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LEMMA 7. An operator of the form (45) with real coefficients possesses the
following factorization

L= (:L'n +y 11 + ZnTQ)(mn + Yn—T, T1_l + zn—TgTQAl) + wy, .

The proof is a simple calculation. Note that here, just as in the hyperbolic
case (40), (41), the factorization is given by local algebraic formulas, which do not
require the solutions of difference equations. We also have the inverse factorization

L= (2, +y, I+ zT5 @ + v, T+ 2, T2) + i, -

To any solution of L1 = 0 a new solution is assigned:

EQZ =0, z = (‘Tn + yn~T1T1_1 + yn—Tng_l)wT—:l(xn +yn 11 + znTQ) +1,
Yn = (-'L'n + Yn—-1, Tfl + Zn—Tsz—l)wn .

We also have an inverse Laplace transformation induced by the inverse factor-
ization. The two transformations are mutually inverse up to a gauge transformation.

Here the discrete analog of the two-dimensional Toda lattice, as well as those
of the cyclic, semicyclic, and quasi-cyclic chains arise. They will be studied in a
forthcoming paper.

REMARK. To each pair of neighboring basis periods of the same length (77, 7T%),
(Ty, TT'TY), (T7VT, T7Y), (7L T37Y), (T, L, ThTs ), and (Th, ToT7') there
corresponds one Laplace transformation. The algebra of these transformations is
being studied.

Introducing complex values for the fields, we also obtain the discretization
of the Schrédinger operator in a magnetic field (what we considered above is a
discretization of real operators only, where the physical magnetic field is equal to
Zero).

Appendix II (S. P. Novikov, I. A. Taimanov).
Difference analogs of the harmonic oscillator

Let us consider the real self-adjoint second order difference operator acting in
the space L£9(Z), n € Z, and given by

Lpp = vp¥n + cp1¥n—1 + Ca¥nqa,
L=c, 1T '+¢,T+v-1,

where T': n — n+1 is the translation operator along the lattice. Here c,,v, € R,
Tt =T71,and LT = L.
As in the continuous case, one defines the factorization of the operator L:
(1) L+a=(an+b, 1T Y(an+b,T) or
(H) L+a=(p.+ QnT)(pn + q'n—lT_l) .

Even without requiring the coeflicients to be real, such a factorization will exist
for any «. In order to find the values of a,, b,, pn, and ¢, from v, and c,,
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we arrive at the difference analog of the Riccati equation, which appears when we
factorize the continuous Schrodinger operator of the form
—0? 4 u(x)+a=—(0; +v)(8; —v), v: 4, = a+u(z).

In the discrete case we have

M vp+a=a2+b2_, Cn = Qpby,

(I1) tnta=p24+¢_1,  Cn=qnbn-

If all the coeficients a,, and b, are real, then

) L+a=QQ", Q" =ay +b,T.

Similarly, if all the coefficients p,, and g, are real,

(IT) L+a=RR', RY =p, + ¢, T

The Darboux-Bécklund transformations B, , by definition, are given by
M L-Q'Q=L=5{L

(1) L—R*‘R=I1=BUL.

It is obvious that these transformations can be taken to be inverse to each other
after an appropriate factorization:

BUNBO Y =L+a, BY(BIDL)=L+a.
0 a 0 «@

(Recall that in contrast with the two-dimensional case, the factorization here re-
quires solving a Riccati type equation and is therefore nonunique.) The cyclic
chains, just as in the continuous case, are determined from the condition:

LN:BQN"'BQOL, Lj:BaJLj—la L():LN
It is not difficult, by following [VS1], to prove the following

PROPOSITION 1. Cyclic chains satisfying the condition Z;v=1 a; = 0 consist

of finite-zone difference operators L; corresponding to one and the same Riemann
surface of genus g < [N/2] (see [DMN, DKNZ2]).

More interesting are the chains for which Z;\;l o; =h>0.

The first difference analog of the harmonic oscillator. Already for N =
1 nontrivial phenomena arise. Consider the cyclicity conditions

(1) L=QQ"—h, L=Q'Q=ByL, Q"Q=QQ"+h, Q" =a,+b.T.

From (1) we obtain an equation of Riccati type, which implies

(2) a, = a = const, b2 —b2 =h
or b, = v/nh +b3. Suppose that further
(3) a=1.

We come to the following conclusion: The operator L = QQ™ is not defined in
L2(Z) as a real operator.
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PROPOSITION 2! The operator L = QQ* described by formulas (1)—(3) de-
termines a real selfadjoint operator L in the space H; C L2(Z) if and only if l € Z
(the quantization condition).

(Here 1, € H,; if and only if ¥n =0 for n < —b3/h =1.) The space H; is
isomorphic to L2(ZT) with zero boundary condition for k =0.

PROOF. If the number [ is an integer, then
Q= (1% /{n—DhT).

Setting n = [ + k, we come to ZT. It is readily verified by substitution that
the operators Ly = Q+Q1 take the space H; to itself if and only if ! is an integer.
We come to the following operators in L£o(Z7):

L+ = Q+Q1, QL =1 £ VRrkT).

The spectrum of the operator Ly = Q@+ Q7 in the space L£2(Z%) is the same
as that of the ordinary harmonic oscillator. The ground state will be

(F1)*=1//RE-L(k - 1), k>
k<

Livs =0, Qivi=0, of = { .

The higher eigenfunctions have the form

OE = QruE, Livt =mhyE, meZt.

LEMMA 1. The eigenfunctions - of the operator L+ have the form

k-1
V= ey o0,
Here the P;(k) are polynomials such that
Pi(k)=(1—h(k— 1T YP_1(k), Po=1, and O(k)= { 1, k>1,
0, £<0.

The expression %32 is a Poisson distribution, while the polynomials P;(k) are
orthogonal with Poisson weight 2(k) on Z*. Undoubtedly, they are known,
although their relationship with harmonic oscillators and bosonic commutation re-
lations, most probably, was never discussed.?

The second difference analog of the harmonic oscillator. Let N = 1.
Put L = QQF and L = QTQ. We shall introduce a family of operators L
depending on two constants c,a € R:

L(c,a) = Q(c,a)Q*(c,a), L(c,a) = Q(c, d)Q(c, a)
so as to have

(4) a’Q% (c,0)Q(c, a) = Q(ca’,a) Q" (ca®,a) + D, D=a?>-1.

1Gimilar operators were constructed in [AS90]. However, the analysis of the corresponding
formulas does not reveal if their authors have the same thing in mind as we do. Apparently our
results are new, at least methodically.

2These polynomials are known as the Charlet polynomials.
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Let us put
Qt=14ca"T, Q=1+ca" ‘T, a#0,c#0.
Consider the transformation 7: n — 1 — n. We have the formula
(5) 7Q(c,a) = Q" (c,a™!) 7.

The relations (4)—(5) are extremely interesting. Apparently, they have not appeared
previously.

THEOREM. The spectrum of the operator L{c,a) for X in the semi-interval
[0,1) in the Hilbert space Lo(Z) has the form

1) a>1, Ap=1—0a""", n = 0;
2) a<1, A =1—0a®", n>=1.
The eigenfunctions are the following:
1) a>1, Yok(c,a) = (=1)kc*q=(k-1k/2] kcZ,
d’n (07 a) = Q(C, a') Q(C(IQ, a) e Q(Cazn_Q’ a) 1/)0(6&271, a)a
1ﬁnk (C, a) = Pn(ka c, CI,) w(]k (C, a)a
P,(k,c,a) = (a=2* — ca® )", n>1;
c 1
2) a<l, wl(C,a)—T’/)o(E’E)a
—o+(E +(_°€ ¢
Ynl(c,a) = Q (E?a) Q) (W,a)wl(w,a), n 22

REMARKS. 1. For A > 1 the spectrum of the operators L(c,a) is not known
to the authors. We conjecture that it is continuous.

2. If a > 1 and ¢ < 0, then the operator L may be considered in L£2(R) so
that its restriction to the family of lattices § + Z C R yields our family L(c,a):

L_(m,’y) — (1 _ ,yacfmflT—l)(l _ ,Y;v—mT), > 0, me 7.
The ground state $¢(z) (LPo(z) = 0) is a function satisfying
(1—4"""T)®o(z) =0 or Po(z)=~"""Po(z+1).

It has the form
450($) — g(m)vx(2m+lfx)/2’
where g(z) = g(z + 1) is any function of period 1.
Let us normalize the ground state by defining g(z) from a continuum of nor-

malizing conditions so that the expression ®%(z) is a normalized probability dis-
tribution on any lattice of the form 6 +Z C R:

7o) = exp (2 - %)@[ﬂzﬂ o
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where a =2Invy > 0 and O[u|a] is a theta function:

@[u|a]:zexp<—9g—2+nu).

nez

It follows from the analytical properties of theta functions ([BE]) that g(z) is
a smooth function with period 1. The normed ground state is given by the formula

,.ym(z—l)/Q
- O[(m+1-2x)Iny|2Ilnq]’

Qp() (CE)

Thus the cyclic chains are of two types:

1) L=B,, -+ Bo, L =L, where L acts in £Lo(Z*) for an appropriate “quan-
tization” of the parameters;

2) the operator L’ coincides with L after multiplication by a constant and a
translation along z in the natural realization in L5(R), where the restriction to
the lattices (6 + Z) C R generates a family of discrete operators participating in
the definition of the cyclic chain similarly to the case N =1 considered above.

ADDED IN PROOF. In the paper [SVZ], the problem was essentially posed
already. However, that paper contains unmotivated restrictions. For example,
the constant § = In|c|/Ina is assumed rational in [SVZ]. Further, the assertion
in [SVZ] according to which the relation (4) above or the corresponding relation
(14) in [SVZ] and its consequences (15)—(17) “clearly define a spectrum generating
algebra” is incorrect. This assertion is certainly false, for the case in which g
satisfies the equation @ty = 0 and growth exponentially. This is indeed the case
when g > 1, a situation omitted in the papers [AS91, SVZ]. In this situation the
authors have found a different ground state with eigenvalue 1 — ¢ (¢~ = a?) by
using the additional symmetry 7 (see Theorem 2).

Moreover, the assertion that the relations mentioned above “clearly define a
spectrum generating algebra” is incorrect for another reason: it gives no information
on the spectrum of the Schrédinger operator L = QQ with A > 1 in the Hilbert
space L3(Z). According to our conjecture (see Remark 1 above) this spectrum is
continuous and occupies the entire strip A > 1.
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Exactly Solvable Two-Dimensional Schrédinger Operators
and Laplace Transformations

S. P. Novikov and A. P. Veselov

§1. Solitons and the Schrédinger operator

The modern theory of exactly solvable one-dimensional and two-dimensional
Schrodinger operators

L=-0+u(z) (n=1),
L= (0+ B(z,9))(0+ A(z,y)) + 2V (z,y), 0=0; —i0y, z=z+1y (n=2)

cannot be separated from the theory of spatial one- and two-dimensional integrable
nonlinear systems of soliton theory. This is especially so in the rapidly decaying
and periodic case (when the coefficients of the operators are rapidly decaying or
periodic functions of the space variables, respectively).

I. One-dimensional case (n = 1). In the one-dimensional case, it follows
from [GGKM, L], where the famous KdV equation

U = OUUL — Uggy

was solved in the rapidly decaying case, that it can be viewed as a kind of “sym-
metry” of the spectral theory of the class of operators L = —92 + u(z) acting in
the Hilbert space L(R). This means that the KdV equation can be written in the
form
Li=AL—-LA=[A L],

where A is the linear differential operator A = —482 + 3(ud, + d,u). Therefore,
for example, the eigenvalues Ly = A\;% of the operator L on any translation-
invariant class of functions of z on the line R turn out to be integrals of the KdV
equation, dA;/dt = 0. Using the previously solved inverse scattering problem, KdV
was solved in [GGKM] for rapidly decaying functions. Beginning with [N74], in
[DN74, D75, IM, L75, MV] the solution of the periodic problems for nonlinear
KdV from soliton theory was obtained simultaneously with that of the inverse
problems for the spectral theory of the linear operator L, which had not been
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