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EFFECTIVIZATION OF THETA FUNCTION FORMULAS
FOR TWO-DIMENSIONAL POTENTIAL SCHRODINGER OPERATORS
THAT ARE FINITE-ZONE AT ONE ENERGY LEVEL
UDC 513.835

1. A. TAIMANOV

In [1]-[3] it was shown that finite-zone, two-dimensional potential Schrodinger opera-
tors are given in the form

(1) L =00 +v(z,y), v(z,y) =200 0(Uz+VZz+)+ Co

where 0 = 1(9, —18y), 9 = 3(8: +19,), z = x + iy, Co = const, and 4 is the theta
function corresponding to the Prymian of a Riemann surface I' with involution ¢ having
two fixed points, P, and P;. In those notes a deformation was described of potential
operators which is given by an equation of the type of an L-A-B-triple [4]:

dL/dt+[L,A+A) = fL, L =09 +v(z,y,t),
A=08%+ud, A=0°+wd, f=0u+ow,
39v = Ou, 30v = ow,

v = 0% + 33 + A(w) + I(w).

(2)

In the present note, using an analogue of the method of (5], we carry out a partial
effectivization of formula (1) with application of the nonlinear equation (2): in the case
of general position the constant Cy is recovered on the basis of the Riemann matrix
giving the theta function on a g-dimensional Prymian and linearly independent vectors
U,V € C9. For g = 2 the effectivization is complete (the genus of I' is equal to 4).

The Riemann theta function with characteristics n € 3(Z3)? is given by its Fourier
series

005 = 3 exp { JBO 4N +0) 4 (N4}
NeZs
8(z|B) = 0[0,0](z|B) = 6(2),

where B is the Riemann matrix [5]. R
We define 8[n](z) = 8[n,0](z|2B). The values of the derivatives of f[n](z) at z =0 we
call the theta constants: 3 3

From the theta constants we form a matrix (6;;[n],f[n]) where theta constants cor-
responding to fixed characteristics n indexing the rows are situated along the rows, and
1<4,5<g.

DEFINITION. A Riemann matrix is called nondegenerate if the rank of the matrix
(6:5(n], B[n)) is maximal, i.e.,

glg+1)
2
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rank(@ij['n], @[n]) = + 1
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REMARK. If a Riemann matrix is nondegenerate, then it is indecomposable, i.e., the
Abelian torus corresponding to it does not decompose into a direct product of Abelian
tori of smaller dimension. The converse assertion is stated in [6]: if the Riemann matrix
is indecomposable, then it is nondegenerate.

If the Riemann matrix is indecomposable, there always exists a collection of char-
acteristics ny,...,n, such that a minor of maximal rank (;[n],0[nk]) is invertible,
1<k<r=g(g+1)/2+ 1. For an arbitrary vector U we denote by J,, the directional
derivative: dy =), U;0/02. For a nondegenerate Riemann matrix and the collection
of characteristics corresponding to it as indicated above we consider the uniquely solvable
system of equations for Q;; and @

(3) ZQijéij[nk} + Qé[nk] = 48[3]8Vé[nk]-
¥ .
Qi; and @ are then uniquely determined on the basis of U and V on whose components

they depend in polynomial fashion. Thus, we assign to each nondegenerate Riemann
matrix the collection of polynomials Q;;(U, V), Q(U,V).

THEOREM 1. If a Riemann matriz of order g X g 1is nondegenerate and the vectors
U,V € C9 are linearly independent, then the systems of equations

VAW = 3CoU? = Q11(U, V),

? i L i 4
151753 Sg, .........................
UiW —3CoVE = Q11(V,U),
UJWJ— - 3()0VJ2 - QJ](V,U), ..........
(X)L
UW, +U;W; —6CoViV; = Qi;(V,U),
15 Z #J gg’ .........................
for the unknowns W,;" W, and Cy are uniquely solvable, and the function
(4) v(2,y,t) =200n0Uz+VZ+ (W + W)t +0) + Co,

where v(z,y,0) is a finite-zone potential of the form (1), gives finite-zone solutions of
equation (2). Other solutions are obtained by the transformations

U=, VouV, W+ AW+ 420,
W~ — W~ +p?8V,  Co— MuCo,

where o, B € C and A, u € C\{0}, and they have the form (4). If g = 2, then the linearly
independent vectors U and V in (4) can be chosen arbitrarily.

COROLLARY. Let v(z,y) be a finite-zone potential of the form (1). If the Riemann
matriz B 1s nondegenerate and the vectors U,V € C9 are linearly independent, then the
constant Cy = Co(U,V, B) is uniquely determined by them. In particular, the operator

L1 =00+200n0{Uz+Vz+ )
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is finite-zone relative to one energy level ¢ = —Co(U,V,B). For g = 2 we obtain a
procedure for constructing finite-zone potentials on the basis of a nondegenerate Riemann
matriz and an arbitrary pair of linearly independent vectors U,V € c2

PROOF. According to [1]-[3], deformations of the two-point Baker-Akhiezer function
on a Riemann surface ' of finite genus, admitting an involution with fixed points P; and
P,, with essential singularities at P; and P, given by deformations of their asymptotics

W(z,y,t1,t2) ~ exp(kyz + k3t1) at Py,
w(fﬂ, Y, t17t2) ~ % exp(k15 + kgt2) at Py
(1/k; is the local parameter in a neighborhood of P;,: =1, 2), generate deformations of
the Schrodinger operators preserving the class of potential operators described in -3,
for which they have the form
Av/dt; = %v + (), 30v = Ju;

5 - = -
) Av/dty = 0%v + (ww), 30v = Jw.

The finite-zone solutions have the form
v(z,y, t1,t2) =2891n 6Uz+Vz+ W+t1 +W™ty + ’70) + Cp.

Equation (2) describes a consistent deformation ¢ = t; = {2 preserving the class of
real operators (in this case the condition u = w is added in (2)). To describe finite-zone
solutions of (2) it therefore suffices to describe finite-zone solutions of (5). Functions u
and w with the same character of quasiperiodicity in z and y as v can be recovered up
to constants d; and ds:

u=602m0Uz+Vz+WTt; + W ta + ) +dy,
w=63*In0Uz+Vz+WTty + Wty + ) +da.
For indecomposable Riemann matrices a technique for effectivization of theta function
formulas was developed in [5]. Using it, we obtain a rather large collection of relations
on the theta constants, effectivizing the formulas for the solutions (5):
By O+ — d18ydy — 3Cod% — 4830y — a1)fln] =0,

]
6 A
( ) (8U5W— - dzaUav - 3008\2/ - 46%3[} b ag)O[n] = 0,

where n € 1(Z2)9. This system is invariant relative to the transformations

UM, V—ouv, Wt— MWt + M\2al,
W~ — W+ u2gv, di — A%d; + Ao,
da — pu?dy + ub, Co — AuCo,

a1 — Muay, az — p?Aay,

where A, € C\{0} and o, € C. Applying them, we reduce everything to the case
dy = d2 = 0. Since the systems (6) have the form (3), reducing them to systems
of relations on the components U,V,W+ W~ and the constant Cp and applying the
polynomials @;; and Q, we obtain the systems indicated in the theorem. From their
form it is clear that they are uniquely solvable if and only if the vectors U and V' are
linearly independent. The theorem is proved.

We note that if the Riemann matrix is real and U = V, then automatically W+ =W ~
and Cp € R. This follows explicitly from the formulas. We have thus distinguished a
class of real solutions.
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THEOREM 2. If in the hypotheses of Theorem 1 U =V and the Riemann matriz is
real, then the finite-zone solutions constructed are real for o € RY.

The author thanks A. P. Veselov and B. A. Dubrovin for useful discussions.
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