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Modified Novikov—Veselov Equation and
Differential Geometry of Surfaces
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§1. Introduction

In the present paper we consider global soliton deformations of surfaces im-
mersed in three-dimensional Euclidean space.

The local deformation of surfaces represented via the generalized Weierstrass
formulas (3.3)—(3.4) were introduced by Konopelchenko ([Kon]) by using the mod-
ified Novikov—Veselov (mNV) equation (2.11), which in turn was introduced by
Bogdanov ([Bgl]). This equation is a modification of the Novikov—Veselov equa-
tion in the same sense as the modified Korteweg—de Vries equation is a modification
of the ordinary Korteweg—de Vries equation. Speaking of the geometric meaning
of the Novikov—Veselov equation, we note that it has important applications to the
theory of algebraic curves ([T, Sh]).

Here we shall discuss applications of the modified Novikov—Veselov equation
to the differential geometry of surfaces. Investigation of the global properties of
mNV-deformations of a surface in the case of tori of revolution was started in [K'T],
where it was shown in particular that tori of revolution are preserved under these
deformations. But at that time the relation of these deformations to conformal
geometry was not understood.

We consider global deformations of surfaces of general type and their relation-
ship to the theory of the Willmore functional, which is defined as the integral of
squared mean curvature (5.1).

Every regular surface is locally representable via the generalized Weierstrass
formulas and, moreover, each analytic surface is globally representable in this man-
ner (see Propositions 1 and 2). Thus, at least for analytic surfaces, the mNV-
deformation is well defined.

We show that the mNV-deformation transforms tori into tori and preserves
their conformal structures and the values of the Willmore functional (Theorems 1
and 2).

We also consider the following conjecture.
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134 ISKANDER A. TAIMANOV

CONJECTURE. A nonstationary (with respect to an mNV-deformation) torus
cannot be a local minimum of the Willmore functional.

We discuss its relation to the famous Willmore conjecture (see §5). The au-
thor thanks M. V. Babich, B. G. Konopelchenko, and S. V. Manakov for helpful
conversations.

§2. Modified Novikov—Veselov equation
2.1. Novikov—Veselov equation. The Novikov-Veselov equation (NV),
(2.1) Uy =0°U + U +0(VU) + 8(VU), 9V = 30U,

was introduced by Novikov and Veselov in [VN1] within the framework of the
theory of two-dimensional potential Schrodinger operators that are finite-zone on
one level of energy ([DKN, VN2J).

Here the functions U and V' are defined on the complex plane and the partial
derivatives 0 and O are defined by the usual formulas

170 0 = 1(0 7]
0= ——i— = —+i=— = iy e C.
2(5$ Zay)’ 2(8x+15y)’ FETrwe
This equation is a natural two-dimensional generalization of the famous Korte-
weg-de Vries equation (KdV),
1

3
2.2 = 7 Ugzx o T
(2.2) Ur = 4 Usas + 5 UU,

to which the NV equation reduces by a suitable renormalization of the variable z
in the case when the function U(z,Z) does not depend on the variable y. Inves-
tigation of the KdV equation and the discovery of its remarkable properties were
the starting point of the intensive development of soliton theory. Since the theory
of this equation is presented in many monographs (see, for instance [N]), here we
dwell only on some facts which are essential to our further exposition.

The KdV equation may be presented as the commutativity relation

K 9 A} =0,

(2.3) g

for two scalar differential operators

o o 3 98 3
XYV = — 4 U A= ——+-U—+-U,.
g2 T 8x3+2U8a:+4Ux
In this case we say that the equation is represented by an (L, A) -pair.
The Novikov—Veselov equation, as opposed to the KdV equation, is represented

by an (L, A, B) -triple

(2.4)

oL
(2.5) 5t [L,A]— BL =0,
where
(2.6) LYY =00+U, A=(8+Vd)+(0°+V3h), B=0V+dV.

Here B is a scalar operator of multiplication by a function.
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The representation of nonlinear equations by (L, A, B)-triples was introduced
by Manakov [M] as a two-dimensional generalization of the representation (2.3).
Indeed, equation (2.3) preserves the spectrum of the operator L and deforms its
eigenfunctions as follows:

(2.7) %;f =AY, L=\

The operator (2.6) is multidimensional and its eigenspaces are infinite-dimensional
in general. Equation (2.5) does not deform all the eigenspaces, but only the kernel
of the operator L via the equation
9¢

(2.8) T A, Lp=0.

In some sense the Novikov—Veselov equation is a more natural two-dimensional
generalization of the KdV equation than the famous Kadomtsev-Petviashvili equa-
tion 3

(Ut - %(Uxazm + GUUa:))Z =1 Uyy -

This equation also reduces to the KdV equation in the case when the function U
does not depend on the space variable y and it is represented by an (L, A)-pair,
where the operator L has the form

o _0
dy Oz

This operator differs from the two-dimensional operator (2.6), which is the usual
two-dimensional Schrodinger operator, i.e., it is the most natural two-dimensional
generalization of the one-dimensional Schrédinger operator (2.4).

Notice that there exist two different deformations of the operator (2.6) that
have the form (2.5):

- U(l?,y)

NV '
8§ti + LNV, Af] - BfL = 0.

These deformations are represented by (L, A, B)-triples for the operators

AT =8°+Va, 0V =30U B'=0V,
A =0*+Vd, 9V =30U, Bt =0V.
But these deformations do not preserve real potentials. In its turn, equation (2.1),

which in fact is their linear superposition, transforms the real potentials U into
real ones.

2.2. Modified Novikov—Veselov equation. There exists another very
well-known (1+1)-dimensional integrable equation called the modified Korteweg—de
Vries equation (mKdV):

(2.9) Up = Upge +24UU, .

This equation is represented by an (L, A)-pair which we shall not present here. We
only mention that the L-operator has the following form:

o 1( -1 4U
mKdV _ _
(2.10) L 0z 2 (A4U 1 ) '
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In [Bgl] Bogdanov introduced a two-dimensional generalization of the mKdV
equation, the modified Novikov—Veselov (mNV) equation
3 - 3 _
211) U= (U +3U.V + 5 UVZ) + (Usss + 38UV + - Uvg),
where
(2.12) Vi = (U?),.

Just as the NV equation, this equation is also a linear superposition of two
deformations of the form (2.5) represented by (L, A, B)-triples with the common
operator L defined by

mNV __ 8 _y
(2.13) NV = (U 5 )

and the following A- and B-operators

A+:a3+3<0 -Uz)a+§<0 2UV)’

214) 0 0U . : 00 " uv
B+=3<_Uz 0Z>a+3<_UZZ_UV ‘0 )

and

(2.15) AEBSH([}C g)a%(_gév g)_
B—_3(_%2 %)8+3(UOV— U“J[;UV>

These triples represent the equations
3 = 3 —
Ut+ :Uzzz +3UZV+§UI/Z and Ut— =U5§g+3UgV+§UVg,

where the function V is defined by formula (2.12).

As in the case of the NV equation, we can derive that

1) if the function U depends only on one spatial variable =, then the mNV
equations reduce to the mKdV equation;

2) equation (2.11) transforms real potentials into real ones, as opposed to the
equations represented by (L™NV AT B¥)-triples;

3) the modified Novikov—Veselov equations deform the kernel of the operator
L via the equations

o

(2.16) T Aty L™y =0,

and the deformation of eigenfunctions of L™V via (2.11) is defined by
8 ’(Z)l _ 3 a3 0 —Uz V 0 3
g ()= (++3() F)ows(y o)o

370 20V 3 V. 0 Y
3 )3 ) ()

(2.17)
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2.3. Hierarchies of equations. One of the remarkable properties of equa-
tions integrable by the inverse scattering method is that they are included into
hierarchies of such equations, which are recursively defined.

For instance, the KdV equation and its modification (mKdV) are only the first
members (for k = 1) of hierarchies of equations of the form

Ut2k+1 = Nak+1(U),

where Nogi1(U) are nonlinear operators. These equations are represented by
(L, A)-pairs with operators L¥4V and L™KdV | respectively. For the KdV hier-
archy, the operators A have the following form

kay _ O

where by dots we denote terms of lower orders. These terms are defined by the
condition that the commutators of the operators L and A are operators of multi-
plication by scalars.

Thus we can say that the KdV hierarchy is attached to the operator
The mKdV hierarchy is defined similarly.

The NV equation and its modification are also included in hierarchies for which
the A-operators take the form

LKdV

ANV = @+ 4 ang A?Nv:<(1) ?)8%-1-1_’_“.’

respectively.

We can also say that these hierarchies are attached to the operators LNV (i.e.,
to the two-dimensional Schrédinger operator) and L™NV (i.e., to the Dirac opera-
tor), respectively.

In soliton theory, the method of defining hierarchies by using the so-called
recursion operators is well known. For instance, the kth equation of the KdV
hierarchy takes the form

Ut2k+l = Rk(U$)7

where the recursion operator is given by

92 o\ !
R—gﬁ+3U+3Ux(%> .

Regretably, (2+1)-equations, and the NV equations among them, do not admit
such simple representation in terms of a local operator R. There exists a method
based on bilocal operators (see [FS]) but its realization is more difficult than in
the case of the KdV equations. This is seen from the form of higher equations. We
shall describe, for instance, only the second equations (NV2) of these hierarchies.

The NV2 equations

Ug = Onv2(U), U, = Dy (U),

where
®(U)nve = 0°U + VO U +2V,0°U + (W + V,.,) 0U + WU

=0°U +0(VO?U + V,0U + WU),
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are represented by (L, A, B)-triples with the following operators

At =0°+ Vo +V, 8% + W9, Bt =V, 8*+V,,0+ W,,
A- =A%, B~ =B

and
8V = 59U, OW = 53°U + 3VoU + V,U .

The second equations of the mNV hierarchy are more complicated:
Uy = SNy (U), Uy = Qv (U),
where
q)(U)mNV2 - Uzzzzz + 5VUzzz + V Uzz
1
2 —_—
+5(v2 - 2 3v.. +W)U +5(VV, = Vi + > W)U

and
Ve=(U?., W:=(UV-U2)..
The operators A and B are given by

+:a5+5(0 _52)63+5(8 UVQF”)a?
2 z

45 0 1UV U,V -U,.,., P
0 V23V, +W

5 0 UV2-2UV,,+U.,V +3U,V,+UW
0 VvV, — V222+W ’

0 U 0 U..-UV
+ 3 zz 2
BT =51y, 0)8 +5( UV -2U.. 0 )6

% 7zz - 3U2V O

( UVZ+W —2V.,)

+ T+

5

+U..V + UV,
(V24+W - 3V,,) 0 ’
+U..V+ 3U V + Uszzs

and

-2 377 — _
+5( V -3Vt W 0)3
WUV +UsV +Uszz 0
UV 42UV sz — UiV — AUV —=UW 0)°
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_ 0 U\ = 0 UV+2UZZ
b= 5(—U2 o)a +5(—UZ—E+UV )
0 UV +2U +3U.
_ o ZZZ 6
9 (—U—V —Ussz + JUV
0 UV’ +W -2V,
+5 UV 4 30T+ + Ussss
J) - —
UV + W -

Equations
Ug = Onve(U) + Onve(U) and Uy = v (U) + Py (U)

take real potentials to real ones as in the case of the first equations.

§3. Weierstrass representation

3.1. Construction of minimal surfaces. The most general method for
constructing minimal surfaces in three-dimensional Euclidean space was introduced
by Weierstrass, and we begin explanation of how to represent surfaces by presenting
it.

Let us take a pair of functions (t1,13) such that ; is antiholomorphic and
1o is holomorphic. Let us suppose that these functions are defined in the same
simply connected domain S in the complex plane. We have a system of equations

z = O:
(3.1) { "
1/’22 = O .

Now, in terms of these functions let us define the mapping
(3.2) T:5—R3
by the following formulas:

2 €5 — (X'(2,2), X2(2,2), X*(2,%)) € R,
where
X' 4+ix? = i/(z/_ff d? —¢idz), X'-iX%*= i/(dz% d?' —¢id7),
(3.3) K i
X% =- /(wzwl dZ' + ¢z d?').
.

Everywhere we suppose that the integrals are taken over any path ~ which lies
in the domain S and connects the point z to some initial point zg. It follows from
(3.1) that integrands are closed forms and hence the values of the integrals do not
depend on the choice of the path ~.

Weierstrass showed that the surface T(S) is minimal in the sense that its mean
curvature vanishes everywhere.
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3.2. Generalized Weierstrass formulas. It is natural to ask when formu-
las (3.3) define a surface in three-dimensional Euclidean space. As one can see, the
integrands must be closed forms, and this condition is sufficient. In the case of the
Weierstrass representation, this fact follows from (3.1).

It turns out that if the functions 11,1 satisfy the more general system

{ Y. = Utha,
oz = —~Uin

with real potential U, then the integrands in (3.3) turn out to be closed forms.
Hence in this case formulas (3.3) define a surface for every solution to system (3.4).

This was shown in [Kon], where formulas for the induced metric and curvatures
were also derived. Let us explain them here. The coordinates (z,z) are conformal
and in terms of them, the metric tensor takes the form

(3.5) D(z,2)%dzdz, where D(z,%) = [¢1(z,2)|” + [¥(z, z)|2.

(34)

The Gaussian curvature is given by
1
(3.6) K= Dz Alog D,
and the mean curvature takes the form
(3.7 H=2U/D.

This representation is not new. For instance, it appears in the survey [Bb], it
was discussed by U. Abresch in the mid-eighties with relation to the construction of
constant mean curvature surfaces; in other terms it is given in the book of Eisenhart
[E], and, moreover, it is equivalent to the well-known Kenmotsu representation
([Ken)], see also [HO)).

Notice that the convenience of this form of representation is that the operator
in the linear problem (3.4) coincides with the operator L™V to which the modified
Novikov—Veselov hierarchy is attached. That was the starting point for defining the
local deformation of surfaces given in [Kon].

We shall show in 3.4 that the existence of such a representation for every regular
surface “almost follows” from the definition of the second fundamental form (see
Proposition 1).

3.3. On the representation of surfaces by Weierstrass formulas. Let
us study the width of the class of surfaces represented by formulas (3.3)-(3.4). Let

(3.8) F: T —R®

be a regular mapping of the domain ¥ of the complex plane C with coordinates
(2, %) into three-dimensional Euclidean space, the induced metric being conformally
Euclidean with respect to these coordinates, i.e., the metric tensor takes the form
D(z,2)%dzdz.

In this case the vector

OF! 9F? 9F3
Glz) = (‘a?’?a?’ﬁ)
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satisfies the evident equation

() ()

This immediately follows from the formula
_OF _1(0F _ oF
T 9z 2\ 0z Ay

and the condition that the metric is conformally Euclidean:

OF OF\ _ (OF oF\  (0F 0F\ |
ox’or ) \ 8y Oy)’ ox’ oy )
The subvariety @ C CP? defined in terms of the homogeneous coordinates
(1,92, p3) by the equation

(3.10) G(z)

i+ s +¢5=0

is diffeomorphic to the Grassmann manifold G35 formed by two-dimensional sub-
spaces of R®. This diffeomorphism is given by the mapping

G3,2 - Q,

which to the plane generated by the pair of orthogonal unit vectors (a;, az,a3) and
(b1, b2, bs) assigns the point (ay + b1, as + iby, a3 + ib3) € Q.

Thus we can regard this mapping G as the Gauss map.

The Gauss map defined in this way for the surface (3.3) takes the form

(3.11) G(2) = (1 (97 +93)/2, (¥ — ¥3)/2, —¢ath1) .
This formula suggests the proof of the following proposition.

PROPOSITION 1. Every regular conformally Buclidean immersion of o surface
in three-dimensional Euclidean space is locally defined by the generalized Weier-
strass formulas (3.3)—(3.4).

For brevity, we did not mention the fact that formulas (3.3)—(3.4) represent
every surface locally up to translation in R®. This is easy to see from (3.3).

PROOF OF PROPOSITION 1. We assume that F2 # 0; otherwise we change
coordinates in R® to ensure that condition. Let us compare (3.10) and (3.11) and
define the functions

o2 = /= (FEFiFT).
It follows from (3.9) that
F}=—¢1ps.
Now recall the definition of the second fundamental form h,;. Let D(z,2)? dzdz

be the metric tensor on the surface (3.8). In the tangent plane (at the point z) we
take an orthonormal basis

_ 1 0F _10F
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and extend it to a basis in R® by adding the unit normal vector e3 = e; X e3.
Components of the curvature tensor are defined by the well-known decomposition
formulas (see, for instance, [Ken]):
0?°F 8D oD
— =——€ - — D?h
922 = Bz ! By ez + 11€3,
0’°F 90D oD
— = — D?h
Oxdy Oy et oz 2 + 12€3,
oD
€1

0’F oD

— = —— —— ey + D?hoges.

0y? Oz * dy et 2263
Substituting these expressions for the second derivatives of F' into the formulas for
P12, 925, derived from (3.12), by direct computations we obtain

{ ¢1. = s DHeo,
P2z Z_%DH‘Pla

where H is the mean curvature.
Proposition 1 is proved.

An important corollary of Proposition 1 is the following statement.

PROPOSITION 2. FEvery regular analytic surface is represented by formulas
(3.3)—(3.4) globally.

This follows from the existence of the local representation and the uniqueness
of the analytic continuation.

3.4. Examples of surfaces represented by Weierstrass formulas. Let
us consider the simplest examples of surfaces represented by formulas (3.3)—(3.4).

1) Surfaces of revolution.

We assume, without loss of generality, that the axis OX? is the axis of revolu-
tion. In this case the functions 7 and 1)y are given by

3 7
Y1 = ri(z) exp Ey’ e = ro(x) exp Eya

and system (3.4) takes the form

s (2 ) ()

Here the potential U depends only on one space variable z and it is easy to see
that the matrix differential operator from linear problem (3.13) coincides with the
operator L™KV of form (2.10). Hence, in terms of the generalized Weierstrass rep-
resentation, the reduction of L™NV to L™KV hag a natural geometrical meaning.

2) Closed surfaces of genus > 1.

Let F: ¥ — R® be the immersion of a surface of genus g > 1 given by formulas
(3.3)-(3.4).

It is well known that every closed oriented surface ¥ of positive genus is uni-
formizable; this means that there exists a mapping p: M — ¥ of a simply con-
nected surface M of constant curvature (the Euclidean plane for ¢ = 1 and the
Lobachevskii plane for g > 1) and this mapping is a conformal covering.



MODIFIED NOVIKOV-VESELOV EQUATION 143

In other words, there exists a discrete subgroup I' of the isometry group of M
such that the quotient space M/T' is conformally equivalent to the surface .

We consider the cases g =1 and g > 1 separately.

2.1) Tori (g=1).

In this case the subgroup I is isomorphic to a free Abelian group of rank 2
(i.e., a two-dimensional lattice) generated by a pair of independent shifts.

If vy €T, then

v (dzdz) = dzdz
and hence the following proposition holds.

PROPOSITION 3. Let ¥ be a two-dimensional torus immersed in R* by the
formulas (3.3)~(3.4). Then there exists a lattice of periods T' of rank 2 such that the
potential U(z), the metric tensor D(z)?, and the mean curvature are invariant with
respect to the action of T'. At the same time the functions i1, o are transformed
as follows

Y1(z +7) = (FD)¢¥1(2), Yoz +7) = (1) ¢a(2),
z—z+7, vyel.

2.2) Surfaces of genus g > 1.
In this case the space M is isometric to the upper half plane

H={(z+iw)cC|y>0}

endowed with the metric (dz? + dy?)/y*. The isometry group of H is the group
PSL(2,R), which acts by fractional linear transformations

az+b
- )
cz+d

The action of elements of PSL(2,RR) on differentials has the form

a,b,c,d€R, ad—bc=1.

We conclude that

(3.14) D(v(2)) = ez + d|*D(z) .
Since the mean curvature is invariant (H(z) = H(y(2))), it follows from (3.7) that
(3.15) Uy(z)) = |ez + d]*U(z).

Now we are able to reach the following conclusion.

PROPOSITION 4. Let a surface ¥ of genus g > 1 be immersed in R3 by the
formulas (3.3)~(3.4) and be conformally equivalent to the surface H/I', where T
is a discrete subgroup of PSL(2,R). Then the metric tensor D(z)? and the po-
tential U(z) are transformed by elements of T via the formulas (3.14) and (3.15),
respectively, and T' acts on the functions ¥, and 12 as follows

hr(1(2)) = (2 +d)ih(2),  $2(v(2)) = (cz + d)¢a(2) -
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§4. Deformation of surfaces by
the modified Novikov—Veselov equation

4.1. Definition of deformation. In [Kon|, Konopelchenko defined a new
class of deformations of surfaces by using representation (3.3)-(3.4). The main ob-
servation of this paper is that the operator from linear problem (3.4) coincides with
the operator L™V to which the modified Novikov—Veselov hierarchy is attached.
Hence the following deformation is naturally defined:

1) let F: S — R? be a surface immersed by formulas (3.3)—(3.4);

2) assume that the potential U(z,%,t) is transformed in t via the modified
Novikov—Veselov equation (2.11); at the same time the eigenfunctions 1, 1, are
transformed via equation (2.17) and this generates a deformation of the surface F'.

We call this deformation the modified Novikov-Veselov deformation (mNV de-
formation).

Moreover it is stated in [Kon] that every equation from the mNV hierarchy
generates deformation of this type. Minimal surfaces correspond to zero potentials
and hence are stationary with respect to these flows.

An interesting observation was noted in [KT], where the following proposition
was proved.

PROPOSITION 5 ([KT])! 1) The integral of the squared mean curvature over a
closed immersed (via (3.3)—(3.4)) surface S, i.e., the value of the Willmore func-
tional on the surface S is equal to

(4.1) W(s) =4/F(S) Ulz, )2 dz dz:

2) If the closed surface F(S) is deformed by the mNV flow into closed surfaces
and the lattices of periods of the functions U and V are preserved, then the value
of the Willmore functional is also preserved.

The proof of the first statement follows immediately from formulas (3.5) and
(3.7). The second statement is derived from the formula

2 2
(4.2) UU; = (UUZZ - % + g U2V> + (UUEZ - % + g U2V> ,

which itself follows from (2.11).

In the spirit of this proposition, it is natural to study the global properties of
the mNV flow and its relation to the theory of Willmore surfaces. In [K'T] such an
investigation was initiated for tori of revolution.

We shall not dwell here on results of [KT] on tori of revolution and explain
more general facts.

4.2. Global deformations of closed surfaces. In this subsection we inves-
tigate when the mNV flow transforms closed surfaces into closed ones and preserves
their conformal structure.

!The result on the conservation of the Willmore functional under the modified Novikov—
Veselov deformation already was used in the work of R. Carroll and B. G. Konopelchenko (Gen-
eralised Weierstrass—Enneper inducing, conformal immersions, and gravity (Theorem 3.6), Inter-
nat. J. Modern Phys. A 11 (1996), no. 7, 1183-1216) for applications in the quantum gravity.
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First we believed that the nonautomorphic form of L™V and A operators
(see Proposition 4) implied the nonexistence of mNV-deformations of surfaces of
genus g > 2 that preserve the property and the conformal structure. But later
we were persuaded by F. Pedit and U. Pinkall that this strongly depends on the
correct understanding of constraint (2.12) and the definition of V. Probably, at
least a deformation of the periodic Gauss map can be obtained in this manner.
This problem is still open and thus we shall discuss the case of surfaces of higher
genus elsewhere.

Thus we restrict ourselves to deformations of tori. First we prove the following
proposition.

PROPOSITION 6. There exists a procedure that uniquely assigns a function V' (2)
satisfying (2.12) to each smooth double-periodic potential U(z).

PROOF OF PROPOSITION 6. Let U(z) be a double-periodic function with a
lattice of periods ', and let I'* be the lattice dual to I'.

Any smooth function on the torus C/I' = R?/T is decomposed into Fourier
series with respect to the basis formed by eigenfunctions of the operator 9. Notice
that these functions also form a basis of eigenfunctions of the operator 0. These
eigenfunctions are of the form f(z|v*) = exp 2miv*(z), where by 7*(2) we denote
the scalar product of v* and the vector (Rez,Imz). For the sake of brevity we
use only z as the argument, but it is easy to notice that these functions are not
holomorphic.

It is evident that for a double-periodic function w(z) there exists a double-
periodic function v(z) such that v; = w if and only if the Fourier series for w(2),

w(z)= 3wy fl2]7),

~y*ET*

does not contain terms corresponding to the kernel of operator 9 (i.e., f(z|0) =1).
In this case we can invert the operator 0 in an obvious way by using the Fourier
decomposition.

If the function w(z) is the derivative of a double-periodic function itself, then
its Fourier decomposition does not contain such a term. Let us put w(z) = (U?).
and take the function V(z) = 0 'w(z) uniquely determined by the additional
condition

/ V(z)dzdz=0.
C/T

This condition holds if and only if the Fourier series for V(z) does not contain
terms lying in the kernel of 0.
Proposition 6 is proved.

Notice that if we add to V(z,t) a function which depends only on ¢, then we
do not change the geometric deformation of a surface, but only perform a linear
translation of the conformal coordinates (z,Z2).

Let us consider the two integrals

(X (2 t) +iX2(2,0) .. ax3
ot —2@/90 and W——/Ql’
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where

Qo = 3((¥3)e dz — (¥}) d2),
01 = (Youth1 + of1r) dz + (V102 + Y19)er) dZ .
Explicit formulas for the differentials Q¢ and €y follow from (2.17). We omit

these formulas together with the bulky computations using only formulas (2.12)
and (3.3) and leading to the following result.

fl

PROPOSITION 7. 1) Qo =d(f1 + g1 + f2 + go2), where

2

h= gvﬁy g1 = 120%Ps — @—%QL,
3 2

fo= gvlb%» 91 = 110%Y, — @;

2) Qi =d(hy + hg), where

hy = P10%0s + 120%Y1 — OB + 3V 1o,
ha = 1%10%s + 12021 — Ohedipy + 3Veb11bs .

Moreover, two modified Novikov—Veselov deformations generated by (L, A, B)-
triples (2.14) and (2.15) satisfy the following formal equations

12 + ) 22 +
A(X (=, ¢ Q:X (th) :zi/d(fl—kgl),
a(X (z,t_g:fX (,t7)) _ gi/d(fz+g2)7

which may be useful for proving analogs of Proposition 7 for deformations generated
by higher equations of the mNV hierarchy.
Now we are ready to state and prove the main theorem.

THEOREM 1. Let X be a two-dimensional torus represented by formulas (3.3)—
(3.4) with a double-periodic potential U(z), and let U(z,t) be a solution to equation
(2.11) with the initial data U(z,0) = U(z) and a double-periodic potential V(z,t).
Then the mNV flow deforms the torus ¥ into tori ¥; which are represented by
(3.3)~(3.4) with potentials U(z,t) conformally equivalent to ¥, and have the same
value of the Willmore functional.

PROOF OF THEOREM 1. By Proposition 7, the forms €y and €, are exact on
the torus C/T", being differentials of double-periodic functions. Therefore, a lattice
of periods that determines the conformal class is preserved by the mNV flow.

Now it follows from Proposition 5 that the value of the Willmore functional is
also preserved.

Theorem 1 is proved.

In the analytic case, we have a stronger result.



MODIFIED NOVIKOV-VESELOV EQUATION 147

THEOREM 2. The modified Novikov—Veselov equation induces, via formulas
(2.17) and (3.3)—(3.4), a deformation of immersed analytic tori. Moreover, this
deformation preserves their conformal structures and the values of the Willmore
functional.

PROOF OF THEOREM 2. It follows from Proposition 2 that every analytic torus
is represented by formulas (3.3)—(3.4). Since the tori are analytic, by Proposition 6
and the Cauchy-Kowalewski theorem a solution of the modified Novikov—Veselov
equation satisfying the conditions of Theorem 1 exists at least for small ¢.

Now Theorem 2 follows from Theorem 1.

4.3. The Clifford torus as a stationary point of the mNYV flow. It fol-
lows from the definition of the potential U(z) (see (3.7)) that geometrically station-
ary points of the mNV flow, i.e., surfaces transformed into images of themselves by
translations in R?, correspond to stationary solutions of the mNV equation (2.11).

It is also natural to expect that the simplest stationary solutions will be one-
dimensional, i.e., stationary solutions of the modified Korteweg—de Vries equation.

We shall show that the simplest stationary solution is realized by a famous
surface, the Clifford torus.

Let S® be a unit sphere in four-dimensional Euclidean space R* with coor-
dinates (z1,z2,73,24). The Clifford torus (in R*) is the image of the following
embedded torus

(4.3) R? - §*: (z,y) — (

cosy siny cosz sinw)

Let us consider the stereographic projection of S* onto the plane z* = —1
with the pole (0,0,0,1):

-2 -2 -2
(44) ($1,12,$3,$4) — < o 2 3 1)

g —1z4—1 241"
For the image of the Clifford torus in S3 under this projection, we preserve the
term “Clifford torus”.

The variables (z,y) turn out to be conformal and the metric tensor takes the
form

4

4.5 e (dz? + dy?) .
(45) (v/2 — sinx)? ( V)
The Gaussian and mean curvatures are given by

V2sinz — 1 sinz
(4.6) 4 ’ 2v/2

Let us determine the potential U(z) by using formula (3.7); we obtain

sinz

(4.7) Ul) = 2v/2(v/2 —sinz)
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It follows from direct computations that this potential induces the Clifford torus
via formulas (3.3)—(3.4). Let us also notice that the potential (4.7) satisfies the
following equation:

U 1
4.8 U2 = —4qU*+2U% + — + —.

If a solution of the mNV equation depends only on the variable z — const ¢,
then it satisfies the equation

(49) (Uzmz +24U2U1‘ _COHSt'UI)z =0.

It follows from (4.8) that the Clifford torus (4.7) satisfies (4.9). Hence we
conclude that the Clifford torus is a geometrically stationary point of the mNV
flow.

§5. Willmore functional

We already mentioned (see Proposition 5 and Theorems 1 and 2) that the
mNV flow preserves values of the Willmore functional and briefly gave a definition
of this functional. In the last few years this functional has attracted the attention
of geometers (see the history of its investigation and the explanation of many facts
about it in [Wm], also see [ST, W, LY, Br, LS, Kus, FPPS, HJP, Sm, BBb,
B]).

In this section we present a brief survey of the modern history of the Willmore
conjecture and consider its relationship with mNV flows.

Let F: S — R? be an immersed surface. The value of the Willmore functional
on this surface is defined by the following formula:

(5.1) W(S) = /SH2 du.

Here dp is the Liouville measure with respect to the induced metric on §'.

This functional is conformally invariant, i.e., any conformal transformation of
three-dimensional Euclidean space transforms any immersed surface into another
one with the same value of the Willmore functional.

A surface is called Willmore if it is a critical point of the Willmore functional.
The Euler-Lagrange equation for this functional has the form

(5.2) AH +2H(H? - K) =0,

where A is the Laplace—Beltrami operator on the surface (see [Wm)]).
The following proposition can be obtained by direct computations.

PROPOSITION 8. If a surface is represented by formulas (3.3)-(3.4), then it is
Willmore if and only if the following equality holds

(5.3) AU-D-2(U,D, +U,D,)+U-AD+8U®D =0,
where z = x + iy and A = 0%*/0z% + 0%/0y* .

The simplest examples of Willmore surfaces are stereographic projections of
minimal surfaces M in S®. Moreover, the area of a minimal surface M in S3
is equal to the value of the Willmore functional on its projection. All this was
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known to Thomsen and Blaschke in the twenties. The conformal properties of this
functional and its relation to minimal surfaces gave Blaschke a reason to call such
surfaces conformally minimal ([Bl]).

But these examples do not cover the class of Willmore surfaces (see, for instance,
[P] where the first examples of compact embedded Willmore surfaces that are not
stereographic projections of minimal surfaces in 53 were obtained).

All Willmore spheres were classified by Bryant ([Br]).

Of fundamental interest is the following conjecture stated by Willmore in the
mid-sixties.

WILLMORE CONJECTURE. For immersed tori, the Willmore functional satis-
fies the following inequality

(5.4) W > 2r?,

which is attained only on the Clifford torus and its images under conformal trans-
formations of R®.

Analogs of this conjecture for arbitrary genera were proposed in [Kus], but the
conjecture is still open.

Simon proved that the minimum is attained on an analytic minimal torus
([Sm)). ’

The following list contains all known classes of tori for which the Willmore
conjecture has been proved.

1) In the early seventies, Willmore and independently Shiohama and Takagi
([ST]) proved this conjecture for tube tori with constant radii. Here we call a torus
a tube if it is formed by carrying a small circle around a closed space curve so that
the center moves along the curve and the plane of the circle is the normal plane to
the curve at each point.

2) Hertrich-Jeromin and Pinkall ((HJP]) generalized the result of Willmore
and Shiohama-Takagi to tube tori with arbitrary radii, i.e., for the case in which
the radius of a circle can vary along the curve.

3) Langer and Singer ([LS]) proved the Willmore conjecture for tori of revolu-
tion.

4) In [LY] the authors brought together the spectral theory of the Laplace—
Beltrami operator with the theory of conformal invariants. Li and Yau proved this
conjecture for tori whose conformal structures are defined by lattices generated by
vectors (1,0) and (a,b), where

0<a<1/2, V1-a2<b<l.

In terms of theta-functions, all Willmore tori are described in [BBb, B] (see
also [FPPS]). Regretably, theta-functional formulas are rather complicated and
not too efficient for applications.

‘We propose the following conjecture.

CONJECTURE. A nonstationary (with respect to the mNV flow) torus cannot
be a local minimum of the Willmore functional.

To us, this conjecture looks convincing, because it is strange to expect that
a minimum of this variational problem, taken up to conformal transformations of
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R3, can be degenerate. Probably the methods developed in [W, Pm)] will help to
prove it.

If this conjecture is true, then the Willmore conjecture is reduced to the in-
vestigation of stationary points of the mNV flow. It is known from soliton theory
that stationary solutions are simpler than general ones. For instance, stationary
solutions of equations from the KdV hierarchy are described by very simple hyper-
elliptic functions. Of course the mNV equation is a (2+1)-equation and we cannot
expect such a simple description for it.

We also would like to pose the following question.

QUESTION. Higher equations of the mNV hierarchy also have first integrals.
What is the geometric meaning of the critical points of these functionals?

The similarity of formulas for mNV and mNV2 equations shows that one can
expect that these flows will deform tori into tori. Thus these deformations should
have a geometric meaning. Most probably these flows preserve conformal structures
and have their origin in conformal geometry.
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