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Abstract
We consider various definitions of degrees of discrete functions and establish relations
between the number of relevant (essential) variables and degrees of two- and three-valued
functions.
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1 Introduction

Let T be an arbitrary set and let 7" be the Cartesian power of T. Given a function f
on T", a variable x;, 1 < i < n, is called relevant (essential, or effective) if there exist
ar,...,qi—1,di41,...,a, € T and b, ¢ € T such that

flai,...,ai-1,b,aiy1,...,ay) # f(ar,...,ai-1,¢,ai11, ..., a).

In this paper we study the relationship between various concept of degrees and the number
of relevant variables for two- and three-valued functions on [¢]", where [¢] is a g-element
set. Binary-valued functions can be considered as indicator functions of subsets of [¢]", so
we can speak about the number of relevant variables for sets. For any bijection 7 : T — [gq]
and any injection o : [p] — P relevant variables of f : [¢]* — [p] one-to-one correspond
to relevant variables of o o f o. So, the relevance of variables does not depend on bijections
of the domain and on injections of the image set of a function. For convenience, we take
{—1, 1} as the image set of two-valued functions. Binary-valued functions on {0, 1}" are
called Boolean.

It is easy to see that every Boolean function f : {0, 1} — {—1, 1} can be represented as
a real polynomial. The minimum degree of a polynomial that coincides with f on {0, 1}" is
called the degree of f.

A famous theorem of Nisan and Szegedy [6] states that a Boolean function of degree d
has at most d2¢~! relevant variables. This bound was improved to 6.614 - 24 in [4], and then
it was further improved to 4.394 - 24 in [11].
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For every balanced Boolean function f, the degree of f is equal to the order of correlation
immunity of f @ £y, where £{(x1, ..., x,) =x1 @ --- D x, (see [3], Theorem 5). Thus, the
number of non-relevant variables of f is equal to the number of linear variables of f & ¢;. So,
bounds on the number of relevant variables provide bounds on the number of linear variables
and vice versa in the case of balanced Boolean functions. The same bound as in [6] was
proved in terms of correlation immunity in [8].

Itis possible to generalize the definition of the degree to other discrete functions in different
ways, one of them is used by Filmus and Ihringer [5]. The precise definition of this degree
will be given in the next section. The remark at the end of their paper [5] and the upper bound
for Boolean functions from [11] imply that a two-valued function f on [¢]" of degree d has

at most 4.394 - 2M1982414 relevant variables. In [10] this bound was improved to % for
q #2.

In the next section we introduce degrees deg;(f) for functions f : [g]" — [p],
where deg,(f) coincides with the degree d. In Section 4! we prove upper bounds
%Jrzdegl(f)c,{‘]lego(f)’1 and %7‘:2deg2(f)q‘]lego(f)’2 (Theorem 1) for the number of rele-
vant variables of two-valued functions. Unlike the previous bounds, the new bounds depend
on deg;(f) and deg,(f). We will see that they are better than all other known ones for

some classes of functions. For example, the second bound is better than others if ¢ > 4

degg(f)+1
and deg, (f) = deg(f). Moreover, in Section 5 we obtain upper bounds %

(Theorem 2), ”—Qdegl (f)geenHN=1 and %degz( £)q4ee0(=2 (Theorem 3) for the number
of relevant variables in the case of three-valued functions.

Our proofs are based on the notion of an average sensitivity. We consider a function
f :[q]" — [p]lasa p-coloring of a graph G such that |V (G)| = ¢". The average sensitivity
I[ f] is the number of mixed colored edges in G. Our estimation of /[ f] is similar to the
proof of the Bierbrauer—Friedman bound (see [2] and [7]) and depends on the adjacency
matrix of G. In previous papers [5, 6, 10, 11] the authors implicitly or explicitly treated G
as the Hamming graph. In the present paper we use the Cartesian products of cycles instead
of the Hamming graphs.

Moreover, in Section 3 we discuss relations between these degrees and other well-known
degrees of Boolean function such as numerical and algebraic degrees.

2 Fourier-Hadamard transform

In this section we treat the domain [¢]" of functions as an abelian group G of order [¢]".
Consider the vector space V(G) consisting of functions f : G — C with the inner product

(f,8) =Y f)gw).
xeG

A function f : G — C\{0} mapping from G to the non-zero complex numbers is called a
character of G if it is a group homomorphism from G to C, i.e., ¢ (x + y) = ¢(x)¢(y) for
each x, y € G. The set of characters of G is an orthogonal basis of V(G).

We consider the linear space V(Zj) of complex valued functions with finite domain
ZZ = (Z/qZ)". Let & = ¢¥"1/4. We can define characters of ZZ as ¢,(x) = £ where
(x,2) =x121 + -+ + xpz, mod g for each z € Zg.

! The results of Sections 3 and 4 were presented in the 9th International Workshop on Boolean Functions and
their Applications.
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Below we will consider Z, as the set {—%, ....—1,0,1,..., 4} if g is even and as
the set {(—951, ..., ~1,0,1,..., 9"} if ¢ is odd. We define the mth degree of ¢,, z =
(21, ..., 2n), as the sum deg,, (¢;) = ZZ:I |z |™. The weight of z € ZZ is the number of

nonzero coordinates of z, i.e., wt(z) = deg(¢;).

Changing the variables x; — y; = &% or x; — y; = £ we see that ¢, corresponds to
an expression of the form y' - - y;" of degree deg; ¢..

Consider the expansion of f € V(ZZ) with respect to the basis of characters

1
fo =25 D Wi (x), M

n
ZEZq

where Wy(z) = (f, ¢;) are called the Fourier—Hadamard coefficients of f. The function
We e V(ZZ) is called the Fourier—-Hadamard or Walsh—Hadamard (in binary case) transform
of f. We define

d = d )
eg,, (f) W?}a;;é 0 eg,, (¢;)

If g = 2 or g = 3 then we see that deg,,, (f) = deg(f) for all m. Note thatin [5] and [10]
the authors call deg,(f) the degree of f. For ¢ > 4 and any z € ZZ including a coordinate
Zi, |zi| = 2 we have deg;(¢;) > degy(¢,). In the next section we will justify that deg; is
some analogue of the polynomial degree.

Consider the simplest example of a function f* with different values of degrees deg,, (f),
m=20,1,....Let f:Z4s — {0, 1} be defined by the values f(0) = f(1) = f(2) = 0 and
f(—=1) = 1. We have & = ¢?71/4 = and

po=(,1,1,1), ¢y =(1,i,—1,—i), pop =(1,—1,1,—-1), ¢p_1 = (1, —i, —1,10).
By the definition, deg,, (¢o) = 0 forall m, degy(¢,) = 1forz # 0;deg;(¢1) = deg;(p—_1) =
1, deg; (¢2) = 2; deg, (¢1) = degy(d—1) = 1, deg,(¢2) = 4. It is easy to calculate that
1
f=7@oti¢1—¢2—id-).

Thus, degy(f) = 1. deg; (f) = 2. deg, (f) = 4.

3 Properties of numerical degree of Boolean functions

Let 7 be a finite subset of C. Consider the linear space V(T") of complex valued functions
on T". Let Ci(x1, ..., x,) be the linear space of polynomials over C, where every variable
has degree at most k — 1.

Proposition 1 For every function g € V(T") there exists a unique polynomial P, €
Cr(x1,...,xp), k = |T|, such that Py|rn = g.

Proof We will prove the existence of the polynomial by induction. If n = 1 then P, is the
Lagrange interpolating polynomial. By the induction hypothesis, there exist P;|pn-1, ;) =
(xi—=tj)

_ ! ~ | LT\ ~ .
glpn—1 x{ti}> where #; € T. Then P,(x) = > P (x,-)W, where X; is the set of all
i=1 ey
J i
variables except for x;. Since the dimensions of V(7") and Cr(xy, ..., X,) coincide, such a
polynomial is unique. O
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Let deg P be the degree of P € Ci(xy, ..., x,). We will call the weight rank (wran P)
the maximum number of variables in the monomials of P. Obviously, wran P < deg P and
if k = 2 then wran P = deg P. We define deg,,,,, ¢ = deg P, and wran,,,;,g = wran P,.

Proposition2 Ler f : Zy — Cand let s : Zy — C be defined by the equation s(x) = §*.
Then there exists g € V ((s(Zy))") suchthat f = gos, wran,,,g = deg, f and deg,,,, & >
deg; f.

Proof By (1) we have

1
FOrm) = 5 ) W@ g,

n
zeZq

Define g by the following equation.

1 :
g(sl,...,Sn)=q—n Z Wf(y)si‘l..'s')l’n’

ye{0,1,....g—1}"
where y; = z; mod ¢q. It is easy to see that f = g o s and |z;|] < y; for every i =
1, ..., n. Therefore, deg,,,, § = max, 22:1 Yk > max; ZZ:1 |zx| = deg; f. Moreover,
wran,,,g = max wt(z) =deg, f. O

Wy (2)#0

Consider a function f : Z;’ — C and two injections s; : Z; — C, where T; = s5;(Zy)
and f = gjos;,i = 1,2. Then g; € V(Ti"), i = 1,2. Itis easy to see that wrany;;;g1 =
wran,,, g2 but deg,,, g1 and deg,,,, g2 may be different even in the case n = 1. Indeed,
consider a function f : Z3 — C defined by the equation f(—1) =1, f(0) =5, f(1) =09.
IfT = {t, to + 11, t0 +2t1}, 20,11 € Ctheng(t) = 1 + %(I —1y),i.e., deg,,,, & = 1 butfor
an arbitrary 7" in the common case we have deg,,,,,,, ¢ = 2. So if we want to define the degree
deg,,.. [ asdeg,,,, g1 then it will unfortunately depend on the injection of a finite set into C.
Below we will consider the case |T| = 2 in more detail. In this case deg,,,,,,, f = wran,,, f
and therefore this degree does not depend on the injection into C.

Next we treat the domain [2]" of functions as a vector space . A real-valued function
f : F5 — Ris called a pseudo-Boolean function. By Proposition 1 every pseudo-Boolean
function can be represented in numerical normal form (NNF)

fGr ) =) ama ey (@)
yel;
where x9 = 1,x! = x, and a(y) € R. The maximum degree of the monomial in NNF is

called the numerical degree of f.
Every Boolean function f : 5 — IF; can be represented in algebraic normal form (ANF)

FOns o x) = M- x5, ©)
yelj
where x0 = 1, x! = x, and the function M r IF’; — IF, is called the Mobius transform of

f. Itis well known (see [3]) that for every function the ANF is unique.
The maximal degree of the monomial in ANF of f is called the algebraic degree of f,

i.e., degalg(f) = Mn}a)x 1wt(y). A function f is linear if its degree is at most one and
)=

£(0) = 0. Denote by ¢, the linear function £, (x) = (u, x) = u1x1 @ uzx; ® -+ O upxy,
where u € F5, and ¢1(x) = x1 ® x2 & - -+ @ x;,. Obviously, if f # const or f # {1
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then dega,g(f) = degalg(f @ €1). A variable x; of f is called linear if f(xq,...,x,) =
8(Xr, v oy Xis 1, Xig 1, ooy Xn) D X

We can consider a Boolean function as a pseudo-Boolean function with values {0, 1} C R.
Itis easy to prove that deg,;, (f) < deg,,,, (f) for any Boolean function f. Indeed, consider

ANF f(xi,....x) = @ a(y)x]' - x;3", where a(y) = Mf(y). Then

yelF;
(=Dt = [ (=)@ and 1= 27 () = [ (1= 2a(y)x]" - xi),
yel] yel

since (—1)? =1 —2bforb € {0, 1} C R.
Using x? = x for x € {0, 1} C R, we obtain that

degalg(f) = degnum (f)= degnum((_l)f)'

Denote by V (IF5) the 2"-dimensional vector space (over R) of pseudo-Boolean functions.
By (1), we have

1
DI =22 30 W=D,

yelr;

where W ¢ (y) are the Walsh-Hadamard coefficients of f. Since (—1)0*) = []/_, (—1)¥¥ =
[T'2, (1 = 2y;x;), we have

1 n
D =20 - wrm [Ta = 2yix).

yeF, i=1
Then .
d =d -l = t(y) = d . 4
egnum (f) egnum(( ) ) W;r(li))(#ow ()’) egO(f) ( )
Proposition 3 For every Boolean function f : F5 — Ty it holds deg,,(f) =
min{deg,(f), n — degy(f)}.

Proof Denote by W( f) the multiset of Walsh—-Hadamard coefficients of f. From the defini-
tions we see that
YEW() ©y®d1leW(f ®Ly). 5)

Thendeg,,,,, (f®€1) = n—Wn(lvi?#owt(y).Sincedegulg(f) = deg, (f @) ifdeg,, (f) >
fO

1, then we obtain another inequality de < min{ max wt(y),n — min Wt .
quality deg (/) < min{ max W) n = min, wi(y))

By (4) we obtain the required inequality if deg,;,(f) > 1. For deg,;,(f) < 1 the required
inequality is obviously true. O

Denote by 7(f) the number of the relevant variables of f. From the definitions, we
have degalg (f) < t(f) for Boolean and deg,,,,,,(f) < t(f) for pseudo-Boolean functions.
Does there exist a reversed inequality in a general case? There exists a Boolean function
£1 with minimal algebraic degree degalg (¢1) = 1 and maximal number n of the relevant
variables. Moreover, there exists a pseudo-Boolean function j (x) = (—1)* 4. - -4 (—1)" =
n—2(x1+- - -+x,) with minimal numerical degree deg,,,,,, () = 1 and maximal number n of
the relevant variables. Thus, the inequalities for algebraic degree of Boolean functions and for
numerical degree of pseudo-Boolean functions cannot be reversed. However, as mentioned
in Introduction, the numerical degree provides an upper bound for the number of relevant
variables in the case of Boolean functions. In the next sections we prove upper bounds for
the number of the relevant variables for g-ary two- and three-valued functions.
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4 Bounds for two-valued functions

The Cayley graph Cay(G, S) on abelian group G with connecting set S, S C G, § = -,
0 ¢ S, is the graph whose vertices are the elements of G and whose edge set E is {{x, a+x} :
x€G,ae S}

It is well known that the set of scalar characters of abelian group G is an orthogonal basis
consisting of eigenvectors of the adjacency matrix of Cay(G, §).

Proposition 4 ([1], Corollary 3.2) Let ¢ be a character onZ. Then its eigenvalue with respect
to Cay(Z!, S) is equal to Y ¢ (s).
seS

LethZq\{O}.ConsiderS"={(0,...,0,§,0,...,0):seS,i:l,...,n}CZZas

l
a connecting set in Zg. If § = Z4 \ {0} then Cay(Zg, S) is the complete graph K. By the
definition of the Cayley graph we obtain that Cay(Z}, S") = K, ---0K,. This graph is
equal to the Hamming graph H (n, ¢). The Hamming graph induces the Hamming distance
dp between vertices. This distance dy (u, v) is equal to the number of places in which n-
tuples u, v € Zj differ. The eigenvalues of the Hamming graphs are well known and are
obtained from Proposition 4.

Corollary 1 The eigenvector ¢, (x) = &2 of the adjacency matrix of H(n, q) corresponds
to the eigenvalue A, = (g — 1)n — qwt(2).

In the present paper we take S = {—1, 1}. Thus, Cay(Z,, S) is the circular graph C,
consisting of one cycle. In this case S” is a collection of n-dimensional vectors consisting of
+1and zeros. Then Cay(Zg, $") = C4U - --[0Cy = Cy. The graph C7 is called a hypercube
with induced Lee distance d,, where dp (u, v) = Y '_; min{|u; —v;|, g — |u; —v;|}. If g =2
or g = 3, then the Hamming and Lee distances are the same. We say that an edge {x, y} in
C;’ has direction i if vertices x and y differ in the ith position.

For a given vector z € Zg denote by ax(z) the number of elements k € Z;, in z. Then

n= Y ar(z). By Proposition 4, we obtain
keZq

Corollary 2 The eigenvector ¢ (x) = <) of the adjacency matrix of C}} corresponds to
the eigenvalue A, =2n — 4 Y a;(z) sin’ %k'
keZq

Proof In the case of Cj; the connecting set S" consists of vectors with &1 in the ith position,

where i = 1, ..., n, and zeros in other positions. By Proposition 4 we have
n n 2”2
A, = Z g1zt Z(SZi +ETH) = ZZCOS !

ses” i=1 i=1 q

2k k
= 20— Y 2ap(@) (1 —cos 5y = 20— dag(2) sin®
keZq q keZq q

m}

We will use some results on the theory of invariant subspaces of Hamming graphs devel-
oped by Valyuzhenich and his coauthors. Denote by Uy (1, ¢) the linear span of all ¢,, where
z has weight k. Ui (n, g) is a subspace of V(Z,). The direct sum of subspaces

Uo(n7 ‘I) @ M @ Um(nv CI)
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is denoted by Ujg, (1, q). Straightforwardly, Ujo ) (1, g) is the set of functions f such that
degy(f) < m (see [10]).

Proposition 5 ([10], Theorem 1) Let f € Ujo,m(n, q), where g > 3 and f # 0. Then
Isupp(f) = ¢"™".

Denote by f|y,=, aretractof f,i.e.,
SFlo=a (X1, ooy Xim 1, X s oos X)) = f(X1, 000, Xim1, @, X1y oo Xp).
Proposition 6 ([9], Lemma 4) If f € Ujo,m)(n, q), m > 0. Then the difference
flxi=a = flxj=p belongs 10 Ujo,m—11(n — 1, q).
Corollary 3 If flx,—a # flu=b then [supp(flx—a — flx=p)| = g" =420V,
The next property follows from the definition of the Fourier—-Hadamard coefficients.

Proposition 7 Ifa function f € V(ZZ) does not essentially depend on variable x; and z; # 0
then Wy (z) = 0.

By the definition of degree we obtain

Corollary 4 If a function f € V(Zy) has no more than m relevant variables then degy(f) =<
m.

Next, we prove the converse statement on the bound of the number of relevant variables
under conditions on the degrees of functions. The proof of the following theorem is similar
to the arguments from [10] but we use the hypercube with the Lee metric instead of one with
the Hamming metric.

Theorem 1 For a two-valued function f on Zj it holds
7’ degy(f)—1 n’ degy(f)—2
((f) = 7 degy (g™ and 1(f) = T degy (g =,

where t(f) is the number of relevant variables of f.

Proof We will consider the domain of f as the vertex set of Cy. Let A be the adjacency matrix
of C;’. An edge {x, y} of C(’Z‘ is called mixed colored if f(x) # f(y). The total number of
edges of C; is ng". Denote by I[ f] the number of mixed colored edges of Cy. Note that

the average number % of mixed colored edges in the Hamming graph is called the
average sensitivity of f. But /[ f] may be less than the sensitivity of f in the case of Cy.
Straightforwardly, we can prove that

—(Af, f)=2I[f1— Qnqg" = 2I[f].
By the definition of characters, we obtain that f = in > Wy (2)¢;, and

q
zeZg

1
Af.D= o5 D kW @ (@, ). ©!

n
zeZq

It is clear that (¢, ¢;) = ¢". By Corollary 2, we obtain that

1 k
1M1= 5 3 IWr@F 3 a@sin ”7 7

2€Z) keZg
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Using sin? y = sin(x — y) and sin? y < y?, we have

ki

1 k>
=5 DWW Y ak) (%) : ®)

€2y k=—k|

wherek; = 2,k' =4 —1ifgisevenand k| = k; = (¢ — 1)/2if g is odd. By the definition
2:%1 =2 1

k1 ki
of degrees, we obtain that > ay )k?* < degy(f)and Y ax (k2 < kideg; (f) for all
k=—k,| k=—k;
zZ € Zg. Then from Parseval’s identity ) [W, @? = q2” and (8) we obtain
zeZg
degy (f) (7> ~ ~
If1< gz—f (;> DWW < degy(f)m?g"* and I[f1<(deg;(f)m*q""y2.

ZEZZ
©
Let x; be a relevant variable of f. Consider the retracts f|y,—o, f|x=1,... There are at least
two numbers ay, az € Zg such that f|x,~:aj #* f|x,»:aj+1 mod ¢> J = 1, 2. By Corollary 3,
we obtain that at least Zq"_dego(f) mixed colored edges have direction i. Then I[f] >
2t(f)g" 920 By inequalities (9) the proof is complete. O

Next we consider an example of a function f;, such that the new estimate of ¢(f;,) is

d—2

greater than the previous one. For ¢ = 3 the presented bound %zdegz( fq is weaker

than Valyuzhenich’s bound % since deg, (f) > degy(f) = d and ”72 > %. So, consider
the following example for ¢ = 4. Let h : Z4 — {0, 1} be defined by the vector of values
(1,1,0,0). We have equalities Y, .z, h(x)i™* = Y 5 h(x)i* =0, where i = /—1.
Consider f,, : Zj — {0, 1}, where f,,(x1, ..., x,) = h(x1) - h(x2) - - - h(xp,). It is clear that
t(fm) = m. Let us estimate 7( f;,) using the above formulas. By Proposition 7, we conclude
that Wy, (z) = 0if zx # O for some k > m. If z; = O for all k > m, then we obtain that

Whi@) =D (&~ = 0 (g™ =3 Thrn)i T - )i T

=4 hGeE ) (O ()T, where £ =i

X1 Xm
Since ), h(x)i™** = 0 for z = 2, we conclude that deg, ( f;,) = degy(fin) = m. Thus, the
new bound 7( f;,) < ”32—2’"4”‘ is slightly better than Valyuzhenich’s bound #( f;,,) < %m.

5 Bounds for three-value functions

It is possible to generalize our methods to functions with three different values. We put the
2mi .
set of values & = {1, £, £~!}, where & = ¢35 . Let the domain of f be the vertex set of C"Z‘

and let A be the adjacency matrix of Cy. Itis easy to see that ab+ab = —1ifa,b € Eand
a # b;aa + aa = 2 foreach a € E. Then
(Af, ) =—11f1+20ng" = I1fD, (10)

where /[ f] is the number of mixed colored edges. Indeed, on the left side of the equation two
adjacent vertices with equal values give the term 2 and two adjacent vertices with different
values give the term —1.
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By (6), (10) and Corollary 2 we obtain that

4n DIWr@P Y a(z) sin® %k. (11)

3
g €7y keZq

If]=

Using (11) instead of (7), similarly to Theorem 1 we prove the following inequalities for
three-valued functions.

Theorem 2 For a three-valued function f on Zj it holds

2 2
T _ 2 _
(== deg,(f)g¥® =1 and  1(f) < 5 deg, (f)qiceo(N=2

where t(f) is the number of relevant variables of f.

Moreover, using arguments from [10] we can prove the following statement.

d
Theorem 3 Every three-valued function f of degree d = deg,(f) on Z]}, has at most %
relevant variables.

Proof Every vertex of the Hamming graph H (n, ¢) has n(g — 1) neighbors instead of 2n
neighbors in C;‘. So, if A is the adjacency matrix of H (n, q), then

B ng-1 ,
(Af ) ==1Uf1+2( = —q" ~ 111). (12)
By (6), (12) and Corollary 1 we obtain that
311f] = qi 31w @ Pwi). (13)

n
zeZq

Using Parseval’s identity Y |Wy (2)|? = ¢¥" and the definition max wt(z) = degy(f) =
2€Zll <
d we obtain that
3I[f] < ¢"a. (14)

Let x; be arelevant variable of f. By the definition of the relevant variable, not all retracts
flxi=0, flx;=1.... are equal. Let us estimate the number of pairs of distinct retracts. Suppose
that #; be the number of retracts of type j, where j = 1,...,k,2 <k < gq, ZIJ‘-:] tj=q.
It is easy to see that there exist Zl;:l tj(g —tj) > 2q — 2 ordered pairs of distinct retracts.

Thus, by Corollary 3, we obtain that at least (g — l)q”’d mixed colored edges have direction
i. Then I[f] > (g — Dt(f)q" . By inequalities (14), the proof is complete. O

6 Conclusions

The main goal of this paper is to explore new relationships between the Fourier-Hadamard
spectrum of a discrete function and the number of its relevant variables, particularly in the non-
binary case. We aim to answer questions of the following type: Are there discrete functions
with a given Fourier—-Hadamard spectrum that have no irrelevant variables? We introduce
new degrees of discrete functions based on the Fourier—Hadamard coefficients and establish
relationships between these new degrees and known ones. We show that the new degrees
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provide better upper bounds on the number of relevant variables than existing bounds for
g-ary functions when g > 4. Previously, all known bounds estimated the number of relevant
variables only for two-valued functions. In this paper, however, we establish a similar bound
for three-valued functions. Nevertheless, we believe that the new bounds are far from tight
and can be improved.

Another problem we are interested in is finding a lower bound on the number of linear
variables of a ternary function, depending on the order of correlation immunity. As mentioned
in the Introduction, in the binary case, there is a strong connection between this problem and
the upper bounds on the number of relevant variables based on the function’s degree.
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