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Let Fq be the Galois field of order q. A subset M of F n
q is called an

MDS code (with code distance k + 1) if |M ∩ Γ| = 1 for each
k-dimensional face Γ. For k = n − 2, an MDS code is equivalent to
a set of (n − 2) mutually orthogonal latin squares (MOLS).
f1 f2 f3
0 2 3 1
3 1 0 2
1 3 2 0
2 0 1 3

0 2 3 1
2 0 1 3
3 1 0 2
1 3 2 0

0 2 3 1
1 3 2 0
2 0 1 3
3 1 0 2

M = {(x , y , f1(x , y), f2(x , y), f3(x , y)) |(x , y) ∈ F 2
4 }



Proposition 1

Let M ⊂ Fm
q be an MDS code and let for each x ∈ M a set

L(x) ⊂ Fm
q′ be an MDS code (these codes have the same distance).

Then the set C = {(x , y) | x ∈ M, y ∈ L(x)} ⊂ Fm
q×q′ is an MDS

code.

If the code L(x) doesn’t depend on x then the MDS code C is
obtained as Cartesian product.
0 1 3 2 4 5
1 0 2 3 5 4
3 2 5 4 1 0
2 3 4 5 0 1
4 5 0 1 3 2
5 4 1 0 2 3

0 1 2 3 4 5
1 0 3 2 5 4
2 3 4 5 0 1
3 2 5 4 1 0
4 5 0 1 2 3
5 4 1 0 3 2

A subset T of MDS code C ⊂ F n
q is called a subcode if T is an

MDS code in A1 × · · · × An and T = C ∩ (A1 × · · · × An) where
Ai ⊂ Fq.



An isotopism is a transform τ : x 7→ τx where
x = (x1, . . . , xn) ∈ F n

q , τx = (τ1x1, . . . , τnxn), τi ∈ Sq. Define the
group of autotopisms Ist(A) = {τ | τA = A}, which map A ⊆ F n

q
to itself. A set A ⊆ F n

q is called isotopically transitive if for every
two vertices x , y from A there exists an isotopism τ such that
τ(x) = y and τ(A) = A; i.e., the group Ist(A) acts transitively on
A.

0 2 3 1
3 1 0 2
1 3 2 0
2 0 1 3

2 0 1 3
0 2 3 1
3 1 0 2
1 3 2 0

0 3 2 1
3 0 1 2
1 2 3 0
2 1 0 3

0 3 1 2
1 2 0 3
2 1 3 0
3 0 2 1

Proposition 2

If a code C is obtained as the Cartesian product of two isotopically
transitive codes, then C is isotopically transitive.



A code is called linear if it is a linear subspace.

Proposition 3

a) Any vertex of an MDS code obtained as the Cartesian product
lies in two proper subcodes (at least).
b) A linear pair of MOLS over GF (q2) (q is prime, d = 3) either
hasn’t subcodes or any vertex of the code lies in two proper
subcodes.

0 1 2 3 4 5 6 7 8
1 2 0 4 5 3 7 8 6
2 0 1 5 3 4 8 6 7
3 4 5 6 7 8 0 1 2
4 5 3 7 8 6 1 2 0
5 3 4 8 6 7 2 0 1
6 7 8 0 1 2 3 4 5
7 8 6 1 2 0 4 5 3
8 6 7 2 0 1 5 3 4

0 1 2 3 4 5 6 7 8
2 0 1 5 3 4 8 6 7
1 2 0 4 5 3 7 8 6
6 7 8 0 1 2 3 4 5
8 6 7 2 0 1 5 3 4
7 8 6 1 2 0 4 5 3
3 4 5 6 7 8 0 1 2
5 3 4 8 6 7 2 0 1
4 5 3 7 8 6 1 2 0



Consider the code C0 ⊂ (Fq×q)
4, (xi , yi ) ∈ Fq × Fq ' Fq×q,

determined by the equations
x3 = l11x1 + l12x2;
x4 = l21x1 + l22x2;
y3 = m11y1 + m12y2 + ξ1(x1, x2);
y4 = m21y1 + m22y2 + ξ2(x1, x2),

where ξ1 and ξ2 are quadratic functions and the pairs of vectors
(l11, l12), (l21, l22) and (m11, m12), (m21, m22) are not collinear.

Theorem 1

If the pairs of vectors (l11, l12), (m11, m12) and (l21, l22), (m21, m22)
are not collinear, then C0 is an isotopically transitive MDS code.



Theorem 2

If ξ2(x1, x2) = x1x2 and ξ1(x1, x2) ≡ 0 then C0 isn’t isotopic to a
linear code or to a code obtained as the Cartesian product.

0 1 2 3 4 5 6 7 8
2 0 1 5 3 4 8 6 7
1 2 0 4 5 3 7 8 6
3 4 5 6 7 8 0 1 2
5 3 4 8 6 7 2 0 1
4 5 3 7 8 6 1 2 0
6 7 8 0 1 2 3 4 5
8 6 7 2 0 1 5 3 4
7 8 6 1 2 0 4 5 3

0 1 2 3 4 5 6 7 8
1 2 0 4 5 3 7 8 6
2 0 1 5 3 4 8 6 7
6 7 8 1 2 0 5 3 4
7 8 6 2 0 1 3 4 5
8 6 7 0 1 2 4 5 3
3 4 5 8 6 7 1 2 0
4 5 3 6 7 8 2 0 1
5 3 4 7 8 6 0 1 2

x3 = x1 + x2;
x4 = x1 + 2x2;
y3 = y1 + 2y2;
y4 = y1 + y2 + x1x2.
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