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1. INTRODUCTION

In the present article we consider the Weierstrass representations of spheres in R®. The existence
of a global Weierstrass representation for any compact oriented surface of genus ¢ > 1 has been
established in [17, 18] and this proof, in fact, works for spheres also. Being mostly interested in the
relations of these representations to the spectral theory and in possibilities of applying the spectral
theory to differential geometry {15, 16], we preferred to consider the sphere case separately because
in this case the spectral theory of Dirac operators

0 o U 0
(4 9+

In Section 2 we consider two different representations of the sphere: as a plane completed by
adding a point at infinity (a plane representation) and as a cylinder completed by adding a couple
of “infinities” (a cylindric representation). For both of them we describe the data of Weierstrass
representations which are the potential of a representation and a “wave function” 1 satisfying the
equation

is more developed.

Dy =0 (2)

and some analytic conditions. The data of spectral theory origin are in one-to-one correspondence
with the immersed spheres in R® (Theorems 1-4). This gives a straightforward procedure for
constructing immersions in terms of zero-eigenfunctions of Dirac operators on a plane and on an
infinite two-dimensional cylinder.

In Section 3 we consider spheres with one-dimensional potentials, which means that in some
cylindric representation the potential U of D depends on one variable. We prove that a sphere of
revolution is uniquely reconstructed from the potential only (Theorem 5), describe all spheres with
one-dimensional potentials in terms of the Jost functions (Theorem 6), and prove that

W(E) > 4x (dimg Ker D)2, (3)

where W is the Willmore functional and D is a Dirac operator acting on a spinor bundle over
sphere ¥ (Theorem 7). We conjecture that this estimate is valid for all spheres.
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THE WEIERSTRASS REPRESENTATION OF SPHERES IN R3 323

In Section 4 we consider a special class of spheres with one-dimensional potentials—spheres
with soliton (or reflectionless) potentials. This integrable case gives many interesting examples,
and, in particular, for each N an equality in (3) is achieved exactly at special soliton spheres, the
Dirac spheres [14].

In Appendix we give criterion distinguishing immersions, of universal coverings of compact
surfaces of higher genera. converted into immersions of compact surfaces.

2. THE WEIERSTRASS REPRESENTATION OF SPHERES

2.1. The local Weierstrass representation. First, recall the local Weierstrass representa-
tion. It is based on the following two facts:

Lemma A (Eisenhart [8]; see also comments in [17]). Let W be a simply connected domain
in C, zg € W, and let a vector function 1 = (11,12): W — C? satisfy (2) where D is of the form (1)
and its potential U(z, Z) is real-valued. Then the following formulas

X'(z,2) = % [ (0} + y)de' - (92 + ¥3)dz')

¥2e,2) = 3 [ (-9 - @~ w)a) (@

z

X3z,2) = /(1,1111/;2612' + P192dZ’)

2o
define an immersion of W into R® with the induced metric D(z,%)%dzdz of the form
D(z,2) = [y1(z, 2) + iba(z, 2)

and the Gauss curvature and the mean curvature are

4 . . Uz, z
K(z,2)=——DT(;7—5)661nD(z,2) and H(z,z)—_—zDZ;;-.

Lemma B [15]. Let W be a domain in C and let X: W — R® be a conformal immersion
of WintoR3: z = X(z,%) = (X(2,2), X%(2,2), X3(2,2)). Assume that 0X3/8z # 0 near 2y € W.
Then near zy the functions

P1(2,2) = \/—0®(z, 2), Yoz, 2) = 4\/5¢(z,2), (5)

®(2,2) = X%(2,2) +iX(z, 2),

satisfy (2) with U(z,2) = H(z,2)D(z,2)/2, where H is the mean curvature and D%dzdz is the
metric of the surface X(W) C R3.

A globalization of this representation requires introducing spinor bundles, generated by 1, over
closed oriented surfaces and considering the operator (1) as acting on them. This had been shown
in [15] and the existence of a global Weierstrass representation has been proved for any C3-regular
compact oriented surface of genus g > 1 (see Theorem 2 in [18]). The proof follows by continuing

with
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324 TAIMANOV

the sections (5) over the whole spinor bundle and uses the following lemma whose proof is contained
in the proof of Theorem 2 from [18]:

Lemma 1. Let z9 € W be a nondegenerate critical point of the function X3 defined on a
domain W C C conformally immersed into R®. Then near z, the branches of (5) are correctly
defined as one-valued functions and do not ramify at z;.

It is clear that if
(21
= : W—-C
v (¢)

* 1/;2 .
¥ = (_%) (6)

also satisfies (2). Hence for any A, u € C, such that |A|? + |u|? # 0, the vector function

— \,/ * d)l 7/35 .
Uy pu= A0+ puyp A(¢2)+“(—¢1)' W —-C

satisfies (2), then

satisfies (2). Consider all immersions
Xou: W R

given via (4) by ¥, , and normalize them by the condition
X)\,p(zD) =0,

where a point z; is fixed. Denote 8Xf’0 /8z by NJ. It is shown by straightforward computations
that

00, _ W+ R b))

_ 1 (AR — Ap)N3
bz 2 N+ 2 IR AN
8X2 Sv2 Y2 2 _ =2 2432 _ 2 _ 52 -
A _ AT =N+ E)jr A —p #)Nz+(/\ﬁ+/\#)N3, (7)
0z 2 2
BXB _ _ -
DA (R~ AN + (<M = RN+ (M) = )V,

From (7) we derive

Lemma 2. (1) The transformation ¥y — ¥, o, with r € R, generates the homothety
(X1, X2, X% - (r2Xxt,r2x? r2X3)

of the immersed surface.

(2) For |A? + |u|? = 1 formulas (7) define the isomorphism
pi (A2 +1ul? =1, A, € C}/{£1} - SO(3)

and the immersion X, is a transformation of X1 by the rotation p(A, u).
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THE WEIERSTRASS REPRESENTATION OF SPHERES IN R 325

For instance,
1 0 0
p(cosp,sinp) = |0 cos2p sin2yp |,
0 —sin2¢ cos2¢p

' cos260 sin28 0
p(e’e, 0) = —sin20 cos28 0],
0 0 1

cos2r 0 sin2rt
p(cosT,isin7) = 0 1 0
—sin27 0 cos2r

2.2. A plane representation. For constructing a global Weierstrass representation of a
two-sphere immersed into R®* we may consider a sphere as a plane completed by a point at infinity
or as an infinite cylinder completed by two infinities. We analyze both possibilities and start with
a plane representation.

Let 3 be a 2-sphere immersed into R®.

Fix a pair of points co; on ¥ and define a pair of charts with conformal parameters z, on
C~ X\ ooy, and

1
u=-=,
z
on C= ¥\ co_, such that z(co_) = 0 and u(coy) = 0. We have
| dz o .9
W=2E W a

Introduce also the following functions

'&1(%&) = \/—au(X2+’iX1), J’?(uvﬁ) = aﬁ(X2+ZX1)
Now we arrive at the definition.

Definition 1. A sphere X, immersed into R®, possesses a global (plane) Weierstrass represen-
tation if there exist real potentials U(z, %) and U(u, @) and the vector functions Y(z,2) and P(u,u)
defined on a covering of ¥ by a pair of charts with parameters z and u = z~! such that

(1) )
U(u, @) = |2|°U(z, 2),

)
151(“117) = 21/}1(2,2), (8)
o (u, @)

forz=—-1/u e
(2) the vector functions ¢ and ¥ satisfy (2) for the Dirac operators with corresponding potentials
U and U and for a suitable choice of coordinates in R® define by (4) an immersion of .

Consider the analytic conditions met by the Dirac operator and the éf)inor sections ¢ (8)
corresponding to an immersion of a two-sphere into R3.
First, notice that D%(u,@)dudi = D?(z, 2)|z|*du d& near oo, which implies that

D(z,2) = © + 0 (I—zll—g> with C = const # 0,

RER
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and -
1
= feolh) -
(2,2) EE +0 PE with U = const (9)
as z — 0o. Therefore we conclude
o - _ 1
(2P = (2,2 + (52 = 0 (). (10)
In fact, taking into account that the point co; € ¥ is regular, the last equality is refined as follows:
(2 :‘;2—9i+0(i) with Cy #0, as z = oo (11)
7”) - |Z[2 lz‘3 b + ’ -

Assume that ¥ is C®-regularly immersed into R®. By using the general position argument,
we choose coordinates in R® such that all critical points of the function X3 defined on % are
nondegenerate. Take a point coy. € ¥ and introduce a conformal parameter z on C ~ % \ ooy
By Lemma 1, the branches of (5) do not ramify anywhere and are correctly defined on C. Now
Lemma B and preceding conversations imply

Theorem 1. Every C3-regular two-sphere ¥ immersed into R® possesses a global (“plane™)
Weiersirass representation and the functions U(z,2) and v¥(z,2) defined on T\ ooy satisfy (9)
and (11).

In fact, conditions (2). (9), and (11) distinguish the data of Weierstrass representations of
spheres.

Theorem 2. Let U(z,%) be a continuous function and satisfy (9) and let v be a solution
to (2) such that (|¥1]* + iv2|?) vanishes nowhere on C and (11) holds. Then v defines via (4) an
immersion of C completed to a C?-regular immersion of S? into R3. Moreover U and Y and the
functions U and ¥ constructed from them by (8) form the data of a plane Weierstrass representation
of the immersed sphere.

Proof. By definition v defines an immersion of X: C — R® up to translations. Normalize an
immersion by X (i) = 0 € 3.

Construct the functions I/ and % from U and ¥ by (8) and notice that they satisfy the following

equation
0 8, U o\| (¥ _
(5 9)+( 2)](%) -

It follows from (8) and (9) that U is a real-valued continuous function on the whole complex plane
parametrized by u € C. Hence 4 also defines an immersion of X: C — R3 up to translations.

Normalize an immersion by X (i) =0 € R3.

1

Since u = z7 !, we have

(93 + v)dz — (97 + ¥3)dz = (¥3 + 9)du — (43 + 93)da,
(95 — vz — (B} - ¥3)dz = (93 - 9D)du — (97 - ¥})d,
Y19adz + P192d7 = Prepadu + 1 0pda h
on C* = C\ {0}. These formulas imply that '

X(z)=)~{<—l> for ze€ C*.

z
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Hence, X and X coincide on C* and each of them is regularly continued onto the corresponding
“infinity point,” on 4 = 0 and z = 0. By (11), X is regular at u = 0.
This proves the theorem.

A nice feature of this theorem is that the closedness problem consisting in distinguishing im-
mersions of planes which are converted into immersions of compact surfaces reduces for spheres to
the conditions (9) and (11), which can be easily checked. For surfaces of higher genera. this problem
is more complicated (see Appendix).

If we have a solution v to (2) such that || decays slower than |z|~! as z — oo then nevertheless
we may construct by (4) an immersion of a sphere into R® with a peak singularity at the “infinity.”
If [¢] decays faster than 'z|~! than we have a branch point at “infinity.” This also occurs when
[¥(z,2)| =0at z € C.

Let us now admit branch points and consider more general situation.

Denote by £ a C2-bundle

C e S

whose sections v satisfy (8).
Theorem 3. Let U satisfy (8) and (9). Then

(1) D is defined on sections of &;

(2) solutions to (2) satisfying (10) are in one-to-one correspondence with zero-eigenfunctions
of D; '

(3) the kernel of D is finite-dimensional and moreover it is even-dimensional.

The first and second statements are evident. Since D is elliptic, its kernel is finite-dimensional.
We know that there exists an automorphism *, of the kernel, given by (6). Since (4¥*)* = —4, the
kernel splits into two-dimensional subspaces invariant under * and therefore dime Ker D = 2n with
n integer. Each section v € Ker D generates via (4) an immersed sphere which may have branch
points.?

2.3. A cylindric representation. Here we introduce a representation of an immersed sphere
as an immersed cylinder completed by two points.

We set 2’ = Inz = 2’ + iy and take a cylinder Z = C/iZ with a conformal parameter 2’ defined
modulo 27i.

Let (U, ) be the data of a plane representation. We have

w-le, 2.2
Consider the following functions on Z:
D(Z,Z)=2|D(z,2), U(Z,7)=|2|U(z,32) (12)
and ”
e, 2) =Vahi(z,2), (2, 2) = VEa(z,2). (13)

By straightforward computations we obtain

It was proposed in [9] to treat £ as a quaternion vector bundle and to treat Ker D as a quaternion vector space
identifying * with a multiplication by j € H. In this event dimyg Ker D = n.
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Lemma 3. (1) The functions ¢ satisfy the equation

0 O U o ’Lﬁ _
(. %)= 2] () - s

(2) There are the asymptotics

N U_ 1 - N C 1
U=—%+O(—~ el 0 —) (15)
T | elz’| e2|z|

e! e2le’

with Uy and Cy constants such that Cy # 0, as £’ — Foo.

Now it is clear how to derive from Theorems 1 and 2 the following result:

Theorem 4. (1) Any vector function ¢ satisfying (14) and (15) defines via (4) an immersion
of Z into R3, which is completed to a regular immersion of a two-sphere.

(2) For any two-sphere ¥ which is C3-immersed into R® and any pair of distinct points 0oL € X
there exists an immersion of a cylinder Z = X\ {ooy} such that

(a) this immersion is defined, for a suitable choice of coordinates in R®, via (4) by functions ¥
and U satisfying (14) and (15);

(b) by adding a point to each end of the cylinder this immersion is completed to a regular
tmmersion of X.

Theorems 1 and 4 imply the following:

Corollary 1. Ewvery C3-regular two-sphere ¥ immersed into R® possesses a cylindric Weier-
strass representation.

We mention above that ¥(z, Z) are sections of £. Formulas (12) and (13) show that vector

functions v) on Z meeting conditions (15) and

P(z',y +2m) = (<, y) (16)

are sections of £ and these formulas just establish an equivalence between two different represen-
tations of £. Moreover, these formulas also establish the equivalence between Dirac operators and,
therefore, we have ’

Corollary 2. Solutions ¢ to (14) satisfying (16) and

|1/3|2=O<1) as z' — +oo

elm'l

form the kernel of D. The dimension of KerD is finite and even.

We also mention that each section from this kernel generates, via (4), an immersed sphere which
may have branch points.
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3. SPHERES WITH ONE-DIMENSIONAL POTENTIALS

3.1. The spectral data for one-dimensional potentials. In this section we consider
spheres admitting cylinder representations with one-dimensional real-valued potentials U(z). This
means that being defined on an infinite cylinder Z = {(z,y): —o00 <z < o0, 0 < y < 27} the
potential U(z) depends on z only. We assume that U(z) decays exponentially:

U(m)ZO(%> as z — +oo.

el

For U = 0 solutions to (2) are linear combinations of

0 exp(ilz)
(exp(iki)) and ( 0 )’

with z = = + 4y and k,! € C. These functions are defined on Z if and only if k,! € 27Z. Hence we
look for solutions to (2) of the form

b(z,y) = explky)o(z,y),  plz,y +2m) = p(z,y), (17)

i.e., we consider solutions which are defined on the universal covering R? of Z and satisfy the
periodicity condition
Y(z,y + 2m) = pip(z, y),

with p a constant. For this ansatz equation (2) reduces to

[(—05 g)*@ 3)‘%(% f)}wo (18)

and, decomposing its solutions into Fourier series in y

iL‘ ,y) Z SOm 1.my,

meZ

we conclude that each ¢,,(z) satisfies (18) with & + ¢m substituted for k. Hence for studying all
solutions to (2) of the form (17) it is enough to study solutions to

0 0O 20 0 0 ik
- =0, 1
()7 ) )] 09
depending on z only.

This problem called the Zakharov—Shabat problem was studied in its relation to soliton equa-
tions (see, for instance, [1, 5, 11, 19]) and we give the brief summary of results which we need in
the sequel.

Since U(z) decays exponentially as |z| — oo, we have

Summary. The potential U(z) of an operator

0 O, 20 0
L"(—az 0)+(0 2U)
is uniquely reconstructed from the spectral data which are

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 225 1999



330 TAIMANOV

(i) the reflection coefficient R(k) = b(k)/a(k), with k € R\ {0},
(ii) the poles 51, ...,y of the transmission coefficient T'(k) with Imk > 0,
(iii) some additional quantities Ay, ..., Ay € C, attached to »;.

The poles of T'(k) are simple and correspond to exponentially decaying solutions to (19). For
each pole »¢; every such solution is a multiple of @f(x, »¢j) which is a unique solution to the equation

0 +oo 0 _e—ixj(z—x’) , , ,
(,O(iL‘) = (eiz)$) + / (einj(a:——a:’) 0 ) : QU(:E ) : (,0(27 )d.’L' .

T 7/
Since U(z) is real-valued,

(a) >tj are symmetric with respect to the imaginary axis; if »; and »q = —3¢; are different poles
of T(k) then A\j = M, and if Re s, = 0 then A, € R;

(b) R(k) = F(=F).

The function ¢} (z,k) is represented in the form

0 i {B (z,2")\ ;
;;(x’k) = (eikx) + / dz’ \B;(:::::::')) ezkar . (20)

T

Introduce the function

1 N
As) = o f R(K)e™ dk = 3 2y,
—oo Jj=1

which is uniquely constructed from the spectral data. Then the kernel Bi(z,y) and B(z,y)
from (20) satisfy the Gelfand-Levitan-Marchenko (GLM) equations (for the Zakharov-Shabat
problem)

r

+00
Bofz.y)+ [ Bila,a)0(e' +y)ds =0,
‘ (21)

+co
e ~y) - Bie,y) + [ Balo,2)s' +y)ds’ =0,
\ T
where y > z. These equations are of the Volterra type and uniquely solvable in the domain y > .
Moreover, limy_, .o B1(z.y) = limy, o Ba(z,y) = 0 and the limits of Bj(z,y) as y — z are

defined and we denote them by B;(z, ). The reconstruction of U(z) is given by the formula

U(z) = —Bi(z, z). (22)
Moreover :
ﬂzd(f’—z) =2U%(z). (23)

We recall the definition of the Kruskal integrals:

+00

() = [ U@ ds,

—00
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where
q1(z) = U(z)

and the other quantities g;(z) are defined by the recursion relation

(z =1
05:1(2) = =D 40(0) 3 g(a)gyomo).
m=1

The first of them is obviously the squared Ly-norm of U(z):
+oo
L) = / U(z) dz.
—00

These quantities are related to the spectral data via the trace formulas (see [5, formulas (7.20)
and (7.21) in Chapter 1 of Part IJ3):

ion—2 N

>4 =), (24)

=1

1

IL(U) = -

+0o0
/ In(1 — |b(k)[2)(~2k)" dk +

where b(k) is the ratio of R(k) and T'(k) and satisfies the inequality

0 < |b(k)| < 1.
For n = 1 we have
+o 1 +o0 N
/ 2 a)do =~ / In(1 = [6(k)[2) dk + 3" Im 5 (25)
and we conclude that
+o0 N
/ U*(z)dz > > Ims; (26)
—00 j=1

and an equality in (26) is achieved exactly at reflectionless potentials, i.e., b(k) = 0, which is
equivalent to R(k) = 0.

3.2. Construction of spheres with one-dimensional potentials. A reconstruction of
a sphere of revolution from its potential. By Corollary 1, every sphere ¥ regularly immersed
into R? possesses a cylindric Weierstrass representation. In this subsection we describe spheres
which admits cylindric representations with potentials depending on z only. The simplest and
most important examples are spheres of revolution [16].

Let U(z) be a potential of an immersed sphere ¥. By Lemma 3, it decays exponentially and
we may apply the spectral theory of L exposed in 3.1. In particular, all exponentially decaying
solutions to (18) are linear combinations of ¢ (z, 3¢;) and their *-transforms (6).

For any sphere of revolution ¥ there exists a cylindric representation with a one-dimensional
potential, and ¥ is immersed into R? via (4) where 3 has the form

¥(z,y) = p(z)e’?

3In [5] these formulas are written in terms of s, ¥(z), and A which, in our notation, are (—4). —iU(z), and —2k,
respectively.
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(see [16]). The function v takes the form

Uau(z,y) = A (ﬁ(ﬂf?,i/?)ei”/z) +u (sof(m, i/2)eiy/2)* ,

where A, u € C. By Lemma 2, for different A and p such immersions are transformed one into
another by homotheties of spheres and rigid motions in R®. Since the potentials of different Weier-
strass representations are reconstructed one from another by the formulas (8) and (12), we conclude
that the following theorem is valid.

Theorem 5. Any sphere of revolution without branch points is uniquely defined (up to ho-
motheties of the sphere and rigid motions in R®) by the potential of any of its Weierstrass repre-
sentations.

The condition on absence of branch points is added just for the following reason. Notice that
we may consider the linear combination

*

7/7/\.,,1,%(37’ y) = A ((pi‘—(l', }f)exy) +n (gof(a:, %)e”y>

with 3¢ = in/2 and n > 1. Then the sphere constructed from ¥ ,, ,, via (4) would be an n-sheeted
covering of a sphere of revolution with branch points at the infinities.
For general spheres with one-dimensional potentials the statement of Theorem 5 is not valid.
Let s, ..., 35 be the poles of the transmission coefficient T'(k) coming into the spectral data
of U(z); we divide them into three groups:

in;
i = —2—] with n; an odd positive integer for 1 < j < L,
nj = %l with n; an even positive integer for L+ 1 < j < M, and

»; is not of the form ? with n integer for j > M + 1.

Set
"/)J'(xv y) = (Pf_(x, %j)e}‘jy'

It is clear that for j > M + 1 the functions ; and ¥; are neither periodic nor antiperiodic
in y. Therefore squares of linear combinations of such functions are not defined on Z and do not
generate via (4) immersions of cylinders.

By Corollary 2, since *; and Y5 satisfy (16) for 7 < L, they are sections of £ and we conclude

Lemma 4. KerD is spanned by ¥;(z,y) and ¢} (z,y) where j < L.

Any linear combination ¥(z,y) of 4, and ¢ for L +1 < j < M also generate via (4) an
immersion of a sphere. It is easy to see that, if for all ¥; and ¥} coming into this combination the
frequencies n; are represented in the form

nj = 2klj,

with [; odd integers, then the immersion would be a 2*-sheeted covering over its image with branch
points of order 2% at infinities. The potential of the representation of a covered sphere given by
the function ¢'(z,y) = ¥(z/2¥,y/2*) would be U'(z) = U(x/2*). Otherwise the immersion would
have branch points of odd order at the infinities.

Since by the definition. a vector function 9 coming into a cylindric representation belongs to
Ker D, we summarize these conversations as follows:
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Theorem 6. Let a = (ay,...,azr) € C?L'\ {0}. Then the function

Ya(T,y) = arvn(z,y) + ... + ap¥r(z,y) + ap19i (2, y) + ... + aep} (z, y) (27)

defines via (4) an immersed sphere X, in R3.

If there exist nonzero coefficients a; and ay such that (j — k) # £L, then ¥, is not a sphere of
revolution.

These spheres are ezactly the spheres which have U(z) as a potential of some of their cylindric
Weterstrass representations.

3.3. The Willmore functional via the trace formula and the Willmore numbers.
Consider the following problem:

Problem 1. How to estimate the dimension of Ker D?

For a Dirac operator with a one-dimensional potentials (in some cylindric representation of a
sphere) the trace formula (25) enables us to give a precise estimate.
Indeed, by Lemma 4, Ker D is spanned by o] (z)e’¥ and (p] (z)e*¥)* with s¢; of the form

] i1
2 = i(2n; + 1) (28)
2
with n; nonnegative integers. By (25) and (26), we have
+o0 1 L
/ >3 Z 2n; + 1) (29)
o0 :

and an equality in (29) is achieved exactly in the case then U(z) is a reflectionless potential and
the whole discrete spectrum with Im s > 0 consists of eigenvalues of the form (28). We obtain

Theorem 7. Let D be a Dirac operator (1) on £ with a one-dimensional potential U(z) in
some cylindric representation (for instance, a Dirac operator generating an immersion of a sphere
of revolution). If

dimg Ker D '
e — dimg KerD > N,
2
then

/ U2(z) dz > —]\;—2 (30)

Proof. Indeed, any level s = i(2n + 1)/2 may be filled just by one eigenfunction of the form
o7 (z,3;)e™Y and, given N = dimg Ker D, the left-hand side in (30) achieves its minimal possible
value if just the first IV levels are filled. This means that

L on; +1) = L 13 @N-1) =
52:: n,+)—2 +3+...+ =5 -

This proves the theorem.

An example of the Dirac spheres, constructed by U. Pinkall and J. Richter [14], shows that for
each N an equality in (30) is achieved at the potential of such a sphere and, therefore, we have
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Corollary 3. For any N estimate (30) is precise and an equality is achieved at

N

Un(z) = 2coshz’

We discuss the spectral data of such potentials in Section 4.
To rewrite (30) for general spheres it needs to integrate the left-hand side over y and obtain an
integral over S? (by (8) and (12) this integral is correctly defined for any representation):

/UQ(z, Z)dx Ady > wN2. (31)
z

We would like to conjecture the following.
Conjecture 1. Estimate (31) holds for any Dirac operator on £.

In fact, by Theorem 4, the dimension of Ker D measures the dimension of a family of isopotential
spheres in R®. If there exists ¢ € Ker D such that ¢ vanishes nowhere then it generates an immersion
of a sphere without branch points. It is also known that for any compact surface ¥ immersed via (4)
the value of the Willmore functional W, an integral of a squared mean curvature, is given by

vwz)z/}ﬂdu=4/U%aadmA¢, (32)
z

(see [15]), i.e., a multiple of the squared Ls-norm of the potential /. We have

_ 2
Jar - k)au= (’“ . ’“2) du >0,
¥y =

where k; are the principal curvatures and K is the Gauss curvature of ¥. By the Gauss—Bonnet
theorem, for spheres

/K@:%
z

and this implies .
/ H?dy > 4.
z

Therefore we conclude that
fU2(z,Z) dz ANdy > 7.
b

This is just the inequality (31) for N = 1 and an equality is achieved at U;(z), the potential of the
unit sphere [16]. Recalling for N = 2 the recent result of F. Pedit and U. Pinkall [13] obtained by
methods of so-called quaternion algebraic geometry, we conclude the following:

Proposition 1. Assume that there exists a zero-eigenfunction 1 of D such that 1 defines
via (4) a regular immersion of S? into R3. Then Conjecture 1 is valid

(1) for N =1 (Gauss-Bonnet);
(2) for N =2 (Pedit-Pinkall).

For such operators estimate (31) in terms of W takes the form

W(E) > 4nN2. (33)
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We show in Section 4 that the dimension of Ker D cannot be estimated from below in terms of the
Willmore functional.

This treatment of (31) fits into a general approach to estimates for the Willmore functional
based on the Weierstrass representation (see [18] where the spectral approach to the Willmore
conjecture for tori is introduced). The right-hand sides of (33), the Willmore numbers, measure
not only the existence of a sphere with given value of the Willmore functional but the dimension of
a family of isopotential spheres. It looks natural that, for given dimension of Ker D, the Willmore
functional has to attain its minimal possible value on a very symmetric operator which has to have
a one-dimensional potential, i.e., to be of the form covered by Theorem 7. The analogous idea is
discussed in [18] for the Willmore conjecture for tori.

4. SOLITON SPHERES

4.1. Solving the Gelfand-Levitan—-Marchenko equations for reflectionless poten-
tials. We call a sphere reflectionless if it admits a Weierstrass representation with a one-dimensional
reflectionless potential U{z). This means that the reflection coefficient R(k) of U(z) vanishes iden-
tically, i.e., R(k) = 0, and the spectral data of U(z) are just

(1) a half, of a discrete spectrum of L with U(z) its potential, lying in the upper-half plane:
1, ..., ; this spectrum is symmetric with respect to the imaginary axis;

(2) some quantities A; corresponding to s¢; such that if Res; = 0 then A; € R and if s and
»q = — 3, do not coincide then A = ).

The potential U(z) is reconstructed from the spectral data via the GLM equations. For reflec-
tionless potentials solutions to these equations can be found explicitly. We explain this procedure
following [11].

Given the spectral data for a reflectionless potential, consider the following ansatz:

Bj(z,y) = (B;(z)[T(y)),

where
T(z) = (e¥%,...,e"*N7)

and
(uv) = wv1 + ... +uyvy

is a standard inner product. Then Q takes the form

Uz +y) = (¥(2)|T(v)),

where }
U(z) = (=A™ ... —AyeN?),
In terms of these functions the GLM equations (21) are written as

+o00
(B2(2)[T(y)) + / (B (z)|T(z"))(¥(")|T(y)) dz' =0 —

T

and

+00
(U(@)IT(y) - (Bi(2)|T(y)) + /(Bz(w)IT(w’))<‘P(w')lT(y)>dw’=0-
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Introduce the matrix

+o00

M) = [ ITE) ()

Zz
(here we use Dirac’s notation treating the inner product as a product of a bra vector (u] and a ket
vector |v), [4]), rewrite the GLM equations as

(Ba(z) + Bi(2) M (2)|T(y)) = (¥(z) — Bi(z) + Ba(z) M (z)|T(y)) =0
and finally arrive at the following form of them:
By(z) + Bi(z)M(z) = ¥(z) — By(z) + Ba2(z)M(z) = 0. (34)

The entries of M (z) are simply computed

+00
Mixla) = [ Ti(e!)un(e!) do' =

T

Ak il +)T.
i(}fj + 3)
and (34) implies that

Bi(z) = ¥(z) - (1 + M*(z))™

and
By(z) = —By(z) - M(z).
By (22), we derive
U(z) = —(¥(z) - (1 + M>(2)) 7} |T(=)).

Now represent Bi(z,z) and Bs(z,z) as follows:

dM (z)
dzx

dM(z)

dz

Bile,a) = =T | g2+ p2a)

Ba(z,7) = Tr [ M(z)(1+ M?(x))-lJ .

It follows from (22) and (23) that

dU(z) _ i
dz  dz

dM(z)
dz

22 () i T | S (e) + )1+ M),

and, since 1 + M?(z) = (1 + iM(z))(1 — iM(z)), we have

W) L@ _do [d(l+z’M(a:))

S Sy iM(:c))'l] .

Using the well-known identity

d o (dA(z) )
= Indet A(z) = Tr ( 2 1)),
we obtain ,
. dU(z) d .
W(z) + i T == Indet(1 +iM(z)).
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Since U(x) is real-valued and fast decaying, we have

p _ d Im det(1 +:iM(z
Ulz) = Z-Im Indet(1 +iM(z)) = g rctan == detgl + zMgwg

For reflectionless potentials <p1+ (z,k) is simply written. Set

+oC . .
W k) = T(z' ika;’d I ( L t(se1+k)x L4 i(%]\r{-k)(ﬂ)
(k)= [ T do! = (Lpelbarie, |t ,
x

and, by (20), obtain

(B(z) - (1+ M?(z))" W (z, k)) ) , (35)

tr k)=
o1 (z,k) (ezk:c —{(U(z) - (1 + M2(2))" M (z)|W (z, k))

4.2. Construction and properties of reflectionless spheres. We consider some explicit
examples of reflectionless spheres which are spheres with N-soliton potentials.

421. N=1, 34 = % In this case

M(z)=—-Xe ",
where A = A\; € R\ {0}, and we obtain
Ae™E
Ve = e

Since for an immersed surface U(z) is defined up to a sign, we assume that A = e~® > 0 and derive
Uz, ) = Ui(z + a) with
1

Us(z) = 2coshz’

This is the potential of a round sphere and it is easily checked that ¢} (z,i/2)e®/? defines it via (4).

422 N =2 3 =% >9=3 A general potential corresponding to this data is
2 2 g g

144A 17 + 14420732 + 36X2Xpe™5% + 4X N2 T2

Ulz, Ap, Ag) = :
(@20, 02) = 357 14402725 1 72X Age— %% + 16X2e5% + A2AZe—52

which for Ay = 2, Ay = 6 takes the form

1

Us(z) = coshz’

4.2.3. The potentials of the Dirac spheres. U. Pinkall and J. Richter constructed the Dirac
spheres using the representation theory [14]. We mentioned above that, for these spheres, esti-
mate (31) is precise. Their potentials are

N -----
Un(z) = 2coshz’

We show above how Us(z) is obtained via the inverse scattering method, and, from (25) and
Theorem 7, follows

Proposition 2. The discrete spectrum of Un(z) consists of i@ with j < N.
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For completing a description of these potentials it needs to find the coefficients A;, ..., Ay.
Recall that there exists an infinite family of soliton equations, the modified Korteweg-de Vries
hierarchy of nonlinear equations, such that

(1) the mth mKdV equation has the form

o 82m~1
Otm U= Ox2m

U-t...,

preserves the spectrum of L, and transforms A; and R(k) as follows:
Aj = A exp(i22™ Lty R(k) = R(k)exp(i2®™ kt,,);

(2) all flows generated by these equation pairwise commute.

Stationary solutions to linear combinations of these flows satisfy the Novikov equations [12]:

0 0
a1—+...+apn— | Uz, t1,...) =0.
( ot a’"atm) (@t,.)

These facts are exposed in 1. 5, 11, 19]. It follows from the formulas that reflectionless potentials are
fast decaying solutions to the Novikov equations (for the mKdV hierarchy) and, given s, ..., sy,
the mKdV-orbit of a reflectionless potential consists of solutions to these equations with given
A1y, Q.

Proposition 3. Every reflectionless potential with s¢; = @j%l)i, where 1 < 7 < N, is obtained
from Un(z) by the mKdV-deformations.

4.2.4. The Dirac spheres as rational spheres. A nice property of the Dirac spheres is that
they are described in terms of rational functions. Indeed, return back to a plane representation
of spheres. It means that we represent S? as a complex plane C completed by a point at infinity.
A conformal parameter Z on C is related with z and y, coming in (27) and (35), as Z = e*%¥ and,
by (13), a spinor field ¥(Z. Z) defining via (4) a plane representation of a sphere is

o1 P
Vi(Z,2) = W«ﬂl(w,y), ¥y(2,2) = mdlz(may)-

Now it is easy to see that ¥ is a rational function of Z and Z.

4.2.5. Soliton deformations of reflectionless spheres. Each mKdV-flow U(z,t) deforms the
eigenfunctions ¢ (z, k) via linear differential equations. This gives a deformation of a sphere defined
by any linear combination (27). These deformations are called the mKdV-deformations of spheres
and they are reductions (for one-dimensional potentials) of the more general modified Novikov-
Veselov deformations introduced in [10] as deformations of surfaces locally presented via (4).

Here we only mention some interesting facts:

(1) If N > 2, then generically a function of the form (27) defines not a sphere of revolution and
moreover a sphere admitting no S'-isometries. Nevertheless, soliton deformations of this sphere
are described by 1 + 1-dimensional soliton equations;

(2) The Kruskal integrals are first integrals for all mKdV-flows. For reflectionless spheres these
integrals are presented in terms of s, ...,y by the trace formulas (24);

(3) The mKdV-deformations preserve closedness of spheres (for tori this has been proved in [16]).
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Generically the values of these integrals, as well as the modified Novikov—Veselov deformations,
depend on a choice of a conformal parameter on a sphere. For a surface of revolution there exists
a distinguished parameter (see [16]).

4.2.6. Reflectionless spheres with dimyg KerD = 1 and with large values of the Willmore func-
tional. The construction of such spheres is simple: take 3 = /2,30 = —a + it, and 3 = —a + it,
and fix admissible A;. Then for each t > 0 take a sphere of revolution I, given by ¢} (z,i/2).
By (25), we have

W(Et) = 47 + 8nt.

Therefore we obtain

Proposition 4. For any C >0 there exists a reqular sphere ¥ in R® such that dimg Ker D =1,
Y 1s defined via (4) by a zero-eigenfunction of D, and W(X) > C.

We do not check the regularity condition but it is easy using (35).

4.2.7. Deformations of reflectionless spheres via deformations of the spectrum. We consider a
simple example which relates to the previous one (see 4.2.6).

Take a reflectionless potential U(z,t) whose spectral data are s¢1,...,3cny42 and Ap,..., Ay=2
with sey1 = —a +it,2¢x9 = a + it and Ayy1 = at, A2 = &t with a,t € R Take a linear
combination (27) of eigenfunctions of L with eigenvalues of the form (2m+1)i/2. Since @] (z, 3¢5+1)
and @] (z,y+2) do not come into this combination, then for each t this combination defines a
sphere ¥; immersed into R3.

Consider the limit ¢ — 0. Then it is easy to see that

U(z,t) — U(z,0) with the spectral data >, ...,y and Ay, ..., Ay, and X tends to a sphere £y
immersed into R®.

It is quite sure from the construction that the spectral data of L depends on U(z) continuously
but we do not know any estimates for stability of the inverse scattering problem for Dirac operators.
Hence we treat the Dirac spheres as “constrained” Willmore only on a physical rigor level.

Let ¥ be a Dirac sphere corresponding to an N-soliton potential and assume that the eigenfunc-
tions corresponding to all levels of discrete spectrum come into a linear combination (27) defining ¥.
Consider small perturbations of the sphere preserving the class of spheres with one-dimensional po-
tentials. Such perturbations reflect in small perturbations of the potential and therewith in small
perturbations of the discrete spectrum. These perturbations may result in appearance of new eigen-
values and perturbations of R(k) which transform U(z) into non-reflectionless potential. But the
discrete spectrum »; = (2j —1)i/2 has to be preserved because it is all coming in the representation
of the sphere. Now it follows from (25) and (32) that all such perturbations have to increase the
value of the Willmore functional. By the completeness argument, we conclude that also for all Dirac
spheres and moreover for all spheres such that each eigenvalue of L takes the form (2m + 1)i/2.
Therefore we have:

Soliton spheres, such that each eigenvalue of L is of the form (2m + 1)i/2, are critical points of
the Willmore functional restricted onto the class of spheres with one-dimensional potentials.

5. FINAL REMARKS

(1) In the present paper we mostly use a cylindric representation which enables us to apply
well-developed inverse spectral theory for one-dimensional Dirac operators.
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In a plane representation we may treat the two-dimensional Zakharov—-Shabat problem by the
0 method and the nonlocal Riemann problem. In this case we consider the spectral data related
to one level of energy E:

Dip = B,

and in [3] the reconstruction problem has been solved for positive E and assuming that the Lo-
norm of U is sufficiently small. For geometric reasons we have to consider this problem for E = 0
and for potentials with sufficiently large Lo-norms, [|U]|3, > 7 (the Gauss-Bonnet theorem, (32)),
and the vanishing of F itself leads to appearance of logarithmic singularities of the Green-Faddeev
functions coming into the kernels of these integral equations.

(2) The spinor field ¢ on an immersed surface may be obtained also as the restriction of a
parallel spinor field on R? onto the surface. This recently has been exposed in [7] and also had been
conjectured to the author by Pinkall just after author’s talk in Amherst (November 1995) about
the paper [15].

Being geometrically invariant, this treating of Lemma B does not enable us to extract spectral
properties of the Weierstrass representation which are of a global origin and to develop construction
of surfaces from spectral data as we do that in Sections 3 and 4.

But this fits into the more general consideration of Dirac operators on hypersurfaces in R**!
with induced spin structures. Recently it has been shown by C. Bar ([2]) that for such hypersur-
face M there exists at least 2%/ distinct eigenvalues A of the induced operator D such that

2
n
2 <

APPENDIX
PERIOD PROBLEM FOR IMMERSIONS OF SURFACES OF GENUS > 2

Recall the definition of a global Weierstrass representation of a surface ¥ of genus g > 2 which
is conformally equivalent to ¥9 = H/A with H the Lobachevskii upper half-plane and A a lattice
in PSL(2,R) [15, 18):

Definition. A sphere ¥ with g (> 1) handles, immersed into R®, possesses a global Weierstrass
representation if there exist a real potential U and functions v and v defined on the universal
covering of X, i.e., on H, such that

(1)
U(v(2)) = lez + d|U(2),
$1(7(2)) = (cz + d)y(2), (A.1)
P2(7(2)) = (cZ + d)ha(2)

for z € H and v € A represented by the matriz

(a b), a,bc,deR, ad—bc=1,;
c d

(2) the wector function v satisfies (2) and for a suitable choice of coordinates in R® defines
by (4) an immersion of ¥.
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‘We have

Theorem. Let Xy be a compact oriented surface of genus g > 2 and let U and Y satisfy (A.1)
and define via (4) an immersion of the universal covering of Lo into R3. Then this immersion
converts into an immersion of Xy if and only if

/z}%dZ/\w:/z/;gd:z'/\w=/z/31w2dz/\w=0 (A.2)
o o o

for any holomorphic differential w on Xq.

Proof. Take a canonical basis a1,...,a4,81,...,08, for H1(Z). This means that its intersec-
tion form is

ajo By =0k, ajoar=L0jof =0

and there are loops representing these cycles such that after cutting along them we obtain a
domain M bounded by a polygon

M = i o B agByory B

To this basis corresponds a unique basis of holomorphic differentials w, ..., wgy normalized by the
condition

/ wj = 0jk-

ag

Define the period matrix 2 by

ij = /wj.

Bk

This matrix is symmetric and its imaginary part is positive definite [6].
It follows from (4) and (A.1) that ¥?dz, ¥3dz, and 14dZ are correctly defined 1-forms on %
and
¥ =0(iX' - X?), i =0(iX"+X?), iy =6X> (A.3)

Introduce the following vectors of translation periods:

Vi = [(5t dz - j3a), Virs = [ (B dz - G3dz),
aj B;

W; = /(l[)ﬂ[_}g dz + 192 dz), Wy, = /(%1/_12 dz + Y110 dZ).

aj B;

Denote by Y and Z the vectors

Y,-:/z/?fdi/\wj, Yj+g:—/¢§d2/\wj,
2o 2o

Z; = /Q,Zl’(/)zdi/\wj, Zj+g = /1/;1@02 dz A wj.
Yo o

It is evident that an immersion of H is converted into an immersion of ¥j if and only if
V=W=0
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Now, by the Stokes theorem and (A.3), we have

Y

[otazn =[x~ X2 = 3 | Vi [y = Vi [5 ],
%o aM k=1 B o
g — —
/wgdmwj - /(in + X0 =Y —Vk/wj +Vk+g/wj , (A.4)
o oM k=1 Br o

g
/1/)11/12d2/\w3' = /Xswj= Z Wk/qu —VVk+g/qu
%o oM

k=1 Bk Qg

Qz(g j)

Since Im Q is positive definite, () is nondegenerate. Rewrite (A.4) as follows:

Consider the 2gx2g-matrix

Qv =v, Qw =z,
and conclude that V = W = 0 if and only if
Y=2=0. (A.5)

Since w; form a basis for holomorphic differentials, (A.5) is equivalent to vamshmg integrals (A.2)
for any holomorphic differential on ¥.
This proves the theorem.

Proposition 4 from [18] which settles the period problem for tori may be reformulated as (A.2).
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