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Abstract: A subset of the n-dimensional k-valued hypercube is a unitrade or united bitrade whenever
the size of its intersections with the one-dimensional faces of the hypercube takes only the values 0
and 2. A unitrade is bipartite or Hamiltonian whenever the corresponding subgraph of the hypercube
is bipartite or Hamiltonian. The pair of parts of a bipartite unitrade is an n-dimensional Latin bitrade.
For the n-dimensional ternary hypercube we determine the number of distinct unitrades and obtain
an exponential lower bound on the number of inequivalent Latin bitrades. We list all possible n-dimen-
sional Latin bitrades of size less than 271,

A subset of the n-dimensional k-valued hypercube is a t-fold MDS code whenever the size of its
intersection with each one-dimensional face of the hypercube is exactly ¢. The symmetric difference of
two single MDS codes is a bipartite unitrade. Each component of the corresponding Latin bitrade is
a switching component of one of these MDS codes. We study the sizes of the components of MDS codes
and the possibility of obtaining Latin bitrades of a size given from MDS codes. Furthermore, each MDS
code is shown to embed in a Hamiltonian 2-fold MDS code.
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Introduction

Put Qr = {0,1,...,k — 1} and denote by Q} the set of ordered k-tuples of length n, called the
vertices. The Hamming distance d(x,y) between two vertices x,y € @ is the number of positions
which z and y differ in. Denote by I'Q} the graph of minimal distances in the metric space (Qz,d).
A face of dimension k is a subset of the hypercube Q7 consisting of the vertices with the same fixed
values of certain n — k chosen coordinates. In particular, the one-dimensional face in direction i passing
through the vertex (ai,...,a,) € Q} is defined as {(a1,...,a;-1,%,ai41,...,an) | T € Qi }.

Refer as an MDS code with distance d to a set M C Q intersecting each (d — 1)-dimensional face in
exactly one vertex. Refer to a set W as a t-fold MDS code if W intersects each face in exactly ¢ vertices.
The concept of t-fold MDS code with distance d coincides with the concept of correlation-immune function
of order n —d+1 on Q. It is not difficult to see that M C @} is an MDS code with distance d if and only
if the size of M is k" 9! and the distance between two arbitrary distinct elements of M is at least d.
A t-fold MDS code is called splittable whenever it is the union of ¢ MDS codes. Unsplittable ¢-fold MDS
codes with distance 2 are considered in [1]. In this article we consider only MDS codes (including t-fold
codes) with distance 2.

A graph is called Hamiltonian whenever it includes a simple cycle passing through all vertices of the
graph. Given an MDS code M, we can define the graph of minimal distances I'oM in which all pairs
of vertices at distance 2 are joined by edges. The definition of MDS code implies that I's M is always
a Hamiltonian graph. Given a 2-fold MDS code D C Q7, denote by I'D the graph of minimal distances
of D; thus, connect by edges all pairs of vertices at distance 1. In Section 3 we prove that each MDS
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code embeds in a Hamiltonian 2-fold MDS code. Observe that a 2-fold MDS code D is splittable if and
only if I'D is bipartite.

Refer to B C Q as a unitrade’) whenever the size of the intersection of B with a one-dimensional
face can take only the values 0 and 2. Call a unitrade B C Q7 bipartite if the subgraph I'B of I'Q}
induced by the set of vertices of B is bipartite. The symmetric difference of two MDS codes is clearly
a bipartite unitrade.

Since each one-dimensional face of an MDS code contains only one point, we may assume that
an MDS code in @} implicitly defines a function of n — 1 variables. The table of values of this function
is an (n — 1)-dimensional Latin cube of order k (Latin square for n = 3), and we may regard the MDS
code as the graph of this function. Refer as a Latin bitrade to a pair of partial Latin squares the union of
whose graphs is a bipartite unitrade. We extend the term “Latin bitrade” to the multidimensional case.
Furthermore, when a bipartite unitrade splits into parts uniquely (consists of one connected component),
we call a Latin bitrade not only the pair of parts, but the unitrade itself.

Say that a bipartite unitrade (Latin bitrade) B obtains from an MDS code M; (possibly ¢-fold)
whenever there is an MDS code My (of the same foldness) with B = M1AMs. In this case refer to the
set BN M; as a component of the MDS code M; in accordance with the general idea of a switching
component of a code as its subset which we can replace by a set of the same size while preserving the
code distance. The switching components of the MDS codes M; and M> correspond to the parts of
the connected components of I'B which are the components of the Latin bitrade corresponding to the
unitrade B.

This article studies the number of unitrades and Latin bitrades in the hypercube Q7, the possibility of
obtaining Latin bitrades from MDS codes, and the sizes of the components of MDS codes. In Section 2 for
the n-dimensional ternary hypercube we determine the number (22") of distinct unitrades and obtain the
asymptotic (as n — oco) lower bound? (V™) on the number of inequivalent Latin bitrades. Nontrivial
upper bounds on the number of Latin bitrades are unavailable. For £ > 4 the number, and even the
asymptotics of, the double logarithm of the number of unitrades and Latin bitrades also remain unknown.
Some connections of the question about the number of Latin bitrades in Q7 to other combinatorial
problems are discussed in [3].

In Section 1 we list all possible n-dimensional unitrades of size less than 2"+ and prove that for each
5 €{0,...,n—1} there is a unique, up to equivalence, n-dimensional Latin bitrade of size 2"*! —25+1, In
Section 3 we prove that these Latin bitrades obtain from 2-fold MDS codes, and thus partially determine
the spectrum of sizes of the components of 2-fold MDS codes.

The construction of [1, 4] enables us to obtain ¢-fold binary perfect codes from t-fold MDS codes. Some
questions related to the sizes of the components of perfect binary codes and the Hamiltonian property
of their graphs are considered in [5,6]. The results of this article concerning the sizes of components of
MDS codes and the Hamiltonian property of their graphs can be applied to study the properties of other
classes of codes.

§ 1. Sizes of Unitrades

Proposition 1. (a) The Cartesian product of two unitrades is a unitrade.
(b) The Cartesian product of two bipartite unitrades is a bipartite unitrade.

PRrOOF. Claim (a) is straightforward from the definitions, and claim (b), from the fact that the
Cartesian product of bipartite graphs is a bipartite graph.

The following two claims are established in [3] for k¥ = 4, but we can prove them in exactly the same
fashion for arbitrary k& > 2.

Proposition 2. If B C Q} is a nonempty unitrade then |B| > 2".

DThe term “2-code” is used in [2].
2 The equality f(n) = Q(g(n)) means that f(n) > cg(n) for some ¢ > 0 as n — co.
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Proposition 3. Given a unitrade B C Q}., the following are equivalent:

(a) [B| = 27;

(b) the size of the intersection of each m-dimensional face with B equals 0 or 2™;
(c) B intersects only two facets in each direction;

(d) a subgraph of the graph I'B is isomorphic to the Boolean cube I'Q%.

Proposition 2 implies directly that Q% includes the unique unitrade that coincides with the entire
set Q5.
Consider the question of the spectrum of sizes of unitrades.

Proposition 4. If B C Q} is a unitrade with 2"*! > |B| > 2" then |B| = 2""! — 2571 where
s€{0,...,n—1}.

PRrOOF. Induct on n. The claim for n = 1 is obvious. Assume it for n — 1. If a unitrade B C Q}
lies in the union of two facets in each direction then |B| = 2™ by Proposition 3.

If B intersects four facets in one direction then by Proposition 3 the size of B is greater than or
equal to 2"t1. Suppose that B intersects three facets in one direction. If the intersection with at least
one of them is of size greater than or equal to 2" then Proposition 2 yields |B| > 27!, Otherwise, the
inductive assumption yields |B| = 3 - 2™ — 251 — 252 — 253, Since 25! + 252 4 2% > 2™ only when at least
two of three s; are equal to n — 1, it follows that |B| = 2"+! — 25,

It is clear from the proof of Proposition 4 that a unitrade B C Q7 of size less than 2" intersects
at most three facets in each direction; consequently, it embeds into the ternary hypercube.

Proposition 5. (a) The symmetric difference of two unitrades in Q% is a unitrade.
(b) If the symmetric difference of two Latin bitrades in Q} is a unitrade, while their intersection
induces a connected subgraph of ()}, then the symmetric difference is a Latin bitrade.

PRrROOF. Claim (a) is straightforward from the definitions, and claim (b), from the fact that every
connected bipartite graph splits into parts uniquely.

Proposition 6. For every s € {0,...,n — 1} there exists up to equivalence a unique unitrade
B, C Q% with |Bs| = ontl _ 95+l The unitrades B, are Latin bitrades.

PROOF. According to Proposition 5, the set Bs = ({0,1}"7* A {1,2}"7%) x{0,1}* is a Latin bitrade.
It is obvious that |B| = 25(2"~% 4 2775 — 2).

To prove uniqueness, consider a unitrade B C Q% with |B| < 2""1. As in the proof of Proposition 4,
we infer that the intersections of B with the facets in some direction are of sizes 277!, 2771 and 2" — 25,
By Proposition 3 two intersections are equivalent to Boolean cubes, and then the definition of unitrade
implies that the third intersection is the symmetric difference of two Boolean cubes.

§2. The Number of Unitrades in Q¥

Regard the set of functions g : Q% — {0,1} as the vector space V(n) over the field GF(2). The
characteristic functions of unitrades constitute the subspace #(n) of V(n) for which we can choose as
a basis the characteristic functions x? of the hypercubes B = {a1,2} x --- x {an, 2} with o; € {0,1}.
The tuple of coefficients in the expansion of a function g in {x”} is a Boolean function of the tuple
(a1,...,a,). Below we explicitly define a transformation which associates to each Boolean function
an element of #(n).

Define the partial order on Q)3 as follows: 0 < 2 and 1 < 2, while 0 and 1 are incomparable. Given
(@1, xn), (W1s---,yn) € QF, write (z1,...,2n) < (y1,...,Yn) Whenever z; < y; or z; = y; for all
i € {1,...,n}. Observe that {z € {0,1}" | x < y} is a face of the n-dimensional Boolean hypercube
of dimension wt(y) equal to the number of symbols 2 in y. Moreover, the set of faces is in a bijective
correspondence with the set of tuples y € Q5.

Given a Boolean function f, define U[f] : Q% — {0,1} as U[f](y) = @D,<, f(z). Observe that
Ulf]lf0,2y~ is the Mobius transform of f.
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Proposition 7. (a) If A C {0,1}" then U[x4] € %(n).
(b) If g € #(n) then Ulg|so,13»] = g-

PrOOF. (a) Take f = x. The definition of U implies that

U[f](al, ey A1, 2,ai+1, ces ,an)
= U[f](alv LR ai71a07ai+17 AR an) S U[f](ab sy @1, 17ai+1a s 7an)
for all a; € Q3. Consequently, U[f] has evenly many 1’s on each one-dimensional face of Q%, and so
Ulf] € B(n).
(b) We can easily establish that Ulg|(o,13»](y) = g(y) for every y € Q3 by induction on the number
of symbols 2 in y.

Proposition 7 implies that the dimension of the subspace #(n) is 2. Consequently, we have

Proposition 8. The hypercube Q% includes exactly 22" distinct unitrades.

Regard the set of functions ¢ : Q% — R as the vector space Vr(n) over the field R of real numbers.
Consider the linear subspace #r(n) consisting of the functions the sum of whose values on each one-
dimensional face vanishes. Take a bipartite unitrade B C Q4. Define the function hp : Q% — {—1,0,1}
taking the value 1 on the first part of the unitrade, —1 on the second, and 0 on the remaining vertices
of the hypercube. It is clear that hp € Zr(n). Define the operator Ur on the real-valued functions by
analogy with U. Given f : Q3 — R, we have

Urlfl(y) = (=1)""W )" f(x). (1)

z<y
The next statement is similar to Proposition 7.

Proposition 9. (a) Ug[f] € Br(n) for every function f : Q% — R.
(b) If g € Br(n) then Uglg|{o,1)n] = g-

Consider the set .#(n) consisting of the functions f : QF — {—1,0,1} the sum of whose values on
each face equals one of three numbers: —1, 0, and 1. Refer as a parity check function to the Boolean
function &(x1,za, ..., zn) = @}, ;. It is not difficult to see that (—1)°®) € F(n).

Proposition 10. (a) If B is a bipartite unitrade then hp|yo1}» € F (n).
(b) If f € #(n) then Ug[f] = hp for some bipartite unitrade B C Q%.
PROOF. (a) Proposition 9(b) yields Ug[|hg|{0,13»] = hp. Then for every face {z € {0,1}" | x < y}

we have
S bl (@) = (~1)""@hp(y) € {~1,0,1}.
<y

(b) Proposition 9(a) yields Ur[f] € #r(n). The condition f € .%(n) and the definition of Ug imply
that Ug[f](Q%) € {—1,0,1}. On each one-dimensional face Ug[f] either takes the value 0 three times or
takes the values —1, 0, and 1 once each.

Consider some constructions of functions in .#(n).

Proposition 11. (a) If f € .%(n) then f-x" € F(n) for every face .
(b) Given two faces v1 and v2 of Q5 with v N y2 # &, define the function f as

X’Yl(_l)(;(xly-n:xn) for T+l = O7
X'Y?(—l)‘s(xl""”"")eal for x,41 = 1.

f(x17"'7mn’xn+l) = {
Then f € F(n+1).
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Proposition 12. If F(z,y) = f(x)g(y) with f € .Z#(n) and g € .%(m) then F € F(n+m).

The proofs of Propositions 11 and 12 amount to straightforward verifications.

Observe that all unitrades in Q% consist of one connected component. Therefore, all bipartite uni-
trades are Latin bitrades.

Let us now derive a lower bound on the number of inequivalent Latin bitrades. T'wo functions on
the hypercube are called equivalent if they go into each other under some isometry of the hypercube.
Consider the hypercube Q% as a vector space over the field GF(2). Refer as the support of x € QF to

the set of positions with 1’s in . Take a tuple 2!, ..., zF of vectors with pairwise disjoint supports and

consider the subspace V C Q% spanned by 2!,..., z¥,

V= {@aizi |a € Qg}
Given f: Q% — {—1,0,1}, define the function Gy [f] : Q} — {—1,0,1} as

a) for x = P a2’
Gvifl() = { Z)c( ) for:z:gZS.9

Theorem 1. (a) If f € F (k) then Gy[f] € F(n).

(b) The set .F (n) contains at least e*V™ inequivalent functions.

(c) The hypercube Qf includes at least XV inequivalent Latin bitrades.

PROOF. (a) Since the supports of 21, ..., 2¥ are disjoint, the sum of the values of Gy/[f] on the face
of Q} coincides with the sum of the values of f on some face of Q5. Then Gy [f] (QQ) c{-1,0,1}.

(b) It is known (see [8] for instance) that there exist e2(vV™) distinct partitions of the number n into
nonnegative integer terms. Each partition produces a tuple of vectors z!,..., 2" with pairwise disjoint
supports and the corresponding subspace V. The functions Gy [d] for distinct partitions are inequivalent
since all isometries of the hypercube preserve the Hamming distances between the basis vectors.

(c) By Proposition 10(b), each function Ug[Gy [d]] determines a Latin bitrade B. Consider the case
that the supports of all 2!, ..., 2" are of size at least three and their sum equals n. Verify that the
intersections of B with the facets v = {z € Q% | z; = 2} enjoy a certain property (x) invariant under
the isometries, which the intersection of B with the facets {z € QF | z; = 0} and {z € Q} | z; = 1}
lack. Then for every isometry ¢ we can construct from ¢(B) the set ¢(B N {0,1}"). Consequently, the
inequivalence of bitrades Ur[Gy[d]] for distinct V follows from claim (b).

() Suppose that v = {m €Qy |z = a}. The inequality a # 2 holds if and only if there is a facet
v = {a: €Qy|z; = b} with b € Q3 and j # ¢ such that the intersection v N+’ N B is empty.

Without loss of generality, assume that i = 1 and the support of z! contains 1 and 2. Then

{ze@|z1=0}n{ze@}|z2=1}NB =g,
{ze@i|zi=1}n{zcQy|z2=0}NB=g,
and simultaneously (1) yields
y=(2,0,...,00e{zcQy|z1=2}n{zrcQ}|z; =0} NB,
¥y =(2,0,...,0,2,0...)e{z e} |z =2}N{z @} |z;=2}NB

since

{0} ={z € {0,1}" |z <y} n{z € {0,1}" | Gv[d](z) # 0}
={re{0,1}" |z <y'}n{x € {0,1}" | Gy[d](z) # 0}.

Furthermore,
" n n
y' =(2,0,...,0,1,...,1,0...) e {z €@ |21 =2} N{zcQ} |z; =1} NB
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{z€{0,1}" |2 <y} {z e {0,1}" | Gv[o](z) # 0} = {(0,...,0,1,...,1,0...)} = {},

where the support of z* contains j.

Observe that we can also specify a Latin bitrade B (see Proposition 6) using the function hp, =
Ur|Gv[d]], where the basis for the subspace V' consists of one vector z whose support is of size n — s.

§3. MDS Codes

By induction on the dimension n we can easily prove that every MDS code in Q% extends to MDS
codes in QQLH in exactly two ways, and moreover for each n > 1 all MDS codes in Q% are equivalent
(see [9, Exercise 13.15]). Description of all MDS codes in @} appeared in [10]. As we mentioned, the
symmetric difference M7 /A Ms of two MDS codes M7 and Ms is a bipartite unitrade, and furthermore the
two parts M N (M;AMs) and My N (M;/AMs) are components of the corresponding MDS code. Thus,
Proposition 4 yields restrictions on the possible sizes of components of MDS codes. Observe (see [3]
for instance) that @} for £ > 4 include MDS codes with components of size divisible by 271 and the
corresponding unitrades of size divisible by 2. Moreover, it is shown in [2] that every unitrade lying in
a 2-fold MDS code in QY is of size divisible by 2". Let us discuss the possibility of obtaining from MDS
codes, including these t-folds, unitrades of various sizes.

Given a function f : Q} — Qy, denote its graph by .Z(f) = {(;E,f(;n)) t T € QZ} If #(f) is
an MDS code then f is called an n-ary quasigroup of order k. Accordingly, a partial n-ary quasigroup of
order k is a function whose graph intersects each one-dimensional face in at most one vertex.

By [11], every partial n-ary quasigroup of finite order is a restriction of an n-ary quasigroup of
a greater order. This yields

Proposition 13. Each Latin bitrade B C @} obtains from some MDS code M C @, with m > k.

Proposition 14. For k € {3,4} no Latin bitrade B C Q} with 2"*' > |B| > 2" obtains from
an MDS code M C Q}.

PRroor. Since for every n all MDS codes in Q)3 are equivalent, it suffices to consider an arbitrary
MDS code in Q%, for instance, M = {a: €Qy|z1+---+ 2z, =0mod 3}. It is not difficult to see that
every unitrade obtained from M includes the whole MDS code M and is of size 2 - 371,

Assume that k£ = 4 and consider three-dimensional Latin bitrades. A brute-force search shows that
if the bitrade B obtained from an MDS code M C Q3 intersects some two-dimensional face in a set of
size at least 6 then there is also a two-dimensional face parallel to the first which b also intersects in a set
of size at least 6. Furthermore, a brute-force search shows that in this case |B| > 16 = 2%.

Consider the Latin bitrade B’ obtained from an MDS code in Q. Applying induction, we infer that
if a bitrade B’ C Q7 intersects some two-dimensional face in a set of size at least 6 then |B'| > on+l
Proposition 3 implies that if the intersection of a Latin bitrade with each two-dimensional face is of size
less than 6, and so equal to 0 or 4, then the graph induced by the bitrade B’ is the Boolean n-cube.

Consider the possibility of obtaining Latin bitrades of small size from 2-fold MDS codes.

Proposition 15. FEach n-dimensional Latin bitrade of size less than 2"t obtains from a 2-fold MDS
code in QY.

PROOF. To begin with, verify that the bitrade Bf = {0,1}* A {1,2}* obtains from a 2-fold MDS
code in Q. Define a function g : Q¢ — {0,1} as g(ay,...,a;) = Zle a;mod 2. It is not difficult to see

that g, g1 = g&® X{LQ}k, and go = g P X{Ovl}k are the characteristic functions of certain 2-fold MDS codes
My, My, and Ms. Since g1 & go = X{I’Q}k ® X{O’l}k, we have Bg = M1 A Ms.
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Consider the Boolean-valued functions

g1(ay, ..., ax) for y = 0,
g2(a1,...,ax) for y =1,
“ e = 2
fl(a17 aa’kvy) gl(a]_, ‘7a’k)@1 fOI'y:Q’ ( )
( g2(a1,...,a5) ®1 for y =3;
g2(az, ..., ax) for y = 0,
gi1(a1, ..., ax) for y =1,
a 7...,& P pu— 3
fa(ar k> Y) gi(ar,...,ap)®1 fory=2, (3)
g2(at,...,ap)®1 fory=3.

It is easy to see that fi; and fo are the characteristic functions of 2-fold MDS codes; furthermore,
f1 @ fo = xBox{01}),

Inserting f; and f> instead of g; and g into (2) and (3), we find that the Latin bitrade Bf x {0, 1}?
also obtains from a 2-fold MDS code in le“, and so on. In order to complete the proof, it remains to
apply Propositions 4 and 6.

Let us present some tables of the functions g, g1, and gy for n = 2:

01 01 01 01 1 0 0 1
1 01 0 1 1 0 0 0110
01 0 1})° 001 1) 01 0 1
1 01 0 1 01 0 1 01 0

We can show that the 2-fold MDS codes constructed in Proposition 15 are unsplittable for n > 3.
Let us now study when the graphs of minimal distances of 2-fold MDS codes are Hamiltonian.

Proposition 16. For every MDS code M C @} there is a 2-fold MDS code D with M C D such
that the graph of minimal distances I'D is Hamiltonian.
PROOF. Define an MDS code M’ C Q} as

M' = {(z1 + 1modk,za,...,7,) | (x1,...,Tn) € M}.

Consider the 2-fold MDS code D = M U M’. Verify by induction that the graph I'D is Hamiltonian,
and moreover for each edge there is a Hamiltonian cycle passing through it. For n = 2 the graph I'D is
a Hamiltonian cycle consisting of alternating edges in two directions.

Suppose that the inductive assumption holds for n — 1. Consider an arbitrary edge in I'D, for
instance, the edge v connecting (0,...,0,¢) and (0,...,0,¢'). The graph I'D’, where

D' = {(z1,2,) | (21,0,...,0,2,) € D},
is a simple cycle H' and includes the edge v. By the inductive assumption, the graph I'D,, for

D, ={(z1,...,2p-1) | (x1,...,2pn_1,a) € D}

includes a Hamiltonian cycle H, for every a € Qk, and moreover we can choose a Hamiltonian cycle H,
passing through the edge belonging to H'.

If two simple cycles intersect along precisely one edge then, removing this edge from the union of two
cycles, we obtain a simple cycle. Thus, the graph H = H'A|J, H, is a simple cycle. Furthermore, H
passes through all vertices of I'D and includes the edge v.
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