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Abstract. We consider a problem of inner constructivizability of admis-
sible sets by means of elements of a bounded rank. For hereditary finite
superstructures we find a precise estimates for the rank of inner construc-
tivizability: it is equal to ω for superstructures over finite structures and
less or equal to 2 otherwise. We introduce examples of hereditary fi-
nite superstructures with ranks 0, 1, 2. It is shown that hereditary finite
superstructure over field of real numbers has rank 1.

Notations and terminology used below are standard and corresponds to [1,
2]. We denote the domains of a structure M and KPU-model A by M and A re-
spectively. Further on, without loss of generality we will consider only structures
and KPU-models with predicate signatures.

Let M be a structure of computable predicate signature 〈Pn0
0 , . . . , Pnkk , . . .〉,

and let A be a KPU-model, i.e. a structure of signature containing symbols
U1,∈2, which is a model of the system of axioms KPU. Following [1], M is
called Σ-definable (constructivizable) in A if there exists a computable sequence
of Σ-formulas

Φ(x0, y), Ψ(x0, x1, y), Ψ∗(x0, x1, y), Φ0(x0, . . . , xn0−1, y),

Φ∗0(x0, . . . , xn0−1, y), . . . , Φk(x0, . . . , xnk−1, y), Φ∗k(x0, . . . , xnk−1, y), . . .

such that for some parameter a ∈ A, and letting

M0 � ΦA(x0, a), η � ΨA(x0, x1, a) ∩M2
0

one has that M0 6= ∅ and η is a congruence relation on the structure

M0 � 〈M0, P
M0
0 , . . . , PM0

k , . . .〉,

where PM0
k � ΦAk (x0, . . . , xnk−1) ∩Mnk

0 , k ∈ ω,

Ψ∗A(x0, x1, a) ∩M2
0 = M2

0 \ ΨA(x0, x1, a),
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Φ∗Ak (x0, . . . , xnk−1, a) ∩Mnk
0 = Mnk

0 \ ΦAk (x0, . . . , xnk−1)

for all k ∈ ω and the structure M is isomorphic to the quotient structure M0�η.
In this case we say that the above sequence of formulas together with the pa-
rameter a are Σ-defining M in A.

In the present setting, however, it would be more convenient to use an equiv-
alent approach based on the notion of A-constructivizability. A mapping (num-
bering) ν : B → M is called an A-constructivization of a structure M if B ⊆ A
is a Σ-subset and the numbering equivalence relation

ην = {〈b0, b1〉|b0, b1 ∈ B, M |= (ν(b0) = ν(b1))}
as well as the sets

{〈k, 〈b0, . . . , bnk−1〉 ra|k ∈ ω, b0, . . . , bnk−1 ∈ B,M |= Pk(ν(b0), . . . , ν(bnk−1))}
are ∆-subsets of A. We will say that a structure is A-constructivizable if it has
an A-constructivization. It is known (see [1]) that a structure M is Σ-definable
in a KPU-model A if and only if M is A-constructivizable.

Let A be a KPU-model of signature σA and let Θ be a Σ-formula of the
same signature. For arbitrary Σ-formula Φ of the signature σA the relativization
ΦΘ of formula Φ by formula Θ is defined inductively:

if Φ is an atomic formula then ΦΘ is equal to Φ;
if Φ is of the form ¬Ψ then ΦΘ is equal to ¬(ΨΘ);
if Φ is of the form (Ψ1 ∗ Ψ2) , ∗ ∈ {∧,∨,→}, then ΦΘ is equal to (ΨΘ1 ∗ ΨΘ2 );
if Φ is of the form (Qx ∈ y)Ψ , Q ∈ {∀, ∃}, then ΦΘ is equal to (Qx ∈ y)ΨΘ;
if Φ is of the form ∃xΨ then ΦΘ is equal to ∃x(Θ(x) ∧ ΨΘ).
It is clear that ΦΘ is a Σ-formula of signature σA.

Definition 1. Let A be a KPU-model of computable predicate signature σA =
〈U1,∈2, Pn0

0 , . . .〉, and let B ⊆ A be a transitive Σ-subset defined in A by some
Σ-formula Θ of the signature σA which contains parameters only from B. A is
said to be constructivizable inside B if there is a computable sequence Φ(x̄0, ȳ),
Φ=(x̄0, x̄1, ȳ), Ψ=(x̄0, x̄1, ȳ), Φ∈(x̄0, x̄1, ȳ), Ψ∈(x̄0, x̄1, ȳ), ΦU (x̄0, ȳ), ΨU (x̄0, ȳ),
ΦP0(x̄0, . . . , x̄n0−1, ȳ), ΨP0(x̄0, . . . , x̄n0−1, ȳ), . . . of Σ-formulas (tuples x̄0, x̄1

... are supposed to be of the same length k – a dimension of the construc-
tivization, tuple ȳ is of the length l), and a tuple of parameters b̄ ∈ Bl such
that {ā ∈ A|A |= ΦΘ(ā, b̄)} ⊆ Bk and the sequence of the relativized formulas
〈ΦΘ, (Φ=)Θ, (Ψ=)Θ, (Φ∈)Θ, (Ψ∈)Θ, (ΦU )Θ, (ΨU )Θ, ΦΘP0

, ΨΘP0
, . . .〉 with parameters

b̄ are Σ-defining the KPU-model A in A.

The above notion can also be reformulated in terms of constructivizations,
so we will usually speak about A-constructivizations of M inside B. Note also
that because of the requirement on parameters to be elements from B we could
not, in general, replace in the above definition a tuple b̄ by a single b ∈ B.

In the same way, under the same conditions on B, we call a subset C ⊆ A
to be Σ-definable in A inside B, if C is defined in A by means of ΦΘ for some
Σ-formula Φ with parameters from B.
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Suppose now that A is an admissible set, i.e. a KPU-model in which the set
of ordinals is well-founded (see [1]). If, for any a ∈ A, rnk(a) denotes the rank
of a, we can define a notion of rank for arbitrary subset B ⊆ A in the following
way: rnk(B) = sup{rnk(b)|b ∈ B}.
Definition 2. The rank of inner constructivizability of an admissible set A is
the ordinal

cr(A) = inf{rnk(B)|A is constructivizable inside B}.
The theorem below gives the precise estimates for the rank of inner construc-

tivizability for admissible sets of form HF (M) — hereditary finite structures.

Theorem 1. Let M be a structure of computable signature. Then
1) if M is finite then cr(HF (M)) = ω,
2) if M is infinite then cr(HF (M)) 6 2.

We now begin the proof. Assume as usual that for any n ∈ ω HFn(M) is the
set of all elements from HF (M) with rank less or equal to n. It is easy to see
that in case when M is finite, HFn(M) is finite for all n ∈ ω, and hence HF (M)
is not constructivizable inside HFn(M) for any n ∈ ω, thus the first statement
is true. The second statement comes from the following

Theorem 2. If M is infinite then the hereditary finite structure HF (M) is con-
structivizable inside HF2(M).

Proof. First, we construct an HF (M)-constructivization ν inside HF2(M) of
the standard model of arithmetic N = 〈ω,≤,+, ·, s, 0〉. For this we will use the
cardinal presentation of natural numbers on the set M : with any n ∈ ω we
connect the collection of all subsets of M containing exactly n elements, i.e.

ν−1(n)� {a ⊆M | card(a) = n}.
Thus defined numeration ν is called a cardinal numeration. Relative to this
numeration, two subsets of M represents the same natural number if there exists
a bijection from one subset onto another. We will represent functions whose
domains are finite subsets of M by means of elements of HF (M) with rank 2.
Namely, any function f = {〈u0, v0〉,. . . , 〈un, vn〉} is uniquely determined by any
element (of rank 2) of the form

{w0, . . . , wn, {u0, w0}, . . . , {un, wn}, {u0, v0, w0}, . . . , {un, vn, wn}},
where w0, . . . , wn ∈M \ {u0, . . . , un, v0, . . . , vn} are pairwise different (such ele-
ments do exist since M is infinite). Let Cf be the set of all such presentations
of f , and let

C = ∪{Cf | f is a finite function with dom(f) ⊆M and rng(f) ⊆M}.
It is clear that C ⊆ HF2(M) and, moreover, C is a ∆0-subset in HF (M).
It is easy to write down ∆0-formulas defining, for any element c ∈ C which
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represents some finite function fc, the sets dom(fc) and rng(fc) — the domain
and the range of fc respectively, and a ∆0-formula which is true if and only if
fc is a bijection. So it follows that the numeration equivalence relation for the
cardinal numeration ν is Σ-definable inside HF2(M): for any finite a, b ⊆M

ν(a) = ν(b) ⇐⇒ ∃c ∈ C ((fc is a bijection)
∧(dom(fc) = a) ∧ (rng(fc) = b)).

In the same way, for the natural order relation ≤ we have

ν(a) ≤ ν(b) ⇐⇒ ∃a′ ∈ HF1(M) ((ν(a′) = ν(a)) ∧ (a′ ⊆ b)),
ν(a) < ν(b) ⇐⇒ ∃a′, b′ ∈ HF1(M) ((ν(a′) = ν(a)) ∧ (b = a′ ∪ b′)

∧(a′ ∩ b′ = ∅) ∧ (b′ 6= ∅)),

hence, since ν(a) 6= ν(b) iff ((ν(a) < ν(b)) ∨ (ν(b) < ν(a))), we get that both
the numbering equivalence relation and the order relation are ∆-definable inside
HF2(M).

For the operations of addition and multiplication we have that

ν(a) + ν(b) = ν(c) ⇐⇒ ∃a′, b′ ∈ HF1(M) ((ν(a′) = ν(a)) ∧ (ν(b) = ν(b′))
∧(c = a′ ∪ b′) ∧ (a′ ∩ b′ = ∅)

ν(a) · ν(b) = ν(c) ⇐⇒ ∃c′ ∈ HF2(M) ((∪c′ = c) ∧ (”c′ = {a′1, . . . , a′ν(b)}”)
∧(”a′i ∩ a′j = ∅ then i 6= j”)
∧(”ν(a′i) = ν(a) for all i”)),

where ”c′ = {a′1, . . . , a′ν(b)}” denotes the formula

∃c′′ ∈ HF1(M) ((ν(c′′) = ν(b)) ∧ ∀a′ ∈ c′∃!x ∈ a′(x ∈ c′′)).
Thus, relative to the cardinal numbering ν, the operations of additions and
multiplication of natural numbers are ∆-definable inside HF2(M).

Recall that for arbitrary structure M a coding scheme [4] C consists of a set
NC ⊆M and a linear order <C on NC such that

〈NC , <C〉 ' 〈ω,<〉,
and an injective mapping πC from the set of all finite sequences of elements of M
into M . For a given coding scheme C we will denote by 0̇, 1̇, 2̇, . . . the correspond-
ing elements of NC , relative to <C . With C we will also consider the predicate
SeqC(x) which is true in case then x = πC(∅) or x = π(〈m0, . . . ,mn〉) for some
m0, . . . ,mn ∈ M , and functions lhC(x), prC(x, ṁ), which gives correspondingly
the length and the m-th element of the tuple with code x, and gives 0̇ in case
of mismatch of the arguments. A structure M is called acceptable [4] if it has a
coding scheme C such that functions and relations NC , <C , SeqC , lhC , prC are
definable in M.

We introduce the (multivalued) coding scheme C∗ for coding finite sequences
of elements from M by elements from HF2(M), such that NC∗ = ν−1(ω), and
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SeqC∗ , lhC∗ and prC∗ are ∆-definable in HF (M) inside HF2(M). The set of
codes of the tuple 〈m0, . . . ,mk〉 inMk+1 in the coding scheme C∗ is equal, by
definition, to the set of all elements of the form

{{m0, u0}, . . . , {mk, u0, . . . , uk}, u0, . . . , uk},
there u0, . . . , uk are pairwise different elements from M such that {u0, . . . , uk}∩
{m0, . . . ,mk} = ∅. It is easy to see that the relation SeqC∗ and the functions
lhC∗ and prC∗ are ∆-definable inside HF2(M).

Having the cardinal HF (M)-constructivization of the standard model of
arithmetic N , the coding scheme C∗ and arbitrary constructivization γ (in sense
of the classical theory of constructive models) of the admissible set HF (ω), we
construct the HF (M)-constructivization ν∗ of HF (M) inside HF2(M) in the
following way. Suppose a ∈ HF (M); we let (ν∗)−1(a) to be equal to the set of
all elements of the form

{aκ , {m0, u0}, . . . , {mk, u0, . . . , uk}, u0, . . . , uk},
where κ ∈ HF (ω) and m0, . . . ,mk ∈M are such that a = κ(m0, . . . ,mk) in the
notations of [1], the set aκ ⊆M satisfies the condition ν(aκ) = γ−1(κ), and ele-
ments u0, . . . , uk fromM are pairwise different and {u0, . . . , uk}∩{m0, . . . ,mk} =
{u0, . . . , uk} ∩ aκ = {m0, . . . ,mk} ∩ aκ = ∅.

The numeration ν∗ defined in such way is, in fact, a constructivization of
HF (M) inside HF2(M). Indeed, the equality relation and the membership rela-
tion are defined by mutual recursion in the following way:

κ1(m̄1) ∈ κ2(m̄2) ⇐⇒ ∃κ′ ∈ κ2(κ1(m̄1) = κ′(m̄2)),

κ1(m̄1) ⊆ κ2(m̄2) ⇐⇒ ∀κ′ ∈ κ1∃κ′′ ∈ κ2(κ′(m̄1) = κ′′(m̄2)),

κ1(m̄1) = κ2(m̄2) ⇐⇒ (κ1(m̄1) ⊆ κ2(m̄2)) ∧ (κ2(m̄2) ⊆ κ1(m̄1)).

Since the recursive part of this definition corresponds to the preimage of the set
of natural numbers ν−1(ω), there exist Σ-formulas which define the numeration
equivalence relation and the preimage of the membership relation for ν∗ inside
HF2(M).

An example of structure M with cr(HF (M)) = 2 is any infinite model of the
theory of equality or, more interesting, the structure 〈ω, s〉 of natural numbers
with successor function. Indeed, if we denote by ThWM (M) the weak monadic
second order logic theory of a structure M, the following lemma is true.

Lemma 1. If M is infinite and ThWM (M) is decidable, then cr(HF (M)) = 2.

Proof. Suppose, for a contradiction, that cr(HF (M)) < 2. Then, in particular,
the standard model of arithmeticN is HF (M)-constructivizable inside HF1(M),
hence N is interpretable in M by means of weak monadic second order logic. So
Th(N ) ≤m ThWM (M), and from the decidability of ThWM (M) follows decid-
ability of the elementary theory of the standard model of arithmetic, a contra-
diction.
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From the well-known result of Büchi [3] about decidability of ThWM (〈ω, s〉)
and the previous lemma we get that cr(HF (〈ω, s〉)) = 2.

An example of structure M with cr(HF (M)) = 0 is, obviously, the standard
model of arithmetic N . An example of a structure which hereditary finite super-
structure has rank of inner constructivizability 1, is the field R of real numbers.
First, we establish one general result.

Lemma 2. If P is a field of characteristic 0 then the standard model of arith-
metic is constructivizable in HF (P) inside HF1(P).

Proof. We build an HF (P)-constructivization µ of the standard model of arith-
metic 〈 omega,≤,+, ·, s, 0〉 inside HF1(P). Since P is a field of characteristic 0,
the set of natural numbers N = {0, 1, 1 + 1, . . .} is a subset of P. As the re-
quested constructivization we take a mapping µ : N → ω defined as follows:
µ−1(n) = 1 + . . .+ 1︸ ︷︷ ︸

n

for all n ∈ ω.

The set of natural numbers N ⊆ P is Σ-definable in HF (P) inside HF1(P):
for t ∈ P we have

t ∈ N ⇐⇒ HF (P) |= ∃a ((a ⊆ P) ∧ (0 ∈ a) ∧ ∀x ∈ a
(x 6= 0→ ∃y ∈ a(x = y + 1)) ∧ (t = max(a)),

where t = max(a) denotes the formula ¬(t+1 ∈ a). The numeration equivalence
relation for µ coinsides with the equality relation on N , the order relation is
∆-definable in HF (P) inside HF1(P): for n,m ∈ N

µ(n) ≤ µ(m) ⇐⇒ HF (P) |= ∃a∃b ((a = {0, 1, . . . , n})
∧(b = {0, 1, . . . ,m}) ∧ (a ⊆ b)),

µ(n) 6≤ µ(m) ⇐⇒ µ(m) < µ(n) ⇐⇒ (µ(m) ≤ µ(n)) ∧ (n 6= m)).

The operations of addition and multiplication on N are induced by the corre-
sponding operations of the field P, and so they are ∆-definable in HF (P) inside
HF1(P).

Corollary 1. If P is a field of characteristic 0 then the weak monadic second
order theory ThWM (P) is undecidable. In particular, weak monadic second order
theories ThWM (R), ThWM (Qp) and ThWM (C) are undecidable.

Theorem 3. cr(HF (R)) = 1.

Proof. By Lemma 2, the standard model of arithmetic is constructivizable in
HF (R) inside HF1(R). For the existence of a constructivization of HF (R) inside
HF1(R) necessary and sufficient condition is the existence of a Σ-definable inside
HF1(R) coding scheme for finite sequences of reals.

We introduce the coding scheme for finite sequences of reals by the pairs of
finite sets of reals. A tuple 〈a0, . . . , an−1〉 ∈ Rn is represented by the set of pairs
〈{a0, . . . , an−1}, {q0, . . . , qn−1}〉, where elements q0, . . . , qn−1 ∈ R are defined in
the following way: we find the least distance d = min{|ai−aj | |i, j < n, ai 6= aj}
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between distinct elements of the tuple and let qi = ai + d
2i+2 for all i < n

(under this assumption q0, . . . , qn−1 are pairwise different even in case then
some of a0, . . . , an−1 are equal. The set of pairs coding finite sequences of re-
als is Σ-definable inside HF1(R) since there exists the corresponding construc-
tivization of natural numbers. The projecting function is ∆-definable inside
HF1(R): ai = pr(〈{a0, . . . , an−1}, {q0, . . . , qn−1}〉, µ−1(i)) if and only if there
exists qi ∈ {q0, . . . , qn−1} such that |ai − qi| = d

2i+2 . In the same way it is easy
to show that the function lh in the described coding scheme is also ∆-definable
inside HF1(R).

We define the constructivization µ∗ of the admissible setHF (R) insideHF1(R)
in the following way. Suppose a ∈ HF (R); we let (µ∗)−1(a) to be equal to the
set of all triples of the form

〈µ−1(γ(κ)), {a0, . . . , an}, {q0, . . . , qn}〉,

where κ ∈ HF (ω) a0, . . . , an ∈ R are such that a = κ(a0, . . . , an), γ :
ω → HF (ω) is a constructivization of the admissible set HF (ω) and the pair
〈{a0, . . . , an}, {q0, . . . , qn}〉 is coding the tuple 〈a0, . . . , an〉 in the coding scheme
described above.

The mapping µ∗ thus defined is a constructivization (of dimension 3) of the
admissible set HF (R) inside HF1(R).

From the Theorem 1, in particular, follows some constructive analogs of some
results (namely, of the Theorems 18, 19, 20) from [5] about the definability in
multisorted languages, where the type of a variable describes the rank of its
possible values.
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