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On the number of n-ary quasigroups of finite
order

V. N. POTAPOV and D. S. KROTOV

Abstract — Let Q(n, k) be the number of n-ary quasigroups of order k. We derive a recurrent
formula for Q(n, 4). We prove that for all n > 2 and k > 5 the following inequalities hold:

(kTS) (%) <log, O(n.k) < cp(k —2)",

where ¢ does not depend on n. So, the upper asymptotic bound for Q(n, k) is improved for
any k > 5 and the lower bound is improved for odd k > 7.
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1. INTRODUCTION

An algebraic system in a set X of cardinality |¥| = k and an n-ary operation
f:¥" — ¥ is called an n-ary quasigroup of order k if the unary operation obtained
by fixing any n — 1 arguments of f by any values from X is always bijective. The
corresponding function f is often also called an n-ary quasigroup (the value table of
such function is known as a Latin hypercube and as a Latin square for n = 2).

Letusfix theset ¥ = {0, 1,...,k—1}. Denote by Q(n, k) the number of different
n-ary quasigroups of order k (for fixed X). Sometimes, by the number of quasigroups
we mean the number of mutually nonisomorphic quasigroups. It is known that for
every n there exist only two n-ary quasigroups of order 2. There are exactly Q (n, 3) =
3. 2" different n-ary quasigroups of order 3, which form one equivalence class. In [9]
it is proved that

0n,4) =3"122"+1(1 4+ o(1))
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as n — oo. In Section 4 we suggest a recurrent way to calculate the numbers Q (1, 4)
and give the first 8 values. Before, only five values of Q(n,4) were known; further-
more, the numbers Q(n,5) and Q(n, 6) are known for n < 5 and n < 3 respectively
(see [7]), and the number Q(2, k) for k < 11 (see [6] and the references there).

The asymptotics of the number and even of the logarithm of the number (and even
of the logarithm of the logarithm of the number) of n-ary quasigroups of orders more
than 4 is unknown. In [5], the following lower bounds are derived:

0,5 > 23" ¢ <0.072;
On,k)> 2(k/2)”, k is even;
O(n. k) = 2nk/3" k = 0 mod 3;

O(n, k) > 215317 k is arbitrary.
The following upper bound was found in [8]:
Q(l’l, k) < 3(k—2)" 2n(k—2)"71 .

In this paper we improve the upper bound (Section 2) for the number of n-ary
quasigroups of finite order and the lower bound (Section 3) for the number of n-ary
quasigroups of odd order:

_ n/2 _ nj2
(k23) (kzl) <log, O(n, k) < e (k — 2)",

where ci does not depend on n, and give an explicit expression for it:

log, k! k
. = 2 +

k—=2 k-4

2. AN UPPER BOUND

We will say that a set M C X" satisfies Property (A) if and only if for every element
X € M and every position i = 1,...,n there is another element y € M differing
from X only in the 7th position. By induction, it is easy to get the following assertion.

Proposition 1. Any nonempty subset C C X" that satisfies Property (A) has the
cardinality at least 2".

A function g: Q2 — X, where Q2 C X", is called a partial n-ary quasigroup of
order |X|if g(X) # g(¥) for any two tuples X, y € Q differing in exactly one position.
We will say that an n-ary quasigroup f: X" — X is an extension of a partial n-ary
quasigroup g: Q2 — X where Q@ C X" if f|q = g.

Lemma 1. Let |X| =k, B = X \{a,b}, k >3, a,b € X. Then a partial n-ary
quasigroup g: "1 x B — X has at most 2(k/2)" ! different extensions.
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Proof. Denote by P the set of unordered pairs of elements of ¥. Consider a
partial n-ary quasigroup g: ¥"~! x B — X. Define the function G: ¥*~! — P by
the equality

G(x) =X\ {g(xc):c € 2\ {a,b}}.

Define the graph I' = (X"~!, E)), where two vertices ¥ and y are adjacent if and only
if the tuples X and y differ in exactly one position and G(X) N G(y) # @. It is easy
to see that the connected components of I" satisfy Property (A).

Let n-ary quasigroups f1 and f, be extensions of g. It is not difficult to see that
{fi(xa), f1(Xb)} = G(X) for every X € "~!; moreover, if fi(Xa) = f»(Xa), then
/1 and £ coincide on the whole connected component of T' containing X € X"
So, to define an extension of g uniquely, it is sufficient to choose one of the two
possible values for every connected component of I'. It follows from Proposition 1
that every connected component has cardinality at least 2*~!. Then the number of
connected components of I does not exceed (k/2)"~!. Hence g has at most 2/ "t
extensions.

Theorem 1. Ifk > 5andn > 2, then
On.k) < 2Ck(k—2)"7

where
log, k! k
T k-2 k-4
Proof. The number of partial n-ary quasigroups g:X""! x B — X, where
|Z| =k, B =X\ {a,b},does not exceed Q(n, k)*~2. From Lemma 1 we obtain

Q(n +1.k) < Q(n, k) 22%/2", ()
Denote
o, = 10g2 Q(nsk)
" ()
Then (1) implies
k n
Opn+1 = Op + (m) .
Since
log, k! - kKo\"_ k
T =2 ;(Z(k—Z)) k—4
we obtain
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3. ALOWER BOUND

Let @ and b be two different elements of X. By the {a, b}-component of an n-ary
quasigroup f we will mean the set S C X" such that

(1) f(S) ={a,b}and
(2) the function

f(x) wheneverx ¢ S,
gx)y=<b whenever ¥ € S and f(X) = a,
a whenever X € S and f(X) = b

is also an n-ary quasigroup.

In this case we will say that g is obtained from f by switching the component S.
We note that in the definition of the {a, b}-component condition 2 can be replaced by
Property (A) from the previous section. It is obvious that switching disjoint compon-
ents can be performed independently.

Proposition 2. Let S and S’ be disjoint {a,b}- and {c, d}- (respectively) com-
ponents of an n-ary quasigroup f. Let an n-ary quasigroup g be obtained from f by
switching S. Then S' is a {c, d }-component of g, too.

The following proposition can be easily derived from the definition of an {a, b}-
component; a similar assertion can be found in [5].

Proposition 3. Let C = {c1,d1} X {ca,d>} be an {a, b}-component of a 2-ary
quasigroup g. Let C; be a {c;, d;}-component of an nj-ary quasigroup q;, i = 1,2.
Then the set C1 x Cy is an {a, b}-component of the (n1 +nz)-ary quasigroup f, where
f(51.X2) = g(q1(%1), 42(X2)).

A 2-ary quasigroup ¢: ¥ — X is called idempotent if ¢(x,x) = x for every
x € X. The following assertion is known (see, e.g., [1]).

Proposition 4. For every m > 3 there exists an idempotent 2-ary quasigroup of
order m.

The following assertion presents a construction of 2-ary quasigroups which will
be used to find a lower bound for the number of n-ary quasigroups of odd order.

Proposition 5. For any m > 3 there exists a 2-ary quasigroup ¥ of order 2m + 1
that has m {2i,2i + 1}-components for every i € {0, ...,m—1}; moreover, all except
one {2i,2i + 1}-components are of the form {2j,2j + 1} x {21,2] + 1}.
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Proof. By Proposition 4, there exists an idempotent 2-ary quasigroup ¢,, of order
m. Foreacha,b € {0,...,m—1},a # b,and §,0 € {0, 1} we define
Y (2a +8,2b + o) =2¢m,(a,b) + (§ + 0 mod 2);
Yv(2a+46,2a+68) =2a+1-6;
Yv(Q2a+682a+1-68)=k—1;
Yk —1,2a+68) =vQa+6,k—1)=2a+4;
vk —-1,k—-1)=k—1.
It is obvious that v is a 2-ary quasigroup which satisfies the desired properties.

The following is an example of the value tables of a 2-ary quasigroup ¢4 and the
corresponding ¥:

1 8[4 5]6 7]2 3]0

8 0|5 4|7 6|3 21

6 73 8|0 1|4 5|2

gfg; 7 6(8 2|1 0|5 4|3

0 |1 39 0o " 2 3(6 75 8|0 1|4
S 3 3 2|7 6/8/4|1 0]5

4 5/0 1|2 3/7 8]6

54/1 0[(3 2|8 6|7

0 1 2 3456 7 8

From Proposition 1 it is easy to conclude that the odd-order 2-ary quasigroup con-
structed in Proposition 5 has the maximum number of mutually disjoint components
among all 2-ary quasigroups of the same order.

Theorem 2. Ifk is an odd integer, k > 5, and n > 2, then
O(n. k) > 2=/ D212 D2 =32 2((k=1)/2" 2,

Proof. Let ¥ be the 2-ary quasigroup of order k constructed in Proposition 5.
Define the n-ary quasigroup W” by the following recurrent equalities:

w2 =y
WEEL(E, y) = (PP (R), p);
W2(R,y,2) = Y (WP(X), ¥ (¥, 2)).
We denote by «, the number of {2i,2i + 1}-components of W”, where
i €{0,...,(k—3)/2}. From Propositions 3 and 5 we obtain the relations
k—1

Uom+1 = Qom —

k—3k—1

Uom+2 = Qom S o
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(k=3 (=1
a —_— —_—
m=\"2 2
- k—=3\" (k—-1\"
o — — .
2m+1 — ) )

Since {21, 2i + 1}-components with different i are disjoint, the number of disjoint
components is at least o, (k — 1)/2. From Proposition 2 we deduce that we can get
the desired number of different n-ary quasigroups of order k by switching disjoint
components in W”.

Then

and

4. THE NUMBER OF DIFFERENT r-ARY QUASIGROUPS OF ORDER 4

Let [n] = {1,...,n}. An n-ary quasigroup f is called an n-ary loop if there exists an

element e € X, which is called an identity, such that forall i € [n] anda € X itis true

that f(e---eae---e) = a. In what follows we always assume that 0 is an identity of
14

an n-ary loop (in general, an n-ary loop can have more than one identities provided
n > 3). We emphasise that this agreement is essential in the treatment of the concept
of the number of n-ary loops. In particular, the following simple and well-known fact
is true.

Proposition 6. Let Q'(n, k) be the number of n-ary loops of order k. Then
Q(n.k) = k((k —DNH"Q'(n. k).

An n-ary quasigroup f is called permutably reducible (we will omit the word
‘permutably’) if there exist an integer m, 2 < m < n, an (n —m + 1)-ary quasigroup
h, an m-ary quasigroup g, and a permutation o: [n] — [n] such that

fxi, o xn) = h(@(Xa(1)s - - - s Xa(m))s Xa(mt1)s - - -+ Xo(n))-

In this section, we will assume that ¥ = {0, 1, 2, 3}, i.e., we will consider only
the n-ary quasigroups of order 4. It is known (see, e.g., [1]) that there are exactly four
binary loops of order 4 (one is isomorphic to the group Z, x Z, and three, to the
group Zy).

The assertion below immediately follows from the theorem in [3].

Lemma 2. Every reducible n-ary loop f of order 4 admits exactly one of the
following two representations:

J(X) =qo(q1(X1),....qm(Xm)), (2)
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where qj are nj-ary loops, X;j are tuples of variables x;, i € I;, where {I;} is a
partition of [n], ] = 1,...,m, qo is an irreducible m-ary loop, m > 3; moreover, the
partition {1;} in this representation is unique for every f; and

J(X) = qi1(F1) * -+ * qr(Xg), A3)

where * is a binary operation in one of the 4 loops, q;, j = 1,...,k, are n;-ary loops
which are not representable in the form q;(X;) = q'(%}) * ¢"(X]), X; are tuples of
variables x;, i € I;, where {1;} is a partition of [n]; Moreover, the partition {1;} in
this representation is unique for every f.

By the root operation of an n-ary quasigroup f we will mean the m-ary quasigroup
qo if (2) holds, and the binary operation * if (3) holds.

Simple combinatorial calculation yields the following formula for the number FJ-’ i
of different partitions of [r] into k subsets from which exactly k; subsets have cardin-
ality jj, 1 <i <t,0< ji <+ < jy:

n! 1
(DR DR gtk

where k1 + ko + -+ k; =k,k1j1+k2j2+---+ktjt =n.
Let f: X" — X be an n-ary quasigroup; define the set

Fip= “)

Sap(f) £ ULF € 2 f(X) € {a,b}}.

An n-ary loop f will be called a-semilinear, where a € {1,2, 3}, if the characteristic
function x5, ,(r) of the set S = So 4(f) is of the form

n
XSoa(f)(X1,ovXn) = ZX{O,a}(xi) mod 2. ®)

i=1

An n-ary loop f is called linear if it is a-semilinear and b-semilinear for some differ-
ent ¢ and b from {1, 2, 3}. It is not difficult to see that the assertion below is true.

Proposition 7. One of the four binary loops of order 4 is linear (the one that is
isomorphic to Z, X Z»), the other three are 1-, 2-, and 3- semilinear respectively.

The assertion below is well known (see [9]).

Proposition 8. A linear n-ary loop is unique and is 1-, 2-, and 3-semilinear.

It is not difficult to see (see also [9]) that the following assertion is true.
Proposition 9. Let f be a reducible a-semilinear n-ary loop; then f can be rep-

resented either as composition (2) or (3) of a-semilinear loops.
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Let us denote by /¢ the number of the a-semilinear n-ary loops and by [, the

number of the semilinear n-ary loops.
As proved in [9], the number of the n-ary loops asymptotically coincides with /,,,
which can be easily calculated.

Lemma 3 ([9]). The relations I, = 3-2"~""1 -2, 19 =22"=1 4 € {1,2,3},
are true.

In [4], the set of n-ary quasigroups of order 4 was characterised in the terms
defined above; namely, the following was proved.

Theorem 3. Every n-ary loop of order 4 is reducible or semilinear.

This fact gives a base for deriving a recurrent formula for the number of n-ary
loops (and quasigroups) of order 4.
We will use the following notation:

v, is the number of n-ary loops (of order 4);
 is the number of reducible n-ary loops with the binary root operation *;
r,? is the number of reducible n-ary loops with the root operation of arity at least 3;

r&* is the number of reducible a-semilinear n-ary loops with the a-semilinear binary
root operation ;

r,?o is the number of reducible a-semilinear n-ary loops with the root operation of
arity at least 3;

pe is the number of irreducible a-semilinear n-ary loops;
Pn 1s the number of irreducible n-ary loops.

From Lemma 2 and Proposition 9, the relations follow:

n
ax __ _(ja _ p.ax\ky ca _ .ax\k
DD B ¥ (A R (A

i=2 5k
n
k k
=20 2 Fpe iy =) (o = i),
i=2 ]-,];
n—1
0 k k
a0 =3 " pl Y ke qek
=3 gk
n—1
0 k k
I'n = Zpi ZF]"]E(Ujl) 1"'(vjz) ‘
i=3 7k
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where the second sum is over the tuples k = (ky,....k¢)and J = (j1.....j¢) of
positive integers such that k; + -+ + k; = i, k1 j1 + kojo + -+ + k¢ j: = n and
Jj1 < -+ < j;. From Theorem 3 and Proposition 8 we obtain

a

Un = pn+rd+drr, pd =19 —r2 272  p, =3p9.
From Lemma 3, we see that

19 =221 4e{1,2,3}.

n

Proposition 7 yields the initial values

r$* =2, ry=4, r¥®=r)=0.
We see that the equalities above and Proposition 6 provide us with a recurrent way of
calculation of the number of the n-ary quasigroups of order 4.
Finally, we present the first eight values of Q'(n, 4):

4,

64,

7132,

201538000,

432345572694417712,

3987683987354747642922773353963277968,
678469272874899582559986240285280710364867063489779510427038722229750276832,
and of Q(n,4):

24,

576,

55296,

36972288,

6268637952000,

80686060158523011084288,

4465185218736554544676917926460256725000192,
4558271384916189349044295395852008182480786230841798008741684281906576963885826048.

5. CONCLUSION

We will briefly discuss a connection of our topic with the known concept of latin trade.
A partial n-ary quasigroup : Q2 — X, Q@ C X" is called a multidimensional latin
trade, here for brevity simply trade, if there exists another partial n-ary quasigroup
t':Q — X such that

(1) t(x) # t'(x) forall X € Q;
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(2) for any i from 1 to n, the sets {¢(x1,...,Xi—1, Y, Xi—1,...,X,) | ¥ € X} and
{t/(x1,...,Xi—1, Y, Xi—1,...,Xn) | y € X} coincide for any admissible values
x19 e 9-xi—17 xi—17 e 9~xﬂ~

In this case, the pair (¢,¢) is called a bitrade (depending on the context, bitrades
are considered either as ordered or as unordered pairs); the trade ¢’ is called a mate of
t. In the case n = 2, bitrades (latin bitrades) are widely studied, see the survey [2].

We will say that an n-ary quasigroup f has a trade ¢ if t = f|q for some Q.
As follows from the definitions, replacing the values of f in € by the values of a
mate ¢’ of ¢ results in another n-ary quasigroup. We will say that trades 1 = f|gq
and s = f'|e are independent if their supports €2 and ® are disjoint. The maximum
number of mutually independent trades of an n-ary quasigroup f will be called its
trade number Trd( f). Denote by Trd(n, k) the maximum of Trd( /) over all n-ary
quasigroups f of order k. Since independent trades of an n-ary quasigroup can be
independently replaced by mates, the number Q(n, k) of different n-ary quasigroups
of order k satisfies the inequality

O(n, k) > 2k, (6)

It is easy to understand that the lower bound in Section 3 (as well as all bounds in
[5]) is derived in this way: an {a, b}-component is the support of some trade by the
definition. Since the support of a trade satisfies Property (A), Proposition 1 implies
that

Trd(n, k) < k" /2" = 2Uoz2k=1)n.

moreover, for even k the equality is easily proved. For odd k, as follows from the
results of Section 3, we have

Trd(n, k) > 2¢%n,

where c(k) — log, k — 1 as k — oo. But for fixed &, in particular, for the small
values 5,7, ..., the question about the asymptotics of Trd(#, k) remains open.

Problem 1. Find the asymptotics of the logarithm and the asymptotics of
Trd(n, k) asn — oo forodd k > 5.

Another question concerning the closeness of bound (6) to the real value. For the
order 4, it is asymptotically sharp in logarithms. For any larger fixed order, the asymp-
totics of loglog Q (n, k) is unknown. It is natural to hypothesise that the asymptotics
of loglog Q(n, k) and log Trd(n, k) coincide.

Problem 2. Is it true that

(logz log, Q(n,k)) _

n

lim
n—o00

lim
n—o00

(log2 Trd(n, k) )?

n
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In particular, is it true that

lim

n—o0

(10g2 log, Q(n, k)

<log, k —1?
P )_ng

Even the existence of these limits is not proved yet.
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