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1. Introduction

The well-known Birkhoff theorem states that every doubly stochastic matrix has a
positive permanent. In [16] Taranenko conjectured that multidimensional analogues of
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doubly stochastic matrices, called polystochastic matrices, have a positive permanent if
the dimension is even or the order is odd. In the present paper we prove this conjecture
for polystochastic matrices of order 4.

Under a d-dimensional matrix A of order n we mean an array A = (@a)acrts Ga € R,
where I¢ = {a = (a1,...,aq), a; € {0,...,n—1}} is the index set of A. A k-dimensional
plane in a matrix A is a k-dimensional submatrix obtained by fixing d — k positions of
indices and letting the values in other k positions vary from 0 to n — 1. A 1-dimensional
plane of the matrix A is said to be a line, and (d— 1)-dimensional planes are hyperplanes.

A d-dimensional matrix A of order n is a polystochastic matriz if a, > 0 for all @ and
the sum of entries over each line of A is equal to 1. 2-dimensional polystochastic matrices
are known as doubly stochastic. If all entries of a multidimensional matrix A are either 0
or 1, then A is a (0, 1)-matriz, and d-dimensional polystochastic (0, 1)-matrices are said
to be d-dimensional permutations.

A diagonal in a d-dimensional matrix A of order n is a set {a!,...,a"} of n indices
such that each pair af and o/ is distinct in all components. A diagonal {a?,..., a"} is
positive for a matrix A if a,: > 0 for all i € {1,...,n}. The permanent of a multidimen-
sional matrix A is given by

perA = Z H Gy

peED(A) a€p

where D(A) is the set of all diagonals of A.

It is easy to see that the number of perfect matchings in a d-partite d-uniform hy-
pergraph with parts of size n is equal to the permanent of the d-dimensional matrix of
order n representing the adjacency of parts (see, e.g., [16]). The problem of determining
the positivity of the permanent of a d-dimensional (0, 1)-matrix of order n is NP-hard
because for d = 3 it is equivalent to the 3-dimensional matching problem (one of Karp’s
21 NP-complete problems). Certain conditions on the number of 1s in lines, sufficient for
the positivity of the permanent of d-dimensional (0, 1)-matrices, were established in [1]
(in the context of hypergraphs).

The permanent of multidimensional permutations is closely related to the number
of transversals in latin squares and hypercubes. A d-dimensional latin hypercube @ of
order n is a multidimensional matrix filled with n symbols so that each line contains
all different symbols. 2-dimensional latin hypercubes are usually called latin squares.
A transversal in a latin hypercube @ is a diagonal that contains all n symbols.

There is a one-to-one correspondence between d-dimensional latin hypercubes @ of
order n and (d + 1)-dimensional permutations A of order n: an entry ¢a,, ..o, of @

equals a4 if and only if an entry aq, . of A equals 1. Jurkat and Ryser [4] were

< d41
the first to note that the number of transversals in a latin hypercube @ coincides with
the permanent of the corresponding polystochastic matrix A.

The Birkhoff theorem (see, e.g., [8]) states that every doubly stochastic matrix has

a positive permanent and is a convex combination of some permutation matrices. How-
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ever, for d > 3 there exist d-dimensional polystochastic matrices with zero permanent,
even when the matrix is a multidimensional permutation. For example, latin squares
corresponding to the Cayley table of groups Z, of even order n have no transversals, a
fact known since Euler [3].

This observation can be extended to latin hypercubes. Let Q¢ be the d-dimensional
latin hypercube of order n such that ¢, = @1 + -+ a4 mod n. In [19], Wanless showed
that if n and d are even, then the latin hypercube Q% has no transversals. This implies
that the permanent of the multidimensional permutation M¢ corresponding to the latin
hypercube Q%~! is zero when n is even and d is odd. Later, in [2] Child and Wanless
proved that modifications of the matrix M¢? in r consequentive hyperplanes, where
r(r — 1) < n, also produce polystochastic matrices with zero permanent for even n and
odd d.

There are no known examples of latin squares of odd order with no transversals, and
in 1967, Ryser [12] conjectured that every latin square of odd order has a transversal.
Despite Montgomery’s recent breakthrough [9], proving that every latin square of large
order n has a near transversal (a partial transversal of length n—1), the Ryser’s conjecture
is still open.

In [15] Sun proved that latin hypercubes Q% of odd dimension d have a transversal,
and so all matrices M2 of even dimension d have a positive permanent. In that paper,
he also conjectured that all 4-dimensional permutations have positive permanents.

On the basis of these results and computer enumeration of latin hypercubes of small
order and dimension [7], Wanless conjectured the following.

Conjecture 1 (Wanless, [19]). Every latin hypercube of odd order or odd dimension has
a transversal.

This conjecture is trivial for latin hypercubes of order 2 and easy to prove for order
3 [16]. In [17], Taranenko showed that, except for the hypercube Qf of even dimension
d, all latin hypercubes of order 4 have a transversal, and Perezhogin, Potapov, and
Vladimirov in [10] proved that all latin hypercubes of order 5 have a transversal.

In [16], Taranenko extended Conjecture 1 from multidimensional permutations to all
polystochastic matrices.

Conjecture 2 (Taranenko, [16]). The permanent of every polystochastic matriz of odd
order n or even dimension d is positive.

It is straightforward to show that all polystochastic matrices of order 2 with zero
permanent are matrices M$ with odd d (see [16]). It is also proved in [16] that every
polystochastic matrix of order 3 has a positive permanent. Finally, in [18], Taranenko
proved that the permanent of every 4-dimensional polystochastic matrix of order 4 is
positive.

In the present paper, we prove that for even d, every d-dimensional polystochas-
tic of order 4 has a positive permanent, and for odd d, we show that d-dimensional
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polystochastic matrices of order 4 with zero permanent are either equivalent to MY or
matrices constructed by Child and Wanless in [2]. Thus, we confirm Conjecture 2 for
polystochastic matrices of order n = 4. Moreover, this implies that the positivity of
the permanent of a d-dimensional polystochastic matrix of order 4 can be checked in
polynomial time with respect to the number n? of its entries.

2. Definitions, preliminary results, and the proof outline
2.1. Planes, support, and classes of polystochastic matrices

Let A= (aa)aelg be a d-dimensional matrix of order n, where I¢ = {a = (ay, .. ., aq),
a; € {0,. —1}} is the index set of A. Given a matrix A and 1 < iy < -+ <ig_j <d,

we denote by Aal’ lj:’“ the k-dimensional plane of direction (i1,...,iq—r) obtained
fixing index pOblthnS i1,...,0qg—g by values aq,...,aq_k, respectively. If S is a subset
X1y Qd—k
ld—k
. In particular, a hyperplane S is the intersection of S

of indices of A, then the k- dlmensmnal plane S; is the intersection of S and the
k-dimensional plane A7 "
and the hyperplane Af".

We will say that two k-dimensional planes are parallel if they have the same direction,
OLyn@d—k o0 Aﬂl’ Ba—k

Sld—k Sld—k

j=1,...,d—k. Let (Fo, coyDnt) denote the multidimensional matrix of order n with

and parallel planes A; are diagonally located if B; # o for all
parallel hyperplanes I'g,...,I';,_1.

Two matrices are called equivalent if they are obtained from each other by permuta-
tions of positions of indices or by permutations of hyperplanes of one direction.

In this paper, we mostly consider multidimensional matrices of order 4. Let us describe
partitions of such matrices into submatrices of order 2.

Firstly, note that there are three different partitions of the set {0,1,2,3} into two
unordered parts, each consisting of two elements. We label them as

Py =01[23; Po=02[13; Ps=03[12;

that is in partition P; elements ¢ and 0 are in the same part.

To every partition P;, i = 1,2, 3, we assign a function p; : {0,1,2,3} — {0,1} so that
pi(a) stands for a part of P; containing a. Without loss of generality, we assume that
p;(0) = 0 for all partitions P;. Then

Then the tuple € € {1,2,3}%, € = (e1,...,£4), defines a partition of a d-dimensional
matrix of order 4 into 2¢ copies of d-dimensional subcubes Cy, y € {0,1}% of order 2,
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where P, is the partition of coordinates in the ith position. In particular, each C, is
composed of indices a such that y; = pe, (a;) for all i € {1,...,4}.

The support supp(A) of a matrix A is the set of all indices « for which a, # 0. In
what follows, we will denote elements of matrices from the support by e and elements
that do not belong to the support by o. For a nonnegative multidimensional matrix (or
verctor) A, the weight w(A) is the sum of all entries of A.

Recall that a multidimensional permutation is a (0, 1)-polystochastic matrix, i.e., each
line of the matrix contains exactly one nonzero entry. If a polystochastic matrix A has
entries only from the set {0,1/2} (i.e., each line of A contains exactly two nonzero en-
tries), then we call it a double permutation. We will say that a polystochastic matrix
A is a sesquialteral permutation if every line of A contains no more than two nonzero
entries. Note that multidimensional permutations and double permutations are sesquial-
teral permutations.

If A is a sesquialteral permutation, then we can replace all entries a, such that
0 < aq < 1 by 1/2 and obtain a polystochastic matrix B with the same support and
all entries equal 0, 1 or /2.

We will call a multidimensional matrix A with nonnegative entries a stochastic matriz
if the sum of its entries over lines of every direction, except for the first one, is equal to
1. Equivalently, all hyperplanes of the first direction of A are polystochastic matrices,
but the matrix A is not necessarily polystochastic.

The definition of permanent and diagonally located planes imply that for every d-
dimensional matrix A of order n it holds

per(A) = Z per(Af‘llwyik, .. ’A?;,L...,ik)’

(Q1yeeesan)

where sum is taken over all pairwise diagonally located k-dimensional planes Aillk, ceey

A7, of direction (iy,...,dx). The proof of this formula can also be found in [16]. It

yields the following statement.

Proposition 1. Let A be a d-dimensional polystochastic matriz of order n and 1 < k <
d—1.

1. The permanent of the matriz A is positive if and only if there exist pairwise diagonally
LA
I

located k-dimensional planes Af! " i

RS of direction (i1, ...,14) such that
1
N

the permanent of the stochastic matriz (A3, CS AR 4,) ds positive.

2. The permanent of the matrix A is zero if and only if for all pairwise diagonally

located k-dimensional planes AS* o AT of direction (i1,...,i;) we have

T1yenytk) yeeealk

that the permanent of stochastic matrices (A$' ;... A" . ) is equal to zero.
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2.2. Unitrades and bitrades

Following [6], we will say that a collection of indices U, U C I¢, is a unitrade, if
every line of a d-dimensional matrix of order n contains zero or two elements from U. A
unitrade U is called a bitrade if there is a sign function o : U — {£1} such that for every
a, B from the same line it holds o(a) # o(8). In other words, if we consider a unitrade U
as a vertex set of a graph, where two elements are adjacent if and only if they are from
the same line, then a bitrade is a bipartite unitrade. A unitrade U is called connected
if it is not a union smaller unitrades, i.e., the graph corresponding to the unitrade is
connected.

The definitions imply that for every sesquialteral permutation A the set of indices
U(A) ={a|0 < ay < 1} is a unitrade. Note that if U(A) is bitrade with a sign function
o, then there is a multidimensional permutation M such that supp(M) C supp(A4),
supp(M) = {a € supp(A4) : a, = 1 or o(a) = 1}. By the induction on the size of
the support of A, we get that in this case the matrix A is a convex combination of
multidimensional permutations.

For the future, we need the following sufficient condition for a double permutation to
be a bitrade.

Lemma 1. Let A be a d-dimensional double permutation of order n. If there exists k > 2
such that the support of all k-dimensional and (k + 1)-dimensional planes of A are
connected bitrades, then the support U of the matriz A is a connected bitrade.

Proof. By the definition, the support U of a double permutation A is a unitrade. It is
easy to see that if all k-dimensional planes of the matrix A contain a connected unitrade,
then the whole unitrade U is also connected.

So it remains to prove that U is a bitrade. It is sufficient to show that the support
of every (k 4 2)-dimensional plane of A is bitrade, since then we can repeat the same
reasoning till k = d — 2.

Let a unitrade S be the support of a (k+2)-dimensional plane in A. By the conditions,
each hyperplane of S (a (k + 1)-dimensional plane in A) is a connected bitrade.

Fix some hyperplane S of the first direction in the unitrade S and consider all
hyperplanes S5 and SJ in S of the second and third directions. Since S9, Si, and S}
are connected bitrades, there exist sign functions v, o;, and d;, respectively. Since all k-
dimensional planes 510; and Sgé are also connected bitrades, we can choose sign functions
o; and 0; so that they coincide with v on S(l)”; and S?:g, respectively.

Consider k-dimensional planes Sé’é, i,7 € {0,...,n — 1}. Since k > 2, we see that
the (k — 1)-plane 5%3 obtained as an intersection of 5’53 with the hyperplane SY, is a
non-empty intrade. By the choice of o; and d;, we have that sign functions oy, J;, and
7y coincide on S?;JB Since all 5';3 are connected bitrades, we obtain that we can take
either o; or §; as their sign functions.
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Define a function p : S — {£1} so that pu(a) = oi(a) = §;(e) if a € S;% Let us
show that p is a sign function, and so S is a bitrade. Consider two indices «, 5 € S that
are different in one position. Then they both belong to some hyperplane S or Sg CIf
a, 3 € S%, then by the construction p(a) = o;(a) # 0:(8) = u(B). Similarly, if a, 3 € S§,
then p(a) = 6;(a) # §;(8) = u(B). Therefore, p is a sign function. O

2.8. Main result and proof outline

Recall that M is the d-dimensional permutation of order n such that m, = 1 if
i + -+ ag = 0 mod n. Denote by L& the family of d-dimensional polystochastic
matrices of order n obtained as a convex combination AMZ +(1—\)M, 0 < A < 1, where
M is the matrix equivalent to M? such that supp(M) = {a: a1+ +ag_1+7(ag) =0
mod n}, 7 is the transposition (01).

It is not hard to prove (see [2,19]) that matrices M and L2 have zero permanent if
d is odd and n is even. All known examples of d-dimensional polystochastic matrices of
order 4 with zero permanent have odd dimension d and are equivalent to M$ or some
matrix from £.

The main result of the present paper is that M¢ and matrices from the family £ of
odd dimension d are the unique (up to equivalence) polystochastic matrices of order 4
with zero permanent.

Theorem 1. Let A be a d-dimensional polystochastic matriz of order 4 such that perA = 0.
Then d is odd and A is equivalent to M$ or some matriz from L3.

The proof of this theorem is by consecutive narrowing the set of matrices that can have
the zero permanent. Firstly, in Section 3, we show that only sesquialteral permutations
can have zero permanent.

Lemma 2. Let A be a d-dimensional polystochastic matriz of order 4. If there exists a
line in A that contains at least three nonzero entries, then perA > 0.

Next, we prove that if a sesquialteral permutation A of order 4 has zero permanent,
then the support of each 3-dimensional plane of A is equivalent to a matrix from a certain
list. Thus we reduce our consideration to some class of sesquialteral permutations that
we call suspicious. The similar reduction was previously used for transversals in latin
hypercubes of order 5 in [10].

Using restrictions on planes of suspicious sesquialteral permutations A, in Section 4
we show that the unitrade U(A) is a bitrade.

Lemma 3. Let A be a suspicious d-dimensional sesquialteral permutation of order 4 and
U =U(A) be the unitrade of A. Then U is a bitrade.
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It means that if a d-dimensional polystochastic matrix A of order 4 has a zero perma-
nent, then A is a convex combination of some multidimensional permutations with zero
permanent. Such permutations were previously described in [17].

Theorem 2 ([17], Theorem 5). Let A be a d-dimensional permutation of order 4 such
that perA = 0. Then d is odd and A is equivalent to the matriz M.

Thus we obtain the following result.

Lemma 4. Let A be a d-dimensional polystochastic of order 4 such that perA = 0. Then
d is odd and A is equivalent to a convex combination of matrices equivalent to M$.

In the last section (Section 5) we show that if an odd-dimensional matrix A is equal
to a convex combination of matrices equivalent to M% and has a zero permanent, then
A is equivalent to M¢ or some matrix from Lg.

3. Reduction to sesquialteral permutations

We start with some auxiliary results.

Proposition 2. Let A be a d-dimensional polystochastic matriz of order 4. If there is a
subcube C of order 2 such that the weight w(C) = 0 or w(C) = 2%~ then every line of
A contains no more than two nonzero entries.

Proof. Without loss of generality, we may assume that subcube C' is the subcube Cj...q
for some partition £ of A. If w(Cy...9) = 0, then all entries of Cy...o are equal to 0. By the
definition of polystochastic matrix, for every y € {0,1}%, w(y) = 1, the weight w(C,)
is equal to 2971, Tt implies that for every y € {0,1}4, w(y) = 2, the weight w(C,) is
equal to 0. Similarly, if w(Cy...o) = 2971, then for every y € {0,1}%, w(y) = 2, the weight
w(Cy) is equal to 2¢-1 Tterating this process, we obtain that every line contains no more
than two non-zero entries located in subcubes C' with w(C) = 291, O

Proposition 3. Let A be a d-dimensional polystochastic matriz of order n. If T is a k-
dimensional plane in A such that there exists o € I' for which 0 < v, < 1, then there
exist a diagonally located k-dimensional plane T of the same direction and o € T” such
that 0 < 7., < 1.

Proof. It is sufficient to establish that for every index « such that 0 < a, < 1 there is
a diagonally located index o’ with the same property. Indeed, if T" is such that « € T,
then we choose T so that o/ € T".

The required statement can be easily proved by induction on d. The inductive step
follows from the fact that if there is a line L in a polystochastic matrix such that o € L,
0 < aq < 1, then there is another index 5 € L for which 0 <ag <1. O
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Proposition 4. Let A be a d-dimensional polystochastic matriz of order n such that there
exists a d-dimensional (0,1)-submatriz in A of order n — 1. Then the matriz A is a
multidimensional permutation.

Proof. The statement can be easily proved by induction on dimension d from the defi-
nition of a polystochastic matrix. O

The following claim describes 3-dimensional stochastic matrices with zero permanent
in which one of the hyperplanes has a line with at least three nonzero entries.

Claim 1. Let A and B be a pair of 2-dimensional polystochastic matrices of order 4 such
that

o there exists a line in A with at least three nonzero entries;

e there exists a line in B with at least two nonzero entries;

o there exist permutations Cy and Cy such that per(A, B,Cy,Cs) = 0;

o the matriz A has the minimal (by inclusion) support among all matrices with such
properties.

Then up two the equivalence there are only two types of supports of matrices A

L] o ] o o [ ] [ [ ]
[0} [ [ [ ] ] [ ] [e]
(Al) [0} [ ] ] [ ] (A2) [ ] [¢] [ [e]
o [ [ [e] [ ] [¢] ] [ ]

Given a matriz A with support (A1), supports of the corresponding matrices B belong to
List 1

List 1.
L] o (@] (¢} [ ] [¢] o] [¢] [¢] ] [ ] (@] L] o [¢] (¢} [0} [¢] ] [ ]
@] [e] [ ] (] o [ ] o] [ ] [e] [ ] o L] @] [ ] [ ] [0} [0} [ ] [ ] [e]
@] [ ] [ ] o o [¢] [ ] [¢] [ ] ] o @] @] [ ] [ ] o [0} [ ] [ ] [¢]
@] [ ] [¢] [ ] o [ ] o] [ ] [¢] [ ] [¢] L] [e] o [¢] [ ] [ ] [¢] o] [e]

and for a matriz A with support (A2), supports of B belong to List 2

List 2.
o [ ] [ ] o (] [ ] o) [ ] o o [ ] [} [} o o (] [ ] (] o) o
[} o [} o [ ] (] o) [ ] o [ ) o o o [ ] o [ ] o [ ] ® o
[} [ ] o o o (] [ ) o [ ] o) o [} ) [ ] [} o (] (] [ ) [ ]
) o o [ ] [ ] [ ] o) o [ ] o) [ ] [ [ o [} [ ] o [ ] o) [ ]
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Moreover,

1. If the support of B belongs to List 1, then the 0-th row and column of B contain only
zeroes and ones.

2. If the support of A is equal to (A2) and the support of B belongs to List 2, then for
every permutations Cy,Cy such that per(A, B,Cy,Cy) = 0 we have Cy = Cs.

The claim is obtained by computer enumeration of all nonequivalent matrices A with
at least three nonzero entries in some line, matrices B with at least two nonzero entries
in some line, and permutations C; and Cs with checking whether per(A, B,Cy,Cs) = 0.

Now we are ready to prove Lemma 2.

Proof of Lemma 2. By the Birkhoff theorem, the permanent of every doubly stochastic
matrix of order 4 is positive.

Let d > 3 and suppose that A is a d-dimensional polystochastic matrix of order 4 with
zero permanent such that a line L of A contains at least three nonzero entries. Consider
a 2-dimensional plane I' such that L C I'. Without loss of generality, we may assume
that the plane I' is the plane Ag:::::g. By Proposition 3, there exists a diagonally located
2-dimensional plane I' in which there are entries between 0 and 1. By Claim 1, we
may assume that the support of plane T is equal to the matrix (A1) or (A2) (otherwise
consider a matrix equivalent to A).

Suppose that a 2-dimensional plane I' = Ag::::g has support equal the matrix (Al).
Then every 2-dimensional plane I diagonally located to the plane I'" has only zeroes
and ones in the O-th lines of first and second directions (lines Ag:g‘fj:_’&’ad and A?:g‘fj:;;jad,
where as,...,aq € {1,2,3}). Indeed, if a plane I has at least two nonzero entries in
some line, then the support of I belongs to List 1. But Claim 1(1) states that the 0-th
row and the 0-th column of I have only entries equal to zero and one.

Thus we have that in hyperplanes A} and AY of the matrix A there are (0,1)-
submatrices of order 3 composed by entries ag,a,.,....a; 30d Qa1 ,0,05...,00> X102, ...,0q €
{1,2,3}, respectively. By Proposition 4, the hyperplanes A} and AY are multidimensional
permutations.

Consider now the 3-dimensional plane AZ:::::S. By the above, its 0-th hyperplane of
the third direction has support equal to (A1), and the 0-th rows and columns in other
hyperplanes of this direction contain only zeros and ones. So the plane AZ::::S has support
of the form

[ ] [¢] o] [¢] o] [¢] o] [ ] o] [¢] [ ] [¢] o] [ ] o] [¢]
o] [ ] [ ] [ o] [ [ ] [¢] o] [ ] o] [ [ ] [¢] o] [¢]
o] [ ] o] [ ] o] [ [ ] [¢] [ ] o o] [¢] o] [¢] [ ] [
e] ° [ ] o [ ] o e] [¢] o] [ ] o] [ ] o] [¢] [ ] [ ]
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Note that the 2-dimensional plane A -0 d composed by the 1-th columns of this

3-dimensional plane AO O has the support equivalent to matrix (A1) with (0, 1)-lines

0,1,0, 1,3,0, 0 0
A172747____’d and A2,3,4,...,d' Repeatlng the previous reasoning with respect to plane A2,4,...,d

we conclude that hyperplanes A9 and A3 are multidimensional permutations But the
last condition contradicts the structure of the support of the plane A re--r0 "4 since, e.g., the
entry as33,0,...,0 is between 0 and 1. So in this case perA > 0.

Suppose now that all 2-dimensional planes that have at least three nonzero entries in
some line have support equivalent to the matrix (A2). As before, we also assume that
the 2-dimensional plane I' = Ag:::::g has support equal the matrix (A2). Then for every
1<ii<...<igo<dand 1< j; <...<jg—1 <d all 2-dimensional planes A w )
have support of type (A2) and 1-dimensional planes A(;h.__, j._, have three nonzero entries
and one zero entry ao,... 0.

Consider four pairwise diagonally located 2-dimensional planes I'g = AO""’O r, =
A1 d, Iy = A2 d, and I's = A3 3 . As before, by Proposition 3, there ex1sts a 2-
dimensional plane diagonally located With respect to I'g that contains an entry between
0 and 1. By Claim 1, we get that the support of I'; is a matrix from List 2, and planes
T'; and I's are the same permutations C. Moreover, we can simultaneously permute 1-th,
2-th, and 3-th rows and columns of planes I'g,...,I's so that the entry a;, . ; will be
between 0 and 1.

Consider now pairs of diagonally located planes T AO‘S’ % and T'y = Ag"’.f:f 4
a;, B € {2,3} for alli € {3,...,d}, that are also diagonally located toT'gand I'y. Claim 1
implies that 'y and I'y are the same permutation matrices. Therefore, the subcube,
M= {m,:a; € {2,3},i € {1,...,d}}, is a (0, 1)-matrix. Moreover, the condition that
the planes ', and I'j are the same matrices implies that m, = mg for every «, 5 such
that ay = B1, ag = fBa, and «; # S3; for all i € {3,...,d}.

As it was noted before, every 2-dimensional plane AO ?01, g+01 has support of
type (A2). Consider pairwise diagonally located planes F” = A ” ’]’ i]il , T =
AgQin_jl_s_OfJHdad, and I = Aﬂ2’ J’ﬁjl jlff“’ ﬁd, where oy, 5; € {2,3}. Note that

plane I'{ contains an entry between 0 and 1, namely a1 1, and so I'{ has a line with
at least two nonzero entries. Therefore, by Claim 1, the support of the plane I'{ belongs
to List 2 and planes I'j and I'j are the same permutations. Repeating the previous
reasoning with respect to planes I'j and I'y, we deduce that in the subcube M it holds
mq = mg for every o, 8 such that ay = 81, o; = B, and «; # §; for all 1 # 1, 5.

. . . 0,...,0
Taking a sequence of 2-dimensional planes A;’

7 ia_, Such that new planes intersect the

previous ones at some line and repeating the same argument, we obtain that m, = mg
for every «, 8 such that p(a, 8) = d—2 in the (0, 1)-subcube M, where p is the Hamming
distance between indices « and § (the number of different positions). Since for every «, 8
such that p(«, 8) = 2 there exists an index ~ for which p(a,v) = p(v,8) = d —2 (e.g.,
the distance between (2,2,2,...2) and (2,2,3,...,3)) is d — 2, and the distance between
(2,2,3,...,3,3) and (2,3,2,...2,3)) is also d — 2), the previous condition imply that
mq = mg for every a, 8 such that p(a, 5) is even.
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There are only two possibilities for d-dimensional (0, 1)-submatrices M of order 2 in a
polystochastic matrix A of order 4 satisfying the property m, = mg for all a, 5 at even
distance:

1. All entries of M are equal to 0. Then the weight of subcube M is zero, and, by
Proposition 2, every line of A contains no more than two non-zero entries: a contradiction.

2. mq = 1 if w(a) is even and m,, = 0 if w(«) is odd (or vice versa). Then the weight
of subcube M is equal to 2971, Using again Proposition 2 we conclude that every line of
A contains no more than two non-zero entries: a contradiction.

Therefore, there are no polystochastic matrices of order 4 with at least three nonzero
entries in some line that have a zero permanent. 0O

4. Suspicious sesquialteral permutations

Firstly, we describe types of all 3-dimensional planes of order 4 that can appear in
sesquialteral permutations of order 4 with zero permanent.

Claim 2. Let A be a 4-dimensional stochastic matriz of order 4 such that each hyperplane
of the first direction in A is a sesquialteral permutation. If per(A) = 0, then the support
of every hyperplane of the first direction in A is equivalent to one of the matrices from
the following list

[ ] [¢] o [¢] [¢] [ ] [¢] o o [¢] L] [¢] [¢] [0} [¢] [ ]

o] [ ] [0} [¢] [ ] o] [¢] o o] [¢] [0 [ ] [¢] [0} [ ] o

(a) o] [¢] L] [¢] [¢] o] [¢] ] [ ] [¢] [0} o [¢] [ ] [¢] o
o] [¢] [0} [ [¢] o] [ o o] [ o [¢] [ o] [¢] o

[ ] [¢] o [¢] [¢] [ ] [¢] ] [0} [¢] [ ] [¢] [¢] o [¢] [

b o] [ ] o [¢] [¢] [0} [ O [0} o o [ ] [ ] o [¢] o
( ) o] [¢] [ ] [¢] [¢] o [¢] L] [ ] [¢] o [e] [¢] [ ] [e] @]
o] [¢] o [ ] [ o [¢] ] [0} [ ] o [e] [¢] o [ ] @]

[ ] (¢] [¢] o (¢] [ ] (¢] [¢] o (¢] L] (¢] (¢] [¢] (¢] °

o [ ] [¢] o [ ] o (¢] [¢] o o [¢] [ ] (¢] [¢] [ ] [¢]

(C> o (¢] L] (¢] (¢] o (¢] ° [ ] [ ] [¢] (¢] [ ] L] o [¢]
o (¢] [¢] [ ] (¢] o [ ] [¢] [ ] [ ] [¢] (¢] [ ] ° (¢] [¢]

o [¢] [¢] ¢] [¢] ° o (¢] [¢] [¢] [ ] [ ] [¢] [¢] [ ] [ ]

d o [ ] [0} o [ o [¢] [©] o [¢] L] [ ] [¢] o [ ] [
( ) o [¢] [ ] o [¢] o [¢] [ [ ] [ ] O O [ ] [ ] o [©]
o [¢] o [ ] [¢] o [ ] [©] [ ] [ ] ] o [ ] [ ] o [©]

[ ] [e] [©] o] [¢] [ o] [¢] [©] [e] [ ] [ ] o [©] [ ] °

O [ ] [©] o] [ o o] [¢] [©] o] [ ] [ ] o [©] [ ] [ ]

(e) ] o [ ] [ ] [e] [©] [ ] [ [ [ ] [¢] o] [ ] [ o] [¢]
] o [ [ ] [e] [©] [ ] [ [ [ ] [©] o] [ ] [ [e] o
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[ ] [ ] (¢] o [ ] [ ] o o (¢] o [ ] L] (e] (¢] [ ] [ ]

[ ] [ ] (¢] o [ ] [ ] o (¢] (¢] o [ ] L] (e] (¢] [ ] [ ]

(f) (¢] o [ ] [ ] (¢] (¢] [ ] [ ] [ ] [ ] (¢] [¢] [ ] [ ] o o
(¢] o [ ] [ ] o (¢] [ ] [ ] [ ] [ ] (¢] [¢] [ ] [ ] o (¢]

° (¢] (¢] (e] (¢] ° (¢] (¢] [¢] (¢] [ ] [ ] o [¢] [ ] [ ]

[¢] [ ] [¢] (¢] [¢] [¢] [ ] (¢] ° [¢] [¢] [ ] [ ] [¢] o [ ]

(g) o [¢] ° o [¢] [0} O [ [ ] [ ] [©] ¢] [ ] L] o [©]
o [¢] ] [ ] [ ] o o [©] o [ ] [ ] o [¢] L] [ ] [©]

[ ] ° o] [¢] [©] [ ] [ ] o] [¢] [©] [ ] [ ] [ ] o] [¢] (]

h o [ ] [ ] [¢] [©] o [ ] [ ] [ ] [©] o] [ ° [ ] [¢] o]
( ) o [©] [ ] [ ] [ ] o [¢] [ ] [ ] [ ] o] [¢] [©] [ ] [ ] o]
[ ] [©] o] [ ] [ [ ] [¢] o] o ° [ ] [¢] [©] o [ ] (]

Claim 2 is verified by computer calculation. Firstly, we enumerate all supports of 3-
dimensional sesquialteral permutations of order 4 and find that they constitute 44 equiv-
alence classes. Note that these supports are exactly the orthogonal arrays OA(32, 3,4, 2)
that were previously enumerated in [13] (see case OA(32;2;4%)). Next we choose three
(possibly the same) supports of 3-dimensional sesquialteral permutations of order 4,
take matrices equivalent to them as supports of three hyperplanes of the first direction
in a 4-dimensional stochastic matrix A of order 4, and consider the maximal support in
the last hyperplane I' of A so that perA = 0. To verify that there is a 3-dimensional
polystochastic matrix B of order 4 such that supp(B) C supp(I), it is sufficient to con-
sider only sesquialteral permutations that cannot be expressed as a convex combination
of 3-dimensional permutations of order 4.

Let us give more details on matrices from the list of Claim 2. Matrices (a) and (b)
are supports of multidimensional permutations corresponding to the Cayley tables of
groups Z2 and Z4 (the matrix M3), respectively. Matrices (f) and (h) are the supports
of double permutations. Moreover, matrices (¢)—(f) are obtained as a union of supports
of two multidimensional permutations of type (a), and supports of matrices (g) and (h)
are a union of supports of two permutations corresponding to a matrix type (b).

By Proposition 1, if the permanent of a d-dimensional sesquialteral permutation A of
order 4 is zero, then the support of every 3-dimensional plane of A is equivalent to a
matrix from the list of Claim 2. So we call sesquialteral permutations with 3-dimensional
planes satisfying this property suspicious.

Following [5], we introduce the several operations for index subsets and multidimen-
sional matrices.

Let S C I¢ be a set of indices. For i € {1,...,d}, let T;(S) denote the union of all
lines of direction 4 that intersect the set S. We also define the complement of the set S
in direction i as \;S = T;(S)\S. Note that if U is the support of a unitrade of order 4,
then for every ¢ € {1,...,d} the set \;U is also the support of a unitrade.

Given a d-dimensional unitrade U of order 4 and y € {0,1}%, denote \,U = \;,---\;, U,
where ji,...,j, are all indices such that y;, = --- = y;, = 1. Define E(U) =
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U \yU to be the union of all complements of U in an even number of di-
w(y)=0 mod 2

rections. We will say that E(U) is the even completion of U. The definition implies that
U C E(U). In [5, Proposition 3.7(d)] it is proved that the even completion of every
unitrade is a double permutation.

Let A be a d-dimensional double permutation of order 4. We will say that directions
i and i are equivalent for A if there exists a connected unitrade S C supp(A) such that
\;S = \¢S. In [5] it is shown that this condition does define an equivalence relation ~

which does not depend on the choice of S and divides the set {1,...,d} into equivalence
classes Kj.
At last, given a dj-dimensional (0,1)-matrix A = (aa>aeld1 order n and ds-

dimensional (0,1)-matrix B = (bﬁ)ﬁelﬁz order n, the direct sum A @ B is a (dy + da)-
dimensional matrix C of order n with entries co 3 = aq ® bg, where 10 =001 =1
and 090 =1@1=0. It is easy to see that if A and B are double permutations, then
A @ B is a double permutation.

For the future, we need the following auxiliary result.

Proposition 5 (/5/, Theorem 4-1). Let A be a d-dimensional double permutation of or-

der 4. Then there exist d;-dimensional connected double permutations B, j = 1,...,k
k k

> dj = d, such that A = @ B; and the coordinate set of each B; is the equivalence

j=1 j=1

class for the relation 2. Moreover, the support of the matrix A is a bitrade if and only
if the support of every B; is a bitrade.

Since U C E(U), to prove Lemma 3 it is sufficient to establish the following result.

Lemma 5. Let A be a suspicious d-dimensional sesquialteral permutation of order 4,
U =U(A) be the unitrade of A, and E(U) be the double permutation equal to the even
completion of U. Then E(U) is a bitrade.

Proof. By Proposition 5, there exist d;-dimensional connected double permutations 5;
k k
j=1,...,k, Y dj = d, such that the double permutation E(U) = @ B;, where the
j=1 j=1
position set of each B; is the equivalence class of E(U) under the relation VA
We need to show that all B; are bitrades. For this purpose, we describe the equivalence
relation "’ and take a closer look at planes of E(U).
Firstly, note that each 3-dimensional plane of the even completion E(U) of U is

equivalent to a matrix (f), (h) or (), where

(i)

® O O e
O O e e
O e e O
® @ O O
® O O e
O O e e
O e e O
® @ O O
O e e O
® ®© O O
® O O e
O O e e
O e e O
® @ O O
® O O e
O O e e
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To prove this fact, it is sufficient to check that the even completion of the unitrade U for
every 3-dimensional sesquialteral permutation with the support from the list of Claim 2
is equivalent to a matrix (f), (k) or (7).

Then every 2-dimensional plane of E(U) is equivalent to

(F) or  (H)

O O e e
O O e e
® ®© O O
® ®© O O
® O O e
O O e e
O e e O
® @ O O

Moreover, if some 2-dimensional plane of E(U) has type (F) (or type (H)), then all 2-
dimensional planes of the same direction have type (F) (type (H)), because it is true for
matrices (f), (h), and (4).

We present the types of 2-dimensional planes of the d-dimensional double permutation
E(U) as an edge coloring ¢ of the complete graph Ky, where ¢(i,j) = F if all 2-
dimensional planes of direction (4,5) in E(U) have type (F) and ¢(i,7) = H if all such
planes have type (H).

Note that the matrix (f) corresponds to a coloring of K3 whose all edges have color F,
the matrix (h) corresponds to a coloring of edges of K3 in color H, and the matrix (7) is
a coloring of two edges of K3 in color F, and the last edge has color H. So the condition
on the 3-dimensional planes of E(U) implies that the coloring ¢ has no subgraphs K3
in which one edge has color F and two edges are of color H. It means that if two edges
of color H are adjacent, then the third edge completing them to K3 also has color H.
Therefore, edges of color H in ¢ compose cliques (complete subgraphs) connected by
edges of color F.

Note that if for some i and for all j an edge (¢, j) has type (F) in ¢, then the equivalence
class containing 7 has size 1 and B; is a 1-dimensional bitrade.

We show that directions i~ j if the edge (i,7) in ¢ has type (H) and ¢ is not equivalent
to j if the edge (4, ) has type (F). Indeed, consider a connected component S of E(U)
and assume that all 2-dimensional planes of E(U) in direction (4, j) have type (F). Then
the component S has all 2-dimensional planes equivalent to the matrix

] [e] ] [e]
@] [e] ] [e]
] [e] L] [ ]
@] [e] [ [ ]

and it is easy to see that \;S # \#S.

Let us now show that all connected double permutations B; are bitrades. If B; is a
1-dimensional double permutation, then, by the definition, it is a bitrade. As we proved
above, if the dimension d; of B, is at least 2, then every 2-dimensional plane of B; has
type (H). If d; > 3, then the support of every 3-dimensional plane of B, is equivalent to
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the matrix (h), so it is also a connected bitrade. Thus Lemma 1 implies that all B; are
bitrades.
To prove that E(U) is a bitrade, it remains to apply Proposition 5. O

Remark. Claim 2 is used only to obtain that for a given suspicious sesquialteral permu-
tation of order 4 all 2-dimensional planes of the same direction of the even completion
E(U) of its unitrade U have the same type. The independent proof of this fact will make
unnecessary the computation of all possible 3-dimensional planes in Claim 2.

5. Convex combination of linear multidimensional permutations and proof of the main
result

To characterize, when a convex combination of permutations M¢ has a zero perma-
nent, we consider a more general class of permutations, which we call block permutations.
Block permutations are equivalent to latin hypercubes corresponding to semilinear quasi-
groups. To define and handle this class, we introduce addition notation as a modification
of the notation from [17] for multidimensional permutations.

Recall that a tuple £ € {1,2,3}, € = (e1,...,£4), is a partition of a d-dimensional
matrix of order 4 into 2¢ copies of d-dimensional subcubes Cy, y € {0, 1}¢ of order 2,
where P, is the partition of coordinates in the ith position.

To every partition P;, i = 1,2,3, of {0,1,2,3} we associate a parity function pu; :
{0,1,2,3} — {0,1} so that u;(0) = 0 for all i and in each part of P; the function u takes
both values. To be precise, let

0; 1
p2(0) = pa(1) = 05 p2(2) = pa(3) = 1;
0; 1

Next, let Q& be the set of Boolean vectors y € {0, 1}¢ such that the weight of y is even,
and Q be the set of all Boolean vectors from {0, 1} with odd weights, QIUQ$ = {0, 1}

We will say that A is a d-dimensional block permutation of order 4 with parameters
(E,\,8), where € € {1,2,3}4, €& = (e1,...,€4), s € {0,1}, and X : Q¢ — {0,1} is a
Boolean function, if

g =1
Pey (1) ® -+ - D pe, (ag) = s and
He,y (041) DD ey (ad) ® )‘(pel (a1)7 s 7p€d(ad)) =0.
Informally speaking, firstly a tuple £ defines a partition of a d-dimensional matrix of

order 4 into 2¢ copies of d-dimensional subcubes Cy of order 2, y € {0, 1}%. Next, the
value s specifies which subcubes C), contain a d-dimensional permutation of order 2: if
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s = 0, then the subcube Cy is a permutation for every y, w(y) is even, and if s = 1,
then the same holds for y of odd weights. We will say that subcubes C, containing a
permutation are filled, and subcubes Cy, equal to the zero matrix are empty. At last, the
Boolean function A is responsible for which one of two d-dimensional permutations is
chosen in a subcube C,,.

It can be checked that this construction of block permutations does give multidimen-
sional permutations. Also, if for a block permutation A a partition £ is fixed, then s and
the Boolean function A are unique. Meanwhile, there are multidimensional permutations
that have more than one presentation in a block form with different partitions £ (their
characterization is given in [11]).

Let us show that the permutation M¢ can be presented as a block permutation, and,

moreover, it has unique parameters.

Proposition 6. A d-dimensional permutation M$ is a block permutation with the unique
parameters ((2,...,2), A\, 0), where A\yr : Q4 — {0,1} is such that Ay (z) = 0 if w(z) =
0 mod 4 and A\py(z) =1 if w(x) =2 mod 4.

Proof. Note that if M¢ is a block permutation with the unique parameters ((2,...,2),
A, 0), then every matrix equivalent to M$ is a block permutation for some unique
parameters (E', N\, s).

We prove the statement by induction on d. In the base case, the support of the matrix

3 .
M4IS

® O o O o O o e o O ® O o e o O
o O o e o O ® O o e o O ® O o O
o O ® O o e o O ® O o O o O o e
o e o O ® O o O o O o e o O ® O

It can be verified directly that M3 is a block permutation with parameters ((2,2,2), A\,
0) and these parameters are unique.

From the definition of M¢ and the block permutations, it follows that parameters
((2,...,2), \,0) do define the permutation M$. Since all parallel hyperplanes of a
fixed direction are equivalent to ./\/lff_l7 from the inductive assumption we get that the
obtained parameters are unique. 0O

Let us show that a certain small modification of the permutation M¢ results in a

matrix with a positive permanent.

Lemma 6. Let A be a d-dimensional block permutation equivalent to M% and C be some
filled subcube of the matriz A. Then a (0,1)-matriz B obtained from A by adding one
new entry to the support of the subcube C has a positive permanent.
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Proof. By Proposition 6, it is sufficient to prove the statement for the matrix M.
Moreover, by Theorem 2, we may assume that d is odd.

By the definition and Proposition 6, every filled subcube C of the matrix MY is
composed by indices « such that oy +--- 4+ @y =0 or 2 mod 4. Since for every « from
the support of M it holds o +- - -+ag = 0 mod 4, for each new entry « in the support
we have that o7 + -+ ag =2 mod 4.

We prove that there is a positive diagonal in M¢ containing any index a with the last
property by induction on d. The base cases are d = 3 and d = 5.

Up to permutations of positions, there are 5 possible choices of « in a 3-dimensional
case:

(0,0,2), (0,1,1), (0,3,3), (1,2,3), (2,2,2).

We can choose the remaining three elements from the support M3 giving a positive
diagonal, for example, as follows:

(0,0,2) (0,1,1) (0,3,3) (1,2,3) (2,2,2)
(1,2,1) (1,0,3) (1,1,2) (0,3,1) (0,1,3)
(2,3,3) (2,2,0) (2,2,0) (2,0,2) (1,3,0)
(3,1,0) (3,3,2) (3,0,1) (3,1,0) (3,0,1)

For d = 5, there are 2 possible indices « (up to permutations of positions) that cannot
be reduced to the 3-dimensional case by deleting a pair of components that sum to 0
modulo 4:

(1,1,1,1,2), (2,3,3,3,3).

The remaining three elements from the support M3 completing them to a positive
diagonal, for example, are the following:

(1,1,1,1,2) (2,3,3,3,3)
(0,0,2,2,0) (0,0,1,1,2)
(2,2,3,0,1) (1,1,0,2,0)
(3,3,0,3,3) (3,2,2,0,1)

It can be verified directly that for every index o = (aq,...,aq) with d > 7 and
such that a3 + -+ 4+ ag = 2 mod 4 there are k components i1,...,ix, k € {2,4}, for
which a;, + -+ a;, =0 mod 4. Without loss of generality, we assume that the first k£
components of « satisfy this equality.

By the inductive assumption, for the index (ag41,...,aq) there are indices (a,lgﬂ,
o), (@R, 03), and (o}, 4,...,05) in MIF completing it to a positive di-
agonal. Also by Theorem 2, for the index (ai,...,a ) in M} we can find indices
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(al,...,ap), (af,..., a%) and (a3, ...,a}) completing it to a positive diagonal. So the
indices (af,...,ab), (a3,...,a3), and (af,...,a3) complete a = (ay,...,aq) to a posi-

tive diagonal. O

In view of this lemma, if there are two matrices equivalent to M¢ such that the
support of one matrix adds some new entries to a filled subcube of another matrix, then
the convex combination of these matrices has a positive permanent. So we take a closer
look at the intersections of filled subcubes.

Proposition 7. Let A be a d-dimensional block permutation matriz equivalent to M% with
parameters (E,X,s), € = (e1,...,€4), such that exactly k elements of € are equal to 2.

1. If 0 < k < d, then every filled subcube of M$ intersects 22=%=1 filled subcubes of A
by k-dimensional submatrices of order 2.

2. If k = d and s = 0, then filled subcubes of A and M$ coincide, and if k = d and
s =1, then the filled subcubes of A and M$ do not intersect.

Proof. Recall that, by Proposition 6, the matrix M$ is a block permutation with pa-
rameters ((2,...,2), Aar,0). By the definition and Proposition 6, filled subcubes of M$
are matrices

Cy=A{(ay,...,aq) :a; €{0,2} if y; = 0,0; € {1,3} if y; = 1}, w(y) is even.

Also the definition of the block permutation implies that if £ = (2,...,2) and s = 0,
then the filled subcubes of A are the same as subcubes of M¢, and if £ = (2,...,2) and
s = 1, then the filled subcubes of A are

Cy ={(ar,...,aq) : o €{0,2} if y; = 0,0; € {1,3} if y; = 1}, w(y) is odd,

and so they do not intersect.

Suppose now that exactly k elements of £ are equal to 2. Without loss of generality,
we may assume that ¢; = 2 fori € {1,...,k},e; =1forie {k+1,...,¢}, and ; = 3
forie {£+1,...,d}. We also suppose that s = 0 (for s = 1 the reasoning is similar).

Then the filled blocks Cj, of A, where y € Q4d, are composed of indices (a, ..., aq)
such that

o forie{l,...,k} components o; € {0,2} if y; =0, and a; € {1,3} if y; = 1;
o forie{k+1,...,¢} components o; € {0,1} if y; =0, and o; € {2,3} if y; = 1;
o forie {{+1,...,d} components o; € {0,3} if y; =0, and o; € {1,2} if y; = 1.

Without loss of generality, we study the maximal intersection of filled subcubes of
A with the filled subcube Cp...o of M%. In our assumptions, it is attained on filled
subcubes C} of A with y; = 0 for all i € {1,...,k} and consists of indices (a1, ...,aq)
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such that a;; € {0,2}ifi € {1,...,k}, s =0ifi € {k+1,...,d} andy; =0 and o; = 2if
i €{k+1,...,d} and y; = 1. It remains to note that this set is exactly the k-dimensional
submatrix of order 2, and the number of such filled subcubes Cj is 2d=k=1 g

Given a matrix A obtained as a convex combination of matrices B and B’ equivalent
to M$, let the tesselation index of A be the dimension of the maximal intersection of
filled subcubes of B and B’. If all filled subcubes of B and B’ do not intersect, we will
say that the tesselation index is —oo. Due to Propositions 6 and 7, the tesselation index
is well defined.

Proposition 8. Let a d-dimensional polystochastic A be a convexr combination of matrices
B and B’ equivalent to M%. If the tessellation index of A is equal to —oo, then the
permanent of A is positive.

Proof. If d is even, then the permanent of A is positive because, by Theorem 2, the
permanents of matrices B and B’ are positive.

Let us prove the statement for odd d. By Proposition 7, we may assume that matrices
B and B’ are block permutations with parameters (£, A,0) and (€, X, 1), respectively.
Note that the permanent of A does not depend on the partition £ and is determined by
only the Boolean functions A and ).

By the definition of the tesselation index, filled subcubes of matrices B and B’ do not
intersect. So we may assume that the matrix A is decomposed into subcubes C, filled
by d-dimensional permutations of order 2, where the choice of a permutation is defined
by the Boolean function A, A(y) = A(y) if w(y) is even and A(y) = N (y) if w(y) is
odd. It means that every line of A contains exactly two nonzero entries, and so every
2-dimensional plane of A is a doubly stochastic matrix with exactly two nonzero entries
in each line. Since d is odd, for every diagonally located indices o and o’ in a subcube

C

Y
Consider the pairwise diagonaily located 2-dimensional planes 'y = AO"“’0 r, =

exactly one of them belongs to the support of A.

A1 d, I's = A‘3 d, and I's = A3 d 3 of A. There exists a pair of indices 7,4, 7 7& ', such
that supp( i) = I 2 \supp(T'y/) because the same holds for subcubes Cy intersecting these
2-dimensional planes. Moreover, by the same reason, for j and j’, {7, 5,7, j'} = {0, 1,2, 3},
we have supp(T';) = I3 \ supp(T;).

Therefore, in the 3-dimensional stochastic matrix R = (I'g,I'1,T'3,'3) every line con-
tains exactly 2 nonzero entries, and the support of R is a support of some 3-dimensional
double permutation of order 4. The exhaustive enumeration of all 3-dimensional double
permutations of order 4 (see, for example, [14]) gives that all such matrices have positive
permanent. By Proposition 1, the permanent of the matrix A is also positive. O

Note that a matrix from class £¢ has a tesselation index d — 1 and it is a convex
combination of two matrices such that each matrix adds no new entries to the support
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of filled subcubes of another because otherwise, by Lemma 6, £¢ should have a positive
permanent. We show that matrices from £¢ are unique matrices with such property.

Proposition 9. Let A be a convex combination of matrices B and B’ equivalent to M$.
If the tesselation index of A is equal to d — 1 and A is such that no new entry is added
to the support of filled subcubes of B and B’, then the matriz A is equivalent to a matriz
from L.

Proof. By Proposition 7, we may assume that B = M% and B’ is a block permutation
with parameters (€', ), s), where exactly d — 1 elements of £ are equal to 2. Without
loss of generality, let £ = (2,...,2,3).

Proposition 7 also implies that every filled subcube of M$ intersects exactly one filled
subcube of B’ by a (d — 1)-dimensional submatrix of order 2 and vice versa. So there
is a bijection ¢ between filled subcubes C, and C’; of M% and B’. Since there are no
new entries in the supports of filled subcubes of M¢ and B’, the value Ay (y) for a filled
subcube C), uniquely defines by the value A'(¢(y)) in the filled subcube C;(y). Thus the
function )\’ is unique for this partition £’, and the matrix A coincides with some matrix
£3. o

From the definition of the class L, we see that for every A € £4, each hyperplane of
direction j # d is equivalent to some matrix from Ei_l, and two of four hyperplanes of A
of direction d are equivalent /\/lff*l, while two other hyperplanes are double permutations.
Moreover, if A is a matrix equivalent to some matrix from £¢, then this property holds
with respect to some direction j of hyperplanes. In this case, we will say that j is the
special direction for the matrix A.

Proposition 10. Let A be a d-dimensional polystochastic matriz of order 4 obtained as
a convexr combination of matrices My, ..., My, k > 2, equivalent to M% and such that
no new entry is added to the support of filled subcubes of M;. Then k = 2 and either
the filled subcubes of My and My do not intersect or the matriz A is equivalent to some
matriz from L4.

Proof. Without loss of generality, we may assume that M; = M.

We prove the statement by induction on d. The base of induction is d = 3 and it can
be checked by computer enumeration.

Consider a d-dimensional polystochastic matrix A of order 4 obtained as a convex
combination of matrices My, ..., My, k > 2, equivalent to M$ and such that no new
entry is added to the support of filled subcubes of M;. Note that every hyperplane I" of
the matrix A is a (d — 1)-dimensional polystochastic matrix that is either equivalent to
the multidimensional permutation M$~* or it satisfies the same condition as the matrix
A. In the second case, by the inductive assumption, the support of hyperplane T is a
union of two matrices equivalent to M9~ such that their filled subcubes do not intersect
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or it is equivalent to some matrix from [,ff*l. Since k£ > 2, not all hyperplanes I of A
are multidimensional permutations.

Note that if all supports of hyperplanes I" are unions of two matrices equivalent to
M4~ with disjoint filled subcubes, then the same holds for the matrix A.

Assume that there exists a hyperplane I' of direction i of the matrix A equivalent
to Ei_l having a special direction j. Since every hyperplane IV of direction ¢ # 1i,j
intersects T' by (d — 2)-dimensional planes equivalent to a matrix from 52_2, we deduce
that all such hyerplanes I are also equivalent to matrices from Efl and, moreover,
their special direction is j. Then A is the convex combination of two matrices M; and
My equivalent to M? such that two of four hyperplanes of direction j are equivalent to
/\/lj'ffl and the other two hyperplanes of this direction are double permutations.

Recall that, by Proposition 6, the first two hyperplanes of direction j in A have the
unique parameters as block permutations. Then the matrix Ms has parameters (&, A, s),
where £ has an element nonequal to 2 only at position j because otherwise M; and
Ms (and their filled subcubes) cannot coincide in some hyperplanes of direction j (see
Proposition 7). Thus the tesselation index of the matrix A is equal to d — 1 and, by
Proposition 9, A is equivalent to some matrix £¢. O

At last, we are ready to prove the main result of the paper.

Proof of Theorem 1. Let A be a d-dimensional polystochastic of order 4 such that
perA = 0. By Lemma 4, d is odd and there are different permutation matrices My, ..., My
equivalent to M¢ such that A is a convex combination of My, ..., My. If k = 1, then A
is equivalent to M4,

Suppose that & > 2. If there is a matrix M; such that some of another matrix M; adds
a new entry to a filled subcube of M;, then, by Lemma 6, the permanent of A is nonzero.
Thus, no new entry is added to the support of filled subcubes of M;, i = 1,...,k. By
Proposition 10, k = 2 and either the filled subcubes of M; and M, do not intersect or
the matrix A is equivalent to some matrix from L. In the first case, the tessellation
index of the matrix A is —oo, and so by Proposition 8, we have that perA # 0. So the
unique remained possibility for A to have the zero permanent is to be equivalent to some
matrix from £¢. O

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgments

The research of A. L. Perezhogin and A. A. Taranenko has been carried out within
the framework of a state assignment of the Ministry of Education and Science of the



A.L. Perezhogin et al. / Journal of Combinatorial Theory, Series A 215 (2025) 106060 23

Russian Federation for the Institute of Mathematics of the Siberian Branch of the Russian
Academy of Sciences (project no. FWNF-2022-0017).

Data availability
No data was used for the research described in the article.

References

[1] R. Aharoni, A. Georgakopoulos, P. Spriissel, Perfect matchings in r-partite r-graphs, Eur. J. Comb.
30 (2009) 39-42.

[2] B. Child, I.M. Wanless, Multidimensional permanents of polystochastic matrices, Linear Algebra
Appl. 586 (2020) 89-102.

[3] L. Euler, Recherches sur une nouvelle espéce de quarrés magiques, Verh. Zeeuwsch. Gennot. Wet.
Vliss. 9 (1782) 85-239, Enestrom E530, Opera Omnia OI7, 291-392.

[4] W.B. Jurkat, H.J. Ryser, Extremal configurations and decomposition theorems. I, J. Algebra 8
(1968) 194-222.

[5] D.S. Krotov, On decomposability of 4-ary distance 2-MDS codes, double-codes, and n-quasigroups
of order 4, Discrete Math. 308 (15) (2008) 3322-3334.

[6] D.S. Krotov, V.N. Potapov, On the cardinality spectrum and the number of Latin bitrade of order
3, Probl. Inf. Transm. 55 (4) (2019) 344-366.

[7] B.D. McKay, .M. Wanless, A census of small Latin hypercubes, STAM J. Discrete Math. 22 (2008)
719-736.

[8] H. Minc, Permanents, Encyclopedia of Mathematics and Its Applications, vol. 6, Addison-Wesley
Publishing Co., Reading, MA, ISBN 0-201-13505-1, 1978, xviii+205 pp.

[9] R. Montgomery, A proof of the Ryser—Brualdi—Stein conjecture for large even n, arXiv:2310.19779,
Available at https://arxiv.org/abs/2310.19779.

[10] A.L. Perezhogin, V.N. Potapov, S.Y. Vladimirov, Every Latin hypercube of order 5 has transversals,
J. Comb. Des. 32 (2024) 679-699.

[11] V.N. Potapov, D.S. Krotov, Asymptotics of n-quasigroups of order 4, Sib. Math. J. 47 (4) (2006)
873-887.

[12] H.J. Ryser, Neuere Probleme der Kombinatorik, Vortrage Uber Kombinatorik Oberwolfach, vol. 10,
Juli 24-29, 1967, pp. 69-91.

[13] E.D. Schoen, P.T. Eendebak, M.V.M. Nguyen, Complete enumeration of pure-level and mixed-level
orthogonal arrays, J. Comb. Des. 18 (2010) 123-140.

[14] M.J. Shi, S.K. Wang, X.X. Li, D.S. Krotov, On the number of frequency hypercubes F™(4;2,2),
Sib. Math. J. 62 (5) (2021) 951-962. Translated from: Sib. Mat. Zh. 62 (5) (2021) 1173-1187.

[15] Z.-W. Sun, An additive and restricted sumsets, Math. Res. Lett. 15 (6) (2008) 1263-1276.

[16] A.A. Taranenko, Permanents of multidimensional matrices: properties and applications, J. Appl.
Ind. Math. 10 (4) (2016) 567-604. Translated from Diskretn. Anal. Issled. Oper. 23 (4) (2016)
35-101.

[17] A.A. Taranenko, Transversals in completely reducible multiary quasigroups and in multiary quasi-
groups of order 4, Discrete Math. 341 (2) (2018) 405-420.

[18] A.A. Taranenko, Positiveness of the permanent of 4-dimensional polystochastic matrices of order 4,
Discrete Appl. Math. 276 (2020) 161-165.

[19] I.M. Wanless, Transversals in Latin squares: a survey, in: Surveys in Combinatorics 2011, in: London
Math. Soc. Lecture Note Ser., vol. 392, Cambridge Univ. Press, Cambridge, 2011, pp. 403—437.


http://refhub.elsevier.com/S0097-3165(25)00055-X/bib120F3ACEF0376DB3333D19E5EF1DBF59s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib120F3ACEF0376DB3333D19E5EF1DBF59s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibCDC7F8E2886C31475D8F39C17A683D79s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibCDC7F8E2886C31475D8F39C17A683D79s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibBC646BE3146F2CF27FD63A9F687EE7ABs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibBC646BE3146F2CF27FD63A9F687EE7ABs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib474FCC19B2B6E68F7E8B653399E8D9B5s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib474FCC19B2B6E68F7E8B653399E8D9B5s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD57E815B59FF8FE8D7613F018E0F48B3s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD57E815B59FF8FE8D7613F018E0F48B3s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibDA3CAF86EBAF507C603877BA774AFC02s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibDA3CAF86EBAF507C603877BA774AFC02s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD9F794F62C71724280CD44E345121868s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD9F794F62C71724280CD44E345121868s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibE6967EF3EFA020483B632A4AAFA91F80s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibE6967EF3EFA020483B632A4AAFA91F80s1
https://arxiv.org/abs/2310.19779
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibBE91A07EAC8C5C15016E42C03050B41Fs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibBE91A07EAC8C5C15016E42C03050B41Fs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD9C2611CC85E6CC4DAB14121A4CA0C3Cs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibD9C2611CC85E6CC4DAB14121A4CA0C3Cs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib5DC20C84A7C64D63C2CB7BFEDA275033s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib5DC20C84A7C64D63C2CB7BFEDA275033s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib94AA373A0D2479ED96FAF93DF11D88CFs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib94AA373A0D2479ED96FAF93DF11D88CFs1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib438B8AA8737D2FBBF0E913844B693612s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib438B8AA8737D2FBBF0E913844B693612s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bibEBD556E6DFC99DBED29675CE1C6C68E5s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib10476CAC92A8CFDE2A15073CDB2B89A9s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib10476CAC92A8CFDE2A15073CDB2B89A9s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib10476CAC92A8CFDE2A15073CDB2B89A9s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib97FAE026F239A576F45C39E924A5028Es1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib97FAE026F239A576F45C39E924A5028Es1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib1A2DD046F3AB63572462AD54D510BB30s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib1A2DD046F3AB63572462AD54D510BB30s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib43749CFD097243A97E3774723D430403s1
http://refhub.elsevier.com/S0097-3165(25)00055-X/bib43749CFD097243A97E3774723D430403s1

	Characterization of polystochastic matrices of order 4 with zero permanent
	1 Introduction
	2 Definitions, preliminary results, and the proof outline
	2.1 Planes, support, and classes of polystochastic matrices
	2.2 Unitrades and bitrades
	2.3 Main result and proof outline

	3 Reduction to sesquialteral permutations
	4 Suspicious sesquialteral permutations
	5 Convex combination of linear multidimensional permutations and proof of the main result
	Declaration of competing interest
	Acknowledgments
	Data availability
	References


