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Definitions

Let G be a finite abelian group. Consider a vector space V (G )
consisting of functions f : G → C with inner product

(f , g) =
∑
x∈G

f (x)g(x).

A function f : G → C\{0} is called a character of G if it is a group
homomorphism from G to C, i.e. φ(x + y) = φ(x)φ(y) for each
x , y ∈ G . The set of characters of an abelian group is an
orthogonal basis of V (G ).

Define the Fourier transform of a f ∈ V (G ) by the formula
f̂ (z) = (f , φz)/|G |1/2, f̂ (z) is the coefficients of the expansion of f
in the basis of characters.



Definitions

Suppose that q is prime number and G = F n
q is the n-dimensional

vector space over Galois field Fq. Then φz(x) = ξ〈x ,z〉, where
ξ = e2πi/q and 〈x , y〉 = x1y1 + · · ·+ xnyn mod q for each z ∈ Z n

q .

Define the Walsh–Hadamard transform of a function f : F n
q → Fq

by the formula Wf = ξ̂f , i.e.

Wf (z) =
1

qn/2

∑
x∈Fn

q

ξf (x)+〈x ,z〉.



Definitions

A function f : F n
q → Fq is called a q-ary bent function if and only if

|Wf (z)| = 1 for each z ∈ F n
q and it is called a q-ary plateaued

function if and only if |Wf (z)| ∈ {0, µ} for each y ∈ F n
q .

From Parseval identity (g , g) = ‖g‖2 = ‖ĝ‖2

we obtain that
qn =

∑
x |ξf (x)|2 =

∑
y |Wf (y)|2 = µ2|supp(Wf )|.

Since q is prime we have that |Wf (y)|2 takes qn−s times the value
µ2 = qs . Such q-ary plateaued function f is called s-plateaued.
Since q is a prime number we have Wf (y) = ±qs/2ξa or
Wf (y) = 0, where a ∈ Fq. Any 0-plateaued function is a bent
function.



Main results

The Hamming distance between two functions f and g is the
cardinality of the support {x ∈ Dom(f ) : f (x)− g(x) 6= 0} of their
difference.

Theorem 1

The Hamming distance between two binary s-plateaued functions is
not less than 2

s+n−2
2 ;

the Hamming distance between two ternary s-plateaued functions is
not less than 3

s+n−1
2 .

These bounds are tight.



Main results

Proposition

1) For n = d + s, d > 4, s > log d , there exist pairs of 2-ary
s-plateaued functions at distance 2

s+n−2
2 .

2) For n = d + s, d > 0, s > log d , there exist pairs of 3-ary
s-plateaued functions at distance 3

s+n−1
2 .

Functions R(x1, x2, x3, x4) = (x1 + x2)(x3 + x4) + x1 + x3 and
R ′(x1, x2, x3, x4) = (x1 + x4)(x3 + x2) + x1 + x3 are 2-plateaued
functions over F2 at distance 4 = 2

s+n−2
2 . Functions T (x) = x2 and

T ′(x) = x + 2x2 are 0-plateaued functions over F3 at distance
1 = 3

s+n−1
2 .



Eisenstein integers

Case q = 3. If f : F n
3 → F3 then

∑
x∈Fn

3

ξf (x)+〈x ,z〉 = 3n/2Wf (z) are

Eisenstein integers.



Proof Theorem 1

uncertainty principle

Let G be a finite abelian group. For every f ∈ V (G ) the following
inequality is true:

|supp(f )| · |supp(f̂ )| ≥ |G |.

Let f , g : F n
3 → F3 be s-plateaued functions. Then

|ξf (x) − ξg(x)| =
√

3 if f (x) 6= g(x) and
|Wf (y)−Wg (y)| = 3s/2|ξa ± ξb|, a, b ∈ F3, or
|Wf (y)−Wg (y)| = 3s/2|ξa − 0| if Wf (y) 6= Wg (y). In both cases
|Wf (y)−Wg (y)| ≥ 3s/2.

3|supp(f − g)| = ‖ξf − ξg‖2 = ‖Wf −Wg‖2 ≥ 3s |supp(Wf −Wg )|

31−s |supp(f − g)|2 ≥ |supp(f − g)||supp(Wf −Wg )| ≥ 3n



Main results

Theorem 2

1) If an s-plateaued function f : F n
q → Fq is an affine function on

an affine subspace Γ, then dimΓ ≤ s+n
2 .

2) If an s-plateaued function f : F n
q → Fq is an affine function on

an s+n
2 -dimensional affine subspace, then there exist q − 1

s-plateaued functions that differ from f only on this subspace.

Lemma

If Γ is a linear subspace in F n
q and the subspace Γ⊥ is the dual of Γ

then it holds ∑
y∈Γ

f̂ (y) = qdim(Γ)−n/2
∑
x∈Γ⊥

f (x).



Extremal property of plateaued functions

The nonlinearity of a function f on F n
q is expressed via its

Walsh–Hadamard coefficients by the formula
nl(f ) = qn−1 − q

n
2−1 max

u∈Fn
q
|Wf (u)|.

The correlation immunity of a balanced (Wf (0̄) = 0) function f on
F n

q is expressed via its Walsh–Hadamard coefficients by the formula
cor(f ) = min

u∈Fn
q ,Wf (u) 6=0

wt(u)− 1,

where wt(u) is the Hamming weight of a vector u.

Theorem (Tarannikov 2000)

Let f be a balanced Boolean function on F n
2 , cor(f ) ≤ n − 2. Then

nl(f ) ≤ 2n−1 − 2cor(f )+1. If nl(f ) = 2n−1 − 2cor(f )+1 then f is a
plateaued function.


