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Cusp polynomial

Fix A’ = (a}, ab, a5) € N and any fixed c € C*
1,492,393

al al a _
far = x" +x° +x3° — ¢ L x0x3.

Set

3 3
1
,uA/::2+Z(af-—1), XA’::2+Z<3/__1>'
i=1 i=1 !
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Cusp polynomial

Fix A’ = (a}, @, a) € N® and any fixed c € C*

/

al al a _
far = x" +x° +x3° — ¢ L x0x3.

Set
3 3 1
MA/::2+.Z;(‘3;_1)7 XA’:2+Z;<31—1>
1= =

> xa = 0, simple—elliptic singularity Eﬁ, E; of Eg,
> ya > 0, affine cusp singularity,
> ya <0, x =0 is not the only critical point.

In what follows assume f4/ in a small neighborhood of x = 0.
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Geigle-Lenzing orbifold P
Fix A= (a1,...,a,) e N".
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Geigle-Lenzing orbifold P
Fix A= (a1,...,a,) € N. Let A= (A1,...,)\), A¢ € PL, pairwise

distinct
A1 =00, Ay =0,A3 =1.
Define
Pha = [(Spec(Raa)\{0}) /Spec(CLA)],
for

1. Rap :=C[Xq,...,X/]/In, with I5 generated by
X7 — X2+ N X, i=3,...,r.
2. Lp is an abelian group, generated by r—letters )?,-, i=1,...,r
r
La=@DZX; /Ma
i=1
for being M, generated by
a,-)?,-—aj)?j, 1<i<j<r.
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Geigle-Lenzing orbifold, continued
P A satisfies:
» topologically P!,
» has r points with non—trivial stabilizers Z/axZ,

» A1,..., A, are positions of these points.

Example: Elliptic orbifolds
For A being (3,3,3),(4,4,2),(6,3,2) or (2,2,2,2), we have

Pin = E/G

for £ — elliptic curve, G - finite group.
> (3,3,3) — hexagonal lattice, rotation by 27/3,
» (4,4,2) — square lattice, rotation by 7/2,
> (6,3,2) — hexagonal lattice, rotation by 27 /6,
> (2,2,2,2) — any lattice, hyperelliptic involution.

Alexey Basalaev Mirror symmetry for a cusp polynomial Landau-Ginzburg orbifold



Mirror symmetry, non-equivariant

Theorem (Ebeling-Shiraishi-Satake-Takahashi,
Milanov-Ruan-Shen)

For A" = (&, a,a) € N2, the orbifold P, , is mirror to fa.
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Mirror symmetry, non-equivariant

Theorem (Ebeling-Shiraishi-Satake-Takahashi,
Milanov-Ruan-Shen)

For A" = (&, a,a) € N2, the orbifold P, , is mirror to fa.

Dubrovin—Frobenius manifolds

/\/lf-A, — of Saito theory with primivite form (,
Mp:  — of Gromov-Witten theory.
Al A

(dimc = pa = a} + &) + a3 — 1) are isomorphic

MS

fA/ = MPL,’A'

A’ on both sides!
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Mirror symmetry, equivariant — conjecture

Fix some G C Gy, with

Gr, = {g = diag(g1, 82, 83) € GL(3,C) | far(x) = fa(g-x)}.
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Mirror symmetry, equivariant — conjecture
Fix some G C Gy, with
Gr, = {g = diag(g1,82,83) € GL(3,C) | fa(x) = fw(g - x)}.

Define

a& / a/
= e Kl e+ 1Kl ).
<|G/K1\ !G/Kl [G/Ks|
» K; C G — maximal subgroup, fixing x;,

> x| K| = “repeat |K;| times”,
» 1's should be dropped.
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Mirror symmetry, equivariant — conjecture
Fix some G C Gy, with
Gr, = {g = diag(g1,82,83) € GL(3,C) | fa(x) = fw(g - x)}.

Define

a& / a/ K
<|G/K1\ Ao 3‘)

» K; C G — maximal subgroup, fixing x;,
> «|K;| = “repeat |K;| times”,
» 1's should be dropped.

Conjecture (Ebeling-Takahashi)
The orbifold P,la\,/\ is mirror to (far, G).
Supported by computing Gabrielov/Dolgachev numbers.
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Mirror symmetry, equivariant — theorem

Theorem (B-Takahashi)

» There is a construction of Dubrovin—Frobenius manifold
M(CfA/,G) of the pair (far, G).
¢ ~ :
> M(fA,,G) = MPIA,/\ (no prime on the RHS).
Corollary
M( £,,,G) IS unique up to isomorphism.
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Examples: x4 =0
Denote e[a] := exp(27v/—1- ).

A far type G A
(37373) Eﬁ <(e[0]7e[%]ae[%])> =K1 (37373)
(474a 2) E7 <(e[0]ae[%]ae[%])> = Ki (4343 2)
(4)472) 57 <(e[%]7e[%]7e[0])> - K3 (272’2)2)
(47472) E7 <(e[0]7e[ ] e[%]) (2727272)

) (l3]. €[] ef} i3
(6,3,2) | Es | ((el3].e[0],el3]) = (3.3,3)
(67372) Es <(e[ ] e[ ] e[O])> - (2727272)

/ l /

a
A= 71*K,72*K *K)
<|G/K1| ST ‘|G/K| =
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Examples: x4 =0
Denote e[a] := exp(2my/—1 - @).
A far type G A

(3.3.3) | Es | ((el0]e[3].el3])) = K1 | (3,3,3)
(4.42) | E <(e[0] e[3],el3])) = Ki | (4,4,2)
(4)472) E? <(e[ ] e[ ] e[O])> K3 (272’2)2)
(47472) E7 <(e[0] e[ ] e[ ])7 (2727272)

(el3], e[0] e[z]
(6,3,2) | Es | ((el3].e[0],el3]) = (3.3,3)
(67372) Es <(e[%],e[%],e[0])> = K3 (2727272)

~—

)

Mf3 3, 3,K1 MP% 3, 3 Mffi,3,27K2 - MIP%,3,3’
¢ o~
Mﬁl,4,2aK1 - IFDzlt,4,2‘
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Examples: x4 = 0 continued

A fa type G A fa type
(3.3,3)| Es {(e[0],e[3].e[3])) | (3.3.3) Es
(47472) E7 <(e[0],e[%],e[%])> (47472) E7
(47472) 57 <(e[%]7e[%]7e[0])> (27272’2) -
(4.42) | E {(e[0],e[3],el3]), | (2.2,2,2) | -

(el3] e[0], e[3]))
(67372) Eg <(e[%],e[0],e[%])> (37373) Ee
(67372) Es <(e[%]ae[%]>e[0])> (27272’2) -

¢ Eq nonEq ¢

Mf3337K1 MP%, Mf333 {id}>
q nonEq ¢

f4 4.2, K1 M]P41174 f4 4, 2,{id}’

¢ Eq nonEq ¢
Mf6,3,27K2 MIP%:, Mf3 3.3, {ld}
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Examples: E6 and E7
Proposition(B-Takahashi)

The compositions

nonEqoEq ¢ ¢ nonEqoEq ¢
M Mf4,4,2,K1 M

MS
3,3,3,K1 f3,3,3,{id}’ fa,4,2,{id}

restrict to the non—identical automorphism on the
Dubrovin-Frobenius submanifold of M&&&{id} and Mﬁ;,4,2,{id}
respectively.
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Examples: E6 and E7
Proposition(B-Takahashi)

The compositions

nonEqoEq MC

nonEqoEq ¢
M fa,4,2,{id}

¢ ¢
Mf3,3,37K1 f33,3,{id}’ Mf4,4,2vK1

restrict to the non—identical automorphism on the
Dubrovin-Frobenius submanifold of Mf.313,3’{id} and M§,4,2,{id}
respectively.

These automorphism are equivalent to the following relations in
the rings of quasimodular forms:

02(a%)* + 03(q%)* = 63(q)?,

3 (Ea0) ~ 952 () +3 (02 (¢°) 02 (6°) + 3 (¢°) 6 ()’

+ 6> (q°) %62 (q°) > + 20, (¢°) 03 (a°) 63 (q°) 02 (¢°) + 05 (¢°) %05 (¢°) > =0

<O 02 () 0 () — 0 () 05 () (0 (7) — 3 () =0

Alexey Basalaev Mirror symmetry for a cusp polynomial Landau-Ginzburg orbifold




Dubrovin—Frobenius manifold of (fa, G) - 1

» MZ° . has the flat coordinates
Al
Vidk, 1 S k < pa, and v, 1</ <ni—1,1< k< ai—1,

for g; - generator of K; C G, n; := |Kj].
The vector 0/0viq 1 is the unit,

> M‘;A‘j ¢ 1s quasihomogeneous of conformal dimension 1 with
respect to the Euler field

aVld).u‘A

» potential of Mg° - has a series expansion in
A
Vid,17 N Vid,,uA—ly Vg,-’,k and eXp(’G|Vid,“A),
. :
P> the tangent space TOMfA,,G' restricted at. . .
de,l == Vidpu,-1=0and Vel k = 0, is isomorphic to
A*(far, G) as Frobenius C[c]-algebra with ¢ = exp(|G|vid,..,)



Dubrovin—Frobenius manifold of (fa, G) - 2

» for every fixed 1 < i < 3 the potential of M'?; ¢ Is invariant

under the change of the variables v,/ , — g,-’vgl_/’k,

1 S / S n; — 1.

It follows from this axiom together with extended Jac axiom
that the product of M?A‘j ¢ s G—graded. In particular,

0 L 0
Mg, ia == Mz, 6 |Vg/,k=0 :

is a Frobenius submanifold.
> there is a Frobenius manifold isomorphism (Mg°)¢ = M ..
A Al 51
» for every group automorphism ¢ : G — G, the potential of
M'?; ¢ s invariant with respect to the change of the variables

Vel .k = Vo(g!) k-
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Examples of potentials - 1

A =(2,2,4)and G = K; = A=(2,2,2).

q® Vi1 v
2 , id,x 4
ffAuKl( ):E (2 g21 g2 + )q

4
1 1
+< ;1V|dx_2g221v|dx>q2
1 1 2 2 Ver Vi
6651 1681%1 7 96 192
V21 v 1
2 : id,x 2
+ Vid,1 1 g271+ i + 8 +§V;d71Vid,5a q = exp(Vid5)-

with coordinates Vid,1, Vid,x, Yid,5 = Vid,p/ and Vg1, Vg2 1.
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Examples of potentials - 2
A =(4,4,2)and G =K; = A=(2,2,2,2).

. 2
FE kM) = "6 6 (3ve1vea +20 )

2

X
+% (12 ( 21+Vg 1) 01 +9 1V§271 —|—8V;071>

y2 2 4
+ 142 (—18vg,1vgz’1vgo71 -6 ( .+ v ) 9v 1v 21 2vg0’1)

2
]_ V50 1 1

with

x(q) = (65(M))%, y(a) = (62(¢®))*, g =exp(vias) (1)
(E2(q*) — 2E2(q°) + 4E2(0")) . (2)
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Dubrovin-Frobenius manifold: at the origin
Assume the pa—dimensional vector spaces

Jac(fA’) = O(C3,0/(8X1 far, aX2 far, 3X3 fA’)v
QfA, = Q3(C3)/(de/ A 92(63))

Fix nowhere vanishing ¢ € Qy,,

Jac(fa) = Qy,,, [¢(x)] = [¢(x)C].

Poincare residue pairing

$102 - ¢
Oy far + Oy far - Oy v’

for Wk = [¢k<]

n(w1, wp) 1= rescs

= Frobenius algebra (Jac(far),0,n): n(uov,w) =n(u,vow).
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Deforming the origin
Consider the unfolding

3 a—1

Fa(x; s, s,’w) = Xfll—FX;é—l-X??g—(S“A,)_1'X1X2X3—|-51'1—|-Z Z s;J-><{.
i=1 j=1
Assume ¢ = Sty and s, € S C CHa,
Oc := O¢sys.0/(0x Far, Ox, Far, Oxs Far),
Let ¥ :=C3 xS and p: X — S the projection on S.
QFA, = p*Q%3/S/dFA/ A p*Qég/S.

Fix nowhere vanishing ¢ € Qf,,

$102 - C
8)(1 Far - 8)(2 Far - 3X3 Far ’

for Wk = [¢kC]

(w1, w2) = rescs
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Dubrovin-Frobenius manifold of a Saito theory
3 isomorphism (fixed by ()

Ts = p«Oc — Q.
Denote by o and 1 = 7(s) the product and pairing on 7.

Theorem (K.Saito, M.Saito)

There is a choice of ¢ € Qf,,, s.t. 7 is flat. In particular, there flat
coordinates ty,...,t,,, s.t. the components of 1 are constants.

Moreover, there is .FfA, = .7-"CA/(t), s.t
a3f'<
_ (i i) _ fa
B =M gea 587 ~ rloradt?

and the product o reads

Har 3 ¢
. Z 0 ]: véi.
ote atﬁ 8t°l8tf38t7 otd
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