
Presentations of Structures in Admissible SetsAlexey StukachevSobolev Institute of Mathematics, Novosibirsk, Russiaaistu@math.nsc.ruAbstract. We consider copies and constructivizations of structures inadmissible sets. It is well known that in classical computable model the-ory (on natural numbers) these approaches are equivalent: a structurehas computable (decidable) copy if and only if it is constructivizable(strongly constructivizable). However, in admissible sets the "if" partof this statement is not true in general. In the �rst section we surveyresults about copies in hereditary �nite superstructures and de�nabil-ity (so called syntactical conditions of intrinsically computable proper-ties). The second section is devoted to constructivizations of uncountablestructures in "simplest" uncountable admissible sets. The third sectioncontains some results on constructivizations of admissible sets withinthemselves.1 Copies of Structures in Admissible SetsWe denote by F (�) the set of �nite �rst order formulas of a signature �. Wealso �x some G�odel numbering d�e : F (�) ! ! (d'e { G�odel number of ').In all that follows we consider only computable signatures and suppose thatG�odel numberings are e�ective. We also denote by Fn(�) (n 6 !) a set of (�nite�rst order) formulas of signature � with no more than n alterating groups ofquanti�ers in prenex normal form. F0(�) is a set of quanti�er-free formulas ofsignature �.Let M be a structure of signature �, A an admissible set, and let M � A.Then the atomic diagramD(M) = fhd'e; �mij ' 2 F0(�) { atomic formula, �m 2M<!; M j= '( �m)gis a subset of A.De�nition 1. Let M be a structure of computable structure �, A an admissibleset, and let M � A. Structure M is n-decidable in A (n 6 !) iffhd'e; �mi j ' 2 Fn(�); �m 2M<!;M j= '( �m)gis �-de�nable in A .StructureM is computable in A ifM is 0-decidable in A , and decidable in Aif M is !-decidable in A . It is obvious that if M is n-decidable in A for some nthen M is �-de�nable in A .Structure M is computable (decidable) in classical sense if and only if it iscomputable (decidable) in the least admissible set H F(?).



2De�nition 2. F : P (A)n ! P (A) is a �-operator if there exists a �-formula�(x0; : : : ; xn�1; y) such that for any S0; : : : ; Sn�1 2 P (A)F (S0; : : : ; Sn�1) = fa j 9a0 : : : 9an�1( Vi<n ai � Si ^ A j= �(a0; : : : ; an�1; a))g:Let F : P (A)n ! P (A) be a �-operator, �c(F ) { a set of elements of P (A)nin which F is strongly continous [1]. It is easy to show that in H F(M) any subsetbelongs to �c(F ) for any �-operator F .De�nition 3. Suppose B;C are subsets of an admissible set A . B is �-reducibleto C (B 6� C) if there exists binary �-operator F0 such that hC;AnCi 2 �c(F0)and B = F0(C;AnC). If except that there exists binary �-operator F1 such thathC;A nCi 2 �c(F1) and A nB = F1(C;A nC) then B is said to be T�-reducibleto C (B 6T� C).Let A be an admissible set,M a structure such thatM � A, and let P �Mn.P is relatively computable in A if P is T�-reducible to D(M) in A , and relativelyc.e. in A if P is �-reducible to D(M) in A .De�nition 4. LetM be a structure of computable signature �, A an admissibleset, and let M � A. Structure M is relatively n-decidable in A (n 6 !) iffhd'e; �mi j ' 2 Fn(�); �m 2M<!;M j= '( �m)gis T�-reducible to D(M) in A .De�nition 5. A copy of a structure M in an admissible set A is a structure Nsuch that N 'M and N � A.Theorem 1 (Ash, Knight, Manasse, Slaman [2], Chisholm [3]). Let Mbe a countable structure and let P �Mn. Then the following are equivalent:{ P is �-de�nable in H F(M);{ for any copy N of M in H F(M) PN is relatively c.e.;{ for any copy N of M in H F(?) PN is relatively c.e..Theorem 2 (Goncharov [4], Manasse [5]). There exists a countable struc-ture M with computable copy in H F(?) and P �M such that{ for any computable copy N of M in H F(?) PN is c.e.;{ P is not �-de�nable in H F(M).Theorem 3. Let M be a countable structure, n 6 !. Then the following areequivalent:{ M is n-decidable in H F(M);{ any copy of M in H F(M) is relatively n-decidable;{ any copy of M in H F(?) is relatively n-decidable.Theorem 4 (Nurtazin [6]). Let M be a countable structure with computablecopy in H F(?), n 6 !. Then the following are equivalent:{ M is n-decidable in H F(M);{ any copy of M in H F(?) is relatively n-decidable;{ any computable copy of M in H F(?) is n-decidable.



3The previous theorem shows that in case of decidability it is impossible toconstruct an analog of Goncharov-Manasse example from theorem 2. About theexistence of relatively decidable copies, there isTheorem 5 (Harizanov, Knight, Morozov [7]). LetM be a countable struc-ture. Then in H F(?) there exists a relatively decidable copy of M.We prove the followingTheorem 6. Let M be a structure of computable signature. Then in H F(M)there exists a relatively decidable copy of M.Suppose M is arbitrary (possibly uncountable) structure of computable sig-nature, S { structure of empty signature of the same cardinality as M.Conjecture 1. There exists a relatively decidable copy of M in H F(S).Conjecture 2. For any n 6 ! the following are equivalent:{ M is n-decidable in H F(M);{ any copy of M in H F(M) is relatively n-decidable;{ any copy of M in H F(S) is relatively n-decidable.Conjecture 3. SupposeM is a structure with computable copy in H F(S), n 6 !.Then the following are equivalent:{ M is n-decidable in H F(M);{ any copy of M in H F(S) is relatively n-decidable;{ any computable copy of M in H F(S) is n-decidable.A theory T is regular [1] if it is model complete and decidable.Proposition 1. If Th(M) is regular then M is decidable in H F(M).Example 1. R, Qp , C are structures with regular elementary theories.We describe decidable linear orders in the following way:Theorem 7. A linear order L is 1-decidable in H F(L) i� L is a sum of a �nitenumber of dense linear orders and points.A structure M is n-complete [4] (n 6 !) if for any formula '(�x) 2 Fn(�)and for any �m 2 M<! s.t. M j= '( �m) there exists a 9-formula  (�x) such thatM j=  ( �m) and M j= 8�x( (�x) ! '(�x)).Proposition 2. Suppose M is n-decidable in H F(M) (n 6 !). Then M is n-complete in some constant expansion.Proposition 3. Suppose M is n-complete and Th(M) is decidable. Then M isn-decidable in H F(M).



4 SupposeM is 1-decidable in H F(M). Then H F(M) has universal �-functionand reduction property, but not necessarily uniformization property.LetM be a structure of signature � and let signature �� consists of all sym-bols of � and new functional symbols f'(x1; : : : ; xn) for all existential formulas'(x0; x1; : : : ; xn) of signature �. Structure M� of signature �� is called existen-tial Skolem expansion of M if jM�j = jMj,M ��=M� �� and for any existentialformula '(x0; x1; : : : ; xn) of signature �M� j= 8x1 : : :8xn(9x'(x; x1; : : : ; xn) ! '(f'(x1; : : : ; xn); x1; : : : ; xn)):The next theorem is a generalization of the main result from [12].Theorem 8. SupposeM is 1-decidable in H F(M). Then H F(M) has uniformiza-tion property i� some existential Skolem expansion ofM is computable in H F(M).Theorem 9. For any n 2 ! there exists !-categorical structure M such thatM is n-decidable in H F(M) but not (n+ 1)-decidable H F(M). There also exists!-categorical structure M such that for any n 2 ! M is n-decidable in H F(M)but M is not decidable in H F(M).Admissible set A is quasiresolvable [1] if there exists a sequence B0 � B1 �: : : � B� � : : : ; � 2 Ord A of transitive subsets of A such that [�2Ord AB�= A,and subsets fh�; aija 2 B�g andfh�; d�e; �ai j � 2 Ord A ; �(�x) 2 F (�A ); �a 2 B<!� ; A � B� j= �(�a)gare �-de�nable in A .Admissible set A is 1-quasiresolvable if there exists a sequence B0 � B1 �: : : � B� � : : : ; � 2 Ord A of transitive subsets of A such that [�2Ord AB� = A,and subsets fh�; aija 2 B�g andfh�; d�e; �ai j � 2 Ord A ; �(�x) � �-formula of �A ; �a 2 B<!� ; A � B� j= �(�a)gare �-de�nable in A .If admissible set A is 1-quasiresolvable then A has universal �-functionand reduction property [1]. If M is (1-)decidable in H F(M) then H F(M) is(1-)quasiresolvable. The converse is not true in general.Theorem 10. Suppose M is !-categorical. Then1) M is decidable in H F(M) i� H F(M) is quasiresolvable;2) M is 1-decidable in H F(M) i� H F(M) is 1-quasiresolvable.2 Constructivizations of Structures in Admissible SetsLet N be a structure of relational computable signature hPn00 ; : : : ; Pnkk ; : : : i andlet A be an admissible set.



5De�nition 6 (Ershov [1]). N is �-de�nable (constructivizable) in A if thereexists a computable sequence of �-formulas�(x0; y); 	(x0; x1; y); 	�(x0; x1; y); �0(x0; : : : ; xn0�1; y);��0(x0; : : : ; xn0�1; y); : : : ; �k(x0; : : : ; xnk�1; y); ��k(x0; : : : ; xnk�1; y); : : :such that for some parameter a 2 AN0 � �A (x0; a) 6= ?; � � 	A (x0; x1; a) \N20is a congruence relation on the structureN0 � hN0; PN00 ; : : : ; PN0k ; : : : i;where PN0k � �Ak (x0; : : : ; xnk�1) \Nnk0 ; k 2 !,	�A (x0; x1; a) \N20 = N20 n 	 A (x0; x1; a);��Ak (x0; : : : ; xnk�1; a) \Nnk0 = Nnk0 n �Ak (x0; : : : ; xnk�1)for all k 2 ! and the structure N is isomorphic to the quotient structure N0��.De�nition 7. A theory T is c-simple [1] if it is !-categorical, model complete,decidable and has decidable set of complete formulas.Conjecture 4 (Ershov [8]). If T is c-simple theory then some uncountable modelof T is �-de�nable in H F(L) for some (uncountable) dense linear order L.Theorem 11 (Schmerl [9]). If A is countably in�nite, !-categorical structure,then there is a linear order < of A with order type of rationals such that hA; <iis !-categorical.De�nition 8. For arbitrary structures A and B a set I � A\B is called a setof A-indiscernibles in B if for any tuples �i;�i0 2 I<! of the same lengthhA;�ii � hA;�i0i implies hB;�ii � hB;�i0i:Let T and T 0 be c-simple theories. If some uncountable model of T 0 is �-de�nable in HF-superstructure over some model of T , then there are decidablemodels A andB of T and T 0 respectively such that there is an in�nite computableset of A�-indiscernibles in B, where B� is expansion of B by �nite number ofconstants.For some c-simple theories this necessary condition of �-de�nability is alsosu�cient. We denote by TDLO theory of dense linear order and by TE theory ofin�nite models of equality.Theorem 12 ([13]). Let T be c-simple theory and A be any decidable model ofT . Then



61) T has uncountable model which is �-de�nable in H F(L) for some L j= TDLOi� there exists an in�nite computable set of order indiscernibles in A;2) T has uncountable model which is �-de�nable in H F(S) for some S j= TEi� there exists an in�nite computable set of total indiscernibles in A.Theorem 13 (Kierstead, Remmel [10]). There exists c-simple theory T s.t.any in�nite set of (order) indiscernibles in decidable model of T is not com-putable.By using this result we obtain a counterexample for Ershov conjecture.Corollary 1 ([13]). There exists c-simple theory (of in�nite signature) suchthat none of it's uncountable models is �-de�nable in H F(L), where L is a denselinear order.Conjecture 5. For any c-simple theory T there exists a c-simple theory T 0 suchthat for any uncountableM j= T andM0 j= T 0 M0 is not �-de�nable in H F(M).3 Inner Constructivizability of Admissible SetsConsider a signature � and let P be unary predicate symbol not in �. For QR-formula (i.e. formula which possibly contain restricted quanti�ers of kind 8x 2 yand 9x 2 y) � of signature � [ f2g we de�ne inductively relativization �P offormula � by predicate P :{ if � is atomic then �P = �;{ if � = (�1 � �2), � 2 f^;_;!g then �P = (�P1 � �P2 );{ if � = :	 then �P = :�P ;{ if � = (Qx 2 y)	 , Q 2 f8; 9g then 	P = (Qx 2 y)	P ;{ if � = 9x	 then �P = 9x(P (x) ^ 	P );{ if � = 8x	 then �P = 8x(P (x)! 	P ).In case then A is admissible set, B � A and �(x0; : : : ; xn�1) is a QR-formulaof signature �A , we de�ne(�(x0; : : : ; xn�1))B = fha0; : : : ; an�1i 2 An j hA ; Bi j= �P (a0; : : : ; an�1)g:De�nition 9. A structure M of computable predicate signature hPn00 ; Pn11 ; : : : iis constructivizable in an admissible set A inside B � A if there exists computablesequence of formulas�(x0; y); 	(x0; x1; y); 	�(x0; x1; y); �0(x0; : : : ; xn0�1; y);��0(x0; : : : ; xn0�1; y); : : : ; �k(x0; : : : ; xnk�1; y); ��k(x0; : : : ; xnk�1; y); : : :and b 2 B such thatM0 � �B(x0; b) 6= ?; M0 � B; � � 	B(x0; x1; b) \M20is a congruence relatin on the structureM0 � hM0; PM00 ; : : : ; PM0k ; : : : i;



7where PM0k � (�k(x0; : : : ; xnk�1))B \Mnk0 ; k 2 !,(	�(x0; x1; a))B \M20 =M20 n (	(x0; x1; a))B ;(��k(x0; : : : ; xnk�1; a))B \Mnk0 =Mnk0 n (�k(x0; : : : ; xnk�1))Bfor all k 2 !, and M is isomorphic to M0��.If A is an admissible set then for arbitrary B � A we de�ne rnk(B) in theusual way: rnk(B) = supfrnk(b)jb 2 Bg:De�nition 10. Rank of inner constructivizability of an admissible set A is anordinal cr(A ) = inffrnk(B) j A is constructivizable in A inside Bg:The next theorem gives the precise estimates of the rank of inner construc-tivizability for hereditary �nite superstructures.Theorem 14 ([14]). Suppose M is a structure of computable signature. Then1) if M is �nite then cr(H F(M)) = !,2) if M is in�nite then cr(H F(M)) 6 2.From this theorem we obtain e�ective analogs of some results from [11] aboutde�nability in multisorted languages.Examples of structures M for which cr(H F(M)) = 2 are in�nite models ofempty signature, dense linear orders, and, more interesting, the structure h!; siof natural numbers with successor function. Indeed, if we denote by ThWM (M)a theory of M in the language of weak monadic second order logic, then thefollowing lemma is true:Lemma 1. If ThWM(M) is decidable then cr(H F(M)) = 2.From B�uchi result about decidability of ThWM (h!; si) and the previous lem-ma we get that cr(H F(h!; si)) = 2:An example of structure M for which cr(H F(M)) = 0 is, obviously, thestandard model of arithmetic N. An example of structure for which rank ofinner constructivizability is equal to 1 is the �eld R of real numbers.Theorem 15 ([14]). cr(H F(R)) = 1:
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