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Abstract

In this article, we consider admissible sets of kind HF (1), where 90t
is a model of a regular theory. We find a criterion of uniformization
in HF (1) formulated in terms of definability of Skolem functions. We
prove a corollary that reads: hereditary finite superstructures HF (R)
and HF (Qyp) over reals and over padic numbers have the uniformization

property.
Keywords: hereditary finite superstructure, uniformization, admis-
sible set.

Given an arbitrary model 9t (for instance, the field of reals), the hered-
itary finite superstructure HF(90), which is the smallest admissible set over
I, enables us to define effective computability over 91 by using the re-
cursion theory for admissible sets. The uniformization problem is one of
the nontrivial problems in generalized recursion theory.

In this article, we consider admissible sets of kind HF (1), where 9t is
a model of a regular theory. We find a criterion of uniformization in HF (97)
formulated in terms of definability of Skolem functions. As a corollary, we
prove that hereditary finite superstructures HF(R) and HF(Qp) over reals
and over padic numbers have the uniformization property.

The hereditary finite superstructure HF (91) over a model 9t = <M ) 0m>
is a model of signature ¢’ = o U {U, €, @}, whose universe is HF (M) =
Uneo Hn(M), where Ho(M) = @, Hyp1 (M) = {a]a C MUH,(M), [|a]| < w}.
The predicate U distinguishes the set of all elements of the model 9 (re-
garded as urelements), the relation € and the constant @ have the usual
set-theoretic meaning.

In the class of all formulas of signature o', we define a subclass of
Ag-formulas as the closure of the class of atomic formulas under A, V, -, —
,Ju € v,Yu € v; the class of Y-formulas is the closure of the class of
Aop-formulas under A, V, Ju € v,Vu € v, and the quantifier Ju; the class of
[I-formulas consists of the negations of X-formulas.



A predicate over HF(9M) is called a X-predicate (II-predicate), provided
it is defined by a Y-formula (II-formula) with parameters; it is called a
A-predicate in case it is a Y- and II-predicate simultaneously. If the graph
of a function is a X-predicate, we call this function a X-function.

In formulas of signature ¢/, we conventionally distinguish between vari-
ables with values in the set of urelements and general variables, i.e. variables
whose values may be arbitrary elements of an admissible set. In what fol-
lows, given a formula of signature o we assume all its variables, free or
bounded, to be variables for urelements.

Fix a Godel numbering of formulas of signature ¢’ which distinguishes
variables for urelements. The Godel number of a formula ¢ is denoted
by [¢]. The truth predicate ¥-Sat for ¥-formulas is defined in HF(90) as
follows:

E—Sat(a, (bg, . .. ,bn>) —

(a=[¢]) A (¢(z0,...,2,) is a X-formula) A (HF(M) = ¢(b)).

One of the most important properties of admissible sets is that »-Sat is
a Y-predicate [2].

Recall the definitions of regular theory [1] and theory with definable
Skolem functions [3]. A theory T of signature o is called regular if it is
model complete and decidable. By model completeness, each its formula is
T-equivalent to some 3-formula and, moreover, by decidability, this formula
can be found effectively (henceforth, by effectiveness we mean existence of
an appropriate recursive procedure on the set of Gédel numbers).

A theory T is said to be a theory with definable Skolem functions,
provided that, for each formula ¢(zg,...,x,) of signature o, there exists
a formula ¥(zg,...,x,) of the same signature such that

Tl—Vy:l...Vajn[flxogo(mo,...,xn) — Jlag (cp(a:o,...,zn)/\w(xo,...,xn))].

Hereinafter, let 7" be a regular theory of signature o with definable
Skolem functions and let 90t = <M, 0m> be a model of T

Lemma 1. Assume that P is an n-ary definable predicate over 9. Then,
given a formula defining P, we can effectively find an 3I-formula with
the same set of parameters which defines an nary predicate QQ on 9 such
that

1)if P= O then Q = &;

2)if P# @& then Q = {z}, T € P.



Proof. Induction on n.

Suppose that n = 1 and let ®(zg,y) be a formula of signature o that
defines the predicate P with parameters m in M, ie., x € P <— M E
®(x,m). There exists a formula ¥(xg,y) such that

TV [axo (20, 7) — 3! a0 (@ (w0, ) A (o, g))} .

Since T is regular, we can effectively find an 3-formula ©(x¢, §) equivalent to
®AW. The predicate Q = {z |9 |= O(x, M)} satisfies all the requirements.

Now suppose that n > 1 and the claim is proven for all & < n.
The predicate P is defined by the formula ®(xq,...,z,—1,7) and parame-
ters m. By the inductive hypothesis, for the predicate

X = {x() ‘ m ): dxy ... 3rn1 (I)(:(}(),. . .,.%'n_l,m)},

we can effectively find an 3-formula Uy (zo,y) that defines a single element
in X. We can also use the inductive hypothesis to effectively find an 3-
formula Wo(x1,...,2,-1,7) that defines a single element in the predicate

Y = {<x1,...,xn,1> ‘ M = 3z (D(xo, -, Tn_1,772) A ‘Iil(:vo,m))}.

The required predicate @ is defined by the formula Wy (zg, §)A¥a(x1,. .., Zn, )
with parameters m. The lemma is proven. O

In what follows, we use definitions and constructions of [1]. For alln € w,
» € HF(n) (n = {0,1,...,n —1}), and Z € M", we define an element
»(z) € HF(OM) as follows. Define a mapping A\z n — M as A\;(i) = x;,
where z = (zg,...,2p—1). The mapping Az can be uniquely extended to
A2 HF (n) — HF(9M) so that X2 (ao, . .., ax) = {A\(ao), ..., \¢(ax)} for each
set {ag,...,ar} € HF(n). Then we put s(Z) = \¥().

For every » € HF (n), we can effectively define a term t,.(xo, ..., zy_1) of
signature ({},U, @) so that, for all elements z{,...,2% |, € M, the equality
toe(2l, .., 20 1) = 5(29) is valid.

Define a function h w — HF(w). For each n € w, we put

ni, if n = ¢(0,n1)
{h(n1)}, if n = c(1,m1)
h(ni) Uh(ng), if n=c(2,¢c(n1,n2)) and n; < ng

a, otherwise,



2
where c¢(n,m) = w is Cantor’s bijection. It is easy to see by

definition that h is a numbering of HF(w), and since w is a A-subset in
HF (901), we conclude that, in terms of [1], h is an HF (90t)-constructivization
of HF (w). Thus, HF(w) can be effectively defined in each superstructure.
We consider HF (w) as a part of HF(90).

Lemma 2. Suppose that ¢(x) is a Ag-formula of signature o' and let
» € HF(n). Then we can effectively find a formula ¢*(xo,...,Tpn—1) of
signature o so that, for each valuation v {zg,...,xn_1} — M,

HE(OM) = o(x)f, 5[] <= ME e (xo,. .., xn-1)[]-

Proof. Given a formula ¢(x) and element s € HF (n), we construct a for-
mula ©Z(zg,...,2,—1) of signature o’ U {@, {}, U} as follows:
Dif o =p1qp2,qc{V,A =}, then o7 = (1) q (p2)%
2) if = 1 then ¢f, = ~(¢1)3,
3)if o= (t1pte) , p € {€,=}, then ¢ = (1 ptg)f%(j)
4) if o = y€a(en) then ¢f, = 'V ((¥1)5)%
)

w Ex

5)if ¢ =Vyex(pr) then ¢ = A ((p1)%)%

€
T, ifxéen

-7, otherwise

6) if ¢ = U(x) then cpffﬁ{

" .
7)if o = P(to,...,tg), P € 0, then % = P(to"“tk)t”(f)’ if 22 €n

-7, otherwise
where 7 denotes the statement Jx(z = z) (without loss of generality we
may assume that o does not contain functional symbols).

Next, for any pair of terms tg, t; of signature <® A}, U> over variables for
urelements o, . .., Tn—1, we can effectively define formulas ®;,;, and Wy 4,
of empty signature so that FV(®y,+,) = FV(Uy,¢,) = FV(to) UFV(t1) and,
for each valuation v FV(tg = t1) — M, the following statements be true:

{00 ) ¢ POV ) s o 1= @y, 4, )
g IO € NI = e W

(see [1] for a proof. The formula ¢*(Z) is obtained from % (Z) by replacing
the subformulas of kind ¢y € t1 by ®,+, and the subformulas of kind ¢y = #;
by Wy 1 A Wy, 4. The lemma is proven. OJ



Lemma 2 can be easily extended to formulas with several variables. This
lemma also implies that we can restrict our consideration to formulas with
parameters in M only.

Assume that ®(x,m) is a Ag-formula of signature ¢’ with parameters
m in M. For each n € w, we define the set

H, = {» € HF(n) | HF(OMM) = 3z ... Hzn,l(cb(:c,m))f%( )}

T

and put H = |, ., Hy. The following lemma is valid:

new

Lemma 3. The set H is a A-subset of HF(IN).

Proof. Let H, = HF(n) \ H,, H = HF(w) \ H; then H = |J
suffices to prove that H,, is a A-subset of HF ().

Making use of Lemma 2, given a formula ® and an element s, we
effectively find a formula U, (z,7m) of signature o such that

H,. So, it

new

»€e€H, < MEJrg...dx,—1 V,(T,m).

By regularity, given the formula 3z ¥,.(Z,y), we can effectively find an
J-formula ©,.(y) equivalent to it. Thus,

» € H, < HF(M) = =-Sat([0,],m).
The case » € H,, is handled similarly. The lemma is proven. O

Now, let 9t be a model of a regular theory with definable Skolem
functions. We formulate and prove the uniformization theorem for HF (1),
the main statement.

Theorem 1. Assume that E C HF(9M) x HF(OMN) is a X-predicate. Then
there exists a X-function F such that the following assertions are valid:
1) dom(F) = pry (E),
2) graph(F) C E,
where dom(F) = {x | F(x)l}, graph(F) = {(:U,y) | F(z) = y}, and
pri(E) = {z | 3y((z,y) € E)}.
Proof. Without loss of generality, we may assume that the predicate E(x,y)
is defined by a formula 3z ®(z,y, z,m), where ®(z,y, z,m) is a Ag-formula
with parameters m in M.
It is evident that pri(F) is a X-predicate. Indeed, consider the Ap-
formula

Uz, t,m)=JuetvetIycuIzecw (t: (y, z) Aq)(x,y,z,m)),

5



where (a,b) = {{a},{a,b}} by definition. It is clear that = € pri(F) <=
HFE (D) = 3t U(x,t,m).

For each a € HF (M), there exist n € w, » € HF(n), and ag,...,ap_1 €
M such that a = »(a). Let 2* € HF (M), z* = »(x), where s € HF(]),
z = (x0,...,71_1) € M. In the same way as in Lemma 3, we define the sets

Hy = { » € HF(n) | HF(IM) |= 3to... Htn1(T(2",t,m)); )}

for all n € w and put H = (J,,¢,, Hn.

If z* € pry(E) then the set {¢ | HF(9M) | ¥(x*,t,m)} is nonempty;
hence, the set H is nonempty too. In this case, the element »; € H minimal
in the sense of the enumeration h above is uniquely defined. In other words,
21 is taken so as to satisfy the following conditions:

Elk((k: € w) A (s = h(k)) A (5 € H) AV < k(h(K) ¢ H)).

By virtue of Lemma 3, this condition is expressed in HF(9t) by some -
formula Wy (3¢, x*,m).
Suppose that 51 € HF(n). Consider the set

T ={{to, . tar) € M™ | HE(E) | W, 60", ) }-

By Lemma 2 we can effectively construct a formula O(Z,t,7) of signature
o so that, for each valuation v {Z,t} — M, the following be true:

HF(WI) ): W(Xat’m)io(i)7 E{l(g) [7] — M ’: 6(}_(’ 7ﬁ) [’Y]
By Lemma 1, given the formula O, we can effectively find an F-formula
©*(Z,t,m) that defines a unique element t* in the set 7.

The element t* = 3¢ (t*) satisfies the formula W(z*,t*,m); hence, it
has the form t* = (y*, 2*) and, moreover, (z*,y*) € E. We put F(z*) = y*
by definition.

The required X-function F' is defined as follows:

F(z*) = y* <= 3t*32*TseoToer ((t* = (y*, 2%)) A U1 (501, %, 1) A
VAN E—Sat([axo oo dxg 3t . th_l(x* = %0(53) AtF = %1(5) VAN
©*(z,%,%))],m)). The theorem is proven. O

In [3] it was proven that the theory of real-closed fields and the theory of
p-adic normed fields are theories with definable Skolem functions. Therefore,
we have:



Corollary 1. The structures HF(R) and HF(Qyp) have the uniformization
property.

Actually, the requirement of definability of Skolem functions is too strin-
gent. Below, we prove this theorem to be true under a weaker condition
that is necessary and sufficient.

We call a model 9 of signature o a model with ¥-definable Skolem
functions, provided that, given any formula ¢(z, ..., x,) of signature o, we
can effectively find a Y-formula ¢ (g, ...,z,) of signature ¢’ such that

HF (M) | Vx1...Vxy | Ixop(X0, - - -, Xn) — X0 (cp(xo, oo X)) AU(X, - ,Xn))}

(recall that xg, ..., z, together with all bounded variables in ¢ are variables
for urelements).

Let 9t be a model of a regular theory with ¥-definable Skolem functions.
In this case, an analog of Lemma 1 holds, namely:

Lemma 4. Suppose that P is a definable n-ary predicate over 9. Then
each formula defining P can be effectively transformed into a X-formula
that defines a predicate Q@ on HF(ON) with the same parameters, such that
1)if P= O then Q = &,
2) if P # & then Q = {z}, z € P.

Proof. The case n = 1 is evident; so, assume that n > 1 and that the state-
ment is true for all £ < n. Suppose that the predicate P is defined by a for-
mula ¢(zo,...,Zn—1,y) of signature o with parameters m. Given the pred-
icate

X = {xo | M =Tz ... Jzp—1 (0, .. . ,wn_l,m)},

we can effectively find by induction a Y-formula ®(z, y) that defines a single
element in X. Consider the predicate

Y = {<x1, 1) € M ‘ HF(90) k= Jxo (ip(%, ) A @(xo,m))}.

By Lemma 2, HF(9) = ®(x,m) <= M = Vi, ¢i(x0,m), where ¢; are
formulas of signature ¢ and the set {[goz] | 1€ w} is recursively enumerable.
Whence

1 \/ S0 m) A i)}

1EW

Y = {<$1,...,$n_1> S ]\471_1




Assume that ig = pi (sm = 3z (p(z,m) A api(xo,m))); by regularity, g is
defined by a X-formula in HF(9t). Since the formula ®(xo,m) is true for
at most one element, we have

Y = {<x1, e Tnl) € M ] M b= Tuo (p(Z, 7) A @io(xg,m))}.

We find by induction a Y-formula ¥(zq,...,z,-1,7) that defines a single
element in Y. The required predicate ) is defined by the X-formula
O(x0,9) N ¥(x1,...,2n-1,y) with the same parameters. The lemma is
proven. ]

Thus, if 9 is a model of a regular theory then the following is true:

Theorem 2. The uniformization is true in HF(ON) if and only if M is
a model with 3-definable Skolem functions.

Proof. Sufficiency follows immediately from Lemma 4 and the proof of
Theorem 1. Prove necessity. Define a binary »-predicate G as follows:

(a,x) € G <~ (a = <[<p],x1,...,xn,1>) A E—Sat([cp], <X,X1,...,Xn,1>).

By hypothesis, there exists a X-function F' that uniformizes G. Take

an arbitrary formula ¢(zo,...,z,—1) of signature o. By regularity, we can

effectively find an equivalent 3-formula ¢ (xg,...,2,—1). The function
f(:El, N ,SEn,l) = )\.’El. e )\l‘nfl. F<<[’¢J], Tly--- ,In,1>>

is a Skolem function for the formula ¢. The theorem is proven. O

A dense linear order L without endpoints serves as an example of
a model of a regular theory such that HF (L) has no uniformization property
(this easily follows from the fact that any two tuples in L that are ordered
in the same way cannot be distinguished by a formula). On the other
hand, definable subsets of the fields R and Qp have rather many common
properties. In particular, the following statement holds (See [4,5]):

Proposition 1. Let K be equal to R or Qp. FEach nonempty definable
subset in K either is finite or has nonempty interior.

With the use of this property, we can suggest a common way of defining
the Skolem functions for R and Qp; the way is intuitively effective and,
consequently, can be expressed in terms of Y-definability of Skolem functions
in appropriate superstructures. We restrict our consideration to the field
Qp (for R the arguments are similar).



Lemma 5. The field Qp is a model with YX-definable Skolem functions.

Proof. Assume that ®(z,7) is an arbitrary formula of signature o =
= (+,-,750,1,p) and let P be a predicate defined by this formula with
parameters a, i.e., t € P <= Q, = ®(z,a).

Consider a system of neighborhoods about rational points, {Cyx|q €
Q,k € N}, which covers Qy, where C,x = {q +p*z|z € Z,}. By Proposi-
tion 1, if P # & then there exist ¢ € Q and k € N such that Cj;, satisfies
one of the following conditions:

1) 3tz € Cyp (z,a),

2) Vo € Cy i, ®(x,a).

The set Cy ), is defined by numbers ¢ = (—=1)*m/n and k, where s,m,n,k €
N. Hence, the neighborhood Cy, ,, that satisfies one of the conditions
and is such that the corresponding numbers sg, mq, ng, kg are minimal, is
uniquely defined. Define the Skolem function f for the formula ¢ as
follows: put f(a) = x, where, in the first case, z( is taken as the unique
point in Cy 1, N P and, in the second case, xo = qo.

The function f so defined is a Y-function on HF(Qp). Indeed, since Zp,
is definable, we have

x €0y = QpFI2((2 € Zp) A(x=q+p*2z)),

where p* denotes the term p- - - - - p and ¢ denotes the term (1 +--- + 1)/
——— —_——
k m
(1 +---41); hence, the assertion “Cyj satisfies one of the two conditions”

n
is expressed by the formula Wy, ,(a) of signature o, which effectively
depends on s, m,n, k. From here, by regularity, the numbers sg, mg, ng, ko
(regarded as ordinals), along with x, are defined by a “formula in HF(Qp).
The lemma is proven. O

In closing, the author thanks his supervisor Yu.L. Ershov for apt ob-
servations and advices that considerably determined the content of this
article.
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