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Introduction



Multiple Orthogonal Polynomials (MOPs)

I OPs Pn :
∫
R xkPn(x)dµ(x) = 0 , 0 ≤ k < n := degPn.

Recurrence relations Pn(x) = xn + . . . :

xPn(x) = Pn+1(x) + bnPn(x) + anPn−1(x) .

I Input: ~µ := (µ1, ... , µd ) on R, ~n := (n1, ... , nd ) ∈ Zd
+

MOPs P~n :
∫
R xkP~n(x)dµj(x) = 0 , 0 ≤ k < nj ,

deg P~n 6 |~n| :=
d∑

l=1
nl , j = 1, ...,d .

I Lattice recurrence relations P~n(x) = x |~n| + ... :

xP~n(x) = P~n+~ej
(x) + b~n,jP~n(x) +

d∑
l=1

a~n,lP~n−~el
(x) ,

~n ∈ Nd , j = 1, ...,d .
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Multiple Hermite Polynomials

I De�nition (d=2). For multi-index ~n = (n1,n2) ∈ Z2
+,

H~n(x) , deg H~n = |~n| =: (n1 + n2) :

+∞∫
−∞

H~n(x)xνe−x2−ax dx = 0, ν = 0, . . . ,n1 − 1,

+∞∫
−∞

H~n(x)xνe−x2+ax dx = 0, ν = 0, . . . ,n2 − 1,

a 6= 0.

I Properties (for �xed ~n): recurrences, di�erential equations,
Rodrigues type formulas, integral representations, ...

V. N. Sorokin, J. Soviet Math. 45 (1986), 1461�1499.

A. I. Aptekarev, A. Branquinho, W. Van Assche,
Trans.Amer. Math. Soc., 355:10 (2003), 3887-�3914

I Goal: Asymptotics H~n(x) .
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Applications



Random matrices ensembles

I History of the subject

I {Hn, µn} : M ∈ Hn , µn(dM)

I Unitary ensembles (UE) : µn(dM) = 1
Zn

e−nTr(V (M)) dM .

dM :=
n∏

j=1

dMjj
∏

16j<k6n

d <(Mjk ) d Im(Mjk ),

I Formula for the Joint probability density of e.v.

distribution.

I Orthogonal, Normal, ..... matrices ensembles

I Distribution of e.v., Global and Local regimes, Universality
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Gaussian Unitary Ensembles (GUE) V (x) = x2

2

I {Hn, µn} : M ∈ Hn , µn(dM) = 1
Zn

e−nTr(M2/2) dM .

I Matrix elements are Gaussian random variables.

I Average characteristic polynomials is Hermite polynomial!

I Global regime of e.v. distribution �> Wigner Semicircle

Law

I Local regime: Sinus kernel and Universality, .....
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Random matrices with external source
and Perturbation by GUE Matrices

I {Hn, µn} : M ∈ Hn , µn(dM) = 1
Zn

e−nTr(V (M)−A M) dM .

I V (x) = x2

2 ⇒ M = A + M0,

where M0 is a random matrix from GUE

I Density of joint probability distribution of e.v.

1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .

where a1, . . . ,an are e.v. of A.
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Theorem (on global asymptotical regime)

I Given the ensemble of Hermitian random matrices:

µ(dM) :=
1
Z̃n

e−n Tr( 1
2 M2−AM)dM , M ∈ Hn

A = diag(a, . . . ,a︸ ︷︷ ︸
n/2

,−a, . . . ,−a︸ ︷︷ ︸
n/2

).

I Then density of limiting joint probability distribution of e.v. is

ρ(x) =
1
π
| =ξ(x)| ,

where
ξ3 − xξ2 − (a2 − 1)ξ + xa2 = 0.

I A. I. Aptekarev, P.M. Bleher and A.B. J. Kuijlaars, Large n
limit of Gaussian random matrices with external source, Part II,
Comm. Math. Phys. , 259 (2005), 367�389.
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Brownian bridjes
I n independent non-intersecting Brownian motions:

(t = 0) s1 < s2 < · · · < sn → (t = 1) b1 < b2 < . . . < bn
I Density of joint probability distribution of position at the

moment t ∈ (0,1)

pn(x1, . . . , xn) =
1

Cn
det(p(sj , xk ; t))n

j,k=1 det(p(xj ,bk ; 1−t))n
j,k=1

I

p(x , y ; t) =

√
n

2πt
e−

n(x−y)2

2t ; ∀ si → 0⇒

I

pn(x1, . . . , xn) =
1

C̄n

∏
1≤j<k≤n

(xj−xk ) det

(
e

nxj bk
1−t

)n

j,k=1

n∏
j=1

e−
nx2

j
2t(1−t) ,

I
1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .



Brownian bridjes
I n independent non-intersecting Brownian motions:

(t = 0) s1 < s2 < · · · < sn → (t = 1) b1 < b2 < . . . < bn
I Density of joint probability distribution of position at the

moment t ∈ (0,1)

pn(x1, . . . , xn) =
1

Cn
det(p(sj , xk ; t))n

j,k=1 det(p(xj ,bk ; 1−t))n
j,k=1

I

p(x , y ; t) =

√
n

2πt
e−

n(x−y)2

2t ; ∀ si → 0⇒

I

pn(x1, . . . , xn) =
1

C̄n

∏
1≤j<k≤n

(xj−xk ) det

(
e

nxj bk
1−t

)n

j,k=1

n∏
j=1

e−
nx2

j
2t(1−t) ,

I
1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .



Brownian bridjes
I n independent non-intersecting Brownian motions:

(t = 0) s1 < s2 < · · · < sn → (t = 1) b1 < b2 < . . . < bn
I Density of joint probability distribution of position at the

moment t ∈ (0,1)

pn(x1, . . . , xn) =
1

Cn
det(p(sj , xk ; t))n

j,k=1 det(p(xj ,bk ; 1−t))n
j,k=1

I

p(x , y ; t) =

√
n

2πt
e−

n(x−y)2

2t ; ∀ si → 0⇒

I

pn(x1, . . . , xn) =
1

C̄n

∏
1≤j<k≤n

(xj−xk ) det

(
e

nxj bk
1−t

)n

j,k=1

n∏
j=1

e−
nx2

j
2t(1−t) ,

I
1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .



Brownian bridjes
I n independent non-intersecting Brownian motions:

(t = 0) s1 < s2 < · · · < sn → (t = 1) b1 < b2 < . . . < bn
I Density of joint probability distribution of position at the

moment t ∈ (0,1)

pn(x1, . . . , xn) =
1

Cn
det(p(sj , xk ; t))n

j,k=1 det(p(xj ,bk ; 1−t))n
j,k=1

I

p(x , y ; t) =

√
n

2πt
e−

n(x−y)2

2t ; ∀ si → 0⇒

I

pn(x1, . . . , xn) =
1

C̄n

∏
1≤j<k≤n

(xj−xk ) det

(
e

nxj bk
1−t

)n

j,k=1

n∏
j=1

e−
nx2

j
2t(1−t) ,

I
1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .



Brownian bridjes
I n independent non-intersecting Brownian motions:

(t = 0) s1 < s2 < · · · < sn → (t = 1) b1 < b2 < . . . < bn
I Density of joint probability distribution of position at the

moment t ∈ (0,1)

pn(x1, . . . , xn) =
1

Cn
det(p(sj , xk ; t))n

j,k=1 det(p(xj ,bk ; 1−t))n
j,k=1

I

p(x , y ; t) =

√
n

2πt
e−

n(x−y)2

2t ; ∀ si → 0⇒

I

pn(x1, . . . , xn) =
1

C̄n

∏
1≤j<k≤n

(xj−xk ) det

(
e

nxj bk
1−t

)n

j,k=1

n∏
j=1

e−
nx2

j
2t(1−t) ,

I
1
Z̃n

∏
1≤j<k≤n

(λj − λk ) det
(

enλj ak
)n

j,k=1

n∏
j=1

e−
1
2 nλ2

j .
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Recurrences and

asymptotics of Hermite Polynomials



Plancherel-Rotach (PR) type asymptotics and approaches

I d = 1 Classical Hermite Polynomials Hn(x) :

M. Plancherel, W. Rotach, Sur les valeures asymptotiques

des polynomes d'Hermite, Commentarii Math. Helvetici,

1929, vol.1, 227�257.

Scaled asymptotics of Hn(x) (using integral representation):

n→∞ :
x√
n
∈ K b C.

I Modern approaches to global PR asymptotics:

Steepest descend for Matrix Riemann-Hilbert Problem:

P. Deift at all, A. Its and P. Bleher, ....

I Second goal of our Project:

To develop approaches of Global PR type asymptotics for

solutions of recurrence relations (motivation)



Plancherel-Rotach (PR) type asymptotics and approaches

I d = 1 Classical Hermite Polynomials Hn(x) :

M. Plancherel, W. Rotach, Sur les valeures asymptotiques

des polynomes d'Hermite, Commentarii Math. Helvetici,

1929, vol.1, 227�257.

Scaled asymptotics of Hn(x) (using integral representation):

n→∞ :
x√
n
∈ K b C.

I Modern approaches to global PR asymptotics:

Steepest descend for Matrix Riemann-Hilbert Problem:

P. Deift at all, A. Its and P. Bleher, ....

I Second goal of our Project:

To develop approaches of Global PR type asymptotics for

solutions of recurrence relations (motivation)



Plancherel-Rotach (PR) type asymptotics and approaches

I d = 1 Classical Hermite Polynomials Hn(x) :

M. Plancherel, W. Rotach, Sur les valeures asymptotiques

des polynomes d'Hermite, Commentarii Math. Helvetici,

1929, vol.1, 227�257.

Scaled asymptotics of Hn(x) (using integral representation):

n→∞ :
x√
n
∈ K b C.

I Modern approaches to global PR asymptotics:

Steepest descend for Matrix Riemann-Hilbert Problem:

P. Deift at all, A. Its and P. Bleher, ....

I Second goal of our Project:

To develop approaches of Global PR type asymptotics for

solutions of recurrence relations (motivation)



Classical Hermite Polynomials Hn(x)
I Starting point :

Hn+1(x) = 2x Hn(x)− 2n Hn−1(x) , H0 = 1 , H−1 = 0 n∈N.
I (1) D. N. Tulyakov, Sb. Math., 201:9 (2010), 1355�1402.

(2) S. Yu. Dobrokhotov, A.V. Tsvetkova, Math. Notes,

104:6 (2018), 810�822

I (1): �> Let Fn(x) :=
(x+
√

x2−2n )n−1/2
√

2 4
√

x2−2n
exp

{ (x−
√

x2−2n )2

4

}
a) for zone free from zeros: 2n < |x |2− |x |ε+ 2

3 + Im(x), we have

Hn−1(x) = Fn(x)
(

1 + o(1)
)

;

b) for osculations zone : 2n > |x |2 + |x |ε+ 2
3 − Im(x), x ∈ R

Hn−1(x) =
(
Fn(x) + Fn(x)

)(
1 + o(1)

)
;

ñ) for transition zone 2n = x2 + zx
2
3 , |z| . |x | 43−ε

Hn−1(x) =

√
2π

6
√

2
xn+ 2

3 exp
(
E(z)

)
Ai
(
h(z)

)
,
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E(z) =
x2

4
+

z2

8x2/3 + ... +O
( |z| k+3

2

|x |
2k
3

)
,

h(z) :=
−z
22/3 +

1
(2x)2/3 +

21/3z2

15x4/3 + ...+O
( |z| k+2

2
+

|x |
2k
3

)
.



Approach



System of homogeneous di�erence equations
Starting point : Recurrence relations

H(n+1,m ) (x) = (−a + x)H(n,m)(x)− n + m
2

H(n,m−1)(x)− anH(n−1,m−1)(x),

H(n+1,m+1)(x) = (a + x)H(n+1,m)(x)− n + m + 1
2

H(n,m)(x) + anH(n,m−1)(x),

H0,0 := 1, H1,0 := x − a, H1,1 := x2 − a2 − 1
2
.

I PR (n = m) corresponding growth N →∞:

n
N
∈ K b R,

x√
N
∈ K̃ b C,

a√
N
∈ ˜̃K b R,

I Homogeneous di�erence problem:
−−−→
Hn+1 = An

−→
Hn :

An(x) =

x2 − a2 − n − 1
2 −xn −a2n

x −n 0
1 0 0

 ,
−→
Hn =

 H(n,n)

H(n,n−1) − aH(n−1,n−1)

H(n−1,n−1)

 .



System of homogeneous di�erence equations
Starting point : Recurrence relations

H(n+1,m ) (x) = (−a + x)H(n,m)(x)− n + m
2

H(n,m−1)(x)− anH(n−1,m−1)(x),

H(n+1,m+1)(x) = (a + x)H(n+1,m)(x)− n + m + 1
2

H(n,m)(x) + anH(n,m−1)(x),

H0,0 := 1, H1,0 := x − a, H1,1 := x2 − a2 − 1
2
.

I PR (n = m) corresponding growth N →∞:

n
N
∈ K b R,

x√
N
∈ K̃ b C,

a√
N
∈ ˜̃K b R,

I Homogeneous di�erence problem:
−−−→
Hn+1 = An

−→
Hn :

An(x) =

x2 − a2 − n − 1
2 −xn −a2n

x −n 0
1 0 0

 ,
−→
Hn =

 H(n,n)

H(n,n−1) − aH(n−1,n−1)

H(n−1,n−1)

 .



Basis of solutions � Outline of the approach

I System of homogeneous di�erence equations:

−−−→
Hn+1 = An

−→
Hn

I "Diagonalizator " Vn:

V−1
n+1AnVn ≡ diag[V−1

n+1AnVn] =: Dn,

I Basis of the solutions:

Bn := Vn

n−1∏
k=k0

Dn =: VnΠn

Indeed: AnBn = Vn+1V−1
n+1AnVnΠn = Bn+1.

I Goal: Find asymptotical expansion for Vn, then for Πn.
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Statements of the results



Spectral curve and parametrization
Recall. N � 1, P-R growth of the parameters of H(n,n)(x):

n
N
∈ K b R,

x√
N
∈ K̃ b C,

a√
N
∈ ˜̃K b R,

We have
−−−→
Hn+1 = An

−→
Hn . Eigen values {Λj}3j=1 of An:

Λ : Λ3 + (a2 + 2n− x2)Λ2 + (2a2n + n2)Λ + a2n2 = 0. (∗)

is the spectral curve (4 branch points →4, δ, 4±).

Another form:

(Λ+n)2(Λ+a2) − x2Λ2 = 0 ⇔ (Λ+a2) =
x2Λ2

(Λ + n)2 =: s2 x2.

It de�nes a parametrization of the algebraic curve:

Λ = (s2x2 − a2), n =
1
s

(1− s)(s2x2 − a2).



Statement of the result
I Fix ε >0, (n� 1) and denote

Hn(x ,a) = Λ
n+1/2
1 ex2(1−s)2

√
s

x2s2(2s − 1)− a2 , s =
Λ1

Λ1 + n
.

I a) Zone of the growth (no zeros):

Ω1 := {x : dist(x ,4) > nε} ∩
{

x : dist(x , 0) > nε+1/3
}
, n ∈ [εa2, (1− ε)a2],

Ω2 := {x : dist(x ,4+ ∪4+) > nε} , n > (1 + ε)a2,

we have

H(n,n)(x) = Hn(x ,a) (1 + o(1)) .

I b) Zone of the osculation (accomulation of zeros), x ∈ R:

D1 := {x : dist(x , {x±}) > nε} ∩
{

x : dist(x , 0) > nε+1/3
}
, n ∈ [εa2, (1− ε)a2],

D2 := {x : dist(x , {−x±, x∓}) > nε} , n > (1 + ε)a2,

we have

H(n,n)(x) =
(
Hn(x) + Hn(x)

)(
1 + o(1)

)
.
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Thank you

for your attention!
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