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1. A. TAIMANOV

ABSTRACT. An efficacious realization is presented of finite-gap solutions of the Veselov-
Novikov equation expressed in terms of the theta function of Prym varieties of double
coverings of algebraic curves with two branch points. For the given Prym mapping
equations are obtained which locally solve a problem of Riemann-Schottky type, and
a local Torelli theorem is proved.

The methods of finite-gap integration make it possible not only to effectively find
solutions expressed in terms of the theta function of Abelian varieties of a num-
ber of important equations of mathematical physics (the Korteweg-de Vries and
Kadomtsev-Petviashvili equations and others [1]-[3]) but also to study the Abelian
varieties themselves, namely, those arising in the finite-gap theory of the Jacobi and
Prym varieties. There exist two hierarchies of nonlinear equations whose finite-gap
solutions can be expressed in terms of the theta function of Prym varieties (Prymians)
of branched coverings: 1) the B KP equations obtained as a result of modification of
the Kadomtsev-Petviashvili equations [4], and 2) the Veselov-Novikov equations [5]
arising in the theory of two-dimensional Schrédinger operators which are finite-gap
operators on one energy level [6], [7].

In this paper we describe the finite-gap solutions of the first nontrivial equation of
the Veselov-Novikov hierarchy and consider their applications in the theory of Prym
varieties of double coverings with two branch points; in particular, we obtain equa-
tions locally distinguishing the Prymians in the moduli space of principally polarized
Abelian varieties and prove a local Torelli theorem for the given Prym mapping.
Some of the results were announced in [8] and [9].

§1. Two-dimensional finite-gap potential Schrodinger operators
and Prym varieties

A. Basic definitions.

DEerFINITION. Let T be a nonsingular irreducible algebraic curve of genus g, let
Q,, ..., Q, beasetof distinct points on I', let k, Lo kl_1 be local parameters in
a neighborhood of them (kj_l(Qj) =0),let g,(k), ..., g,(k) beaset of polynomials,
and let D be a positive divisor of degree g on I'\(Q,U---UQ,). The /-point Baker-
Akhiezer function corresponding to the indicated data is a meromorphic function
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368 1. A. TAIMANOV

w(P) on I'\(Q, U---UQ,) such that

a) the divisor of the zeros and poles () > —D, and

b)as P — Q; the product y(P) exp(—qj(kj(P))) is analytic (j=1,...,1/).

Such functions corresponding to a fixed collection of data form a linear space
whose dimension is equal to one if the divisor D is nonspecial and the polynomials
4,,--- 4, are in general position [2], [3].

With the help of the Baker-Akhiezer functions, the concept of a two-dimensional
finite-gap (on one energy level) Schrédinger operator of the form

L=00+A(z,2)d +u(z,3), (1)

where 8 = 3(8/0x+i8/dy), 8 = 1(8/9x—i8/8y),and z = x+iy, was introduced
in [6].

DEFINITION. An operator of the form (1) is said to be a finite-gap operator (of
rank 1) on the energy level E if there exists a function w(z,Z, P) meromorphic
in P on I'\(Q, UQ,), where T is an algebraic curve of genus g and Q,,0Q,€l,
having poles P, , ..., P, on I'\(Q, U Q,) and the asymptotics

w(z,Z,P)~ (L4 &5k +0TY)),  P—Q;

- (2
w(z,Z,P)~a(z, D) (1+ 00k ")), P-0,, :

where k- ' and k, ' are local parameters in neighborhoods of the points Q, and
Q, (k;'(Q;)=0), such that (L - E)y =0.

On the basis of the spectral data {I", Q,, 0,, k,, k,, D} it is possible to recover
an operator L of the form (1) such that the Baker-Akhiezer function (more precisely,
a smooth z-family of Baker-Akhiezer functions) w(z, Z, P) corresponding to the
data {I', Q,, Q,, k,, k,, D, q,(k) = kz, ¢,(k) = kZ} and normalized by the con-
dition y(P)exp(—q,(k,(P))) — 1 as P — Q, satisfies the equation Ly = 0. The
coefficients of L are found from the asymptotics of the form (2) of the eigenfunction
w(z,z, P) [6]

A=-8Ina/dz, u=-0¢ 9z (3)

In [7] a sufficient condition for L to be a potential operator was found: if a
holomorphic involution ¢ such that
0(Q)=0;, ok)=-k., j=1,2, D+o(D)~CM+0Q,+0Q,, (4)
acts on I', where C(I') is the divisor of zeros of holomorphic 1-forms on I' and
~ denotes equivalence of divisors, then the operator L constructed on the basis of
{I', Q,, Q,, k,, k,, D} (thedivisor D is nonspecial, so the construction is possible)
is a potential operator:
L=00+v(z, 7). (5)
B. The theta-function formula for the potential v . On a nonsingular algebraic curve
I' of genus g we choose a basis of cycles ay, ..., d,, b, ..., bg in H (I') with
intersection form a, o a; = b, o bj =0, g0 bj. = 5/(,' (i.e., a canonical basis). To it
there corresponds a dual basis of holomorphic 1-forms W, ..., 0, normalized by

the conditions
/ w, = 2ni§jk,
a/-
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and the b-periods of these differentials define the Riemann matrix
B, - /b . (6)

which is symmetric and has a negative definite real part. On the basis of each sym-
metric g x g matrix B with ReB < 0 it is possible to construct a series of theta
functions

6(z|B) = »_ exp{}(BN, N)+(N, z)}, (7)
NeZf
0lc, B1(z|B) = exp{L(Ba, a) + (z + 2nif, &)}0(z + 2niB + Ba|B),  (8)

where z€ C¥, (N, z)=Y{N;z;,and , B € R¢ . The theta functions constructed
according to (6) are called the theta functions of the algebraic curve I'. The functions
(8) are called theta functions with characteristics a and f.

By means of the Riemann matrix it is possible to construct the Jacobi variety of
the curve I': J(I') = C%/A, where the lattice A has the form

A={2niN+BN': N, N e Z°}.

Suppose P, € I' is some fixed point; then the Abel mapping A: I' — J(I') with
initial point P, is defined by

P
Ak(P)=/ ;. 1<k<g.
PO

If a holomorphic involution ¢: T’ — T, o =1 , with two fixed points Q, and Q,
acts on the curve ', then the genus of I is even (= 24), and we choose the canonical
basis of cycles on I' so that g,(a;) +a;,, = o,(b;)+b;,,=0,1<j< h, and the
images n(a,), ..., n(a,), 7n(b;), ..., n(b,) of some of the basis cycles under the
projection 7: I' — I'/g form a canonical basis of cycles on I'/o [10]. We denote
by B and B, the Riemann matrices of the curves I' and I'/o constructed on the
basis of these bases.

Since A(Szhl") > J(I'), where S?"T is the 2hth symmetric power of T' and A is
extended to it by linearity, it follows that ¢ induces an involution 6: J(I') — J(I'):
if £€JT) and (P, ..., Py) € A7 (&), then 6(¢) = A(o(P) + -+ A(a(Py)) -
If Q, (o(Q,)=0Q,) is taken as the initial point of the Abel mapping, then G takes
the form

G((2y5 s Zy)) = (= Zppys oo s —Zops> —Zys e —2zp).

DEFINITION. The Prym variety P(I", o) is the subvariety of J(I') distinguished
by the equation 6(&) = —¢ for £ € P(T', 0).

The Prym variety is itself an Abelian variety obtained by factoring c by the
period lattice {27iN +TIN': N, N e Zh} where I1 is the Riemann matrix of the
Prym variety:

niJ.:/b‘(wﬁwM), 1<i,j<h.

The matrix Il is symmetric, ReIl < 0, and it is connected with B and B, in a
rather simple manner [10]:
B [%(BO +10) %(H—BO)]
= % .

9
(I1-B,) i(B,+1I) ©)
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We define imbeddings ¢: P(I', 0) — J(I), o((z;,...,2,) = (z,,..., 2,
zyseeszy),and w7 J(T/a) = J(D), 7°((2), o5 2)) = (Zys coes Zps —Zy 5 eens
—z,) and a mapping #: I' - P(I', g) of the form

P
(n(P)), =/Q (0 + ), 1<k<h.

ASSERTION 1 [10]. If O(e|Il) # O, then the divisor of zeros D of the function
0(n(P) — e|Il) satisfies

A(D) = [p(e) + A(Q)) + A(Q,) — 7" (Ky)] (mod A), (10)

where K, is the vector of Riemann constants of the curve T'/a computed on the basis
of the Abel mapping with initial point n(Q,).

We shall construct an eigenfunction of an operator L of the form (5) on the basis
of data satisfying (4). Let Q y (j =1, 2) be a differential of the second kind on T’
having a single pole at Q ; with principal part a’kj + -+ and uniquely determined
by the condition that its integrals over a-cycles be equal to zero. It is obvious that
U*Qj =-Q,, and hence

Q:/Q:U, /Q=/Q=V,
Akl b 1 k bkz bk+h2 k

k+h

1 <k <h.Wedefine ¥ by
w(z,Z,P)

P P
=exp[z( Ql—a)+7/ Q,
Q2 2

where 0y € T\(Q,UQ,), f; @ —a~k +O(k[') as P — Q,; the integral in the
definition of #(P) and in the argument of the exponential is chosen in a consistent
manner that is achieved by fixing the path from Q, to Q, in the definition of «

and making it possible to assign a meaning to the expression |, 5 Q,.
1

For e € P(I", o) of general position the function y has a divisor of poles D (not
depending on z) which is nonspecial and satisfies (10) and (4). The asymptotics of

v as P— Q,, Q, have the form (2) with az(z , z) =1 [7]. We therefore have

(1(P) + Uz + VZ—elb(elll) |,
(Uz+ VZ - e|I)O(n(P) — e[Tl)’

0
0

ASSERTION 2 [7]. The function y of (11) is an eigenfunction of the operator L =
00 +v where

v(z,2)=200m0(Uz+VZ-e|ll)+c, ¢ = const. (12)

C. One-dimensional finite-zone potentials as two-dimensional potentials. Let H =
—('ixzx +v(x) be a finite-gap operator with periodic potential v(x + 7)) = v(x). The
Bloch eigenfunction ¢(x,w,E) (Hp = E¢, oO,w,E) = 1, and
p(x+T,w, E) = u(w, EYp(x, w, E)) is meromorphic on the Riemann surface
I'={(w, E): w? + HiiO(E — E;) = 0} with an excised infinitely distant point. By
adding a constant to v we arrange that all E 7 0. The function w(x,y,w, ) =

¢’ p(x, w, A%) is meromorphic on the surface I" = {{(w, 4): w2+H§§O(/12—Ej) =0}
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with the pair of excised infinitely distant points Q, and @, in neighborhoods of
which we can take k' = (i,l)_1 as local parameters. ¥ has the asymptotics
v~ 00TY), PO
y~e 10K, P 0,
The involution a((w, 1)) = (~w, —4), 6(Q;) = Q;, a(kj) =-k;,j=1, 2,actson
I". We denote by D the divisor of poles of . The divisor D+ (D)—Q, — Q, is the
divisor of zeros and poles of the form dA/x(4, w), where x(A, w) =w/ ]'[‘lg(/l2 —Ej)
and E; are the E-coordinates of the poles of ¢.
On T and f/ o we can introduce a coordinated pair of canonical bases of 1-

cycles (as in subsection B) so that the projection of half of the basis onto the
quotient space under the action of v (v((w,4)) = (w, —4)) forms a canonical
basis p(a,), ..., p(a,), p(b)), ..., p(b,) of the curve T/v=T (p:T - Tis
the projection). Such bases can be chosen simply: when all the E; are in R it
suffices to take for a-cycles on I' g real ovals and extend this collection to a
canonical basis; a basis on T is obtained from this by lifting to the covering space
p: " = I'. To the basis on I' there correspond a basis of holomorphic differen-
tials @, ..., ©,, and a basis of holomorphic Prym differentials (i.e., such that
oo = —w) U =0 +0
normalization

LU, = W, + @y uniquely determined by the

/uk=/ uk:Zniéjk, 1<j<g.
4; 9jig

We note that this condition is satisfied by the differentials p™(®)), ..., p*(w;) ,

where w'1 Y eens wfg is a basis of holomorphic 1-forms on I' dual to the basis
!

p(a), ..., pb,) in H(I), fp(aj) w, = 27id,, . Hence, fbk u; = fp(bk) ', and the

PESEIREE

Prym variety P(I', ¢) is isomorphic to the Jacobian variety of the curve I".

If Q is a differential of the second kind on T with a single pole at p(Q,) = p(Q,)
having principal part dw+--- and normalized by equating the integrals over a-cycles
to zero, then Q and €, defined in subsection B are such that

P =9 +9Q,, Uj=Vj=%/ Q.
p(bj)

In summary, we have
ASSERTION 3. The potential operator constructed on the basis of the “spectral data”
{f", g,0,,0,, kl'1 , k2_l , D} satisfying (4) (D is in general position) has the form
L =08+ 18] In6((U + V)x —e) + const

and its theta-function expression coincides exactly with the analogous expression ob-
tained in solving the one-dimensional inverse problem [1].

§2. Finite-gap solutions of the Veselov-Novikov equations
Let {I',0,0Q,,0,, k L k, ! , D} be the “spectral data” of the two-dimensional
potential operator L = 80 + v . On the basis of them and the polynomials ¢, (k) =
kz + k3t1 and g¢,(k) = kZ + k3t2 we construct the Baker-Akhiezer function
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w(z,Z,t,t,, P). It has the asymptotics

3
Vo~ ek12+k11|(1 +é:-k—1 +€;k_2 + O(k_3))’ P - Ql’ (13)
v~ TR L oY), P,

According to [7], a’=1. The explicit theta formula is

P P P P
W:[z( Ql—a)+7/ Qz+t1</ 93—/3>+t2/ 94}
Q, Qg 9y Q

L Om(P) +Uz+VZ+ W't + W1, — e|I1)f(e|I)
OUz+VZ+W't +W™t,—e[l)0(n(P) —e[Tl)’
where Q,, Q,, U, V' ,and « are the same asin (11); Qj (j =3, 4) is a differential
of second kind on I" such that all its integrals over a-cycles are equal to zero, and
it has a single pole at Q _, Wwith principal part dk3 ... The vectors W',

w-ec (the genus of I' is equal to 24) have the form

W].+=/bQ3, W /94, 1<j<h

(14)

The integrals of Q, and Q3 in the argument of the exponential are taken over the
same paths, and fQ’;Q3—B =dkf'+--- as P—Q,.
LEMMA 1. The function y of (14) satisfies
(9/0t, — 4,)w =0,
where A, = 0 +ud, u= —36&_,‘:“.
ProOOF. We consider the operator
3 2
Ay — 0" - (30E))0 — 39 +0°¢]) + 3¢ ae.
The function (8/9t, — 4,)y is the Baker-Akhiezer function with the same “spectral

data” as y, and is hence a multlple of it. Now e %%~ ki "o /0t — A))y — 0 as
P — Q,, and hence (0/ot, — A )y =0. As P — Q,,

(001, — Ay ~ 3a(-0&; — 9°E} +& & exp(kyz + koty).

Since a # 0 it follows that 862 +0 51 - 61 651 = 0. The lemma is proved.
In a similar way we can prove

LEMMA 2. The function y of (14) satisfies
(0/0t, — A,))y =0,
where A, = 3 +wd, w= -30¢, .
From (14) we find that
Wz, 2,6, ) =60"In0(Uz+VZ+ W', + W 1,—e)+d,,
W(z,Z, 0, 4,) =60 MOUz+VE+ Wt + Wty —e) +d,,
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where d, and d, are constants depending on Q,, Q,, k; ' and k, ! ,and 6 is
the theta function of the Prym variety.

According to [5] and [7], for each fixed pair ¢, , ¢, onthebasisof y(z,Z, ¢, t,, P)
it is possible to recover an operator L = 88 + v such that Ly = 0, i.e., we obtain
a family of potentials, depending on #, and ¢,,

v(z,Z,1,,4)=200In0Uz+VZI+ W' t,+W t,-e). (16)

We remark that du = 39v and dw = 30v. _
If for L, A, A,, By = A, +0u,and B, =4, + 90w we consider equations of
the type of “ L, A, B triples” [12]

oL oL

8—t1+LA1—BlL=O, 8—Z2+LA2—B2L=O,
then we obtain equations for the evolution of v with respect to 7, and ¢,:
90 _ 5% +8(uv),  30v=0u; (17)
ot,
2v _ 5% +9(wv), 30v = dw. (18)
at,

These are called the Veselov-Novikov equations. Coordinated deformation of v with
respect to t =1, =1, is described by the equation
ov

37" 830 + 3 v + d(uv) + 8(wv),

which was actually indicated in [5] and in the case ¥ = W describes deformations
preserving real potentials. These equations are the simplest in the entire hierarchy
of equations found in [5], and were studied in [21].

As a result, we have proved

LEMMA 3. The functions u, w, and v of (15) and (16), where e is of general
position (in particular, 0(e|T1) # 0), satisfy equations (17), (18).

We consider the following problem.

If the symmetric g x g matrix B with negative definite real part, on the basis
of which the theta function 6(z) = 6(z|B) is constructed, and the vectors U, V' €
C%\{0} and W', W~ € C* and the constants ¢, d;, d, are such that for e of
general position the theta formulas (15) and (16) give solutions of (17) and (18),
then how are B, U, V, W', W~ and the constants ¢, d,, d, related?

By general position we mean membership in an open dense set. Fulfillment of
(17) and (18) for general position implies the relations

0,120,480, In 0 — 8;,(28,0, In 6) — (28,0, In 6 + c)(60, 6 +d)]=0, (19)
8,[20,,- 9, In0 — 92(28,0, In6) — (20,0, In 6 + ¢)(60;, In6 +dy)1 = 0, (20)

where o, , for example, is understood as the derivative in the direction V' in Ct.
We note that (20) can be obtained from (19) by the changes wtowT,U->V,
V- U,and d, — d,.

We suppose that the Abelian variety M = C%/A, where A = {2niN + BN "
N, N' € Z8} is irreducible, i.e., it is not the direct product of Abelian varieties of
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smaller dimension. In the space of moduli of principally polarized Abelian varieties
this is a case of general position. It is known that if on an irreducible Abelian variety
we have 9,/ = 0, where U # 0 and f is meromorphic, then f = const I3]. It

therefore follows from (19) that the expression in square brackets is constant (= a;) ,
which after transformation implies that

(8 0y+0)0 — 8,,00,,.0 — (858,0)0 + 8,0 - 0,0
2 2 2
+38,0 - 9,0,0 — 39,0 - 8,0,,0 — 3¢(8.6)6
+30(8,6)° — d,(9,0,0)0 + d,0,60,0 = 2a,6%, (21)

where 2a, = a; +cd /2.

A method of analyzing such relations was developed in [3]. The following two
facts form the basis for it:

1) The addition theorem for theta functions:

0(z")6(z") = 3 bln(w")on)(w?), (22)

- 1, 2 1 2 2
where the summation goes over n € 1(Z,)%, z' + 2 = w', z' — 22 = w?, and

0[n](z) = 6[n, 0](z|2B) , where 6(z) = 6(z|B).
2) The 2% functions O[n)(2z), n € L(Z,)*, are linearly independent.
We introduce the operators

> i > i = + i

X;=>_Ud/0z;, Y, =) Voloz, T,=) w'oz,
i ) + i

X;=) Upd/ow;, Y=Y Vdlow,, T,=) W'o/w

(i =1, 2; the summation goes over j =1, ..., g). They are connected by relations
of the form

A =4,+4,, A=A -4

We rewrite (21) in the form

Ae{X,Y, T}

(TF, - T,F, - B2F, + 3077, %, + X7, - 382X, 7, - 332
+3cX,\ X, - d XY, +d, XY, - 2a,10(z")0(z")}|_» = 0. (23)
We express i, X ;> and }~’I in terms of T;, X;, and Y, and apply the operator

in square brackets to the right side of the addition formula (22) for w' =2z and

w?=0. By the parity of é[n](w) it suffices to leave only terms with even powers of
X,, Y,,and T,. We obtain

(1,1, - 4XY, - d, X, Y, - 3cx? —a)) 3 bn)(w")B[n](w?)] =0

w'=22,w2=0

(summation over 7), which by the linear independence of #[r](2z) implies that for
all n

(8, 0y — 4830, — d,8,,8,, — 3¢d], — a,)0[n)(0) = 0. (24)
Similarly, for all # we obtain
(0y Oy~ — 40,0, — dydy,d,, — 3¢d} — a,)f[n](0) = 0. (25)

We have thus proved
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THEOREM 1. If the Abelian variety M = C%/{2niN + BN': N, N' € Z°} is irre-
ducible and for e € C% of general position the functions v, u, and w of the form
(15), (16), where 6(z) = 0(z|B), are solutions of (17) and (18), then relations
(24) and (25) are satisfied (for all n € 5(Z3)), where a, and a, are constants.

Relations (24) and (25) are invariant under the transformations
N U—AU, VouV, Wo22wh, w—p’w™,

¢ — Auc, a’z—wlzafl,al2 —>u2d2,a1 —>/13,ua1, az—>lu3a2, A, n e C\{0};
(26)
M wt—aoU, W - W +8V,d —d +a,dy—d,+ 8,

(U,V,c,a,,a,} ={U,V,c,a, a}, a, feC.
Using (26) to reduce (24) and (25) to the form d, =d, =0, we obtain

THEOREM 2. If the Prym variety P(T, o) is irreducible, then there exist vectors
U,V € Ch\{O} and W5, W~ € " and constants ¢, a,, a, such that for them

and the theta function of the Prymian (dim P(T', o) = h) the following relations are
satisfied:
(0,8, — 48,0, — 3¢y, — a,)0[n)(0) =0,
(8,8, — 4030, — 302 —a)0[n](0) =0,  ne(Zy). 27)
The following criterion of irreducibility is important for effective computations.
CRITERION FOR IRREDUCIBILITY [12]. An Abelian variety
M =C%/{2niN+BN': N, N' € 2%}

is irreducible if and only if the rank of the matrix

(B1n10,,[n1--- 6,;(n)--- 6, [n1)
o 0

(9[n](2) = 0[n, 0)(z, 2B), 0,,[n] = 5—5—0n)(0), Oln] = é[n](O))
i J

is maximal, i.e., is equal to g(g +1)/2+1.

We remark that the Jacobi varieties of algebraic curves are irreducible (Mertens’
theorem).

THEOREM 3. If the conditions of Theorem 1 are satisfied, g > 2, and the vectors
U and V are linearly independent, then w*t, W, c, d,, and d, are uniquely
determined on the basis of B, U, and V up to the transformations (26.11) relative
to which the constant c is fixed.

ProOF. It suffices to demonstrate uniqueness of the recovery of w*, W, and
¢ on the basis of B, U, and V for d, = d, = 0. Since an Abelian variety is
irreducible, there exists a set of characteristics #n,, ..., n,, r=1+g(g+ 1)/2, such

that the matrix R ) . R
0[n10,,[n,] . - Hl.j[nl] ng[nl]

6in 16, (n] - O,0n] - 0]
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is invertible, and hence the system

Y- 0Q,0,,In]+ Q8ln,] = 48,0, 6[n,],

i<y
1 < k < r, is solvable, and Q; ; and Q are uniquely determined as polynomials
in U, ..., Ug, V..., V;,, which we denote by Q,-j(U, V) and Q(U, V). The
system (24) implies that

MW = 3cUl = Q,,(U, V),

..... PP
VWS =3¢U, =Q,, (U, V),

Wi, + W, —6cU\U, = 0,(U, V),

g "g-1 g1V —0cU, U, =0, ), (U, V),

1 <i<j< g. According to Theorem 1, this system is consistent. We can easily see
that it is uniquely solvable for W' and ¢ if U and V are linearly independent.
Unique recovery of W~ and ¢ for d, = 0 follows in a similar way from (25). The
theorem is proved.

REMARKS. 1) For g = 2 all irreducible Abelian varieties are Jacobi varieties of
algebraic curves, while U and V can be any nonzero vectors. The Jacobi varieties of
hyperelliptic curves are the Prymians of the type we consider (§1.B). Theorems 2 and
3 imply the existence of a direct procedure for constructing finite-gap solutions of
(17) and (18) on the basis of the set {B, U, V'}. Explicit formulas and the identities
for the theta constant following from them are presented in [9].

2) If U =V, then the potential (16) for fixed !, and ¢, depends only on x =
Rez, i.e, it is one-dimensional, and from §1.B it follows that ¢ is not uniquely
determined, i.c., in this case the assertion of Theorem 3 is not true.

3) Under the conditions of Theorem 3 it is possible to find sufficient conditions
on B, U, and V for the potentials to be smooth and real. For example, if B is
real and either U =V and e € R®, or U = -V and e € iR?, the potential is
smooth and real for ¢, = ¢, . Sufficient conditions for smoothness and realness in the
language of “spectral data” were found in [22] with use of the sufficient conditions
for realness found in [7].

4) The problem of whether the conditions (4) are necessary for (1) to be a potential
operator in the class of periodic operators constructed on the basis of nonsingular
curves was solved independently by the author [23] and I. M. Krichever [24].

3. The Prym mapping

On each Abelian variety M , 1.e.,, on an algebraic variety diffeomorphic to a
real torus of even dimension, there exists at least one Hodge form w, and each
Hodge form on it represents the first Chern class of a positive linear fibering L
which is uniquely determined by the form up to translation. The homology class
of the Hodge form is called the polarization. A polarization is called principal if
dimH°(M , O(L)) = 1 [13].

The set of all symmetric gx g matrices with negative definite real part is called the
Siegel half plane H ¢ - On the basis of any matrix B € H, . 1t is possible to construct an
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Abelian variety C¢/{2niN + BN': N, N' € Z#} with principal polarization defined
by the form

1 -1 -
= Z'EZ(RCB)’{I de /\le.

All principally polarized Abelian varieties can be obtained in this manner.
The modular Siegel group G 2 is the group Sp(2g, Z), where (‘; g) € Sp(2g, Z)
if a, B,y,and J are integral g x g matrices and

o B 0 1 a’ y 0 1
y 0 -1 g -1 0
(¢ denotes the transpose). Gg acts on H,:

B — B =2ni(aB + 2niB)(yB + 2mis) . (28)

The theta functions 6 and 6’ constructed on the basis of B and B’ are connected
by the relation

' | Olndet M
9'(2)=rcexp{§Zz,»zj—aBTj—+Zlizi} 0(z+4), (29)
i<j i

where M = (yB + 2nid), z' = 2nizM™', and «, [;, and 4 do not depend on z
[10]. The Abelian varieties C*/{2niN + BN'} and C?/{2niN + B'N'} constructed
above are isomorphic if and only if B and B' are connected by the transformation
(28). The quotient space H, / G is the moduli space of principally polarized Abelian
varieties of dimension g. After suitable compactification it becomes an irreducible
algebraic variety 4, of dimension g(g+ 1)/2.

Suppose I — F is a two-sheeted covering, and [ and T are nonsingular. On
T there acts an involution ¢ permuting the sheets, and to the covering there corre-
sponds a Prym variety Pr imbedded in J (F) by i: Pr—J (F). If [w] is a principal
polarization of J (f) then i"([w]) is a polarization of Pr. The Prym variety can be
principally polanzed only for three classes of coverings:

1) I'= CP'—the covering is hyperelliptic and Pr=J (F)

2) the covering is unbranched; and

3) the covering has two branch points.

In cases 2) and 3) the class 51 ([w]) determines the principal polarization on the
Prym variety.

Below we shall consider only coverings with two branch points. We denote by L ¢
the moduli space of double coverings of curves of genus g with two branch points.
On it there is defined the Prym mapping P: L, — 4, assigning to the covering a

Prym manifold with polarization 5i*([w]).
The covering can be reconstructed from I' and the branch points Q,, Q, € T’

up to 2 2 possibilities, where g is the genus of I'. Namely, the induced covering
over I'\(Q, U @,) is unbranched and is uniquely determined by the representation
p: 7, (T\(Q, UQ,)) — Z, such that p(a) = 0 if the loop realizing a becomes
disconnected on lifting to the covering space, and p(a) = | otherwise. There exists
a collection a,, ..., a,, b,... b , ¢, ¢, of generators of 7, (I'\(Q, U Q,)) with
the single relation [a,, b,] - la, ]c ¢, = 1 such that ¢, and ¢, are realized by



378 I. A. TAIMANOV

contours contracting on I' to the points Q, and Q, respectively. For all coverings
we have p(c;) = p(c,) = 1. The collection {p(q,), ..., p(bg)} , which can be chosen
arbitrarily, uniquely determines the covering.

From the general theory (see [15] and [16]) it follows that, for g > 2, L, can
be compactified up to an irreducible scheme of dimension 3g — 1 (the d1mens1on
of the moduli space of algebraic curves of genus g is equal to 3g — 3 plus two
branch points). By the way, irreducibility follows from the existence of the fol-
lowing deformations. Suppose p, and p, are two representations defining the
coverings /, and [, over I' with branches at Q, and Q,, and suppose the vec-
tors S, = (/’1( ), vy pl(b )) and S, = (p,(a,), ..., pz(b }) . We consider the
path w: [0, 1] — T'\Q,, w(O) = w(l) =0,, such that the vector of the inter-
section indices of the contour w([0, 1]) with the a-cycles and b-cycles modulo 2
(woa,,...,wo bg) is equal to S, — S, . By deforming /, by means of a shift of
the branch point along the path w, we reduce it to L.

CoNJECTURE (S. P. Novikov). The equations obtained in solving (27) for B dis-
tinguish the closure of the range of the Prym mapping in A,

This conjecture is an analogue of Novikov’s conjecture regardmg the description
of Jacobi varieties, in which the role of (17) is played by the Kadomtsev-Petviashvili
equation. It was proved in [17] that the equations obtained distinguish in 4 g asub-
variety containing the closure of the family of Jacobians as an irreducible component.
Irreducibility of this subvariety was proved in [18], and the problem of describing
Jacobi varieties in terms of Abelian varieties was thus solved (the Riemann-Schottky
problem).

We shall prove an analogue of Dubrovin’s theorem [17] for the Novikov conjecture
regarding Prymians. We consider the system

(8,8, — 48,0, — 3cd], — a)[n](0) =0, (30)

where n € 3(Z,)%.
We introduce the variety X whose points are the collections (U, V, W ,c,a, B),

U,VeCi\{0}, WeC®, c,acC, BeH i factored with respect to the action
of the groups:
LU—-AU,V —uV,
W—2W,coAuc,a—Aua, B—B; A, ueC\{0}; (31)
II. The group Sp(2g, Z); B is transformed according to (29),

U—2riUM™", Vo2mivM ™', W = 2ri(W +6[z, z)UM™",

a—a+3[z,0-3z,20c-2z,2), c—c-2[z,7, (32)
where M is the same as in (29), while

[x,y]=

dlIndet M _
zaxayz.féj— foré=Uz+VzZ+ Wt

From (20) and (29) we immediately obtain

LeEMMA 4. Solutions of system (30) are invariant under (31) and (32), and there-
fore form a subvariety Y, in X,.

The variety X < after suitable compactification becomes algebraic, and Y s an
algebraic subvariety [17].
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Let E s C L 2 be the subset of coverings with irreducible Prymians; it is open and
dense, since reducible Prymians are distinguished by algebraic equations (12] and
there exist irreducible Prymians (Jacobians of hyperelliptic curves). According to
Lemma 3 and Theorem 1 there exists a canonical mapping ®: E P X ¢ which are
actually constructed in §1.B, and ®(E g) C Yg .

LEMMA 5. dim Y;J < 3g -1, where Yg? is the irreducible component of Y, con-
taining ®(E,).

Proor. Suppose I' - I'/o is a covering, canonical bases of cycles are selected on
T and T'/o asin §1, the Riemann matrices are J(I') and J(I'/g), and the Prymians
are connected by relation (9). We deform I'/o by contracting the a-cycles to points.
This deformation lifts to a deformation of I'. The diagonal elements of the Riemann
matrices J(I') and J(I'/o) (and hence the Prymians, according to (9)) tend to —oo,
while the remaining elements remain bounded [10].

Let ¢, =expB;, (B is the Riemann matrix of the Prymian). To estimate dim Y;
we solve (30) according to “perturbation theory” in a neighborhood of the variety
{e,=-=¢,= 0} . From (30) we chose equations corresponding to the characteris-
tics: n=0; n= iy = ep/2, where e,= ,...,1,...,0) (one at the pth place,
1<p<g),and n= ooy = (ep +eq)/2, 1 < p # q < g. After renormalization
the functions #[n](z) become analytic in a neighborhood of {¢ =0}, and as & — 0
they have the asymptotics [17]

BONz) = 1+0(e);

275
V Sa z,+z
— = £ 4
ng[n(l”q)](z) =L, cosh 3 + cosh
where Cp =expB :
The left sides of (30) with the corresponding renormalization we denote by fIn],
and we seek a, W, and i in the form of series in powers of &,, ..., &
From f[0] =0 it follows that a = 0+ O(¢).
We require that V.-V, # 0. From f[n(p)] =0 we obtain

3 2
w,=(U, + 3cU,IV,) + O(e),
and from f[n(p’q)] = 0 it follows that Cpq = dp

ln,,,)(z) = cosh ZZ—P +0(), (33)

Zp T %

+ O(e),

g

-1
eCra T+ O(e) , where

2
dyg = VoV (V, = VWU, = U)U, U, — UV, = U V)

p
(34)
2
€ =V VoV, + VU, +U)u,U, - (U, ¥, — ASE
We compute the Jacobian matrix
8 f1n} 8 fn] 0 f1n] (35)
da OW, BCU

for ¢ = 0 (the arguments belong to YS?) :

n=0 -1 0 0
n="np * 0,V 0 .
n=ng, » * x 0,08,
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It is lower triangular, and at a general point the diagonal elements are nonzero. From
the complex-analytic implicit function theorem it follows that in a neighborhood of
{e¢ = 0} of the point Y; the values of ¢, ..., € U, ..., Ug, Visooos Vg, and
¢ are uniquely determined up to the transformations (31). The lemma is proved.

In [17] this method was used to obtain an exact value of dim Yf , since the lower
bound for the dimension followed from Torelli’s theorem for the Jacobi mapping.
For the Prym mapping we shall prove a local Torelli theorem below with the use of
Theorem 4, in whose proof we must use Osgood’s theorem, which in turn is prepared
for present use by Lemma 6.

LEMMA 6. There exists a point w € O(E ¢) such that o' (w) consists of one point,
and the matrix (35) is invertible at w .

PrOOF. According to [17], §3.2, the subvariety K ¢ C Y: given by the equations
U=V and c = 0 contains a component Kg abutting {¢ = 0} and parametrizing

the families of one-dimensional finite-zone potentials; the projection of Kg onto
A, has dimension 2g — 1 and is formed by the Jacobians of hyperelliptic curves.

According to Assertion 3, Kg C OF g) , and the points of Kg of general position

belong to ®(E g). We find rational ¢, ..., g and sufficiently small ¢,, ..., &,

such that at the point w € Kg given by the coordinates U, = 2rig, (1 <k <g),

€, ..., &, the matrix (35) is invertible, and w € (I)(Eg) (d)(Eg) n Kg contains an
open dense subset of Kg) .

To the point w there corresponds an e-family of potentials
u(x) =202 In(Ux +e).

Since U € 27iQ¥®, the U-winding of the Abelian variety forms a circle imbedded in
it, and hence it is possible to choose e so that the circle {Ux+e} does not intersect

the theta divisor. Such a potential will be smooth and periodic. If & € (D_l(a)) ,
then on the basis of @& it is possible to construct the Bloch function (11) which
decomposes into the product

w(x, P)exp(A(P)y), where (8. + u(x)+ 2 (P))w(x, P) =0,

1.e., we are in the situation studied in §1.B, from which it now follows that @& =
o' (w). The lemma is proved.

THEOREM 4. In a neighborhood of a point in general position the mapping ®: E .=
Y;), g > 2, is a local diffeomorphism.

ProoF. We recall Osgood’s theorem [19]: suppose f is a holomorphic mapping
of a neighborhood of a point a € C" into C" and a is an isolated point of the
set [ _l(b) , where f(a) = b; then in some neighborhood of a the mapping f is a
covering (possibly branched) over the image.

The moduli space Rg of curves of genus g is the quotient space of the
Teichmiiller space Tg modulo the action of a discontinuous group. Let w be the

point of ®(E,) found in Lemma 6, and let & = <I>_l(a)) be the covering I' - I'/o .
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We fix a pair of cons~istent (§1) canonical bases of 1-cycles on I' and I'/o, ie.,
points S € T, and S € T, actually corresponding to I' and I'/o. In a neigh-
borhood of @ the mapping ® is defined, which assigns to coverings equivalence

classes (the pair of canonical bases can be extended continuously to this neighbor-
hood) (B, U,V ,W,c,a) modulo the action (31). If @ is defined on E, C L,

and L ¢ is a 2?%-sheeted covering of R i then ® is defined on a subset of 2%,
covering of Tg , which in contrast to R, is nonsingular, and we can therefore apply

Osgood’s theorem to ® for a = (§ ,0) and b = CT)(a), and find that the mapping
® factored through E p without loss of dimension is a local diffeomorphism at a.
Since E_is the complement of an analytic subset of positive codimension a, E R
is connected, and hence ® is a local diffeomorphism in a neighborhood of a general
point. The theorem is proved.

From Theorem 4 we obtain

THEOREM 5. The projection of Y; onto A, coincides with the closure of the range

of the Prym mapping P(L g) .

Only here have we used the compactification of Lg to a scheme; otherwise, we

could only assert that the projection of Y; onto A_ contains the image of the Prym
mapping as an open subset. Theorem 5 is an analogue of Dubrovin’s theorem [17]
and provides a local solution of the problem of Riemann-Schottky type for the Prym
mapping.

We shall compute the rank of the Jacobian matrix of the Prym mapping at a
general point. According to Theorem 4, for this it suffices to compute the rank of
the projection 7: Y; — A g ata general point; we compute it in a neighborhood of

{e =0}.

LeEMMA 7. The rank of the Jacobian matrix of the projection m: Y: — A, ata
point in general position is maximal.

PrOOF. From the proof of Lemma 5 and from Theorem 4 it follows that in a
neighborhood of {¢ = 0} the collections (&5 e Eys Uy, ..., Ug, Viseoos Vg, )
taken modulo (31) parametrize neighborhoods of points of Y: in general position.
We consider the region U, ¥, # 0 and in them we normalize U and V by the
conditions U, = ¥, = 1. We restrict 7 to this region. As local coordinates in A,
we take ¢, = exp B;;, Cij = expBl.j, 1 <i< j< g. We shall compute the rank of
the Jacobian matrix modulo O(e). It is equal to g + rank(4 mod O(g)), where the
matrix A is

00, .. 9 981
ou, oV, dc
0C(e-1)g 01y -1
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According to (34) for ¢ =0 we have the formulas (mod O(e))

oy 5 B VDU, - 0L, (G-Uh, o
O, W, +V)U,+U)F" 9V, (¥, +V)U,+U)P
acqp acqp

8_Ur= 57 =0 forr¢{p,q};
2
% _ 5 GYy = HU U, + L)

2 .
N AN AR AR

At a generic point, as we show, rank(4 mod O(¢)) is maximal and for g > 5 is
equalto 2g—1, while for 2 < g < 4 itisequal to g(g—1)/2. In each case we simply
indicate such a point and the maximal square minor of the matrix 4 mod O(e).

a) g=2.Forc=0, U=(1,-2),and V = (1, 2) we have

0{,,/0U, modO(e) = 1.

b) g=3.For c=0, U=(1,-2,3),and V = (1, 2, 3) the minor formed by
the derivatives {,, {;, and {,3 with respect to V,, V3, and Uj has rank 3 for
sufficiently small ¢. _

c) g=4. For c=0, U=(1,-2,3,1),and V = (1, -2, 3, 3) the minor
formed by the derivatives of ¢ i with respect to U, , u,, U,, v, Vi, and ¥V, has
rank 6 for sufficiently small ¢.

d g=5. Forc=0, U=(1,-2,3,1, 1),and V = (1,2, 3,3, -4) the
minor formed by the derivatives ¢; ;» 1 <i<4, i< j,has rank 9 for sufficiently
small ¢.

€) £g>6. Suppose c=0, U=(1,-2,3,1, 1,U6,...,Ug), V=(1,2,3,3,
-4, Ve, ..., I/;,), and Ui(Ul.+Uj)Vl.(V,.+Vj) #0, 1 <1i,j<g. From (36) it
follows that
00y 0Ly
oU, aU, _RU, V)
det % ch_k modO(e) —mk’_l/;(),
ov, oV,

where the constant term of the polynomial R(U,, V,) is equal to 16 and

SUe, V) = (Ve + DU + 1DV, + 27 (U, + 2)°.

If Ug,..., U‘g and Vg, ..., Vg are sufficiently small, then for £k > 6 we have
R(U,, V)S(U,, V,)#0. Then

rank(4 mod O(e)) = rank(M mod O(¢)) =2g — 1,

where M is the minor formed by the derivatives ¢ jr> 1<i<4,i<j<5,and
(uand §,, , 6<k<g.
Since by hypothesis Y; is connected and irreducible, from this we obtain the

assertion of the lemma. By f mod O(¢) we mean the constant term of the expansion
of f in powersof ¢,,...,¢ ¢ - The lemma is proved. '
From Lemma 7 and Theorem 4 we obtain
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THEOREM 6. The rank of the Jacobian matrix of the Prym mapping P: L, — A,
is maximal at a point in general position, and for g > 5 in a sufficiently small
neighborhood of a point of general position in L, the covering can be reconstructed
uniquely from the Prym variety.

We have thus proved Torelli’s theorem for the given Prym mapping at a generic
point; the essential fact is that for all g > 2 there exist smooth families of coverings
with isomorphic Prym varieties [20].
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