € L* | Y., v; = 0} is the space of contracts.
Notice that B;(z) # 0 for active i since Vu;(z;) # 0, (Vu;(z;),z; — €;) = 0 and
(h;,x; —€;) < 0 (hence vectors are non-collinear), and of course B;(z) # 0 for passive
agents. Therefore, one can apply separation theorem and find 7 = (p1,...,pn) # 0
such that

(. [] Bi(x)) > (z. £9.

We see that functional 7 is bounded from above on subspace £¢ which is possible
only if (7, £°) = 0 and, therefore, in standard manner one can conclude that p; = p;,
Vi # j. Denote p = p; # 0. Further, it is easy to see that (7, [[; Bi(z)) > 0 is possible
only if (applying 7 = (p,...,p))

(p, Bi(x)) >0, Viel

is true. Thus, for every active i the inequality (p,z) > 0 is a corollary of two
inequalities: (Vu;(z;),z) > 0, (hi(z;),z) > 0, and for passive agent only of first of
them. Now applying Farkas lemma (or again separation theorem) we conclude the
existence of o; > 0, £; > 0 demanded in the statement of lemma. [ |

The property of a trajectory to be benevolent is rather qualified requirement which
is applied to a rule of trade. In particular, it is easy to see that the vector p which
existence was proved in Lemma 6.3.1 being normalized as ||p|| = 1 is a continuous
function of the current point of a trajectory.

Lemma 6.3.2 Let z(t), t > 0 be a benevolent U B-trajectory by Definition 5.2.1 and
let standard assumptions be satisfied. Then the vectors p = p(x(t)), ||p|]| = 1, ezisting
by Lemma 6.3.1 at all points of trajectory x(t) present a continuous function in its
domain: an area where beneficial exchange without contracts breaking is impossible.
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It is clear that in lemma conditions, when there is the specified continuous dependence
of a vector p from the current point of a trajectory, the same thing can be said about
the coefficients «;, f; of decomposition (6.3.1): they are also continuously dependent
on time. It follows from the fact (already mentioned) that vectors Vu;, h; being
calculated at required points, are noncollinear.

Proof of Lemma 6.3.2. Tt follows from the continuity of a trajectory z(t) that for
each individual i the set of all moments ¢ > 0 where he/she is passive is open on
interval (0, +00), because the set is defined via condition (Vu;(x;(t)), z;(t) — e;) > 0.
Due to Lemma 6.3.1 we have p(z(t)) = Vu;(z;(t))/||Vui(x;(t))| in every moment ¢
where individual 7 is passive. Therefore, since the gradient of utility continuously
depends on trajectory points, one can conclude that as the function of time p(t)
changes continuously in a neighborhood of t. Now we need to show that if (¢) # 0,
i.e., if the point z(t) is not equilibrium, and if the mutually beneficial exchange without
break is impossible, then a passive individual exists. Assuming that all individuals
are active via (6.3.1) (the mutually beneficial exchange without break is impossible)
we have

Further, let us multiply these equalities on vectors z;(t) — e; # 0 and then sum the
received equalities. As a result, since from the activity of the individuals we have
(Vui(z;),z; —e;) =0, Vi € Z and due to Y (x;(t) — €;) = 0 one obtains

0="> Bihi(z:(t)), z:(t) — e;).

Since 3; > 0 and (h;(z;),z; — e;) < 0, Vi € Z, then the last equality is possible only
if B; = 0 for all 4, that is possible only in equilibrium. It is a contradiction. |

Further, we will be interested in some specific properties of proper-contractual
trajectories by Definition 5.2.1 (not necessarily benevolent!). In fact, we need to clear
those situations, when at the points of a trajectory more than one active individual
may exist. With this in mind, we remind that at the current point of a trajectory
x(t) the measure of break of the gross contract is defined as a minimum (provided
that it is less than zero, otherwise a break does not occur) of some values determining
desirable break for the active individuals. Desirable break of a gross contract for the
agent ¢ is defined by value

(hi(zi(t)), Uz@l( )
(hi(zi(t)), € — 2:(1))’

see Lemma 5.2.1. However, for two individuals simultaneously define the size of break
of the contracts in nearest subsequent after ¢ moments of time, it is necessary that
the measure of a desirable break of gross contract coincides with a general minimum
and, therefore, both measures should coincide among themselves. This motivates the
following definition.

Az (1), v(2(t))) =
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Definition 6.3.1 A contractual trajectory x : [0,+00) — A(X) (process) is called
non-degenerate if for all non-equilibrium points x(t) of its hit on a maximal sur-
face for each couple of active indiwvidual i, j, i # j (i.e. if (Vui(z;(t)), x;(t) — e;) =
(Vuj(x(t)), z;(t) —e;) = 0) the following inequality

(hi(s(1)), vili(1)) -, (hy(;(1)), vi(25(1)))
(hi(ai(t)), € — i) = (hy(;(t)), €5 — 2;(1)

Xi(z(t), v(x(t))) = 7 = Aj(@(t), v(z(1)))

holds.
A trading rule is called non-degenerate relative to initial endowments allocation
e = (ey,...,e,) if a generated trajectory with initial data x(0) = e is non-degenerate.

Non-degenerate contractual trajectories are easier in the analysis because in each
moment of time only one individual sets a measure of break of gross contract, i.e.
he/she can be considered being an active “leader” of the contractual process. However,
for non-degenerate processes of a general form when time elapses, there can be a
change of the leader. Below, we will see that it does not occur in the case of benevolent
trajectories.

With this in mind, we first show that for any not stabilized trajectory the set of
those moments where there are two or more active agents has a structure similar to
discrete one.”

Lemma 6.3.3 Let z(t) be a non-degenerate U B-contractual trajectory by Definition
5.2.1 and 6.3.1. Let at the moment T the derivative ©(7) # 0 and an agent i be active,
i.e. (Vui(xi(7)),z:(1)—e€;) =0. Then for some e > 0 and for all points from (7, 7+¢)
only one of the following alternatives takes place:

() If Ni(z(7),v(z(7))) = A™"(2(7),v(z(7))) < 0 only individual i is active and
all other agents are passive.

(i1) If Mi(x(7),v(x(7))) = A™"(z(7),v(2(T))) = 0 individual i may be active but it
15 not certainly the case however all other agents are certainly passive.

(¢ii) If Nj(z(7),v(x(7))) > A™™(2(7),v(x(7))) = 0 for each active individual then in
interval (1,7 + ¢€) all agents are passive.

The statement of this lemma implies the following important

Corollary 6.3.1 If a contractual trajectory is non-degenerated and z(t) # 0, Vt > 0,
then the set of all time-moments where the number of active individuals can be two or
greater is mo more than enumerable.

"Strictly speaking, this set can have limit points, however it does not influence the subsequent
analysis.
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Remark 6.3.1 The statement of Lemma 6.3.3 may seem almost obvious; however,
it is necessary to remember that we deal with the solution of a differential equation
with a discontinuous right-hand part and, therefore, this solution is not obliged to be
a differentiable function. Therefore, an appropriate analysis should be realized with
special carefulness.

It seems that the result of the lemma can be extended to a general case of not nec-
essarily non-degenerate trajectories. Certainly, it has to be another edition in which
possible such variant of alternative (i): from the set all active individuals satisfying
this alternative condition there may be separated the group of the individuals each
of them is active on some open interval of time directly contiguous to the considered
time moment. However, the strict proof of this fact is not presented while... As a
consequence to generalized lemma, one can hope to receive this fact: the number of
the moments of time, when the set of the active individuals is reconstructed, is no
more than enumerable. [

Proof of Lemma 6.5.3. First let us choose € > 0 so that if for j € Z inequality
(Vuj(xj(1)),z;(T) — ;) > 0 is fulfilled then for all ¢ € (7, 7+¢) the similar inequality
(Vuj(x(t),z;(t) — e;) > 0 is also fulfilled. It is possible in view of continuous
dependence of a trajectory from time and since all functions participating in inequality
are continuous.

Further, let (Vu,;(z;(7)),z;(7) —e;) = 0 be fulfilled for some j € Z, j # 1,
1.e., j is another agent distinct from ¢ which is active at the moment 7. Applying
Definition 6.3.1 suppose, for example, that

(hi(zi(7)), vi(zi(T))) - (hj(x;(7)), vi(x;(7)))
(hi(zi(7)),ei — (7)) (hi(z;(7)), €5 — 25(7))

holds. From a continuity of functions participating in the inequality, it is possible also
to find a neighborhood of point z(7) in A(X) and a neighborhood of point v(z(7)) in
the space of contracts £° such that the similar inequality is true for any point from
these neighborhoods replacing z(7) and v(z(7)), accordingly. Let § > 0 be such that

(hi(zi), wi) - (hj(s, wy)
(hi(zi),e; — i) (hj(x;),e; — 5)

is fulfilled, where Bs(y) denotes a ball of radius § > 0 centered at y in an appro-
priate space, and vectors h;(x;), hj(x;) are formally defined by formula (5.2.2) and
are calculated at the designated point of space. Moreover, without loss of generality,
it is possible also to think that all contracts from Bs(v(xz(7))) N £¢ are beneficial at
every point from Bgs(z(7)) N A(X). This obviously follows from the definition of the
mutually beneficial contract and from the continuity of all functions participating in
required inequalities. Besides, it is possible to think that numerator and denominator
in expressions from the last formula do not change a sign for all points of chosen neigh-
borhoods and that this is true for any pair of active individuals at the moment 7. At
last, reducing if necessary, € > 0 can be chosen so that all points z(t) for t € (7,7 +¢)
are in the limits of the chosen neighborhood Bs(z(7)) of x(7), i.e. for the time not
more than € > 0 the trajectory does not leave this neighborhood.

, Vo € Bs(x(1)) NA(X), Yw € Bs(v(z(1))) N L°
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Further, let us establish the validity of alternative (7). It is necessary to show that
in conditions of (i) an arbitrarily chosen point of the trajectory z(t), t € (1,7 +¢) is
located on the maximal surface of individual i, i.e., that (Vu,;(x;(t)), z;(t) —e;) =0
is fulfilled.

Assuming (Vu;(z;(t)), z;(t) — e;) > 0 find a maximum of all those moments ' €
[7,t) where the current point of trajectory z(t') is located on the maximal surface of
agent i. As x(7) is on the maximal surface of the agent i, this maximum does exist
and obviously that at this moment the point of a trajectory is located on the maximal
surface. Let s denote this maximum. Now we have (Vu;(z;(s)), z;(s) — e;) = 0 and
(Vui(z:(C)), z:(¢) — ;) > 0 for all ¢ € (s,t). By definition, in the interval (s,t) the
law of change of a trajectory (5.2.8) is set by the contract v(z(()) and by (in general
discontinuous) function A™"(.) which in conditions of alternative (i) by the choice of
¢ and because individual ¢ is passive for all ¢ € (s,¢) has to satisfy

iy oy (). Q)
X o) > a > 0> e e — Q)

for some real a, b. Further, the vector h;(x;) participating in the right-hand part
of inequality (6.3.2) is defined by formula (5.2.2) and, therefore, it is the gradient

of function F(z;) = (Vu,;(x;),z; — e;) which defines maximal surface by equation
F(z;) = 0. So we have F(x;(s)) = 0 and the value F'(x;(t)) can be found by formula

= gi(x(()),v(x(¢))  (6.3.2)

Fla) = [ FE e = [, Fao). e

where the function under integral is summarized (since () is an absolutely continuous
function). Substituting expression of under-integral functions (#;(¢) via the law of
trajectory) in view of (6.3.2) and (h;(z;(C)), x:({) — e;) <0, V¢ € (s,t) we obtain the
following estimation

Fi(t)) = / (ha(:(0)), A (O ((C) — e0) + vila(O)))dC <

< a/ (hi(z:(C)), (:(C) — ez‘)>dC+/ < (hi(z:(C)), vi(w:(€)))d¢ <
< (@—b)/ <hi(a¢i(C)),xi(C)—ei)dC+/ (hi(7:(C)), 9: () (z:(C) — €;) +vi(w:(()))d( =

—(a—b) / (hi(i(O)), 2:(C) — en)dC.

The last equality in the chain of estimations is true because the second integral (sum-
mand) is equal to zero: by definition of ¢;(¢) = ¢;(z({),v(z(¢)) in (6.3.2) and due

to
<hi7 vi>

hiy 77—
< <hi>ei - xz>

({L'i — ei) + Ui) = 0, Z; 7é €;.
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Since f;(hi(xi(g)), z;(¢) — €;)d¢ < 0 then as a result we conclude
F(zi(t)) = (Vui(z(t)), z:(t) — e;) <0,

that contradicts the initial assumption. Thus alternative (i) has proven.

In a part of the proof of alternatives (i) and (iii), we only note that it can be
done in accordance with the same method as stated above. The difference consists in
the formulation of a requirement similar to (6.3.2) but written down concerning other
parameters: only this thing is important to obtain the key estimations. For example,
for the proof of alternative (ii), for the individual j # ¢ which is active at the moment
7 for a suitable time interval one needs to apply

(hj(z;(0)),v;(z(C)))
(hj(z;(C)), e; — ;(C))

Lemma 6.3.3 is proven. |

A (2 (), v(2(0))) < a < b < = gj(x(()), v(z(¢))-

Further, we show that while equilibrium is not attained along a benevolent trajec-
tory, there is only one individual that can be “really” active. Remember that really
active is such individual, which in the relation (6.3.1) from Lemma 6.3.1 has parameter

B # 0.

Theorem 6.3.1 Let z(t) be a non-degenerate benevolent trajectory and let standard
assumptions be fulfilled. Then only one of the following alternatives can be true:

(i) There are no (almost) time moments on the interval [0, 4+00) when the breaking
of gross contract x(t) — e is realized, i.e., for almost all time moments during
the contractual process all individuals are passive.

(i7) There exists a time moment T > 0 such that for almost all time moments on the
interval [0, 7) all individuals are passive and the contrary at the moment T: all
individuals are active, i.e., x(T) is an equilibrium.

(14i) There exist time moments 71 > 0 and 79 > 11 such that for almost all time
moments on the interval [0,71) all individuals are passive and there is the only
real active individual on the interval [Ty, m2) and if 7o # +00 then at the moment
Ty all individuals are active, i.e., x(72) is an equilibrium.

Theorem 6.3.1 describes rather important properties of non-degenerate benevolent
trajectories which allow us to conclude the convergence of this type of trajectories to
an equilibrium.

Corollary 6.3.2 Let the standard assumptions be fulfilled. Then any benevolent rule
of trade generating non-degenerate contractual process defines proper-contractual U B-
trajectory, for which all limit points are equilibria. Thus non-degenerate benevolent
processes are quasi-globally stable.
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Proof of Corollary 6.3.2. If an alternative (i) or (i7i) when 7 < +o00 is realized,
then the convergence of a contractual trajectory to equilibrium is obvious. If the
alternative (i) or (i) with 75 = +oo is realized then we are in the condition of
alternative (i) from Section 6.2 (see page 223) and now we can apply Lemma 6.1.1
and Remark 6.1.1 that proves equilibrium properties of any limit point. [ |

Proof of Theorem 6.3.1. Let us determine a time moment 7 > 0 as the first moment
when the mutually beneficial exchange without a partial break of gross contract z(t)—e
is impossible. If there are no such moments, then alternative (i) is realized. However,
if the set of all such moments is not empty, then being the closed set it always has the
minimal element. Therefore, moment 7 is determined correctly. Further, if (7) =0
then x(7) is an equilibrium and, therefore, the alternative (i) is realized. Let (1) # 0.
Now we are able to apply Lemma 6.3.1 and can conclude that at the moment 7 there
is at least one really active individual. Otherwise f;(7) = 0 for all ¢ € 7 that is
possible only in equilibrium. Let Z"(7) C Z be a nonempty set of all really active
individuals at the moment 7. Further, one can apply the fact that our trajectory is
non-degenerate and show that alternative (i) of Lemma 6.3.3 is true. We need to
prove that \;(z(7),v(z(7))) < 0 for some active individual i € Z at the moment 7.
To do it we need to show (h;(z;(7)), v;(z;(7))) < 0. With this in mind, one can apply
Lemma 6.3.1 and conclude the existence of a vector p(7) # 0 and, for each i, numbers
a;(1) >0, B;(17) > 0 such that (6.3.1) is carried out:

p(7) = oy (7)Vuy(2i(7)) + Bi(7)hi(xi(7)), Vi€ L.

Further, for each really active individual 4, from Z"*(7) # () multiply the appropriate
equality on vector v;(z;(7)) and then sum the received equalities. The obtained result
can be written down as

(p(r), Y wilaa(n) = Y a(Vus(i(r)), vilai(r))) =

Zre(T) Zre(T)

= Z Bi(T)(hi(wi(7)), vi(xi(7)))-

Zre(T)

Since each summand in the right-hand part of this equality has a positive factor
(strictly more than zero) we shall receive the required property if it will be established
that the value in the left-hand part of equality is negative. But it is so because by
the definition of contract ZITG(T).vi(.xi‘(T)) = - > n\zrer Vi(xi(7)) that in view of its
mutual benefit for really passive individuals gives

(p(r), > wvilai(n)) = —(p(r), > wilxi(r))) <0.

Zre(T) I\ZIre(T)

Therefore, the left-hand part of previous equality is the summation of negative and
non-positive values, and as a whole it is negative.

So, at present the moment, we have proven that alternative (i) of Lemma 6.3.3 is
realized. This implies that for some € > 0 on the interval (7,7 + ¢) the contractual
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process goes with a break of gross contract, and only one agent is active. Let ig be
this individual. Only this individual (from complementarity slackness conditions from
Lemma 6.3.1) can be really active on the interval (7,7 + €) and, therefore,

Bi(t) >0, B;(t)=0, Vj#i, Vte(r,7+e).

At last, applying Lemma 6.3.2 we can in these relations pass to limit for ¢ — 740 (all
functions are continuous) concluding that 5, (1) > 0 and 5;(7) = 0, Vj # ig. Thus,
the individual 4 is the sole really active agent on the interval [7,7 + ¢).

Below, on former assuming that z(7) is not equilibrium, we prove the validity of
alternative (7i1).

With this in mind, we first show that for every ¢ > 7 the mutually beneficial
exchange without a partial break of gross contract z(t) — e is impossible. Assuming
opposite, find t' > 7 as infimum of all moments where the exchange without break is
possible. Tt is clear the set of all such moments forms an open set on (7, +00) and ¢/
can not belong to it. Therefore, at the moment ¢’ the mutually beneficial exchange
without a break is impossible. Besides, x(t') can not be an equilibrium since the
exchange goes after moment t'. Now we can apply Lemmas 6.3.1, 6.3.3 and reasoning
similar to described above we can conclude the existence of § > 0 such that at every
point of the interval [t',#' 4+ d) the contractual process is realized with a partial break
of contracts. As a result, we come to the contradiction with a choice of the moment
t.

Further, we define 71 = 7 and find the moment 7 as infimum of all those moments
of time from (71, 4+00) when there is at least one another active individual distinct
from ig. If there are no such moments, then 75 = 400, and everything is proven.
Let us assume 75 < 400 and show that x(72) is an equilibrium. First, note that at
the moment 75 only individual iy can be really active. At this moment the mutually
beneficial exchange without break is impossible, and on the interval (71, 7) only g is
active, therefore, applying Lemma 6.3.1 we obtain

6i0(t) > O, ﬁj(t) = O, VJ 7£ io, Vt € (Tl,TQ).

Further, in view of Lemma 6.3.2 all functions f;(-), i« € Z are continuous on |7, 73]
and, passing to limits by ¢ — 7 — 0 we conclude

Bio(12) >0, Bj(12) =0, Vj # io.

Further, if 5;,(m2) # 0 we are in conditions of alternative (i) from Lemma 6.3.3 and
hence for some € > 0 on the interval (73, 75 + €) does exist only one active individual.
By the choice 7o, this individual can not be ig. Therefore ig is passive on (7, 72 + €)
and once again via Lemma 6.3.1, we conclude f;,(t) = 0 on the interval (79, 75 + €).
However, 3;,(t) is a continuous function on (72, 72 +¢) by Lemma 6.3.2. Now passing
to a limit by t — 7 + 0 we conclude S;,(m2) = 0. The received contradiction
proves that §;,(m2) = 0. However, above it was established that §;(m2) = 0,
Vj # ip. This is possible only for equilibrium point (since at the point z(73)
gradients of all individuals are pairwise collinear this is Pareto optimum, which is
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also stable relative to the partial break of gross contract). Theorem 6.3.1 is proven. B

One of our main results is presented in the following theorem on the convergence
of non-degenerate benevolent U B-processes.

Theorem 6.3.2 Let £ be a regular economy and let the standard assumptions be
fulfilled. Then any non-degenerate benevolent U B-process converges to an equilibrium.

As a corollary of this theorem, applying Thom’s theorems on density and open-
ness of transversal sections, it seems possible to prove the following result on generic
convergence of benevolent contractual processes to an equilibrium.

Corollary 6.3.3 For almost all economies of C?-class, every benevolent contractual
U B-process converges to equilibrium.

Proof of Theorem 6.53.2. Theorem 6.3.1 and Corollary 6.3.2 can be applied in the
conditions of this theorem. Thus, each limit point of a trajectory is an equilibrium.
Further, we show that in conditions of Theorem 6.3.2 every benevolent trajectory can
have only one limit point.

Assume contrary and let z, y be two different limit points of a trajectory. Let’s
consider a linear segment with the ends x, y, i.e., the set {yx + (1 — )y | 0 <~ < 1}.
Across each point z(y) = vz + (1 — )y, v € (0,1) of the segment one can conduct a
hyperplane so that points x, y are strictly in the different half-spaces. For example,
such hyperplane H () can be conducted as a hyperplane that has y — x as a vector of
its normal. It is clear that in such a manner we can define a family of pairwise-not-
crossed hyperplanes depending on parameter v € (0,1) such that our two different
limit points of trajectory are placed in two different open half-spaces defined by H (7).
Hence, when time elapses the trajectory crosses every hyperplane an infinite number
of times and any limit point of these points of crossing is also a limit point of trajectory
and, therefore, this is an equilibrium. Thus, the economy has a continuum of different
equilibria, since for different v we have limit points from different parallel hyperplanes.
However, each regular economy has a finite number of equilibria. This contradiction
proves that there is the only limit point and, hence, the benevolent U B-contractual
process converges to an equilibrium. [ ]

6.4 Examples of contractual processes: conver-
gence and cycling
In this section® we consider some additional examples revealing the character of con-

tractual processes. Additionally, computer programs and results of computer model-
ing are described.

8These examples and programs were constructed in collaboration with Sergey Kolbin, IV year
student of MMF NSU (during 20052006 years I supervised his bachelor diploma).
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6.4.1 The convergence of U B-processes in a 2 X 3 economy

In this item we describe a computer program simulating the proper contractual process

for 2 x 3 economy and also one numerical example of work of this program is presented.
The model of the economy with 2 agents and 3 goods is considered, in which the

preferences are defined by Cobb—Douglas functions in the logarithmic form:

ur(z) = ary In(xq) + a2 In(x2) + ayzIn(zs), = >0,

Uz (y) = a1 In(y1) + ag2 In(ya) + agzIn(ys), y > 0.
At the start of the program the parameters of utility functions and initial endowments

are also determined:

a = ((alla 12, CL13), (a217 22, a23))a €= ((e%? e%’ e?)? (85793763))'

In addition, specific parameters: step > 0 (step) and tochn > 0 (closeness) are
specified. Applying these data program finds equilibrium and constructs a sequence
of allocations (z,4)®, (z,)®, ..., (z,4)™ corresponding to the rules of the proper
contractual process (this one can see from the algorithm), and represents the results
graphically.

The only equilibrium is found from the following system of equations:

1 1 - _ 2 2 - _ 3 3 - 3
e t+e =71+, €] + e =Ty + Y2, € + €, =T3+ Y,

Vui(Z) -7 =Vuy(z)- e, Vu(z)=a-Vuy(y), a>0.

Schema of program algorithm:

0. Program finds equilibrium.
L (z,9)® =e.

2. Program finds a mutually beneficial contract (™ = (v1,vy) as follows:

(*) in cube [—0.5 x step, 0.5 x step]® a point v is randomly chosen relative to uniform
distribution and vy := —v; is defined. If contract v = (v, v2) is mutually beneficial
(ie. up(z™ +wv1) > uy (™) and us(y™ + vo) > ua(y™)) then item 3; otherwise
return to (*).

3. (z,)") = (z,4)™) 4 ™),

If after signing of this contract the trajectory does not leave the limits of the maximal
surface then item 4. Otherwise, this point is projected onto the surface: from a linear
segment [(z,)™ + v, e] a point inside area limited by the maximal surface is chosen
at a distance no more 0.01 x step from the maximal surface. Then:

(z,3)"*+D := the projected point.

4. Point (z, y)("“) becomes visible on the monitor, and point’s parameters are written
into the file.
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good 1 good 2
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Figure 6.4.7: FExzchange dynamics Figure 6.4.8: FExzchange dynamics
between 1st and 2nd goods between 2nd and 3rd goods

5. If the distance from (z, y)("H) to equilibrium is more than step x tochn then item 2.
Otherwise, we think trajectory arrives at equilibrium and program stops.

Table 6.4.1 reduces the results of the program work for the following numerical
example. The preferences are defined by utility functions

uy(z) = In(xy) + In(za) + 91In(xs), wue(y) = 9In(y1) + 101n(y2) + In(ys).

Initial endowments: e = (e1,e2) = ((9,9,2),(1,5,8)). Then (the only) equilibrium
allocation is (z,y) = ((1.761,2.258,9.454), (8.239, 11.742,0.546)).

In the program the parameters step=0.1, tochn=1 were given and one can see that
a generated by the computer sequence of allocations (x, )™ “arrives” to equilibrium.
Table 6.4.1 presents every 30th point of sequence zM, 2@ ... 2™ j.e., only the
consumption of 1st agent is described: the amount of the first good consumed by the
1st agent at each 30th step forms the first column, second column contains analogous
results for 2nd good and so on. The estimations of the contract break are specified in
fourth column. These estimations are defined as a quotient of length of real progress

of a trajectory to the length of signed contract, i.e., written ||(z,y)("ﬁ':zn—)l(lz,y)(") I when the
trajectory is moving by the maximal surface and it is applied “inside” if the current
point is in the interior of area limited by maximal surface.

Graphically, the trajectory is presented as follows. Figure 6.4.7 represents
(x1(t), xo(t)) for each step of the program work. The gray color is applied for the
points inside the limits of the maximal surface, black—the moving by the maximal
surface. Similarly, the dynamics of pairs (xo(t), z3(t)) and (x3(t),x1(t)) are repre-
sented in Figures 6.4.8 and 6.4.9, accordingly.

6.4.2 The absence of convergence for a 4 x 2 economy under
assumptions CUB, IBA

Let us consider an economy with 4 individuals which utilities define a family of indif-
ference curves as it is presented in Figure 6.4.11. At the starting time moment (¢ = 0)
the current allocation coincides with the initial endowments: x,(0) = e; = (9,1),
22(0) = ey = (3,3), z3(0) = e3 = (3,9), 24(0) = e; = (3,4). Further, let in a time
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Table 6.4.1: Proper contractual trajectory: computation of each 30th step for 1st agent

1st good xgk) 2nd good wék) 3rd good :Uék) break degree: ||(I’y)(kﬁ:z,5ﬁw’y)(k)||
9 9 2 el
9.002 8.956 2.048 inside
8.234 8.802 2.647 inside
7.455 8.353 3.469 inside
6.785 8.092 4.285 inside
6.044 7.681 5.148 inside
5.167 7.187 6.021 inside
4.638 6.673 6.825 inside
3.743 6.347 7.705 inside
3.261 5.454 8.669 inside
2.642 4.876 9.398 0.845
2.552 4.420 9.410 0.532
2.396 4.218 9.416 0.726
2.345 3.756 9.426 0.668
2.384 3.384 9.433 0.831
2.370 3.119 9.437 0.334
2.259 2.955 9.441 0.470
2.184 2.813 9.444 0.404
2.119 2.676 9.446 0.841
2.027 2.611 9.447 0.953
1.918 2.610 9.448 0.949
1.880 2.545 9.449 0.945
1.925 2.397 9.451 0.824
1.882 2.368 9.451 0.943
1.844 2.360 9.452 0.129
1.761 2.258 9.454 equilibrium
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Figure 6.4.9: Fxchange dynamics between 1st and 3rd goods

interval (0, ;) the coalition {1,2} be active, in an interval (1, ¢2) the coalition {2,3}
is active, {3,4} is active in limits (¢9,¢3) and in an interval (¢3,t4) the coalition {4, 1}
is active. Let’s assume also that in the nearest future the order of coalition activity
is: {1,2},{2,3},{3,4},{4,1} and that each time interval of activity is short enough.
Suppose that for this interval of time a coalition has enough time only to break con-
tracts signed in the past and have no time to sign a new contract. The specified modes
of coalitions activity in time are visualized in Figure 6.4.10.

Let additionally the signing of intra-coalition contracts is realized in the following
way. On the segment (0,¢;) a contract v{H% = (elAl,eg—Ag) is signed and realized.
The bundles of goods for the first and second individuals at the moment t; are A,
and A, accordingly. Further, on (t1,%,) a contract v{?3} = (m,@i) is signed
and realized by {2,3}. Thus, the bundles of goods for 2nd and 3rd individuals at
the moment t, are By and As, accordingly. Further, on an interval (¢5,¢3) a contract
34 = (m,&;—fli) is realized by {3,4}. So, the bundles of 3rd and 4th at the
moment of time t3 are B3 and A4, accordingly. At last, on an interval (t3,t4) a
contract vt} = (A4B4, jrBl)) is realized. In doing so the bundles of 4th and 1st at

{4,1} ¢ {
{3,4} ¢ ¢
{2,3} ¢ ¢
{1, 2} ¢
131 lo i3 ty t

>
>

Figure 6.4.10: Activity order for bilateral coalitions in 4 X 2 economy
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b 4 6 & b 4 6 8

b 4 6 & b 4 6 8

3rd agent: contractual dynamics 4th agent: contractual dynamics

Figure 6.4.11: An example of 4 x 2 economy where CU B-process is cycling and does
not converge to equilibrium
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the moment ¢, become equal to B, and By, accordingly. Thus, at the moment of time
t4 the commodity bundle of agent i corresponds to the point B; in the figure, and the
point A; is the result of the first stage of barter exchange of the individual i: for each
individual, it is realized on a time interval and with an appropriate partner. In each
presented diagram the coalitions presented which have signed contract resulting from
the specified consumption program. One can also see from the figures that all the
above-stated contracts are mutually beneficial. Moreover, completing these diagrams
if necessary it is possible to design appropriate indifference curves in such a manner
that each signing of the new contract is carried out in accordance with principles of
proper contractual process, wherein each stage of barter exchange the role of “new”
endowments plays the sum of initial endowments with a flow of goods received from
contracts signed him in others coalitions.

When all acts of described bilateral contracts are realized, at the moment ¢4 the
coalition {1,2} is active again. However, now the 1st agent finds it is favorable for
him partially break contract v1"?} with the 2nd agent and he/she completely breaks
it raising his/her utility from consumption. As a result, new commodity bundles of
1st and 2nd agents are the vectors corresponding to the points C; and C5 in the
figure, accordingly. In so doing, since the interval of coalition activity is short, the
agents have no time to sign a new contract. Next active coalition is {2,3}. Now 2nd
agent completely breaks the contract v1?3} signed him in the past in coalition {2,3}.
Consumption bundles of 2nd and 3rd become e, and Cj3, accordingly. Then coalition
{3,4} is next to be active. Now 3rd agent observes that it is favorable for him to
break off the contract v{**. As a result, e and Cy become the consumption bundles
of 3rd and 4th, accordingly. Finally, coalition {4, 1} becomes an active one. However,
once again there is an agent, now it is 4th, which desires to break off coalition contract
v} The result of this is that e4 and e; become 4th and 1st consumption bundles,
accordingly.

Thus, one can see that the contractual trajectory has returned to the allocation
of initial endowments and considered contractual process is cycled: the signing of
the last contract by coalition {4,1} caused a breaking chain (like an avalanche) of
all contracts! What can be said about this occasion? If the 1st individual were able
to expect such development of events at a stage when he/she was signing a contract
with 4th agent or if at once after signing this contract he/she would limit appetites
and has refused to break the contract with 2nd agent, then the destruction of the
contractual structure of economy did not occur. However, the behavior of such type
should be clearly incorporated into the model of contractual process and this would
mean essential modernization of our theoretical conceptions about proper-contractual
processes.

6.4.3 Absence of convergence for 3 x 2 economy and U B-
process with a piecewise-continuous trade rule
This example demonstrates the importance of assumption on continuity of a trade

rule applied in the above analysis of proper-contractual U B-processes.
Let us consider an economy with 3 agents and 2 goods. In the model an ini-
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tial resources allocation e = (e, e, e3) and Cobb-Douglas utility functions in the
logarithmic form are defined:

ui(x) = aj;In(xy) + app In(zy), x>0,

ux(y) = ag1 In(y1) + axIn(y), y >0,
Ug(Z) = Q31 ln(zl) + as3a 11’1(22), z> 0.

Being defined model parameters, one can find a sole equilibrium ¢ = (z, ¢, Z) from
the following system of equations:

e}—i—eé—l—e%:fﬁ—%—l—éh ef+e§+e§:fg+§2+22,
Vui(Z) = a-Vus(y) = - Vusg(z), a>0, >0,
Vui(Z) -z =Vuy(z) e, Vus(y)- -y = Vua(y) - es.

Further, we will describe the program simulating a proper contractual process for
a 3 x 2 economy for the specified trade rule

w: A(X) = £° = {(v1,v2,v3) € R® | vy + vy +v3 = 0}

and then a numerical example of this program realization will be also considered.

At the start of the program, there are determined the parameters of utility
functions, initial endowments, and an unambiguously defined trade rule. The
specific parameter step > 0 is also determined. Applying these data program finds
an equilibrium, and constructs a sequence of allocations ¢, ¢® ... ¢™ (here
¢ = (z,y,z)) corresponding to the rules of the proper contractual process (this
follows from the algorithm), and represents the results graphically.

Schema of program algorithm:

0. The program finds equilibrium.
1. (O .=e.

2. Program finds a mutually beneficial contract w(¢™) = (w1, ws,ws) in accordance
with trade rule.

3. ¢t = () (¢,

If after signing of this contract the trajectory does not leave the limits of the maximal
surface, then item 4. Otherwise, the projection of this point onto the maximal surface
is realized: from a linear segment [¢(™) 4 w(¢(™), €] a point inside area limited by the
maximal surface is chosen at a distance no more 0.01 x step from the maximal surface.
Then:

¢(+1) .= the projected point.
4. The point is visualized onto the monitor and its parameters are written into the file.

5. If the distance from ¢tV to equilibrium is more than 0.01 x step then item 2.
Otherwise, we think that the trajectory arrives at equilibrium and the program stops.
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Further, we study the numerical example. Let preferences be defined on intR? via
the following utility functions:

uy(z)=47In(z1) + 23 In(z2), ua(y)=181n(y1) +541In(ys), us(z)=171n(z1) + 21 In(z2).

Initial endowments are: e = (e1,e2,e3) = ((1,4),(15,3),(2,5)). Let us also determine
the following piecewise-continuous trade rule w : A(X) — £° which is different in
each of the following areas A;, Ay dividing the set of all feasible allocations into two
parts. In each area there is a constraint only on = > 0, and variables y > 0 and
z > 0 may take any values. Define

A ={(=(z,y,2) > 0| 12 < —0.1463z; + 2.6968},

Ay ={¢=(z,9,2) > 0| x5 > —0.1463z, + 2.6968}

and denote w(¢) = w'(¢) when ¢ € A; and w(¢) = w”({) for ¢ € A,.

Further, let us formally define for the area A; a trade rule w’ : A;(X) — £°¢ via
the following algorithm (in A, the rule w”(¢) is similarly defined).

First, for each couple of individuals 7,7, ¢ < 7 we construct an auxiliary vector
v (¢) specifying some mutually beneficial exchange for the current allocation ¢. For
each couple of agents, this vector is constructed by some common rule; we describe
it, for example, for a pair {1,2}. Let us define

9(¢) = Vur(z) + Vus(y)

and consider the orthogonal complement to g(¢) in R?, i.e. a straight line defined
via equation (x,g(¢)) = 0, x = (x1,x2) € R* It follows from the definition ¢(¢)
that if gradients are non-collinear then for the point of the line the values (x, Vu, (x))
and (x, Vus(y)) are nonzero and have a different sign; for collinear gradients, they
are equal to zero. Further consider a directional vector of the line, e.g. it may be
(glgf927 —gling) = x (it defines the line in a parametrial form x = vy, v € R). At
last define v'*(¢) = x if (x, Vuyi(x)) > 0 and put v'?({) = —y for (x, Vu(z)) < 0.
Clearly that in this way we correctly define a continuous map ¢ — v'?(¢) which obeys
the condition that contract (v'?(¢), —v'%(¢)) is mutually beneficial in the non-strict
form:

(v™(C), Vur(@)) > 0, (=v"*(C), Vua(y)) > 0.

Moreover, if gradients are non-collinear, then these inequalities are realized in strict
form.

Further, let us define a trade rule having appropriate properties and constructed
via described maps v% ().

For area A;, the rule is defined by the formula
P(z,2)

v
20

00 )0

; —UlQ(ZIf,y)—l- 20 ) 20

wf (2.9, 2) = B(Q) (v12<x,y>+

and for Ay by formula
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where [ is a scalar parameter chosen in an appropriate way that continuously depends
on current allocation ¢ = (z,y, 2).

Next, let us show that vectors in brackets of the last expressions present mutually
beneficial contracts. The fact that they are contracts is checked directly. They are
also (non-strict) the mutually beneficial contracts because for i < j by construction
v (¢) we have

(Vu;(€),v7(€)) > 0, (Vu,(¢), —v7(¢)) > 0,
that summing appropriate inequalities gives (Vu;(¢),w}(¢)) > 0, i = 1,2,3 and an

(2
analogous thing for w”(¢) can be obtained. Moreover, if for the current allocation
there is at least one couple of individuals, whose gradients are non-collinear, then all
these inequalities have to be strict, i.e. they are really mutually beneficial contracts.
At last, if we shall manage to find parameter 8 so that to change the length of
a vector specifying in our rule the “direction” of exchange (barter proportions) then
we can receive the increase of individual utilities as a result of contract w(¢) signing;

1.e., we need to do so that

u(z +wi(z,y,2)) > u(@), ua(y+waz,y,2)) >us(y), us(z+ws(z,y,z2)) > us(z)
(6.4.1)
be true for an appropriate area of definition.
Further, we describe a method allowing us to find parameter /3 for w’(¢) (for w”(¢)
it is done analogously). Define

B(¢) = %min{bl,bg,bg},

where once again b; = min{step, ¢;}, i = 1,2,3 for the values ¢; which are found in

the following way:

D@a))) = gy (2) if it

i = 1, then ¢; is a solution of equation uy(z + ¢y (v"?(z,y) + “—5

is solvable one; otherwise ¢; = +00. ‘

i = 2, then ¢, is a solution of equation us(y + co(—v'?(z,y) + %)) = uy(y) if
it is solvable one; otherwise ¢y = +00.

i = 3, then c3 is a solution of equation us(z + c3(
solvable one; otherwise c3 = +o00.

It is easy to see that variables b;(¢) > 0 are correctly determined and are the
continuous functions of its argument (formally one needs to apply the implicit function
theorem and use strict concavity of utilities). Hence, 8({) > 0 is also a continuous
function. It has to be also clear from construction that (6.4.1) is fulfilled that finishes
the description of a trade rule. In conclusion, we note only that program parameter
step > 0 appearing in construction of b;(¢) is used not only to define a necessary
value (to do it one can take any positive number) but also to adjust the “length” of
trajectory moving along a vector specifying the exchange proportions. Thus, reducing
parameter step > 0, we approach the described discrete process to the theoretical
continuous process.

For the given example, the contractual trajectory constructed by the program does
not converge to equilibrium. It is visible from the following Figure 6.4.12 in which
the points (™ = (™ y(™ 2 of a proper-contractual trajectory are depicted. It is

_,U13 (Z‘,Z) _U23 (yVZ)
20

)) = us(z) if it is
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Figure 6.4.12: Dynamics of proper contractual process with ptecewise continuous
trading rule in 3 X 2 economy

curious to note, that if one applies any of rules w'(¢), w”({) as a rule for the whole set
of feasible allocations A(X) then in our economy the proper-contractual U B-process
is converging in the computer sense.

Conclusion to Chapter 6

Two important illustrative examples of the economy with two individuals and two
products open the Chapter study. These examples demonstrate the nature and re-
veal the specifics of the contractual process. Further, the presented analysis of the
convergence of contractual trajectories has given the following results:

e For the economies with 2 individuals and 2 commodities convergence of proper
contractual processes relative to any continuous trading rule has proven under
rather general assumptions (Theorem 6.1.1). Local stability of equilibria was
also investigated and a reasonable criterion for this was suggested.

e The special type of benevolent rules of trade stood out as rules which determine
a new contract allowing the break of gross barter contract only if being real-
ized every new mutually beneficial contract involves contracts’ breaking (Defini-
tion 6.2.1). Just for this class of benevolent processes, the basic positive results
on convergence were received.

e The theorem on convergence to equilibrium of non-degenerate benevolent U B-
contractual processes has been proven (Theorems 6.3.1, 6.3.2). In addition, local
stability of equilibria relative to benevolent trading rules was analyzed; however
appropriate theorem was proven only for 2 agents economy with an arbitrary
finite commodity space (Proposition 6.2.1).

e A series of model examples are presented that demonstrate specific properties
of contractual processes in different cases. There are examples for converged
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processes and also two examples where the contractual process is cycling. The
last has theoretical implications. First of them presents economy with 4 agents
and 2 commodities and coalitional contractual process (CUB). The second ex-
ample is designed for an economy with 3 agents U B-process with a piecewise
continuous trading rule is cycling (continuity of trading rules is one of necessary
assumption).
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Originally, model structures and solution concepts (equilibria, core etc.) ade-
quately considering incompleteness and asymmetry in the individual information have
been developed in the 1970’s of the last century. The information is modeled as a par-
tition of (future) states of nature that defines the space of contingent commodities—
goods that are consumed in different states of the world are considered as different
ones in spite of the fact that they are identical according to their physical characteris-
tics. The economic life is going on in this space—trade and exchanges of commodities
are carried out, and actual consumption of contingent goods is realized. Individual
information imposes restriction on the structure of possible contracts—contracts as
mappings should be measurable according to the individual information partitions of
elementary states of the world. Some new specific equilibrium concepts appear: Wal-
rasian expectations, rational expectations equilibrium, etc. Also, new concepts of the
core were elaborated, depending on the hypotheses that are accepted for the infor-
mational interchange and for making of collective decisions. The best known among
others are the coarse core, the fine core and the private core. See the next sections for
more details on the description of an economy with the differential information and
for the solution concepts studied in its context.

In this Part economies with differential information are studied. The potential
possibility to extend the contract-based approach to the DI E-economies seems quite
natural. Indeed, Radner, one of founders of the theory of DIE-economies, already used
the term “contract” (in the description of the equilibrium concepts) approximately in
the same manner as it is done here, see Radner (1982). Certainly, the requirements
for the contracts’ admissibility for a DI E-economy should include their measurability
relative to suitable partition of elementary states space. However, this partition differs
in different core and equilibrium concepts. Moreover, the DI E-economies theory so
far does not demonstrate appropriate conformity between the (different) core and
equilibrium concepts,! i.e., the situation differs from the case of a complete market.
However, the contractual approach provides a clear-cut possibility to establish this
conformity. One can reason as in the standard case: for the webs realizing core
allocations, in addition to their common properties, it is enough to require their
stability relative to the partial contracts’ breaking. Further, one has to suggest a
price characterization for the obtained allocations. In this way some new concepts of
equilibrium can be discovered.

'Moreover, the widely known W EE and REE equilibrium concepts are criticized in literature,
e.g.see Preface in DI-economies (2005).
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Chapter 7

Information as a proper part of
mathematical model

Information plays a crucial role in the economic analysis. This refers not only to the
individual decision-making, but also to the functioning of the economy as a whole.
The information plays an important role in resources allocation realized through the
system of markets. However, in a classical economic modeling, the information and
its distribution among agents were not considered in a proper way. For example, in
the context of the Arrow—Debreu—McKenzie model, it is implicitly supposed that eco-
nomic life proceeds in a separately taken time period and agents possess an enough
amount of information on economic variables to make rational decisions, and trans-
actions are carried out during infinitesimal time periods, etc.! (e.g. see Mas-Colell et
al. (1995)). However, in the real world, individuals are forced to make decisions under
uncertainty and a shortage of information and, moreover, they are asymmetrically
informed on states of the world.? Unfortunately classical economic theory does not
pay enough attention to the issue of information asymmetry.

Originally, model structures and solution concepts (equilibria, core etc.) ade-
quately considering incompleteness and asymmetry in the individual information have
been developed in the 1970s of the last century. In particular, in these models the
space of contingent commodities started to be considered: goods that are consumed
in different states of the world are considered as different ones in spite of the fact
that they are identical according to their physical characteristics. The information is
modeled as a partition of (future) states of nature and relays with the space of contin-
gent commodities. The economic life is going on this space—trade and exchanges of
commodities are carried out, and actual consumption of contingent goods is realized.
Individual information imposes restriction on the structure of possible contracts—
contracts as mappings should be measurable according to the individual information
partitions of elementary states of the world. Some new specific equilibrium concepts
appear: Walrasian expectations, rational expectations equilibrium, etc. Also, new
concepts of the core were elaborated, depending on the hypotheses that are accepted

!There are the expanded treatments of Arrow-Debreu model admitting asymmetrically informed
agents (e.g. see Radner (1982)), however they also are not quite satisfactory.
2They are uncertainly defined factors influencing economic indicators and agents’ welfare.
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for the informational interchange and for making of collective decisions. The coarse,
fine and private cores are the most known among others. The model of economy with
the differential information and solution concepts studied in its context is described
in details in the following sections.

DI E-economies are investigated in this part of monography by means of the con-
tract based approach. The idea to extend the contract-based approach to the DIFE-
economies seems quite natural. Indeed, Radner, one of founders of the theory of
DI E-economies, already used the term “contract” (in the description of the equilib-
rium concepts) approximately in the same manner as it was done below, see Radner
(1982). Certainly, the requirements of the contracts’ admissibility for a DI E-economy
should include their measurability relative to suitable partition of elementary states
space. However, this partition differs in different core and equilibrium concepts. More-
over, the DI E-economies theory so far does not demonstrate appropriate conformity
between the (different) core and equilibrium concepts,? i.e. the situation differs from
the case of a complete market. However, the contractual approach provides a clear-
cut possibility to establish this conformity. One can reason as in the standard case
(see Marakulin (2003, 2011)): for the webs realizing core allocations, besides their
common properties, it is enough to require their stability relative to the partial con-
tracts’ breaking. Further, one has to suggest a price characterization for the obtained
allocations. This approach may be useful in discovering new concepts of equilibrium
and perhaps the most correct one can be found among others.

A model of an economy with differential information was first clearly formulated
in Radner (1968) where also an appropriate generalization of Walrasian equilibrium
was introduced (Walrasian expectations equilibrium—W E'FE). Moreover, the exis-
tence theorem of this equilibrium is also proved in the paper. Further, seminal paper
Wilson (1978) appeared, in which specific concepts of coarse and fine core are in-
troduced, several interesting specific examples are studied, and original concepts of
equilibrium are offered (they did not receive names in the modern literature, see
Glycopantis, Yannelis (2005)). Wilson’s paper attracted the attention of economists
and had a profound impact on the development of economic theory in the context
of models with differentiated information. It is necessary to mention another work
of Radner (Radner, 1978), which supposes that individuals are capable of extracting
the information from prices distribution and introduces the important concept of ra-
tional expectations equilibrium (REFE). This concept is specific and postulates that
consumers maximize conditional expected utility* with the account of initial and ad-
ditional information provided by prices. In the subsequent research by many authors,
the theory of information-differentiated economy was developed in many directions.
Different core concepts were specified and studied (see section below), the existence
and relationships of different equilibrium concepts were studied, important issues of
incentive compatibility were analyzed® and of implementation of core allocations as

3Moreover, the widely known WEE and REE equilibrium concepts are criticized in literature,
e.g. see Preface in DI-economies (2005).

4This basically differs the concept from the WEE-equilibrium introduced in Radner (1968) that
also is called Radner equilibrium (not to confuse with REE).

5This means the absence of the revealed motives for agents to misinform other agents about states
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an equilibrium in some strategic game (specified via initial model), and also a number
of other directions were considered; the most complete surveys of the literature are
presented in DI-economies (2005), Economic Theory 18 (2001), Schwalbe (1999).

In Wilson’s paper, a concept of communication system (non-formalized) appears
as a tool, transferring the information from one agent to another. In the subsequent
works of Allen (1991a, 1994) this idea is generalized and formalized in the form of
an information rule: this is a mapping which transforms the information of members
of a coalition in the form that can be applied to yield a coalition allocation that can
dominate current allocation. Thus for the economy with the information asymmetry
Allen introduces a general method to define a core—applying different rules in a
context of the same model (and, therefore, different measurability requirements for
dominating allocation) one can obtain almost all concepts known in the literature
(coarse, fine, private and so on). In Schwalbe (1999) Allen’s approach is developed
further and a concept of mazimal information is introduced: the largest information
that an economic agent can receive being a member of all possible coalitions he/she
enters with the initial information. The measurability concerning the maximum of
information is required for an allocation to be feasible in the economy as a whole.
At the same time, coalitions can dominate, as Allen assumed, only through intra-
coalition allocation measurable concerning the information received by a rule from the
initial one. However, for both authors it is not clear what actually occurs with the
information—participating in different coalitions and, extracting a new information
and applying it to form a total allocation, agents forget everything and try to dominate
it using transformed initial information again. There is something defective in this
view on (intra-model) economic life. According to the author, this approach is not
quite satisfactory. However, can one offer something constructive instead of this?

In real life every allocation is a result of exchange transactions between economic
agents. Moreover, information interchange is going on also, and not every transaction
(exchange) can be realized, one of the reasons is the information shortcoming. Here
contractual approach and its views can work very fruitfully, one will see it below.
For the model with asymmetric information, the admissibility should include the
requirement of measurability determined by the distribution of the information among
economic agents. Besides, contractual approach assumes certain dynamics of exchange
processes, during which an information interchange can occur. It is natural to suppose
that information distribution in the economic environment is non-uniform, non-static,
and changes eventually during economic interactions between agents. However, what
may result from information exchanges? In our opinion, it may be so-called limit
information introduced in Marakulin (2009). The limit information is a result of an
information exchange realized by a chain of economic interactions between individuals
in the framework of an intra-coalition (barter) commodity exchange and the ongoing
information interchange (definitions below). As examples show, generally different
“chains” can lead to different distributions of the information that cannot be improved
in subsequent exchange operations. It is proved in Marakulin (2009) that for the
monotonic rule of information sharing the limit information is unique and this means

of the world—potentially there is such possibility, because an agent can know a state precisely (after
its realization) but others are not capable to distinguish it from (some) other states.
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that in this case the concept becomes correct and can be effectively applied to study
DI E-economies.

7.1 Differential information economic model

In this section, the simplest model of an economy with differential (asymmetric) in-
formation is described. In the model framework, it is possible to consider some key
issues of the economic theory: the concepts of equilibria and various definitions of
the core and their implementation as well as some important existence results are
provided as well.

The information can be considered from two points. On the one hand, the infor-
mation has some properties of the goods (like physical) and thereby it is similar to
other market goods: it can be bought, sold or exchanged on the information mar-
kets. On the other hand, the information can be individualized and considered as the
characteristic of the agent similar to his/her initial endowments and preferences. Our
model takes into account both aspects of the information. For the model described
both points can be applied, but anyway we follow the second way: information is a
constituent part of agents’ characteristics.

7.1.1 Agents and their information

Let us consider an exchange economy with a finite set of agents Z = {1,2,...,n}.
The specific feature of the economy is explicitly introduced information on the states
of the world (nature), that agents have. Generally, different agents possess different
information and their information can vary during agents’ economic activities.

The information is modeled as follows. Let us consider measurable space (£2, P(2))
of the events of nature. In the general case, P()) is an algebra of subsets-events!.
However, for further analysis, we really need a finite space of elementary events, this is
why we suppose for simplicity that  is a finite set (P is derived from “partition”) and
will apply the term “partition” instead of “algebra” or “field” (that now is equivalent
among each to other). The elements a,b,c € 2 are called states of nature (world)
or elementary events and w € 2 denotes a typical state of nature. Here P(f) is
a partition? of ). Partition P; is associated with the ith agent information. If the
information element of partition consists of several states of nature then it means that
the agent is not able to distinguish these states. This is a way to describe the ability
of an agent to distinguish events.

Let P;(w) denote an element of P; that includes the state w € Q. It is said that
the information P is finer than (better of ) information P’ if each element P is a subset
of some element of P’ i.e., P(w) C P'(w),Vw € Q. So, one information is finer than
another one if it is capable to better distinguish elementary events of nature. On

!That usually is denoted as .4; in other sources one also speaks about the field of events, denoting
it as F. This terminology is usually applied for an infinite set of €.

2The partition of a set is a set of pairwise disjoint nonempty subsets such that their union gives
the whole set.
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the set of all partitions of €2, the relation “finer” defines a partial ordering and it is
denoted as

P =P <= P finer than P' < P' coarser than P.

On the set of all partitions, > defines the lattice structure, i.e., any finite set of
partitions has supremum and infimum.

The ordered set (train) of the individualized partitions P = (P;);cz is called the
information structure of the economy.

The relation > for information partitions induces a partial ordering on a set of all
information structures that is defined by a rule:

PP <« P =P, VieIl: P=(P) & P =(P)).

The relation > is applied also for the coalition information structures—for comparison
of different information provisions of some coalition.

Information is called perfect or complete if it includes only one-element subsets
of Q. An information structure of the economy is called perfect if the information of
each agent is perfect.

An information structure P = (P,);ez is called asymmetric, if P, # P; for some
i jeT, i ]

In further analysis, we will assume without loss of generality that

(P(w)={w} vwweQ = \/P=0 (7.1.1)

1€T €L

i.e., the supremum of individual information forms a perfect information Q* (oth-
erwise one can identify indistinguishable states), setting an appropriate equivalence
relation, and then passing to the consideration of equivalence classes as a new set of
elementary events.

e Commodities and consumption plans. Let there be [ physically different
commodities (goods) in the economy. Thus the space of the physical commodities
is [-dimensional Euclidian space R!. Individuals can potentially consume different
bundles of physical (contingent) commodities in different events of the world. The
space of contingent commodities is L = (RY)? = 9(2,R!), this is the set of all maps
from the space of elementary events €2 in R'.

Let P be some partition of 2. Function f with domain €2 is called P-measurable,
if it is a constant® on the elements of P. For a partition P specify the set

Mp(Q,RY :={f: Q= R'| f|pw) = const},

3For a finite algebra of events this definition is equivalent to the standard one.
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this is a subspace of M(Q, R!) of all P-measurable functions. Space 9Mp(Q, RY) for
P = P; is the set of information admissible consumption bundles of the individual 7
and this is a basic feature of an economy with differentiated information.

Information may be considered as a component of the consumption bundle. Thus
uncertainty is modeled in the following way: the goods, besides a place and time of
availability, are specified also by a state of the world. As soon as the physical goods
are considered in the interrelation with the states of the world, it is natural to pos-
tulate that space of the admissible consumption bundles depends on the information.
Thereupon the generalized space of the goods

M(Q,RY) x P

arises (B denotes the set of all partitions). In this space, the goods are presented
ordered pairs, consisting of state contingent commodities and information. Thus the
information becomes a part of goods definition. To illustrate this idea, let us consider
the following example.

Example 7.1.1 Let there be two states of nature: a—agent ¢ is infected and b—
agent ¢ is not infected. There are two variants of the information: P, = {{a}, {b}}
and P/ = {{a,b}}; in the first case, the agent distinguishes states, and in the second
one does not. Assume that there is a medicine that can cure the illness of the agent. It
seems obvious that the medicine with the information P; is not the same commodity
as for the information P!. [

So, initial endowments (e;, P?) € MM(Q, RY) x P for each individual i € Z consist of
the endowments of goods e; € 9M(, R!) and his/her initial stock of the information
P? (partition of Q). For simplicity, let’s assume that individuals are able to consume
only non-negative quantities of physical goods and that e; > 0, Vi € Z.

The consumption set of the agent ¢ € Z is defined by the following:

X; = {(z,P) € MQ,RL) x P | z —e; € Mp(Q,RY}.

Obviously that (e;, Pio) € X, since the contract e; — e; = 0 is compatible with any
information. Simplifying notations, we specify:

X, =MOQR,) i€l

Thus consumption plan of the agent i is represented by the ordered couple (z;, P;),
where the first component z; € M(Q, RY) is a bundle of contingent commodities and
the second one is an information of the agent. The consumption set of the agent
consists of all consumption plans that are realized by a web of contracts compatible
with the information P;. Once again notice that agents cannot consume the goods
independently of their information. That is if an agent does not distinguish two states
of the world and if his/her consumption plan realized by a contract is such that it is
different in these states of nature, then it is not placed in the agent’s consumption set.

A train consisting of consumption plans of agents ((x;, P;));ez where (x;, P;) € X;
is called an allocation.
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7.1.2 Information sharing rule. Limit information

Nonempty subsets of Z, i.e. groups of agents, are called coalitions. To simplify rea-
sonings, let us presume that all coalitions are permissible* and let C' := 22\ {0}. It
is supposed that members of a coalition are able to exchange their own experience,
that is, to change their individual information. Redistributions of agents’ initial en-
dowments are carried out on the basis of this modified information. Let’s consider
the process of informational exchange among the agents who entered into a coalition.

In the most general form, an informational interchange is described by the in-
formation rule that is one of the model parameters. For every coalition and its set
of (private) information, the information rule puts into correspondence a new set of
information, formally this is defined as follows:

Information rule for a coalition S C T is a mapping kg : P — B for each
one-element set S = {i} satisfying ky(P) = P, Vi € I, P €.

Information rule for an economy is (21 — 1)-tuple of mappings k = (ks)sec
where to each coalition S there corresponds the proper rule kg.

Substantially it is possible to express in such a manner. A member of a coalition
1 € S with the information P; after joining to the coalition S has an access to the
information P/ = k4((P;)jes), this is the ith component (projection) of mapping kg
calculated at the “point” Ps = (P;);cs. Exactly this information the individual 7 can
use within the limits of coalition activity. For singleton coalitions, information change
does not occur.

So, the result of an information rule application is new information that agents
can use for the redistributions of initial endowments within the limits of the coalition.

A map k = (ks)sec is called an information-sharing rule if ks((P,)ics) =
(Pi)iES fO’f’ all (Pi)iEI; VS eC.

Now let us consider some known in the literature examples that actually explain
the concept of an information rule and also they are applied in the different core
concepts:

Example 7.1.2 Coarse information rule k¢ := (k§)sec is defined as follows:
kS((Pi)ies) = (PS)ies where P§ := é\PZ- for any coalition S. Here é\Pi denotes the

finest partition received from the bundle of the information (P;);cs such that for any
P; each element of P; is a subset of some element from partition {g\Pi. Thus, {q\PZ- is

infimum of partitions P;, i € S. [ |

This rule describes a situation where members of a coalition are unable to com-
municate at all, and this rule is not a sharing information rule.

In this case, each agent should understand the exchange transaction as a whole,
1.e., all agents should distinguish significant events for the transaction as for them-
selves and so for partners—such rules are. One can notice that this does not mean

4Without specific troubles all obtained results can be transited to the case of a bounded set of
permissible coalitions.
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that agents have to forget their initial information to join a coalition. However, it
can happen so that agents are unable to use more of their initial information at the
transaction conclusion. Notice that the coarse information rule is symmetric, but is
neither dense nor bounded.’

Example 7.1.3 Fine information rule k/ := (kfé) sec is defined as follows:
kL((P)ics) = (Pd)ics, where Pf = '\/SPi for any coalition S and \S{H is the supre-
1€
mum of the information partitions: (\b{ P)(w) := ﬂSR-(W) Yw e Q. |
1€

This is a rule such that members of a coalition can exchange completely the information
that they have. This information is obtained as follows: take the information of each
member of a coalition and construct the coarsest partition that is finer than each
individual one. In this case, information that coalition members are applied for a
redistribution of resources is not worse than its individual information.

Certainly, particular cases of an information rule are the rule where information
interchange does not occur at all (this is the private rule) and zero rule where ir-
respective of the initial information the information P, = {Q} is attributed to each
member of a coalition.

Finally, one may note that information exchange can certainly depend on not only
individual information of coalition members but also a current allocation, i.e. current
bundles of consumed contingent commodities. Moreover, it seems natural to think
that the only incentive to share information is the possibility (hope) to sign a new
mutually beneficial contract for new information endowments. To formally describe
the extended treatment of informational rule it is enough to change the domain for
mappings kg, S € C and thinks they are defined on the sets Xg = [[,.¢ X; instead of
Pg = P, i.e. one has to assume

€S

ks : Xg =%, VS edC.
This extended treatment of the informational rule will be applied in further analysis.

e Information produced by the rule. Initial informational structure of an
economy jointly with transforming information rule both capable to produce sec-
ondary information structures which play an important role in a subsequent analysis.
Thereby, applying information rules and probably several times coarse, fine, or also
maximal and limit informational structures are produced. Let us further consider the
notion of maximal information (Schwalbe, 1999).

)

Definition 7.1.1 (SCHWALBE 1999) An information P/ := e ks((P°)jes) is
S

called maximal information of agent i € I relatively an informational rule
k= (ks)sec-

5In accordance with current terminology, a rule of information sharing is called dense, if
kv ((Pj)jer) = k5((Pj)jes) for each i € T and all S,T C T such that i € S C 7. This means
that if a coalition increases in size, then the information of each member can only be improved.
Information rule is called bounded if k% ((P;)jez) = ki((Pj)jes) for each i € T and all S C 7.




7.1 Differential information economic model 269

Thus, the maximal information is such information the agent would receive that if
he/she could join all coalitions simultaneously. However, each individual enters a
coalition activity with the initial information. The case realized looks paradoxical;
however, probably maximal information has to be interpreted as potentially and ini-
tially possible amount of information that can be collected from informational endow-
ments.

The author suggested another point of view in (Marakulin, 2009) where the concept
of limit information was introduced.

Definition 7.1.2 (MARAKULIN 2007) An information is called limit informa-
tion if a sequence of coalitions exists such that the information formed at the last stage
of information exchange cannot further be changed (unimprovable for each agent).

Note that the concept of limit information implies that, in each act of information
sharing, agents can use the information that they have received earlier from preceding
exchanges. Thus, information can be accumulated, and agents can learn.5
Formally, limit information P%™ = (P/™), 7 is defined by a (finite) chain of coali-
tions S1,S5s,...,5, € Z, so that:
(i) P =k5 (P Vjes), i € S, P =P i €T\ S, £€=1,2,...,m;

J 7
(i) VS C T, Vi€ S, ki((P")jes) = P™ = Plim.

In general, limit information can depend on its implementing coalition chain. However,
for a monotonic information sharing rule, it is uniquely defined (Marakulin, 2009).
This notion is of a high theoretical interest, which is why we discuss it now in more
detail.

One can get an illusion that maximal and limit information are differently defined
but the same object. However, Example 7.1.4 described below illustrates it is not true
and uniqueness not always takes place. Besides, Example 7.1.4, along with Example
7.1.5, shows that limit information may be finer and may be coarser than maximal
information.”

Example 7.1.4 Consider 4 states of nature {2 = {a, b, c,d} and 3 agents with their
initial information:

Plo = {a?b7 ¢ d}7 P20 = {{aab}7 {Ca d}}7 P?? = {{av C}7 {ba d}}

Numbers of coalitions: S; = {1,2},5, = {1,3}, 53 ={2,3}, 54 = {1, 2, 3}.

The rule of sharing information for a coalition S C Z: In the coalition S
the act of sharing information occurs if S contains an agent and there is an element
E C Q of his/her informational partition such that any other member of the
coalition has an element of his/her partition that includes the whole event E. Then

6This is rather “eductive learning” and “rational learning” than “adaptive learning”.
"The rule of information sharing and examples have been constructed by Anna Kadyrova in her
diploma in 2003.
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all agents of coalition S become able to distinguish the event E and, if possible, the
next act of information sharing occurs (within the iteration), etc. If these conditions
are not satisfied, then information is not exchanged.

Note that if an individual is able to distinguish events £ C Q, E' C 2, and, in
addition, F' C E’, then this individual is also able to distinguish the event E’ \ E.

Informally, the described rule implies the following. Suppose that there exists a
member of a coalition S that realizes that he/she is able to distinguish an event E while
the rest of members S are able to distinguish broader events than £. Then this agent
initiates information sharing. The agent transmits the ability to distinguish these
events to the rest of the agents. Transmitting his/her knowledge to the others, this
agent expects to receive additional information from them, immediately or, possibly, in
the subsequent iterations of information sharing, being a member of other coalitions.

Let us consider how 1st agent information can be transformed. Suppose that at
first stage agent 1 entered the coalition S; = {1,2}. Then his/her information P} (the
superscript is the iterations number) equals {{a, b}, {c,d}}. Obviously, this informa-
tion cannot be improved in the course of any subsequent intra-coalition exchange and,
hence, it is the limit.

Consider another possible sequence of coalitions. Suppose that at first agent 1
joined the coalition S, = {1,3}. Then his/her information P} is assigned the value
{{a,c},{b,d}}. Again, this information is limit.

Finally, note that P/"** = {{a}, {c}, {b}, {d}}, i.e., in this case the maximal infor-
mation of agent 1 is finer than any version of its limit information. |

The following example shows that limit information may be finer than maximal in-
formation.

Example 7.1.5 Consider 8 states of nature Q = {a,b,c,d,e, f,g,h} and 3 agents
with their initial information:

P ={{b,c},{a,d, f},{e, g, h}},

PQO = {{&7 b}a {Cv d,e, f}> {97 h}}7

P?? = {{a> b, c, h}v {d’ 6}7 {fa g}}

Suppose that the rule of sharing information is the same as in the previous example
and coalitions are denoted as earlier.

Then consider maximal information P™**. By definition, for agent 1 we have:

Pt = \[ ks(P°) = ks, (P, P) V ks, (P, P{) V kg, (P, PY, FY),
S31

where
kg, (PP, P3) = {{b,c} . {a.d, f}.{e}, {9, 1} },
kg, (PP, P3) = {{b.c}. {a,d, f},{e. g, h}},
ks, (PP, Py, P) = {{b.c}. {a,d, f},{e. g, h}}.
As a result, we have:

leam = {{b7 0}7 {aadv f}v {6}7 {g’h}}
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Next we find out a possible version of limit information. Suppose that at first the
coalition Sy = {1,2} is “active”. One obtains:

Pl1 = k}Sl(Pl()? P20) = {{b,c},{a,d, f},{e}, {9, h}},

Py = kg (PY, Py) = {{a,b} . {c.d, f},{e}. {9, h}},

PY = P8 = {{a,b,c,h}, {d. e} {f. g}
Suppose that next the coalition Sy = {1, 3} is “active”. We have:

P12 = ké’g(Pllv P31) = {{aa f}a {b7 C}> {d}> {6}7 {ga h}}7

PQ2 = P21 = {{a,b},{c,d, f},{e},{g,h}},

P2 = k%, (P}, PY) = {{a, h}. {b. c}. {d}. e}, {f. g}
Suppose that the coalition S; = {1,2} is “active” again. We have:

P13 = ké‘l (P127 P22) = {{aa f}’ {b7 C}7 {d}7 {6}7 {97 h}}7

P23 = kg’l (P127 P22) = {{aa b}> {C7 f}> {d}> {6}, {ga h}}7

P?? = P32 = {{a, h},{b,c},{d}, {e}, {f. g}}.
It is easily seen that any further process of intra-coalition information sharing cannot
continue. As a result, for agent 1 we have:

Pllim = {{bv C}a {aa f}’ {d}’ {6}7 {97 h}}

Thus, the limit information P} of agent 1 is finer than his/her maximal information
Pe* . Therefore, in this example limit information is coarser than the finest infor-
mation (i.e., complete information) and is finer than maximal information, i.e., lies
between them. |

In order to apply the concept of limit information in a well-defined way, we need
to reveal conditions of uniqueness, i.e., the conditions under which it does not depend
on how coalitions in the sequence of information transactions are ordered. Below, we
formulate a sufficient condition for the uniqueness of limit information. It turns out
that, for each monotone rule of information sharing, limit information is unique.

Definition 7.1.3 An information rule k = (ks)sec is monotone if, for each

coalition S € C' and any informational structures, from P = P’ it follows that
ks(P) = ks(P).

In other words, an information rule is a monotone if, for each coalition, it preserves
the natural partial order relation on the set of all informational structures. Here it
is appropriate to note that a non-monotone rule needs not to have a property that,
for some P > P’ and some coalition S, ks(P) < kg(P’) is true. The relation > is
only a partial ordering on the set of informational structures, i.e., there are non-
comparable structures. If a rule is non-monotone for some coalition S and a pair of
informational structures, P > P’ & kg(P) % kg(P’) is true. This is not equivalent
to the previous statement. This situation is illustrated by the rule from Example
7.1.4, where P’ = ]{331 (PO) - ]PO but both ]{TSQ(P/) % ]{ESQ(PO) and ]{TSQ(P/) ﬁ kSQ(]P)O)
hold, i.e., the structures that are obtained by the rule of information sharing are
non-comparable.

Theorem 7.1.1 (ON UNIQUENESS) If a rule of information sharing k € R is
monotone, then the limit informational structure P™ obtained by the rule k is a
unique one.
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Proof of Theorem 7.1.1. Let a = {51,52,...,5,:} and 8 = {T1,T5,...,T,} be
two sequences of coalitions, which generate, in accordance with Definition 7.1.2, two
versions of limit information, P%™ and Pgm. We will show that Pim = P%m.

Indeed, by Definition 7.1.2, for any rule of information sharing, we have

P’ < ks, (P°) =Py S ks, (Py) =P <+ <k, (PL 1) =P, =Pg" = P <Po™

We sequentially apply the monotonicity of the rule and the definition of limit infor-
mation. By doing so, we conclude that

Py = ke, (P°) X ke, (Pa™) =Po™ = Pj = kny(Py) =<k (P") =Pa™ -+ =

PL =k, (P5?) 2 by, (P™) =PE™ = PE™ < PU™

By using similar reasoning, first with respect to the sequence § and then with respect
to a, we find out that Plﬁim = Pim_ Hence, Plgm = P/im Theorem 7.1.1is proved. W

Corollary 7.1.1 If a rule of information sharing k € R is monotone, then the limit
informational structure P“™ is finer than the mazximal one, i.c., P™ = Pz,

Proof of Corollary 7.1.1. It is sufficient to show that, for any coalition S C 7
and any i € Z, ki((P;°);es) = PLi™ holds. However, this is the case, since if the
coalition S is added to the beginning of any sequence of coalitions implementing limit
information, then the new chain also implements limit information. At the same time,
as the rule of information sharing is repeatedly applied, information can become only
finer at each stage and it automatically becomes limit after the last stage. Further,
in order to complete this proof, we need to use Definition 7.1.1:

PP i= v K((P)jes) <BIT.

Remark 7.1.1 Presented in this section results can be generalized in at least two
important ways:

First, the measurable space (an algebra of events) can be infinite: the correspond-
ing result can be found in Marakulin (2009).

Second, the result of Theorem 7.1.1 can be strengthened assuming that in the chain
of (monotone) coalition rules realizing a limit information the rules that themselves
are also changing are applied, but again in a monotone way. Here it is monotonicity
with respect to the partial ordering specified for the information sharing rules. For
this case Theorem 7.1.1, might serve as a corollary of a more general result. [ |

7.1.3 Preferences

For a general and detailed Arrow—Debreu model, the preferences of individuals should
be defined for their consumption plans. However, for the setting considered, infor-
mation is part of the consumption, which requires a correct interpretation. Indeed,
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being a part of the consumption bundle, information performs the admissibility: infor-
mation itself is unable to generate utility, but also nobody can consume information
incompatible commodity bundle. In the general preference is presented as a point-
to-set mapping P; : X; = X, whereas above P;(z, P) is the set of all plans (2/, P’)
strictly preferred to the plan (z, P), that habitually is written as

(2',P") € Pi(x,P) < (', P') =; (z, P),

where functions 2'(-) — e;(+) and x(-) — e;(-) are (required) measurable with respect to
partitions P’ and P respectively. Note that the measurability restrictions are imposed
for the deviations of consumption bundles (contract), in accordance with the definition
of consumption sets.

One can assume further for simplicity, that preferences are defined via utility
functions u; : X; — R, ¢ € Z, where consumption sets X; have been specified above.
It is supposed usually that utilities are invariant relative to information:

UZ(ZIZ',P) = ui(xvpl)7 V([E, P)?(xapl) € Xi?

that can be interpreted as the fact that the information itself does not generate any
utility.® This assumption means that there is a utility u;(z) = u;(z, Q*), defined on
(R')%* such that

wi(x, P) = u;(z, ), V(z,P)eX,.

Thus if a partition P is fized then the set of all P-measurable functions forms a
subspace in (R!)® and formally utility function u,(-, P) can be defined as a reduction
of known function u;(-, 2*). In this sense, the utility does not depend on information.
This allows us to consider a point-to-set mapping P;(-), ¢« € Z as being defined on
X; = M(Q, Rﬂr), and moreover further we will use the same notation.

In the known literature there are widely used utilities defined via so-called random-
ized a posteriori utility functions u; : Q x R, — R, where u;(w, z;(w)) is a “value” of
i’s utility in a state ‘w’ for the consumption plan z;(w). In that case, the expected
utility is used (ex-ante expected utility), calculated by the formula’

wi(z;) = Z ui (W, 2;(w))q; (W),

we

where ¢;(w) is defined in the model an (individualized) prior,'® i.e. a priori defined

probability of a state w realization. It traditionally happened because of the need to
apply conditional expectation of utility: for the introduction and studies of such con-
cepts as an equilibrium in rational expectations (REFE) and incentive compatibility—
stability relative to potentially misreported states of the world. On the other hand,
it is clear that one possible manage with this functional form of utility without its
(expected) probabilistic specification. Moreover, this is no accident: as we will see
this is the only correct way to model preferences for differentiated information.

8 Again, it is important to remember that the flow x — e; has to be measurable relative to both
partitions P and P’'.

9In current literature, they are also referred to as “Bayesian utilities”.

0Tn general ¢;(-) is the density of a priori probability distribution (prior).



274 Chapter 7: Information as a proper part of a mathematical model

Indeed, the point is that for a realized (or not) event E preferences should not
be directly connected with preferences for w ¢ E. Here I speak about preferences as
an ordinal category, instead of utility, which of course will depend on consumption in
w ¢ E. This means that preferences of the individual can be defined, for example,
by means of a generalized-separable function having the following functional form:

ui(2:(-)) = iy (2:(W1)), @5 (2:(Wa)), . - ., i (s (W), (7.1.2)

where Q = {wy,ws,...,wi}. For a correct presentation it is necessary to assume
that function ;(-) is continuous and strictly monotonically increasing by each of
arguments, and ¢’ () are ordinary quasi-concave functions setting preferences. It is
obvious, that for any fixed consumption outside of any (only one!) elementary event
w € Q (or for an event E' € P;) any function of the presented form induces identical
preferences on the space of contingent commodities reduced to the state w. This
corresponds to the notion of weakly separable utility.
Strongly separable utility has the following functional form:

wi(2i(+)) = Vil (zi(wr)) + @5 (zi(Wa)) + - - - + @) (@:(wi))), (7.1.3)
Q={wy,wo,...,Wg}.

The essential difference is that for every set E C €2 of elementary events for contin-
gent commodities, related with states from E there is inducted a preference relation
that does not depend on current consumption in external for F states w € Q\ E.
For the proof of this result see Barten, Bohm (1982), Debreu (1960). Moreover, the
requirements for a general case are clear also: it is necessary that consumption in
events exterior (distinct from) to any set of elementary events do not influence pref-
erences within the limits of the given event. Formally in the general case of strong
separability, it should be

Prg | P15 Yy e) [ (152 Ylays) + ﬁE)] = Prp [7’(%, o) [ (@15 2l ) + ﬁE)]
(7.1.4)
:Q\E — R,

Vmeasurable y|,, ., 2o,

where Prg[-] is a projecting operator onto the subspace of functions defined on E C €.
This can be defined as a (pointwise) multiplication of a function from L on charac-
teristic function x% of set £ C .'' Probably the latter property is easier to perceive
in terms of binary relations:

VE C Q, Vmeasurable z|,, §,: E — Ri

(I\E7y|Q\E) ~ (§\E7y|Q\E) — (x‘E7Z|Q\E) - (glE’Zk}\E) (715)
LQ\E— R

Vmeasurable |, . 2o\

Of course, the separable utilities is a very strong requirement (especially for the
strong separability), and it would be too simplistic and incorrect to assume it in

UTt is defined as x¥(w) =1 for w € E and zero otherwise.
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many other theoretical constructs. However, we are dealing with a model where a
comparative analysis is often carried out at the level of individual events, and their
combination (ie information) can dynamically be changed over time and hence the set-
event may be changed. Moreover, in this context, the separability over the events of
nature is appropriate and does not cause substantial model criticism. Simultaneously,
the analysis provides a specific mathematical comfort and simplifies the presentation
of meaningful concepts.

In this sequel, it is postulated that the preferences are strongly separable (in
terms of utility functions one assumes form (7.1.2)).

(Sep) For each i € T preferences P; : X; = X; are strongly separable, i.e.
it obeys (7.1.5) and for every x; € X; there is an open conver G; C L such that

Assume additionally

(NS) Preferences have extremely non-satiated consumption bundles for every pos-
sible elementary market, i.e., for every allocation © = (z;)z € X = Lt and every
E C Q does exist a bundle 2¥ = 2 (x) € RY, such that

z; + 2PxF € Pi(x;) Viel

These assumptions can be compared with similar requirements of Part I: The as-
sumption (A) of Chapters 1, 2 pages 19, 67 and the assumption (S) of Chapter 3
on page 125. Notice that in view of (Sep) assumption (NS) implies the existence
of 2F € riL}, such that x; + A\2Ex¥ € Pi(x;) Vi € T for some real ¢ > 0 and every
0 < A < e. Clearly, that for monotonic preferences (NS) is always true. It should be
emphasized that (NS) is consistent with the processes of information sharing since
it can be applied to any kind of allocations that may appear in the contractual pro-
cess with a simultaneously going sharing of information. In terms of utilities (7.1.2),
assumption (NS) in particular means (not only!), that functions ¢i, : R, — R are
quasi-concave and locally non-satiated on Ri, Yw e ), VieT.

If preferences can be presented by differentiable utility functions, then as usual we
are talking about the smooth model: economy £% is called smooth if for each i € 7

Pi(z;) ={y € X | ui(y) > ui(z;)}  Va; € X;

for a differentiable function u;, defined on an open neighborhood of X;, and such that
Vu;(x;) # 0 Va; € X; holds.

Finishing this section, let us turn again to the randomized utility functions. Due
to Debreu’s theorem (Debreu, 1960) every complete continuous preorder on (R',)?,
which obeys (Sep), can be defined via summation of utility functions determined
for the “multipliers” Rﬂr. These functions should be taken as randomized utility
u; : @ x R, — R, where u;(w, z;(w)) is the “value” of utility in a state w for the plan
x;(w). Obtained resulting total utility can always be interpreted as the (ex-ante)
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expected utility. Renormalizing the result one can also write a formula form

wi(z;) = Z wi (W, z;(w))q;(w). (7.1.6)

we

Here ¢;(w) is (as in many papers) given initially in the model (individualized) a priori
probability of state w € Q2. It is correct to assume

VieZ ) q(w)>0, VE€P,

wek

(or even postulate ¢;(w) > 0, Yw € Q and for each ), that corresponds agents’
preferences are non-satiated for every distinctive event of the world. Of course, the
resulting probability ¢;(-) is a matter of interpretation and a tribute to tradition.
However, it is important that this way does not lose in generality.

Thus, the subject of this study is the model of exchange economy with differential
information, which can be briefly expressed as follows:

E" = (I,R,Q, (ks(-))seo, (Xi, Pi, P, €i)iex )-

7.2 Allocations, core and equilibria

Definition of allocation has a great value for the consideration of the core of an econ-
omy with differentiated information. Certainly, feasible allocations of an economy
should be at least physically admissible. However, if the economy with asymmetric
information is considered then the admissibility definition should take into account
also the agents’ initial information and the information rule that operates in the
model.

In the literature, there are two well-known definitions of feasible allocation. In
the first one (applied by Yannelis et al.), an allocation is called feasible if it is com-
patible with the initial information of individuals. Thus, by Yannelis, the ability of
information exchange between agents is not accepted into account. The second one
appeared in the works of Allen (see, e.g., Allen (1991a,b)) where the ability of an
information exchange is taken into consideration. By Allen allocations measurable
relative to the information accessible to all members of the economy are considered
as feasible, i7.e., it is the measurability relative to coarsest information. These defi-
nitions are not free from shortcomings. Yannelis’ definition is poorly motivated by a
substantial party: it is intuitively clear that feasibility of allocation should somehow
depend on the information rule, the informational world is not static. Definition by
Allen is excessively rigid, that can entail emptiness of the core and also it can happen
that agents cannot use any information at all and only initial endowments become
(single) feasible allocation. Being motivated by these reasons, Schwalbe (Schwalbe,
1999) introduces the concept of mazimal information that is applied to him further
to define feasible allocation (see Section 7.1.2, Definition 7.1.1). Thus, the maximal

12Tn general ¢;(-) is the density of the a priori probability distribution (prior).
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information is such information that would be received by the agent if he/she would
be able to join to all possible coalitions simultaneously. However, each individual
enters a coalition activity with the initial information. Another point of view was
suggested in Marakulin (2009) (see Section 7.1.2, Definition 7.1.2), where the concept
of limit information was introduced.

7.2.1 Allocations

Information induces a particular type of allocation used in the model to specify a rel-
evant core concept (equilibrium). In the most general form, we arrive at the following
definition.

Definition 7.2.1 An allocation ((x;, P;))icz is called feasible if the maps
;) — Rﬂr and the partitions P;, i € T obey:

(i) Ywi=>e,

i€z i€z
(i1) (z; —e;) :  — R! is measurable relative to P Vi € L.

Here the first condition reflects physical feasibility of the allocation, while the second
one—its informational feasibility since it requires the measurability of gross contract
(net trade) realizing the allocation. Notice that it should be specially stipulated about
what information P in item (i7) is applied. In particular, Pf® can coincide with

7 1

Pz (Schwalbe), P? (Yannelis), AP (Allen) or even P/™ (Marakulin).
je

7.2.2 Core

A core concept in an economy with differentiable information has own its specificity
and, as opposed to the complete market, is generally not unequivocally defined. This
is so because, besides the physical feasibility of an allocation it is necessary to con-
sider its information feasibility, .e., its measurability concerning the information par-
tition(s). Thus, it is necessary to define what kind of measurability is applied for a
final allocation in an economy as a whole and what measurability requirements are
applied for the intra-coalition allocations to dominate current resources allocation.
Available in the literature (not all!) and other possible variants of these requirements
are presented in Table 7.2.1: Here the first column presents requirements to allocation
in an economy and the first row to intra-coalition allocations. The intersection of a
column and a row presents the name of the core concept, where in the last row two
new author concepts are presented. Resuming this table, one can notice that the
approach using an information rule is the most general: commonly it is enough to
specify a rule.

The non-emptiness of the core of any type, and thus, the validness of the pro-
posed solutions is considered below and is solved in the theorem which generalizes the
known Scarf’s theorem. From the information point of view, the answer is the follow-
ing: allocations under consideration would be measurable with respect to information
structure finer than the information used to coalitional domination. Let us pass now
to consider equilibrium concepts.
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econ.\coal. | Agky(P) AsP; P, [{ki®)} | PP™ | VveP; [ Vsk4(P)| author
Nz P; strong coarse « B8 Yannelis
P coarse private fine Yannelis
VP ~ ) weak fine Yannelis
Vi-allocations coarse fine Wilson
AzkY(P) coarse Allen
{k%(P)} fine Allen
(Pra) k-core Schwalbe
{plim} k-limit | limit Marakulin

Table 7.2.1: Known in literature variety of cores for DI-economies

7.2.3 Equilibria

Consider first the historically introduced concept of Walrasian equilibrium presented
in terms of expected utility. This is the so-called W E E-equilibrium (Walrasian Ex-
pectation Equilibrium), introduced in Radner (1968).

For the model, it is assumed in addition, the existence of a specific partition F'?
of Q such that F > ié/IPi’ i.e. this partition is finer than any individual information

partition. Further, the F-measurable system of the prices p : 2 — Rﬂr is considered
that is used to define budget constraints. In view of the assumptions, all values can be
defined and calculated: the initial endowments e;(+) are also assumed to be measurable
with respect to the initial agent’s information F;.

Definition 7.2.2 (W EE-EQUILIBRIUM) A couple (p,z) such that © = (x;)z,
r; € X;, 1 € T is called Walrasian expectations or Radner equilibrium if the
following conditions are satisfied:

(i) z;: = RY are Pi-measurable Vi € T and p : Q — RY is F-measurable;

(1i) x; mazimizes expected utility under informational and budget constraints:

[y; : Q — Ri is P; — measurable] & Z yi(w)p(w) < Z e;(w)p(w),

we weS

i.e. avalue Y oo ui(W,yi(W))qi (W) is mazimized for y; = x;, i € L;
(Z”) ZieI x; < Ziel €; & Zweﬂ p(W) ZieI x%(w) = ZweQ p(W) Ziel el(w)

Notice that this is a free disposal equilibrium concept formed on stage before the real-
ization of any state of nature and in the absence of any kind of additional information
about the realized event.

It is easy to see that this is an ordinary Walrasian equilibrium, considered relative
to preferences specifically defined and with respect to the material balance in the form
of inequality. If we exclude this (old-fashioned) opportunity, then we arrive at the
following definition. Recall the notation:

Mp(Q,RY) :={f: Q> R"| f|pw) = const} = Lp,

13In general settings, this is o-algebra of events.
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where for P = P, = P? as initial information we apply notations

Lizﬁpi, 1€X.

Definition 7.2.3 (PRIVATE EQUILIBRIUM) A couple (x,p), * = (z;)r € X,
p:Q— R, p#0 is called (ex ante) private quasi-equilibrium, if it obeys:

(i) (@ —e;): Q= R is Pi-measurable for alli € T,
(ZZZ) ZiEI xTr; = ZiGI €;.
If all inequalities in (i7) are strict, then couple (x,p) is called an equilibrium.

A direct comparison of definitions shows that the concept of private equilibrium co-
incides with the W E E-equilibrium up to the material balance in the form of equity,
as well as a more general point of view on preferences. In addition, this defini-
tion is spared from the requirement of measurability of the initial endowments, and
a price map is regarded as a functional from L', the space of (algebraic) dual to
L =9M(Q,RY = L/, that, in general, simplifies the subject description. The concept
of private equilibrium appears in the works of Yannelis (see Yannelis (1991)) and
several other authors. Further, we consider the construction of equilibria in rational
expectations.

As well as for W E E-equilibrium, there is a partition F and F-measurable system
of the prices p : Q) — Ri. It is supposed that having received price signals, agents are
able to extract from them information, and then they use it to make their own rational
decisions. Formally, function p(-) generates a partition o(p) of €2, this is the coarsest
partition concerning which p(-) is measurable. Having learned o(p), the agent ¢ has
the access to the information o(p) V P; = G; and applies it for buying and selling.

Definition 7.2.4 (REFE-EQUILIBRIUM) A couple (p,x) such that x = (z;)r € X,
p: Q=R |p(w)|| =1, Vw € Q is called rational expectations equilibrium, if
the following conditions are satisfied:

(i) Vi € T the plan z; : Q@ — R is G;-measurable;

it) Yi € T and Yw € e plan x; mazimizes the conditional expected utility

1) Vi € L and Y Q2 the pl mizes th ditional ted wutilit
(interim expected utility) > rcqwi(W', 2i(W'))q;(W'|G;) (W) under budget con-
straint™® p(w)zi(w) < p(w)e;(w), (2} — €;) is G;-measurable;

(ZZZ) Ziez Ti = ZieI C;.

“Here ¢;(w'|G;)(w) is conditional probability distribution when the element G;(w) of partition G;
is realized, w € G;(w) C Q.

15Tt is useful to remember that in view of G;-measurability of all functions from the inequality and
therefore that all of them are constant on G;(w), because of homogeneity of budget inequality, this
inequality is true on the whole G;(w) (according to content) and not only for the state w.
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The notion of RE E-equilibrium appeared in the works of Kreps (1977) and Radner
(1978). Notice, that this concept is an intermediate one since all individual deci-
sions are made not before but after a price signal. Another difference with W EE-
equilibrium consists of a multiplicity of budget constraints: there is one for each event
that the agent is able to understand.

Conditional expectation applied in item (7i) requires an explanation and, on the
other hand, creates a (false) impression that it is absolutely necessary to use functional
type (7.1.6) in the utility presentation as an expected one. Certainly, the latter one is
untrue and this functional type is used only because of the convenience of exposition
and interpretation rather than a matter of fact the concept of RE FE-equilibrium.
The matter is that once an individual ¢ understood that a (new) event w € Q is
implemented: more precisely, the individual understood that the event G;(w) as a
whole is realized (he/she is able to understand only G;(w) and not w—there is no
such information), then the individual begins to qualify consumption and contracts,
not in the category of initial preferences, but as reduced to the event G;(w), i.e. in
terms of conditional expected utility.

Due to (7.1.5) on the space £Z = 9M(E,R.), E = G;(w) there is correctly
specified preference relation PF(:) which employs the individual. However, note
that by the admissibility of information he/she will evaluate only the functions (or
rather their changes) that are constant everywhere on E = G;(w), i.e. they are
bundles from R’ . As a result, condition (ii) of the definition can be rewritten in the
following (equivalent) form, which will later be used in the definition of the concept
of equilibrium with differentiated agents:

(i) (p%, (PP (27) — 7)) > 0, (p¥,27 —e7) =0, VE€G,.

Of course, the reader has not forgotten that all the objects used in the latter condition
are [-dimensional—based on the fact of information accessibility and by construction:
p(+) is constant on G;(w).

Thus, the concept of RE E-equilibrium is defined by a set of budget constraints,
which have a chance to be realized at some intermediate time moment when “to-
morrow” has already occurred and the random variable (an elementary event) was
realized, but the uncertainty is still not fully resolved.

7.3 Incentive compatibility or profitable lie

When information is asymmetrically distributed, we meet an important issue such as
the possibility of false informing of partners about the realized state of nature. This
kind of deception can be beneficial to the agent in the case that its partners are unable
to distinguish false and true states and if the realized deception agent has real benefits
(implements a more preferred consumption). Thus, the informational validity of an
allocation or a contract should also take into account the factor of honest interaction
between the partners, which can be reliably implemented only when the participants
in economic transactions have no incentives for information cheating. Further we first
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consider several illustrative examples borrowed from DI-economies (2005; Preface)
and then present precise definitions.

7.3.1 Definitions and examples

Example 7.3.1 (WHEN A PERSON CAN LIE PROFITABLY) Consider a two-person
economy with 3 equal probable states of the world {a, b, ¢} = €2, and in each state one
good z > 0 can be consumed and it gives for an agent utility \/z. Thus preferences
are defined for consumption sets X; = R3 via utility functions (for a current state of
the world) as follows:

wi(w,z;(w)) = a;(w), we{abc}, i=1,2.

Let!6
el(av b> C) = (1071070)7 Pl = {{a}7{b}7{c}}>
es(a,b,c) = (10,0,10), P, ={{a,c},{b}}

be initial endowments and individual information. Now consider the following alloca-
tion

z1(a,b,c) = (10,5,5), wa(a,b,c) = (10,5,5),

which is measurable with respect to the full information P, \/ P, = {{a}, {b}, {c}}—
this information is accessible as a result of the mutual information exchange. Obvi-
ously, this allocation is Pareto optimal with respect to full information (belongs to
“weak fine core”, see below). However, what happens if state w = a is realized?

If state ‘a’ is realized, then only 1st agent knows with certainty which state is
implemented, 2nd is not able to distinguish it from ‘¢’. This creates the potential
possibility for 1st agent to send a false message and declare ‘¢’—in order to affect the
implementation of the contract according to this event. The temptation becomes real
when the agent is able to improve his/her (current a posteriori) utility as a result of the
substitution. In our case contract is a vector vy, = (vy(a),v1(b),v1(c)) = (0, =5, +5) =
—vy and, if the 2nd agent believes to the 1st, then he/she delivers +5 units for 1st
agent and they have (21, x}):

ur(#)(a)) = wi(er(a) + v1(c) = V15 > V10 = uy(2:1(a)),
uz(h(a)) = ua(ez(a) + va(c)) = V5 < V10 = uz(w2(a)).

As we can see, the temptation for the first individual is a real threat of fraud for
2nd. What is the reason for this situation? The main reason is that the principle of
incentive compatibility is violated, and the contract implementing final allocation
s not measurable with respect to personal information: in the elementary events ‘a’
and ‘¢’ 2nd agent must act differently, despite the fact that he does not distinguish
the states. [ |

1617

ve changed a little bit the example in a part of P;: origionally 1st agent does not distinguish
states ‘a’ and ‘b’, but then it is not clear how he/she can know what is the state realized: he/she
has to report ‘¢’ only if ‘a’ and not ‘b’ is realized.
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The following example shows that potentially profitably lie cannot affect only
individuals, but also coalitions.

Example 7.3.2 (WHEN COALITIONS CAN CHEAT PROFITABLY) Let us consider a
three-person differential information economy with two goods denoted by =z > 0,
y > 0 and the three states {a,b,c} = , which are assumed to be equally probable.
Utility functions, randomized initial endowments, and individualized information are
presented below.

Agents’ preferences are defined for the consumption sets X; = RS, and in the
current state of the world are represented by the following utilities:

wi(w, z;(w),y;(w)) = Va,(w)y;(w), w e {a,bc}, i=1,2,3.

Initial endowments and private information are as follows:

ei(a,b,c) = ((20,0),(20,0),(20,0)), P ={{a,b,c}},
62(a7b>c) = ((O’ 10)7(0 10 )7( )) Py = {{a’ b}v{c}}7
e3(a, b, ¢) = ((10,10), (10, 10), (20 30)), Py ={{a}, {0} {c}}

Counsider an allocation

($1’y1)(a,b,0)=: (( )7(10’ )7(12'577'5)%
(5527 92)<a’ b, C) = (( )7 (10 )7 (2'57 2'5))7
(w3, 93)(a, b, c) = ((10,10), (10, 10), (25, 25))

and argue that this allocation is incentive compatible individually, but not coali-
tional.
The allocation is implemented by contract v = (vi, vo, v3) € R where

vi(a, b, c)
UQ(a7b7 )
U3(a>b )
For the presented informational distribution, cheating is potentially possible only by
a third agent; no one can cheat 3rd agent (and an agent which joins him) because
he/she has full information. On the other hand, the third may declare ‘a” when ‘b’
is realized and vice versa, but this does not give him additional profit. Thus, this
allocation is individually incentive compatible, but is it also a coalitional one?

Agents 2 and 3 can form a coalition and if ‘¢’ is realized they can announce ‘b’ for
1st agent. Then jointly they have

((=10, 5),(—=10, 5),(=7.5, 7.5)),
(( 10,-5), ( 10, —5), ( 2.5, —2.5)),
((0.0,0.0), (0.0,0.0), ( 5.0, —5.0)).

vo(b) + v3(b) = (10, =5) > (7.5, =7.5) = va(c) + v3(c)

and, of course, are able to mutually benefit redistribute the obtained surplus (2.5,2.5).
Thus, this allocation is not (transfer) coalitional incentive compatible.

Notice that in this example we again have that contract implementing the alloca-
tion is non-measurable relative to the individual informational partitions. Here v is
not measurable relative to P;. [ |
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The above examples illustrate the idea of incentive compatibility and demon-
strate that measurability of contracts regarding individual information is sufficient
for the contract and the final allocation is incentive compatible and, therefore, no
one would have desired cheating with information. It seems that coalitional incen-
tive compatibility should be recognized as the most correct requirement of this type.
The precise definition is given below, but first I want to give one more example from
DI-economies (2005; Preface, example 0.4). This example demonstrates the idea that
information can bring real benefits to individuals, especially for specific coalition-
contractual terms.

Example 7.3.3 (INFORMATIONAL ADVANTAGE) Similarly to example 7.3.1 let us
consider an economy with three equally probable states of nature {a, b, c} = €2, where
one good denoted by x > 0 can be consumed by each of three agents and again is
estimated as utility v/z. So current utility functions (relative to a state of the world)
are:

wi(w,z;(w)) = Va;(w), we{abec}, i=1,2,3.

Initial endowments and individual information are the following:

ei(a,b,c) = (5,5,0), P ={{a,b} {c}},
es(a,b,c) = (5,0,5), P,={{a,c}, {b}},
es(a,b,c) =(0,0,0), Py={{a},{b},{c}}.

Now consider an allocation

z1(a,b,c) = (4,4,1),
l‘g(a, b> C) = <4a 174)7
z3(a,b,c) = (2,0,0).

Further, we first note that this allocation is incentive compatible since only the third
individual has the possibility to misreport agents 1 or 2 being joined with one of them
(together they always can detect lie). However, this can not lead them to a profitable
result because a barter contract is measurable regarding personal information and,
thus, misinformation does not affect the fulfillment of contractual obligations for a
cheated person. Thus, this is an allocation from the private core, see Definition
8.1.1 of Section 8.1. Note that if the 3rd agent would not have any information,
i.e.for Py = {{a,b,c}}, then the contract to implement the allocation ceases to be
measurable. Obviously in this case, for any elements of private core 3rd agent gains
‘0’. Thus, for 3rd individual information is taken into account and it is his/her
advantage.

Note also that each of the classical equilibrium concepts known in modern
literature—Walrasian and Rational in expectations—are not able to identify this phe-
nomenon, because in all versions the value of 3rd individual initial endowments is ‘0’,
and he/she is not able to buy anything. [ |

Now let us consider the basic concept of incentive compatibility applied in the
model of an economy with asymmetric information.
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Definition 7.3.1 An allocation x = (z;);er € A(X) realized by a contract x — e =
v = (v;)iez 15 called coalitional incentive compatible (CIC), if for each coalition
S CZI,S #0 there is no state a € Q such that

(1) {a} = 1 Bia),

€S

(ii) e N Pla)bal
JET\S

(a) VieS wla,ea)+vi(b) > ui(a,x;(a));
(b) 3j ¢ 5: wuy(a,e;(a) +v;(b) < uj(a,z;(a)).

Notice that items (i) and(ii) are formulated here in accordance with the assumption
(7.1.1) which implies

APw c () Pw)| = [Pw) ={w}

= JET\S i€S

So, according to the definition an allocation z = (x;);ez € A(X) is called coali-
tional incentive compatible if there is not a group of individuals (coalition), which
due to (i) is able to identify actually realized elementary state of nature a € € and
due to (ii) is able to misreport members of complementary coalition announcing a
false state b # a and so that each member of the coalition is better off. Furthermore,
by (ii,b) at least one member of the complementary coalition Z \ S is worse off, i.e.,
his/her utility in true state ‘a’ is lower as a result of contract implementation for the
false state ‘b’. In other words, if an allocation is coalitional incentive compatible then
no group of individuals is able to gain from a lie to the detriment of other economic
agents.

The concept of incentive compatibility in the context of a model with differentiated
information appeared in Glycopantis et al. (2001), but the requirement (i, b) was not
applied there. However, its addition is of theoretical significance: if the efficiency is
treated in the limited framework of measurable contracts, then there is no conflict with
incentives—each member of the complementing coalition is not able to distinguish a
false signal from the true one, but it does not affect the performance of the contract and
the final result—after final authorization of uncertainty the result for the non-coalition
member will be the same. Note that the contractual measurability is sufficient but
unnecessary for the property of incentives compatibility. Thus, contractual concepts
of different types described below (private contractual core and equilibrium, solutions
for a model with differentiated agents, and interim concepts of Chapter 9) transfer
coalitional incentive compatibility (it is not so according to definitions presented in
the literature).

The adding of the item (i7, b) separates the effect of information sharing from the
effect of fraud—exchanging information and goods, coalition members are able to
improve a posteriori utility without damage for the complementary coalition. Now
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two effects—fraud with information and effective information sharing are split and
analyzed, respectively. The following example confirms this.

Briefly, an idea is the following one. Let there be three agents and three states
of the world Q = {a,b,c}. Assume the first agent knows everything, the second
one is able to distinguish ‘a’ the third agent is able to distinguish nothing. Suppose
endowments and a posteriori utilities of 1st and 2nd individual in the states ‘a’ and
‘b’ are equal and the same holds for the third agent. Suppose that preferences and
endowments in the state ‘c’ are such that the Pareto optimal contracts in the event
{b,c} between 1st and 2nd agents differ from their Pareto border in the state ‘a’
Then if the state ‘0’ is implemented and after the false signal ‘a’ from the coalition
S = {1,2}, members of S can win by definition (i)—(ii, a)—without damage to the
3rd agent ((i7,b) is violated). It can happen, for example, in a private equilibrium.

The following is a numerical example in which the participation of a third agent is
not specified (formally one can always add an agent so that his endowments coincide
with the consumption in private equilibrium). Moreover, the effect of the “information
sharing” is observed here not only in equilibrium allocation but also at any Pareto
optimal point.

Example 7.3.4 (INFORMATION SHORTAGE AND SHARING) There are 2 = {a, b, ¢},
two products consumed in non-negative quantities, and two agents with the following
endowments and information:

el(a> b’ C) = ((17 2)a7 (1’ 2)67 (172)6)’ Pl = {{a}v {b}7 {C}},
32(a> b, C) = ((27 1)(17 (27 1)67 (27 1)c)7 Py = {{CL}, {b7 C}}

Let a posteriori utilities be presented as

ui(a,z) = uy(b,x) = In(xq) + In(z2), ui(c,x) = Fln(zy) + Gln(zy), F >0, G >0,
uz(a, y) = uz(b,y) = In(y1) + In(y), (C y) = In(y1) +In(y2),
ul(&) = ZweQ UZ(W’S(W))v =1,2.

Here it is important that endowments and a posteriori utilities of 1st and 2nd individ-
uals coincide in the states ‘a’ and ‘0’, but the 1st utility in state ‘¢’ is different from
other states.

Assume (14+F)(14+G) = 4. Then for every Pareto optimal (and rational) allocation
its partial allocation in the state ‘a’ dominates by a posterior: utility the allocation
of the state ‘b’. In a particular case F' =2, G = %

2(a,b,¢) = (1.4, 1.4),, (1.7, 1.1);, (1.7, 1.1),),
y(a, b, c) ~ ((1.6, 1.6)a, (1.3, 1.9)b, (1.3, 1.9)0)

is a private equilibrium and now straightforward calculation shows that there is “in-
formation sharing effect”. The detailed arguments are presented below.

It is obvious that every private core allocation (z,y) € L2 is an interior point of
consumption sets. This allows to apply the first-order conditions and simultaneously
to normalize prices setting

obd = utesen = (o mm) G aw) G ae))
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Analogously from y(b) = y(c) and second agent consumption problem, one has

(p(a), p(b) + p(c)) = a(Vua(y(a)), Vua(y(b)) + Vua(y(c))).

As a result, due to the first-order conditions, one concludes

om0 ) = ((p@ | pi@) ’ (p11<b> | p;w) ’ (pf?c) | szc>)) |

1 2 =
y(a) = a <m7 m) , y(b) =yle) =« <p1(b) + p1(c)” p2(b) +p2(0)) '

Next, consider the commodity balance relations. From z(b) + y(b) = (3,3) =
x(c) + y(c) one concludes

z(b) = z(c) = pi(c) = Fpi(b), pa(c) = Gpa(b).
Now z1(b) + y1(b) = 3 = z2(b) + y2(b) implies

(b)_1+F—I—20z ()_1—I—G+2a
PO =Sarr 0 PV T 3a0+a6)

Analogously z1(a) + y1(a) = 3 = x9(a) + y2(a) yields

Calculations show that
ur(z(a)) > ui(z(b)) <= x1(a)rz(a) > z1(b)z2(b) <= p1(b)pa(b) > p1(a)p2(a),

uz(y(a)) > uz(y(b)) <= (1+ F)(1+ G)pi(b)p2(b) > 4pi(a)pa(a).

Now choosing F' and G satisfying (14+F")(1+G) = 4, we provide an increase or decrease
of utility simultaneously for both individuals and, thereby, the allocation (z(a),y(a)) of
‘a’ being Pareto optimal, will dominate (or be equivalent to) the allocation (z(b), y(b)).
To be sure, let us carry out again the calculations. We have

(14 F+20)(14+4G+20) (F+a)(G+a)
Pi(b)p2(b) = 31+ F) 31+G) 9 !

where ' = (IJ;F), G = (IJ;G) and FG = 1. This value has to be compared with

(1+a)?
T

pi(a)pz(a) =

However, F > 0,_@ > 0 and FG =1 always imply F + G > 2 and so that equality is
possible only if FF = G = 1. So, if F' and G are not simultaneously equal to 1, then

(F+a)(G+a)=a’>+ (F+Ga+1>(1+a),
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that proves inequality we needed.

Note that real o > 0 parameterizes the Pareto frontier. Thus, in this example,
every Pareto optimal allocation (from the interior) is such that the allocation in the
state ‘a’ dominates the allocation of ‘b’ (via a posteriori utility) and the reason for
this is (implicit) information sharing.

Now let us find the value a corresponding to the private equilibrium; for this
one applies the budget equality of the first agent. Calculating gradients and inner
products, one finds

F+G+4 = (pi(a)+pi(b) +pi(c) +2(p2(a) +p2(b) + pa(c)) = %(6+F+2G+9@) =

2F+G+6
o0=————"
9
For F'=2and G = 3 we have (1+ F)(1+G) =4 and a = 3 = 1. Now equilibrium
allocation is calculated via presented above formulas:

(a.bc) = (3L 8L) (243 54) (243 54
e =\\ss'58) \143749),"\143°29) )

Note that Definition 7.3.1 does not address the measurability of the allocation
or the contract that implements it. Moreover, in addition to the model’s substantial
content, the measurability of contracts relative to individual information is also a basic
sufficient condition for the final allocation to be coalitional incentive compatible. (See
Krasa, Yannelis (1994) and Hahn, Yannelis (1997) for related concepts.)

Besides the coalitional incentive compatibility, the modern theory also addresses
its modifications: individual and transfer-coalitional ones.

e An allocation is called individually incentive compatible (11C) if it obeys
Definition 7.3.1 for the case of singleton coalitions.'”

e An allocation is called transfer coalitional incentive compatible (TCIC)
if it obeys Definition 7.3.1, wherein addition coalition members are able to redistribute
resources among themselves, i.e., item (ii) is rewritten as follows:

dbe (N Pila), b#a & Jw= (w;)ies € L%, D gw; =0 |
JET\S
(a) VieS uia,e(a)+w;(a)+ vy (b)) > ui(a,xzi(a));

(b) 3j ¢S ujla,ej(a) +v;(b) < uj(a,z;(a)).

Notice that the definition does not suppose TCIC allocation be implemented via
measurable contract (so as for CIC), but it is so also for a transfer barter contract
w. From the definitions, the transfer coalitional form of incentive compatibility is the
strongest one. Here we have:

TCIC = CIC = IIC.

1"Note that now a requirement (74, b) of Definition 7.3.1 is not demanded, because here there is no
way for information exchange.
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7.3.2 Maximin expected utilities

Sometimes a coalition incentive compatibility can be provided in the absence of the
measurability of implementing contracts. However, anyway it should be measurability
but now it is in the context of individual perception of final consumption, expressed
in terms of preference. This can be achieved, for example, for maximin preferences.
Preferences of this type were introduced and axiomatized in Gilboa, Schmeidler (1989),
and then they were reformulated (de Castro, Yannelis, 2010) in the form of (7.3.7)
below.

o Let the agents of DI-economy have a posteriori utility functions u; : 2 x Rt — R
and let individual probability distributions p;(-) be associated with the information
partitions P;, 1 € Z.

Maximin expected preferences are defined as follows:

U™ (z;) = Z (minui(w,xi(w))) wi(E), z:Q—R.L. (7.3.7)
Eep, wel

In substantial terms, maximin preferences correspond to the cautious behavior of

economic agents, i.e., for a pessimistic perception of future events that is valuated as

a guaranteed minimum: it seems to be a plausible scenario.

From the modeling point of view, a most relevant option of maximin preferences
is a special case of a posteriori preferences when they are identical at agent’s indistin-
guishable states of the world. This is a case where a posteriori utility function u;(-,y)
is measurable regarding the agent’s information partition for any fixed consumption
Y€ Rﬁr, 1.e., when

VieZ, Vy e Ry wi(w,y) =u(w,y) Yw,w € P(w) (7.3.8)

holds. Indeed, the minimum in (7.3.7) can be correctly interpreted only in the case
of comparable values and, for example, it can be money. However, even if it is so, it
is not clear why the same consumption in indistinguishable for the individual states
one attaches the different (utility) value—no reason for this, for beginning an agent
needs at least to understand what the difference is.

Note that the maximin preferences do not satisfy hypothesis (Sep), or rather they
are not separable ones. The main advantage of these preferences and a subject of
theoretical interest is presented in the Proposition below.

Definition 7.3.2 Core allocations of economy E%, in which all agents are equipped
with mazimin preferences, form mazximin core C™"(EY); these allocations are not
assumed to be measurable.

Before we formulate and prove the main positive feature of maximin core
elements—they are coalitional incentive compatible—we consider an important ex-
ample of Liu, Yannelis (2013), which clarifies the issue.

Example 7.3.5 Let us consider the economy from Example 7.3.1 (2 agents and 3
equally probable states of nature, one commodity), which differs only in that now the
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1st agent is not able to distinguish between ‘a’ and ‘b’. Also, let as above preferences
of agents be defined on X; = R3 and generated by the following ex-post utilities:

wi(w, i (w)) = ai(w), we{abec}, i=12.

Initial endowments and information of individuals:

ei(a,b,c) = (10,10,0), P = {{a,b},{c}},
es(a,b,c) = (10,0,10), P, = {{a,c},{b}}

Now consider an allocation
Z1(a,b,c) = (10,8,2), Ts(a,b,c) =(10,2,8)

and show that it is an element of maximin core. In an economy with 2 agents, it is
sufficient to show that the allocation is a feasible allocation that is both individually
rational and Pareto optimal. Now a direct calculation of utilities for i = 1,2 gives

| 2 1 50 V40 2 1 <
Umin(z;) = g«/min{10,8}+§\/§=g> §:§\/min{10, 10}+§f0 = U""(ei),

that proves the first condition. To check the Pareto optimality, one can verify that
the allocation T = (Z, T2) is a solution of a maximization problem

max (U7 (z1) + U™ (22))

1,22
subject to x1(a,b,c) + xs(a,b,c) = (10,5,5), x1(a,b,c¢) > 0 and xs(a,b,c) > 0. So it
proves that £ = (z1,Z2) belongs to the maximin core.

However, this allocation fails to be an element of the private core or to correspond
to any of the equilibrium concepts either their generalizations discussed below. The
reason is that © = (z1,x9) fails to be measurable regarding informational partitions
of economic agents. [ |

Theorem 7.3.1 Let a posteriori utilities u; = £ X Ri — R of individuals obey
(1) Yw € Q u;(w,-) is strictly monotonic for each commodity,

(i1) Yy € R, w;(-,y) and initial endowments e;(+) are measurable subject to individual
information.

Then every allocation of mazimin core C™™(EY) is a transfer coalitional in-
centive compatible.

Remark 7.3.1 From the proof, one can easily see that Theorem 7.3.1 is executed on
a broader class of upper contractual allocations. In addition, item (7, b) of Definition
7.3.1 is not demanded. This occurs This occurs because an increase of a posterior
utility in a state of the world still does not imply the growth of utility from the
element of information partition, but this evaluates the allocation individuals reached.
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Effective communication does not occur, because the agents are not able to use it since
utility is not determined for a new partition.

Notice that Theorem 7.3.1 assumptions are so to provide the maximin utility
U™ (.) generates indifference relation such that every equivalence class contains a
measurable consumption plan. Probably it is a crucial property (of course not the
only one) for a solution concept to be incentive compatible for possible nonmeasurable
allocations. One can easily suggest a lot of methods construct preferences having this
property and different with maximin. For example, one can consider ‘maz’ instead of
‘min’ in (7.3.7), or apply conver combinations of (x;(W))wer which coefficients can
vary only over E € P;, etc. Now it is only a hypothesis that is a subject for future
studies. [

Proof of Theorem 7.3.1. We argue by contradiction. By Definition 7.3.1, one fines
a coalition S C Z, S # 0, a state a € Q and contract w = (w;)ies € (RS, Yo gw; =0
such that for v = x — e the following is true:

(1) {a} = 1 Pi(a),
ies
(i) Ibe () Pila),b#a: Yies
JET\S
U™ (@i(2\ {a}), ei(a) + wia) + vi(b)) > U™ ().
By the definition of maximin utility (7.3.7), the latter for z;(a) = e;(a) +w;(a) 4+ v;(b)
and Vi € S can be written in a form

(Jmin @\ ) (o) )Pl + 3 (migwnw) ) (E) >

weEP;(a) wek
EeP;,E#P;(a)

> (i v o)) mP@) + 5 (miyutwate) ) m(E)

EEPZ‘7E7£PL'((1)
Omitting second identical summand for both sides and p;(P;(a)) > 0 one finds

ui(a, e;(a) + w;(a) + v;(b)) /\wePFI(lai)nwfa wi(w, x;(w)) > wrerg_r(la) wi(w, x;(w))

that implies

Vie S wu(a,z;(a)) < min  u; (W, 2;(wW)).
(@a(@) < _min  ai(w,ai(w))

At the same time, if there were found j € Z \ S such that

u;(a,z;(a)) > min  u;(w,z;(w)),
famy(@) > | min g (w. (w)

then agent 7 would be able to transfer some of his/her resources to the members of
the coalition S irreducibly for his/her maximin utility, i.e., for some z € RY, z # 0
we could have z;(a) — z > 0 with

ui(a,xri(a) —z) > min  u;(w,z;(W)).
fay(a)=2) > min ug(w,a(w)
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Now uniformly distributing z > 0 among agents of S, due to preferences monotonicity
one finds w;(a, z;(a) + ﬁz) > wu;(a, z;(a)), that together with the previous inequality
means strict increasing of maximin utility for the members of coalition S, and non-
decreasing of it for all other individuals. This contradicts the allocation z'® belongs
to the core. So one has

Vi ¢S ula zi(a)) = L ui(w,zi(w)) = u;la,z;(a)) < u;(b, z;(b)).
Finally, note that the measurability of endowments and utilities yields: j ¢ S
ej(a) = e;(b) implies x;(b) = ej(a) + v;(b) = u;(a,e;(a) + v;(b)) = u;(a, z;(a)).
Together with (ii) it means that for the state ‘a’ one finds a contract w’ € (R!)T,
defined as w; = w; +v;(b), i € S & w) = v;(b), j € T\ S, which improves the
maximin utility of all individuals, and for the members of the coalition S # () strictly.
For the elements of maximin core, it is impossible. |

Conclusion to Chapter 7

In this chapter, a detailed model of an economy with differential (asymmetric) in-
formation in the most general form was described. Information is individualized and
is described as a partition of possible states of nature. The model is also equipped
with a rule of information sharing, which transforms information as a result of the
intra-coalition contractual activity. There are two derived distributions of informa-
tion obtained by a rule: the concept of maximal information by Schwalbe and limit
information by Marakulin.

A series of concepts of core and equilibria known in the literature were considered.
Among others, variants of fine and coarse cores, k-core by Schwalbe, and versions of
the core with limit information are presented. The most significant and well known
in the literature concepts of equilibrium are described: Walrasian expectations equi-
librium (W EFE), private equilibrium, and rational expectations equilibrium (REE).

An important theoretical notion of incentive compatibility was described and its
important modification was suggested: under the new definition, all notions applying
measurable contracts are incentive compatible. In this context, the notion of maximin
expected utilities was presented—these utilities generate a core with unmeasurable
contracts which is always incentive compatible.

18This is a weak Pareto domination, that in our context is equivalent to the strong one.
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Chapter 8

Private core and equilibrium in a
contractual economy

8.1 Private core. Lemma on beneficial contract

Before we formulate and prove different mathematical statements, let us attempt
to understand that the contractual approach can add to our understanding of the
functioning of the economy with asymmetrically informed agents.

Let’s imagine that there are “today” and “tomorrow” and that today we need to
plan our tomorrow consumption. We don’t have exact information about what will
happen tomorrow, but at least for ourselves, we know that exactly we will be able
to understand, i.e. when this “tomorrow” will start to be realized. In the model the
events which we will be able to understand tomorrow form a partition of the set 2 of
all elementary events of tomorrow. For different agents, these partitions are different
ones, and this is the informational asymmetry exhibited.

Planning for tomorrow’s consumption, the individual should agree with other
agents on what commodity changes we will make tomorrow. However, the satis-
faction of the individual from the consumption of tomorrow commodities essentially
depends on what events will happen tomorrow. For example, if I plan tomorrow a
trip to the forest, but if there will be rain, I will get wet and by the evening my tem-
perature will rise and then it will be required febrifugal and other medicines. If the
rain doesn’t happen, then for me the value of an umbrella and medical products will
be insignificant. However, already today I should provide a possibility of tomorrow’s
rain and conclude agreements on the change of some commodities (money?) on an
umbrella and medicines. Moreover, the planning on an umbrella will be desirable for
making only when it will be precisely known, that the rain will happen, and concerning
medicines—when the temperature has already risen (or it is precisely known, that will
rise). Here it is important, that the individual first of all should understand the
event which specifies the exchange. It, of course, concerns each side in the exchange
agreement that we intend to conclude already today; the contract concluded in this
agreement should start from the text: “If there will be a rain, then...” and/or from
the text: “If there will be a rain and my temperature will rise...” The mathematical
design of these situations can be the following.

293
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A (barter) contract v = (v;)7 is an n-tuple of maps v; : Q — R!, i € T, satisfying
the measurability
Vi € Z, v;(-) measurable subject to P;, (8.1.1)

and also a standard balancing assumption:

YweQ, ) wvi(w)=0. (8.1.2)

i€

The first of these requirements says that if an individual is not able to distinguish
one elementary event from another one, they have to belong to the same element of
partition. For example, if a and b from 2 are indistinguishable for ¢, it means that
a and b have placed in a common element of an informational partition, and then
obligations of an individual under the contract should be identical, i.e., it should be
v;(a) = v;(b) and the function as a whole should be constant on each of elements of
an informational partition. In this context, condition (8.1.1) restricts the area W of
permissible contracts.

If there are no other restrictions imposed and regarding contracts breaking one
supposes only a possibility of their full break, then as a contractual allocation, we will
receive in accuracy allocations from the private core which definition is the following
one.

Definition 8.1.1 Private core CP"(E%) for an economy E¥ with asymmetrically in-
formed agents consists of allocations x = (x;)7 € X such that

(@) 2 xi=) e

ieT ieT
(i1) (z; —e;) : Q — R! is Pi-measurable for all i € T,

(4ii) S C T : Iy® = (yi)s | Vi € S, y; € X; is such that (y; — e;) is P;-measurable,
yi =i & Y og(yi —e) =0.

Here condition (ii7) presents usual coalitions non-domination requirement considered
with the account of measurability of dominating allocation relative to the private in-
formation. Clearly one can take V' = {z — e} as a web of contracts implementing
allocation x from the core CP"(£%). The coincidence of concepts (initial and con-
tractual) is checked directly: just one needs to take into account the differences in
notation and terminology. However, the concept of contractual allocation correctly
corresponding to the notion of the private core is still a bit stronger than presented
in Definition 8.1.1.

Recall that the web of contracts V' is called upper stable, if the allocation imple-
mented by this web x = e+}_ _ v, there is no coalition that has a mutually beneficial
contract, i.e., coalitions are unable to improve consumption of their members by the
signing of a new contract and without breaking of old contracts:

Bo=(v)r €W: xi+v =i x; Vi€ supp(v).
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To correctly define contractual private core one has to replenish (i)—(i7i) with the
requirement that the web {x — e} is upper stable (the break of v = {x — e} is
presumed for domination in (i77)). This motivates the following definition.

o Let PBP(E%) C A(E)' denote the set of all upper stable contractual allocations
in a differential information economy by Definition 1.1.2.

e Private contractual core is the set of all contractual upper stable elements of the
private core, 1.e.it 1S

Crr(E%) N PBP(ED).

This set can also be described as the set of all allocations x = (z;)7 € X, which
are the elements of the private core where the consumption allocation is considered
also as an initial endowments allocation, i.e. for e = x. The easiest way to identify
a private contractual core is to modify item (iii) of Definition 8.1.1, writing it in the
form

(#93)* AS CT: 3y = (yi)s | Vi € S, yi € X; is such that (y; — e;) is Pi-measurable,
v & D og(yi —e) =0 or Y gy — i) = 0.

Below we shall specify an equilibrium concept that is well corresponding to the
private core, but first, we turn to consider an important property of the private core
elements, this is incentive compatibility that in substantial terms means stability rel-
ative to informational cheating. As it was noted above (see Definition 7.3.1, page 284
and the comments on it), all solution concepts applying measurable contracts (infor-
mation admissibility) generate an incentive compatible type of solution by Definition
7.3.1 (including the item (iz, b)), wherein for upper stable contractual allocations this
is always the strongest coalitional transfer compatibility. However, for the sake of
completeness and a better understanding of the problem, it seems also useful to con-
sider another approach known in the literature, where there is no analog of (ii,b).
However, the presented case does not need this, since an exchange of information is
not demanded.

Below we apply a specific definition named in Koutsougeras, Yannelis (1993) as
weak coalition incentive compatibility.

Proposition 8.1.1 Let x € PB” (%), i.e.contract v = x — e obeys (8.1.1), (8.1.2)
(informational measurability) and is upper (contractual) stable: no coalition can sign
a new mutually beneficial contract without the break of v. Then the allocation is
incentive compatible in the following sense:

There do not exist a coalition S C I, S # () and a state a € S such that

(Z) {a} = Pi(a’)7 (NS S;

(12) 3b € 'e@\spj(a)’ b#a: wuia,ea)+v;(b) > ui(a,z,(a)), Vi €S.

L Applied here the superscript pr appeals to the private information of individuals that is taken
into account in Pareto frontier specification.
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Notice that now usually imposed assumption P;(a) € Ag P; (e.g. see Koutsougeras,
Yannelis, 1993) is almost equivalent to (¢). Indeed, since Ag P; is a partition one
concludes (g Pj(a) € Ag P;j that together with (Jg Pj(a) € (Ag Pj)(a) implies P;(a) =
Ns Pi(a) =Ug Pi(a) = Pj(a), j € 5.

Proof of Proposition 8.1.1. We argue by contradiction. Find a coalition S C 7
and a state a € Q such that conditions (4), (i¢) are fulfilled. The measurability of v,
relative to P; for undistinguished states a,b € Q realizes v;(b) = v;(a), Vj € Z\ S.
Now by contract definition, one concludes

S uilh) == Db = = D vs(a) = Y ula)
S

\$ 7\S s

Therefore, coalition S is able to conclude a new contract w(a) = v(b) —v(a) for w = a
and w(w) = 0, Yw # a, w € Q. Notice that by construction and due to (i) contract
w obeys (8.1.1), (8.1.2). However, due to (iz) after contract w is signed all members
of coalition S become better off that contradicts to upper stability of v. [ |

Remark 8.1.1 Note that by virtue of the assumption (i) of the Proposition for a
coalition of possible cheats, an exchange of information does not lead to an improve-
ment of their individual information about the state ‘a’. Therefore, the members
of the coalition can be better off only by deceiving members of the complementary
coalition. However, this is only a special case of information distribution when item
(i) of Proposition 8.1.1 becomes an analog of the requirement (ii) of Definition 7.3.1.
Of course, Proposition 8.1.1 does not describe the case in its entirety with the infor-
mation fraud for allocations from the private contractual core; moreover, it can not
be generalized to coalition compatibility without (ii, b), it’s just not true, see example
7.3.4, p. 285 above. [ |

Now let us turn to equilibrium notion. According to the general methodology of
the contractual approach, an allocation implemented by a web of admissible contracts
cannot be an equilibrium if the web is upper unstable or it is unstable relative to
partial breakings of contracts. It may not be enough to suggest a correct definition
of equilibrium in the most general setting, but these properties should be fulfilled
with necessity. So, to give a possible equilibrium treatment one needs at least to
characterize upper stable webs of contracts.

Lemma 8.1.1 (ABOUT THE MUTUALLY BENEFICIAL CONTRACT) Let S C I,
S #0 be a coalition and A C Q be an event understandable by every coalition S
member.? Then for x € A(z) if there is mo mutually beneficial exchange of con-
tingent commodities for coalition S members then there do exist a vector p € (R4,
p# 0, and vectors ¢; € (RHYA, i € S, such that

VieS VEE€P, ECA Y ¢(w)=0 (8.1.3)

weFE

2That is Vi € S set A is P;-measurable <= A € Ng P
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and
VieS p+q#0 & (Pixi),p+ @) > (v, 0+ @) (8.1.4)

holds.

Inverse: let there be vectors satisfying (8.1.3), (8.1.4) and in (8.1.4) at least
one inequality is strict.> Then for the coalition S, there is mo mutually beneficial
contract.

The lemma implies two important for further considerations corollaries.

Corollary 8.1.1 Let in Lemma 8.1.1 conditions preferences be described via differen-
tiable utility functions and let x = (x;)7 be an interior relative to A and S allocation.*
Then for the coalition S there is mo mutually beneficial contract for event A if and
only if there exists a vector p € (RHA, p#£0 and \; >0, i € S, such that

VEE€P, ECA XY Vyuz) =Y pw) Vi€S.

weEl weE

The requirements in the last relations can be considered as a (linear) system of equa-
tions subject to A\; > 0, i € Z and p(w) € RY, w € A. If a solution does exist then
the contract is impossible. The following corollary presents the most simply verified
criterium of mutually beneficial contract existence.

Corollary 8.1.2 Let in Lemma 8.1.1 and its Corollary 8.1.1 conditions an event
E € P, for each i € S. Then a mutually beneficial contract for E does exist if and
only if hi =3y ep Vwti(zi(+)), i € S form a non-collinear system of vectors.

So as soon as by definition of upper stable properly contactual allocation in the
case A = () and coalition S = Z mutually beneficial contract is impossible, then one
can apply Lemma 8.1.1 conclusion. This implies the existence of map p : Q — R,
that satisfies (8.1.4) and it can be taken as a price map.

Further, to derive an equilibrium notion, one has also to reveal stability relative to
partial contract breakings. For differentiable utilities, this is equivalent to requirement

<VU1($Z), T; — ei> Z 0, Vi € I,
that for interior points yields
<p—|—qz,xz—el) ZO, \V/ZEI

Clear that all inequalities can be realized here only in the form of strict equalities.
Notice also that one has considered only the case of the single-element web of contracts
V = {x — e}. Further, in view of (8.1.1), (8.1.3) for every contract v = (v;)z € W
one has (g;,v;) = 0, Vi € Z, that under presented assumptions means that previous
relations are equivalent to (p, (P;(x;) —e;) N L;) > 0, i € Z, where

Li=Mp(QLR)={f]|f:Q— Ris P, — measurable}, i€ Z.

SThat is 3i : (Pi(z:),p+ @) > (2, p+ @) == (y.p+a) > (zi,p+ai) Yy € Pi(y).
“Therefore z;(w) € intR!,, w € A, i € S.
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As a result, we are going to the concept of private equilibrium by Definition 7.2.3
that according to the contractual point correctly corresponds to the notion of the
private core. We now turn to the proof of key Lemma 8.1.1 and its corollaries.

Further, at first, let us consider some notations. I start from the affine space A(P)
of all allocations measurable relative to an information structure P = {P;}7, where
L = (RY* is a space of contingent commodities

AP) = {(z:)iez € L* | sz = Zei & Vi €T z;:Q — R'is P, — measurable}.

€T 1€L

Let us write the requirement of measurability of maps z;(-) in detailed form <=
z;(+) is a constant on the elements of partition P, <= ;(-) € Mp,(Q,R) <

Vw e Q, x;(wW)=mxi(w) YW € Pi(w). (8.1.5)

Lemma 8.1.2 Let P be a partition of 2. Then orthogonal space to the subspace
Mp(Q,RY) of all P-measurable, with values in R functions is described as:

Mp(QR)E ={g: Q>R |[vweQ Y  ¢w)=0} (8.1.6)

w/eP(w)

The lemma states that functional ¢;(-) vanishes on the maps satisfying (8.1.5) if and
only if for every element of partition P; the sum of ¢;(w’) taking over w’ € Pi(w) € P,
is equal to zero.

Proof of Lemma 8.1.2. Let z € Mp(Q,RY) and ¢ be from a dual space. Let
E\, FEs, ..., E; be the elements of partition P. Calculate the inner product:

(z,a) = Y {=(w).a(w)) + Y {=(w),q(w)) + -+ D (2(w),q(w)) =

wel wely wekl
= (2(w1), Y q(w)) + (z(wa), Y q(w)) + -+ (2(wi), > q(w)),
weFE weFo weFE;,
where w; € £}, j = 1,2,...,k are chosen in an arbitrary way. Now since the vectors

z(w;) € R' can be arbitrary ones then it is necessary and sufficient for the last
summation to be zero (for every z) that ZweEj q(w)=0,j=1,2,..., k. The proof
is complete. [ |

Proof of Lemma 8.1.1 (about the mutually beneficial contract). Consider the case
when there is no mutually beneficial contract. This can be written in the following
way. Define

Vs = {v = (v;)s € L° | v; : Q@ — R" is P, — measurable,
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ui(w) =0, w¢ A i€S, Y v =0},
S

a space of all possible contracts for coalition S and such that an exchange is realized
only in the limits of event A. Then

ﬂ NS VS : (:L‘l + 'Ui)S c H'PZ(l’l) < H {.Z'Z mVS =

In the latter formula, two convex sets are intersected and the first of them has a
nonempty interior. Therefore, the separation theorem can be applied and one can
conclude the existence of a vector (functional) which does not vanish on the subspace
of coalitional allocations defined for the event A C Q° f = (fi)ies € (L°) = L,
fi. # 0, such that

(F TIPua) = {ad)) = (f.Vs). (8.1.7)

S

As soon as Vg is a subspace then (f,Vs) = 0 and moreover via
VS—HVAﬂ{v (v; zeSeL ‘ZUZ—O}
ies

where
Vi={v; € L|v;:Q— Ris P, — measurable, v;(w) =0 VYw ¢ A},

then f is decomposed into a sum of two functionals f = ¢ + p such that ¢ = (¢;)s is
zero on the first of intersected sets and p = (p;)s on the second one. Now applying
Lemma 8.1.2 one can conclude:

((LHVQ) =0 = {¢g,V,)=0VieS =
€S
VEE€P, ECA Y g¢(w)=0 VieS; (8.1.8)
wek

the second part of previous conclusion yields

<p7{U:(Ui)i€S€LS‘Zvizo}>:0 = bi=p; =Dp, VZ#‘], ’L,jES
S

As a result, one has:

dJpe®)?: VieS e ®)? | fi=p+q & VEE€P, ECA Y q(w)=0.

weFE

On the other hand, the last one together with (8.1.7) implies (f, [[¢(Pi(z;) — {:})) >
0, that in view of 0 € cl(P;(z;) —{z;}), ¢ € Z (local non-satiation of preferences (NS))
leads to conclude

(fis Pi(z:)) > (fi,z:), i €S.

SFirst one can find a nonzero functional f4 = ( fZA) s for the subspace defined by A, and then one
extends it on the whole space with a saving separation property.
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Up to the moment, we have 3i € T (p + ¢;)|, # 0. Further let us show that p, # 0
and (p + ¢;)|, # 0 for all i.

For beginning one can consider monotonic preferences. Now increasing consump-
tion of each individual for a unit of every commodity in every state of the world from
A, one can construct bundles strictly preferred by each agent and from the (relative)
interior of [[g[(La + x;)) N Pi(x;)]. This implies that a value of f on this alloca-
tion has to be strictly more of its value on x = (z;)g, since otherwise, inequality
(8.1.7) will imply that for a neighborhood of origin functional fj, vanishes and there-
fore it is equal to zero, that contradicts to the choice of functional via separation
theorem. However, in view of (8.1.8) the difference in functional values is equal to
1513 wea@(w)-1) # 0,° which in particular proves that pj, # 0. For the general case,
one has to apply the assumption (NS) (page 275) and for i € S find a vector” that
defines z; = 24 € £;N L, (subspace of L inducted by A and a partition F;) such that
the bundle x; + z; is strictly preferred to z; and moreover a train (z; + z;)s belongs
to the interior mentioned above. Further, due to (8.1.8) and z; is P, measurable one
concludes (g;, z;) = 0, that implies (p,> ¢z) = |S|{p, 2*) # 0, that gives the first
result.

Further, assume p + ¢; = 0 for some ¢. Let preferences be monotonic. One has
Y wea@(W) + ¢;(w)) -1 = 0, that in view of (8.1.8) implies ) . . (p(w) 1) =
— > weal@i(w) - 1) = 0 that due to the previous one is impossible. General case is
analyzing similarly where from 0 < (f,z) = (p,> .5 2;) =|S|{p + ¢, 2*) one comes to
a necessary conclusion.

The second part of Lemma’s conclusion can be proven in a standard way. Assume
that in lemma conditions there exists a mutually beneficial contract v = (v;)g,
i.e. there is a vector having properties: x; +v; € Pi(x;) Vi € S & Y qv; = 0.
Applying (8.1.4) and summing inequalities one finds ) ¢ p(z; + v;) > > ¢ px; that is
impossible. [

Proof of Corollary 8.1.1 (to Lemma 8.1.1). In view of (8.1.4), for differentiated
preferences in an interior point vector f; = p + ¢; # 0 has to be proportional to
the gradient of the utility function. Moreover, since f; # 0 for each i € S, then
the proportionality coefficient has to be strictly more than zero. Therefore, one can
conclude:

that being summed over w € F € P;, E C A due to (8.1.3) yields

VEE€P, ECA NY Vwu(z) =Y pw) Vies,

weEl wek

as we wanted to prove. Easy to see that the presented arguments are reversible ones.

6Here 1 = (1,1,...,1) € R%

"Notice that due to (NS) one can find a common vector for all individuals. However, the proof
of this part can be provided for individualized vectors also: for the next step, to state p + ¢; # 0,
i € 8, it is problematic.
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8.1.1 Scarf’s theorem with fractional coalitions

In an economic model, one can simultaneously review and compare the different game-
theoretic concepts, strategic games are met here with the cooperative ones. Moreover,
I hold the point that the cooperative approach is more productive than the strate-
gic one. For us, cooperation means a contractual approach. However, the classical
view is the construction of a cooperative game via an economic model and then stud-
ies its properties. One of the key concepts in the cooperative theory is the core
whose existence for games with non-transferable utility has been established in the
famous Scarf’s theorem (Scarf, 1967). The result of this theorem—mnonempty core for
balanced games—then with amazing efficiency is used for modeling the perfect com-
petition conditions through replicas of the economy, and then (in particular) it allows
to prove the existence of equilibrium. In this section, we consider a generalization of
Scarf’s theorem, generalized to games with fractional coalitions. At the same time,
the proof presented here appears to be the most effective of all known in the literature.
This proof extends (and updates) to the fractional case, the proof of Scarf’s theorem
proposed in Danilov (1999). The results of this section are of our own game-theoretic
interest.

For a model of the differential information economy, one can put into correspon-
dence some cooperative game with non-transferable utility (to be short, an NTU-
game).

Cooperative NTU-game (a game with nontransferable utility, for details, see
e.g. Moulin (1988)) is a couple (Z, (V (S))scz), described by the set of players (agents)
T =1{1,...,n}, (n > 2) and the sets of permissible vector-payoffs V(S) C R® for every
(nonempty) coalition S C Z, which have to satisfy the following properties: VS C 7

e V(S) is the nonempty closed subset in R¥;
e V/(9) is comprehensive from below, i.e., z € V(S) and y < x imply y € V(5);

e every singleton coalition has nonempty and bounded from the above possibilities,
i.e., V({i}) # 0 and V({i}) < 400, Vi € Z,;

e the set of all individual-rational vector-payoffs from V'(.S), this is by definition
the set

Q(S) = {v e V(S) | v >V({i})Vie S}, (8.1.9)

which is bounded from above in RS,

A set C(V) € V(Z) of all vector-payoffs dominated by no coalition is said to be
the core of the game (Z, (V(95))scz), i.e., x € C(V) <—

reV(T) & PSCI, S#0: Jy=(y;)s € V(S) such that y; > z; Vi € S.

Theorem 8.1.1 (SCARF 1967) Core of balanced NTU-game is nonempty.
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Next, we consider a generalization of Scarf’s theorem, extending the result to
games with fractional coalitions. It also introduces the concept of balanceness, which
can be used in the special case of integer coalitions (membership in the coalition is
given as 0 or 1), this balanceness is applied in the classical theorem of Scarf: this
definition is reproduced in the next section. Games with fractional coalitions have
appeared in the papers of Allouch and Florenzano, e.g. see (Allouch, Florenzano,
2004).

Further, let us consider a cooperative game with fractional coalitions. For natural
r € N, a fractional coalition is defined by a vector

d=(di,ds,...,dy): rd; €{0,1,....1r}, 1 €T
and by a set of feasible payoff-vectors for agents non-trivially entering in the coalitions:
V(d) c R"P@ - supp(d) = {i € T | d; > 0}.

Let D denote a set of all non-zero fractional coalitions. Like ordinary ones, frac-
tional coalitions can be applied to dominate a current payoff vector; doing so we are
going to the notion of the fractional core, this is a set

C,(V)={x€V(T)|3de D: 3y € V(d) such that y; > z; Vi € supp(d)}.

Further we consider a generalization of Scarf’s theorem to the context of the frac-
tional coalitions. To do this, we need to extended the notion of a balanced family of
coalitions.
The family of fractional coalitions B C D is called balanced if for each d € B there
is real Ay > 0 such that
d Mdi=1Viel
deB

holds, or in an equivalent form

> had =1z (8.1.10)
deB

A game (D, V) is called balanced, if for every balanced family of coalitions B

Mo, (V) € V(D).

deB

Here S(d) = supp(d) and pr|s(d)(~) is a projecting map onto R¥@,

Theorem 8.1.2 Let (D,V) be a cooperative game with fractional coalitions and let

ordinary requirements are satisfied for fractional coalitions (closeness, comprehensi-
veness from below, (8.1.9) and etc.). Then Cy(V) # 0 if (D,V) is balanced.

Proof of Theorem 8.1.2. The proof is based on the application of Kakutani’s fixed
point theorem to a point-to-set mapping constructed in an appropriate way. This
construction is presented below.
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One can think without loss of generality that one-element coalitions are able to
earn zero and not more, i.e. V(1) = (—o00,0] Vi € Z. Further, consider sets

V(d) = V(d) N R

if the intersection is nonempty and define V (d) = {0} for empty intersection, d € D.
By assumption (8.1.9) all these sets are nonempty compacts. Therefore, there exists
a real ¢ > 0 such that a cube G with the side 2¢ centered in origin includes in its
interior each of these sets, i.e.

V(d) C (¢, c)™ @ Vde D,

G={zeR| —c(1,1,...,1) <2< ¢(1,1,...,1)}

holds.
On the cube G we define the following point-to-set mappings:®
{2r}, if 20 € int(V(d) — RIPPE@),
Xd(z) = {0}, if zg ¢ (V(d) — Rilpp(d))’

[0,2r], otherwise.

So, by definition xq4(2) takes value {2r} if 2 = (2i)icsupp(a) i in the interior of “cor-
rected” set of coalition abilities V(d) — R is equal to the segment [0, 2r] on its
boundary and coincides with {0} behind its limits. So, if a coalition employs an agent,
she is ready to pay up to 2r units of wealth and 0 otherwise.

Now on the cube [0, 2r]” define a mapping ¢(-) with values in G by formula:

p(A) = argmax(z, Y Aad —17), A= (Ag)gep € [0,2r]" (8.1.11)

zeG deD

This looks like the maximization of labor excess demand value. Finally, define a map
of compact G x [0, 2r]? into itself by formula

W(z,A) = p(A) x HXd(z) Cc Gx[0,2r]”, (z,A) € G x[0,2r]".

One can easily conclude via construction that the map v has a closed graph and
nonempty convex values. Thus Kakutani’s fixed point theorem conditions are satisfied
and one concludes the existence of a couple (z,A) € G x [0,2r]P, such that

(2,A) € (2. A).
Further, let us show that zZ € C,(V'). To do it first show that in the fixed point

> Xd=1z7, M€ xa(2), deD (8.1.12)

deD

8They are constructed by the closing of characteristic set function graph and via the taking of
convex hull of their images.
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holds, i.e., A is a balanced family. Assuming contrary one has:

D Xd—17#0 = Fi€T: Y Aadi —1#0.

deD deD

Assume >, Aad; — 1 > 0 for an agent i. Now by (8.1.11) one has z; € ¢;(A) =
{c}, that due to the choice of ¢ and construction gives x4(z) = {0} Vd € D : d; # 0
that implies ), Aad; = 0. This contradicts the assumption.

Now assume ), Aad; — 1 < 0 for some i. Now by (8.1.11) one has z; € ¢;(A) =
{=c} < 0, that due to construction gives My, = 2r = > aep Aad; > 2r. One has
again a contradiction. So (8.1.12) is true because other possibilities cannot be realized.

Condition (8.1.12) means that the bundle A = (\g)4ep is balanced and by x4(2)
construction for Ay > 0, A\g € x4(2) it has to be z; € V(d), that due to the game is
balanced implies z € V(Z). Finally, if it would occur, a coalition d € D dominates
z, then it would mean that Ay = 2r € xq(2) is true for d, this again contradicts to
(8.1.12). So one has found a non-dominated via coalitions payoff vector z from V(Z)

and therefore C, (V') # 0. |

8.1.2 Existence of core in economy with differentiated infor-
mation

In the previous section notions of contractual allocation and contractual private equi-
librium were considered, they are closely related with the known in literature notions
of private core and W E E-equilibrium. However, now we first consider (briefly) the
issue of non-emptiness of core £%. Here we consider various core concepts, some of
those described in Section 7.2.1. Further, we first recall existing definitions adapting
them to our context. First, we study the existence of a core for model £%.

For a model of differential information economy one can put into correspondence
some cooperative game with non-transferable utility (to be short, an NTU-game).
Now let us consider a game construction corresponding to the concept of ex ante
private core in an economic model and where informational partitions PZS , 1 €S,
S C T are applied in an appropriate way. Partition P describes information that
individual ¢ € S can apply in the finding of a dominating allocation via coalition S.
In this case the set of all permissible vector-payoffs for coalition S is determined by
formula

V(S) = {(9)ies < (wi(z))ies | (i)ies € A(S) = A(P)},

where

AP ={y° = (s | D ui=> e
S S

& (yi—e;)(-) is P — mesurable, y; € (R})?, i€ S}.

Clearly that the sets V(9) satisfy all necessary conditions, it can be checked easily
due to the compactness of set of feasible allocations and via the continuity of utilities
in the initial economic model.
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Recall that the family B of subsets in Z is said to be balanced, if for every S € B
there is a real Ag > 0, such that

Z Ag=1 Viel <= Z/\S]-S:]-Z
SeB:es seB

takes place where, by definition, 1g¢ € R” is such a vector that (1g); = 1 fori € S
and (1g); = 0if ¢ ¢ S, d.e., this is the indicator-function of the set S.
A game (Z,(V(S5))scz) is said to be balanced if for every balanced family B of

coalitions
() pr (V(S) S V(D).
SeB
Here pr . () is the projection map of space RZ onto R”.
In view of Scarf’s theorem (see previous section) the core of a balanced game
(Z,(V(S))scz) is nonempty. Applying this theorem and using standard arguments,
one can prove the following

Proposition 8.1.2 Let P° < PZ for every (admissible) coalition S C T and each
i € S and let agents’ preferences be defined via concave continuous utility functions.’

Then C(E%) ().

Proof of Proposition 8.1.2. 'The only thing that really needs to be accurately
considered is ensuring a game constructed via a model of economy is balanced one.
Let B be any balanced family and let (Ag)s be a corresponding family of balancing
coefficients. Let v = (v;)7 € R? be a vector such that V.S € B

= (y))s € AS) | vi <wi(yf), Vie S

is true. Now by definition of balanced family for any i we have Asv; < Agu;(y?), that
being summed by coalitions from B including i, due to w;(-) is a concave function,

yields
di= > At < > Asw(y) Swi Y Asyd).

SeB:aes SeB:ieS SeB:es

Moreover,
(y° — ;) is P’ — mesurable, VS € B:i€ S =

Z As(y? —e;) is \/ P® — mesurable,
SeBiies SeB

and in view of assumption \/g_z P < PF, that for 2 = 3¢ . o Asy? implies
(2P — e;) is P¥ —mesurable, Vi € T = (2P); € A(T).

p —

As soon as we had 9; < u;(2P), i € Z, then now by game’s definition we conclude

Y € V(Z) as wanted to prove. [

9Tt is enough to have the compactness of the set A(PPT) of all feasible for grand coalition allocations.
Now we have it by a definition of the model.
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As a corollary to the proposition one can conclude core is nonempty in an economy
such that for grand coalition allocations measurable relative to limit information are
considered and for a coalitional domination—relative to information achieved via any
fixed sequence of coalitions information sharing, the sequence is fixed for the definition.
In this context we have got the definitions:

Definition 8.1.2 Let a = {51, 5, ..., Sn} be an arbitrary (possibly empty) sequence
of coalitions and let P = {P;};cz be an information structure. Define P* = {P? }iez,
where P =k (ks (... k5 (P))), i € T.

Limit core C'™(E%) of ka-type consists of allocations v = (x;)7 € X such that:

(Z) sz = Zei;

i€l il
(ii) (z; — ;) : Q — R is Pl™-measurable for alli € T.

(i43) S C T : 3y = (yi)s | Vi € S, y; € X; is such that (y;—e;) is ki (P*)-measurable,
yi =i v & Y og(yi —e;) = 0.

Limit core of ka-type for a = () is called limit k-core.
Limit core C'"™(E%) consists of allocations, which belong to every ka-core for all
sequences «, 1.€.

Clzm (c/’dz mclzm gdz

In core definition of ko type the sequence a = {S1, S, ..., S, } presents a background
(prehistory) of informational exchange acts accumulated to the time of domination.
With this information, members of the coalition S C Z apply again the rule kg of
information sharing and, if possible, dominate the current allocation. Accordingly,
limit core only includes such allocations, which the coalition is not able to dominate
in any prehistory of information exchanges.

Applying Proposition 8.1.2 and due to the limit information is unique (Theo-
rem 7.1.1 of Section 7.1.2) one concludes

Corollary 8.1.3 Let consumers’ preferences be defined via concave continuous utility
functions and information rule k = (ks)sec be a monotonous rule of information
sharing. Then limit core and limit k-core are nonempty.

Proof of Corollary 8.1.3. What has happened with limit core? Note that the
family Cl™(£4) is filtered (centered) on «: for any finite family oy, v, . .., oy there is
a sequence & such that

Clzm (gdz) C Clzm (gdz)

forall j =1,2,...,t. Hence, since the set of all allocations is compact, the intersection
of the cores of type ka is not empty. [ |
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8.1.3 Private core and equilibria under perfect competition

However, the relationship between private equilibrium and its implementing contrac-
tual allocation was not clearly identified: it is necessary to clarify perfect competition
case when correctly defined core and equilibrium have to coincide. While we are look-
ing for the answer to this quest, we also clarify conditions under which ex ante private
equilibria do exist.

Below standard analytic methods are applied, they are based on the study of
replicated economies. Further, first recall known definitions adapting them to our
context.

Let us turn now to replicated models. A differential information economy replica
of volume r € N is called the economy £%, in which r exact copies of each consumer
from initial model £% are put into correspondence in £%. The agents from £% are
numbered by double index (i,m), i € Z, m = 1,...,r, and it is put X;,, = X,
ein = €;. Agents’ preferences are defined and take values in X, due to identification
Pim = P;. An information that agents have in a replica exactly repeats the initial
one and is the same for agents of the same types, i.e., P, = P;, Vi,m. To an initial
economy E% allocation z = (z;)7, we can put into correspondence the replicated
economy allocation " = (] ) by the rule x;,, = z;, Vi, m.

Definition 8.1.3 An allocation x = (x;)7 is called ex ante private Edgeworth equilib-
rium for model E¥ if x7 € C(EY) for every natural r = 1,2,... The set of all ex ante
Edgeworth equilibria is denoted as C¢(E™).

Now let us consider the most characteristic properties of Edgeworth equilibria:
their existence and relationships with ex ante private equilibria.

Theorem 8.1.3 Let every agent’s preference be determined via continuous and con-
cave utility function on (]Rﬂr)Q Then ex ante private Edgeworth equilibria exist.

Remark 8.1.2 Probably it is not a strongest possible existence result,'” however this

is still important and non-trivial result that is simply formulated and clearly proven.
|

Proof of Theorem 8.1.3. The result will be stated if one shows that symmetric
part of core

{2 = () "=" o7 € CLED) | ipy = i Ym,m/ = 1,...,7, Vi € I} = S(C(E™))

m=1,i€

is nonempty for each r-replica of a studied model. To do it let us put into correspon-
dence to economy £% a cooperative game of n-persons with the fractional coalitions.
For a coalition d = (dy,ds, .. .,d,), rd; € {0,1,...,r} Vi € T define the set

A(d) = {y* = (yi)r € L |

00ne needs only the continuity and convexity of preferences (ie convex upper level sets) but the
existence of utility functions does not play a special role although it is applied in presented proof.
It is also important that the set of all feasible allocations is compact but the fact that commodity
space is finite dimensional is not an essential factor.
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Zdiyi = Zdiei & (yi—e;)(+) is P? — mesurable, y; € (RL)®, i € T}.
T T

This set differs from the set for ordinary coalitions in the part of inter-coalitional
allocations that correspond to allocation for a coalition of replica economy. Further,

define
V(d) ={(v )ZESupp(d (ui(xg>>i68upp(d) | S A(d)}.

Now to apply Theorem 8.1.2 it will enough to check the constructed game (D, V) is
balanced one. Let us do it.

Let B C D be a balanced family of fractional coalitions and let A\; > 0, d € B be
scalar coefficients system satisfying (8.1.10). Let v € R be such that Vd € D

(ﬁi)iESupp(d) eV(d) <= ¢ € A(d) : (ﬁi)i@upp(d) < (“i(x?))iesupp(d)'

Consider an allocation for grand coalition defined by formulas:

Z; = Z)\ddz(xzd — ei), 1€ L.

By construction z(+) is P-measurable and

ZZZ' = Z Z)\ddl(iﬂg — el)] = Z)\dZdz(xil — ei) =0

€L i€Z LdeB deB 1€

holds. Therefore, 2z = (2;);ez is a permissible contract and in view of >, s Aad; =1
2 + € = Z)\ddzx? S (RZ_)Q, 1€1
deB

takes place. Further multiply inequality 9; < u;(2%) on A\gd; > 0 and sum the products
by d € B to obtain
0 = (O Madi)t; <Y Nadiui(zf) < wi() - Madiad) = ui(z; + ), VieL
deB deB deB

By definition of V/(Z) this means ¢ € V(Z) and therefore the game is balanced. Now
by Theorem 8.1.2 there is some ¥ € C,(V') such that 3z € A(Z) :

V= (ui(z;))z & Pde D| I € A(d) : wi(z;) < u(y?), i €supp(d). (8.1.13)

Now let us show that 2" = (z,z,...,7) € S(C(E¥)). Assume contrary and let
T CZx{l,...,r} be a dominating coalition, i.e.

E'ZT = (Zz'm)(i,m)ET : U1<sz) > UZ(SIZz) V(z,m) eT.

Further, define T(i) = {m € {1,...,r} | (i,m) € T} where |T(i)| = card(T(7))
is a number of its elements and let d; = @, 1 € 7T define a fractional coalition
d = (dy,ds,...,d,). Further, define allocation y? € A(d) putting

—— Y Zm, i€ supp(d).

d
Y, = :
701,25,
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Now in view of the convexity of preferences (concave utilities) and since 7" dominates
x" conclude

yl =i z; Vi € supp(d),

that contradicts to (8.1.13). This finishes the proof that the symmetric part of every
replicated economy is nonempty. Projecting this set into the space of allocations one
concludes that for every r € N sets

{z € AT) | 2" € C(EM)}

are nonempty and compacts. Now since these sets are included one to another
decreasing when r is risen, then by the lemma on included compacts their intersection
is nonempty: as we wanted to prove. [ |

The next stage of analysis is to put into correspondence for Edgeworth equilibria
the elements of fuzzy core and then to characterize them in value units. It turns
out that the elements of fuzzy core coincide with Edgeworth equilibria and they are
private quasi-equilibria in fact. Clearly we have to realize this program taking into
account non-symmetrically distributed information.

Recall that any vector

t=(t1,... tn)#0, 0<t; <1 Viel

may be identified with a fuzzy coalition, where the real number ¢; being interpreted
as the measure of agent i in the coalition. A coalition ¢ is said to dominate (block)
an allocation x € A(X) if there exists y* € [[; X; such that

1€L 1€L €L

and
yi=;x; Vi €supp(t) ={i €T |t; >0} (8.1.15)

For non-satiated on L; preferences, conditions (8.1.14), (8.1.15) can be equivalently
rewritten in the form!!

0e th[(,PZ(ZL’Z) — ei) N EI]

The set of all feasible allocations which cannot be dominated by fuzzy coalitions is
denoted by C/(£%) and is called the fuzzy core. If preferences are convex and non-
satiated, then it can be characterized in the following way:

reCl(E") = 0¢col| JIPi(x:)—e)n L. (8.1.16)

1€l

1 Admitting inaccuracy here and below we will sometimes identify a vector with a single element
set, including it.
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Theorem 8.1.4 Let P;(x;) be conver and open in X; for each agent i € T and every
x = (z;)r € A(X). Then fuzzy core coincides with the set of all ex ante private
Edgeworth equilibria, 1.e.

Ce((c:di) — Cf(gdz)

Proof of Theorem 8.1.4. It is enough to show that C¢(E%) C C/(E%) to state
the theorem. Further argumentation has owned specifics, but in general it is rather
standard, e.g. compare with Theorem 3.2.5 proof, p. 163.

Assume contrary and find 2 € C¢(E%), which is dominated by a fuzzy coalition
t # 0. Due to definition there is y* € []; X;, such that (8.1.14), (8.1.15) hold. Further,
for t; > 0 define

zi = (tifs)yl + (1 —ti/si)e; <= si(zi—e;) =t;(y! —e;),

where rational s; are such that t; < s; < 1 is true and for ¢; = 0 take s; = 0. By
construction, z; = (2;)z € [[; X; and for each individual the map z; —e; is measurable
relative to the same partition (algebra) as is measurable y! — e; and

Z Si(Zi — ei) =0
1€T

holds. Since P;(x) are convex, and relatively open by assumptions then numbers s;
can be chosen so that z; € P;(z) is true for all 7 satisfying s; > 0. However, this
contradicts to the choice of x € C¢(E%). Theorem 8.1.4 is proven. |

As a supplement to (8.1.16), we also need an additional characterization of fuzzy
core. Let us consider the sets

In Section 1.2.3 above, these sets were applied to give a characterization of fuzzy
core for a model with symmetrically distributed information. Being adopted to an
asymmetrical case, it gives:

Proposition 8.1.3 An allocation x € A(X) is the element of fuzzy core if and only
if for e = (eq,...,e,) relation

[T itz (M(z,- - 20) | Zz = Zei}ﬂ(H Li+(er,...,e,)) = {e}'? (8.1.17)
1S true.

Applying (8.1.17) one can prove the following corollary convenient in various ap-
plications. This will allow us to state the main result of this section. Also notice that
content and arguments in this corollary are similar to applying in the proof of Lemma
1.2.2 from the first chapter of the monograph.

12Notice that characterization (8.1.17) is also valid for satiated preferences.
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Corollary 8.1.4 Let x € A(X) and Pi(z;) # O for all i € . Then x € C/(EH)

implies:
H(Pl(m) + co{0,e; — z;}) ﬂ
ﬂ 21, . ]Zzl Zel}ﬂ HE +(e1,...,€,)) = 0. (8.1.18)

1€ €L

Proof of Corollary 8.1.4. The argument in the proving of this result is based on
Propositions 8.1.3 and relation (8.1.17), which characterizes fuzzy core elements. We
need to show that (8.1.17) implies (8.1.18).

Assume that x satisfies (8.1.17) and suppose that (8.1.18) is false. This implies
that there is a vector t = (¢1,...,t,), 0 <t; <1 and bundles z; >; x;, i € Z such that

Zzi + Ztl(ez - l'z) = Zei, Zi —€; € £Z-, 1 € I, (8119)
T T T

hold. Now for a real 0 < § < 3 consider the vector y = y(8) = (y;)icz, where

In view of (8.1.19), and =z € A(X) we have Y ;y;(5) = > ;e and y;(8) —e; € L,
i € Z for every 3. Now vectors y;(3) can be presented in the form

5}
1— Gt

- <1 This, due to preferences assumptions

yi(B) = (1 = Bti)z; + Btie; + (1 — Bt) ———(2 — x;), 1 €T,

B

whereby the choice of 5 we have p; =
for ¢ € Z, implies

wi(zi — ;) € Pi(z) —x; = Im; € Pi(x) » iz — x;) = n; — .
Therefore, the previous formula gives

yi = (1 — Bty)n; + Stie,

that implies y; € Y;(x;), ¢ € Z. This allows us to apply relation (8.1.17), concluding
y=y(B) = (e,es,...,€,) for all real 0 < § < % Write this equality componentwise
and due to y;(/3) specification find

e, —T;

B

that has to be true foralli € Zand all 0 < 5 < % However, these equalities (consider
different [3) can be true only if z; = e; = z;, i € Z, that due to the choice of z; implies
x; >=; x; and contradicts to assumptions on preferences. Proof is completed. [ |

Blzi +tiles — )]+ (1 = Bloi =e; = z +ti(e; —x;) =z +

Theorem 8.1.5 FEvery ex ante private Edgeworth equilibrium is a quasi-equiltbrium.
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This theorem together with Theorem 8.1.3 presents the main result of the section
and says that ex ante private core shrinks to equilibria of the same type and defined
by Definition 7.2.3. However, for this statement to have a perfect mathematical
formalization it is necessary for the theorem conditions to complete with requirements
that guarantee every quasi-equilibrium is an equilibrium in fact. Notice also that
an attempt to prove this theorem starting from characterization (8.1.16) encounters
with serious mathematical difficulties because the sets (P;(z;) — ;) N L; have empty
interior and therefore one cannot guarantee that functional separating a set from
the right-hand side of (8.1.16) and point ‘0’ is not zero on L;, that contradicts to
condition (i7) by quasi-equilibrium Definition 7.2.3.

Proof of Theorem 8.1.5. Take x € C¢(£%). Apply Corollary 8.1.4 and formula
(8.1.18). Now separation theorem can be applied to find a functional (vector) f =
(fi, fos .-y fn) € L%, f # 0 separating the left-hand side set in (8.1.18) from the
intersection of others. One has:

(T T(Pi@) + cof0,ei = 2.})) =

> (f Az m) | D z= e (V] £i+ (e en))). (8.1.20)

i€l 1€T A

As soon as in the right-hand side of the inequality there are functional values presented
on non-trivial affine subspace, then the functional f(-) has to be constant on the
subspace that is equivalent to

FTTL(n s za) € L7z =0}) =0

€L

This implies that f is decomposed into a sum of two functionals f = ¢ + p such that
q = (q;)7 is zero on the first of intersected in last formula sets and p = (p;)7 is zero
on the second one. This in view of Lemma 8.1.2 gives:

(@.]]c)y=0 = (@.L)=0Viel =

1€T

VEE€P, Y a(w)=0 Viel (8.1.21)

weFl

the second part of conclusion yields

<p7{U:<Ui)i€Z€LI’Zvi:0}>zo = pzzpj:pv VLJEI
A

As a result, one has:

dpe®)?: VieZ e ®)? | fi=p+a & VEE€P, ) q(w)=0.

wek
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Further one can realize standard argumentation as earlier in Lemma 8.1.1 (about
mutually beneficial contract) and state an analog of formula (8.1.4). Computing
the right-hand part in (8.1.20) accounting for the obtained conclusions one finds
> jez(P+ g5 €;j). On the other hand, take e; = x; + (e; — x;) € cl(P;(x) + co{0,e; —
x;}) for j # i and z + (e; — x;) € (Pi(x) + co{0,e; — x;}) and substitute this to the
left-hand side of (8.1.20), one obtains (p + g, 2i — i) + > _,c7(p + ¢;, ;). Comparing
further the value with the functional value of the right-hand side on e = (e;)z and
then reducing identical terms one can conclude, taking into account that the choice
of z; € P;(x) is arbitrary,

(p+q,Pi(:)) > 0+ qi,z) & p+q;#0 Viel.

Here the latter inequality and p # 0 can be proven as it was done in Lemma 8.1.1.
Finally, to prove budget equalities in the last argumentation for given ¢ € Z instead
of (e; — x;) € co{0,e; — z;} take 0 € co{0,e; — x;} concluding then

(p+ i, Pi(z:)) > (p+ qi,ei) Viel.

Now since x; € clP;(x) then (p + ¢, x;) > (p + ¢i,e;) = (p+ ¢, x; — e;) > 0 that
in view of (8.1.21) and z; — e; € L; yields (p,z; —e;) > 0, ¢ € Z. However due
to allocation is feasible the last one is possible only then (p,z;) = (p,e;), Vi € Z.
Theorem 3.2.6 is proven. [ |

There is another and purely contractual presentation of private equilibrium and,
therefore, W E' E-equilibrium. This presentation is based on the notion of fuzzy con-
tractual allocation, see Definition 1.1.7 on page 31. I firmly believe that in general this
is a meaningful, substantial notion that is more natural than Edgeworth equilibrium.
Moreover, for an economy with asymmetrically distributed information the concept of
fuzzy contractual allocation is so efficient as for symmetrical case: the only difference
with Definition 1.1.7 is an additional measurement requirement for consumption flows
received from a contract, this is measurement relative to individual (private) infor-
mation. For the model £, this way produced notion has the following characteristic

property.

Proposition 8.1.4 A feasible allocation x =v+e € X, v € [[; L; is fuzzy contrac-
tual if and only if
co{z;, e;} NPi(x;)) =0, VieT, (8.1.22)

[TI(Piz:) + cof0,e; — 2 }) U{e [ {(z1, - oz) | D= _e}[)

z 1€l i€l

NI i+ (er. .- en)) = {(er.....en)}. (8.1.23)

One sees the only difference with symmetric case characterization: in formula (8.1.23)
a new element is appeared in intersection, that defines aggregated contract z —e to be
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measurable. The proof of Proposition 8.1.4 follows the arguments of Proposition 1.2.2.
From

Ti(x;) C (Pi(z;) + co{0,e; —2;}) U {e;}, VieZ

and due to Proposition 8.1.3 one can immediately conclude that fuzzy contractual
allocations are the elements of fuzzy core. On the other hand, Corollary 1.2.2 shows
that (compare (8.1.18) with (8.1.23)) the difference is negligible.

Conclusion to Chapter 8

The main focus of the analysis was the private core and equilibria. It was shown that
according to a contractual point of view these concepts are well match each other.
Moreover, this conclusion was confirmed by the standard analysis: via the modeling
of perfect competition through replicas and analyzing of Edgeworth equilibria for a
model with asymmetrically distributed information. It was shown that Edgeworth
equilibria are private quasi-equilibria that is one of the most important results of the
section. In addition, we studied limit core and its associated concepts. A theorem on
existence (non-emptiness) of the core was proven. Mathematical results on the topic:

e Lemma &8.1.1 on the existence of beneficial contract.

e Theorem 8.1.2 on the non-emptiness of cooperative game core with fractional
coalitions and the theorem on core (Corollary 8.1.3 to Proposition 8.1.2) of the
economy with allocations measurable relative to the limit information and for
blocking via allocations measurable relative to the information of the finite level
(there is a specific finite chain of coalitions of a fixed length): balanceness.

e Edgeworth equilibria (Theorem 8.1.3 on existence), fuzzy core (characteriza-
tion in Proposition 8.1.3) and a limit theorem on the coincidence of the core
and equilibrium (Theorem 8.1.5; all Edgeworth equilibria are ex ante private
equilibria).



Chapter 9

Contractual interim core and
equilibrium

In the subsequent analysis, it will be useful to have the following temporary submis-
sions on various stages of contractual processes in an economy with the differentiated
information.

Timing of contractual processes

F A e B F
Today Today Tomorrow Tomorrow
afternoon: = after = | Night | = before = afternoon:
Consumption afternoon: afternoon: Consumption
of contracts New contracting Recontracting of contracts

It can be seen from the diagram that the consumption of products under contractual
deliveries is made each day in the afternoon. After the afternoon, a new contractual
process is opened, and it ends at the end of the day. Pass the night and next morning
the contractual process may be reopened: the situation has changed, and the uncer-
tainty is solved (partially), but not every individual is able to understand the result in
every detail, there is still not enough information. In the afternoon all uncertainties
are finally cleared, but the contractual process has already been completed: there are
deliveries and consumption of products under agreements previously concluded.

Of course, the fairly conventional cycle of the contractual process in its temporal
extension was presented above. However, these concepts help to better understand
the contractual interaction that correctly presents the implementation of rational
expectations, equilibrium, and an appropriate concept of the core.

9.1 RFEFE-equilibrium: preliminary analysis

Before passing on the description of formal constructions, let’s try to clarify the RE F-
equilibrium concept (in rational expectations). What is going on?

Somebody (the Lord, God) in some intermediate moment between today and
tomorrow (on the diagram at night) presents for agents reviewing the prices or exacter

315
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a function of the prices p : © — R!, on which tomorrow trade will be carried out.
Having realized function p(-), agents extract from it the information as follows. They
know that when tomorrow will occur, and they will see (on screen monitors, in shops)
the realized price p and one can conclude that (from morning until the afternoon) an
elementary event from the set

p i (p) ={w e Q| pw) =p}

is realized. The agent i also has his own information P; (a partition of 2) on events of
the next day. This is why he/she knows today that tomorrow he/she will be able to
distinguish what event from p~!(p) N P,(w) # 0, w € Q is realized. However, it means
that having received information about function p : Q — R! individual 7 is able to form
plans of purchases and selling, i.e. that for every E = E(p,w) = p ' (p) N Pi(w) # 0
he/she has to find a vector v;(F) € R! maximizing agent’s utility under condition an
event F is realized. In this case, the individual consumption bundle is €;(w) + v;(E),
w € E. Moreover, an equilibrium situation is, so that there is a balance of demand
and supply (of purchases and selling) for every elementary event that can be realized
tomorrow.

Let’s imagine that God has transmitted the prices that explicitly distinguish all
world states. Then in an intermediate stage when price signal is obtained, each
individual will receive a possibility to understand (distinguish) every state of the
world and, therefore, the own market for every of the future elementary events should
be developed for which it is possible to consider competitive equilibrium and the core
as in routine Arrow—Debreu model. Certainly, those prices that were transmitted by
God should be the prices of equilibrium for each of the markets determined by states
of the world. All said can be easily checked from the definition of equilibrium in
rational expectations. However, what about core? Undoubtedly in this case one has
to take the Cartesian product of cores—in this way all known theoretical results can
be obtained and generalized. Thus

op) = = CE) =] cE"w).

weQ

Before the consideration of the general case and the finding of an adequate contractual
presentation for core and equilibrium in the rational expectations let us consider the
following modeling example from Kreps (1977), demonstrating that RE E-equilibrium
may not exist in banal situations.

Example 9.1.1 (REE-EQUILIBRIUM MAY NOT EXISTS, KREPS 1977) Let us con-
sider an economy with 2 agents and 2 states of nature {a,b} = €, which are
equally probable and in each of these states agents are able to consume two prod-
ucts (z1,22) > 0. Let z = (z(a),z(b)) € X; = R denote 1st agent consumption
vector and let y = (y(a),y(b)) € Xo = RY be applied for the second one. Initial
endowments, information, and utilities (relative to the current state of the world) are
the following.

e — (ex(a), ;b)) = g(u, D (1,1)), i=1,2.
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ui(a,z) =Inz; + 29, ui(b,2) =2Inz + 20 & P = {{a},{0}}
ug(a,z) =2Inzy + 29, wug(b,z) =Inz +20 & P = {{a,b}}

There are two possibilities to implement the RE F-equilibrium: the new information
is recognized through the price channel or not.

Consider the first possibility. Then in each of two states of nature, equilibrium
should be realized, combining them, we have to find REFE. Standardly using the first-
order conditions for consumer problem subject to the normalized price of the market
‘a’, we have

1 1
(pl,pQ) = vul(aax) = (_7 1) = P2 = 1a X = —,
I p1

and with this in mind,

2 2
Ja>0]| (p1,1) :aVug(a,y):a(—,l) = a=1, y=—.
n D1

Now from the balance of the first commodity and via budget constraints one obtains

3
3:$1+?Jl=p— > p=1=x=1, y1 =2
1

<(1> 1)v (1,162)) :pel(@) =3 = x93=2, Yo = 1.

As a result, we find

pla) = (L,1) & z(a) = (1,2), y(a) = (2,1).

Arguing in this way, we find an equilibrium for the state ‘b’

p(b) = (17 1) & l‘(b) = (27 1)7 y(b) = (172)'

As we can see, the prices in both states of the world are the same and, therefore, the
second agent is still unable to distinguish the states of nature. For this case his/her
consumption in indistinguishable states should be equal, but we have y(a) # y(b),
which is a contradiction.

We next consider the second possibility, and assume that the division of informa-
tion has not occurred, i.e. p(a) = p(b) = (p1,p2). Similarly to that presented above
we find

Ja> 0| (prps) = Vun(a, z) = (%@Q :aVul(b,x):a(%@J) N

a=1,p =1, z1b) = — =2x(a).
b1

For the second agent we have y(a) = y(b) = y and the utility is us(y) = 31ny;2ys,
that gives the following solution of consumer maximization problem

3 1 3
36>0] (pl,l)ZBVuz(y)zﬂ(;,z) = =)t n= o
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However, in view of the above relations and the first product balance in the two states
of nature, we conclude

1 3 5 2 3 7
3=zn1(0)+p=—F+-—=—#3=x1b)+ph=—+—=—.
a)+ P 2p1 2py 7 1)+ P 21 2py
This contradiction completes the analysis. |

So, RE E-equilibrium may not exist, but it exists almost everywhere (generically),
see Allen (1981). Continuing our analysis let us assume 2 = {a, b, c} and there are
three agents Z = {1, 2, 3} with initial information

P ={{a},{b,c}}, P»=Py={{a,b},{c}}.

Let’s assume that the nature has transmitted a price signal such that p’ = p(a) =
p(b) # p(c) = p”. What has happened? The agents have been informed not only
on different variants of tomorrow prices but also they have got an ability to distin-
guish the future events £’ = {a,b} and E” = {c}. Certainly, in the example, it is
useful only for the first individual who has now the perfect information. However,
the partition {E’, E”} is the information which each individual possesses now and
everybody knows, that other ones also know (the common knowledge). Thus, already
today the markets of the future purchases and selling, specified by events E’ or E” can
be developed and start to function. Here for E’ every deal starts with a preamble:
“if £’ has happened then...”; similar for £”. And what does happen according to
RFE E-equilibrium concept? The following treatment is possible:

For E' = {a, b}:
i =1, w = a, bundle x;(a) solves the problem
ui(pa(yr(a)),*, %) = max, s.t. yi(a) 20 & (p,y1(a) — wi(a)) <0
i =1, w =10, bundle x;(b) solves the problem
ui(x, @y (91(b)), %) = max, s.t. yi1(b) >0 & (P, 41(b) — wi(b)) < 0;
i =2, F={a,b}, bundle x5 = z3(a, b) solves the problem (accounting es(a) = e (b))
ua(i(y2(a)), 03 (y2(b)), %) — max, s.t. ya(a) =y2(b) 2 0 & (p',yo—es(a)) < 0.
i =3, E={a,b}, bundle x3 = x3(a, b) solves the problem (accounting es(a) = e;(b))
uz(;(ys(a)), pi(ys (b)), *) — max, s.t. yz(a) =ys(b) >0 & (¢, y3—es(a)) <0;
Balance: z1(a) + x2(a) + z3(a) = e1(a) + ex(a) + es(a) &
x1(b) + x2(b) + 23(b) = e1(b) + e2(b) + e3(b).
For E" = {c}:
i =1, w = ¢, bundle z(c) solves the problem

uy (%, %, oL (yi(c))) = max, s.t. y1(c) >0 & (", y1(c) —ei(c)) < 0;
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i =2, w = ¢, bundle z5(c) solves the problem

ua(, %, 02 (y2(0))) = max, st ya(c) 20 & (P 4a(c) — ex(c)) < 0;
i =3, w = ¢, bundle z3(c) solves the problem

uz(*, %, 93 (ys(c))) = max, s.t. yz(c) >0 & (p",y3(c) —es(c)) < 0;
Balance: z1(c) + z3(c) + z3(c) = e1(c) + ez(c) + e3(c).

Presented relations show that events £/ and E” in the model context generate rather
independent economic structures, submodels, for which reduced in the event REF-
allocation has specific equilibrium properties. The model relative to E' = {a, b} has
two characteristic features:

(1) prices for elementary events a and b coincide;

(17) 1st individual, which is able to distinguish events a and b, in the submodel is
presented by two different consumer problems (only prices p’ are a common
thing) with different utilities: ! (-) and ¢i(-). One may state that the individ-
ual is “duplicated”: one his face works on the market defined by a, another
one by b.

One important relationship between items (i) and (ii) has to be noted: if (i) were
broken, 7.e. if prices in states a and b were different, then all agents were “duplicated”
and the market was disintegrated in two parts. Namely, due to (i) and that some
individuals cannot distinguish events, their common market is developed. Further,
we analyze the case in more detail. Once again contractual approach will be applied
for the analysis.

9.2 Contract-based approach and differentiated
agents

According to general contractual settings, to apply the approach one has to define
a set W of all permissible contracts correctly reflecting model context. As it was
postulated above a contract is the tuple of maps v; : Q@ — R!, i € Z, which obeys
measurability (8.1.1) and balances (8.1.2) requirements; recall them:

VieZ, v(-)is P, — measurable, Vw € Q ZW(W) = 0. (9.2.1)

1€l

However, does it well corresponds to RFE E-concept in the above example con-
text? The main point is how the multiplicity of extremal problems is reflected in the
contract and contractual interaction of individuals, i.e. the possibility of agent decom-
position in a pair, as in an example considered above. In general, each agent has to
be decomposed (split) into several artificial agents, each of them corresponds to the
element of informational partition. So we introduce a new set of individuals where
several agents defined via agent information partition present an initial individual.
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We form a new economic model which can be studied by applying familiar methods;
then the obtained results are transferred to the initial model and it helps us in its
investigation.

9.2.1 Differentiated agents

Let us consider a new set of individuals, which are indexed by couples (i, E') where a
first component is a number (name) of the individual, and E € P, is an element of
his/her informational partitions. Here (i, E') can be treated as the individual in one
of the possible variants of tomorrow’s implementations of agent ¢ and it corresponds
to a knowledge of this agent. So, suppose

S={(i,E)|i€Z, Fe€P}.

Further one will specify contracts which ‘duplicated agent’ is able to conclude. Ac-
cording to construction such an agent can live and function only if the event FE is
realized, therefore for (i, F') € & one specifies

v Q=R vF(w) =0E (W), Yw,w € E & vE (W) =0, VYW € Q\ E «—

7

vE () is P; — measurable & supp(v”)=FE € P.! (9.2.2)

2

Certainly a tuple (vF)g can be considered as a contract only if the balance restriction

> =0 (9.2.3)

is satisfied. For the individual (i, E) € < to function as a real economic agent, one
has to endow him/her with an initial commodity bundle and preferences. Put

2

where x¥(-) is a characteristic function of the set £ C € and let
Li={y x"()eL|yeR}

be a subspace corresponded to individual (i, ) € < (its dimension is /) in the space of
contingent commodities L = (R, Further, let us define preferences and consump-
tion sets. Put

XF =P +ef)n X,

and define on X7 relation =¥ by formula

v -Faf = TQVESR | f M) - @, 50),

ARt} i~
that can also be rewritten in an equivalent form as

PP () = [Pi(xi) N (2 + LO)] - xF, for af =2 x".

K3 7

'Notice that any map v;(-) applied in the definition of contract (8.1.2) is measurable by P; and
therefore it can be decomposed into a direct sum of maps v*, E € P;.
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Due to assumptions (7.1.2)—(7.1.4), this is a correct way to present preferences for an
economy with differentiated information. Notice that

Z PE(E) C Pi(x:)

Eep;

is always true, but the reverse inclusion is false. As a result of presented constructions,
one comes to an economic model £°.

So, there are two possibilities to apply a contractual approach in economies with
asymmetrically informed individuals:

(1) The set of agents is the same as in the initial model of economy and contracts
are completely determined by conditions (9.2.1).

(77) The set of agents varies on § to which contract specifications (9.2.2)-(9.2.3) are
applied.

These possibilities lead to different concepts of the contractual allocations and
corresponding concepts of the core and an equilibrium. In the first case, this is a
priori private core and equilibrium (analogue W EFE), studied in Chapter 8. In the
second one, new concepts of core and equilibrium are introduced; these notions were
named as core and equilibrium with differentiated agents.> Further, we consider the
second variant, which eventually deduces us to RE F-equilibrium.

First, let’s consider the simplest possibility to introduce a core by analogue with
a standard case, but now already in described above model with duplicated agents;
we named it as the D-core.

Definition 9.2.1 D-core CH(E%) of economy E% with asymmetrically informed agents
consists of allocations v = (x;)7 € X such that:

(i) Yxi=>"e,

i€z i€z
(ii) (z; — ;) : Q@ — R is Pi-measurable for all i € T.

(i17) S C S : I = (¥F) upyes | ‘v’(i E) 6 S yP e XF s such that y? =F 2F &
Z(i,E)eS(yi ZE) =0 or Z ( F) = 0.

One can see that the only but basic difference of the D-core from the private one
consists in that dominating coalitions are formed from duplicated agents of the econ-
omy; notice that (7i7) also takes into account the requirement of the web’s stability
from above. In so doing for the core of this type the allocations are implemented by
stable systems of contracts, stable in an intermediate stage of uncertainty implemen-
tation, 7.e. at a moment when each agent is able to understand every state of the
nature w € (it still is not realized!) while only in a form P;(w). Here coalitions of

2Differentiated information about the future induces in the present differentiation and “repro-
duction” of agents in the future: depending on the information, different agents “are mirrored” in
different ways.
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duplicated agents can be formed because uncertainty is still not definitively resolved.
Later, probably, individuals learn more about the state w but when it will happen all
contracts will already be realized. Moreover, it should be clear that there are no pos-
sibilities for deceit here, since if the more informed agent or a coalition of agents will
report a false state—w’ instead of true w—when it cannot bring damage to the less
informed individuals because in both cases in a gross contract (v;)z these individuals
have the same vector of mutual deliveries, because by (8.1.1) one has v;(w') = v;(w)
for w',w € P;(w). In other words, allocations of D-core are incentive compatible.
Regarding the existence of D-core, it is enough to note that Theorem 8.1.2 is appli-
cable here with more or less simple modifications be conditioned by the reproduction
of agents—a game of economy is still balanced that is necessary for core existence.
Further, let us turn to an equilibrium concept that correctly corresponds to the
D-core and contractual approach point of view. We start the analysis by deriving
conditions that characterize mutually beneficial exchange for the economy with dif-
ferentiated agents: this is once more lemma about the mutually beneficial contract.

Lemma 9.2.1 (ABOUT A BENEFICIAL CONTRACT FOR D-AGENTS) Let S C I,
S #0 be a coalition and A C Q be an event understandable by every coalition S
member and let

S()={(,E)|ies, E€h, ECA}L

Then if there is no mutually beneficial exchange of contingent commodities for coali-
tion S() members then there does exist a vector p € (RYA, p # 0, and vectors
¢ € RHYA, i € S, such that

Vie SVE€P, ECA Y q(w)=0 (9.2.4)

wek

and
VieS p+aq#0 & (PP(xf),p+aq)>afp+a) VE€P, ECA (9.25)

holds.

Inverse: let there be vectors satisfying (9.2.4), (9.2.5). Then for a coalition S
there is mo mutually beneficial contract in which an agent (i, E) € S() is non-
trivially involved for which inequality (9.2.5) has a strict form.?

The proof of Lemma 9.2.1 is realized similarly to Lemma 8.1.1 proof. The only
modification is due to D-agents specification: in an appropriate intersection instead
of P;(x;) one has to take the set Y, p g4 PP (2F); let us omit other details. Notice
also the coincidence between (9.2.4) with an analogue requirement (8.1.3) applied in
Lemma 8.1.1.

Similarly to Lemma 8.1.1, Lemma 9.2.1 has an important for below analysis corol-
lary, that is formulated to present full argumentation and to better specify contractual
approach for differentiated agents.

3See footnote above.
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Corollary 9.2.1 Let in Lemma 9.2.1 conditions preferences be described via differ-
entiable utility functions and let x = (x;)7 be an interior allocation relative to A and
S.* Then there is no mutually beneficial contract for the coalition S(S) if and only
if there exists a vector p € (R4, p # 0 and \ig > 0, (i, E) € S(I) non-zero for
some E € P; Vi € S, such that

VEE€P, ECA \p Y Vyu(z)=Y pw) Vies

wekl wek

Notice some distinctions with Corollary 8.1.1: factors A; g have doubled indexes and,
in general, some of them can be zeros.

Now for the concept of D-equilibrium to be introduced, it is enough to add budget
constraints to the latter lemma conclusion.

Definition 9.2.2 A couple (z,p), * = (z;)r € X, p : @ — R, is called private
D-quasi-equilibrium if it satisfies:

(i) (x; —e;) : Q — R is Pi-measurable for alli € T,
(i) 02 (p¥, (PF(27) —2F)) 20, (p¥. 27 —ef) =0, V(i,E) €S,
(Z”) ZieI Ty = Ziez €;.

If in item (ii) all inequalities are strict, then pair (x,p) is called D-equilibrium.

Notice that due to the definition p(-) # 0 there is also possible p¥ = p- x¥ = 0 for
some F € P, i € Z. Let us see also an alternative form of condition (i7) presentation:
Vi, E) €S,

S pwynw) = 3 pwlei(w) &
weEl weE
(O pw),y) >0 Yy eR : (y- xu(-) + ) € Pilw).
weE
Thus individual (i, E') takes prices in aggregated form, aggregated relative to states
from F, that can be treated as a form of expected prices and profit under condition
of event E/. Notice that if one adds in the definition the requirement

p(w)=pw), Yww e E€ P, Viel,

then one yields the notion generalizing RE E-equilibrium to the case of general pref-
erences.

The existence of D-quasi-equilibrium can be proven applying the same methods
that were used above for ex ante private equilibrium: due to replicate models and
passing to fuzzy core and, for its elements, price characterization in the form of quasi-
equilibria can be given.

Finishing the section let us consider the concepts of D-core and D-equilibrium,
and also of private core and equilibrium in an example of DIFE-economy, that ad-
mits a demonstration on Edgeworth box (in spite of the fact the space of contingent
commodities is 4-dimensional one).

4See Corollary 8.1.1.
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Example 9.2.1 (AN ECONOMY 2 x 2 x 2) Let us consider a standard pure ex-
change economy with asymmetrically informed agents. Let there be 2 types of phys-
ically different goods, 2 agents, 2 states of the nature and assume that 2nd agent is
able to distinguish them but 1st one is not. Thus we have:

i=1,2, Q={a,b}, P={Q}, P,={{a},{b}},

L = R? x R? = R* is the space of contingent commodities. Let X; = X, = R} and
consider the following utility functions and initial endowments:

Thus total endowments in the economy are presented by the vector
e = (e(a),e()), &(a)=(5,3), e(b)=(44)

Now assume that there is no informational exchange between agents. Now
the measurability of contract (v, —v), v = (v(a),v(b)) € L implies that v(a) = v(b) =
w € R? and, therefore,

z(a) = ez(a) + v(a) = e,(b) + v(b) = x(b) = (33, 5) + (wy, ws).

In general for the states of future 2nd individual may have different consumption plans
but now they also can be expressed in the terms of 2-dimension contract (wy, ws):

y(a) = ey(a) —v(a) = (13,23) — (wi,w2), y(b) = ey(b) —v(b) = (3,35) — (w1, ws).
As soon as 2nd agent is not able to consume negative quantities, then

yla) = (13,25) — (wi,w2) > 0, y(b) = (3,33) — (wi,w2) >0 = (wi,ws) < (5,25)

and we are coming to 2-dimensional Edgeworth box presented in 1st agent consump-
tion plans:
EB = {(z1,22) €R?| 0 < (21,22) < (4,3)}.

Now Pareto boundary can be found applying (for example) 2nd Welfare Theorem
that allows to conclude that gradients have to be collinear ones. So, this boundary is
described by the following system of equations:

2= M2+ =)
2 =N +5), A>0.

4—xo 3—x2

2

Eliminating A > 0 from the system, one obtains 3rd power equation that determines
Pareto boundary in the interior points of the box. Sufficiently good its approximation
is a curve defined by explicit linear equation zo = %xl, 1.e. this is the diagonal of the
box. Further, if one adds 1st agent budget constraint (equality) to the equation of

Pareto boundary, then one comes to the system of equations that describes private
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Figure 9.2.1: Private core and equilibrium

equilibrium (2nd budget constraint is fulfilled automatically). As soon as for interior
point first-order conditions imply prices are collinear to the gradients of utilities, one
finds
7 1 25 25

\Y =(V = 4d=—+— = 1~ - ~208 ~ — =~ 1.56.
(Vui(z), ) = (Vui(z), e1(a)) o +x2 NS , T2 R e
The results of above analysis are graphically presented in Figure 9.2.1.

Now let us consider D-core and D-equilibrium. With this in mind, let us find
Pareto boundaries in the models reduced to the states a, b. For ‘a’ one obtains the
following system of equations:

2 — a2 61,
xq 5—x1’ —
N S

Here the “core” is presented by a curved segment on the Pareto curve, placed be-
tween two indifference curves passed through the initial endowments point; here the
endpoints of the segment are A ~ (1.36,1.28) and B ~ (2.59,2.05).

For ‘b’ the similar system is the following:

2 -1 41y
x1 4—x1’ _
{ = Ay A>0 TR Ty (5:27)

A “core” corresponds with a curved segment of Pareto curve that is placed between
points C' =~ (1.66,1.05) and D =~ (2.6, 1.92). Graphical construction for the Edgeworth
box is provided in Figure 9.2.2.

Further, let us reduce provided constructions into joint picture presenting D-core.
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Figure 9.2.2: D-core: analysis for states ‘a’ and b’

For this example, one presents only a coalition of all players that is efficient enough,
because other coalitions can sign only zero-contract. This is why the elements of D-
core are completely described as being Pareto optimal and individually rational ones
(i.e., they cannot be dominated by one-element coalitions). In our context Pareto
optimality of an allocation (z,z,&(a) — z,€(b) — Z) € R® means the intersection of
the following three sets is empty:

{(z1,22) € R?* | uy(2(a), z(b) > uy(7,7), z(a) = z(b) = (xl,mg)}m
((21,22) € R | ug(e(a) — (z1,22)) > uj(e(a) — (21,72))}[ )
(w1, 22) € R? | uh(&(b) — (w1,32)) > uh(&(b) — (71, 72))} = 0.

Here the first one is the set of all strictly preferred consumption bundles for the 1st
agent, that is written according to his/her impossibility to differentiate elementary
events a and b. Two other sets are the sets of all strictly preferred consumption bundles
for the duplicated agents for the 2nd individual: his/her possible implementations
in the future states a and b. All sets are written in variables associated with the
consumption of the 1st individual. Graphical and numerical construction for the
example is provided in Figure 9.2.3, where a shaded set of points z = (Z,Zs) is
represented as a curved area AC'DE which boundaries are the fragments of cores
for events ‘a’ and ‘b’, and also fragments of indifference curves of 1st agent and the
duplicate (2,b). Notice that here a part of core for ‘a’, that includes endpoint B, is
intercepted by the indifference curve of (2,b) and as a result curved segment AFE is
considered where E ~ (2.47,2.5).

Further, in the context of example, let us consider the notion of D-equilibrium.
Briefly, D-quasi-equilibrium are the allocations in which equilibria in elementary
events ‘a’ and ‘b’ are implemented. In so doing for a “complementary” state,
prices are equal to zero; for example, for D-equilibrium induced by event ‘0’
prices for event ‘a’ are zeros. Calculate these equilibria. According to anal-
ysis provided above it can be done adding to Pareto boundary equation the bud-
get equation (equality) for the 1st agent being calculated with respect to prices
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p = (p,p2) = Veur(z,2) = (£, 2) = (pr) =4 = L+ L = (pefa)) Asa

T T3
result for ‘a’ one obtains the following system of equations which solution gives equi-
librium consumption bundle for the 1st agent and equilibrium prices:

621
{ i—i—gzll = 6dr1—7) =245 = = 53’ Ty = e = p=(23,27).

Similarly, one can find equilibrium inducted by the event ‘b’. One obtains the following
system of equations for the finding of the 1st agent equilibrium consumption bundle:

__ 4n
Ty = g .- B 36 36 B
= 442, —7) =8— = = — =— = p=(17,25).
{ %4_%:4 ( X1 ) X1 X1 17’ X2 95 p ( ) )

So one finds the following D-equilibria:

o= (23,20, 1 =0, a(a) =) = (5,57 ) ¥(@

68 34 (b) = 45 61
23'27 ) YW T 23797 )

(37 3) 0= (7.3)

Here in both cases vector y was found by formulas y(a) = €(a) — x(a) and y(b) =
e(b) — z(b).

Now we would raise an interested and important for contractual approach question:
can all presented (quasi)equilibrium allocations be implemented in real economic life
and that of them have better chances for a long-run existence? An answer is presented
due to contractual approach: long-run living allocation has to be at least lower sta-
ble, i.e. stable relative to partial breaking of contracts implementing the allocation.
However, an equilibrium induced by the state ‘a’ does not obey this criterium. In
order to assure this one needs to calculate directional derivative in direction to initial
endowments: all of them have to be non-positive. However, non-zero derivative can
have only duplicated agent (2,b). Being provided the calculations one finds:

vk = (o) w0 = (55) = Tedeo)=(2.5)
- (39)- (58)- (5

23 54 —67 67 67 67
b o — _ —_— = - — —
(Vyus(y), ex(b) — y(b)) <(45’ 61) ) (23 BX 54)> 61 00 "

Thus directional derivative in the direction ey (b)—y/(b) is strictly more zero that implies
agent-duplicate (2,b) will partially break contracts... Another quasi-equilibrium is
induced by the state ‘0’ and is lower stable in fact that can be checked from the

calculation: - a1
“ B B 5
Vs = (=) = (353

»—t|>.l>
| ©
1€

?

1725

\)

pa =0, py = (17,25), a(a) = a(b) = (36 36), ¥(a)

@]l
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T2

Figure 9.2.3: D-core: shaded curved area ACDE

@) - = ( (5. 50) (Grm)) = 2~ 1 <O

Thus this quasi-equilibrium has more chances to exist than the previous one and there-
fore the state ‘b’ which specifies viable quasi-equilibrium has in contractual process
an advantage in comparison with the state ‘a’.

In conclusion, let us show that there are no other D-(quasi)equilibria in the exam-
ple, and therefore there are no real equilibria at all. It can be understood coming to a
contradiction. Suppose p, # 0 and p, # 0 are equilibrium prices. Then according to
item (iz) of Definition 9.2.2 and necessary conditions for an extremum one will have:
Ja > 0, > 0, v > 0 such that oV u;(z, x) = pa+pp, BVyu2(y) = pa, YVu2(2) = pp
for y = e(a) — z, 2 = e(b) — x. However, for the current train of consumption bundles
it has to be true budget equalities in addition:

(Pa + b)) = (pa + pp)e1(a) =

(Pa + o) L(z —e1(a)) =0, w= (z — eia)) = (x — e (D));
Pay = Pae2(a) = pal(y—exa)) =0, —w=(y —ex(a));
oz = ppe2(b) = ppl(z—eq(h) =0, —w = (z — ex(d)).

This implies that each vector from p,, py and p, + pp is orthogonal to the vector
w # 0. Therefore, because the space is two-dimensional, all three gradients utilities
are pairwise collinear one to another. Hence couple (z,y) has to be Pareto optimal
for ‘a’, but the couple (z,z) is optimal for ‘0’. Thus the vector = (x,z3) has to
satisfy each of two obtained above equations of Pareto boundaries, but there are no
such solutions. [
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9.2.2 Ambiguity and maximin expected preferences

The term “ambiguity” means that not only a state of the world which will happen
tomorrow is unknown for individuals, but also they do not know the probability of
its implementation: they can only estimate the probability of events which are the
elements of agent’s informational partition. Thus, this is an uncertainty of a higher
level and now even formally one can not apply the Bayesian (expected) utilities which
one can find in most of current literature. The application of MEU-utilities (maximin
expected utilities) solves to this problem, these utilities were already discussed in
Section 7.3.2. Below, we consider the contractual dynamics under these preferences.

We begin the analysis from the establishing of a curious property of maximin
core allocations (Definition 7.3.2), consisting in the fact that, despite the absence of
measurability requirements for consumption plans, they still have a specific (weak)
measurability with respect to individual information, this is the measurability of util-
ity. The following statement holds.

Proposition 9.2.1 Let for all individuals a posteriori utilities u; : Q x R, — R obey:
Vw e Q, Vy e Rl

1) u;(w,-) s strictly monotonic by each commodity,
Y ) Y
(17) w;i(-,y) & e;(-) are measurable with respect to individual information.

Assume also that X; = Ly, i € T and for every state of nature there exists its
distinguishing individual, i.e.,

Vwe Q35 e | Pj(w)={w}. (9.2.8)

Then for x = (1;);er € C™"(EY), Vi € T a real valued function u;(w,x;(w)) of
w € ) is measurable relative to P, i.e.

UZ(W7ZL’Z(W)) = ui(wl7$i(wl>)’ w’ € R(W)7 VW,W, € .

Note that the first part of the statement assumptions coincides with the conditions
of the Theorem 7.3.1. The second part has a purely informational nature and allows
to accumulate a surplus of resources for a part of individuals in the hands that are
interested in. In above Example 7.3.5, these requirements are violated, which implies
the existence of core allocations without specific (weak) measurability property.

Proof of Proposition 9.2.1. Assume the contrary and show that in this case there
is a coalition that can enter into a new mutually beneficial contract.
Let w € Q and ¢ € Z be such that for an allocation x = (z;);ez of maximin core

w;(w, x;(w)) > min{u;(w', x;(w')) | w € P;(w)}

is true. In particular, it implies z;(w) > 0. By (9.2.8) there is j € Z such that
P;(w) = {w}. Now individual ¢ can transmit to j a part of resources from z;(w), for
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example ez;(w) for some 0 < £ < 1, without violating the last inequality. However,
now one obtains
ui (W, (W) + exi(w)) > u;(w, z;(w)),

that implies
U]mm(x;) > U]mm(xj), m;(w) = 2;(W) + ez;(w), x;(w’) = z;(W') YW # w.

Now individual j may transmit dz;(w'), w' € § to all other members of the economy,
choosing 0 < § < 1 so that
U1 = 8)af) > U ()

J

be true. As a result, we have found an allocation " = (2)ez,

o =2~ (6= 1)
xg:xk+%5:c;-, k#1i,j, k€T,
f(w)=(1—-¢e)x;(w)+ %(5x;(w) & 2l (W) = (W) + %5x;-(w’), Yw' # w, w € Q.

By construction U™ (z}) > U™ (), Vk € Z that contradicts to the optimality of
T = (k) kez- L

Remark 9.2.1 Obviously, this statement will be also executed under weaker assump-
tions. For example, instead of the core, one can talk about individually rational Pareto
optimal allocations. Requirement (ii) of preferences and endowments measurability
also can be relaxed, and so on. I did not do this just to simplify formulation and
avoid the clutter of the fact with unessential details which obscure the essence of the
problem. [

How can the contractual process be developed at maximin preferences and what is
its specificity? This is the central question of the nearest considerations. To this
end, we turn again to Example 9.2.1; now Proposition 9.2.1 allows a two-dimensional
presentation of maximin core allocations, see Figure 9.2.3.

Example 9.2.2 (CONTINUING OF EXAMPLE 9.2.1) First note, that for an alloca-
tion from the maximin core in each state of the world its partial allocation should
belong to the Pareto border, otherwise there is a mutually beneficial contract (proved
by arguments similar to the proof of the last statement). Moreover, unlike the measur-
able case for first agent indistinguishable states allocations may be different. There-
fore maximin core elements must be represented by a pair of points from the partial
Pareto boundaries which correspond to states ‘a’ and ‘b’, and according to Proposi-
tion 9.2.1 they have to be situated at their intersection with the indifference curve
of the first agent. Of course, we need to remember about singleton coalitions—this
couple of points should be located within the area bounded by the indifference curve
of the first agent and the indifference surface of the second, presented by the equation
us(y) = ua(a,y(a)) + ua(b, y(b)) = us(a,es(a)) + uz(b,ez(b)). The relevant construc-
tions are presented in Figure 9.2.4.
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Figure 9.2.4: Mazimin core and equilibria

What is going on with private equilibrium? Let us first consider its contractual
counterpart, presented as a proper contractual allocation. It should be a core element
which is stable with respect to partial breaking of contracts. For the first agent, it
means that it is impossible to find 0 < ¢ < 1 such that

u(z(a) +e(er —z(a))) > u(z(a)) & ui(z(b) +e(er — (b)) > uy(z(b))
holds. For the second we have A0 < 6 < 1
us(y(a) + d(e2(a) — y(a))) + ua(y(b) + d(e2(b) — y(b))) > ua(y(a)) + ua(y(b)).

It is clear from geometrical considerations that the first condition identifies core allo-
. : : « » : Ty _ (36 36
cation (pair points) located “above” of D-quasi-equilibrium of type (b), z(b) = (57, 52)-

Now to find z(a) one needs to solve system

z1(a)r2(a) = x1(b)xe(b) = %

_ 6z1(a)
{ za(a) = z1(a)+5° = (z1(a),z2(a)) ~ (1.87,1.63).

The second condition is a non-trivial one, for further analysis we rewrite it in the form

(Vus(y(a)), ex(a) — y(a)) + (Vua(y(b)), e2(b) — y(b)) < 0.
In equilibrium this inequality turns to equality

3 . 5 n 1 L 7
5—z1(a)  3—uza(a) 2(4—z1(b)) 4 —a2(D)
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written in variables corresponding to the first agent consumption. By Proposi-
tion 9.2.1 and taking into account the requirements to belong to the Pareto frontier
(9.2.6), (9.2.7), this equation must be supplemented by a system

z1(a)z2(a) + 5x2(a) = 61 (a),
x1(b)x2(b) + 5x2(b) = 4z (D),
zy1(a)ze(a) = x1(b)za ().

The finding of a complete solution of the resulting system of equations is not an easy
task and we omit it. Note, however, that it follows from geometrical considerations
in Edgeworth box that the solution will be located between D-quasi-equilibria of (a)
and (b) types and will be represented by a pair of points of the first agent indifference
curve intersected with the Pareto boundaries of ‘a’ and ‘b’ states.

What has happened in the case of maximin preferences with the D-core and D-
equilibrium? If for the notion of D-core one applies weak domination instead of a
strong one® then the statement of Proposition 9.2.1 still is true. Subsequent analysis
is largely retained, but the behavior of 2nd individual (informed, which is split into
two new agents) is modified. The elements of the core will again be presented by a
pair of points formed by the intersection of the first agent indifference curve with the
Pareto boundaries for states ‘a’ and ‘b’. D-equilibrium is now described as above and
is presented as a pair of allocations corresponding to D-(quasi)equilibrium type (b).
All the above objects are represented in Figure 9.2.4. [ |

Continuing the analysis let us raise a question: how can contractual process pro-
ceed with the maximin preferences if an information sharing is potentially allowed?
Are there any incentives for informed agents to share information? As a result of this
sharing, how can newly transformed preferences can be described?

I start with the last question on the transformation of the utility. Earlier in
Section 7.1.3, p. 274 we have postulated independence of preferences from information
and, moreover, their separability (7.1.5). Maximin preferences obviously do not satisfy
this condition, but a reasonable theoretical treatment has to be conducted.

What will happen with the maximin utility of individuals after informational shar-
ing? For instance, suppose there are three states of nature 2 = {a,b,c}, which an
individual is unable to differentiate. Now his/her maximin utility takes the form

U™ (x(a), z(b), z(c)) = min{u(a, x(a)), u(b, (b)), u(c, z(c))}.

Suppose now that the agent has learned to distinguish ‘a’: what has happened with
his/her utility, is it changed or not? For Bayesian utility nothing happens, but it is
not so for maximin. Now one can not just write the amount of utility in the state
‘a’ plus utility minimum for two other states: under such decomposition the utility is
unreasonable changed (increased?). No objections raise the representation

u(a, x(a))p(a) + min{u(b, (b)), u(c, z(c)) }u({d, c}),

5Recall that the domination by coalition is strong, if each member of the coalition is strictly better
off, with a weak domination at least one member of the coalition is so—others may be indifferent.
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where p(F) presents a probability for a new information partition. After one more
information sharing utility is transformed to the form

u(a, 2(a))p (@) + (b, () (8) + u(e, 2(c))p (o),

where 1/(+) is a new probability distribution such that /() 4+ p/(¢) = u({b,c}) and
i (a) = p(a). In fact, we assume that simultaneously with the learning to distinguish
events during the information sharing the agent has also learned the probability of
their realization so that the probability of initial event is split into the sum of new
known to him.

Thus during the information sharing process maximin utility is transformed into
Bayesian. One can also assume that individuals are endowed with shadow inactivated
Bayesian utility, which now is partially activated. Moreover, by Proposition 9.2.1
proposed method has no effect the utility value of core allocations, 7.e. when ordinary
methods of contractual process have been exhausted. In other words, the separability
is performed in the limited sense—for the class of efficient allocations. However, what
are the incentives and a resulting goal for this process? It is easier to present further
considerations in the context of described above Example 9.2.1.

Indeed, it seems that the contractual process without information sharing will lead
economy to one of two allocations: the maximin private equilibrium or D-(quasi)equi-
librium of the type (b). These allocations are presented in the following Figure 9.2.5
(similar to 9.2.4), which explains our problem in the context of Example 9.2.1. Men-
tioned points are located at Pareto borders as soon as nobody is interested in new
contracts. However, what can be concluded about the partial breaking of contracts?

Consider, for example, mazimin D-(quasi)equilibrium of type (b), presented by a
couple of points at the figure. Possible result of partial breaking by one-quarter of
contracts is indicated by arrows emanating from the equilibrium pair along straight
lines connecting the allocation with the initial endowments. It can be seen that the
second (informed) agent is not at all interested in the breaking of contracts, as in each
of the states of the world the new allocation is outside of better ones. The first agent
also will not break the contract until his/her utility is defined as maximin—here it
corresponds to a posteriori utility u;, calculated in the bottom after breaking point
(represented by asterisk), as a posteriori utility is decreased in ‘b’ and increased in
‘a’. However, after the information sharing utility is transformed into a Bayesian one
and a weighted sum of the utilities in two states of the world will increase. Thus the
first individual is interested in the sharing of information for a further specification of
contracts (partially breaking).

In mazimin private equilibrium for the second agent after infinitesimal partial
breaking of contracts, the growth and decreasing of utility in the states of the world
are balanced: ‘a’ gives rise, ‘b’ decreasing, and the aggregate marginal change is
zero. The first agent is also not interested in a break by the reasons described above.
However, he/she may be interested in after the information sharing, it will depend
on the numerical values of new probabilities which combine the effects of growth
and decreasing. The greater relative weight of state ‘a’ implies a greater chance for
breaking.
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Figure 9.2.5: Contractual dynamics under mazimin utilities

Contractual structure in the mazimin D-(quasi)equilibrium of type (a) is unstable
as the second individual interested in the partial breaking of contracts, and it is not
related with the sharing of information. For the first agent, it is unprofitable to break
contracts.

From the above analysis about contractual process and implemented allocations,
we conclude the following ones.

(7) Whatever the stable allocation contractual process is finished, it can be proper
contractual or equilibrium allocation, the informed agent has no incentive to share
information. Indeed, in each of the possible states of nature implemented allocation is
already at the Pareto boundary and, therefore, the signing of a new contract can not
be mutually beneficial. At the same time, the agent is not interested in the partial
breaking of contracts.

(77) Interesting in the exchange of information, party can only be less-informed
individual, his/her interest is to obtain the possibility of partial breaking of contracts.
However, it is important how his/her preferences are transformed after information
sharing (new probabilities). In the case of D-(quasi)equilibrium of type (b) the first
individual is solely interested in the sharing of information, in difference with the
type (a) when there is no such interest at all. There are also intermediate solutions.

9.3 Interim core and RFEFE-equilibria

Let us consider the following example of an asymmetric information additionally dis-
cuss the concept of the D-core and an equilibrium introduced above.

Let there be 2 agents, 1st know {{a}, {b}}, second—{{a, b}}. What will happen in
case of D-core? The specificity is that in coalitions {(1, a), (2,ab)} and {(1,b), (2,ab)}
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by informational reasons the exchange is impossible and therefore their possibilities
to dominate will be equal to one-element coalitions (even less). The only efficient
coalition will be the coalition of all duplicated players (notice that it is not the same
as in the case of private core). However, does it ensure the necessary stability?

If, for example, elementary event ‘a’ is realized “tomorrow morning”’, then 1st

agent can suggest to 2nd one to break old contract v = (v{,v%,v), v§ = v} = —v$?
and to sign a new w, if there is such (w?, w8, w), w¢ = w = —w2® that

ou(wi +ef) > pl(vf +ef) & P (ws’ + ej, ws’ + eb) > ¢ (vs’ + e, v’ + €)).

It is important that for the first agent a significant role plays only duplicate ‘a’, and
second duplicate ‘b’ is a dummy: it is so because state ‘a’ is already realized and 1st
agent knows it for certain. The second agent is not able to receive new information,
but to conclude a good deal, the 1st individual accompanies him, promising identical
deliveries in case of possible states. Clearly, when state ‘b’ is realized the similar things
are happened only function ¢ (-) is replaced on @} (-).

The main question for the example: whether the contract from D-core is stable
relative to described threats? There are no obvious foundations to state it. For this
reason | suggest one more concept of the core which form contracts stable relative to
attempts to open a new recontracting process in the time “tomorrow morning”.

Definition 9.3.1 Interim-core C™(E%) for the economy E¥ with asymmetrically in-
formed agents consist of allocations x = (x;)7 € X such that:

(i) Yxi=>e,

i€z i€z
(ii) (z; — ;) : Q — R is Pi-measurable for all i € T,
(Z”> Vw € () £S<W) =9 - 7: HZ/S = (yf)(i,E)€$1i657 yzE € EE; (Z7E> €S |

(a) Vie S for F=P(w) yf € X' &yl =F 2" and
(b) Z(i,E)G%:ieS(yiE —ef)=0or Z(i,E)E%:iGS(yzE —xf)=0.

One can notice again that due to item (iii)(a) preference in consumption is required
only for duplicates (i, F') € & such that F' = P;(w) under supposition the nature has
realized state w. Comparing definitions one concludes that interim core is a subset of
D-core, i.e.

Cint (gdz) g Cd(gdz)

is always true.

A remarkable property of the interim core is that all its elements are coalitional
incentive compatible, i.e., they are CIC-allocations by Definition 7.3.1 on page 284.
Intuitively, this means that the allocation and the contract that implements it are
stable relative to the informational fraud of the groups of individuals.
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Proposition 9.3.1 Let for each agent of E¥ his/her preferences be identical in undis-
tinguished states of nature, i.e., in terms of utilities they are represented as

ui(x;) = Z ui(w, (w))g(w), x; € Ly,
weQ
where for every fived y € Rﬁr function® u;(-,y) is P; measurable.” Let also endowments
e — ]Rﬂr be measurable relative to individual information P;, i € T.

Then every allocation x € C"(E£%) is transfer coalitional incentive compat-
ible.

Proof of Proposition 9.3.1. We argue by contradiction. By Definition 7.3.1 find a
coalition S C Z, S # () and a state a € € such that for v =2 — e

(1) {a} = ) Fila),
ies
(i4) 3be ) Pila),b#a & Jw= (w;)z € L%, Y qw; =0:
JET\S
ui(a, e;(a) + v;(b) + w;(a)) > uw;i(a,x;(a)) Vi € S
holds. Further, the measurability of v; relative to P; for undistinguished states a, b €
realizes v;(b) = v;(a), Vj € Z\ S. Now by contract definition one concludes

D owib) == (b)) ==Y vi(a) =Y vila).
s \8 7\S 5
Consequently, the coalition can sign a new contract h = (h;)7 defined as follows:
hi(w) =v;(b) — vi(a) + w;(a), Vw € Q for i € S and h; =0, j € Z\ S. This is a
contract in view of the latter formula and ) ¢ w; = 0. Moreover, the agreement does
not depend on the states of nature, therefore it is measurable. Simultaneously, the
measurability of endowments implies: for all i € S and y; = x; + w;, Yw € P;(a)
yi(w) = e;(w) + v;(w) + hy(w) = e;(a) + vi(a) + hi(a) = e;(a) + v;(b) + w;(a) > 0.

Also, the measurability of u;(-, y) implies u;(w,y) = u; (W', y) Vw, w’ € P;(a), Vy € R}
that via (4i) and previous equality yields:

Vi€ S, Yw € Pya) ui(w,y) (W) > u(w, 2;(w)) =

Vi e S for F = Pi(a) Z ug (W, Y5 (W)gi(w) > Z wi(w, z;(w)g;(w) <=

weF weF
Vie S, for F=Pia) y' € X & yI = af.
Thus, the state w = a and coalition S are found so that item (¢7) of Definition 9.3.1
is violated. This contradicts & € C™"*(£4). [ ]

A negative (but expected) property of the interim core is that it can be empty:
analyzed above Example 9.2.1 demonstrates this and, moreover, it is a typical case
for asymmetric information. Our analysis is continued by

6See comments to formula (7.1.6).
"The P;-measurability of the ex post utility functions is often assumed in modern studies of games
with incomplete information.
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Example 9.3.1 Consider a pure exchange economy with asymmetrically informed
agents from the previous section, Example 9.2.1. One can note from item (iii) of
interim core definition that consumption bundles corresponding to a current elemen-
tary event w € () have to form an allocation from the core of economy reduced to
the state w. Moreover, it has to be true for every elementary event. These cores
corresponding to the states ‘a’ and ‘b’ were specified during Example 9.2.1 analysis,
they are represented in Figure 9.2.2, and Figure 9.2.3 presents a summarized picture.
It shows that for the area bounded by indifference curves, Pareto boundaries being
separately specified for these events are not intersected, i.e. presented requirements
are inconsistent. Moreover, the situation cannot be changed in general for any
small variation of utilities and will become even worse if one will try to increase com-
modity space dimension: this is so because dimension of Pareto boundaries will be
the same (number of agents minus 1), i.e. it will be a one-dimensional curve in 3 and
more dimensional space and (it possible to say) the probability of these curves have
nonempty intersection is zero. Notice that asymmetry of informational distribution
plays the key role in this conclusion.

One can conclude from example presented that in order to have a nonempty interim
core one has to require the coincidence of individual preferences, associated with
different states of the world and induced to commodity space (space of contracts!). In
other words to obtain nonempty intersection of cores and, therefore, nonempty interim
core one needs to require each person that is able to distinguish events has equal
preferences (at least locally) for the states of the world that cannot be distinguished
by another agent. However namely when interim core is empty for a current allocation
realized via a web of contracts, the agents have incentives to open information: as a
result of their informational sharing they discover new possibilities to conclude new
mutually beneficial contract.

It is obvious that there are informational structures, when the core is not empty
under rather weak other assumptions. However, it is possible to show formally that
generically it can be only for the symmetric information and for asymmetrically in-
formed agents interim core generally is empty. [

The following statement says that if in D-equilibrium according to Definition 9.2.2
one requires, in addition, that if, for any two states of the world that are indiscernible
at least for one individual, relative prices are identical (have equal proportions) in
these states, then this allocation belongs to interim core.

Proposition 9.3.2 Let (z,p) be a D-equilibrium by Definition 9.2.2 such that
VieZ Yw,w € E€ P, Iy >0: A\yp(w) =p(w'). (9.3.1)
Then x € C™(EY), i.e. this is an interim-core allocation.

Note that D-equilibrium considered in the statement is such that being proper
renormalized price mapping can be represented as a map measurable with respect
to individual information for each individual, i.e., relative to A\, P; that is “common
knowledge”.
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Proof of Proposition 9.3.2. By contradiction: assume there is w € €2 such that a
coalition S dominates allocation x:

I = W) amesies | D>, W—ef)=0 & [ =[af, F=P(w)] Vies.

(3, E)e:ieS
By (ii) from Definition 9.2.2, conclude
Byl > o, 2l) = (pF.ef), F=P(w) Vies,

that by y;(w') — e;(w') = y;(w) — e;(w) for all w' € Py(w), i € S and (9.3.1) yields

0< "yl —ef) = (p(w),y(w) —ei(w)) Y A\, Vi€ 5 =

w/'eF

(p(w), Y (5a(w) — ei(w))) > 0,
s
that implies ) ¢(y;(w) —e;(w)) # 0 and therefore contradicts to (iiz)(b) of Definition
9.3.1. u

Proposition 9.3.2 characterizes D-equilibria that are the elements of the interim
core, however it would be necessary to present or clarify their existence conditions.
The following proposition is important for understanding this problem: there are
analyzed D-equilibrium allocations, realized as fuzzy contractual ones, such that there
are no individuals having incentives to share information, because it is impossible to
sign new beneficial contract.

Proposition 9.3.3 Let x = (2;)ier be a fuzzy contractual allocation with differenti-
ated agents. Then there exist prices p : @ — R!, p # 0 for each i € T and E € P,
satisfying

Y pw)z(w) = p(w)e(w)

weFE weE

and
(Zp(w), 2y >0, VzeR: m + 2o xF € Pilwy). (9.3.2)

weE

Thus fuzzy contractual allocation is D-quasi-equilibrium, .

Let, in addition, the allocation x = (x;);er be such that there is no possibility to
sign a new mutually beneficial contract for any kind of informational sharing.
Then (9.5.2) is replaced by a more qualified requirement

Z p(W)z(w) >0, V2: Q =R 2+ 2\ € Piwy). (9.3.3)

weEl
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It can be specially noted the difference in formulas (9.3.2) and (9.3.3): a vector z € R!
is applied in the first case, but a function z : © — R! in the second one.

For contractual process the meaning of the proposition is that if (9.3.3) is invalid
for fuzzy contractual allocation with D-agents, then informational sharing may
happen that will imply new acts in contractual process.

Proof of Proposition 9.3.3. State the first part of proposition. First, its conditions
have to be presented in the convenient for mathematical analysis form. To do it let
us reformulate relation (8.1.23) for the case of differentiated agents. Define

Pl)={af+2]2: Q=R 2(w)=0, wg E & x;,+2 € Py(x;)}.

Then for fuzzy contractual allocation with fixed information one has

II D 1PF () +cof0,ef —af}) U {ef}])

i€ E€P;
(Ve=(Gzlz=) 2F VieT& Y 2= e & (3} —ef), = const, &
EeP; i€l i€
(2F — ef)jpp =0, V(i,E) € S} = {(e1,...,en)}. (9.3.4)

Notice that it differs with (8.1.23): there is no necessity to include a third element
in the latter intersection; this element was applied in (8.1.23) in order to specify
contracts measurable relative to individual information. Moreover, here sets 75lE (x;)
are applied instead of P (z;) in the first set under intersection.

Further, in order to present price characteristics for the allocation, let us apply
to intersection (9.3.4) separation theorem and consider a liner functional (vector)
T = (pi)ier # 0 separating these sets. This functional has the following specific struc-
ture, that can be checked arguing in similar manner to the proof of Lemma 8.1.1
(about mutually beneficial contract, see page 298):

Ip:Q-R & ¢: Q=R p+¢#0, VieT

such that Vi € Z VE € P,
> a(w)=0 &

weFl

(PE(2;),p" +qF) > (aF,p" + ¢F) = (eF,p" + ¢F). (9.3.5)

Notice that here functional p¥ + ¢ supports set 752E (x;), where in difference with
PE(x;), for different states of nature from E different commodity bundles can be
consumed, i.e. (z; — €;)|, # const is possible for z; € 7%E (x;). Moreover, notice that
now one cannot guaranty that p + ¢” # 0 for all E € P;; it known only that at least
one of them is not zero (since p + ¢; # 0). Further, due to (x¥, ¢¥) = 0 one can avoid
q; from relations (9.3.5) and for z; + 2 - x¥ € Pi(x;), 2 € R! rewrite it in an equivalent
form: V(i, E) € S,

<Z p(w),xiE —eZE) =0 & (Z p(w),2) >0, VzeR: z; +2-\F e Pi(x;),

weFl weE
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that proves (9.3.2) and the first part of lemma. Notice that this exactly thing required
by definition of D-quasiequilibrium.

Further, the fact that after every possible informational sharing there are no mutu-
ally beneficial contracts is equivalent to that there are no beneficial contracts relative
to complete information. However, one has to remember that current allocation is
still realized via a web of contracts obtained for differentiated agents and only these
contracts can be broken: partially, fuzzy or as a whole. This means that in order for
all conditions of the second part to be satisfied, it is sufficient that the second set
from intersection be replaced by the similar one but without measurement require-
ments (one needs to study the case when all distinguished sets have only one element,

i.e. when F = {w}, w € Q). As a result, for e = (ey,...,e,) we have
[I D 1(PF(a) +cof0,ef —2f P Ufef N[z = (ziier | Yz =) e} = {e}.
i€ EeP; iez i€z

Further, standardly applying separation theorem one concludes the existence of
“price” map p :  — R! such that V(i, E) € S,

Y pwz(w) = p(we(w) &

weFl weE

Zp(w)z(w) >0, Vz: Q=R + 2 xF € Py(ay) —
wek

as we wanted to prove. [ |

The last proposition reveals some specific features of equilibrium in the case when
agents have no incentives to open information. However, the rising question is to
estimate how typical is this case and can one qualify it as a generical one for D-
equilibria to obey (9.3.3) in addition. With this in mind, let us comparatively analyze
this for D-equilibria. Now compare the number of independent constraints and the
number of applied variables in the model situation considered above where 1st agent is
able to distinguish events a and b, but 2nd is not able to do it. Calculate the balance
between variables and constraints (variables minus constraints). So for D-equilibria
one has:

Direct variables applied for allocation:

[ (1st for ‘a’) 41 (1st for ‘b’)+1 (2nd for ‘ab’) — 2l (number of balance equations) = .
Price variables and budget constraints® yield:

[—1 (p(a) normed)+I (for p(b))—2 (number of independent budget equations) = 2{—3.
First-order conditions (collinearity of prices and gradients):

1 —1 (Ist for ‘@’) +1 —1 (1st for ‘b’) + 1 — (2nd for ‘ab’) = 3 — 3l.

8Standardly: if material balance is true, then one (any) of budget equalities followed by other
ones. This is why a number of independent constraints is a unit less of total quantity.
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As a result, summing right-hand parts, one finds
l+20-34+3-30=0,

i.e. in a generic situation for twice differentiable utility functions one can expect a
finite number of D-equilibria.

What are the changes in the calculations for allocation satisfying (9.3.3)7 Only
the final addend is changed, namely in first-order conditions for 2nd individual [
additional constraints’ are appeared, i.e., the total balance will be negative one and
one can expect that generically there are no these allocations at all... For more detailed
analysis one can turn to the consideration of Example 9.2.1.

However, what happens in general case and what concept of an equilibrium does
correspond to the interim core? To answer the question correctly, we need the follow-
ing technical result.

Lemma 9.3.1 Let E¥ be a smooth economy and x = (z;)z € C™(EY) be an interior
allocation from interim core. Then there are prices p : @ — R!, p(w) # 0 Vw € Q
and real \j g > 0, (i, E) € S such that

Ne Y Vwui(z;) = p(w') =p(w") YW, w"€E, V(i,E)€S. (9.3.6)

wek

Therefore, for these prices one also has

(Z p(w),2) >0, Vz e R . a; + 2 - xP € Py(ay). (9.3.7)

weFE

Condition (9.3.6) means the measurability of the price mapping with respect to
infimum of individual informations. In view of (9.3.7), this mapping plays the similar
role as the usual prices in the classical Welfare Theorem, but here it is with respect
to differentiated agents. Notice the relationship of (9.3.7) with relation (9.3.2), that
characterizes fuzzy contractual allocation with D-agents and that corresponds to (i7)
of D-(quasi)equilibrium definition (Definition 9.2.2): a difference is only the strict
form of inequality.

Proof of Lemma 9.3.1. Analyzing Definition 9.3.1 one finds that for every w € Q
allocation z(w) = (x;(w))z is Pareto optimal in the model reduced to the event w,
where agents’ utilities are (locally) defined via ¥;(y;) = u;(z;(+)) as follows

(W) = Y; +ei(wl)> w e B(W),
i >{@wm W ¢ P(w).

This standardly implies the existence of vector p(w) € R, p(w) # 0 and real y; > 0
such that p; wV9;([z; — e;](w)) = p(w). Thus for normalized p(w) one can conclude
(because p(W) = u;wVV;([z; — €](W)) = p(w’)), that

p(w) =p(w') for w,w' e E, (i,FE)€S.

9nstead of Vaua(x§,23) + Viua(xg,23) = Mp® + pb) for 2§ — e§ = 2% — e} one has to use
VabUQ(l'g,xg) = )\(pa’pb).
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This proves (9.3.6) in view of } . p Vwu;(z;) = VV;([z; — e;](w)) for initial utilities.
Now relation (9.3.7) follows directly. Lemma is proven. |

Now one can formulate an equilibrium notion well corresponding to interim core
concept. This definition is based on Lemma 9.3.1 result and the only that we need
now is to add to relations (9.3.6), (9.3.7) a budget feasibility (inequality realized as
equality).

Definition 9.3.2 A couple (z,p) is called interim equilibrium if it is a D-equilibrium
according to Definition 9.2.2 and in addition:

VieZ, YweQ pw)=pw)#£0 Yw € P(w).

holds. Thus, the price mapping must be measurable with respect to each individual
information, i.e., relative to \; P;.

Notice that this definition almost exactly corresponds to the notion of REFE-
equilibrium, see page 280. The only difference is the specific probability context
applied for REFE and also the possibility to consider finer informational structures,
enriched via price informational channel. Notice also that interim equilibrium being
an element of interim core (due to Proposition 9.3.2) may not exist; the existence of it
can be provided for a specific informational structure, but to achieve it informational
exchange has to be realized.

What is the dynamics of a contractual process that drives economy to interim
equilibrium? Clearly this process has to include an endogenous process of informa-
tional sharing. I shall continue the analysis of considered above example, in which
Q= {a,b}, 1 = {{a}, {b}}, P> = {Q}.

What will be in an equilibrium? In the variant that corresponds to private equi-
librium, the 1st agent should reach a maximum of utility under constraint

pla)z(a) + p(b)x(b) < p(a)ei(a) + p(b)ey (b).
On the other hand, in the variant corresponding to D-equilibrium, this agent has to
solve two problems:

ol(x(a)) — max s.t. p(a)z(a) < pla)e,(a),

L) = max st p(b)a(b) < p(bes(h).

Second agent in both cases solves a problem under an additional constraint:

[p(a) + p(b)]y(a, b) < pla)ex(a) + p(b)ex(b), y(a,b) = y(a) = y(b).

Clearly solutions of these problems have to be feasible in equilibrium.

The question is raised: will contractual process be completed in this (D-
equilibrium) allocation or can it continue developing? Probably the first agent will
wish to share the information with 2nd and to transmit him the ability to distinguish
a and b? He/she can do it only if he/she will receive real advantage (profit). This
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advantage can be realized as a new favorable contract—having learned a difference
between states, 2nd agent will agree to sign contract beneficial for the first agent.
Moreover, there is not another way—without the sharing of information—to reach an
agreement.

Let us apply Lemma 9.2.1 result and write the conditions of this agreement for
differentiated agents. Lemma and its Corollary 9.2.1 imply the existence of vectors of
(equilibrium) prices p(a), p(b), q € R:

3 (v(a),v(b) = (p(a),v(a)) >0, (p(b),v(b)) >0 —

these are payoffs of 1st in every future state and
(p(a) +q,—v(a)) >0, (p(b) —q,—v(b)) >0

are payoffs of second agent (possibly not all > 0, one zero can be); here ¢ is a vector
which exists via condition that there is no mutually beneficial contract under fized
information (Pareto optimality), see Lemma 9.2.1. There are two possibilities: ¢ # 0
and g = 0.

As soon as for 0 # g # Ap(a) YA vectors p(a) and —[p(a) + ¢] are noncollinear,
then there exists v(a) satisfying

(p(a),v(a)) >0 & (p(a)+ q,—v(a)) > 0.

Thus there is the following: 1st says to 2nd: “I can teach you to distinguish ‘a’ and
‘0’, and you will teach me to distinguish event {a, b} (from 2nd partition) and then
we will be able to find mutually beneficial exchange...”

When this cannot happen in general (let the allocation be interior)? Lemmas
8.1.1, 9.2.1, their Corollaries 8.1.1, 8.1.2, 9.2.1 and Proposition 9.3.3 give the answers.
It will not happen if and only if for event a € Q

Vz e R (p(a),z) >0 = (p(a) +ql(a),z) >0VicT,
is true and similar requirement for the event b € Q:
Vz e R (p(b),2) >0 = (p(b) +¢(b),2z) >0ViecT.

In view of Farkas’s lemma, 1st of these conditions is equivalent to the vectors p(a) and
p(a) + ¢;(a) are collinear for all i € Z; the same thing for a second condition but now
for event b. Certainly, speaking about prices p(a) and p(a) + ¢;(a) we mean gradients
of utilities related with prices via conditions 3 \j, > 0: V,ui(z1) = Agp(a) and 3
Aaap > 00 Vaus(xe) = Aagp(p(a) + q2) Vyua(z2) = Aaay(p(b) — ¢2) and similar relations
for other individuals and for the state ‘b’. However, the collinearity of p(a) and
p(a) + ¢;(a) implies collinearity of p(a) and ¢;(a) # 0 and analogously the collinearity
of p(b) and ¢;(b) = —¢;(a) that implies p(a) and p(b) are collinear vectors and therefore
(due to Proposition 9.3.2) this allocation belongs to Interim core. All this is true for
the case ¢ # 0 and then collinearity means the implementation of Interim equilibrium
as a special case of the D-equilibrium.
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Thus if informed individual ¢ = 1 has noncollinear gradients V,u;(z;) and
Vyuy (1) then mutually beneficial contract with individual ¢ = 2 will not be found
only if

(Vaua(za), Vyus(xe)) = (aVaui(x1), BVeuy (1))

for some real o > 0 and 3 > 0, and this is the case!® ¢ = 0. Moreover, due to Lemma
9.3.1 for noncollinear gradients individual ¢ = 1 understands clearly that if one of
states ‘a’ or ‘b’ will be realized ‘tomorrow morning’ then he/she or other agents will
renew contractual process, i.e. current allocation is not stable in fact. Both instances
motivate i = 1 to open (share) today information to i = 2 and then contractual
process can be proceeding under a new informational allocation. This will proceed
till a new contractual allocation corresponding to D-equilibrium with proportional
prices (equal being renormalized!) at indistinguishable states of the world, i.e. then
an interim equilibrium is realized.

Further, one describes a possible procedure of mutually beneficial contract search-
ing during contractual process ongoing with sharing of information. Let for an event
a € Q vectors p(a) + ¢;(a) and p(a) 4 g;(a) are non-collinear. Now consider the event

E,j(a) = P(a) N Py(a).

Individuals 7, j can be taught to distinguish this event if they share information about
P;(a) and Pj(a). Further, if vectors

Y. W) Fa(w) &Y (p(w) +g5(w)) (9.3.8)

WEEij (a) WEEU (a)

are noncollinear then due to Corollaries 8.1.1, 9.2.1 to lemmas on mutually beneficial
contract these individuals will be able to find a mutually beneficial exchange for the
event E;;(a); otherwise if vectors (9.3.8) are collinear then a third participant can be
invited to joint to coalition, let his/her number be &, and such that

Eyu(a) = Pi(a) N Py(a) 0 Py(a) # Eyy(a),

i.e. k-th individual is able to improve information about state ‘a’. Now if vectors

Yo W) +aw) & Y W) Fgw) & D (p(w) + ar(w))

wEEijk(a) WGEi]'k(a) WEE.L‘jk(a)

are noncollinear then coalition {4, j, k} is able to find a new mutually beneficial con-
tract; otherwise one needs to involve in a coalition one more individual and so on.
This process has to finish at some time because by (7.1.1)

() Pi(a) = {a},

1ONotice that in this case there is no necessity to share information at all, and if nevertheless 1st will
teach 2nd agent to distinguish ‘a’ and ‘b’, then nothing will be happened and current allocation will
not change. However, after informational sharing the allocation will obtain an additional stability.
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and among vectors p(a) + ¢;(a), i € Z there exists at least one non-collinear pair.

If the moment is appropriate for a mutually beneficial exchange to occur, then
information interchange is realized and ordinary contractual process is going up to
approach to a new dead-end situation: there is no possibility for an exchange without
new information sharing.

So, what is the result? The system as a whole can come (if it is not cycled) to
allocation such that even after the information sharing a mutually beneficial exchange
is impossible. Besides, it should be stable contractual allocation. However, what is
the case?

(7) This method and also applying other ways that can be outside the model frame-
work (for example via a price channel) leads us to a new information distribution

that is finer than the previous one but in general is coarse than supreme infor-
mation: P = (R)IE(P)I—PP'<\/61 ,i1€ 1.

(17) For the attained level of informational distribution a new mutually bene-
ficial contract is impossible even after additional information sharing (via
Lemma 9.2.1), formally: 3p: Q —R) p # 0 and N\, > 0, (i, E) € S, such
that

VE € P, Nip Y Veu(z) =Y pw) Viel (9.3.9)

weFl wek

Moreover, for the stability of allocation at the moment of ‘tomorrow morning’, it has
to be the true condition (9.3.1) of prices are proportional at all states of the world
that are indistinguishable for an individual; this can be written as for every w € €}
the family of vectors {3 /cp w) Vwti(2i)iez} is collinear one. At the same time
the requirement for a system of gradients {Vwu;(x;)}iez be collinear for Yw € €,
that formally implies impossibility to sign a new mutually beneficial contract after
informational sharing, seems to be excessive one. This is so because the informed
agents are not motivated enough to share information and because the ability to
distinguish or not distinguish something is a private property of an individual and in
general this is unknown for a contractual partner. Here the disproportion in gradients
(prices, exchange proportions) can be considered as a signal to share information:
there is no exchange without this signal. Thus one has described a contractual process
delivering a fixed-point allocation that corresponds to interim equilibrium, but it is
happened now for enriched informational structure.
And what is about core? It has to be a core in the model with agents’ “duplicates”

constructed for an information distribution P = (P;)z, realized at the last stage of
information sharing:

C(E" S, P), S(B)={(i,E)|ie, EcPb}.

For a further convenient and short usage, let us call this core a D-interim-core.
Now one always has by construction

vieZ P,<\/P;

jET
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Moreover, there are reasons to think that in a generic case (for almost all economies)
the described process will lead to supreme information, i.e. it will be

Viel B=\/P=PR.

jez
For this case one will have

CEY. S, P)=C(EY S P) = [] ce”(B))

EePy

where C(E¥(E)) is a core in the model £%(F) with agents as in initial model, but
commodity space is changed to

{z: E—=R'| z(w)=2zW), Yw,w € E}

and with endowments preferences of the initial model are inducted on a positive cone
of this space (this is applied as a consumption set). In particular, if (7.1.1) is true,
then
P,=Q" = CE") = ]]cE (w)).
wes

The final remark. The presented core can be considered also as a core that gener-
ically corresponds to the concept of RE F-equilibrium. In general case one needs to
take the core of an economy with differentiated agents: in this model the individual
information is specified so as it is presented in RE E-concept: supremum of the ini-
tial information and an information received via the price channel. Here one can feel
inconformity between the concept of core (stability on the basis of the barter trade)
and the presence of prices and trade under these prices... However, RE FE-equilibrium
concept was not introduced by me.

9.3.1 Universal equilibrium and core notions in D/-economies

In the previous sections, different possibilities to apply a contractual approach to
the model with differentiated information were proposed and analyzed. I think that
contractual approach turned out as an efficient tool that allows us to investigate not
only private core and equilibrium but also to introduce a sequence of new concepts
(D-core and equilibrium, interim concepts etc), driving us to a contractual analogue
of RE E-equilibrium notion. In this section I want to propose one more equilibrium
notion based on a complex-contractual treatment: under some circumstances this
implements private equilibrium, under other ones RFE E-equilibrium, but often and
often it will present something intermediate one.

Now let us think about that is the fundamental difference between two equilib-
rium concepts, private equilibrium (W EFE) and equilibrium in rational expectations
(REE), between private equilibrium in contractual sense and interim equilibrium
(when nobody wants to reveal information). I believe that the main difference con-
sists in:
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(1) For the first (private) case contracts concluded today at the end of negotiation
stage will be certainly realized tomorrow, nevertheless that tomorrow some in-
dividuals will wish somehow to change contracts, i.e. the fact that concluded
contracts are implemented confirming the agent’s reputation as a reliable part-
ner is more important than some temporary gains.

(74) For the second case, this is the case of interim equilibrium and core, all con-
tracts are initially less stable and, according to the game rules, at the moment
“tomorrow morning’ contractual process can be renewed, individuals will break
existing and sign new contracts; they will also reveal information.

Further, I would like to note first that if one will not take into account possibilities
of information exchange then statistically (in expectations) the first noted variant is
preferable for individuals since it leads to higher utility values. The weak point in this
approach is stability and implementation. Is it possible for presented approaches to
be combined in a form of united concept? Certainly it is if one applies a contractual
point of view. Namely, one can specify for every coalition a subspace of strongly stable
contracts, contracts of this kind will certainly be implemented tomorrow; this is a
subspace of space of contracts where the distribution of information is already taken
into account. Yet, it is not forbidden for individuals to conclude all other contracts
but their tomorrow implementations are not guaranteed: tomorrow morning a new
contractual process can be initiated. Agreements realized among a narrow group of
responsible individuals (reliable gentlemen, they are always better than their word)
can serve as the example of strong kind contracts. Another example presents the trade
of future contracts: the deal being concluded today is realized tomorrow (a month or
half year later etc). Contracts of the second kind look like preliminary agreements
implementing a preliminary stage of final contract search that in view of informational
constraints can be found only “tomorrow morning” when some information will appear
on a true state of the world.

In general, how does the contractual process to go? There are two stages, dur-
ing the first one only high-stable contracts are concluded, and all other contracts are
signed in second stage, where in difference with the first one informational exchange
can also be going being an integrated part of a contractual process that drives econ-
omy to an interim equilibrium. Further, one considers a formalized mathematical
presentation (unfortunately rather cumbersome ones).

Let us consider model £% of pure exchange economy with differentiated informa-
tion described on page 276. Let us add to the model a new element W = (Jgcr W7,
where W C L7 is a space of strong stable contracts that can be signed by coalition
S C 7 members, they are contracts that after finish of contractual stage “today” will
certainly implemented tomorrow!!. Let W; be a projection VW on ith actor in the
space of allocations LZ. Further, let us consider two notions, a core and equilibrium,
that well correspond to contractual point of view and differential information.

Definition 9.3.3 An allocation x € [[; X; is an element of contractual core if there
exists a web of contracts V = {v }scr, v5 € W5, S C T such thaty = e+ sev v €

UHere v = (v;)1 € WS = v; =0fori ¢ S.
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[1; Xi and the allocations x and y obey conditions: y = (y;)z is an element of a private
core with respect to W, 1.e.

(2) Zvi = 07

i€T
(i) v; : Q — R is Pi-measurable for all i € T,

(ii3) PS CT: 325 = (2)s, (25 —e%) e WS |Vie S, 2 € X; is such that
(2; — ;) is Pi-measurable, z; =; y; & Y o(2 —€;) =0;

and the allocation x is an element of interim core relative to endowments y = (y;)z
and (some) informational structure P = (P,);ez, obtained as a result of a contractual
process of informational sharing, i.e. x obeys in addition

(iv) Y wi=)_e,

i€z i€z
(v) (z; — i) : @ = R is P-measurable for all i € T,

(vi) YW € QBS(W) =S CT: 3% = (2;)ies € (RL)S, Yis(zi —us(w)) =0 &
zi-xp =T al Vi€ S for F=P(w)

Notice a small technical difference in the presentation of (vi) from the latter definition
and (iii) from Definition 9.3.1. On the existence of contractual core, one can note
that the existence of a private core with respect to YV can be stated without problems
applying technique presented in the proof of Theorem 8.1.2. Further, one can take
any allocation from the core and activate a contractual process that leads us to a
fixed point from the D-core (the existence of this can be stated directly similarly as
in Theorem 8.1.2). Now if this point is not in interim core, then an informational
sharing is realized and a new contractual process is initiated that again leads to a
point from D-core, but now already relative to enriched informational structure, and
SO on.
Further, let us consider a two stages contractual concept of equilibrium.

Definition 9.3.4 A couple of allocations (y,z) € X x X and a couple of price map-
pings (¢,p), ¢,p : Q@ — R s called contractual equilibrium if the couple (y,q) is a
private equilibrium with respect to W, i.e., first the following is true:

(i) (yi —e;) : Q — R is P;-measurable for all i € T,
(it) 0 # (q, (P;(y;) —e;) NL;NW;) > 02, i € I,
(iii) ZieI Yi = Zz’GI e

12Recall that £; is, in the space of contingent commodities, a space of maps measurable with
respect to i" agent informational partition.
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Second requirement is that pair (x,p) is an interim equilibrium with respect to endow-
ments y = (y;)z and an informational structure P; = P; V o(p), where o(p) is the
algebra of events (field), generated by the price map p(-)*3:

(iv) (z; —y:) : Q@ = R is Pi-measurable for all i € Z,
(v) BF, (PE(f) —yF) >0, (p"af —yf) =0, Vi, E=F(w), ¥weQ,
(Vi) D ier Ti = Dier i = Dicr Yi-

On the existence of equilibria defined via the above conception, one can only note that
everything that is known for the core one needs to apply to find fuzzy contractual
elements that correspond to equilibria. Notice also that an attempt to consider an
equilibrium with common prices for both stages instead of two-stages q(-), p(+) leads
us to the notion whose existence is unclear. Moreover, it is also unclear how it
can be interpreted, since in this case contractual process has to be treated as going
simultaneously for strong and weak stable contracts.

Remark 9.3.1 Introduced notions can be illustrated by the conceptual example.
Assume that there is a group responsible for the own word agents, these people always
keep the promises given by them even if it happens to be unprofitable at present and
they can have damage in comparison with a case of a break of concluded earlier
(yesterday) contracts. This contract was mutually beneficial within the limits of
information known yesterday and according to presented uncertainty. Today fresh
information appeared, though uncertainty still is resolved only partially. And now one
of parties to an agreement realizes that according to new facts it would be beneficial to
break off the contract (may be only partially), however he/she does not do it. Though
it seems unreasonable, however, it can be very reasonable for strategic long-term plans,
because the expected utility is applied in the latter case and a current utility in the
former one. However, not all individuals behave themselves so in these circumstances
and even if you are a responsible person in the sense of contractual obligations, it still
does not mean that you are already the club member: it is necessary that other agents
have known and believed in it... So, the contracts concluded among club members
of responsible agents will be realized tomorrow for certain and everybody knows this
while other contracts—depending on a situation, and nobody knows in advance what
exactly will be realized. |

9.4 Computer simulation of contractual processes
in DI-economies

In this section some results of computer simulation for contractual processes that
drives economy to the contractual allocations of different kinds are presented: private
core and equilibrium, D-core and D-equilibrium, and interim concepts too.

13The coarsest og-algebra, such that p(-) is a measurable map.
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Contractual processes were suggested and studied in (Marakulin, 2006b), the ob-
tained results were presented in Part Il of this monograph. Here a standard pure
exchange economy with symmetrically informed agents was considered as a basic
model; several types of processes were suggested, the most major among others is the
proper contractual one. For processes of this kind partial breaking of the contracts
is allowed in the context of several basic hypotheses, determining the character of
contracts’ breaking process, are formulated in a general kind and for major particular
cases. They are the following:

(IB) — instantaneous breaking of the contracts;

(UB) — uniform breaking of all contracts;

(CUB) — uniform breaking of gross within-coalitional contracts.

Combinations of these hypotheses result to proper-contractual trajectories of a
different kind of a generality. Under (IB) and (UB) contractual trajectory turns
out aggregated, under (IB) and (CUB)—-coalitional-contractual; there are formal and
mathematically reasonable definitions. Besides, concept of trade rule is introduced;
this is a map, unequivocally determining mutually beneficial contract for the current
consumption plans, having some additional good mathematical properties. By use
of a trade rule, a contractual trajectory of each mentioned kinds is unequivocally
determined. The special type of benevolent rules of trade stood out as rules which
determine a new contract allowing the break of gross barter contract only if being
realized every new mutually beneficial contract involves contracts’ breaking. Just for
this class of benevolent processes, the basic positive results about convergence were
received. In general case, contractual processes may be cycled. However, their steady
points always have specific equilibrium properties (i.e. it is an element of core or
quasi-equilibrium, depending on the kind of process) that attracts an interest.

Computer simulation of contractual processes was considered and modeled in sev-
eral student works provided under my scientific supervision; in these studies a new
mutually beneficial contract and, therefore, trade rule as a whole, were determined
according to one of known in bargaining theory kinds of solution. In this context
Nash’s and Kalai-Smorodinsky solutions were considered, see Rubinstein, Osborne
(1990), Thomson (1994), that is the most interesting ones from theoretical and prac-
tical point of views. In this section we consider processes that apply so called “local
Nash rule”.

The following model of pure exchange economy with asymmetrically informed
agents is considered. There are 2 kinds of physically different commodities, 2 indi-
viduals and 3 states of the world. Preferences are defined by Cobb-Douglas utility
functions u;(z), z € R® and us(y), y € R® presented in the logarithmic form:

Uy (l’) = Qq, ln(xal) + Qg 1H(£L‘a2) + ap, ln(wbl) + Qp, ln(xbz) + Qg ln(xcl) + O, ln(xcz)a

Uz (y) = Bal ln(yal) + ﬁag ln(yag) + Bbl ln(yb1> + /Bbg ln(ybg) + Bcl ln(ycl) + /802 111(ch);

x> 0,y > 0. The coefficients of these functions are defined at the start of a modeling
program:

o = (Qal)Qaz)ab17ab27acl7acz)7 /8 - (/Bau6&27/8b17/8b27BC17B62)'
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Initial endowments are e=(e;, e5), e; = (e%,€%,€9), e; = (€2, el, e$) and information
) ) 12 %1y %1/ 29 Y25 2

is Py, P, that is presented as partitions of Q = {a,b,c}, it is the set of all states of
the world. In the program, this information is defined as an ordered array of natural
numbers; here the state a has index 1, b—2, ¢—3. Moreover, if for one of the agents
some elements of array concise, then it means this agent is not able to distinguish
states corresponding to the elements’ indexes, 7.e. the states are placed in a common
element of partition. Besides, there are parameters: Step > 0 for the volume of
contract and Accuracy > 0 for the accuracy of equilibrium calculation. Program
starts from the initial endowments (z,y)® = (e}, es).

Further a programmed procedure is described, it is applied for the search of private
equilibrium under the endogenously going process of informational sharing.

Now I first describe the trade rule applied for our process. This rule was called the
“local Nash rule” because the levels of marginal profit from contracts are defined via
the Nash solution. One can show that for a pair agents coalition this rule corresponds
to the principle of “moving along the bisectrix” of the angle formed by gradients
of utility functions (formally for the second one needs to take an anti-gradient): it
means equal contractual profit (it is calculated as an inner product of gradient and the
vector of contractual flow). Let wi™ = Pry(Vuy (™)) and wi” = Pry (Vus(y™)),
where Pryy(-) denotes the projection on the space W C RS of permissible contracts
(parameterized in the 1st agent consumption). Now we have:

(n) (n)

o™ = (v, —p™) ™ = Wy Wy

RG]

Thus gradients are projected on the space of permissible contracts (one needs measur-
ability relative to information of first and second agent) and then they are normalized.
The volume of contract (length of vector) v = (v@, vén)) is defined equal to step,
i.e. v = step*v™ /|[v™ [, Further, the volume of the contract becomes less again
(it is divided on 1.1) until the contract is mutually beneficial, or while its volume will
not become less accuracy (|v™| < accuracy). In the first case contract v(™ is signed
and the system transits to allocation (z,y)™ +v™ that can be further partially bro-
ken off. In the second case, we think that the program has found an equilibrium under
presented information, and (x,y)™ is written in the file. When an equilibrium rela-
tive to fixed information is already found, the next step toward realizing information
sharing can be done.

Contracts breaking procedure is specified as follows. After every time when a
new contract is concluded the first (or second) individual partially breaks the gross

0]

contract in the volume -, and if necessary this breaking is repeated while it is

profitable for the agent. Let A denote the number of these breaking iterations for
a current situation. Then a resulting transition is realized by the formula:

()
n n n n U n n
(2, )" = (3, )™ £ o 1 A u%*(e_ (2,) — 4,

141t is a bit incorrect to apply a common notation for the initial and normalized contracts.
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Figure 9.4.6: Dynamics of private contractual process with an informational sharing
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Information sharing: at every time when equilibrium relative to presented infor-
mation has found it can be profitable for agents to change information (to share).
According to the analysis presented above an agent has incentives to share infor-
mation (wants to inform another agent how he/she can distinguish an element of
partition from another one), if the projection of his utility gradient on the space of
contracts differs from the gradient (i.e. it is nontrivial: gradient does not belong to
space,'® and therefore the map is not measurable). Further, supposing that trial infor-
mational sharing individuals find a new mutually beneficial contract according to the
rule described above, but now already for an updated informational structure. Now
if the volume of a new contract is greater of accuracy, then the agent really shares
the information (trial sharing becomes a real one) and the stage is finished. Other-
wise, the agent thinks informational sharing inefficient however he/she can also try to
use another method of informational sharing (e.g.in sharing procedure one can apply
another element of the informational partition). Finally, if both agents get nowhere,
then the contractual process is finished, and the program ends the work.

The results of the program work are presented in a picture, see Figure 9.4.6.
Here three Edgeworth boxes for the states of the world {a,b,c} (left upper angle
in a box) are presented. The contractual process starts from initial endowments
(small black filled circles) and its development is presented by curves where red color
denotes no breaking of contracts, green one—1st breaks, blue—2nd. Red small filled
circles denote equilibria that correspond to information of 1%, 274, and 3" types:
these structures were consequently improved during the sharing process. Here 1%
corresponds to initial information, 2"¢ was obtained after sharing initiated by 2nd
agent, and then 3" was obtained via 1st agent sharing. Initial model parameters
can be changed, and they are presented in the bottom panel of the screen, from the
left to right: 1st table presents initial endowments data (3 x 4 matrix); 2nd presents
the factors of utility functions; 3rd is initial information; 4th presents the dynamics
of utility changes over the equilibrium allocations relative to different information;
further step, accuracy and number of iterations are presented.

Analyzing the obtained results, one can observe the rather exotic character of
utility and allocation changes. In particular, one can see that at the state ‘a’ after the
second stage of informational sharing equilibrium allocation does not change and the
contractual process stops; another fun fact is that after the first stage of informational
sharing 2nd agent has lost because his/her utility decreased in equilibrium allocations,
nevertheless he/she initiated the sharing. Clearly at the stage of sharing the agent
expected that utility will increase and locally it is so, but then it decreases: this is
because of specific properties of the contractual process where rational decisions are
taken only in a bounded sense, not in a global one.

A similar computer simulation was conducted for contractual processes driving to
D-quasi-equilibrium. The results are presented in Figure 9.4. It is curious that after
the fist act of informational sharing when 2nd teaches 1st to distinguish ‘a’ and ‘0’
resulting market for ‘a’ is separated, but nevertheless the contractual process does
not develop and allocation for ‘a’ is the same. The similar thing for ‘6" and ‘c’, where

15The program inspects both gradients, extending a bit the possibilities for information exchange.
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after when 2nd studied to distinguish them, the situation for ‘b’ does not change and a
dynamic appears only in the market for ‘¢’. In so doing the states of the world can be
ordered in a natural way. It happened because for the initial information the state ‘a’
is a bottleneck, for new information with ‘b’ and ‘¢’ it is ‘b’; notice that exactly these
events implement D-quasi-equilibrium as an equilibrium relative to the presented state
of the world, see Example 9.2.1. It is also curious that for differentiated agents and
some initial data directly after informational sharing contractual process can develop
in such a way that first the partial breaking of signed contracts is realized and new
contracts are signed only later (for data presented in the picture it is not so). This fact
has a simple explanation: after informational sharing in the model with differentiated
agents, some new agents appeared (for an agent utility function is disintegrated into
several parts), and for some of them it can be profitable to break off partially gross
contract. It never can be true for a private equilibrium model.

Conclusion to Chapter 9

In this chapter contractual analysis of the various concepts of core and equilibrium
was provided. It was analyzed:

e Original notions of D-core and D-equilibrium (Definitions 9.2.1 and 9.2.2).

e Original notions of interim core and interim equilibrium (Definitions 9.3.1, 9.3.2)
and their relationships with the concepts of the kind D (Proposition 9.3.2,
Lemma 9.3.1).

e A process of information sharing that drives the economy to interim equilibrium
through a series of intermediate D-equilibria was suggested.

e Universal concepts of two-stage core and equilibrium (Definitions 9.3.3, 9.3.4),
were proposed. The introduced equilibrium notion includes W EFE and REE as
special cases.

e The results of computer simulation are presented to demonstrate a contractual
process with informational sharing.

Concepts of type D are based on the assumption that the individual in the future
has many implementations as if he/she is “split” into parts corresponding to its in-
formation partition. These parts begin independently interact within the framework
of the contractual process, and the system as a whole goes to the core and equilibria
of type D. The results on the existence of D-core and of equilibria are indicated.

The notion of interim equilibrium develops the concept of Rational Expectations
Equilibrium (REFE). The concept of the interim core is also new and through interim
equilibrium corresponds to REFE. A key feature of stability, justifying the interim
concepts, is the absence of agents’ intention to continue the contractual process (and
therefore destroy the already reached agreements) in the position “tomorrow morn-
ing”: all contracts concluded up to moment “yesterday evening” will be implemented.
The examples illustrating investigated notions are described. An example shows that
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usually (generically) interim core and equilibria do not exist. However, this is the
case when one can reveal information and this allows agents to sign a new contract. If
interim equilibrium (element of the core) is implemented, then the contractual process
is finished.

It is important that in all offered and studied concepts individuals cannot lie with
an advantage for themselves and, thereby, all concepts are “incentive compatible.”
Certainly, it happens due to the measurability of contracts concerning private infor-
mation. However, to realize W E E-equilibrium and allocations from the private core
at the moment when tomorrow has already occurred, one needs already today to en-
sure the mechanism of their implementation: legally accomplished agreements and
so on. It is so because if it is not an allocation from interim core then there always
will exist a group of agents wishing to break off contracts “concluded at yesterday
evening” and to conclude the new “at this morning”, i.e., when uncertainty is resolved
(cleared) at least partially. In the absence of an effective mechanism controlling the
implementation of agreements, it will mean short-deliveries by the concluded contracts
and, as a consequence, will imply a disbalance of the economy as a whole.

These reasons lead to the idea of “universal” (adequate) concepts of two-stage
equilibrium and core described in Section 9.3.1. In other words: it was assumed
that in the space of all admissible contracts measurable in the necessary measure,
the special subspace is selected and contracts from it have the special exogenously
given form of stability: if a contract of this type is concluded today, then by no
means it will be realized tomorrow. Other contracts have not so strong stability, but
agents can conclude them also: they are just preliminary agreements. Thus, these
other contracts are the specific form of the optional agreement: tomorrow morning
individuals can change their minds and break off the contract without any problems:
this is according to the game rules. In such a way one comes to that is named
by terminology from Section 1.1, page 32, complex contractual allocations. These
allocations are implemented by stable webs of contracts accounting for the indicated
specificity and potentially different possibilities to break contracts: only as a whole,
or it is possible to do partially. In such a way specific concepts of contractual core
and equilibrium can be introduced: in our case, this is two-stage notions.
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