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Abstract—We prove that arbitrary n-ary quasigroups of order 4 can be transformed into each
other by successive switchings of {a, b}-components. We prove that perfect (closely packed)
binary codes with distance 3 whose rank (dimension of the linear span) is greater by 1 or 2
than the rank of a linear perfect code can be taken to each other by successive switchings of
i-components.
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1. INTRODUCTION

A powerful tool for investigation in the theory of single-error-correcting binary codes is the
i-component switching method, which consists in successively replacing subsets of a code and
preserving the code parameters at each step. Constructions of perfect codes with various nontrivial
properties have been obtained by this method (see surveys [1, 2]; see also recent paper [3] and
bibliography therein). Presently, very little is known about switching classes of perfect binary
codes, i.e., equivalence classes in which codes can be obtained from one another by several successive
switchings of i-components. In [4] a perfect code of length 15 was found that does not belong to
the switching class of the Hamming code. In recent paper [5], using computer-aided complete
classification of perfect binary codes of length 15, the number of switching classes of such codes
was found; this number is 9. At the same time it was found that all perfect binary codes of length 15
with rank (dimension of the linear span) from 11 to 13 belong to one switching class, and up to
now this has been only empirically justified. In the present paper we prove (Section 3) a similar
statement for perfect binary codes of arbitrary length and of rank greater than the minimum by
at most 2.

As is shown in [6], all such codes (perfect binary codes of rank at most +2) can be described using
a concatenated construction [7] in terms of n-ary quasigroups of order 4. Using a characterization [8]
of such quasigroups, we deduce in Section 4 that they all belong to one switching class under an
appropriate definition of a switching for quasigroups. This fact is a key point in the proof of a
similar statement for perfect codes of small rank.

2. BASIC DEFINITIONS

Denote by En the set of ordered binary n-tuples (vertices). The Hamming distance d(x, y)
between vertices x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) is the number of positions in which

1 Supported in part by the Federal Target Program “Research and Educational Personnel of Innovation Rus-
sia” for 2009–2013, government contract no. 02.740.11.0429, and Russian Foundation for Basic Research,
project nos. 10-01-00424 and 10-01-00616.
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x and y differ. The set of vertices that are at distance at most one from x is said to be a ball of
radius 1 centered at x and is denoted by B(x).

A set C ⊂ En is said to be a perfect binary code with distance 3 of length n (in what follows,
we call it a perfect code) if |B(x)∩C| = 1 for every vertex x ∈ En. It is known that perfect binary
codes of length n exist only if n = 2t − 1, where t is a positive integer. The rank of a code is
the dimension of its linear span. A linear (i.e., coinciding with its linear span) perfect code (with
distance 3) is called a Hamming code; such a code is unique up to a permutation of coordinates.
A perfect code is said to be of rank +r if its rank is greater by r than the rank (dimension) of the
Hamming code of the same length.

Let Σ be an arbitrary nonempty set of a finite cardinality k. A function f : Σn → Σ is called
an n-ary quasigroup of order k if f(x) �= f(y) for any two elements x, y ∈ Σn that differ in exactly
one position.2

In what follows, we assume that Σ = {0, 1, 2, 3} and consider n-ary quasigroups of order 4 only.
By ⊕ we denote a binary operation on Σ defined by the table

⊕ 0 1 2 3

0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

(the set Σ with the operation ⊕ is a group isomorphic to the additive group Z2 × Z2). Note that
the n-ary quasigroup g(x1, . . . , xn) ≡ x1 ⊕ . . . ⊕ xn plays a key role in the characterization [8] of
quasigroups of order 4.

For n-ary quasigroups and perfect codes, we define the notions of switching components and
switching equivalence, which play the main role in our analysis.

By an {a, b}-component of an n-ary quasigroup f we call a nonempty subset S ⊂ Σn such that
f(S) = {a, b} and for any x in S and any i in {1, . . . , n} there exists exactly one y in S that differs
from x in the ith coordinate only. A trivial example of an {a, b}-component is the whole preimage
f−1({a, b}), which is denoted by Sa,b(f); sometimes, it can be split into smaller {a, b}-components.

We say that a function g is obtained from an n-ary quasigroup f by switching of an {a, b}-com-
ponent S if

g(x) =

⎧
⎪⎪⎨

⎪⎪⎩

f(x) for x /∈ S,

a for x ∈ S, f(x) = b,

b for x ∈ S, f(x) = a.

The definition of an {a, b}-component immediately implies that g is an n-ary quasigroup. We say
that n-ary quasigroups f and g are switching equivalent if one can be obtained from another by
finitely many successive switchings of {a, b}-components, where pairs of elements a, b ∈ Σ can be
different for different switchings.

An i-component of a perfect code C ⊂ En is a subset K ⊂ C such that the set D obtained
from C by inverting the ith coordinate in all binary tuples from K is a perfect code. In this case it
is said that D is obtained from C by switching of the i-component K. We say that perfect codes
A and B are switching equivalent if one can be obtained from another by finitely many successive
switchings of i-components, where the numbers i, i ∈ {1, . . . , n}, can be different for different
switchings.

2 This definition does not apply to infinite-order quasigroups.
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3. SWITCHING EQUIVALENCE OF PERFECT CODES OF RANK AT MOST +2

The construction proposed in [7] relates n-ary quasigroups and perfect codes. Consider a par-
ticular case of this construction. Fix a linear perfect code (Hamming code) R ⊂ En. Assume that
for each r ∈ R we have an n-ary quasigroup fr : Σ

n → Σ. Denote

C0
0 = {0000, 1111}, C0

1 = {1001, 0110}, C0
2 = {0101, 1010}, C0

3 = {0011, 1100},
C1
0 = {0001, 1110}, C1

1 = {1000, 0111}, C1
2 = {0100, 1011}, C1

3 = {0010, 1101},
C0 = {000, 111}, C1 = {100, 011}, C2 = {010, 101}, C3 = {001, 110}.

Define a subset C ⊂ E4n+3 by

C =
⋃

r∈R

⋃

a∈Σn

Qr,a,fr(a)
, Qr,a,a0 = Ca0 × Cr1

a1 × Cr2
a2 × . . .× Crn

an . (1)

The obtained code C is perfect. Indeed, as one can easily check, for any word x in E4n+3 there
is a unique way to obtain a codeword by changing at most one symbol in x. To each such x
there correspond unique r′, a′, and b such that x ∈ Qr′,a′,b. If r′ /∈ R, then there exists a unique
word r ∈ R that differs from r′ in a single position i. Then, by changing x in four coordinates
corresponding to i, we obtain a codeword c; moreover, as follows from the definition of an n-ary
quasigroup, a particular coordinate among these four is uniquely determined by the condition
b = fr(a), c ∈ Qr,a,b. If r′ ∈ R, then from a similar condition we find which of the first three
coordinates should be changed (or nothing should be changed; then x ∈ C).

It is easily seen that codes defined by (1) are of rank at most +2. It was shown in [6] that the
converse is also true.

Lemma 1. Any perfect code of rank at most +2 can be represented, up to a permutation of
coordinates, using construction (1).

The following statement is directly implied by definitions.

Proposition 1. Let a perfect code C ⊂ E4n+3 satisfy equality (1). Assume that an n-ary
quasigroup fr, r ∈ R, has an {a, b}-component S. Then the set

K =
⋃

a∈S
Qr,a,fr(a)

is an i-component of a perfect code C, where i = a ⊕ b ∈ {1, 2, 3}. Moreover, switching of the
{a, b}-component S in the quasigroup fr is equivalent to switching of the i-component in the code C.

Proof. The sets Ca and Cb are defined in such a way that they are obtained from each other by
inversion in the ith coordinate, where i = a⊕ b. Therefore, interchanging the values a ↔ b in the
quasigroup fr results in the inversion of the ith coordinate in the corresponding set of words. 


A key role in the proof of Theorem 1 below is played by Theorem 2, proved in Section 4, which
states that any two n-ary quasigroups of order 4 can be transformed into each other by successive
switchings of {0, 1}-, {0, 2}-, and {2, 3}-components.

Theorem 1. Any perfect code C of rank at most +2 is switching equivalent to some linear
perfect Hamming code. Morover, to obtain the Hamming code from C, it suffices to use switchings
of i-components by at most two coordinates i.

Proof. Lemma 1 in fact reduces the proof of the theorem to analysis of codes of the form (1).
It follows from Theorem 2 that any code of the form (1) can be taken to any other code of the
form (1) (including a linear code) by successive switchings of {0, 1}-, {0, 2}-, and {2, 3}-components
in n-ary quasigroups fr, r ∈ R. By Proposition 1, any such transformation is switching of an i-com-
ponent of a resulting perfect code, i ∈ {0⊕ 1, 0⊕ 2, 2 ⊕ 3} = {1, 2}. 
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Corollary. All perfect codes of a fixed length and of rank at most +2 are switching equivalent.

Proof. Taking into account Theorem 1, it remains to prove the following well-known folklore
fact: two Hamming codes, C and D, of the same length are switching equivalent. It suffices to
consider the case where D is obtained from C by a permutation (transposition) of two coordinates,
say j and k, since an arbitrary permutation can be obtained by successively applying transpositions.
Denote by ejk the word of the considered code length with ones in positions j and k and zeros in
the other positions. By cjk we denote the codeword of C that is at distance at most 1 from ejk.
Such a codeword exists by the definition of a perfect code, and since a linear code C contains the
all-zero codeword, cjk has precisely three nonzero coordinates: j, k, and some i. Let C ′ = C \D.
This set consists of exactly all codewords of C that contain one zero and one one in positions j
and k; i.e., the action of the transposition in question on C is equivalent to the translation of the
subset C ′ by the vector ejk. Obviously, C ′ = C ′ + cjk, whence we deduce

D = (C \ C ′) ∪ (C ′ + ejk) = (C \ C ′) ∪ (C ′ + (cjk + ejk)).

Thus, D is obtained from C by switching of the i-component C ′, as required. 

Note that in the proof of the switching equivalence of Hamming codes we essentially used

linearity of the codes. For nonlinear perfect codes, the question of existence of two perfect codes
that are equivalent in the sense of permutation of coordinates but not switching equivalent remains
open. However, such codes become switching equivalent if we allow switchings with inversion of
two coordinates simultaneously. Combinatorial properties of such switchings are not much different
from switchings of i-components, since the latter also correspond to two-coordinate switchings in
an extended perfect code obtained from the original one by adding the overall parity check.

4. SWITCHING EQUIVALENCE OF n-ARY QUASIGROUPS OF ORDER 4

We say that an n-ary quasigroup f is semilinear if there exist a, b ∈ Σ such that the characteristic
function of the set Sa,b(f) = f−1({a, b}) can be represented as a sum modulo 2 of one-variable
functions:

χSa,b(f)(x1, . . . , xn) ≡ χS1(x1) + . . .+ χSn(xn) mod 2, (2)

where Si, i ∈ {1, . . . , n}, are subsets of Σ (of cardinality 2, as follows from the definition of an n-ary
quasigroup).

We say that an n-ary quasigroup g is linear if

g(x1, . . . , xn) ≡ π1(x1)⊕ . . .⊕ πn(xn) (3)

for some permutations π1, . . . , πn of the set Σ.

Proposition 2 [9, Section 4]. If g is a linear n-ary quasigroup, then for any distinct a and b
from Σ the set Sa,b(g) can be represented in the form (2). Conversely, if g is an n-ary quasigroup
and for some pairwise distinct a, b, and c from Σ the sets Sa,b(g) and Sa,c(g) can be represented
in the form (2), then g is a linear quasigroup.

The following statement is directly implied by definitions.

Proposition 3. Let � be a linear n-ary quasigroup, and let q be a semilinear m-ary quasigroup,
2 ≤ m. Then their composition �(x, q(y)) is a semilinear quasigroup.

Proposition 4. Let q be an m-ary quasigroup, and let h and � be switching equivalent n-ary
quasigroups. Then the quasigroups h(x, q(y)) and �(x, q(y)) are switching equivalent.
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Proof. Let � be obtained from h by switching of an {a, b}-component S. It is easily seen that
S = {x ∈ Σn | h(x) �= �(x)}. Then the set

S′ = {(x, y) ∈ Σn+m−1 | h(x, q(y)) �= �(x, q(y))}

is an {a, b}-component of the quasigroup h(x, q(y)), and the quasigroup �(x, q(y)) is obtained from
h(x, q(y)) by switching of S′. The definition of switching equivalence implies the desired result. 


Proposition 5. For any n ∈ N, all linear n-ary quasigroups are switching equivalent.

Proof. We show that if an n-ary quasigroup g can be represented in the form (3), then the
quasigroup f obtained by replacing any permutation πi with the identical permutation is switching
equivalent to g. Since the operation ⊕ is commutative and associative, without loss of generality
we may assume that i = 1. We have g(x1, y) = �π1(x1, q(y)) and f(x1, y) = �(x1, q(y)), where
�(x, z) = x⊕ z, �π1(x, z) = π1(x)⊕ z, and q(x2, . . . , xn) ≡ π2(x2)⊕ . . . ⊕ πn(xn). Since the binary
quasigroups � and �π1 are switching equivalent (which can be verified directly for any permuta-
tion π1), Proposition 4 implies switching equivalence of g and f .

Thus, remaining within a switching equivalence class, we can start with any linear n-ary quasi-
group of the form (3) and then replace one by one all the permutations πi, i = 1, . . . , n, by identical
permutations. 


Proposition 6. For any n ∈ N, every semilinear n-ary quasigroup is switching equivalent to
some linear quasigroup.

Proof. First consider two n-ary quasigroups, f and g, such that the sets Sa,b(f) and Sa,b(g)
coincide. We show that f and g can be obtained from one another by switchings of {a, b}- and
{c, d}-components, where {c, d} = Σ \ {a, b}.

Consider a function h : Σn → Σ coinciding with f on Sa,b(f) and with g on Sc,d(f). Clearly, h is
a quasigroup. The set

Dc,d = {x ∈ Σ | f(x) �= h(x)}

must be a {c, d}-component, which implies switching equivalence of f and h. Similarly, g is obtained
from h by switching of an {a, b}-component. Thus, switching equivalence of f and g is proved.

It remains to note that for any set Sa,b(f) satisfying (2) we can choose permutations π1, . . . , πn
such that the linear quasigroup g defined by (3) satisfies the equality Sa,b(g) = Sa,b(f). This means
that every semilinear quasigroup is switching equivalent to some linear quasigroup. 


An n-ary quasigroup f is said to be separable if there exists an integer m, 2 ≤ m < n, an
(n−m+1)-ary quasigroup h, an m-ary quasigroup q, and a permutation σ : {1, . . . , n} → {1, . . . , n}
such that

f(x1, . . . , xn) ≡ h(q(xσ(1), . . . , xσ(m)), xσ(m+1), . . . , xσ(n)).

Without loss of generality, we may always assume that q is not separable.

In [8], a description of n-ary quasigroups of order 4 in the above terms is obtained; namely, the
following statement is proved.

Lemma 2. Every n-ary quasigroup of order 4 is separable or semilinear.

Using auxiliary statements proved above, we derive a consequence of this lemma.

Theorem 2. For any n ∈ N, all n-ary quasigroups of order 4 are switching equivalent. More-
over, any two n-ary quasigroups of order 4 can be taken to one another by successive switchings of
{0, 1}-, {0, 2}-, and {2, 3}-components.

Proof. Using induction on n, we prove that any n-ary quasigroup is switching equivalent to
some linear quasigroup. For n = 1, 2 this is verified directly. Assume that the claim is proved
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for n-ary quasigroups for all n < r; let us prove it for n = r. Consider an arbitrary n-ary quasi-
group f . It follows from Lemma 2 that f is either semilinear, and then by Proposition 6 is switching
equivalent to a linear quasigroup, or separable, and then can be represented in the form

f(x1, . . . , xn) ≡ h(q(xσ(1), . . . , xσ(m)), xσ(m+1), . . . , xσ(n)),

where the quasigroup q is not separable and hence is semilinear. By the induction hypothesis, h is
switching equivalent to some linear quasigroup �. Then by Proposition 4 the quasigroup f is
switching equivalent to g, where

g(x1, . . . , xn) ≡ �(q(xσ(1), . . . , xσ(m)), xσ(m+1), . . . , xσ(n)).

By Proposition 3, g is semilinear, and by Proposition 6 it is switching equivalent to a linear
quasigroup. This completes the induction step.

Now switching equivalence of all n-ary quasigroups of order 4 follows from Proposition 5.

To prove the second part of the theorem, it remains to explain why it suffices to use switchings
of components of the specified types only. The point is that, for instance, switching of some
{1, 2}-component S of the quasigroup f can be replaced by switching of S0,1(f), then switching
of the {0, 2}-component that S becomes after the first switching, and then again switching of the
{0, 1}-component S0,1 but now of the new quasigroup. The result is the same as after the single
switching of the {1, 2}-component S. In this way we can completely eliminate switchings of {0, 3}-,
{1, 2}-, and {1, 3}-components from a chain of transformations. 


The author is grateful to a reviewer for interest to the paper and for valuable remarks on
improving the presentation.
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