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» Goal:  Asymptotics Hz(x).
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j=1 1<j<k<n

» Formula for the Joint probability density of e.v.
distribution.

» Orthogonal, Normal, ..... matrices ensembles

» Distribution of e.v., Global and Local regimes, Universality
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_ 2
> {(Hppn} © MeHn, pn(dM) =3 e "TXM/2 gy
> Matrix elements are Gaussian random variables.
» Average characteristic polynomials is Hermite polynomial!

> Global regime of e.v. distribution —> Wigner Semicircle
Law

> Local regime: Sinus kernel and Universality, .....
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Random matrices with external source
and Perturbation by GUE Matrices

> {Hppn} : MeEHn, pn(dM) =} e "TI(VIM-AM) gpf
> V(x)=% = M=A+M,
where My is a random matrix from GUE

» Density of joint probability distribution of e.v.

n
5 I oy-wda(ens)’ Tle+
1< e

j<k<n

where ay,...,ap are e.v. of A.
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» Given the ensemble of Hermitian random matrices:

1
p(dM) = — e "TGM=AMgn M e H,
Zp
A= diag(a,...,a,—a,...,—a).
——— ————
n/2 n/2
» Then density of limiting joint probability distribution of e.v. is

where
8 —xe2 —(8-1)¢+xa =0.

> A.I Aptekarev, P.M. Bleher and A.B.J. Kuijlaars, Large n
limit of Gaussian random matrices with external source, Part II,
Comm. Math. Phys. , 259 (2005), 367-389.
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Brownian bridjes
» nindependent non-intersecting Brownian motions:
(t=0)s1<so<--<sp—=(t=1)by<b2<...< by
» Density of joint probability distribution of position at the
moment t € (0,1)

1
Pn(X1, . .-, Xn) = = det(p(sj, Xk; 1))]k=1 det(p(X;, bi; 1—1))/ k1

Cn

>
n  _nx—y?
p.yit)=y5ze @ Vs 0=

>

1 nx;by n n B nsz

pn(x1,...,xn):é— I x—x )det<e1f> [[e =,

M1<j<k<n Jk=1 j=1

>



Browinian bridges
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Recurrences and

asymptotics of Hermite Polynomials
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1929, vol.1, 227-257.

Scaled asymptotics of Hp(x) (using integral representation):

X
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> Second goal of our Project:

To develop approaches of Global PR type asymptotics for
solutions of recurrence relations (motivation)
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v n—1/2
> (1): = Let §n(x) := (X\/éxz‘{/zxnizn

a) for zone free from zeros: 2n < |x|2 — |x|**3 4+ Im(x), we have
Ha1(x) = §alx) (1+ (1))
b) for osculations zone : 2n > |x|2 4 [x|**3 — Im(x), x € R
Ho1(x) = (8a(x) + 5a00)) (14 0(1));

¢) for transition zone 2n = x2 4 zx3 , |z| < |x|37¢

exp { UV20))

@X’H‘% exp(E(Z))Ai (h(Z)) )

Hn,1(X) = w



2 k43

+O(’Z‘T

=7 tgast \XI%>7

k+2
—z 1 21/372 2|2
h(z) = 5373 +(2x)2/3+15x4/3 +..+0( ME ).
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System of homogeneous difference equations

Starting point : Recurrence relations

n+m
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n+m+1
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H070 221, H170 =X—a4, H171 Z:X2—az—1.

2

» PR (n= m) corresponding growth N — oo:

n X ~
— € K ER, — € K €C,

l:(@R,
N VN

a4 .
VN

s —
» Homogeneous difference problem: Hp 1 = ApHp :

xX*—&-n—% —xn —&n _, Hn,n)
A"(X) = X —n 0 , Hh = H(n,n71) - aH(n—1,n—1)
1 0 0 H(n—1,n—1)
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Basis of solutions — Outline of the approach

> System of homogeneous difference equations:

~‘+
n+1 Aan

» "Diagonalizator " Vj:

Vvl

n+1 An Vn = dlag[ +1An Vn] = Dn,

» Basis of the solutions:

n—1
Bn = Vn H Dn = Vnnn
k=kg

Indeed: Aan = Vn+1 V +1./4[7 an_ln = Bn+1

> Goal:  Find asymptotical expansion for Vj, then for .
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Spectral curve and parametrization
Recall. N> 1, P-R growth of the parameters of H(n n)(X):

n X ~ a =
— € K eR, — ¢ K eC, — ¢ K eR,
N VN VN

We have ﬁn:j = Anﬁn . Eigen values {/\j}?:1 of Ap:
A N (@+2n—x3)N +(28°n+ )N+ an® = 0. (%)
is the spectral curve (4 branch points — A, §, A4).
Another form:
x2N\? > o

(AM-n2(A+82) —x2N2 =0 & (A &)= hime 5%

It defines a parametrization of the algebraic curve:

AN=(s?’x2-2%), n= 13(1 — 5)(s%x% - &°).
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Statement of the result
» Fix e >0, (n>> 1) and denote
_ S A4
g) — An+1/26,x2(1 5)2 g— 1
On(x,a) = Ay x252(2s — 1) — &2’ A +n

» a) Zone of the growth (no zeros):

Q= {x: dist(x, ) >y 0 {x 2 dist(x,0) > 0P e e, (1 - )],
Qo = {x: dist(x, AL UAL) > 0}, n>(1+e)d,
we have
Hinny(X) = $n(x,a) (1+ o(1)).
» b) Zone of the osculation (accomulation of zeros), x € R:
Dy = {x: dist(x, {x+}) > n°} N {x : dist(x, 0) > rf“/S} ,need,(1—e)d]
Dp = {x : dist(x, {—xz,x+}) > n°}, n>(1+e)d,

we have

Hin,m(x) = (ﬁn(x) + M) (1 + 0(1))-



Thank you

for your attention!
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