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TOPOLOGICAL OBSTRUCTIONS
TO INTEGRABILITY OF GEODESIC FLOWS
ON NON-SIMPLY-CONNECTED MANIFOLDS
UDC 531.01

1. A. TAIMANOV

ABSTRACT. In this paper, (Liouville) integrability of geodesic lows on non-simply-
connected manifolds is studied. In particular, the following result is obtained: A
geodesic flow on a real-analytic Riemannian manifold cannot be integrable in terms
of analytic functions if either 1) the fundamental group of the manifold contains no
commutative subgroup of finite index, or 2) the first Betti number of the manifold
over the field of rational numbers is greater than the dimension (the manifold is
assumed to be closed).
Bibliography: 11 titles.

Let M™ be a closed manifold and let TM™ and T*M™ be the tangent and cotangent
bundles of M™, respectively. Let 0 = Y _ dz® A dp, be the standard nondegener-
ate closed skew-symmetric two-form on T*M™, where (z*) are coordinates on M™ and
(p.) the corresponding coordinates on the fibers of the cotangent bundle. The form (2
gives T*M™ the structure of a symplectic manifold and it provides the space of smooth
functions on T*M™ with a Poisson bracket

{f’g} = hijéiéi

Oyt oy’

where (1 = h;;dy’ A dy’ locally (see [1]).

Let gi;(z) be a Riemannian metric on M™. The corresponding geodesic flow on 7M™
is given by the Lagrangian L(z,&) = 1g;;(z)#'4’. The resulting Hamiltonian system
on T*M™ has Hamiltonian H(z,p) = %gij (z)pip;. Such systems are very important
geometric examples of Hamiltonian systems on symplectic manifolds. Many important
problems in mechanics reduce to the study of geodesic flows on Riemannian and Finsler
metrics (see [2] and [3]).

It is natural to consider the problem of whether geodesic flows are integrable.

DEFINITION. A geodesic flow on a closed Riemannian manifold M™ is (Liouville)
integrable if, in addition to the Hamiltonian (the energy integral) H = I, there exist
n — 1 more first integrals I,...,I, on T*M"™ (where n = dim M™) with the property
that {I;,I;} = 0 for all 4'and 7, and the integrals are functionally independent at each
point of some invariant open dense subset U C L of some nonzero level of the energy
integral L = {H = const # 0}. If M™ is a real analytic manifold and the metric g;;(z) is
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real-analytic, then the flow is said to be real-analytic integrable if the indicated integrals
I,..., I, exist and can be chosen to be real analytic.

This definition is based on the well-known Liouville theorem [1], [4]. In [5] and [6],
it was proved that the geodesic flow of any real analytic metric on an orientable two-
dimensional real analytic closed surface of genus g > 1 is not analytically integrable. The
proofs there make essential use of properties particular to two dimensions. In this paper,
we will find topological obstructions to analytic integrability of geodesic flows which do
not depend on the dimension of the manifold. We actually will prove a more general fact
(Theorem 1).

In the general case, the nonintegrability proof breaks into two parts: 1) proving that
a certain geometric disposition of a geodesic flow cannot exist, and 2) establishing func-
tional conditions on a complete set of first integrals of an integrable geodesic flow which
distinguish integrable flows with a given geometrical disposition.

We introduce the main definition.

DEFINITION. A geodesic flow on M™ is geometrically simple if there exists a nonzero
level of energy integral L = {H = const # 0} such that the following conditions are
satisfied:

1) L contains a closed set I' with invariant, everywhere dense complement L \T

consisting of a finite number of arcwise connected components U, a =1,...,d:
d
L\T = | U..
a=1

2) Each component U, fibers over an (n — 1)-dimensional closed disk with fiber an
n-dimensional torus:
Yo: Uy — D1, n = dim M™.

3) For any given point ¢ € L and any neighborhood W of ¢ there exists a neighborhood
W1 such that ¢ € Wiy C W and W; N (L \T) has a finite number of arcwise connected
components.

We remark that condition 3) holds, for example, if L has a simplicial decomposition in
which the set I' is a subcomplex. This is the situation in the well-known integrable cases.
It is clear from the proofs below that all the results remain true if condition 2) is weakened
by demanding only that U, be fibered into k-dimensional tori over (2n—k—1)-dimensional
disks for some k£ < n. This situation arises, for example, in “noncommutative” integration
[7]-

The main result is as follows.

THEOREM 1. If a closed manifold M™ satisfies at least one of the following conditions:
a) m1(M™) is not almost commutative; that is, it does not contain a commutative
subgroup of finite index; or
b) the dimension of the first rational homology group of the manifold M™ ezceeds the
dimension of M :
dim H;(M™; Q) > dim M™,

then no geodesic flow on M™ is geometrically simple.

We remark that the considerations connected with condition b) first arose in the
proof of the main theorem of [5] and led to the previously mentioned restriction on
the genus of the surface. The existence of obstructions to integrability connected with
noncommutativity of the fundamental group of the configuration space M™ (condition
a)) has not, apparently, been noticed to date.



TOPOLOGICAL OBSTRUCTIONS TO INTEGRABILITY OF FLOWS 405

Application of Theorem 1 is related to the study of the geometry of integrable systems.
Here, it is most effective to consider functional properties of first integrals under which
“the singular set” T is a subcomplex of a simplicial decomposition of L (note that L
is compact since we have assumed that the metric is positive definite). This situation
occurs, for example, if the first integrals are smooth with sufficiently simple critical
values and levels of the “moment map” F: L — R"~ !, where F(q) = (I2(q),...,In(q)).
Citing examples of conditions on the critical values and the levels of F' does not present
difficulties. The following theorem is very interesting.

THEOREM 2. If a geodesic flow on a real-analytic manifold M™ with a real analytic
metric is analytically integrable, then it is geometrically simple.

Theorems 1 and 2 imply the following.

THEOREM 3. If a real-analytic closed manifold M™ with o real analytic metric sat-
18fies at least one of the conditions:

a) m (M™) is not almost commutative; or

b) dim H;(M"™; Q) > dim M™,
then the geodesic flow on M™ is not analytically integrable.

REMARKS. 1) From a topological point of view, almost commutativity of the fun-
damental group is equivalent to the existence of a finite-sheeted cover Mn™ — M™ with
abelian fundamental group m (M ™). An example of a manifold with an analytically inte-
grable geodesic flow and a noncommutative, almost commutative fundamental group is
the Klein bottle; in this case, an example of a metric with an integrable geodesic flow is
the metric “taken off” the usual Euclidean plane from which the Klein bottle is obtained
as a quotient space by the action of a discrete group of isometries.

2) It is well known that if a closed manifold M™ admits a metric with strictly negative
curvature, then 7;(M™) is not abelian and the maximal abelian subgroup of 7 (M") is
infinite cyclic [8]. It is clear that such fundamental groups are not almost commutative.
We obtain the following corollary.

COROLLARY. If a closed manifold M"™ admits a metric with strictly negative curva-
ture, then for any real-analytic structure on M™ and for any real-analytic metric on M™
the geodesic flow is not analytically integrable.

§1. The main construction

Let (A, G, ) be a triple, where A = {a;,...,a,} is a finite set, G is a group, and
p: G\ {e} — A x Ais amap of G\ {e} (e is the identity element of the group G) to the
direct product of two copies of A. In this section we construct a graph II(A, G, u) for an
arbitrary triple (A, G, u). The triples (A, G, u) arise below in describing simple geodesic
flows, and the corresponding graphs II{A4, G, u) turn out to carry the main geometric
information concerning the flows.

Suppose that we are given a triple (A, G, 1), where A consists of r elements. We let
ITy be a graph whose vertices are r points which we identify in a one-to-one manner with
the elements of A. If g € G\ {e} and u(g) = (ai,a;) € A X A, then we join the vertices
by an arrow from a; to a; and we label the arrow by the element g of G. We thus obtain
a graph Iy in which the set of vertices is identified with the set A, and the set of arrows
(oriented edges) with the set G\ {e}. We augment Il to obtain a graph II as follows: if
IIy contains an arrow from a; to a; with label g, then we add to Ilp the arrow from a;
to a; with label g=!. We obtain a graph II = II(A, G, 1) together with a function o on
the set of oriented edges which associates to each edge its label.
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We consider paths on the graph IT of the form £ = ~xyx—1 - - - 71, Where ~; is an arrow
and the terminal point of ~; coincides with the initial point of ;1. The initial point of
~1 is deemed to be the initial point of the path &, and the terminal point of the arrow
~k is deemed to be the terminal point of the path £. For each vertex a;, we consider the
set of loops {); consisting of paths with initial point and terminal point at a;. On all the
;,1=1,...,r, we naturally define a function o1, the “path label”, as follows: if £ € (;,
where £ = 4k - --y; and the ~, are arrows, then 01(&) = o(vk)o(Ye—1) - - o(71)-

LEMMA 1. 01(0;) is a subgroup of G.
The proof is obvious. We let H; = o1 ().

LEMMA 2. The group G 1is a set-theoretic union of a finite number of left cosets of
the subgroups H;, 1 =1,...,r, defined above.

PROOF. To each pair of vertices ag, a; which are joined in II by at least one arrow
from ax to a;, associate one (fixed) such arrow and its label, and denote it by gi;. Then

G= (UHZ) U Ugini
i 4,5

We prove this. Suppose there is another arrow from ax to a; with label 2. Then g;llh S
Hy, and, hence, h € giHy. It remains to add that all elements in G \ {e} occur as labels
of oriented edges of II.

LEMMA 3. Suppose that an element g € G has infinite order. Then there exist k # 0
and s such that g* € H,.

PROOF. We consider all possible arrows with labels ¢!, where [ runs over all nonzero
integers. There are infinitely many such arrows, and the number of vertices of the graph
II is finite. Hence, there exist vertices a,, a; and p, ¢ with p # ¢ such that there exist
arrows with labels ¢g? and ¢g? pointing from a; to a;. It follows that g?~? € H,.

Lemma 4 is of a general nature; however, we retain the preceding notation to facilitate
seeing how it manifests itself in our construction.

LEMMA 4. If a group G is a set-theoretic union of a finite number of left cosets of a
finite number of subgroups H;, i = 1,...,r, then at least one of these subgroups H; has
finite index in G: |G: Hj| < co.

PROOF. We proceed by a simple induction on the number r of subgroups. For r =1,
the assertion is obvious. Suppose that it is satisfied for r < k¥ — 1. Then

G =JogisH:. (1)
¥

Suppose that Hj has infinite index in G. Then some coset hHy does not appear in the
formal representation (1). Then hHy C U#k’j 9i;H; and, hence, Hy C U, 4 ; h=lg,;H;.
We obtain

G=| U osHi || U ot guH.
i£k,g 1#£k,J,
Hence G is a set-theoretic union of a finite number of left cosets of the k£ — 1 subgroups
Hy,...,Hy_;. By the induction hypothesis, there is a j, 1 < j < k — 1, such that H;
has finite index in G. Lemma 4 is proved.
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§2. The proof of Theorem 1

We consider a geometrically simple geodesic flow on a closed manifold M™. Letp: L —
M™ be the standard projection to the base. On the base, we choose a fixed point zg
and neighborhoods U and V such that zo € U C U C V (where U is the closure of U)
and both the universal cover M™ — M™ and the cotangent bundle are trivial over V.
Let W = p~3(U). We have W N (L\T) = J, Us, where U, is an arcwise connected
component. There may be infinitely many of them. We introduce an equivalence relation
on the set of components by agreeing that U, ~ Up if there are points ¢; € U, and
g2 € Ug which can be joined by a curve in p~*(V) N (L \T). Property 3) of geometric
simplicity implies that the number of equivalence classes is finite. In fact, if there were
infinitely many, we could choose a representative U, in each class and a point g, € U,
in each U,. Since the set {g,} is infinite and W is compact, there is a limit point 7 in
W. The domain p~!(V) is a neighborhood of § and, according to property 3), contains a
subdomain Z C p~!(V) with g € Z such that ZN(L\T) has a finite number of connected
components. This contradicts the assertion that Z contains an infinite number of the
points in {q,}. We choose a representative ®;, 7 = 1,...,r, in each class and a point
i € ¥, in each representative.

Since M™ is complete, we can apply the Hopf-Rinow theorem to the universal cover
M?™ to deduce that each element g € m; (M™,zo) \ {€} can be realized as a geodesic loop
with vertex at the point 2. We lift this loop to L to obtain a loop ~(g). If the loop lies
in T, then a sufficiently small perturbation of the initial conditions gives another loop
~'(g) (which is also a trajectory of the geodesic flow) with the property that ~'(g) lies
in L\ T; if the initial point and terminal point of its projection to M™ are joined in V'
by segments to zg, we obtain a loop realizing an element g € m1(M™,z0). We join the
initial points and terminal points of the indicated paths (g) and +'(g) with points of
the set {p;} by segments in p~!(V) N (L \T) (this procedure is obviously unique) and
we let £(g) denote the resulting paths. We now apply the construction of §1.

For this, we construct the triple (A4, G, i) as follows. We take A to be the set of points
{pi}; G =71 (M"™, z0). Let g € G\ {e}, and let £(g) be the path constructed above with
initial point at ©1, and terminal point at @o4. Then we consider u(g) = (©1g, P2¢)-

We now prove Theorem 1.

Suppose that 71 (M™) is not almost commutative. It is clear that paths on the graph
I = TI(A, G, i) can be realized as a composition of paths of the form £(g). We apply
Lemma 4: some H, has finite index in G. Consider the corresponding point s € &,. By
the definition of geometrical simplicity, ®; C Uq(s), where Uy () is homeomorphic to the
direct product of an open (n — 1)-dimensional disk by the torus 7". Let f: Uy(s) — L be
inclusion, w a path from 2 to p(ps) lying in V, and w.: w1 (M™,z9) — m1(M", p(ps))
the corresponding isomorphism. Then it is evident from the geometric construction that
wx(Hs) C (Pf)x(m1(Un(s), f~(ps))), where (pf). is the homomorphism of fundamen-
tal groups induced by composition of the inclusion f with the projection p. However,
T1(Uq(s)) = m1(T") is a free abelian group and w.(Hs) is not abelian because it has
finite index in 7y (M™,p(s)). At the same time w,(Hj) lies in the homomorphic image
of an abelian group. This is a contradiction.

Suppose that dim H;(M™;Q) > dim M™. Let h: m;(M™,29) — Hi(M"™) be the
Hurewicz homomorphism and ¢: H;(M") — H;(M";Q) the homomorphism induced
by inclusion of the coefficient group Z into Q. Suppose g € 71(M™) has infinite or-
der. According to Lemma 3, there exist k¥ # 0 and s such that ¢* € H,. Then
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oo h(g) € (pf)s(H1(Ua(s); Q)). From this we obtain

d
Hy(M™Q) = | (p)-H1(Us; Q), (2)
a=1
where f,: U, — L is inclusion. But H,(U,; Q) = Q™. It follows that (2) is impossible
if dim H;(M™; Q) > dim M™ = n. The theorem is proved.

§3. The proof of Theorem 2

The proof of Theorem 2 is based on the theory of semianalytic sets and their projec-
tions [9]-[11]. A subset A C X of a real-analytic manifold X is called semianalytic if it
can be represented in a neighborhood of each point z € X as a finite union of sets of the
form :
{fi(z)=0,¢=1,...,r; g;(z) >0, y=1,...,s},
where the f; and g; are real-analytic functions on a neighborhood of a point z € X. A
subset B C Y is called constructive if it is the image of a relatively compact semianalytic
set A C X under some analytic map of manifolds X — Y [11]. This class of sets is
closed under finite unions, intersections, and products, taking images and preimages
under proper analytic maps, closure, and complementation. Each constructive set is a
finite union of arcwise connected constructive sets (see [10] and [11])

Consider an analytically integrable geodesic flow and let L be the nonzero level (men-
tioned in the definition of integrability) of the energy integral I; = H, and let I5,..., I,
be an additional collection of involutory first integrals. Consider the “moment map”
F:L— R" ! where F(q) = (I2(q),...,In(q)). Let V C L be the set of critical points
F and C; = F(V) the set of critical values. Then V is semianalytic and C; is construc-
tive. To prove Theorem 2, it suffices to find a constructive set Cp in R”~! such that
F(L)\(C1UCy) splits into a union of open disks. In this case, we take I' = F~1(CUCy).
Property 3) of geometric simplicity will then follow in an obvious way from the properties
of constructible sets enumerated above.

We begin by noting the following completely obvious fact.

Let W be a domain in RV with compact closure. If the boundary OW is constructive
and has a constructive simplicial decomposition (that is, each simplex is a constructive
set in R™), then the decomposition extends to a constructive simplicial decomposition of
w.

In [10], it is proved that a compact constructive set in RY admits a decomposition
into a finite union of constructive sets, each of which homeomorphically projects to a
domain with constructive boundary under some projection to a linear subspace of RN
([10], Theorem 2). Using this together with the above fact and a simple induction on
the dimension of the constructive sets, we find that any compact constructive set in RN
admits a constructive simplicial decomposition.

In our situation, having constructed a constructive simplicial decomposition of the set
of critical values C;, we extend it to a constructive simplicial decomposition of F(L).
We take the (n — 2)-dimensional skeleton of the complex F(L). Denote it by C3. It is
clear that C; C Cs. Therefore, we can set I' = F~!(C3). It remains to note that the
fibrations mentioned in the definition of geometrical simplicity are obtained by the usual
restriction of the “moment map” to the arcwise connected components of the preimages
of (n — 1)-dimensional simplices of the constructive simplicial decomposition of F(L).
Theorem 2 is proved.

The author is grateful to V. V. Kozlov and A. T. Fomenko for useful discussions and
valuable remarks.
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